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Zusammenfassung in deutscher Sprache

In dieser Arbeit behandeln wir die Ito-Formel fiir milde Losungen von stochastis-
chen partiellen Differentialgleichungen (SPDG) bzgl. das Gaufsschen sowie des
Nicht-Gaufschen Rauschens (kompensiertes Poisson-Zufallsmaf). Hierbei be-
trachten wir die Funktionen ¥ € C%2([0,T] x H), wobei ¥ : [0, T] x H — R und
H ein reeller separabler Hilbertraum ist. Wir schreiben zuerst die It6-Formel fiir
die starken Losungen der SPDG auf und leiten daraus die It6-Formel fiir milde
Losungen mit Hilfe der Yosida-Approximationen ab. Dann zeigen wir, wie man
die Techniken fiir die It6-Formel fiir milde Losungen benutzen kann, um Resul-
tate iiber exponentielle Stabilitdt und Exponentially Ultimate Boundedness im
quadratischen Mittel fiir milde Lésungen zu beweisen. Auch bringen wir diese
Ito-Formel in Zusammenhang mit einer It6-Formel fiir milde Lésungen, die von
Ichikawa fiir das Gaufssche Rauschen eingefithrt wurde. Ferner verallgemein-
ern wir die It6-Formel von Ichikawa fiir milde Losungen der SPDG mit Lévy-
Rauschen. Wir zeigen auch, dass die milde It6-Formel von Da Prato, Jentzen
und Rockner, die bisher nur fiir das Gaufische Rauschen gezeigt worden ist, auch
fiir Nicht-Gaufisches Rauschen gilt. Dann geben wir einige Beispiele, auf die wir
unsere Theorie anwenden. Aufserdem untersuchen wir die Stetigkeit und Dif-
ferenzierbarkeit der milden Lésungen beziiglich des Anfangswertes fiir SPDG,
sowohl mit Gaufischem Rauschen als auch mit Nicht-Gaufsschem Rauschen.



Abstract

In this thesis we study the It6 formula for mild solutions of SPDEs with respect
to the Gaussian and non-Gaussian noise (compensated Poisson random mea-
sure). We consider the functions ¥ € C12([0,T] x H), where ¥ : [0,T]x H — R
and H is a real separable Hilbert space. First we write the It6 formula for the
strong solutions of SPDEs, then by Yosida approximation we obtain our It6
formula for mild solutions. Then we show how we can apply the arguments of
our It6 formula for mild solutions for proving the results of exponential stabil-
ity and exponentially ultimate boundedness in the mean square sense for the
mild solutions. We also relate this It6 formula to an It6 formula for mild so-
lutions provided by Ichikawa for the Gaussian noise. We generalize Ichikawa’s
It6 formula for mild solutions to SPDEs with Lévy noise. Then we extend Da
Prato, Jentzen and Rockner’s mild It6 formula for the Gaussian case to the non-
Gaussian case. Then we present a set of examples where we apply our theory.
We also study the continuity and differentiability results of the mild solutions
with respect to the initial condition for SPDEs which contain both Gaussian
and non-Gaussian noise.
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Chapter 1

Introduction

The It6 formula for the strong solutions of SPDEs can be derived similarly as
for the SDEs, see e.g. [16], [28] for the Gaussian case and [23], [22] for the
non-Gaussian case. In [§]; Da Prato, Jentzen and Rockner showed that under
suitable conditions one can obtain a mild It6 formula for the mild solutions of
SPDEs driven by Brownian Motion. They transform the mild solution to a stan-
dard Ito process by using the techniques of [I4], through the works of Nagy [33],
[34], [35]. However this relation between the two processes does not allow us to
study the asymptotics of the solution as done in [24] for the non-Gaussian case
and in [I6] for the Gaussian case. Here, we studied the asymptotic properties
of the mild solutions for both the Gaussian and non-Gaussian noise as appli-
cations of the It6 formula for mild solutions. In [I], our purpose is two fold.
In the first place we obtain through Yosida approximation an It6 formula for
mild solutions to SPDEs driven by Wiener process and general Lévy processes,
which is different from the mild It6 formula of [§]. We also relate this idea to
the original It6 formula for mild solutions provided by Ichikawa in [19], for the
Gaussian case and show its applications in this work.

In Section [2.I] we present required definitions, inequalities, existence and
uniqueness of mild solutions and discuss under what assumptions the mild so-
lution is also a strong solution. In Section we present our results of [I],
where we show how we can approximate the mild solution by a sequence of
strong solutions by using Yosida approximation technique and obtain our It6
formula for mild solutions, for those functions ¥ € C%2([0,T] x H). This is
proved in Theorem [6] ([I]). Then in the next Section we present some
applications of the Ito formula for mild solutions of Theorem [6] to prove the
results of exponential stability and exponentially ultimate boundedness in the
mean square sense of the mild solutions. In [I9], Ichikawa obtained an It6 for-
mula for mild solutions and w.r.t. the Gaussian noise and discussed also how
to relate the generator of a semigroup with the generator of a Markov process.
This will be recalled in Section 2.4l w.r.t. both Gaussian and non-Gaussian
noise. Moreover in [I], we also present an Itd formula for mild solutions fol-
lowing Ichikawa [I9] w.r.t. both Gaussian and non-Gaussian noise, for those
functions ¥ € C%2([0,T] x H) for which the function £¥ can be extended to
a continuous function, where £ denotes the infinitesimal generator of the ho-
mogeneous Markov process {X*(¢),t > 0}. In [I], we also relate the semigroup

7



8 CHAPTER 1. INTRODUCTION

with the operator £, this is presented in Section 2.4 As a consequence we get,
in [1], the Kolmogorov’s backward equation for mild solutions w.r.t. Gaussian
and non-Gaussian noise, this is in Corollary [2| (equation (2.79))). However, in
Ichikawa’s It6 formula for mild soltions, the assumption that- the function £L¥
can be extended to a continuous function, is rather restrictive to study the
stability theory of Lyapunov functions. So, following Ichikawa’s result for the
Gaussian case, in [I], we introduce Corollary {4 which is useful in applications
since continuous extension of the function LW is not required. In Corollary 4] we
assume that the function £¥(z) < U(z), where U(z) is a continuous function.
As a result we obtain an inequality instead of an Ito6 formula but we can also
apply the Ito6 formula of Theorem |§| for those functions, where LU (z) is con-
trolled by a continuous function U (z). This allows us to study the exponential
stability in the mean square sense of the solution (this is explained through the
last example). In [I], we are able to obtain Da Prato, Jentzen and Réckner’s
mild It6 formula, but w.r.t. the non-Gaussian noise, this is presented in Section
Here we used the transformation of [I4]. In [I], we also present a set of
examples where we apply our theory. These examples are presented here in
Section 2.6l Through some of these examples, we also relate our It6 formula for
mild solutions with that of Ichikawa’s.

In Chapter |3 we study the continuity and differentiability results of the
mild solutions with respect to the initial condition for SPDEs which contain
both Gaussian and non-Gaussian noise. These results are also shown in [22], [2]
for the non-Gaussian case and in [16], [9] for the Gaussian case seperately. We
unify these results.

In Chapter (Appendix), we write the explanation of- how we can write the
It6 formula for strong solutions w.r.t. both Gaussian and non-Gaussian noise.



Chapter 2

The It6 formula for mild
solutions

2.1 Preliminaries

The contents of this Chapter is mainly from our paper, [I]. First we introduce
some basic definations and ideas, which are related to our thesis. We will start
our discussions with Semigroup theory and Abstract Cauchy problem, and how
they are inter-related (for details, see [16], [12]).

Definition 1. A family S(t) € L(X), t > 0, of bounded linear operators on a
Banach space X is called a strongly continuous semigroup (or a Cy-semigroup)
if

(51) 8(0) = 1,

(S2) (Semigroup property) S(t+ s) = S(t)S(s) for everyt,s >0,

(S8) (Strong continuity property) lim,_,o+ S(t)x = x for every x € X.

Let S(t) be a Cy-semigroup on a Banach space X. Then there exist con-
stants o > 0 and M > 1 such that [|S(2)||z(x) < Me®*, t > 0.

If M =1, then S(¢) is called a pseudo-contraction semigroup. If o = 0, then
S(t) is called uniformly bounded, and if « = 0 and M =1 (i.e. ||S(t)|/zx) < 1),
then S(t) is called a semigroup of contractions.

For any Cy-semigroup S(t¢) and arbitrary « € X, the mapping t — S(t)z €
X, t e Ry, is continuous.

Definition 2. Let S(t) be a Cy-semigroup on a Banach space X. The linear
operator A with domain

D(A) :={r € X : lim Ste — exists}
t—0+
defined by
Ap = lim ST
t—0+ t

is called the infinitesimal generator of the semigroup S(t).

9



10 CHAPTER 2. THE ITO FORMULA FOR MILD SOLUTIONS

A semigroup S(t) is called uniformly continuous if lim;_,o+ ||S(t) —I|z(x) =
0. A linear operator A is the infinitesimal generator of a uniformly continuous
semigroup S(t) on a Banach space X iff A € £(X). We have S(t) = e!4 =

o (tA)™ . .
> o 1 the series convergeing in norm for every ¢ > 0.

We will however be mostly interested in the case where A ¢ L(X).

Let A be an infinitesimal generator of a Cp-semigroup S(¢) on a Banach
space X. Then the following properties hold-
i) For z € X, limp_0 + ftHh S(t)xds = S(t)x.
ii) For z € D(A), S(t)z € D(A) and & S(t)x = AS(t)x = S(t)Ax.
iii) For z € X, fot S(s)xds € D(A), and Af(;5 S(s)xds = S(t)x — z. If 2 € D(A)
then fg S(s)Axds = S(t)x — x.
iv) For z € D(A), S(t)xz — S(s)z = f; S(u)Azxdu = f: AS(u)zdu.
v) D(A) is dense in X, and A is a closed linear operator.

Definition 3. The resolvent set p(A) of a closed linear operator A on a Banach
space X is the set of all compler numbers A for which A\ — A has a bounded
inverse, i.e., the operator (\I — A)™' € L(X). The family of bounded linear
operators

R(AvA) = (>‘I - A)717 A€ p(A),
is called the resolvent of A.

We note that R(A, A) is a one-to-one transformation of X onto D(A), i.e.,

(M —-—ARNAzx=2, zclX,
RN A)YN — Az =2z, zeD(A).

In particular, if © € D(A) then AR\, A)x = R(\, A) Ax.

Let S(t) be a Cy-semigroup with infinitesimal generator A on a Banach space
X. If ap = limy—yo0 1 I [|S(2) || £(x), then any real number A > aq belongs to
the resolvent set p(A), and R(\, A)z = [° e *S(t)xdt, z € X. Furthermore,
for each x € X, limy_,c0 [|AR(A, A)z — z||x = 0.

Theorem 1. (Hille-Yosida) Let A : D(A) C X — X be a linear operator on a
Banach space X. Necessary and sufficient conditions for A to generate a Cop-
semigroup S(t) are

(1) A is closed and D(A) = X.

(2) There exist real numbers M and « such that for every A > a, A € p(A) (the
resolvent set) and ||(R(N, A))"[|zx) < M(A—a)7", forr = 1,2,---. In this
case, ||S(t)|lz(x) < Me™, t > 0.

We will now introduce Yosida approximation of an operator A and of the
Co-semigroup it generates. For A € p(A), consider the family of operators

Ry = AR(\, A).
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Since the range R(R(X\, A)) C D(A), we can define the Yosida approxzimation of
A by

Ayx = AR)z, z € X
Ayr = R)\Al’, S D(A)

Let Sx(t) denote the (uniformly continuous) semigroup generated by Ay,
S\(t)x =eMr, zeX.

Theorem 2. (Yosida Approximation) Let A be an infinitesimal generator of a
Co-semigroup S(t) on a Banach space X. Then

lim Ryz =2z, z € X;

A—00

lim Ayz = Az, z € D(A);
A—00
lim Sy(t)z = S(t)x, z€ X.

A—00

The convergence in the last eq. i.e. limy_ oo Sx(t)x = S(t)x, for x € X, is
uniform on compact subsets of R,.. The following estimate holds:

[Sx(&) || c(x) < M exp{tha/(A — a)}
with the constants M, o determined by the Hille-Yosida theorem.

Abstract Cauchy Problem

Basically we can see the semigroups as a solution to PDEs. Let A be a linear
operator on a real separable Hilbert space H. Let us consider the abstract
Cauchy problem given by

wt) — Ay(t), 0<t<T
{ dt U/( )7 < < (21)

u(0) =z, r € H.

Definition 4. A function w : [0,T[:— H is a (classical) solution of the problem
(2.1) on [0, T if u is continuous on [0, T[, continuously differentiable and u(t) €
D(A) fort € [0,T], and (2.1) is satisfied on [0,T7.

If A is an infintesimal generator of a Cy semigroup {S(t),t > 0}, then for
any « € D(A), the function u*(t) = S(¢)x, t > 0, is a solution of (2.1).

If © ¢ D(A), then u”(t) = S(t)z is not a solution in the usual sense, but it
can be viewed as a “generalized solution”, which will be called a “mild solution”.
Infact, the concept of mild solutions can be introduced to study the following
nonhomogeneous initial-value problem:

{dz;(tt) = Au(t)+ f(t), 0<t<T (2.2)

u(0) =z, x € H,

where f:[0,T[— H.
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Definition 5. Let A be an infintesimal generator of a Cy semigroup S(t) on
H,z € H and f € L'([0,T), H) be the space of Bochner-integrable functions on
[0,T] with values in H. The function u € C([0,T], H) given by

W t) = St + /Ot S(t—s)f(s)ds, 0<t<T,

is the mild solution of the initial-value problem (2.2) on [0,T].

Note that for z € H and f = 0, the mild solution is S(¢)x, which is not in
general a classical solution.

Now we will discuss about Hilbert space valued Wiener process (for details,
see [16], [9]).

We assume that a filtered probability space (2, F, (Fi)t>0, P), satisfying the
“usual hypothesis”, is given by:
(i) F contains all null sets of F, for all ¢ s.t. 0 <t < 0.
(ii) F; = F,", where F;' = Ny=¢Fu, for all £ s.t. 0 < ¢ < oo, i.e. the filtrartion
is right continuous.
(iii) the filtration Fy is independent of (F;)¢so.

First we define K-valued Gaussian random variable, where K is a real sep-
arable Hilbert space. Let £1(K) be the space of trace-class operators on K,

L1(K)={L e L(K): (L) := tr((LL*)"/?) < o0},

where the trace of the operator [L] = (LL*)'/? is defined by
tr((L]) =D (LS. £) i
j=1
for an ONB {f;}52; C K. tr([L]) is independent of the choice of ONB and

L1(K) is equipped with the trace norm 7 is a Banach space. Let @ : K — K
be a symmetric nonnegative definite trace-class operator.

Assume that X : K — L?(Q, F, P) satisfies the following conditions:
(1) The mapping X is linear.
(2) For an arbitrary k € K, X (k) is a Gaussian random variable with mean
zZero

(3) l‘:‘or arbitrary k, k' € K, E(X (k)X (k")) = (Qk, k) k.

Let {f;}32; be an ONB in K diagonalizing (), and let the eigenvalues cor-
responding to the eigenvectors f; be denoted by A;, so that Qf; = \;f;. We
define

o0

X(w)=> X(f)w)f;. (2.3)

Jj=1

Since Z;’;l A\;j < oo, the series converges in L?*(Q, F, P) and hence P-a.s.. In
this case, P-a.s.

(X(w), k) = X(k)(w),
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so that X : Q — K is F/B(K)-measurable, where B(K) denotes the Borel o-
field on K. We can show that, (2.3), converges in L?(€2, F, P) in the following
way

B[ X (w)lx] = HZXf] )ill%]

E(X(f;)(w))* [by Parseval’s identity]

thg

.
Il
-

M

<Qf;7fg> [since, BE(X (k)X (k') = (Qk, k') k]

.
Il

Aj < oo. [since, @ is trace-class operator]

~
Il
—

&

Definition 6. We call X : Q — K defined above a K -valued Gaussian random
variable with covariance ().

Definition 7. Let Q be a nonnegative definite symmetric trace-class operator
on a separable Hilbert space K, {f;}52, be an ONB in K diagonalizing Q, and
let the corresponding eigenvalues be {)\ 1321 Let {w;j(t)}is0, j = 1,2,--, be
a sequence of independent Brownian motions defined on (2, F, {]:t}t,P). The
process

Wi =" N w8 f; (2.4)
j=1

is called a Q- Wiener process in K.

We can show that, how (2.4)) is connected to (2.3]), by an identification of
the coefficients via the covariance operator (). Let

oo
Wi =Y cjw;(t)f;
j=1
Now for the covariance matrix @, when ¢ = j

El(ejw;(£)*) = (Elejw; (D)) = &5 Bl(w; (£))*] — ¢ (Elw; (t)])?
= C?t -0= c?t.

Since w;(t) is a Brownian motion Elw;(t)] =0 and E[w3(t)] = t.
When i # j, then

Eleyw;(t)ejw;(t)] — Eleiwi (1) Elcjw; ()] = cicj Elwi(t)| E[w;(t)] — cicj Elw; ()] Elw; ()]
=0.

Since w;(t) and w;(t) are independent Brownian motion.
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Since @ is the covariance matrix, symmetric nonnegative definite, diagonal-
izable and \; are the eigenvalues, therefore

ct—)\t:>cj—)\1/2

Therefore,
oo
W, = Z A}/zwj (t)fj.
j=1

Now we will give a brief introduction about Itd integral w.r.t. Jump process
(for details, see [22], [23]). Let (2, F, (Fi)i>0, P) be a filtered probability space
satisfying the usual hypothesis. Let (F,||.||) denote a separable Banach space.
Suppose (E, £) be a measurable space which we assume to be a Blackwell space,
for example every Polish space with its Borel o-field is a Blackwell space. Let
N be a time-homogeneous Poisson random measure on R, x E. Then its
compensator is v(dt,dx) = dtS(dx), where 8 is a o-finite measure on (E, ).
q(dt,dz) := N(dt,dz) — v(dt,dz) is the associated compensated Poisson ran-
dom measure (cPrm). We fix an arbitrary T' € Ry. Let us consider the set of
progressively measurable functions on the time interval [0, 77, i.e.

MT(E/F) :={f:Qx[0,T] x E— F: fis B[0,T] ® £ ® Fr — measurable and
f(t,z) is Fz — measurable for all ¢ € [0,T] and = € E}.

We define
T
MT2(E/F) = {f € MT(E/F): / /E B[ £(t,2) |2)u(dt, d) < oo},

Definition 8. A function f € MT(E/F) belongs to the set >, (E/F) of simple
functions, if there exist n,m € N such that

n—1

= Z Z Ly, N z)1p, ’II'(tk tk+1](t)a’k,lv

k=11=1

where B(Ag,;) < oo, t € (0,T], tx < tit1, Fry € Fuy, ax,y € F, and for all
kel,--- ,n—1 wehave Ap, X F1, N Ak, X Fry, =0 ifly # .

The set Y ,.(E/F) of simple functions is dense in the Banach space M,[*?(E/F)

with norm
1]l = \/ / /E E[|1£(t, u)||2]w(dt, dz).

The It6 integral of simple functions is defined as usual pathwise in a very natural
way, for f € Y . (E/F)

n—1 m

T
/0 Af(t, ac)q(dt, dx) = Z Zak ZILF;C ,q tk7tk+1] (O,T] X Ak,l N A)

k=1 1=1
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Let M2 (F) be the linear space of all F-valued square integrable martingales
M = (My)iefo,r] with norm

1M ez, = (B[ Mz [*])2.

The It6 integral for functions f € MI?(E/F) is well defined, if the linear
operator

SO(B/F) = M2(F), f'—><//fsx (ds dx))tem (2.5)

T

can be uniquely extended to a continuous linear operator

MI2(E/F) — MA(F), f»—)(//fsx (ds dx))te[OT]. (2.6)

In particular, for all f € MI"?(E/F) there is sequence (f,)nen C Y. (E/F)
s.t. limy, oo ||f — full2 = 0 and

T
lim E [n | [t —fn<s,x>>q<ds,dx>||2] —o.

Let, K%ﬁ(E/F) denotes the linear space of all progressively measurable f €
MT(E/F) such that

P ( / ' 1) Pasian) < oo> —1

If (2.6)) is well defined, then the definition of the It6 integral can be extended to
all f e K7 4(E/F). Forall fe K7 4(E/F) we define the sequence of stopping
times

=inf {t € [0,7]: /0 /E |f(s,x)||?dsB(dx) > n}, neN.

Note that fly . € M*(E/F) for all n € N. Hence, we can define the Ito
integral

//fsx (ds, dx) —nh_{rolo//fsx]l[oT q(ds,dx), t€0,T]

which is a local martingale.

Now, we gradually proceed towards our main results of this Chapter. Let
K and H be real separable Hilbert spaces. Let (H\ {0},B(H\{0}),5) be a
o-finite measurable space, with B(H\ {0}) denoting the Borel sets of H\ {0}
and 3 a positive measure on B(H\ {0}) with

| el n 1)) < o0
H\{0}
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We refer to this as a Lévy measure on H\ {0}.

We shall denote the compensated Poisson random measure (cPrm) by g(ds, du) :=
N(ds,du)(w) — dsfB(du) on a filtered probability space (Q, F,{F;},.p,P) sat-
isfying the usual hypothesis. ds denotes the Lebesgue measure on B(R,) and
N(ds,du)(w) is a Poisson distributed o-finite measure on the o-algebra B(R, H\ {0}),
generated by the product semiring B(R.) x B(H\ {0}) of the Borel o-algebra
B(R ) and the trace borel o-algebra B(H\ {0}). Then E(q(AxB))? = B(A)A\(B),
for any A € B(H\{0}), B € B(R;), 0 ¢ A, \(B) is the Lebesgue measure of B.

(For more details we refer section 1 of [2]).

The definition of stochastic integral with respect to compensated Poisson
random measure and their properties are given in, e.g. [3], [22], [2], [4], [29],
[30], [20], [32].

Consider the following stochastic partial differential equation with values in
H,

dX(t) = (AX(t)+ F(X(t)))dt + B(X (t))dW; + /H\{O} fv, X (¢))q(dv, dt);

X(0) =€ (2.7)

Where ¢ is an Fp-measurable random variable. We assume that, the terms in
(2.7) satisfy the following conditions:

(A1) A is the infinitesimal generator of a pseudo-contraction semigroup
{S(t),t > 0} on H. This means in particular that there exists a constant
a € Ry st ||S@)] < et

(A2) (W)>0 is a K-valued F;-Wiener process with covariance @ on a com-
plete filtered probability space (Q, F, {ft}th ,P) satisfying the usual hypoth-

esis, where ) is a nonnegative definite symmetric trace-class operator on the
real separable Hilbert space K. ¢(ds,du) := N(ds,du)(w) — dsB(du) is a com-
pensated Poisson random measure (cPrm) on a complete filtered probability

space (Q,]—", {Fetier s P) satisfying the usual hypothesis. (W});>0 is assumed
to be independent of cPrm ¢(dv, dt).

(A3) F: H—~ H,B:H — L(K,H), f: H\{0} x H — H are continuous,
and Bochner measurable functions satisfying:

|F ()7 + tr(B(z)QB* (z)) + / ILf (v, 2) |15 Bldv) < 11+ ||z|l7);
H\{0}
and

|7 (@) = F(y)|; +tr((B(z) - Bw)Q(B(z) - B(y))")
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Jr/H\{O} 1 (w,2) = £(v,9)|3,8(dv) < Kllw =yl

for all x,y € H. Where [, K are positive constants.

Let L(K, H) be the space of all linear bounded operators from K to H. Let
{f; }joil be an ONB in K diagonailizing @) and let the corresponding eigenvalues

be {)\j};‘;l. (For more details we refer to Section 2.1.2 of Chapter 2 of [16]).
The space Kqg = Q'/?K equipped with the scalar product

o0

(1, 0) 10 = 3 5 {1 Fi) i (0 S

j=1"7

is a separable Hilbert space with an ONB {/\;/ij}oo .
j=1

L2(Kq, H) is the space of Hilbert-Schmidt operators from Kg to H. If

{ej};il is an ONB in H, then the Hilbert -Schimdt norm of an operator L €

L2(Kq, H) is given by,

© 2
2 _ 1/2 )
1L g = D (L f)er)

Jyi=1
= 1/2 2
= Z <LQ fjaei>H
J,e=1

[

Lo(K,H)
= tr((LQ'?)(LQ?)").
The scalar product between two operators L, M € Lo(Kg, H) is defined by,
(L M) £, (g 1) = tr((LQY2)(MQY?)").

Since the Hilbert spaces K¢ and H are separable, then the space Lo(Kq, H) is
also separable.

Let L € L(K, H). If k € K, then

k=3 (e A0), N

Jj=1

and L, considered as an operator norm from Kg to H, defined as
o - 1/2 4 /27,
k=Y <k,)\j fj>KQ ALy,
j=1

has a finite Hilbert-Schmidt norm. (For more details we refer section 2.2 of
chapter 2 of [16], Chapter 4 of [9], or [27]).
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Let Ao(Kq, H) be the class of Lo(Kg, H) valued measurable processes as
mapping from ([0, 7] xQ, B([0,T])®F) to (L2(Kq, H),B(L2(Kq, H))), adapted
to the filtration {7}, ,, and satisfying the condition

T 2
B[ 16012, g ] < o

A2 (K, H) when equipped with the norm

. 1/2
19, = (E[ | 1601 dt]) 7

is a Hilbert space.

Definition 9. A stochastic process {X(t),t > 0} is called a mild solution of
in [0,T], if for allt <T
(i) X (t) is Fi-adapted on the filtered probability space (Q, F, {]:t}th ,P),

iy o T
(i) {X (t),t > 0} is jointly measurable and [ E[||X(t)HiI]dt < 00,
(iii)

¢

X(t)=S(t)¢ +/0 S(t—s)F(X(s))ds +/ S(t—s)B(X(s))dWs

0
+/0 /H\{o} S(t = s)f (v, X(s))g(dv, ds)

holds in [0,T] a.s..

Definition 10. A stochastic process {X (t),t > 0} is called a strong solution of
in [0,T], if for allt <T

(i) X (t) is Fi-adapted on the filtered probability space (Q, F,{Fi},c7,P),

(i1) X (t) is cadlag with probability one, -

(iii) X(t) € D(A), dt © AP a.e., [; |AX (1), dt < oo P as.,

(iv)

X(t)=¢ +/0 (AX(s) + F(X(s)))ds +/O B(X(s))dWj

—|—/0 /H\{O} fu, X (s))q(dv,ds)
holds in [0,T] a.s..
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Lemma 1. Let L2 B(H) be the space s.t. LTB = {p: (H\{0}) x [0,T] x
Q — H, such that <p 15 jointly measurable and .7-} adapted for all v € H\{O}

t € [0,T] with E| fo S0y (v, )||3; B(dv)dt] < oo}

a) Let B(s) € Ay(Kqg,H) with E[L)T HB(S)HZQ(KQ’H)CZS] < oo. Then for any

stopping time T, there exists a constant C1, depending on a, T s.t.

TNAT 9
/0 ||B(5)||52(KQ7H)dS] :

b) Let ¢ € LQT,ﬁ(H) and 7 be a stopping time. Then, there exists a constant Cs,
depending on o, T s.t.

sup // S(t— s)e(v,s) dvdsHH]
0<t<TAT H\{0}

TNAT
[ et ﬂ(dv)ds] .
0 H\{0}

Proof. For the proof of the first inequality we refer Lemma 3.3(b) of [16]. And
for the second inequality we refer Lemma 5.1.9(1) of [22], [5].

E{ sup ||/Ot5(ts)B(s)dW9||iJ <C\E

0<t<TAT

< CyE

O

Let
1(t.€(t)) = / S(t — s)F(E(s))ds + / S(t— $)B(EE)AW,  (2.8)

+/O /H\{O} S(t —5)f(v,€(5))a(dv, ds).

Lemma 2. Let {S(t),t > 0} be a pseudo-contraction semigroup. Assume that
Elsupgc <7 1E(s)||5] < oo and the coefficients F, B, f satisfy (A1), (A2),
(A3). Then for any stopping time T

B[ sw ssol] < i+ /OtE[ sup [lewl3lds).

0<s<tAT 0<u<sAT

where C3 is a constant depending on o, T and l. 1(s,£(s)) is defined in (2.8).

Proof. Here we followed the proof of, Lemma 3.4 of [16] and Theorem 5.2.1 of
[22].
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2

2
sup [[1(s,&(s))[y <2 sup
0<s<tAT 0<s<tAT

/Ss—u ))dsH

/ S(s — u)B(E(u))dW,

2

+2 sup
0<s<tAT

H

/ /H\{o} s —u) f(v,&(u))g(dv, du) 2

H

sup
O<s<t/\'r

Now from (A3) we can write

/S’s—u (u))ds

2 s
<E swp ICus / (1+ sup [[€0)]*)du
0

0<s<tAT 0<r<u

sup
0<s<tAT

H

t
< Cors (t+ E suw IIE(U)||2d8>~

0 0<u<sAT

From Lemma [I] and (A3) we can write

2

E | sup

0<s<tAT

tAT
< Cu E / |B(&(s))|? ds

/O S5 — u)B(E(w)dW,

H

<E sup lC’a,t/ (1+ sup [|€(r)]*)du
0

0<s<tAT 0<r<u

t
< Cors (t+ [B_suw ||5<u>||2ds).
0

0<u<sAT

|

Again from Lemma [If and (A3) we write

/ /H\{O} s — ) f (v, E(u))g(dv, du)

< ColE / ' / 1£(0, (5D Bldo)ds

sup
0<s<tAT

<E sup ICa / L+ sup [€r)]*)du

0<s<tAT

< Cors (t+ / E suw ||€(U>||2d8)-
0

0<u<sAT

Now combining the last 3 inequalities we get our desired inequality. O

Lemma 3. Let {S(t),t > 0} be a pseudo-contraction semigroup. Assume that
Elsupgc,<r [E(s)|7] < oo and the coefficients F, B, f satisfy (A1), (A2),
(A3). Then

E | sup III(&&(S))—1(57&(8))”?[} <Ci ; E[ sup [€1(u) = &o(u)|5]ds

0<s<t 0<u<s
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where Cy is a constant depending on o, T and K. I(s,£(s)) is defined in (2.8).

Proof. Here we followed the proof of, Lemma 3.5 of [16] and Lemma 5.2.2 of [22].

E <Os<1;1<)t 1 1(s,&1(5)) — 1(5752(5))”?{)

2

<28 swp | [0~ u)(Flus & (w) — Flu ()i
o<s<t ||Jo
s 2
+9F sup /S(s—u)(B(u7§1(u))—B(u,fg(u)))qu
0<s<t 0
28 sup. / /H o S U000 — T (0wl )
Now by (A3)
s 2
E sup / S(s — u)(F(u, € (w)) — F(u, &(u)))du
o<s<t ||Jo
< KCoxE sup / sup [1€(r) — & ()| du
0<s<tJo 0<r<u

t
=Carx | B sup [l&(v) - Ea(w)]” ds.

0<u<s

From Lemma |l| and (A3)

2

E sup
0<s<t

< ConE / 1B(u, & (w) — B, ()| du

/0 (s — ) (B(u, £2(u)) — Blu, &(u)))dW,

t
< Corx / E sup (& (u) — &(u)|] ds.

0<u<s

Again from Lemma [l and (A3)

2

E s
0<s<t

< CurE / /H o 17060000 = 0, 2 B

/ / S(s — w)(F (v, &1(w)) — £(0, &2(w)))q(dv, du)
H\{0}

SCa,T,ic 5 sup [|&1(u) — & (u)||* ds.

0<u<s

Now combining the last 3 inequalities we get our desired inequality. O
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2.1.1 Existence and uniqueness of the mild solutions

Let (D[0,T],H) be the space of cadlag functions defined on [0,7] and with
values in H, with the sup norm ||.|| = sup,cjo.zy [|-| ;- Let H3 denote the
space of (D[0,T], H)-valued random processes £(t), which are jointly measur-

able, adapted to the filtration {F¢},c (o 7}, With E[supgc,<r [€(s)]1%] < co. The
space H1', equipped with the norm [ X3z = (Elsupgcs<r ||X(5)||i,])1/2 is a

Banach space (see Section 4.1 of [22]).

Theorem 3. Let the coefficients F', B, f satisfy (A1), (A2), (A3); let {S(t),t >

0} be a pseudo-contraction semigroup generated by A and assume that E[||X(O)||§{] <
oo. Then equation has a unique mild solution X (t) € (D[0,T], H) satisfy-
ing E[supg<s<r HX(S)H?{] < 00, i.e. the mild solution is in HI .

Proof. Here we followed the proof of, Theorem 3.3 of [16] and Theorem 3.3 of [2].

We have E ||X(0)Hi1 < oo. Let, I(t,X) be defined similarly as (2.8)), and
consider I(X)(t) = I(t,X). Then by Lemma |2, I : HI — HI. The solution
can be approximated by the following sequence:

Xo(t) = 5(t)X(0),
Xpi1(t) = SOX(0) + I(t, X)),  n=0,1,-

I
N

Indeed, let v, (t) = Esupgcg<; [[Xnt1(s) — Xn(s)||§{ Then from previous
Lemma [2| we have a constant V, ; r s.t.

w(t) =E sup [[X1(s) — Xo(s)| 5 < Vaur
0<s<t

Similarly by Lemma [3] there exists a constant Cy, i 7 .t.

v (t) =B sup || Xa(s) — Xi(s)| 5 = E sup |[I(s,X1) — I(s, Xo)| %
0<s<t 0<s<t

t
< Corr / E sup [X1(u) — Xo(u)||% ds
0

0<u<s
< Cqrx1rVa,rt.
And in general,

Va,l,T(Ca,K:,Tt)n
n! '

t
vn(t) < Ca,ic,T/ Up—1(8)ds <
0

Let

- (Va,l,T(Ca,IC,TT)n>1/3
" n! ’

Then by applying Chebychev’s inequality we get
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Vau,7(Cax,7T)"

P(sup [ Xpi1(t) — Xn(®)]ly > €n) < o 75 = €n-
0<t<T (Va,l,T(Ca,Kj,TT)n)
n!

Because )7 | €, < 00, by the Borel-Cantelli lemma, supg< ;<7 | Xn41(t) — X5 ()| 5 <
€, P-a.s.. Thus, the series

o0

D sup [ Xnpa () = Xu(t)ll 4
0<t<T

n=1

converges P-a.s., showing that X, converges to some X a.s. in (D[0,T], H).

Moreover

E sup [|X(t) — X, (t)l[5; = E lim  sup || Xnpm(t) — Xn(t)||

0<t<T m—00 0<t<T
n+m—1 2
=F lim sup Xpy1(t) — Xi(t
Jim g |30 () = X))

n+m—1 2
< E lim ( > SUET||Xk+1(t)Xk(t)HH>

m— o0 o<t
k=n =

m—r oo

n+m—1 2
. 1
= lim E( > suETHXkH(t)—Xk(t)||Hkk>

k=n 0=t
(o9} (.¢] 1
< sup || Xpr1(t) — Xi(®)|% k2 — 1.
g;oggukﬁu k() Z;W

This converges to 0 as n — oo, because the second series converges and

k
the first series is bounded by: Y ;2 wvi(H)k? < Yoo Wki?’cmﬁ —
0 as n — oo. Therefore X, (t) converges to X(¢) in H%, as n — oo and

Esupo<s<T ||X(5)||§1 < 0.

Now, we will prove the uniqueness. Suppose X (¢) and Y (¢) are two solutions.
Let

0y =E sup | X(s) = Y(s)|% -

0<s<t
Then by the similar calculation as above, we get
t
¥y < Ca,IC,T Veds
0

and by induction
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Uy

IN

Cosert)"
(Corert)" . " g sup [|X(s) = Y(s)|% =0
n: 0<s<T

when n — oo, i.e. ¥, = 0; for all ¢ € [0, 7.

2.1.2 When a mild solution is a strong solution

Theorem 4. Suppose,

(a) S(t) is a pseudo-contraction semigroup, & € D(A), S(t —r)F(y) € D(A),
St —r)B(y) € D(A), S(t —r)f(v,y) € D(A);

X(t) e D(A) dt ®dP a.e., forr <t,y € H and v € H\ {0}.

(b)

T
B [ B O, gy < .

and

T T
/ / / E| £ (0, X (s))|[38(dv)dsdt < oo,
o Jo Jm\{0}

(c)
[AS(E = r)FW)llg < g1(t =)L+ lyllg);

with g1 € L1(0,T) and
[AS(t =) By < g2(t = 7)1+ [yl )
with go € LQ(O,T),
(d)
/ IAS(t =) f(v,9)[” B(dv) < gs(t —r) (1 + [[yl3,);
H\{0}

with g3 € L1(0,T).
Then any mild solution of (if it exists) is a strong solution.

Proof. Here we follow the methods provided in [I8] and [24]. In [I§] it is done
for the Gaussian case and in [24] it is done for non-Gaussian case.

From the definition of mild solution we have,

X(s) =S(s)§+ /OS S(s —r)F(X(r))dr + /Os S(s —r)B(X(r))dW,

+~/O /H\{o} S(s=r)f(v,X(r))a(dv,dr).
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From the assumptions we can write,

/ " AX (s)ds = /0 " AS(s)eds + /0 t /O " AS(s — r)F(X (r)drds + /0 t /0 " AS(s — r)B(X (1)) AW, ds

0

- /Ot /0 /H\ oy A58 =M@ X ()l dr)ds.

Since, we know
/ot /OS (s —r)g(r)drds = /Ot /Ot f(s—=7)g(r)x0,5(r)drds
= /Ot /Otf(s —7)g(r)X0,5)(r)dsdr
= /Ot /O t f(s =1)g(r)X[r(s)dsdr

:/Ot /:f(s—r)g(r)dsdr.

And, by the given conditions we have

T rt
/0 /0 |AS(t —r)F(X(r))|| drdt < oo

with probability one,

/OT /o |AS(t = ) B(X ()| drdt < o

with probability one and

T t
/ // EAS( — 1) f(v, X(r)|2 B(dv)drdt < o
0 0 JH\{0}

with probability one. Hence, by applying Fubini theorem we get,

/O " AX (s)ds = /0 " AS(s)eds + /0 t / " AS(s — I F(X(r)dsdr + /0 t / " AS(s — 1) B(X (r))dsd ¥,

’ /Ot /H\{o} [ AS(s =) f(v, X (r))dsq(dv, dr).

(For stochastic Fubini theorem we refer theorem (2.8) of [16] and theorem (3.1)
of [24]). Now we apply the formula,

/0 AS(s)eds = S(HE — &;
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when & € D(A). Hence AX (t) is integrable with probability one and

/ AX (s)ds = S(£)€ — € + / S(t — r)F(X (r))dr — / F(X(r))dr
0 0 0

+/0 S(t—r)B(X(r))dWr—/O B(X(r))dW,

—i—/o /H\{O} S(t—r)f(v,X(r))q(dv,dr) —/0 /H\{o} f(v, X(r))q(dv, dr).

Hence

/OAX(r)dT:X(t)fff/O F(X(r))drf/o B(X(r))dW,

_/Ot /H\{O}f(uX(r))q(dv,d?“).

Therefore

X(t):§+/0 AX(r)dr+/O F(X(r))dr+/0 B(X(r))dW,

t
s [ ] Xt
0 JH\{0}
By Definition {X(t),t > 0} is a strong solution of equation (2.7). O

2.2 Main Theorems

Now we consider the approximating system of equation ([2.7)),

dX () = (AX(t) + RoF(X (£)))dt + RuB(X (£))dW; + /H - R f(v, X (1))q(dv, dt);

X(0) = £ € D(A). (2.9)

Here A generates a pseudo-contraction semigroup. Let R(n, A) = (nI—A)~!
denote the resolvent of A evaluted at n where R,, = nR(n,A), with n € p(A)
the resolvent set of A. We have R,, : H — D(A) and A,, = AR,, are the Yosida
approximations of A (see Chapter 1 of [16]). We assume that F, B, f satisfy
conditions (A1), (A2), (A3).

By applying Theorem (3| we can conclude that equation (2.9) has a unique
mild solution, denoted by X§(¢). Then

XS(t) = S(t)e+ /Ot S(t — s)R,F(X5(s))ds + /Ot S(t — s)R,B(X5(s))dW,
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t - v, X5(s v, ds). _
+/0 /H\{o} S(t = s) R f(v, X5(s))q(dv, ds) (2.10)

Since the range R(R(n, A)) C D(A) (see Chapter 1 of [16]) and the condi-
tions of Theorem W] are satisfied, therefore we can conclude that X§(t) € D(A)
is also a strong solution.

Now we are in a position to approximate the mild solution of equation (2.7)
with respect to the strong solutions of equation (2.9). The mild solution of
equation (2.7), say X¢(t), satisfies

XE(t) = S()E + tS(t — ) F(XE(s))ds + / t S(t — s)B(XE(s))dW,

t — ) f(v,X5(s v,ds). )
w0 [ S 9 XSt (211)

2.2.1 Approximating a mild solution by the strong solu-
tions

Theorem 5. Let S(t) be the pseudo-contraction semigroup and the coefficients
F, B, f satisfy (A1), (A2), (A3). The stochastic partial differential equation
has a unique strong solution {X§(t),t > 0} in D([0,T], L2((Q, F, P),H)
for T finite and

lim E | sup [|X5(t) X5(t){|2] =0, (2.12)

n— oo 0<t<T
where {X¢(t),t > 0} is the mild solution of equation .

Proof. We proved this result in [I].

In Theorem |3| we have already proved that there exists a unique solution
of 2.9) in D([0,T), L2((22, F, P), H) and by Theorem [ this is also a strong
solution. Now we will prove ([2.12)).

2
E sup ||X5(t)— X ()],
0<t<T

=8 sup | [ S(t - s)(RF(XS(s)) - FOX(s))ds
o<t<T " Jo

+ / S(t — 5)(RaB(XE(s)) — B(XE(s)))dW,

t . v. XE(s)) — Flv. XE(s v. ds 2
+/0 /H\{O} S(t — s)(Raf(v, X5(s)) — f(v, X5(s)))a(dv, ds) ||,
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= EoiltlET I /0 S(t — s)Rn(F(X5(s)) — F(X%(s)))ds + /O S(t — s)(R, — I)F(X5(s))ds

+/tS(t — Ru(B(X3(s)) = BX*(s)))dW, + /t S(t = 8)(Ra — ) B(XE(s))dW,
0 0
t s v, X6(5)) — f(v, X5(s v. ds
+/0 /H\{O} S(t = 5)Ra(f (v, X5(s)) = f(v, X5(s)))a(dv, ds)
+/0 /H\{O} S(t = 8)(Ra — D) f (v, X(s))q(dv, ds) 7,

< C{E sup || OSS(s—r)Rn(F(XfL(r))—F(Xf(r)))drHZ

0<s<t

+E sup ||/OS S(s — 1) (Rn — DF(XE(r))dr|*,

0<s<t

+E sup | / " S(s = 1) Ra(BXS() — BOXE)AW, [,

0<s<t

LE sup | /O S(s — 1) (Rn — DBXE(r)dW, ||,

0<s<t

su ) S—7rT v 3 T — v £ T v,ar 2
v || [ S0 X50) - o X ata )]

0<s<t

su ) s—r — v, X8(r v, ar :
B p”/o/H\{O}S( (R — D) (v, XE()a(dv, )|}

0<s<t

< C{E sw H/S S(s — 1) R (F(XS(r)) — F(XE(r))dr|,
0<s<t 0

+E sup | /0 S(s — 1) (Rn — DF(XE(r))dr|?,

8w | [ " S(s — D RA(BXE() — B,
0<s<t 0

t
+QEAHU%*DBMQWMZMQMW
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LE sup | / S /H S DR XE) = S0 XE ) )

0<s<t

' — v 57’ 2 U T
LOE / /H oy B = D@ XSO s(a)ar),

where Cy, C5 are constants depending on o and 7. By Lemma [3] the first,
third and fifth summands are bounded by G K [ E supg<, <, || X5(r) — X5(r)||3, dr
for n > ng (no sufficiently large), where G; is a constant which depends on
supo< i<t [[S()| £y and SUPy ., | Rall 2y and K is the Lipschitz constant.

By the properties of R,,, the integrands in the second, fourth and sixth sum-
mands converge to zero. The integrands are bounded by Gol(1+ || X*(r) HZ) (by
condition (A3)) for some constant Gy depending on ||S(t)|| sy and [[Rn| £z
and the constant [ is the linear growth condition. So by Lebesgue DCT the
integrals converge to zero as n — oo. Therefore there exists € > 0 s.t. for suffi-
ciently large n each of the three summands are less or equal €. So for sufficiently
large n,

¢
E sup ||X£(t)fX5(t)||iI §3gllC/ E sup HXfl(r)fo(r)HiIerrSG.
0<t<T 0 0<r<s

By Gronwall’s lemma (for sufficiently large n),

E sup HXfL(t) - Xg(t)Hi < 3ee391Kkt
0<t<T

Hence we can conclude that

lim E XE(t) — X6 =o.
Jm B sup [|X50) - X0,

{Xg(t)} in the above theorem are the Yosida approximation of the mild

solution of ([2.7).

Definition 11. We call a continuous, non-decreasing function h : Ry — Ry
quasi-sublinear if there is a constant C > 0 such that

Wz +y) < C(h(z) +h(y), zyeRy,

h(zy) < Ch(z)h(y), x,y € Ry

Let C12([0,T] x H) denote the class of real valued continuous functions ¥ on
[0, T] x H with continuous Fréchet derivatives 0s¥ (s, x), 0,V (s, ), 0:0, ¥ (s, x),

0:0,¥(s,x) and 9,0,V (s,x). From (2.9), ¢ € D(A) and X§(t) € D(A), where
X5 (t) denotes the strong solution of equation (2.10). Let ¥ € C*2([0,T] x H)
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and ¥ : [0,7] x H — R. Moreover assume that the following conditions (a) and
(b) hold:

(a)
[Wa(s, )|l g < halllzl4)
and
(Voo (s )l 2cary) < P2l 5)-

(b)
T T
/0 |E(s)||mds < oo P-a.s., P{/O ||B(s)||2£2(KQ7H)ds <oop=1
and let hq, ho : Ry — R be quasi-sublinear functions such that,
[ ol s@o + [ sl 1) s
H\{0} H\{0}

+/ ha (11 (v, ) [) [Lf (v, 9)]* Bldv) < o0
H\{0}

P-as. for all s € [0,7]. Then due to the results of [23], [16], the Ito formula for
strong solutions is well defined:

W(t, X5 (1) — W(0,€) = / (Wa(5, X5()) + Lo T (s, XE(s)ds (2.13)
+/ (Wo(s, X5(5)), RnB(X5(5)dWs)
0

t s. X8(s 0. XE4(s))) — W(s. XE(s v ds
‘] /H\{o} (W (s, X5 (5) + R f (0, X5(5)) = W(s, X5(5))] a(dv,ds),

where

L¥(s,X5(5)) = (Wals, X5(s)), AX5(5) + RuF(X5(5))) (2.14)

+%tr(\l'm(s, X5 () (RaB(X;(5))Q(RaB(X5(5)))")

+/ [W(s, X5(5) + Raf(v, X5(5))) = W(s, X5(5)) = (Va (s, X5(5)), Ruf (v, X5(5))) ] Bdw).
H\{0}

P-as. for all s € [0,7]. See Appendix,
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2.2.2 The It6 formula for mild solutions
Here we will prove our main theorem.

Theorem 6. Assume that S(t) is a pseudo-contraction semigroup and ¥ €
CY2([0,T)x H). Let the coefficients F, B, f satisfy (A1), (A2), (A3). Moreover
assume that

(a)
1We(s, @)l g < ha(llzl )
and
Waw (s, )l ooy < Pall2ll ),
(b)

T T
/0 |1F(s)||gds < o0 P-a.s., P{/O ||B(s)||2£2(KQ7H)d5 <oo}=1
and let hi,he : Ry — Ry be quasi-sublinear functions such that,
[ el s@ + [ mdl sl 1ol sd) @21
H\{0} H\{0}

+/ ha (11 (v, )11) |Lf (v, 9)|* Bldv) < oo.
H\{0}

P-a.s. for all s € [0,T]. Then the following Ité Formula for mild solutions
hold P-a.s. for allt € [0,T)]

lim t<\I/m(s,XfL(s)),AXfL(s)>H ds (2.16)

n—roo 0
— 0 X4(0) ~ 0(0.6) ~ [ (8.5, XE(9))ds
0
- / (T, (5, X5(5)), F(X4(s))) , ds
- / (W5, X<(5)) (BOX(9))QB(XE(5)))" s
- / / [0 (s, XE(s) + £(0, X5(5))) — W(s, X(5)) — (W (s, XE(3)), F0, XE())),,] Bldw)ds
0 JH\{0}

_/0 (W, (s, X5(s)), B(XE(s))dWS,),,

—/ / [\I/(S,Xg(s) + f(v, X5(s))) — \Il(s,Xf(s))] q(dv,ds).
o Ju\(o}
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Proof. We proved this result in [IJ.

First, we rewrite eq. ([2.13) as follows

\I’(ta X’I’El(t)) - \II(O’ 5)

- / (W, (5, XS(5)) + Lo (5, X(5)))dls + / (W, (5, X5(5)), Ru B(XS(5))dW,)
+ / / [0 (s, XE(5) + R f (2, X§(5))) — (s, X&(5))] a(de. ds)
o JH\{0}
:/ (\I/S(s,Xﬁ(s)))ds—&—/ ,cn(q/(s,xg(s)))der/ (Wo(s, X5(5)), RnB(X5(5)dWs)
0 0 0

[ ] XS ) + Ruf (0 XE(9) — (s, X5 (9] gl )
o Jm\(o}
Now we substite £, (¥ (s, X5(s))),

- / (W (5, XE(s)))ds + / (W (s, X§(5)), AXS(8) + RaF(XS(5))),, ds

N / (W5, XS () (R B(XS (5)) QU B(XS ())) s

+ / / [0 (5, XE(5) + R f (0, XE(5))) — U(s, X5(5)) — (W (5, XE(5)), R f (0, XE(5))) ] Bldw)ds
o Jm\{0}
+ / (W, (5, X5(5)), Ru B(XS(5))dW,)
0

+ / / [0(s, XE(5) + R f (0, X5(5))) — W(s, X(5)] a(dv, ds).  (2.17)
o JH\{0}

Now our task is to show that the above equation converges P-a.s.(term by
term) and also to find the limit.

The convergence in Theorem [5| (equation (2.12))) allows us to choose a sub-
sequence X§ such that,

X5, () = X5(1),0<t<T, P-as.
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We will denote such a subsequence again by X§.
In fact, we can say that

sup_[[X(t) — X (1) 57 — 0. (2.18)
0<t<T

P a.s.. This implies that the set
S={X,t), X(t): n=1,2...,0<t<T} (2.19)

is bounded in H, hence all the values of ¥ and its derivatives evaluated on S
are bounded by some constant. Now we are ready to show the term by term

convergence of equation (2.17]).

First consider the first term of the L.H.S. of eq. (2.17)). Since ¥ is continuous,
from (2.18)) we can conclude that

U(t, X5 (1) = W(t, X5(1)),
P-a.s.
Now consider the first term of the R.H.S. of eq. - s 18 continuous,

WU, (s, X5(s)) < C by equation So by applying Lebesgue DCT we can
conclude that

/( (s, X5(s ds—)/ (5, X5(s)))ds,
P-a.s.

Now consider the second term of the R.H.S. of eq. (2.17)),
t
/ (W5, X5(5)), AXE(5) + RaF(XE(s))),, ds
0

:/0 <\IJI(5,X§(5)),AX£(3)>Hds—&-/0 (Ua(s, X5(5)), RuF(X5(s))) ,; ds.

Since ¥, is continuous, by (2.18) we get W, (s, X5(s)) — ¥, (s, X¢(s)). Since
F is continuous and R, (F(X§(s)) is a double sequence, therefore we have

[1Bn (F (Xn(s))) = F(X ()l 1B (F (X (s)) = F(X () g1 + [1Bn (F (X(5))) = F(X(3) ||
1Bl [1F (X (8)) = F(X ()l g + (B = I) F(X(5))] ;4(2-20)

Therefore R, (F (X,(s))) — F(X(s)) because of the uniform boundedness of
| Rl z(ry» and the convergence of (R, — I)z — 0. So, by (2.18) and Lebesgue

)

IAINA

/t<\Ilz(s,XfL(s ,R.F(X5(s) ds%/ (s, X%(s5)), F(X(s))) , ds
0
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P-a.s..

We will discuss the convergence of the term,

t
/0 (T, (5, XE(s)), AXE(s)) , ds
at the end.

Now consider the third term of the R.H.S. of eq. (2.17)),

/O%“‘(‘Pm(&XE(S))(RnB(XE(S)))Q(RnB(XS(S)))*)dS-

We have
tr(Wyu (s, X5(5)) (R B(X5())Q(Rn B(X5(s)))")

= tr((RnB(X5(5)) Wau (5, X5 () (R B(X;(5)))Q)

= DN (Waa(s, X5 () (R BXE () f, (RaB(X5 () ) g -

j=1
Here we used the property that, for a symmetric operator T € L(H) and
¢ € L(K, H),

tr(TeQe") = tr(¢"ToQ).

Uy, being continuous, B is continuous, || Ry ||z is uniformly bounded and

having the convergence of (R, — I)x — 0, by a similar calculation as in (2.20)
we can deduce that

(Wau (s, X5(9)) (Ru B(X5(5)) £, (R B(X5(5))) f3)

= (W (s, X5())(B(X(5))) £ (B(X(8))).f5) gy -
Hence,

tr(Wao (s, X5 (5)) (R B(X5 () Q(Rn B(X(5)))")

= tr(Wa (5, X5(5))(B(X4(s))Q(B(X*(5)))").
Also we have,

tr(Wao (s, X5(5)) (Ru B(X5 () Q(Ra B(X5(5))) < [[Waa (s, X5(5)) |1 R BIX (5))]]?
by (A3) < [[Wau(s, X5 () Ral*U(1 + [ X5 (5)]1%)-
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So by (2.18) and Lebesgue DCT we can conclude that,
¢
/tT(‘I’m(&Xﬁ(S))(RnB(XfL(S)))Q(RnB(XS(5)))*)618
0

%/O tr(Wan (s, X())(B(X%(s)))Q(B(X*(5)))" )ds,
P-as..

Now consider the fourth term of the R.H.S. of eq. (2.17)),

/H\{O} [W(s, X5 (5) + R f (v, X5 (5))) = U(s, X5 (5)) = (Val(s, X5 (5)), Ruf (v, X5(5))) ] B(dv).

Using Theorem [5] (2.18)), the continuity of ¥, ¥,, f and (R, — I)x — 0, we
can conclude

[W(s, X5(5) + R f (0, X5(5)) = W(s, X5 (5)) = (W (s, X5(5)), Ruf (v, X5(5))) ]
converges to
[W(s, XE(s) + f (0, X5(5))) = W(s, X(5)) = (Wals, XE(5), flv, XE(5))) ]

P-a.s.. Again by Taylor’s theorem, the Cauchy Schwarz inequality and as-
sumption (a) of the theorem we get

/ [ (s, X5 (s) + Raf (v, X5(5)) = W5, X5(5)) = (Wals, X5(5)), Ruf (v, X5(5))) || B(dv)
H\{0}

- /H\{O}

< / / 1@ (5, XE(5) + OR f (0, XS ()| || R f (0, X5(9))]||” d0B(dv)
H\{0} Jo

(5. XE06) 0P XS0 (R 0 X500 R 0. X5 )

1
g/ / e (|| XE(5) + 0Rw £ (0, XE(5)]]) | R f (0, XE(5)) | d6B ()
H\{0}

1
<c / / (ha(||XE(5)|)) + Cha(@)ha(| R f (v, XE(5) ) || B £ (0, XE ()| dOB(dv)
m\{o} Jo

<C [ (X)) Bt XE )] Bdv)
H\{0}
+02h2(1)/ ho (|| R f (v, XE())||) || B f (0, X5 (s || Bldv) <
H\{0}
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P-a.s. by the condition (2.15). Since ||Ry|| ;s is uniformly bounded, there-
fore by Lebesgue DCT

[ X500 + R (0, XE(5)) = Wl XS (5) = (a5, X5 (). R (02 X
0 JH\{0}

converges to

// U (s, XE(s) + f(v, X5(s))) — (s, X5(s)) — (Wals, X5(s)), f(v, X(s))) ] B
ff\{O}
P-as..

Now consider the fifth term of the R.H.S. of eq. (2.17),

(X5 R BOKE () aws),

Now,

2

B| / (5, XE(5)), Ra B(X()) W), — / (T, (5, XE(5)), BOXE(3))dWW),, |

ds

< c/o E|[(B(X*(5)))" (Wa (s, X5(5) = T, X)) | 2 100,

ds

+0/0 B ((B(X$()))" = (Ru BOXS () ) Wa (5, XSG | 2 100,

<c / BB DI, e | X)) — a5, XE(5))|[3 s

2

s

+C / E([(BIXE(5))" = (RaBOXS () |7, (00 o) || 2 (5, X5

Here, the first integral converges to zero, since the first factor is an inte-
grable process, and the second factor converges to zero almost surely, so we can
apply Lebesgue DCT. The second integral is bounded by M ||(B(X(s)))*

(R,B(X5(s) ||A (Ko, H) for some constant M (from (2.18), ¥, is bounded by

some constant), since R B(Xﬁ(s)) — B(X%(s)) in the space Ay(Kg, H), so the
second integral also converges to zero by Lebesgue DCT. Hence we can conclude
that,

/t<\Ilz(s,X§L(s , R, B(X5(s))dWs) %/ (s, X%(s)), B(X%(5))dWs),,
0

$))) ) B(dv)ds
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in mean square, therefore in probability.

Now consider the sixth term of the R.H.S. of eq. (2.17)),

/ / (5, X5(s) + Rnf(v, X5(s))) — \Il(s,Xfl(s))} q(dv,ds).
H\{O}

[{W(s, X5(s) + R f(v, X5(s))) — W(s, X5(s)) } — {¥(s, XE(s) + f(v, XE(s))) — (s, X (s }H

= ||[ (5, X5(s) + Ruf(v, X5(5))) — W(s, X5(s) + f(v7X§(s)))] + [\I/(S,Xé(s)) - \I’(S,XE(S))] H2

< 2||W(s, X5(5) + Ruf (v, X5(5))) — (s, XE(5) + f(v, X4(5))|”
+2|W(s, XE(s)) — W(s, X5(s)||°

< 2||XE(s) + Ruf (v, X5(s)) — {X5(s) + (v, XS(s) }||” Sup [ ¥a(s (s,m1(0))]?
+2|X5(s) = X5(5)]” sup H\Ifac(s,nz(@))ll2
0<0<1
to obtain the above inequality, we used the following inequality
W(z) =¥l <z -yl U, W (y + 0(z — y)) |-
Where
m(0) = X(s) + f(v, X4(5)) + 0 (X5(5) = X°(s) + Raf(v, X5(5)) = f(v, X5(5)))
and
12(0) = X5(s) + 0 (X5(s) — X5(5)) -

Therefore, by using condition (a) of the theorem, we can write the above in-
equality is

< a {1250 = X + (1R f (0, XE5)) = £, XD} sup (i (lm(8)1))?
+21x5(s) - X566)]° Ozggl{hl(\lnz( Ny

Now as n — oo, the R.H.S. of the above inequality converges to 0 P-a.s..
Therefore

n—oo

im s, 3 U €())) — W(s. XE(s .
: //H\{O}{\Il X5(s) + Ruf(v, X3 () = ¥(s, X3 ()} (2:21)

—{ (s, X4(s) + [0, X5(5))) = U(s, X5(s)) } [IPB(dv)ds = 0
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P-a.s.. Again by Taylor’s theorem, the Cauchy Schwarz inequality and as-
sumption (a) of the theorem we get

/ / H\I/(s,Xﬁ(s)—I—Rnf(v,XfL(s))) (s, X5 (s H B(dv)d
0 JH\{0}
2
/ / W, (5, XE(5) + ORn f (0, XS (5))) R f (0, X5 (5))d0]| B(dw)ds
H\{0}
// / §) 4 OR £ (0, XS ()| | Ruf (0, XE(5))|* d0B(dv)ds
H\{0}

t 1 £(s v. X&(s 2 v. X&(s 2 D\ds
: 02/ / / (X)) + Cha(@)ha (|| Raf (0, X5 () )Y || R f (0, X5(5))||” dOS(dw)ds
H\{0} 0O

2 t 3 S 2 v € S 2 v S .
<20 / /H\{O}m(HXn( D2 (| B f (0, XE(5))|* B(dw)d (2.22)

+ 20 (1) / /H Rt XS a0 X5 )i < o0

P-a.s. by the condition (2.15)). Therefore from and - we can
conclude that

lim / / [T(s, X5(s) + R f (v, X5(s))) — (s, X5(s))] q(dv, ds)
H\{0}

n—oo 0

/ / (5, XE(s) + (0, XE(5))) — U(s, XE(s))] (v, ds)
H\{O}

in probability.

Thus we have showed the term by term convergence of left- and right- hand
sides of eq. (2.17) except for the term f0< (s, X5(s)), AX5(s)),; ds. Now

since all the terms of the eq. 7) converge, so the term fo (W (s, X§(s)), AXE(s)),, ds
has to converge. Where the nonstochastlc integrals converge in P-a.s. sense and
stochastic integrals converge in probability. In conclusion, possibly for a subse-
quence of left- and right- hand sides of eq. (2.17) converges in P-a.s. sense for

all t € [0,T]. Hence we can conclude that eq. (2.13) converges P-a.s. and we

can write it as,

lim t<\Ilz(s,X§(s)),AXfL(s)>Hds

n— oo 0
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—W(t, XE(1) — W(0,€) - / (W, (s, XE(s)))ds

,/0 (Va(s, X5(s)), F(X%(s5))),, ds

1

—/0 3t (Wan (s, X5()) (B(X4(s))Q(B(X(5)))")ds

—/ / [\P(S,Xé(s) + f(v,Xg(s))) — \I!(S,Xg(s)) — <\le(s,X§(s))7f(v7X§(s))>H] B(dv)ds
0 JH\{0}
- [ X6, BOKE s,

—/ / [T(s, X(s) + f(v, X5(s))) — U(s, X (s))] q(dv, ds).
0 JH\{0}

This completes the proof.

Remark 1: When X¢(¢) € D(A), then AX*(¢) is well defined. Hence,we get
back the same Itd formula for strong solutions as in eq. (2.13), as by Theorem
when X¢(t) € D(A), then it is also a strong solution.

Definition 12. Let X§(s) be the strong solution of (2.9) defined in (2.10) and
X¢(s) be the mild solution of [2.7) defined in . Let us define the processes
L,V(s, XE(s)) and LY (s, XE(s)) respectively as follows-

L¥(s, X5(5)) = (Wals, X5(5)), AX5(5) + RaF(X5(5))) (2.23)

H

+%tr(qjﬂc9€(57X;Ez(S))(RnB(XSL(S)))Q(RnB(XSL(S)))*)

+/H\{0} [\I’(S,Xﬁ(s) + Rnf(qul(s))) — \I/(S,Xfl(s)) — <lI/I(S7XSL(S))7Rnf(U7XS<S>)>H:| B(dv)
and

LU (s, X5(s)) := nh—>120 (W, (s, Xﬁ(s)),AXfl(s» + <‘Ilw(s7X5(s)), F(Xé(s))>H
(2.24)

+%tr(‘1’m(87 XE(5))(B(X*(s)Q(B(X5(5)))")

+/ [W(s, X5 (s) + f(0, X5(s))) — (s, XE(s)) = (Vals, X5(s)), (v, X5(5))) ] B(dv),
H\{0}

where X§(s) € D(A).



40 CHAPTER 2. THE ITO FORMULA FOR MILD SOLUTIONS

Corollary 1. Assume that F, B, f satisfy (A1), (A2), (A3) and conditions
(a), (b) of Theorem@ hold. Let X5(s) € D(A) be the strong solution of (2.9)
defined in ([2.10) and X¢(s) be the mild solution of defined in (2.11)).
Let L£,%(s,X5(s)) and £\If (s, X%(s)) be defined as in Definition . Then
LU(s,X5(s)) — L,¥(s,XE(s)) = 0, P-a.s. as n — oo.

Proof. We proved this result in [IJ.

LU(s,X5(s)) — L,¥(s, X5(s)) = lim (. (s,X5(s)), AX5(s))

n—00

+(Wals, X5(5)), F(X(s5))) g + %tr(‘lfm(s,Xﬁ(S))(B(Xf(S)))Q(B(Xg(S)))*)

+/ [W(s, X5 (s) + f(v, X5(s))) — U(s, X(5)) — (Wals, X°(s)), $))) ) B(
H\{0}

= (Wa(s, X5(5)), AX5(5)) = (Wals, X5(5)), RaF(X5(5)))

*%tr(‘l’m(sv X5(9))(Ru B(X5(5)))Q(Ra B(X5(5)))")

*/ [W(s, X5 () + R f (v, X5(5))) = W(s, X5(5)) = (Pals, X5(5)), Ru f (v, X5(5))) ] B
H\{0}

Now as n — 00,
LU (s, X(s)) — L W(s, X5(5))

= lim <\I/gc(s,X§(s)),AX5 (s)) — lim <\I/I(S,X5L(8)),AX§L(S)>

n—oo n—oo

=0

P-a.s.. As, all other terms converge to the respective terms P-a.s. from
Theorem
O

2.3 Applications of the It6 formula for mild solu-
tions
In this section we will present some applications of the It6 formula for mild

solutions of Theorem [6] to prove the results of exponential stability and expo-
nentially ultimate boundedness in the mean square sense (m.s.s.).

First, we will show how we use the limiting argument of Theorem [§] and
Corollary [I] to prove the results of exponential stability in the mean square
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sense of the mild solutions. These results are proved, for the Gaussian case in
chapter 6 (Theorem 6.4 and Theorem 6.5) of [16] and for the non-Gaussian case
in [24] (Theorem 4.2 and Theorem 4.3). But here we prove the same results in
much shorter way.

Consider the following stochastic partial differential equation with values in
H,

dX (1) = (AX(t) + F(X()))dt + B(X(t))dW; + /H " F(v, X (£))q(dv, dt);

X(0)=z€ H. (2.25)

Which satisfy conditions (A1), (A2) and (A3).

Definition 13. Let {X"(t),t > 0} be a mild solution of (2.25). We say that
X*(t) is exponentially stable in the mean square sense (m.s.s.) if for all t > 0
and x € H,

E|X* 0| < ce P |zl e8>0 (2.26)

Let C%(H) be the space of continuous functions on A : H — R, with contin-
uous partial Fréchet derivatives A'(x) and A”(z) exists for z € H. Let C3,(H),
with p > 1, denote the subspace of C?(H) consisting of functions A : H — R
whose first two derivatives satisfy the following growth conditions:

2 2
[ (@) |l < Cllzlliy and  [|A" (@) 2emy < C |2l
for some constant C' > 0.

Theorem 7. Let us assume that F', B, f satisfy (A1), (A2), (A8) and the con-
ditions (a), (b) of Theorem@ hold. The mild solution of is exponentially
stable in the m.s.s. if there exists a function A: H — R satisfying the following
conditions:

(I) Ae C3,(H).

(II) There exist finite constants c1, ca > 0 such that; for all x € H

erllely < Alw) < ea |lallyy
(III) There ezists a constants cz > 0 such that
LA(x) < —cgA(x) forall x € D(A)

with LA(z) defined in (2.1])).

Proof. The detailed proof is in Theorem 6.4 of [I6], Theorem 4.2 of [24]. Here
we show, how we use the the limiting argument of Theorem [6] and Corollary
in the proof.
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First we will apply the It6 formula for strong solution to the function et A(XZ(t)).
Where X7 (t) € D(A) are the sequence of strong solutions which approximate
the mild solution X*(¢). Now after applying the It6 formula to the function
et A(XZ(t)), we take expectations on both sides and obtain

S EA(XE(L) - AXZ(0) = B / € (s A(XE(5)) + Lo A(XE(s))) ds.
(2.27)

Now from condition (III),

3 A(X5(s)) + Lo AXG () < —LAXG(s)) + Lo A(XG (s))

= SLEAXE()) — AXE(0)) < B /0 5% (—LA(XE(5)) + Lo A(XZ(s))) ds.

(2.28)
Now from and
—LA(XZ(s)) + L, A(XE(s)) (2.29)

= (A(X;(5)), AX;(s)) — lim (A'(X7(5)), AX(s))

n—roo

+(A(X(s)), (Bn = DF(X;(s) g
+%t7“ {(A"(X5 () [(Rn B(X;(5)))Q(Rn B(X77(5)))") — (B(X;:(5)))Q(B(X;:(s)) )}

+/ [A(X5(s) + B f (v, X5(s))) — A(X; () + f(v, X5(s)))]5(dv)
H\{0}

" / (A(XE(3)), (Ro — I) f 0, X2 (3)) 1 Bld).
H\{0}

Now by Cauchy-Schwarz inequality and condition (II) we get,

(A (X5(5)), (B = DF(X5(9))) | < [A(XZ () - [(Be = DF (X5 (s))]
< e [|X5 () - [1(Rn = DEXG ()] -

By (2.18), || R, || is uniformly bounded, (R, — I)x — 0 and A’, F are contin-
uous, hence we get by Theorem [5] and Lebesgue DCT

E /0 e (A'(X2(s)), (Rp — I)F(X2(s))) y ds — 0. (2.30)
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With the similar argument, we can conclude

E// €5% (A (XZ(5)), (R — I)f (0, XZ(5))) y B(dv)ds — 0. (2.31)
0 JH\{0}
Now

tr {(A"(X;(s)) (Rn B(X;,(5))Q(Rn B(X7(5))) ")}
— tr {(A"(X7())(B(X"(5)))Q(B(X"(5)))")}

and

tr {(A"(X5(5))(B(X,(5))Q(B(X,(5))")}
— tr {(A"(X*(s))( .

&
>
8
&
»
&
=
=
Q
=
S
>
8
&
w
&
=
=
=
=

Again,

tr {(A" (X5 () (R B(X3:(5)))Q(Ra B(X5:(5)))")} < A" (X5 ()] | R BOXG (5)]
[by (2.18), for some constant c5 > 0] < c5 |R.B(X2(s))|?
[by assumption on B, in (A3)] < ¢ |Ral®1(1 + |XZ(s)[%).

Similarly
tr {(A" (X5 () (B(X5 () Q(B(X;i(5))")} < esl(1 + | X5 ()]*)-

By (2.18) and ||R,||* is uniformly bounded, A”, B are continuous, hence we
get by Theorem [5| and Lebesgue DCT

E/O 6033%157"{(/1”()(35(8))[(RnB(Xi(S)))Q(RnB(Xﬁ(S)))*) (2.32)
—(B(X5(s))Q(B(X;(5)))")]}ds — 0.

Now consider the term

/ [A(X5(s) + Rnf(v, X5(s))) — A(X5(s) + f(v, X5 (5)))]B(dv).
H\{0}
Now
A(X5(s) + Ru f(v, X3 (5))) = AX"(s) + f(v, X*(5)))
and
A(XG(s) + f(v, X5(s))) = AXT(s) + f(v, X*(5))).

Again
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A5 (5) + B f (v, X5 (s))) — AXG(s) + [0, X5(s)))

< I(Rn = 1) f (v, X5 ()| JSup, [A{X5(s) + 0(Ry — 1) f (v, X5(s)) ] -

By (2.18), || R, is uniformly bounded, (R, — I)x — 0 and A, f are contin-
uous, hence by Theorem [5| and Lebesgue DCT

E / / €53 [A(XE(3) + Rof (v, X2(5))) — AXE(s) + (0, X2 (5))]B(dv)ds — 0.
0 JH\{0}

(2.33)
And also
Tim (A(X32(s)), AXZ(s) — Tim (A'(X5(5)), AXE(s) (2.34)
=0.

Therefore from (2.30), (2.31), (2.32)), (2.33) and (2.34) we can conclude as
n — oo, the R.H.S. of (2.28) converges to 0. Hence by Lebesgue DCT and using

the continuity of A, from (2.27) we obtain

e EA(XT (1)) < A(x) (2.35)
= E||X*(#)|3, < EAX®(t)) < e ' A(z) < coe™ ! ||z||3,  [from condition (ii)]

x C2 —cC 2
= BIX (Ol < Ze=" ol (2:30)

Since the mild solution X7 (¢) depends continuously on the initial condition
x, therefore holds for all x € H. Now choosing ¢ = % and 8 = c3, we
can conclude that, the mild solution X?(t) is exponentially stable in the mean
square sense (m.s.s.). O

Definition 14. The function A satisfying conditions (I)-(III) of Theorem@ is
called a Lyapunov function.

Now we consider the linear case of eq. (2.25) with F'(z) = 0, B(z) = Box
and f(v,x) = fo(v)x. We consider the solution of the equation,

dX(t) = AX (t)dt + BoX (t)dW; + /H - folv)X (t)g(dv, dt); (2.37)

X(0)=z€H
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Where By € L(H,L(K,H)), fo(v) : H\{0} = R, |Boz| < di||z||; and
S oy o)z 1% B(dv) < da Jall} for = € H.

Mild solutions are solutions of the corresponding integral equation

X(t)=S{t)x+ /0 S(t — s)BoX (s)dWs + /0 /H\{O} S(t —s)fo(v)X(s)g(dv,ds).
(2.38)

We can show that the existence of a Lyapunov function is a necessary con-
dition for exponential stability in the m.s.s. of the mild solutions of (2.37). The
following notation will be used:

LoW(x) = (W/(2), Az + Lir(V" (1) (Bor)Q(Boa))  (239)

n / W+ fo(v)r) — U(w) — (U (2), folv)z) ] B(do)
H\{0}

for z € D(A).

Theorem 8. Let us assume that F, B, [ satisfy (A1), (A2), (A3) and the
conditions (a), (b) of Theorem [6] hold. Assume that A generates a pseudo-
contraction semigroup of operators {S(t),t > 0} on H and that the mild solution
of is exponentially stable in the m.s.s. Then there exists a function Ag(x)
satisfying conditions (I) and (II) of Theorem[7 and the condition and LoAo(z) <
—c3o(x), © € D(A), for some c3 > 0.

Proof. The detailed proof is in Theorem 6.5 of [16], Theorem 4.3 of [24]. Here
we show, how we use the the limiting argument of Theorem [ and Corollary
in the proof.

Let

olz) = / BIX® ()| dt + alz])3. (2.40)

where the value of the constant o > 0 will be determined later. Note that
X*(t) depends on z linearly. The exponential stability in the m.s.s. implies
that

/ E||X*(t)||%dt < cc.
0

Hence, by the Schwarz inequality,

T(e,y) = / B (X (1), XV (1)) dt
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defines a continuous bilinear form on H x H, and there exists a symmetric
bounded linear operator T': H — H such that

<Tx,ac>H:/O E||IX®(1)||2dt.

Let

U(x) = <T:c, :c>H

Using the same arguments, we define bounded linear operators on H by

<T(t)x,x>H - /OtEHXw(s)Hilds.

Consider solutions {XZ(¢),t > 0} to the following equation:

dX () = A, X (t)dt + BoX (£)dW; + /H - Fo)X (H)q(dv, dt),

X(0)=z€H,
obtained by using the Yosida approximations of A. Just as above, we have

continuous bilinear forms 7;,, symmetric linear operators Tn(t), and real-valued
continuous functions ¥,,(t), defined for X,,,

T () () = / B (X5 (), XY(w)
(Tuva) = | Xz ()

a)(e) = (Tult)e,z) = / B|IX2 (w) |4 du. (2.41)

Let {P,}+>0 be the Markov semigroup associated with the stochastic process
X*(t). Let p: H > R; ¢o(h) = ||h||fq and (Pyp)(z) = Eo(X*(t)), x € H. Using

the Markov property we have,
EV,(t)(XE(s)) = U,(t+ s)(x) — U,(s)(x). (2.42)

With ¢ and n fixed, we use the Ito formula for the function ¥, (¢)(z), then
take the expectation of both sides to arrive at
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E(W,(t)(X5(s)) = ¥n(t)(z) + /0 S E(Ly V(1) (X5 (u)))du (2.43)
Where
LoV, () (z) =2 <T (t)x, Anx>H + tr (T, (t)(Boz)Q(Boz)*) (2.44)

From (2.42) and (2.43) we get,

U, (t+s)(z) — Up(s)(x) = Upu(t)(x) + /Os E(L, ¥, (1) (X5 (uw))du.  (2.45)

From (2.41), limgs .o \I'”(‘;)(‘T) = lim,0 L [ E| X2 (u)|}du = ||z|/7;. Hence
(2.45

from ([2.45) we get,

d

2 Yn(0)(@) = Lo W (t)(2) + 7 - (2.46)

Now z € D(A),

LT (t)(z) = 2 <Tn(t)m, An:c>H (T (£)(Boz)Q(Box)¥)

+ /H \{0}[<Tn(t)(x + folv)z), (z + fo(v)x)>H —(Tu(t)z, x>H —2(Tu(t)s, fo(v>z>H]5<dv),

This converges to

Lo¥(t)(z) = 2 <T(t)x, Ax>H + tr(T(£)(Boz)Q(Box)")

+ /H\{O}[<T(t)(x + fo(v)z), (z + fo(v)x)>H - <T(t)a:, x>H —2 <T(t)x, fo(y)x>H]ﬁ(dv)_

P-a.s. for x € D(A) by the similar limiting argument as in Theorem @
Again from (2.41)) we get,

L, (0)e) = BIXE0I — BIX0; = S0@@.  (@47)

Therefore we can write when © € D(A)
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L w(t)(w) = Low(1)(a) + el (2.48)

= % <T(t)x,x>H = Lo <T(t)x,x>H Ll (2.49)

Now, when ¢ — oo, then from the exponential stability condition we get

L)) = BIXT 0] - 0 (2:50)

and, since <T(t)x7x>H — <Tm,x>H so by the weak convergence of T'(t)x

to Tx we conclude

Lo <T(t)m,a:>H — Lo <Tm, a:>H = Lo¥(x). (2.51)
Hence from (2.49)
LoU(z) = —|z]F; = € D(A). (2.52)

Therefore by construction of Ay,

Ao(x) = () + |||
— (Tz,2) +alle|?

< s

2
REERAE

<pi |z + o=, [since, T is bounded linear operator]
(2.53)

for some constatnt p;. Therefore, we can conclude that Ay € szp(H ) satisfy
conditions (I) and (II) of Lyapunov function.

Now z € D(A)

Lo|lz||% = 2(w, Az) + tr((Boz)Q(Box)") +/H\{O} I fo(v)a|®B(dv)  (2.54)

< 2\ + 21 (Q) + do) ||z ||, -
Hence, z € D(A)

LoAo(w) < =[]l + a(2X + ditr(Q) + do) || < —csdo()

c3 > 0, by choosing « small enough.

Therefore Aq satisfies all the properties of a Lyapunov function. O
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Then we will show how we use the limiting argument of Theorem [6] and
Corollary [I] to prove the results of exponentially ultimate boundedness in the
m.s.s. of the mild solutions. These results are proved, for the Gaussian case in
chapter 7 (Theorem 7.1 and Theorem 7.2) of [16] and for the non-Gaussian case
in [24] (Theorem 5.2 and Theorem 5.5). But here we prove the same results in
much shorter way.

Definition 15. We say that the mild solution of is exponentially ulti-
mately bounded in the mean square sense (m.s.s.) if there exist positive constants
¢, B, M such that
E|X*(t)|%, < ce P ||z||3, + M;  for all z € H. (2.55)

Theorem 9. Let us assume that F, B, [ satisfy (A1), (A2), (A3) and the
conditions (a), (b) of Theorem [6] hold. The mild solution {X*(t),t > 0} of
is exponentially ultimately bounded in the m.s.s. if there exists a func-
tion A € C’gp(H) satisfying the following conditions:

(i) 1 ||x||§I —k < Alz) <o Hx||?{ —ko; for allz € H

(ii) LA(z) < —c3A(z) + k3; for x € D(A),

Where c1, ¢, c3, k1, ko and ks are finite, positive constants.
Proof. The detailed proof is in Theorem 7.1 of [16], Theorem 5.2 of [24]. Here
we show, how we use the the limiting argument of Theorem [6] and Corollary

in the proof.

Consider the function e“* A(X*(t)), then we write the It6 formula for strong
solution for this function and taking expectation, we get

e BACXE(H)) — A(XZ(0)) = E /0 €5 (c5 A(XT(5)) + L A(X(5))) ds.
(2.56)

Now from condition (ii) we have, when X*(s) € D(A)

s A(X5(5)) + LaA(X5(s)) < —LAXG(8)) + ks + Lo AXG (s)).

= ¢t EA(XE(t)) — A(XZ(0)) < E /0 e (—LA(XE(5)) + ks + LaA(XE(s))) ds
(2.57)

_E /O €9 (LA(XE(5)) + LaA(X2(s))) ds + /0 €9 hyds,

Now by similar calculation as in Example 2 we can prove
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E / e (CLAXE(5)) + LaA(X(5))) ds — 0.
0

Therefore as n — oo, from (2.57), using the continuity of A and Lebesgue
DCT, we get

e EAXT (L) < Alx) + /t e ksds (2.58)
0
= Az) + i—z(ecgt —1).

ks

= EAX*(t)) <e 'A(z) +
cs

(1 —e3t). (2.59)

Now from condition (i) and (2.59), for all z € H

ks

B X0 — ky < BAXT(0) < e (eallally — ko) + Z2(1 = ™)

(2.60)

. k
< eoe™ aflfy + (1 — e ).
3

k
= B | X5 (1) 5 < cae™® lallyy + 22 (1= ™) 4k,
3

c 1 k
éEwﬂwzszewwﬁ+(h+3)
C1 C1 C3

Now choosing ¢ = Z—i, B8 = c3 and M = % (k1 + ’z—j) we can conclude

that the mild solution X*(t) is exponentially ultimately bounded in the m.s.s..
Since the mild solution X*(t) depends continuously on the initial condition z,
therefore (2.60)) holds for all z € H. O

Theorem 10. Let us assume that F, B, f satisfy (A1), (A2), (A3) and the
conditions (a), (b) of Theorem [6] hold. Assume that A generates a pseudo-
contraction semigroup of operators {S(t),t > 0} on H. If the solution of the
linear equation is exponentially ultimately bounded in the m.s.s., then
there exists a function Ay € C3,(H) which satisfies condition (i) of Theoremlg
and LoAg(x) < —c3Ao(x) + k3; for x € D(A).

Proof. The detailed proof is in Theorem 7.2 of [I6], Theorem 5.5 of [24]. Here
we show, how we use the the limiting argument of Theorem [ and Corollary
in the proof.

Let
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T
o(z) = / BIIX*(1)|3dt + o], (2.61)

where T" and « are positive constants, to be determined later. Let

T
Wy (2) = / BYIX (1)t (2.62)

which is finite for " < co by the exponential ultimate boundedness in m.s.s..
Infact we can show

T

Wo(x) < [ (ce P! ||y + M)dt (2.63)

o @l o S—,

(1 — e PT) ||z|3 + MT

< - llallf + MT.

It ”1'”?1 =1, then \Ilo(x) < % + MT.

Since X?(t) is linear in x (i.e. X*(¢) = kX*(t), for any positive constant
k), therefore

T T
\Ifo(k:x):/o E||X’m(t)||§,dt:k2/o BX"(0)|5dt = B2 Uo(z).  (2.64)

Let ¢ = 5+ MT, then for all z € H,

2 T C 2 2
o(a) = 2]l ¥ (”|) < (5 + MT) lel = ¢ 2l (265)
H

Then there exists a bounded linear form on H x H. Hence there exists a
symmetric operator C, ||CHL(H) < ¢ such that, for all z, y € H

T
(o) = [ B0, X0) dr
0
Therefore Uy(z) = (Cz,z). Hence ¥((x) = 2Cx and ¥y(x) = 2C. So, by
construction
Ao(z) = Wo(z) + allzf; = (Cx,z) +allz|} < ll|f +alle]h,  (2.66)

So, we can conclude that Ay € C3,(H) satisfies condition (i). To prove
the second part, we can use our limiting argument of Theoremﬁ to show that

limy, o0 Lon ¥ () = LoWo(z) for & € D(A). Where Ui (2) = [, E||XE(t)|3dt.
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From the Markov property,

TH+r )
BWCG) = [ EIXE ). (2.67)
And we have
n d n xT
EOJZ‘I]O (:C) = % (E\IlO (Xn (T)» ‘T‘:O (268)
~ lim EVi (X5 (r) — EVg(z)
r—0 r
= lim 1/T+TEXJC(U)||2 du—l/TEX””(u)||2 dup [by (2.67)]
_7__>0 rJ, n H r Jo n H y .
: 1 " x 2 1 T x 2 1 T x 2
= lim o —— [ B[ X5 (u)|fdu+ — Bl X5 (u)|[gdu — = [ B[ X5 (uw)|gdu
r T Jo T Jo T Jo
—im =L (Bt L [ B )G
_7‘1~I>I(1) _T 0 n v H “ T T n “ H v
= —|l=ll3; + EIX2(D)3.
Therefore
LoVo(z) = — ||=l[7; + Bl X*(T)|% (2.69)

< — el +ee T llaly + M by (2.55)]
= (=14 ce Ty ||z||3, + M.
Again from 1} we have Lo||z||% < 2\ + d3tr(Q) + d2) ||x|\i1 Hence for
x € D(A)

LoAo(w) = LoWo(x) + aLlol|z|3 (2.70)
< (—1+ce™T) allf + a(@h + ditr(Q) + do) |l + M.

Now taking T' > 1“70 and « small enough, we get the desired result. O

2.4 Ichikawa’s It6 formula for the mild solutions

In this section we prove that Ichikawa’s 1t6 formula for the mild solutions ob-
tained by Ichikawa for SPDE driven by Gaussian noise in [19] can also be gener-
alized to the case of SPDE driven by non-Gaussian noise. Let A be the generator
of a pseudo-contraction semigroup, then for = € D(A), let us define

LU(s,x) = (Vo (s, ), Av + F(2)) g + %tr(q’m(&I)(B(I))Q(B(l’))*)

+/ (W(s,z+ f(v,z)) —¥(s,x) — (Vu(s,2), f(v,2)) ] B(dv).
H\{0}
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Let U € C12([0,T)x H), ¥ : [0,T] x H — R and conditions (a), (b) of Theorem
|§| hold. Then for X4(¢) € D(A), the It6 formula is well defined:

W(t, XE(t)) — W(0,6) = /0 (Ws(s, X5(s)) + LU(s, X¥(s)))ds
+/ (Wa(s, X4(s)), B(XE(5))dW)
0

t S 58 v 58 _ s 58 v. ds
+/0 /H\{O} [W(s, XE(s) + f(v, X5(s))) = W(s, XE(s))] a(dv, ds),

where,

LU (s,X5(s)) = (a(s, X5(s)), AX (s) + F(X5(s))) (2.71)

H

ot (W (s, X¥(5)) (BXE () QUB(X(5)))")
+ / [0 (s, XE(s) + f(0, X5(5)) — W(s, X5(5)) — (W (5, XE(s), f(0, XE(5))) ] Bldv).
H\{0}

Let C12([0,T] x H) be the class of functions ¥ € C%2([0,T] x H) with the
properties:

(I1) The function L¥ (s, z) can be extended to a continuous function LV (s, z)
on [0,7] x H for x € H.

(12) [T (s, 2)[| + [ Ta(s, )| + [[Puu(s, 2) | + [L2(s,2)|| < k(1 + [J2]]?), for
x € H, s € [0,T] and for some k > 0.

Since the function L¥(s, ) can be extended to a continuous function LW (s, x)
in C+2(]0, 7] x H), therefore it follows LU (s, X¢(s)) = lim,, o0 £, ¥(s, X5(5)),
where £, ¥ (s, X§(s)) is defined in (2.14).

2.4.1 Ichikawa’s It6 formula

Theorem 11. Assume that S(t) is a pseudo-contraction semigroup and ¥ €
CY2([0,T) x H). Moreover assume that the following conditions are satisfied:

(a)
12 (s, @) < ha(llll )

and

19205, 2)l| oy < B2l ).
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(b)

T T
/0 |F(s)||ads < oo P-a.s., P{/O ||B(5)||252(KQ,H)d5 <oo}=1

and let hy,he : Ry — Ry be quasi-sublinear functions such that,

/ 1w, 3)12 Bldv) + / B (1 (0, )2 1 0. 9)]1? B(dv)
H\{0} H\{0}
4 / ha((L£ (v, )11 £ (o, )12 B(dv) < oc.
H\{0}

P-a.s. for all s € [0,T). Let the coefficients F, B, f satisfy (A1), (A2),
(A3). Then the following It6 Formula for mild solutions hold P-a.s. for all
te0,7T)

U(t, XE(t)) — 0(0,6) = /0 (Us(s, X (s)) + LU(s, X(s)))ds (2.72)
n / (W (s, XE(s)), B(XE(s))dW,)
0

t s. XE(s v. XE(s))) — (s XE(s v ds).
+/0 /H\{O} [T(s, XE(s) + f(v, X5(s))) — U(s, X*(s))] q(dv, ds)

Proof. We proved this result in [IJ.

Here we assumed that ¥ € C*2([0,T] x H). So, it satisfied the conditions
(I1) and (I2). From (I1) the continuous extension of LU (s, z) exists in [0, 1] x H,

which is £U(s, z). Therefore we can write,

w(stE(S)) = nh—>Holo ﬁnlll(S,be(S))
= (0, (5, X5(3)) F(XE()  + lim (0, (5, X5 (), AXE(5))

+ %tr(\l’m(sa XE(5))(B(X4()))Q(B(X4(5)))")

+/ [W(s, X5 (5) + f(v, X5(s))) — W(s, X(5)) — (Wals, X°(5)), f(v, X(5))) ;] Bldw)
H\{0}

P-a.s., where X§(s) € D(A) and X¢(s) € H. L, V(s, X5(s)) is defined in
(2.14). By (I2) LU(s, X¢(s)) is bounded by integrable function, so by applying
Lebesgue DCT, we can conclude that, fot L,V (s, X5(s))ds — fot LU(s, XE(s))ds.
We can show the term by term convergence of all terms similarly as in Theorem
[l Hence we can conclude the It6 Formula of (2.72). O
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Remark 2: From Theoremwe can remark that whenever ¥ € C2([0, T x
H) ie. LU(s,x) exists and conditions of Theorem [L1] are satisfied, then we can
interchange the limit with the integral in the It6 formula for mild solutions of
Theorem @ Then the It6 formula for mild solutions of Theorem |§| (eq-
can be rewritten as follows-

/Ot lim (W, (s, X5(5)), AXS(s)),, ds (2.73)

n— oo

=W X)) 0.6~ [ (Wl XE)ds [ (Wals XE(9), FXE(5)  ds
0 0
= [ s, X ) B () QUBXE () )
// (5, XE() + F(0, XE())) — W(s, XE(5)) — (a5, XE(5)), f
H\{O}
- [ xS B D),
/ / (5, XE(s) + f(0, XE(5))) — U(s, X(5))] a(do, ds).
H\{O}

2.4.2 Relating semigroup with the generator of the solu-
tion process

Now we will relate the semigroup associated with the stochastic process with
the operator £. Let A be the generator of a pseudo-contraction semigroup, then
for x € D(A), let us define

LU(e) = (W (), Av+ F(@))y + (Ve (2) (B)QUB(2)")

+/ W(z+ f(v,2)) = ¥(z) = (Va(2), f(v,2)) ] Bdv).
H\{0}

Here we put an additional restriction that the coefficients F', B and f are in-
dependent of time ¢, depend only on 2z € H. The mild solution X*(t) € H of
satisfies the Markov property, where X7 (t) = X (¢,0;z) with determin-
istic initial condition x € H (see, section 3.4 of [16] and section 6 of [2]). Let
us denote the semigroup associated with the process X*(¢) by P:, where P; is
the bounded linear operator on H. We will relate P; with £. We also assume
that ¥ € C’g (H), the space of bounded continuous functions on H, with contin-
uous bounded partial Fréchet derivatives of ¥, (x) and ¥, (z) exists for x € H.
Since ¥ € CZ(H) hence P,(¥) € CZ(H). We define for a bounded measurable
function ¥ on H,

[PV](z) = E[W(X*(1))]

for x € H (for more detailed discussion we refer to section 3.4 of [16] and section
6 of [2]).
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Theorem 12. Assume that the solution of SPDE (2.7), X*(t) € D(A) and P,
be the semigroup associated to X*(t). Let F', B and f be independent of time
t and satisfy (A1), (A2) and (A3). Assume that U € CZ(H) and the condition
(b) of Theorem[11] holds. Then for x € D(A)

[P¥)(z) — ¥(x) = /0 [Ps L] (z)ds (2.74)
and
[P V](z) — ¥ (x)

lim

i = [LT](x). (2.75)

Proof. We refer sections 4.1, 4.2 of [I3] or sections 3.2, 3.3 of [4] for related
theory.

First we rewrite (2.13) when it is independent of ¢t and X*(t) € D(A),

(X7 (1)) — U(x) = /O LU(X*(s))ds (2.76)
n / (0, (X7(s)), B(X* ()W)
0

+/0 /H\{O} [W(X*(s) + f(v, X*(5))) — U(X*(s))] q(dv, ds).

Now take the expectation on both sides of ([2.76). Second and third term of
R.H.S. of (2.76)) will be zero, because of martingale and we get,

PLCX ()]~ E[v@)] = | BV (s)lds.
Then we substitute [P ¥](z) = E[¥(X*(t))], and we get
[PV (x) — W(x) = /0 P, L) () ds.

Again to prove (2.75]), we can rewrite ([2.76) as,

AU (X7 (1)) = <d‘1’(§(m,Axw(t) + F(X””(t))>H dt
L (W) e s s
5t (T B 0)Q B )Q )’ ) d
e we (O )
o[ o s - e - (O e xe0)) s

+ <d\P(Xm(t)), B(X“(t))th>

dx "
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+/ [W(X“(t) + f (v, X7(1))) — W(X*(1))] ¢(dv, dt).
H\{0}

Now, since [P,V](z) = E[¥(X*(t))], so by Lebesgue DCT

i [P (@) — ¥(a)
t10 t

—plim ! [ <d\D(Xx(8)),AX”(s) + F(X’”(s))> ds

10 t Jo dx H
t 2 T(g
rypimy [ o (R moe @)@ e @)@ ) ds
1 NI 2L 16,0 s
ety [ e + s w) - ) - (T s xe(w) | st

= (M s r@) 4y (S @R B )

dr ’ g 2 dzx?
X v,x)) — X)) — d\II(x) v, T v
e[| s - v - (L sw0) | s
~ [£0)(2).
Hence the proof. O

Now we consider also the case when X®(t) ¢ D(A). ¥ is independent of
time t and W € C?(H) N CZ(H). Where C?(H) denote the space of real valued
continuous functions on H, with continuous partial Fréchet derivatives ¥, (x)
and W,,(z) are well defined for 2 € H. Let C?(H) be the class of functions
U € C?(H) with the properties:

(1) The function £L¥(x) can be extended to a continuous function £¥(z) on
H for x € H.

©2) 1% (@)[| + Ve ()| + [ Waw (@) [| + [ LT (2)]| < E(1 4+ [J2]|*), for 2 € H and
for some k > 0.

Corollary 2. Let P, be the semigroup associated to X*(t). Let F, B and
f be independent of time t and satisfy (A1), (A2) and (A3). Assume that
U € C?(H) N CE(H) is independent of t and the condition (b) of Theorem
holds. Moreover assume that LV satisfies the condition

I£%(y) — LE(2) < klly = 217 lyl* + 1]21%) (2.77)
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for some k > 0. Then for x € H we can write
t
(P () — W(z) = / (P, (2)ds (2.78)
0
and
PY - v —
lim PYI@) = ¥@) gy (2.79)
t10 t
Proof. We proved this result in [IJ.

First we rewrite (2.72), when it is independent of ¢, as

W(XT(E) — W) = /0 TU(X"(s))ds (2.80)
+ [ X 9). B ()
0

+/O /H\{O} [W(X%(s) + f(v, X(5))) — U(X*(s))] q(dv,ds).

Then we take the expectation on both sides of (2.80) and obtain (2.78) similarly
as in the proof of Theorem [12]

The condition (2.77) assures the continuity of P,L¥ in s. Hence we can
write

PU - 1 [t —
i DY@ = 0@ g L 2 (x ())ds = [29)(a).
t10 t tlo ¢ Jo
Hence the proof is completed. O

Now = € H, W € C?(H) N CZ(H) satisfying the conditions of Corollary
we define

[AY](z) := [C9](x). (2.81)

Where A is defined to be the weak generator of the Markov process X7(t)
(to show that the mild solution X*(t) is a Markov process we refer to Section
3.4 of [16] and Section 6 of [2]). The existence of LV is rather restrictive. So,
we introduce a class of functions which is larger than C2(H), where continuous
extension of the function £V is not required. We say that W € V if ¥ € C?(H)
and satisfies:

(i) The function LU (z) < U(x), for € D(A), where U(x) is a continuous
function on H,

(i) U]+ 1@+ [T @) + [ Voo (@)]| < k(L + [2]2) for some k > 0.
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Corollary 3. Assume that F, B, f satisfy (A1), (A2), (A3) and conditions
(a), (b) of Theorem [11] hold. Let L,V (z) < U(x). Then L¥(z) < U(z) for
z € D(A). Where L,, and L are defined as in Deﬁnition

Proof. We proved this result in [I].
For z € D(4),
Lp¥(z) =(Vy(2), Az + Rn F(2)) + ;tr( «(2) (R B(2))Q(RnB(2))")
+ / (W(z + Rpf(v,2)) = W(2) = (P (@), B f (v, 2))] 5(dv)
H\{0}
< U(x).

Now taking limit n — oo of the both sides of the inequality, we get

LU(z) =(Va(2), Az + F(2 )>+%tr(‘lfm(I)(B(x))Q(B(z))*)

e
/ Uz + f(v,2)) — U(x) — (Wu(x), f(v,2))]B(dv)
\{0}

L{

IA

[ by Yosida approximation (R, — I)z — 0]

Hence the result. O

Corollary 4. Let U(z) € V with properties:

(i) The function LY(x) < U(x), for x € D(A), where U(x) is a continuous
function on H;

(i6) [UG)| + 12 ()| + o (@)] + ()] < K1+ [2]2) for some & > 0.
Moreover assume that F', B, f satisfy (A1), (A2), (A3) and conditions (a), (b)
of Theorem [I1] hold. Then

(X (t) / UX (s (2.82)
+ / (o (X7(s)), BX* (5))dWa) 5
0

+ /H\{o} [B(X7(5) + f (0, X7(5)) = B(X*(5))] aldv,ds)

If, in particular, U(x) = 0, then ¥(X*(t)) is a supermartingale.

Proof. We proved this result in [1].

From (i) we have £, (XZ(s)) <U(XZ(s)), when XZ¥(s) € D(A). By Theo-
rem [6] we have lim, .o £, V(X2 (s)) exists P-a.s. and U(XZ(s)) — U(X*(s))
P-a.s.. Therefore lim,, o £,¥(XZ(s)) < U(X®(s)). Now we have already
proved in Theorem



60 CHAPTER 2. THE ITO FORMULA FOR MILD SOLUTIONS

lim F sup || XZ(t)— Xx(t)”?{ =0.

n—oo 0<<T
Therefore,
S, [ Xn(t) = X (@)l — 0,
P a.s.. This implies that the set
S={X,(t), X(t): n=1,2...,0<¢t<T}

is bounded in H. Therefore continuous function U evaluated on S is bounded
by some constant. Hence fOtL{(Xm(s))ds exists. Hence

/Ot lim £, W(X;(s))ds < /OtU(Xx(S))dS_

n—oo

Therefore we can conclude ([2.82)).

For the second part, we take the conditional expectation in both sides of

(2.82)), then we get

E[w(X*(1)|F5] - E[¥(2)|F5] <0,

since U(x) = 0 and terms containing the Gaussian and non-Gaussian noise in
the R.H.S. of (2.82) are martingales.

= BIU(X"(1))|F] < ().

Therefore a supermartingale. O

2.5 [Da Prato, Jentzen, R6ckner]’s; mild It6 for-
mula w.r.t. cPrm

Here we obtain the mild Itd formula of [8] for Lévy noise. In [§], they did it
for the Gaussian case. They transformed the mild It6 process to a standard Ito
process and then they apply standard It6 formula over this transformed stan-
dard Tto6 process. At the end by relating this transformed standard Itd process
with the original mild It6 process with a suitable relation, they obtained their
mild It6 formula.

We consider the SPDE with values in H as

4X(0) = (AX() + FX(0)dt + | o J X a0
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with initial condition X (0) € H. Where H is a real separable Hilbert space and
conditions (A1), (A2), (A3) are satisfied (but without Gaussian term). Then
from definition [9] the milld solutions are defined as

t t

X(t) = S(t)X(0) + / S(t —s)F(X(s))ds + / / S(t—s)f(v, X(s))g(dv,ds)
0 0 JH\{0}

with probability one for ¢ € [0,7]. Then we have the following mild It6 formula.

Theorem 13. Assume that o € CY2([0,T] x H), ¢ : [0,T] x H — R. S(t)
is the pseudo-contraction semigroup. Also assume that the conditions (a) and
(b) of Theorem @ hold. Where H 1is a real separable Hilbert space. Then the
following mild Ité formula holds

p(t, X (1)) = ¢(S(t) X (0)) +/0 (0rp) (s, S(t = 5) X (s))ds (2.83)

+ / (020) (s, S(t — 8) X (8))S(t — s)F (X (s))ds
0

+ / / [o(s, S(t — $)X(s) + S(t — ) (1, X(8))) — (5, 5(t — 5)X(s))
o JH\{0}
(80 (5, S(t — 5)X(5)), S(t — 5) (v, X (5))}]B(dv)ds

P-a.s. for all t € [0,T]. Here (O1)(t,xz) = (a—f)(um) and (02)(t,z) =
(g—f)(t,x). (Orp) € C([0,T] x H,R) and (d2¢) € C([0,T] x H, L(H,R)).

Proof. We proved this result in [I].

Here we use the transformation technique, given in [I4]. For existence and
uniqueness of the mild solutions w.r.t. cPrm we refer [2].

Let Uy € L(H), t € [0,00), is a strongly continuous pseudo-contractive semi-
group on H and S(t —s) = Up_y) € L(H) forall 0 < s <t <T.

Then there exists a separable R-Hilbert space (H, (., .)n, ||.|l%) with H C H
and ||v|]g = ||v||x for all v € H and a strongly continuous group U; € L(H),
t € R,(Here we use the fact that, the strongly continuous pseudo-contracitve
semigroup can be dilated to strongly continuous group); such that

Ui(v) = PU(v)) (2.84)

for all v € H C H and all t € [0,00) where P : H — H is the orthogonal
projection from H to H.
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Now we transform our mild It6 process X : [0,7] x 2 — H to a standard Ito
process X, by following the technique of [14], roughly speaking by multiplying
the mild Tt6 process with ¢_; for ¢ € [0,T]. Let, X : [0,T] x @ — H be the
unique adapted, cadlag stochastic process such that,

+/0 U,SF(X(S))ds—k/O A\{O}Usf(uX(s))q(dv,ds). (2.85)

P-a.s. for all ¢t € [0,T]. Here we use the following transformation,

PU (X)) = PU(X(0))) + / PUy— oy F(X (w)du + / /H 1 Pl 0 X,
(2.86)

-l—/sS(t—u) du+/ /H\{O} (t —u)f(v, X(u))q(dv, du)

=S(t—s)(S /Ss—u

/ / (s — u)f (v, X (w))q(dv, du))
H\{0}
=S({t—-9)X

= P(Uy(X,)) = X(t) and P(U(Xo)) = S(t)X(0).
P-a.s. for all s,¢t € [0,T] with s <.
Now we will apply the Ito formula for strong solution of [23] to the test

function (s, P(Us(v))) for s € [0,t], v € H

p(t, X (1) = o(t, PU(X1))) = o(P(U(X0))) +/O (1) (s, P(U(X5)))ds
(2.87)

+ / (D) (5, PU(X)) Pl F(X (5))ds

+ / / [o(s, PU(X.)) + Py (0, X(5))) — ols, PU(X.))
0 JH\{0} B
 ((@20) (5, PURL))), Pl f (0, X ()Y B (dw)ds

+ / / (o5, PU(X.)) + Py (0, X(5))) — o5, PU(X.))] a(dv, ds)
o Jm\{0}

P-as. for all ¢ € C12([0,7] x H). Now substituting ([2:84) and (2.86) in

[2:87), we get our Mild It6 formula of (2-83).
O
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2.6 Examples

These examples are done in [I].
Example 1:-
Let A : H — R. Assume that the conditions of Theorem [6l hold. Now if we

apply the It6 formula for mild solutions, of Theorem @, for the function e“*A(z)
where ¢ > 0, t > 0 then it will be

lim [ e” (A'(X§(s)), AXS(s)),, ds

n— oo 0

= CACXE() MO - [ e (A ()i
0
‘/o e (N (X4(s)), F(X(5))) , ds
_ / ecs%tr(A”(Xg(s))(B(X5(8)))Q(B(X§(3)))*)d5
[ e A+ (0 XE(9) — AX() — (N X)), S0 X)) ] o) s
0 JH\{0}
- [ e ). B ),

- / / e TA(XE(s) + f(0, XE(s))) — A(XE(s))] qldv, ds)
o Ju\{o}
P-a.s..

We can also wrtie the Ito formula for mild solutions, of Theorem [g] for the
functions ¥(x) = ||z||?, ¥(z) = e“||z||?; for x € H and Lyapunov function in
stability theory.

Example 2:-

Let A be a symmetric linear operator and the conditions of Theorem [f]
hold. Assume that, for a fixed I > 0, [ € (0,00), ¥(s,z) = e A(s,z) and
Ay (s,z) € D(A). Where, 0 < s <t < T, z € H. Also assume that ¥ satisfies
the following property,
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(i) There exists constants ¢y, ca,cg > 0 s.t.
2
[W(s, )| < erllelys Wals, o) < ezllzlly; [1Wanls, 2)|| < esll]y

for all z € H.

Hence, from the given conditions, there exists a constant C > 0 s.t.

(Wals, XE(5)), AXE(5)) < C[[ X5 (2.88)

Here,

(Wa(s, X5 (5)), AX5(9))

= (M (s, X5(5)), AXS(5))

= (A% Ay (5, X5 () X5 (9))

2
<c|xiwl.
The last inequality we get from ([2.88). We can write from second to third
equality, due to the fact that, "4 A, (s, X5(s)) € D(A) C D(A*) as we assumed

Ay (s, ) € D(A) and A to be a symmetric linear operator. By Theorem [5]we can
choose a subsequence s.t. X§(s) — X¢(s) P a.s.. So by (2.18) and Lebesgue

DCT fg HXfL(s)H?{ds — fot ||Xf(s)|’i1ds. Therefore by applying Generalized
Lebesgue DCT (Theorem 3.4 of [I6]) we can conclude that,

t t
/ <elA/1x(s, X&(s)), AXS(S)>H ds — / <A*elAAz(s, X4(s)), X5(3)>H ds
0 0
P-a.s.. Therefore we can write the It6 formula for mild solutions of Theorem

|§|f0r the function W(s,z) = !4 A(s, x), for € H, as follows

AL, XE(t) — A0, 6) = /t e Ay (s, X4 (s))ds (2.89)
0
+/0 <elAAw(s, X&(s)), F(Xf(s))>H ds + /o <A*el‘4/1w(s7 X&(s)), X5(5)>H ds

b [ St A s, XD (BOXE () QUBX(5) )ds
0

+/ / e [A(s, X5 (s) + fv, X5(s))) — A(s, X5(s)) — <AI(S,X5(S)),f(’U,Xg(S))>H] B(dv)ds
0 JH\{0}
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o [ (e X5, BOS ),

/ [ A XE(5) + £ (0. XE(9) — Al XE ()] o, ds)
H\{O}

P-a.s. and by Theorem [IT], we obtain

LT(s, X5(s)) = (e A, (s, X5(s)) F(Xg(s))>H + <A*6lAAI(S,X§(S)),X5(5)>H
(e a5, XE(5)) (BXE(5))QUB(X(5))")

+/ e [A(s, X5 () + fv, X5(8))) — A(s, X4(s)) — (Au(s, XE(s)), f
H\{0}

Example 3:-

In Example 2, if we consider [ = 0, then we have, U(s,z) = A(s,z) for x € H.
And assume that A,(s, X¢(s)) € D(A*) (Here we don’t need the assumption
that A is a symmetric linear operator). Then we can also write the Ito formula
for mild solutions by Theorem [f] as,

At XE(1)) — A(0,€) = / Au(s, X5(s))ds (2.90)
b [ Aalo X)) st [ (A 405, X)), XE9)

0 0

/tl ¢ ¢ R

b [ S5, X)) (BXE(5))QUBIXE () s
0
+ / / [A(s, X5(3) + F(0, XE(s))) — Als, X5(5)) — (Au(s, XE(5)). f
H\{0}
+/ <Aw(s,Xf(s)),B(Xi(s))dWs>H
0

//H\{O} A(s, X5(s) + f(v, XE(s))) — A(s, X¥(5))] q(dv, ds)

P-a.s. and by Theorem |11, we obtain

$)))u) B(

$)))ul B

ds
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LU(s,X5(5)) = (Aa(5,X(5)), F(X5(5))) y + (A" Aa(s, X(5)), X4 (5))

+%t7“(/1m(5, XE())(B(X4()))Q(B(X4(5)))")ds

+/ [A(s, X5 (5) + f(v, X5(5))) = A(s, X*(5)) = (Aa(s, X5(5)), f(v, X4(5))) ] B(dv).
H\{0}

Now we discuss two specific examples of this case. If we consider ¥(x) =
A(z) = (x,h)?; x,h € H. Then A,(x) = 2(z,h)h. And we can say,

/Ot (Ao(X5(5)), AX5(5))  ds — /Ot (2(X4(s), h)A*h, X4(s)) , ds

P-a.s.. Hence we can write the It formula for mild solutions following (2.90)).
In [7], we have this sort of Ito6 formula for mild solutions.

But, If we consider, ¥(z) = A(z) = ||z||?; * € H. Then we can not write
the Itd6 formula for mild solutions by following (2.90). Because in this case

A (X%(s)) = 2X5(s) ¢ D(A*). Where as by applying Theorem @, we can write
the Ito6 formula for mild solutions as follows-

lim t<2Xg(s), AXE(s))ds (2.91)

n—oo 0

— IXE@)) - el - / (25 (s), F(X4(s)))ds — / tr((B(XE(5))QUB(XE(s)))")ds
[ ] IXE) + 0 X = X — X, (0 X 6))] e
o JH\{0}

- [exsBecenan - [ X6+ Fo X - X4 Platde, )
0 o JH\{0}
P-a.s..

Example 4:-
Let A be a symmetric linear operator and the conditions of Theorem [ hold.

Now, we consider ¥(s,z) = e*=)4(z) for x € H. Assume that ¥ satisfies the
condition (i) of Example 2. Also assume that I', I, € D(A). Now,

(5, X5(5)) = (~ A ™IAD(XE(5))) = (A TI(XE(s)))
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P-a.s.. The convergence of all other terms are similar as in Example 2. So,
we can write the It6 formula of Theorem [6] as,

D(XE()) — e Ar(€) = /0 t (-Ae<t—S>AF(X5 (s))) ds (2.92)

-/ (AL (X)), FXE(s)) ds+ / (AL (X (), X4 (9))ds

4 / %tr(eu—swrm(Xf<s>><B<X€<s>>>Q<B<Xf(s)))*)ds
0

' ot=AP(xE (g 0. XE(s))) — AP XE(s
+/0/H\{o}[ P(XE(s) + f(v, X5(s))) (x5(s))

— (AL (X (), S (0, X () ]B(dv)ds
+ [ (et B ),

t elt—5)A (g 0. X&(s))) — elt—9)4 £(s . ds
+/0 /H\{O}[ L(XE(s) + /(0. X5(s)) L(X5(s))] a(dv, ds)

P-a.s. and by Theorem [I1] we obtain

L(s, X5(5)) = (I (XE(s)), F(XE(s)) | + (A" TIAL(XE(s), X5(s) )

+%tr(e(t_s)’4fm(X5(8))(B(X5(S)))Q(B(Xg(S)))*)

[ AL () 4 F o, X)) — LX)
H\{0}

= (AL (X (s)), (0, XE(5)) ) 18 (dw).

Example 5:-

Let A be a symmetric linear operator and the conditions of Theorem [ hold.
Let us consider the function U(s,z) = (S(t — s)y, z), where y € D(A).

Therefore, for y € D(A),

Uy(s, X5(s)) = — (AS(t = s)y, X5(5)) , (2.93)



68 CHAPTER 2. THE ITO FORMULA FOR MILD SOLUTIONS

U, (s, X5(s) = S(t - s)y
and
Va5, X5 (s)) = 0.
Hence
(Wals, X5 (5)), AX5(s)) = (S(t — 5)y, AX5(s)) -

Since, A is a symmetric operator

(W (s, X5(5)), AX5(s)) = (AS(t — s)y, X5(s)) - (2.94)
So from and
Wy(s, X5(5)) + (W (s, X5(s)), AX5(s)) = 0.

Therefore we can write the It6 formula for mild solutions of Theorem [6] for
the above function as follows,

(5 X(8)) — (S(t)y. €) = / (5(t — )y, F(X(s))), ds

+ / / [(S(t — s)y, XE(5) + F(u, XE(5))) — (S(t — )y, XE(s))
o Jm\{0}

—(S(t = )y, [ (v, X*(s))) ] B(dv)ds

+/0 (S(t- s)y,B(Xf(S))dWS>H

+/ / [(S(t— s)y, X&(s) + f(v,Xg(s))> —(S(t— s)y,XE(s)>] q(dv, ds)
o Jm o}

P-a.s. and by Theorem [T1] we obtain

LU(s,X*(s)) = (S(t = s)y, F(X*(s)))
+ / [<S(t - S)y,X'f(S) + f(U, Xg(s))> - <S(t - S)y,X5(8)>
H\{0}

—(S(t = s)y, f(v, X%(s))) ] B(dv).

Example 6:-



2.6. EXAMPLES 69

Consider the stochastic heat equation

dX(z,t) = 88—22)((1, t)dt + B(X (z,t))dW; + / f0) X (z,t)q(dv,dt),
x H\{0} 099

with

O<z<l.

X(0,¢) = X(1,¢) = 0; X(2,0) = Xo(2); Xo,B,f € La(0,1).

Here we take H = L(0,1), A = d?/dx? and

D(A)={f € H|f'.f" € H; f(0) = f(1) = 0}.

Since A has eigenvectors {v2sinnmz} and eigenvalues {—n?n?} for n € N.
Then X € D(A), (AX, X) < —72|X|? (see example 6.1 of [19]).

Now consider the function ¥(z) = ||z||>. Therefore ¥, (z) = 2z and U,, = 2.
Hence, for z € D(A)

(T (@), Az) < =27 |||,

%tr(‘l'm(w)(B(x))Q(B(w))*) = tr((B(«))Q(B(x))") < I(1 + ||z|*),

by (A3) and

/ [W(z + f(v)z) = ¥(z) = (Ve (@), f(v)2)]5(dv)
H\{0}

< [l x sup [l 0501 )

H\{0} 0<0<1
<21+ ||z|*) [since, |W,,| = 2]
by (A3). To get the above inequality we followed the argument used in the

proof of Theorem [6] Therefore for z € D(A),

LU(2) = L l2]* < =27 |2 + (1 +20) (1 + [[]*)
= (=27 + 30)||z||* + 31
= U(x) e V.

The description of V is given in Corollary [] and the inequality of Corollary [4]
will be-
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IX ()2 — X)) < / (=20 + 30) | X(s) 2 + 31} ds (2.96)
+ / (2X(s), B(X (s))dW,)
' S v S 2 — S 2 ) S).
+ / /H o X+ FEX G~ X Platao, b

So, from Corollary EL we obtain the inequality of (2.96|) for the function
U(z) = ||z||* but from (2.91) we are able to write the It6 formula for mild solu-
tions for the function ¥(z) = ||z|*.

Now whenever 72 > %l, then for some constant k& > 0

X = XOI < [ {-HX )P+ 3)ds + [ (2X(9), BOX ()W)
0 0
(2.97)
+ / /H o IXG) + X = 1X(6) Pt ).
Now applying expectation on both sides of

B[ X017

IN

—k:/ E[|X (s)[2)ds + 31t + || X (0)]|2 (2.98)
0

IN

t
fk:/ E[||X (s)]|%]ds + M| X (0)[|* [for sufficiently large A > 0].
0

Therefore, by Gronwall’s lemma
B[ X®)]17] < e X (0)]1%,

hence by definition we can conclude that the solution X (t) is exponentially
stable in the mean square sense.



Chapter 3

Differentials of SPDEs

In this Chapter, we study the continuity and differentiability results of the mild
solutions with respect to the initial condition for SPDEs which contain both
Gaussian and non-Gaussian noise.

Consider the following stochastic differential equation with values in H
(where H is a real separable Hilbert space),

dX(t) = (AX(t)+ F(t, X(t))dt + B(t, X (t))dW; + /H\{O} f(t, v, X(t))g(dv, dt);

X(0) =& € H. (3.1)

The initial condition & is an Fy-measurable H-valued random variable. Where
X(t) € D([0,T),H) such that F, B nad f do not depend on w. Where
(D[0,T], H) is the space of cadlag functions defined on [0,7] and with values
in H, with the sup norm ||.|| , := sup,¢jo 7y |-l - The terms in satisfying
the following conditions:

(K1) A is the infinitesimal generator of a pseudo-contraction semigroup
{S(t),t > 0} on H. This means in particular that there exists a constant
a € Ry st. |[S(1)] < e

(K2) W, is a K-valued F;-Wiener process with covariance @) on a complete
filtered probability space (Q,]—" , {]—"t}tST,P) satisfying the usual hypothesis,
where @) is a nonnegative definite symmetric trace-class operator on the real
separable Hilbert space K. ¢(ds,du) := N(ds,du)(w) — dsf(du) is a compen-
sated Poisson random measure (cPrm) on a complete filtered probability space
(Q,}", {Fitiers P) satisfying the usual hypothesis. (W;)¢>0 is assumed to be

independent of cPrm ¢(dv, dt).

(K3) F:[0,T]xH — H,B:[0,T|x H— Lo(Kq,H), f:[0,T] x H\ {0} x
H — H are continuous, and jointly measurable functions satisfying:

71
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|F(t,2) ||} + tr(B(t,2)QB*(t,z)) + / 1f(t, v, 2) |13 B(dv) < UL+ [|z]|3);
H\{0}
and,

1F(t2) = F(t,)|[3; + tr((B(t,2) = B(t,y)Q(B(t, ) = B(t,))")

2 2
[t = feopae) < Kl -yl
H\{0}
for all x,y € H, t € [0,T] and where [, K are positive constants.

Let Ho denote the class of H-valued stochastic processes X that are mea-
surable as mappings from ([0,7] x Q,B([0,T]) ® F) to (H,B(H)) adapted to
the filtration {F;}i<r, and satisfying E[supy<,<r || X (s)[|%] < co. Then Hs is
a Banach space (see Section 4.1 of [22]) with the norm

Nl

1 X4, = (B[ sup [ X()]I5])*.
0<t<T

In Theorem (3| of earlier chapter, we proved that- if {S(¢),¢ > 0} is a pseudo-
contraction semigroup and F, B, f satisfy (K1), (K2), (K3) with E[||X (0)|]3,] <
oo. Then equation has a unique mild solution X (t) € (D[0,T], H) satisfy-
ing Elsupo<s<r || X (s)|3] < oo

Here we assume that the coefficients F', B and f are independent of w.

Lemma 4. Let {S(t),t > 0} be a pseudo-contraction semigroup, & € L*(Q, H)
and X € D([0,T], H) with Elsupg< < [ X (s)]]?] < co. Let

(e, X)(t) = S(H)e + /0 S(t — $)F(s, X(5))ds + /O S(t— $)B(s, X(5))dWW,

—|—/0 /H\{O} S(t—s)f(s,v,X(s))q(dv,ds) (3.2)

and F', B, f satisfy conditions (K1), (K2), (K8). Then, for 0 <t <T,
(1)

~ ~ 2
5| sw, i€ x)0 - fo 00| < cirp | s el
0<t<T H 0<t<T

(1)

B[ s i 0w - el ] <cur [ B] ow 1x6) -yl

0<t<T 0<s<T

for some positive constants Cy r, Ca .
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Proof. Here we followed the proof of Lemma 3.7 of [16] as well as Lemma 5.5.6
of [22].

(I) Let X¢(t) and X"(¢) be mild solutions of (3.1) with initial conditions &
and 7, respectively. Then, by applying Lemma

E sup ||X¢(t) = X7(1)|]” < 4Cur (B[ = nl?

0<t<T
T
+E{/O | F(s, X%(s)) = F(s, X" (s H ds
T
+/O | B(s, X%(s)) — B(s, X"(s H ds
! 2
+/0 /H\{O} | £(s,0,X5(s)) — f(s,0,X"(s))||” B(dv)ds})
by (K3),

T
<4Cur (E €=l 4k [ B s X0 - X765 ds> .
0 0<s<T
Now, by using the Gronwall’s lemma, we obtain our result.

(IT)

B sw [e.x)0) - Fe V),

2

< C{E sup /St—s (s,X(s)) — F(s,Y(s)))ds
0<t<T
+E sup / S(t — 3)(B(s, X(s)) — B(s, Y (s)))dW,
o<t<T ||Jo
: 2
+E sup / / S(t — 8)(f (5,0, X(s)) — f(5,0,Y(s)))q(dv. ds)|| }
o<t<T ||Jo Jm\{0}

by applying Lemma
T
< C%T{E/ 1F (s, X (s)) — F(s,Y(s))|? ds
+E/ 1B(s, X(5)) — B(s, Y (s))|*ds
E (s,v, X — f(s,v,Y (s 2 B(dv)ds
+ //H\{O}llf (5)) = f(s,0,Y (5))]|> Bdv)ds}
by (K3),

T

<CorK [ E sup ||X(s)—Y(s)|*ds.
0 0<s<T
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Hence the proof.

Lemma 5. Let I: HxHy — Hy be such that its projection at time t € [0,T) is
given by I1(¢, X)(t). Assume that F, B, f satisfy conditions (K1), (K2), (K3).
Then there exists a constant ar, depending on T, s.t. ar € (0,1) and

(&, X) = 1€, Y) 5z, < ozl X =Yy, (3-3)
Proof. Here we follow the proof of Lemma 5.5.7 of [22].

_ Let SX := I(€,X)(t). We will prove that, S is a contraction operator on
‘Ho, for sufficiently large n € N. From Lemma II), it follows by induction

T T T
E sup ||S"X(t)fs"Y(t)|\§{gch/ dsl/ dSQ..-/ E sup || X(s,) =Y (sn)||%dsn
0<t<T 0 0 0 0<s<T

Tnfl T

<CYp— E su X (s) —Y(s)||%ds.
<Cirr—y |, E s 1X() - Y ()l

Therefore, for sufficiently large n € N, S™ is a contraction operator on Hs.

Hence, has a unique fixed point. Suppose that S is a contraction operator on
Hs. Therefore

E sup |[SX(t)—SY(#)|3 =E sup [[SFTX(t) — SF Ty (¢)||3;
0<t<T 0<t<T

Tkno T

< Gyt E sup ||X(s) = Y (s)|zds

(kno)! Jo 0<s<T
— 0, when k — oco.

This completes the proof. O

We now prove the continuity of the mild solutions w.r.t. the initial value.

Theorem 14. Let X,, be the mild solutions to the sequence of equations
with coefficients F,,, B,, fn and initial conditions &,, so that the following
equations hold P-a.s. fort € [0,T]:

Xn(t) = S(t)én + /0 S(t— s)Fn(s, Xn(s))ds + /0 S(t — s)Bpn(s, Xn(s))dW,

+/0 /H\{O} S(t —5)fu(s,v, Xu(s))q(dv, ds).

Assume that F,,, By, fn satisfy conditions (K1), (K2), (K3). And in addi-
tion, let the following conditions hold:

1)

sup B[, ] < oo,
neNg
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II) with n — oo

2
1F (s ) = Fo(t,2) [ + 1 Ba(t, ) = Bo(t, @)l £, (5, )

+/H\{O} an(t,v,a:) - fo(t,v,:n)HZﬁ(dv) — 0,

1)
E[|l&, — &3] — 0.
Then

lim E sup [|| X,(t) — Xo(t)”?q] =0.
n—00  0<¢<T

Proof. Here we followed the proof of Theorem 3.7 of [16] and Theorem 8.1 of [2].

For any ¢t < T,

E sup || X,(t) — Xo(t)]?
0<t<T

< 4{E sup [S(t)(&: — &)l
0<t<T

2

L 2E sup / S(t — 8)(Fu(s, Xa(5)) — Fu(s, Xo(s)))ds
o<t<T ||Jo

+2E sup / S(t— s)(Fn(s, Xo(s)) — Fo(s, Xo(s)))ds
o<t<T || Jo

t 2
+2F sup /0 S(t — 8)(Bn(s, Xn(s)) — Bn(s, Xo(s)))dW

0<t<T

2

L 2E sup / S(t — 5)(Ba(s, Xo(s)) — Bo(s, Xo(s)))dW,
0<t<T 0

L 2E sup / /H oy ST U0 X (60) = o, Xol) gt )

0<t<T
2

}

1 2E sup / /H 1 S U Ka(s) = oo o5l )

0<t<T

by (K3) and Lemmall]

T
<4e**T{E &, —&l° +K | E sup [ Xn(s) — Xo(s)||” ds
0 0<s<T
T
+2E/ | Fn(s, Xo(s)) — Fo(s, Xo(s))||* ds
OT
.y / 1B (5, Xo(s)) — Bols, Xo(s))|? ds

+ 2E/ / I fn(s,v, Xo(s)) — fo(s,U,Xo(s))||2 B(dv)ds}. (3.4)
o Jmoy
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Now from (III), we have E ||&, — §0||§{ — 0 and from (II)
1 (t ) = Folt,@) |37 + | Bat,@) = Bo(t, 2)ll 2, (1)

+ /H\{O} an(t,v,x) — fo(t,v,a:)Hi{ﬁ(dv) — 0.

Also from (K3)

1F(ts Xo(5) 2 + 1Bt Xo(s) 2, e
+ / (0, Xo(s)) I B(do)
H\{0}

<11+ | Xo(s)]I%)
— (1 + [|&]1%)-

Therefore as n — oo,
T T
B [ 1F(s, Xo(s)) = Fols, Xa(o))[*ds + E [ [Bu(s, Xals)) = Bofs, Xo(s)) | ds
0 0
T
LB / / (59, Xo(5)) — fols, v, Xo(s))[2 B(dv)ds — 0.
0 H\{0}

Therefore by applying Gronwall’s lemma to (3.4), we can conclude that
lim E sup || X,(t) — Xo(t)|[% = 0.
Jm B s 1 X(0) = Xo0)

Hence the proof.

Theorem 15. Assume that F : [0,T] x H - H, B:[0,T] x H — L4o(Kg, H),
f:00,T] x H\ {0} x H — H and satisfy conditions (K1), (K2) and (K3).

(a) If the Fréchet derivatives DF(t,.), DB(t,.) and Df(t,v,.) are continuous
in H and bounded,

IDE(t,2)yl|% + [1DB(t, )yl 2, (k0 1) +/H\{0} IDf(t,v,2)y|[HB(dv) < M|yl
(3.5)

uniformly forx, y € H, t € [0,T] and My > 0 is a constant. Then the first-order
Fréchet partial derivatives of I : H X Ho — Ho are given by

(81 (g;’f)y> (1) = 50




7

(81552 )77> (0= [ St = 9DF.ge)meds + [ St~ 9DBLs ).
(3.6)

’ /0 /H\{()} St —s)Df(s,v,&(s))n(s)q(dv, ds)

P—a.s.;withf,ne?flg;m,yeH;OSth.

(b) If in addition, the second-order Fréchet derivatives D*F(t,.), D*B(t,.)
and D?f(t,v,.) are continuous in H and bounded,

I1D2F(t,2)(y, 2)l[7 + 1D* B(t, ) (y, 2|2, 5c,11)

+/ 1D2f(t, v, 2)(y, 2)|[7 B(dv) < Mallyl|Z||=1%
H\{0} -

uniformly for x, y, z € H, t € [0,T] and My > 0 is a constant. Then the
second-order Fréchet partial derivative of I : H X Ho — Ho is given by

821~(x,§) _ ¢ 2
(agg(x,sxn,c)) (1) = / S(t — 5)D2F(s,£()) (n(s). C(s))ds
+ / S(t — 5)D*B(s, £(5))(n(s). ()W,

i /o /H\{O} S(t = s)D*f(s,v,£(5)) (n(s), C(s))q(dv, ds)

(3.8)
P-a.s.; with &, n, ¢ € Ho;ze H; 0<t<T.
Proof. Here we followed the proof of Theorem 3.8 of [16].
Consider
I+ h,)(1) ~ I, )(0) = Wb _ S+ h) — Stz ~ S _

1P 22 - 120l 2

proving the first equality of (a). To prove the second equality, let
rp(t,z,h) = F(t,x + h) — F(t,x) — DF(t,x)h,
rp(t,z,h) = B(t,x + h) — B(t,x) — DB(t,x)h,

re(t,v,x,h) = f(t,v, 2+ h) = f(t,v,2) = Df(t,v,z)h.
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Here, we will use the following result- Let H;, Hy be two Hilbert spaces.
For a Fréchet differentiable function L : Hy — Hs, define 1, (z,h) = L(x + h) —
L(z)—DL(x)h and rpr,(z,h1) = DL(x+h1)h— DL(z)h— D?L(z)(h, h1). Then

re(@,h)llg, <2 Sup IDL@) £, 1) 1], (3.9)
z€H,

and

s 1a)lig, <2 390 (DL gy, Wi, s, (310)

Now with %ﬂé’g) as given by the r.h.s. of (3.6)), we have

ri(e Em)(8) = Ta,€ + m)(t) — Fa, €)() — (81(;5’90 (1)

= | St =s)rr(s,&(s),n(s))ds + | S(t = s)rp(s,&(s),n(s))dW;

0 0
t

+/ / S(t—s)re(s,v,€(s),n(s))q(dv,ds)
o Jm\(0y

=I5+ 1)+ Is.

We need to show that, as |||, — 0,

i@, &, m)ll g,

— 0.
77,

Consider

2\ 1/2
)

(Esupocacr | i S0 - (o600 n(s) s

171l 2,

" lrels €6). n() 5 lIns) >1/2
<C|E . e
- ( /0 In(s)II3; Inll%, {ln(s)ll 0}

Since F' is Fréchet differentiable, therefore as ||77(s)\|§1 —0

[FCRORICN N
()7

by (3.9) and (3.5)), this is bounded by some constant. In addition, the factor

2
()
2
1%,

L0 < 1
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111115,

Consequently, by the Lebesgue DCT, 772 — 0 as 5]z, — 0.

> Tlla,
2) 1/2

Again, by Lemma [T

/0 S(t — 5)r (s, £(s).n(s)) AW,

(E sup
0<t<T
. 1/2
<C (E/ ||rB(s,£(s),n(s))II2dS> ;
0

and by Lemma 5.1.9(1) of [22]

/ / S(t — s)rs(s,v,£(s),n(s))q(dv, ds)
o Jm\{o}

o\ 1/2
E sup
0<t<T

. i 1/2
<c <E / /H N I ON IO B(dv)d«S) .
1121157,

Therefore, by doing similar calculation as Iy, we obtain e
H

— 0 and

2

[PEYIP7S
lInll5,

This concludes the proof of (a). Proof of (b) can be carried out by using

similar arguments. Let

rpr(t,z,h1) = DF(t,x + h1)h — DF(t,z)h — D*F(t,2)(h, hy),

— 0, as [0z, = 0.

rpp(t,x,h1) = DB(t,x + h1)h — DB(t,2)h — D*B(t,z)(h, hy),

rpp(t,v,2,h) = Df(t,v,2 + h1)h — Df(t,v,2)h — D2f(t,v,z)(h,h1).

Now with %;2’5) as given by the r.h.s. of (3.8)), we have

s En)() = (Wc) (0 - (3“;2’ 1 c) - (%(%O(m()) ()

- / S(t — s)rop(s,£(s),n(s))ds + / S(t — s)rps(s, () n(s))dWW,s
0 0

t
+/0 /H\{O} S(t — S)TDf(S;U,f(8)7n(s))q(dv,ds)
=Ji+ Ja+ Js3.

We need to show that, as |||/, — 0,

Tﬂ(xagvn)‘
> 2 — 0.

1l 2,
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Consider

9\ 1/2
(suwocecr [ 56 = rpr(s.ennas], )

70,

" (s, €Cs)n) s )l N
§C<E/o W i, )

Since DF is Fréchet differentiable, therefore as ||n(s)||fq -0

2
||7“DF(57§(3)J7(3))HHH

2

In(s) Il
by (3.10) and (3.7), this is bounded by some constant. In addition, the factor

2
[1723) Ve
2
1115,

Lnazop <1

Consequently, by the Lebesgue DCT, ”HJ1

||H2

e~ 0as mllz, — 0.

2) 1/2

Again, by Lemma []

(E sup / S(t—s)rps(s,&(s),n(s))dW,
o<t<T ||Jo
1/2

T
gc<E / ||rDB<s,s<s>,n<s>>||2ds> ,

and by Lemma 5.1.9(1) of [22]

o\ 1/2

O<t<T

/ | (= srogls,v.606) n(s)atdo, ds)
H\{0}

T , 1/2
gc<E / /H XX ORION ﬂ(dv)d8> .

J ~
Therefore, by doing similar calculation as J;, we obtain % — 0 and
Ho

1515,

Tls, 0, as [|n[l;z, — 0. This completes the proof.

O

Now we will use the following lemma on contractions depending on a pa-
rameter, for proving the next theorem i.e. Theorem
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Lemma 6. Let X, U be Banach spaces, and f : X x U — U be a contraction
with respect to the second variable, i.e., for some 0 < o < 1,

If(x,u) — f(z,0)|lv <allu—2||y, z€X, wveV (3.11)

and let for every x € X, o(x) denote the unique fized point of the contraction
f(z,.): U — U. Then the unique transformation ¢ : X — U defined by

flx,p(x)) = p(x) for every z € X (3.12)

is of class C*(X) whenever f € C*(X x U), k =0,1,---. The derivatives of ¢
can be calculated using the chain rule; in particular,

af(xé:f(x))} o (W(gf(@)y) 7

Dy(z)y = [I - (3.13)

of (z,p(x 102 f(z, p(x

O f(x,p(x))
+ dxdu

2 x x
(De(e)y, =) + LD () pogaye)

(3.14)
0*f(z, ()

+ 5 (De(x)y, Dy(w)z)).

Let { £, }2°, be a sequence of mappings in C'(X xU) satisfying condition (3.11)),
denote by ¢, : X — U the unique transformations satisfying condition (3.12]),

and assume that for all x,x1, - ;2 € X, w,ur---,u; €U, 0< k45 <1,
. ORI f(x,u) ORI f(x, u)
nlgfolow(ula“' s Ujy Ty ,fﬂk) = W(Uh’" yUjy L1y >$k)~
(3.15)
Then
ILm Dlapn(x)(xl,~~ ,xy) = Dlgo(m)(ml,~~ ,Z1). (3.16)

Proof. For the proof of the lemma, we refer to Appendix C (Proposition C.0.3
and Proposition C.0.5) of [6]. Also see Lemma 3.8 of [16]. O

Now we consider the approximating system of equation (3.1)),

dX(t) = (AX(t) + R, F(X(t)))dt + R, B(X (t))dW; + /H\{O} R f (v, X ())q(dv, dt);

X(0) = z € D(A). (3.17)

Here A generates a pseudo-contraction semigroup. Let R(n, A) = (nI—A)~!
denote the resolvent of A evaluted at n where R,, = nR(n, A), with n € p(A) the
resolvent set of A. We have R, : H — D(A) and A,, = AR,, are the Yosida ap-
proximations of A. We assume that F', B, f satisfy conditions (K1), (K2), (K3).
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By applying Theorem [3| we can conclude that equation (3.17) has a unique
mild solution, denoted by XZ(¢t). Then

X2(t) = St + / t S(t — $)RpF(X2(s))ds + / t S(t — s)RuB(X2(s))dW,

+/0 /H\{o} S(t = s)Ru f(v, X7 (s))a(dv, ds). (3.18)

Since the range R(R(n, A)) C D(A) and the conditions of Theorem {| are satis-
fied, therefore we can conclude that XZ(¢) € D(A) is also a strong solution.

Now we are in a position to approximate the mild solution of equation (3.1
with respect to the strong solutions of equation (3.17). The mild solution of
equation (3.1), say X#(¢) (with initial condition x € H), satisfies

X(t) = S(t)x + /0 S(t — s)F(X*(s))ds + /0 S(t — s)B(X%(s))dW,

+/O /H\{O} S(t —s)f(v, X*(s))q(dv, ds) (3.19)

and lim,,_, F [supogth (| XZ(t) — Xm(t)H?{} = 0. This follows from Theorem
Bl

We are now ready to prove a result on differentiability of the solution w.r.t.
the initial condition.

Theorem 16. Assume that F : [0,T]x H - H, B:[0,T] x H — L2(Kg, H),
f:00,T) x H\{0} x H — H satisfy conditions (K1), (K2) and (K3). Let
the Fréchet derivatives DF(t,.), DB(t,.), Df(t,v,.), D*F(t,.), D®B(t,.) and
D2f(t,v,.) be continuous in H and satisfy conditions and . Then
the solution X% of with initial condition x € H, viewed as a mapping
X:H— 7—22, is twice continuously Fréchet differentiable in x and for any y,
z € H, the first and second derivative process DX*(.)y and D*X*(.)(y, z) are
mild solutions of the equations

dZ(t) = (AZ(t) + DF(t, X*(1))Z(t))dt + DB(t, X*(t)) Z(t)dW,
n / Df(t,v, X*(£)) Z(t)q(dv, dt), (3.20)
H\{0}
Z(0) =y,

and

dZ(t) = (AZ(t) + DF(t, X" (1)) Z(t) + D*F(t, X*(t))(DX* (t)y, DX (t)z))dt
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H(DB(t, X*(t))Z(t) + D*B(t, X" () (DX (t)y, DX®(£)2))dW,  (3.21)
+/ (Df(t,v, X*($)Z(t) + D*f(t, v, X*(t))(DX" (t)y, DX (t)z))q(dv, dt),
H\{0)

Z(0) = 0.

If X, is the solution to the approximating system of with deterministic
initial condition x € H, then fory, z € H, we have the following approzimations
for the first and second derivative processes:

lim [[(DX;() = DX* () yll, =0, (3.22)
lim [(D2X5() = D2X*()) (y,2)| g, = O (3.23)

Proof. Here we will follow the proof of Theorem 3.9 of [16].

H, is a Banach space. By Lemma I is a contraction. Therefore, from the
unique fixed point theorem, we get X* = I(X*). Now we will apply (3.13)) and
(3.6) respectively. Therefore

oo [ el xm)] (01w x7())
DX*()y = [J{M] <%y>

Ol(x, X*(.))  OI(z, X*(.))

> DX =" Y Taxe)

DX*()y
=S(t)y + /0 S(t—s)DF(s,X"(s))DX"(.)yds
+/O S(t—s)DB(s, X*(s))DX"(.)ydWj
+/0 /H\{O} S(t—s)Df(s,v,X%(s))DX"(.)yq(dvds).

Therefore we can conclude that DX?#(.)y is a mild solution of the equation
(3.20). Similarly, we can prove that, D?>X%(.)(y, z) is a mild solution of the

equation (3.21)) in the following way. From ([3.14)

of(e, x=()] 82 (z, X=())

T axe() ] (o @)
821 (z, X*())
0r0X*(.)
%I (x, X*(.))
DX ()2

D?*X*()(y,2) = [1

%I (x, X*(.))

DXy 2) + —5xa(0s

(y, DX*(.)z)

(DX"(Jy, DX*()2)).
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27 (z, X*(.
= DXy, ) = TTETT ) (3.24)
021 (x, X*(.)) 921 (z, X*(.)) i

910X (.) ax=(yor W DXT)2)
021 (z, X*(.)) Ol (z, X*(.))

0X=()? 0X*(.)

(DX*()y,z) +

(DX®(.)y,DX*(.)z) + D?*X*()(y, ).

Now,

%I (z, X*(.)) 0 (2, X*()

0% (z, X*(.))
9 WA= Toaxe()

(DX*(Jy.2) = “5xatige- 0 DX"()2) =0,

(3.25)

Because, from Theorem

oI (x,¢€) [ ¢
( %.n)@AéwﬁDN&ﬂWMﬁM+A£W$DB@HﬁM®M%

’ /O /H\{o} S(t—s)Df(s,v,&(s))n(s)q(dv, ds).

Therefore
O8I (z+h, ol (z,
o PGy — MRSy — 0.h
h—0 ||| &
o IS(y — Sy — 0.
h—0 1]l e
=0
01 (x,€)
= 2L =)
0x? ’
and

O8I (z+h, ol (z,
| 5 — e — 0.k

lim 3
h—0 12| e
=0

0*(x,€)

0x0E 0,
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and

ol (x, 8l (z,
|2l @ttn),, AL l),, o)

lim
17 7, 0 71,
_ 15()y — S(t)y — 0.n]|
11152, =0 7|,
=0
a2f(m7£) _ 0
oeor

Hence, we can conclude (3.25)). Again, from Theorem

%I (z, X*(.))

9X(.)2 (DX*(.)y, DX*(.)z) (3.26)

:/O S(t —s)D?*F(s, X(s))(DX*(.)y, DX*(.)2)ds

+/0 S(t — s)D?*B(s, X*(s))(DX*(.)y, DX*(.)2)dW,

+/ / S(tfS)sz(s,v,Xz(s))(DXI(.)y,DX‘”(.)Z)q(dv,ds)
0 JH\{0}

and

9xX() D?*X%()(y, 2) (3.27)

:/O S(t— $)DF(s, X" () D2X"(.)(y, 2)ds
-|-/O S(t — s)DB(s, X*(s))D*X"(.)(y, 2)dW,
+/0 /H\{O} S(t—s)Df(s,v, X*(s))D?*X*()(y, 2)q(dvds).

Now substituting (3.25)), (3.26) and (3.27) into (3.24) we get

D*X*()(y, 2)

:/O S(t — s)(DF(s, X®(s))D?*X*(.)(y, z) + D*F(s, X%(s))(DX*(.)y, DX*(.)z))ds

+/O S(t — s)(DB(s, X"(s))D?*X*(.)(y, 2) + D*B(s, X*(5))(DX"(.)y, DX*(.)2))dW,

+/ / S(t— 5)(Df(s,0, X()) D2 X7 ()(y, =) + D2f (5,0, X*(s))(DX"(.)y, DX"(.)2))q(dvds).
0 JH\{0}

Therefore we can conclude that D?X*(.)(y, z) is a mild solution of the equation
B321).
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Now we will prove, lim, .. E[supy<;<r |[(DXZ(.) fDXI())yHiI] = 0.
Consider the Yosida Approximation of (3.20]),

dZ(t) =(AZ(t) + R, DF(t, X*(t))Z(£))dt + R DB(t, X* () Z(t)dW,

+/ R, Df(t,v,X*(t)Z(t)q(dv,dt),
H\{0}

Z(0) = v,
that is,
DXZ()y=St)y+ /o S(t—s)Ry,DF (s, X} (s))DX"(.)yds
+ / "S(t — 5 R\ DB(s, X* (3)) DX ()ydW.
0
+/O /H\{o} S(t—s)R,Df(s,v, X2(s))DX*(.)yq(dvds).

Now,

B[ sup [(DX;:() = DX ()l ]

:E[UiltlET I /o S(t—s)(RyDF (s, X2 (s)) — DF (s, X%(s)))DX*(.)yds

/ S(t— 8)(RpDB(s, X7(s)) — DB(s, X*(5))) DX (.)ydW,

/ / S(t — 5)(RuDf (5,0, X2(5)) — Df (s,v, X" (5))) DX ()yq(dv, ds)| ;]
H\{0}

=FE[ sup ||/ S(t — s)R,(DF(s,X%(s)) — DF(s, X*(s)))DX"(.)yds
o<t<T " Jo
+ / S(t—s)(R,—I)DF(s,X"(s))DX"(.)yds
0
/ S(t—s)R,(DB(s,XZ(s)) — DB(s, X"(s)))DX*(.)ydW,
/ S(t— 8)(Ry — I)DB(s, X*(s)) DX ()ydW,

/ [ St = ) Ru(D (5,0, X7(5)) = D (5.0, X7 (5) DX (Jya(do ds)
H\{0}

T - 2
+/ /H\{o} (t—s)(Rn —I)Df(s,v,X"(s))DX (.)yq(dv,ds)HH]
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by Lemma [T}
gc{E[/O | S(t — s)Rn(DF(s, X% (s)) — DF(s, Xﬂs)))DXﬂ.)yHst]
T
+ E[/O |S(t - 8)(Ry, — I)DF(s, X*(5)) DX*(.)y||3,ds]

ds|

+ E[/O HS(t —s)R,(DB(s, X2 (s)) — DB(s,Xm(s)))DX“;(.)yHZ(KQ,H)

ds]

T 2
+ E[/O |(Bn — DDB(s, X" () DX ([, 10 1)

el S D X5 D X(s)))DX" (gl B(dv)d

’ [/o /H\{o} 1S(t = ) Ra(Df (5,0, X35 (5)) = Df (5,0, X" (5)) DX* (Y[ 5(dv)eds]
' x T 2

ol /H\{o} [ = D1 (5,0, X () DXy By}

Now from Theoremof Chapter we have lim,,_, oo E [SuPogth | X2(t) — X=(t) ||§{} =
0. This allows us to choose a subsequence X such that,

X5 (t) = X*(t),0<t<T, P-as..

We will denote such a subsequence again by X7. In fact, we can say that

sup || Xn(t) — X(t)||y; — 0, (3.28)

0<t<T
P a.s.. This implies that the set
S={X,@t), X(t): n=1,2...,0<t<T}

is bounded in H, hence any continuous function evaluated on S are bounded
by some constant. Since DF(t,.), DB(t,.), Df(t,v,.) are continuous, therefore
by DF(s,X*(s)) = DF(s,X*(s)), DB(s,XZ(s)) — DB(s,X*(s)) and
Df(s,v, X5 (s)) = Df(s,v,X%(s)) P-a.s.. supg<i<r [|S(t)||lc(ay and sup,,~.,, || Bnll c(a)
(for ng sufficiently large) are uniformly bounded. Therefore, by and
Lebesgue DCT, we can conclude that 1st, 3rd and 5th integral of the R.H.S.
of above equation converge to zero. Again (R,, — I)x — 0, Therefore by the
Lebesgue DCT we can conclude that 2nd, 4th and 6th integral of the R.H.S. of
above equation also converge to zero. Therefore E [ supg< <y [(DXZ(.) — DX*()yll3 ] —
0, which means lim,, . [[(DX} () — DX?(.)) y|z, = 0. Similarly, we can prove
limy, o0 || (D2 X5 () = D*X*(.)) (3, 2) ||, = O-

O
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Chapter 4
Appendix

Discussion about the Ité6 formula for strong solutions w.r.t. Gaussian
and non-Gaussian noise.

I1t6 formula for strong solutions w.r.t. Gaussian noise as well as non-Gaussian
noise is well known (see [16], [9], [22], [23]). Here we give an short description
of, how we can write the It6 formula for strong solutions, when the stochastic
process contains both Gaussian and non-Gaussian noise.

eLet H be a real separable Hilbert space.
elet F' € (C12[0,T) x H); F:[0,T] x H — R such that

10y F (s, )l < Pa(llyl),  (s,9) € Ry x F (4.1)

10y F (s, 9)Il < ha(llyll),  (s,9) € Ry X F (4.2)

for quasi-sublinear functions hi, he : Ry — Ry

olet ¢ : O x Ry — H be a Fs;-measurable P-a.s. Bochner-integrable process

on [0,7T], s.t. fOT ¥(s)||ds < oo P-a.s..
elet f: Q xRy x H\{0} — H be a progressively measurable process such that
for all t € Ry we have P-a.s.

/ / oy @D B s + / / L1 (0, ) D2 £ (0. 9)|2B(dv) ds

(4.3)

v Lo, P DI Bl < oo

eSo whenever we have the H valued It6 process

t t
Y; :YO+/0 w(s)ds—i—/o /H\{o} f(v,s)q(dv,ds).

89
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Then we can write the Itd formula for strong solution, according to [23] as,

F(t,Y;) =F(0,Yy) + a F(s Y)ds—i—/t(c’) F(s,Ys),1(s))ds

/ / (5, Ya + [(0,5)) — F(s,Ys) — (0,F (5, Ya), [ (v, 5))) B(dv)ds
H\{O}

+ /0 /H 1y (Yo 1(0,8) = Fls, Yol

P-as., for t > 0.

Again, let K, H are real separable Hilbert spaces. W; is K-valued Q-
Wiener process on a filtered probability space (Q, F, {F;}o<i<r, P). Consider
L2(Kq, H), the space of Hilbert-Schemidt operators from K¢ to H. Let P(Kq, H)
denote the class of Lo(K ¢, H)-valued stochastic processes adapted to the fil-
tration {F;}¢<r, measurable as mappings from ([0,7] x Q,B([0,T]) ® Fr) to

e i T
(Lo(Kq, H),B(Ly(Kq, H))), and satisfying the condition P{ [, ||B(s)||2£2(KQ7H)ds <
oo} = 1. If, we have the H valued It process

t t
X =Xo+ / P(s)ds + / B(s)dWy
0 0

Where 1(s) is a Fs-measurable P-a.s. Bochner-integrable process on [0, 7] s.t.
fo l¥(s)||ds < oo P-a.s. and B(s) € P(KQ,H). Then for F € (C%2[0,T] x H);

:[0,T] x H— R, we can write the Itd’s formula, as Theorem 2.9 of [16], as
followmg

F(t, X:) =F(0,Xo) + t 0sF (s, Xs)ds + /t<(‘9:,3F(s7 Xs),¥(s))ds
0 0
b [ G0 F (s X)(BE)QEEQ) ds
0

+/O (0:F (s, Xs), B(s)dWs)

P-as., for t > 0.

So, whenever we have a H valued Ito process as

Zy =Zo+ /Otw(s)ds + /OtB(s)dWS + /Ot /H\{O} f(v,s)q(dv,ds),

1, B and f satisfying all the above conditions. Then we can write the Ito
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formula for strong solution as
F(t, Z,) =F(0, Zo) + /Ot OuF (s, Z,)ds + /Ot@p(& 20, 0(s))ds
T /Ot %tr[azzF(SvZs)(B(S)Ql/z)(B(S)Ql/Q)*]ds
i /ot /H\{O} (F(s,Zs + [(v,9)) = F(s,Z,) = (0:F (s, Z), [ (v, 5))) B(dv)ds
+/Ot<8zF(57Zs),B(S)dWS>
i /ot /H\{O} (F(s: Zo— + /(v 8)) = F(s, Zo-))g(dv, ds)

P-as., for t > 0. Where F € (C*?[0,T] x H); F: [0,T] x H — R.

Because, we can show that the cross variation of two stochastic processes X;
and Y; is zero i.e. [X,Y](t) = 0. Here we only prove that, the cross variation of
Wiener process and cPrm is zero. Let us define,

M(t) = /0 B(s)dW,

and

vo= [ f Tt

Now we will evaluate the cross variation of the process M (t) and N(t) for
t €[0,T). We denote II = {0 =tg < t;--- <t, =T} be the set of times on the
time interval [0,7]. Let us define,

n—1
Cu(M,N) = (M(tjs1) — M(t;))(N(tj1) — N(t;))
j=0
Where ||IT|| := max;(tj+1 — t;). Now the cross variation of M and N on

[0,T7] is defined to be,

Now,
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i1
:/ B(s)dWs.
tj
Similarly,
N(tj41) = N(t;)
ti+1
=[] wsataeds).
tj H\{0}
So,

n—1

= nrlliunio O(M(tj+1) = M(t;))(N(tj+1) — N(t;))

|r1||+oz0 (/j’“ dW) </t““ /H\{o} e dS))

J
Jj+1
Z / / q(dv, ds)
H\{0}

tj+1
/ $)dWy
tj

tj+1
/ B(s)dWy
tj

We will show that [M, N](T) = 0. As ||TI|| — 0; maxo<j<n1 Hffj“ B(s)

< lim max
[T =0 0<j<n—1

f(v, 8)q(dv,ds)

= lim max
T[] =0 0<j<n—1

H\{0}

0. So, we have to show that HfoT fH\{O} f(v, s)q(dv,ds)H < 00.

Now, for t € [0,T]

E|// (v, 8)q(dv, ds)|?] // E[||f (v, 5)|*]B(dv)ds < .
H\{0} H\{0

(4.4)

Here the first equality holds due to It6 Isometry and second inequality holds,
becuase Ito integral w.r.t. cPrm to be well defined (for this we refer to the in-
troductory sections of [2] and [23]).

Now, by Jensen’s inequality
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(Em / /H \{O}fw,s)q(dudsm) < B / /H o JE 0@ ) (43)

So, combining (4.4) and (4.5)) we get

t 2
(E[n / /H \{O}f(v,S)q(dv,d8)||]> <0

= B / /H  f et ds)l) < .

= For t € [0, T7; for almost every w, || fot fH\{O} f(v,8)q(dv,ds)|| < oo.

Hence, we can conclude that, [M, N](T) = 0.
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