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Chapter 1
Introduction

There is a close connection between properties of differential operators
and the geometry of manifolds. On complex manifolds, this relation
between analysis and geometry is represented best by the Dolbeault
operator 0, which can be seen as a generalization of the Wirtinger
derivatives. O represents the Cauchy-Riemann equations and is called

as well Cauchy-Riemann operator.

Particularly, the L2-theory for the Dolbeault operator is a crucial part
of complex analysis and has become indispensable for the subject area
after the fundamental work of L. Hérmander on L?-estimates and
existence theorems for the d-operator (see [Hor65] and [Hor66]) and
the related work of A. Andreotti and E. Vesentini (see [AV63]). One
should also mention J. Kohn’s solution of the -Neumann problem (see
[Koh63, Koh64] and also [KN65], joint with L. Nirenberg), which also
implies existence and regularity results of the 9-complex (see Chap. III.1
in [FK72], joint with G. Folland). Some important applications of the
L?-methods are for instance the Ohsawa-Takegoshi extension theorem
(see [OT8T7]), analyticity of level sets of Lelong numbers and invariance

of plurigenera proven by Y.-T. Siu (see [Siu74] or [Siu98], respectively).

Whereas the theory is very well-developed on complex manifolds, there
are many open questions and problems in singular settings. Hence, we
are especially interested in studying the Dolbeault operator on singular

complex spaces by transferring the mentioned L2?-methods.

The first problem here is that there is no canonical way to define

differential forms on complex spaces. Let us recall three possibilities
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(among others):
1. intrinsic: differential forms defined on the regular part of the
complex space.
2. extrinsic: differential forms which are (locally) given by the em-
bedding of the complex space in the complex number space, and

3. as differential forms on a resolution.

Holomorphic differential forms of top-degree in the second and third
category are used to define canonical sheaves of complex spaces (see
Section 2.4).

For an appropriate definition of the Dolbeault operator, we choose
the intrinsic setup. Since we are interested in L%-methods, we need
to measure the modulus of differential forms. For this, we choose a
Hermitian metric on the regular part of the variety which extends
smoothly to the singular points. Here, the next problem occurs: Since
the Hermitian metric restricted to the regular part is not complete,
densely defined differential operators — especially, the Dolbeault oper-
ator — between L2-spaces have various closed extensions. Actually, this
will be the essential difference between Dolbeault theory on manifolds
and complex spaces and the reason why the theory gets significantly

more complicated.

Let us briefly introduce the definitions and notations in the singular
setting. For more details, please see Chapter 5. Let X be a (reduced)
complex space with a Hermitian structure on the regular part X*: =X,
which extends smoothly to the singular points. Let Ocpt: 2P 4(X*) —
9P4F1(X*) denote the Dolbeault operator with compact support on
the manifold X*. On the Hilbert space L ,(X*) of square-integrable
differential forms on X*, O¢pt is a densely defined differential operator,
which is not closed. Let 9, denote the strong / minimal extension
which is defined by the closure of the graph of gcpt, and let 9,, be the
weak / maximal extension, i.e. 0 in the sense of distributions. Like gcpt,
the two operators 0, and 9., induce chain complexes, i.e. 9. 0 0, = 0

for e € {cpt, w, s}. The associated so-called Dolbeault cohomologies



HPU(X) = ker (0s: L) ((X*) = L2, 1(X™))/0sL2 . 1(X*) and

HPU(X) = ker (Ow: L] (X*) = L2, 1(X*))/ Owl? 1 (X7)

are crucial indicators to study the geometry of the complex space X.

In [CGMS2], J. Cheeger, M. Goresky and R. MacPherson were hoping
that the Hodge decomposition of the de Rham cohomology generalizes
to the singular case considering L?-cohomologies. This motivated W.
Pardon and M. Stern to study the arithmetic genus of projective variet-
ies with respect to the above mentioned L?-Dolbeault cohomologies. In
[Par89], W. Pardon proved relations between the L2-arithmetic genus
of an algebraic surface X, i. e. the alternating sum of the dimensions of
L2-Dolbeault cohomology groups, and the (classical) arithmetic Todd
genus of a resolution of X. In [PS91], W. Pardon and M. Stern proved
that ds-Dolbeault cohomology groups of low-degree (i.e. p = 0) of a
projective variety are isomorphic to the sheaf cohomology groups of
the structure sheaf on a resolution of the variety, and that d,,-Dol-
beault cohomology groups of low-degree of a projective surface with
isolated singularities are isomorphic to cohomology groups of the sheaf
of holomorphic functions on a resolution with values in a certain divisor
(cf. (1.2) below). For projective varieties with isolated singularities
of arbitrary dimension, they proved the conjecture about the Hodge
decomposition mentioned above in [PS01]. In [BS02], B. Berndtsson
and N. Sibony studied the solvability of the strong and weak extensions

of the Dolbeault operator on currents.

Just recently, considerable progress has been made in understanding
the 0,-Dolbeault cohomology: Let X be a compact complex space
and let m: M — X be a resolution of singularities such that the
unreduced exceptional divisor Z := 7~ 1(Xging) is supported on the
union of smooth hypersurfaces with normal crossings. Then, it has been
shown by N. @vrelid and S. Vassiliadou in [#V13] and J. Ruppenthal
in [Rupll, Rupl4a] by different approaches that there is a natural

isomorphism

HY(X) =~ HI(M,Q5,) = HY(M), (1.1)
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and, if X has only isolated singularities, there exists an effective divisor
D > Z—|Z| on M such that

HY'(X) = HY(M,0(D))/ HY,\ (M, 0(D)) (1.2)

for all 0 < ¢ < n. Here, '}, denotes the sheaf of holomorphic

n-forms on M and H{, denotes the cohomology with support on

z
|Z]. If dimX < 2, tl|16|n (1.2) holds with the divisor D = Z—|Z]
and H|qZ| (M,0(Z-|Z|)) = 0, so that (1.1) and (1.2) give a smooth
representation of the L?-cohomology groups Hg,’q(X ). J. Ruppenthal
conjectured that (1.2) holds with D = Z—|Z| for arbitrary dimension

of X (see [Rupll]).

However, the L2-theory for the d-operator developed in [#V13] and
[Rupll, Rupl4a] applies only to dim X > 2 (for dim X = 1, (1.1)
and (1.2) have been known before, see [Par89, PS91]). Hence, we
present a complete L2-theory for the d-operator on a singular complex
curve in Chapter 6. There, we will comprehend the appearance of the
divisor Z—|Z| for dim X = 1 in very detail. This is done by use of the
Puiseux normalization for complex curves. In particular, we present an
L?-Dolbeault version of the Riemann-Roch theorem, which connects
the topological invariant genus to the dimension of the Dolbeault
cohomology groups with values in line bundles (cf. L?-arithmetic genus
mentioned above). Furthermore, we will prove that for a complex
curve X,

H* (X)~ HY(X,0x), ¢=0,1,

s,loc

where O x denotes the sheaf of weakly holomorphic functions on X and
H f ’1% . denotes the Dolbeault cohomology with respect to a localized

version of d5 (see Theorem 6.3 and Section 6.4).

A further aim of this thesis is the study of Dolbeault cohomologies
with values in vector bundles. We obtain the following generalization
of (1.1) (for a line-bundle-version, see [Rupl4a, Thm. 1.5]).



Theorem 1.3. Let X be a Hermitian complex space of pure dimension
n, let % be a coherent analytic sheaf on X, and let m: M — X be a
resolution of singularities such that the torsion-free preimage 7' .7 is
locally free. We set X' := X,eg\ Sing.” and denote the vector bundle
associated to ./x as F — X'. Then, for all ¢ > 0,

H™ (X,F)= HI{(M,Q% @nl.7).

w,loc
If either X is compact or X € Y, where Y is a Hermitian complex
space such that 0X is smooth, strictly pseudoconvexr and contained in
Xreg, then
H™(X,F) = HI(M, Q% @ 7nl.7).

Here, Hﬁ;ffo (X, F) denotes the Dolbeault cohomology with respect to
a localized version of 0,, and values in F, defined in Section 5.1. Note
that the index ‘loc’ means local on X, i.e. the cohomology group with
respect to differential forms with on X locally square-integrable coeffi-

cients, and not on X’. In general, we have H?? (X)) # H?  (Xyeq),

where the latter cohomology group is defined by 9y joc : nglqoc(Xreg) —

Lg:}zoc(Xreg) in the usual way for the manifold Xcg.

Additionally, we get the following slight variation:

Theorem 1.3} Let X be a Hermitian complex space of pure dimension
n, let m: M — X be a resolution of singularities, let M' C M be the
complement of the exceptional set of w, and let E — M be a Hermitian
vector bundle on M which is Nakano semi-positive on w—*(U) for all
U C X small enough. Let F := (7T|]T41/)*E denote the pullback bundle
of E on w(M'"). Then, for all ¢ >0,

H" (X,F)~HYM,Q}(F)).

w,loc

For locally free sheaves, we get the following corollary:

Corollary 1.4. Let X be a Hermitian complex space of pure dimension

n, and let B be a Hermitian vector bundle on X. Then, for all ¢ > 0,
H™ (X, E) = HU(X, #x (E)).

w,loc
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Here, #x denotes the Grauert-Riemenschneider canonical sheaf (see
Section 2.4 or [GR70]) and #x(E) := #xR0(E).

A crucial ingredient of the proof of the theorems above is the relative
vanishing theorem of K. Takegoshi in [Tak85]. More precisely, we
will prove and use its generalization for Nakano semi-positive vector
bundles on manifolds in Chapter 7. In Chapter 8, we present further

generalizations.

Let us picture the historical background of the relative vanishing
theorem. K. Kodaira proved in [Kod53], that for a compact Kéhler
manifold M of dimension n and a positive (holomorphic) line bundle
L on M, all higher sheaf cohomology groups of the canonical bundle

Q% with values in L vanish, i. e.
HYX, Q% (L)) =0 for ¢ > 1.

There exist many generalizations of this theorem — for instance, the
so-called Nakano vanishing theorem for Nakano positive vector bundles
(cf. [Nak55]). H. Grauert and O. Riemenschneider studied the general-
ization of Kodaira’s vanishing theorem to complex spaces. In [GR70],
they proved that, if X is a Moishezon space, i. e. an irreducible compact
complex space of dimension n with n independent (globally defined)
meromorphic functions, and if & is a quasi-positive locally free sheaf
on X, then
HI(X,&® #x) =0 for qg>1.

K. Takegoshi gave a relative version of the Grauert-Riemenschneider
vanishing theorem in [Tak85]. He proved that for a proper surjective
holomorphic map f: M — Z where M is a manifold of dimension n
bimeromorphic to a Kihler manifold, the higher direct images f(,)(€2},)
vanish for ¢ > n—dim Z. The key ingredient is an L?-vanishing theorem
for weakly 1-complete Kéhler manifolds. These results have many
applications, in particular in the study of singular complex spaces (see
e.g. [CS95, CR09]). Therefore, we are interested in generalizations of

these so-called relative vanishing theorems.



Applying the Grauert-Riemenschneider vanishing theorem (Satz 2.1 in
[GR70]) and K. Takegoshi’s L2-vanishing theorem (see Theorem 7.9),

we get the following two corollaries of Theorem 1.3

Corollary 1.5. Let X be a compact Moishezon space, and let . be
a torsion-free quasi-positive sheaf. We set X' 1= Xyeg\ Sing.% and

denote the vector bundle associated to .#x+ as F'. Then, for each ¢ > 0,
H}(X,F)=0.

Corollary 1.6. Let X be a holomorphically convex irreducible Kdhler
space of dimension n, let ® be a smooth plurisubharmonic exhaustion
function of X whose complex Hessian has in at least one point r strict
positive eigenvalues, and let . be a Nakano semi-positive torsion-free
sheaf on X. We set X' := Xyeg\ Sing . and denote the vector bundle
associated to S as F. Then, for each ¢ >n —r,

H™ (X,F)=0.

w,loc
Let'Y be a complex space, and X €Y have a smooth, strictly pseudo-

convex boundary contained in Yies. Then, for all ¢ > 0,

H™I(X,F) = 0.

A key ingredient of the computation of the Dolbeault cohomology
groups of top degree, i.e. for p = n, is the following L?-variant of a

canonical sheaf with values in a coherent analytic sheaf .7

Kx(F) = Her (Bujoc: LG (X, F) — LET(X, F)),
where F is the vector bundle on X' := X\ Sing . associated to .
(for more details see Section 5.1). Kx(.#) can be interpreted as the
Grauert-Riemenschneider canonical sheaf ¢y with values in .. In

Chapter 10, we will prove

Kx ()= FHx
using the notation of H. Grauert and O. Riemenschneider in [GR70].
For locally free sheaves & on X, the projection formula (see The-

orem 4.10) implies
Kx(&) =& Hx.
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For arbitrary coherent analytic sheaves ., Kx () and .¥®.#% do not
coincide. Since ®.#x is a natural way to define n-forms with values
in ./, we are interested in understanding .®.#% and in the question
under which circumstances the projection formula does generalize for

non-locally-free sheaves.

To study these questions, we investigate proper modifications of coher-
ent analytic sheaves in Chapter 4. More precisely, we study the direct
image of the preimage sheaf and vice versa. Among other results,
we obtain the following statement (see Theorem 4.2). Let . be a
torsion-free coherent analytic sheaf on a locally irreducible complex
space X. If the linear space associated to . is normal, then

S =l (1.7)
for all proper modifications w: Y — X of X. Using this result and
Theorem 4.8, we get the following answer to the question from above: If
additionally #x and J#y are locally free, then there exists an effective
Cartier divisor D on Y with support on the exceptional divisor of 7
such that

S @ Hx 2 (! ® Hy(D)).

A further motivation for the study of modifications of coherent analytic
sheaves is as follows. H. Rossi proved that for all coherent analytic
sheaves .7, there exists a proper modification 7 such that the tor-
sion-free preimage 77.7 is locally free. Using this, we will prove a
generalization of Takegoshi’s relative vanishing theorem (see The-
orem 8.2 and Theorem 8.4) and of the vanishing theorem of H. Grauert
and O. Riemenschneider itself (see Corollary 8.3). Furthermore, we
will show that the normality assumption is necessary to obtain (1.7) for
coherent analytic sheaves of rank one whose associated linear spaces

are irreducible and Cohen-Macaulay (see Remark 4.20).

A linear space is a fibre space which has vector spaces as fibres. For
a proper definition and crucial properties, see Section 3.2. Whereas
all fibres of a vector bundle have the same dimension, the dimen-

sion of the fibres of a linear space depends on the base point. The



category of linear spaces is dual to the category of coherent analytic
sheaves. Motivated by the results on modifications of coherent analytic
sheaves mentioned above, we will study linear spaces in Chapter 3
comprehensively. In particular, we present criteria for coherent analytic
sheaves whose associated linear spaces are normal (see Theorem 3.1
and Corollary 3.20).

Let us summarize the structure of this thesis and clarify the connection
to the author’s articles. We start by recalling basic definitions and
preliminaries in Chapter 2. Then, we discuss linear spaces in Chapter 3.
Most of its results are already presented in Sect. 3 of [RS13]. In
Chapter 4, we study direct image and preimage of coherent analytic
sheaves under proper modifications, covering results of [RS13] and
Sect. 4 in [Ser15]. Chapter 5 contains the definitions of the studied
Dolbeault operators and basic properties of them, for instance an
L2-extension theorem (see Theorem 5.6). This is followed by the
study of singular complex curves in Chapter 6 as in [RS15]. The
generalization of Takegoshi’s relative vanishing theorem is done in
Chapter 7 and Chapter 8. Here, we follow mainly the lines of [Ser15].
Chapter 9 contains applications to ideal sheaves on holomorphically
convex manifolds as studied in Sect. 7 of [RS13] and in Sect. 5 of
[Ser15]. Finally, we conclude this thesis with the proofs of Theorem 1.3
and Theorem 1.3’ in Chapter 10.






Chapter 2
Preliminaries

In this chapter, we recall basic definitions and propositions about modi-
fications, coherent analytic sheaves and plurisubharmonic functions,

which will be used in the other sections of this thesis.

2.1 Proper modifications

In complex analysis, proper modifications belong to the most important
tools, especially in the study of bimeromorphic geometry on complex
spaces. The best example is the o-process, which rises to be useful for

resolutions of singularities of complex spaces. We recall the definition:

Def. 2.1. A proper surjective holomorphic map ¢: X — Y of complex
spaces X and Y is called a (proper) modification of X if there are
closed analytic sets A C X and B C Y such that

(1) B =p(A),

(2) ¢lx\a: X\ A— Y\ B is biholomorphic, and

(3) A and B are analytically rare.

If A and B are minimal with the properties (1-3), then A is called
the exceptional set of p and B the centre of the modification.

Let us also recall the definition of rare and thin:

Def. 2.2. Let X be a complex space and A a subspace of X. If the
restriction Ox (U) — Ox(U\A) is injective for all open U C X, then
we call A rare in X. If X\ A = X, then A is called thin.

11
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If X is reduced, then rare and thin are equivalent. In general, rare

does not imply thin and vice versa.

Monoidal transformations. One of the most popular modifica-
tions is the monoidal transformation along a submanifold in a manifold,
also called o-process or blow-up: Let M be a complex manifold and
Y be a (complex) submanifold of M of codimension m + 1. Then,
there exists a proper modification o: M — M with ¥ as centre such
that the exceptional set ¢~!(X) is a smooth hypersurface in M , locally
(with respect to M) M is embedded in M xCP™, ¢ is the restriction
of the projection pr|z;: M — M and o~ 1(X)=XxCP™. The monoidal
transformation is quite useful. Among other, one application is the
generalization of results about hypersurfaces to submanifolds of ar-
bitrary codimension, e.g. the theorem of M. Schneider (see [Sch73]),
which answered a conjecture of Hartshorne: If M is compact and X
has a ‘metrisch g-konkaves’ normal bundle (i.e. outside of the zero
section, the hermitian form is fibrewise a g-convex function), then

M\Y is (m+q)-convex in the sense of Andreotti-Grauert.

If 7: M — X is a proper modification of X with smooth M, then 7
is called a resolution of singularities of X. Note that there exists no
minimal resolution of singularities, i.e. in general, it can not satisfy a
universal property (except for dim X = 1, see next section). Never-
theless, H. Hironaka proved that a resolution of singularities always
exists by using the blow-up procedure in an inductive procedure (see
[Hir64] or [Hir77, Thm. 7.1]):

Theorem 2.3 (Resolution of singularities). Let X be a reduced complex
space. Then, there exist a smooth manifold M and a proper modification
m: M — X such that the centre of m is the singular set Xging of X and
the exceptional set ﬂ_l(Xsing) is the union of smooth hypersurfaces with
only normal crossings (snc), i. e. the intersections of the hypersurfaces

are transversal.

12



2.2 Resolution of complex curves

2.2 Resolution of complex curves

Def. 2.4. We call a reduced complex space of pure-dimension one a

(singular) complex curve.

Let X be a compact complex curve. Then, a resolution of the singular-
ities of X is given just by the normalization of the curve, and it is unique
up to biholomorphism: Let m;: M; — X and my: My — X be two res-
olutions of X. Then, v := 71'51 oy Ml\ﬂfl(Xsing) — Mg\ﬂ';l(XSing)
is biholomorphic and bounded in the singular locus. Yet, 7, 1(Xsing)
consist of isolated points. Therefore, ¢ has a (bi-) holomorphic exten-

sion.

Let m: M — X be a resolution of a compact complex curve X. We

define the genus of X by the genus of the resolution
g(X) := h' (M) = dim H' (M, O).
If X has more than one irreducible component, then M is not connected

and h'(M) is the sum of the genera of the connected components.

Since the resolution is unique, it is well-defined.

Throughout Chapter 6 (except of Section 6.5.1), we will work with
divisors on compact Riemann surfaces only. Therefore, there are no
differences between Cartier and Weil divisors, and we can associate to

each line bundle a divisor.

Let L — X be a holomorphic line bundle. Then, the pullback 7#*L —
M is well-defined by the pullback of the transition functions of the
line bundle. There is a divisor D on M associated to w*L such

that O(7*L) = O(D), where O(D) denotes the sheaf of germs of
holomorphic functions f such that div(f) + D > 0, and degn*L =
deg D. The uniqueness of the resolution (up to biholomorphism)

implies the independence of deg 7* L from m, so that
deg L :=degn*L

is also well-defined.

13



2 Preliminaries

For any divisor D on M, there exists a holomorphic line bundle
Lp — M associated to D such that O(Lp) = O(D). Since the
construction of Lp allows different possible choices, we will define
square-integrable sections via the identification with meromorphic

functions on M:

Since M is a Riemann surface, we can assume D = ), _; a;p;, where
{pi}icr is a locally finite subset of M and p; denotes the reduced
divisor in the point p; € M. Choose small enough neighbourhoods
Vi € U; € M of p; with charts ¢;: U; — C,4;(p;) = 0 such that the
U; are pairwise disjoint, and set Uy := M\ |JV;. For each holomorphic
section s: M — Lp, there exists a meromorphic function ¥(s): M —
C, with ¢{"W¥(s) € O(U;). By definition, ¥(s) can be defined for any
section s: M — Lp even for non-holomorphic sections. Hence, we
define

L2o°(M, D) = {h: M — C:he L¥(Uy), 4% - h e LQ(Ui)}

L3(M, D) := {h: M = C:he LUo), ey fy, W% - b2 < oo} .
Obviously, the definition does not depend on the choice of U;, V; and ;.
A section s: M — Lp is called square-integrable if U(s) € L?(M, D). If
M is compact, then this coincides with the usual notation of square-in-
tegrable sections with respect to an arbitrary smooth Hermitian metric
on the line bundle (all such metrics are equivalent). The set of (p, q)-
forms with values in Lp and square-integrable coeflicients will be
denoted by ngéoc(M, Lp). For an effective divisor Y (i.e. Y > 0), we
get L?>(M) = L*(M,0) C L*(M,Y). For arbitrary Hermitian metrics
on M and on the line bundles, this induces the embedding / inclusion
Ly(M,M x C) C Lyy¢(M, Ly) and

L20°(M, Lp) C L2°(M, Lpyy), via s = [T1(¥(s) +Y), (2.5)
and, if M is compact, then

L12>7q(M’ Lp) C L;%,q(Ma Lpyy). (2.6)

Let Z := 7 }(Xsing) be the unreduced exceptional divisor of the

resolution w: M — X and |Z]| the underlying reduced divisor. Then,
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2.2 Resolution of complex curves

deg(Z — |Z|) is independent of the resolution as well. We will discuss

some alternative ways to compute deg Z.

Locally, the resolution is given by the Puiseux parametrization: Let A
be an analytic set of dimension one in @ € C" with Agne = {0} which
is irreducible at 0. Shrinking €2, there are coordinates z, wq, ..., Wy—1
around 0 such that A is contained in the cone |w| < C|z|, w =
(wi,..,wp—1). The projection pr,: A — C, on the z-coordinate is a
finite ramified covering. Let s be the number of the sheets of pr,. Gen-
eric choices of the coordinates give the same number of sheets s, called
the multiplicity multg A of A in {0}. There exists a parametrization
m: A= At — (5, w1(t), ..., wp—1(t)), where A :={t € C: |t| < 1};
cf. e.g. [Chi89, Sect. 6.1]. 7 is called the Puiseuz parametrization.
The unreduced exceptional divisor is just Z = (771(2)) = (¢*), and so
deg Z = s.

The number of sheets of the covering pr, is also equal to the Lelong
number v([A],0) of the positive current [A] given by integration over
A (see [Chi89, Prop. 2 in§3.15], [Dem12, Thm. 7.7] or [GHT78, §3.2]).

The tangent cone gives another way to compute multy A. For a
holomorphic function f on €, let f = Ziiko fi be the decomposition
in homogeneous polynomials f; of degree k with fi, # 0 (choosing a
smaller ) and f* := fi, # 0 be the initial homogeneous polynomial
of f. If Ais given by the ideal sheaf Zj4, then
Co(A) ={aecC": f"(a)=0VYfe Fao} CToC"

is called the tangent cone of A in 0 (cf. [Chi89, Sect. 8.4]). The nat-
ural projection C"\0 — CP" ! maps Cy(A) on a projective variety
E’VO(A). The degree degY of a projective variety Y in CP" ! of di-
mension p is defined as the class of Y in Hy,(CP" 1 Z) = Z, and
multy A = deg Co(A) (see e.g. Sect. 2 of [GHT78, §1.3]). In the case
of an irreducible complex curve A, note that /C'\B(A) is just a point of

multiplicity multg A.
All in all, we have

deg Z = multg A = v([A],0) = deg Co(A).

15



2 Preliminaries

2.3 Coherent analytic sheaves

In this section, we recall some basic properties about coherent analytic

sheaves.

Let X be a complex space. Throughout this thesis, we will always
denote the associated structure sheaf with Ox. An Ox-module sheaf
is called analytic. If M is an open subset or an analytic subspace, then
< shall denote the restriction of a sheaf .¥ to M.

Since Oy is Ox-coherent, we obtain that an analytic sheaf is coherent
(with respect to Ox) if and only if, for every p € X, there exists a
neighbourhood U C X and numbers s,t such that
05 =0 - S =0

is exact. Actually, the definition of coherence is represented in this
sequence: If there exists a number ¢ such that O; — /) is surjective,
then this means .#), is generated by less than t elements as Op-module.
In particular, it is finitely generated. The number s gives an estimate
of the relations which are needed to define .7}, as a quotient of (’)f].
This shows that the kernel of (’);, — 7 is finitely generated and from

that one can conclude that . is relation finite.

If m, denotes the maximal ideal of O,, then .7,/m,.#, is a finite

dimensional vector space. We define the rank of . in p by
rk, 7 = dim ./}, /m,.7,
and obtain that there exist a neighbourhood U C X of p and a sur-
jection (’)2{’] 7 v . In particular, p — rk, . is an upper semi-con-
tinuous function. The rank of . is defined as rk.% := minye x rk, ..
In points p, where 1k, . = rk.%, .% is locally free, i.e. there exists a
neighbourhood U such that /7 =2 (’){Jky. The singular locus
Sing. :={pe X :rk, . >rk.7}

of . is analytic in X. If X is irreducible, then Sing.¥ is thin in X
(see e.g. Prop. 3.1 in [Ros68]).
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2.3 Coherent analytic sheaves

Torsion of sheaves. Let s, € %), be a germ of the coherent analytic
sheaf . on X, p € X. If there exits an r, € Ox,, 7, # 0, such that

rp-sp = 0, then s, is called torsion element of .#,. The subsheaf
T(S) = UpEX{Sp € .y : sp is torsion element}

of & is called torsion sheaf. Actually, .7 () is the kernel of the

canonical map . — (*)*. In particular, .7 (.¥) is coherent. If X is

irreducible, then the support of .7 (.¥) is thin. Furthermore, we get
& = .7() if and only if rk.¥ = 0.

Def. 2.7. .7 is called torsion-free if 7 (%) = 0.

Remark 2.8. Let . be a torsion-free coherent analytic sheaf on a
complex space X which is normal or (more weakly) satisfies codim Xing
> 2. The torsion-freeness of . implies that for all small enough open

sets U C Xyeg, there is an inclusion
8% U — OTU,

where r denotes the rank of &7, i.e. X, is a first syzygy sheaf. Then,
the syzygy theorem implies codim Sing .y, > 2 (see e.g. Lem. 1.1.8
and its corollary in [OSS11, Chap. 2]). Since codimXgye > 2 and
Sing . C Xiing U Sing Sk, ., , we get

codim Sing . > 2.

Remark 2.9. The tensor product of two torsion-free sheaves do not
need to be torsion-free. E.g., let .# be the ideal sheaf generated by
(2%, zw) on C2 , and _# be the ideal sheaf generated by (w?, zw). Then,
22@u? — zw®zw € @ _J is not zero. Yet, z - (220w? — z2w®zw) =
Pew? - 22®@z2w? = 0.

Let m: Y — X be a proper modification of a complex space X. Then,
it is easy to see that the direct image 7,.# of a torsion-free coherent
analytic sheaf .# remains torsion-free. But, the analytic inverse image
sheaf 7*. of a torsion-free coherent analytic sheaf .¥ is not torsion-free

in general. For a counterexample, see the example in [GR70, Sect. 1],

17



2 Preliminaries

i. e. the pullback of the maximal ideal sheaf of the origin in C? under
blow-up of the origin is not torsion-free. One can say more or less
that 7*.% is torsion-free in a point y € Y if and only if .# is locally
free in w(y) (see [Rab79] or Remark 3.15 below). This motivates the

following definition:

Def. 2.10. Let f: Y — X be a holomorphic map between complex
spaces such that Y is locally irreducible. Let . be a coherent analytic
sheaf on X. Then,

19 =ps 175

is called the torsion-free preimage sheaf of . under f.

Torsion-free preimages under proper modifications have been first
studied by H. Rossi in [Ros68], H. Grauert and O. Riemenschneider in
[GR70] and [Rie71] (they denoted it as .%o f).

Grauert’s direct image theorem. Let X and Y be complex spaces,
f: X =Y aproper holomorphic map and .# a coherent analytic sheaf
on X. Then, U — HI(f~1(U),.), UopCenX, is a presheaf. We call the
associated sheaf the higher direct image sheaf f,)-". f(0)<” coincides
with the classical direct image f,.. In [Gra60, Thm. I], H. Grauert
has proven for all g > 0:

If f is proper, then f(,)-% is coherent.

With Grauert’s direct image theorem, the proofs of the following

famous theorems of R. Remmert get much more simplified.

Theorem 2.11 (Remmert reduction, [Rem56]). Let X be a holo-
morphically convexr complex space. Then, there is a Stein space Y and
a proper, holomorphic and surjective m: X — Y such that the sheaf

homomorphism Oy — 7.(Ox) is an isomorphism.

Theorem 2.12 (Remmert’s mapping theorem, [Rem57]). Let f: X —
Y be a proper holomorphic map of complex spaces, and let A C X be
analytic. Then, the image f(A) is analytic in'Y .

18



2.4 Canonical sheaves on singular spaces

Normalization sheaf. If X is a pure dimensional complex space,
let O = @X denote the normalization sheaf of Ox which is defined
stalkwise by the integral closure of Ox ; in the sheaf Mx , of mero-
morphic functions for all z € X (cf. e.g. [GR84, § VI.4]). A function in
@(U ), U C X open, is called weakly holomorphic. Weakly holomorphic
functions are holomorphic in regular points of X and bounded in
singular points. If X is locally irreducible, then weakly holomorphic

functions are continuous in Xging.

The classical Riemann extension theorem generalizes to the following
result (see e.g. [GR84, Sect. VIL.4.1]):

Theorem 2.13 (Riemann extension). Let X be a pure dimensional
complex space. Every holomorphic function on Xieg which is bounded

in points of Xsing 15 weakly holomorphic on X.

2.4 Canonical sheaves on singular spaces

Def. 2.14. Let X be a complex space of pure dimension n and 7: M —
X be a resolution of singularities. Let €'}, denote the canonical sheaf

of holomorphic n-forms on M. Then,
Hx =y

is the so-called Grauert-Riemenschneider canonical sheaf.

H. Grauert and O. Riemenschneider introduced this canonical sheaf
and proved that the definition is independent of the resolution in
[GR70, §2.1]. In §2.2 of [GR70], it is shown that for normal spaces
X, Jx is given by the presheaf

Hx(U) = {0 € O (Useg) / GAT< ooV VEU}),  (215)
Vieg

where the definition is obviously independent of the chosen Hermitian
metric on Ueg. We will see that (2.15) holds even for non-normal X
(see Theorem 10.1).
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2 Preliminaries

In the following, we recall the definition and basic results of the tangent
and the cotangent sheaf on complex spaces. For more details, see e. g.
[PRO4, §1].
Let X be a complex subspace of an open set D C CV of pure-dimension
n, given by the ideal sheaf ¢. The map _# — Q},, f — df induces
a morphism a: #/ 72 — Qb 7QL. We call Q = %4 o the
cotangent sheaf of X. The tangent sheaf Tx of X is the dual of the
cotangent sheaf, i.e. Ty = ,%”om(Qk, Ox). For all points x € X let
m, denote the maximal ideal of Ox ;. Then, there exists a bijection
Q}(I/mXxQ}(I = mX@/m%(@, (2.16)

which allows to compute Q&x and Ty .

The dualizing canonical sheaf in sense of A. Grothendieck is defined as

wx = é"xfoj\g_n(OX, Qg)

In general, the n'" exterior power Q% = A”Qk and the dualizing
sheaf wy do not coincide. The first one is in some sense too singular.
If X is a locally complete intersection, the adjunction formula gives

the canonical isomorphism
wx = QY| x®det Ax/p,

where A /p := %@moD(//f, Ox) denotes the normal sheaf of X
in D. For regular X, Ay, p is the sheaf of sections of the normal
bundle to X.

For arbitrary complex spaces X, the local definitions can be glued
together. Hence, Q% and wx are well-defined. If X is a manifold, the

notations coincide with the usual one and wx = Q% = Hx.

For normal spaces X, we obtain that wx is a subsheaf of #x (see §3.1
in [GR70]), i.e.

wx C Hx.
If wx is locally free and X a Cohen-Macaulay space, then X is called
Gorenstein. For these complex spaces, we get the following criterion
for #x being locally free (see Thm. 5.3 in [Rupl14b]).
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2.5 Monoidal transformations w.r. t. sheaves

Theorem 2.17. Let X be a Gorenstein space. If and only if X has
(only) canonical singularities, the dualizing sheaf coincides with the

Grauert-Riemenschneider canonical sheaf, i. e.
wx = Hx

and Hx 1is locally free.

2.5 Monoidal transformations w.r.t. sheaves

As mentioned above, monoidal transformation are an especially useful
tool in bimeromorphic complex analysis. In this section, we will
introduce the monoidal transformations of a complex spaces with

respect to a coherent analytic sheaf.

H. Rossi showed in [Ros68, Sect. 3] that coherent analytic sheaves can
be made locally free by the use of modifications. This process has
been treated more systematically by O. Riemenschneider in [Rie71].
Following [Rie71, § 2], we define:

Def. 2.18. Let X be a complex space and . a coherent analytic sheaf

on X. Then, a pair (X, p) of a complex space X » and a proper

modification ¢ o : X o — X is called the monoidal transformation of

X with respect to .7 if the following two conditions are fulfilled:

(1) the torsion-free preimage ¢L,.7 = ¢*,. /T (¢%,.7) is locally free
on X &,

(2) if m: Y — X is any proper modification with (1), then there is a
unique holomorphic mapping ¢: ¥ — X & such that 7 = ¢ o 9.

Thus, if X & exists, it is uniquely determined up to biholomorphism
by (2). But its existence was first proven by H. Rossi (see Thm. 3.5 in
[Ros68]) and then studied further by O. Riemenschneider (see Thm. 2
in [Rie71)):
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2 Preliminaries

Theorem 2.19. Let X be an (irreducible) complex space, . a coherent
analytic sheaf on X and A = Sing . the singular locus of .. Then,
there exists the monoidal transformation (X o, p.) of X with respect to
. X o is a reduced (irreducible) complex space and ¢ » is a projective

proper modification such that
pr: X\ 95 (4) > X\ A
is biholomorphic. If U C X is an open subset, then (go;,,l(U),cpy)

is the monoidal transformation of U with respect to Y. po is a

projective morphism.

We also recall the following simple observation (see the Korollar in

§1.3 of [GR70]).

Lemma 2.20. Let p: Z = Y and 7: Y — X be two holomorphic
mappings where Z and 'Y have the same dimension n such that the
preimage of analytic sets of dimension < n in'Y under p have dimen-
sion < n in X. Then, ptnl.F = (w0 p)T.F for any coherent analytic
sheaf F on X.

2.6 Plurisubharmonic functions

on complex spaces

Def. 2.21. Let X be a complex space. An upper semi-continuous
function ¢: X — [—00,00) is called plurisubharmonic if there exists a
holomorphic embedding ¢: U < D C CV for each small enough open
set U C X such that ¢ admits a plurisubharmonic extension gg on D,
ie. &5\05 = ¢. If there exits a smooth function quS: D — R with gEoL = ¢,
then ¢ is called smooth. Note that for a smooth plurisubharmonic
function ¢ on X, the plurisubharmonic extension gg does not need to
coincide with the smooth extension gﬂé/, i.e. in general, there does not

need to exist a smooth plurisubharmonic extension of ¢.
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2.6 Plurisubharmonic functions on complex spaces

There exists also an intrinsic definition of plurisubharmonicity (so-
called weak plurisubharmonicity), which coincides with the one from
above (see Thm. 5.3.1 in [FN80]):

Theorem 2.22. Let X be a complex space and ¢ an upper semi-
continuous function on X. If ¢ o f is subharmonic for all analytic

discs f: A — X, then ¢ is plurisubharmonic.

Corollary 2.23. An upper semi-continuous function ¢ on a com-
plex space X is plurisubharmonic if it is plurisubharmonic on each

irreducible component of X.

Since a plurisubharmonic function can be extended plurisubharmonic
over pluripolar sets where it is locally bounded (see e.g. Prop. 6 and
Cor. 2 in [V4j99]), we get:

Theorem 2.24. Let X be a complex space and ¢ € €°(X,R) be
plurisubharmonic on Xyeg. Then, ¢ is plurisubharmonic on the whole

of X.

Furthermore, we get for all continuous functions ¢: X — R and for all
proper modifications 7: M — X: ¢ is plurisubharmonic if and only if

¢ o m is plurisubharmonic.

Weakly 1-complete spaces. A complex space with a smooth pluri-
subharmonic exhaustion function is called weakly 1-complete. This
property is stable under proper holomorphic maps. If the exhaustion
is strictly plurisubharmonic, then X is Stein, i.e. X is holomorphically
convex and globally defined holomorphic functions separate points
(this is obviously not stable under modifications, not to mention under

proper holomorphic maps).

Every holomorphically convex space X is weakly 1-complete: Using
the Remmert reduction (see Theorem 2.11), we get a Stein space Y
and a proper holomorphic map 7: X — Y (with further properties).

Then, Y admits a strictly plurisubharmonic exhaustion function ®

23



2 Preliminaries

(see [Nar62, Thm. II]). Hence, ® o 7 is a plurisubharmonic exhaustion

function of X.

The converse is not true. In [Gra63], H. Grauert constructed an
example of a weakly 1-complete complex manifold / space which is not

holomorphically convex.

For a (%) smooth function ¢ on a complex space X, let H(¢), denote
the complex Hessian of ¢ at a point x € X,¢s. We set

o(¢) = max (rtk H(¢)z). (2.25)

LBGXreg
o(¢) is equal to the maximal number of positive eigenvalues of H(¢).
For a smooth plurisubharmonic exhaustion function ®, we obtain
o(®) > 0 since an exhaustion function can not be pluriharmonic

(contradiction to the Maximum Principle).
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Chapter 3
Linear Spaces

Coherent analytic sheaves are an essential ingredient of complex ana-
lysis. Especially, to study singular complex spaces, it is crucial to
understand coherent analytic sheaves, though sections of sheaves are
quite abstract objects to study. A section of a coherent analytic sheaf
can be written locally as a tuple of holomorphic functions (finiteness of
the sheaf). However, it is difficult to figure out the relations between
these tuples, which are essential in order to obtain the complete picture
since coherent analytic sheaves are in general not locally free. From
this point of view, the duality between coherent analytic sheaves and
linear spaces is very interesting. As a fibre space, the linear space
associated to a coherent analytic sheaf can sometimes be handled more
easily: The duality allows to identify the sections of the sheaf with

holomorphic mappings on a complex space.

Therefore, this chapter treats the study of linear spaces. After recalling
the basic facts about fibre spaces in Section 3.1, we introduce the
notion of linear spaces in the sense of G. Fischer (see [Fis66, Fis67])
in Section 3.2. Furthermore, we will define the primary component of
a linear space and prove some basic facts in Section 3.3. Assumptions
on the corank of a linear space / sheaf (minimal number of generators
minus rank) will be helpful to prove deeper relations between coherent
analytic sheaves and linear spaces (see Section 3.4 and Section 3.5).
Section 3.3 and Section 3.5 are mainly based on Sect. 3 in [RS13].

Let us emphasize the following theorem, which can be seen as one of
the main results of this chapter (cf. Thm. 1.3 in [RS13], proven here
in Section 3.5).
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3 Linear Spaces

Theorem 3.1. Let X be a connected factorial Cohen-Macaulay space

and % a coherent analytic sheaf on X, generated by rk . +m sections,

m<2, such that the singular locus of . is at least of codimension m+1

i X. Then, the following is equivalent:

(1) & is torsion-free.

(2) The linear space L(.%) associated to .7 is (globally) irreducible
(i. e. it consists only of its primary component).

(3) L(.7) is locally irreducible.

(4) For all p € X, there is a neighbourhood U C X such that

0— OF — OF7™ — S -0

1s exact, i. e. the homological dimension of 7 is at most one.
If (1-4) is fulfilled and
(5) if codim Sing . > m + 2, then L(.”) is normal.

For coherent analytic sheaves with homological dimension less or equal
1, (5) holds as well for m > 2 (see Corollary 3.20).

3.1 Fibre spaces

Let X be a complex space. A pair (Y, 7) of a complex space Y and a
holomorphic map 7: Y — X is called a complex space (or fibre space)
over X. A holomorphic map ¢: Y] — Y between complex spaces
m: YT = X, m: Yo = X over X is called a holomorphic map over X
if 1 = my 0, i.e. @ preserves fibres. The complex spaces over X with
holomorphic maps over X as morphisms form a category, which we

denote as C'x. The product in Cx is called the fibre product over X:

Def. 3.2. For two complex spaces 7m1: Y7 — X and my: Yo — X in Cly,
we define the fibre product of Y1 and Yo over X as the complex space
Y1 xxYs € Cx together with holomorphic maps pr;: YixxYs = Y;
over X, ¢ = 1,2, which satisfy the following universal property: for
any complex space Z over X with holomorphic maps ¢;: Z — Y;

over X, i = 1,2, (in particular 71 o 1) = my o 19), there exists a
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3.1 Fibre spaces

holomorphic map ¥: Z — Y1 X xYs over X such that the following
diagram commutes:
Z 1

~N
~N
NN
YixxYo =11
1

)2 i \L
pro T

Vo —2 > X,

i.e. 1 is a holomorphic map over Y7 and over Y5.

It is well known that the fibre product exists (see e.g. Cor. 0.32 in
[Fis76]). Actually, it is the closed subspace of the Cartesian product
Y1 xYa, given by the pullback under (71, m2) of the ideal sheaf which
defines the diagonal in X x X.

The fibre product of two reduced complex spaces over X need not be
reduced. Yet, under the assumption that the universal property is only

satisfied for reduced spaces Z, one gets a reduced version, as well.

Let f: Y — X be a holomorphic map (i.e. Y is a complex space over
X via f), and let Z be a complex space over X. Then, we define the
pullback of Z under f by f*(Z) := YxxZ. With pry: f*(Z) = Y,

we get that f*(Z) is a complex space over Y.

Complex subspaces (whether closed or open) of X are complex spaces
over X via the embedding. If A is a closed subspace of X and
f:Y — X a holomorphic map, then the (unreduced) preimage of A
can be defined as f~!(A4) := f*(A) = AxxY. It is easy to see that
f~Y(A) is a closed subspace of Y. The (unreduced) intersection of two
closed complex subspaces A, B C X can be defined as ANB := Ax x B,
which is as well a closed subspace of X. Per definition, this coincides
with the preimage of B under the embedding of A (and vice versa).
If A and B are reduced, i.e. analytic sets, the intersection is reduced

and coincides with the set-intersection.
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3 Linear Spaces

3.2 Definition of linear spaces

and preliminaries

Let X be a complex space. The category of complex vector bundles
on X is equivalent to the category of locally free sheaves on X. Un-
fortunately, vector bundles do not behave well under direct images
and, correspondingly, the direct image of a locally free sheaf is not
locally free any more. Yet, H. Grauert’s direct image theorem says that
it is still a coherent analytic sheaf. The equivalence between vector
bundles and locally free sheaves can be generalized in the following
sense: The category of coherent analytic sheaves is dual to the category
of linear spaces in the sense of A. Grothendieck and G. Fischer, which
is a subcategory of C'x. In this section, we will define linear spaces,
sketch the construction of the mentioned duality and recall some basic
properties. For the proofs and more crucial properties, we recommend
[Gro61, Fis66, Fis67, Fis76, PR94].

Def. 3.3. Let X be a complex space. A complex space L € Cx with
a holomorphic map A: L — X is called linear space over X if there
exist holomorphic maps

+: LxxL — L (addition),

+: C x L — L (scalar multiplication) and

0: X — L (zero section)
with the following properties:

(i) + and * commute with A (e.g. Ao+ =40 (A, A)) and Ao 0 = id.
Particularly, +, * and 0 can be understood as holomorphic maps
over X.

(ii) They satisfy the usual vector space /module axioms given by

commutative diagrams, e. g.

*o (ide, +) = + o (+*) o (pre, pri; pre, pro)
(distributive property) where pre: CxLx xL — C denotes the

projection on C and pr; the projections on the factors of Lx x L.
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3.2 Definition of linear spaces and preliminaries

A is called the projection of L to X.

This means there is a linear structure on L: Each fibre L, := A71(p)
is a C-vector space of a dimension which depends on p € X. We call
rk, L := dim L, the rank of L in p and rk L := min,¢c x rk, L the rank
of L. The rank rk, L is an upper semi-continuous function on X and
the set {p € X : 1k, L > r} is analytic in X for all r € Ny. We call

SingL:={pe X :rk, L >rkL}
the singular locus of L. Please distinguish it from the singular set
(denoted as Lging) of L as complex space. If X is reduced and rk, L is

constant in p, then L is a vector bundle over X (see Satz 3 in [Fis66]).

In particular, L is a vector bundle over X\ Sing L.

For an analytic or open subset M of X the restriction of L to M is
defined as Ly := A" (M). If t.: M — X is a holomorphic (closed or
open, respectively) embedding of M in X, we get that Ly, = "L =
MxxL.

A (homo-) morphism £ between linear spaces Ly — Lg is a holomorphic
map &: L1 — Lo which commutes with the addition + and the scalar
multiplication . We denote the set of homomorphism Hom(Lj, Lg).
In particular, the restriction &,: L1, — Lo, of £ is a homomorphism

of vector spaces for all p € X.

For a vector space V of dimension r, X x V with the projection on X
is the trivial linear space of rank r. Locally all linear spaces can be
embedded in UxCY for N big and open U C X small enough. For all
Stein U, N can be chosen less or equal dimU +rk Ly — 1 if rk, L < oo
for all p € X (see Satz 4 in [Fis67, Sect. 3]). Moreover, we get (see
Lem. 1 and 2 in [Fis67]):

Theorem 3.4. Let X be a complex space, and let L be a linear space
over X. For all pg € X, there exists a neighbourhood U C X such
that Ly can be embedded in UxCY with N=rk,, L and the embedding

is the analytic subspace given by holomorphic functions h1, ..., hy, €
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3 Linear Spaces

O(UxCN) over U which are fibrewise linear, i. e. (p, 2)—(p, hi(p, 2)) €
Hom(U xCY,U xC).

There is a duality between the category of linear spaces and coherent
analytic sheaves on X (see Satz 2 in [Fis67]). Let us sketch the

construction of the functors:

For a linear space L — X, the presheaf ¥ = £(L) given by Z(U) :=
Hom(Ly, UxC) is canonical, i.e. it defines a sheaf. For an open
set U C X, a holomorphic r € Ox(U) and a section s € Z(U) =
Hom(Ly,UxC), the scalar multiplication = induces a section rs €
Hom(L, UxC). This means .Z (L) is an analytic sheaf.

A homomorphism &: Ly — Ly between linear spaces induces a ho-
momorphism £* := Z(§): £ (L2) — Z(L1) between the associated
coherent analytic sheaves defined by

£:(s) i= 50 €lu € Hom(Lyy, UXC) = Z(11)(V)
for all open U C X and s € Z(L2)(U) = Hom(La,UxC) (using

¢l € Hom(Ly i, Lay)).

Theorem 3.4 implies the coherence of .#: For small enough U C X,
Ly can be embedded in UxCY such that Ly = {h;=...=h,;,=0} (in
the unreduced sense) for holomorphic functions h; in O(UxC¥) which

are fibrewise linear. This means Ly = ker o where
ap, 2) :== (p; hi(p, 2), ., hn(p, 2)) € Hom(U xCN, UxC™),
where p denotes the coordinates of U and z of CV, i.e.
0— Ly = UxCN % UxC™
is an exact sequence. We get the exact sequence

o % oN 5 2(L)y — 0.

Vice versa, the linear space associated to a coherent analytic sheaf is

constructed as follows:

Let . be a coherent analytic sheaf on X. For a small enough open

set U C X, the coherence of . gives us an exact sequence Of; R
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(’)z, — “ — 0. The holomorphic morphism « can be interpreted as
matrix with holomorphic entries. Hence, the transposed of « induces
a homomorphism o*: UxC! — UxC?* € Hom(U xC!, UxC?®). Let Sy

be the kernel of o, i.e.

Sy ={(p,z) € UxC": a*(p,z) = (p,0)}.
The linear space S := L(.¥) associated to . can be obtained by
patching the constructed Sy from above. For the construction, the

coherence of . is obviously necessary.

For a sheaf morphism §: . — %, L(§) can be constructed as follows:
Let O} X (’)E '84 v — 0 be exact sequences for a small enough
U C X. Per construction of the linear space, L(#j) = ker a. There
exist an extension é: Of} — (9;]2 of £, i.e. o1 = fBao é, and a
morphism &: O} — Op7 such that £oar; =ayof (see e.g. Lem. 20.3
in [Eis95]), i.e. the following exact diagram commutes:

o B1
Olsjl 41>O;} 4>y17U4>0

1 | lé
O, 7 S —

As homomorphisms, é and é can be interpreted as matrices with
holomorphic entries (like «;, see above), i.e. the transposition gives

homomorphisms
(£)* € Hom(UxC?,UxCH) and (€£)* € Hom(UxC®2,UxC™).
Let L(€) be the restriction of (€)* to L(.%%) C UxC™. Since L(.%) =

ker a3, we get

ay o (§)" (L(#2)) = (§)" o a5 (L(2)) = 0.
Hence, Im (é)*|L(E¢2) C keraf = L(.#7) (in the unreduced sense) and
L(§) = (£)* € Hom(L(.%2), L(+1)) is well-defined.
Let £: .1 — % be a morphism between sheaves. Since the functor L
gives a duality between categories, L(£) is an epimorphism with respect
to the category of linear spaces if and only if £ is a monomorphism.
Here, one should be careful because an epimorphism of linear spaces

must not be surjective as holomorphic map: For a counterexample, we
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3 Linear Spaces

consider the injective sheaf morphism ¢: O¢c < O¢ defined by ¢(r) =
p-r on the C,. Then, 1*=L(:): C? — C? is given by t*(p, 2) = (p,p - 2)
and an epimorphism with respect to the category of linear spaces. Yet,

¢* is not surjective since t*(0, z) = (0, 0).

On the other hand, for a surjective £: .1 — ., (i.e. an epimorphism),
one can show that L(§): L(%) — L(#7) is a closed immersion, i. e.
L(%%) is (can be seen as) a closed complex subspace of L(.#7). Actually,

this follows from the construction of L(§) from above.

If & is a locally free sheaf, then L(&) is a vector bundle. Please do
not mix L(&) up with the vector bundle R(&) which has & as sheaf
of sections, i.e. O(R(&)) = &. Actually, R(&) is dual to L(&). For
an arbitrary coherent analytic sheaf . on X, . is locally free on
X' := X\ Sing.”. Let us define R(.¥) as the vector bundle over X’
which has .#’xs as sheaf of sections, i.e. R(.¥) := R(Zx/) = L(Sx1)*.

Let f: Y — X be a holomorphic map between complex spaces, and
let A\: L — X be a linear space over X. Then, the pullback f*L of L
under f is defined as the fibre product of Y and L over X:

f*L:=Y xx L.
We obtain f*(L(.7)) = L(f*.#). The pullback (as functor on linear
spaces) is covariant and left-exact. If L C U,xCY is given by holo-

morphic fibrewise linear hq, ..., hy,, then f*L is given by f*hq, ..., f*hm
with f*h;(p, z) := hi(f(p), z). We obtain:

Lemma 3.5. Let L C UxCY be a linear space over a complex space
U, and let f: V — U be a holomorphic map. Then, the pullback
f*(L) = VxyL can be embedded in VxCN.

Linear spaces in sense of Grauert. Let X be a reduced complex
space. There exists the (sub-) category Cﬁ?d of reduced complex spaces
over X. Let @x denote the (fibre) product in C’E?d, then it coincides
with the set-theoretic fibre product. In [Gra62, §3.6], H. Grauert

defined linear spaces with respect to C;?d: In contrast to G. Fischer’s
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3.3 Primary component of a linear space

notion of a linear space, where it is required that +: L xxL — Lis a
holomorphic map, H. Grauert requires that the addition +: L& x L —L
is holomorphic between reduced complex spaces. That gives a different
category of linear spaces (which is no longer dually equivalent to the

category of coherent analytic sheaves).

3.3 Primary component of a linear space

In the following, we will always assume that X is a locally irreducible
complex space. Thus, X decomposes into disjoint connected compon-
ents, which can be considered separately. So, we can assume that X
is connected, thus also globally irreducible. For a coherent analytic
sheaf .7, let A := Sing.¥ = Sing S be the singular locus of . and
S = L(¥), respectively, which is a thin analytic set. As X is irredu-
cible, X' := X\ (AUXging) and A° := X\ A are connected. Sy = UxC,
for small open sets U C A€, implies that S4c is also connected. The
set S4 is an analytic subset of S. Let E be the irreducible component
of red(S) which contains Sye. PC(S) := E will be called the primary
component of S (following the notation of J. Rabinowitz in [Rab78]).
We get the decomposition S = EU Sy4.

Remark 3.6. Let S be the linear space associated to a coherent
analytic sheaf .. Let s € Hom(Sy,UxC) = #(U) be a section.
Then, the primary component F = PC(S) of S determines s up to

torsion:

If s|g =0, then s € 7(.¥).

This is clear as s|g = 0 implies that s is supported only on an analyt-

ically thin set.

Lemma 3.7. Let X be a locally irreducible complex space and .
a coherent analytic sheaf on X. Let S = L() be the linear space
associated to . and FE its primary component. If % has a torsion

element, then E # S. In particular, S is reducible.
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Proof: Assume that .# has a torsion element, i.e. there are an open
set U C X, an s € .7 (U) = Hom(Sy, UxC) (see Section 3.2) and an
r € Ox(U) such that s,7 # 0 but r*s =r-s =0 on Sy. As X is locally
irreducible, we can assume that U is irreducible. So, there is a dense
open set V' C U such that r € O% (V). Thus s|g, = 0. But VN A is
also open and dense in U. So, s|g = 0 by the identity theorem as E is
irreducible. Since s # 0, Sy has to contain (parts of) other irreducible

components than F. O

Remark 3.8. The converse of Lemma 3.7 is not true: Let ¢ be
the ideal sheaf generated by z2, zy?,y* on (C%y and S := L(_#) the
linear space associated to _#. Since ¢ can not be generated by 2
elements, we get rk.Sop = rk _#, = 3. Hence, Sp is a 3-dimensional
analytic subset of S. On the other hand, the primary component has
dimension 2+ rk .S = 3. Hence, S is not irreducible. Furthermore, one
can compute that S is even not reduced: S is given in C%yyng by the
ideal sheaf ¢ generated by hy(z,y; z) := y?21 — 2 and ho(z, y; ) ==
Y229 — w23 where z = (21, 22, 23). Since y?(25 — 2123) = 22hg — 23h1,
we get (y(235 — 2123))2 € Fg. Yet, we have y(23 — z123) ¢ Z.

The primary component PC(S) is defined by the functions hy, hy and
23 — z123. Then, the fibre over the origin is just {z3 = 2123} and not a
vector space. So, the fibres of the primary component do not need to
be linear and the primary component is in general not a linear space
(in the sense of Fischer). In [Rab78, p. 238], J. Rabinowitz claims that
the primary component of a linear space is a linear space in the sense
of Grauert, but not in the sense of Fischer. Our example shows that

even this is not the case.

At least, we obtain that the smallest linear space containing the primary

component induces the torsion-free part of a sheaf. More precisely:

Lemma 3.9. For a coherent analytic sheaf . on a complex space X,

the linear space associated to the torsion-free sheaf S| T () can be
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3.3 Primary component of a linear space

realized locally as the unreduced intersection over all linear spaces L
containing the primary component of L(.) as analytic set, i. e.
L/ 7()= () L.
LOPC(L(.S))

Proof: Let X' be the complement of Sing.” in X, let S be the linear
space associated to .. We define . := 7 () and F := L(./.7).
We consider a small open set so that Sy is embedded in UxCV. In
UxCN | let Lyin be the unreduced intersection ﬂLDPC(SU) L, where
the intersection is over all linear spaces L over U embedded in UxCN
that contain PC(Sy). Theorem 3.4 implies that Ly, is a linear
space over U. Since Fx» = Sxs, we get PC(S) = PC(F) C F, i.e.
Lin C Fy in the unreduced sense. In order to produce a contradiction,
assume that L # F. Since the ideal sheaf associated to L, is
generated by fibrewise linear holomorphic function on UxCY with
Liin C Fy € UXCN (see Theorem 3.4, shrinking U), there exists a
holomorphic map s € Hom(U xCY, U xC) vanishing on Ly, but not on
Fy (in the unreduced sense). Since s vanishes on PC(Sy) = PC(Fy),
we get that s is a torsion element of Z(F) = /7. This is a

contradiction. O

Using Rossi’s monoidal transformation, we can make the following

observation about the primary component:

Theorem 3.10. Let X be a locally irreducible complex space and &
a coherent analytic sheaf on X. Then, the primary component E of

the linear space S associated to . is locally irreducible.

Proof: As above, we can assume that X is connected, i.e. irreducible.
Let
pi=pg: Xy =X

be the monoidal transformation of X with respect to .¥. This implies
that ¢ is biholomorphic on X & \ ¢ !(A) with A := Sing.”. Then,

'S =Xg xx 8
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3 Linear Spaces

is the linear space associated to ¢*.7; and there is a proper holomorphic
projection
pr: p*S — S.

Now consider the natural surjective homomorphism

'S — S = ST (S,
which induces a closed embedding of the linear space V := L(p!.%)
into p*S. Note that V coincides with ¢*S on X \ ¢~ 1(A4). Thus,
the vector bundle V' is just the primary component of ©*S, and V is
locally and globally irreducible since the base space X & is connected

and locally irreducible.

As pr is a proper holomorphic mapping, we have that pr(V) is an
irreducible analytic subset of S by Remmert’s proper mapping theorem
(see Theorem 2.12) and the fact that holomorphic images of irreducible
sets are again irreducible (see §1.3 in [GR84, Chap. 9]). But pr(V)
coincides with the primary component E of S over X\ A. Thus:
pr(V)=FE, (3.11)
and so pr|y: V — E is a proper modification. Using this and the fact
that V is clearly locally irreducible, it is easy to see that E is also
locally irreducible: For an open connected set W C E, pr|;,' (W) C V
is again open and connected, thus irreducible since ¢ is a proper
modification of the irreducible X. But then, W = pr|y (pr[;' (W)) is
also irreducible by the same argument as above (holomorphic images

of irreducible sets are irreducible). O

Using Theorem 3.10, we can now show:

Lemma 3.12. Let X be a locally irreducible complex space and % a
torsion-free coherent analytic sheaf on X. Then, S = L(.”) is locally

wrreducible if and only if the primary component of S is a linear space.

Proof: Let E C S denote the primary component of S. Theorem 3.10
implies that E is locally irreducible.
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3.3 Primary component of a linear space

Assume first that E is a linear space. For all points in X, there is a
neighbourhood U C X such that Eyy and Sy are linear spaces in U xC.
Lem. 1 in [Fis67] implies that E is defined by holomorphic functions
hi,...;hm € O(UxCY) that are fibrewise linear. The restriction of h;
to S gives a section in Hom(Sy, UxC) = #(U). Since h; vanishes
on the primary component E of S, we get h; € J(¥) = 0 (see
Remark 3.6), i.e. S C E. This shows that actually £ = S. The

converse of the statement is trivial. 0O

As we have seen in the counterexample Remark 3.8, the primary com-
ponent does not need to be a linear space. Yet, it has a homogeneous
structure, i. e. it is a cone (fibre) space in the sense of G. Fischer [Fis76,
Sect. 1.2]:

Lemma 3.13. Let X be a (locally irreducible) complex space and % a
coherent analytic sheaf on X. Then, the primary component E of the
linear space S = L(.) associated to . is fibrewise homogeneous and
E is locally defined as analytic set in UxCYN by holomorphic fibrewise

homogeneous functions for U C X small enough.

Proof: As above, let A C X be the singular locus of .. So, E and S
coincide over X\ A4, and we only have to show that the fibres of E are

homogeneous over points of A.

The question is local, so consider a point p € A and a Stein neigh-
bourhood U of p in X such that Sy can be realized as a closed linear
subspace of UxCN. Now Eyy C UxCV is a closed component of Sy,
which is linear in the second component over U\ A. Let fi,..., fx be a
set of defining functions for Eyy in UxCY (U is chosen to be Stein).
For f;, 5 =1,..., k, we define
F0,2) = fi(w A+ 2)

on CxUxCN. Since Epp 4 is linear, the f; vanish on (Cx E)in 4 and
on its closure. By definition, the closure is the irreducible set Cx Ey.

Hence, the fibres of Eyy are homogeneous. Therefore, : Cx Ey — Ey
given by the restriction of «: CxUxCY — UxC is a holomorphic
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map. Using this, we obtain that the ideal sheaf defining Ey; (as analytic
set) is generated by fibrewise homogeneous functions (see the first step
in the proof of Lem. 1 in [Fis67]). O

If ExxFE is irreducible, one can prove in the same way that the
primary component F is a linear space. Yet, for an irreducible fibre
space £ — X, the fibre product of ExxFE does not need to be
reduced (not to mention irreducible; for a counterexample, see Sect. 4
in [Fis66]). Therefore, the restriction of the addition does not need to

be holomorphic.

More preliminaries on torsion.

We will use the following observation without referring to it explicitly,

again. Let ¢: . % — & be a morphism of analytic sheaves on a (locally

irreducible) complex space (X, Ox). Then, ¥ induces a canonical map
O F)T(F) =G| T(9)

because the torsion sheaf .7 () of .# is mapped by 1 into the torsion

sheaf .7 (¥4) of 9: ry1(sy) = Y(rysy) = 0 for germs 1, € Ox 4,

Sy € Tp(F) with rys, = 0. Note that particularly 7 (%) C ker v if 4

is torsion-free. Additionally, if ) is an epimorphism, then {D\ is as well.

Lemma 3.14. Let X be a locally irreducible complex space and let
F and 9 be coherent analytic sheaves on X such that there exists a
morphism : F — & which is a monomorphism on an open dense
subset of X. If ¥ is torsion-free, then v is a monomorphism. If not,
¥ induces a monomorphism - F|T(F)—>YG]T(9).

Proof: The second statement follows from the considerations above
and the torsion-free case. Hence, we can assume that % is torsion-free.
Let F' and G denote the linear spaces associated to .% and ¥, re-
spectively. Theorem 3.10 implies that PC(F) and PC(G) are locally
irreducible. Let 1 be a monomorphism on the open dense subset W
of X with W C X \(Sing .# N Sing¥). Thus, ¢ induces a holomorphic
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3.4 Corank and Cohen-Macaulay linear spaces

fibrewise linear map ¢*: G — F' such that {5}, : Gw — Fyy is a sur-
jective map of vector bundles. Let s be a section in ., i.e. ¥* o s
vanishes on G. We get that s vanishes on Fy and, hence, on PC(F).

Since .7 is torsion free, we obtain s = 0 (cf. Remark 3.6). |

Alternatively, one can prove this lemma by using only sheaf-theoretical

terminology and arguments (cf. the proof of Lemma 4.4).

Remark 3.15. Let . be a coherent analytic sheaf over a locally
irreducible complex space X. Let ¢ = po»: X & — X be the monoidal
transformation of X with respect to .7, i.e. & := .7 is locally free.
Note that X & is again locally irreducible. Then, ¢*.% has torsion in a
point ¢ if and only if . is not locally free in ¢(q) (see [Rab79]). We will
give a short, alternative proof with the statements from above. Let S,
S* and E denote the linear complex spaces associated to .7, p*.% and
&, respectively. If . is not locally free in (g), then dim E, < dim S
(as dim Fy; = rk F = dim Sy in all points ¢ where .7 is locally free,
see §1.1 in [GR70]). Lemma 3.5 implies dim S; = dim S,y > dim E;.
Since PC(S*) = E and FE is a vector bundle, we obtain that S* is
reducible in (gq,0), i.e. ¢*.% has torsion in ¢ by Lemma 3.12. The

other implication of the claim is trivial.

3.4 Corank and Cohen-Macaulay linear spaces

In this section, we introduce the notion of corank of linear spaces
and coherent analytic sheaves. It will be helpful to characterize linear
spaces and to give a criterion whether the linear space associated to a

coherent analytic sheaf is normal.

Def. 3.16. Let X be a complex space and S a linear space over X.
For a point p € X, we define the corank of S in p as the number

cork, S :=1k, S — 1k S
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and cork S := sup,¢ x cork, S. For a coherent analytic sheaf .# on
X, we define the corank of ¥ in a point p € X, cork,.”, as the
difference of the minimal number of generators of .#), and the rank of
&, and the global corank as cork .’ := sup,¢ y cork, . The corank
of a linear space coincides with the corank of the associated coherent
analytic sheaf (using S & X xS , see Theorem 3.4) and is upper

semi-continuous.

Lemma 3.17. Let X be a complex space and . a coherent analytic
sheaf on X. Then, for all p € X, the following is equivalent:
(1) There exists a neighbourhood U of p such that the following se-

quence is exact:

Ocorkpf o O;Jky—ﬁ-corkpy S 0.

U
(2) The homological dimension of .7 in p is less or equal 1, i.e. (per

definition) there exists a neighbourhood U of p such that
007508 - A4 =0

1s exact for suitable m and N.

Proof: For the implication (1) =-(2), we just need to show that « is
injective: In points where . is locally free, « is injective (due to the
rank / dimension). Hence, . o has support on a proper analytic
set in U, i.e. is a torsion sheaf or the zero sheaf. Since Oy does not
contain any torsion sheaf, « is a monomorphism. (Alternatively, one
can apply Lemma 3.14.)

(2)=(1): By the uniqueness of the minimal resolution (see e.g.
Thm. 20.2 in [Eis95]), we can assume that N is equal to the minimal

number of generators of . in p, i.e.
N =r1k,.7 = cork, .# +rk.7.
The injectivity of a implies N —m = tk(OV /a(O™)) =1k .7, i.e.
m = N —rk.¥ = cork, ..

Lemma 3.17 can be interpreted as follows: If and only if the homological

dimension of a coherent analytic sheaf is less or equal 1, then the
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minimal number of holomorphic fibrewise linear functions defining the
associated linear space is equal to the codimension of the linear space
(locally) embedded in the trivial vector bundle, i.e. the linear space is
locally some kind of complete intersection. Actually, estimates on the
corank of a linear space will be quite useful to show that a linear space
is a Cohen-Macaulay space (which is close to complete intersection).

Let us recall the definition and crucial properties of Cohen-Macaulay.

Remark 3.18. Let X be a complex space. Then, X is called Cohen-

Macaulay (or perfect) if codhOx , = dim, X for all z € X, where

codh M denotes the homological codimension of a module M (for more

details, see e.g. §11 in [Rem94]). We will use the following facts about

Cohen-Macaulay spaces (see e.g. §5 in [PR94]):

(i) Every Cohen-Macaulay space is locally pure dimensional.

(ii) X is Cohen-Macaulay in p € X if and only if for any (or at least
one) non-zero-divisor f in the maximal ideal sheaf m,, {f =0} is
Cohen-Macaulay in p.

(iii) If X is Cohen-Macaulay and A is an analytic subset of X with
codimA > 2, then O(X) — O(X\A) is bijective.

(iv) A Cohen-Macaulay space is normal if and only if its singular set

is at least 2-codimensional.

The following theorem will be the first example to show how useful

the corank estimate is to characterize linear spaces:

Theorem 3.19. Let S € UxCYN be a linear space over an irredu-

cible Cohen-Macaulay space U of rank r defined by m holomorphic

fibrewise linear functions hy, .., hym € O(UXCN) (i.e. (p, hi(p,2)) €

Hom(U xCN,UxC)) such that N=r+m, i.e. m > cork S.

(1) If codim Sing S > m, then S is Cohen-Macaulay. If (additionally)
U is a complete intersection, then S is a complete intersection,
as well.

(2) If codim Sing S > m+1, then S is (locally) irreducible.

(3) If U is normal and codim Sing S > m~+2, then S is normal.

41



3 Linear Spaces

Proof: Since S = {h1 = ... = hy, = 0}, we get codim, .)S < m for all
(p,z) € S C U,xCY.
Let A C U denote the singular locus of S, i.e. the set where S is not

locally free, and let E := PC(S) denote the primary component of S.
Then, dim £ = dim U +r, i.e. codimE = m. We set T := (AxCN)NS.

(1) By the assumption and by 7' C AxCY,
codimT > codim(AxCY) > m.
Hence, codimy,, ,)S=m for all (p, z)€S. Since Os=0O ycn/(h1, .., him),
we get that S is Cohen-Macaulay (see Remark 3.18 (ii)). Addition-

ally, S is a locally complete intersection if U is a locally complete

intersection.

(2) Let us assume that S is not irreducible, i.e. T\E # 0. For
all (p,z) € T\E, there is a neighbourhood V of (p,z) such that
TNV ={h = .. = hy = 0}, i.e. codim(, )T < m. We get
codimy A < codimycnT < m. This proves the second claim.

(3) By the assumption, we obtain codimT > codim(AxCN) > m+2.
Since U is normal, i. e. codimy Using > 2, we get COdimSU\AEUsing\A > 2.
Since the singular set Sging of S is contained in T'U Ey, . and E4 C T,

we get that
codimgSsing > min{codimT, COdimSEUsing} > 2.
Remark 3.18 (iv) implies that S is normal (by use of (1)). 0

Using (2) = (1) of Lemma 3.17 and Lemma 3.7, we conclude:

Corollary 3.20. Let . be a coherent analytic sheaf of homological

dimension less or equal than 1 on an irreducible Cohen-Macaulay space

X.

(1) If cork.” < codim Sing.”, then the linear space L(.¥) associated
to . is Cohen-Macaulay.

(2) If cork . + 1 < codim Sing ., then L(.¥) is irreducible and ./
torsion-free.

(8) If cork.” 4+ 2 < codim Sing . and if X is normal, then L() is

normal.
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3.5 Linear spaces of small corank

For a linear space to be (locally) irreducible, it is necessary that the
associated coherent analytic sheaf is torsion-free (see Lemma 3.7). In
the following, we will prove that this is a sufficient criterion under
certain additional assumptions, including the proof of Theorem 3.1 at

the end of the section.

Lemma 3.21. Let X be a normal or Cohen-Macaulay space and
S C XxCN be a linear space over X with at least 2-codimension-
al singular locus in X and defined by one fibrewise linear function
h € O(XxCN). Then, S is locally irreducible. In particular, the

coherent analytic sheaf associated to S is torsion-free.

Proof: Let A C X denote the singular locus of S (as linear space) and
FE denote the primary component of S. Lemma 3.13 implies that F is
given by the ideal sheaf (h, g1, ..., gm) With g; holomorphic on X xCV
and fibrewise homogeneous (shrink X if necessary). On the regular
part X’ := X\ A of S, we get Sx/ = Exv,1i.e. g; p-) € (h)(p,) V(p, 2) €
X'xCN. Therefore, f; := g;/h is a holomorphic function on X’'xC.
Since we assumed X to be normal or Cohen-Macaulay and A is of
codimension 2 in X, f; can be extended to a holomorphic function on
XxCN. We obtain g; € (h) and E = S. Now, Lemma 3.7 implies the

second statement. O

Note that for the proof of Lemma 3.21, we hardly used the fact that
S is given by a principal ideal sheaf. If S is defined by more than two
functions while the corank of S is 1, it can happen that .¥=%2(S) has

torsion elements with support on a 2-codimensional set.

Since the singular locus of a torsion-free coherent analytic sheaf on a
normal complex space is at least 2-codimensional (see Remark 2.8),

we get the following corollary:
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Corollary 3.22. Let . be a torsion-free coherent analytic sheaf on a
normal complex space X such that Ox — (9% — & — 0 is exact (i.e.
the homological dimension of . is at most 1, see Lemma 3.17). Then,

the linear space associated to . is locally irreducible.

We call a normal complex space factorial if its structure sheaf is
factorial (also called unique factorization domain). In this case, hyper-
surfaces are (locally) given as the zero set of one holomorphic function.

The most simple examples for factorial spaces are manifolds.

Theorem 3.23. Let S be a linear space over a factorial complex space
X which is locally defined by one holomorphic fibrewise linear function
in X xC™+L (i e, the associated ideal sheaf is a principal ideal sheaf).

Then, the primary component of S is a linear space.

Proof: Let S C X xCN be given by the fibrewise linear hcO(X xCN).
The primary component F of S is an irreducible hypersurface. Since
X (and, hence, X xCY) is factorial, the ideal sheaf Y is generated by
one element. By Lemma 3.13, we get that g is fibrewise homogeneous.
Moreover, g divides h. Hence, it has to be fibrewise linear. This implies

that F is a linear space. O

Lemma 3.24. Let X be a factorial complex space and S C X xCN
a linear space associated to a torsion-free coherent analytic sheaf on
X. Then, S can be defined by locally irreducible holomorphic fibrewise

linear functions.

Proof: Let the linear space S be defined by fibrewise linear hq, ..., Ay, €
O(X xCN). Let S; := PC({h; = 0}) be defined by the fibrewise linear
gi € O(XxCN) (using Theorem 3.23). We will prove S = ) S;, i.e.

(hi)izy = (gj);'n:f

Since g;|h;, we get (h;)iZ; C (g;)7L;. On the other hand, g; vanishes
on S;. Hence, it vanishes on PC(S), as well. Since the coherent
analytic sheaf .Z(.5) associated to S is torsion-free, we get g; = 0 on

S (in the non-reduced sense; see Remark 3.6), i.e. g; € (h;)i";. |
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3.5 Linear spaces of small corank

Theorem 3.25. Let . be a torsion-free coherent analytic sheaf of
corank 1 on a factorial complex space X. Then, the linear space
associated to .7 is locally irreducible and, for small enough open U C X,

there exists an exact sequence
0— Oy — OEIH 7 0,

i. e. the homological dimension of .7 is at most 1.

Proof: For small enough open U C X, Lemma 3.24 implies that
the linear space S associated to ¥y can be defined by irreducible
fibrewise linear hy, ..., hy,, € O(UxCY) with N = rk.%+1. Yet, the
primary component E of S is already an irreducible hypersurface in
UxCY. Hence, E coincides with S; = {h; = 0} and is a linear space.
Lemma 3.12 implies S = E = 5.

h
We obtain the exact sequence Oy — Og — Yy — 0. Lemma 3.17,
(1)=(2) or Lemma 3.14 give the injectivity of h}. O

Let us generalize this for sheaves of corank 2:

Theorem 3.26. Let X be a factorial Cohen-Macaulay space and let
S be a linear space of corank 2 on X such that Sing S has at least
codimension 3 in X and the coherent analytic sheaf £ (S) associated

to S is torsion-free. Then, S is locally irreducible.

Proof: The proof is similar to the proof of Lemma 3.21. Let S ¢ UxCY
be defined by the fibrewise linear A1, ..., by, € O(UxCY) for an open
subset U C X with N = 24+ rk.¥. Because of Lemma 3.24, we can
assume that S; := {h; = 0} is locally irreducible. In particular, S; is
Cohen-Macaulay. Let us assume hi, hg # 0 and hg ¢ (h1). Since h; is
irreducible, Sio := 51 N S is a linear space with the same rank as S.
We will prove that S; NSy coincides with E := PC(S):

Through Lemma 3.13, E is defined by fibrewise homogeneous holo-
morphic functions gy, ..., gx (in particular, h; € (g1,...,9%)). Let A
denote the singular locus of S and U’ = U\A. Since E C S and

dim By = dim S1a7, we get E = Sio over U’. Hence, we obtain
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3 Linear Spaces

9j(p,z) € (h1,h2)p ) for all (p,2) € Sy . This means % is a holo-

morphic function on Sy 7. By assumption,

codimg, ((AxCN) N Sy) > codimyyon (AXCN) —1 > 2.
Taking into account that S7 is Cohen-Macaulay, we conclude that
fj := g;/h2 is holomorphic on Sj. Since g; — f; - ha € O(UxCY)
vanishes on S, we get g; € (hi,h2), i.e. E = Si2. Lemma 3.12 implies

the claim. O

Corollary 3.27. Let X be a factorial Cohen-Macaulay space and &
be a torsion-free coherent analytic sheaf . of corank 2 on X with at
least 3-codimensional singular locus. Then, the linear space associated
to . is locally irreducible and, for small enough open U C X, there

exists an exact sequence
0— 0} — OEIT2 5 7 0,

i. e. the homological dimension of .7 is at most 1.

Proof: In the proof of Theorem 3.26, we have seen that the linear space
associated to . is given by two holomorphic fibrewise linear functions
on UxC™®7+2 We get the exact sequence @2 — O*7+2 5 &

Lemma 3.17 implies the claim. O

The counterexample Remark 3.8 shows that the assumption on the

codimension is necessary in Corollary 3.27.

We can now put together the proof of the main result of this section:

Proof of Theorem 3.1: Lemma 3.7 yields the implication (2) = (1) and
Theorem 3.25 and Corollary 3.27 yield the implication (1) = (3, 4).
Using Corollary 3.20 (2, 3), we get the implication (4) = (3, 5). It only
remains to show (3) = (2):

Assume that (3) is satisfied, i.e. that L(.¥) is locally irreducible. But
L(.%) is connected. So, there can be just one irreducible component,
i.e. (2) holds, too. O
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Chapter 4
Proper Modifications of
Coherent Analytic Sheaves

In bimeromorphic geometry, the use of locally free coherent analytic
sheaves is limited: The direct image of a locally free sheaf under a proper
modification is not locally free any more. Instead, it is reasonable to
consider the wider category of torsion-free coherent analytic sheaves.
The restriction to torsion-free sheaves makes sense for bimeromorphic
considerations as the torsion of a coherent analytic sheaf is supported
on analytically thin subsets. To exemplify the use of torsion-free
sheaves, just recall that an irreducible reduced compact space X is a
Moishezon space if and only if it carries a positive torsion-free coherent
analytic sheaf . with supp(.¥) = X (see e.g. Thm. 6.14 in [Pet94al).

The main motivation is as follows: Let .# be a torsion-free coherent
analytic sheaf on an irreducible complex space X. Then, H. Rossi
showed that there exists a proper modification ¢ = p»: Y — X such
that the torsion-free preimage .7 is locally free (see Section 2.5 for
details). Combining this with a resolution of singularities o: M — Y,
which exists due to H. Hironaka, we obtain a resolution of singularities
n=poo: M — X such that 77.7 is locally free. Thus, it is possible
to study coherent analytic sheaves modulo torsion by reducing the

problem in order to study vector bundles on manifolds.

In view of this idea, it seems very interesting to study the connection
between .7 and its torsion-free preimage 7.7 closer, and we found
the following theorem, which to our knowledge has not been covered

in the literature, yet:
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4 Proper Modifications of Sheaves

Theorem 4.1. Let m: Y — X be a proper modification of a complex
space X, and let F and & be torsion-free coherent analytic sheaves on
X and Y respectively.
(i) If F =n.9, then

12

F 2 al F.
(i) If 4 = a1 F, then

i, G =9,

To prove this, we will show that the natural maps
F = mal T ,
lrg — @

both are injective (Theorem 4.12 (i) and Lemma 4.4; the proof of
Lemma 4.4 presented here is due to M. Toma). We give also counter-
examples to show that these injections are not bijective in general
(Remark 4.6 and Remark 4.14).

The assumption in Theorem 4.1 (i) can be replaced by a normality

assumption on the linear space associated to the sheaf:

Theorem 4.2. Let X be a locally irreducible complex space, . a
torsion-free coherent analytic sheaf on X such that the linear space
associated to . is normal, and m: Y — X a proper modification of X.

Then, the canonical homomorphism . — m.(71.7) is bijective, i. e.

S = (nl.P).

In particular, . can actually be represented as the direct image of
a locally free sheaf. In Chapter 3, we presented some criteria for
normality of the linear space associated to . (see Theorem 3.1 and
Corollary 3.20). Additionally, we will see that the assumptions in
Theorem 4.2 are necessary to obtain that . is the direct image of a
locally free sheaf on a normal space (see Remark 4.20). For this, we
show that a locally free sheaf on a non-normal complex space X can
not be the direct image of a sheaf on a normal modification of X (cf.
Theorem 4.21). In particular, the Grauert-Riemenschneider canonical

sheaf J#x can not be locally free on a non-normal space X.
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Furthermore, we obtain the following two results for specific proper
modifications: First, we show that the torsion-free preimage of the
direct image of an arbitrary torsion-free coherent analytic sheaf .#
with respect to a 1:1 modification is canonically isomorphic to .# (see
Theorem 4.9). Second, we prove that the direct image of the torsion-
free preimage of a suitable sheaf . of rank 1 under the monoidal
transformation with respect to . is canonically isomorphic to .& (see
Theorem 4.17).

Let us consider two applications of Theorem 4.1. First, let X be
a locally irreducible complex space of pure dimension n, and
the Grauert-Riemenschneider canonical sheaf on X (as introduced in
Section 2.4). Then, there exists a resolution of singularities 7: M — X
(with only normal crossings) such that 77 .#x is locally free, and so
there is an effective divisor D with support on the exceptional set of
the modification such that

Hx 2ol Hx = mQy(—D) = 1. (Q; ® O(=D)) (4.3)
(see Theorem 4.24). Let us explain briefly the meaning of (4.3). By
definition of the Grauert-Riemenschneider canonical sheaf, we know
already that #x = m, Q7. (4.3) tells us that we can as well consider
the push-forward of holomorphic n-forms which vanish to the order of
D on the exceptional set. This is an important detail, particularly if =
is explicitly given so that D can be calculated explicitly. An example:
If X is already a manifold (i.e. #x = Q%) and 7: M — X is the
blow-up along a submanifold of codimension s in X with exceptional
set F, then (see e.g. Prop. VII.12.7 in [Dem12]):

oty =y = Q- (s-1)E),
and so
Y = Hx = m QY (- (s—1)E).
Considerations of this kind are particularly important in the study of
canonical sheaves on singular complex spaces (see [Rupl4al). We will

also set up the relation (4.3) for holomorphic n-forms with values in

locally free coherent analytic sheaves (see Theorem 4.28).
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4 Proper Modifications of Sheaves

Second, we will study reduced ideal sheaves in Section 9.1. Let 7: Y —
X be a proper modification of a locally irreducible complex space
X, A C X an analytic subset with (reduced) ideal sheaf ¢ ,, and
B := 1~ 1(A) the reduced analytic preimage with (reduced) ideal sheaf
- Then, WT/A = 75 (cf. Lemma 9.2), and Theorem 4.1 yields
that /B - WTW*/B.

If we assume moreover that X is normal and that A is either a locally
complete intersection or a normal analytic set and that o: ¥ — X is
the monoidal transformation with respect to #,, then ¢, = ol B

(is locally free) and we have (see Lemma 9.5):

~J ~Y T
JaZ o= o0 Jy

Using Theorem 4.2, we are able to generalize Takegoshi’s relative
version [Tak85] of the Grauert-Riemenschneider vanishing theorem in
several directions. This is elaborated in Chapter 8 (cf. [Ser15]).

This chapter is organized as follows. We study torsion-free analytic
preimages of direct image sheaves in Section 4.1 and direct images
of (torsion-free) analytic preimage sheaves (including the proof of
Theorem 4.2) in Section 4.2. In Section 4.3, we show that the analytic
inverse image functor preserves monomorphisms and epimorphisms
and use this fact in combination with the previous considerations to
prove Theorem 4.1. Section 4.4 contains the first application described
above. We complement the chapter by analogous considerations on
the non-analytic inverse image functor in Section 4.5. The presented
results of this chapter and their proofs can be found in [RS13] and
[Serl5, Sect. 4], as well.
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4.1 Torsion-free preimages of direct image sheaves

4.1 Torsion-free preimages

of direct image sheaves

In this section, we study the torsion-free preimage of direct image

sheaves under proper modifications.

Lemma 4.4. Let 7 :Y — X be a proper modification between complex
spaces Y, X, and & a torsion-free coherent analytic sheaf on'Y. Then,

the canonical homomorphism 7w, & — & induces a canonical injection
I8 — &, (4.5)

where 7l m, & = T & | T (m* &) is the torsion-free preimage of m.& .

The following proof was communicated to us by Matei Toma. Altern-

atively, Lemma 4.4 follows also from Lemma 3.14.

Proof: Let 7 denote the torsion sheaf of 7*7,&, and let ¢: m*7, 8 — &
denote the natural map. Since & is torsion-free, (7)) = 0 and, hence,
¥ factors through 1}\ :7l'r,& — &. Since 9 is an isomorphism outside
of a thin analytic set A C X, an element in the kernel of 1) has support

in A. Therefore, the kernel is a subset of .7, i.e. 121\ is injective. O

Remark 4.6. Let us give a counterexample showing that (4.5) is in
general not an isomorphism. Consider a modification = : M — C"
where M is a complex manifold with canonical sheaves 2}, and (., =
Ocn. Then, 7,.Q% = Qf, = Ocn so that alr, = 7L Ocn = Oyy.

But, Oy # QFf; in general.
However, we can be a bit more precise in Lemma 4.4 by use of the
following observation if & is locally free of rank 1:

Lemma 4.7. Let X be a complex space and i : F — 4 an injective
morphism between two coherent locally free sheaves of rank 1 over X.

Then, there exists an effective Cartier divisor, D > 0, such that
i(F)=9®0x(-D).

In particular, i is an isomorphism precisely on X\|D|.
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4 Proper Modifications of Sheaves

Proof: Let {X,}a be a locally finite open cover of X such that both,
& and ¥, are free over each X,. So, there are trivializations

ba: Fx, — Ox,,

Yo: 9%, — Ox,,
and, for X3 := X, N X3 # 0, we have transition functions Fg, =
P50 pat € OF(Xap) and Gp, 1= g otpyt € O*(X,p) satisfying the
cocycle conditions. In trivializations,

Yo 0ilx, 0 ¢y Ox, — Ox,

is given by a holomorphic function i, € O(X,), vanishing nowhere
identically with (unreduced) divisor (in). On X,g, we get
Gpa-ia = Yoty 0taoilapody’ = goilagody odgod,’ =is-Fpa
so that i /ig = Fga/Gga € O*(Xap). Thus, D := {(Xq,iq)}a defines
in fact an effective Cartier divisor with support |D|.

To see that i(.#) = 9@ Ox(—D), note that ¢ ® Ox(—D) is a coherent
subsheaf of 4 because Ox(—D) is a sheaf of ideals in Ox, and that

Yo ®1: 4 ®Ox(=D)|x. — Ox, ® Ox,(—(ia))- .
So, we can deduce the following direct consequence of Lemma 4.4:
Theorem 4.8. Let w: Y — X be a proper modification of X, & a
locally free analytic sheaf of rank 1 on'Y and assume that 77 7,& is also
locally free. Then, there exists an effective Cartier divisor D on'Y such
that the following holds: The canonical homomorphism ™ n,& — &
iduces a canonical injection
il s &

and

i(rTm.&) = & ® Oy(=D).
In particular, © is an isomorphism precisely on' Y — |D|, and |D| is

contained in the exceptional set of .

For the torsion-free inverse image of the direct image sheaf under a

1:1 modification, we obtain:
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4.2 Direct images of torsion-free preimage sheaves

Theorem 4.9. Let X be a locally irreducible complex space, let 1) : X -
X be the normalization of X, and let % be a torsion-free coherent
analytic sheaf on X. Then, the canonical morphism V*,F — F

nduces an isomorphism

VP F = F.

Proof: Since the 1-sheeted covering v is a homeomorphism (X is locally
irreducible), we get for all g € X:
Fy= 0Ty = W70 TF)g.
By the definition of the (analytic) inverse image sheaf, we obtain
VP F E I F 10,05 = FRy-10, 05
Yet, the injective map ¢y 'Ox — O ¢ gives us the surjectivity of the
canonical morphism:
VYT = F Q10 Og — 9@05{02 =F,8Qr—>71-8.
With Lemma 4.4, we also have

VI TF — F s@r+ TV F) —r-s.

4.2 Direct image sheaves of

torsion-free preimage sheaves

In this section, we study the direct image of the torsion-free preimage
sheaf under a proper modification. In particular, we will prove The-
orem 4.2 (see Theorem 4.12 (iii)). Furthermore, we obtain more results
for sheaves of rank one. Let us first recall the elementary projection
formula (cf. e.g. Ex.I1.5.1 in [Har77]).

Theorem 4.10 (Projection Formula). Let f: Y — X be a holomorphic
map between complex spaces, let & be a locally free sheaf on X, and

let F be a coherent analytic sheaf on'Y . Then,

EQfTF2f(fERT). (4.11)
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4 Proper Modifications of Sheaves

Proof: Let r denote the rank of &. Since the direct product is invariant

under the direct image, we conclude
OF ©fe? = (f7)% 2 fL(F) = [(OF, 2F)

= f(f1 (O )0F)
for all U C X. Let oy denote the map from left to right. Since all

used isomorphisms are natural, « itself is natural.

Choose an open covering { X}, of X such that there exist trivializa-
tions ¢q: Ex, — O of & over X,. Let Fgo :=¢po ¢, denote the
transition function on X,z := X,NXg. The linear space L associated
to &R f«.F is given by L(O;’?Z@f*ﬁ) glued together via L(F3,®idy, 7).
Also, Ly := L(f.(f*(&)®.%)) is given by L(fdf*((’)??i)@?)) glued
together via L(fi(f*(Fpo)®idz)). Since ax,, is natural, we get
axg, © (Fpa®idy, 7) = (f«(f*(Fpa)®ids)) o ax,,. Hence, Ly and Ly
are obtained by isomorphic gluing data, i.e. L1 = Lo. O

Theorem 4.12. Let X be a locally irreducible complex space, & a

torsion-free coherent analytic sheaf on X and 7:' Y — X a proper

modification of X.

(i) Then, the canonical homomorphisms . — m.(n*.) and & —
(7T 7) both are injective.

(i1) If the linear space L(.¥) associated to .7 is irreducible and L(7*.%)
is reduced, then m,(7*.%) — m.(n1.7) is injective.

(iii) If the linear space L(.¥) is normal, then

S = (nlF).

Proof: We can assume that X is connected. Let S denote the linear
space associated to ., A C Y the set where 7 is not biholomorphic
and A€ the complement. S* = Y x x.5 is the linear space associated
to . .= n*.%. Let pr: S* — S denote the projection, let ¥ be the
linear space associated to & := 71.7, let U be an open Stein set in X,

and let V := 7~ }(U). The construction of the linear spaces implies
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4.2 Direct images of torsion-free preimage sheaves

Hom(Sy,UxC) = .(U),
Hom(Sy,, VxC) 2 7" (V) = (m(7*7))(U) and
Hom(Ey,VxC) = &(V) = (m.8)(U).

Let N be an integer big enough so that Sy can be realized as a subset
of UxCN. We obtain closed embeddings Ey C Sy C VxCV, and (g, 2)
is in Sy, if and only if (7(q), 2) € S. Since obviously pr(E4c) = Sy(ae)
and proper holomorphic images of irreducible sets are irreducible (using
Theorem 2.12), we obtain (cf. (3.11))

pr(PC(Ey)) = PC(Sy), (4.13)

where PC denotes the primary component of a linear space (see Sec-
tion 3.3).

(i) 7 <= m(r*) and ¥ — 7.(71.7) follows from Lemma 3.14.

(ii) Assume S is irreducible and S* is reduced. To prove that the
natural map given by the restriction Hom(S},,VxC) — Hom(Ey,
V' xC) is injective, we use pr(PC(Ey)) = Sy (using (4.13) and that S

is irreducible):

Let s € Hom(Sy,,VxC) with s|p = 0, i.e. s|pgg) = 0. Since S
is irreducible, it is reduced, as well. Let s(q,2) = (q, f(q,2)) €
Hom(Sy,, V' xC) be not the zero section, i. e. there is a point (¢, z9) € S*
with f(q’,20) # 0 (S* is reduced). There is a ¢ € 7= 1(n(¢’)) such
that (¢”, z0) € E. Since 77 (7(q'))x {20} is a compact analytic set in
Sy, we get f(q',2z0) = f(q", 20), i.e. flg # 0 and s|g # 0.

(iii) Assume that S is normal. In particular, S is irreducible. Fix a
section s(q, z2)=(q, f(q,2)) € Hom(Ey,V xC). Since pr: PC(Ey) —
PC(Sy)=Sv is a proper modification (surjectivity is (4.13) and Sy is
irreducible), the map ]? := fopr~!: Sy — C is a bounded meromorphic
function, i.e. it is weakly holomorphic. Since Sy is normal, f is
holomorphic. Obviously, it is linear in the second argument. Hence,
pr—! gives a map (pr~1)*: Hom(Ey,V xC) — Hom(Sy,UxC),s +— 5

with 3(p, 2) = (p, f(p, 2)). Since fopr~! = f = 0 implies f = 0, this
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4 Proper Modifications of Sheaves

map is injective. It is now easy to see that (pr—1)*: ! «— .7 is

the inverse to the natural mapping . < m,m!.7. O

Remark 4.14. Without the additional assumption about normality,
the natural map . — m,m!.% is not necessarily bijective. The

following counterexample is derived from one due to Mircea Mustata.
Let . = (23, y3) be the ideal sheaf on (Ciy, generated by the functions
z3 and y3, and let m: M — C? be the blow up of the origin, i.e.
M = {(z,y;[t1 : ta]) € C*xCP': aty = yt1}.

¥ has the following sequence as resolution:

@ O? S 0.

(f1, f) — 2 frty fo
g+ (y’g,—29)

Hence,
S =L(&) = {(z,y; 21, 22) € C*xC?%: 202% = 29},
and sections in .# correspond to sections in Hom(S,C2xC) via the
assignment 2% — [(z,y; 21, 22) + 21], ¥° — [(2,y; 21, 22) — 22]. Now,
S* = L(n*.7) = {(x,y; [t1 : ta]; 21, 20) € MXC?: 2923 = 2193},
E = L(xT7) = {(z,y; [t1 : ta]; 21, 22) € MXC?: 2ot} = 2113}
Thus, S* = EUT with
T = {(x,y;[ta : ta]; 21, 22) € MxC?: 2 = y = 0} = OxCP' xC.
In Hom(E, M xC), we have now also the section
{(f2z1: 11 #0); (%22: ty #0)},
corresponding to %y in 777, and the section
{(Bar it #0): (22 2 # 0)},
corresponding to zy?, but these two do not extend to S* = EUT

because there is no relation between z; and z3 on 7. In Hom(S*, M xC),

however, we have the section

{izz: 1 £0): (ke 2 £ 0)},
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4.2 Direct images of torsion-free preimage sheaves

corresponding to z2y? in .. Moreover, it is easy to verify that z, 22,

y, y?> and 2y are neither contained in 7, 7*.% nor in 7,7’ .7. Hence,

we have:
‘Sﬂ g (3337 I2g/27 y3) = 7T*7T*<5ﬂ -,C«- (‘Tgﬂ $2y7 J"y27 y3) = ﬂ-*ﬂ-T‘y'
Remark 4.15. Let us present a counterexample for (ii) in The-

orem 4.12 if S is not irreducible:

Let X = {23 = 4?} C C? be the cusp, 7: C — X, w(t) := (¢2,¢3)
the normalization and let Oy denote the sheaf of weakly holomorphic
functions on X. Then, one can compute that W*W*@X has torsion
elements with support in 0. Yet, Tl O x = mO¢ = O x is torsion-free.

Hence, there can not exist an injective morphism m,7*Ox — w7l Ox.

Remark 4.16. In order to get the isomorphism . = m L. for
all proper modifications, the normality of the linear space of .# is
a natural assumption. For example, if & is locally free, we obtain
mem*& =2 & if and only if 7,0y = Ox. Yet, this is only satisfied for
all proper modifications if it is satisfied for the normalization, i.e. this

is equivalent to X being normal.

Additionally, the normality assumption is required for the following
purpose (see Remark 4.20): If ¢ = ¢ »:Y — X is the monoidal
transformation with respect to ., then Y does not have to be normal
(under some additional assumptions this is equivalent to L(.¥’) being
normal, see Remark 4.19). The question is now, does there exist a
(locally free) sheaf on the normalization of Y such that its direct image
is 7 (.#). Under the same assumptions as in Remark 4.19, we will
see that this is equivalent to Y being normal. This means that the
normality assumption on L(.#) is necessary to obtain .¥ = m,n!.7

for normal Y and locally free n7.7.
If we choose the monoidal transformation for the proper modification

(see Section 2.5), we get an alternative result to Theorem 4.12 (iii),

where the normality assumption can be replaced to show that the
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4 Proper Modifications of Sheaves

composition of the direct image and preimage functor is an isomorphism
(cf. Sect. 4 in [Serl5]).

Theorem 4.17. Let X be an irreducible Cohen-Macaulay space, and
let .7 be a coherent analytic sheaf of rank 1 on X such that, for
each p € X, there exist a neighbourhood U and a free resolution
o — (’)ZHl — S — 0 (i. e. the homological dimension of & is
at most 1, see Lemma 3.17) and the singular locus of .7 is at least
(m~+1)-codimensional, or such that (more weakly) the linear space L(.)
associated to . is Cohen-Macaulay and irreducible. Let p=p»:Y —
X denote the monoidal transformation of X with respect to .. Then,

the canonical morphism & — p.0*.Y induces an isomorphism

S o0l S

For m < 2, the assumption on the free resolution of .#y; in The-
orem 4.17 is always satisfied if X is factorial and Cohen-Macaulay and
if .7 is torsion-free with cork . < m (see Theorem 3.1).

Proof: Let S denote the linear space associated to .. With The-
orem 3.19 or by the assumption, we get that S is Cohen-Macaulay
and irreducible (in particular, . is torsion-free, see Lemma 3.7). Let
E = L(¢T.%) C ¢*S = L(¢*.#) denote the linear space associated
to the torsion-free preimage of . and pr: £ — S be the restriction
of the projection of the fibre product Y x xS = ¢©*S to S. Then, FE is
irreducible and the proper mapping theorem implies pr(E) = S, i.e.

pr is a proper modification of S.

The biholomorphism between C™*1\0 and the universal line bundle
without zero section Ocpm (1)\(CP™ x0) defined by z — ([z], z) induces
a biholomorphic map from S,\0 = E¢_1(p)\(<p_1(p)><0) for each
p € X, which is the inverse map of

pr: E\(Y x0) — S\(Xx0)
(in this respect, recall the construction of p=¢ & in [Rie71, §2]).

Let A denote the singular locus of ., i.e. the set where .% is not
locally free (and S is not a line bundle), and set B := ¢~ 1(A). Since
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4.2 Direct images of torsion-free preimage sheaves

¢ is biholomorphic outside of B, pr = (¢,idcm+1)|g is already a

biholomorphic map on the complement of B and A:
pr: E\(Bx0) — S\(Ax0). (4.18)
Since Ax0 is at least of codimension 2 in S and S is Cohen-Macaulay,

every holomorphic function on S\(Ax0) extends to S (see Cor. 5.9 in
[PR94]). Hence, for all open sets U C X, we get

def — ~ _
(psp” 2)U) = (977) (™1 (U)) = Hom(E,-1 1), ¢~ (U)*C)
=~ Hom(Sy,UxC) =2 & (U),
where the second and the last isomorphism are given by the construc-

tion of the linear spaces associated to ¢’.# and .7, resp. O

The following two remarks show that the assumption on normality is

just implicit:

Remark 4.19. For the irreducible Cohen-Macaulay space S of rank
1, we get that S is normal if and only if S\ (Ax0) is normal (recall that
a Cohen-Macaulay space is normal if and only if its singular locus is
at least of codimension 2). Since E\(Bx0) — S\(Ax0) (4.18), and
since E is a vector bundle, this is furthermore equivalent to Y being

normal.

Remark 4.20. Let .¥ be a coherent analytic sheaf of rank 1 on a
complex manifold M such that the linear space S = L(.¥) is Cohen-
Macaulay and irreducible, but not normal, and let ¢ : Y — M be the
monoidal transformation of M with respect to .. We obtain with
Theorem 4.17:

S @ K = (T S @ 9 ).
The sheaf & := p!.7 ® ¢*#) is locally free. For our purpose of

generalizing Takegoshi’s vanishing theorem (in Chapter 8), we need
a proper modification 7: Z — Y and a locally free sheaf & with
& = 1, (E®.47). With the projection formula for locally free sheaves
and a normalization, we can assume that Z is normal. Hence, we can

apply the following theorem, which maintains a contradiction to the
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4 Proper Modifications of Sheaves

assumption that S and, hence, Y are not normal (see Remark 4.19).
This means that the assumption on normality of L(.¥) is necessary for
a generalization of Takegoshi’s vanishing theorem by use of a monoidal

transformation.

Theorem 4.21. If & is a locally free sheaf with positive rank on
a locally irreducible complex space Y such that there exist a proper
modification w: Z — Y with normal Z and a coherent analytic sheaf

F with m, % =2 &, then Y is normal.

Proof: Let v: Y — Y be a normalization of Y. Since Z is normal, 7
factorizes over the normalization, i.e. 37: Z — Y with 7 = 1o 7 (see
e.g. Sect. 8.4.3 in [GR84]). Therefore, & = 1), 7..%. For F = T,
Theorem 4.9 implies

&2 F 2T F =gy’ E

(4.11) R
= (P ER0p) = E.0p = & ® Oy.
Since & is locally free of positive rank, we obtain @y = Oy,i.e. Y is

normal. O

We deduce immediately:

Corollary 4.22. The Grauert-Riemenschneider canonical sheaf on a

non-normal locally irreducible complex space is not locally free.
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4.3 Proof of Theorem 4.1

In preparation, we make the following observation:

Lemma 4.23. Let m: Y — X be a proper modification of a complex
space X such that'Y is locally irreducible. Let

v F -9
be a morphism of coherent analytic sheaves. If ¢ is an epimorphism,
then the induced mapping
a1l F oty

T

s also an epimorphism. If ¥ is a monomorphism, then 7w is also a

monomorphism.

Note that 77 is not exact. A simple counterexample is the following.

Let mp be the maximal ideal sheaf of the origin in C2. Then,
0—=myg— Ocz — Oc2/my — 0

is exact. Let 7 be just the identity on C?. So, we have 77 my = my,

77'Op2 = O¢2 and WT(O(CZ /mo) = 0. The resulting sequence 0 —

mg — O¢2 — 0 is clearly not exact.

Proof: Let 1 be an epimorphism, i.e. surjective. Recall that «* is
right-exact. So, m*¢: *.% — 7*9 is still surjective. But then, it
is easy to see that the induced mapping 77 : 71.% — 719 is also

surjective.

To prove the second statement in the lemma, let 1 be injective. Let
fe € (7T.F), such that 774(f,) = 0. This means that there is an open
set U C Y and a representative f € 77.% (U) such that 774(f) = 0.
But, 774 is injective on a dense open subset W C X. Thus, f = 0 on
UNW,i.e. f has support on a thin set. Since 77.% is torsion-free, we
get f, =0and f =0. O
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4 Proper Modifications of Sheaves

Proof of Theorem 4.1: Let w : Y — X be a proper modification be-
tween locally irreducible complex spaces. Let % and ¢4 be coherent

analytic sheaves on X and Y, respectively.

(i) The case .# = m.%: By Theorem 4.12 (i), the natural map
F — mml.F is injective. Moreover, Lemma 4.4 yields injectivity of
the natural map

L F=rlr 9 9.
Since 7, is left-exact, we obtain the second natural injection

ML F 1.9 = F.

(ii) The case &4 = 7l .Z: As above, Lemma 4.4 gives n'/7,9 — 9.
By Theorem 4.12 (i) we have also the natural injection

F .l F=71.9.
But, 7 preserves injectivity (Lemma 4.23) so that we obtain the
injection

G =gt F < 7'n,9.

4.4 Holomorphic n-forms on singular spaces

As a consequence of Theorem 4.1 and Theorem 4.8, we have the

following application to holomorphic n-forms:

Theorem 4.24. Let X be a complex space of pure dimension n and
JHx the Grauert-Riemenschneider canonical sheaf on X. Then, there
exist a resolution of singularities m : M — X and an effective divisor,

D > 0, with support on the exceptional set of the resolution such that

wl x = QY (=D) = O ® O (=D), (4.25)
where Uy is the canonical sheaf of holomorphic n-forms on M, and
(4.25) is induced by the natural mapping ™ Hx = T QL — QF,.
Moreover, we get

Ty = Hx = mQy(=D).
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4.4 Holomorphic n-forms on singular spaces

Proof: Let m: M — X be a resolution of singularities such that 77 7%
is locally free. Such a resolution exists due to H. Rossi and H. Hironaka
(apply first Rossi’s Theorem 2.19 and, then, Hironaka’s resolution of
singularities). Recall that J#x = 7.}, by definition of the Grauert-
Riemenschneider canonical sheaf. So, the assertion follows directly

from Theorem 4.8 and Theorem 4.1. O

The following observation is also useful:

Lemma 4.26. Let .%, 4 be torsion-free coherent analytic sheaves on
a locally irreducible complex space X, and let m: Y — X be a proper
modification of X such that 779 is locally free. Then,

T Fe9)=r"F o'y
and there is a natural injection

FRY <—>7r*(7rTff®7rTg).

Proof: Note that Y is also locally irreducible. Consider the two natural
surjections 7% — 71.F and ¢ — 7''Y. These yield a natural
surjection

MFRY) =" F 'Y — 1l Forly,
which is an isomorphism on an open dense subset of Y. Since the
tensor product of a torsion-free and a locally free sheaf is torsion-free

(this is not the case if both are not locally free, see Remark 2.9), we

obtain by use of Lemma 3.14 a natural isomorphism

™FRY) ~ T, T
F 9. 4.27
T (Fog) 70T (4.27)

The second statement follows by taking the direct image of (4.27)

WT(§®g) =

under 7 and Theorem 4.12 (i). o

Using this lemma and the projection formula (see Theorem 4.10), we

obtain with an analogue proof the following variant of Theorem 4.24.

Theorem 4.28. Let X be a complex space of pure dimension n, F

be a torsion-free coherent analytic sheaf on X and w: M — X be a
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4 Proper Modifications of Sheaves

resolution of singularities such that =7 (#x) is locally free. Then, there
exists an effective divisor, D > 0, with support on the exceptional set

of the resolution such that
N F @ Hx) = nl F @ Q% (—D).
If F is locally free, then
T (T F @ V) = F @ Hx 2wy (1°F @ Uy (=D)) .

4.5 Non-analytic preimages and direct images

In this section, we will finally study non-analytic preimages of direct
image sheaves and vice versa. For our purpose, the following definition

is useful:

Def. 4.29. Let .% be a sheaf on a complex space X. We say that &
satisfies the property (id) if the following holds: For any irreducible
open set W C X and sections s,t € .% (W), the equality s = ¢ on a
non-empty open subset of W implies that s =t on W.

Property (id) means that the identity theorem generalizes to sections
of #. Actually, the identity theorem for irreducible complex spaces
(cf. e.g. §1.3 in [GR84, Chap. 9]) implies that the structure sheaf Ox

of a complex space satisfies (id). Moreover, we have:

Lemma 4.30. Let X be a locally irreducible complex space. Then, a
coherent analytic sheaf F on X satisfies the property (id) if and only

if it is torsion-free.

Proof: Let .# be a torsion-free coherent sheaf on X and F := L(.%)
the associated linear space. Then, by Remark 3.6, a section of %
is uniquely defined by it values on the locally irreducible primary
component E := PC(F) of F. L.e. for W C X and s,t € (W) =
Hom(Fy,WxC), s|p = t|g is equivalent to s = t. So, the desired
property follows by the identity theorem applied to E.
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4.5 Non-analytic preimages and direct images

Conversely, it is clear that sheaves with torsion on a locally irreducible

space do not satisfy (id). O

For non-coherent sheaves, the equivalence of Lemma 4.30 does not
hold in general: The sheaf € of continuous functions on an irreducible
complex space X is torsion-free as Ox-module sheaf, but it does not
satisfy (id):

Torsion-freeness: Choose 7, € Ox;, and s, € €x, with r, # 0 and
ry - Sz = 0. We obtain rs = 0 on small enough neighbourhoods U of =
and 7(y) # 0 outside of a thin analytic set A C U. This implies s = 0

on U\ A. Since s is continuous, we get s, = 0.

On the other hand, it is obvious that ¢ does not satisfy (id).

The property (id) is useful in the context of non-analytic preimages:

Lemma 4.31. Let w: Y — X be a proper modification of a locally
irreducible complex space X, and F a sheaf on X satisfying (id). Then,
for U CY open:
T LFU) = lim F(V), (4.32)
Vonr(U)

where the limit runs over the open neighbourhoods of w(U).

Proof: As X is locally irreducible, we can assume that X and Y are
connected. Recall that 77 1.% is the sheaf associated to the presheaf
U~ FU):= lim Z#(V)
—)
Vor(U)
where U C Y is open and the limit runs over the open neighbourhoods
of m(U). We have to show that the presheaf F' is canonical (i.e. it is
already a sheaf).

i) Existence/Gluing-axiom: Let U C Y be covered by open sets
Ui, i € I, and let s; € F(U;) satisfy s; = s; on Uj; = U; N Uj.
By definition of the inductive limit, s; € F(U;) means there are an
open set V; O w(U;) and a section f; € Z(V;) with s; = [fi] (s; is
represented by f;). A priori, we just get f; = f; on w(Us;;)CVij;, where
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4 Proper Modifications of Sheaves

Vij = Vi n'V;. Without loss of generality, we can assume that each
connected component of Vj; contains an open subset of 7(U;;) (7
is a modification). So, (id) for .# implies that f; = f; on Vj;. As
F is a sheaf, there is a section f € Z# (V) with f|y, = fi, where
V=U;er Vi D m(U). f represents an s € F'(U) with s|y, = s;.

ii) Uniqueness-axiom: Let U C Y be a connected open set, covered by
open sets U;, i € I, and let s,t € F(U) satisfy s =t on U; for all i € I.
By definition of the inductive limit, there are a connected open set
V D w(U) and sections f,g € .Z# (V) with s = [f] and ¢ = [g]. We get
f =g on7w(U;). Since w(U;) contains an open subset of V', (id) implies
that f = g on V. (We have not directly used the uniqueness-axiom for

F because it is contained in (id)). O

As a special case, we have:

Lemma 4.33. Let m : Y — X be a proper modification of a locally
irreducible complex space X and 9 a sheaf on'Y satisfying (id). Then,
for U CY open:
TmG(U) = lim G (V) (4.34)
Vonr(U)
where the limit runs over the open neighbourhoods of w(U). Further-
more, the canonical homomorphism 11,9 — 9 is injective so that

7 1.9 is a subsheaf of 4.

Proof: As X is locally irreducible, we can assume that X and Y are
connected. Here, 717,94 is the sheaf associated to the presheaf
U F(U):= lim ¢(z (V)
Vonr(U)
where U C Y is open and the limit runs over the open neighbourhoods
of 7(U). The canonical homomorphism 7~ !7,%4 — ¢ is, then, induced
by the restrictions - | : (7~ (V) — 4(U).

By Lemma 4.31, F' is canonical, i.e. (4.34) holds. It is now easy to
see that the canonical homomorphism v: 777,49 — ¢ is injective:
Let s, € (W‘lﬂ*g)x. Then, (4.34) implies that s, is represented by
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4.5 Non-analytic preimages and direct images

a section s € 4(U), where U is an open neighbourhood of K, :=
7~ (m(x)). But, our assumptions yield that K is connected and so we
can assume that U is a connected neighbourhood of K,. Assume that
¥ (sz) = 0. This means that s is vanishing on a neighbourhood of the

point z. But then, s = 0 as U is connected (and ¢ satisfies (id)). o

Lemma 4.33 allows for the following interpretation of 7~ '7,%: The
sections of 7~ 11,4 are the sections of ¢4 which extend along fibres
of the modification 7. This is of particular interest for the choices
¥ = Oy or 9 =, when m: M — X is a resolution of singularities,
giving the useful injections 7', Oy — Oy and 7T_17T*QR'4 — Q7

respectively.

Let .# be a sheaf on an irreducible complex space X satisfying (id),
let m be a proper modification of X, and let U be an open subset of X.

For the direct image of a non-analytic inverse image sheaf, Lemma 4.31

implies
(e L Z)U) = (x ' F)(n1(U)) = lim F(V) = Z(U),
VoU

i.e. we obtain:

Corollary 4.35. Let m: Y — X be a proper modification of a locally
irreducible complex space X, and % a sheaf on X satisfying (id). Then,

T LF = F.
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Chapter 5
The Dolbeault Operator

on Complex Spaces

In this chapter, we introduce the Dolbeault operator on complex spaces
and different types of extensions for its L?-version (see e. g. Section 5.2).
Additionally, we define the Dolbeault operator as sheaf homomorphism
between L?°°-spaces and the sheaf ICx (F) of holomorphic square-
integrable n-forms with values in a vector bundle F', which will be a
key ingredient to understand L2-Dolbeault cohomologies on complex
spaces (see Chapter 10). In Section 5.3, we recall an extension theorem

for the Dolbeault operator on manifolds.

Def. 5.1. A Hermitian complex space (X,7) is a reduced complex
space X with a Hermitian metric v on the regular part X,c, such that
the following holds: If x € Xge is an arbitrary point, there exist a
neighbourhood U = U(z) C X, a holomorphic embedding of U into
a domain D in CV and an ordinary smooth Hermitian metric in D

whose restriction to U is v|y.

Note that two Hermitian metrics on X are equivalent on all compact
subsets of X.

Let (X,7) be a Hermitian complex space. Let A C X be an analytic
set which contains the singular set of X, i.e. Xgns C A. Let F' — X’
be a Hermitian vector bundle on X’ := X\ A C Xy¢s. Then, the set of
smooth forms (with compact support) with values in F' is well-defined:
EPUX' F) = (X, APIT*X' @ F),
PPUX' F) =X (X, APIT* X' @ F).

cpt
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5 The Dolbeault Operator on Complex Spaces

Further, the space of square-integrable (p, ¢)-forms with values in F' on
X is denoted L2 (X, F) := L2 (X', F). This definition is independent

of A since square-integrable forms extend over analytic sets.

The Dolbeault operator 0 is well-defined for differential forms with
values in a holomorphic vector bundle since the transition functions
commute with 9. Let Ocpr: 274X, F) — 9P7TH( X', F) denote the
Dolbeault operator on differential forms with values in F' and compact
support. Then, dcpt is a densely defined operator on Lf,,q(X , F'), which
is (in general) not closed. Let d;: Lf,’q(X, F)— L?)’qH(X, F') denote
the minimal closed extension of d.p¢ which is given by the closure of
the graph
P50 = 1, Oep): w € PPUX' F)} C Ly (X, F)X L 1 (X, F).

Let Oy: L2 (X, F) = L2 (X, F) denote the maximal extension of

p.g+1
Ocpt, 1. €. Oy is defined in the sense of distribution:

(u € dom 0y, and dyu = v) <=
/ u A da = (—1)p+q+1/ vAa Vaeg" P XY,
X/ X/
In Remark 5.10, we will see that the definitions of 9,, and 0, are
independent of the choice of A (as long as Xging C A and F is defined
on X\A4).

The extensions 0y and d,, correspond to some kind of boundary condi-
tions on A and at the boundary of X or at infinity of X, respectively.
If there is no boundary condition made, then we obtain 9,,. It is also
called the weak extension and it is the closed (L2-) extension with the
largest domain of definition. If all boundary conditions are made, then
we get O, which is also called the strong extension. More precisely,
u € dom J; if and only if there exits a sequence {u;} C ZP4(X', F)
(in particular, suppu; N X' = @) such that
uj — uw and Gyuj — Oyu in L2
0, is the closed extension with the smallest domain of definition. In

Section 5.2 and Section 6.1, we also study other extensions which are

needed in Section 6.4.
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We use the following notations of Dolbeault cohomology:
HPU(X, F):=ker (0s: L} (X, F) = L2 (X, F)) /0s(L3 .1 (X, F)),

HU(X, F):i=ker (Ou: L} (X, F) = L2 . \(X, F)) J0u(L] , (X, F)).
Let h2%(X' F) denote the dimension of HY'? (X' F) fore = w or e = s.
Since 9, and Oy are independent of A, we get that the cohomologies
are independent, as well. A priori, they depend on the metric v and

the Hermitian metric of F'.

Let Ocpt: PP (X!, F) — 2P9(X', F) be the formal adjoint of dcpt
and Y, := 5;: and ¥, := 5: the Hilbert-space adjoints of 9,, and 0O,
respectively. This notation makes sense as 1,/ is in fact the maximal
(weak) or minimal (strong), respectively, L%-extension of Uept. Let
w: L2 (X,F)— L2 . (X,F*) be the conjugated Hodge-*-operator
with respect to the metric v of X and the Hermitian metric of F'
defined by

(U, 0)y,rdV = uA*v for u,v e Lf,’q(X, F),
where dV' = dV,, denotes the volume form with respect to 7. Then, we

have
Ve = — %0 % (5.2)

for each e € {cpt,w, s}.

5.1 Local version of the weak extension,
definition of Kx(F)

In this section, we introduce a local version of the Dolbeault operator
and obtain a sheaf homomorphism on the sheaves of locally (square-)
integrable forms. Actually, there exists a localized version of the

Os-operator, as well (cf. Section 6.4).

Let X be a Hermitian complex space, A D Xging an analytic set in X
and F a Hermitian vector bundle on X’ := X\ A. We define locally
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square-integrable (p, ¢)-forms with values in F' on an open set U C X
by

120U, F) 1= {u € LEO(U\A, F): we L2, (V\A, F) ¥VeU }.

The presheaf £2:7 defined by £24(U) := Lf,j}loc(U , F) is canonical, i. e.
L7 is already a sheaf.

Let Oy joc: LEX(U, F) — LZ:;Ofl(U, F) denote the Dolbeault operator
in the sense of distributions on locally square-integrable differential
forms with values in F'. Then, the extension gw,loc is locally defined,
i.e. for open V. .C U, 9y joc: Lf,j}loc(V, F) — L*¢ (V, F) is given by

pyg+l1
the restriction of dy1ec: LEr (U, F) — Li:lqo_fl(U, F). In particular,
the presheaf

CrA(U) = CPYU, F) := dom (Qu,toc: Low(U, F) — L;:}I"ﬁl(U, F))

defines a sheaf and 0y, 1oc defines a sheaf homomorphism CE? — C%qﬂ.
Since C:? admits a partition of the unity, it is fine. This implies that
it is acyclic, i.e. H"(U,CR%) = 0 for all r > 1.

We define
Kx(F) = H#r(Juioc: Ci° — CY)
and obtain the following complex of sheaves
0= Kx(F) = C’ »cpt e — .. (5.3)

Under some additional assumptions, (5.3) is a fine resolution of Kp
(see Theorem 10.5). Hence, we can use it to compute the Dolbeault
cohomology of locally square-integrable differential forms with values

in F' which is defined as follows:
k gw oc' L2,loc X,F N L2 X7F
Hy (X F) = er(Gus it o (21 ) = Ly g1 (X, F))
7 au),loc(L ¢ (X, F))

p,g—1

This does not depend on A and the Hermitian metric v of X. If the

Hermitian metric of F' does not extend over A, then H”{ (X, F) does

not coincide with H”Y (X', F) which is usually defined as

w,loc

ker (Dutoc: LS (X',F) — L2 (X', F)) [Buoc( Lo (X', F)).

Furthermore, H?¢ (X, F) does depend on the Hermitian metric of F

w,loc

unless the metric extends over A.
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This motivates the following definitions.

Def. 5.4. Let . be a coherent analytic sheaf on a complex space X,
let S := L(.) denote the associated linear space. For each z € X,
there exist a neighbourhood U = U(z) C X and an embedding of Sy
in UxCV®), We call h = {hy}zex a (smooth) Hermitian form on S
if all h, are Hermitian forms on S, and, for an open covering {U;}
of X with embeddings Sy, C U; xCNi, there exist smooth Hermitian
forms h; on U;xCNi with h‘j|SUj = h. We call . Hermitian if there
exits a smooth Hermitian metric h on S. The dual g of h induces a
Hermitian metric on the vector bundle R(.%). We say ¢ is induced by

the Hermitian structure of .&.

Recall that R(.¥) denotes the vector bundle on X’ := X\ Sing .
associated to the locally free sheaf Zx/, i.e. R() = L(%/) (see
Section 3.2).

The construction of a Hermitian metric on an arbitrary vector bundle
generalizes to linear spaces, i.e. all coherent analytic sheaves are
Hermitian. Yet, not every Hermitian metric on R(.¥) is induced by
a Hermitian structure of .. For us, this special kind of metrics are
of interest because of the following fact: If g1, go are two Hermitian
metrics induced by two Hermitian structures of ., then ¢g; and go are
equivalent on K\ Sing .7 for all compact subsets K of X. In particular,
L%jlqoc(U, R(.)) and 9y 10c are independent of it.

For a Hermitian sheaf .¥, we set

Kx (&) = Kx(R(.7)).
We will see that (5.3) is a fine resolution of Kx () (see Theorem 10.5
with independence of the choice of the Hermitian metric on .#”). There-

fore, we can use it to compute the Dolbeault cohomology of locally

square-integrable differential forms with values in .
HP (X,.9):=HP (X,R(.¥))

w,loc w,loc

which is independent of A, v and the Hermitian structure of ..
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5.2 The extensions 9, and 0,

In Section 6.1, we will study the following closed extensions of Jcpt,
which are different from the minimal J; and the maximal d,,. Let
X €Y be a relative-compact domain in a Hermitian complex space
Y. We can interpret 05 as 0,, with certain boundary conditions. The
boundary of X* := X\Yqing consists of two parts, the singular set Xing
and the boundary at 0.X, i.e. 0X* = 0X U Xging. Therefore, we have
to deal with two kinds of boundary conditions. Let gs,w denote the
closed L2-extension which satisfies the boundary condition at Xging,
i.e.
dom 05, := {u€dom dy,: I {u;}Cdom 9y, with XgingNsupp u; = 0,
wj — u & Oyutj — Oy in L}

Ow,s denotes the extension which satisfies the boundary condition
at 0X, i.e.
dom O 4 := {u€dom 9, : 3 {u;}Cdom Oy with 0 X N supp uj =0,
wj — u & Jyuj — Oyu in L*}.
Here, we refer to the support with respect to the ambient space Y.
The first index represents the inner boundary Xgi,e, the second the
outer boundary 0X. H, ;kf; and H{Z"; denote the cohomologies with

respect to 557,0 and gw,s respectively.
We define the formal adjoint operators (cf. (5.2))
Vs = —F0s ¥ and Uy s = —F Oy s ¥,

which we can realize as Hilbert-space adjoint operators in special cases
(cf. [Rupl4a, Lem. 5.1]):
Lemma 5.5. If 0X does not intersect Ysing, the Hilbert-space adjoints

5:@ and 5;,3 satisfy the representations éz’w = Vs = — %Oy ¥ and
gfu,s =Vsw = —155@ *, respectively.

Proof: We will show that dom J;,, = dom ¥, 5. The other identity

s )
dom d,, ; = dom ¥ ,, can be shown in the same way.
b

(i) dom®, s C dom 5:@: Choose a u € dom ¥, 4, i.e. there is a
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sequence u; € dom ¥, with u; — u, Yu; — Ju, and suppu; N X = 0.
We have to prove

(u, 0v) < |Jv]| Vo € dom Os 4p-
Let v be in dom 55711, and v; a sequence associated to v in dom O, 1. €.
vj — v, gvj — Ov, and Xging Nsuppv; = (). Since a product of u; and
v; has compact support in X* (using 90X N Yiine = (), integration by

parts implies

(Uj,g’()j) = /Uj A?gvj = —/Uj /\’1911)3‘ = /ﬂuj /\1’1)]' = (ﬂuj,vj).
Passing to the limit, we get

|(u, 0v)| = lim [(v), Yu;)| < Lim [yl - [9u]| = ol [[Pul].
j—o0 j—o0

(ii) domgz’w C dom¥,,: Let u be in dom 5:710. This implies
that v € dom4d,,, and we have to show that v € dom, . For
this, we can choose a cut-off function xy € € (Y; [0, 1]) with x =0
on a neighbourhood U(Ysing) of the singular set and x = 1 on a
neighbourhood U (0X) of the boundary since 0X does not intersect

Xsing C Ysing. We will show that both, yu € dom ¥, s and (1 — x)u €

dom ¥, s, separately.

First, it is clear that yu, (1 — x)u € dom ¥,,. But (1 — x)u has support
away from the boundary X, and so (1 — x)u € dom ¥, 4.

Let us now consider yu. For each v € dom 0,,, we have
(Xu,gv) = (u, ng) = (u,g(xv) —Ox A v) = (5*u,xv) — (u,gx A),
where we infer the last equation from the assumption v € dom 5:7,”
and xv € dom Js,,. We conclude

|(xu, 80)| < (10"l [[xoll + [ulll|Bx]lv] < [l

and, hence, yu is in dom 5;: = dom ;. Therefore, yu € dom s C

dom 9y 5. 0O

Note that we say that a(z) < b(x) for functions a,b : S — R on a
set S if there is a constant C' > 0 with a(z) < C - b(z) for all x € S.
a(z) ~ b(z) means that a(z) < b(x) and b(z) < a(z), i.e. there exists
a constant C > 0 such that £b(z) < a(z) < C - b(z) for all z € S.
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5 The Dolbeault Operator on Complex Spaces
5.3 L’-extension theorem

In this section, we recall the following L?-version of Riemann’s exten-

sion theorem:

Theorem 5.6. Let M be a Hermitian manifold, let A C M be a
thin analytic set, let F' be a Hermitian vector bundle on M, and
let P: 9P9(M,F) — ¥4 (M, F) be a partial differential operator
of first order with continuous coefficients. If u € Lf,jlloc(M, F) and
vE L;}{Z,C(M, F) satisfy Pu=v on M\A in the sense of distributions,

then Pu = v in the sense of distribution on M.

This theorem is a simple generalization of Thm. 3.2 in [Rup09]. We

will present the same proof as in the author’s diploma thesis [Ser10].

Proof: We want to simplify the problem. We keep in mind that it is a

local statement.

The proof is conducted recursively by dividing A in the regular part
Ayeg and singular part Agng. If we assume that the proposition holds
for A,eq in place of A and M\ Aging in place of M, then it remains to
show the proposition for Agpg in M. Since Agjye is an analytic set in
M with smaller dimension than A, we can repeat the argument by
separating Agne. Hence, the problem can be reduced to the case that

A is regular.

With a partition of unity and a biholomorphic transformation, we
can consider M € C", F trivial and A = M N (C™ x 0) since A is
regular. In addition, we can see P as a matrix if we interpret the
(p, q)-forms and (p', ¢')-forms as vector spaces. One entry of P looks

. 2 P : .
like Pij =Y 1y Mg+ B if we set z; = x; + ixp4 ;.

It remains to show that, if « € €°(M), f € L>°°(M) and g € LY1°¢(M)
satisfy

fagldv = —/ gpdV Vo € 2(M\A),  (5.7)
M\A g M\A

then this equation (5.7) holds for all p € Z(M).
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5.3 L%-extension theorem

Let ¢ be in (M), and let d be the diameter of M. We choose
X € 2(R{,[0,1]) such that y(z) =1 forz < 1, x(z) =0for 2 > 3 and
X <C. Weset xs: M = R, x5(2,2") := X(HZ“H) with 2/ = (21, ..., 2m)
and 2’ = (zm41, ..., 2n). Then, we get 5 := ¢ - (1 — x5) € 2(M\A)
and supp xs¢ C Us := Us(A) = {(2/,2") € M: ||Z"|| < §}. We infer
from (5.7) that

/f%kargsD dV‘ ‘/ faa%+9905dV' /‘fa ) 1 gy sep|dV

/ ‘fa ) +gxa30‘dV

0
< [ |ravie
With x5 |gp| < |gel|, we conclude x5 |gp| € L¥°¢(M) and

/Xa\gﬂdvé/ lgp| dV — 0 if 6 — 0
M Us

(cf. Lem. A1.17 in [Alt06]). Analogously, we get

/ Xa)fa

Holder’s inequality implies
e}
/ )f a@aig
Us
= (

Us

+ x5 lge| dV.

0
+X5‘faﬁ

if 6 — 0.

av =

C

, we can estimate

1
2
dV)
2

s | AV = vol(Us) - G < d>™(25)%—m) . &
S

%
oxy

\/U(;
Ixs

Since m < n, we deduce that ng 5

/ ‘foapam

Corollary 5.8. Let M be a Hermitian manifold, and let F' be a

Hermitian vector bundle on M. Then,

—M\A _
a \ = 652 L?),q(M\A7FM\A) — L§7q+1(M\A7 FM\A)

S

2
dV is bounded and

1
2
dV<< yfmpﬁdv> —0 if § = 0.
Us
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5 The Dolbeault Operator on Complex Spaces

coincides with

M —
J, =05 L2 (M,F)— L2, (M,F).
More precisely, if u € dom 519\47 then there exits a sequence {u;} of

smooth forms with values in F' and compact support in M\ A such that

uj — u and Ot — Oy in L2.

Proof: We use the notation with the superscript for the adjoint operator
Y of 9, as well, and set M’ := M\ A. Since the Hilbert-space adjoint
of 52\4 is M we get

(920'0,9) = (v,0) (5.9)
for all p € 2P9(M’', F). With Theorem 5.6, we get the equality (5.9)
also for all ¢ € ZP4(M, F'). This means

dom 191]‘1)/‘[, = dom 9.
In particular the Hilbert-space adjoints coincide:

dom 52\4’ = dom giw

Remark 5.10. Let X be a Hermitian complex space, let A, B be
analytic sets in X with Xgn, C A C B, let F’ be a Hermitian vector
bundle on X’ := X\ A, and let F” be the restriction of F’ to X" :=
X\B. Since 9,, is defined in the sense of distributions, Theorem 5.6
implies that ,: Lz (X, F') = L2 (X, F') and 9,: L (X, F") —
LIZJ,qH
coincide. The same holds for 9y 1oc, i.e. Cpr = Cpr. In particular,

Hg;q(X, F’) — Hg;q(X, F//) and HP1Y (X, F’) — HgP4 (X, F”).

w,loc w,loc

(X, F") have essentially the same domain of definition, i.e. they

As elaborated in Corollary 5.8, we obtain that the domains of definition
of s in L?(X, F') and L?(X, F") coincide, as well. This implies

HYY(X,F') = HP9(X, F").

78



Chapter 6
L?*-Riemann-Roch

for Singular Complex Curves

The purpose of this chapter is to give a comprehensive L2-theory for
the O-operator on a singular complex curve, including L2-versions of

the Riemann-Roch theorem as it is presented in [RS15].

Let us explain some of our results in detail. Let X be a compact
singular Hermitian complex space of dimension 1, i.e. a Hermitian
complex curve, and L — X a Hermitian holomorphic line bundle.
Note that the genus g = g(X) of X and the degree deg(L) of L are
well-defined, even in the presence of singularities (see Section 2.2). For
a singular point z € Xging, we define its modified multiplicity mult), X
as follows: Let X, j = 1,...,m, be the irreducible components of X in

the singular point . Then,
m
mult!, X = ijl(multx Xj — 1).
Note that regular irreducible components of X do not contribute to
mult/, X. In Section 2.2, we recalled the definition of the multiplicity

mult, X; and presented different ways to compute it. We obtain the

following L?-version of the Riemann-Roch theorem:

Theorem 6.1 (J,-Riemann-Roch). Let X be a compact Hermitian
complex curve with m irreducible components and L — X a holo-
morphic line bundle. Then,
WOO(X,L) — hyN(X, L) =m — g+ deg(L) + Y mult, X, (6.2)
7€ Xging
and
REL(X, L) — hXO(X, L) = m — g — deg(L).
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6 L?-Riemann-Roch for Singular Complex Curves

Theorem 6.1 is a corollary of Theorem 6.15, which we prove in Sec-
tion 6.2. There, we also consider an L?-dual version, i.e. an L*-
Riemann-Roch theorem for the minimal closed L?-extension of the

5—operator 0Os.

On singular complex curves, the ds-operator is of particular importance

because of its relation to weakly holomorphic functions.

Theorem 6.3. Let X be a Hermitian complex curve. Then,

HO(X>6X) = H070 (X)7

s,loc
H'(X,0x) = H}.(X).
If X is irreducible and compact, then dim H°(X, @X) =1,9(X) =
dim H'(X,Ox). We prove Theorem 6.3 in Section 6.4.

To exemplify the use of L?-theory for the J-operator on a singular
complex space, in particular the L?-Riemann-Roch theorem, we give
two applications in Section 6.5. There, we use our L2-theory to give
alternative proofs of two well-known facts. First, we show that each
compact complex curve can be realized as a ramified covering of CP!.
Second, we show that a positive holomorphic line bundle over a compact
complex curve is ample, yielding that any compact complex curve is

projective.

Let us clarify the relation to the previous work of others. One can de-
duce parts of Theorem 6.15 and the second statement of Corollary 6.19
from W. Pardon’s work [Par89] by some additional arguments on the
regularity of the d-operator. The first part of Corollary 6.19 was dis-
covered by P. Haskell [Has89], from which one can deduce the second
statement of Theorem 6.1 by the use of L?-Serre duality. Moreover,
Theorem 6.1 was proven in essence by J. Briining, N. Peyerimhoff and
H. Schroder in [BPS90] and [Sch89] by computing the indices of the
Ow-and the Os-operator.

The new point in the present chapter is that we can put all the partial

results mentioned above in the general framework of a comprehensive
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6.1 Local L?-theory of complex curves

L?-theory. From that, we draw also a new understanding of weakly
holomorphic functions (Theorem 6.3) and of the divisor Z — |Z|, which
was mentioned in the introduction (see (1.2)). Moreover, all the
previous work has been done only for forms with values in the trivial
bundle (except of [Sch89]), whereas we incorporate line bundles. This
is essential for the application as we will illustrate by the examples

mentioned above.

6.1 Local L?-theory of complex curves

In this section, we study the local L?-theory of (locally) irreducible
analytic curves in C". By the remarks on the local structure of singular
complex curves in Section 2.2 and Section 6.2, it follows that the
studied situation is general enough. We will compute the L?-Dolbeault
cohomology by use of the Puiseux parametrization and will see why
the term 37 ¢y mult’, X occurs in (6.2).

Let A be an irreducible analytic curve in A" C CZ,,

_,» given by
the Puiseux parametrization

m: A= C" | w(t) = (t%,w(t)),
where w = (wy,...,wn_1): A — A" ! is a holomorphic map such that
each component w; vanishes at least of the order s 4+ 1 in the origin.
Here, A is the unit disk {¢t € C: |t| < 1}. We can assume that 7
is bijective, in particular, a resolution / normalization of A such that

multy A = s. Further, we can assume that 0 is the only singular point

of A.

For a regular point (29, wp) € A* := Ayeg, let tg € A* := A\{0} be
the preimage under 7. Since 7 is biholomorphic on A*, dwto(%) =
sty 8 4+ wk(to)— is a non-vanishing tangent vector of A* in

(zo,wo), ie.

(1+ 1265w (1) )~ ( Zwk (to afuk)
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6 L?-Riemann-Roch for Singular Complex Curves

is a normalized generator of T\, ) A" and (1+]| 175w/ () 12)2dz is a
normalized generator of T(*Z

0,W0)
in the origin, we obtain 1+ [ 1¢! 75w/ (¢)||> ~ 1 on A and dVa- ~ idzAdz,
where dV 4+ denotes the volume form on A* induced by the standard
Euclidean metric of C". Using 7*dz = d(7*2) = dt* = st*"'dt and
7 (dz A dz) = s*[t]?~Ddt A dE, we get

T dVae ~ [t2EDaVA.

A*. Since w; vanishes at least of order s

Let ¢: A* — A* be the inverse of m. Then, ¢(z,w) is the root ¢t =
vz with w = w(t). We get *(dt) = %zl/s_ldz and J*(dt A dt) =
S%\z|2(l/5*1)dz NdzZ, i.e.

FdVas ~ |2)2F DAV ..
If ¢ is a measurable function on A*, we obtain
/ |g2dVa- = / | g| 27 dVpe ~ / [ g|? - |2V dVA.
A* A A
Hence,
g€ L(%’O(A*) ot rvg e L(QLO(A).

For (0, 1)-forms and (1, 1)-forms, we have

7 (gdz) = n¥g - ¥ (dz) = fsflﬂ*(g)df,

m*(gdz A dz) = [t D% (g)dt A d.

Thus,
IS Lg,o(A* st fe L%,O(A),

)
e L%,O(A*) e rfe L%,O<A)7
feLy (A") & n*f e L§,(A), and
feEL (A et a* f € LT (D).
On the other hand, if v € L%,O(A), we get

oo>/ |v|2dVA:/ ]L*v|2b*dVA~/ |L*v\2-|z|2(1/3_1)dVA*.
A A* A*

Thus, |z|”»~1*v is square-integrable on A*. For each (0,1)-form
vdt € L 1 (A), we get st*(vdt) = z /1 (v)dz € L, (A*), and for each
(1, 1)-form vdt A dE € L | (A), we get \z|1_%L*(vdt Adt) € L3 1 (A%).

So, if f € Lgyl(A*), then u := 7*f is in L?, too. Since dimA = 1,
there exists v € L%70(A) with 90 = u. We set g := ¢*v. Since |z|/"1g
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6.1 Local L?-theory of complex curves

is in L2 and |2|20="4) is bounded,
ol = [ 127 1g - o0 av
A*

1 1
< [lz " gl - 12207 ) < o0
Hence, we get an L?-solution for d,g = f and so

Hy'(A) = L§1(A%) /R(Dw) = 0.

In the same way, it is easy to compute

HL(A) =o0.

We will now determine H5?(A) = ker(d,, : 20 — L2) by use of
the L2-extension theorem (Theorem 5.6). For this, let O72(A) be the
square-integrable holomorphic functions on A, and let QlLQ (A) be the
holomorphic 1-forms with square-integrable coefficient. If g € Lg,O(A*)
and dyg = 0, then v := 7*g € [t['75L§((A) and dyv = 0 on A*,
Therefore, d(t*~1v) = 0 on A* and t*~1v € L%yO(A). The L?-extension
theorem implies (+*~1v) = 0 on A, i.e. v is a meromorphic function
with a pole of order s — 1 or less at the origin. We say v € t1=50;2(A).

Since, on the other hand, ¢*(t!=*O;2(A)) C ker d,,, we conclude
HYO(A) 2 t1750,2(A). (6.5)

If fe L%’O(A*) and O, f = 0, then u := 7*f € L%O(A) and O,u =0

on A (using the L2-extension theorem again). Hence, u is holomorphic

on A and
HE(4) =0l (A).

To compute the cohomology groups H*(A), we use L2-duality:
Lemma 6.6. Let 0, denote either the weak or the strong closed exten-

sion of 0, and Oec the other one. For p € {0,1}, let the range R(0.)

of Oe: L;%,o — L]%’l be closed. Then,
HE'(A) = Ho PO (A).

For the proof see e.g. [Ruplda, Thm. 2.3].
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6 L?-Riemann-Roch for Singular Complex Curves

Lemma 6.7. Forp € {0,1},
HPY(A) = HL P (A) =0 and
HPY(A) = Hy PO (A).

Proof: Recall that Hy ”'(A) = 0. This implies L}_,;(A*) = R(w)
and, particularly, that the range of 0., : L%_pp — L%_nl is closed. As
Yy = — %0y * and * is an isometric isomorphism, we conclude that
the range of ¥,,: Lil — LiO is closed as well. This is equivalent to
the range of 95 = U7, L;O — LIQ,,1 being closed (standard functional

analysis). Lemma 6.6 implies both isomorphisms. O

To get the complete picture, we also need to understand the Dolbeault
cohomology groups of the closed extensions gs,w and ngs, which was
defined in Section 5.2.

Lemma 6.8. Forp € {0,1},

HEO(4) =0,
Proof: Let f € kerQy s = HY%(A). We have shown that w - u :=
w-m*f e L2o(A) with w(t) = "1 if p=0and w(t) = 1if p = 1.
By the L?-extension theorem, we conclude Js(w - u) = 0 on A. The
generalized Cauchy condition implies that the trivial extension of wu

to the complex plane is a holomorphic p-form with compact support
(cf. [LMO02, § V.3]). We deduce that wu = 0 and, hence, f = 0. O

Lemma 6.9. HS;{Z(A) >~ O;2(A) and

H(A) = 7105 (A).
As Op2(A) = Op2(A), the first isomorphism implies that the Os.w-
holomorphic functions on a singular complex curve are precisely the

square-integrable weakly holomorphic functions.
Proof: First, we prove that Op2(A) = 7*ker(9s . : L o(A*) = L§ (4%)).

(i) For v € Or2(A), we claim that g := *v € ker Js,,. To show
this, choose smooth functions xj: R — [0, 1] with )?k|(—oo,k} = 0,
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6.1 Local L?-theory of complex curves

_ N - %, (log 1
Xkl fet1,000 = 1 and [X},| < 2. We get (Xy ologo|log|)'(p) = m%ﬁpl)

We define xj: A* — [0,1], (z,w) — Xi(log|log|z||) (which is in-
spired by [PS91, p. 617]) and get suppdyr C A* N AL, where
e = exp(—exp(k)) = 0 if k — 0o. As v € L§(A), we have

g € 275 L3(A") € Lip(A").
Then, g - xx — ¢ in L2. As a holomorphic function, v is bounded in a
neighbourhood of 0. Therefore,

~ 2
— Xy, (log | log |2]]) 5
Hgaxkni*:' - 9
|z|log | 2| AnAL
2 —1
<o ,
~ S S
|2 10g 2] | 4-na, t]* log |t] A,
1 2 / 1
< o - AV
H!tllogltl A, Jag [t log? |t

€k p 1 €k
=27 ———dp ~ |— — 0 if k — oo.
2 2
o p*log®p logp g

Hence, 9(gxx) = g0xk — 0 = 0ug in L% So, g € dom Os 4.

(ii) 7*(kerdsq) C Or2(A) (cf. the proof of Lem. 6.2 in [Rupl4al):
Let g be in ker 95 4, i. e. there are g; in L*(A*) with g; — ¢, dg; — 0 in
L?(A*) and 0 ¢ supp g;. Let x € 655(A,[0,1]) be identically 1 on Ay,
We define u := yn*g and u; := x7*g;. It follows that t*~1u; — t*"1u
and du; — Ou in L*(A). Let P: L?>(A) — L%*(A) be the Cauchy
operator on the punctured disc, i.e.

1 h(¢) =
Ph)|(t) := d¢ N dC.
PO = 5 [ 2 nde
Since the support of u; is away from 0 and JA, we get u; = P(—aaug).

The L?-continuity of P and guj — Ou in L? imply that

uj:P<8“j> —>P<a“>
o¢ ¢
in L?. Since t*7! is bounded, we obtain ts_luj — ts_lP(a—E) and,

¢

hence, u = P(g—%) in L?. That yields 7*g € L?*(A). With 7*g €

t'7%02(A) and the L2-extension theorem, we conclude 7*g€ Op2(A).
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6 L?-Riemann-Roch for Singular Complex Curves

Second, we claim that ker (95 Lf o(A*) = LT (A*)) = t571Q,(A):
f =gdz is in ker gs,w if and only if g € ker gsyw. This is equivalent to
7*g € Or2(A). Since 7*(dz) = t*~1dt, we infer that

T H;’g(A) — I (A), 7 f =t ¥ gdt

is an isomorphism.

Il

The Riemann extension theorem (see Theorem 2.13) implies Or2(A)
O12(A) and the last statement.

O

Lemma 6.10. For p € {0,1}, R(Dws: L2 o(A*) — L2 (A%)) and
R(Osw: L;O(A*) — LZJ(A*)) both are closed, and

HE79(A) = H PY(A) for q € {0,1}.

w,s

. =% =%
Proof: Since 0,, = Usw, Os, =

—% 0w * (see Lemma 5.5), it is easy to see that Lemma 6.6 holds for
Ouw.s and Os,,. We remark (cf. the proof of Lemma 6.7) that

R(Os.) is closed < R (W s) is closed

& R(Ow,s) is closed.

D,y Vs = —*0s 0 * and ¥y 5 =

Therefore, it is enough to show that R(0, ) is closed.

Let ¢: A* =R be the smooth function defined by ¢(t) := (1—s) log |t|2
Then, we get

tl_ngyq(A) = ngq(A, p) = {u € LIQ):;OC(A*): /\u!Qe_‘p < oo}
for the L2-space with weight e~¥.
We set T 1= 70y st*: L%’O(A,go) — L(2),1(A)- The L2-extension
theorem implies that T} is the (strong) closure of dcpy : LaO(A, v) —

L%’l(A). Therefore, T is the weak closed extension of ¢ : Lg,l(A) —
L§ o(A, @) which is defined by

@eptcr, B) = (0, 08,0 8)p = / (0,0, B)e#dV.
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6.1 Local L?-theory of complex curves

We set ¥, := e"¥*. Then, T5 := — %, T} * is the weak closed extension
of Oept : L%’O(A) — L%I(A, —¢) because integration by parts implies
Vi = —F— Ocpt *:

(a,*_wacpt*ﬁ)w:/OZA*so*—wacpt*B:/a/\acpt*ﬁ

= - /8cpta N¥fB = _<50pt047/8> = _(aaﬂfpt/@)w'

Hence, T is Oy : L%O(A) — L%I(A, —¢) in the sense of distributions.
Since, for each u € L3 (A, —p) = t*71L3 | (A) C L (A), there is a
v E LiO(A) with Thv = 0,,v = u, the range of Ty is closed. Thus, the
range of T} and the range of dy, s = *T17*: L§o(A*) — L§ 1 (A*) are
closed, as well.

Analogously, we set Sy := 1%8y,st*: L o(A) = LT (A, —¢) and Sy :=
— %57 %,. Then, S5 is the weak closure of Ocpt : L&O(A, ) = L(Q),I(A)‘
R(S2) = {u € L§,(A): Fv € L o(A, ) =t 75L§ o(A) with Spv = u}

O {u€ L§ (A): Fv € L§o(A) with Oyv = u} = L§,(A).

Therefore, R(S2) = L%,I(A) is closed. This implies the claim. O

Summarizing, we computed (with s = multy A):

Hy'(A) = Hy'(A) = #1750.2(R),

Hy'(A) = HJ'Y(A) = QL,(A),

HY'Y(A) = H;7P0(A) = 0, (6.11)
How(A) = Hys(A) = 0p(A),

HAO(A) = HYL(A) = t+7101,(A), and

HPw(A) = Hy PPA) = o.
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6 L?-Riemann-Roch for Singular Complex Curves

6.2 L?-cohomology of compact complex curves

We will prove Theorem 6.1 in this section. As a preparation, we consider
the following local situation: Let A be a locally irreducible analytic
set of dimension one in a domain 2 € C7, ., | with Agyg = {0},
let dV denote the volume form on A* := A, which is induced by the
Euclidean metric, and let z: A — C, be the projection on the first
coordinate. Let us mention (cf. e.g. Prop. in [Chi89, Sect. 8.1]):

Theorem 6.12. The set of all tangent vectors at a point of a one-

dimensional irreducible analytic set in C™ is a complex line.

Thus, we can assume that Cy(A4) = C, x {0} € C, x C?* and,

w1...Wn—1"

therefore, dV' ~ dz A dz (by shrinking 2 if necessary).

Let m: M — A be a resolution of A, zg := 7~1(0). Then, Z = (7*(z2))
is the unreduced exceptional divisor of the resolution. After shrinking
A and M again, we can assume that M is covered by a single chart
: M — C with g € M and (z9) = 0. We set ¢ := 7*(z) and get
Z =(C). |Z] = (v) implies Z — |Z| = (%) We obtain

o¢ ¢

7 (dz) = d(n*z) = %dw ~ id?/}.

2 _
Therefore, 7*(dV') ~ ‘%‘ dyA\dyp, and we conclude (recall the definition

of line bundles Lp from Section 2.2):
2 It e g
feL, (A% < i ' f e L, (M)

(6.13)
&' f € Lyg(M, Lu—pg)(z-|2))-
M. Nagase stated this equivalence already in Lem. 5.1 of [Nag90]. By
use of the L2-extension Theorem 5.6, we get:
f € dom (0y: L2 o(A*) — L2 1 (A¥))
& ' f € dom (Du: Lo(M, Lp)(z-12))) = Lpa (M, Ly(z|-2)).
(6.14)

The essential observation for the proof of Theorem 6.1 is the following:
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6.2 L?-cohomology of compact complex curves

Theorem 6.15. Let X be a compact complex curve and L — X a
holomorphic line bundle. Let m: M — X be a resolution of X with
exceptional divisor Z, and D a divisor on M such that n*L = Lp, i.e.
O(m*L) = O(D). Then,

HYY(X,L) = H'(M,O(Z — |Z| + D)),

HYY (X, L) = HY(M,O(Z - |Z| + D)),

HX(X, L) = H'(M,QY(D)) = HY(M,O(-D)), and
HM(X, L) = HY(M,QY(D)) = H* (M, O(-D)).

In [Par89, § 5], Pardon proved that Hé’slsm(X*) ~ HY(M,0(Z —|Z]),
where H ?273] o (X*) denotes the O-cohomology groups with respect to

smooth L2-forms. We will use similar arguments here.

Proof: Let zp be in Xging, and let A be an open neighbourhood of
2o = 0in X embedded locally in C". We assume that A = A1U ... UA,,
with at x¢ irreducible analytic sets A;. For M; := m~1(A;), we obtain
the resolutions m; := m|ps, : M; — A; of A;. The sets M; are pairwise
disjoint in M and so are the supports of the exceptional divisors
Z; = Z|u, of the resolutions m;. We get Z|, 14 = St Z; and
’ZHﬂ—l(A) = > ", 1Z;|. Therefore, the consideration in the local
case (see (6.14)) implies that d,,: Lf,yo(X*,L) — L§71(X*,L) can be
identified with
A Ly o(M, La—p)(z—|z)y+D) = L1 (M, Lpz|-2)1D)-
Hence,
Hp°(X, L) = ker(,: L%,O(Ma Lz \z1+p) = Lg,l(Ma Lp))
~ 0%(M,0(Z — |Z| + D))
and
Hy(X, L) 2 ker(Dy: LTo(M, Lp) = LT 1(M, Lz~ z4p))
=~ mg%(M,QY(D)).
Serre duality (see Thm. 2 in [Ser55, §3.10]) implies
HO(X,L)= HY (M, Q' (D)) = H' (M,O(-D)).
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6 L?-Riemann-Roch for Singular Complex Curves

To prove the other two isomorphisms, consider the following general
situation: Let E be a divisor on M, Lg the associated bundle, and let
L2 denote the sheaf on M which is defined by £29(U) := L¥ (U, L)
for each open set U C M. Let E' < E be another divisor. Consider
the 0-operator in the sense of distributions ngOC: E%’O — E%,l. Let
C%’?E, denote the sheaf defined by

O (U) i= dom (Busoct Ly (Us Le) = Ly (U, L))
Then, C%’?E, is fine and, in particular, H'(M, C%’?E,) = 0. We get the
sequence

gw oc
0 — QP(E) = ChY % Lh) — 0, (6.16)
which is exact by the usual Grothendieck-Dolbeault lemma because

there is an embedding £%7 € L7 (induced by the natural inclusion
O(E') C O(E), see (2.5) in Section 2.2).
This induces the long exact sequence of cohomology groups
0—= QP(M, E) — 5, (M) 22> £} (M) —
— HY(M,QP(E)) - H'(M,C%%,) = 0.
Hence, £2) (M) /8,C%0%, (M) = H'(M,QP(E)). We conclude
~ 0,1 Y 0,0
Hy'(X,L) = L5 (M) /0uCy° 1, p(M)
~ Y (M,0(Z - |Z| + D))

and, using Serre duality again,

Hy (X, D)= L5, p(M)[0uCp 1 yy (M)
=~ H'(M,Q'(D)) = H'(M,O(~D)). 0

Theorem 6.1 follows now as a simple corollary by the use of the
classical Riemann-Roch theorem for each connected component of the
Riemann surface M, keeping in mind that by definition g(M) = g(X),
deg L = deg 7m*L = deg D and mult, X =37 . 1,y deg,(Z —|Z]) (see
Section 2.2).

To deduce also a Riemann-Roch theorem for the d,-cohomology, we

can use the following L2-version of Serre duality:
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Theorem 6.17. For each p € {0,1}, the range of 0. : L;O(X*,L) —
L?)’l(X*,L) s closed. In particular, we get

HEU(X, L) = HP9(X, L7,

Proof: Recall the following well-known fact. If P: H — Hjy is a

densely defined closed operator between Hilbert spaces with range

R(P) of finite codimension, then the range R(P) is closed in Hs (see
g. [HL84], App. 2.4).

As M is compact, Theorem 6.15 implies particularly that the range of
0, is finite codimensional and, therefore, closed. Since , is the adjoint
of —% 0, ¥, the range of d5: L? pO(X*,L_l) — L%pr(X*,L_l) is
closed, as Well. That both ranges are closed implies the L2-duality (cf.
Lemma 6.6)

HEH(X, L) = 09X, L) = A0 4(X, L7
= H; X LT,
where #79(X, L) := ker 9, Nker d,, denotes the space of d,-harmonic

forms with values in L for e € {w, s}. O

Therefore, Theorem 6.15 yields-

HY(X, L) = H,'(X, =~ H°(M,0(D)),

HPN(X, L) = H(X, )%Hl(MO(D)), (6.18)
HM(X, L) = HY (X, )%Hl(M,(’)(Z—|Z]—D)), and
HM(X, L)~ HY(X, LY =~ HY(M,0(Z — |Z| — D))

Haskell computed HCI’)‘%(X*) H9(M, Oxr), where HOU(X™) denotes
the 0-cohomology groups with respect to smooth forms with compact
support (see Thm. 3.1 in [Has89]). From (6.18), we obtain the dual
version of Theorem 6.1, i.e. the Riemann-Roch theorem for the 0,-

cohomology:
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6 L?-Riemann-Roch for Singular Complex Curves

Corollary 6.19 (9,-Riemann-Roch). Let X be a compact complex
curve with m irreducible components, L — X be a holomorphic line
bundle and w: M — X be a resolution of X. Then,

hOO(X, L) — h9 (X, L) =m — g+ deg L, and
WY (X, L) — hM(X, L) = m — g+ deg(Z — | Z|) — deg L,

where Z 1is the exceptional divisor of the resolution.

In [BPS90], J. Briining, N. Peyerimhoff, and H. Schréder proved that
h2(X)—hd' (X) =m—gand Ky (X) —ho (X) = m—g+deg Z —|Z|
by computing the indices of the differential operators ds and 0,,. H.

Schroder generalized this result to vector bundles in [Sch89].

6.3 Singular metrics

In this section, we will present the L?-Riemann-Roch theorem gener-
alized to the case that the regular part of the complex curve carries a

singular metric.

Let X be a compact complex curve and 7w: M — X a resolution of X.
We set X* := X;ep and M* := 77 1(X*). Let o be a Hermitian metric
on M*, oy a standard metric on M (all metrics are equivalent) and E

a divisor on M with |E| C M\M*. We say that o behaves like F if
dVy ~ [t|**dV,,

close to each point py € M\M*, where t: U(pg) — C is a chart,
k = E(po) and dV, and dV,, denote the volume forms which are given
by ¢ and o9, respectively. If E > 0, then o is a pseudo-metric on M, i.e.
o is positive semi-definite on M. Consider the metric yg := (771)*o
on X* and the Dolbeault cohomology groups Hiy %, (X, L) given by
the square-integrable forms on X* with respect to the metric v5. We
already computed that the standard metric y5q on X* coincides with

Yz-|z|, Wwhere Z is the exceptional divisor of the resolution 7.
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6.4 Weakly holomorphic functions

Theorem 6.20. Let X be a compact complex curve and L — X a
holomorphic line bundle. Let m: M — X be a resolution of X, vg a
Hermitian metric on X*, where n*vyg behaves like the divisor E > 0
on M whose support is contained in W_l(ijng), and D is the divisor

associated to w* L. Then,

HYY (X,L) = H(M,O(E + D)),
HY! (X,L) = H'(M,0(E + D)),
Hy0 (X, L) = H'(M,0(-D)), and
H;;}w (X,L) = HY(M,O(-D)).

In particular,
hod (X, L) — hh (X,L) =1 —g+deg E + deg L.
The proof of this is the same as the proof of Theorem 6.15. The

assumption E > 0 is necessary to see that (6.16) is exact.

6.4 Weakly holomorphic functions

In this section, we will prove Theorem 6.3 by studying weakly holo-

morphic functions and a localized version of the 9 -operator.

Recalling the arguments at the beginning of Section 6.2, it is easy
to see that the results of Section 6.1 generalize to arbitrary complex
curves. In particular, the gs,w—holomorphic functions on a singular
complex curve are precisely the square-integrable weakly holomorphic
functions (cf. Lemma 6.9), and the J; ,-equation is locally solvable in

the L2-sense (combine Lemma 6.8 and Lemma 6.10).

Let X be a singular complex curve, E’;&q the sheaf of locally square-

integrable forms, and let O, : Eg&o — Eggl be the O-operator in the

93



6 L?-Riemann-Roch for Singular Complex Curves

sense of distributions. For each open set U C X, we define 537100 on

LZ’BOC(U) as the restriction of 9,, to

dom s joc 1= {f € dom O,
f€dom (9w Loo(V) = L2 (V) VV €U}
(for more details, see Section 5.2 and [Rupl4a, Sect. 6]). Let fféo be
the sheaf of germs defined by

}-ﬁ’go(U) := dom (55,10(;1 Li:BOC(U) _ L;271110C(U)>

Then, Lemma 6.9 implies that the sheaf of germs of weakly holomorphic
functions Ox coincides with Her(Ds 1oc: .7-'9(30 — Egél). Lemma 6.8 and

Lemma 6.10 yield an exact sequence

0 = Oy = Hor Dy goe > FoO 2205 201 (6.21)
The sheaves ]-'9(’0 and Egél are fine and so (6.21) is a fine resolution
of Ox. Let H P (X) denote the L*'°°-Dolbeault cohomology on X*
with respect to the gsvloc-operator. Using @X = 1Oy and the first
direct image 7(1)On = 0, we deduce from (6.21) (by use of the Leray

spectral sequence, cf. Theorem 8.5):
HO(Mv OM) = HO(X7 @X) = H070 (X)7

s,loc
H'(M,0n) = H(X,0x) = H (X)),

s,loc

where m: M — X is a resolution of X. This proves Theorem 6.3.
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6.5 Applications

There are many applications of the classical Riemann-Roch theorem.
We will transfer two of them to our situation to exemplify how the
L?-Riemann-Roch theorem can substitute the classical one on singular

spaces.

6.5.1 Compact complex curves
as covering spaces of CP!

Let X be a compact irreducible complex curve with Xgne ={z1,.., 2%},
let (hl)xl € O,, be chosen such that (hz)%@zl C O,, and let U; € X
be a (Stein) neighbourhood of z; with h; - O(U;) € O(U;) (for the
existence of the h;, see e.g. Thm. 6 and its Cor. in [Nar66, §III.2]).
Choose an zg € X* := X,cg and a (Stein) neighbourhood Uy of zy. We

can assume that Ug, ..., Uy are pairwise disjoint.

We define a line bundle L — X as follows. Let Ugi1 = X*\{zo}
and choose fy € O(Up) such that fy is vanishing to the order r :=
ordg, fo > 1 in zp, which we will determine later, but has no other
zeros. We also set f; := 1/h; fori =1,...,k and fr1 = 1, and consider
the Cartier divisor {(U;, f;)}i=o0,... k+1 on X. Let L — X be the line
bundle associated to this divisor. As the f; have no zeros for i > 0,
there exists a non-negative integer § such that deg L = r — §. Now
choose r := g(X) + ¢ + 1. It follows that deg L = g(X) + 1. Give L an

arbitrary smooth Hermitian metric.

There is a canonical way to identify holomorphic sections of L with
meromorphic functions on X. A holomorphic section s € O(L) is
represented by a tuple {s;}; where s;/f; = s;/f; on U;NU;. This gives
a meromorphic function ¥(s) by setting ¥(s) := s;/f; on U;. Note
that W(s) has zeros in the singular points z, ..., xx and may have a

pole of order r at zg ¢ Xging.
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6 L?-Riemann-Roch for Singular Complex Curves

We can now apply our L2-Riemann-Roch theorem. The 0,-Riemann-
Roch theorem, Corollary 6.19, implies dim HY*(X, L) > 1 — g(X) +
deg L = 2. Therefore, there is a section 7 € L?(X*, L) with 9,7 = 0
and 741 is non-constant, where 7 = {7;};—o, 41 is written in the
trivialization as above. This means that 7, € L?(X* N Uj;), ds7;i = 0,
and 7/ fj = Tg41 is non-constant on U; N Ug1. Theorem 6.3 implies
that 7; € @(Uz-), i=1,...,k+ 1. Now consider ¥(7) as defined above,
i.e. (7) = 7:/fi on U;. We conclude that ¥(7)/h; € O(U;), thus
U(r) € O(U;) for i = 1,...,k. Moreover, ¥U(7) is non-constant, so it
cannot be holomorphic on the whole compact space X, thus, must

have a pole of some order < r in xy. Hence, we get
U(r): X\{zo} — C, and
W(r)(z) : 1], = #zo

are finite, open and, therefore, analytic ramified coverings (see e.g.
Covering Lemma in [GR84, Sect. VII.2.2]). In particular, X\{zo} is
Stein (use e.g. Thm. 1 in [GR79, §V.1]).

‘I/(T): X — CP' 2 —

6.5.2 Projectivity of compact complex curves

A line bundle L — X on a compact complex space is called very ample
if its global holomorphic sections induce a holomorphic embedding
into the projective space CPV, i.e. if sg, ..., sy is a basis of the space
of holomorphic sections O(X, L), then the map

d: X - CPY | v [so(z): ... : sy(x)], (6.22)
given in local trivializations of the s;, defines a holomorphic embedding
of X in CPN. If some positive power of the line bundle has this
property, then we say that it is ample. A compact complex space is
called projective if there is an ample (and, hence, a very ample) line

bundle on it.
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A classical application of the Riemann-Roch theorem is that any
compact Riemann surface is projective, and a line bundle on a Riemann
surface is ample if its degree is positive (cf. e.g. [Nar92, Sect. 10]).

This generalizes to singular complex curves:

Theorem 6.23. Let X be a compact locally irreducible complex curve.
If L — X is a holomorphic line bundle with deg L > 0, then L is very
ample. In particular, X is projective and each holomorphic line bundle

on X 1is ample if its degree is positive.

Clearly, this result is well-known and follows from more general sheaf-
theoretical methods (vanishing theorems) once one knows that L is
positive if and only if deg L > 0 (cf. e.g. Thm. 4.4 in [Pet94b] or Satz
2 in [Gra62, §3]). Nevertheless, it seems interesting to us to present
another proof of Theorem 6.23 which is based on the L?-Riemann-Roch
of singular complex curves. The assumption that X must be locally
irreducible in Theorem 6.23 is not necessary. One can prove the result
without this assumption easily by the same technique. Yet, to keep

the notation simple, we present here only the locally irreducible case.

Let us make some preparations for the proof of Theorem 6.23. Let X
be a connected complex curve and 7: M — X a resolution of X. We
choose a point zg € Xgne and a small neighbourhood U C X of xg
with U* := U\{zg} C Xreg. Assume X is irreducible at zy. We define
po =7 Yz0), V=7 1(U), and V* := V\{po}. We can assume that
there is a chart ¢: V' — C such that the image of ¢ is bounded.

The Riemann extension theorem implies that 7=1: U — V is weakly
holomorphic or, briefly, 7 :=tox~1 € O(U) (see Theorem 2.13). We
show that 7 generates the weakly holomorphic functions at zg in the
following sense: Let f be in @(U ). Then, f o m is holomorphic on
V* and bounded in pg. This implies that f o 7 is holomorphic on V,

fonm(t)=>2yat", and
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6 L?-Riemann-Roch for Singular Complex Curves

(by shrinking U and V if necessary). This allows to define the order
ordy, f of vanishing of f in xg by r € Ny if a, # 0 and a, = 0 for ¢ < r.
In particular,

ordy, f = ord,,(f o).

Note that this definition does not depend on the resolution as different

resolutions are biholomorphically equivalent (see Section 2.2).

The L?-extension theorem (see Theorem 5.6) and (6.14) imply
fe U)o -7 f € O(V)
& (1" fe OWU) and f € L*(U)),

where Z denotes the exceptional divisor of the resolution and rg :=

(6.24)

deg,,(Z — |Z|). In particular, we get the representation f(v) =
> >y @T(2)" and ordy, f := ordy, 7 f > —rg is again well-defined.

[ is weakly holomorphic if and only if ord,, f > 0.

We denote by L, the holomorphic line bundle on X which is trivial
on X\{zo} and is given by 7 on U, i.e. the line bundle on X given
by the open covering U; := X\{zo},Uy := U and the transition
function go1 :=7: UpNU; — C. Then, 7*L,, = L,,, where L, is the
holomorphic line bundle L,, — M associated to the divisor {po}.

Let L — X be any holomorphic line bundle, L' := L ® L;OI, and let s’
be a section in Hy' (X, L'). We can assume that L and L' are given
by divisors {(Uj, f;)} and {(Uj, f})}, respectively, where {U;} is an
open covering of X with Uy = U and zg ¢ U; for j # 0 and where
i f; € M(Uj) with gjk == f;/ fi and g, := [/ f, in OU; N Uk) (g5

and gj; are the transition functions of L and L', respectively).

We get fo = fo-7 and f; = fj for j # 0. There is a meromorphic
function s := ¥(s') € M(X) representing s’. This meromorphic
function is defined by 5 = s7/f] on Uj, where s is the trivialization of
s on U;j. We can define a section s = {s;} € Hy'(X,L) by s; =5 - f;.
Thus, so = s; - 7 and s; = s for j # 0. Hence, ordy, so = ordy, sp + 1.

Summarizing, we get an injective linear map

T: HY(X,L® L") — HY(X,L), s+ s,
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which we call the natural inclusion. It follows from the construction
above and by use of (6.24) that each section s € Hy"(X, L) with

ordg, so > —rp is in the image of T'.

As HY(M,0(D’)) = 0 for a divisor D’ with deg D’ > 2g—2 by the clas-
sical Riemann-Roch theorem (cf. e.g. [Nar92, Sect. 10]), Theorem 6.15
(more precisely, Hy'(X,L) = HY(M,O(Z — |Z| + D))) implies the

following vanishing theorem.

Theorem 6.25. If L — Xis a holomorphic line bundle on an irredu-
cible compact complex curve X with degL > 2g—2— erXsing mult), X,
then HY' (X, L) = 0.

As a preparation for the proof of Theorem 6.23, we get our main
ingredient:

Lemma 6.26. Let L — X be a holomorphic line bundle on a connected
compact locally irreducible complex curve X with degL > 2g — 1 —

erXsmg mult!, X. Then, the natural inclusion

T: H)'(X,L® L,) — HY'(X, L)
1s not surjective. If deg L > 2g+1rg—1— zxeXsmg mult), X, then there
is a section s € Hy (X, L) which is weakly holomorphic on U(z) and

does not vanish in xg.

Recall that o = mult,, X — 1 = deg, (Z — |Z]).

Proof: (i) As 7*(L ® L)) = 7*L ® L,!, we get degL ® L, ' =
deg L — 1 > 2g — 2 — deg(Z—|Z|). The 9,-Riemann-Roch theorem
and hi' (X, L) =0 =h3 (X, L® L)) (using Theorem 6.25) yield

WX, L@ Ly)) =1—g+deg(Z—|Z|) + deg L ® L}
<1—g+deg(Z—|Z|) 4+ deg L = h%°(X, L).

Therefore, the natural inclusion 7" cannot be surjective.

(ii) The image of T7: HY*(X,L ® L) — HY'(X, L) are the
sections s with ordg, so > 0, i.e. s¢ is weakly holomorphic on U(zy),
where s¢ denotes the trivialization of s over U(xzg). As HO(X,L ®

Lyt — HY(X,L ® L.]°) is not surjective (use deg L ® L =

0
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degL —ro > 29 — 1 — deg(Z—|Z|) and part (i)), there is a section
s e HY'(X,L ® L) with ordg, s; = —79 and ordg, (77 (s"))o = 0.
So, s := T"(s') is the section of Hy’(X, L) that we were looking

for. O

Proof of Theorem 6.23: Let X be a connected compact locally irredu-
cible complex curve with Xgne = {21, ...,21} and L — X a line bundle
with deg L > 0. Following the classical arguments in order to show
that the map ® in (6.22) is a well-defined holomorphic embedding (see
e.g. [Pet94b, Thm. 4.4]), we have to prove:

(i) @ is well-defined: For x € X, there exists an s € O(X, L) such
that s(z) # 0.

(ii) @ is injective: For z,y € X, x#y, there exists an s € O(X, L)
such that s(x) # 0 and s(y) = 0.

(iii) ® is an immersion: For z € X, the differential T, ® is injective.

Since (obviously) @ is closed, (ii) and (iii) imply that & is an embedding
(see e.g. Sect. 1.2.7 in [GR84]).

We will prove the statements (i) and (iii) for singular points = € Xging.
The case of regular points is simpler and follows easily with the natural
inclusion and Lemma 6.26. The statement (ii) can be seen as (i) by

imposing the additional condition that s(y) = 0.

Let m: M — X be a resolution of singularities. Set X* = X,
M* =77 1(X*), pj :== 7Y (x;), and r; := deg, (Z — |Z|), where Z is
the unreduced exceptional divisor of the resolution.

Fix a € {1,...,k}, choose a neighbourhood U,, of z, such that there
exists a chart t: V, — U, with V, C C and ¢,(0) = z,, and set
r=t"L

For each singularity z;, we can choose a function h; € O(U;) such
that h; - @(Uj) C O(U;j) for a neighbourhood Uj of x; small enough
(see [Nar66, §II1.2]). The number

nj = ordg; h;
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is important for our considerations because of the following fact: If
f is a function on Uj; with ord,; f > n;, then f/h; is bounded at z;
(ordg, f/h; > 0). This implies f/h; € @(Uj) and, hence, f € O(U;).
For the maximal ideal in Ox ., we get my; = {f € Ox 4, ordy; f >
0} and {f € Ox;: ordy, f > 2n;} C m?cj.

We can choose a weakly holomorphic section o € HS,’O(X , L) such that
o does not vanish in x;, and ord,; o > n; for j # p. This section o
exists as we have the natural inclusion (see the construction above)
HY (X, Lo Ly © QLo ") = HY (X, L)
JFH
and deg L > 0 implies by Lemma 6.26 that the natural inclusion
HY® (X, Lol "o QLo ") » HYO (X, LoLs"e (RQLa" ")
J#n JFn
is not surjective.
Note that o is holomorphic on X — {z,} but just weakly holomorphic
in z,. We will now modify o so that it becomes holomorphic and non-
vanishing in z,,. Shrink U, such that ¢ = )", . a,7* on U, with ag # 0.
Let o' := o/ag so that ord,, (¢ — 1) > 1,_i.e. o —1=3 a1
on U,. Choose as above a 0 € HY'(X, L) with ordg, o = 1 and
ord,; o > n; for j # p. Let 0 = -, a,7" close to z, with a; # 0.
We define ¢” := ¢’ — %5. Then, ordg, (0" — 1) > 2 and ord,, 0" > 7;
for j # p. We repeat this procedure recursively to get a section
¢ = {&} € Hy'(X, L) with ord,, (§, — 1) > n, and ordy, & > n; for
J # p. Thus, £ is a holomorphic section on X, non-vanishing in z,.

That shows (i) for z = x,.

We will prove (iii) for z,,. Let v € T;;, X (2.16) (

i. e. there exists an f € m,, with v(f—l—miu) # 0. We claim there exists
ag € My(g,) with go®—f € mgu. Then, v(go<1>+miu) = v(f—l—m%u) #0,
i.e. Tp,®(v) #0.

mmu/mgu)* satisfy v # 0,

Proof of the claim: Replacing 1 with f = ZLZI f.T", we can repeat
the procedure in (i) to construct a section { = {{;} € HY(X,L)
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with ordg, (§, — f) > 21, and ordy; § > n; for j # u. We get  is
holomorphic, &, € m;, and

&n—f¢€ miu.
Let @ be defined by ®(x) = [so(z):...:sny(z)] with holomorphic sections
s; = {sij} (see (6.22)). Hence, we can choose a vector (go,...,gn) €
CN*! such that € = Y, gisi. Because of (i), there exits an i such

that ¢ := s, (z,) # 0 — we can assume i = 0. We set U := {z €

such that ®|;: U — CV is defined by ®(z) = (Slu(x) smw)).

sou(x)’ " sou()

Let g: CV — C denote the holomorphic function g(t1,...,tx) :=
c-(go+ 0L, giti), i.e.
N
Sop (go®ly)=c Zi:o 9iSip = C- g,u
on U. Since c¢=sg,(x,)#0 and since f and i—l are in mg,,, we get

g € My(z,) and

goq)_f:i(f,u—f)—i‘f-(i—l)Gmiu. a

Sou S0u

For this proof, L has to satisfy
k
deg L > 2g + max{n;} + ijl(nj+7‘j) —deg(Z—|Z7])

k
=2g + max{n;} + k + ijlnj.
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Chapter 7
Nakano Semi-positive Vector Bundles
on Complex Manifolds

In this chapter, we first generalize K. Takegoshi’s vanishing theorem
[Tak85, Thm. 2.1] to Nakano semi-positive vector bundles, using main-
ly the argumentation as in Takegoshi’s original proof (also presented
in [Serl5, Sect. 2]). In Section 7.1, we recall the definition of pos-
itivity for vector bundles. The key lemmata (positivity statements
and an a-priori-estimate) are achieved by L?-methods elaborated by
J.-P. Demailly in [Dem02] (see Section 7.2). In Section 7.3, we state
L?-vanishing theorems for Nakano semi-positive vector bundles on
complex manifolds including generalizations of Takegoshi and Don-

nelly-Fefferman-Ohsawa.

7.1 Positivity for vector bundles

Def. 7.1. Let M be a Hermitian manifold of dimension n, and let
E — M be a holomorphic vector bundle of rank r with Hermitian
metric (-, )gp. We call a tensor u € T, M ® E, of rank m if m > 0
is the smallest integer such that u is the sum Z;n:l § ® sj of m
pure / simple tensors £;®s; with & € T, M and s; € E;. A Hermitian
form h on T, M ® E, is called m-(semi-)positive if h(u,u) > 0 (or > 0
resp.) for every tensor u € T, M ® E;\{0} of rank < m. We say FE
is m-~(semi-)positive if the Hermitian form associated to the Chern
curvature i©(FE) is m-(semi-)positive in each point x € M and write
E >,, 0 (or E >,, 0 resp.). We call E Griffiths (semi-) positive if E is
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7 Nakano Semi-positive Vector Bundles on Manifolds

1-(semi-)positive, and Nakano (semi-) positive if E is min{n, r }-(semi-)

positive, i.e. iO(F) is (semi-) positive in the classical sense.

If w denotes the Hermitian form on M, then A denotes the formal
adjoint of the operator wA -, and (-, - ), g is the metric on AS'T*MQFE

given by w and the Hermitian metric (-,-)g.

As a more or less immediate consequence of Def. 7.1, we get (see e.g.
Lem. VIL.7.2 in [Dem12]):

Lemma 7.2. Let E be an m-semi-positive holomorphic vector bundle
on a Kdhler manifold M of rank r. Ift > 1 and m > min{n —t+ 1,7},
then the Hermitian operator i©(E) A A is semi-positive definite on
AMT*M ® E and, particularly,

(O(E) AMAw,w)yp >0 ¥ we 7™ (M, E).

Sketch of the proof: The proof is more or less straight forward but
very technical. Hence, we will just present a sketch of it to emphasize

where the assumptions are used.

Let w denote the Kahler form of X and fix a point z € M. We
can choose coordinates (z1,..,2,) of M around z with orthonormal
(8%17 . aizn) and such that w = w(x) = 1> 7 dzjAdz;. Let (e1,..,er)
be an orthonormal frame of £. Then, there exist coefficients cjxy, € C
with
iO(E) =i0(E)(z) =1 Y ¢jmudzjAdz @ €3¢,
Tk
and cgjun = Cjgay- In particular,
O0g (Zujka%j@)e,\, kalL%@eM) = Z Cikap ~ Ui Ukp
JA ko Gk Ao
is a Hermitian form on T, M®F, = C™*. The m-semi-positivity of

E can be characterized by: 0g(u,u) is semi-positive for all tensors
u €T, M ® E, of rank < m.

For all (n,t)-forms w = ZK)\ wi dzqy, yNdZK ®ey, we get

(O(E)AMw,w) = Y Y cipanwis Wes
|S|=t—1j,k,Au
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Actually, a similar formula can be computed for forms of arbitrary
degree. Yet, there occur summands whose signs will not be manageable.

Fortunately, these summands vanish for (n,¢)-forms.

Since w;g = 0 for j € S, we obtain
(IO(E)ANAw, w) Z Op(ws, ws),
1S|=t—1
where wg := ngs,/\e{l,..,r} wjs,n. Yet, wg is a tensor of rank less or
equal to both, r and n—|S| = n—t+1. Since E is r- and (n—t+1)-semi-
positive, we get Og(wg, wg) > 0. O

7.2 A-priori-estimates for the d-operator

Let M be a weakly 1-complete Kéhler manifold of dimension n, w the
Kéhler form on M, and let ® be a plurisubharmonic smooth exhaustion
function of M. Let A: R — R be an increasing convex smooth function
with A(t) = 0 for t <0 and [/N(t)dt = +oo. By replacing, firstly,
® by A oexpo® and, secondly, w by w + i00®, we can assume that
® > 0 and that the Kédhler metric associated to w is complete (see e. g.
Prop. 12.10 in [Dem02]).

Let dV be the volume form on M induced by w. We define the weighted
product of u and v in 2%¢(M, E) by

(u7 U)CD = / <’U,, v)w,E : eicbdv
M
and set ||ul|e := /(u,u)e. Let Vg: 5T (M, E) — &5(M, E) denote
the formal adjoint of 9: &%!(M, E) — &%'T1(M, E) with respect to
( . )‘1).
We obtain the following a-priori-estimate for the d-operator:
Lemma 7.3. For allt>1 and w € 2™'(M, E):
(i(O(E) + 09®) A Aw,w)p < 0w + [[ew]3.
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7 Nakano Semi-positive Vector Bundles on Manifolds

Proof: Let L denote the trivial line bundle M xC with the Hermitian
metric (-,-) = (-, -)ce”®. Then, iO(L) = i00®. Let F := E® L
denote the vector bundle with the metric (-,-)r induced by (-, )g
and (-, ). We can assume 2%'(M, E) = 2%'(M, F) by identifying
u®g=(gAu)®1 with g Au for u € 2°'(M,E),g € O(L). Thus, we
get (+,-)p=(,")g-e ®. With
O(F) =0(F)®idy +idp ® O(L)

(cf. [Dem12, § V.4]), we conclude for u € 2%!(M, E):

OF)Nu=OF)AN(u®l)=(O(E) Nu)®1+u®6(L)

=(O(E)+0O0(L) Au®l=(0(E)+ dod) A u.

Let Ag) = Dg)Dg)* + Dg)*Dg) denote the Laplace-Beltrami operat-
ors, where Dp = D/, + D' is the Chern connection with respect to
the metric (-,-)ge~®. Note that Dt = 9 and (D’)* = 9. Recall the
Bochner-Kodaira-Nakano identity (see e.g. [Dem02, Sect. 13.2]):

B =A%+ [iO(F), A,
where [-, -] denotes the graded Lie bracket, i.e. [P, P»] = PPy +
(=1)PrP2 Py Py for differential operators P; with degree p;, i = 1,2.

Integration by parts yields
(ARu,w)g = DR ull} + (D) ull} ¥ ue 2>t (M, E).
Altogether, we conclude
10w + [9aw]F = (Afw, w)e

= [|DFw(§ + (D) w(§ + ([O(F), Alw, w)e
> / ({O(F) A Aw, w),, ge~*dV
M

= ((O(E) + 00®) A Aw,w)q
for all we 2™ (M, E). o
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We will combine the a-priori-estimate with the following positivity

statement:

Lemma 7.4. Choose some integers q, t witht > q > 1. Then, there
is a non-negative (bounded) continuous function 6 on M such that
0(x) > 0 for all points x € M satisfying rk H(®), > n — q, and

§ - (w, )y g < (100P A Aw,w)yp ¥ weP™ (M, E).

Proof: Fix a point z in M. There is a base {6%]-}?:1 of TCM such
that

w( —1Zdz]Adz] and i00®(x —125 dz; N\ dz;
Jj=1 j=1
with 61, ...,0, € R. For u = > uyxdz; Ndzx € 2% (M), we get (see
e.g. Prop. 6.8 in [Dem02, Sect. 6.B])

[100®, Al u(z) =Y [ D 5+ > 4 —25 uyr(z)dzy A dzk.

JK \jeJ JEK
(7.5)

Let us define 05 == > 70 + 3 jcx 0 — 2_j—; 0. Choose a frame
{e1,...,e;} of E on a small open neighbourhood of x. Let (hy,) denote
the Hermitian matrix associated to the Hermitian metric (-,-)g on
E such that (u,v), p = E;#:l P (un, vp)w for u =73 uy®ey, v =
S ua®ex € %M, E). Foru= > ujgdzj NdzZgQey € Z5'(M, E),
we obtain (in the point z):

<[165<I>, A]u,u B = Z Py <[i(95@, A] u,\,uu>w

A1
7.5) _
= Zh)‘“ Z(SJ’KUJ’K,)\dZJ/\dZK,u“
W JK "
= Z 5J7Kh,\H<UJ,K,)\dZJ/\dEK , UJ7K7MdZJ/\dEK>
ey @
= dux (g, k) g =Y Skl
J K JK

where uy := ) ; pusxadzg NdZg and ujg ==Y UK )@ €.

Now, we define 6(x) as the maximum of the ¢ smallest §; (but not

greater than 1). Moreover, we get 6;1 .} x = Z]EK d; > d(x) if
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7 Nakano Semi-positive Vector Bundles on Manifolds

|K| > q. Hence,
([1009, A] w,w),, () > 6(2) Y Jw|E(x) = 6(2)(w, w)w,p(2)
K

for all w = Y wrdzgy, ny AdZxg € ™M, E) and t > q. Obviously,

d is continuous in = and positive where tk H(®), > n — q. O

The three lemmata 7.2, 7.3 and 7.4 together imply, assuming that FE

is an m-semi-positive holomorphic vector bundle of rank » on M, that
(6 - w,w)e < 0w + [[Yew]3 (7.6)
for all w € 2™Y(M, E) and t > 1 if m > min{n,r}, i.e. E is Nakano

semi-positive, or ¢ > min{n —m + 1,7} else.

7.3 L?-vanishing theorems

on complete manifolds

We keep the setting and notations of the former section. Further, let
L2,(M, E; ®) denote the square-integrable forms u with respect to the
norm || - ||e, and let & = 9,, be the weak extension of dcpt (cf. Chap-
ter 5). Since the metric on M is complete, we obtain that the weak
extension and the strong extension of the gcpt—operator coincide. There-
fore, ¥ = Vs, in the sense of distributions coincides with the Hil-
bert-space adjoint of 8. Let ¥¢: L2 (M, E;®) — L2, (M, E*; —®)

be the weighted conjugated Hodge-*-operator defined by

(U, V) =uAFpuv for u,ve Lit(M,E; D).

Recall 0(®) := max,eps(rk H(P),), where H(®), denotes the complex

Hessian of ® at x.

Theorem 7.7. Let M be a complete Kdihler manifold of dimension n,

let ® be a smooth plurisubharmonic erhaustion function of M, and let
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7.3 L?-vanishing theorems on complete manifolds

E — M be a Nakano semi-positive holomorphic vector bundle. Then,

the following groups of harmonic forms are zero for all ¢ > n — o(®):

%”LZ’E’@(M, E) :={u€ L} (M E;®): 0u=099u=0}=0 and

0,n— *\
A3 gy (M, E”) = 0.

Proof: Using that the given metric is complete, it is well-known that

— . . s ~ 0’ - *
¥¢ induces the L?-duality %T;Eib)(M’ E) ffig?_g)(M,E ). Let h

be a harmonic form in ,%”LT;’E{I)) (M, E). Then, h is in the kernel of the
elliptic weighted Laplace operator Og := A} so that h is smooth,
ie. h € L2 (M,E;®) N &™I(M,E). As the metric is complete,
9™4(M, E) is dense in dom & N dom ¥¢ with respect to the graph
norm u — ||ulle + ||Oulle + ||9eulls. Hence, there is a sequence {hy}
in 9™1(M, E) with hy — h, Ohi, — Oh = 0 and Yohy, — Yoh =0 in
L2 (M, E;®). With (7.6), we obtain

(0-h,h)e = (6-(h—hg),h)e + (0-hg, h—hi)s + (6-hk, hi)o

S Ih=hillo-Ihlle + lhklle-h—hille + 10kl + 92 Rl

— 0if k — oo.

Therefore, the harmonic form h vanishes on the open set
{reM:0(x)>0}D>{zeM: tkH(®), >n—q}.

But, {v € M: rtk H(®), > n—q} is not empty for ¢ > n — o(®P). So,

the unique continuation theorem (see [Aro57]) implies that i vanishes

on M. O

Before proving Takegoshi’s vanishing theorem for vector bundles on
complex manifolds, let us recall the following criterion of A. Andreotti
and E. Vesentini (see [AV63, Prop. 41 and Lem. 12]). For a differential
form v € 2" $""{(M, E*), we define the distribution
T,: é”s’t(M,E) — C by Tyu := / v A U.
M
Theorem 7.8. Let M be a complex manifold of dimension n, let
E — M be a holomorphic vector bundle on M, let the Dolbeault
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7 Nakano Semi-positive Vector Bundles on Manifolds

operator 0: &M, E) — &L (M, E) be a topological homomorph-
ism, and let v € P57 (M, E*) be a O-closed form with values in
the dual vector bundle E*. Then, the equation Ow = v has a solu-
tion w € 95"V (M, E*) if and only if Tyu = 0 for all O-closed
u€ &M, E).

Theorem 7.9. Let M be a weakly 1-complete complex manifold of
dimension n, and let E — M be a Nakano semi-positive holomorphic
vector bundle on M. Assume that M admits a smooth plurisubhar-
monic exhaustion function ® such that the sublevel sets My := {x €
M: ®(z) <1} €M are Kdihler, | € N (i.e. M is Kdhler on relative
compact sets). Then, for all ¢ >n — o(P):

Hip (M, 00 (EY)) 2= Hey (M, E*) = 0
if and only if HT™Y (M, Q% (E)) is Hausdorff. In this case, the following
s equivalent:

(1) HY(M,Q},(E)) is Hausdorff.

(2) H?p;q+1(M, O (E*)) is Hausdorff.

(3) H"(M,E) = HY(M,Q},(E)) =0.

If M is holomorphically convex, then all mentioned cohomology spaces

vanish.

Proof: The Dolbeault isomorphism theorem (see e.g. §1.3 in [GR79,
Chap. B]) yields

HY(M,Q5,(E)) = H (M, E)
={u € &M, E): Ou = O}/égs’t_l(M, E)

and
HE (M, Q5,(EY)) = Ho (M, E*)

= {u € 2°(M,E*): du = 0} /02> (M, E*).

Let us first prove the implication H4T1 (M, Q7 (E)) Hausdorff =
HOU (M, E*) = 0:

Since HI™H(M, Q%,(E)) is Hausdorff, 9: £™4(M, E) — &™91(M, E)

is a topological homomorphism on Fréchet spaces (see e.g. Prop. 6
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7.3 L?-vanishing theorems on complete manifolds

of [Ser55]). Hence, the assumptions of Theorem 7.8 are satisfied for

(s,t) = (n,q) and we can use it to show that Hgﬁ)’gfq(M, E*) = 0:

So, let v € 2°"~4(M, E*) be d-closed. We have to show that v is
O-exact. Choose an [ € N such that suppv C M; and o(®|y,) = o(®),
i.e. M; contains a point = where rk H(®), is maximal. By Theorem 7.8,
it suffices to show that T,u = 0 for all u € £™9(M;, E) with du = 0.

Fix such a w.

Choosing an appropriate smooth increasing convex positive function

A: (—o0,1) = RT with limy_y; A(t) = oo, we get

(i) a smooth plurisubharmonic exhaustion function W:=Xo® of M;,

(ii) the Kéhler metric given by w is complete on M; (replace w by
w +100%¥), and

(i) u € L2 (M, E; ®) N E™4(M;, E).

Thus, g := (1) 9%y u € L3,,_ (M, E*; —W) N £°79(M;, E*) and
Y_yg = 0. Since ker_, Nkerd = %”LOQ’?:\%)(MZ,E*) = 0 (see The-
orem 7.7), we get g € kerJ_y, = (ker 9)1 = Im(J_y). Hence, there is

a sequence {fi} in 2%~ (M;, E*) with
lg — 0w frll_g — 0 if k — oc.

Finally, we infer

Tvu:/ v/\u:/ VAF_gg=(v,9)-w
M, M,

— lim (v, 9w fr)—w = lim (v, fr)—w 2=20.
k—o0 k—o0

This shows that, indeed, H (M, O (E*)) = HY""U(M, E*) = 0.

cpt cpt

To prove the other implications, we use the following result of H.
Laufer (see Thm. 3.2 in [Lau67]): There exist linear topological spaces
R = RV (M, Q3,(E)) and Rep, = Rog ™ (M, Op(E*)) such that
HUM, 03,(E)) = Hi(M, O (E)* & Repsy (7,10
HE(M, Op(EY)) = HY(M, Q3 (E))" @ R, (7.11
R=0 & HTYM, Q% (F)) is Hausdorff  (7.12
(

Rept =0 < Hyn "1 (M, Oy (E")) is Hausdorff. (7.13

)
)
)
)
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7 Nakano Semi-positive Vector Bundles on Manifolds

Using (7.11), Hep (M, Op(E*)) = 0 implies that R = 0 and, hence,

HY Y (M, Q7 (E)) is Hausdorff.
If H7Y (M, Q7 (E)) is Hausdorff, then (7.11) implies

HI(M, Qy(E))* = Hop '(M, Oy (E)) = 0.
If H1(M, 3, (E)) is Hausdorff, then HY(M, Q2 (E)) has to vanish, i.e.
(1) = (3). The converse (3) = (1) is trivial. Finally, (7.10) and (7.13)
give us (2) < (3), immediately. Actually, the equivalence (1) < (2)

can directly be proven with functional analysis tools.

It is well-known that the sheaf cohomology groups for coherent ana-
lytic sheaves on holomorphically convex manifolds are Hausdorff (see
Lem. II.1 in [Pri71]). |

The result [Lau67, Thm. 3.2] of H. Laufer is a generalization of the
Serre duality (see [Ser55, Thm. 2]). He treated the case where 9 is not

necessarily a topological homomorphism.

Donnelly-Fefferman-Ohsawa vanishing theorem. For the proof
of Theorem 1.3 in Chapter 10, we will need the following simple
generalization of a theorem of H. Donnelly and C. Fefferman (see
Thm. 1.1 and Prop. 2.1 in [DF83]) which was simplified by T. Ohsawa
in [Ohs87, Thm. 1.1].

Theorem 7.14. Let M be a complete Kihler manifold of dimension n,
and let E — M be a Nakano semi-positive holomorphic vector bundle
on M. Assume that the Kdhler form is given by w = i00G for a smooth
G: M — R with bounded |0G|,, < C (self-bounded gradient). If u is a
Oy -closed square-integrable (n, q)-form on M with values in E, then
there exists a v € L%vqfl(M, E) with 0,v = u and ||v]l, < 4C||ully,
i.e. Hy'(M,E) =0 for all ¢ > 0.

J. Ruppenthal proved this theorem for semi-positive line bundles (see
Thm. 3.2 in [Rupl4a]). Using Lemma 7.2, the proof generalizes easily

to Nakano semi-positive vector bundles.
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Chapter 8
The Relative Vanishing Theorem

In this section, we will present further generalizations of K. Takegoshi’s
vanishing theorem besides Theorem 7.9 above. Especially, we are

interested in a generalization for torsion-free coherent analytic sheaves.

Let us first describe our setting and explain the notation. Let X
be a weakly 1-complete complex space with ® as plurisubharmonic
exhaustion function. Recall that o(®) := maxex,,, (tk H(®),) is
the maximal number of positive eigenvalues of ®’s complex Hessian.
We will assume that the Grauert-Riemenschneider canonical sheaf
JHx is locally free. This is for example the case if X is Gorenstein
and has canonical singularities (see Thm. 5.3 in [Rupl4b] or The-
orem 2.17). Recall that local freeness of J#x implies that X is normal
(see Theorem 4.21).

We say a complex space X is Kéhler if there exists a Kéhler form
on the regular part X,c; such that each singular point x € X, has
an open neighbourhood U = U(z) C X which can be embedded in
V € CU*) and a Kihler form 1 on V with NUreg = W-

Let % be a coherent analytic sheaf on X. Recall that there exists
a duality L(-) between the coherent analytic sheaves and the linear
(fibre) spaces over X (see Section 3.2). We call . Nakano semi-positive
if there exists a smooth Hermitian form on L(.%) which induces that
R(Y) = L(Y;g\ Sing ) 18 Nakano semi-positive (for more details, see
Def. 8.11 or [GR70, §1.2]).

Def. 8.1. We say that a coherent analytic sheaf . on X fulfils

condition (+) if there exist a projective morphism 7: X — X with
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8 The Relative Vanishing Theorem

locally free 77.% and a semi-positive invertible coherent analytic sheaf
% on X such that 77 #x =~ £ @ X, 5+ If these exist on all relatively
compact holomorphically convex open subsets of X, we say that .%
satisfies (4)ioc.

We can now state our first main result of this chapter:

Theorem 8.2. Let X be a weakly 1-complete connected (normal)
Kahler space of dimension n with locally free canonical sheaf, let ® be
a smooth plurisubharmonic erhaustion function of X, and let % be a
Nakano semi-positive torsion-free sheaf on X with (4) such that L(%)

is normal. Then, for each ¢ >n — o(®),
HI(X,Y® Hx)=0
if H(X,. ® #x) and HY(X,. ® #x) are Hausdorff.

If X is holomorphically convex, then the Hausdorff assumption is
always satisfied, [Pri71, Lem. II.1]. We remark also that the Kéhler
structure of X and the Nakano semi-positivity of .7 are needed only
on relatively compact holomorphically convex subsets of X (cf. The-

orem 7.9).

The proof of Theorem 8.2 uses that the isomorphism induced by
the Leray spectral sequence is already topological (see Theorem 8.5).
Actually, this is easy to prove, although, to the knowledge of the author,
it has not been observed in the literature (yet, [Pri71, Lem. II.1] and

its proof is interesting in this context).

Obviously, locally free sheaves satisfy (+) and their associated linear
spaces are normal. In this case, we get the vanishing theorem for
arbitrary irreducible complex spaces (see Theorem 8.9). In Section 7.3,
we already proved the result in the regular case (for vector bundles on
manifolds). By use of the projection formula (see Theorem 4.10), we

obtain Theorem 7.9 for singular complex spaces (see Section 8.1).

Since there is no projection formula for non-locally-free sheaves, the

situation is much more complicated for such sheaves. Then, we need
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to assume that L(.#) is normal, and the additional semi-positivity
property (+). If the linear space associated to . ® #x is normal,
there is a canonical isomorphism
S @ Hx Zr(nl S @nl Hx)

for all modifications 7 of X (see Theorem 4.2). In Remark 4.20, we
have seen that the normality assumption on L(.¥) is necessary for a
generalization of Takegoshi’s vanishing theorem that makes use of the
monoidal transformation. Furthermore, one needs a suitable connection
between 77 #x and 5. If (+) holds, then we obtain . ® #x as the
direct image of a Nakano semi-positive locally free sheaf tensored with
the canonical sheaf. Using the Leray spectral sequence, we can, then,
prove Theorem 8.2 (see Section 8.2.1). The last step was inspired by
[GR70] of H. Grauert and O. Riemenschneider. Analogously, one can
prove the following corollary of Satz 2.1 in [GR70]:

Corollary 8.3. Let X be a compact normal Moishezon space with
locally free canonical sheaf, and let . be a torsion-free quasi-positive
sheaf with (+) such that L(.%) is normal. Then, for each q¢ > 0,

HY(X,¥ ® X#x)=0.

Let us add a few words on how to verify that . satisfies (+). H. Rossi
proved that there exists a projective morphism ¢ = ¢ »: X » — X such
that ¢T.7 is locally free (see Thm. 3.5 in [Ros68] or Theorem 2.19).
We called ¢ monoidal transformation with respect to .. Moreover, we
have the following useful fact (see Theorem 4.24): For any resolution
7: M — X of singularities (such that 77 #% is locally free), there exists
an effective Cartier divisor D > 0 (with support on the exceptional

set of the resolution) such that
7l Hx =2 oy @ Oy (=D).
Hence, for the property (+) to hold, it is just needed that O(—D) is

semi-positive.

In Section 9.2, we give an example where the assumption (4) holds for

a non-locally-free sheaf. More precisely, we consider a semi-positive
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8 The Relative Vanishing Theorem

(reduced) ideal sheaf ¢ given by a submanifold on a holomorphically
convex manifold and prove that ¢ satisfies (+). This is obtained by
the semi-positivity of ¢ itself, which is an indication for a link between
(Nakano) semi-positivity of a sheaf and (+). Using Theorem 8.2, we
obtain a vanishing theorem for globally defined submanifolds (see
Corollary 9.12).

The following result (a generalization of Thm. I in [Tak85]) is a con-
clusion of Theorem 8.2 proven in Section 8.2.2; the presented proof is

derived from Takegoshi’s.

Theorem 8.4. Let X be a normal complex space with a locally free
canonical sheaf which is bimeromorphic to a Kahler space, let f: X —
Z be a proper surjective holomorphic map onto a complex space Z, and
let .7 be a semi-globally (i. e. on relatively compact holomorphically
convex sets) Nakano semi-positive torsion-free sheaf on X satisfying
(+)10c such that L(.) is normal. Then, the higher direct images of
& ® Kx under f vanish for all ¢ > dim X — dim Z:

f(q)(y ® Hx)=0.

In Section 8.3, we finally study coherent analytic sheaves with torsion.
We prove a generalization of Theorem 8.2 for ¢ strictly greater than the
dimension of the support of the associated torsion sheaf. For smaller

q, we give a counterexample.

8.1 Irreducible complex spaces

In this section, we prove Takegoshi’s vanishing theorem for locally
free sheaves on irreducible complex spaces. For this, we indicate how
a vanishing theorem as Theorem 7.9 yields vanishing of some higher
direct image sheaves (relative vanishing theorem). We will need this
observation later in the proof of Theorem 8.2 and Theorem 8.4, as

well.
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8.1 Irreducible complex spaces

Theorem 8.5. Let X be a complex space of pure dimension n, and let
Z be a coherent analytic sheaf on X such that the following property
1s satisfied: For every relatively compact holomorphically convex open
U C X with a smooth plurisubharmonic exhaustion function ®, we
have H"(U,.Z%) = 0 for all v > n — o(®). Further, we assume there is
a proper surjective holomorphic map f: X — Z to a complex space Z.

For each r >n —dim Z, we get
If dim Z = n, the isomorphism
HYX,7)= HY(Z, .7)

induced by the Leray spectral sequence is topological for all q.

Proof: Let r be a number greater than n—dim Z, let z be in Z, and let
V' C Z be a relatively compact Stein neighbourhood of z, i.e. there is
a smooth strictly plurisubharmonic exhaustion function ® of V. Then,
do f is a smooth plurisubharmonic exhaustion function of the relatively
compact set U := f~(V), which is holomorphically convex (using that
f is proper). Since f is surjective, we obtain o(® o f) = o(®) = dim Z.
So, the assumption says H"(U,.%#) = 0 since r > n — dim Z. Yet,
the direct image sheaf f(,)(#) is the sheaf associated to the presheaf
defined by V +— H"(f~1(V),.#) = 0. That proves

If dim Z = n, the Leray spectral sequence (see [Ler50, Chap. IIJ)
implies
HYX,#)= HUZ, f..F).
Let U = {V;};cr be a Leray Covering of Z, i.e.
HYZ, f.7) = HI(D, {.F). (8.6)
Actually, the latter space defines the topology on the first one. If
it is Hausdorff, it is independent of U (see Lem. 4.2 in [Kau67]).
For 8 := {f~'(V;)}ier, the definition of Cech cohomology implies
HY(Y, f.7) = H1(U,.F) with the same topology. Yet, we know that
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8 The Relative Vanishing Theorem

il is already a Leray covering of X, i.e.
HY(X, 7)== HIW,F) = H(D, f.7) = H(Z, {.F)

is topological as well. O

Remark 8.7. If X is regular and .# locally free, Thm. 2.1 in [Lau67]
says that the different topologies of a cohomology group given by Leray

coverings, differential forms or currents coincide.

Let us recall the projection formula (see Theorem 4.10). If f: YV — X
is a holomorphic map between complex spaces, if & is a locally free

sheaf on X, and if .% is a coherent analytic sheaf on Y, then
[hFRE X fu (F@FE). (8.8)
Using this fact, we obtain the following generalization of Takegoshi’s

vanishing theorem.

Theorem 8.9. Let X be a weakly 1-complete irreducible complex
space of dimension n which is Kdhler on relatively compact sets, let
® be a smooth plurisubharmonic exhaustion function of X, and let
& be a Nakano semi-positive locally free sheaf on X. Then, for each
g>n—o(P):

HI(X,&® Hx)=0
if H(X,8 ® #x) and H(X, 8 ® #x) are Hausdorff.

Proof: Let m: M — X be a resolution of the singularities of X (cf.
[Hir64, Hir77]). Since X is irreducible, M is connected. We can
assume that 7 is projective. This implies that M is Kéhler on relatively
compact open sets (cf. e.g. Lem. 4.4 in [Fuj78]). Since ® o is a smooth
plurisubharmonic exhaustion function of M with o(® o 7w) = o(®P),

Theorem 7.9 implies: For each ¢ > n — o(®),
HYM,7*& @ Qy) =0
if Ha/9+Y (M, m*& @ QF,) are Hausdorff. Theorem 7.9 also implies that

the assumptions of Theorem 8.5 are satisfied for 7*&®Q%, over M and

, i.e. for each ¢ > n — o(®),
HUX,m(m*& @ Oy)) = HI(M, 78 @ Qy) =0
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8.2 Vanishing theorems for torsion-free sheaves

if H9/9%Y (X, 7, (7*& @ Q) are Hausdorff. With the projection for-
mula (8.8) / Theorem 4.10, we obtain the claimed. O

Theorem 8.5 and Theorem 8.9 immediately imply the following vari-

ation of Theorem 8.4:

Corollary 8.10. Let X be a Kdhler space, let f: X — Z be a proper
surjective holomorphic map onto a complex space Z, and let & be a

locally free Nakano semi-positive torsion-free sheaf on X. Then, for
all g > dim X — dim Z,

f(q)(é‘) ® Hx)=0.

8.2 Vanishing theorems

for torsion-free sheaves

In this section, we will prove the main theorems. Let us first recall
the definition of Nakano semi-positive coherent analytic sheaves in the
sense of H. Grauert and O. Riemenschneider (see [GR70, §1.2]).

Def. 8.11. Let .¥ be a coherent analytic sheaf on a complex space X,
let S := L(.¥) denote the associated linear space, let h be a Hermitian
form on S (recall the definition of Hermitian form on a linear space in
Def. 5.4). On the manifold X := X,¢\ Sing ., S is a vector bundle.
We call . Nakano semi-positive if there is a smooth Hermitian form
on S which induces a Nakano semi-positive hermitian metric on the
vector bundle R(.) = S%, (cf. Def. 7.1).

If, furthermore, there exists a Zariski open set X” C X’ (the com-
plement of a thin analytic set) such that R(.#x~) is Nakano positive,

then .% is called quasi-positive.

If .7 is locally free, then the linear space L(.¥) is dual to the vector

bundle associated to .¥. Hence, in this case, the notions of Nakano
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8 The Relative Vanishing Theorem

semi-positivity coincide. We will need only the following fact: Let .
be a Nakano semi-positive sheaf on a complex space, and let 7: ¥ — X
be a proper modification. Then, L(7*.#) = n*L() and L(r’.7) is
embedded in L(7*.) because of 7*.¥ —» n1.#. With the pullback
on L(m*.%) of the Hermitian metric on L(.¥’) and the restriction to
L(7T.#), we get that both, 7*.% and 77., are Nakano semi-positive
sheaves on Y. Actually, this property is equivalent to the Nakano
semi-positivity of .7 because of the following fact (see [GR70, §1.2]):

Lemma 8.12. Let M be a complex manifold and (E,h) — M a
Hermitian vector bundle on M. If (E,h) is Nakano-semi positive on a

Zariski open set M', then (E,h) is Nakano semi-positive on the whole

of M.

8.2.1 Proof of Theorem 8.2

Let X be a weakly 1-complete normal connected complex Kéhler space
with a smooth plurisubharmonic exhaustion function ¢ and locally free
JHx. Let % be a Nakano semi-positive torsion-free coherent analytic
sheaf on X with normal L(.%’) and (+4), i.e. there is a projective
7 X — X and a semi-positive locally free analytic sheaf .# of rank 1
such that 71.% is locally free and 7* #x = Ty 2 L@ t%/}?.

The locally free sheaf & := 717.¥ ® . is Nakano semi-positive.

The composition ® o 7 is a plurisubharmonic exhaustion function of
X because 7 is proper and holomorphic, and o(®orm)=0(P) since ™

is biholomorphic on a dense open set. Recall that

o(®) = xren)z%x v(rk H(®),),

reg

where H(®), denotes the complex Hessian of ® at x. As X is K&hler
and 7 is projective, the irreducible complex space X is Kiihler on
relatively compact open sets (cf. e. g. Lem. 4.4 in [Fuj78]). Theorem 8.9
yields: For each ¢ > n —o(®),

HI(X, 6@ Hz) =0
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8.2 Vanishing theorems for torsion-free sheaves

if HI(X, &6 ® H3) and HMY(X, & H3) are Hausdorff.

Theorem 8.9 also implies that the assumptions of Theorem 8.5 are sat-
isfied for @ % and w. Therefore, the suitable Hausdorff assumption
implies

HIX,m(6@K5)) = HI(X,80H4%) =0 ¥ ¢ >n—o(®).
Since #x is locally free and L(.%) is normal, we get L(.¥ ® H#x) is
normal. Therefore, Theorem 4.2 implies

S @ Hy Z(nl S @A) 26 @ H). (8.13)
O

8.2.2 Proof of Theorem 8.4

We will now use Theorem 8.2 to prove Theorem 8.4 with the help of
Theorem 8.5. We also need the following fact.

Lemma 8.14. Let X be a reduced complex space bimeromorphic to a
Kdéhler space and U a relatively compact open set in X. Then, there
1s a Kahler manifold M and a proper modification g: M — U of U
such that gy (F @ Q) = 0 for all ¢ > 0 and all Nakano semi-positive
torsion-free sheaves .# on M with (+) and normal L(.F).

Proof: By assumption, there exists a Kéhler space Y and a bimero-
morphic map a: Y --» X given by its graph I', C Y X X as analytic set.
Let pry: I'o = Y and pry: I'y — X be the holomorphic projections
such that a = pry o pr;l. H. Hironaka’s version of the Chow lemma
(see Cor. 2 of the Flattening Theorem in [Hir75]) gives a projective,
particularly, proper bimeromorphic morphism f: M — Y which dom-
inates pry-, i.e. there is a holomorphic h: M — I'y with pry oh = .
We can assume that M is smooth by using a resolution of singularities.

We obtain the following commutative diagram:

M-_hop, X x|

N 4
AN ipry /
AN e
B N\

Y

/
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8 The Relative Vanishing Theorem

Then, g := a o § = pry o h is a proper modification of X. Moreover,
M =g~ }(U) is a Kéhler manifold — using [Fuj78, Lem. 4.4] for the
projective B: M — Y and the relatively compact set a~Y(U) in the
Kahler space Y — and g := g|as: M — U is a proper modification of U.

To prove g(g)(F @Q},) = 0, we will use Theorem 8.2: Let x be a point
in U and W an open Stein neighbourhood of z in U, i.e. there is a
smooth strictly plurisubharmonic exhaustion function ¥ of W. Since g
is a proper modification, we get a plurisubharmonic exhaustion function
Vog of g~ 1 (W) with o(¥og) = o(¥) = dim M. Hence, the assumptions
of Theorem 8.2 are satisfied for the holomorphically convex Ké&hler
manifold g1 (W) and any Nakano semi-positive torsion-free sheaf .#
with (+) and normal L(.%). So, we obtain H?(g~1 (W), # @ Q%) =0
for all ¢ > dim X — dim M = 0 and, finally, g(,)(F @ Q},) = 0. O

Proof of Theorem 8.4: Let X be a normal complex space of pure di-
mension n with locally free J£x which is bimeromorphic to a Kéhler
space, let . be a (semi-globally) Nakano semi-positive torsion-free
coherent analytic sheaf on X with (+)joc and normal L(.¥), and let
f: X — Z be a proper surjective holomorphic map to a complex space
Z. To prove the vanishing of the higher direct images of % ® Y,
we have to check that the assumptions of Theorem 8.5 are satisfied,
i.e. if a relatively compact open set U C X possesses a smooth pluri-
subharmonic exhaustion function ®, then H"(U,.¥ ® #x) = 0 for
r>n—o(P).

Let U C X be a relatively compact holomorphically convex open set
with smooth plurisubharmonic exhaustion function ®. By assumption,
Sy satisfies (+), i.e. there is a proper modification 7: U — U and a
semi-positive locally free sheaf £ on U of rank one such that 7.7
is locally free and m* %y = £ ® Hf;. In particular, the sheaf & :=
7! S ®.Z is locally free and Nakano semi-positive. Since L(. ®.#77)

is normal, Theorem 4.2 implies

U ® Hy gTu(f@%g). (8.15)
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8.3 Sheaves with torsion

Since U is bimeromorphic to U, it is bimeromorphic to a Kéhler space,
as well. Therefore, Lemma 8.14 gives a K&hler manifold M and a
proper modification g: M — U with 9 (F @ Q) =0 for ¢ > 1 and
F =g*8.

For all holomorphically convex open V' C U with smooth plurisubhar-

monic exhaustion function ¥ and W := g~ 1(V), we get

Thm. 8.2 79 o N — * n
0 ="HWZeMy) = H(V,g.(9°¢ @ Qy))

( (8.16)

oo

8)

= H'(V,E@Hy) Yr>n—o(¥).
1. e. the assumptions of Theorem 8.5 hold for £#®.#7 and m. Therefore,
Theorem 8.5 and (8.15) imply
H'(U,8 ® #z5) = H'(U,m(6 © #5)) = H'(U, Sy @ Hy). (8.17)
Using (8.16) for V = U and U = ®, we obtain

H (U, Sy @ #y) =0 Vr >n—o(P). -
In the proof, the Nakano semi-positivity of .7 is just needed on preim-
ages of small Stein sets in Z under f /on relatively compact weakly
1-complete subsets of X (cf. Def. 8.1 of (+)0¢)-

8.3 Sheaves with torsion

Let X be a holomorphically convex normal Kéhler space of dimension
n, ® a smooth plurisubharmonic exhaustion function of X, and let .%
be a Nakano semi-positive coherent analytic sheaf on X satisfying (+).
We define .7 := .7 (.) as the torsion sheaf of . and obtain the exact
sequence

09 > —S/T —0.

Assuming that the Grauert-Riemenschneider canonical sheaf #y is

locally free, we get the exact sequence

0> TR - S @A — (S/]T)® Hx — 0.
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8 The Relative Vanishing Theorem

This yields the long exact sequence of cohomology:
0 — (T0hx)(X) — (L @Hx)(X) — (ST @Hx)(X) —...

.—HIX, Texx)—=HI(X,S0kx)—~HI(X, ST QHx)—...

(8.18)
Since the restriction of the Hermitian metric on L() induces a
Hermitian metric on the embedded space L(./.7), the torsion-free
coherent analytic sheaf .#/.7 is Nakano semi-positive. ./.7 inherits
the property (+) from .7 because 77 () = 77 (.#/.7). Assuming
that L(.”/.7) is normal, we obtain HY(X, (/7 ) ® #x) = 0 for all
g > n—o(®) by Theorem 8.2. Thus, the long exact sequence (8.18)

gives isomorphisms
HI(X,7 @ #x) =2 HI(X,Y®Hx) Vg>n—o(P)+1
and the surjective homomorphism

H @YX, T @ Hx) » H OO (X, @ ).

On the other hand, .7 and, hence, 7 ® #x have support on an analytic
set A C X with r :== dimA = sup,c4dim; A < n. Let t: A — X
denote the embedding. As 7 ® #x is a coherent analytic sheaf with
support in A, we have

T @ Hx = 1" (T @ Hx). (8.19)
This is easy to see by working in the category of linear (fibre) spaces
associated to coherent analytic sheaves: Let L := L(.7®.#%) denote
the associated linear space. For linear spaces, t* means nothing else
but restriction of the linear space to the subvariety A, i.e. t*L = L4.
On the other hand, ¢, means just a trivial extension of the space over
A to X. Since L is trivial outside of A, we get t.(L4) = L. Note that

(8.19) is not true for sheaves which are not coherent.

We get (cf. e.g. Prop. 5.2 in [Ive84, Chap. II})
HI(A, H(T@xy) = HU(X, it (Tox5%) "2 H(X, 70.14%).
Since H1(A,*(T ® H#x)) =0 for ¢ > r (see e.g. Thm. 10.2 in [Ive84,

Chap. I1]), we conclude:
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8.3 Sheaves with torsion

Theorem 8.20. Let X be a holomorphically conver normal connected
Kdhler space of dimension n such that Hx is locally free, let ® denote
a smooth plurisubharmonic exhaustion function of X, and let % be a
Nakano semi-positive sheaf on X with (+) and normal L(# T (7)).
Then, we get, for ¢ > max{n — o(®),dimsupp 7 (.¥)},

HUX, ¥ © X#x) = 0.

We give a counterexample to show that this result is sharp (with
respect to the dimension). Let M be a holomorphically convex Kéhler
manifold of dimension n which is not Stein and admits a smooth
plurisubharmonic exhaustion function which is in (at least) one point
strictly plurisubharmonic (consider e.g. the blow up of C" in a point).
Let A be a compact analytic subset of M and ¢: A < M the embedding
of A. For any 0 < ¢ < dim A, one can find such spaces M and A
admitting a coherent analytic sheaf .# on A such that HI(A, %) # 0.
We set
= F ()",

. is Nakano semi-positive as it vanishes outside a thin set. Since
idt,.7 = 77 (F) =0, . satisfies (+), and L(.¥ /T (L)) = M x0
is normal. Yet, we have

HIY(M, 7 @00 = HU(M,1,.F) = HI(A, F) 0.
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Chapter 9
Ideal Sheaves

In this chapter, we apply the generalized Takegoshi theorem to reduced
ideal sheaves on manifolds. First, we study proper modifications of
such sheaves by applying results from Chapter 4 in Section 9.1 (cf.
Sect. 7 in [RS13]). In Section 9.2, we will use Theorem 8.2 to derive
vanishing results for submanifolds of holomorphically convex manifolds
(cf. Sect. 5 in [Serl5]).

9.1 Proper modifications

of reduced ideal sheaves

In this section, we discuss the application of Theorem 4.1 to reduced

ideal sheaves. As a preparation, note the following:

Lemma 9.1. Let m: Y — X be a surjective holomorphic mapping

between complex spaces Y, X. Then, 7*Ox = Oy.

Proof: As n='Ox C Oy, we have that 7°0Ox = 7 1Ox Qr-10, Oy =
Oy because 7~ 'Oy contains (the germ of) the function 1 at any point
of Y. O

Coming to reduced ideal sheaves, let us start with the following obser-

vation:

Lemma 9.2. Let X be a locally irreducible complex space and A C X
an (unreduced) analytic subspace with ideal sheaf ¢,. Letm:Y — X
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9 Ideal Sheaves

be a proper modification and B = 7~ 1(A) the unreduced analytic

preimage with ideal sheaf ¢5. Then:
T
™ Ja= Ip
Proof: Consider the short exact sequence of sheaves over X:
0= #, — Ox — Ox/ Z, — 0.
By right-exactness of 7%, we deduce the exact sequence
w7, T8 1 0x — 7 (0x /) 7,) — 0.

Now, we use Lemma 9.1 twice: 7*Ox = Oy and (7|p)*Os = Op
(which implies that 7*(Ox/ _# ) = Oy/ _# using the definition of the
analytic preimage, see e. g. Prop. 0.27 in [Fis76]). As Oy is torsion-free,
it is clear that

T (" F,) C Heem . (9.3)
Consider 77 WT/A — 710y = 1 0x = Oy. By (9.3), it follows

that % (1*a) = S (1T a), and Lemma 4.23 tells us that 77 preserves

T is injective. So, we obtain the short exact sequence

injectivity, i.e. 7
T T
0—m Z4,— Oy — Oy/ 75 —0,

telling us that in fact ﬂT/A = 75 O

It is clear that ¢, and o Z4 = 5 are torsion-free, and so we obtain
from Theorem 4.1 that:

Sp = . (9-4)

Under some additional assumptions, we have also:

Lemma 9.5. Let X be a normal complex space, and let A be a locally
complete intersection or a normal analytic set in X with (reduced)
ideal sheaf #,. Let o: X — X denote the blow up of X with centre
A, i. e. the monoidal transformation with respect to Z,, and let ¢,
be the (reduced) ideal sheaf associated to the reduced exceptional set
B :=o0"1(A). Then:

Iy =0 Iy (9.6)
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Proof: The statement is local with respect to X, so we can assume that
A is the zero-set of reduced holomorphic functions fo, ..., fm. (_Z4)p is
generated by the germs fo p, .., fm,p, and X C XxCP™ (see e.g. §2.5
in [Rie71] for the monoidal transformation of ideal sheaves). We show
that

04 =20,0p.

I) A is a complete intersection, i.e. m + 1 = codimA: We claim that
B = AxCP™. This implies, for all open subsets U C A,

0a(U) = Oaxcpn (UxCP™) = Op(o1(U)).
Let us now prove B = AxCP™. Since A is a complete intersection, the
Koszul complex implies that the monoidal transformation o : XX
is given by
X = {(p; [to:-tm]) € XXCP™: t,£;(p) = t; fi(p),i,j = 0,..,m}
and o = pry|g: X — X (scee.g. [GRT1, Sect. I11.2.7]). Since tifi(p) =
tjfi(p) for all 4, j if and only if all f;(p) vanish in p, we get the claimed.

IT) A is normal: In this case, B is an analytic subset of AxCP™. By the
surjectivity o(B) = A, we get the injection O4 = 0,0 sxcpm — 0.0pB.
On the other hand, a section in Og (o1 (U)) gives a weakly holomorphic
function on A: With part (I) applied on the regular part A, of A,
we get a holomorphic function on A;e; which is bounded in points of

Aging. Since we assumed A to be normal, we get 0,0p = O 4 =0y

Thus, Ox = 0.0p, as desired. In other words: Ox/ #, = 0.(05/ 7p)-
We obtain the following exact and commutative diagram:
0——=o0. fp—>0.05 —=0.(05/ 73)
| I
0 I Ox Ox/f,—0.
It follows that in fact o, fp = Z,. O

In the situation of Lemma 9.5, we can now apply Theorem 4.1 to
4 = 04 _f5 and obtain:

I = U*UT/A. (9.7)
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9 Ideal Sheaves

9.2 Submanifolds of

holomorphically convex manifolds

In this section, we give an example of a torsion-free coherent analytic
non-locally-free sheaf which satisfies (+) (see Def. 8.1). This yields

vanishing results for reduced ideal sheaves by Theorem 8.2.

Let M be a complex manifold of dimension n, let ¥ be a (connected)
submanifold of M of codimension m, and let #=_¢;. be the (reduced)
ideal sheaf of ¥. If m > 1, then _¢ is not locally free. The monoidal
transformation with respect to ¢ of M is given by the blow up
©: M — M of M with centre in ¥ such that ¢l _# is locally free. Let
Z = ¢~ }(¥) denote the exceptional divisor /set of ¢, and let O(—2)
denote the ideal sheaf on M of holomorphic functions vanishing on Z.
(9.4) and (9.6) imply

ol 7 =0(-Z) and ¢ = p,0(-Z). (9.8)
Hence, 7 = p,p? ¢, which is already the statement of Theorem 4.2.
Therefore, one need not verify the normality of L(_#) to prove The-

orem 8.2 for _Z: one can use the second isomorphism of (9.8) combined

with the projection formula, Theorem 4.10, to get (8.13).

On the other hand, for m = 2, L(_#) is a hypersurface and, hence, a
Cohen-Macaulay space. Remark 4.20 and (9.8) imply that L(_#) is
normal, which can be observed by computing the codimension of the

singular set without using (9.8), as well.

For the canonical sheaf on M, we have (see e.g. Prop. VIL.12.7 in
[Dem12])
="y ©O0((m —1)2).
Combining this with (9.8), we get
P (7@ Q) =L ®O0(-mZ).
Under the assumption that ¢ is semi-positive (e. g. ¥ is the zero set of

finitely many globally defined holomorphic functions, see Lemma 9.13
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9.2 Submanifolds of holomorphically convex manifolds

below), we get that o # = O(—Z) is semi-positive, too. Let L denote
the line bundle on M associated to O(—Z) such that L®* is the line
bundle associated to O(—kZ). Since O(L®*) = kO(L), semi-positivity
of pI 7 = O(—Z) gives us the semi-positivity of O(—(m—1)Z). Hence,
7 satisfies (+) (with .2 = O(—(m—1)Z)). In particular, this is an
example where the property (+) is derived from the semi-positivity of

. Applying Theorem 8.2, we get:

Corollary 9.9. Let M be a holomorphically convex Kdhler manifold of
dimension n, let ® be a smooth plurisubharmonic exhaustion function
of M, let & be a Nakano semi-positive locally free analytic sheaf on
M, and let ¢ be a semi-positive ideal sheaf (e. g. generated by finitely
many globally defined holomorphic functions) given by a submanifold
of M. Then, for each ¢ >n — o(®):

HYX, 7@ Q) =0.

Further, we obtain a vanishing result for submanifolds of holomorph-
ically convex manifolds: Keeping the notation from above, the short
exact sequence
0= =0y —0Mm/7—0
gives the short exact sequence
0= Z@0 — QL — QY @O0/ 7 — 0. (9.10)
For all ¢ > n—o(®), the long exact sequence of cohomology associated
to (9.10) tensored with a Nakano semi-positive locally free &
o= HIYM,EQQR,)—~H1 (M,g®9554®‘?7y) —HI (M, F2ER0,) ...
H Theorem 7.9 HCorollary 9.9
0 0
implies that
HY(X, & Q@ O0nm/ 7) =0. (9.11)

Let A5,y denote the sheaf of sections of the normal bundle of %.
Since
(Qy @ Om/ )]s = Qyls @ Ox
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and
Q5™ = Q| @ det A5 /py
(adjunction formula, see e.g. (5.26a) in [PR94]), we obtain
(U @ Or/ Pl = Y™ © det A
Since Qf; ® O/ 7 is only supported on 3, this means ¢, (% ™ ®
det 2*/M) = QY ® Op/ 7, where ¢ denotes the embedding of ¥ in
M. In particular,
HY (M, Q@ On/ f) = HI(E, Q5™ @ det A5 )
(cf. e.g. Prop. 5.2 in [Ive84, Chap. II]). Applying Corollary 9.9 on this
and on (9.11), we get:

Corollary 9.12. Let M be a holomorphically conver Kdhler manifold
of dimension n, let ® be a smooth plurisubharmonic exhaustion function
of M, and let 3 be a submanifold of M with a semi-positive ideal sheaf

and of dimension r. Then, for each ¢ >n —o(®):
HY(%, Q% ® det ‘/VE*/M) =0.
In the case that the normal bundle of ¥ (or the determinant of it) is
the restriction of a Nakano semi-positive vector bundle, we get for each
qg>n—o(P):
HY(%, Q%) =0.

The following observation shows that the presented corollaries can be

applied for globally defined submanifolds.

Lemma 9.13. Let M be a complex manifold and let fy,..., fm be
holomorphic functions on M. Then, the ideal sheaf # generated by

foy ooy fm 18 semi-positive.
Proof: Let S denote the linear space associated to _#. The surjection

Ol 7, (ri)™y — > 7 f; induces an embedding S < M xC™*L,
The restriction of the flat hermitian metric of M xC™*! defines a

(Nakano) semi-negative metric on S, i.e. ¢ is semi-positive. O
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Chapter 10
Fine Resolutions of Ky ()

In this chapter, we prove the theorems presented in the introduction.
Since the proofs are close to the line bundle case as presented by J.

Ruppenthal in [Rupl4a], we will skip some details.

Let X be a Hermitian complex space of pure dimension n, let .% be
a (Hermitian) coherent analytic sheaf on X, and let S := L(.¥) be
the associated linear space. We set A := Sing.%”, X' := X,¢,\ 4, and
F := R(Y) = 8% . In Section 5.1, we defined

Kx(S) = Kx(F) = Her (Dujoc: Cp° — Cpb).

Let m: M — X be a resolution of singularities such that & := w7 (.%)
is locally free (using Hironaka and Rossi, Theorem 2.19). We denote by
E the vector bundle on M such that & = O(F). For small enough open
Stein subsets U of X, Theorem 7.9 (Takegoshi’s vanishing theorem)
implies that the 0y, 1,c-equation is solvable on V := 7=1(U). For this,
choose a Hermitian metric on U which is Kéahler, a Hermitian metric
on S such that .#y is Nakano semi-positive, and recall that ngOC
and Kx(.7) are independent of the choice of the Hermitian metrics.

We conclude
W*gw,loc W*gw,loc ﬂ—*gw,loc

T (C) == m(C') === m(CE")

is exact. Fix (again) a small enough open Stein set U C X and set
V=7 Y U). If u € Cp(U) with 8y 10cu = 0, then the pullback
V=71t € Li’}gc(V, E) is obviously holomorphic on 7= }(U\A). Using
the L2-extension theorem (see Theorem 5.6), we get 5w7locfu = 0 on the

whole of V', i.e. v € QF (V. E) and u € J#ze T,0y 10c. This implies that
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Kx(F) = Her (B joc: m(CR0) — m(CH)).

Altogether, we obtain:

Theorem 10.1. Let X be a Hermitian complex space of pure dimen-
sion n, . a coherent analytic sheaf on X and m: M — X a resolution
of singularities of X such that n7.7 is locally free. Then, the complex

(W*C:r}y,ﬂ*(?wJM) is a free resolution of Kx (7). In particular,

Kx(.7) = 7.5, @ nl.7). (10.2)

In the notation of H. Grauert and O. Riemenschneider in [GR70],
(10.2) means

Kx () =27 Fx,
where % is the Grauert-Riemenschneider canonical sheaf. In general,
S Hx =y @ 7w F) is not isomorphic to . ® Hx. Only for
locally free sheaves & on X, the projection formula (8.8) implies

Kx(&) =2 Hx ®68. (10.3)

In particular, Kx := Kx(C) & #x even for non-normal complex

spaces.

Let us get back to the setting of Theorem 10.1: Since . is locally
Nakano semi-positive, we get (2}, ® 7l.#) =0 for all ¢ > 0 (see
Corollary 8.10). The Leray spectral implies: For all U C X and ¢ > 0,

HYU,Kx (7)) = Hi(x~Y(U), Q% @ 71.7). (10.4)

For the proof of Theorem 10.1 — more precisely, for the Kx () inde-
pendence of the Hermitian structure of . — we used that the Hermitian
metric has a smooth extension to singular points of .. Is this not the
case, we need to assume 7-relative Nakano semi-positivity (cf. Thm. 2.1
in [Rupl4a)):

Theorem 10.1) Let X be a Hermitian complex space of pure di-
mension n, let m: M — X be a resolution of singularities of X, let
X' C Xyeg be the complement of the centre of w, and let E — M

be a Hermitian vector bundle on M. Let F' := 77_1|;, E be Nakano
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semi-positive on U’ := U N X' for all small enough U C X, i.e. E is

Nakano semi-positive on 7=*(U). Then,
Kx(F) = m(Q(E))
and, for allU C X and g > 0,
H(U,Kx(F)) = Hi(x~H(U), Q5 (E)).

The following theorem connects Ky (F) with the L*!°°-Dolbeault co-
homologies on X’ (cf. Thm. 3.1 in [Rupl4a]).

Theorem 10.5. Let X be a Hermitian complex space of pure dimen-
sion n, let F — X' be a Hermitian vector bundle on a Zariski open set
X' C Xyeg which is Nakano semi-positive on U' :== U N X' for small
enough U C X. Then, the complex

0= Kx(F) = C’ —Ccpt — C? — ..

given by Oy 1oc is ezact, i. e. a fine resolution of Kx (F).

The formal de Rham lemma (see e.g. Sect. B.1.3 in [GR79]) implies
HY(X,Kx(F)) = HICy (X)) = HYL (X,F) Y¢>0. (10.6)
Before we prove Theorem 10.5, let us show the first theorem of the

introduction:

Theorem 1.3. Let X be a Hermitian complex space of pure dimension
n, let % be a coherent analytic sheaf on X, and let m: M — X be a
resolution of singularities such that the torsion-free preimage 7'.7 is
locally free. We set X' := X,eg\ Sing . and denote the vector bundle
associated to /x as F — X'. Then, for all ¢ > 0,

Hyt (X, F) = HY(M, QY @ '),
If either X is compact or X € Y, where Y is a Hermitian complex
space such that 0X is smooth, strictly pseudoconvexr and contained in
Xreg, then

HY(X,F)= HI(M,Q% @ 7nl.7).
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10 Fine Resolutions of Kx (.¥)

Proof: Since Theorem 10.1 implies Kx (.7) 2 7.(Q%, @ 77.#) and the
equation (10.4), we get with (10.6) that
H, 5 (X, F) = HI(X, Kx (F)) = HI(X, Kx (7))
~ HI(M, Q3 @ ©L.7).

The second isomorphism for the compact case is trivial. In the other

case, it follows from

H’LISQ(Q’ F) = H’g)’lfoc(Q7 F) (107)
For a proof, see e.g. Thm. 4.1 in [LM02, Chap. VIII] or Thm. 2.7 in
[Ser10]. The proof involves Grauert’s bumping method developed in

[Grab8]. i

Using Theorem 10.1’ with (10.6), we obtain Theorem 1.3, as well.
Furthermore, (10.3) now implies Corollary 1.4.

If an incomplete Hermitian metric can be approximated in an appro-
priate way by complete metrics, then the vanishing of (n, ¢)-Dolbeault
cohomology groups can also be obtained with respect to the incomplete
metric (see e.g. Lem. 2.3 in [PS91]):

Theorem 10.8. Let M be a complex manifold, E — M a Hermitian
vector bundle, and let {~;} be a pointwise decreasing sequence of
Hermaitian metrics on M which converges pointwise to a Hermitian
metric y9 on M. If the Oy -equation is solvable for 0,,-closed (n,q)-
forms in L*(M, E;~,) with an estimate independent of k, then the
Ow-equation is solvable for Dy,-closed (n,q)-forms in L*(M, E;~o) with

the same estimate.

The proof in [PS91] straight forwardly generalizes to forms with values

in vector bundles without any crucial changes.

Sketch of the proof of Theorem 10.5: Since the proof works more or
less the same as the proof presented by J. Ruppenthal in [Rupl4a,
Sect. 3.1], we will sketch it:
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Let p be a point in X and let U C X be a Stein neighbourhood of p
such that U can be embedded in CV for an N > n, and such that F
is Nakano semi-positive on U’ := U N X’. We can assume p = 0 and
U = B.N X for a small r > 0 such that

A= (X\X)NBe = {f1(2) = ... = fm(2) = 0},

where B, denotes the ball in CV with radius ¢ around 0 and fi are

holomorphic functions on B.. We define

wo(z) == —log(CQ—\z\2) and @ := @o — %log (—log Z\fj\z)
Then, the Kihler forms wy, := i0dpy, k > 1, give complete metrics
v on U\ A, which decrease pointwise monotonically to the metric
Y0 given by wy = i09¢g, and |d¢pk|., is bounded by a constant C
independently of k (see Lem. 2.4 in [PS91]). Obviously, vy is not
complete on U’ — yet, ~;, is complete for k > 1. Hence, we can apply
the Donnelly-Fefferman-Ohsawa vanishing theorem (see Theorem 7.14)
for ;. More precisely, if u € L%,q(U ' F;v) is Oy-closed, then there
exists a v € L%q_l(U’,F;Wk) with 9,0 = u and ||[v]|w, < 4C||ulw,-
Since C' is independent of k, we can use Theorem 10.8 and obtain that

the O,-equation is solvable in the L?-sense with respect to g, as well.

If v denotes the metric given on X, we get v ~ 7 on X N B, for
all » < ¢. Therefore, we conclude that ngoc is locally solvable, i.e.

(CE, Ow oc) is a fine resolution of Kx (F). =
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