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Introduction

Cohomology theories in algebraic and arithmetic geometry provide an important tool to construct and
study representations of a group (for example: an algebraic group, a finite group of Lie type, a p-adic
Lie group or a Galois group) which roughly works as follows:

e Find a geometric object (for example an algebraic or analytic variety) on which the group acts.

e Pick a cohomology theory with the desired coefficients in such a way that the group acts on the
cohomology of the geometric object.

One very prominent aspect of this approach is the use of ¢-adic cohomology theories to study rep-
resentations with f-adic coefficients of finite groups of Lie type (over a finite field k& of characteristic
p # £, with ¢ elements). According to Lusztig [39, Item 17], this development was started by Tate and
Thompson [56] in 1965. They realized a certain irreducible representation of the finite unitary group
Us(k") (of degree 3, over a quadratic extension k" of k) as the first £-adic cohomology of the projective
curve over k defined by the equation XJ™ 4+ Xt 4 x4t = .

In 1974 Drinfeld [§] constructed a Langlands correspondence for the general linear group of de-
gree 2 over a function field of positive characteristic. He further observed that all so-called cuspidal
representations (with f-adic coefficients) of the finite special linear group of degree 2 over k can be
realized in the f-adic cohomology (with compact supports) of the affine curve defined by the equation
XY?— X7 =1 that now bears his name. This was taken up around the same time by Lusztig [38]
and a couple of years later in a joint paper with Deligne [6]: For an arbitrary connected reductive
group over k and for each element of the Weyl group of this reductive group, they constructed vari-
eties — today called Deligne-Lusztig varieties — whose ¢-adic cohomology with compact supports with
respect to certain coefficient systems realizes all irreducible representations of the finite group of Lie
type associated with the given algebraic group.

Drinfeld’s affine curve reappears as a finite principal covering of a certain Deligne-Lusztig variety
for the group SLo (associated with the Coxeter element of its Weyl group) which is isomorphic to
Drinfeld’s upper half plane P} \ Pi(k) = Al \ Al(k) over k. This leads to the following generalization:
Drinfeld’s upper half space over k (of dimension n) is by definition the affine k-variety obtained by
removing all k-rational hyperplanes from P}. It was first defined and studied by Drinfeld [9] in 1976.
This variety is always isomorphic to the Deligne-Lusztig variety for the group SL,i; (or GLy,41)
associated with the standard Coxeter element of its Weyl group. There is an analogous definition —
also introduced by Drinfeld — in the case where k is replaced by a finite field extension K of the field
Qp of p-adic numbers. In this case, the resulting rigid-analytic space is of high interest in the local
Langlands program, since the f-adic cohomology of certain coverings of this space realizes the full
supercuspidal spectrum of the local Langlands correspondence, as proved by Harris and Taylor in [21]
in 2001.

There are of course several other more geometrically motivated reasons why studying any of the
spaces mentioned above is of interest. For example, Drinfeld’s upper half space over a p-adic field pos-
sesses an interpretation as the generic fiber of a formal scheme which parametrizes certain p-divisible
groups, cf. [9]. Furthermore, it turns up in p-adic Hodge theory, cf. e.g. the introduction in [5], and its



counterpart over a finite field can be viewed as a “toy model” for the p-adic theory, as the geometry
involved is considerably easier over a finite field. According to Pink [47], Drinfeld’s upper half space
over a finite field can be viewed as a moduli space for certain Drinfeld modules which themselves are
of particular interest in the Langlands program.

A (partial) list of known results on the cohomologies of Drinfeld’s upper half space reads as follows:

e Over a p-adic field, the de Rham cohomology of Drinfeld’s upper half space was determined by
Schneider and Stuhler [54] in 1991. Different proofs of their result were later given by de Shalit
[7], Iovita and Spief [30], Alon and de Shalit [I], and Orlik [45]. Furthermore, Schneider and
Stuhler also computed the f-adic cohomology in this situation.

e The /-adic cohomology of Drinfeld’s upper half space over a finite field &k was computed by Orlik
[42] as a representation of the group of k-rational points of the general linear group over k and
as a Galois representation[ﬂ In particular, Orlik’s complex, which will be used extensively in
this thesis, appears for the first time in [42]. Partial results were known before due to Kottwitz
and Rapoport, cf. [50} [51].

e In the p-adic situation, Orlik considered in [44] equivariant vector bundles for the general linear
group over the respective p-adic field on Drinfeld’s upper half space. He managed to construct
and describe equivariant filtrations on the spaces of global sections of those bundles, generalizing
earlier work of Schneider and Teitelbaum [55] and of Pohlkamp [4§].

e Grofle-Klonne studied in [14] the rigid cohomology of Deligne-Lusztig varieties and therefore
in particular of Drinfeld’s upper half space over a finite field. Among other results, he found
that after identifying the respective coefficient fields, the Euler-Poincaré characteristic of this
cohomology is the same as the one obtained from ¢-adic cohomology, seen essentially as a (virtual)
module over the finite group of Lie type associated with the respective general linear group over
k.

Content of this Thesis

The object of interest in this work is Drinfeld’s upper half spac x(tl) P} = Projk[Ty, ..., T,]
over a finite field k. As explained above, this space is defined as the complement of the union of
all k-rational hyperplanes in [P} and therefore, it carries the structure of an affine k-variety which is
Zariski-open in P}!. Fix an algebraic action of the algebraic k-group scheme Gy = GL,, 1 on P} by
(g9,7) = g.x = zg~! (on closed points). Then this action induces one of the finite group G = Gy (k)
of k-rational points of Gy on X1,

Part I: Equivariant Vector Bundles on Drinfeld’s Upper Half Space over a Finite
Field

In the first part (Chapter [2)) of this thesis, the cohomology H*(X ™+ F) of X("*+1) with coefficients
in a Gy-equivariant vector bundle F on P} is considered. This is the analog over k of the situation
studied by Orlik in [44] over a p-adic field. In both situations, F has no higher cohomology on X ("+1),
ie.

H (x| ) = g0 () F),

!Note that on both the ¢-adic and the p-adic cohomology there is an induced action of the absolute Galois group of
k which comes via functoriality from the Galois action on Drinfeld’s upper half space.
2See Chapter [1| for a detailed account of the notation used in the sequel.



as X("*+1) is affine (resp. a Stein space in [44]). As in op. cit., one can construct a complex indexed by
certain closed subvarieties of the complement y(”H) of X +1) ip P, with values in the constant sheaf
with value Z over Y™+ This complex — called Orlik’s complex from now on — is acyclic and induces
a spectral sequence which computes pieces of a G-equivariant filtration on HO(X (nt1) F ). These are
then described in terms of the following objects. Let j € {0,...,n — 1}.

e Denote by Pi the subvariety of P} characterized by the vanishing of the coordinate functions
Tjt1,. .., Ty This subvariety is stabilized by the standard-parabolic subgroup P ;11— )« (with
respect to the Borel subgroup By of lower triangular matrices) of Gy which is associated with
the decomposition n+ 1= (j + 1) + (n — j).

o Let

i1 (7, 7) = her (I (L, 7) > (8 7))

k
where Hn-_j (P}, F) is the local cohomology of P} with values in F and support in }P’j and the
map is the one which appears in the long exact cohomology sequence associated with the closed

embedding ]P’] C Py. The module H (]P’k , F) carries naturally the structure of a representation
of the group P ;11 n_j)x-

o Write St,,_;(k) for the Steinberg representation of the factor GL,,—; x (k) appearing in the group of
. . . G
k-valued points of the Levi subgroup L;;1 n—j)k of P(j11,n—j), and denote by vP(j+171nfj)7k(k)(k)

the generalized Steinberg representation of G with respect to the finite standard-parabolic
subgroup P ;1 1n-i) (k) (again with respect to By) of G associated with the decomposition
n+1=(+1)+ (n—j) 1. Write v§ (k)(k)’ for the k-dual of this module.

(G+1,1777) k
The precise result is the following:

Theorem. (see Theorem On HO(X( D | F) there is a filtration by G-submodules
HO(A ) F) = Fa®t)0 5 Fatthl 5 5 Fatt iy = 1O(pp, F)

such that the successive quotients F(X D)7/ F(xX D)+ with j € {0,...,n — 1} appear as exten-
stons in short exact sequences of G-modules

0) — Indpmln J>k(k)(H;JJ( \F) @ St_j(k)) = F(xOFD) /F(xmt)i+
- B (o (B) @ ' (B}, F) = (0). (1)

Pliyian—iyk

This theorem is a careful translation of Orlik’s result [44], Corollary 2.2.9] and its algebraic content.
With the help of this filtration, the problem of describing H°(X (nt1) F ) as a G-module essentially
reduces to describing for each j = 0,...,n — 1 the reduced local cohomology module H (}P’z,}" ).

Under different assumptions, there are given three types of descriptions of these modules, essentlally
as representations of L; 1 ,_j) , resp. its subgroup L1 ,—j) 1 (k) of k-valued points.

The first description is for bundles F = F) which are associated with an integral weight A =
(A0, A1, ..., An) of Gy where A\g € Z and (Aq,...,\,) is a dominant integral weight of GL,, ; (which
is identified as a subgroup of Gy). The result is a direct translation of Orlik’s result [44], 1.4.2] and
reads as follows.



Proposition. (see Proposition |2.2.1.1) For j € {0,...,n — 1} there is an irreducible' Lijt1n—5) k-
module Lz;fjun—j,x’ depending only on j and A, such that the Li; 1, x-module H;{J (PE, Fy) is a
quotient of the L 1 ;) x-module

( P Sym' (1)) Ky Syml«k"—f)/)') kL,
1eNg B "
= < @ V(l ' Ej)/ Izk? V(l ’ Gn)> ®k LZ,;ij,un—jA'

leNp

Here, the V(- ¢;) resp. V(I - €,) are certain Weyl modules of the factors GL; i resp. GL,_j ) of
Lj+1n-j)k-

The second description uses the canonical projection P} \ IP’i — IP’Z_j ~! and for arbitrary bundles
F it gives the following result:

Proposition. (see Corollary|2.2.2.4)) Let r be the rank of F. Then there exist integers ay, ..., ar € Z,
depending on F, such that the L1 ;) -module I:I;j_g (P}, F) is a quotient of
k

@ @ Vim-¢) K det ™ @, V((m—a,—n+j) e).
=1

meNq
m—a;>n—j

Again, the modules appearing are Weyl modules for the factors of L; ;). This result (and
its proof) yield concrete descriptions for I;I;; ! (P}, F) in the cases of twisted structure sheaves F =
k

Opr (i),i € Z, and sheaves of differential forms F = prz/k,i ={0,...,n}.

The third description is for bundles F such that P,y H'(P?, F(i)) is a graded k[Tp,...,T,)-
module generated in degrees < 1 and which are acted upon by a k-algebra U (gk)c defined as follows: Let
K be a finite extension field of Q, with valuation ring V and residue field k. Let G := GL;,41,p (viewed
as an algebraic V-group scheme) and similarly write Py, resp. L1, for the parabolic
subgroup scheme associated with the decomposition n+ 1 = (j 4+ 1) 4+ (n — j) resp. its Levi subgroup
(with respect to the Borel subgroup of lower triangular matrices). The algebraic k-group schemes
used above are then the respective base changes to k of these group schemes. Consider the universal
enveloping algebra U(g ®y K), where g = Lie(G) is the Lie algebra of G with standard V-basis
{L(uw) | 0 < u,v < n} corresponding to elementary matrices. Define a V-subalgebra U (g) which is
the subalgebra generated by all divided powers

1
I B

(X 0<usto<n Muw)! 0<uv<n

for my,, € N, and

m!
for 0 < u < mn, m € Ny. This algebra is called the enriched crystalline enveloping algebra associated
with G. Such an algebra can be associated with each subgroup scheme of G, in particular with the
opposite U7 of the unipotent radical of P ;1 ,_;) : The enriched crystalline enveloping algebra

(j+1,n—7)
associated with U?;. +1,n—j) 18 the subalgebra U (u?; +1,nfj)) of U(g) which is generated by all divided
powers

1
I AR

(X 0<ustvcn Muw)! 0<uzv<n



for my,, € Ng withmy,, =0ifu € {j+1,...,n}orv € {0,...,;}. The algebras U(g) and U (u" Uit ]))
are too big to admit rlleamngful representations in the context of this work. Therefore, the followmg
subalgebras U (g). C U(g) resp. U (u; (]Hn ])) c Uut Uit )) are defined:

By definition, U (g)c is the subalgebra of U (g) generated by all divided powers

il | G

(Co<urven Mun)! ooy

for my, € N, such that there exists w € Ny with m,,, = 0 for all (u,v) € {0,...,n} x{0,...,n}\{w}
and by all

L(u,u) . (L(u,u) — 1) el (L(u,u) —m + 1)
m!
for 0 < u < n, m € Ny. The algebra U (u" Uitin ]))c is then defined as the intersection of U(g). and
6(u6+1 o J)) in U( ). Denote by U(gk) the base change to k of (7(9) and similarly for the other algebras

just defined. Finally, write Ly (u i )e for the algebra which is generated by all Liji1 ;) x(k)-

Yiit1,n—j) k

translates of U( U ¢ inside U( .)- The result concerning ﬁ;;j(]PZ,}") is then the
k

j+1,n—75), k) (]+1” i)k

following.

Proposition. (see Proposition Under the assumption that ‘ﬁ(gk)c acts on F (induced by the
Gy-action on F) and that the graded k[T, . .., Ty]-module B, H' (P, F (7)) is generated in degrees
< 1, there is a P(j11 —j) x-submodule N; C ﬁgfjj (PE, F) of finite k-dimension and an epimorphism
of Li(j+1,n—j),k(k)-modules

Py - Lﬁ(uz;'+1,n—]) )e ®r Nj — H ( a]:)

It should be pointed out here that the direct analogy with Orlik’s paper [44] fails: Mn;j (P, F) is

not finitely generated as a module over either the universal enveloping algebra U (gy) or the distribution
algebra Dist(Gy). This is shown in Section Therefore, it seems that the algebra U (gx) and its
subalgebras are the proper replacements for DlSt(Gk) resp. U(gx) in the context of this work. In the
first chapter, a notion of a semisimplification M7 =55 of a filtered H-module M for a finite group H is
constructed. The above proposition is then used to obtain the following theorem. Write 9; = ker(yp;).
Theorem. (see Theorem|2.5.1.4)) Under the assumptions on F made above, the P ;i1 n_j) 1 (k)-semi-
simplifications (Lﬁ(ua‘-ﬁ-l,n—j),k)c R N;J0j)P0t1n-isB)=ss gpng (ﬁﬂr%:j (P2, F))PG+in-i k(R =ss opisy
and there is an isomorphism of P ;1 ;) r(k)-modules

= ) ) _sg. o~ ~n—j ) ) _
L I T L e e e 0 A

For a graded k-vector space V = @lGZVZ, denote by V'V its graded dual, ie. VV = D, Vi It

is shown that the L) (k)-modules Uut Uittnj), ,) and (’)(UOJrl ), ) are in graded duality
with each other (Lemma [2.4.2.4)). This duality leads to the definition of a functor Indp( L alg) ()
J n—j

from the category of L; 1 ) r(k)-modules (with inflated P(;1 1, ;) x(k)-action) to the category of
G-modules, defined by

G, Ut —alg o G i
dp () =mdp L m (OU Gy k) @6 )



The above duality for U (u

GtLn—i) ,) is extended to one for the module

~n—j ~

Hpy * (PR, ) @ Sto—j (k) = (LU<uE;+1,n—j),k)C Dk Nj/aj) D Stn—j (k)
appearing in . Under this extended (and then induced) duality, the G-module

G L7yt , ,
B i a®) (( U1, )e NJ) /2@ St"‘J(k))

corresponds to a subquotient

G7U+—a,lg / N0 '®Stn, (k)
IndP(J?H,nfj),k(k)(Nj ® Stn—j(k) )red !

of Ind&' V" —als ) (N:®Sty,—;(k)"), see Proposition [2.4.2.9, This yields a reinterpretation of the kernels

Plitin—j).k
of the short exact sequences for the filtration steps of the above filtration on HO(X("+1), F).

Theorem. (see Theorem |2.5.2.4) Let j € {0,...,n — 1}. Under the assumptions on F made in the
last theorem, the G-semisimplifications of the quotients F(X ™)/ F(X D)+ exist and appear as
extensions in short exact sequences of G-modules

G—ss.
) ) \ . .
O o (g 3@ S ) )T ey e

G —j G—ss.
= @) SRR F)E (0.

It is shown in Lemma [2.6.2.1] that the algebra U (gk)c acts on the twisted structure sheaves
Opr(i),i € Z, and on the sheaves of differential i-forms QJ?P’g/k’ i =0,...,n, on P} (induced by
the Gy-action on these sheaves). Of these, the sheaves Opr (i),7 > —1, satisfy the assumptions made
in the theorem.

Part II: Rigid Cohomology of Drinfeld’s Upper Half Space over a Finite Field

In the second part (Chapter [3)) of this thesis, the rigid cohomology Hy, (X (n+1) /K) (resp. the rigid
cohomology Hy;, (X (n+1) /K) “with compact supports”) of X1 with coefficients in a finite field
extension K/Q, with residue field k is considered as a representation of both G and the absolute

Galois group Gal(k/k) of k. The result is the following theorem.
Theorem. (see Theorem and Theorem The rigid cohomology of XY with coeffi-

cients in K is

i) Hiyp (XD /K) = @i vf (K)(=i)[=n — 1],

rig,c (z‘+1,1"*i),k(k)

ii) Hi (X0 /K) = @, Ug(mw)’k oy (B (i = 2n)[=n + d].

The modules appearing in this theorem are again generalized Steinberg representations, this time
with coefficients in K. Furthermore, [—i] means that the respective module lives in degree i and ()
determines the Tate twist, i.e. its structure as a Gal(k/k)-representation (over K).

As stated above, the Euler-Poincaré characteristic ZieNo(—l)iHii&C(X (n+1) /K) (considered as a
virtual G-module) was determined by Grofle-Klonne [14]. Here, this cohomology is computed once
directly as a hypercohomology and once by considering the associated de Rham complex. Both times,
modified versions of Orlik’s complex from Part I are used. For technical reasons, many computations

take place in the category of Huber’s adic spaces.



Rigid cohomology computed directly as a hypercohomology

Recall that for a projective k-variety Y C P}, its rigid cohomology is simply the de Rham cohomology
Hig (JY[p, K) with values in K of its rigid analytic tube |Y[pC ]P’?(’rig. Therefore, in this first part,
the de Rham cohomology of the rigid analytic tube |+ [p of Y"1 (the complement of X (*+1)
in P}) is computed and the rigid cohomology of X (n+1) is then known by applying the long exact

losed
cohomology sequence for the pair of inclusions X"+ OpCe][1 Py Y Y@+ The key ingredient for

the computation of the rigid cohomology H;"ig(y(”“) JK) = Hig(JY" D [p, K) is a modified version
of Orlik’s complex for |Y™+1[p with values in the de Rham complex Q}.y(nﬂ)[p/K on |yt D[p. In
this situation, Orlik’s complex is indexed by the tubes associated with certain projective subvarieties
of Y1) and as in the first part of this thesis, this complex is shown to be acyclic, see Corollary
It then induces a spectral sequence converging to H;g(y("“) /K) with computable entries on
the Ej-page. This spectral sequence degenerates on its Fy-page (Lemma [3.2.3.2)) and the evaluation

of the associated grading on H;g(yW“) /K) then yields this cohomology (Proposition [3.2.4.1)).

Rigid cohomology computed from the associated de Rham complex

For a quasi-projective k-variety X C P7, its rigid cohomology Hfig(X /K) is defined as the hypercoho-

mology on P?rig with values in the direct limit of the de Rham complexes of a system of strict open
neighborhoods of | X |[p, the rigid-analytic tube of X, in P2"®. In the first step towards computing
Hy, (X /K), a cofinal system (U™)pen of affinoid strict open neighborhoods of | X"V [p in P8
is constructed, see Lemma |3.3.0.4] It is then shown that in order to use the associated de Rham
complex for the determination of the above hypercohomology, it is enough to compute the spaces of
sections HO(U m QJ;"’”% /K) of the sheaves of differential i-forms prn,rig % on U™ and then take their
K K
direct limit (Lemma [3.3.0.5)). The spaces U™ are constructed in such a way that one can again make
use of an adapted version of Orlik’s complex to determine all spaces HO(U m, %n,rig /K). To be precise,
Orlik’s complex in this situation (which is again acyclic, see Proposition 3.3..1 yields a spectral

sequence which computes the local cohomology Hi m (IP’}l(’rig, Q;n,rig /K) of P with supports in the
K

complement Y = P?;érig \U™ of U™ in IP’?(’ﬁg and values in Q;n,rig IK The key to the evaluation of this
K

spectral sequence is again the fact that it has computable entries in its E-page, see Lemma [3.3.3.1

The remainder of the evaluation of this spectral sequence then proceeds in analogy with the respective

section of Orlik’s paper [44]. The result is the following. Recall that G = GLy41.p.

Theorem. (see Theorem|3.3.3.5) On each HO(U™, O, ..) there exists a filtration

n,rig
PK

7 mye __ 0 m 7 e m\0 7 m\1
Upris(U™)* = (HU™, i) = Vosa(U™)° D U (U™ 5 ..
e D Qg (U™ 2 O (U™ = HOBR, QPK)>

by G(V)-submodules such that each filtration step appears in a short exact sequence

G(V) ~n—J n,ri i irrmNg /et rrmyj+1
0) — Indp 7 (V)(l)(H]Pi o, (PK g Qwig) ® Sty (K)) — E(U™) J (U™
G(V) / n—7j (mn,rig i
— vP(Hl’lnfj)(V)(l)(K) @ H"7 (Py ,Qp%rlg) — (0)
for j=0,...,n—1. For j = n, there is an identification
gz(Um)n _ HO(P}?Hg, Q;‘P%rig)'

These filtrations are compatible with G-equivariant morphisms between the involved sheaves.



Here, A\, = p*/™ and ]P{f [P, is the tube of radius A, of IP){C in Pkrig. The groups P ;11 ,—j)(V)(1)
and P g 1n—)(V)(1) are the respective inverse images under the canonical map G(V) — G of
] Pn,rig QZ )

K 9 9

n,rig
IF>K

e
the groups P 1 ,—j)r(k) and P 4 1n—) (k). Furthermore, the modules H]Pi[

P,Am(
GV
Stn—;(K) and UP((H)1 )

duction.

The functoriality of the filtrations obtained in the last theorem then imply that the de Rham
complex

) (1)(K ) are the analogues of the modules appearing in Part I of this intro-

0 = HO(U™, Opnig) = HO(U™, QL sig) — ... = H(U™, Q" ) — 0
K

Pr}?rig ]P;"Il(vrig
is actually a filtered complex. The associated spectral sequence degenerates on its Fi-page with

computable entries and taking direct limits one then obtains the desired rigid cohomology. The key
result is Lemma [3.3.4.1] which asserts that for each j =0,...,n — 1, the complex

. cn—J n,rig 0 . Sn—J n,rig 1
) = lim Hpyp | (P Qpnsis ) = m Hipy (PR, Qo ) = -
meN meN

. - n—_j n,rig n
- hgl H}P?c[P,Am (]PK ’Q]P’?{’rig/K) — (O)
meN

consisting of direct limits of reduced local cohomologies with support in ]IP’?c [P, is acyclic.

Structure of this Work

For the convenience of the reader, a short overview of the organization of the content of this work is
given in the sequel:

In Chapter [1| the general notation used in the course of this thesis is fixed in Section Sections
and then contain some reminders on representations of groups, on Drinfeld’s upper half
space and on sheaves and their cohomology, respectively. In particular, in Section [1.2| a notion of
semisimplification for a representation of a group is constructed and some of its properties needed in
the sequel are proved.

Chapter [2| deals with the computation of the cohomology of Gy-equivariant vector bundles on
X+ The notion of a Gj-equivariant vector bundle on a Gy-scheme is recalled in an introduction
to this chapter. In Section the construction of Orlik’s complex is reviewed. The description of

the spaces ICI;% (PE, F) starts in Section In particular, this section contains the first two types of

descriptions (Proposition [2.2.1.1) and Corollary [2.2.2.4)) as mentioned above. Section deals with
the actions of the universal enveloping algebra of Lie(Gy) and of the distribution algebra Dist(Gy)

on I:I;P,i (PZ, F). In particular, it is shown in Subsubsections [2.3.2| and [2.3.3| that I:I;J_ ! (PE, F) is not
k

a finitely generated module over either of these two algebras. In Section [2.4] the enriched crystalline
enveloping algebra U (g) and its subalgebras ﬁ(g)c, U (g)r are constructed and it is shown under
which conditions representations of these algebras can be obtained from a representation of G resp.
of Gj. This is demonstrated in two examples in Subsection [2.4.1} The special case of the algebra

Uut . is considered in Subsection |2.4.2, both as an algebra and as a representation over the
(j+1,n—3).k

group L 1 ,—j) k- In Section the algebra LU(ua‘H,nfj),k)c is employed to give a description of

the module ICIEJ_ j(IP’};”, F). Subsection [2.5.1| contains the result asserting that for bundles F on which
k

U (g;)c acts and which are of the type described above, there is an epimorphism

L7, +
CHISP
of Lj+1n—j)k(k)-modules for a Py ,_j) -module N; of finite k-dimension (Proposition [2.5.1.3)).

This gives a description of the P(; 1 ,_j x(k)-semisimplification of ﬁ;;]( L, F) as an epimorphic
k

e ®k Nj = Hyy” (B, F)



image of the P(;;1 ;) x(k)-semisimplification of Lﬁ(uz;.+1 ) e @k Nj in Theorem [2.5.1.4L This

description is reinterpreted in terms of O(U(+j Fn—j) ,,) in Subsection followed by the definition of

the functor Indg’([,i:;alf‘z (k) and Theorem [2.5.2.4] Chapter [2| concludes with the study of examples in
Section First], S(’)m]e’classes of G-modules resp. Gp-equivariant vector bundles which carry actions
of U(gp). are exhibited. Then the cohomologies HY(X™ D O(a)) (a € Ny) of positively twisted
structure sheaves are studied in light of Theorem

Chapter |3| consists of four sections: In Section the construction of rigid cohomology (of a
quasi-projective k-variety) is reviewed together with some concepts from p-adic geometry which are
needed in the sequel. Sections [3.2] and where the computations of the rigid cohomologies in the
two ways mentioned are done, then each have the following structure: Orlik’s complex is adapted for
certain classes of tubes of rigid varieties (Subsections |3.2.1] and [3.3.1)), a spectral sequence is set up
(Subsections and , computed (Subsections [3.2.3]and [3.3.3]) and the result is used to finally
compute the rigid cohomology modules of X (1) (Subsections M and [3.3.4]).
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Chapter 1

Preliminaries

In this first brief chapter, the general notation used throughout this work shall be fixed. Furthermore,
there are some short reminders concerning the following topics: the representation theories of the
groups involved in this thesis, the definition of the main object studied (Drinfeld’s upper half space
over a finite field), on flasque resolutions arising from the use of Godement sheaves, and on the theory
of (local) cohomology of sheaves on a general topological space.

1.1 General Notation

The symbols Z, Q, R, have their usual meaning; N denotes the set of natural numbers (with 0 excluded),
No = NU{0}. Furthermore, for a prime p, the field of p-adic numbers is denoted by @,. The cardinality
of a set X will be denoted by #X.

Let k = IFy, the field with g elements, for ¢ = p® a prime power and fix an algebraic closure k of k.
Furthermore, fix a finite extension field K/Q, with residue field k£ and denote by V its valuation ring,
by m its unique maximal ideal and let 7 € V be a uniformizing element, i.e. m = (7). Choose a norm
| | : K — R0, normalized such that |r| = ¢~ .

For n € N, let G be the algebraic group GLy41y over V with lower Borel subgroup B (i.e. for
a V-algebra R, the group B(R) is the subgroup of lower triangular matrices in G(R)) and diagonal
torus T C B. Write

X(T) =Hom(T, G,,)

for the Z-module of algebraic characters of T. For ¢ € {0,...,n}, denote by ¢; € X(T) the character
which sends an element (to,...,t,) € T(R), R a V-algebra, to t;. For 0 <1i # j < n, write

Qg j = € — €5.

Then
<I>:{am|0§i7éj§n}

is the set of roots of G (with respect to T) and
A={og=0a10,...,an-1=0nn-1}
is the set of simple roots (with respect to B D T). Let
P=0TUD
be the decomposition of ® into the set of positive roots

ot ={a;;|0<j<i<n}

11



and the set of negative roots
T ={ai; |[0<i<j<n}
of G. The set of dominant weights of T (with respect to ®1) is
X(T)r ={A e X(T) |[Va € @ : (X\,a") > 0}

where a denotes the coroot associated with a € ®*. With every proper subset I C A there is
associated a uniquely determined standard-parabolic subgroup P; D B with Levi subgroup L; and
unipotent radical Uj. The respective Lie algebras of the aforementioned groups are denoted by Gothic
letters such as

g= Lie(G), b= Lie(B), pr = Lie(P[), ur = Lie(U[),

etc. Whenever it is more convenient, the alternative description of standard-parabolic subgroups
in terms of decompositions of n 4+ 1 will be used: Let (ig,...,i.) be a decomposition of n + 1, i.e.
n+1=1i9+...+i, with ig,..., 4, € N. Then (ig,...,1,) corresponds to a standard-parabolic subgroup
P(i07...,ir) = P[ With

I = {Ozo, - ,aio_g} U {aio, - ,az‘0+i1_2} U...uU {Oéi0+_._+“_l, - ,ai0+,_+iT_2}

(where all undefined sets are to be understood as being empty).
For a V-algebra R, write
GR =G XSpecV SpecR

and similarly for the subgroups and their respective Lie algebras mentioned above. In particular, in
the case that R = k, set

G = Gy(k),B=By(k),Pr =Pr(k),Lr =L x(k),Ur = U i(k), T = Ty(k)

for the respective finite groups of k-rational points and similarly in the case where I is replaced by its
associated decomposition of n + 1 in the above sense.
Let
S = k[To,...,Ty)

be the polynomial ring in n + 1 variables over k with its usual grading S = @
k-vector space of homogeneous polynomials of degree i) and write

i€N i (1e SZ is the

= Proj$.

For j € {0,...,n — 1}, denote by IF’{ﬁ the closed subvariety Vi (Tj11,...,T,) C P}
For a field L and an L-vector space M, denote by M’ its dual space

M’ = Homp (M, L).
If M= @ieNo M; is a graded L-vector space, then write
- @
i€Np

for its graded dual space. Note that MY injects into M’ via

fz ieNg — Z fz : mz ieNg Z fz mz

i€Ng 1€Ng

and that (MY)" = M if all M; are finitely generated L-vector spaces. Suppose that N = Dicn, Ni
is another graded L-vector space and that f = (fi)ien, : M — N is a graded homomorphlsm
Dualization of each f; yields a graded homomorphism f¥ : NV — MYV, called the graded dual of f.
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1.2 Representations

For the next few pages, let G be an abstract group. A representation of G over a field L is a left
LG-module M, where LG denotes the group algebra of G over L. Usually, in this thesis, the field L
will be clear from the context and will be dropped from the terminology, i.e. a representation of G
will sometimes be just called a G-module. Furthermore, the effect of a group element g € G on an
element m € M will be denoted by g.m.

The category of LG-modules will be denoted by rep; (G). The full subcategory of LG-modules
which as L-vector spaces are finite dimensional will be denoted by rep; (G)7.

In the particular case that GG is an algebraic group, the notion of a representation of G will be used
in the sense of Jantzen’s book [32].

1.2.1 Induced Representations

Let H C G be a subgroup of finite index and let M be an L H-module. The following three descriptions
of the induced LG-module Ind% (M) will be used interchangeably, cf. e.g. [34, § 2.3]:

md% (M) = LG®rg M
= @ gx M
>~ {f:G—M|VgeG,hec H: f(gh)=h"tf(g9)}.

Here, g+ M is just a formal symbol for a copy of M indexed by the coset g and G acts on € gEG/H gx M
by g.(h+*m) = (gh)*m. Furthermore, G acts on a function f : G — M as above by left translation, i.e.
(9.f)(x) = f(g~'z). In this context, both versions of Frobenius reciprocity hold, i.e. for a G-module
N and an H-module M, there are bijections of sets

Homp (N, Ind%(M)) = Hompy (N, M)

resp.
Homy g (Ind% (M), N) =5 Homp g (M, N),

cf. [34, 2.3.8,(2.26)], and Ind% is an exact functor from the category of LH-modules to the category
of LG-modules, cf. [53, 10.2]
1.2.2 Composition Series and Semisimplifications

Suppose that a G-module M has a well-ordered ascending composition series of the following type:
There is a finite ascending chain

(0)=MyC M, CMyC...C My,=M,

n € Ny, of G-submodules such that for i = 1,...,n, each submodule M; possesses itself an ascending
chain
M;,_ 1 = M@o C Mz"l C Mi,g C...CM;

of G-submodules, possibly of countably infinite length, with

M; = | My
1eNg
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and such that each subquotient M;;y1/M;; is a simple G-module. Then the semisimple G-module

n
ME—ss .= @ @ M; 141/ M;

=1 leNp

is called the G-semisimplification of M. Here (0)“~*% is defined to be (0). By a theorem of Birkhoff
(cf. [3, Th. 1], which generalizes the classical theorem of Jordan-Hélder), M=% is well-defined as a
G-module up to isomorphism. The following properties hold:

Lemma 1.2.2.1. Let H C G be a subgroup of finite index, let M be a G-module and N an H-module.

i) If N has a well-ordered ascending composition series of the above type with simple subquotients of
finite L-dimension, then so does Ind%(N). Furthermore, there is an isomorphism of G-modules

Indg(NH—SS.)G—SS. ~ IHdg(N)G_SS'.

ii) Suppose that M' is a G-submodule of M. If M has a well-ordered ascending composition series of
the above type, then so do M' and M/M'.
i11) Let
0) > M 5 M2 M" = (0)
be a short exact sequence of G-modules such that M' and M" each have a well-ordered ascending

composition series with simple subquotients. Then M also has such a series and there is an exact

sequence
L

(0) — M/G—ss. N MG—ss. & M//G—ss. N (0)
of semisimple G-modules.

Proof. i) Let
(0)=NogC N CNyC...CN, =N

with N; = UleNO N;y for i =1,...,n be a well-ordered ascending composition series of N in the
above sense such that each N;ii;/N;; is of finite L-dimension (and H-simple). Application of
the induction functor to each IV;; yields G-modules

= Indf(Ny,)
and a chain
(0) = Ny € N = Ind(N1) & Ny = IndF(N2) € ... € N;, = Indf(N,) = Indf(N)

of G-submodules of N’ = Ind%(N). By construction, each N/ has itself an ascending chain of
G-submodules
’L{—l == N’i/70 C Ni/,l C NZ'/,Q C.. .y

N = |J N,

IES\)

possibly countably infinite, with

From exactness of induction it follows that

N{j41 /N, = IndG(Ni1/Nig)
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i)

iii)

for all 4 and (. Since the latter module is L-finite dimensional by the assumptions on the V;; and
on the finiteness of the index of H in G, it now follows that each inclusion N C N/ i141 can be
refined into a finite series

= (N0 S (N 1 S € (N D = Nia

with simple subquotients (N];,;)r+1/(Nj;;1)r- By combining all series so obtained, one now

checks that Indg(N )&=55: exists. Furthermore, from the facts that induction and G-semisimpli-
fication commute with direct sums, it follows that

G—ss.
n
_ G—ss.
(Indg(NH ) = | Ind§ @@Ni,l—i—l/Ni,l
=1 1eNg
n G—ss.
_ (@@Indﬁ(fwm/m,z))
=1 [EN
~ G ss.
= PP N/
i=1 leN
mii41—1

= @@ @ 1l+1 r‘+1/( 7,l+1)

=1 leN r=0
and the latter module equals Indg(N )&=55 by construction.

Write M"” = M/M’. Given chains for M as in the beginning of this subsection, one obtains chains
for M’ resp. M" by putting
M, = MynM
resp.
=M+ M)/ M

The claim follows since M/ 1 /M l canonically injects into M;;+1/M;; on the one hand and
Mz//l+1/Mz//l = (M1 + M )/(M%l + M') is canonically isomorphic to an epimorphic image of
M;41/M;; on the other. Therefore, each of these modules is either simple or the zero module

and one now obtains M'¢~%% and M”C~%5 in the manner described above.

Given families of submodules {M;; |i=1,...,n;l € No} resp. {M},, | j=1,...,73m € No} for
M’ resp. M" (and some n,r € N) which give rise to the respective G-semisimplifications of M’
resp. M”, define a family of submodules {M;; |i=1,...,n+ 1,1 € Ny} by

i, —

u(M;) ,fori=1,...,n;1 € Np
oYM ) L fori=n+1,...,n+r;l eNy
In this way, one obtains a finite chain
(0)=My=Mpy C My =DMpS...C M, =M,110=1(M)
S .S My = Mn+r,0 C Myyr =M

=

of G-submodules of M such that for each i = 1,...,n + r, there is a chain
Mz‘_l = M@o C Mz‘,l C Mi72 cC...C Mi

of G-submodules with simple subquotients as in the beginning of this subsection. It follows at once
that M©—5% exists as claimed and that it is by construction isomorphic to M'C—55- @ M"G—ss-,
O
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1.2.3 (Generalized) Steinberg Representations

Return to the convention that G = G(k) and suppose that H = Py is the group of k-points of a
standard-parabolic subgroup P; C G. Equip L with the trivial action of G. For each intermediate
group H C H' C G, there are G-equivariant embeddings Ind%, (L) — Ind% (L) and the generalized
Steinberg representation of G with respect to L and H is defined as

vi(L) =Indf(L)/ > IndG(L).
HCH'CG

If H = B, then v$ (L) is called Steinberg representation and denoted by St%(L). This representation
is irreducible and self-dual, cf. [28]. The generalized Steinberg representation is irreducible if and only
if T is either empty or of the shape I = {ag, a1,...,a;}, 1 € {0,...,n — 1}, cf. [46, Prop. 2.5].

In particular, given a decomposition n + 1 =1r + s, set

GLs(k
Sta(L) = Star (s (L)

resp.

GL (k)

Str(L) = Sty (s (D),

where GL, and GL; are considered as factors of L, ).

1.2.4 The Simple (Algebraic) Representations of GL, ., and GL,(k), and Weyl
Modules

Following [32] 11.2] (and originally due to Steinberg), one can give a parametrization of the irreducible
(algebraic) representations of Gy over k by X (Tj)4. For A € X(T}), denote by k) the one-dimensional
T;-module over k on which T}, acts via A and set

H(X) = indg" k.

Here, indg: is the induction functor from the category of algebraic Bg-modules to the category of

algebraic Gy-modules, cf. [32, Ch. 3]. Then H°(\) # (0) if and only if A € X(Tj)+ and in this case,
H()\) has a unique irreducible Gg-submodule L()\) (of highest weight A and of finite k-dimension).
Furthermore, every irreducible Gg-module over k is isomorphic to an L(A) for some A € X (T)y. From
this description, one can derive a parametrization of the irreducible G-modules over k : Write

Xe(Tr) ={) € X(Tp)+ | Va € @T:0< (\,a") < p°}.
This is the set of p®-restricted dominant weights of T. Let
X9(Ty) ={A € X(T}) |Va e ®: () a") =0}
Then X°(T}) is a subset of X (T}) and a system S of representatives for X.(T})/ ~, where
A= A= p € (p° = 1)XO(Ty),

gives a system of representatives {L(\) | A € S} for the set of isomorphism classes of irreducible
G-modules over k. This last statement (and a proof) can be found for example in [25 3.10] where it
is attributed to Jantzen.
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Recall the following identifications of the graded pieces Sym”((k"*1)’) of the symmetric algebra
of (k") in terms of Weyl modules. For compatibility with the action of Gy, on P} specified in the
next section, consider the action of G on AZ“ given on closed points by

(g,2) — g.x =g

In [32] 2.16] it is shown that for every r € Ny, there is an isomorphism of Gy-modules
Sym'((k"*1)) = H°(r - o).

Denote by wp the longest element in the Weyl group of Gy. Then, for any character A € X (Ty), its
associated Weyl module V() is defined as

V(A) = H(—wo))'.

In particular, for every dominant A € X (T})4, the associated simple Gg-module L()\) is the unique
simple quotient of V' (A). Furthermore, in the language of Weyl modules, the above symmetric powers
can be identified as

Sym’ ((E"™)) 2 V(—r-¢,).

1.3 Drinfeld’s Upper Half Space over a Finite Field

The n-dimensional Drinfeld upper half space over k is the affine open subvariety

X = Vi)
fes

n+1)

of P} which arises by removing all k-rational hyperplanes from PP}. Denote by B its closed com-

plement in Py, i.e.

Yo = Vi),

fes
which is thus a projective subvariety of P}.
Consider the action of Gy, on P} which on closed points is given by

R | S S o 1

(n+1) n+1)

This action restricts to an action of the finite group G on X resp. on Y , since G permutes

the hyperplanes Vi (f) (with f € S7).

1.4 Sheaves and Cohomology

The usual notation for sheaves and their (local) cohomology is adopted, cf. e.g. [23, Ch. 3] and [18]
resp. [22]. Let X be a topological space, F a sheaf of abelian groups on X and U C X open. Then
I'U,F) = F(U) denotes the sections of F over U and the i-th right derived functor of I'(X, —) is
written H'(X, —). Furthermore, if Z = X \ U is the (closed) complement of U in X, then H, (X, F) is
the ¢-th local cohomology module with values in F and support in Z, i.e. HiZ(X, —) is the i-th right
derived functor of the functor I'z (X, —) where I'z (X, F) are the sections in F(X) with support in Z.
The following facts will be used:
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e There is a long exact sequence
o HTNULF) - HYy (X, F) 25 H(X, F) — H(U,F) — HYX,F) — ...
of cohomology groups. For ¢ € Z set
(X, F) = ker(6").
e Denote by Z the constant sheaf on Z with value Z. Then there is an isomorphism
H% (X, F) = Ext*(i,Z, F),
where ¢ : Z < X is the inclusion, cf. [18, 1.2.3].

Denote by G(F) the Godement sheaf associated with F, i.e. for U C X open, the sections of G(F)
over U are given by

F(U’g(f)) = H Fa,

zelU

where, as usual, F, denotes the stalk of F in x. This is a flasque sheaf and it comes with a natural
monomorphism

0 F L g(F).
Let

and inductively define . ‘
G'(F) = G(coker(d'™1)),

where d’ : G771 (F) — G*(F) is the canonical map. In this way, one obtains a flasque resolution
0—F —G*F)

which is functorial in F (cf. e.g. [52, 6.72-73]). In particular, H*(X,F) is isomorphic to the i-th
cohomology h'(I'(X,G*(F))) of the complex I' (X, G* (F)) = (T (X,G" (F))) . Furthermore, given
a finite complex

i€Np
Fo=F'5. . . 5F

of sheaves of abelian groups on X, its hypercohomology can be computed as
H* (X, F*) = h' (T (X,G(F*))),
cf. [10, Appendix], where I (X, G (F*®)) is the complex

I'(X,6(F%)) =T (X,6(F")) —=...=2T(X,G(F).
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Chapter 2

Cohomology of Equivariant Vector Bundles on
Drinfeld’s Upper Half Space over a Finite Field

Recall the convention that Gy, acts on P} via
Gy xPP — P}

g . _
(g,x) = gax=uxg

1
for closed points g € Gy, and x € P

Let F be a Gp-equivariant algebraic vector bundle on IP}}. This means that F is a finite locally
free (and hence coherent, cf. [I5] 5.4]) Opr-module of constant rank together with isomorphisms

O, g"F — F
for all g € Gy, considered as morphisms g : P}} — P}, such that the diagram
®
W(g"F) = (gh)' F ——" - F
»;*% o
h*F

commutes for all g,h € Gy, cf. [40, Ch. 1,§ 3]. Let U C P} be Zariski-open such that U is stabilized
by an algebraic subgroup H of Gj. Restrict ¢ to H x U. Then the above condition gives an algebraic
action of H on I'(U, F), as each h € H induces a morphism

r(U,®)
o

(U, F) — (U, hyh*F) = T(h"L.U,h*F) = T(U, h* F) (U, F)

and the commutativity of the above diagram ensures that one obtains indeed a group representation.
Via functoriality, each cohomology module H*(U, F),i € 7Z, is then an algebraic H-module.
The structure sheaf Opr (and each of its twists Opy (i), i € Z) is always considered as a Gy-equivariant
vector bundle with respect to its natural linearization induced by o.

The goal of this chapter is to describe the cohomology H*(X "+ F) of F on Drinfeld’s upper half
space X("t1) over k as a representation of the finite group G. As X1 ig affine, this task reduces to
describing HO(X "+ F),

2.1 Orlik’s Complex for the Cohomology of Equivariant Vector Bun-
dles

In a first step towards determining HO(X (1D F), one can use Orlik’s complex and its associated
spectral sequence to essentially reduce this problem to determining the local cohomology of P} with
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support in certain closed subvarieties. For the sake of completeness, the construction shall be recalled
here. The content of this section is an adaption of methods of Orlik, cf. for example [42] or [44].
2.1.1 Construction of the Complex
For a proper subset 1 C A with ¢ = i(/) = min{j € Ng | o € A\ I} let
v; =p) c Py,
Each inclusion I C J C A then induces closed embeddings
trg Yy =Yy

and for any two I,J C A the identity Y;n; = Y7 NY; holds. The variety Y7 is stabilized by the
parabolic subgroup Py ; under the action of Gy on P}l. By construction, there is then an identification

yeru =) | ev
ICA geG/Pp

For I C A and g € G/ Py write
D709V YO

for the closed embedding given by inclusion. If furthermore J C A and h € G/P; with I C J and
such that gPr is mapped to hP; under the canonical map G/P; — G/Pj, then write

Gl g YT hYy

for the closed embedding given by inclusion.

Let Z = Zyn+1) be the constant sheaf on Y+ with value Z. The triangle of closed embeddings
of algebraic varieties

y(n-‘rl)

D g

Lg,h
q.Yr SN h.Y;

gives rises to a morphism
h — _
PYS s (Ph)s(@n,g) T2 = (Py,1)u(Pyg1)

of sheaves on Y"1 via the adjunction property of the involved functors. Define

Ly = @ Zg.r,
geG/ Py

and set
_ g,h
pr.g = @ p[ﬂ]a
(9,h)EG/PIxG/Py

(=Vipry , if J=1U{cy}
dry =
0 , else,
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where p?:]} = 0 if g P does not map to hP;. The maps dr ; now induce differentials so that the following
complex is defined:

07— @ Zr — @ ZI—>---—>@ZI—>Z@—>O. (2.1)
ICA ICA ICA
Hl=n—1 HI=n—2 HI=1

This is Orlik’s complex and it has the following fundamental property:
Theorem 2.1.1.1. (cf. [42 Satz 5.3|, [44], 2.1.1]) The complex is acyclic.

A variant of the proof will be given in a slightly different setting in the third chapter of this thesis
(see Prop. [3.2.1.1)) and therefore, in order to keep repetition at a minimum, it is omitted here.

2.1.2 An Equivariant Filtration on the Cohomology of Drinfeld’s Upper Half
Space

Denote by
L YF o pr

the closed embedding given by inclusion and choose an injective resolution 0 — F — Z*® of F. Write

the complex (2.1)) as
0—-2Z—2°"=0

with Z in degree —1. The double complex Hom(c,.(Z*),Z°®) then induces a (first quadrant) spectral
sequence
E7® = Ext®(1.(2"), F) = Ext' (1. Z, F),

cf. 20, 4.6]. The relationship between Ext-modules and local cohomology recalled in Section as
well as the definition of Z® imply that this spectral sequence can be rewritten as

EI’S = @ Indg] %’I( Z?J_") :>Hry—i(_7f+1)( Zaf)
ICA
#I=n—1—r

Evaluation of this spectral sequence in the same manner as in [44, 2.2] and avoidance of the use of
duals yields the following theorenﬂ

Theorem 2.1.2.1. (cf. [44, 2.2.9] and [45, Lemma 4])
i) On HO(XHD) | F) there is a filtration by G-submodules
HO(x () F) = Faet)0 5 Fatthl 5 5 Fatt iy = 5Oy, F)

such that the successive quotients F(XTDY /F(X DY+ with 5 € {0,...,n — 1} appear as
extensions in short exact sequences of G-representations

(0) = Ind§ ,  (Hy” (BF,F) @k Sty (k) = FATTD) FAHDpH
= 0B (B) @ BV (PR, F) = (0).

ii) The filtration in i) behaves functorially, i.e. any morphism & — F of Gg-equivariant vector
bundles induces G-equivariant morphisms

(XY — F(x (1))

forj=0,...,n.

! Again, in a similar case, some of the arguments will be presented in Section
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Recall the definition of St,,—;(k) resp. of 0, 7 P, F) from Section [1.2|resp. |1.4
J P k
k

If one considers the cohomology H* (P}, F) of F on P} as known, then the above theorem implies
that in order to describe HO(X (n+1) F ) as a G-module, it is sufficient to describe each I:I;J_ / (P, F)
k
as a P(jqq,—j) r-module. This will be the objective of the rest of this chapter.

2.2 Local Cohomology I: First Descriptions
Fix j € {0,...,n — 1}. First of all,

(0) ,ifi<n—j,

| <n (2.2
H'(Py,F) ,ifi>n—j,

see the reasoning in [44] 1.2] which is independent of the ground field and only uses the fact that IP’%

is smooth in P}. This implies that I:I%i (PE, F) = (0) for each i # n — j and therefore, the remaining
case to be studied is i =n — j.

A fact that will be used in the following is that the P, ,_;) y-module H;i—j (P}, F) fits into the
P(j+17n_j)7k—equivariant exact sequence

(0) = H' 9 Y(PR, F) — H" -1 (PR \ P, F) — HI 7 (PR, F) — H' (PR, F) — (0).

k
This follows from li and the fact that HZ(]P)Z \ Pi,f ) = (0) for all i« > n — j, which is verified by
considering the Cech complex with respect to the covering

PP, = U D(Ty)

i=j+1

by affine open subvarieties.

In the next two subsections, two attempts to describe the reduced local cohomology I:I;j_] (P, F)
k

appearing in Theorem [2.1.2.1] as quotients of known L;; 1, ) x-modules will be presented. The first

one is for bundles arising from certain L ;) ;-representations and is due to Orlik [44, 1.4]. The second

attempt is for general bundles and uses the canonical projection P} \ Pi — ]P’ij -1

Once and for all, identify the character groups of the standard diagonal tori of the factors GL; 1
and GL,,_j ) appearing in L(; ;1 ,_;) 1 as subgroups of X(T) in the obvious way.
2.2.1 Bundles arising from Representations of a Levi Subgroup

In the case where the bundle F arises from an irreducible representation of the Levi subgroup
L(j+1,n—1)k the reduced cohomology ﬁ;;] (P}, F) can be written as a quotient of well-known rep-
k

resentations in the following way:

Fix a dominant integral weight
N=A>X>...>2)\,)€Z"
of GL,, ; and denote by L(\") the irreducible GL,, ;-module associated with X'. Fix \g € Z, set

A= (Ao Alye.nshy) € 20
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and then denote by Ly the L ;) ;-module det XL(X), i.e. Ly equals L(X) as a k-vector space, the
factor GLy p of Ly nyx = GL1x X GLy i acts by det? and the factor GL,,  acts as it does on L(X').
Via inflation, L) is then considered as a P(y ) y-module. Set F) = F,. This is the vector bundle on
Py associated with Ly, cf. [32] 5.8]. For example F,0...0) = Opp(a) for a € Z. Let W be the Weyl
group of G. For i = 0,...,n — 1, denote by s; the simple reflection in W associated with the simple
root «; € A and let

Wi+1 = S Si—1°-.."30,
wy = 1.

Let p= 3> co- @ and consider the dot action

WxX(T)©zQ — X(T)®zQ

(w, 1) = wep=w(p+p) —p.
Denote by i either the unique integer ¢ € {0,...,n} such that w;, ® A is dominant, if it exists, or else
the unique integer in {0,...,n — 1} such that w;, ® A\ = w;,+1 ® A and set
wi,lo)\ y if ¢ S’io,
=
Ha, w; ® A , if 7 > 1.

This is a dominant weight for the Levi subgroup L; ,,_;;1),x and the corresponding irreducible module
over L; ,,_iy1),x is denoted by L; x. Consider L; ) as a P(; ;1) x-module via inflation. Let

0 I;
zi = (In—l—l—i 0> € Gy,

where I; € GL; denotes the identity element. Using the Grothendieck-Cousin complex associated
with the covering of P} by Schubert cells and translating to Weyl modules, one shows the following
result in direct analogy with [44, 1.4.2]. The notable difference is that one has to replace the Lie
algebras used in loc. cit. by the respective distribution algebras.

Proposition 2.2.1.1. For j € {0,...,n — 1}, the L 11 n_j) x-module I:I;;j(PZ,fA) s a quotient of
k
the L(j+17n,j)7k—m0dule

( P Sym'((#*1)') By Sym! (k" )')’) ®p L, -1

n—jHn—j,x
1eNp

= < @ V(=i Ej)/ Xy V(=L 5n)> Ok Lz’ljun—j,x'

e
leNp
Remarks.

i) In the p-adic setting in [44] 1.4], where k is replaced by a finite extension field K/Q,, Orlik uses
this result to further make explicit the structure of I:I;;( J (P%, Fa). This works by making extensive
use of the universal enveloping algebra associated with gx = Lie(Gg). In the present case, the
action of the universal enveloping algebra (and of the distribution algebra) on I:I;,?: / (IPE, Fy) is not

as well-behaved as in the case of characteristic 0, as will be seen in the next section. Therefore,
no further adaption of the results of op. cit. has been made.
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ii) Nevertheless, in the particular case of Proposition [2.2.1.1] since the construction is — up to re-
placing K by k — the same as in [44], 1.4.2], the kernel of the map

(@ V(=l-¢) Ry V(~I- en)) Ok Lyt ™ ﬁ;;( n o Fy)
1eNg

obtained from this Proposition has the same description as the one obtained from loc. cit., after
replacing the field K with k.

2.2.2 Using the Canonical Projection onto a Projective Subvariety

~

Denote by f: P} \Pi/, — Vi(To,...,Tj) = ]P)?,;,L*jf1 the projection which on closed points is given by
[0 .t xp] = [Ty @y

Consider f as a L; 1) r-equivariant morphism with respect to the following actions of this group:
On P} \ P}, the group L(j41,n—j), acts via restriction of the Gy-action on P}}. On Vi (T, ..., T}), the
factor GLy,—j of Ljy1,,—j)k acts via restriction from the same action and the factor GL;11x acts
trivially.
In this subsection, it is shown how this morphism can be used to describe the L(; 1, ;) -module
Hm _I(IP’Z \ [P/, F) as a quotient of direct sums of certain Weyl modules on the one hand and to give
explicit descriptions of I:Ig;] (P, F) as an L(j ;) r-module for F = (’)pg(a), with @ € Z and for
. k

F = ko with ¢ = 1,...,n, on the other. A similar map is considered by Schneider and Stuhler [54]
k

in the analog p-adic situation. For general F, the following holds:

Lemma 2.2.2.1. For every i € Z, there is a natural isomorphism of L 1 n_j) r-modules
. , , . , o~ i
HY(f,) : BB} \ B, F) = HY(PE\ B, o) = HY (B0 e (e ))

Proof. The existence of the H'( f,) as isomorphisms of k-vector spaces follows from [I7, Cor. 1.3.3] since
f is an affine morphism (cf. [23, p. 128] for a definition). The sheaf ]:“P’Z\]Pi inherits an L; 1 5, j) &
linearization via restriction of the Gg-linearization ® of F, cf. the beginning of this chapter. This
linearization then induces a L;;1,_j) r-linearization on the sheaf f. (‘HPZ\P?;) 1 For g € Lijjp1n—j) ks
define <1>’g = fi®y : fug” (]:UPZ\Pi) — f (ﬁPZ\Pi) . From the fact that f, and ¢* commute and from
the functoriality of f, it follows that this is indeed a linearization. Furthermore, the isomorphisms
H'(f) are then L;;1 ;) r-equivariant by functoriality. O

Recall from the introduction of this chapter that F is in particular a coherent (’)Pg—module. From
the fact that P} \ IP’?c is noetherian, it follows that the direct image M = f, <}—|IPZ\IP£ ) is a quasi-
coherent OPZ—j—l—mOdule, cf. [23, I1.5.8]. Thus there is now a graded k[T}j11,...,T,]-module M such
that M = M"™ is the Opzqu—module associated with M on PZﬁj*l, cf. [23, I11.5.13]. In the case where

F = Oprp (a), a € Z, is a twist of the structure sheaf, one can explicitly determine the structure of M.

Lemma 2.2.2.2. Let a € Z and let

J
M, = @ k[Tj-ﬁ-la'--yTn] (—Zmi—l—a).TgfLO.,...j}mja
=0

mo,...,m; ENg
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considered as a graded k[Tji1,...,Ty]-module for the induced grading of the direct sum and where all
T",i=0,...,7, have by definition degree 0. Then the associated Opn—i-1-module is
k

j
My= & Opn-i—1 <_Zmi+a> T T
1=0

mo,...,m; ENg

and there is an isomorphism of Opn-;j-1-modules
k

[ (QP;; (a)“pz\]pi) =M,

Proof. 1t is enough to consider the case a = 0 since the general case will then follow by shifting the
grading accordingly. Therefore, let

J
M=M= € kT, ....T) (—Zml) T T
=0

mo,...,m; ENg

(as a graded k[Tj41, ..., T,]-module) and consider the standard affine covering
RA\P] =Dy (Tj41)U...UDL(Ty).

For each i € {j +1,...,n}, denote by D_ pn—s-1(T;) the affine subvariety of ]P’Z_j_l which is defined
g

by the non-vanishing of the coordinate function 7;. Then the restriction of f to D4 (7;) induces a

morphism

fi: DoAT) = D, pesr (1))

of affine k-varieties. Homogeneous localization of M with respect to T; yields
TO mo ]} my
M(Ti): @ . k[TjJrla--an](Ti)' (ﬂ) <T2
(mo,...7mj)€Nf)+1

which is equal to Si7;) as a module over k[Tji1,...,Th](z;). In other words, f; induces the identity

map between the k[Tj41, ..., Ty](r,-modules I'(D, pn—s-1(13), M~) and T'(D, pn—s-1(T5), S(})) where
[ "~k g

S(r,) is again considered as a module over k[Tji1,...,Ty](r,). From [I3, 7.24] it follows that the

E[Tjq1,... ,Tn](NTi)—module S(NTZ,) is isomorphic to fi*(S(NTi)) = fis <(OP2PQ\P£) ) , where in the

[D(T3)
last expression S(r,) is now considered as a module over itself. Comparing sections, one checks that

the identity
f << Pk|Pk\Pi)D+(TZ—)) <f Pk |]Pk\P§c)D+ [P,nfjfl(Ti)
Py

holds. Therefore, there is an isomorphism of (Opn-j-1)p n_j_1(T;"modules
k +.Py

£.Opn ) MY,
(* FERE 1D, ey (T)) 1D a1 ()

The lemma is proved if these isomorphisms are compatible with gluing of the D ppri-1 (T;). To check
T

this, consider i,1 € {j +1,...,n} with i # [. Then the gluing isomorphism

M, s (D) gyt (TN D, psa (1)) = Mp, usr (@) (D) g1 (TN D, s (1)
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is induced by % — % resp. % — % / % But the same maps induce the gluing isomorphisms

(opg\wk') by P+ TN DL(T)) = (OPZ\M ) .y DT 0 D(T)

and thus the proof of the lemma is finished. O

Endow M, with the following L; i ,_j s-action: The factors GL,_;x resp. GLji1 act on
k[Tjt1,...,T,) (and its twists) resp. the variables Tji1,...,T), in accordance with the convention
of the action of G; on S. With these preparations, one can now explicitly give the structure of the
L(j41,n—j)r-module H”fj*l(IP’Z\]P’i, Opr (a)) with a € Z. During the proof of the following proposition,
identifications of the cohomologies of Opr(a) as Gy-modules are needed. They are given by

Sym®((k"*+1)’) ,ifa>0,i=0,
H' (P}, Opr(a)) = { det™ @, Sym ™" 79((k"H)) | ifa< —n—1,i=n, (2.3)
(0) , else,

cf. [23, T11.5.1]. Recall the action of Gy on AZ“ specified in Subsection m
Proposition 2.2.2.3. Let a € Z. Then there is an isomorphism of L 1 n—j) r-modules

H' 7 PR\ P, Opp(a) 2 @D V(-m-) Bpdet™ @ V((—m+a+n—j) e)

meNg
m—a>n—j

Proof. With the notation and identifications from above, one computes
L . L VI
H" Y PR\ P, Opp(a)) = HY77H(P7 T, M)

J
= @ Hn_]_1 <PZ_]_1, OPZ—j—l <— Z m; + a)) . Tgﬂo . TJmJ
1=0

mo,...,m; ENg

= & (det—l @5 Symi-omi—a=nti (ki )')') ST LT

Now use the identification of symmetric powers in terms of Weyl modules, cf. Subsection ]

For general F, one can now derive the following result on the structure of H" 71([%‘ \ IP’?;, F) resp.
iy, (g, ).

Corollary 2.2.2.4. There exist integers ay,...,ar € Z, depending on F, where r is the rank of F,
such that the Lj 1 ,—j) x-module H" =Y (PR \ P,, F) — and thus H;j_‘y (P}, F) —is a quotient of
k

B P Vim ) Bdet @ V((—m+a+n—j)-e).
=1

meNg
m—a;>n—j

Proof. There exist integers a; € Z such that F can be written as a quotient of @;_, Opr (ar), cf. [23|
Cor. I1.5.18]. In other words, there exists an (’)pz—module J and an exact sequence of (’)Pz—modules

0—)j—>@0pz(al) —F —=0.
=1

26



Since f is affine (and thus quasi-compact) and the variety P} \ IP’?; is separated by definition, the
sequence

T
0= foTpups = Fs ZG_?OPQ (QZ)IPZ\Pi = fiFprps = 0

is exact as well (cf. [I6] Cor. 5.2.2]). This sequence then induces the usual long exact cohomology
sequence for the functor H*(P} 7", —). From the fact that H" (P} 7", feTpmpi) = 0 (for dimen-
) k\
sional reasons, cf. [23] 11.2.7]), it follows then that the module H" 7 _I(IP)Z*J 71, f*]-"‘Pn\Pj) is a quotient
k k
of
T T
L i o i
i (B 7f*@(9pz(a,)m\@i) — Puri ey » £+ Oy (@) py g )
=1 =1

which was identified in terms of Weyl modules in the previous proposition. ]

As an application, one can now give a complete description of H (]P’Z,]—") in terms of Weyl

modules for Serre twist sheaves F = O]}Dz( a), a € Z, and for sheaves of differential i-forms F =

Q%Z /k,i =1,...,n. Recall that the cohomologies of the sheaves Q%PZ Ik of differential i-forms are given
by
- k f0<s=i<n
H (P}, Qb ) = A 24
(B, Uy ) { 0 e (24

with Gy acting trivially, cf. e.g. [19, 1.1].
Corollary 2.2.2.5.

i) Let ac Z and write F = Opr(a). Then, as an Lj 1 yn_j) r-module, there is an identification of
ﬁgi‘ NP2, F) with either

P V(m-e) Rpdet™ @ V((=m+a+n-—j) en/@v 1)) B V((—a+1)-e,)
meNg
m—a—n+35>0

(ifa>0,7=n—1) or

@ V(—m-¢;) R det ' @ V((—m+a+n—7)-e)

meNg
m—a—n-+3>0
(in all other cases).

i1) Let F = QI%”Z/I@' There is an identification of I:I;j_j(]P)Z,f) with an Lji1 n—j) k-submodule of
k

n+1

@ B Vimog) Rpdet @, V((—m—1—j+n)en)

meNg
m+1+] n>0

such that the associated quotient is isomorphic to

P Vi-m-g) Bidet™ @, V((—m—j+n)-e).

meNg
m+j—n>0
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i11) More generally, for each i = 1,...,n there is an identification of ﬁ;;j(IP’Z,Q]’IDn/k) with an
k
L(j+1,n—j)k-submodule of

@ P Vimog) Bpdet ' @p V((-m—i+n—j)-en)

meEN
m+i—n+35>0

such that the associated quotient is isomorphic to H" I~ 1(IP’”/IP>3 Qﬁ;/k) and the structure of the

latter module is computable inductively.

Proof. Recall from the beginning of this section that there is an exact sequence

(0) — H"=1(PR, F) — H" I~ Y(P} \ P, F) —Hy, 1P, F) — H" I (PR, F) — (0). (2.5)

k

i) Consider first the case that a > 0. For j = n — 1 the sequence (2.5) together with (2.3)) gives a
short exact sequence

(0) — HO(P, F) = Sym?((K"+')) — HO(PY \ Py~1, F) — HL, . (P}, F) — (0)

Byt
and for j < n —1 it gives an isomorphism
7 P\ By, F) = HE Y (B F).
There are thus isomorphisms
Hpn 1(Py, F) = HO(P \ Py~ F)/Sym® (K1)

and

Hy,/ (BY, F) = H' 7L (B \ B, F)

for j <n—1.

Now consider the case that a < 0. For j = 0 the sequence together with gives a short
exact sequence
(0) — H" (PR \ Py, F) — Hi (P, F) — H"(PR, F) — (0)
and for j > 0 it gives an isomorphism
H* L (P \ B, F) & Hy /(PR F).
Both times, there is thus an isomorphism

Hy,” (P, F) = H" 0~ (B} \ P, F).

Invoking Proposition [2.2.2.3| one then obtains an identification of I:I;g_ j(PZ, Opyp(a)) with either
k

@ V(—m-€) B det™ @ V((—m+a+n—j)- 6n)/Sym“((k"+1)’)
meENg
m—a—n-+;>0
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ii)

(ifa>0,j=n—1)or

B Vimog) Rpdet @ V((—m+a+n—j)-en)
m—;n—e'rIL\!-&O-jZO

(in all other cases). The claim follows from observing that, as an L(;;1,—j),-module and for
a € Ny, the module Sym®((k"*1)’) is isomorphic to

D Sym' (k1)) By Sym™ (k7)) = D V(1 &) B V(~(a — 1) - en) -
=0 =0

Write F = Q%,Z Ik For j = n — 1 the sequence 1) combined with 1D gives a short exact
sequence
(0) = HO(PR \ Py, F) = Hboa (PR, F) — HL(PL F) = & = (0),

for j = n — 2 it gives a short exact sequence

(0) = HY(PR, F) = k — H(P \ P72, F) — Hp,a (PR, F) = (0),

P2
and for j < n — 2 it gives an isomorphism

J
k

(B \ B F) S Y (B ).
Therefore, if j =n —1 or j < n — 2, there is an isomorphism

Hy, / (P}, F) = H' O (B \ B, ), (2.6)

and if j = n — 2, there is an isomorphism

iy, (PR, F) = B9 (B \ B, F) k. (27)

The module F fits into an exact sequence
0—F— OPE(—l)nJrl — O]pg — 0,
cf. [23, 11.8.13]. This sequence in turn induces a long exact sequence
= HTHPR\PY, Opp) — (B} \ P F) — H'(BL \ B, Opp (—-1)"*)
— HY(PY\PL,Opp) — ...,
which abbreviates to
(0) = H"2(P}, Ogy) = H"I2(P}\ B, Oy
= HUINRE\ P F) = BN PR\ P, Oz (1)) = HYIN P\ P Orp)
- H'I(PR\PLF) = (0)
in case j #n — 2 (cf. (2.2) and (2.3])) resp. to
(0) = HO(Py, Opp (1)) = HO (PR \ Py 2, Opp (1))
= k=H(P},0p) = H (P} \ P} 2, Opp)
— H'(PR\Pp 2 F) = H Py \ Pp2, Opp (1)) — HY(PR \ PR 2, Opp)
— HYPR\P%F) =(0)
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in case j = n—2 (once more using (2.2)) and (2.3))). Again reading off from the previous proposition
and applying 1’ resp. 1} one can thus realize I:I;j_J (PZ, F) as a submodule of
k

P P Vim g)Bpdet '@ V(—(m+1—n+j)-en)
r=0 meNg
m+1—n+3>0

such that the associated quotient has the asserted structure.

iii) This is just an iteration of ii), using the exact sequence
0= Qb — Opn(—)("T) 5 QL 0
P /k ppi—t P7 /K ’

which arises by evaluating the filtration on A’ Opz(—l)n—i_l = Opg(—i)(njl) which is obtained

from [23, Ex. I1.5.16]. Alternatively, cf. [I9, 1.6(7)].
U

2.3 Local Cohomology II: Failure of “Classical” Lie Algebraic Meth-
ods

As was already noted in the last section, in Orlik’s paper [44] there is made extensive use of Lie
algebraic methods to determine the structure of the algebraic local cohomology modules in the p-adic
setting. The objective of this section is to show that those methods are not as powerful in the case
of a finite field. First of all, a different description of H" 7~ (P \ P/, F) as a k-space shall be given,
namely in terms of generalized fractions.

2.3.1 Generalized Fractions

As F is locally free of finite rank, it is coherent. Thus there is a graded S-module F' = @leNo Fy of
finite type, for example

F = P H @}, F(0),

1eNg

such that I~ = F. Furthermore, F' is an algebraic Gg-module such that Gj acts homogeneously and
compatibly with its action on .S, i.e. for any k-algebra R, the formula

g-(sf) = (g-5)(9-f)
holds for all g € Gx(R),s € S® R, f € F ® R.
Then, for j < n — 2 there is an identification
H TN PR\ Py, F) = Um(F/ (T T F)ign—j)
leN

and for j = n — 1 there is an exact sequence

(0) = H(PR, F) — HO(B} \ P, F) — Lim(F/ T, F); — (0),
leN

cf. [I7, 2.1.5.1-2]. Here, the degree of a coset f + (TJZ-H, ..., TL)F is defined as the degree of f and the
transition maps are induced by

wm : Ff (T, TOF = F/(Ty, ..., TINF

FA Tjqs . TOF = Th T f 4 (T, T F
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for m > [. It is then convenient to use the natural identification of hgl(F/(T}H, e ,Tfl)F)l(n_j) as a
leN
quotient of (Fr,,,...1,)o via

p: (FTj+l'-~~'Tn)0 — hg(F/(rjl—l—la s >T7lL)F)l(n—j)

leN
f
= S+ (G TOF,
T

n

cf. op. cit., § 2. Under this map, the transition maps ¢; ,, are induced by the maps

m—I m—l

f LT f
l l m .Tm
Ty ... T} T

on (FTjJ,_l'...-Tn)O- From now on, write
<FTj+1'---'Tn)6) = (FTj+1~...~Tn)0/ ker(p)

and for an element ﬁ € (Fr;,;....,)o denote its image in this quotient under the canonical map

j+1En

by [T;Hfﬂl . The above formulas imply that, up to a k-finite-dimensional part, it suffices to describe

. . . ~n—j .
(FTjH-...-Tn)g as a representation of P q,_;) ) in order to describe Hpi J(IP’,Z,,.F) as a representation

of this group. Therefore, for the rest of this chapter, the focus will lie on (FTj +1'~--'Tn)8 .

2.3.2 The Action of the Universal Enveloping Algebra

The action of G on F induces an action of the Lie algebra g = Lie(Gy) = g®y k, where g = Lie(G),
— and thus also an action of its universal enveloping algebra — on F which shall now be explained.

Denote by Gl(;) the first infinitesimal neighborhood of the identity element, considered as a group over
the algebra k[e] = k[T]/(T?) of dual numbers, i.e.

G\ = Speck[Gy]/I?

where I C k[Gy] is the ideal defining the identity element 1 € Gy. Then the action of Gy on F can
be restricted to an action of G,gl). This action can be differentiated to an action of g; as follows: For
a Zariski-open subset U C P}, let f € I'(U, F) be a section and let € gi. Consider 7 as an element

d

where 7- means algebraic differentiation of the morphism

GV = QL (U, F))

whose matrix entries are rational functions. The usual Leibniz rule then applies in this context, i.e.
for s € T'(U, Opr), f € (U, F) and n € gi the formula

n.(sf)=sn.f)+ns)f (2.8)

holds. This action extends to an action of the universal enveloping algebra U (gy) of gx by the universal
property of this algebra. Furthermore, if U is stabilized by a closed subgroup H C Gp, then both
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H and g act on I'(U, F) compatibly with respect to the adjoint action of H on g, i.e. for f €
U, F),g € H,n € gi the formula

g-(n.f) = (gn)-(9-f) (2.9)

holds since

(91 +en)g™")-(g-))

o) = gl 9)) =g (d <<1+en>.<<g—1g>.f>>)

d€ e=0 deé e=0

- ¢ (L+egng™")-(g9-1)) = (gng™")-(g-f) = (g.0)-(g-f)-

dé€e=0

In this way, I'(U, F) becomes a representation of the semi-direct product H x g; and of the semi-
direct product H x U(gy) since the adjoint action of H on g extends to one on U(gy). All actions
mentioned also extend by functoriality to the higher cohomologies H (U, F) ,i € Z, and also to the
local cohomologies HiZ(]P’ZL, F) for Z =P} \ U,i € Z. Furthermore, the long exact sequence from local
cohomology is equivariant with respect to those actions.

Once and for all fix an ordering of ® and for each cy, € ® denote the standard generator of the
weight space ga,, .k C 0k Y L(u,v) = La,,,- Denote the (ordered) standard basis of t;, by (Lo, ..., Ln).
The k-algebra U(gy) is then generated by

{Li]i=0,....,n} U{Lp.) |0 <u#v<n}

In the case of the structure sheaf 7 = Opn the action of g and thus of U(gy) on DX+ F) can be
written down very explicitly: For

n= Zmiei € X*(T)
=0
with Y, m; = 0 define Z,, € D(X(™, Opn) by

— my m.
Eu(To,....Ty) =Ty -...- T,
Then direct calculation gives

lujy — mv! —_
Z, = ——Z2,1

(u,v) —H (mv — lu,v)! Ht-lu, v Qv
l= l=

L;.=Z, = m;E,,

for 1,1 € Ng and u, v, 1, u as above.

Failure of using the Universal Enveloping Algebra

In the case of U = P} \ ]P’i and general F the action of g on H" 71 (P} \ IF’?;, F) can be described by
using the Cech complex associated with the covering

n
= J Dam)
I=j+1

which computes H* (P} \IP’j , F). The i-th component of this complex is

@ F(D+(E1TZZ+1)7F)

j+1§l1<l2<...<li+1§n
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It is acted upon by gj similarly as the functions =, above and the transition maps of this complex are

equivariant with respect to this gi-action. Let u € {0,...,7},v € {j +1,...,n} and let ﬁ €
SRR

(Pry,y....1,)o be a representative of an element of H"fj*l(IP’}}: \IP’j , F). Then

Liyy—————7— = ——"—— —m (2.10)
ol T e T Tt
In similar fashion, basis elements L, ,) with the roles of u and v reversed decrease the degree in the
second summand. A toral basis element L; with [ € {0,...,n} acts as
I = . . .
Ty ... T T;}rifl.'.{Tﬁn *miTjﬁl-].c..-T,T yifle{j+1,...,n}.

The algebra U(gy) then acts accordingly by iteration of the above formulas. To simplify later calcula-
tions, note that there is no harm done in thinking of the element as a “completely reduced

. i T T
fraction”, i.e.
Tif /
l
L(’LL,’U)‘Tm . . Tm = L(’LL,’U)Tm Tm Tm—i m Tm
J+1 oo on J+1 -1t Bl AN R

forie{j+1,...,n},0<i<m,and f € F.

In the analog p-adic situation where k is replaced by a finite extension K of Q, and thus the
Drinfeld half space over K is considered, Orlik constructs in [44] Lemma 1.2.1] a K-finite dimensional
representation of the parabolic group P41, j) x over K which generates the local cohomology mod-
ule I:I;;( ! (P%, F) over the universal enveloping algebra U(gl, ;1 x). Trying to copy this verbatim to

the situation here does not work, since it follows from the formulas (2.10) and (2.11) that U(gx).M is
of finite k-dimension whenever M C H;i (P, F) is: Without loss of generality, it can be assumed that

M 1is contained in
/
{Tm T ] € Fnn)

JH17
for some m € N. Suppose that | € N is the smallest integer which is larger than m and divisible by p.

Then it follows that U(gy).M C {Tlle | f € Fl(nj)}.
T Tk

2.3.3 The Action of the Distribution Algebra

Now consider the the distribution algebra Dist(Gy) of Gy (cf. [32, 1.7,I1.1]). For I € N, denote by
G,gl) the [-th infinitesimal neighborhood of 1 € Gy. By construction, Dist(Gyg) is equal to the union
Uien Dist(G,(cl)). For each ! € N, the action of G,(Cl) on F induces an action of Dist(Gg)) on F. Therefore,
Dist(Gyg) acts on F as well. Furthermore, compatibility with group actions in the sense of and
with S-action in the sense of hold.

Failure of using the Distribution Algebra

The distribution algebra Dist(Gyg) of Gi can be realized as a divided power algebra over k in the
following way: Consider U(g ®y K), the universal enveloping algebra of g ®y K and consider the
V-subalgebra U(g) generated by all divided powers

1
L(lu,v) — lu,v

() = 1w’

)
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where 0 < u # v <n, l,, € Ny, and by all expressions of the form

<12> _ Li-(Li—l)-.l.'.-(Ll-—l—irl)’

where 0 <7 <n, [ € Ng. Then there is an isomorphism
Dist(Gy) = U(g) @y k,

cf. [32, I1.1.12]. In this way, one can then read off the action of Dist(G) on (Fr,,,...1,); from the
previous subsubsection by adjusting for the respective divided powers.

One might suspect that the distribution algebra manages to finitely generate ﬁ%@ (P}, F) in general,
but this is wrong. The problem is again the vanishing behavior mod p of the (binomial) coefficients
appearing. A counterexample will be given in the following proposition. As this involves calculating
binomial coefficients mod p, the reader is reminded of the following result, called Lucas’s Theorem,

cf. e.g. [11]):

Let a,b € N with p-adic expansions a = Zizo aipt,b = Zizo bipt, i.e. 0 < a;,b; < p for all

i=0,...,1. Then l
(§)-11(5) en

1=

Here and in the following, (Z) is defined to be 0 for a,b € Ny with b > a.

Proposition 2.3.3.1. Let p > 2. The Dist(GL3 1 )-module I’:Illpi (Pi,oPi) is not generated by a sub-
module of finite k-dimension.

Proof. In this special case, F' =S and

Therefore, it is enough to show that the proposition holds true with k[T TS 1) instead of HIP1 (P2, (’)P2)
Suppose that there were in fact a k-finite dimensional Dist(GLg )-submodule N C HT? Tl] with

kz[%, %] Dist(GL3 ). N. Without loss of generalization, it can be assumed that N = k[T27 T2]<ph+1

for some h € N. The subalgebra Dist(P (271)’,@) then stabilizes N and from the PBW decomposition
DiSt(GL&k) = DiSt(P(Q’l) ) Rk DlSt(U(2 1),k )

(cf. [32, I1.1]) it follows that

Dist(GL3).N = Dist(U/, ,, ).,

(2,1).k

i.e. it is enough to show that Dist(U7, ., ,).N C k[TQ, 72 to contradict the assumption on N. This will

(21)k

9" g’
be achieved by showing that for ¢ = p"*! and ¢ = 1 , the monomial f = TTﬁT} is not contained
2

in DlSt(U(2 1)k i)-N. Consider the canonical monomial basis {?g}, | a,be No} of k:[TQ, 7] Then it
2

suffices to show by decreasing induction on a + b that f does not appear as a summand of any of the
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elements contained in Dist(U,

a b
(2,1)7,9).7;%731 for 0 < a 4+ b < g with respect to this choice of basis. The

a b
generators of DiSt<UE;,1),k) act on a basis element 7;9;;} by
o T yfetbrl-1\ T
(0,2)'T2a+b = (=1 l T2a+b+l
o ey pifete+i-1 Tt
(172)'T2a+b = (=1 l T2a+b+l

for [ € Ny. Let

l:lo+llp+l2p2—I—...—I-lhph—l-...—l—lrpr

be the p-adic expansion of [ (for some r € Ny, with coefficients I; € {0,...,p — 1}).

i) Suppose that a + b = g. Since g — 1 has p-adic expansion

ii)

g—1=(p-1)+@-1p+...4+(@p-1)p"

the condition (g+§_1) # 0 (mod p) requires [y = ... =l = 0, according to Lucas’s Theorem. This
means that either [ =0 or [ > g and g | [. Therefore,

TaTb To Ty wTs [Ty Ty
Dist(U+ Vet Syl P it 0-1l g |22 ==
156U 5,1)4) Ty ' T g@ 2 7t T T

r,8€NQ
r+s=2g

and so f is not contained as a summand of any element of this latter set.

Suppose that 1 < a+b < g. Let
a+b—1=co+cp+cap®+...+cpp"

be the p-adic expansion of a+b—1 (with coefficients ¢; € {0,...,p—1} and at least one ¢; < p—1

and at least one ¢; > 0). For (“J“b;rl_l) mod p to be not equal to 0, the inequality ¢;+1; < p—1 has

to hold for each i € {0,...,h}, according to Lucas’s Theorem. But this implies that a +b+1—1
has p-adic expansion

a+b4+1—1=(cog+1o)+ (c1 +l)p+ (ca+l)p*+ ...+ (cn +1n)p" + lpap" ™ + ...+ 1"
In turn, this latter fact means that there are two possibilities:

(1) a+b+1—-1<g,iflp41 = ... =1 = 0. In this case one applies the induction hypothesis.

(2) a+b+1—1> g+1,if there is at least one ¢ € {h+1,...,7r} with [; # 0. Recall that at least
one c¢; is not equal to 0.

This implies that

ToT? To Th °Te [Ty Th
Dist(Uf ). 0L c |2 =L 0-1, 120 -1
r4+s=g+2

and so f is not contained as a summand of any element of this latter set.
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iii) Suppose that a + b = 1. Without loss of generalization, it can be assumed that a = 1,b = 0, i.e.

Tg-Tp To O] (0 it
Ts + = 7. Application of either L( 5) OF L( ) to this element with [ € Ny yields either +h TiF

or :l:Tf. According to the induction hypothesis, the element f is not a summand of any element

l l
in (Dlst(Ua ) Dt B+ (Dist(U, 1)) L) 32 for 1€ {0, g — 1}. On the other hand,
since (I+1,0),(1,1) # (¢',¢’) for all choices of [ > g, the element f is also not a summand of any

. . l l
element in (DISt(UErz,l),k) LEBQ)) L (Dlst(Uzr ok E LEO),2))'%) for 1 > g.

O]

2.4 Enriched Crystalline Enveloping Algebras: Adding more Di-
vided Powers to the Distribution Algebra

Inspired by the purely algebraic construction of Dist(G) as a divided power algebra over V, one can
try to carry this process a bit further in order to solve the problem of finite generation considered in
the last section with the help of a “higher divided power algebra” instead of Dist(G) (and similar for
modules over V-algebras R, in particular for R = k).

Definition 2.4.0.2. Define the enriched crystalline enveloping algebra of g as the V-algebra ﬁ(g)
which is the V-subalgebra of the universal enveloping algebra U(g @y K) = U(g) ®y K generated by
all expressions of the form

w,v=0 | w,v=0
utv OS:;/USR lu,v T utv

o 1 & S
HL[Z ]' < > H id,v)

with 1y, € Ng for all 0 <u#v <n and

(Ll> _ Lu'(Lu—l)-.li.-(Lu—lJrl)

with uw € {0,...,n}, | € Ng. For a V-algebra R, define the enriched crystalline enveloping algebra of
gr as the R-algebra

U(ar) = Ulg) @y R.

Note that the V-algebra U (g) is not finitely generated. Furthermore, it is not true in general that
a representation of G induces a representation of U(g) (compatible with those of U(g) and Dist(G)),
see the examples in Subsection [2.4.1] below. Over k, one can use reduction mod 7 of G-representations
(cf. [32, 1.10.1]) to produce U (gy)-representations from Gj-representations:

Lemma 2.4.0.3. Let V =W ®y k be a Gg-representation which is induced by reduction mod 7 from
a G-representation W over V. Suppose that the G-action on W induces a U(g)-action on W. Then
the Gg-action on' V induces a U(gy)-action on V.

Proof. By assumption, W has the structure of a Dist(G)-module which extends to the structure of a
U(g)-module on W. Extension of scalars yields on V the structure of a U(gj)-module via

V=Wayk=(W R (g) U(g)) @y k = W @p(4) (U(g) @y k) = W @54 Ulgr).
O

Remark. The adjoint action of G on Dist(G) does not extend to an action of G on U(g). This can
already be verified in the case that G = GLs.
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2.4.1 First Examples, Row Algebras and Column Algebras

The trivial representation of G induces the trivial representation of ﬁ(g) In particular, Lemma[2.4.0.3
then applies to the trivial representation of Gy.

Example I

Let G act on A% via (g,2) — gz for g € G(R),» € AT (R), R a V-algebra. The induced action of
GonS = V[A"H] V[T, ...,T,] is then given by

(9. f) = (g-f 2 f(g'2)),

hence a non-toral basis element L, (with u # v) of g acts on a basis element of S by

d
Loy (Tg" oo ) = o (1 L) (T - T))
= —m I, T, T - T
and thus
Ll TmO . . Tmn _ _1 ZLU'T . T Tmo . . Tmn
(u,v)'(O Ty = ( )( T T

for I € Ng. Then, for w € {0,...,n} \ {u,v} and m € Ny, one gets

My, My

(my — 1)! (Myy — m)!

(Lo Ly (T3 - T) = (1)

(w,v

T, T b T e LT (2.12)

and
My! (my —1)! -
( (vw)Ll )) (T(;no""'Trann) = (_1)l+m(mvv_l)!(mvi}l_m)!Tvl m'Tii'TZ;n'T(;no""'Tgnn
|
= (—pim— L _pelem plopmopme L pma - (213)

(my =1 —m)!

Therefore, in this case, the full algebra U(g) does not act on S (compatibly with Dist(G)) since, for
example, the element LEZ}Z]@LEQ ) does not: Let | = my, m = my, in (2.12) to see that the expression

on the right-hand side is not in general divisible by (m + 1)!.

Example 11

Now consider the action G x A@H — A@H given by (g,7) rg~! for g € G(R),x € A@'H, R a
V-algebra. This again induces actions of G and g on S. The latter is now given by

d

L) (57 oo T) = o (U L) (T5 - T))
= myT, T, Ty ... T
and thus
L (T oy = Tl et g
(u7v). 0 ... n — ‘u v .. n

(my —1)!
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for I € Ng. Then, for w € {0,...,n} \ {u,v} and m € Ny, one gets

(L o L) (TG0 Ty = (mzn”_!l)!(m(:njl__l);)!TlT-Tqi-T;l‘m-Té”o-...-T,T"
- (i”l”'_)Tm TL. Ty L
and
(LY iy Lt y)- (T30 - T = Mt ! AR Sl oL o L B s

(my, — D! (myy — m)!

By similar reasoning as before, the full algebra U () again does not act on S (compatibly with Dist(G)).

Remark. In particular, Lemma [2.4.0.3| is not applicable to the Gj-representations on S = k[A}]
induced by reduction mod 7 of the above examples.

The study of those examples leads to the following definition.
Definition 2.4.1.1. Define V-subalgebras U(g), and U(g). of U(g) as follows:
i) Let ﬁ(g)T be the V-subalgebra of lA](g) generated by the union of the sets

{HLZ“”]EU ‘ Vu,v € {0,...,n},u#v:l,, € Ny,

u,v=0

uFv

Elwe{0,...,n}Vu€{O,...,n}\{w},ve{O,...,n}:lu,v:()}

and I
{( lv) 6(7(9) ‘ v:O,...,n;leNg}.
Here, the “r” in the notation U( ) stands for “row”. For w € {0,...,n}, write
T g lhee]
1T L6
v=0
vFW

for the gemerator Hu v=0 L[l“ v of U( )r for which 1y, =0 for all u # w.

U’U

i1) Let ﬁ(g)c be the V-subalgebra generated by the union of the sets

{HLluv]eU ‘ vu,?}e{0,---,”}7U#U:ZU,U€NO7
u,v=0

uFv

Elwe{O,...,n}VUE{0,...,n}\{w},u€{0,...,n}:luﬂ,:()}

{(6”) e U(g) ‘ v:O,...,n;leNo}.
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Here, the “c” in the notation U(g). stands for “column”. For w € {0,...,n}, write
lw 11]
H L(w v)
u;éw
for the generator HZ"L;:’UO Lglgg)} of (7(9)C for which 1, = 0 for all v # w.

iii) For a V-algebra R, define

~

U(gr)r =Ul(g)r @y R

and

=
©
Sy
;/
)

(9)c ® R.

Lemma 2.4.1.2.
i) The V-algebra ﬁ(g)r acts on the G-module S from Ezample I (compatibly with Dist(G)).
ii) The V-algebra U(g). acts on the G-module S from Ezample II (compatibly with Dist(G)).

Proof. 1t suffices to prove case 11) as 1) then follows by symmetry. It has to be checked that the induced
action of U(g) and Dist(G) on S extends to an action of U(g), on S. First of all, this has to be done
for generating elements of U (g)c. For elements of type ( ] ) this is clear as those are already contained

in Dist(G.) Therefore, let v € {0,...,n} and consider HZ;S Ll(m)) cU(g)and f=TJ-.... T € S.

Then
luw my! mv—z%;g buw lo,v /l;; lnw
HL(uv U_ZZ:O lu,v)!Tv Tyt T T (2.14)
uFv

u;é'u
Since the coefficient of this element is divisible by (Zu 0 luw)!, it follows indeed that the element

[T"=o LEZ‘ Z)} € U(g). acts on f. But this already implies that U(gs)e acts on S as claimed, since
uFv ’

1 AR N e e

u;éw u;év u;ﬁw u;év

and this element then similarly has a coefficient (in V) which is divisible by (3 "ui=o lyw)!- (Z oh Luw)l.
uFw
O

More examples are discussed in Section

2.4.2 Some Subalgebras and Duality

For the rest of this chapter, only certain subalgebras of U(g) (resp. of U(gy)) will be of use and
therefore of interest. On the one hand, this is due to the fact that the action of Gy, on P} comes from
the action of G on A”H as described in Example II above. On the other hand, for technical reasons,
the Lie algebra g (resp gx) has to be replaced by the Lie algebra u.(]Jrl i) (resp. u?;.ﬂ’nij)’k) which
is the Lie subalgebra of g opposite to the Lie subalgebra u; 1, (with respect to the decomposition

n+1l=0G+1)+(n—j)).
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Definition 2.4.2.1.

i) Let U(uf Uittn )) be the V-subalgebra of U(g) generated by the set
[T Lileb ‘ Y, : lyw € N Vo € {0, jhue {j+1,...,n} : luy =0
0<u,v<n

uF v

Similarly as above, write [ o<u<; i) ”) for the generator [Jo<uvsn L[l“” of U( Wit i) ) for

j+1<v<n (uv uFv (uv

which by, =0 forallue {j+1,...,n},ve{0,...,5}

i1) Let
U (1 —
U(QHnJQV_U()ﬁU(OHnJQ
i.e. U( Uit ]))C is the V-subalgebra of U( (Gl ])) generated by

{ H Ll“”]eU (J—Hn j)) vuﬂ’:lu,vENOQHUE{j+17"'7n}vwe{j+17"'7n}\{v}

0<u<y
Jj+lsvs<n

Vue{j—i—l,...,n}:lu,w:O}.

Similarly as above, forv € {j+1,...,n}, write [ Jo<,<; L[l“ vl ) for the generator of U( (1 ;))
for which ., =0 for all w € {0,...,j} and all w € {j + 1 Ln}\{v}.

i11) For a V-algebra R, define the R-algebras

U(uf R = U

(_]+1,TL7]) ®V R

Y(jt1m— ﬂ)

and

~

Ui p)e = U1 p)e ®v R.

Remark. All of the algebras defined above are commutative since U( is a commutative group.

j+1,n—j)

Furthermore, as a V-module, U (uf Wiitn j)) is free with basis
[111 11]
H L (uw) u v € I\IO
g

Endow U( Uitin .)) with the following grading: For m € Ny, the V-submodule of U(
of elements of degree m is precisely the V-module generated by the set

UGtin— J))

luv]
H L GU (j+1n]

0<u<y
j+1<v<n

wo =M

The universal enveloping algebra U (u Wi ])) has a similar grading as a V-module. Consider the
adjoint action of G on U(g). This action restricts to an action of L;;1,_;) on U( ). Furthermore,
this action of L(j;;,—;) on U(g) stabilizes the universal enveloping algebra U (u Uitin .)) and the
resulting action is homogeneous with respect to the natural grading of the V-module U (u e

discussed above.

Jt+1ln— J)) as
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Lemma 2.4.2.2.

i) The adjoint action of the group L(; 1 ,—;) on Uul .)) extends to an action of Lij 1 pn—j) on

. YG+1n
Jr
Ulu (j+1,n—j))'
ii) The V-linear map U (u7; Uit ])) — U(ut Uit .)) induced by
lu v [lu v
0<u<y 0<u<y
j+1<v<n j+1<v<n

is an isomorphism of L 1 n—j-modules.
Proof.

i) The follows from the fact that L;1;,_;) acts homogeneously on U (u Uit j))

ii) The above map is an isomorphism of V-modules by construction and the fact that the action of
L(j+1,n—j),x is preserved follows at once from the fact that it is homogeneous on both sides, see

i).
O
Consider again the V-algebra k.

Lemma 2.4.2.3. There is an action of Lji1n—j) 1 on U( ( such that, as an L1 n—j) k-

j+1,n—j), k)

module, U (u}" Uistnj ,k) is isomorphic to U(u/, Uit j)). Furthermore, there is an isomorphism of
Lj1,n—j),k-module
Ul ian ). >~ (P Sym'((k7*')') Ry, Sym' (k™)' (2.15)
1eNp

Proof. The first two statements of the lemma are obtained by reduction mod 7 of the corresponding
action resp. isomorphism of the last lemma. The isomorphism ([2.15)) is then obtained from the natural
isomorphism of L; ) x-modules

U( E;Jrl n—j), ﬁ? Sym kﬁ_l) ) Oy, Syml(<kn_j)/)/'
€No

O

The Lj41,n—j)-module U( (g+1 n—j
structure of the k-algebra O(U(g+1n j)k) (

U?;.H’nij)’k) of algebraic functions on U( L)k (
k[{Tuv | 0<u<j;j+1<wv<n}]|). Consider this module as a graded k-vector space for the grading
which corresponds to the degree of polynomials and recall that for a graded k-vector space M, its

graded k-dual is denoted by M.

), ,) can be viewed as the graded k-dual of the L;, ,—;)-module
induced by the conjugation action of Ljii,_j) ) on

which is isomorphic to the polynomial k-algebra

Proposition 2.4.2.4.

i) There exists a non-degenerate Lj11,n—j) -equivariant pairing

iE U(uz;.Jan_j) ) x (’)(U?;Hn Y.

of k-vector spaces.

2Recall the convention on the action of G on k"' from the beginning of this chapter.
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ii) There is a graded isomorphism of L1 n—j)-modules

T 0t D OUE, Y

Proof. i) Define 8 on basis elements by

|| [luv || muv 1 \v/ue{O,-..,j},/ve{j+1,...7n}:lu7v:mu’v
ﬁ( L 9 T’LLU =
0<u<j () 0<u<s 0 else.

j+1<v<n j+1<o<n

This pairing is well-defined and it is non-degenerate by definition. Furthermore, it is L1 n—j)-
equivariant since the actions of L;, ,_j on both spaces are dual to each other.

ii) The above pairing induces an L(;;1 ,—j)-equivariant embedding of U (uf u ik ,) into the dual

Jj+1,n

+ . g lu]
space (’)(U(jJrl ), ,.) and the image is exactly (’)(U(jﬂ’nij)’k) : A basis element [ | Josusy Loy
. . mu v + /
of U(u Uit 1n—y), ;) is mapped to the dual basis element (Hgﬁfi‘fén u,0 > € O(UUH” ), %)
associated with [] o<u<; TiTJ"’”.
j+1<o<n
O
Remarks.

i) The isomorphism I' is an isomorphism of graded vector spaces with respect to the gradings on
both sides as described above.

ii) The natural action of U (u

action of U7
U

Uit ])) on O(U&Hn ])) V[U(tﬂn ])] which is induced by the

(j+1n—j) O1 itself by left (or right) multiplication does not extend to an action of

)) on O(U.

(J+1n—j (3+1,n— J)

The subalgebra U( and reduced duality

Uii1n— J))

In general, the V-subalgebra U (ut e cU (ut is not an 1,n—j)-submodule: For

L

Jj+1ln— ])) Uit ]))

+
1
example, in the case n = 3,5 = 1, K = Q9,V = Zo, the element g = <8 ) € Lp2)(V) applied to
0

OoO—OO

0
0
1
1

OOoO—O

B '
L(O,z)L(l,Q) yields

-z Wz 7 -z
Lig oy Lt oy = Liosy Ltay = Liosy Lis) + Liosy Liis)

02l ~ Loslay ~ Loylas € Ulug

(272)>7

(1 70 [ 7 (1 70 [ 70
and while L 5 Ly o) +L(g 3 L1 5) is contained in U(uf; UG, 2))0, the summand — (L(0,3)L(1,2) + Loyl 3)>

is not. This is due to the fact that up to sign, this last expression equals %(L(073)L(172) +Lo2La3 )). By

definition, U (u?r )) as a V-module is generated by the elements ﬁ (uiv),L? )Ll(’ )L”(JO 3)LE’1 3) with

a,b,u,v € Ny and since 2 is not invertible in V, the claim follows and thus g. L 1] L[1 gé U (15 (2 2))

For this reason, the following Ly; 1 ,,—j)())-submodule of U (ut U will be employed in the

j+1ln— J))
next chapter.
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Definition 2.4.2.5.

i) Let YU (uf Uii1n )) be the V-subalgebra of ﬁ(uaﬂ,n—j)) which is generated by all L1155 (V)-
translates of U (u}" u inside U (uf

of U, H+1n— J))
i) Set LU( U, e Lﬁ(u6+17n—3)) ®y k. This is a k-subalgebra of U(

in particular an L(]+l n—j)-submodule.

In particular, this is an L1 5 ;) (V)-submodule

j+1,n— ])) (+1n ]))

G Ln—), i) which is

Consider all three algebras in the cases n =1 and n = 2.
Example 2.4.2.6.

i) Let n = 1. Then, necessarily, j = 0 and all three algebras U (u; uy 1)) ﬁ(ual))c and Lﬁ(ual))c

coincide; they are actually isomorphic to Dlst(U(+1 1)).

ii) Let n = 2.

~

a) Let j = 1. In this case, U(ut ug, 1)) U(ual)) by construction and thus both algebras are equal

to U(( )).

b) Let j = 0. In this case, U(u/ Ulio

L% 1)L£l(]) 9 € U(uf ug, 2)) is not contained in U(u} u, 2))C since the latter algebra is generated by

{L[a la € No}U {L | b € No} and the relation (in ﬁ(uag)))

I e AN
Lo = ( a >L<01>L<o,2>

))c is properly contained in U(u} Ui 9 ): If p | (iJ{l), the element

]
Loy -

i ! ~ .
ng,l) : LE(}),Q) € U(uaz))c ®y R yields

l
a 7” z rrlr i—r —s srls l—s
(a52) " (oem e ds?) - (Samcorabhod?)

which is contained in ﬁ(uag))c ®y R.

Restrict the pairing S from the last proposition to a pairing

~

Be : FUWG oy i)e X OUE iy ) = K

and recall from e.g. [36, XIIL§ 5] the notion of non-degeneracy on the left resp. on the right of a
pairing.

Lemma 2.4.2.7.

i) The pairing [, is L(j41,n—j -equivariant and non-degenerate on the left.
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i) For an L1 ,—j-module N of finite k-dimension, the pairing . evtends to an L(ji1n—j)-
equivartant pairing

567]\[ : Lﬁ(u?;“rl,nfj),k:)c R N X O(U?;Jrln i), k) Rk N = k

(n®@x, f@N) = A@)Be(n, f)

non-degenerate on the left, which induces an L1 ,—j)-invariant embedding

L[’j(u-l—

(j+1,nfj)7k>c @ N = (O(U(]

(j+1,n—j).k W) ©r N

Proof. These statements follow from the previous proposition. O

Let N be an L1 ,—j-module of finite k-dimension and let @ C LU (ut Uit ng))e @k N be an

Lj41,n—j)-submodule. In the next section, the quotient module LU( Uit 1,m—j) p)e Ok N/D will be used
for certain choices of N and 0. In order to extend the duality obtained in Proposition [2.4.2.4] to this
module, consider the following L;;1,_;)-modules:

Definition/Lemma 2.4.2.8. Let N and d as above.
i) Define

o(U+

(G+1n— J)k’N/)a = {X < O(UE—Hn —j).k )®k N’ ‘ Ben(0,X) = 0}'

This is an L(ji1n—j)-submodule of o(uf (
L(j41,n—j)-equivariant pairing

, ‘ . .
L)k )(X);.C N’ and in particular, BN induces an

o PUWE i )e @ NOX OUL o sN = k.

ii) Denote by O(U

(G+1,n—), k,N )2 the kernel on the right of yn o, i.e.

~

. L —
O(UE‘;+1 n— j) k7N,)res = {Y € O(U?;Jrl n— ]) k7 ,)D ’ PVN,D ( U(uE;Jrl,nfj),k)c ®k N/D,Y) - 0}

and let

O(U+

(j+1,n—3), kS Nl)?ed = O(U+

(j+1,mn—3), k> ) /O( (j+1,m—7), k> N/)D

res*

This is an L(j1n—jz)-quotient of o(uf
pairing

(j+1,n—3%), ka/) and YN,» induces an L(J+1 n—j)- equivariant

’ﬁ\?% LU( (J+1n 7).k ) ®kN/DXO( (j+1n— ])kaN,)Sedﬁk'

By construction, ’yred is nondegenerate on the right and thus induces an injection of L(ji1,—j)-

modules R
O}y i N Vea = CT 0 e @1 N/DY. (2.16)
Proof. This follows from general properties of pairings, cf. [36, XIII, § 5]. O

Proposition 2.4.2.9. If in the above situation N has the additional structure of a graded k-vector
space on which the group L(ji1,—j;) acts homogeneously and if 0 is additionally a graded k-subspace

of U U éﬁ_l ), )@k N, then the embedding obtained in part ii) of the last definition/lemma induces

a grade zsomorphzsm of Lj41,n—j5)-modules
+ o~ (L + v
OUG 1 Nrea = CUWG 4 gy ) © N/0).

(with respect to the induced gradings on the tensor products, submodules and quotients appearing).
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Proof. Reconsider the (graded) isomorphism

I: U(ua+1’n,j)’k) — O(Ua+1,n*j)7k)v

~

from Proposition [2.4.2.41 Since LU(ua.H’n_j),k)

morphism induces an L(;; ,_;-equivariant (graded) embedding

¢ is a graded submodule of ﬁ(uaﬂ’n_j)’k), this iso-

—~ V
L (+ +
Uui i n—jyp)e = <O(U(j+1,n—j)vk)> :

Since N is also graded, this embedding extends to an L; 1 ,_j)-equivariant embedding

~

L (ut W) @k N <O(U+

\%
!

Graded dualization of this embedding (cf. Section yields a surjection

o(ut )@ N — (LUt )e @k N !
(GH+1n—j) k) =k (j+1n—j)k/c <k '
By construction of (’)(Ua )k N’)® and from the fact that all spaces involved are graded, it follows

that this surjection descends to a surjection

~

v
+ VAL L +
O g1 V)" = ( U(U(i 1) )c @k N/D) :
Again by construction, the kernel of this last map is precisely O(Uz;. )k N')?., so that reduction
modulo this kernel yields the claimed isomorphism. O

2.5 Local Cohomology III: Description via Enriched Crystalline En-
veloping Algebra

The enriched crystalline enveloping algebra can now be used to give descriptions of (Fr, +1-...-Tn)g and
~ nf]

HI% (P}, F) as representations of the finite group L; 1 ,—j).-

From Lemma on through the rest of this chapter, it has to be assumed that, as a graded
S-module, F'is generated in degrees < 1. This technical restriction is essential and it should be noted
that it is not enough to assume that, via the usual procedure of thinning oulﬂ F is associated to some

module (over some ring) generated in degrees < 1.

2.5.1 Employing the Enriched Crystalline Enveloping Algebra

Write S = V[T, ...,T,] and suppose that there is a finitely generated graded S-module F together
with an algebraic action of the group G such that the Gj-module F' is the reduction mod 7 of F'.
Furthermore, assume that the induced action of Dist(G)A on F extends to an action of U (g)c- In
particular, the Gg-action on F then induces an action of U(gg). on F in the sense of Lemma
(adapted to the algebra U (gk)c). This assumption holds for example in the situation of the following
lemma.

3Let fi,..., fr € F be homogeneous generators over S, denote by d the least common multiple of the degrees which
are nonzero (set d = 1 if all generators have degree 0) and let S = @ieNU Sqi. Then there is an isomorphism of
schemes Proj S — ProjS¥ induced by the inclusion of $® into S. The same procedure applied to F yields a graded
S@_module F@ = eaiENo Fy; which is now generated in degree < 1 and by construction, F'™~ = (F(d))N as modules over

S~ (S (d>)N. Finally, G acts homogeneously on S and F' and therefore the above isomorphism is even an isomorphism
of Gg-equivariant vector bundles.
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Lemma 2.5.1.1. Let V be a Py ,)-module which is finitely generated as a V-module. Write Vi, =
V ®@vy k. Suppose that F = Fy, is the vector bundle on P} associated with Vi, cf. [32, 1.5.8]. Then the

Gy -action on F induces a ﬁ(gk)c—action on F.

Proof. Since F is the quasi-coherent Opp-module associated with the S-module

F = @@ F0),

1eNg

it is enough to show that the G-action on each HO(P}, F (1)) induces a U(gs)e-action. The claim will
then follow by functoriality.

For each | € Ny, denote by V; the 1-dimensional Py ,)-module over V on which the factor GL; of
the Levi subgroup L(; ) & GL; X GL;, acts by det! and on which the factor GL,, acts trivially. Write
Vik =V, ®p k. Then Fy,, = Opn (1) and there are thus identifications

HY (PR, F()) = H(PE, Osp(]) D0 F)
= HO(PR, Fy,, R0y Fv,)

= HO(PZ’ ‘7:Vz,k®ka)

_ 3Gk
= lndP(l,n),k (VZJg Rk Vk),

cf. [32 1.5.12,11.4.1-3], where the last module is the algebraic induction of the Py ) ,-module Vj x @4 Vi
to Gy, cf. [32, 1.3]. According to loc. cit., this last module is isomorphic to the Gg-module of Py ;) ;-
invariants (Vi @k Vi) ®k k[Gi))Pamk on which Gy, acts via its action on k[Gj]. Furthermore,
(Vi ®k Vi) @k k[Gy])Pm# is isomorphic to ((V; @y V) @y V[G]))Fm @y k, ie. the Gr-module
imdlcf(’“1 . k(Vlk ®p Vi) is isomorphic to the reduction mod 7 of the G-module indg’(l’n)(V} ®y V). In
Lemma ii) it is shown that the U(g)-module structure on V[G] induced by the natural G-
module structure (with respect to the action G x G — G, (g, h) — hg~!) extends to a ﬁ(g)c—module
structure on V[G]. Thus the G-module structure on V; ®y V ®y V[G] also induces a U(g)e-module
structure. Since this U (g)c~action only differs by scalars from the U(g)-action, the submodule of
Py ,)-invariants is stabilized by U (g)c- This proves the lemma. O

Summarizing, the following assumption is supposed to hold for the rest of this chapter for technical
reasons.

Assumption 2.5.1.2. From now on, it is assumed that F' = Py, HO(PY, Fv,) with Vi as in the
previous lemma. As was shown in the proof of this lemma, F is then the reduction mod © of an
G-module F as described in the beginning of this subsection. Finally, it is assumed that F is generated
in degrees < 1 as an S-module.

Proposition 2.5.1.3. There is a P11 ) i-submodule Nj C ﬁ;]'_j (PE, F) of finite k-dimension and
k
an epimorphism of L1 n—j-modules

L1y, +
R CHR

e 1 Nj - L (B, ),
Proof. First of all, it is enough to show that the lemma is true with (Fr,,,....1, ){ instead of I:Igi (P%, F),
see Subsection Denote by p the canonical lift of p to (FTJ.H.“,Tn)O, ie. let
p:(Fryy..m)o — lig(ﬁ/(TfH, s T F )iy
leN

g ~
Tl ] 'Tl = g+ (CT_];Jrlw"?T?ll)F
G4 n
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and write

(Pryorom)b = (Frypym)o/ ker(p).

This is a P41 ,—j-module and the U( -action on F extends to one on this module. Write

U(i+1n— ]))
|:le+197’1:| for the element of (FTj+1'-~~'Tn)O induced by the element ﬁ € (FTjH-...-Tn)O under

the residue map. The proposition is proved if it can be shown that the following holds true:

Assertion. There is a P (11 ,,_j-submodule N C (FT .Tn)g, finitely generated as a V-module,

such that as a U( -module, ( Tj+1'--~'Tn)(; is genemted by Nj.

UG 1mj))e

If this is the case, then there is an epimorphism of L(j+17n,j)(V)—modules

27 (CUW( 0 i)e ®v Ny = (Prypyem,)b-

But this implies that there is also an epimorphism of L; 1 ,_j-modules
Pj = (ﬁj ® idg, : <LU(u6+1,nfj))C Ky NJ) Qy k — (FTj+l'---'Tn)8 Qy k= (FTj+1‘---'Tn)8'

Now let N; = ]\7]- ®y k. It follows that

LU(ua—H,n—j),k)c ®p Nj = (LU( 6‘+1,n—j))c ®v k) DNy
= LUy, ) @ (k@) N)

LA
= U(“(J;‘Hn i)e @v (Nj @ k)

1

Wiy g)e @ N ) @k

LU y))e Y (Nj 2 k)) o k
(L[/j(u?;-Jrl n?j))c ®yp Nj> Ry k) R k

Lﬁ(u+. )) ®y N) @y (k@ k)

12

1

I

1
MmN 7T N7 N N N

Lﬁ(uf 7 e ® N)@Vk‘

and thus the proposition is proved.

< f =
S {lm ] A}

It is enough to show that all elements of type [ﬁ} (FT. Tn)~ (with g € Fm(n _jy» m €N)
Jj+

As for the assertion, set

are contained in U (u} )e
(J+1 n—j)/¢
be assumed that either

N For this, since F is generated in degrees < 1 by assumption, it can

i) g="T0 T ... T;] T;fll ... T f with exponentsjl € Ny such that 0 < 4y < m for
le{j+1,....,n}and > ' iy =m(n —j)— 1 for some f € Fy or
i) g =T T ... T;J T;ff ... Tin . f with exponents i; € Ny such that 0 < i; < m for

le{j+1,...,n} and 3} i = m(n — j) for some f € Fp.
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Suppose that case i) applies, i.e. f € F}. Write T in the shape
T

g LTI T f

R TR M
and simultaneously decrease the exponents ir (forr=20,...,7) and m —ig (for s=754+1,...,n) to

Ta() T“l T g

obtain an element T+1— with Zr oar = n — j — 1. In other words, for r € {0,...,;} and
s € {j+1,...,n}, there are non-negative numbers a,, m, s € Ny such that the following conditions

are fulfilled:
o Yl pu=n—j—1,
® ar+ iy My = s
o 1+ ZZl:o Mas =M — Us.

IOt T f

In particular, [ T
jH+1tdn

} is an element of Nj. Now compute

J - (ﬁ 0] <11[ ] TG0 . .T;‘j - f ) )
X = L 41l Ly bit2 .. L, . e
WESHIN (1,j+2)
=0 (s =0 ! 1=0 ]+1 Ty
= ﬁ M+l : mla+2 . ﬁLml’" Tgo""'Tqu'f
H:} ]+1(Zl oM r )N it (1,5+1)" o (1,j+2)" - (l,n) Tiv1+...- Ty,
In a first step, using the Leibniz rule, one getsE]
j j T .. T - f
™My j+1 myn—1 Mi,n J
gL(l,j+1)' ( gL(ln 1) (HL (I;n)* T+1 T, ) )
J J _ J qaotmon - pditmyn ¥
, L j 0 e
- I ( AL (Come SE T
1=0 1=0 1=0 Tiv1enn Ty - T, =1=070"
. g ) . )
j

for some ¢’ € F, (n—j)(m—1)- Simply applying the operators successively, one obtains in similar fashion

) : .
L Fagen I am |71,
, Tio.. . TP . TEH . Tin.f
" T
— (_1)Er:1+1zz:0mlw H Zmlr J J
r=j+1 1=0 Tiv e I
/
g
+
Tt T

4Recall that to simplify the calculations, the generalized fractions can be thought of as completely reduced.
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for some ¢’ € F(n_j)z~ . Therefore, X equals

J
1—0 Mi,n

/

Tio .. .Y . T4 . Tin.f

-1 Z:L:j+1 Zg:oml,r J Jtl g S fj U i N
(=) T, T T (grrn=)e-N;

for some ¢ € F(n_j) S This finishes the proof, since the construction for case ii) (i.e. when
=0 »n

f € Fy) is completely analogous. O

Denote by 9; the kernel of ¢;. This is a L(; 1 ,—j-submodule of ﬁ;{j (Py, F). Let Pji1,—j) act

Li7(yt

on UG 1y

Theorem 2.5.1.4. Under the assumptions made in Assumption the P(j i1 n—j)-semisimplifi-

cations (Lﬁ(u?;.Jrl gy i)e Ok N; /o) Pat1n-075% qnd (I:I;;] (Pr, F))Purin-9=55% exist and there is an
b b k

isomorphism of P(j i1 ,—;)-modules

) .)e by inflation.

L P _N—ss. ~ I P _ .y —ss.
TG 41 gy a)e @ Ny 0) osrnn ™o o (g, (B, F) Mot o

Proof. The proof proceeds in several steps:

i) The module M = (FTj+1'~~~'Tn)g has an ascending filtration

.

such that M = UiENo M; and such that each M; is a finitely generated L(;;1,_j)-module. By
Lemma [[.2.2.1], there is then an induced filtration

0) =My C M1 S M2 ...,
with

!
Ti ... Ti

‘ e F(n—j)i} - (FT]'+1'---'T7L)€

()= MyC M C My ...
of the same type on the quotient M’ = Iclg;j (IP¢, F). Therefore (I:Ig;j (P2, F))Eu+1n-0) "5 exists.
k k

ii) As was previously mentioned and used in the proof of Proposition [2.4.2.4] the k-vector space

V = U(uz;.Jrl n—j) ;) possesses an No-grading V' = @,c, Vi- Since the group L 1, ;) acts

homogeneously on V; each V; is stabilized by the L ,_j) y-action. Finally, each V; is of finite
k-dimension so that one obtains an ascending filtration

l
O CWo=VocW=VeVic...cWi=QVic...
1=0

on V = J;Z, W; of the type considered in Subsection m For i € N, set
Wz‘/ = (Wi—l N LU(ua+17n_j)7k)C) (S Nj.

Then
O)=WgcWiCW, ¢ ...

is an ascending filtration of Lﬁ(Ll?;Jrl n—j) we) @k Nj = U;eny W of the type considered in Sub-
section [1.2.2l By Lemma |1.2.2.1} the quotient Lﬁ(uaﬂ ) i)e @k N;/0; then also has such a

filtration W/. Therefore, (LU(uE;H’nij)’k)c @k N;/0,)EG+1n-0 755 exists.
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iii) By construction, ¢; induces an isomorphism W/ — M/ (cf. the proof of the last proposition).

Therefore, ¢; induces an isomorphism of L; 1 ,—;)-modules

Lo Li+1n—g) =55~y (A" Liitn iy—ss.
( U(uE;'H,n—j),k)C @k Njjoj)FG+in-=ss = (HIP{; (PR, F))EG+Ln=—i)—ss.

iv) The simple P(; 11 ,_;-modules over k only depend on their L, ,_j)-structure and therefore,
the theorem is proved.

O

2.5.2 Functorial Reinterpretation: Ut-Algebraic Induction and Extension of Du-
ality

With the help of the description of I:I;j_ 7 (P, F) found in the last subsection, one can now describe
k

the kernels of the extensions (2.2)) appearing in Theorem [2.1.2.1| purely in terms of the representation
theory of G and its subgroups by using UT-algebraic induction and extending the duality developed
in Subsection 2.4.21

First of all, Proposition [2.5.1.3] suggests to consider the following category C. Recall from Section
the definitions of the categories rep, (H) and rep, (H)/ for a group H.

Definition 2.5.2.1. Let C be the full subcategory of repy(Lj41,n—j)) defined as follows: An L1y ,—j)-
module M over k is an object of C if there exists an L1 p—j)-submodule W C M which is an object
of repk(L(j+17n_j))f and an epimorphism of L1 n—j)-modules

~

L3, +
In the next step, UT-algebraic induction will be defined.

U*-Algebraic Induction

Consider (’)(UE;. g L) as a P(j11,n—j)x-module via inflation with respect to the quotient epimor-

phism P15k = Lrin—j) k-

Definition 2.5.2.2. Let W be an object of repk(L(Hl,n_j))f, considered as a P(j1 ;) -module by
inflation.

i) Set
G,U*—alg L el +
IndP(Hl,n—j) (W) = Indp(jﬂ,n—j) (O(U(jﬂ,n—j),k:) @k W).
The induced functor
G, U*t-al
IndP(jH,na—i) : repk(L(ij”*j))f — repy(G)

is called U™ -algebraic induction.

ii) Let 0 be an L(ji1 pn—j)-submodule ofLﬁ(u?;.Jrl n—j) pe @ W. Set
G,U%t—al 0L G + RV TAY
ndP(j+17n_j§](W)red T IndP(j_,,_l’n_]-) (O(U(j+l,n—j)7k7 w )red)’

where (’)(UE;Jrl )k W')2 4 is defined as in Proposition .
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Extension of Duality

The duality developed in Subsection [2.4.2] can now be extended to the following situation.

Proposition 2.5.2.3. Let M be an object of C. There exists an epimorphism of Lj 1, j)-modules

Li7(y,+
U(u(j—i-l,n—j),k)c QW — M.

Let 0 be its kernel. Suppose that M and W each have the additional structure of a graded k-vector
space on which L1 ;) acts homogeneously. If the homomorphism LU(u(j+1’n_j)7k)c QW — M 1is
homogeneous, then there is an isomorphism of G-modules

G ~ G, Ut —alg 0 v
IndP(j-‘rl,n—j) (M) - (IndP(j_H,n_]-) (W)red> .

Proof. By assumption, 0 C LG+1.n—i).k ﬁ(uaﬂ n—j) )@k W is a graded k-subspace. Therefore, it follows

from Proposition that there are isomorphisms of L; ,_j-modules

M~LUut

(J'Jrl,n*j):k) Qk I/V/D = (O(U+ W/)?ed)v'

(j+1,n—3),k’

Application of the induction functor Indfg(j+1 ) yields an isomorphism

G ~ G + . AYY Vv
IndP(jH’n_j)(M) = IndP(me_j)((O(U(jﬂ,n_j),k’ W)ted)")-

Up to isomorphism, induction in the present setting commutes with duals and in particular with
graded duals. Thus the right-hand side of the above isomorphism is isomorphic to the graded dual

(Indg(jJrl W ((Q(U(+]._~_1 gy i W )2 4))Y and the claim follows from the definition of Indgfj—: 70‘[_‘;}([/[/ %4
;= ) ) J snm—7
0

Theorem [2.1.2.1] can now be rewritten. Recall assumption [2.5.1.2

Theorem 2.5.2.4. On HO(X"D | F) there is a G-equivariant filtration
HO(x () F) = Fam)0 5 et 5 s Faetthn = gO(py, F)

such that for j € {0,...,n — 1}, the G-semisimplifications of the quotients F(X("+1)i /F(x(n+1))i+1
exist and appear as extensions in short exact sequences of G-modules

G—ss.
. . Vv . .
0 - ((hnﬁiﬁf;af<AGeésm%ﬂ<ky>zfs“lJ<“) ) 5 (F(HD)  F(A )i s

- (vB (k)" @ H' I (PR, F) > = (0).

Pljt1,m—d)

Proof. Recall from Theorem [2.1.2.1] that for j = 0,...,n — 1, there are extensions of G-modules

(0) = TdF (" (PR, F) @k Staj(k)) — F(XCTDY/F(almH)i!
G 1 n—j (mn
— 'Z)P(j+1’1n7j)<k) ®k H ( k’f) — (0)

Fix j € {0,...,n — 1}. It was shown in Theorem [2.5.1.4] that I:I;j_j(]P’Z,f)P(Hl,n—j)*Ss' exists. Since
k
Stn—;(k) is a finite dimensional k-vector space, it follows from the general construction of semisim-

plifications in Subsection |1.2.2| that (ICI;j_j(IP’Z,f) @k Stn—j(k)) U1m- 755 exists as well. From
k

Lemma [1.2.2.1] it follows that the G-semisimplification Indg(jﬂ’n_j) (ﬁ;{j(ﬂpz,}") ®p Sty—j(k))G—ss
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exists. The G-module vg( . j)(k:)’ @k H" (P2, F) is of finite k-dimension and therefore has a
L

G-semisimplification (vg( S (k)" @, H9 (PR, F))~*%. Again from Lemma |1.2.2.1]it now follows
J+11m=

that (F(X 1)/ F(x(+H1))i+1)G=ss exists and fits into an exact sequence of G-modules

(0) — (IndF,,  (Hy (B, F) @ St (k)9 = (FAOHD)T /FA0H)IHH e
G / n—j (mn G—ss.
SO, (B S I PO (0),
Using Lemma |1.2.2.1 one more time, it follows that IndIG;(jH’nij)(I;I;{j(IP’Z,f) ®p Stn—j (k)75 is

isomorphic to
G—ss.

; P; _j—Ss.
G S N—] o jt+l,n—j
<IndP(j+1,n—j) (HIP’i ( ks f) ®k Stn,j(k‘)> >

Since the simple Pji1 ,—j-modules only depend on their L;;1 ,—j-module structure, this last module
is isomorphic to

G Pltin-i) (F"7 pn L N
nd§ (ResL(HWj) (Hpi (P2, F) @y Stn_j(k)>>

-~ a Piiin_g) (n—i G—ss.
o (Indp(ﬁl’n_j) (ReSLéi’n; (Hpi (B, F) &, Stn,j(k)))) .

Here the group F(ji1,—;) now acts by inflation on the argument of the induction. According to

Proposition 2.5.1.3) each L1 ,—;-module I:I;;j(IP’Z, F) is an object of the category C. It follows that
k

I:I;J_ j(IP’};, F) ®k Stp—;(k) is also an object of C by virtue of the homomorphism
k

0; @id : (MU (ugs1njyr)e @k Nj) @ St (k) — ﬁ;;:]( o F) @k Stp_j(k).

Consider the k-vector space N; as a graded space which is concentrated in degree 1 and the k-
vector space St,—;(k) as a graded space which is concentrated in degree 0. Give the k-vector space

~

LU(u(j_g_Ln—j),k)C ®k Nj @ Stp—;(k) the induced grading of the tensor product. It follows from the
proof of Proposition [2.5.1.3] that the assumptions made in Proposition [2.5.2.3| apply to the case

M = ﬁ;;( n F) ®k Sto—j(k), W = Nj @ St,,—; (k)

i.e. M inherits via ¢; ® id a grading and this map then respects this grading by construction. The
claim follows from Proposition [2.5.2.3 O

Remark. For a given P(; 1 ,_j-module W of finite k-dimension as considered above, it does not seem
IndG,U+-alg

Pli1n—j)
reasonable way. Therefore, the analogy with [44] once again fails as in the case of a p-adic ground field
K, the resulting induction can be described nicely in terms of locally analytic functions on G(K), cf. op.

G, UT-alg

Pli1,n-3) (W)
as functions on a variety or group: Recall from Section that there is an isomorphism of G-modules

D - (OU {1y i) @6 W)
9EG/Pljq1,n—j)

possible to view (W) as a vector space of functions from Gy resp. G to k ®; W in any

cit., Section 2.2. In the present situation, there is only a rather naive interpretation of Ind

G, Ut-alg
IndP(jH,n—j) (W)

1%
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Therefore, as a k-vector space, Indg(?rl alg) (W) can be identified with
n—j

N _
H U(j+1,n—j),kz — k ®p W k-regular
9EG/Pj11n—j)

with G acting as a permutation group via the canonical epimorphism G' = G/ P 1 n—j)-

2.6 Examples

First of all, it is shown that the natural U(g)-action on the regular representation V[G] extends to
an action of U(g). resp. U(g), (depending on the action of G on itself). In particular, the regular
representation k[Gy] is then a module over U (9K )c resp. U(gk) Then it is shown that the same holds
true for twisted structure sheaves and sheaves of differential forms (with Gy-linearization). Finally,
Theorem is applied for twisted structure sheaves.

2.6.1 The Regular Representation of GL,

It was shown in Lemma [2.4.1.2] that the G-module S 22 V[A},"!] has the structure of either an U(g),-

module or an U (g)c-module, depending on the action of G on A@H. Furthermore, there is the following

specific example of the regular representation of G :
Lemma 2.6.1.1.
i) Consider the action of G on itself given by
G x G — G,(g,h) — gh.
Then the induced G-module M = Og(G) = V[G] is a U(g),-module.
i1) Consider the action of G on itself given by
G xG — G,(g,h)— hg!
Then the induced G-module M = Og(G) = V[G] is a U(g).-module.

Proof. Tt suffices to consider case ii) as i) then follows by symmetry. The induced action of G on M
is in this case given by
(9, f) = 9.f
where
(9-F)(x) = f(xg)

for z € G. The V-algebra V[G] is realized as localization V[{Ty,, | 0 < u,v < n}|ye—1 of the polynomial
algebra V[{T,, | 0 < u,v < n}| with respect to the determinant. For v € {0,...,n}, consider the
element H?;S Ll(lz’;) of U(g). This element acts on an element Ty 1" € V[{Tup | 0 < u,v < n}] by

HLZU Tmuw_ ( Z’L()lzv (H;L#’LO)T

m—3 " 0 luyi
)T #v ifw=w
i#v :

z;év 0 lf w 7é v.

As the coefficients appearing are divisible by (%o l;,)!, this action extends to an action of U (g)c on
i#v

V{Tuw | 0 <u,v <n}|. Using the Leibniz formula for determinants, one now checks that this action
extends to one on V[G]. O
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2.6.2 Some Equivariant Vector Bundles on P} admitting Actions of the Enriched
Crystalline Enveloping Algebra

In the last section, it had to be assumed that the algebra U (gk)c acts on the sheaf F on P} under
consideration. In the following lemma, it is shown that this holds true for the twisted structure sheaves
and for sheaves of differential forms on P}..

Lemma 2.6.2.1.

i) Let a € Z. Then the algebra U(gy)e acts on Opr(a) (induced by the Gy-action on Opr(a)).
.. -~ 1 . . 1

it) The algebra U(gr)c acts on QIP’;;/k: (induced by the Gi-action on QIP’Q/k)'

i11) The algebra U(gy)c acts on sz/k,z =2,...,n (induced by the Gg-action on ng/k).

Proof. 1) This follows either via functoriality from the fact that Opr(a) = S(a)™ and from Lemma
2.4.1.2lii) or from the fact that Opn (a) is the Opr-module associated with the Py ,)-module Vg
as in (the proof of) Lemma [2.5.1.1

ii) This follows also from Lemma [2.5.1.1] since Qﬂlmz Jk is the Opr-module associated with the P ;-

module Lie(Gy/P (1) k)", cf. [32, T1.4.2(4)]. Alternatively, one may use the realization of Q%”Z/k as
the sheaf associated with the S-module M which appears as the kernel of the S-homomorphism
(graded, of degree 0)

E=®;",5(-1) — S

A (fO)"'afn) — Z?zoﬂfiu

of. [23) 11.8.13].

iii) This follows also from Lemma [2.5.1.1|since Q%P’Z e = /\’ Q%’Z Jk is the Opr-module associated with
the P(; ,-module A\’ (Lie(Gy/P (1 nx)') . cf. [32, I14.1(3)].

O]

Remark. The sheaves F = Opz(a) fora < —1 and F = Qﬁm/k,i =1,...,n, do not — in general — have
k
the property that they are associated with S-modules generated in degrees < 1. Therefore, Proposition

2.5.1.3| does not apply for them.

2.6.3 The (Twisted) Structure Sheaf

In this subsection, the case of positively twisted structure sheaves is considered once more. Thus, for
a € Np, let
F = OPZ(Q) = S(a)N,

endowed with the natural Gg-linearization corresponding to the action
G x S(a) — S(a)

which is just the shift of the action of Gy on S considered in Subsection Example II. In this
case,

H* (P}, F) = H(P}, F) = So = Sym*((k"*'))
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so that

~n_j
HPZ; ( Z’J:) = (S(G)T]+1Tn)g
! ;
= ) Mo T
&~ - 7
10, -+In €Ng ijll S Tfl"

see Subsection Thus the proof of Proposition [2.5.1.3| gives

N; = {[TJHfTJ ’ fesSan—j= Sa+n—j} C (S(G)Tj+1-..-~Tn)87

which, as an L; 1 ,—j) x-module, is isomorphic to Sym® I (k7)) R det ™!, cf. Proposition [2.2.2.3
Since the higher cohomology groups of F on P} vanish, the description of the semisimplifications
of the subquotients associated G-filtration F(X("*+1)* amounts to giving isomorphisms

(F (XD /7 (x (n41))i+1)Gss.
~ =5 G—ss.
=5 Ind§ ((LU(uz;Hmfj)’k) Ok Nj/bj) R Stn_j(k)> . (2.17)

Plit1,n—3)

One can now — at least theoretically — go ahead and first determine the structure of 0; as a
Lj41,n—j-module, then determine the L; ,_;-structure of the full argument of the above induction

and finally deduce from this the composition factors of (F(X (1) /F(x(+1D)i+1)G=ss For example,
there is a formula which allows to compute the multiplicity with which the Steinberg representation
St appears in a given homogeneous component S;, see [35], but for general simple G-modules, this
question is still open (see also [29, 19.5-6] and the comments made there).

A Complete Description in the Case G = GLy,k =F,, F = OIP’}Q

In the case G = GLg, k = IF,, one can give a complete description by hand which shall be exemplified
for the case a = 0.
Assume for simplicity that p # 2. For

(a,b) €{0,...,p—2} x{0,...,p— 2}
denote by x4 the 1-dimensional T-module over k defined by the character
T — kX, (t1, ta) — t55.

For [ € Z, write [ for the representative in {0,...,p — 2} of [ + (p — 1)Z € Z/(p — 1)Z. The formula
(2.17) collapses to giving an isomorphism

G—ss.

0 1 G—ss. ~v G .

et (1))
leN

The module St; (k) is the trivial representation of P(1,1), the module Ny equals { [QTTIO} |a € k} , and

the map
o : U (u(1,1)7k)c @k No — IP’%( ka )
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I+1 ~
is induced by LEQJ) ® [%} = (—1)! [;?H] and thus an isomorphism. Note that LU(ual)yk)c =

Dist(U(+1 1)) cf. Example 2.4.2.6

The set of isomorphism classes of simple G-modules in this case is parametrized by the set
M={(u,v) eNgxNp | 0<u<p—-20<v—-—u<p-—1}

For (u,v) € M denote the associated simple G-module by L(u,v). It is realized as a submodule of §
via

L(u,v) = Sym* “((k*)) ® det®.

In particular, its dimension is v — u. Using Frobenius reciprocity, one can now check that for a,b €
{0,...,p—2},a < b, the composition factors of Indg(1 " (Xap) are L(a,a) = det® and L(p — 1 +a,a) =
Stg ® det® in case a = b resp. L(a,b) and L(b,p —1+a) in case a < b (see e.g. [24], Lemma 10]).
The composition factors of Ind% (Xb,a) are then known by duality. This then gives the composition

Pa
factors of Ind%l’l) (X1p-1-1) for 1 =0,...,p— 2 and thus of HO(x() F)G=ss- .

e If I = 0, then the composition factors are L(0,0) = det’ and L(p — 1,0) = St¢.
o Ifle{1,..., %}, then the composition factors are L(l,p—1—1) and L(p — 1 —l,p—1+1).

o Ifl e {% +1,...,p—2}, then the composition factors are the respective duals of the ones just
given.

Each factor appears with infinite multiplicity.
Note that one can also use the identifications X(1) = Pt \ Pi(k) = A} \ Al(k) and then rather
easily verify the existence of an isomorphism of the above type.

Negatively Twisted Structure Sheaves

There are of course many interesting bundles 7 = F'~ on P}’ which do not fulfill the condition that F’
is generated in degrees < 1. Among them are the negatively twisted structure sheaves F = O(—a) =
S(—a)~ for a > 1, as F = S(—a) as an S-module is generated in degree a. The cohomology of F on
P} is via Serre duality given by

HO (B, F) = HU(B], F) = det ™" @ Sym® ("D (k).

Furthermore, (Fr,,,...1,)§ (as a k-vector space) is isomorphic to

10 i
D WL T
I .7l
lEN Tj+1 T Tn
B yeees in‘€N0

ij+1 ,,,,, in <l
ig+...+in+a=l(n—j)

For example in the case (n,j) = (1,0), the latter space is isomorphic to X%l . k[%} and the element
Lo,1) € g acts on a basis element via

Xi . Xi+1
Xa?l-i :—(G/‘i‘l)#.
1 1

Loy
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Therefore, the enriched enveloping algebra ﬁ(uam i)e (which is actually equal to Dist(Uam ;) in this

particular case) would have to be replaced by (the base-change to k of) an algebraﬁ which — over V —
is generated by expressions of the form

(a—1)!
(a+1— 1)!Ll(0’1> (L€ No)

in order to adapt the proof of Lemma [2.5.1.3] But this algebra does not act on S(—a) (or S, for that
matter) compatibly with Gy, gk, etc. and therefore, this method does not work.

5See the construction of the algebra ﬁ(g) and its subalgebras above for an exact description.
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Chapter 3

Rigid Cohomology of Drinfeld’s Upper Half
Space over a Finite Field

This chapter is devoted to the calculation of the rigid cohomology modules of X1 with coefficients
in K.

First of all, the construction of this cohomology theory shall be recalled briefly. Throughout this
chapter, there will be made use of the concepts of rigid-analytic spaces over K (originally due to Tate,
cf. e.g. [4,12]) and of adic spaces over K in the sense of Huber (cf. e.g. [26, 27]). The following notation
and facts will be used: For a K-variety X, denote by X8 its associated rigid-analytic K-variety (as in
[4, 9.3.4]) and by X24 its associated adic space (as in [26, Par. 4]). If X is a rigid-analytic K-variety,
its associated adic space will also be denoted by X4 | cf. loc. cit. To be a little more precise, recall
that there are the following functors:

e (—)"8 from the category of K-varieties to the category of rigid analytic K-varieties,
e (—)* from the category of rigid analytic K-varieties to the category of adic spaces over K,

e (—)* from the category of formal schemes over K to the category of adic spaces over K,

such that for a K-variety X, there is an isomorphism (X*8)ad = x2d (where, on the right-hand side,
X is considered as a formal scheme). Furthermore, each of these functors induces an equivalence of
the respective topoi of sheaves, which are, respectively, the topos of sheaves on the Zariski topology of
a K-variety, the topos of sheaves on the Grothendieck site associated with a rigid-analytic K-variety,
and the topos of sheaves of an adic space over K. So in particular, for a rigid-analytic K-variety X
and a sheaf F on its Grothendieck topology, there is an isomorphism

H(X,F) = H (X, Fd)

of cohomology groups, where F24 denotes the sheaf on X! induced by F via the above equivalence.
For all facts mentioned in this paragraph, cf. [26, Par. 4] resp. [27, 1.1.11-12].

Concerning this thesis, the main advantage of working in the category of adic spaces at times
instead of the category of rigid analytic spaces is that the former are in fact topological spaces (cf.
their definition in, for example, [27, Ch. 1]). In particular, this means that sheaves on adic spaces
are well-behaved with respect to localization in /points.

Throughout this chapter, fix a completion K of an algebraic closure K of K and also denote by
| | : K — R>q the uniquely determined extension of | | to K.

3.1 Construction of Rigid Cohomology and some Properties

For this section, references are for example [2], 37].
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3.1.1 Berthelot’s Definition of Rigid Cohomology (with and without Supports)

Let P = ]ﬁ’]?j be the formal completion of PP}, along its special fiber Py'. There is then a closed embedding
P7 — P, which is a homeomorphism of the underlying topological spaces. Furthermore, there is a
map .

sp'8 : PN — P

called specialization map, which on points is given by

[o:...imp] = [To:... &y € PL
for [zg : ... : ] unimodular, ie. |z;| < 1 for all i € {0,...,n} and |z;] = 1 for at least one
j €10,...,n}. Here and in the sequel, Z denotes the element of k£ defined by an element x in the ring

of integers of K by reduction modulo its maximal ideal.
Let X C P} be a locally closed (quasi-projective) smooth k-subvariety. By definition, there is a
closed subvariety Y C P} together with an open embedding X C Y. Set

| X [p= (sp"®)H(X).

This is a rigid-analytic subvariety of IP’?(’rig, called the tube of X (of radius 1). For the purposes of this
work, it will suffice to assume that either Y = P} or X =Y/ i.e. X is either open or closed in P}..
Suppose first that X is open in P} =Y and denote by Z = P} \ X its closed complement. A strict
open neighborhood of |X[p in P2 is an admissible open subset V' C P%"8 such that ] X[pC V and
such that (V,]Z[p) is an admissible covering of ]P’?(’rig. The category of coefficients of rigid cohomology
is the category of overconvergent F-isocrystals on X/K whose objects can be briefly described as
follows: An overconvergent F-isocrystal on X/K is a locally free coherent Oy-module F on some
strict open neighborhood V' of | X[p in P"® together with an integrable connection F — F ®¢,, Qi
such that certain overconvergence conditions are fulfilled and such that locally, there is an isomorphism
F*F = F, where F denotes a local lift of the absolute (g-power) Frobeniuon P to P8, cf. e.g. 2,
§ 4] or [37, § 7-8]. Then the rigid cohomology of X with values in F is defined as the hypercohomology

HY, (X/K, F) = H* (P};’rig, lim (jv+,.) (4i,v) (F ®o, Q’v)) :
V/

Here, the limit is taken over all strict open neighborhoods V' of | X[p in P2"¢ which are contained in
V and

jviv ViV,

. . ! n,rig
jvl . V — ]P)K

are the respective embeddings of admissible open subsets given by inclusion. In the case of the
trivial isocrystal, i.e. when F is just the structure sheaf, then write Hy;,(X/K) for the resulting rigid
cohomology.

If X is closed in P}, then an overconvergent F-isocrystal on X/K is an O)x[p-module with the
above additional properties and the definition of rigid cohomology of X with values in F simplifies to
Hyi (X/K, F) = H*(]X[p,f@o]X[P Q]'X[P).

In particular, in the case of the trivial isocrystal, its rigid cohomology on X is just the usual de Rham
cohomology of | X [p.

!Note that in the context of varieties over k, the absolute and relative Frobenius morphisms are identical.
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There is a notion of rigid cohomology “with compact supports”, written Hy, .(X/K,F). Here, F
(as above) is replaced by
I'(F) = ker(F — tl*F),

where ¢ : VN|Z[p<— V is the inclusion, and then, by definition,

Hig o(X/ K, F) = H*(V,RL(F @0, Q).

Again, in the case that F is trivial, the notation reduces to Hy, .(X/K).

3.1.2 Some Properties of Rigid Cohomology
Here are some facts concerning rigid cohomologyﬂ

e The above definitions of rigid cohomology and of rigid cohomology with compact supports are
essentially (i.e. up to canonical isomorphism) independent of all choices made.

e For each i € Ny, the K-spaces X/K,F) and H., .(X/K, F) are finite-dimensional.

rlg( rig,c

e Via functoriality, the absolute Frobenius morphism of X acts on each H, (X/K,F) and each

rig

rlg (X/K,F). Therefore, the absolute Galois group Gal(k/k) of k acts on each of the spaces
rlg(X /K, F) and Hﬁlg (X/K, F) as well, upon identification of the absolute Frobenius with the

arithmetic Frobenius automorphism o : 2 — 27 of k.

o If X = X; U X5 is a disjoint union in the category of k-varieties, then there are canonical
isomorphisms
g (X/ K, F) =

X/K, F) =

. (X1/K,F)® H;g

X, /K, F) & H

rig,c

(X2/Kaf)
(X2/K,F)

rlg rlg

rlg C( rlg c(

for ¢ € Z.

e If X is of dimension n, then H', (X/K,F) =0 for i > 2n.

rig,c

e For each i € Z, there is a canonical Gal(k/k)-equivariant homomorphism HrlgC(X /K, F) —

1ﬂg(X /K, F) which is an isomorphism if X is proper.

e Let Z C X be a closed subvariety and let U = X \ Z be its open complement. Then there is a
long exact sequence

—H-(Z/K, F) - H., (UK,F)—H,, (X/K,F)—=H, (Z/K,F)—

rig,c rig,c rig,c rig,c

which is Gal(k/k)-equivariant.

e If X is of dimension n, then for each ¢ € {0,...,2n}, there is a perfect pairing
Hig (X/ K, F) x HE H(X/ K, FY) — K (—n)[2n]

of K-spaces which is Gal(k/k)-equivariant, where FV is the isocrystal dual to F (defined in
the usual way). Here and in the sequel, (—)(l) means that the Frobenius automorphism o acts
by multiplication with ¢~! (“/-th Tate twist”) and (—)[j] means “shift in degree —;”. For an
arbitrary K-vector space V and an integer ¢ € Z, set

V(i) =V @K K(i),

i.e. Gal(k/k) acts on this space through its action on K ().

2For attribution of the respective results, the interested reader should have a look at [37 9.1], for example.
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e If X is affine of dimension n, then Hfdg(X/K, F)=0fori¢{0,...,n}.

e Let n € Ny. Then there are the following identifications:

Hi, (PR/K) = @ E(-i)[-2i],
=0

rge(AL/K) = K(=n)[=2n], (3.1)

rig,c

Hio(AR/K) = K(0)[0].

3.2 Rigid Cohomology computed as Hypercohomology

In this section, the rigid cohomology H’;ig(y<"+1> /K) = HY, (V"D /K) of the closed complement

rig,c
Yyt of x(ntl) i P is computed directly as a hypercohomology. Then, the long exact sequence for
rigid cohomology with compact supports for the pair of inclusions

closed

]P)Z 5 y(n+1)

open
—

X(n+l)

is used to determine Hjj, .(X™*1)/K). The rigid cohomology of X1 is then known via Poincaré
duality.

3.2.1 Adaption of Orlik’s Complex

In order to compute Hfig(y(”“) /K), there will be made use of the following modified version of Orlik’s

complex: Use the same notation for objects Y7 with I C A as in Section [2.1.1] associate to each object
its tube and then the respective adic space, i.e. there are adic spaces Y™V [3 and |g. V7[5 for I € A,
g € G, all of which are open in JP’?éad . The closed embeddings of k-varieties
h
L‘(}:J : 9. YT —= RhY],
D, g Y7 YO

considered in for I ¢ J C A and g,h € G with gP; — hPj give rise to open embeddings of adic
spaces associated with the respective tubes

lgvilE = Vil
lgvi o IR

Denote by
sp?d :IP’?(’ad — P}

the adic specialization map. It is continuous, cf. [27, 1.9] resp. |26, Section 4], and for a locally
closed subvariety X C P?, the adification |X[2! of its rigid-analytic tube identifies with the interior
(sp*d )~1(X)? of its adic tube, cf. [27, Lemma 5.6.9]. For each I C J and gP; +— hP; as above, there
is then a commutative triangle

(Spad )71 (y(’n+1))
o3d; (3.2)

(sp* )M (g.Y7) = (sp! )1 (RYY)
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of closed embeddings of closed subspaces of (sp®d )~1(Y(**1)). Here, the maps appearing in the triangle
are again induced by the respective maps of k-varieties above. Let £ be a sheaf of abelian groups on
(spd)~1(Y(*1). As in the situation of Subsection one then obtains a complex

02— P &—.. o Pea—&—0 (3.3)
ICA ICA
#I=n—1 #I=1

of sheaves on (sp*d )~1 (Y1) where, as in loc. cit.
&r= @ Eg,1
9€G/ Py
with
Eq1 = (B (®5) .
Proposition 3.2.1.1. (cf. [42] Satz 5.3]) The complex is acyclic.

Proof. For i € {0,...,n — 1}, set

& = @ Er.

IcA
#I=n—1—1

As was mentioned in the introduction to this chapter, sheaves on adic spaces are in particular sheaves
on topological spaces. Therefore, to prove the proposition, it is sufficient to check that for each point
z € (sp?d )~ (Y +1), the localized complex

0) = (E)a— (E0)s = (E1)z = .. = (En—1)z — (0)

is acyclic. By construction, this last complex is equal to

0)—&— P b .- b &—- @ &0 34

ca 9€G/ Py ca 9€G/ Py 9EG/Py (k)
#I=n—1 ,e(spad )=1(4.v}) #I=1 ge(spad )—1(g.vy) ze(sp2d )~ 1(g.Yy)

Let
X = {QPI €G/Pr| #I=n—1,z € (sp* )_I(Q'YI)}

and equip X with a partial order structure “<” by identifying

I1 c/m

ICA
#I=n—1

with
{U c k™*! k-subspace | U # (0),k""'}

and its natural partial order structure given by inclusion. Then X is identified with the set

{U C k"™ k-subspace ’ U # (0), k" and z € (sp™ )_I(IP’(U))} .
Furthermore, X is nonempty since (spd )~ (Y1) is covered by the union of all (spd )~ (P(U))
with U running through all proper subspaces of k"t1.

For i € {0,...,n — 1}, let

Xi:{(l’o,...,.%i)|\V/j€{0,...,i}:l’j€X,:L’o<$1<...<l’i}.

62



By construction, X*® = U:‘L;ol X" has the structure of a simplicial complex with X the set of i-simplices
and (3.4 is the chain complex with values in &, associated with this simplicial complex.
Let Uy € X be a subspace of minimal dimension and let U € X be arbitrary. It follows that

z € (sp™ )" B(o)) N (sp™ ) HP(U)) = (sp° ) " (B(Uo) NPB(D)) = (sp™ ) (B(Up N V).

so that UNUy # (0) (as otherwise P(U NUy) would be empty). By minimality of Uy, this implies that
Up NU = Uy. Therefore, the identity map

id: X = X, U U,

fulfills

U, U <id(U)
for all U € X and by Quillen’s criterion (cf. [49], 1.5]), the complex (3.4) is then acyclic. This proves
the proposition. O

Corollary 3.2.1.2. Let £* be a finite complex of sheaves of abelian groups on (sp®d )~1(Y™+1). Then,
the complex

0—>&°— @ 5}—>...—>EB5}—>55—>0 (3.5)
IcA ICA
#I=n—1 #I=1

s acyclic, i.e. is an exact sequence in the category of complexes of sheaves of abelian groups on
(Spad >71(y(n+1 )
3.2.2 Construction of a Spectral Sequence

Denote by
f : ]y(n-i-l)[z]ijd _ (Spad )—l(y(n-l-l))o N (Spad )_1(y(n+1))
the canonical open immersion of the interior of (sp*® )~ (Y (n+1) ). For the rest of this section, let

E% = Opra )1 r411) = Lt )13y > Vgt 130 = = = Lt 130w

be the de Rham complex on (sp*d )~1(Y(*+1). Plug this complex into (3.5) and set

8:1 - g.,
& = @ &
Ica
#I=n—1—1
for : =0,...,n — 1. The functor f* is exact and therefore, the complex

0= f e, =& —=>fE —...—fE&_1—0
(consisting of complexes of sheaves on | Y1) [ ) is still acyclic. Application of the Godement functor

G (cf. Section|1.4]) to each sheaf appearing in (3.5]) plus application of the global sections functor induces
a first quadrant double complex of K-vector spaces
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LY IE Gfreg)) — TOYIE G(frer)

A y

Y

- TV Gren )

QYIRS G(fre))) — DY G(frel) - (YIRS G(fEL L))

A A

Y

4

rQYeOEt Gfreg)) — DY G(FreD) - TV G(fED )

with exact rows.
There is then canonically a quasi-isomorphism of the complex T'(JY™*+D[al G(f*£%)) into the
associated total complex of the above double complex which implies the existence of a spectral sequence

EY = @YV G(ED) = R T(YEIES Tot(G(f°E2))))
= @YU G(fE))
WY G (E°)))
= WYL GE)).

It follows from the description of hypercohomology in Section and from the fact that Y+
closed in Py, that

R CYUTIELG(E)) = H, (VY /K),
see also Subsection B.1.11

3.2.3 Evaluation of the Spectral Sequence
The E:1-Page

Lemma 3.2.3.1. Let r,s € Z. Then there is an identification

EP"= @ WdfH,(YVi/K).
ICA
#I=n—1—r

Proof. Using compatibility of Godement resolution with direct and inverse images of sheaves in the
present situation, one calculates as follows:

B = b (0 (G (ren))
= (T (Vg En))
— plr ]y(n—&-l)[%d’g @ @ ((I)Z?I)*((I)Z?I)*E.

#Ii%éifr geG/PI
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- @ D (v g (e er)))

ICA,
#I=n— 1 T GG/PI

e @ v (e s (o)

prl52, 9GP

_ @ @ B (F (]y(n-i-l)[

By definition, |V [3 N(sp*d )~1(g.Y7) is open in (sp
n (spd )_1(g.Y1) . On the other hand, (sp)~'(g.Y7)°

(sp*d )~1(g.Y7) which implies

]y(’n+1) [zlijd ﬂ(Spad )71

(9.Y7) =lg.Y1 [

(™) 910, G ((@3)7e))).

~1(g.Y7) and therefore, it is contained
=]g.Y7[3! is open in both Y™+ [ad and

for all I C A and all g € G/P;. Again from the description of hypercohomology given in Section

it then follows that

B = @ @ (v (el e (@re))).

IS5, <G

- B P

#IiiAl r 9€G/ P

= P PH (QYvagngYI[)-

#rmniy 9GP

For g € G(V) also denote by g its induced automorphism on IP’?(’rig via the action

G(V) x P?(’rig — IP’}l(’rig, (g,2) — g.x =g L.

Then the diagram

7,rig
PK

Sprlg

Q|

Py

commutes, where g is the image of g under the canonical map G(V) — G. Therefore,

9Yilp =

x € Py

= 19.Yi[p.
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{ nrig ‘ ~Lsptie(x) € YI}

= JrePpe | sprig($) € §.Y1}



Define P;(V)(1) to be the preimage of P; with respect to the above map G(V) — G. Then P;(V)(1)
stabilizes |Y7[p. For g € G(V)/P;(V)(1), set

g1 (Yilp, Ely,,) = B2 (9. ]Y1 [P, € 1y, 1,)-

This is well-defined and from the identity above, since G(V)/Pr(V)(1) = G/ Py, it then follows that

Bo= @ D (il g

#[i%éifr geG(V)/Pr(V)(1)

— @ @ g.H® (]Y][PagﬁY[[P>

#Ifgé,l_ geG(V)/P;(V)(1)

= @ @ gHrlg (Y1/K)

piini ., 9SG/ P

= @ Indg] rig (Y1/K).

IcA,
#I=n—1—r

The last identity holds since, by functoriality, Hj,(Y7/K) is a Pr-module and as a K-vector space,
g ng (Y7/K) is isomorphic to Hy, (Y7/K), cf. the descriptions of induced representations in Subsection
This finishes the proof. O

Directly from the definition, the fact that Y; = ]P’};1 for i1 € {0,...,n—1} minimal with a;, € A\ I,
gives

Hy, (Y1/K) = @K

see (3.1). For j € {0,...,n — 1}, set

7= {ozo,...,ozj_1} iij{l,...,n—l}
70 if j = 0.

Then, a row E}® of the first page of the spectral sequence has non-zero entries only for even s €
{0,2,...,2n — 2} and reads

B B = P mdGK(=3) > ...— P mdf k(=)
IsCICA IsCICA
#2[=n—1 #21:§+1
n—1—3s G S
- B = ndf, K(-3).

5
The Es>-Page

For each proper subset J C A, the sequence

0)—=K— @ MK —.. - $ Ind@ K — v§ (K) — (0) (3.6)
JCICA JCcIiga
#(A\I)=1 #(A\I)=n—1—#J

of G-modules is exact, see e.g. [5], 3.2.5]. Therefore, the Es-terms of the spectral sequence can be read
off:
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Lemma 3.2.3.2. Let r,s € Z. Then there is an identification

v, (K)(=3) ifs€{0,2,....2n—2)},r=n—1-3%
5
E;",s:hr(Eo,S): K(—%) ifSG{O,Q,...,Q(?’L—Q)},T:O
Ind% _IK(—(n—l)) ifs=2n—2,r=0
(0) else.

Taking into account the fact that there are no nontrivial homomorphisms of Galois modules of
different Tate twist, one can now read off from the shape of the Fs-page that all resulting morphisms
in F,,, m > 2, are necessarily trivial and therefore, the spectral sequence degenerates in the Es-page.

3.2.4 Computation of the Rigid Cohomology Modules

Evaluation of the filtration associated with the spectral sequence now yields the rigid cohomology of

Yntl)

Proposition 3.2.4.1. The rigid cohomology modules of YY) have the following shape:

K(-%) if s€{0,...,n—2} even

K(—%)@v% N (K)(n—1—-s) ifse{n—1,...,2n— 3} even
Hfig(y(nﬂ)/K) = ngHs_" (K)(n—1-y9) ifse{n—1,...,2n— 3} odd

Ind, () (=(n—1)) if s =2n — 2

(0) else.

During the proof of this proposition, the following fact on extensions of Galois modules is needed.
The proof is reproduced from [41].

Lemma 3.2.4.2. Let I,m € Z with | # m. Then every extension of the Gal(k/k)-module K(I) by
K(m) splits, i.e.

Ext!

Gal(E/k;)(K(m)v K(l)) = (0).

Proof. By exactness of Tate twist, it is enough to consider the case | # 0, m = 0. By definition of
group cohomology as a derived functor cohomology, there is an identification

K(0), K(1)) = H (Gal(k/k), K(1)).

1
EXtGal(E/k)( (

Recall that o denotes the standard arithmetic Frobenius automorphism in Gal(k/k) which, in par-
ticular, is a topological generator of this group. Then the latter module is isomorphic to the module
K(1)/((c —id)K (1)), which is trivial for [ # 0. O

Proof of Proposition[3.2.4.1] Recall that
RV G(E) = Ky O /K).

By construction, EFs = FE. now describes steps of descending filtrations of G-modules on each
Hfig(y(”‘H)/K)’ s € Np, via
By = g (HE (V) /K)).

rig
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There are thus descending filtrations on each Hfig(y(”“) /K) with filtration steps

v (K) (=% if s—re{0,2,...,2(n—2)},
r=n-—1-°5"
grr(Hfig(y(nH)/K)) = B} = K(—*3") if s—re{0,2,...,2(n—2)},
r=20
Indg, ~ K(~(n—1)) ifs—r=2n-27r=0
(0) else.

This shows that for each s € {0,...,2n — 2}, the associated graded module of the rigid cohomology
module Hfig(y("H) /K) has the following shape:

K(-3) if s €{0,...,n—2} even
(115 (yrt) gy - D @R, () =1 —e) s € {n 1., 20— 5 even
gr ri = i
& UICD;J,nHﬂ(K)(n_l_S) if s€{n—1,...,2n -3} odd
Ind%n,l (—(n—1)) if s =2n—2.

Each filtration splits as the above lemma shows that there are no non-split extensions between Galois
modules of different Tate twist and therefore,

rig,c

gr (Hyy (V" /K)) = B, (VD /K) = Hy, (V0D K.

Theorem 3.2.4.3. The rigid cohomology with compact supports of XY is given by

n

g (XTV/K) = @ of, (K)(=i)[-n —].
1=0

Proof. Using the respective property from Subsection it follows from the fact that X1 is a
smooth affine variety of dimension n that H,, (XD /K) = 0 for all i ¢ {n,...,2n}. Now employ

rig,c
the long exact sequence for rigid cohomology with compact supports for the pair of inclusions

X(n+1) O}:ﬁn PZ Clgd y(n-i-l)'

For each i € {n,...,2n}, there are thus exact sequences of G x Gal(k/k)-modules

Hi (P/K) — Hi V"D /K) = H, (XK = H (PR/K).
Inductive evaluation of those exact sequences (plugging in the result from Proposition [3.2.4.1| and of
course the fact that rigid cohomology of PP} is known (see Subsection [3.1.2)) finishes the proof. Here,
one has to use the additional fact that, as a Galois module, H;, .(XY\"*Y /K) is pure which means

rig,c
that it cannot contain submodules of different Tate twist, cf. e.g. [5, Prop. 3.3.8] (which only uses the
fact that — as is rigid cohomology — ¢-adic cohomology is a Weil cohomology). O
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3.3 Rigid Cohomology computed from the Associated De Rham
Complex

The goal of this section is to show how — in principle — the rigid cohomology Hy, (X (D) /K, &) of

X+ with values in a G-equivariant overconvergent F-isocrystal £ which is defined o P%rig can
be computed from its associated de Rham complex. The main tool will again be an adapted version
of Orlik’s complex.

First of all, a cofinal family of strict open neighborhoods (with respect to the reverse inclusion
ordering) of X+ [p in P™8 suitable for the purpose of adapting Orlik’s complex has to be con-
structed. Let X C PP} be an open subset and write Z = P} \ X for its closed complement. For
Ae (0,1)N K7, let .

VA = PR\ Z[px.

Here, |Z[p is the open tube of Z of radius A in ]P’?érig which can be described as follows, cf. [37,
2.3]: Suppose that the vanishing ideal of Z is generated by the homogeneous polynomials fi,..., f; €
k[To,...,T,). For each I € {1,...,7}, let f; € V[Ty,...,T,] be a (homogeneous) lift of f;. Then

1Z[pr= {x € IP’}Z{’ﬁg (unimodular) | VI € {0,...,7} : |fi(z)| < /\} :

According to [37, 3.3.1], V is a strict open neighborhood of | X [p in }P’TIL{’rig . Moreover, the system
(VM)xe(0.1) is even a cofinal system of quasi-compact strict open neighborhoods of |X[p in PR"¢, cf.

[37, 3.3.3]. For m € N, let
Am = |w|YMH) e K7

Then the countable system (VA),,cy is cofinal in (V) ae(0,1) and thus it is itself a cofinal system of
strict open neighborhoods of | X [p in P38,
Now specialize to the case X = X1 A slight technical problem in adapting Orlik’s complex is

the fact that the “operation” | — [p) does not commute with taking finite unions. Therefore, there
will now be constructed a cofinal system (U™),,en of strict open neighborhoods of X "+ [p in P8

better suited for the task at hand.
For m € N, set

v =P\ | J9Vilpan-
ICA geG/ Py

Lemma 3.3.0.4.
i) The set U™ is a strict open neighborhood of |X™ V) [p in P8,
it) The set U™ is an affinoid subvariety of P?érig.
i1) The family {U™ | m € N} is cofinal in the family of all strict open neighborhoods of ] X"V [p in
PR e,
Proof. 1) Since

vr=1 () PE™®\g-Yilpa,
ICA geG/P;

By definition, P)¢"® is in particular a strict open neighborhood of | X [p in P"e.
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is a finite intersection of admissible open subsets of P’}(’rig, it is admissible open in JP’?(’rig itself.
Directly from the definition of tul?es, it follows that U;ca Uge/p]9-Y1lPa,, is contained in
Y@+, Therefore, VAm = P8\ Y+D(, s contained in U™ and the claim follows from
] sAm ? K \m

37, 3.1.2].

ii) Denote by H the set of all n-dimensional k-subspaces of k"*1. Then there is an identification

uro= PEEN U IP(E) A,
HeH

= ) PR\IP(H)[pa,,-
HeH

Since a finite intersection of affinoid subvarieties of P%rig is again an affinoid subvariety (this is
due to the fact that P2"® is separated, cf. [I2, 4.10.1 and 4.3.4]), it is enough to show that each

P?érig\]IP’(H )P, is an affinoid subvariety of P%rig. Possibly after a coordinate transformation,
one can reduce to the case that H = Vi (T},). Then

PLUE\IP(H) [Py, = {x =[z0:...: 2] € P78 unimodular | |zn| > )\m}

o~ {(“,...,:E”l) e (K)"
T, T,

- {(zo,...,zn,l) e (K)" |Vi=0,...,n—1: |zt 31}

Vz’zO,...,n—l:]wilﬁ)\ml}
L,

and the last set is an affinoid K-variety.

iii) The family (VA))\G((LI)O‘FX‘

show that for each A as above, there exists some m € N such that U™ C V. By [37, 2.3.6], there
is an admissible covering

is a cofinal family of strict neighborhoods. Therefore, it is enough to

Y [paC U U l9.Yr[px

ICA geG/P[
for ) such that

II 11 A’z(A’)@’gAdeG/Pfl):A.

1GA ge(G/Pr)(k)
Choose m € N large enough so that \' < \,,,. Then there is an admissible covering
Ve | U l9Yilpan:
ICA geG/ Py

hence

V/\ _ P?}z{,rig\]y(nJrl)[P’)\D P%rig \ U U ]Q-YI[P,)\m: um
ICA geG/ Py

which finishes the proof of the lemma.

Denote by .
o U™ P
the inclusion. Then the above lemma implies that the rigid cohomology of X1 with values in £
can be computed as

* +1 T Tig - . -k °
I‘lg(X(n )/K7 8) - H (]Pﬂ;{ 7%.]”1*]7”(8 ®O]P’7;<’rig karlg))
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From now on, for ¢ =0,...,n, set
i_ i
5 — 5 ®O]p?{*rig Q]P’?(’rig‘

To make use of the associated de Rham complex for the computation of the above hypercohomology,

one has to calculate the cohomology spaces H* (]P’}l(’rig, i jp,, gx EY) for each i € Ny.
meN

Lemma 3.3.0.5. For each i =0,...,n, there is an identification
H* (P8, i . j5,€7) = lim HO(U™, £%)[0].
meN meN
Proof. First of all, applying [27, 2.3.13] to the parallel situation of adic spaces yields isomorphisms
H* (P8, i i €') = lim HY (PR, i i €°).
meN meN

The morphism j,, is quasi-Stein in the sense of [37, p. 20] which in particular implies that the higher
direct images Rlj,,, (j*,E?) vanish for [ > 1, cf. loc. cit. From this, it follows that

H* (B8, jima €)= HY (U™, j, ) = HO(U™, &) = HO(U™, €7)

since higher coherent cohomology on affinoid spaces vanishes by Kiehl’s Theorem B, cf. [33, 2.4]. This
finishes the proof. O

So in essence, to compute Hfig(X("+1)/K,5), one has to compute H(U™, £%) for all i, apply the

direct limit hgn , plug the resulting spaces into a spectral sequence and describe the associated gradings.

meN
This will be done in the next few subsections using the methods of [44, [45] by Orlik. The strategy to

determine the spaces HO(U™, &%) is the same as in the previous chapter in the case of finite ground
fields, namely to use local cohomology, but this time of rigid analytic spaces. For this purpose, this
cohomology theory shall be recalled briefly (cf. [57, 1.2-3]):

Let X be a rigid analytic K-space, let Z C X be an admissible open subset such that U = X \ Z is
also admissible open in X. For an abelian sheaf H on X, set

HY (X, H) = ker(H*(X, %) — H° (U, H)).
Then HY%(X, —) is a left exact functor and therefore it has right derived functors
HY(X,-) = R'HY(X, ).
The following hold and will be used freely in the sequel:
e There is a long exact sequence
o= H(X,H) - H(UH) —» HSYU(XH) - BN (X H) — .
cf. [57), 1.3], which also holds in the more general situation presented here.

e From the fact that the functor (—)*! induces an equivalence of topoi combined with the fact
that H%(X,H) is computed by using an injective resolution of #, it follows that there is an
isomorphism

Sead \aa (X2 HM) = HY (X, H) (3.7)

where the local cohomology for adic spaces is defined as usual for topological spaces.
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Now set

ym =P\ =) | lo-Yilpan.
ICA geG/Pp

Then there are local cohomology groups Hy-m (]P’?(’rig, £Y) and an exact sequence
(0) — HO(P", &%) — HO(U™, £7) — Hym (P2, £7).

The groups H%/m (IP’?(’rig, Si') can be computed using an adapted version of Orlik’s complex and one can
then determine HO(U™, £7).

Because of technical reasons concerning the localization of sheaves in points, it is again more
convenient to use the framework of adic spaces.

3.3.1 Adaption of Orlik’s Complex

For m € N, set
gm _ IP)’fIl(,ad \ Um,ad

and for I C A and g € G/ Py, set

n,ad n,rig ad
= ]P) P Y,

Both Z™ and ZmI are closed subspaces in IP’ *¢ . As in Subsection an inclusion I C J of proper
subsets of A together with a mapping gP; — hPj under the canomcal map

G / P T — G / P J
induces a closed embedding of closed subspaces
h
Vgt Zgr = Zy
of Z™. Furthermore, for each I and g as above, there are closed embeddings

(SIZ ‘—>Zm

so that for all g,h and I, J as above, there are commutative triangles

ZTTL

A
N

m ) m
Zgr © ~Zy'y

of closed embeddings. Let F be a sheaf of abelian groups on Z™. For I C A and g € G/ Py, set
‘ngl = 597] 5;}'7:’

Fr = @ Fo.1-
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Proposition 3.3.1.1. For any sheaf F of abelian groups on Z™, there is an acyclic complex

0-F—> P F-> P F—-.. o P F-FR-0 (3.8)
IcAa IcAa IcA
#I=n—1 #I=n—2 #1=1

of sheaves of abelian groups on Z™.

Proof. (cf. the proof of Proposition [3.2.1.1)) The proof is again by localization of the above complex
with respect to a point z € Z™. Consider the set

X = {U C k" kesubspace | U # (0), 2 € PR3\ (PEUE\IP(U)[p,, )™ } .
This set is not empty since, by construction,

n,ad 7,T1
7" = U PR\ (PR\P(U) [P,/\m)ad
(O)CUCkn+1

with U running through all proper non-zero subspaces of k"*1. Choose a minimal subspace Uy € X
and let U € X be arbitrary. Directly from the definition of tubes of radius A (see page , one
observes that the identity

P(Uo) [P, NP(U) [P, =IP(Uo) NP(U) [P,

holds. Both P2"8\|P(Up)[p.s,, and PR E\[P(U)[p,,, are finite unions of affinoid spaces which is seen
by using the standard affinoid covering of P"®. Therefore, the covering

P S\ (Uo) N P(U) [, = PR\B(U0) [, U PR E\IB(U) [P,

has a refinement consisting of finitely many affinoid subsets and is thus admissible. By [27, 1.1.11 (c)],
this implies that

(Ba\ W) nBO) (e, ) = (BB @), )™ U (BB, )"

thus

8
m

(IP”;(’ad \ (p?;gig\]p(Uo)[p,Amfd) N (IP”}gad \ (P’}rig\]P(U)[RAm)ad)
= P <(P$fig\]P(Uo)[p,Am)ad U (p@rig\]p(m[mm)m>

n,ad n,rig ad
= PO\ (BB N D)lea, ) -

It follows that Uy N U cannot be equal to (0) and, by minimality of Uy, this means that Uy N U = Uj.
Therefore, the identity map id : X — X fulfills

U, U C id(U)

for all U € X and, again by Quillen’s criterion, the simplicial complex X*® associated with X is
contractible (cf. the construction in the proof of Proposition [3.2.1.1). This implies that the chain

complex
0O-F- H P . -P B o P F— (0
ICA  geG/Py ICA geG/Py geG/ Py
#l=n—1zezm, #I=1 22z, z€ZT

associated with X*® with values in X is acyclic. Since this complex is precisely the localization of (3.8])
with respect to x, the proposition is proved. ]
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3.3.2 Construction of a Spectral Sequence

Let m € N and consider the case that F = Zzm is the constant sheaf on Z™ with value Z. Let

b 2 2™ ]P’?(’ad

be the inclusion which is in particular a closed embedding. For r =0,...,n — 1, set
ICA
#I=n—1—r

As in Subsection there is then a (second quadrant) spectral sequence
E7? = Ext® (s F—r, giad ) = Ext" % (1,0, F, ghad ) = H?}S(P?(’ad ,Ehad ).

This spectral sequence is evaluated in the next subsection. Recall that

Y™ = U U ]g.Y[[p’)\m.

ICA geG/Py

It follows from (3.7]) that
Hys (P, £ed ) = HiLS (P8, €7).

3.3.3 Evaluation of the Spectral Sequence
The E;-Page

Lemma 3.3.3.1. Let r,s € Z. Then there is an identification

7,8 GV s
By = @ Ind b H]YI[

P, (V)(1) (PR, &%).

P,Am
ICA
[I|=n—1+r

Proof. For brevity, write Z = Z]y(n+1)[ . Then

ad
P,
E}® = Ext*(tmeF_r,£79)
= D P E b)) 2

m:jr%fur 9€G/ Py
C D D Elomos) T )

IcAa P
[I|l=n—14r QEG/ I

= D @ myEe)

IcA P
[I|l=n—1+r gEG/ I

@ @ H]sg-YI (P, Am (P%rig’ gi)

IcA P
[I|l=n—1+r gEG/ 1

= D D s Viloa,, (PRE,ED)

rea | geG(V)/Pr(V)(1)

12

|I|=n—1+r
_ G(V) nrig of
= D ndpy o Hyp,,, B,
ICA
[I|l=n—1+r
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where the isomorphism is an application of . Here, the fact that ¢.]Y7[p,, :]g.l_/j[R A, fOr
all g € G(V) is used to establish the action of the group G(V) on @ cq/p, Hy o yiton, (P18, EY). For
this and also for the definition of the subgroup P;(V)(1) € G(V), cf. the proof of Lemma
Note that the action of G(V) on IBB”H(%) ={x = (x0,...,2,) | Vi =0,...,n : |z;| <1} given by
(g,7) — zg~! preserves the unimodular points of B"*l(%). O

By definition, Y; = ]P’Zl for A\ I = {ai,...,;} with iy < ... < i; (cf. the construction in

Subsection [2.1.1]) so that
(PlUe 1) = H?

P [PAm

Hiy, (P8, 7).

P, Am,

In [44), 1.3] it is shown that H? ;

(P"’rig ,EY) carries the structure of a K-Banach space in such a
B o &

way that the inclusion .
s n,rig o4 s n,rig o4
H]P,;},rlg (]P)K ) g ) C H]P;Cl [P,)\m (]P)K 9 g )
of the algebraic local cohomology space H[‘; iy i (IP)}l(’rig, £Y) has dense image. Thus, for s # n — iy, the

description of the local cohomology modules amounts to

HS

P [P

nrig o 0 ifs<n—i
H¥ (P %, &%) if s >n —iy,

cf. the remarks at the beginning of Section [2.2] Write
S e (PRTEEYN i an_ ¢ 1

M:E = ]PZ’S[{:M
H* (P8, £ if s €1

for I C A,s € {2,...,n}. Then, each row E}® with s € {1,...,n} of the Ej-page of the spectral
sequence has the following shape: For s € {2,...,n}, one gets

Byt BT — g

s n,rig i
oo sy s, (B EY) =

—(s—2),s G(V) s 0,s GV)(1) s
E; = @ nmdgpMio B = @ IndgaM;
ICA I1CA
#I=n—s+1 #I=n—1
QQseeey ap_1_g€l Qe ap_1_g€l

For s =1, one gets

G(V)

o1 . 0,1 1
By By =Indp - oyoHe

Tig (]P)T;(’rlg7 EZ)'

P,Am

The Es>-Page

The evaluation of the Es-page proceeds in complete analogy with [44, 2.2], the notable difference to
the present case being the avoidance of duals. The main point — at least in the present case — is
that for each s € {2,...,n}, the complex E}** is acyclic apart from the positions —(s — 1) and 0, cf.
[44, 2.2.4]. In order to avoid any (more) repetition, the proof of the following proposition is therefore
omitted.

Proposition 3.3.3.2. The Es-page of the above spectral sequence has the following description:

i) Ifr=0and s € {2,...,n}, then
Ey® = H3 (P8, &1).
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it) If s € {2,...,n} and r = —(s — 1), then there are short exact sequences of G-modules

G(V) 7S 7,T1 i —(s—1),s
0 - mg” (Hmzﬂ[mm (P £1) @ StS(K)) - B,

G(V) s(pnrig oi
- vP(n+1—s,ls)(V)(1)(K)/ ®x H*(Pg ®,&) —(0)

where

o the Prop1-j6)(V)(1)-module Sts(K) is the inflation to P, 1_; ¢ (V)(1) of the Steinberg rep-
resentation (over K ) of the factor GLs(V) of Lp41—s.6)(V), cf. Subsectionm and

o the P(y11_j5)(V)(1)-module e’ (P78 &%) is defined as

IPY [P Am

e, —ker (B (B, S OB ),

P [P A

"

[P [Pam

where d is the (P (s41_; 4 (V)(1)-equivariant) map appearing in the long exact sequence as-
sociated with local cohomology of rigid analytic varieties as defined in the beginning of this

subsection.
i) In all other cases, Ey° = 0.

Degeneration and the resulting Filtration

With the same arguments as in [44] p. 633], the spectral sequence degenerates on its Es-page and
therefore, Fo = Eo describes filtration steps of a (descending) filtration by G()’)-submodules on
Hy . (P78, £1). This filtration can be pulled back along the G(V)-morphism

HO(U™, €Y — Him (P8, ).
Theorem 3.3.3.3. On each H°(U™, %), there exists a filtration
EHU™)® = (HO(Um,si) =M™ s> gUmto... .o U™ o U™ = HO(P?(’ﬂg,gi))

by G(V)-submodules such that each filtration step appears in a short exact sequence

(0) = Idg™ Bl (PR @ Sty (K)) = (E(U™Y /€ (U™PH)

< ) o) x BB E 5 (0)
for j=0,...,n—1. For j = n, there is an identification
ENU™ = H (PR, &Y.

These filtrations are compatible with G-equivariant morphisms between the involved sheaves.

Proof. The proof is in complete analogy with the one of the corresponding result [44, Cor. 2.2.9], the
notable exception again being avoidance of the use of duals. The compatibility assertion is proved in

[45, Lemma 4]. O
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3.3.4 Computation of the Rigid Cohomology Modules

From Theorem [3.3.3.3] one obtains a G(V)-filtration lim EHU™)* of each
meN

HO(PR™, i 1) = lim HO(PR™S, G, €1) = lim HO(U™, €1,
meN meN meN

i € {0,...,n}, (which is also compatible with morphisms between the involved sheaves) such that
each filtration step appears in a short exact sequence

O = lmIndg™) T () @ St (K)) — lim (€U /€10

Y
meN Pileam meN
- gV (K) @x H* (P78, £7) — (0)
P(j+1,1n*j)(v)(1)
for j =0,...,n — 1. Here, one of course uses the fact that taking the direct limit hﬂ in this context
meN

preserves exactness and thus is also compatible with taking quotients. For j = n, one gets

lim £(U™)" = lim HO (PR, £7) = HO(PR™, £°).
meN meN

These filtrations can now be used to compute the rigid cohomology modules of X1 as G-
modules. The methods used are those of [45] by Orlik.

First of all, compatibility with G-morphisms (see Theorem [3.3.3.3|) gives complexes

(0) — lim EU™Y /MUY = lim EYU™Y /EN UY=L

meN meN
N hg gn(Um)j/gn(Um)j+l N (0)
meN

for j =0,...,n—1 (induced by the complex £*) the totality of which can be considered as the Fy-page
of the spectral sequence induced by the filtered complex

(0) = lim E2(U™) — lim E(U™) — ... = lim £"(U™) — (0)
meN meN meN

computing H’r"ig(X("“)/K, &), ie.

Eg® = lim E75(U™)7/ lim €775 (U™)H =, Hps (XD /K €). (3.11)
meN meN

Depending on some cohomological information about &, one might now be able to compute this
spectral sequence and thus HY, (X1 /K, £) explicitly. As an illustration, consider again

rig
g - Oprzz(,rig,
ie.
=
€ PR /K’

which has the following property:
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Lemma 3.3.4.1. The complex

O = G EEED 0 I T B0

meN £lPam Fie “g/K meN Pk “g/K
. ] nfj n,rig n
= Ly Hg,,, B e ) = (0)
m

s acyclic for all j =0,...,n— 1.

Proof. (ct. the proof of [45, Prop. 5]) Fix j € {0,...,n — 1}. First of all, by construction, there are
isomorphisms

~n_j 74 . ~ __1 ’~ . __1 7' - .
H}Pi [R)\m (]P)?(rlg’ Qﬁp?rig/[{) = COker (Hn J (]P)?(rlg, Q]zP,;z(,rig/K) — Hn J (PnKrlg\}P‘]z; [Pv/\m7 Qﬁ»%“%/[{))
foralli=0,...,n. Asn—j—1<n—j it follows from (3.10) that
n—j—1 n,rig i
H}Pi[P,/\m(PK QIED"“g/K> (0)
for all ¢ = 0,...,n. Therefore, for each i € {0,...,n}, using the long exact sequence from local

cohomology, one obtains a short exact sequence

(O) - lﬂ H" Jj— I(Pn Tig QZ ) Hn—j—l(]P;TIL(rlg QZ )

Pnrlg/K Pnllg/K
meN
I'l ] I'l
—  lim H*” =Y p g\][pu [PAm,Q]ng/K) — lgrl ([p" g Q;ng/K) — (0)
meN
— again by exactness of hgl — which then gives rise to a short exact sequence of complexes
meN
O > (B ) (13 HP T (BB, O rw)
” meN i=0,...,n

. ~n—j 7,11 i
— ( %\IH]H}% [P,/\m (P £ Q[P’n rlg/K)> — (O)
m 1=0,...,n

=U,...,

Application of the Snake Lemma then yields a long exact sequence of cohomology objects

=1 s I nrig i 1 (pn—j—1/mpn.rig i
— h ( IIGHN} H]Pi[ (P & QPn rlg/K)> — h (H ] (]P Q]P” rlg/[{)) i=0 n
m i=0,...m

=U,...,

N hl (hﬂ Hn_j_l(P?(’rlg\]Pi[P,)\m’ Q%P;?“g/l()>
1=0,...,n

meN

geeey

l . ~n—j 7,T1 i
— h (hﬂNHM[ (PR meg/K)> — ...
me 1=0,...,n

=U,...,

Now, because of the fact that

. (Hn (e 0, ng/}()) _ =K[-(n—j-1) (3.12)
by rigid GAGA, cf. [12, 4.10.5], it is sufficient to show that
h* (1% H BB, O /K>) = K[-(n—j~ 1) (313)
m 1=0,...,n
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to prove the lemma. This will be done by computing the rigid cohomology Hy, (P} \ PJ)/K) from a

system of strict open neighborhoods of [Py \ P [p in P)z"® and then comparing with the formula which

can be obtained from ({3.1)):

By definition,
P\PL= |J Di(m),
I=j+1

with closed complement IP’Z; = izj41 V4 (T}) in P. For each m € N, set
W =P E\IP[pa,,

and denote by

fn W™ s P18
the inclusion. By construction (see page . the system (W™),,¢en is a cofinal system of strict open
neighborhoods of |P} \IP’] [p in P2"8. Thus, by definition,

i (B \ B /) = Y (FR, Tty f 5,00,
meN
Taking the tube of radius A commutes with taking finite intersections of closed subspaces (cf. [37
2.3.5]). Therefore,

W= PR ﬂ IV (T0) [P
I=j+1

= | PR\IVE(@)pa,
I=j+1

and thus each f,, is a quasi-Stein morphism in the sense of [37, p. 20], since W™ is a finite union of
affinoid varieties, cf. (the proof of) Lemma [3.3.0.4] ii). This particularly implies that the higher direct
image R'f,,, vanishes for i > 0 so that the above hypercohomology can be computed as

H( nrlg lgfm*fm*g."“g/l() = IEH*( nrlgafm*fm ]P)nrlg/K)
meN meN

= ]QH*(Wm fm Pnrlg/K)
meN

= L B (W™, O )

Therefore, it can be computed as the cohomology of the total complex associated with the double
complex

r 5=0,...,n
lim | &y r <ﬂ PRENIVA(TL ) [P Q;,}L(,rig/K>
meN j41<lp<...<l,<n \e=0 r0nme
which has, say, as r-th row the Cech complex for the sheaf " prsie” = 0,...,n, associated with the

above covering of W>m. Taking cohomology along the rows of thls double complex yields the Fq-page
of a spectral sequence

E7* = lim H(PR"8\[PY [, O, e g) = Hrig (PR \P})/K).
meN
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Combining (3.10) with the long exact local cohomology sequence and (3.12), one now obtains the
desired result (3.13) from computing the Es-page of this spectral sequence: it can be seen from (3.1)),
again using the long exact cohomology sequence for rigid cohomology, that

n—j—1
Hi (PR \B)/K) = P K[~
=0

It follows that the complex

V) q°~ n,rig 0 4
©) ~ lim IndZPL oy (B, (L™ O ) © Sty () ) = ..

G) Nni.j n,rig  ~n .
— %Indp(yﬂ n—j)(M)(AQ) (H}ng[P,)\ (IP Q]Pn rlg/K) ® Stn—](K)> — (0)

is acyclic for all j =0,...,n — 1, hence the E;-page of the spectral sequence (3.11]) computes as

EY® = h%(Ep®)
= h%hﬂ f‘T+0(Um)r/fr+o(Um)r+1)

meN
_ s G(V) ’ e i re
B h (/UP(’I‘+17177/77‘>(V)(1) (K) ®K H (]P Q nrlg/K))
G(V) ‘ <
= 'UP(rJrlylnf'r)(V)(l) (K)/ lf e {07 e 7n}7 s=n— 27,
(0) else.

From this shape it follows that the spectral sequence degenerates on its Ej-page, i.e.

Ers _ E'rs = gr (hr—i-s(lg Qﬂm” rlg/K(Um))) (H;—QS( (n-&—l)/K)).
meN

Furthermore, for each I C A, the natural identification
G(V)/P1(V)(1) = G/ Py
of sets with G(V)-action yields an isomorphism

G(V) ~, .G
Up, ()1 () = vp, (K)

of G(V)-modules. Therefore, the following theorem is (re)proved:

Theorem 3.3.4.2. The rigid cohomology of X"tV is given by
n
H;g( (n+1)/K) = L vg1+n_i,1¢>(K)/[_i]'
7=

Adding Tate twists then yields the formula that would be obtained from Theorem by using
Poincaré duality.
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