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Chapter 1

Introduction

Many branches of applied mathematics consider physical, biological, or social systems,
governed by highly complex processes, with attributes showing complex patterns of
variation in space and time. For example, diffusion processes describe the evolution in
time of the density of quantities as heat, fluids, or chemical substances. Fluid dynam-
ics is concerned with the flow of liquids and gases with subdisciplines as aerodynamics
or hydrodynamics. In fields like acoustics and electromagnetics, wave equations are
used in order to describe light waves or mechanical waves as water waves, sound waves,
and seismic waves. These are only a few examples of many more disciplines where
the mathematical modeling have to provide a sufficient understanding of processes
occuring in the real world. At the same time, as these systems are highly complex, it
is often not possible to describe them precisely. In theory, an attribute of a system at
a given location, e.g., the conductivity of a porous medium, is deterministic and by
measuring it at each location of a system we possibly could describe it deterministi-
cally. However, for practical purposes, it would be impractical to do so. When the
degree of disorder in a system gets too large, it is more reasonable to approach it in a
probabilistic rather than deterministic manner. The inclusion of random fields makes
it possible to model complex patterns of variations and spatially correlated values by
their covariance structures. A random field allows to capture the essential coefficients
of a model and makes them accessible by only a few meaningful parameters. The
definition of random fields varies, but is traditionally given by a collection of multi-
dimensional random variables, where the index set is given in time or space. If the
index set descibes time, we consider stochastic processes. The time scale is poten-

tially the interval between molecular collsions, as in the study of Brownian motion,



or it may in geological units, for example, to describe the variation of properties and
thickness of layers of the earth’s crust. Spatial random fields are used to e.g., describe
subatomic particles in the study of superheated plasma or temperature, density, or
chemical composition of matter in interstellar space [112]. As a random field usually
cannot cover all effects of a system, the choice of which specific random field should

be applied depends on the stochastic nature of the underlying problem.

Generalized random fields are an extension to fields with infinite-dimensional index
spaces. Using generalized random fields, we can describe set-valued and distribution-
valued random fields as, e.g., point processes or the classical white noise. This thesis
presents two applications in which generalized random fields are used to model com-
plex systems of deterministic physical processes in a probabilistic manner. In chapter
4, we extend a well known shape optimization setting into a multi-criteria optimiza-
tion problem. As an example, we illustrate an application on the optimization process
for vanes of gas turbines. Clearly, the reliability of such a component posseses a ma-
jor role in the optimization process and thus a mathematical language to capture the
time of failure must be developed. The event of failure of a vane is associated with
the formation of the first crack. Due to the probabilistic nature of crack initiation
[60] in time and location, this event is often described using the language of Poisson
point processes. This perspective leads to a probability that the time to failure, i.e.,
the time that passes until the formation of the first crack, lies within a warranty time

interval of the lenght ¢.

The second implementation of generalized random fields is presented in chapter
5 where we investigate the linear stationary diffusion equation. The diffusion equa-
tion finds its use in many branches of natural science and engineering. For example,
driven by Darcy’s law, it describes the flow of a fluid through a porous medium by the
equation —a(z)Vu(x) on a domain D, where u is the concentration of the diffusing
fluid, and a is the conductivity associated to the domain D. In a setting such as
the flow of groundwater, the values of the conductivity coefficient are uncertain, as
they are derived from sparsed oberservations. The well established approach to deal
with these uncertainties includes Gaussian random fields describing the conductivity
function a. Gaussian fields have been extensively investigated in the context of uncer-
tainty quantification. However, there are effects which cannot be fully explained by
Gaussian random fields, as e.g. the flow diffusion in fractured media or the modeling

of heterogeneous materials with two phases. Therefore, an extension to the Gaussian



approach is necessary. Chapter 5 uses generalized random fields to describe a possi-
ble extension by generalizing the Gaussian coefficients into Lévy type coefficients and
gives fundamental results in order to prepare the numerical treatment of diffusion

equations with Lévy coefficient functions.

This work is organized as follows: The first two chapters provide introductions
to the underlying mathematical language applied in chapter 4 and 5. The second
chapter covers partial differential equations (PDEs). As in this thesis we investigate
solutions to PDEs in the weak as well as in the classical sense, the second chapter
gives a brief overview of definitions and results on Hoélder continuity and boundary
regularity before it proceeds to the theory of Sobolev spaces. Afterwards, we con-
tinue to define and classify systems of partial differential equations in the terms of
[4, 5]. For weak and classical solutions, we derive existence results, based on an index
theorem for Fredholm operators, along with corresponding Schauder estimates which
are applied in chapter 4 in order to prove the compactness of the associated solution
spaces. Chapter 2 ends by defining the equation of linear elasticity, a potential flow
equation, and the linear diffusion equation as examples for partial differential equa-
tions. Chapter 3 introduces generalized random fields to investigate crack initiation
on mechanical components and diffusion equation with Lévy coefficient functions in
chapter 4 and 5, respectively. Following [42] and [69], it describes Lévy random fields
by using Minlos” Theorem based on the concept of multi-Hilbertian spaces. We de-
rive continuity conditions for Lévy noise fields smoothed with smoothing kernels (by
a convolution of the random field with the kernel in the distributional sense) from the
Matérn class so that we can use them as coefficient function in a differential equa-
tion. Chapter 3 ends by providing some examples for Lévy random fields. After the
preperation, in chapter 4, we present the first application [59]. Chapter 4 is focused
towards multi-criteria shape optimization of mechanical elements. We introduce a
multi-criteria shape optimization framework and apply it, as an example, on the op-
timization of the shape of a turbine vane with respect to lifespan and efficiency. As
the integrity of a component is crucial for every optimal design process, the chapter
starts with an extensive description of the probabilistic modeling of failure events
using Poisson point processes. The last section of this chapter explores scalariza-
tion methods and the sensitivity of the sets of optimal shapes in dependency of the
scalarization parameters. Chapter 5 deals with random diffusion equation with Lévy

diffusion coefficients [42]. We investigate the existence of moments of the H'-Sobolev
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norm of the random solution and their approximability by approximating the random
diffusion coefficient by a finite modal expansion. This thesis then ends in chapter 6
with its conclusion and an outlook on questions which are worth investigating as part
of future work.

The introduction of the generalized random fields in chapter 3 as well as the in-
vestigation of random diffusion equation in chapter 5, is based on the joint work
[42] with my advisor Hanno Gottschalk from the University of Wuppertal and Oliver
Ernst, Thomas Kalmes, and Toni Kowalewitz from the Chemnitz University of Tech-
nology. Whereas chapter 3 was mainly written by the collaborators from Chemnitz,
most of chapter 5 was the work of myself under the academic supervision of Hanno
Gottschalk, including a number of corrections and suggestions by Thomas Kalmes.
The shape optimization framework and results of chapter 4 is based on the work [59]

of myself under the supervision of Hanno Gottschalk.



Chapter 2

Linear Partial Differential Equations

The first three sections of this chapter provide relevant definitions and results on
Holder continuity, boundary regularity of domains, and Sobolev spaces, which are
needed throughout this thesis and are particularly important for the theory of bound-

ary value problems in Section 2.4.

2.1 Holder Spaces

Let Q be an open subset of R and u : 2 — R a bounded and continuous function on
Q. For0 <a<1let

u(x) —u(y
|lullco@r) := suplu| and [u]coe@r) := sup {| (z) ( )|}
ze) z,yeQ)

THFY

If [u]coa@ry < o0, then u is Holder continuous with Holder coefficient . The
collection of all bounded functions in C*(£2, R), which derivatives up to order k € Ny

are a-Holder continuous, will be denoted by
CH(Q,R).
With 8 € N¢ denoting a multi-index, we define the norm on C*(Q), R)

[ullore @) = Z ||DBUHCO(Q,R) + Z [DBU]COM(Q,R)v
1Bl<k 18|=k

where |3| = Z;l:l B;, which makes C**(Q, R) into a Banach space.

9



Definition 2.1.1 (C**-Diffeomorphism). Consider bounded subsets Q, ' of R? and
a bijective map f:Q — Q. If f e C**(Q) and f~1 € CF*(Q), then we say that f is
a C*-diffeomorphism. The sets of all C*-diffeomorphism from Q to €V is denoted
with

Dhe(0, ),

and when Q = ', we also write
DE(Q)).

2.2 Regularity Properties of Domains

Definition 2.2.1 (Cone Condition). A subset 2 of R satisfies a uniform (interior)
cone condition, based on radius v > 0 and angle 3 €0, Z[, if, for every x € 0, there
is at least one unit vector v such that the cone C, := {y € R? : {y,v) > |ly|| cos(B)}

satisfies

(t+Cy) n By (x) = Q, forallteQn B.(x),

where B,(x) is an open ball centered at x with radius r and ||-|| denotes the Euclidean
norm. We say a family of subsets O satisfies a uniform cone condition if any subset

Q e O fulfills a uniform cone condition based on the same radius r and angle (3.

Lemma 2.2.2 ([60, Lemma 5.5]). Let O consist of bounded subsets of R, If for O
a uniform cone condition holds true, then, for every e > 0, there exists a constant
C. > 0, uniform with respect to O, such that for any v € C*(Q,R)

ullcor) < ellullerr) + CellullLr@r)-

Definition 2.2.3 (C**boundary). A subset Q in R? and its boundary are of class
Cke if at each point x € 0Q there is a ball B = B,(x) and a one-to-one mapping
of B onto Q' < R? such that

(i) Y(BnQ)c Rio,
(ii) V(B n o) < é‘RiO,
(iii) 1 € C**(B,RY), =1 e CF(QV,RY).

A set Q has a boundary portion I' < 0Q of class C*2, if at each point x € T there is a
ball B = B,(x) in which the above conditions are satisfied and such that B n0Q < T.

10



We shall say that the diffeomorphism i straightens the boundary near x. In this work,

we shall always assume that k € Ny and 0 < o < 1 unless we restrict further.

Y RZo

$(B A Q)

Figure 2-1: Holder continuous diffeomorphism v from B to R?

Remark 2.2.4. (i) If only ¥ € C*(B,R%), =1 € C*(Q,RY), then we shall say
that Q is of class C*. In the case of C%', we say that Q possesses a Lipschitz

boundary.

(ii) We note that Q is a C**-domain if each point of 0Q has a neighborhood in
which 0SY is the graph of a C** function of n — 1 of the coordinates x1, ..., ,.
The converse is also true if k = 1; see, e.g., [38, Chapter 2, Theorem 5.5].

Definition 2.2.5 (Hemisphere Condition). Let Q = R? be a domain with regular
boundary portion I' < 0§2. Consider a subdomain S < Q with 0S5 n dS) < I'. We shall
say S satisfies a hemisphere condition if there is a distance r > 0 such that every

x € S, with dist(z, 0Q) < r, possesses a neighborhood U, with
(i) cl(Uy) ndQ T,
(ii) Boja(z) = Us,
(iii) l(U,) nel(Q) =T, (Sre)), (Us) ndQ =T, (Frw), 0<R(z)<1.

Here, Spiy = {y € R? : ||yl < R(z), ya = 0} is a hemisphere, Fruy = {y €
R? : |yl < R(z), ya = 0} is a disk, and T, is a one-to-one mapping and called
hemisphere transform. If S and T,, T, are of class C*, we say that S satisfies a

C*-hemisphere condition.
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Remark 2.2.6. A domain Q) which satisfies a hemisphere condition already possesses
a boundary of class C**. However, the converse is only true for bounded domains
(see, e.g., [19, Lemma 6.1]), since a hemisphere condition needs a lower bound for
the size of the neighborhood of the points near to the boundary, which is not provided

in the definition of Hélder continuous boundaries.

Definition 2.2.7 (Uniform Hemisphere Condition). Let O be a family of domains
where each domain ) € O satisfies a hemisphere condition. If the distance of each
hemisphere condition as well as the bounds of the corresponding hemisphere trans-
forms are uniform over O, i.e., we have || Tq.||chegire < Co, for some Co > 0, we

shall say that O satisfies a uniform hemisphere condition.

Lemma 2.2.8 ([55, Lemma 6.36]). Let Q be a domain in R? with boundary of class
Cke with k = 1, and let S be a bounded set in C*(cl(Q),R). Then, S is precompact
in CIB(cl(Q),R) if j + B < k + a.

Lemma 2.2.9 ([55, Lemma 6.37]). Let Q be a bounded domain in R¢ with boundary
of class C* with k = 1, and let ' be an open set containing cl(Q). For every
u € CF(cl(Q),R) there exists an extension operator p : C**(Q,R) — CH(Q/,R)
such that p(u) = u in  and

Hp<u)HCkﬂa(Q’,R) < CHUHGM(Q,R), (2.1)

where C' depends on 0, and k, and where C** (Y, R) denotes the space of all
functions in C**(Q,R) with compact support in €.

Remark 2.2.10. Let O be a family of sets in RY with boundary of class C** (k = 1).
If O possesses a uniform hemisphere condition, then it is shown in [19, Lemma 7.2]
that the constant C' in Equation (2.1), which depends on the hemisphere transforms

to 2, can be choosen independently with respect to O.
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2.3 Sobolev Spaces

Let 2 be an open subset of R, L (Q,R) denotes the space of all locally integrable
functions u : 2 — R. Assuming we are given functions u, v € L (£, R) and let y € Ng

be a multi-index. We say that v is the y*"-weak partial derivative of u, written
Dy = v,

provided
J uD7¢dx = (—1)|7|J v dx
Q Q

for all test functions (smooth functions with compact support) ¢ € CP(,R). If u
possesses a weak y''-partial derivative v, then this is uniquely defined up to a set of

measure zero.

Definition 2.3.1. Fiz 1 < p < o0 and let k be a non-negative integer. The space
WEP(Q, R)

is called Sobolev space and consists of all locally integrable functions u : 2 — R such
that for each multi-index vy with |y| < k, DVu exists in the weak sense and belongs to

LP(2). We equip this space with the norm

1
[ullwer@r) = (2 JQ!DVu(x)]pdx> ,

Iv|<k

which makes W*P(Q,R) a Banach space (see [3, Theorem 3.3]).
In the case of p = 2, the Sobolev space defines a Hilbert space and we shall follow

the common convention and write
H*(Q,R) := WF(Q, R),

and
HUHH’“(Q,R) = HUHW’“’Q(Q,R)-
The first theorem of this section describes the inclusions between certain Sobolev

spaces and possesses a major role for section 2.4 and the regularity of weak and

classical solutions of boundary value problems.
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Theorem 2.3.2 (The Sobolev Imbedding Theorem, [3, Theorem 4.12]). Let Q be a

domain in R? satisfying a cone condition, j = 0, m = 1 be integers, and 1 < p < 0.

(i) If either mp > d orm = d and p = 1, then

WmP(Q,R) — LYQ,R), forp<q<oo.

(ii) If mp = d, then

WmP(Q,R) — LYQ,R), forp<q< 0.

(7ii) If mp < d and either d —mp <k <d orp=1andd—m <k <d, then

WmP(Q,R) — LY(Q,R), forp<q<p*=dp/(d—mp).

Given ) is a domain with Lipschitz boundary, the imbeddings can be further refined

as follows:

(iv) If mp >d > (m — 1)p, then

WImP(Q,R) = CP*(cl(Q),R),  for 0 < a < m — (d/p).

(v) If d = (m — 1)p, then

Wj+m,P<Q’R) s CJ:Q(CI(Q),R), for0<a<1.

Also if, d = m — 1 and p = 1, then the last imbedding also holds for o = 1.

Remark 2.3.3. The imbeddings (i) and (ii) also hold for 1 < q < p in addition to the

values of q asserted in the statement if and only if the domain ) has finite volume.

2.3.1 Sobolev Spaces of Fractional Order

In this subsection, we introduce one possible extension of Sobolev spaces to fractional
orders k € R using the Bessel potential. For u € L'(R% R), we define its Fourier

transform by

() = F(u)(€) = f u(z)e " dr.



Let . = #(R% R) denote the Schwartz space (see Subsection 3.1.1). For k € R,
we define a continuous linear operator J* : .(R4 R) — .%(R% R), called the Bessel
potential of order k, by

k
2

a(&)e*r d¢,  for x e RY,

THw(a) = gz |1+ D

Since the Bessel potential of some Schwartz function wu is defined as the inverse Fourier

transform of (1 + [¢])2a(€), we have

k
2

F (T (W) (&) = (1 + [€])2a(€). (2.2)

For a tempered distribution u € .’ (the topological dual of .¥) and a Schwartz func-
tion g € . we denote by (u,g) := u(g). Furthermore, for any fixed u € L{ (R% R),
the integral
v (u,v) = Jd u(z)v(z)dz, forallve.”,
R

defines a tempered distribution. Since (u,-) is uniquely determined by wu (see [83,

Theorem 3.7]), this yields an injection of .# into .. Therefore, for any u,v € . we

shall write
(u,v) = (u,v).

Conversely, for any u € .’ we say u lies in L (R R) if there is some w € L .(R? R)
such that
{u,v) = (w,v), forallve.”.

Following these notations, by using the natural extension 7% : .#/(R% R) — ./(R% R)

on the space of tempered distribution, given by
S su— (THu),v) = (v, T*u)), forallve.?,

we can define the following extension of Sobolev spaces to fractional orders.

Definition 2.3.4 (Sobolev Spaces of Fractional Order). For any k € R, we define
WkP(R4, R), the Sobolev space of order k on RY, by

WEP(RY R) = {ue.? : J"u) e LP(R%,R)),

15



and equip this space with the norm
ullwroa ) = |T* (W) || oagy, for ue WP(RYR).

In [3, 7.6.2] it is shown, that for k£ € N this definition of W*?(R? R) coincide with
the definition above up to equivalence of norms. Moreover, for £k € R and p = 2, it
follows immediately that H*(R¢, R) = W*2(R? R) remains a Hilbert space. By (2.2)
and Plancherel’s Theorem (see [83, Theorem 3.12]) we also have that

_ LN
lull romy = 2m) (1 + [€1*) 2l 2(0,r)- (2.3)

Definition 2.3.5. For a non-empty open subset Q of R? and k € R we define the
Hilbert space

WEP(QR) := {ue L (QR) : u="Ulg for some U e WH(R? R)}
with the norm

lellwer gepy = erifﬁvﬁQ,R)HUHW’“”’(RW)» for ue WEP(Q,R).
Ula=u

In general, for a function u € LP(2,R) it is meaningless to speak of the value at
0€) as the d-dimensional Lebesgue measure of the boundary is zero. Fortunately, for
Sobolev spaces we can give a reasonable definition of traces assuming ) is a Lipschitz
domain. Let tr : C%(cl(Q2),R) — C°(09Q, R) be the trace operator, mapping functions
in C%cl(Q),R) to their traces on dQ. If Q is open, bounded, and Lipschitz, we can
extend this operator continuously to W*(Q,R) (see [44, Theorem 4.6]). By an abuse

of the notation, we still denote this extension with tr.

Theorem 2.3.6 (Trace Theorem, [41, Theorem B.52 and Corollary B.53]). Let 2 be
an open and bounded domain in R with Lipschitz boundary and let 1 < p,q < ®©
such that % + % = 1. Then,

(i) tr: WP(Q,R) — W%’p(aQ,R) is surjective.

(ii) The kernel of the trace operator is given by the closure of C* (2, R) in W1?(Q, R),
denoted by W, (Q,R).

16



(iii) There exists a constant C' > 0 such that for all w e WP(Q,R) it holds

||U||W17P(QJR) S ”tr(u)HW%’p(aQ,R)’

where the constant C' only depends on p and €.

Since by (i) we can characterize the trace of a function u in WHP(Q, R) with some
function v € W%’p(é‘Q,R), we denote the trace of u also with u instead of tr(u).

Due to the trace theorem, the following subspaces of W*?(Q, R) are well-defined.

Definition 2.3.7. Let Q be a bounded domain with Lipschitz boundary and I'p a
boundary portion of 02. With ke R and 1 < p < o0, we define the subspaces

Wg’p(QR) = {ue W"P(Q,R) : u=0 along I'p}.
and
HE(Q,R) := WH2(Q,R).

One can show that H},(Q,R) defines a closed subspace of H'(Q,R) (see [32, Theorem
6.3-4] ).

Lemma 2.3.8 (Poincaré Inequality, [41, Lemma B.61]). Let 1 < p < oo and let Q
be an open and bounded set with Lipschitz boundary. Then, there exists a constant

Cp > 0 such that
Cpllullzrr) < |Vullrrr)y, for allue Wlljp(Q,]R),

where C'p depends on p and €.

2.4 Elliptic System of Linear Partial Differential
Equation

In this section, we develop the relevant theory of elliptic systems of linear partial
differential equations, needed for this thesis. The emphasis here lies on the regularity
of solutions to these systems and on corresponding Schauder estimates, which are
important, e.g., to, derive uniform bounds of solutions over shape spaces. Our starting

point is a more general introduction on the underlying theory, based on the work of
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Geymonat [54], and Agmon, Douglis and Nirenberg [4, 5]. Afterwards, we provide
some examples of systems of linear elliptic partial differential equations which are
considered in this work

Let © be a subset of R? and 3 € N¢ a multi-index. We consider a polynomial in

E= (517 s 75(1) given by

E E

p(@,E) = Y pP@)2 = 3 pPrtd (@)l e,
|6|=0 |18]=0

with coefficient functions p(® on  and degree deg(p (r,Z)) = E. In the case of

& = 0/0,,, we obtain a partial differential operator of order

E 0 B1 P Ba E
[pu](z, D) := Z p(ﬁl’“"ﬁd)(x) (6) (é’) u(r) = Z p(ﬁ)Dﬁu(x).
|8|=0 " d 18]=0
A matrix a(z,E) 1= (a;;(r,E)), ;_, . - consisting of such polynomials a; ;(z,Z) =

ZIB\ 2o ” (x)EB of degree E;; > 0, gives, with the above substitution, a system of

partial differential equations
N
(aul(, D)), = Y asslus)(w, D) = fi(a), fori=1,.. N (2.4)

The matrix a(x,=) is called the symbol of the differential operator a(z, D). We
assume that the orders of these operators depend on two system of integer weights —
which do not have to be unique — s1, ..., sy and t1, ..., ty attached to the i*" equation
and to the unknown j* dependend variable u;. The manner of the dependence is

expressed by the inequality
deg (a;;(z,2)) <s;+t;, fori,j=1,...,N, (2.5)

where it is to be understood that a;; = 0 if s; +¢; < 0. We can choose the two
systems such that s, < 0 and 0 < t; < t/, where t' is the maximum of the ¢;, and

write
si+t;

- B)=
a;;(z,2) = Z a(d) =P,

181=0
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Definition 2.4.1 (Ellipticity). With a'(z,Z) = (a};(z,= we denote the

i,J ))i,jzl,...,N

principal symbol of a(x, D) that consists of the terms in a(x,Z) which are just of the

order s; +t;. Then, a system of partial differential equation is

(i) elliptic, if the corresponding characteristic polynomial is non-zero, i.e.,
A(z,Z) :=det (a'(2,Z2)) # 0, for all Z e R™\ {0}.

—_

(ii) uniformly elliptic, if the characteristic polynomial A(x,Z) is of even degree

deg(A(x,Z)) = 2M and there ezists a constant A > 0 such that
ATHEIPM < JA(z, B)| < A|IZ|1PY,  for allZeRY, z e cl(Q),

where ||-|| denotes the FEuclidean norm.

Definition 2.4.2 (Supplementary Condition on A). The characteristic polynomial
A is said to satisfy the supplementary condition, if

(i) Alx,Z) is, with respect to =, of even degree 2M

(ii) for every pair of linearly independent real vectors =, Z', the polynomial A(x, =+

TZ') in the complex variable T has exactly M roots with positive imaginary part.

Remark 2.4.3. (i) A characteristic polynomial A satisfies the supplementary con-
dition whenever the corresponding system of partial differential equations (2.4)
is a system in three or more independent variables ;. A proof to this statement
can be found in [/, p. 631-632].

(ii) The supplementary condition is used only at points x of the boundary of Q0 with

= a tangent, and Z' the normal to the boundary at x.

From now on, the following assumptions will be used repeatedly and for sake of

convenience we summarize them here.

Assumptions 2.4.4. Consider a partial differential operator a(z, D). We state the

assumptions:
(A1) The systems of weights s1,...,sy <0 and 0 <ty,...,ty <t satisfy (2.5).
(A2) The operator a is elliptic.
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(A3) The characteristic polynomial A fulfills the supplementary condition and the
number M = ideg (A(z,ZE)) is positive.

The boundary conditions we consider refer to a regular portion I' of 02 and are

expressed as

([bul(x, D)), = Z bpjlul(x, D) = gn(x), h=1,...,M,xzel (2.6)

7=1

in terms of given polynomials in =, by, ;(z, D). The order of the boundary operators,
like of the operators in (2.4), depends on two system of integer weights, where the
system t1,...,ty is already attached to the dependend variables u; and a new system
T1,...,7u, of which rj, pertains to the A'" condition, is introduced. The dependence

is equally expressed by the inequality
deg (th') S

where it is understood that b, ; = 0 if r;, +¢; < 0. For this system, we define ' :=
max{0,7 + 1,...,7a + 1} and v := max{0,7,...,7y}. By b'(z,E) = ( ﬁm-(x,E)),
with 1 < h < M and 1 < 7 < N, we denote the matrix that consists of the terms
in b(x, =) which are just of the order rj, + t;. Further, we can write the polynomials

by ;(z,E) as

rrtt;
—_ B)—
bh(z,5) = > b=’
|B]=0

The resulting boundary value problems (BVPs) are described by

{ lau](x, D) = f(z) onQ, (2.7)

[bu](z, D) = g(x) along T,

where f = (f1,..., fv)and g = (g1, ...,9m). For a well-posed problem, the boundary
conditions must "complement" the differential equations. The complementing bound-
ary condition we describe below is an algebraic criterion and involves the principal

symbols a’(z, Z) and b'(z, =).

For a point = on I', we denote with n(z) the outward normal at x and =(z) # 0
1

any tangent to I'. We denote by 77 (,Z), 1 < h < M, the M solutions (in 7) with

20



positive imaginary part of the characteristic equation
A(z,Z(z) + mn(z)) = 0,

which are assured by the supplementary condition on A. Set

HT_Th ))7

and let a’*(x,= + 7n) denote the adjoint matrix of a’(x,= + 7n). The criterion
regarding the coercivity of the boundary value problems (2.7), we mentioned above,

is that the following algebraic condition is satisfied.

Definition 2.4.5 (Complementing Boundary Condition). The boundary value prob-
lem (2.7) fulfills the complementing boundary condition if, for any point x € I and
any real, non-zero vector tangent to I' at x, the matrix
N
c(z, 2+ )y = Z by (2,2 + Tn)a;-,k*(x,E +7n), h=1,...M, k=1,... N,
j=1
has linear independent rows modulo M™*(x,=,7). We refer to the assumption, that

the complementing boundary condition holds, as (B1).

For problems in which the complementing boundary condition is satisfied, we can
find coefficients cg ,2( =) € R such that

)

M-1
c(z, 2+ n)pi = Z cgﬁ,l(x,E)Tﬁ (mod M*(z,=Z,7)).

We construct the matrix ¢ = (cfk) having M rows h = 1,..., M and M N columns
8=0,...,M—1,k=1,...,N. Under the complementing boundary condition, the
rank of ¢ will be M. Hence, if

(]VIN

MY(z,Z),..., M) (z,2)
denote all the m-rowed minors of ¢, the value

max  |M?(x,Z)|

=1 ()
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will not be zero. Also, if I' is compact, then the infimum AL of these quantities is,

for all x € I' and all real vectors = which are tangent to I' at x, non-zero either.

Definition 2.4.6 (Minor Constant). Assuming that (B1) holds, we define the minor

constant as follows.
(i) If T is plane, the minor constant is given by Ar := Af.

(ii) If T is non-plane and a change of variables ¢ : I' — R~ exists that makes T

plane, we define the minor constant by Ar := Aip(r)'

(iii) If T dtself is covered by a union of subportions I';, and each T'; has a minor
constant Ar,, the corresponding minor for I' will be defined as A = Ap =
inf Api.

We denote with A, the minor constant for cl(U,) N 0S2 that pertains to the hemisphere
transform T, (see Definition 2.2.5). Hence, by (iii), A = inf(,. dist(x,r)<m} Da-

Example 2.4.7 (Pure Traction Problem of Linear Elasticity). Consider a domain
Q < R? and vector fields f : Q — R3, u e C*(Q,R3). The partial differential equation

system of linear elasticity with Dirichlet boundary condition is given by

(2.8)

—V.o(u)=f onf,
u=0 along 09,

where o(u) = A(V - u)I + p(Du+ Du'), with Lamé coefficient constants A\, i > 0 and

3 x 3 identity matriz I = I3. Componentwise, this system reads

2 2 22 2 2
[()‘ +2p) 5z <aaTg + 5773)] w+ A+ W) e e + A+ W zmiamus = fis
2 2 2 2 2
(/\+'u)0;r(190$2u1 + [(/\+ 2“)8890% + i <6€t§ + 8630%)] Uz + (>\ +'u)(7x§8x3u3 = f2’

(A + M)#;mul + (A + u)#zmm + [(/\ + 2/1)% + <% - %)] uz = f3,

with symbols

(A + w)&F + plE])? (A + )& (A + )3
a(z) = (A + )61 (A + )3 + pl|=])? (A + p1)6283 ’
(A + )&i&s A+ m)&ss (A + p)és + pllE|P
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and b(Z) = 1. As systems of weights, we can choose, e.g., s; = sg = s3 = 0,
ty =ty =t3=2andry =ry =1, = —2. The form of the corresponding characteristic
polynomial

AE) = 12+ 20 I=)°
implies obviously the uniform ellipticity and satisfies the supplementary condition,

since (2.8) is a system in three independent variables uy, ..., us.

Theorem 2.4.8 (Index Theorem, [54, Theorem 3.5]). Let

{ [au](z,D) = f(z) onQ, (2.9)

[bu](x, D) = g(x) along T

be a system of partial differential equations with bounded domain Q@ < R of class
CrH+k ke Ngu{oo}, differential operator a(x, D) of order N, and boundary operator
b(xz, D) of order M on a reqular boundary portion T' < 0. We assume that the

coefficients of a and b, respectively, satisfy
O { O H(CA(Q), ) if 18] = s+t
©,] s, , .
w +kOO(Q,R) Zf|ﬁ| <8i+tj,
b(ﬁ) c CT/_Th+k(F7R) Zf ’6’ =7rp+ tja
BT Wtk (TUR)if |B] < ra + .
Then, the following two assertions are equivalent:

(i) The system (2.9) is elliptic (A2) and fulfills the supplementary and complement-
ing conditions (A3) and (B1).

(i) If 1 <p < and 0 <1 < k, the operator

N N M
Al,p : 1_[ WT’-‘rtj"rl,p(Q’ R) _ 1_[ Wr’_si-&-l,p(Q’ R) % 1_[ WTLMH*EJ)(F, R),
j=1 j=1 j=1

u — (au, bu)
is linear, continuous, and has finite index
ind(A4;,) := dim (ker(A4;,)) — dim (coker(A4;,)) (2.10)

that is independent of | and p.
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Remark 2.4.9. We can consider the differential and boundary operator of linear
boundary value problems (2.7) in the context of Fredholm operators. Then, the index
(2.10) of the Fredholm operator A;, contains informations about the existence and
uniqueness of solutions to boundary value problems, encoded into one number. The
dimension of the kernel can be treated as a measure for the injectivity of the operator.
If the kernel is given by {0}, and hence the dimension is 0, the operator is injective
and solutions are unique. If we treat the dimension of the kernel as a measure for
injectivity, we can accordingly consider the dimension of the cokernel as a measure
for surjectivity. If the operator is surjective, the corkernel possesses dimension Q.
Consequently, if we are able to show that dim (ker(4;,)) = dim (coker(A4;,)) = 0, and
thus ind(A;,) = 0, we see that there exists a unique solution to the boundary value
problem (2.7). Now, in this situation, the index theorem states, under the necessary
assumptions, that the index is zero for each 1 < p < o0 and the unique solution lies
in the corresponding space LP. This trait allows us to, e.g., improve the reqularity of

a standard H' solution to WP, for arbitrary 1 < p < 0.

Theorem 2.4.10 (Schauder Estimate in Sobolev Spaces, [5, Lemma 10.5]). Consider
a boundary value problem (2.7) on a bounded domain Q = R® that fulfills assumptions
(A1) - (A3) and (B1). Letk =1’ be a fized integer and 1 < p < co. We further assume
that the following reqularity assumption hold:

(i) The coefficient functions agg) e C*si(cl(Q),R), bEZ’BJ) e C* (0, R) and the
functions f; € WE=5P(Q R), gj € WkiTr%’p(ﬁQ, R),

(ii) We assume that the right-hand sides, [ and g, and the coefficients agﬁ-) and
bgf}, are respectively bounded from above by constants Cy 4, Cop > 0 in their

respective norms.

(7ii) Q possesses a CY*+*_hemisphere property such that Ar > 0 and that the hemi-
sphere transforms T, have finite C***-norms, bounded by some constant Cr

independently of x.

Then, a weak solution u; € W"P(QR) to (2.7) also lies in Wi TFP(Q R), for

7 =1,...,N, and we can estimate

N M N
lwjllyptsm g my < C (lefillwksz-,mm + Z\Ighllwk_%_%,p(m w T ZHqucom,R)) 7
i=1 h=1 ’ =1
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with constant C > 0 that depends on Cyp, A, Ar,Cr,r,d, N, M, |rp|, p and k.

Theorem 2.4.11 (Schauder Estimate in Holder Spaces, [5, Theorem 9.3]). Consider
the boundary value problem (2.7) on a non-empty domain Q < R Suppose that
assumptions (Al) - (A3) and (B1) are fulfilled. Let S be a subdomain of Q0 with the
property that 0S n 02 lies in the interior of I'. Let a €0, 1] be a Hélder exponent

"

and fix an integer k = r”. Further, assume that S satisfies a hemisphere condition

with minor constant Ap, > 0 and consider the following reqularity assumptions:

(1) aE{;’.’, fi are elements of C*=*v2(cl(Q),R) and béﬁ) gn of C*mwe(T|R).

’]’

) : : : (8) (8)
(i) We assume that the right-hand sides, f and g, and the coefficients, a;; and by ’;,
are respectively upper bounded by constants Cy 4, Cop > 0 in their respective

norms.

oo . . . "
(iii) The hemisphere transforms T, and their inverse are of class CV ke ' =
. "
max{—s;, —rp,t;}, and have fintie C* ***-norms, bounded by some constant

Cr independently of x.

Then, a classical solution u; € C™"+*%5*(QUT,R) to (2.7) also lies in CtT52(cl(S),R),

for 3 =1,..., N, and we can estimate

N M N
H“j”ofﬁ’fva(s) <C (ZHfz'HC’“—Si»a(Q,R) + Z”ghnck—rhﬂ(F,R) + Z”WHCO(Q,R)> )
i=1 h=1 =1

with constant C' > 0 that depends on Cyp, A, Ap,,Cr,m,d, N, and k.

For a bounded domain ), we have S = Q and I' = 090, and any solution u €

C™" i (cl(Q),R) to (2.7) already belongs to Ctitha(cl(Q), R).

2.4.1 Regularity Theory and Linear Elasticity

Now, we apply the regularity results from above in the context of linear elasticity.
Let Q < R? be an open, bounded, and connected domain with divided Lipschitz
boundary Q2 = I'p U 'y, with 'p n Ty = &. With u : cl(2) — R? we denote the
displacement field and with f : Q@ — R?, g : 'y — R? a volume load and a surface

load acting on €2. With Lamé coefficients A, x > 0, the disjoint-traction problem, or
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the linear elasticity equation, is given by

—V.o(u)=f onQ,
u=0 along I'p, (2.11)

n-o(u) =g along 'y,

where o(u) = NV - uw)I + p(Du+ Du"). With e(u) := (Du+ Du') we denote
the linearized strain tensor. Approximative numerical solution can be computed by
a finite element approach; see [41, 67]. The existence of weak H' solutions can be
found in, e.g., [32, 41]. In [32], Ciarlet also shows existence theory to the pure traction
problem (2.8) in Sobolev spaces of higher order.

Results for classical strong solutions of elliptic systems of partial differential equa-
tions are, however, somewhat scattered in the literature. Nonetheless, for linear elas-
ticity, we can derive results on the existence of solutions with corresponding Schauder

estimates directly from the results provided above.

Lemma 2.4.12 (Korn’s Second Inequality, [24, 3.3]). Let Q be an open and bounded
set in R® with Lipschitz boundary 69). In addition, suppose I'p < 0 has positive

two-dimensional surface measure. Then, there exists a constant C' > 0 such that

e ()| r2oraxa) = (Le(u) :e(u) dx)% > Cllul|mrsy, for allue Hp(Q,R?),
where e(u) : €(u) denotes the Frobenius scalar product of e(u) with itself.
Definition 2.4.13. The weak formulation of (2.11) is given by

B(u,v) = L(v), for allve Hp(,R?), (2.12)
with
B(u,v) := L Atr (e(u)) tr (e(v)) + 2utr (e(u)e(v)) dz = Le(u) o (v)de,

and

L(v) = L<f,v>dx+ (g.da

where tr denotes the trace of a n xn matriz. By Korn’s second inequality, the bilinear

form B is strictly coercive and continuous on H},. Since Q has a Lipschitz boundary,
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we can define the trace operator tr : H'(Q,R?) — H%(é’Q,R?’) and apply the Sobolev
Imbedding Theorem 2.3.2 to estimate

||U||H1(Q,R3)7

’L('U)| < <OleHLg(Q,R3) + 02||9HL%(FN:R3)>

with constants Cy,Cy > 0. This yields the continuity of the linear form L and even-

tually the existence of a unique weak solution to (2.11).

Theorem 2.4.14 (Regularity of the Weak Solution to the Elasticity Equations, [32,
Theorem 6.3-5] and [18, Theorem 2.3.4]). Consider elasticity equation (2.11) on a
C?-domain Q < R3, and let T'p be a measurable subset of 02 with positive surface
measure. If Ty = 0Q—Tp, with dist(T'p,Ty) > 0, and f € L5 (Q,R3), g € L3 (09, R?),

then there is a unique solution u € H}(Q,R3) solving (2.12). Furthermore, we have:

(i) If f € LP(Q,R3) and g € W' 3P(0Q,R3), p > %, then the solution lies in
W2P (0, R3).
(ii) Assume that k = 3 is an integer and Q) is a C*-domain. If forp > % we have that

fe WE22(QR?) and g € W '"5P(0Q, R?), then the solution is an element
of WhP(Q,R?).

For k = 2, any solution u € W*P(Q,R3) satisfies

Jellweson < C (I lwrro@es) + 19— mo) + Nilevinz)

with constant C' > 0, which depends on Ayq, Cr, A\, i1, p, k, and m.

Proof. In order to demonstrate the usage of index Theorem 2.4.8, we briefly sketch
the main steps of the proof to Theorem 2.4.14 (i). First, by [32, Theorem 6.3-5]
there exists a unique solution u € H,(2,R?) to (2.11). Because the linear elasticity
equation satisfies assumptions (A1) - (A3) and (B1), by Theorem 2.4.10, for p = 2,
we have u € W3P(Q,R?). Now, by the Index Theorem 2.4.8, the operator

w

3 3
Aoy : [ [WEP(QR) - [ [W?P(QR) x [ [W'T27(00, R),

Jj=1 Jj=1 Jj=1

u — (au, bu)

has an index ind(Ag,) = 0 which is independent of 1 < p < co0. In the case of p = 2,
Ao is a bijection and dim (ker(Apz2)) = dim (coker(Aps)) = 0. Since the boundary
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of Q is of class C?, a cone condition is satisfied and the Imbedding Theorem 2.3.2
gives W5P(Q, R?) — HA(Q,R?), for p = 6/5. Therefore, dim (ker(Ay,)) = 0 for any
4/3 < p < . It is an immediate consequence that dim (coker(Ay,)) = 0 for any
4/3 < p < o as well. Hence, u e W5P(Q,R?) for 4/3 < p < 0. O

Theorem 2.4.15 (Regularity of the Strong Solution to the Elasticity Equations, [18,
Theorem 2.3.6]). We consider elasticity equation (2.11) on a bounded domain 2 = R?
of class C*, with k = 2 and o €]0,1[, and let Tp be a portion of OS2, with positive
surface measure. Further, we have a portion I'y = 0Q — I'p with dist(I'p,'y) > 0,
and assume that f € C*=2%(cl(Q),R?) and g € C*~12(I'y,R3). Then, there exists a
unique solution u € C**(cl(Q),R?) of (2.11) satisfying

ullcro@prsy < C (Hf”ck*?’a(Q,IR{?') + ||gllcr—raqry 3y + HUHCO(Q,R3)) .

The constant C' > 0 depends on Asq, Cr, \, i, a, k, and m.

Proof. We only describe the main steps here, since a full proof is already provided in
[18, Theorem 2.3.6]. First, we assume that k£ > 3. With the same procedure as in the
proof to Theorem 2.4.14, we get, by using Index Theorem 2.4.8, a unique solution
u e WEP(Q,R?) for any 1 < p < oo. Then, for p > 3, the Sobolev Imbedding Theorem
2.3.2 states that u also lies in C*~1*(Q, R3) for any « €]0,1[. As k > 3, u lies thus
in C%2(cl(Q),R?) and therefore, by Theorem 2.4.11, in C**(cl(Q),R3) as well. In
addition, Theorem 2.4.11 provides the desired Schauder estimate.

Now, for k = 2, we have f € C**(Q,R?) and g € CY*(cl(T'y),R?). Consid-
ering that C*(S,R?) is dense in C**(S,R?) for any bounded domain S in R?
a €]0,1], and any k, k" € Ny, with & < &', we can find sequences (f,,)neny = CH*(2,R3)
(gn)nen = C%(cl(T'y), R3) which converge in their respective norm to f and g. By
above considerations, the elasticity equation (2.11) yields a corresponding sequence of
solutions (uy, )ney = C*%(cl(€2), R?) which forms a bounded subset of C*%(cl(Qy), R?).
One can show that this implies the convergence of the sequence (uy,)en to a solution
ue C*(cl(Q),R?) to (2.11) with volume load f and surface load g. Lastly, Theorem
2.4.11 implies the assertion. O

2.4.2 Potential Flow Equation

Potential flow theory possesses a large role in fluid dynamics and describes approxi-

mately many processes occuring in nature. In the following, we show a simple way to
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apply potential flow theory in order to model the flow of an ideal fluid flowing past a

component within a shroud.

As component we consider a connected and compact domain Q < R? with C*<-
boundary — where we always assume that & > 2 and « € ]0, 1] unless we specify further
— that is partially contained in some larger, connected, and compact domain D < R?
representing a shroud with C*®boundary such that int(D\Q) is simply connected
and has C*“-boundary as well. The shroud D has an inlet and outlet where the fluid
flows in and out, respectively. At the remaining boundary part the fluid cannot leak;
see Figure 2-2. This model considers an incompressible and rotation free perfect fluid
in a steady state. The assumption of zero shearing stresses in a perfect fluid — or zero
viscosity — simplifies the equation of motion so that potential theory can be applied.
The resulting solution still provides reasonable approximations to many actual flows.
The viscous forces are limited to a thin layer of fluid adjacent to the surface and
therefore, in favor of simplicity, we leave these effects out since they have little effect

on the general flow pattern®.

A fundamental condition is that no fluid can be created or destroyed within the
shroud D. The equation of continuity expresses this condition. Consider a three-

dimensional velocity field v on D < R3, then the continuity equation is given by
V-v=0.

If we assume that the velocity field v is rotation free, V x v = 0, then there exists a

velocity potential or flow potential ¢ such that
v =Vo.

Hence, under the assumption that v is divergence free and rotation free, there is a

velocity potential ¢ that satisfies the Laplace equation

Ap=V V¢ =0.

Let n be the unitary outward normal of the boundary ¢D. By applying suitable

Neumann boundary conditions ¢ that correspond to our assumptions for a conserved

Lunless the local effects make the flow separate from the surface

29



flow through the inlet and outlet of the shroud, we get the potential flow equation

Ap =0 onint(D\Q),
n-V¢ =g along 0D\O(D n ), (2.13)
n-V¢ =0 along D n 0.

Here, we assume that ¢ is only non-zero on the inlet and outlet regions and is
continued to be zero on the upper and lower wall of the shroud. Therefore, no

discontinuities occur where 02 meets 0D.

A

Figure 2-2: A turbine blade 2 within a shroud D. We note that this representation of
the domains 2 and D is merely a sketch of the above construction. In particular, every
visible edge has to be sufficently smooth in order to ensure the Hélder continuity of the
boundaries.

The following theorem ensures the existence of a solution to the potential flow

equation and states the corresponding Schauder estimate.

Theorem 2.4.16 (Schauder Estimate for Flow Potentials). Let us consider the po-
tential flow equation (2.13), where we assume that the boundaries described above are
all of class C*, with k > 2, and let g € C*"Y*(D,R). If §,, gdA = 0, then the
potential flow problem (2.13) possesses at least one solution ¢ € C**(cl(D\Q),R).

To obtain uniqueness, we fix u(xg) = 0 at some point xy € int(D\Q2). This solution
satisfies

[9llczamam < C (l9llcre@pomnn)r + [8llcoemar) (2.14)
where the constant C' > 0 depends on the domain 2.

Proof. Both, the existence of a solution and the Schauder estimate are provided in
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[86, Theorem 3.1 and Theorem 4.1]. Alternatively, we can derive this result from

Theorem 2.4.11 following the same arguments as in Theorem 2.4.15 ]

2.4.3 Diffusion Equations

Diffusion equations help us to understand a rich variety of fundamental processes
in physical science. Among these phenoma are thermal processes such as heat con-
duction in materials, fluid pressure transients in porous media, drying of solids due
to moisture depletion, transport of chemicals and pollutants in the environment by
gradual reduction in their concentrations, migration of chemicals within concrete and
other structural materials, sedimentation and consolidation of geomaterials and in the
study of transmission lines. Consider an open, bounded, and connected set D < R?
with Lipschitz boundary 0D, representing the domain on which the diffusion process
takes place. Assuming that there is a measurable partition of 02 = I'p U I'y such
that I'p has positive surface measure, we consider the boundary value problem for

the stationary diffusion equation

V- (aVu)=f on D,
u=gp along I'p, (2.15)

n-aVu =gy along 'y,

where f is a given source term, gp denotes the Dirichlet boundary data, gn the
given Neumann boundary data, and n denotes as usual the outward normal unit
vector field along 0D. The coefficient function a models the conductivity throughout
the domain D.

Theorem 2.4.17. Given a conductivity a € L*(D,R) with infa > 0, f € L*(D,R),
gp € H2(T'p,R), and gy € H 2(Ty,R), the diffusion equation (2.15) has a unique
solution u € H*'(D,R). Moreover, there is a constant C = 1 independent of a, f, gp

and gy such that

1+ H&HCO(D,R)

<
[ullg o r) < inf,ep a(z)

(HfHLQ(D’R) 90l 4 0y + HgNHH*%(FN,RQ '
(2.16)
One can choose C' = (1 + C%) max{1,2||E||, ||tr||}, where Cp > 0 only depends on

D and T'p and where E : Hz(p,R) — HY(D,R) denotes an extension operator and
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tr: HY(D,R) — Hz(I'p,R) the trace operator from Theorem 2.3.6.

Proof. With tr denoting the trace operator from H'(D,R) into Hz(I'p, R) we seek
uwe HY(D,R) with tr(u) = gp on I'p and

J aVu-Vudr = f gy tr(v)dA + J [fv —aV (E(gp)) - Vv]dx (=: L(v))

D 'y D

for all v € H5(D,R). By [110, Theorem 6.1.5.4] (and [83, Theorem 3.29, Theorem
3.30]), the left-hand side of (2.16) defines an inner product (-,-), on the closed sub-
space Hh(D,R) = H'(D,R) whose associated norm ||-||, satisfies, for some constant
Cp > 0 originating from the Poincaré inequality 2.3.8,

inf a
WHUHH%D,R) < vl < lafleol|v]| a2 (pr), forall ve H}D(D,R). (2.17)
P

One can show that the linear form L is continuous, hence, by Riesz Representation
Theorem, there is a unique v; € H} (D, R) satisfying (v;,v), = L(v) and

1+C3%

o o) < gt (Wl + Bl NBI9D ]y 1, gy + Dy 001

Setting u := v; + Egp gives the unique (weak) solution of (2.15) and the desired
inequality follows with C':= (1 + C%) max{1, 2||E||, ||tr] }. O
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Chapter 3

Generalized Random Fields

In this chapter, we introduce generalized random fields indexed by locally convex
vector spaces and describe how to obtain smoothed Lévy noise fields, which we
employ in Chapter 5 as random diffusion coefficients in (2.15). We characterize

7, where

a Lévy noise field as generalized (distribution-valued) random field "Z(x)
Z(f) =7 Z(x)f(x)da” is only defined as a random variable after "integrating" the
distribution-valued random variable ”Z(z)” against a test function f. Based on the
analysis of Hilbert-Schmidt embeddings, we provide sufficient conditions for Matérn
smoothing kernels "k(z)” under which the noise field Zy(z) = 7 { k(z —y)Z(y) dy” has
continuous paths. By composing with a continuous positive function 7" of real argu-
ments, this approach yields Lévy models a(z) = T'(Zy(z)) of strictly positive random

coefficients so that the boundary value problem (2.15) can be solved strongly, i.e.,

path-wise for almost all paths a(x).

3.1 Multi-Hilbertian Spaces

Let V' be a vector space. A seminorm p: V' — (0, 0) is called a Hilbertian seminorm,

or H-seminorm if p fulfills the polarization property

p(f+9) +p(f —9)* =2p(f)* + 2p(9)

for all f,g € V. A vector space V endowed with a H-seminorm is called Hilbertian
seminormed space. If (V, p) has a countable dense subspace, then (V, p) (or p) is called

separable. Further, orthogonality, orthonormality, and an orthonormal basis (abbr.
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ONB) are defined on (V,p) in the same way as in Hilbert spaces. If p is separable,
then

f/JD:: V/N, (Np:={feV:p(f)=0})

is a separable pre-Hilbert space with a Hilbertian norm induced by p. We shall denote
the quotient norm also with p. The completion of f/p into a separable Hilbert space

will be denoted with V.

Definition 3.1.1. Let p and q be separable H-seminorms on a vector space V. We
define

(p:q) = igg{p(f) 1q(f) <1},

2

(p : CDHS = (Zp(en>2) ) {en}neN an ONB on (V7 q)
if (p:q) < oo. Otherwise, we set (p : q)us = 0. We note that (p : q)us s well-defined
independently of the choice of {€n}nen (see, e.g., [69, Remark 1.1.2]).
Definition 3.1.2 (Hilbert—Schmidt Operator). Let V and H be separable Hilbert

spaces with respective norms p and q. A linear operator i : V — H for which

(qoi:p)Hs<OO

is called a Hilbert—Schmidt operator.

Definition 3.1.3. Let p and q be separable H-seminorms on a vector space V. p is
said to be bounded by q, written p < q, if (p: q) < . p is said to be Hilbert-Schmidt
bounded, or HS bounded by q, written p <us q, if (p: ¢)us < 0.

Definition 3.1.4 (Multi-Hilbertian Space). Let V' be a vector space and T a topology
on V. 1 is called multi-Hilbertian if there exists a family of separable H-seminorms
P such that the sets

{geV i p(g—f)<e,i=1,...,n}, neN peP >0

form a complete system of T—mneighborhoods of f for every f € V. A wvector space
with a multi-Hilbertian topology is a special topological vector space and called multi-

Hilbertian space. The multi-Hilbertian topology determined by & is denoted by 7(2?).
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Let 7 be a multi-Hilbertian topology on a vector space V' and let ¢ be a separable

H-seminorm on V. If the ¢ topology induced by the semimetric

dq(f>g) :CI(f_g)> f?gev

is weaker than 7, we write ¢ < 7. Let 7, and 7 be two multi-Hilbertian topologies
on V. We say 7 is Hilbert-Schmidt weaker, or HS weaker than 7, written 7 <gg 7o,

if for every H-seminorm p < 7y there exists a H-seminorm ¢ < 75 such that p <gg q.

Definition 3.1.5 (Nuclear Space). Let 7 be a multi-Hilbertian topology on a vector
space V. The multi-Hilbertian topology determined by

{p : p<us q for some q < 7}

is called the Kolmogorov-I-topology of T denoted by I(7) [72]. I(T) is the strongest
of all multi-Hilbertian topologies HS weaker than 7. If T is determined by a single
separable H-seminorm, then I(7) is called the Sazonov topology or the Gross topology

of T [36, 96]. If I(T) = 7, then T is called nuclear and (V,T) nuclear space.

Remark 3.1.6. An equivalent definition of nuclear spaces would be the following.
Consider a multi-Hilbertian topology T on a vector space V' that is determined by a
family of continuous H-seminorms & such that for every p,q € & there is ar e &
with p,q < r. If for every p € & there is some q € & with p < q and such that the
so-called canonical linking map ) : Vy — 'V, i.e., the extension of the inclusion from
the pre-Hilbert space V, into the pre-Hilbert space V), to their respective completion
V, and V,, is a Hilbert-Schmidt operator, then T is called nuclear and (V,T) nuclear

space.

3.1.1 The Schwartz Space .7 (R? R)

Let .7 = (R4 R) denote the space of all (real-valued) rapidly decreasing smooth
functions on R? [84, Example 29.4]. The standard topology 7 of .7 is induced by the

family of norms
[ fllas := sup|z*D?f(x)], a,f €N,

xeRd

which make .7 a separable Fréchet space. Clearly, . is a subspace of L?(R? R).

These norms are not H-norms, but we can generate the same locally convex topology

35



7 by a sequence of H-(semi-)norms based on Hermite polynomials as well (see [69,
Section 1.1.3], [84, Example 29.4], or [92, Appendix to Section V.3] for the case d = 1).
For k € Ny we denote by hj, the k*"-Hermite function on R, defined as

1 2 k 2
hi(z) := (2%KW/m) 72 (—1)ke™™ ((i:) e, zeR,

and for a € Ng we denote by hy = ho, @ -+ ® hy, the tensorized Hermite function

ho(z) = ]_[;l:l hay(z;) on R%. Tt is well known that the family (hq)sena forms an

orthonormal basis of L2(R? R). By denoting the inner product on L?(R% R) with

(+,-), we observe that for every p € R the set

= fe LPRER) « |ffp = ), (2lal+d)* |(f,ho)|* < o0

d
aeNg

is a subspace of L?(R% R) containing ., |-|, is a norm on ., with associated inner

product
(f,9)p = D, Clal+ )™ (f,ha)(har9),  fra€ 7,

d
aeNg

and ., < .7, with continuous (and even contractive) inclusion for every p < g.

Furthermore, we have that
7-N%-N%-N%
pER p=0 peNp

and (|-|p)per is an increasing family of H-norms on . which generates the standard

topology 7 and makes .¥ nuclear as we show below.

Proposition 3.1.7. For each p e R and { > g the linking map

ii% (Fprts Ilpre) = (Fs p) 5

from the local Hilbert space .7, into the local Hilbert space .7, is Hilbert-Schmidt.

Proof. First, for the pre-Hilbert space (., |-|,), whose completion is denoted by

(-%p: ), we select an orthonormal basis (hy,q)seng defined by

—.

hpo = | |(20; + 1) Ph,,, peR, aeN.

Jj=1
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Because for 3 € N, ¢ > 0 we have

28] + d)*
h — 2lal + d 2P h ahoz 2= (
| p+€,ﬁ‘p aeleg< |af )7 (hpre: ha)l 1—[?:1(2@ +1)2(+0)

and since there is 1 < j < d with ; > |5|/d, we can estimate

@Bl +a>» e
(2L0 4 1)26+0 (28] + d)**

|hp+€,6|;2; <

Now, by using that for any given k € Ny the number of 3 € N& with |3| = k is equal

to (Hd*l), we have that

k
k:+d—1 |
2 2p+~L
D wsesly < d Z ) (2k + )2

BeNd
s i (k+d—1)!
B (d 1) & k(2K + d)?
d? (p+£) ©
< D2k + d)t 1
(d—1)! =
Because we assumed that ¢ > g, this proves the assertion. O

3.2 Generalized Random Fields

Random fields are fundamental to model physical processes where uncertainties, orig-
inating from sparse informations, occur. By following [42] closely, we introduce the
concept of generalized random fields (in the sense of Minlos; see, e.g., [53, 85]) and
analyse them thoroughly. To avoid an excessive introduction, we assume that the
reader is already familiar with the basic concepts of probability theory and functional
analysis. Generalized random fields are families of random variables indexed by an ab-
stract vector space V. In order to ensure the existence of a non-trivial dual space, we
assume that V' is a locally convex vector space over the real numbers. Let L°(Q,2(, P)
denote the vector space of Borel measurable random variables on a probability space
(Q,2(,P). We treat two random variables from the same equivalence class, resulting

from almost sure (a.s.) equality, notationally, as equal. Moreover, we set
11 = E[|X] A 1] = f (IX| A1) dP X € L°(Q,21, P)
Q
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and

do(X,Y):=||X =Y X,YelL'(QAP),

where X A 1 is the minimum of X and 1. dj is a (translation-invariant) metric on
LO(9, 21, P) and makes L°(Q, A, P) a Hausdorff topological vector space. Moreover,
since for any ¢ €0, 1[ and X € L°(Q, 2, P) we have

eP(|X|>¢) < || X||po <P(|X|>¢)+e

it follows that convergence with respect to the metric dy coincides with convergence
in probability. It is well known that the metric space (L°(€2,2l,P)) is complete (see
e.g. [70, Lemma 3.6]).

Definition 3.2.1 (Generalized Random Field). A collection of real-valued random
variables {Z(f)} ey, indexed by a locally convex topological space V., on a common

probability space (2,2, P), is called generalized random field if
(i) Linearity: Z(af + Bg) = «Z(f) + Z(g) a.s. forall f,geV and o, 5 € R.
(it) Stochastic continuity: f — fo in V implies Z(f) — Z(fy) in probability.

Thus, a generalized random field on (2,2, P) indexed by V is a continuous linear
mapping Z -V — LY(, A, P), where L°(Q, A, P) is endowed with the metric dy.

Two generalized random, fields Z and Z on probability spaces (2,2, P) and (Q, 2, P)
indexed by V' are equivalent (in law) if their finite-dimensional distributions coincide,

i.e., if
P(Z(f)eAin- AZ(f)eA) =P(Z(fi)eAin-AZ(f) € A)

holds for allm € N, f1,..., fn € V and Ay,..., A, € B(R), where B(R) denotes the

Borel o—algebra on R.

Remark 3.2.2. (i) For the topological dual V' of a locally convex vector space V
and measurable X : (2,24, P) — (V',B), with c—algebra B on V' for which the
evaluation mapping V' — R, u — u(f), f € V, are measurable, the application

of Lebesque’s Dominated Convergence Theorem shows that

Z:V = LY(QAP), [ (wre X(W)(f) = X(f) = Z(f,w)
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(ii)

is a generalized random field. Hence, in this setting, V' valued random variables
are generalized random fields. Conversely, for a general (metrizable) locally
convez space V we cannot characterize (up to equivalence) every general random
field Z, indexed by V', by a V' wvalued random wvariable. However, by Minlos
Theorem, for nuclear locally convex spaces V', this realization also holds true;

see below.

Let V be a dense subspace of a locally convex space V and Z : V — LO(9,2,P)
a generalized random field. Then, due to the fact that L°(Q2, 2, P) endowed with
the topology of convergence in probability is a complete Hausdorff space, there is
a unique continuous linear extension Z : V. — LO(Q, A, P) of Z (see, e.g., [34,
Lemma 22.19]). In particular, for every generalized random field Z on a locally

convez space V', there is a unique extension on the completion of V.

In finite dimensions, Bochner’s Theorem [94, Theorem 1.4.3] establishes a one-

to-one correspondence between the distributions of R?%valued random variables and

positive definite functions ¢ : R — C with (0) = 1 by way of the Fourier transform
as E [eiX(f)] = o(f) with f € R? and X(f) = X - f denoting the Euclidean inner

product on R?. As we mentioned above, not every generalized random field indexed

by a locally convex space V can be represented by a V'’ valued random variable.

However, the ono-to-one correspondence between generalized random fields (up to

equivalence in law) and characteristic functionals on V' remains valid in this general

setting.

Definition 3.2.3 (Characteristic Functional). A mapping ¢ : V. — C on a locally

convex space V' s called characteristic functional if

(i)
(i)

©(0) =1,

© 18 continuous,

(iii)  is positive definite, i.e., the matriz [o(f; — f;)]},_, is Hermitian and positive

semidefinite for alln e N and fi,..., f, e V.

Note that positive definite functions on a locally convex space are continuous if

and only if they are continuous at 0, which holds if and only if they are uniformly

continuous, i.e., for every € > 0 there is a continuous seminorm p on V such that

lo(f) — @(g)] < & whenever p(f —g) <1 [17].
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Theorem 3.2.4 ([69, Theorem 2.4.5]). Let ¢ : V — C be a characteristic functional
on a locally convex space V. Then, there exist a generalized random field Z indexed by
V' which is unique (up to equivalence in law) and satisfies o(f) = E [eiZ(f)] . feV.
Conwversely, for any generalized random field Z indexed by V', its Fourier transform

o(f):=E[e?W], feV, is a characteristic functional.

In order to be able to state a generalized random field Z indexed by a locally
convex space V as a V’'—valued random variable, a sufficient condition would be
that the characteristic functional of Z is not only continuous with respect to the
topology given on V' but also in the Kolmogorov-I-topology (see Definition 3.1.5). In
general, the Kolmogorov-I-topology is strictly weaker than the original topology on
V. A notable exception is the case when the locally convex space V' is nuclear. The
version of Minlos” Theorem stated below plays an important role for this thesis. In
order to formulate Minlos” Theorem, we have to introduce and recall the following
notation. Let p be a continuous seminorm and V), the corresponding local Banach
space defined above. By an abuse of notation we also denote with p the quotient
norm on V,. Then we can identify the dual space V; of V}, in a canonical way with
the subspace {we V' : 3C >0VfeV : |w(f)] < Cp(f)} of V'. We denote by B the
Borel o—Algebra on V' that is generated by the weak*-topology o(V’, V). Due to
the Banach-Alaoglu-Bourbaki Theorem, for every continuous seminorm p on V' and
every n € N the set {w e V' : |w(f)| < np(f) Vf € V}is o(V',V)—compact which
implies V, € B(V’). The following version of Minlos” Theorem is a combination of
[36, Proof of Theorem III.1.1] and [31, Theorem I.3.4].

Theorem 3.2.5 (Minlos). Consider a nuclear space V' with its topological dual V.

For a functional p : V' — C the following are equivalent:
(i) ¢ is a characteristic functional.

(ii) There is a unique probability measure p on (V',B(V')) such that its Fourier

transform [i coincides with , where

i) | e uw), fev.

Additionally, if a characteristic functional ¢ on a nuclear space V' is continuous with

respect to a continuous H-seminorm p on V', then for the unique probability measure
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woon (V! B(V')) we have that u(V,) = 1 for every continuous H-seminorm q on V

Jor which the canonical linking map % : Vy — V,, is Hilbert-Schmidt.

Remark 3.2.6. (i) For any locally convex space V' and any probability measure

(ii)

on (V',B(V")), the evaluation mapping
(VB0 =R, w e w(f)
defines a (scalar) random variable for each f € V. Hence, the mapping
Z:V - LNV, BV'),p), [ (w—w(f))

defines a generalized random field indexed by V', which is called the canonical
process associated with . Canonical processes satisfy a stronger continuity con-
dition than an arbitrary generalized random field since (Z(f1)),.; converges also
pointwise on V' (in particular p-almost everywhere) to Z(f) whenever (fi)ier s

a net converging to f in V.

Consider a characteristic functional ¢ on the nuclear space V' which is continu-
ous with respect to the H-seminorm p and let u be the corresponding probability
measure on (V' B(V')). Further, let ¢ > p be a continuous H-seminorm on V
such that the canonical linking map ¥ is Hilbert-Schmidt. One can easily show
that the trace o-algebra B(V') 0V, coincides with the Borel o-algebra B(V))
which is generated by the weak*-topology o(V,, V). Therefore, the canonical

process
Z Vg — LYV B(Vy), pulvy)

associated with the restriction plv,, satisfies that for any open D < R?, the

mapping
D—Vy, x—f;

is continuous, and that (Z(f;)),p s a random field indexed by D with almost
surely continuous paths. Since the characteristic function of the random variable
Z(fz) given by (f:), © € D, is by assumption uniformly continuous with respect

to p, we can extend it uniquely to a uniformly continuous functional on 'V, 2 V,.

Below we follow the approach outlined in remark 3.2.6 (ii) for generalized random
fields indexed by the space .7 = .%(R% R) of Schwartz functions on R? whose char-
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acteristic functionals are continuous with respect to a specific norm which we define
below. In order to obtain random continuous functions on R? with known pointwise

distributions, these random fields will then be convolved with Matérn kernels.

For f € . we denote with ||| f||| the continuous norm on . defined by

1 1

2 2

A0 = (L1 oy + 1 W) = (1713 ey + 1£15)
FormeN,m>g,weset

. '_f dz
T g (T4 |z 2)m

With another suitable constant C,,, we see by applying Holder’s and Jensen’s in-

equality that, for any f € .,

AP < e [ Py ls@P de + [ 7@ s

< (14 ¢p)2m™ ! JRd(l + 2P| f(2)|* da
< (14 cp)(2d)™ ! fR (1 + ngm) F(2)[2 dz (3.1)

d
=(1+cmﬂ2@m’10f%%-§]MTf%)
j=1
< (1 + ) (24" Col f

In the last step we used that for each m € N there exists €}, > 0 such that we can
estimate
|£L‘Tf|(2)<0m|f‘2%, for all 1 < j < d and for all fe.”,

which follows easily by induction from the well-known three-term recurrence relation

: 1
Tjha(T) = 4 /%ha_ej () + 1/ %hoﬁq (), 1<j<d, aeNi reR?

satisfied by the Hermite functions. Here, e; = (s )1<¢<a denotes the j™ unit coordi-

nate vector in R?.

Theorem 3.2.7. Consider a positive definite functional ¢ : ¥ — C which is con-
tinuous with respect to the norm ||-|| and for which ¢(0) = 1. Then, there exists a

unique probability measure p on (', B(#")) such that fi = ¢. Moreover, u(-#,) = 1
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3d
whenever q > <.

Proof. With inequality (3.1), we showed that the continuous functional ¢ is also

continuous with respect to |-|= for any m > ¢. Since by Proposition 3.1.7 the linking

map zzg ¢ 1s Hilbert—Schmidt for every ¢ > g, the assertion follows from Minlos’
Theorem 3.2.5. O

Functionals that lie in the dual space of .¥ are called tempered distributions. The
convolution of a tempered distribution w € .’ with a rapidly decreasing function
fes

wrfi RIS R,y o, (F)) = (o, Fly— )

is a smooth function (see, e.g., [46, section 10.3]). We recall that we denote by
u(g) = (u, gy the application of v € ." to u € .. In addition, (1,9)(x) := g(x —y)
denotes the translation of g by y € R? ¢¥(z) := g(—x) states the reflection of g at
the origin, and the subscript w, indicates that the tempered distribution w acts on
test functions depending on the variable x.

For the dual . of the local Hilbert spaces .7,
conclude that whenever a function f € ., is such that 7,/ € .7, for every y € R%,

with ¢ € Ny, we can similarly

the convolution with a tempered distribution w € .%’
RT >R,y (w7 (f7))
is defined and is clearly continuous if the mapping
R! - Z([R.R), y— 7,(f)

is continuous. Therefore, whenever we have a [||-|||-continuous characteristic functional
¢ on . with associated probability measure p on (., B(.¥")), it follows, from The-
orem 3.2.7, that if ¢ > 3{, for each f e .7, with 7,(f") € ., the convolution w * f is
a well-defined function for p-almost all w € . This convolution yields a continuous

function if
Rd_)yfb y'_’Ty(fv)

is continuous. The specific type of Schwartz functions we are particularly interested

in, is the class of Matérn kernels.
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Definition 3.2.8 (Matérn Kernels). We the describe the class of Matérn kernels by

their Fourier transforms. For a € R and m > 0 we define by

1

bom :RESR, £
’ (€7 +m?)

the Fourier transform of the Matérn kernel

kam = F " (kam)

)

with parameters o and m. Note that l?:avm is a polynomially bounded smooth function,

and thus belongs to .’; hence, its inverse Fourier transform is well-defined.

Lemma 3.2.9 ([42, Appendix A]). Let g € No, a € R, and m > 0. In the following,
statement (1) implies (ii), (ii) implies (1ii), and (iii) implies (iv).

(i) a > % + ¢ + max{0, %},
(ii) For every y € R? the translation Ty (k) lies in 7y and the mapping
R — (o) y— Ty(kav,m)
1S continuous.
(iii) For everyy e R? the translation 7,(ky ) lies in 7.
(lv) a > % +q.
In particular, if q € {0,1,2,3}, then (ii), (iii), and (iv) above are equivalent.

We can now state for a random field with ||-||-continuous characteristic functional
conditions on the amount of smoothing required such that it has continuous realization

after smoothing by convolution with a Matérn kernel k&, ,, .

Theorem 3.2.10. Consider a positive definite and ||-|||-continuous functional ¢ on

S (R4, R) with p(0) = 1. Then, there is a unique probability measure yu on (., B(."))

3d—
8

satisfying fi = @ such that for all @ > d+max{0, 3312} for every m > 0, the function

R? — R, y—ws= ka,m(y) = <W7 Ty(kg,m»
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is defined and continuous for p-almost all w € .%'. Moreover, for fized y € R the

distribution of the random variable
(", B(S"), 1) = (R,B(R)), wr>wskam(y)
has the Fourier transform ¢ (,(kY ).

Proof. Theorem 3.2.7 provides a unique probability measure p on (&', B(.")) with

2 3d d | 3d 3d_3
f = ¢ and p(F)) = 1 whenever ¢ > 5. Now, for a > § + F + max{0, 45—} =
-3

d + max{0, 3d512} there is a ¢ > %d such that o > % + ¢ + max{0, %52}, and that by

Lemma 3.2.9 the mapping
R — (e |'|q) , Y Ty(k;/,m)

is well-defined and continuous. As pu(-#,) = 1 and hence p("\.;) = 0, this implies
that for p-almost all w € .’ the mapping

Rd - (C7 Yy — <UJ, Ty(k(;/,m)> =W ka,m(y)

is continuous, since it is the composition of continuous functions.
d

Finally, by inequality (3.1) we can follow that ¢ is |-|,-continuous for any p > §
and in particular |-|,-continuous for ¢ as above. Because 7,(k, ) belongs to .7,
the |-|,-completion of .7, there exists a sequence (f,)nen in . which converges to
(k) with respect to |-|,. With Lebesgue’s Dominated Convergence Theorem we
can conclude

o (ry(kym)) = Jim (o) = lim [ e 0 p(dw)

n—o0 n—=w ) g,

= lim i@ i (dw) = f ei@mlkam) ) (dw),

n—00 o1 o1
(5"(1 <4

which proves the theorem. O

3.3 Lévy Random Fields

In this section, we introduce Lévy random fields and apply the generalized random

field theory from above in order to construct smoothed Lévy noise fields. In this work,

45



we use these smoothed fields to model uncertainties occurring in various physical state

problems.

3.3.1 Classification of Noise Fields

Definition 3.3.1 (Lévy Noise Fields). Let b € R, 0% = 0 and v be a o-finite Borel
measure on R\{0} satisfying SR\{O} min{1, s?} v(ds) < 0. Then, the function

242

Y:R—C, (t):=ibt— U; + JR\{O} (e — 1 —itsyy<1y(s)) v(ds) (3.2)

is called the Lévy characteristic with characteristic triplet (b, o* v).

A generalized random field Z indexed by .7 is called a Lévy noise field if there is a
characteristic triplet (b, o2, v) such that for the characteristic functional ¢ of Z there
holds

o =eo ([ wenwa). ez, (33

where 1 is the Lévy characteristic associated with (b,o?,v). (In particular, this as-
sumes o f € LY R4 R) for all f € .7.) We then say that Z is associated with the
characteristic triplet (b, o v). A classical reference for Lévy noise fields is, e.g., [53];
see also [0, 7].

Lemma 3.3.2. Let Z be a Lévy noise field. Then, we can decompose it in Z =
Zp + Za + Z; with deterministic part Zp, Gaussian white noise Z¢g, and pure jump

noise Zj, each of which are independent random fields with characteristic functionals

0zp(f) = ePlea f@)de.
12 2
pzo(f) =e *° W2z gnd

vz,(f) = oS S oy 7 ) —1=it f(2) 115 <1y (5) v(ds)da
J 9

respectively.

Proof. This factorization is directly implicated by Definition 3.3.1, which suggests the
factorization of the characteristic functional ¢z (f) = vz, (f)ez.(f)ez,(f). O

By Lemma 3.3.2, Lévy noises are seen to be a generaliation of Gaussian noises, to

which they simplify when the pure jump part Z; is omitted.
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Proposition 3.3.3. We consider a Lévy characteristic 1 with triplet (b,o2,v) such

that the Lévy measure satisfies SR\{0}|5|1{|8|>1}(5) v(ds) < oo. Then,

o =€ oo ([ wo i ar)

is a well-defined characteristic functional which is continuous with respect to the norm
|l In particular, there is a Lévy noise field Z (unique up to equivalence in law)

associated with (b,c? v). Further, Z is continuous with respect to ||-|.

Proof. Because any f € . also lies in L*(R4, R) n L?(R¢,R) we have

[ .
J [ —1 — s f(2)Ljsj<ay (5)| v(ds)da
®\(0)

(&

R4

[ , .

= J /@) 1 —isf(x)|v(ds)dz + J J /@) _ 1] v(ds)dz
{o<|s|<1} R J{|s[>1}

Rd

(&

N

J{0<|s|<1} 2 oy JRd J{|s|>1} [s[1f(x)]v(ds)dz

Rd

(&

N

1 .
2] rmmﬁ%wmmméwm+f || v(ds) [ £l 1o )
R\{0} {|s|>1}

which yields ¢ o f € L*(R? R) and

WOMmmmé(W+L|JﬂWM>Whmm)

0% + g 1oy min{1, s?} v(ds) ,
+ 5 1 F 1172 R R)-

Therefore,
v~ plh)men ([ wenwa)

is well-defined.

Since ¢(0) = 1, the previous inequality implies that ¢ is continuous at 0 with
respect to the norm ||-[|. Since, by [53, Theorem 6, p. 283], the restriction of ¢
to 2 = C*(R% R) is positive definite, it follows that the restriction of ¢ to 2 is
(uniformly) [||-[||-continuous. Further, & is dense in . with respect to ||-|| and hence,
¢ is positive definite and continuous. Therefore, due to Theorem 3.2.4 (and inequality
(3.1)), there is a generalized random field Z indexed by . whose Fourier transform

is ¢ and which, in addition, is continuous with respect to the [|-||-norm. Thus, the
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proposition is proven. O

Remark 3.3.4. By convolving a compactly supported continuous function on R with
an approximate identity, e.g., with a mollifier, we can show that & is a dense subspace
of the space of compactly supported continuous functions on R with respect to the |||
norm. It follows immediately that 7 is dense in L'(R% R) n L*(R%, R) assuming the
latter space is equipped with the norm |||-||. As it is noted in remark 3.2.2 (ii), it
thus follows that for every ||-||-continuous Lévy noise field Z there is a generalized
random field indexed by L'(R? R)n L*(R4, R) that uniquely extends Z. The extension
will also be denoted by Z. Therefore, for a Borel subset A of R? with finite Lebesque
measure, we are able to define the (non-normalized) A-average of the Lévy noise field
Z by Z(1y).

Definition 3.3.5 (Stationary Noise Field). A generalized random field Z indezed by
S is called

(i) a noise field if for any choice of index functions fi,..., f, € & with mutually
disjoint supports the random variables Z(f1),...,Z(fn) are independent,

(ii) a stationary field if for every f € . and each a € R the random variables Z(f)
and Z(f,) have the same probability distribution, i.e., Z(f) ~ Z(fa), where

fa(x) = (af)(2) = f(x —a),
(7ii) a stationary noise field if it is both a noise field and a stationary field.

Since the distributional derivatives of noise fields are noise fields as well, a noise
field can be arbitrary singular. There are many situations in which one would like for
a bounded and measurable set A = R? take the spatial average Z(14) and ensure that
this quantity has finite expectation. However, for such A, the indicator function 14 €
V = LYRYR) n L2(R% R), but 14 ¢ .# which rules out too singular distributional
noises. The next theorem is a characterization of stationarity in the setting outlined

above.

Theorem 3.3.6. We assume for a generalized random field Z on (2,2, P) indexed by
S which is |||-||-continuous that its unique |||-||-continuous extension to L'(R% R) n
L*(R% R) satisfies Z(f) € L*(Q, A, P) for all f € L*(RY, R) n L*(R% R). Then, the

following two properties are equivalent:
(i) Z is a Lévy noise field.
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(i) Z is a stationary noise field.

Proof. First, let us assume that Z is a Lévy noise field. Then, by definition there
is a characteristic triplet (b, o2, v) with associated Lévy characteristic ) such that
the Fourier transform of Z satisfies ¢(f) = exp (SRd (Yo f) da:'), for f € . Since
the Lebesgue measure is translation invariant, we know that for any a € R? we have
o(fa) = p(f), i.e., the random variables Z(f,) and Z(f) have the same characteristic
function and therefore Z(f) ~ Z(f,). Hence, Z is a stationary field.

Next, for fi,..., f, € . with disjoint supports it follows for all (kq,...,k,) € R"
and every z € R? that (Z?:l Kif; (m)) = 2.1 ¥ (K fj(x)) because at most one of

the summands is different from 0 and (0) = 0. Therefore,

E [eizyzlan(fj)] —E [eiZ(Zg‘:lnjfj)] = exp (f ¢(zn] k;fi(x)) d:v)
RE =
HeXp (J Y(k;fi(z d:c) HE mj f]

i.e., we have that the Fourier transform of the joint distribution of the random vari-
ables Z(f1), ..., Z(f.) equals the product of the characteristic functions of the Z(f;),
thus, Z(f1), -+, Z(f.) are independent, so that Z is stationary.

Now, we show that (ii) implies (i). First, as mentioned in remark 3.3.4, due to
the [|-|[-continuity of Z, there is a unique extension on L'(R% R) n L2(R% R) to Z
which we denote with Z as well, where the space L'(R%, R) n L?(R% R) is eqiupped
with the norm |||-||. Since the operator 7, is linear and continuous on . with respect
to the norm ||-[|, it follows by the ||-||-density of . in L*(R% R) n L?*(R¢ R) that
Z(fa) ~ Z(f) for all fe LY(RY R) n L*(R% R).

We define a cube in R? as a set of the form H?Zl[ﬁj, 7v;) where 5,7, € R, 1 < j <d
with v; —; > 0 independent of j, the so-called (side) length of the cube. We consider
a cube A with side length L > 0 and subdivide A into n? non-intersecting cubes Ay,
each of side length L/n. Therefore, for each 1 < £,k < n? we have Z(1,,) ~ Z(14,)
by the extended stationarity of Z. Due to the construction, we can find §;,v; €
R, v, — B =L/, 1<j<daswell as V), ... ,a™ e R? such that

d
A= H[Bj + ay),vj + ay)), (=1,...,n%

J=1
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For € €10, L/2n[ we define

d

A = H[Bjﬁ—ag@ —i—é,’yj%—agg) —¢), £=1,2,...,n%

j=1
Further, we consider ¢ € 2 with supp¢ < (—1,1), ¢ > 0, and {,¢dz = 1. For
e > 0 we set ¢.(z) := e7?@(z/c). For  €]0, L/2n[, the functions ¢,  Lps, 1 < £ < n?
belongs to & and satisfy

<1> Vi</{< nd,g 6]07 L/Qn[ supp ¢€ * ]IAZ - AZ?
(2) V1<l <n%eel0,L/2n]: sup,cga|o- * Iae| < 1.

Due to (1), for fixed € € ]0, L/2n[ the functions ¢.+1a:, 1 < £ < n?, have mutually dis-
joint supports and by Lebesgue’s Dominated Convergence Theorem, lim. o ¢c*15: =
15, with respect to [|-|. As Z is [|-[|-continuous, Z(¢. » La:) — Z(14,) in probability
when ¢ \ 0; see Remark 3.2.2 (ii). Consequently, the vector (Z(¢. * 1xz), -+, Z(¢e =
1)) converges in probability to (Z(1a,), -+, Z(14 ,)) as well. Since the random
va;iables Z(pe = 1 A;) are independent, their joint characteristic function factors to
a product of individual characteristic functions, each converging to the character-
istic function of the corresponding Z(1,,). Hence, the joint characteristic function
of (Z(1a,), -+, Z(14 ,)), which coincides with the limit of the joint characteristic
function of (Z(¢. * Laz), -+, Z(¢e * 1az ), factors to a product of the characteristic
functions of Z(1,,). This implies the i;dependence of the random variables Z(1,,).
With

N

By = [51 + (0 1)&, Br + ei’) X E[ﬁj,yj), 1<(<n,
we define a partition of A into n sets where each set is a disjoint union of a mutually
disjoint subfamily of the Ay,..., A,a such that the corresponding random variables
Z(1p,,),...,Z(1p,,) are independent and identically distributed. Since n € N was
arbitrarily chosen and Z(1,) = >}, Z(13,,), Z(14) has an infinitely divisible prob-
ability law. By the Lévy-Khinchine Theorem [95, Theorem 8.1], there is a uniquely
determined characteristic triplet (by, 0%, v,) with associated Lévy characteristic 1y

such that
E [eiZ(ILA)] — AMa®)  and E [ei“Z(ﬂAl)] — e\AelwA(Oé)’
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for all k € R and ¢ = 1,...,n% where for a Borel set B = R? we denote by |B] its
Lebesgue measure.

Now, we consider another cube A’ with side length L’ such that L/L’ is a rational
number n/m, with n,m € N. We subdivide the cube A into n¢ mutually disjoint
cubes A, of side length L/n and A’ into m? mutually disjoint cubes A}, of side length
L'/m as we did above. Since the extension Z is stationary and L/n = L'/m, we
have that the random variables Z(1,,) and Z(1,;) have the same distribution, for
1 <?/<n? 1<k<m? This yields

elhelva(x) — e|A§€|¢A/(N)’ VeeR,1</(< nd, 1<k<m?

)

so that, by |A¢| = (L/n)? = (L/m)? = |A}| and the continuity of the Lévy character-
istics 1y and 1y, it follows that there is k € Z with 15 (k) = ¥a(k) + 2mik. Since
¥a(0) = 0 = ¢p/(0), we can follow that 1p = ¥p. Therefore, there is a characteristic
triplet (b, 02, v) with associated Lévy characteristic 1 such that for all cubes A with
rational side length we have E [e#(13)] = elAV(¥) s e R. From [95, Example 25.12)]
we can follow, since Z(15) € L'(Q, 2, P), that § ., [s[v(ds) < oo which yields by
Proposition 3.3.3 that

1S > C, [ exp <de<¢ o )(@) dx)

is a well-defined, positive definite functional which is ||-||-continuous and which can
be extended uniquely to a [|-||-characteristic functional on L*(R% R) n L?(R¢, R).
Since Z is a noise field, for mutually disjoint cubes A, ..., A™ in R? of respec-
tive side length L; € Q we obtain by the same procedure as above, i.e., via mollifi-
cation of the indicator functions of suitably shrunk cubes, that the random variables
Z(1yw), ... Z(1j\m) are independent. For the simple function f = Z;-Lzl NORC

conclude
_ i _ @) oG Y(x5) Spa 25—y ¥(ki)1, () de
o(f) = Ee Z(f)] — Al — eI edrd 2j—1 AG)
111 ”
= elaWeN@de _ , (£)

where we have used again that for functions with mutually disjoint (essential) supports

fi,ooo fo € LR R) 0 LA(RYR) we have ¢(35; f;) = 3, ¢(f;) due to 1(0) =0

Finally, since the simple functions we used above are ||-||-dense in L'(R?¢ R) n
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L2(R% R) and ¢ as well as ¢, are ||-||-continuous, it follows from (3.4) that o(f) =
oy (f) for all fe LYRYR) n L2(R4, R). In particular, Z is a Lévy noise field. O

The next proposition is numerically motivated. In order to computationally treat
Lévy noise fields in terms of e.g., quadrature or Karhunen-Loéve expansion, knowl-
edge about the expectation of polynomial expressions in the random fields is needed.

Hence, we provide in the next proposition the moments of Lévy noise fields.

Proposition 3.3.7 ([42, Appendix B|). Let Z be a |||-|||-continuous Lévy noise field
with characteristic triplet (b,o?,v). We assume that the Lévy measure v is such that

the following integrals exist and are finite:
by = f sv(ds) and b, := J s"v(ds), meN, n=2.
{ls|>1} R\{0}

Then, Z(f) possesses moments of all orders for every f € . and

E[JljZ(fj)lz > ﬁchRdHfjdx.

Te(n) (=1 jely
I={I1,....I}.}
Here, 2™ s the collection of all partitions of {1,...,n} into non-intersecting and
non-empty sets {1y, ..., 1.}, where k is arbitrary. |I,| denotes the number of elements

in Iy and ¢, is a sequence of constants defined as

b+b; :n=1,
Cn = O'2+b2 :n:2,

by, 'n = 3.

3.4 Smoothed Stationary Noise Fields

In this thesis, we apply random functions on (an open, bounded subset of) R? to
model physical uncertainties in various situations. In order to make use of the so
far examined [|-||-continuous stationary noise fields indexed by the Schwartz space
< (R4, R), which are uniquely extendable on L'(R¢ R) n L*(R¢, R), we introduce the

following notation.
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Definition 3.4.1 (Smoothed Random Fields). For a |||-|||-continuous stationary noise
field Z on the probability space (2,21, P) and a function k € L*(R%, R) n L*(R4, R)
we define the smoothed random field (with window function, smoothing function, or

smoothing kernel k) as the family of random variables
Zi(x) = Z(ky) € L°(Q,2,P), xeR%

where ky = 1,(kY) = k(z — ). More generally, we shall call a bivariate function
k:RYx RY— R a smoothing function (or window function) if k(z,-) € L*(RY,R) n
L*(R4R) for every x € R and RY — (LY(R4,R) n L2A(RE,R), [|-|), = — k(x,-) is
continuous. For a bivariate smoothing function k we set, by an abuse of notation,
ky = k(x,-) and define the smoothed random field with smoothing function k as the
family of random variables Zy(x) := Z(k,) € L°(Q, A, P), x € RZ

Remark 3.4.2. (i) By Minlos’ Theorem 3.2.5, every generalized random field Z
on a probability space (Q, A, P) indexed by 7 (RL R) is given by a .7 (R4, R)-
valued random variable (also denoted by Z). It follows for a window function
ke Z(R%R) that

R - R, x> Z(ky) ={(Z k(zx—-)) = (Z*k)(x)

is P-almost surely a smooth function as a convolution of a random tempered

distribution with a Schwartz function.

(ii) By definition, the random wvariables of a smoothed random field based on a
stationary noise field Z and an arbitrary window function k € (R4 R) are
identically distributed, i.e., Zy(x1) ~ Zp(xa) for every xy,zo € RY.  Further,
whenever x1, ..., x, € R are such that 7,,(k), ..., 7., (k) have mutually disjoint
supports, then the random wvariables Zy(x1), ..., Zx(x,) are independent. By
the same arguments we already used in the proof of Theorem 3.3.6, it follows
that for a stationary noise field the "noise field property” as well as stationar-
ity not only hold for fi,..., fn, f € (R R) but for arbitrary fi,..., fu, f €
LY(R%R) n L?2(RY R).

(i) By Theorem 3.2.7, we can describe every ||-|||-continuous stationary noise field

/ . . . d 3
Z by a S, (R, R)-valued random variable with arbitrary q > %. Thus, if k €
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S (RYR) is a function such that
R —» Z,(RYR), =z 7,k (3.5)

is well-defined, we may consider the smoothed random field Z; with window
function k even if k ¢ LY'(RY R) n L2(R% R). If the function in (3.5) is also
continuous (when Z,(R%R) is equipped with the Hilbert space norm |- |,), the
resulting smoothed random field is almost surely a continuous function on RY.
For Matérn kernels as window function this smoothing procedure is described in
Theorem 3.2.10.

(iv) A smoothed Lévy field Zy,, ,, with a Matérn kernel kq m as window function can
also be viewed as the distributional solution of the linear Stochastic pseudodif-

ferential equation
(—A+m*)*Zy, . (f) = Z(f), fordlfe,

where Z is a Lévy noise field and A denotes the Laplacian; see [6, 7]. In this
sense, the approach of [}2] directly extends the approach in [77] for sampling

Gaussian fields.

3.5 Examples

3.5.1 Gaussian Fields

We obtain Gaussian random fields by Lévy fields with associated characteristic triplet
(b,02,0) where we set the Lévy measure v = 0. The corresponding generalized
random field is a stationary noise field denoted by G with characteristic functional
wa(f) = exp (ib Spa f(y) dy — %QHf||%2(Rd’R)>. Since b corresponds to a deterministic
background field, we obtain a classical white noise for b = 0. If G is indexed by
f e LY(R% R) n L2(R% R), the corresponding random variable G(f) has variance
‘72HfHL2(Rd,R)-

If we smooth a Gaussian random field with window functions k € L'(R? R) n
L*(R%,R), then G(k,) has a Gaussian distribution with mean b §, k(y) dy for each
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x € R, Further, a straightforward calculation shows that

Cov(G(z1), Gr(x)) = UQJ k(zy — 7)k(zo — 7)dr = 02(kY * k) (2, — 22).
Rd
In particular, setting k = kq,, we obtain Cov(Gy(z1), Gk(x2)) = 02kaam(r1 — T2),

which is the usual Matérn covariance function with smoothness parameter 2a.

Remark 3.5.1. By Kolmogorov’s continuity criterion for random fields [73] one can
see that the lower bound o > d in d = 1,2,3 obtained in Theorem 3.2.10 is not

optimal for the Gaussian case, where 2ac > d already yields a continuous modification
Zka,m (x)

3.5.2 Compound Poisson Random Field

Let v be a finite Lévy measure on R\{0} and set b := S{0<‘S|<1}Sl/(d8). A com-
pound Poisson random field is a Lévy noise field P with associated triplet (b,0,v)

and corresponding characteristic functional

©op(f) = exp ( JRd JR o (/™) —1) V(ds)d:c) . feLYRYR)n L*RLR). (3.6)

We consider f € L'(R?, R) n L?(R?, R) with essential support in a region A = R¢ with
|A| < oo. The finite Lévy measure v yields an intensity parameter A := v(R\{0}) and
a probability measure 7 on R defined by 7 := A~'v with 7({0}) = 0.

Now, let (2,2, P) be a probability space, let Ny be a Poisson-distributed random
variable with intensity A|A], and let (X1, S;), (X2, S2), . .. be a sequence of R xR\{0}-
valued random variables which are identically distributed with (X7,S7) ~ % X D,
where dz is restricted to A, and such that Ny, (X1, 51), (X2, 52),... are independent.
Let {A;};en define a partition of R? such that any compact set intersects at most
finitely many A; and such that the random variables Py, := Zjva{ S;j0x,; are mutually

independent. For f e . with compact support let I = {j €e N: A; nsuppf # &}
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Then,

_ Hi oAl A )7 A|A| (f f 51 (ds) |A|> (3.7)

= ( J f (efs/( ﬁ(ds)d)
— exp ( JRd JR \{O}(eisﬂx) -1) y(ds)dx) :

Since the space of smooth functions with compact support is ||-||-dense in .#; we can
extend P(f) to .. As the characteristic functionals coincide, the constructed random
field P(f) coincide with the random field from Theorem 3.2.5 up to equivalence in
law. By the Borel-Cantelli Lemma, it follows that the locally finite and discrete signed
measure P is actually a tempered distribution P-a.s..

Let k be a continuous, bounded function in L!(R%, R) (and hence also in L?(R¢, R)),
then

Py, (@ ZSK - X

is a continuous functions. For the smoothed compount Poisson noise field we obtain
Pi(z) = Z;’;l Py, . Although the continuity of P, does not immediately imply
that Py is continuous as well, it seems likely that this is true if k(x) has some global
uniform continuity and decays sufficiently fast; see [7, Theorem 3.2] for a related
argument.

Remark 3.5.2. We note that the absolute value of the signed measure |P| is given
by > |Pa;| and |Py,| = ZZ‘{ ‘Séj)‘éxéj) holds P-a.s.. This yields the estimate

|Pe(2)] < |P|g(x), for all z € R? (3.8)

P-almost surely. Since |P| is also a compound Poisson noise field with characteristic
triplet (b*,0,v"), where vt is the image measure of v under the mapping s — |s|

which is supported on 10, 00[, the right-hand side of (3.8), for fized x, is almost surely
finite.
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3.5.3 Poisson Point Process

As Poisson point processes, which we use in chapter 4 to model crack initiation events
on mechanical elements, are of importance for this thesis, we present them here as an
example, despite the fact that they do not necessarily define a Lévy noise field in terms
of Definition 3.3.1. Here, we only construct the process, but provide a more detailed
introduction on this construction below. We consider a characteristic triplet (b,0, v)
where the Lévy measure v on R is given by v = 1, where ¢,, denotes the Dirac measure
- S{0<|S|<1} sv(ds) =1. Let Q < R and C = Q x Roq. Let (Q,2, P)

be a probability space, p a compactly supported Radon-Nikodym derivative of some

onzxeR,and b:

Radon measure describing the intensity of the process, and A < C. We consider
the random variables Ny, X7, X5,... on (2,2, P), where N, is Poisson distributed
with intensity p(A) and X; ~ pp,(f (:C /2) is R? valued. Assuming that all these random
variables are additionally independent, we define the Poisson point process on C by

YA = Zjvz"l dx;. Similarly to above, we can derive that the characteristic functional

of v is given by

ea(f) = oxp ([ (e = Dp(a) ) 39)

for all f € LY(RYR) n L*(RY R). If p is translation invariant, we can show, by
following the same steps as in the proof of Theorem 3.3.6, that the associated Poisson

point process is a stationary noise field, and thus by Theorem 3.3.6 a Lévy noise field.

3.5.4 Lévy Noise of Infinite Activity

We consider the case when we only have S{‘s‘ <) |s| v(ds). In this case, the determinis-
tic compensator term for the small jumps SR\{O} s1ysj<13(s) v(ds) can still be subsumed
into the constant b and the expression for the characteristic functional (3.6) remains
valid. Even though the assumption is quite strong, it includes important examples
ds),

v,w > 0. Since in this case and others the jump measure v is infinite, the represen-

—wls|

such as (bi-) gamma distributions with v(ds) = v1s=0y(s)— ds (v(ds) = v¢

s Is|

tation given in the compound Poisson case needs to be extended as follows: With
Oy ={seR:|s| > 1} and O, = {s € R: § > |s| > 77} we consider partitions of
R\{0}. The Lévy measures on these sets vy(ds) = 1g,(s)r(ds) are all finite and define
independent compound Poisson processes Py. Similarly to (3.7), we can show that
(3.6) still holds and the same applies to (3.8), where |P| = >,)2, |P|. Further, |P|

is a Lévy noise with characteristic triplet (b*,0, %) and the right-hand side of (3.8)
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is P-a.s. true for all z € R?. Figure 3-1 shows sample paths of Gaussian, Poisson
(compound Poisson with v = §;) and bi-directional gamma noise fields with identical

covariance.

Figure 3-1: Realizations of smoothed noise fields: Gaussian (left), Poisson (middle) and
bi-gamma (right) — each with the same Matérn covariance function.
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Chapter 4

An Analytical Study in Multi-Physics and

Multi-Criteria Shape Optimization

In this chapter, we give our first application of randomness in models expressing real
world problems. We present a shape optimization model that includes the random-
ness of crack initiation processes in the design process of mechanical elements [59].
Component life model from material science are often used to evaluate the integrity of
a mechanical component subjected to a certain number of load cycles; see, e.g., [20].
In the literature, there are different approaches described to predict the failure of a
component. Many models use deterministic life calculation which predicts failure at
the component or component’s surface, depending on whether we have a volume or a
surface driven damage mechanism. Probabilistic models extend the deterministic life
prediction by integrals over local functions of the stress tensor in the component or on
the component’s surface, respectively; see, e.g., [10, 45, 60, 61, 66, 80, 98, 101]. This
approach makes it possible to compute shape derivatives and gradients [18, 25, 58, 104]
and therefore places component reliability in the context of shape optimization.
Besides the endurance, the design of a component’s shape must often satisfy fur-
ther primary objectives. For example, the component has to withstand a minimum
amount of load cycles before yielding while being as efficient as possible at the same
time. This search for an optimal design leads therefore, in the majority of cases,
to an at least bi-criteria optimization problem. While several mono-criteria shape
optimization frameworks have already been established [8, 27, 38, 49, 65], a general
framework for a multi-criteria design process is still missing; see however [28, 39, 65]

for numerical studies addressing the topic.
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The different types of objectives are typically expressed by objective functionals,
which depend on the solutions to boundary value problems. These objective function-
als require a certain level of regularity for the solutions and the usual weak theory
based on H' Sobolev spaces is sometimes not sufficient. This is the case for, e.g.,
the probability of failure, as remarked in [60], but, as we see here, also for simplistic
fluid dynamic models. As in previous works [19, 21, 60], we therefore introduce here
a framework based on Holder continuous classical solution spaces and extend it to
multi-criteria optimization. Within this framework, we state conditions which pro-
vide the existence of at least one optimal shape in terms of Pareto optimality [40].
Our approach uses the graph compactness property [65, Subsection 2.4] and requires
the lower semicontinuity of all objective functionals to provide certain maximality
properties of the non-dominated feasible points: Namely that the Pareto front in the
set of feasible points coincides with the Pareto front of the closure of the feasible
points. Put in other words, each dominated design is also dominated by at least one

Pareto optimal design.

In order to illustrate our framework, we describe a simplistic multi-physics system
as an example. This mathematical model is motivated from gas turbine engineering
and describes a turbine vane lying within a shroud where a fluid is flowing through.
We couple a potential flow equation, describing the fluid, with the equation of linear
elasticity in order to model the deformations of the component when volume and
surface forces are exerted onto it. We identify the objectives by two (rather singular)
functionals, namely an aerodynamic loss based on the theory of boundary layers
[97] and furthermore, the probability of failure after a certain number of load cycles
[60, 80]. For this system, we prove that the assumptions of the general framework are

fulfilled and we conclude that a maximal Pareto front exists in this case.

In contrast to solving a multi-criteria optimization problem in the context of
Pareto optimality, the traditional approach of scalarization functions reduces the
multi-criteria into a mono-criteria shape problem by using a decision maker, which
reflects the preferences of the design process. Here, we are interested in continuity
properties of Pareto optimal shapes, when the preference is expressed by a parameter
in a merit function, which, e.g., could be the weights in a weighted sum approach. The
stability of the solution to such scalarization techniques have already been investigated
in the literature for finite and infinite-dimensional spaces; see, e.g., [16, 63, 105, 106].

We study our general framework on these known result, i.e., we are interested in how
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the sets of optimal shapes act, when subjected to small changes in the preference

parameter.

The first section of this chapter follows closely [60] and is devoted to the proba-
bilistic modeling of a mechanical components life expectation. Afterwards, we give a
general introduction to multi-criteria shape optimization problems governed by PDE
constraints. We then present a toy model, where we couple a potential low equation
with the equation of linear elasticity, and which includes the components life model
provided in the first section. For this toy model, we prove the existence of an optimal
shape and also study scalarization techniques and corresponding continuity properties
of the sets of optimals shapes with respect to the weighted sum scalarization and the

e-constraint method.

4.1 Probabilistic Life Prediction

In this section, we introduce Poisson point processes (see Example 3.5.3) from a
practical point of view and show how to implement them in crack initiation models
by following the construction of [60]. We consider an open and bounded domain
Q) < R3? with Lipschitz boundary 0 representing the shape of some component in a
physical system. In this system, we measure time in load cycles T = Ny or in natural
time 7 = cl(R), where cl(R) = R u {—ow0,©}. The space C = T x cl(Q2) endowed
with the standard metric topology denotes the configuration space of crack initiation
at time ¢ € T and location x € cl(€2). The Borel g-algebra of the topological space C
is denoted by B(C).

Let R = R(C) denote the space of all Radon measures on C, i.e., the set of all
measure 7y on the measurable space (C,*B(C)) for which v(B) < oo for each bounded
set B € B(C). The set of all counting measures in R, i.e., the Radon measures v € R
with v(B) € Ny for all bounded B € B(C), is denoted by R.. In the given context, a
counting measure v € R, encodes one particular history of potentially multiple crack
initiations on the component 2. Hence, v(B) gives for some Borel measurable location

B < cl(£2) the number of crack initiations with time-location instances ¢ = (¢,z) € B.

We attach the event of failure of the component €2 with the occurrence of the first

crack in cl(£2). We define the time of failure 7: R. — 7°* = T u {0} regarding some
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crack initiations history + by
7(y) = inf{t > 0 : v(C;) > 0},

where C; = {(r,2) € C : 7 < t}. By [71, Theorem 1.6], for each bounded set

B e B(C), the restriction of v € R, to B possesses an atomic decomposition
YIB = ijécj, n,bj eN, ¢;eC, ¢; # cj for i # j,
j=1

where d. stands for the Dirac measure in ¢ € C. This representation is unique up to
order of terms. We call the Radon measure ~ simple if for all B € 8B(C) we have
b; =1 forall j =1,...,n. The simplicity of a crack initiation history 7 is a natural
condition, since it states that two cracks occuring at the same time and at the same
place are considered as the same crack. As we cannot predict the precise time and
location of the first crack initiation, we have to take into account that crack initiation
is a random process. With N (R.) we denote the standard o-algebra, which is called
vague topology, on the space of Radon counting measures generated by the mapping
v - Sc fdy with f e C.(C,R), the space of compactly supported continuous func-
tions on C. It is easily seen that the time of failure 7 : (R., N(R.)) is measurable.
The following definition can be found in [71, Chapter 2].

Definition 4.1.1 (Point Process). Let (X,24, P) be a probability space.
(i) A point process on C is a measurable mapping v : (X, 24, P) = (R, N(R.)).
(ii) The point process v is simple if y(-,w) is simple for P-almost all w e X.
(iii) A point process 7y is non-atomic if P (y({c}) > 0) =0 for all ceC.

(iv) A point process vy has independent increments if for mutually disjoint By, ..., B, €

B(C), the random variables ¥(By),...,v(By) are independent.

Random crack initiation histories are naturally modeled as simple point processes.
The additional assumption that v does not possess "atoms" states that there is no
location = € cl(£2) where a crack precisely originates with a probability larger than

Zero.

Definition 4.1.2 (Crack Initiation Process).

62



(i) A crack initiation process 7y is a simple, non-atomic point process on C.

(ii) The time to crack initiation T : X — T* associated with vy is the random

variable T = 7(7).

It is debatable whether the assumption of independent increments is realistic for ran-
dom crack initiation. However, since we regard a component ) as failed after the first
crack has occurred, we are only interested in the component’s history until the forma-
tion of the first crack initiation. A study of a model with interacting crack networks

is given in, e.g., [81].

The following proposition is an application of some standard results from the

theory of point processes in the given context.
Proposition 4.1.3 (Crack Initiation and PPPs, [60, Proposition 2.3]).

(i) Any crack initiation process v on C with independent increments is a Poisson

point process (PPP), i.e., there exists a unique Radon measure p € R such that

B n
P(v(B)=n)= e_p(B)p( ) . for all bounded B € B(C), n € Ny.

p is called the intensity measure of .

(ii) The distribution function Frp of the time to crack initiation T is given by Fr =
1 — e #® with cumulative hazard function H(t) = p(C;).

(iii) If p(C) = o, then P(T' = o) = 0 and T can be modified to T : (X,A) —
(7,B(T))-

The reliability of the component 2 at some warranty time t* or after the passage
of a service interval of duration t* depends on the forces acting on €2, the material,
and the shape € itself. In many design applications the loads and material are given
and the optimization process to maximize the life span of the component takes place
at the choice of the shape. The choice of an optimal design depends crucially on an
assignment of failure probabilities to the shape (). In the following part, we introduce

a reliability optimization model.

Definition 4.1.4 (Crack Initiation Model). Let O be a collection of admissible shapes

contained in some larger shape Q¢ < R3 and let f, g : C™* = T x Q™ — R3 be vector
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fields belonging to some spaces Vyo and Vs, respectively. For €2 € O we interpret
fla as the history — or load collective — of volume force densities on 02 and glsq as
the history of surface force densities.

A crack initiation model is a mapping v from O X Vi1 X Vsue to the space of all

crack initiation processes on T x Q™' mapping (2, f,g) to ya.54 such that
(1) Ya.r.o(T x (2°N\cl(Q))) = 0 P-almost surely,
(77) ~va.ry depends P-almost surely only on flq and g!aq.

Any crack initiation model induces a mapping of (€, f, g) to the crack initiation
time random variable T§, ;s , associated with g, ;4. Assuming we are given volume
and surface loads f € Vo and g € Vy,, and a fixed warranty time t* € 7, a crack

initiation model leads to the optimal reliability problem.

Definition 4.1.5 (Optimal Reliability Problem). Given t* € T, f € Viol, 9 € Veur,
and a crack initiation model vy, find Q* € O such that

P(Tox <t*) < P(Tq <t*), forallQ2eO.

As the initiation of the first crack interacts with the atomic displacements within
the component () originating from the exerted volume and surface forces f and g, we
construct crack initiation models with independent increments based on the PDE of
linear isotropic elasticity (2.11). We restrict ourself to the case where f and g are
independent of ¢ such that the model is based on one well-defined load cycle. The

time ¢t then counts the number of such load cycles.

Definition 4.1.6 (Local Crack Initiation Model). Let O x Vo X Viur be such that
for all Q € O, f € Vo, and g € Vy, there exists a unique (weak) solution ug to
(2.11). Let furthermore oo : T x R4 — cl(Rsg) and gg : T x RY — cl(Rsg) with
d=3+ Z;zo =3+ %(3“’1 — 1) be measurable, non-negative functions, where

r € N is the order of the model. Suppose that the k™ weak derivatives VFu of u are

measurable functions for k = 0,...,r and that the trace V*ulsq is well defined in
the sense of measurable functions. Here, (Vku);:1 ;. Stands for 5 _afuf? —. Then, we
B Tjy 05y,

define the following:

(i) Anr®™ order local crack initiation model with independent increments and linear

elasticity state equation is defined by this data by setting vo to be the PPP on

64



C*™* associated to the intensity measure

po(B) = J Ovol(t, z,u, Vu, ..., V'u)dtde
BA(Tx9Q)

" J qur(t’ Z, U, VU, s ’Vru) dtdAa f07" all B € %(CeXt)a
Bn(T x0Q)
provided that the resulting measures are Radon measures on C™.

(i) =y is said to be strain driven if oo and gs. depend only on the elastic strain
tensor field e(u) from (2.11). As the elastic stress tensor field o(u) can be o0b-
tained from e(u) and vice versa, strain and stress driven crack initiation models

are SYnonymous.
(iii) If 0y = 0, then v is surface driven, and if sy, = 0 it is volume driven.

(iv) We say that the r'™™ order crack initiation model has s-reqular intensity functions,

5= 0, if 0ol and os are in C°(T) ® C*(RY).

From the previous definition, it follows that the optimal reliability problem from
Definition 4.1.5 is, in the case of an 7" order local crack initiation model, a PDE
constrained shape optimization problem. The following lemma establish the link

between optimal reliability and PDE constrained shape optimization.

Lemma 4.1.7 (Optimal Reliability and PDE Constrained Shape Optimization, [60,
Lemma 2.7]). For anr'™ order local crack initiation model with elasticity state equation
(2.11), the optimal reliability problem given in Definition 4.1.5 is equivalent to the

shape optimization problem given in Definition 4.5.2 below with

J(2,y) :f Feol(z,y,Vy,...,V'y)de
Q

+ Fou(z,y,Vy,...,V'y)dA,
o0

with Fuo(+) = S(t)* ovol(t, ) dt and Fou(+) = Sé* Osur(t, ) dt andy : Q= — R3 sufficiently
reqular (continuous differentiable). In particular, for the case of s-reqular intensity

functions Fol, Feur € C*(RY).
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4.1.1 LCF Driven Crack Initiation Model

We give here an example for crack initiation models based on small deformations
which pile up and are the result from cyclic loadings. This degradation is called
fatigue and is differentiated into high-cycle fatigue (HCF) and low-cycle fatigue (LCF)
[90, 93]. The model we introduce in the following considers repeated small plastic
deformations and models LCF crack initiation as a surface and strain driven model
with elastic state equation. It is numerically implemented in [99] where it is applied
to gas turbines. An extension to thermomechanical equations can be found in [100]
and experimental validation is presented in [101].

The use of the equation of isotropic elasticity (2.11) in the context of low-cycle
fatigue seems contradictory at first as it models elastic deformations which are com-
pletely reversible and therefore does not lead to degradation. In the following, we
introduce a method of time-honored elastic-plastic stress conversion which solves this
problem.

We define by o, = 4/3tr(o’?) the von Mises stress, where o/ = o — str(o)l
is the trace free part of o capturing non-hydrostatic stresses only. The von Mises
stress is often used in order to determine whether an isotropic and ductile metal will
yield when subjected complex loading. Next, we define the Ramberg-Osgood relation
which is used to locally derive strain levels from scalar comparison stresses o,; see

[91]. This equation describes stress-strain curves of metals near their yield points.

Definition 4.1.8 (Ramberg-Osgood Relation). Let K > 0 denote the strain harden-
ing coefficient and n' > 0 the strain hardening exponent. Then, the Ramberg-Osgood

relation between an elastic-plastic comparison strain 2P € cl(Rsq) and an elastic-

plastic comparison stress o®=P! is given by
el—pl el—pl\
lope og P\
gdpl - v 4 [ , 4.1
= Ty (2o (4.1
with Young‘s modulus E = “(%Jf“) The coefficient P! is called the comparison

strain and we shall write e7P! = RO(¢¢7P!).

The problem which arise at this point is that the elastic-plastic comparison stress
0Pl needs to be defined on the basis of the elastic von Mises stress o,,. We can solve
this problem with the method of stress shakedown by Neuber [87, 93].
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Definition 4.1.9 (Elastic-Plastic Stress Conversion and Shakedown). Given o, €

cl(Rs) the associated elastic-plastic comparison stress o =Pl is defined as the positive

solution to the equation

2 el—pl)\2 el-pl\ 77
Oy ___el—pl _el-pl __ (av ) el—pl Oy
— =0, &, = 7E + o, 7K .

&=

Therefore, we can determine the elastic-plastic von Mises stress o ~P' by using the
elastic von Mises stress o, and, in addition, we are able to obtain =P from (4.1).
We shall write o®~P! = SD(0,).

Compared to the static case, with fatigue we describe the damage of material
caused by much lower load amplitudes of cyclic loading. As an example, in Figure
4-1 (from [60]) we can see a triangle-shaped uniaxial load-time-curve, where o, =

[(0max — Omin)/2], is the elastic von Mises comparison stress amplitude.

Umax T

Om

Omin

Figure 4-1: Triangle-shaped load-time-curve.

Since in fatigue the number of cycles until failure is determined, so-called E-N
diagrams can be drawn if the tests are strain controlled; see Figure 4-2 (from [60]).
Figure 4-2 also shows the relation between the strain amplitude 2P = RO o SD(a,)
and the life time N; to crack initiation measured in cycles. The Coffin-Manson-

Basquin (CMB), or Wéhler equation, connects both sides of this relationship.

Definition 4.1.10 (CMB Equation). The Coffin-Manson-Basquin (CMB) equation

connects the (deterministic) time to crack initiation N; with the elastic-plastic strain
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ca(log)

N; (log)

Figure 4-2: E-N diagram of a standardized specimen.

amplitude 7P via

a

O_/
_ Ef(zNi)b + € (2N;) . (4.2)

7Pl — CMB(V;)

Here, o’ and €/ are positive and b and ¢ are negative material parameters. For
the sake of simplicity, we assume in the following that the lower edge of the load cycle
is stress-free, corresponding to fim = 0 and g, = 0 in (2.11) and thus o, = 0,/2,
where we set 0 = Oyax, [ = fumax, and g = gmax-

In deterministic design, the lifetime of a component under cyclic loading corre-
sponds to the loading condition at the part’s surface position of highest stress. Safety
factors are additionally imposed to account for the stochastic nature of LCF and size
effects. This method is referred to as the safe-life approach in fatigue design, which

is widely used in engineering; see [90, 93, 101, 102].

Lemma 4.1.11 ([60, Lemma 3.1]). The function o = CMB 'oRO0SD : Ry — R,
which maps the elastic von Mises comparison stress to a predicted life time, satisfies

the following:
(i) ¢ is bijective and strictly monotonically decreasing.
(7)) lim,, o @(0,) = 0.
(iii) ¢ lies in C*(Rxp).
Definition 4.1.12 (Deterministic LCF-Life at a Surface Point). Let R**? be the space
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of real 3 x 3 matrices. Define Nge : R**? — cl(Rsg) by
Ndet(M> = SO(P‘tT(M)I + /L(M + MT)]U)

where @, as in Lemma 4.1.11, is extended by v(0) = 0. Assuming that there is a
solution uw € H'(Q,R3) to (2.11) such that the trace Vulasq can be reasonably defined
and can be represented as a continuous function, then Nget(Vu(x)) is the predicted
deterministic LCF-life at point x € 0S).

The usual approach in reliability statistics [114] is to choose the deterministic life
prediction as a scale variable of a failure time distribution. Moreover, Weibull dis-
tributions are widely used in technical reliability analysis. Recall that the Weibull
distribution with scale parameter 7 and shape parameter m is defined by the cumu-

lative distribution function F(t) =1 — e ()" for ¢ > 0 and zero otherwise.

Definition 4.1.13 (Local Weibull Model for LCF). Form > 1, the strain and surface
driven crack initiation model (recall Definition 4.1.6) with independent increments of

first order, that is defined by

m ¢ m—1
vol — Oa sur ta Vu) = 5
Grol Qa8 V0) = ) <Ndet<vfu>>

is called the local (probabilistic) Weibull model for LCF. The associated optimal reli-
ability problem, as given in Definition 4.1.5 and Lemma 4.1.7, is called the optimal

reliability problem for LCF. Here, we employ the convention é =0.

The model could be defined for both 7 = Ny and 7 = cl(Rx¢), but the second
t )m

option is used more often. In this case, Fou(Vu) = (555

Proposition 4.1.14 (Properties of the Local Weibull Model for LCF, [60, Proposition
3.4]). Let the conditions of Definition 4.1.6 be fulfilled such that ||m||yn(m) <
for some m > 1 and for all f € Vo, g € Vsur, and 2 € O. Then,

(i) the local probabilistic Weibull model for LCF actually induces a first order local

crack initiation model, i.e., the associated measure po are Radon measures.
(7i) the intensities of this model are O-regular, i.e., are continuous functions of Vu.

(7ii) the crack initiation time Tq is Weibull distributed with shape parameter m and

scale parameter n = Hmﬂzrln(my
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Notch Support Effect

When loads acting on components with inhomogeneous geometries where, e.g., notches
exist, these components exhibit domains of concentrated stress at the respective loca-
tion. This stress concentration leads to inhomogeneous stress fields. Thus, domains
near the surface are quickly plastically strained while domains further inside the body
still support the structure as they experience smaller stresses and therefore impede
failure. In reality, the predicted crack initiation life of components with inhomo-
geneous feature are therefore higher than predicted by the Coffin-Manson-Basquin
equation (4.2). To approach this phenomenon, known as notch support effect, Siebel
et al. [103] proposed to shift LCF life prediction models such as the CMB equation
to higher life by using a notch support factor ny. We model ny as a function of the

normalized von Mises stress gradient

X(z) = o) Vo,(z), forxze i
at the surface of the component which depends on material dependent notch support
parameter A and k. These parameters are simultaneously derived with the CMB
parameters from LCF test data as described in Section 1.3 in [79]. By replacing
the maximum strain value £27P! in the CMB equation (4.2) by €%7P!/ny, we lift the
Wohler curve along the £9-Plaxis to higher strain values as n, > 1 for all X > 0. A
numerical validation for this assertion is provided in [79] and [80]. In the extended
probabilistic LCF model, all strain values P! are divided by the respective local
notch support factor ny(z) at every integration point. Thus, the values of Ny (V1)
are obtained by inverting the equation
cel—pl o
m = Ef(QNi)b + e} (2N;)".
This implies that Nge; depends on the second order derivative of the displacement
field u. We also note that in addition to the notch support effect, we also have a
statistical size effect which plays an important role in the LCF life of irregularly
shaped components, as critical stresses usually occur in confined domains which are

small compared to the entire component.
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4.2 A Multi-Criteria Shape Optimization Problem

Shape optimization is an indispensable mathematical subject for the design and con-
struction of industrial structures. The optimization of the geometry and topology of
structural layout has quite an impact on the performance of structures and the effi-
cient use of materials. For example, mechanical elements of an aircraft and spacecraft
have to satisfy, simultaneously, very strict criteria on mechanical performance while
weighing as little as possible. The optimization process of these compontents consists
of minimizing several loss (or cost) functionals, which represent the demands on the
element, while, at the same time, satisfying specific constraint, as, e.g., thickness,
strain energy, displacement bounds, or solving boundary value problems standing for
physical phenomenas which the component is subjected to. These strict constraints
make the search for an optimal shape far from trivial, and often, simplifications of
the real world applications are needed in order to be able to solve these problems.
For example, we optimize over a set of admissible shapes representing the compo-
nents. The admissible shapes are given by open and bounded sets whose topology is
given, e.g., it may be simply connected or doubly connected. As on these domains
boundary value problems take place, the boundary of the domains, which represent
the compontent, have to fulfill regularity conditons as, e.g., smoothness or piecewise
smoothness. Further, the objective functionals may need to depend continuously on
the solutions to the boundary value problems.

In the first section, we give an abstract framework in which our multi-physics
shape optimization problem is described, and in which it possesses at least one optimal
solution in terms of Pareto optimality. This framework, we define below, is an multi-

criteria extension of the uni-criteria setting presented in [65, Chapter 2].

4.2.1 General Definitions

We denote a family of admissible shapes by O and for every shape Q € O we denote
by Vi(Q),...,Viu(Q2), m € N state spaces of real-valued functions on 2. Consider
a sequence of shapes (€2,)nen in O, and let Q € O. Assuming a topology on the
shape space O is given, the convergence of €, against € is denoted by Q, 9, 0 as
n — o. For a sequence of functions (yy)nen, wWith y, € X, Vi(€,) for all n € N, we
denote the convergence against some y € X, V;(€2) with respect to a given topology

on X, Vi(Q) with y, v~ y as n — co. We assume that for every Q € O one
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can solve uniquely a given set of state problems, e.g., a set of PDEs or variational
inequalities. By associating the corresponding unique solutions v; o € V;(£2) with
Q) € O, one obtains the map v; : Q — vio € Vi(2). Let O be a subfamily of O, then
G = {(Q,vq) : Qe O} is called the graph of the mapping v := (vy,...,v,). A cost
functional J on O is given by a map J : (Q,y) — J(Q,y) € R, where Q € O and
ye X Vi(2). Then, a vector of [ cost functionals is defined by J := (Jy, ..., J;), and
the image of O (or G) under J is denoted with Y = R’. For the sake of convenience,
we shall write J(Q,vq) := (J1(Q,vq), ..., Ji(,vq)), and, in addition, we make use of

the notation Vug := (Vuiq,..., Vuna).

Definition 4.2.1 (Pareto optimality). Consider a subfamily O of O with correspond-
ing graph G to given state spaces V- = (Vi,..., V). We call a point (Q* vgx) € G
Pareto optimal with respect to cost functionals J = (Jy,...,J;), if there is no (2, vq) €
G such that J;(Q2,vq) < Ji(2*,vax) for all 1 <i <1 and J;(Q,vq) < J;(Q*,vax) for

some j € {1,...,l}. The associated value J(2*,vqx) is called non-dominated.

Let YV := J(G) = {J(Q,vq) : (Q,vq) € G} denote the image of the graph G under
the objective functionals mapping J. For a set of Pareto optimal points, we can define
In = {J(Quq) € Y : J(Q,vq) is non-dominated in YV}, i.e., the corresponding
Pareto front which lies by definition on the boundary of ).

Definition 4.2.2 (Multi-Criteria Shape Optimization Problem). Consider a family
O of admissible shapes which is a subspace of a shape space O. For every Q € O,
let vg = (v1.q,--.,Vma) be the unique solutions to given state problems on Q, and let

J = (J1,...,J;) be cost functionals on O. We define an optimal shape design problem
by

Find Q* € O such that
(4.3)

(Q*, vax) is Pareto optimal with respect to J.

The next theorem states conditions on the existence of potentially multiple solu-
tions to the optimal shape design problem (4.3). It outlines the succeeding sections,
where we define, exemplary, a multi-physics shape optimization problem, and provide

existence results for optimal shapes in the given context.

Theorem 4.2.3. Let O be a family of shapes with a subfamily of admissible shapes

O. Consider cost functionals J = (Jy,...,J;) on O and assume for each Q € O we
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have given state problems with state spaces V(2) = (V1(Q), ..., Vin(Q)) such that each
state problem has a unique solution v; o € V;(2), 1 < i < m. Let the following two

assumptions hold true:

(i) Compactness of G = {(Q,vq) : Qe O}:

Every sequence (§),,vq, Jnen © G has a subsequence (§2,,, ink)keN that satisfies

Q-5 Q, ko w

Uan w2 UQ, k — 0,
for some (Q,vq) € G.

(i) Lower semicontinuity of J;:
Let (Q,)nen be a sequence of shapes in O and (Yn)nen @ sequence of functions
such that y, € V() for all n € N. Consider some elements Q, y in O and
V(Q), respectively. Then,

@)

Yp > Y, N — 0O

forall1 <i<I.

Then, the multi-criteria shape design problem (4.3) possesses at least one solution and
the Pareto front covers all non-dominated points in cl(Y), i.e., Yn = cl(Y)n, the set

of non-dominated points in the closure of Y.

Proof. First, we prove the existence of an optimal shape. [65, Theorem 2.10] shows
that, in this setting, a single lower semicontinuous cost functional possesses at least
one minimum. We apply this theorem, without loss of generality, to cost functional
J1 and minimize it on G. Due to the compactness of G and the lower semicontinuity
of Ji, the resulting set of arguments of the minimum argming , g J/1 is also com-
pact. Hence, we can again apply [65, Theorem 2.10] to the next cost functional .J,
and minimize it on argming g J1 as well. We continue this procedure until we
minimized each cost functional on its preceding cost functionals set of arguments of
the minimum. The last set then contains at least one Pareto optimal point.

For the second assertion, we recall that Yy lies on the boundary of ), and thus

it is an immediate consequence that Yy < cl())y. Conversely, let J* € cl(Y)y.
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Consider a sequence (J (2, vq, ) )neny < Y with J(Q,,vq,) — J* € cl(Y)n as n — .
We assume that the corresponding sequence (€2,,,vq, )ney © G converges to some
(Q,vq) € G as well (since G is compact we can always find such a subsequence). Due
to the lower semicontinuity of J, we have

forall 1 <i <.

77

Ji(Q,vq) < lim Ji(Qn, vq,) = JF

The Pareto optimality of J* = J(Q* vgx) gives that J(Q, vq) = J(2*, vax), and since
J(Q,vq) € Y, it follows that J* € ) and therefore cl(Y)y S Vn. O

4.3 Multi-Physics Shape Optimization

Shape optimization techniques have to consider the various different physical pro-
cesses a mechanical component is exposed to. In practice, a component is subjected
to more than one simultaneously occurring physical processes as, e.g.,internal and
external flows of fluids, centrifugal forces, or thermal effects occurring during service.
Thus, a multi-physics design approach is necessary and the different physical fields
have to be coupled. In this section, we present an example for an multi-physics shape
optimization system, where we model a gas turbine vane lying within a shroud in
which a fluid is flowing. Our goal is to maximize its lifespan while it shall be as en-
ergy efficient as possible. We present a simple toy model, which describes the material
behavior of a vane when it is exposed to the pressure that is inflected by the fluid onto
the vane. Therefore, we couple the elasticity equation, presented in Subsection 2.4.1,
which describes the deformations of a shape {2 under volume and surface loadings,
with the potential flow equation from Subsection 2.4.2, which models the fluid flowing

past the vane.

4.3.1 Multi-Physics Equation Coupling

We consider the system of the potential flow equation given in Subsection 2.4.2 and
adjust it so that, in this setting, the elasticity equation is on the shape €2 solvable
as well. For this purpose, we introduce an open ball B := B,, with radius » > 0,
where we clutch the component and which is fixed and excluded from the optimization
process. Assuming that cl(B) < int(Q2\D), we define the domain Q5 = int(Q2\B). For

74



the boundary conditions, we get as Dirichlet boundary I'p = 0B and as Neumann
boundary I'y = 0.

As we already suggested, the surface force g in equation (2.11) is given by the
pressure the fluid exerts onto the component. The potential flow equation (2.13)
yields the velocity field v at the part of the boundary of €2 that lies within the shroud
D. Assuming that the total energy density, also denoted as stagnation pressure pg,

is constant at the inlet, we can derive the static pressure ps from Bernoulli’s law

1 1
Dt = §P|V¢|2 +ps S —ps = §p|V¢>|2 — Dsty (4.4)

where p is the density of the fluid at all points in the fluid. The surface force g on the
component 2 is then described by the directed static pressure —psn, where n denotes
the unitary outward normal on 0€). Therefore, by continuously extending ps to be

zero on 0\ D, the surface load ¢ is given by

1
g =0s = —psh = <2p’v¢’2 _pst) n.

As ) possesses, by the construction of the potential flow equation, a Holder continuous
boundary of class C** (with k > 2), the outward normal n is a function of class
CF-bLe  Additionally, since we model an incompressible flow, the density p of the
fluid is constant as well as the stagnation pressure py by assumption. Therefore, as
the flow potential ¢ lies in C**(cl(D\Q), R) (see Theorem 2.4.16), the surface load gs
is a function in C1*(9Q, R?). In summary, the elasticity equation coupled with the

potential flow equation can be stated as

Vo) =f onQp
u=0 along 0B, (4.5)
n-o(u) =gs along €.

By Theorem 2.4.15, for any volume force f € C*~2%(cl(Qp), R?), there exists a unique

solution ug € C**(cl(Qp), R?), with corresponding Schauder estimate

[uallc2e@prs) < C ([[fllcoo@prs) + [1gsllcre@ars) + lluallco@prs) - (4.6)

At the same time, due to the regularity assumptions on €2, the potential flow equa-

tion (2.13) possesses, by Theorem 2.4.16, for any Neumann boundary conditon g €
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CY*(D,R) a unique solution ¢q € C**(cl(D\Q2), R) with Schauder estimate

léallczemor) < C ([9llcre@pamanyr) + lPallcoamar)) - (4.7)

Henceforth, we shall always associate in this chapter a function g with the Neumann
boundary conditon of the potential flow equation, and a function g; with the Neumann

boundary conditon, or the surface load, of the elasticity equation.

4.3.2 Admissible Shapes and Criteria

Our problem formulation starts with choosing a space of admissible shapes O that
contains all possible candidates among which an optimal one is sought. In order
to satisfy the assumptions of Theorem 4.2.3, the shape space shall lie compact in a
larger system ©. In addition, the definition of @ has to respect all technical constraint
characterizing the problem which means that, in particular, for each shape ) € O
the coupled multi-physics system of Subsection 4.3.1 must possess a unique solution.
Hence, it is initially clear that O is a space consisting of compact domains that possess
Holder continuous boundaries. Within the shape space, we want to be able to freely
deform one shape into another. For this purpose we introduce the shapes Qy and Q°¢,
which suffice the construction of Subsection 4.3.1. The shape )y serves as a baseline
domain which we deform continuously into various shapes in order to construct a
shape space. Q°* provides an upper bound for the shapes, i.e., any shape in O is a
subset of Q%% and therefore Qg < Q%" in particular. Any of these transforms which
deform €2y must retain the assumptions of Subsection 4.3.1. All these considerations
lead to the following definitions. Let K > 0 be a positive constant, then the elements
of the set

Uf;‘f; = U,?i(Qext) = {¢ e DM(Q™) : Ylaqp) = id, 9]l oo et w2y < K,
||w_1||Ck»a(Qext7R3) < K}

are called design variables. These design variables induce, in a natural way, the set

of admissible shapes

Ok;,oé = Okva(QO, Qext) - {¢(QO) : 77[] e Ul?,da(QeXt)},
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assigned to §2y. In order to measure the distance between two shapes in Oy, o, we need
a suited metric. For two non-empty subsets 2, ' of a metric space (M, d) we define
their Hausdorff distance by

dp(Q,9Q) ;= max{sup inf d(z — y), sup inf d(z — y)}.
re() ye yeQV ze)
Since by definition the shapes in Oy, are compact, the Hausdorft distance defines
a metric on Og,. Furthermore, in Corollary 4.4.4 we see that the metric space

(Ok.a, dpr) is also compact.

Lemma 4.3.1. Let k > 1 and o €0, 1], then the shape space O o satisfies a uniform

hemisphere condition and a uniform cone condition.

Proof. First, we show that Oy, satisfies a uniform hemisphere condition. We consider
a set of hemisphere transforms Ty, ..., T,,, with m € N, straightening piecewise the
boundary of the baseline shape €2, and define Cr := maxi—1,._m||Til|cro@ors).- By
definition, for each shape 2 € Oy, we have 0 = ¢)(€y) with some admissible variable
P € U,?fl. Consequently, the compositions T; o ™!, 1 < i < m, define a set of
hemisphere transforms for . Since k& > 1, the functions T and v~! are Lipschitz
continuous up to order k — 1, and thus the hemisphere transforms T; o ¢p~! are a
subset of C**((€),R?). The admissible variables are, by definition, uniformly
bounded by some constant K > 0 in their respective norm, and hence, it follows

Next, as k > 1, the shape )y is a domain with Lipschitz boundary and therefore
fulfills a uniform cone condition. Since, in addition, every transform ¢ e UpS ()

and its inverse is bounded by K, we have
1
It =yl < Wla) —¢y)l < Klz —yl, forallz,y e . (4.8)

Let C'(z) be the cone associated with the cone condition satisfied by {2y, where x € 0§y
denotes the vertex. Further, we denote with Ck(x) the cone where we decreased the
radius of C' with factor % Then, by the lower bound in (4.8), we can always place
the shrinked cone Cj within the transformed cone ¢ (C(z)) at the boundary point
Y(x) € 0Y() for every ¢ € URL(Q™) and 2 € 0Qy. Consequently, the cone Ci

provides the uniform cone condition for Oy 4. ]

Now, to specify a shape optimization problem, it only remains to define a class
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of cost functionals which depend lower semicontinuously on the shapes in Oy, and

respect the demands and constraints of the component.

Definition 4.3.2 (Local Cost Functionals). Let O < P(R3) denote a shape space
with corresponding state spaces Vi(2),...,Vin(Q), Q € O and graph G := {(Q,vq) :
Q € O}. Assuming that V;(Q) < C*(Q,R%) for all 1 < i < m, then the local cost

functional on G is given by

J(Q,’UQ) IIJ Ffuol(my vq, VUQ, Ceey VkUQ) dx

@ (4.9)

+ f fsur(xa UV, VUQ, ey kaQ) dA;
Q2

where Fuor, Foor : RT — cl(Rso) and r = 3+ 3", Zk d&’. We denote the volume

j=1 % -
integral and surface integral with

Joor(2, vq) = f Foor(x,v0, Vg, ..., Vkvg) dux,
. (4.10)

Jour(2,0q) = J Four(x,00, Vug, . .., Vkvg) dA.
o0

Assuming Jyo1, Jsur € CO°(R",R) and v € C*(Q,R?), with )", d;, we will show in
Lemma 4.4.9 that these cost functionals not only depend lower semicontinuously on
the shapes 2 € Oy, but also continuously. In the following, we present two examples
of cost functionals connected with the linear elasticity equation and the potential flow

equation, which one could possibly implement in this optimization framework.

4.3.3 Examples
Optimal Reliability

Low cycle fatigue (LCF) driven surface crack initiation is particularly important for
the reliability of highly loaded engineering parts as turbine components [79, 99]. The
design of such mechanical elements therefore requires a model that is capable of
accurately quantifying risk levels for LCF crack initiation, crack growth and ultimate
failure. Here we refer to the model that we introduced in Subsection 4.1.1 that models

the statistical size effect but also includes the notch support factor, by using stress
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gradients arising from the coupled elasticity equation (4.5):

Ta(Q, u0) = me ( = (qu,lqu (x»)m dA. (4.11)

Q) represents the shape of the component, ug is the displacement field and the solution

to the coupled elasticity equation on 25, N4t is the deterministic number of life cycles
at each point of the surface of €2 and m is the Weibull shape parameter. The probabil-
ity of failure (PoF) after ¢ load cycles is then given as PoF(t) = 1 —e *"/r(%ue)  Min-

imizing the probability of failure thus clearly is equivalent to minimizing Jr(2, uq).

By Lemma 4.1.11, Nge is a smooth function on Ry,. In addition, by Theorem
2.4.15, the solution ugq is a function in C**(cl(Qp), R?) for any shape Q € Oy . Thus,

as we see later, Jp defines a continuous cost functional on O,

Efficiency

The second primary objective of a vane we use as an example is the energy efficiency
that is connected with the viscosity of the fluid flowing through the shroud. Viscosity
is a measure which describes the internal friction of a moving fluid. In a laminar fluid
the effect of viscosity is limited to a thin layer near the surface of the component.
The fluid does not slip along the surface, but adheres to it. In the case of potential
flow, there is a transition from zero velocity at the surface to the full velocity which is
present at a certain distance from the surface. The layer where this transition takes
place is called the boundary layer or frictional layer. The thickness of the boundary
layer is not constant but (roughly) proportional to the square root of the kinematic
viscosity v and is growing from the leading edge, the location where the fluid first
impinge on the surface of the component. Friction of the fluid on the surface leads to

energy dissipation. A coefficient for the inflicted local wall shear stress is given by

0.322 - 2
() = 2222 #lvall? (412)
v - disty g ()
where we denote with ||-|| the Euclidean norm, p is the viscosity, and distyg

the distance to the leading edge along the component’s surface 0f). For a detailed
introduction to boundary layer theory one can see, e.g., [23, 97]. With this coefficient

one can derive an estimate for the loss of power due to friction given by
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Tu(Q, éo) ::J a7 dA. (4.13)
DnoQY

Again, Q) is a shape in O, and vq = V¢q originates from the potential flow
equation (2.13). Even though 7, does not satisfy the continuity assumptions we can
find, since we see later that vg is uniformly bounded on O ,, an integrable majorant
for |vg|T, for every Q € Oy, which implies the continuity of Jg on Oy, by applying

Lebesgue’s Dominated Convergence Theorem.
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4.3.4 Multi-Physics Shape Optimization Problem

At last, we are able to merge all the needed parts and state our multi-physics
shape optimization problem. Consider the space (O q,dy) of admissible shapes
and let Ji,...,J; be local cost functionals on the Graph G := {(Q,uq,¢q) : Q €
Ok.a» ug solves (4.5) on Qp, ¢q solves (2.13) on D\Q2}. The multi-physics shape op-

timization problem is defined by:

Find Q* € Oy, , such that
’ (4.14)

(%, ugx, pox) is Pareto optimal with respect to J.

4.4 Existence of Pareto Optimal Shapes

A well-posed shape optimization problems must characterize the underlying engineer-
ing task as well as possible while, at the same time, being solvable at all. Showing
that the multi-physics shape optimization problem (4.14) possesses at least one Pareto
optimal solution includes, besides proving the lower semicontinuity of the local cost
functionals (see Definition (4.3.2)), proving the compactness of the graph G. As G de-
pends on the solution to the multi-physics boundary value problem, uniform bounds
for the corresponding solution spaces are needed. In the following subsection, we
derive uniform bounds for the unique solutions ug of (4.5) and ¢q of (2.13), which

holds for every Q2 € Oy 4.

4.4.1 Uniform Bounds for Solution Spaces

For both, the elasticity equation and the potential flow equation, the approach to
derive a uniform bound is the same. We further investigate estimate (4.6) and (4.7)

in order to obtain a uniform bound in the shape space Oy 4.

Lemma 4.4.1. Let ¢q be the unique solution to the potential flow problem (2.13) on
Qe Opq, with k=2 and a €10,1]. Then, there ezists a constant My > 0 such that
for every Q € Oy, we have

|pallc2ep\ar) < My

81



Proof. We consider Schauder estimate (4.7):

léallczemor) < C (9llcre@pamanyr) + |Pallcoapar)) -

In general, the constant C' potentially depends on the domain 2; see, e.g., [55, The-
orem 6.30]. However, the dependency of C' on Q is through the ellipticity of the
differential operator, which depends on the hemisphere transforms that are used to
straighten 0f2 in order to prove (4.7) for neighbourhoods near the boundary. The con-
stant C reflects the upper bound of the hemisphere transforms and since the shape
space Oy, possesses a uniform hemisphere condition (see Lemma 4.3.1), this upper

bound is independent with respect to Oy 4.

Next, ||gllcra@p\opan)r) is obviously bounded by ||g|c1.eap,r). Moreover, since
Oy« satisfies a uniform cone condition (see Lemma 4.3.1), Lemma 2.2.2 implies that

for every € > 0 there is a constant C. > 0 such that

|Pallcoapar) < €llPallczamar) + Celldallmr(mar)-

Combining all of the above considerations and choosing ¢ < % yields

llczepor) < C ([9llcre@pamanyr) + |9allcoepor)
1
1—-eC

<

(CHQHCLQ(aD,R) + Oa|’¢QHH1(D\Q,R)) .

Lastly, with the same approach as in the proof to Theorem 2.4.17, one can show that

the a-priori estimate

palla (pvor) < Cp|Dl|lgllcr@pr)

holds for all shapes €2 € Oy ,. Hence, there exists a constant M > 0 such that

|pallc2emar) < Mg,

for all Q€ Oy 4. O

Lemma 4.4.2. Let ug be the unique solution to (4.5) on Q € Oy, with k = 2 and

a €10,1]. Then, there exists a constant M, > 0 such that for every Q2 € Oy, we have

[uallczor @ r3) < Mu,
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Proof. Following the same steps as in the proof to Lemma 4.4.1, we first state

Schauder estimate (4.6):

HUQHCZQ(QBJ@) <C (HfHCOﬂ(QB,Ri'») + H%HCI»&(&Q,W) + ||UQHCO(QB,R3)) )

where, as explained above, the constant C' can be choosen independently of the shape
Q€ Opq. The norm || f[|coeors) of volume force f is bounded by || f||co.a(qext rs)
and the norm ||gs||crears) can be further estimated as follows. Recalling that the

surface force is given by g5 = (%p[ngP — pst) n, we estimate

1
||gs||01’0‘(0§2,]12{3) = H (2/)|V€Z5Q|2 - pst) n
CL:>(0Q,R3) (4‘15)
1
< §P|HV¢Q|2”HCL&(69,R3) + ||pstn||()1va((7Q,IR3)-

In the proof of Lemma 4.3.1 we constructed, for 2 € Oy o, C**-continuous hemisphere
transforms which are uniformly bounded in their respective norm. As we can use these
diffeomorphisms as chart mappings to describe the two-dimensional submanifold 052,
we can conclude that the unitary normal vector n of 02 is uniformly bounded in
Oh,o With respect to ||-||c1.e(aqrs). Since py is constant and by Lemma 4.4.1 Vg is
uniformly upper bounded in ©Q € Oy, with respect to [|-||c1.a(a0,rs), it follows that

(4.15) is uniformly upper bounded in Oy, by some constant L > 0.

Next, by Lemma 4.3.1 the shape space Oy, possesses a uniform cone condition,
and, hence, we can apply Lemma 2.2.2 which implies that for any € > 0 there is a

constant C. > 0 such that

uallcoa @y rs) < ellualloze@prs) + Celluallm s rs)-

Combining the above and choosing ¢ < % gives

1+C
HUQHCQ,Q(QBJRB) < @ (Hf”CO,a(Qext’RB) + L+ CEHUQHHI(QB’R))

Lastly, it remains to show that ||ug|| g1 (q,,r3) is uniformly bounded. For this purpose,

we consider the weak formulation of (4.5)

L e(u):o(v)dr = L<f, vyde + LN<QS7/U> dA
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on H,(Qp,R?) = {u € H'(Qp,R?*) : u = 0along 0B}. Now, for every v €
HL(p,R?) we can find a constant C' > 0 that is uniform with respect to Oy,
such that

C o020y s5s) < J o) : e(v) dz,

Qp

and, as f and g5 are uniformly bounded, also

< C~1||U||H1(QB7R3).

J<f, vydz + {gs,vydA
Q I'n

Applying Korn’s second inequality with some suitable constant C'x > 0 then yields
C M le(u)ll720p m3xs) < Clluallm @prs) < Cklle(ua)llz2@prss),

which gives that ||uql g1, k) is bounded by CCy, where the constant C may
depends on the shape 2. Examining the proof to Korn’s second inequality (see, e.g.,
[88]), one can see that the dependence of the constant Ck on 2 is through the cone
of the uniform cone condition satisfied by 2. As the shape space Oy, satisfies itself

a uniform cone conditon, we have that C is uniform with respect to Oy 4. O

4.4.2 Existence Theorem for Pareto Optimal Shapes

Given that k£ > 2, we can derive from Lemma 4.4.1 and 4.4.2 that for any 0 <
o' < a < 1 the solution spaces P := {¢pg : Q@ € Oko} and € 1= {ug : Q € O},
formed by solving potential flow equation (2.13) and elasticity equation (4.5) on
Op.a, are compact metric spaces with respect to the norm ||-|| k. as well as the
shape space Oy, with respect to the Hausdorft distance dg. This subsections first
provides a proof to each of these assertions. Afterwards, we show that the local
cost functionals defined in Definition 4.3.2 are continuous functionals on the graph
G = {(Q,¢0,uq) : Q€ Oqa}. Then, from Theorem 4.2.3 we can conclude that the
multi-physics shape optimization problem (4.14) possesses at least one Pareto optimal

solution and that the corresponding Pareto front is closed.

Lemma 4.4.3. Let k > 1 and « €]0,1], then the space of admissible variables
UL (Qe) defines a compact space with respect to ||-|| grar qen gsy for all 0 < o <

a<l1.
Proof. Due to its definition, U, ,?f}x is bounded with respect to ||-||ck.a(qext g3y and there-
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fore, by Lemma 2.2.8, a precompact subset of C** (Q* R?) for any 0 < o/ < a < 1.
Since C*'(Q™* R?) is a Banach space, for any sequence (¢,)nen < Up, there is a
subsequence (1, )en that converges against some function ¢ € Cke'(Qext R3) with
respect t0 ||| ora’ (qext gsy. Using that [|1by, [|ck.a(e sy < K for all I € N, we have for
all 5 € N with |5| = k that

[DB¢]CO,a(QeXt’R3) < 2||Dﬂ¢ i Dﬂ¢nl ||CO(QeXt7R3) + [Dﬂ¢nl]co,a(gext7R3)
<2[| D% — Dy, || cogqest gsy + K — | D, || co et o)
=5 K — || D | coqent r3)-

Therefore, 1 is in C**(Q* R3) with H@\C;@,a(gextRS) < K.

In addition, by the same arguments, it follows that the sequence of inverse (w_l)leN
converges to some function 1) € C**(Q¢ R3) with [|1)||cr.e (@ext g3) < K with respect
to [[[[or.e (ext gay- It is straightforward to show that any bounded set of Hélder
continuous functions is equicontinuous, which gives that ¢y = ¥~! and hence ¢ €
U, O
Corollary 4.4.4. Let k > 1 and a €0, 1], then the space of admissible shapes Oy o

defines a compact space with respect to the Hausdorff distance dy.

Proof. Let (2,)nen be a sequence of shapes in Oy, with associated sequence of ad-
missible variables (1, )nen < U ., such that 1,,(€) = €2,. Since U ., is compact (see
Lemma 4.4.3) we can find a subsequence (¢n, )ien that converges agamst some variable
Y € U with respect to ||| oo’ (Qext ey for any 0 < o/ < a < 1. Let (€2, )ien be the

correspondlng subsequence of shapes, then

di (£, Q) = max{ sup 1nf |z —yl, sup 1%f |z —yl}

ernl yeQ n;

= max{sup nf |¢y, () = (y)], sup inf |¢, () -9 (y)[}

e Y0 yeQ €%

< Sup |, (z) — ¥(@)]

:L‘EO

n—0 0

Hence, each sequence in Oy, has a subsequences that converges to a limit shape in

Ok« which implies the compactness of Oy, ,. O

While investigating the compactness of P and &, the question arises of how to

compare two functions defined on different domains. In order to solve this issue we
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use the extension operator introduced in Lemma 2.2.9 to extend the Holder continuous
solutions of the multi-physics shape optimization problem to a common domain. The
topology of the solution spaces is then defined through the topology induced by the

resulting extensions with respect to the Hoélder norm on the extended domain.

Definition 4.4.5. Let either V. ="P or V. = &, and let p be the extension operator
from Lemma 2.2.9. With v&" := p(vq) we denote the extension of a solution vq €
V' from Q to Q%" (or from D\Q to D) and with V¢ the space consisting of all

such extensions v§™ for all vg € V.. For a sequence of solutions (v, )neny < V, the

ext t

expression vq, > Vg as n — oo is defined by v§" — vg" in V' with respect to

H'HC’““(QH“,R% (or ||'||C’k’a(D,]R))'

Lemma 4.4.6. Let k > 2, then the extension space P to the solutions of potential

flow equation (2.13) is a compact subspace of C** (D,R) for any 0 < a < o/ < 1.

Proof. Using Lemma 2.2.9 and 4.4.1 gives

166" | c2epr) < Clldallc2epar) < CK,

where the constants C' and K are independent of {2 € Oy, , as Oy, satisfies a uniform
cone property. Hence, P** is bounded in C*<(D,R) and therefore, by Lemma 2.2.8,
a precompact subset of C**(D,R) for any 0 < o/ < o < 1. As C*(D,R) is a
Banach space, for any sequence (¢&")nen < P we can find a subsequence ( S‘rfl) leN
that converges against some function ¢ € C**'(D,R). In addition, the corresponding
subsequence of shapes (Qy,)ieny © O converges, as Oy, is compact (see Corollary
4.4.4), to some shape 2 € Oy ,. In the proof to Lemma 4.4.3, we have seen that ¢ €
C*k(D,R) and since the convergence in ||| cro'(pr) iMplies pointwise convergence,
the function ¢ is the extension to the unique solution ¢ € P and belongs therefore
to P*. Hence, P** is a closed subspace of C**(D,R) with respect to [|-||cr.e(p )

and thereby compact. O

Lemma 4.4.7. Let k > 2, then the extension space £t to the solutions of elasticity

equation (4.5) is a compact subspace of C** (Q°™ R3) for any 0 < a < o/ < 1.
Proof. The proof is the same as that of Lemma 4.4.6 and is therefore omitted. O

Lemma 4.4.8. We consider the multi-physics shape optimization problem (4.14) with
boundary reqularity of class C*%, with k = 2. Then, the graph G is compact with

respect to the corresponding product metric.
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Proof. By Corollary 4.4.4, Lemma 4.4.6 and Lemma 4.4.7 the product space O, x
P x & is compact. Let ((2,,0q,,uq,)),ny be a sequence in G that converges to
some (§2,¢,u) € Opq x P x €. Since the convergence of ¢q, in [|||cre(pry and
of ug, in H’Hck»a’(gext,R% with 0 < o/ < a < 1, implies pointwise convergence, the
limit functions ¢ = ¢ and u = ugq solve the potential flow equation and the elasticity
equation on D\ and (g, respectively. Hence, (€2, ¢, u) € G and thereby G is compact.

O

Lemma 4.4.9 (Continuity of Local Cost Functionals [60, Lemma 6.3]). Let Fyo1, Fisur €
Co(R",R) (with r as in Definition 4.3.2), and for Q € Ok, and v; € CF(Q,R%)
for all i = 1,...,m, consider the volume integral J,,(Q2,v) and the surface integral
Jur(Q,0). Let Q, < Ok with Q, O, Qasn — o and let (Vn)nen € CF(Q,,RY),

with d = > | d;, such that v, ~~ v asn — 0 for some v e C*(Q,R?). Then,
(1) Joot(Qny V) — Jot(2,v) as n — o0, and
(i) if k = 1, we also have Jg (2, vy) —> Jsur(2,0) as n — oo.

Proof. For assertion (i), we first consider the volume integral on a shape €2,

Y n )

ool (Qny vp) = f Lo, - Feol (2,02, Vot VkaXt) dz.
Qext

Because of F,q € C°(R",R) and v,, »~ v as n — o0, there exists a constant C' > 0
such that |1q, - Fyl (z, v, Vot . VEu&h)| < C is valid for all n € N almost
everywhere in Q.. Moreover, (0, 9, Q and vt — vt in Ck(Qext RY) ensures the

n

existence of

: ext ext k, ext ext ext k, ext
T}I_I)Iolo]lgn'fvol(%,vn Vot oL VR = 1g - Fyor (a0, 020, Vo™t L0 VR0,

for all z € Q. Therefore, using Lebesgue‘s dominated convergence theorem yields

ext ext k, ext
n'fvol(xvvn ,V’Un 7"'7v Un )dilf

lim Jyo1 (2, v,) = lim 1q
n—0oo n—aoo Qext

= f lim Tq, - Fuol (2, v, Vot . VF™") do
Q

ext n—00 ’ "
= J Lo - Foor (z, v, Vo™t V™) da
Qext
= Jvol(qu)'
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For assertion (ii), we first recall that for each shape Q2 € Oy, can be considered, by its
definition, as a differentiable submanifold which is locally embeddable into R%. Let
Al < 0, for 1 <i <, with U!_ | A; = 0Q, and A; n A; = & for i # j, be a disjoint
decomposition of the boundary 0€2,. We can use the hemisphere transforms we
constructed proving Lemma 4.3.1 as, in ¢ and n uniformly bounded, chart mappings

T: : A\ — A; with A; € R? in order to straighten the boundary of €2,,. This gives
Jsur(Qnavn) = J Fsur(xavnavvna"'avkvn) dA
o
!
- ZJ Fowr (2,00, VU, ..., VF0,)dA
i=1YA;

g L. Faur (TH(5), 0a (T (5)), Voo (Ti(5)), ..., VEu, (T (5))) y/g™ () ds,

which is a volume integral with corresponding Gram determinants ¢™. Due to the
fact that the chart mappings T?, are uniformly bounded and since 4, is independent
of n, one can see that, similarly to (i), we can apply Lebesgue’s Theorem which proves

the assertion. O

Theorem 4.4.10. Given that k > 2, the multi-physics shape optimization problem
(4.14) possesses at least one Pareto optimal solution (0*, pox, ugx) € G and the asso-

ciated Pareto front covers all non-dominated points in Y, i.e., Yn = cl(Y)y.

Proof. Lemma 4.4.8 provides the compactness of the graph G and Lemma 4.4.9 the
continuity of the local cost functionals. Then, Theorem 4.2.3 gives the existence of

an optimal shape and the closeness of the set of optimal shapes. O

4.5 Scalarization and Multi-Physics Optimization

Scalarizing is the traditional approach to solving a multi-criteria optimization prob-
lem. This includes formulating a single objective optimization problem that is related
to the original Pareto optimality problem by means of a real-valued scalarizing func-
tion typically being a function of the objective function, auxiliary scalar or vector
variables, and/or scalar or vector parameters. Additionally, scalarization techniques
sometimes further restrict the feasible set of the problem with new variables or/and

restriction functions. In this section, we investigate the stability of the parameter-
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dependent optimal shapes to different types of scalarization techniques with under-
lying design problem (4.14).

First, let us define the scalarization methods we consider. This involves a cer-
tain class of real-valued functions Sy : R! — R, referred to as scalarization function
that possibly depends on a parameter 6 which lies in a parameter space ©. The

scalarization problem is given by

min Sy (J (2, uq, ¢q))

(4.16)
subject to (2, uq, ¢q) € Ga,

where Gy < G. For the sake of notational convenience, we sometimes identify an
element (€, ug, pq) € Gy only by its distinct shape Q. If we assume that Gy is closed
and the scalarization Syp(J) is lower semicontinuous on Gy x {0}, then, by the results
of Section 4.4.2, (4.16) obviously has an optimal solution for § € ©. For a fixed § € ©
we shall denote the set of all optimal shapes to an achievement function problem by
(o = argmingeg, Sy (J(Q, uq, da)). We assume that © < R’ is closed and equip the
space Z := {(p : 0 € ©} with the Hausdorff distance, which in this setting defines, due
to the closeness of the optimal shapes sets, a metric (see Lemma 4.5.2 and Corollary
4.5.3.

In the following, we gather some definitions and results from Chapter 4 of [16]. We
define the optimal set mapping x : © =3 Z, the optimal value mapping 7 : © — R,
and the graph mapping G : © =3 29 which maps a parameter § € © to the corre-
sponding set of optimal shapes (p, the corresponding optimal value mingeg, So(.J),

and the corresponding graph Gy, respectively.

Definition 4.5.1 (Closed point-to-set mappings). Let (©,dg) and (X, d,) be metric
spaces and I’ a point-to-set mapping of © into 2%X. We say that T is closed at a point

0* € © if for each pair of sequences (0,)neny S © and (x,)neny S X with
(i) 0, — 0%, asn — oo,
(ii) x, € T'(0,), for allneN,
(iii) x, — =*, asn — oo,
it follows that x* € T'(6*).
With these definitions at hand, we can describe the stability of the optimal shapes
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for a wide range of scalarization methods. First, we state a lemma that shows that

(Z,dy) is indeed a metric space.

Lemma 4.5.2. [16, Theorem 4.2.1 (3)] If the graph mapping G is closed at some
parameter 0* € O, the optimal value mapping T is upper semicontinuous at 0* and
the scalarization Sg«(J) is lower semicontinuous on G x {0*}, then the optimal set

mapping x 1s closed at 6*

Corollary 4.5.3. If G is closed, and the scalarization function Sy is lower semicon-
tinuous on R! x {0}, for every 6 € ©, and uniformly continuous on {x} x ©, for each

x e R!, then the Hausdorff distance dy defines a metric on Z.

Proof. Due to the continuity of J (see Lemma 4.4.9) and the uniform continuity of Sy
on {x} x ©, the optimal value maping 7 is upper semicontinuous for every z € R!, and
therefore, by Lemma 4.5.2, the optimal set mapping x is closed. Since dy defines a
metric on F(G) (the set of all closed subsets of G), (£, dy) defines a metric space. [

Since the sclarization solution is not necessarly unique, we need some sort of
continuity property of point-to-set mappings in order to discuss the stability of sets
of optimal shapes. The literature describes serveral definitions which vary in the
statement. We investigate the stability according to Hausdorff and Berge (for Berge

see [16, Section 2.2]) which, in this setting, are equivalent.

Definition 4.5.4 (Upper semicontiniuity according to Hausdorff). Let (©,dg) and
(X,d,) be metric spaces and I' a point-to-set mapping of © into X. T" is called upper
semicontinuous in 0* if for each sequence (0p)neny S O with 0,, — 6%, for n — oo,
we have

su inf dx(z,2") — 0. 4.17
xep(le)n)x’er(e*) x(z, ") (4.17)

I' is called upper semicontinuous if I' is upper semicontinuous in each 6 € ©. For this

type of continuity we simply write u.s.c.-H.

The last theorem of this chapter states stability conditions for scalarization func-

tion problems.

Theorem 4.5.5 ([16, Theorem 4.2.2 (3)]). Assume that G is u.s.c.-H at 6* and G(6%)
is compact. Further, let T be upper semicontinuous at 0* and Sy« lower semicontinu-

ous on G(6%) x {6*}. Then, the optimal set mapping x is u.s.c.-H at 0*.
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The following two corollaries demonstrate continuity properties of shapes under
changes of preferences for two commonly used scalarization techniques. In particular,

the results apply to the multi-physics shape optimization problem (4.14).

Corollary 4.5.6  (Weighted Sum Method). Consider cost functionals
J=(Ji,...,J;) and let © = R! be a closed subset. Then, the weighted sum scalariza-
tion method (with 0 € © ), which is given by

min 3, 0;4:(, ug, ¢o)
subject to (2, uq, ¢q) € G,

fulfills all conditions of Theorem 4.5.5 due to the compactness of G (see Lemma 4.4.8)
and the continuity of J (see Lemma /.4.9).

Corollary 4.5.7 (e-Constraint Method). Let J = (Jy,...,J;) be cost functionals.
We optimize cost functional J; and constrain the other functionals by J; < e; € R, for

1<i<nandi#j. If each g; converges monotonically decreasing to some €}, then
the e-Constraint Method

min Jj (Q> Uq, ¢Q)

subject to J; < €,
fulfills all conditions of Theorem 4.5.5.

Proof. Let e = (e1,...,6) and G. = {Q e G : J;(Q) <&, i # j}. The u.s.c-H of G is
given due to the continuity of J. The continuity of J;, the u.s.c.-H of G, and the fact
that G. € G for all e* < &’ < ¢ gives that 7(¢) converge to 7(*) for € \, €*. Hence,

the optimal sets x(e) converge against y(g*) for € \, €* in the sense of u.s.c-H. [

Remark 4.5.8. Whenever the scalarized problem (4.16) possesses a unique solution
Co = {Qq} for all O in some neighborhood of 0* € ©, then Qp, —> Qg in the Hausdorff
distance (for subsets in RY) if 0,, — 0*.
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Chapter 5

Integrability and Approximability of Solutions to

the Stationary Diffusion Equation with Lévy
Coefficient

The second part of this thesis considers diffusion equations with random diffusion co-
efficient given by Lévy fields [42]. Modeling physical phenomena occuring in real world
application with differential equation using deterministic coefficient functions is often
an inadequate approach as it is not always possible to determine the precise values
of these coefficients. Random differential equations treat this problem by describing
the uncertain data with random variables or stochastic processes. As illustration, we
introduce in this chapter randomness in the diffusion equation (2.15) which is often

used as model problem for a variety of numerical approximation methods.

In many application, e.g., when we model the groundwater flow in a porous
medium governed by Darcy’s law, the precise value of the conductivity a in (2.15)
is typically uncertain as it is often derived from sparse information based on limited
observations. In order to model this randomness, we introduce a probability distri-
bution on the set of admissible coefficient functions a which gives a random partial
differential equation. Typically, the stochastic conductivity model a = a(x,w) is cho-
sen to be a lognormal random field, with the mean and covariance structure of the

underlying Gaussian random field log a estimated using geostatistical methods.

For the resulting elliptic linear differential equation, early results on the existence
and uniqueness of solution in a finite-dimensional setting focusing on numerical ap-

proximation methods are presented in e.g., [11, 12, 13, 37, 47, 82]. An extension of
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these results to random fields characterized by infinite-dimensional parameters can
be found in [1, 14, 15, 30, 33, 34, 43, 68, 89]. Most of these works employ random
model based on transformed Gaussian random field as they provide a strong instru-
ment which describes a wide range of effects. However, there are also effects which
cannot be captured by Gaussian fields, e.g. discontinuities and heavy-tail behaviour
as they occur in applications such as flow in fractured media, anomalous diffusion
and the modeling of heterogeneous material; see, e.g., [29, 109]. In order to model

these blind spots of the Gaussian model, an extension is needed.

The work Sarkis et al. [50, 51, 52] considers the diffusion equation (2.15) in the
absence of uniform ellipticity and boundness, allowing for a diffusion coefficient which
is a smooth transformation of a Gaussian white noise. Our work uses the approach
of chapter 3 where we extensively analyzed the notion of noise as generalized random
field in the sense of Minlos [53, 85]. We provide a more general stochastic approach
and extend naturally the Gaussian coefficient to one which follows a Lévy distribution
[9, 62, 76].

For possible numerical treatments, this chapter gives a proof of integrability of the
corresponding random solution to (2.15). This proof is based on a priori estimate of
elliptic partial differential equations which crucially depends on the minimal value of
the coefficient "a(z)” and leads to an extremal value problem for Lévy fields. These
kind of problems have been studied extensively in the field of empirical processes by
exploiting metric entropy estimates and concentration phenomena [56, 108, 111]. In
order to investigate the tail of the Lévy field we decompose it in its Gaussian part,
which we control with a metric entropy estimate provided by Talagrand [107], and its
Poisson part, whose tail is described by a Chernoff-like bound under the assumption

that the Lévy measure defining the Poisson contribution has a Laplace transform.

Furthermore, we present here an adaptation of the Karhunen-Loeve (KL) ex-
pansion for smoothed Lévy noise fields. Unlike Gaussian fields, Lévy fields are not
determined by their covariance function. Therefore, we choose to expand the smooth-
ing kernel k(z — y) instead of the covariance function. Due to translation invariance,
the kernel always has a continuous spectrum as an integral operator on L%(R¢, dx).
Hence, we have to cut off the noise field Z(y) and restrict it to some sufficient large
domain A. The solution uy arising out of this finite-dimensional approximation of
the random diffusion coefficient then converges, under sufficient conditions, to the

real solution u in L™((Q,2(, P), H'(D,R)). In addition, we provide convergence rates
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for the combined decay of the cut-off to A and the truncation of series given by the
Mercer expansion of the smoothing kernel.

We begin with modeling a as a transformed smoothed random field, hence a(x) =
T(Z(z)), where T is a suitable Borel-measurable real-valued function and Zj is a
noise field smoothed by a window function k € L'(R% R) n L?(R¢,R). We intend to
estimate quantities of interest connected to the solution u of the resulting random
boundary value problem. Further, we are interested in the probability of certain
events and the expected or maximum flow through a subdomain or boundary. As-

suming for each w € () that

0< esxseiglfa(w,w) < es8Sup a(r,w) < oo (5.1)
ensures the strict ellipticity of the differential operator of boundary value problem
(2.15) with conductivity function a given by a realization a(-,w) of the random field
a = T o Zy. Therefore, there exists a unique v = u(-,w) € H'(D,R) which solves
(2.15) with a = a(-,w) and which satisfies consequently, by Theorem 2.4.17, the

a-priori estimate

L+ |lallcop,r)

essinf,ep a(z) (||f”L2(D’R) * HgDHH%(FDJR) * ||gNHH_%(FN7R)) - (5:2)

[ullpry <
Lemma 5.0.1. (i) Let Z be a ||-||-continuous random field and k € L*(R% R) n
L*(R4,R) be a window function such that the random field (Z),(z))yera has al-
most surely continuous paths. Then, for a strictly positive and locally Lipschitz
continuous function T on R, we have for the random conductivity a := T o Z, €
L*(D,R) as well as essinf a > 0 almost surely. Denoting with u(-,w) the solu-

tion of (2.15) with conductivity function a(-,w), the mapping w — u(-,w) is an

HY(D,R)-valued, Borel-measurable random variable.

(it) For a ||-||-continuous generalized random field and a Matérn kernel ke, with

3d—12
8

tinuous paths. If Z is a Gaussian field, the same holds already for o > d/2.

a > d + max{0,

}, the random field (Zy, . ())zere has almost surely con-

Proof. To prove (i), we first show that the mapping (2,2, P) — C°(cl(D),R), w —
Z(,w) is measurable with respect to the Borel o-algebra generated by the ||-||co(ci(p)r)-
norm. As Z(z) € L°(,2(,P), 2 € RY, we have for any ¢ € C°(cl(D),R) and r > 0
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that the set

Z N (A(Br () = {12k = dlleomypy <7} = ﬂ {1Z(z) — q(z)] < r}

xeDNQ4

is almost measurable. Since (C°(cl(D),R), |||lco(pyr)) is separable, every open set
U < C%cl(D),R) is a countable union of open balls B,(q), which gives that the above
implies {Z), € U} is measurable for any open U < C(cl(D),R). Moreover, due to the
local Lipschitz continuity of T', the mapping ¢ — T o ¢ is continuous on C°(cl(D), R)
with respect to [|-||coe(p),r), and thus ||-||co(i(p),r)-Borel measurable. To see that for
fixed f € L2(D,R), gp € Hz(I'p,R) and gy € H2(I'y,R) the solution map

C-oo(cl(D),R) := {a e C°(cl(D),R) : infa >0} - H'(D,R), a+> u,

is continuous, where u, denotes the unique solution to (2.15), we refer to [64] or to
the methods used in Section 5.2. Thus, u € L°(Q, H*(D,R)) and therefore (i) holds.
Lastly, (ii) follows directly from Theorem 3.2.10 and Remark 3.5.1. ]

5.1 Integrability of Solutions

In this section, we study the integrability of solutions to diffusion equation (2.15) with
transformed and smoothed Lévy diffusion coefficient a = T o Z;,. More precisely, we
perform extreme value estimation on the random diffusion coefficient in order to show
the existence of moments of the Sobolev norm of solutions. The first result serves to

connect the existence of moments with extremal value theory for random fields.

Lemma 5.1.1. Let Z be a |||||-continuous generalized random field and let k €
LYRYR) n L2(RY R) be a window function such that (Zy(x))zera has almost surely
continuous paths. In addition, let T be a function on R that is locally Lipschitz contin-
uous such that for some h > 0 and B, p > 0 it holds that B~'e *l*I" < T(z) < BerlA"
for all z e R.

Then, for the random conductivity a = T o Z,, there exists a constant C' = 1 so
that for all f € L*(D,R), gp € Hz(I'p,R), and gy € H2(Dy,R) the solution u to
the boundary value problem (2.15) satisfies

0
E {llullin o zy] < €27 (B" + B*) 3 U P(supl Zy(a)| > j),  for allneN
n zeD

Jj=0
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with C = C(||fll2om) + llgpll 3 aom NIV -8 )

Proof. By assumption, the smoothed random field Z; has continuous paths on the

complement N¢ of some P-null set N € 2. By setting the functions

lallcopry = supT(Zy(x)) = sup T(Zy(x))
xeD xeDNQ4

and

essinfa = ;gg T(Zk(x)) = inf T(Zp(z))

xeDNQ4

to zero on N, they are both measurable. Applying (5.2) and the law of total proba-
bility yields

] <€ (LT

(Binfyep e Ze@i)—n

<E

n—1 n—1 Rnanpsupep | Zx ()"
<E 2 + 271 B suPsen | Z5(2)| ] < 2n—1(Bn_|_B2n>E [e2npsupzeD|Zk(l‘)|h]

B—ne—npsubyep | Zk(2)|"

o0

< o 1 Bn + BQn Z E leQHP J+L ,] < sug |Zk(56)| < j + 1] P(SUB ’Zk<l’)’ = j)
xe xe

<.
8 1
o

< on ! B"+B2” 2e2””+1 (sup | Zy(x)| = 7).

—0 zeD

<.

[]

The above Lemma shows that we need exponential bounds for the extreme values
of the smoothed and transformed Lévy field. We obtain the bounds by decomposing
7}, into its Gaussian part GG, and its Poisson part P, and then seperately estimating
the extreme values of each field. For this purpose, the next lemma from Talagrand

gives an exponential bound for Gaussian random fields.

Lemma 5.1.2. [107, Theorem 2.4] Let (G(x))zep be a centered Gaussian field with
almost surely continuous paths and let 5% = sup,.p E [G(x)?]. Consider the canonical
distance d.(x,y) = E[(G(z) — G(y))Q]% on D and let N(D,d.,e) be the smallest
number of d.-open balls with d.-radius € needed to cover D. Assume that for some
constant A > &, some v > 0 and 0 < g9 < 7, the number N (D, d., ) is bounded above

by (2)” whenever € €10, &
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Then, there is a uniform constant K > 0 such that for g > *(1+ /v)/e¢ we have

KAg\" g KAg\" _
P(sup|G(x)| > g) <2 (WUQ) @(—5) < (ﬁ02> =3 (5.3)

where ® denotes the cumulative distribution function of the standard normal distri-

bution. If g = 7, the condition on g is g = o(1 + +/v).

We continue with deriving properties of Matérn kernel functions which are needed

below.

Lemma 5.1.3. Let D < R be open and bounded, o > 521, and m > 0. Then the
following holds:

(i) For 0 <n < 2a —d there exists C = C(m,n,a) > 0 such that for all z,y € R?
|ka,m(x) - ka,m(y)| < C(ma U a) |{L‘ - y|”7‘

(ii) The absolute value |kym| is bounded, decreases like e™™® and the mapping
Y — Sup,ep |7y (kam(z)) | lies in LY(RY,R) n L*(RY,R).

Proof. For (i), we first note that for a fixed n € (0,1) and for all w,z € C with
lw — 2| < 2 we have |w — z| < 277w — z|". Further, we have [e”%* — e7%¥| < 2 and

le™%% — e=Y| < |¢(x — )] for all z,y, & € RY. Therefore,
—ifxr _ ,—ify
J e : 62 dg‘
re ([§[* +m?)>
2t ISK
< slv =" | s 46,
il " L e

where the last integral converges if 0 < n < 2a — d.

|kam () — kam(y)| = (271T>d

Proving (ii), one can apply the Hankel transform to see that

(|]/m)*= " Ko_gpo(|z|m)
20-1T () (27) /2 ’

ka,m(aj) = ﬁ_l(l%a,m)(x) =

where K, is the modified Bessel function of second kind; see, e.g., [2]. For a fixed
v >0, K,(|z]) ~ 30 (v)(3]z]) 7" for |2| — 0 and K, (|z]) ~ +/7/(2|z[)e” ! for |z| — oo.
This implies that |ka,,| is bounded and decreases as e~™®l. Therefore, since D is
relatively compact, sup,cp |7ykam(x)| is bounded and exponentially decreasing as

well, which implies the assertion. O
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Next, we further specify the Lévy measure v of the Lévy characteristic (3.2). This
assumption will be used repeatedly below. Recall that for a Borel measure v on R\{0}

we denote by v, its image measure on R, under | - |.

Assumptions 5.1.4. Let Z be a ||-||-continuous Lévy field with characteristic triplet
(b,02,v), such that v is a Lévy measure satisfies SR\{O} |s|v(ds) < o and (g (e? —

1)vi(ds) < oo for some 3 > 0.

The Lemma below provides an exponential upper bound of Chernov-type for the

extreme values of the Poisson part of a Lévy random field.

Lemma 5.1.5. Let P be a compound Poisson field, i.e., a Lévy field with character-

istic triplet (S{0<|s sv(ds),0,v) with a finite measure v, which satisfies Assumption

<1}
5.1.4. Moreover, let D < R be open, and bounded and let k, : R? x R* — R, 1€ I, be

a family of smoothing functions such that with k,(y) := sup,.p |k.(z, ),y e R 1 e I,
the following conditions hold:

i) forall vel:k e L'(RLR) A LR R).
i) K= SupL€[||Z:L||Loo(Rd7R) < 0 as well as Ky := supL€[||z:L||L1(Rd7R) < .
Then, for all T €]0,1[, t € I and p > 0 we have

P(sup | Py, (z)] = p) < /" 7%,
xeD

where f. is given by

= 0K (o —1 e”’v. (ds
e G R (1—m/n>ﬂej{s>l} las))

{0<s<1} {s>1}

Proof. For « € I we define x, := |k,|| Lo ®rdR) as well as

fralo el 0ol )= [ [ @ - sy
and
0, :]0,00[ >R U {oo},  6b.(p) = Sup Ip — f.(9).

Then, f, is a convex, increasing function and 6, is its Legendre transform (Fenchel

transform, conjugate function). Using the notation from Remark 3.5.2 we can derive,
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for ¥ > 0 and abbreviating P,(z) := Py, (x),. € I,z € D, analogously to (3.7)

Ny . N .
E[e?suPeen IP@] < E[e?suPaclPlie (@] < E[eﬂzjzlﬁf 5171k (X))

e Sa (B W =1) v (ds) dy

Applying Markov’s inequality, this yields for p > 0

E[el9 SUPzep |Pb(x)|:|

_ Y sup,ep| P ()| 9p :
P(ilelgla(x)\ >p) = 119r>1%P (e D > ) < 119I>1% o
eﬂSf%( )_ v s —
< 1192% eSRd SR+( Y 1) +(d )dy Ip (54)
B e_ zli%{ﬂp_SRd SR+ (eﬂsIEL(y)—l) v4(ds)dy} _ e_eL(p)‘

Using Assumption 5.1.4, for 0 <9 < Kﬁ we get
10 = [ e 1w as)dy
R JR,
s J (J +J ) e R WY sk, (y) v, (ds) dy
Rd {0<s<1} {s>1}
<l (o [ Bm@) | emen@) @)
{0<s<1}

{s>1}
< Uk (e’g“J{ }|3| vy (ds) + L } ePse0ri=R)s g I/+(d8))
O<s<1 s>1

1
< Uk eﬂ“J s|vy(ds +J R, ds),
1( {0<s<1}| | +( ) (ﬁ - 9"@)6 {s>1} +( )

where we have used that for any a > 0 the function

fa:(0,0) > R, s—e s

attains its maximum at s = i Therefore, f,l0,/x,[ is finite. For any arbitrary

7€]0,1[ and ¥ = T%, it follows from the definition of #, and the fact that x > &,

() > 70p — £.(7)

for every p > 0. Thus, from (5.4) and the previous inequality, the claim follows. [
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Now, by using both exponential bounds, we can prove the main result of this

subsection.

Theorem 5.1.6. Let Z be a Lévy field such that Assumption 5.1.4 is satisfied and
let k = kqm be a Matérn kernel with 2ac > d. Moreover, we assume that T' is locally
Lipschitz such that for h € [0,1], B,p > 0 we have Ble " < T(2) < BerH" for
all z e R.

Then, for the solution u to boundary value problem (2.15) with random conduc-
tivity function a = T o Zy we have u € L™(2, HY(D,R)), for anyn € N if h < 1 and
forn < B/2kp if h =1, where k := SUpP,p yerd [Fam(T — y)|.

In particular, all moments of u exist if h < 1 and SR+ (e®* —1) v, (ds) < oo for all
6> 0.

Proof. First, we show that without loss of generality, we may assume that Z has the
characteristic triplet (¥, 02, v) with o/ := S{0<|S|$1} sv(ds). By Proposition 3.3.3, the
Lévy noise field Z associated with characteristic triplet (¥, 02, ) is ||-||-continuous.
In addition, for any o € R, T,,(z) := T(z + «) is locally Lipschitz, and with p :=

max{1,2"1p, B := Befl®" we have
B e " < T, (2) < BeI".

In the case of ay = (b — V) §p.k(y) dy we obtain a = T o Z; = Ty, o Z;. Thus,
by replacing 7" with 7T, and Z with Z, we may indeed assume that Z has the
characteristic triplet (0,02, v). Therefore, we have Z = G + P, where G is the ||-||-
continuous generalized centered Gaussian field with characteristic triplet (0, 02, 0) and
P is the |[||-||-continuous Lévy field with characteristic triplet (0,0, v).

Let d. denote the canonical distance of the centered Gaussian field (G (x))zep
which, by Theorem 3.2.10, has almost surely continuous paths. We fix 1 €0, 2a — d|
and ¢ > diam(D) and set 0° := sup,cp E[Gi(2)*] = 0?|[k| 72 o -

Using Lemma 5.1.3 (i), with some suitable constant C; = Cy(m,n,2a) > 0, we

have for arbitrary x,y € D

de(x,y)* = Var(Gr(z) — Gu(y))
= Var(Gi(z)) — Var(Gi(y)) — 2 Cov(Gi(z), Gk (y)) (5.6)
= 202(k2a,m(0) - kga?m(lC — y)) < 20’201‘1’ — y|77
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Then, with C"? := 2020, we have for all € > 0 and x € R?

2.1
B 5 1 D= RY . — )
Hv( 52)7] (a:) {y € ‘x y‘ < <Cl2) } (57>
c {yeR? : d(v,y) <e} = By,.(7).

Since D is bounded, we can cover D with a finite number N of open balls B‘ (2 ().
(G

By the choice of §, the minimal number N be bounded by (O/%(S/é’%)d = (C'6"/2 [)%d/m,
By (5.7) we thus obtain for all € > 0

N(D,d.,e) < (C'6"?/e)*,

so that the canonical distance d. satisfies the covering property of Talagrand’s Lemma
5.1.2 with v := 2d/n and A := max{C"0"% & + 1} for every € > 0. Therefore, by
Talagrand’s Lemma 5.1.2, there is a uniform constant K > 0 such that for every

g = o(1 + 4/v) we can estimate

KAg\"® _&
P <21€1£)|Gk(x)| > g) < <W) e 2. (5.8)

Next, Lemma 5.1.3 (ii), gives
k(y) := sup|k(z, y)| = sup [kam(z — y)| € L' (R, R) 1 L*(R%, R),
zeD zeD

so that by Lemma 5.1.5 applied to a family of smoothing functions consisting only of
Matérn functions ke, for arbitrary 7 €0, 1] there is a constant C; depending only

on T, H:I;;HLl(RdJR), HI%HL@(Rd,RV B, and v such that for every p > 0

P(sup |P(x)| = p) < Cre =7, (5.9)
zeD

Considering that Z = G + P, it follows from Lemma 5.1.1 together with (5.8), (5.9)

that for every 7 € ]0, 1] we have with

o (52) .
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that

0
n non— n n np(z h
E [||uHH1(D,R)] < C"2"YB™ + B™) ZeQ p(z+1) P(sup|Zy(x)| = z)

2—0 zeD
i (5(1+5) 7] )
< szn—l(Bn + B2n)DT Z e2np(z+1) (510)
z=0

0

+ Z ean(z+1)h (ZUGT;UZ; + e—i(l—T)Z) }
2= (1++/)/7]+1
Thus, in the case of h < 1 the above series converges. Choosing h = 1, the above

series converges if n < (1 — 7)3/2kp. Hence, by choosing 7 sufficiently close to zero,

the case h = 1 converges for all n < 3/2kp. O]

Remark 5.1.7. (i) By Theorem 5.1.06, in the case of h = 1 we get all moments up
to an order that depends on 3. The larger (3 is, the more moments u has with

respect to the ||| g1 (pr) norm.

(ii) If we assume the existence of the Laplace transform for v, i.e., SR;O e’ v, (ds) <
o for some [ > 0, we exclude noises with infinite activity like Gamma noise.
That is the reason we employ the more general condition SR>O (e®* —1)v,(ds) <

Q0.

(7ii) In the special case, where the smoothed Lévy noise field Zy is a Gaussian field
without a compound Poisson noise component, we have (p) = oo for all p >
0 so that (5.10) gives us the existence of all moments if h < 2. Moreover,
in case of h = 2, we then obtain the existence of moments up to order n <

1/(4pa2|]/<H%2(Rd7R)). This improves [20], where this result was shown for h = 1.

5.2 Approximability of Solutions of the Random

Diffusion Equation

In this section, we approximate the random diffusion coefficient a by a finite dimen-
sional modal expansion and thus reducing it from an infinite-dimensional Lévy field
to a finite-dimensional Lévy vector. Under similar assumptions as for integrability, we
show that the resulting solution to (2.15) with approximated diffusion coefficient con-

verges to that of the original equation in the Bochner space L™((Q,2,P), H(D,R)).
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5.2.1 Approximation Scheme for the Random Solution

In order to investigate the approximability of the solution u to the random diffusion
equation, we need to control the change in the solution that stems from a change
in the coefficients. The results we discuss in this section can be applied in various
context of interest as, e.g., to control the error in statistical estimation of the law and
smoothing function of the random field. In addition, one can easily generalize these
results to arbitrary continuous random fields and differentiable transformations 7'(z)
which are exponentially bounded from below and above.

Let Z; be a smoothed Lévy random field with a.s. continuous paths and smooth-
ing function k : R? x R — R. Let k = ky + 7y be any decomposition of k such that
limy o kn(z,-) = k(x,-) with respect to ||-|| for every z € RY. We define the corre-
sponding approximation of Z with Zy(z) := Zy, (z), N € N and the corresponding
remainder with Ry (z) := Z,, (z) such that Zy(z) = Zy(z) + Ry(z). Assuming that
Zy and Ry have continuous paths on cl(D), this yields an approximating diffusion
coefficient T'(Zy(z)) in equation (2.15) with associated random solution uy to the
corresponding weak problem.

We prove the convergence of the approximating solution uy to the solution u in
L"((9,2,P), HY(D,R)), for n € N, as N — oo. For this purpose, we first derive
an estimate based on an interpolated diffusion equation with diffusion coefficient
T(Zy4(z)) where Zn () := Zyyttry = Zn +tRy with ¢ € [0,1]. The resulting weak
form of (2.15) with approximating diffusion coefficient and homogenized Dirichlet

boundary condition with weak solution wo, , € Hp(D, R) is characterized by
bN,t(UOMta v) = lny(v) Yve H}(D,R),

with

bn(u,v) := JD T(Zn(2))Vu(z) - Vo(r)de, wu,ve Hp(D,R),

and

i) 1= | [F@ola) = T(Zus@) VEap (o) - Vol@)] do + | an(e)o(e) do

I'n

where Egp € H'(D,R) is an extension of gp. The weak solution to (2.15) with
inhomogeneous Dirichlet boundary condition then is given by uy; = ug,, + Fgp. For

the transformation 7" we additionally aussume that it is continuously differentiable.
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Then, it can be shown that the mapping ¢ — ug,, (and thus t = uy; = ug,, + Egp)
is differentiable with respect to the weak topology [18, 75]. We denote the derivative

by o, , and Uy, respectively. Moreover, setting

bna(u,v) = L T'(Zy(x)) Ry (2)Vu(z) Vo(z)ds
Ins(v) = — L T'(Zy4(2))Ry(2)VEgp(z) - Vo(x) dz
for u,v € H},(D,R), one can show that
bni(tioy,,v) = Ine (V) — by s(uoy,,v) Yo Hh(D,R). (5.11)

Using (5.11), we can prove that ¢t — uy; is continuous with respect to the strong
H'-topology, so we conclude that ¢ — uy, is also differentiable with respect to the

strong topology with derivative y,; see [18].

Lemma 5.2.1. Let Z be a ||-||-continuous generalized random field and k : R — R a
smoothing function such that (Zy(x))zep has a.s. continuous paths. Further, let Zn,
and T be given as described above. Then, for the solution uy; to equation (2.15) with

random conductivity a := T o Zn, we have

1+ sup,ep |[T(Zni(x))]
(infuep |T(Zn4(2))])?

el oy < C'sup [T (Zava(a)) | sup | R () (
xeD xeD

1
+inf$€D |T(ZN¢([L’))) (Hf”LQ(D,R) + ||gD||H%(FD,]R) + ||gN||H7%(FN,R))’

where C = (1 4+ C%)2max{1,2||E||, ||tr||} with E : H2(T'p,R) — H'(D,R) denoting
an extension operator, tr : HY(D,R) — Hz(I'p,R) the trace operator (see Theorem
2.5.6), and where Cp > 0 only depends on D and I'p.

Proof. Since we can write the weak solution to (2.15) as uy = uoy, + Egp, we have
[inell oy = [0y .|| 1 (D) - Therefore, by setting C := (1+C%) max{1, 2| E||, |tr[|}
by (a generalization of) Poincaré’s inequality (cf. (2.17)), (5.11), the definition of by ;
and ¢ N, as well as inequality (2.16) we have

inf ep |T(Zn4(x . . . : . . .
=D ‘ ( g’t( ))‘ ||u0N,t ||%{1(D R) < bNat(uoN,t’ uON,t) = |£N,t(u0N,t) - bN,t(UON,tvuoN,t)|
(1+C%) :

< fD T (Zao(2)) Ry (£)V (Egp + oy ) (&) - Vi, (2)] da
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< sup T (Zn ()] Sup |Rn ()] |toy, |7 (pmylltoy, + Egpllapr)
xTe xTre
/ .
< sup [T'(Zel@)) sup Ry (@) o o (15 190,30,
~ 1+ sup,cp |T(Zn(z))]
C e s >
O T ey Mo ool g ) + 19803 0 )
. NP infeep |T(Zn,e(2))] ),
The assertion now follows on dividing by 707 |0t || 1 (D R) - O
P

The next lemma provides an estimate which we use to describe the effects of
the perturbation Ry by a term that is exponentially growing in the extreme values
of Zy,.(z) and a moment in the perturbation. To derive this estimate, we need an

additional assumption on the derivative of the function 7T'.

Assumptions 5.2.2. For the continuously differentiable function T : R — Rsq there
exist p, B > 0,h €]0,1] such that for all z € R it holds

‘ h

B e ?H" < T(2) < Be? and  |T'(2)| < Be*I". (5.12)
Lemma 5.2.3. Assuming that, in addition to the assumptions of Lemma 5.2.1, as-

sumption 5.2.2 is satisfied for any 0 > 1, é + 5 =1, and n > 1 we have

L

_ S 1
E [llu — unlfnpg] < CE lsup | Ry (x)|™ ] : sup E[etormsipeen |Zne@l]e - (513)
zeD te[0,1]

where C = C"(B? + B)"(|| fll.2o.r) + lgp ||
Lemma 5.2.1.

, Tt llgn | with C' from

n
1 1
Hé(FD)R H_Q(FNJR))

Proof. Considering the properties of the Bochner integral for Banach space-valued

functions and Jensen’s inequality for the ordinary integral over [0, 1], we get

1 n
[ m—y
HY(D,R) 0
1 1
<E [ [N dt] ~ | Bl ]
0 0

where we used that we can interchange the order of integration for non-negative

1
E(llu—unlfpg] =E [|U Uy, di
0

integrands. Applying now Lemma 5.2.1 and Hélder’s inequality, we easily obtain
(5.13). O
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5.2.2 Convergence of the Solution Moments

Lemma 5.2.3 implies that proving the convergence uy — uin L™((Q,2, P), H(D,R))

can be achieved in two steps:

(i) First, we establish a bound, based on the Laplace transform E [e49p" SUPsep | 2N vt(g””],

of the extreme values of Zy, which is uniform in N and ¢.
(ii) Then, we prove that E [sup,.p, |[Ry(z)|"¢] — 0 as N — oo.

In this subsection, we first identify suitable conditions on k and ky which imply (i)
and (ii). Afterwards, we apply these conditions to the natural generalization of the
Karhunen-Loeve expansion to smoothed Lévy fields. The first lemma of this section

is a uniform version of Talagrand’s Lemma 5.1.2.

Lemma 5.2.4. Let G be a generalized centered Gaussian field, i.e., a ||-||-continuous
Lévy field with characteristic triplet (0,02,0), with o > 0. Further, let D be an open
and bounded subset of R and k, : RY x R — R, + € I be a family of smoothing
functions such that for another smoothing function k : R x R? — R the following
hold:

(Z) Forallte I : SupxeDHkL(I7 ')HL2(Rd,R) < SupxeDHk(I7 .)HLZ(Rd,R)-

(ii) The canonical distances d,,v € I and d. of the centered Gaussian random fields
(G, (2))zep, t € I, and (Gi(x))zep, respectively, satisfy d, < de,t € I, and d.

satisfies the covering property in Talagrand’s Lemma 5.1.2.

(iii) The centered Gaussian fields (Gy,(z))zep,t € I, and (Gg(x))zep all have almost

surely continuous paths.

Then, for 67 := 0®supgeplk. (2, )| 2®er) and 6 := o0 sup,epllk(z, )| r2®ag). there

are constants A > 52, K,v,v > 0, and &y € |0, [ such that

zeD \/55-?

_ KAg\® 2
Viel,g>a,(l++v)/eo: P(sup |Gy, (x)| = g) << g) exp(—%) (5.14)
KAg\" g’
<7<ﬁ52> e (= 555):
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2

Proof. As k is a smoothing function, it follows that 6 > 0 and by assumption (i),

with abbreviating G,(x) := Gy, (x),c € [,x € D, we have for all 1 € [

52 = supE [G,(e)?] = supo? k(. )l aquasy < up o [k(a, | gaqeas
zeD zeD zeD
= supE|[Gi(2)?] = °.
zeD

By assumption (ii), the d.-ball centered at z € R? with d.-radius € > 0 is contained in
the d,-ball centered at x with d,-radius €. Therefore, using the notation in Talagrand’s
Lemma 5.1.2, we have N(D,d,,e) < N(D,d,,¢). Again using assumption (ii) there

are thus A > 3%, v > 0, g9 €0, [ such that

A v
Viel,ee]0,e[: N(D,d,e) < (€> .

Since f: [1,00[— R, f(z) := 2" exp(—62M(x — 1)) is bounded from above, the

2e0

assertion follows by setting v := sup,~; f(x). O

The first step of the two-steps apprach outlined above involves a uniform estimate
of the Laplace transform of the extreme values of Zy, under suitable assumptions
on the smoothing kernel k. For the sake of convenience we introduce the following

abbrevation for the bivariate kernel function k& = k(z,y)

k(y) :=sup|k(z,y)|, yeR?
xeD

and define the following.

Definition 5.2.5. A smoothing function k : R® x R — R has an orthogonal ap-
prozimation sequence k = ky + 1y, N € N, if ky and ry are smoothing functions
with

(i) SRd kn(xy,y)rn (2o, y)dy = 0 for all 1,25 € RY;

(i) max{||Fy|/ 1 (rer), Krn} — 0 as N — o0, where K,y := SUD,ep yerd Irn(z,y)|

and 7y is defined as k is above.

Lemma 5.2.6. Consider a Lévy field Z that satisfies Assumption 5.1.4 and let k :
R? x R? — R be a smoothing function such that k € L'(R*,R) n L®(R% R) and

such that the canonical distance d. of (Gi(x))zwep Satisfies the covering property in
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Talagrand’s Lemma 5.1.2, where G is the centered Gaussian part of Z, i.e., the ||-|||-
continuous Lévy field with characteristic triplet (0,02,0). Furthermore, let k = ky +
rn, N € N be an orthogonal approximation sequence for which the centered Gaussian
fields (Gry)zep and (Goy(x))zep, N € N, all have a.s. continuous paths and for
which ky € L"(R%,R) n L*(R% R), with N € N. Additionally, let o > 1, p > 0, and
n €]0, 4@%;[’ where Kk = HI%HLOO(RQR). Then, there is M € N such that

sup E [e4~9pn5uPcceD ‘ZN,t(x”] < 0.
N>M,te[0,1]
If kn(z,-) and ry(z,-), © € R, have disjoint supports for every N € N, one can
choose M = 1.

Proof. We define V' := S{o —s<1) sv(ds) and denote the Lévy characteristic associated
with the characteristic triplet (0,0, v) with P. Then, P is [||-||-continuous and for an

arbitrary smoothing function [ : R x R? — R the smooth field Z; satisfies

Zis) = 6-1) | 1.9)dy+ Gilo) + Alo), weRe
R4

With Gni(x) = Gryttry (T), Pni(z) := Piyitry(2), N € Njt € [0,1] it follows for

arbitrary B > 2|b — V/| Hl’%HLl(RdJR) and each N € Nt € [0,1] and every A €0, 1[:

0
E [e4g/msupxep IZN,t(w)\] < Z e4@pn(j+1)Bp(SuB ‘ZN,t(xN > jB)
i=o z€e

< e4gpnB + Z e4QPn(]+1)BP(Sup |GN,t(‘I)| + sup |PN’t(x)| = (‘7 N §>B>
2 c e (5.15)

0]
. 1
< elermB (1 + Z etorniB [P(sul})) |GN,t(90)| > (j — i)AB)
j:]- xe

+P(sup [Pny(z)| = (4 — 3)(1 — /\)B)D .

zeD 2

In order to apply Lemma 5.2.4, we next verify its assumptions for the family of
smoothing functions ky + try, N € N, t € [0, 1] and the smoothing function k. By

using property (i) of an orthogonal approximation sequence, we set

612\“ :=supE [GN’t(x)2] = sup o? (J ) \kn(z,y)* dy + 2 f ) lrn (2, y)]? dy)
R R

xzeD xzeD
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< supo”? ( [ vtray | \w,y)my) — supE [Gi(w)?] = 77,
R R

zeD xzeD

which implies assumption (i) of Lemma 5.2.4. For the centered Gaussian random
fields (Gk(2))zep and (Gy+())zep we denote with d. and dy; the canonical distances,
respectively. For arbitrary N € N, t € [0,1] and each z1, 7, € R?, we have by using

property (i) of an orthogonal approximation sequence

NI

dn (1, 22) = (E [(GN,t(l'l) - GN,t(@))ﬂ)

—0 (Ld (kna(21,y) = ka2, 9))” dy)

N

(NI

= ([, ot~ kCaa)® dy s

R4

(rv(z1,y) — rv(22,))° dy)

(ra(1sy) — 1y () dy)

1
2

N

o (J}Rd (kn(1,y) = kn(2,9))* dy + J

R4
1
2

=0 (JR (k(z1,y) — k(x2,))° dy> = d(71,22),

which implies assumption (ii) of Lemma 5.2.4. Assumption (iii) of Lemma 5.2.4 is
given by the assumptions on ky and ry. Therefore, it follows from Lemma 5.2.4
that there exist constants A > &%, K,v,v > 0 and gy €]0,5[ such that for all
NeN,tel[0,1] and A €]0, 1]

xzeD

KA(j - ;MB)” . (_ (( — HAB)?

Vva? 252 ’
(5.16)

P(sup G, (2)| = ( — ;))\B> =7 (

whenever 7 > % + ﬂ%{f’). Next, due to

VN eNte[0,1]: |[knllpmer) < &l r@ar) + 1750 g
and property (ii) of an orthogonal approximation sequence, we have

kii= sup H]%N,t”Ll(Rd,R) < 0.
NeN,te[0,1]

Further, property (ii) of an orthogonal approximation gives in addition, since for all
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NeN, te|0,1]
KNt = 2161113)”1{;1\[(17, )+ try(z, )| pewir) < 5+ (1= 1)key < K+ K, (5.17)
that for all € > 0 there exists M, such that
VNeN/Nz=M.,tel0,1]: knyt <k +e.

Moreover, if ky(z,-) and ry(z,-) have disjoint supports for every N € N,z € R
it follows that in (5.17) we even have kx; < k. Now, using Lemma 5.1.5 for some
fixed € > 0 to the family of smoothing functions (ky + trn)N=n. teo1] (respectively

to (kn +1rn) Nentefo,1]) gives that for every 7 € ]0, 1[ there is a constant C; such that

1 1
P(sup|Prs(@)] > ( — (1~ N)B) < € #0-DONT (51g)
xeD

for all j € N, A €]0,1[, whenever N > M, (respectively N € N), ¢ € [0, 1] and where
C; is given by

c. ::i"“(eﬂ J |sy+(ds)+(1_1T)Be f eﬂm(ds)).

{0<s<1} {s>1}

Since n € (0, 72-) there are g € (0,1) and & > 0 such that n < S(1 — \)/(k + £)40p.

7 dpkp

Then, with B > 2|b — b/|”];7”Ll(Rd7R) large enough so that 26 (1 + /v)/egBAo < 3 it

follows from (5.15), (5.16), and (5.18) that for every 7 €]0,1[ and for all N > M.
(respectively N € N), ¢ € [0, 1]

0
. B8 .1
E [e4QP”S‘JPxeD |ZN’t(x)\] < e4gpnB (1 + Z e4gpn]B [CTe—m(]—a)(l—)\o)TB
Jj=1

(B ()

With the same arguments we employed in the proof of Theorem 5.1.6, the series

converges as 4ppn < B(1 — Ag)/(k + €). Thus, the assertion follows. O

Lemma 5.2.7. Consider Z, k, ky, and ry, N € N as given in Lemma 5.2.6 and let
further ¢ > 1 andn = 1/¢. Then, for every § €0, 1] there exists a constant C' > 0
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depending only on 0, Z, k, and ng’ such that
VNeN: HSHB |RN($)|QI||L7L((Q’Q[,F’)7]R) <C (max{ozN,oz}V_é})g
xTre

where ay := max{||Fn|| 11 (dr), Krn}. In particular, ]éim E [sup,cp |Bn(2)[™'] = 0.
—00

Proof. Using the notation of the proof to Lemma 5.2.6 we have
Ra(@) = (b= ¥) | (@) dy + Goylo) + Pry (o),
R

and with Jensen’s inequality it follows

xzeD

€ [sup e 0)" | < 370 (10 = 0 iy + E [sup G @) | (519
xe

+ € |sup 01 ).

zeD

The Gaussian part can be estimated as above. From property (i) of an orthogonal

approximation sequence we get
VNeNzeD: |ry(, )reear <|k(,)|2@ir and dy <d.,

where dy and d. denote the canonical distances associated with (G, (z)).ep and

(Gk(z))zep, respectively. Using the first inequality of (5.14), there are constants

A > a% = o?sup|lk(x, ‘)||%2(Rd’R) > o sup||ry(, ‘)H%Q(Rdﬂg) =10, N,
xeD zeD

K, v >0 and g €0, ][ such that for every N € N, g > 7, y(1 + 1/v)/e0 we have

P(sup |G, (z)| = g) < (K_Ag)vexp ( — ‘_q2>

zeD WU%N 2‘77%,1\!
Since for j € N with j > 3°(1 + \/v)/e¢ it holds j&rljv‘; > o, n(1 + 4/v)/eo, we have

with M := max{[a°(1 + \/v) /0|, [3°4/vE2]} that

o0
€ [sup G (o)1 | < 336+ D)™ Plop G ()] > 5715

zeD xzeD
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wo (KA < w7 j2
(%) 20 () = ()
j=M+

where in the last step we have used that for every j > [5%4/v1E]
fi o [0,00[— R, fi(z) := (jz~1+9)? exp(—35%/22%) are strictly increasing on [0, 5]

and that o,y € [0, 0] for all N € N. As the above series converges, denoting with Cy

the functions

the expression in brackets on the right-hand side of the above inequality and taking

into account that

VNeN:gly=0 SUBJ Irn(z,y)* dy < ok N || || 1 ey < 07,
xe

we derive

xzeD

VNeN: E lsup |GTN(90)|”QI] < o0l (5.20)

Now, it remains to estimate the Poisson part in (5.19). By Hoélder’s inequality,
|Pliry(z) < |P|(Fy) (cf. (3.8)), Lemma 3.3.7, and ||7y]%, RdR)Kzl ¥ < oy for all

0 < k <[, we have for every N € N

el
E [sup PTN(I)|nQ/:| < <E lsup |P,4N(m)|["9’]}) (5.21)

xzeD xzeD

< (Efmentr ) = (5 [l [ Aa)” ]

Tep(ndl) £=1
I={I1,....I1}
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k 7
- = [no]
<( T eulvlossri)

Tep(nel) =1

I={I1,....It;}
o k L’]
ng
= < Z HTNHL1 (Rd,R)F HCIId) < ( H |1[|> OCN )
Tep(ne'D Tep(nd) (=1
I ={L,....I}} I={I,....I}
where 2" denotes the collection of all partitions on {1,...,[ng']} into non-
intersecting, non-empty sets I,..., I, 1 < k < [ng'], and C\J;z\ are suitable non-

negative numbers. Further, note that the constants C\Z\ are given with respect to the
modified Lévy measure v, associated with |P| instead of v associated with P. We
set the constant Cy to be equal with the factor in front of anNQI from the previous

inequality. Then, the previous inequality gives

VNeN: E lsup |PTN(I)]”9/] < Chah? | (5.22)

xeD

At last, by combining (5.19), (5.20) and (5.22) we obtain

zeD

VNeN:E [sup \RN(x)VLQI] < 3"H|b = V| + 0°Cy + Cy) (max{ay, ay})"™

wich proves the assertion. O

Now, combining Lemma 5.2.3, 5.2.6 and 5.2.7 yields the following convergence

result.

Theorem 5.2.8. Consider a Lévy field Z that satisfies Assumption 5.1.4 and a
smoothing function k : RxR? — R such that k € L*(R?, R)~ L*(R%, R) and such that
the canonical distance d. of (Gi(x))zep Satisfies the covering property in Talagrand’s
Lemma 5.1.2, where G is the centered part of Z. Furthermore, let k = ky + ry,
N € N, be an orthogonal approrimation sequence for which the centered Gaussian
fields (Gry(2))zep and (Gry(x))zep, all have a.s. continuous paths and for which
ky € L'(RYLR) A L*(R4R) for all N € N.

Let w and uy, with N € N, be the solution to (2.15) with random conductivity
ToZ, and T o Zy,,, respectively, where T' satisfies Assumption 5.2.2. Assuming that
with K := ||];‘||L00(Rd7]R) we have > 4kp, for alln € [1, 4%[, o€l m[, and 6 €10, 1]
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there exist constants C' > 0 and M € N such that for all N = M we have

|u — un|| o .2.p), 1 (D R)) < C'max{ay, CYJI\/_(S};

where ay = max{||Fy|| L1 ra gy, kr v} If kn(z,-) and ry(x,-) have disjoint support for
all z € R? and all N € N, one can choose M = 1.

In particular, (un)nen converges to u in L™((Q,2A,P), H'(D,R)). The constant
C" depends only on B, Z, k, ;%4 ||f|l12(p®), HgD||H%(FD7R), ||gNHH%(D7R), and C, the

constant from Lemma 5.2.1.

5.2.3 Series Expansion of Lévy Coefficients

We approximate the smoothed Lévy coefficient and therefore the solution to (2.15)
in two steps. With our approximation scheme we have to consider that only z is
restricted to the domain D, whereas y transport the effect of noise source terms
from locations y ¢ D into D. Let (Ay)nyen denote a compact exhaustion of RY, i.e.,
(AN)nen is a sequence of compact subsets of R? with Ay < int(Ay,1), N € N, and
unAy = R% In the first step, we restrict the second argument of the kernel k(z,y)
to a sufficiently large domain Ay from this sequence. Since now both x and y are
restricted to sufficiently large compact domains, we can apply Mercer’s expansion
onto the restricted version of the smoothing function k in the second step of our two-
steps approximation approach. This yields a finite-dimensional approximation of 7,
and is a natural generalization of the Karhunen-Loeve expansion for Lévy fields.
The first step, induces for a ||-|[|-continuous Lévy field Z directly a ||-||-continuous
generalized random field ZV(f) := Z(1,,f), N € N, which, however, is no longer
stationary. From Theorem 3.2.10 it follows for Matérn kernel, with k, ,,, m > 0, and
a > d + max{0, 3412} that the smoothed fields (Z (z)).ep, N € N, with smoothing

8
function k(z,y) = kam(z —y), have a.s. continuous paths. Furthermore, in the proof

of Theorem 5.1.6 we have seen that the canonical distance d. associated with the
Gaussian field (G (z))zep (where G denotes the centered Gaussian part of Z) fulfills
the covering property in Talagrand’s Lemma 5.1.2 and, by Lemma 5.1.3 (ii), we have
ke L'(RYR) n L*(R% R) with limy, e k(y) = 0. Therefore, the assumptions of

Theorem 5.2.8 are directly satisfied for smoothing functions given by Matérn kernels.
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Corollary 5.2.9. Let Z, T and u be given as in Theorem 5.2.8 and let k, ., be a
Matérn kernel with o > d. For a compact exhaustion (Ay)yen of R with D < Ay, we
set kn(z,y) 1= kam(z,y)1a, (y) and denote by uy the solution to diffusion equation
(2.15) with random conductivity T o Z,,, .

Then, for alln € [1, %[, o€l ﬁ[, and 0 < m' < m, there is a constant C > 0
such that for all N € N we have

||U — uNHL”((Q,Ql,P),HI(D,R)) < C’ei7n/d€(D’A?V)7 (523)

where d. denotes the Euclidean distance between D and AY.

Proof. We first note that k£ = ky + ry is an orthogonal approximation sequence in
the sense of Definition 5.2.5, since, first, as the y-domain of ky and ry are disjoint
by definition, it follows that condition (i) is satisfied, and, second, the decay rate

kom(z,y) < Ce™™@=¥ for |z —y| — oo from Lemma 5.1.3 (ii) implies for 0 < m’ < m

175 | L1 (rer)y < C’f supe eyl qy = C’e_de(D’A?V)J supe” MMl =ul 4y < oo,
A

AS, zeD < zeD

where the last integral can be estimated by a constant as the integration area gets

smaller for N — 00. Since we have

. - —imde (DA
frn = [Pnllo@am = sup  Ce™o7vl = Cemmde(PAY)
xzeD,yeAs,

it follows

anN = maX{”fN||L1(Rd7R), Krn} < Cle~™de(DAY)

and therefore the second condition of Definition 5.2.5 is satisfied as well. We now can

use Theorem 5.2.8 and obtain
U — U n 1 < C'max{ay, a0 < O'Ce " de(DAY)
l Nlze @2y (DR) N, Oy )

where we merged m’ and ¢ as for m’ €0, m[ and § €0, 1] we again have (1 —d)m’ €
10, m[. Redefining the constant C' gives (5.23). O

Remark 5.2.10. (i) The discontinuous cut-off 1a, (y) perhaps seems to be a con-
tradiction to the assumptions needed for the continuity of the paths of Zy, (),

which is part of the prerequisites of Theorem 5.2.8. However, as it is equiva-
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lent to apply the noise Z to ky(x,-) or to apply the noise 15, Z to k(z,-) we
may still obtain continuous realizations of Zy, (x) from Theorem 3.2.10. As
on(f) = elay V() dw (and equally for Ry(y) with Ay replaced by AY ), we see
that this functional still is ||-||-continuous and therefore the results of Theo-

rem 3.2.10 are compatible with the cut-off Ay.

(i1) In a similar way, the Holder continuity of the covariance function ko, of the
Gaussian part (see (5.6)) also holds for the truncated fields Gy (x), Zy, ()
and Ry (x), as by Definition 5.2.5 (i) the canonical distances of all these fields
are dominated by that of Gy(x).

After we restricted both arguments of the smoothing kernel £ to a sufficient large
compact domain A at the cost of a small controllable error, we are now able to apply

Mercer’s expansion to k£ on the domain A.

Theorem 5.2.11 (Mercer’s Theorem, [57, Theorem 1.80]). Let A be a compact subset
of R and k : A x A — R be a continuous and positive definite kernel. Consider the
compact linear operator K : L*(A,R) — L*(A,R),

K 6](x) = f ke, )o(y) dy

A

associated with k. Then, there exists an orthonormal basis {e;}jen of L*(A,R) consist-
ing of eigenfunctions of K such that the associated sequence of eigenvalues {\;}jen is
non-negative with zero as its only possible point of accumulation. The eigenfunctions

corresponding to positive eigenvalues are continuous on A and k has the representation
o0
k($ay) = Z)‘jej(x)ej(y)a ZL‘,yEA,
j=1

where the convergence is absolute and uniform.

Remark 5.2.12. (i) In the following, instead of applying Mercer’s expansion onto
the covariance function k" =k induced by the smoothing kernel k as in a Karhunen-
Loéve (KL) expansion, we obtain a finite-dimensional approzimation of the
smoothed random field by expanding the smoothing kernel k itself. Whereas the
standard KL-expansion expands the covariance function (g, k(x — 2)k(y — z) dz,

our approach expands the covariance of the truncated noise §, k(x—z)k(y—z) dz,
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(ii)

(iii)

(iv)

where x,y € A. We could easily show that the eigenvalues obtained for the ex-
pansion of the second covariance function are given by \? where e;(z) are the

eigenfunctions of the integral operator defined by k(x —y) in L*((A,R),dy).

In principle, one could also expand the paths of Zy.(x) in eigenfunctions of the
first covariance operator, by expanding the smoothing kernel k(x —y) in x € A
(or D). In addition, a proof for the uniformity and decay properties of this
expansion iny € R? are needed. This approach seems more involved than the cut-
off method used here, as the spectral properties of the integral operator induced
by k(z —y) can not be used. In addition, the cut-off method seems not to loose
any efficiency for Matérn kernels as it does not lead to a worsening of rates of

convergence as shown in Theorem 5.2.16 below.

The assumptions of Theorem 5.2.11 is clearly satisfied for k(x,y) = kom(z —y)
for 2a > d when restricted to A in both arguments x,y; see, Lemma 5.1.3. Note
that the positive definiteness of the kernel ko m(x —y) is given as the Fourier

transform of ke (x) is positive (see Definition 3.2.8).

As the eigenfunctions e; and the eigenvalues X\; depend on A, in what follows

we use for A = Ay the notation Ay, and ey ;.

Corollary 5.2.13. We assume in addition to the assumptions of Theorem 5.2.8 that

k is a positive definite kernel. Then, for fited N € N the decomposition

kn(z,y) = k(z,y)lay (y) = ke (z,y) +rvne(z,y), z,y € Ay,

where the truncated Mercer expansion ky n(z,y) = Zj\il Anjen,j(x)en,;(y) from The-

orem 5.2.11 with remainder ry N+ represents an orthogonal approximation sequence

in the sense of Definition 5.2.5 with respect to the approzimation parameter N’ € N.

For the solution uy of (2.15) with smoothing kernel truncated in the y variable (see

Corollary 5.2.9) and the solution uy n+ associated with Zry v We have

Jlun — UN,N/||Ln((Q,91,p),H1(D,R)) < C|AN|KT,N,N' — 0, as N' — oo,

where K N N' = SUD,ep yeny | 2uenra1 ANjen i (@)en;(y)] and Ay > 1.
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Proof. Mercer’s Theorem 5.2.11 provides

0<R,nnN < SUD Z Avjen;(@)en(y) —0 as N — oo.
{L'EAN yEAN ] N’'+1
Additionally, we have |7y n/||z1(ayr) < |An|frnn as Ay is bounded. Now, the

assertion follows by Theorem 5.2.8 O

In order to establish a convergence rate for Matérn kernels, we first have to prove

the following auxiliary lemma.

Lemma 5.2.14. Consider the compact operator K : L*(A,R) — L?*(A,R) on a
compact set A = R? such that cl(int(A)) = A, where

K f](z) = fA bam(@ — 9)f @) dy,  f e L*(AR), 2 ¢ BY,

and where kq, n, is the Matérn kernel with parameters o > %, m > 0. Let (Ap;)jen be
the eigenvalues of K with normalized eigenfunctions (ep;)jen, and let € €]0,% — 1],

6 >0 and x > max{1, }}. For diam(A) < 0 and every v > x° we have

d .
W//\A,jH@A,jHLOO(A,R) < 0,72(04—5 )] d"'2+‘€ fOT CL”] € N, (524)

where the constant C' only depends on o, m, e, and x.

Proof. This proof is very much inspired by [78] where the author prove a similar
bound which, however, depends on the domain A.

As kq ., is a real-valued function with positive Fourier transform, K is a positive,
self-adjoint operator. The eigenfunctions (ea ;)jen =: (€;j)jen define an orthonormal
basis of L?(A,R) and since K is positive, \; > 0, j € N. As usual we assume that the
eigenvalue sequence is decreasing.

By extending every f € L*(A,R) by zero to R? and denoting this extension of f
to R? again by f, we interpret L2(A,R) as a closed subspace of L?(R¢, R). Since A is
compact, we also have L*(A,R) = L'(R? R), therefore

ko * f e LY(RYR) for all fe L*(A,R)

and K f = (kom * f)|a. Clearly, K is the compression to L?*(A,R) of the convolution
operator on L*(R% R) with convolution kernel k, . Therefore, k, ,, = f € H*(R% R),
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for f € L*(R% R), and since a > ¢ we have kam * f € L'(RLR), for f e L*(RYR).
Because

Ajej = (kam*ej)Ly, forall jeN

it follows \; # 0 for j € N as well as e; € H*(int(A), R) n C°(A, R).

Let % < s < «a. By the fact that due to s > % the Fourier transform of every
H*(R% R) function belongs to L'(R% R) (see, e.g. [74, Corollary 7.9.4]), the Fourier

inversion formula gives for every U € H*(R% R) with U lint(r) = €; that

lejllzeamy < m) " NU L emy< I+ [€17) 72 2y 1 U ars e ey

so that with ¢, := [|(1 + [£]*)7%|| 1 (reg) We have
||€j||LOC(A,]R) < CS||€j||HS(int(A),R)a for all j e N.

By applying an interpolation inequality (see, e.g. [83, Theorem B.8 and Lemma B.1])

we have for all j e N

< mnCE) N ek 5
||€j||L°°(A,R) X G m ||€j||L2(A,R)||€j||Ha(int(A),R)

From (2.3) and Plancherel’s Theorem [83, Theorem 3.12] we conclude

(5.25)

N

S
€511 Fra int(a) ) -

A llesl e gucay 1y < Nkam * €5llFraga gy = (2m)7 JRd(l + €1 (m* + [€]) ¢ dg

< max{1l,m2*}(2r)"* fRd ka’/m*\ej é;dzx

= max{1,m >*}(27) > (Ke;, €;) r2(n) = max{l,m >*}(2m) >\,

where ¢; denotes the complex conjugate of €; and where (-,-)z2(5) is the L? inner
product on A. Combining the previous inequality with (5.25) we obtain for every

s€(4,a) and for all j € N:

Sln L % s 1_ s
Vel Loy < csar (m) max{l,m_s}(27r)_%)\; 2 (5.26)

s(a — s)
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Next we derive estimates for the eigenvalue sequence (A;)jen. Let 6 > diam(A).

Without loss of generality we assume that A < [—g, 5] Then, the integral operator
K is determined by kg, [_s54. For arbitrary v > § we can consider L*(A,R) as a
subspace of L2([—7,7]¢, R), by extending the functions in L?(A, R) by zero to [, v]%.
Again, we do not distinguish notationally between functions from L?*(A,R) and their

extensions.

If k is continuous, real-valued, and an even extension of kq , I[_ss4 to [, v]¢ -

note that k, ,,, is a radially symmetric function, so in particular even — it follows that

B Pl B) = Dl B [RA) = | ket ay

is a self-adjoint, compact operator which satisfies K f = K f 14, for f € L*(A,R). As K
is self-adjoint and compact, there exists an orthonormal basis (f;) jen of L?([—7,7]%, R)
consisting of eigenfunctions of K and a real sequence of corresponding eigenvalues

(\;)jen which, without loss of generality, have decreasing moduli.

Clearly, for every j € N the operators

B, : L*(A,R) — L*(A,R), 2]: M(f,e) e e,
C;: L*(A,R) — L*(A,R), 2 (f, fila) 2 fila
and
J
Gy LA ([=7, 74 R) — L*([=7,7 Z (f+ 1) 22—y

are continuous and linear operators with at most j-dimensional range.

Then, C;jfty = C,f for f € L*(A,R) and j € Ny. By denoting the associated

operator norms with ||-|[s and ||-||,, we have
IEf = Ciflla = I(Ef = Cif)talla < IKf = Cjfll,  forall fe L*(AR)

so that
| K — C; la < ||K C, ||7, for all j € N. (5.27)

Since K is positive and both K as well as K are self-adjoint and compact operators,
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by a well-known result (see, e.g., [84, Lemma 16.5 and its proof]), using (5.27) gives
A= 1K = Bjoafla < 1K = Cjmalla < 1K = Cially = [Nyl foralljeN. (5.28)

Up until this point we did not specify the extension k of kg, [[_ss¢. For this pur-
pose we fix x > max{l,3} and a real-valued, even ¢, € 2 = CF(R?R) with
D1 - 1= =1 and supp ¢1,, < [—1,1]¢ (the support of ¢; ). For v > xd we define
Dy ) : gzﬁl,x(ﬂ/ ) so that ¢y I_ss¢ = 1 and supp ¢, = [—7,7]% To simplify the

notation we write ¢; and ¢, instead of ¢, , and ¢, ,, respectively.

Then, k, = kom®, is an even extension of kg [[_ss¢ Whose support lies in

[—v,7]%, with v > xd. We define the v-periodic extension k, of k, by

ky(z) := Z k,(z 4+ 2yn), for all z € R%

neZd

Then, for the integral operator K corresponding to k., we have for all z € R? and
n e Z% that

[f(e*i%”'y] (x) ky(x — y)e’i%”'y dy = J ky(z — y)e’i%”'y dy
[—v.]?

kp(2)e 3" dz e e,

f[—”m]d
J[’Yv’}’]d
Since {¢*7™" n € Z4} is an orthogonal basis of L2([—7,~]% R) it follows that the

Fourier coefficients ¢, (k,) of k,

Cn(ky) = f kp(2)e 37 dz = f ky(z)e ™7 dz, for all n e Z*
[=7:]

[=v]d

(which are real since k. is even) are the eigenvalues of K, i.e., a suitable enumeration
of (¢n(ky))peza yields the eigenvalue sequence ()\;)jen. Since suppk, < [—v,7]?

have for all n € Z¢

J ko (z)e 7 dz
R4

ealil = | [ byl
[—y]?

i (5
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Furthermore, for £ € R? it holds

L]

L . o (1) (€ — ) dn| +
nl<lg!

j | Ko ()0 (€ — 1) dn
n=

2 El (5.30)
< max |, ( )’ | Kam|l £t (re ) + max ka,m(@)‘ 64| 1 (et )
l¢1= 4! Ic|> L&l
Since @(f) = i, (7€), it follows
151l 21 (e gy = 1|1 ]l 21 (et - (5.31)

Moreover, due to v = x0 > 1 and a > g we have

90 =7 (1L+ 1eP) ™ (1 + 1) b1 (8))
=" (14 ye?) @ =)0 (1)
<y (1+1¢) 7|1 - a)lg

LY (R4R)

Applying this and (5.31) on (5.30) gives for £ € R?

| Eaml| £ (e 1)

A A 2 o
o (6 <% (14 55 -yl
2 A
+ (o E0) ey

< 7% max{1,m~2} (1+ L3 ) [H (1—A)llg,

L1(R4R)

L1 (R4 R)

N Kaml L1 (R R) + ”¢1HL1(]Rd,R)] .

Thus, by using (5.29) we get for every n € Z¢
|en(kp)| < max{1,m™>} [H(l - A)[a]%ﬂLl(Rd,R)H’%a,mHLl(Rd,R)ﬂLHCElHLl(Rd,R)]

20
- %Y max {1, 27?} (14 n[*)™

For v > x4 we follow that for every n € Z? and 0 < n < |¢,(k,)| we have

1

nf < max{Lm =} {1101 = A)161 | pr o oz + 161 sty |
2
- max {1, fy} 777_%.
T
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Therefore, for v > xd and n > 0 we obtain
#{neZ: |c(ky)| = n} < 27 max{1,m %}

d d
o ~ A~ b 2’)/ _d
) [“(1 - A)[ ]¢1||L1(Rd,R)||k'a,m||L1(Rd,R) + ||¢1||L1(Rd,R)]2 (max {L TT }) Wdﬁ 2e,

For the eigenvalue sequence (S\J) jen of the operator K associated with ky, v = x4, it
thus follows for all j € N that

A < 4° maX{Lm_za} [H(l - A)[a]ﬁbl||L1(1RGZ,IR)||ifoe,m||L1(}Rad,R) + “leHLl(R‘i,R)]

291\ > 2
~<max{1,7}> ey
T
d

By taking (5.28) and (5.26) into account, we finally obtain that for every s e (3, ),
v = x0 and each j € N

N|=

Valleslion < e (wm(—))) max{1,m™"}(2m) "% 2~ max{1, m~~}
B

' [H(l N A)[a]gblHLl(Rd,R)||k7a,m||L1(Rd,R) + ||¢1||L1(Rd,R)] oS Tata,

Qlw

It follows that for every 6 > 0 and each € € (0, § — %) (with s = g + € in the previous
inequality) for every y > max {1, %} there is a constant C' > 0, depending only on
a,m, e, and Yy, such that for every compact subset A = R¢ with cl(int(A)) = A and

diam(A) < 0 and every v = x4, there holds
mueAJHLw(A,R) < CVQ_%_EJ'_%%“, for all j € N.

]

Corollary 5.2.15. Let a kernel function k = ko, be given by a Matérn function with
a > d and let (Ax)nen be a compact exhaustion of R with D € Ay and diam(A;) > 1.
Then, for every e € 0, %—%[ there exists a constant C' > 0 such that for each N € N the
uniform bound Ky NN’ = SUDgep yeny |Z;O:N,+1 Anjen;(z)en;(y)| on the remainder of

the Mercer series of the restriction ky of k to Ax x Ay satisfies
Frn oy < Cdiam(Ay )22 9 N 2G7179 y N e N,

In particular, if e < 5 — 1, the right-hand side converges as —5 +1+¢ <0.
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Proof. Consider the compact operator K : L?*(A,R) — L*(A,R) on a compact set
A c R?, where

Wﬁ@=£mmwwﬁww,fﬂﬂ&wwew,

and where k, ,, is the Matérn kernel with parameters o > £, m > 0. Let € €10, 2 — 1],
9 > land x > max{l, %} Lemma 5.2.14 provides a bound on the eigenvalues {\j ;}jen
and eigenfunctions {es ;}jen of K which holds for diam(A) < § and every v > x° and
is given by

VArjllensliear < Cyom277845%E, e, (5.32)

where € €0, § — 1[, and where the constant C' only depends on a,m, ¢, and x.

Using (5.32) gives

o0 0
renn < Y, sup Pwvaeni(@ena) < D I ANgenllTony g
J=N'+1 reD,yeA N J=N'+1

0

< O2diam(AN)2(a—%—s) Z j—%“+1+2a
j=N'+1

d © 2a

< C*diam(Ay )3 @279 f - T Edy

N/

< C*(20/d — 2 — 2¢) Mdiam(Ay) 2@ s N 2@

Note that the series converges, since —29 + 1 + 2¢ < —1. Redefining C yields the

assertion. O

Now, combining Corollaries 5.2.9 and 5.2.13 provides the second main result of

this chapter.

Theorem 5.2.16. Let the assumption of Theorem 5.2.8 hold and let the smoothing
function k = ko m be given by a Matérn function with o > d. Let 6 := diam(D) and

fix xg € D with D < ¢ + [—g, g]d. For fixed 0 < m < m let

o+1 2
5NZ= +T(g—1> 10gN andAN = I0+[—5N,5N]d,NEN.
2 m \d
Further, we denote with u the solution to (2.15) with random conductivity T o Zy, and
with un N+ the solution associated with random conductivity T'o Zy, ., where ky n is

given by the truncated Mercer expansion of kn on Ay x Ay.
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Then, for every v € (0,2a/d — 2) there is a constant C' > 0 such that
VN eN: ||u — 'U/NJV||Ln((Q7Q[’p)?H1(D7R)) < CN™".

Proof. Let v €]0,2% — 2[ and ¢ €]0,2 — 1[ so that v < 2* — 2 — 2e. Under the

assumption that m € ]0, m[ we define

m = m €10, m[.

(-1

It follows that

Q(Q_1_5>:2<a_1> = 5N:5+1+Ti/<a—1—5)log]\f,

m’ \d m \d 2 d
as well as
cyo 2i=1-¢)
d.(D,Ay) > Tlog]\ﬂ for all N e N,
where d. denotes the Euclidean distance. Furthermore, we have |Ay| = 296%,

diam(A;) > 1, and diam(Ay) = 4/2ddy. Combining Corollaries 5.2.9, 5.2.13 and
Corollary 5.2.15, and abbreviating L'((Q, 2, P), H'(D,R)) by L'(Q, H(D)) we thus

obtain

| —un Nl .m o)) < ||u—un|pi@u 0y + [[un —un || L .m ()
< Cle™ (DAL 4 GIA|C (diam(Ay))? (2 79) N—2(5-1-¢)

[e3

< O'N25179) 4 6020y 2d 60T TIN5 12)

Next, we make use of the fact that for an arbitrary ¢ > 0 there exists a constant
d_ /
C" > 0, depending on 6, «,m, m’, e and &', such that 510\?2 " < C"N¥, for all N € N.

Choosing ¢” such that v + &’ < 2(§ — 1 — ) we therefore get

o A « d—e’—: — o 1
v — un |zt (ap),m (D R) < C'N-HE1) 1 60 2i2d oy TN E )
< C/N72<%flfs)+a’ I ololo /QdN72(%7175)+8’
(c’ + écc’/zd\/w) N~V

which proves the assertion. O
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Remark 5.2.17. (i) By combining Theorem 5.2.8 and Corollary 5.2.9 we obtain
the convergence of the approximated solution for any positive definite kernel
function satisfying the assumptions of Theorem 5.2.8. However, in order to
derive a convergence rate, additional informations on the the remainder ry are

necessary.

(i) As Zyy () = Z;V:1 Anjen,;(z)Z(en,;) only depends on the finite-dimensional
Lévy distribution of (Z(en1), ..., Z(enn)), we can follow out of Theorem 5.2.16
an approximation scheme for u provided by the coefficients from an infinite-
dimensional distribution by un ny obtained from a finite-dimensional distribu-

tions.
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Chapter 6

Conclusion

In this thesis, we presented two applications in different fields of mathematics which
includes randomness in the physical modeling as common denominator. The first work
extended the well-known shape optimization framework [27, 65] into a multi-criteria
setting. We presented conditions for the existence of Pareto optimal solutions and
the completeness of the corresponding Pareto front. Further, we demonstrated this
framework with a simple multi-physics toy model, where we coupled fluid-dynamical
and mechanical systems, motivated by the optimization process of a vane in the
context of gas-turbines. Our choice of cost functionals represented the friction effects
on the surface of the vane exerted by a fluid flowing through the shroud in which the
vane lies, and the integrity of the mechanical component described by the probability
of failure under low cycle fatigue. In multi-criteria optimization, the Pareto front
contains points which are optimal with respect to different preferences of a decision
maker. We investigated if a small variation in the preference parameter leads to a
small variation in the design. As, in fact, the Pareto optimal shape need not be unique,
we studied the convergence behaviour of the sets of optimal shapes of the presented
analytical model in terms of the Hausdorff metric. Considering the weighted sum
method or an e-constraint scalarization, we derived certain continuity properties in
the preference parameter.

At this point it seems natural to consider multi-criteria shape optimization also
from an algorithmic point of view, using the theory of shape derivatives and gradient
based optimization; For a first step towards that direction, see, e.g., [22, 39]. For
the numerical approach of shape optimization, it would be worth to discuss if (a)

the optima of the discretized problem are close to the optima of the continuous
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problem and, if (b) the same holds for shape gradients for non-optimal solutions,
as, e.g., used in multi-criteria descent algorithms. In particular, this should be true
for the objective values of discretized and continuous solutions, respectively. Using
iso-geometric finite elements [35, 48, 113] could potentially be an approach to avoid
spoiling the C*® domain regularity that is built into our framework by the need of
C*e_classical solutions necessary for the evaluation of the objectives in multi-criteria

shape optimization problems like the one presented here.

The second application considered the random diffusion equation and extended
the model of Gaussian diffusion coefficients into its natural generalization of Lévy
type. We comprehensively described the theory of generalized random fields in the
terms of multi-Hilbertian spaces and Minlos’ theorem. We provided continuity con-
ditions for the smoothed random fields, which are sufficient enough to apply them
as diffusion coefficients in equation (2.15). For prospective numerical treatments, we
established integrability results of the Sobolev norm of the random solution to (2.15)
with smoothed Lévy noise field diffusion coefficient, by investigating the decreasing
rate of the probability of the extreme values of Lévy fields. Furthermore, we provided
a two-steps approximation scheme for the random solutions, where the first step is
a cut-off of the random diffusion coefficient to a sufficient large domain and the sec-
ond step is a truncated Mercer expansion of the smoothing kernel of the field. By
applying the same methods of extreme value estimation of Lévy fields, we proved the
convergence of the resulting finite dimensional approximation to the real solution and
provided the corresponding convergence rate. In order to further specify the relevance
of Lévy models, statistical investigations of the actual distribution of, e.g., hydraulic

conductivity in groundwater problems, are necessary.

For further research, it would be of interest to proceed with numerical treat-
ments of the random diffusion equation using the proposed stochastic approximation
scheme. However, since the uncorrelated Lévy random variables (Z(eq),...,Z(e,))
of the finite-dimensional approximation are not necessarly independent, we cannot
apply standard (sparse) tensor quadrature formulae for numerically computing the

expected value of quantities of interest without any modification.

Moreover, in this thesis we only have considered Lévy fields with Poisson part
corresponding to finite activity, i.e. S{|s|<1} |s|v(ds) < co. This allowed us to shift
the compensator term itsly<iy(s) for small jumps in the Lévy characteristic to

the constant b (cf. 3.5.2). For Lévy fields associated to Lévy measures which only
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provides that S{|S|<1} |s|*v(ds) < oo, the presented tail estimates are not applicable.
In addition, it would be of interest to weaken the integrability conditions for the Lévy
measure and allow thicker tails for v(ds) in order to include, e.g., a-stable Lévy fields
with extremely fat tails. Furthermore, random fields with positive paths as, e.g.,
Gamma noises with positive kernel functions k(z), would make the transformation
T'(z) unnecessary and turn the maximum value problem for Zj(z) into a minumum

value problem, which requires a new set of estimates.
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