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Introduction

1. Background and motivation

Let © C R™ be a domain. It is well known from classical results in convex analysis
that the following conditions are equivalent characterizations for convexity of the
set Q (see, for example, [Krl5]):

(1) There exists a convex function ¢: @ — R such that for every ¢ € R the set
o 1((—00,]) is relatively compact in .

(2) For every compact set K C €, the linearly convex hull
KE) = {zeQ:|Lx)| < mi%x|L| for every
affine linear function L: Q — R}

is relatively compact in Q.

For domains © C C™, the solution of the so-called Levi problem (see [Ok53], [Br54]
and [Nob4]) shows that, in analogy to the case of convex domains, the following
assertions on {2 are equivalent:

(1") There exists a plurisubharmonic function ¢: € — R such that for every ¢ € R
the set = 1((—o0, c]) is relatively compact in © (i.e., Q is pseudoconver).

(2") For every compact set K C €, the holomorphically convex hull

Ko@) . {zeQ:|f(2)] < ml?,x|f| for every

holomorphic function f: Q — (C}

is relatively compact in Q (i.e., Q is holomorphically conver).

It is a fundamental observation in the theory of several complex variables that
the existence of holomorphic objects (functions, differential forms, sections in
vector bundles) on  C C" is closely related to the convexity properties of €2
which are described in (1’) and (2'). Indeed, a classical result due to Cartan and
Thullen shows that Q is holomorphically convex if and only if it is the domain of
existence of a holomorphic function (see, for example, [H590]). Moreover, it follows
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from works of Morrey, Kohn and Hérmander (see [M59], [Ko63] and [Ho65]) that
pseudoconvexity of € is equivalent to the vanishing of all Dolbeault cohomology
groups HP4(€2), ¢ > 1 (i.e., solvability of the equation du = f for every d-closed
f € A”9(Q), ¢ > 1); solving inhomogeneous 0-equations is one of the strongest
known techniques for constructing holomorphic objects.

For smoothly bounded domains, convexity and pseudoconvexity can also be
characterized by means of local defining functions: a domain Q C R™ (resp.
Q C C") with C%-smooth boundary is convex (resp. pseudoconvex) if and only
if for every p € b} there exists a C2-smooth function ¢: U — R on an open
neighbourhood U of p such that QN U = {¢ < 0}, dp # 0 on BN U and for
every q € bQ N U one has

Q
&

i€ >0 f R™ such that — i =0
By D58 2 0 for very € S B such that 3 ()

Q

8]
<!

o5l

B

(resp. (¢ )§j§k > 0 for every £ € C™ such that Z (9)¢; =

Zj

M= -
;3
AS)

=

The above results are of considerable practical use, since they provide local
characterizations of (pseudo-)convexity in terms of differential conditions on
functions. Moreover, they also make it possible to define in a natural way the
notions of strict (pseudo-)convexity, by requiring the involved inequalities to be
strict: a domain Q C R" (resp. Q C C") with C2-smooth boundary is called strictly
convez (resp. strictly pseudoconvex) if for every p € b§) there exists a C2-smooth
function ¢: U — R on an open neighbourhood U of p such that QNU = {¢ < 0},
dp # 0 on bQNU and for every ¢ € b2 N U one has

n 2
0 cpx (@& >0

n 0P e
for every £ € C™ \ {0} such that ; a—zj(q)gj = 0).

Strict pseudoconvexity turns out to be an important and extremely useful con-
cept. In fact, while general pseudoconvexity provides the most natural setting



for developing function theory in higher dimensions, many important results
can only be established on strictly pseudoconvex domains. In some cases this
may be merely due to the fact that sufficiently strong techniques for extending
results to the general setting are missing, and maybe stronger statements can
still be obtained in the future (for example, it is still an open question whether
every biholomorphic map ®: Q; — s between smoothly bounded pseudoconvex
domains O,y CC C" extends to a diffeomorphism ®: Q; — Qs; this is always
the case if the domains €2, j = 1,2, are assumed to be strictly pseudoconvex, see
[Fe74]). However, many results which can be proved in the strictly pseudoconvex
case are known to fail for general pseudoconvex domains (for example, if @ cC C*
is strictly pseudoconvex with smooth boundary, then €2 admits a Stein neigh-
bourhood basis (see the proof of Proposition 3 in [Gr58]; see also [To83]), each
f € 0(2)NC(Q) can be approximated uniformly on Q by functions {f;} C O(Q)
(see [He69], [Ke71] and [Li69]), and it is possible to prove subelliptic estimates
for the 9-Neumann problem (see [Ca87]); none of these assertions hold true for
arbitrary pseudoconvex domains 2 CC C™ with smooth boundary, see [DF77b],
[Ca83] and [Ca87]).

As it is pointed out in [DF77a] (see also [Li07]), the main reasons why one observes
significant differences between the weakly and strictly pseudoconvex cases are the
following three elementary facts:

i) Strict pseudoconvexity is stable under small C2-perturbations.
p y P

(ii) Strictly pseudoconvex domains are locally biholomorphically equivalent to
strictly convex domains.

(iii) If Q cc C" is strictly pseudoconvex with CZ—SEnOOth boundary, then there
exists an open neighbourhood U C C" of Q and a C?-smooth strictly
plurisubharmonic function ¢: U — R such that Q = {¢ < 0} and dp # 0
on bQ2.

The first two properties are of purely local nature. Thus they hold true for arbitrary
strictly pseudoconvex domains. However, the third statement is formulated only
for Q Ccc C™.

The main goal of this thesis is to investigate how the above result (iii) on existence
of global strictly plurisubharmonic defining functions can be generalized to the case
of unbounded strictly pseudoconvex domains.

It should be noted that complex analysis in several variables is studied so far
more extensively, and is generally better understood, on bounded domains than
on unbounded ones. This is to a large extent due to the fact that some techniques
which are typical for higher-dimensional complex analysis use boundedness of the
domains on which they are applied in various ways. For example, solution operators
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for O with LP-estimates, 1 < p < 0o, are constructed by using integral formulas (see
[He69], [Ke71], [Li69], [Av71]; the case p = 2 does not depend on integral formulas,
see [Ko63]); if  is not compact, the possibilities for applying integral formulas
are essentially limited to local problems. Also, boundary regularity properties
of biholomorphic mappings between bounded strictly pseudoconvex domains are
proved by means of the Bergman kernel and Bergman metric (see [Fe74], [BL80] and
[Be81]); on unbounded domains the Bergman space of L2-holomorphic functions
may be trivial. Moreover, Kobayashi hyperbolicity of bounded pseudoconvex
domains © C C™ and the closed range property of the d-operator on € can
be seen to ultimately depend on the existence of bounded (uniformly) strictly
plurisubharmonic functions on Q (see [Si81] and [H665]; for more details on the
second assertion see also [HM14]); such functions do not exist in general on
unbounded domains.

Another reason for the distinguished role of bounded domains is the fact that in
higher-dimensional complex analysis there exist phenomena that can be observed
only on unbounded domains, but which do not occur in the bounded case (note
that, while every smoothly bounded domain 2 C C is biholomorphically equivalent
to a bounded subset of C, the analoguous statement is not longer true for domains
Q C C", n > 2). Examples with respect to bounded plurisubharmonic functions
and holomorphic extension of C'R functions will be given below.

The second goal of this thesis is to explore some of these phenomena, especially
those which are related to the existence of global defining functions. In particular,
we will introduce and investigate core sets of unbounded domains.

2. Main Results

A. Global plurisubharmonic defining functions and the core

The main topic of this thesis is the problem of existence of defining functions
for strictly pseudoconvex domains 2 with smooth boundary b6f2 in a complex
manifold M. More precisely, we are interested in the existence of global defining
functions, namely, defining functions that are defined in a neighbourhood of the
closure Q (we will also be concerned with the more general situations of strictly
g-pseudoconvex domains in complex manifolds and strictly hyper-g-pseudoconvex
domains in complex spaces). In what follows, a real-valued function ¢ will be
called a defining function for € if it has the following properties:



(I) ¢ is a smooth function on an open neighbourhood U C M of bS2.
(IT1) ¢ is strictly plurisubharmonic in U.
(III) QNU = {¢ <0} and de # 0 on bS2.

It is well known that defining functions always exist whenever (2 C M is relatively
compact, and there are different proofs available for this fact, see, for example,
[FGO02], [FSt87], [Gr62], [MR75]. In fact, a careful investigation of the corre-
sponding proof shows that the method presented in [Gr62] still works, with only
minor changes, even without assuming relative compactness of €. In particular,
every strictly pseudoconvex domain with smooth boundary in a complex manifold
admits a defining function.

If Q is a relatively compact domain in a Stein manifold M, then in fact more
is known. In this case one can choose ¢ to be defined not only near b2 but on
a neighbourhood of the whole of Q (see, for example, Lemma 1.3 in [MR75]).
For arbitrary domains and manifolds this is not longer true in general, as it is
illustrated by the following examples.

Example I. Let M be the blow-up of C"*! at the origin, i.e., M = {(z,2) €
C"*tt x CP" : 2z € l(z)}, where I(z) C C""! denotes the complex line determined
by z € CP". Then

Q:={(z,2) e M : [lz]| <1} cc M

is a strictly pseudoconvex domain with smooth boundary in M containing the
compact analytic set E := {0} x CP". Let ¢ be a plurisubharmonic function
defined on a neighbourhood of Q such that Q = {p < 0}. Then ¢ is bounded from
above on FE, hence it is a constant by the maximum principle. In particular, ¢ is
not strictly plurisubharmonic at the points of E.

Example II. Let f: C — C be an entire function and
Q= {(z,w) € C* : loglw — f(z)| + C1(]z* + |w|*) < C2} C C,

where C7 and Cy are constants and C7 > 0. For almost all constants Cs, §2 is an
unbounded strictly pseudoconvex domain with smooth boundary in C? containing
the complex line L := {(z, f(z)) € C? : 2z € C}. Let ¢ be a plurisubharmonic
function defined on a neighbourhood of Q such that @ = {¢ < 0}. Then ¢ is
subharmonic and bounded from above on L, hence it is a constant by Liouville’s
theorem. In particular, ¢ is not strictly plurisubharmonic at the points of L.

As the above examples show, we cannot longer expect ¢ to be strictly plurisub-
harmonic on a neighbourhood of the whole of 2 as soon as M fails to be Stein, or
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Q fails to be relatively compact in M. Hence we will call a real-valued function ¢
a global defining function for € if it has the following properties:

(I) ¢ is a smooth function on an open neighbourhood U € M of Q.
(IT) ¢ is plurisubharmonic in U and strictly plurisubharmonic near b{2.

(II1) Q= {¢ < 0} and dp # 0 on bQ.

Observe that instead of imposing (I) and (II), it is equivalent to claim that ¢ is a
smooth plurisubharmonic function on € such that ¢ is strictly plurisubharmonic
near b). Moreover, after possibly shrinking U and composing ¢ with a suitable
convex function, we can always assume that ¢ is bounded.

As the main result of this thesis we will prove that every strictly pseudoconvex
domain 2 with smooth boundary in a complex manifold M admits a global defining
function. In view of this result and the examples above, it is then meaningful to
consider the set of all points in Q where every global defining function for 2 fails
to be strictly plurisubharmonic. We will show that this set coincides with the core
of €, which we introduce in the following definition.

Definition. Let M be a complex manifold and let 2 C M be a domain. Then
the set

() = {z € Q) : every smooth plurisubharmonic function on 2 that is

bounded from above fails to be strictly plurisubharmonic in z}

will be called the core of €.

Remark. Similar definitions in different settings have also been introduced in
[HaL12], [HaL13] and [S1T04].

It is easy to see that every domain 2 C M admits a smooth and bounded
plurisubharmonic function that is strictly plurisubharmonic precisely in £\ ¢(€).
In the special case of global defining functions we get the following version of our
main theorem:

Main Theorem. Every strictly pseudoconver domain 2 with smooth boundary
in a complex manifold M admits a bounded global defining function that is strictly
plurisubharmonic outside ¢(Q).

The problem of existence of global defining functions is thus reduced to the study
of the core. A major part of the present thesis is devoted to this topic.

The two questions, which will be investigated in most detail, are motivated by the
following observation: In all elementary examples of domains 2 with nonempty



core which we are going to construct (see also Example I and Example IT above),
every connected component Z of ¢(2) has the following two properties:

o Z satisfies a Liouville type theorem, i.e., every smooth and bounded from
above plurisubharmonic function on €2 is constant on Z.

e Z possesses an analytic structure, i.e., there exists a dense subset of Z that
is the union of nonconstant holomorphic discs contained in Z (in fact, in
the above examples Z is always a complex manifold).

Moreover, every set Z C €2 with the above two properties has to be contained
in ¢(2). We thus want to know whether it is true in general that, first, every
connected component of ¢(Q2) has a Liouville type property, and, second, ¢(£2)
possesses an analytic structure. With respect to analytic structure of the core,
we obtain the following two results, which give a rather complete answer to the
second question (see Theorem 3.3.1 and Theorem 3.3.2):

Theorem 1. For every n > 2, there exists an unbounded strictly pseudoconvex
domain Q C C™ with smooth boundary such that ¢() is nonempty and contains
no analytic variety of positive dimension.

Theorem II. Let M be a complex manifold and let Q@ C M be a domain. Then
c(Q) is 1-pseudoconcave in Q. In particular, ¢(Q) is pseudoconcave in ) if
dime¢ M = 2.

Regarding Liouville type properties of ¢(Q2), we will prove the following results
(for more details see Example 9, Example 10 and Theorem 3.4.2):

Theorem III. For every n > 3, there exist an unbounded strictly pseudoconvex
domain  C C™ with smooth boundary and a smooth plurisubharmonic function
©: Q@ = R which is bounded from above such that ¢(?) is nonempty and connected
but ¢ is not constant on c(2).

Theorem IV. Let M be a 2-dimensional complex manifold and let @ C M be a
domain. Assume that there exist a smooth plurisubharmonic function ¢: Q — R
which is bounded from above and a connected component Z of ¢(2) such that
@ is mot constant on Z. Then there exist uncountably many pairwise disjoint
connected immersed complex curves ¥, C Z, a € A, such that for every a € A
and every smooth plurisubharmonic function ¥ : Q — R which is bounded from
above it follows that v is constant on Y.

It should be noted that the failure of Liouville type properties for connected
components of ¢(2) can already be observed in very simple cases, if we do not
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require € to be strictly pseudoconvex (for example, if Q := Q' x C,, C C? for some
domain Q' CC C,, then ¢(Q) = Q is connected, but (2, w) := |z|? is a smooth
and bounded from above plurisubharmonic function on €2 which is not constant on
¢(Q2)). However, to construct a strictly pseudoconvex domain as in Theorem IIT is
much harder, and, in fact, we do not know if there exists such a domain in C2.

In turns out to be an interesting problem in general to understand how properties
of Q are related to properties of ¢(Q2). A very precise result on this question in the
special situation where the core is assumed to have a certain product structure is
obtained in the following theorem (see Theorem 3.2.1):

Theorem V. The following assertions hold true for domains Q@ C C*, n > 2:

(1) There exists a domain Q C C™ such that ¢(Q) = E x C"~!, where E C C is
the set E =[0,1] x R.

(2) Let  C C™ be a pseudoconvexr domain such that ¢(Q) = E x CF for some
k€ {1,2,...,n — 1} and some set E C C"*. Then either E is locally
complete pluripolar or E is open. In the latter case Q = E x CF.

(3) Let k € {1,2,...,n— 1} be arbitrary but fived. Then there exists a strictly
pseudoconver domain Q C C™ such that ¢(Q) = E x C¥ for a set E C C"—*
if and only if E is closed and complete pluripolar.

It is natural to also introduce a series of stronger notions of the core of a domain
Q C M, by requiring not only failure of strict plurisubharmonicity of smooth
and bounded from above plurisubharmonic functions ¢ on 2, but instead by
prescribing an upper bound k for the rank of the Levi form of ¢, with k possibly
different from dimec M — 1.

Definition. Let M be a complex manifold of complex dimension n and let
) C M be a domain. Then for every ¢ = 1,2,...,n the set

¢q(Q) :={z € @ : rank Lev(¢)(z, - ) < n — ¢ for every smooth plurisub-

harmonic function ¢: 2 — R that is bounded from above}

is called the core of order q of €.

The introduction of these higher order cores leads to a further slight improvement
of the Main Theorem (see Theorem 3.5.2). Moreover, in view of 1-pseudoconcavity
of the core ¢1(Q) = ¢(Q2), pseudoconcavity properties of higher order cores are
a natural object of study. It will be shown, however, that in general the higher
order cores do not possess any such properties at all (see Theorem 3.5.1):



Theorem VI. For everyn > 2 and every ¢q = 1,2,...,n, ¢ =0,1,...,n—1
such that (q,q") # (1,0), there exists a strictly pseudoconvex domain Q C C™ with
smooth boundary such that ¢, () is ¢’ -pseudoconcave but not (¢’ +1)-pseudoconcave.

B. Holomorphic extension of CR functions and the CR-core

One more situation, where new phenomena can be observed after generalizing
the setting from the case of bounded sets to unbounded ones, is related to the
extension problem of C'R functions defined on the boundary b2 of a domain  in
C™, n > 2. When Q is bounded with a connected smooth boundary (no hypothesis
of pseudoconvexity) holomorphic extension of CR functions to the whole of Q is
granted by the classical result of Bochner (see, for example, Theorem 2.3.2" in
[H690]). In particular, if € is a domain of holomorphy, the envelope of holomorphy
E(b82) of b2 (i.e. the envelope of b2 with respect to the algebra of continuous CR
functions on bQ) (for details see, for example, [J95], [MP06] and [St07])) coincides
with €. For unbounded domains such an extension result is not longer true in
general, even for strictly pseudoconvex domains, as it is shown by the following
example.

Example III. Let f be an entire function in C? and
Q:={z€C?:log|f(z)| + Ci||z|* < C2}

where C7 and Cy are constants and C7 > 0. For almost all constants Cs, §2 is an
unbounded strictly pseudoconvex open set with smooth boundary in C? containing
the divisor {f = 0}. We are going to show that E(b2) is one-sheeted, contained
in  and

Q\EMQ) = {z€C*: f(z) =0}.

Fix an exhaustion V3 CC Vo CC -+ CC b2 of bS) by relatively compact subsets.
Intersecting by balls B2(0, Ry) C C? centered at the origin of radius R}, in such
a way that Vi, CC bQN B?(0, R;) and then smoothing the edges as in [To], we can
find strictly pseudoconvex bounded open sets €, in C? such that Vi C b, N b2
for every k € N. Let I'y, := by, \ V. Then, in view of Theorem A from [J95], one

has
A
E(Vi) = EGQ \Th) = 0\ Tn ™ c 2,
—~A(Q
where T’ () is the A(Q)-hull of Ty, i.e., the hull of Iy with respect to the
algebra of holomorphic functions on €2 which are continuous up to the boundary.

In particular, every continuous C'R function on b€} has a single-valued holomorphic
_ ~ A,
extension to (Jreq E(Vi) = Q\ Mrzi Tk ( k). By construction, there exists a
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sequence {ci} of positive constants such that f‘;A(Qk) C {lf] < e} for every
k € N and limy_,o cx = 0. It follows that | J;2; E(V;) = Q\ {f = 0}, and hence
that Q\ {f =0} C E(bR). Since the CR function 1/f on b2 does not extend to
{f = 0}, it follows that E(bQ2) = Q\ {f = 0}.

If @ C C™ is strictly pseudoconvex, then each continuous C'R function on b{)
extends holomorphically to a one-sided neighbourhood U C € of b9 (see, for
example, [Bo91]). In view of the previous example, it is thus meaningful to
introduce the following definition.

Definition. Let Q@ C C™ be a strictly pseudoconvex domain such that E(bQ2) is
one-sheeted. Then ~
cen(®) = O\ B(Q)

is called the CR-core of 2.

If Q is a domain as in Example III, then the above arguments show that c¢cr(£2)
coincides with the divisor {f = 0}. In this context, we have to mention Trépreau’s
theorem [Tr86] stating that, given a point z in a smooth hypersurface M C C",
the homomorphism
0: — lim O(U \ M)
U>z

is onto if and only if no germ of a complex hypersurface passing through z is
contained in M. Recall also Chirka’s generalization [Ch01] of Trépreau’s result
(in the case n = 1 this generalization can also be obtained from the earlier work
[Sh93]): Let I' € C™*! be a continuous graph over a convex domain D C C" x R
and z € I" be a point such that none of the connected components of (D x R)\T'
is extendable holomorphically to z. Then, z is contained in an n-dimensional
holomorphic graph lying on and closed in I'.

A natural question arises: Let 2 be an unbounded strictly pseudoconvex domain
in C", n > 2, such that E(bQ) is one-sheeted and 2\ E(bQ) # @; does Q \ E(bQ)
possess an analytic structure? We will show that this is not always the case, by
proving the following result (see Theorem 4.1.1):

Theorem VII. For each n € N, n > 2, there exist an unbounded strictly pseudo-
convex domain @ C C™ and a smooth CR function f on bQ) such that:

(1) The envelope of holomorphy E(bSY) of the set bS) is one-sheeted.
(2) ccr(Q) is nonempty and contains no analytic variety of positive dimension.

(8) [ has a single-valued holomorphic extension exactly to Q\ ccr(Q).

10



However, observe that it follows immediately from the Kontinuitdtssatz and the
definition of the C'R-core, that ccr(Q) is always pseudoconcave in (2.

C. Unbounded Wermer type sets

In Theorem I and Theorem VII above we want to construct strictly pseudoconvex
domains 2 C C", n > 2, with smooth boundary such that the core ¢(Q2) and the
C R-core ccr(Q2) do not possess any analytic structure, respectively. The main step
in the proof of these results is the following theorem on existence of unbounded
Wermer type sets in C" (see Lemma 1.1.2, Lemma 1.2.2, Lemma 1.2.3, Lemma
1.3.6, Lemma 1.4.3 and Corollary 1.4.2):

Theorem VIII. For eachn € N, n > 2, there exist a nonempty connected closed
set £ C C" and a plurisubharmonic function ¢: C"* — [—o00, +00) such that

(1) The set € contains no analytic variety of positive dimension;
(2) £€={z€C":p(z) = —oo};
(3) The function ¢ is pluriharmonic on C™\ &;

(4) The domain C™\ & is pseudoconves;

(5) For every constant R > 0, one has that bB"(0, R) N € = B™(0, R)NE, where
bB™(0, R) N E denotes the polynomial hull of the set bB™(0, R) N E.

The set £ is obtained as a limit in the Hausdorff metric of a sequence {E,} of
algebraic hypersurfaces in C* = C?~! x C,, such that the union of the correspond-
ing sets of ramification points with respect to the projection C* — C?~1! is an
everywhere dense subset of C?~!. For n = 2 this idea goes back to Wermer in
[We82], where an example of a compact set K in C? with nontrivial polynomial
hull K such that K \ K has no analytic structure is given. Wermer’s construction
was then further exploited and developed in a series of articles [Al196], [Dul0],
[DS95], [EMOS], [Le88], [S199]. Note also that, first, our construction of £ is
slightly different from Wermer’s one (the main idea being the same) and, second,
that, in the general case n > 2, the situation is substantially more difficult from
the technical point of view than that considered by Wermer.

One more property of the Wermer type set £, which will be needed in the
construction of cores with no analytic structure, and which is also of independent
interest, is described in the following Liouville type result (see Theorem 1.5.1):

11



Introduction

Theorem IX. Let ¢ be a plurisubharmonic function defined on an open neigh-
bourhood U C C™ of €. If p is bounded from above, then ¢ = C on & for some
CeR.

The existence of unbounded Wermer type sets will also play an important role in
the proof of Theorem VI on higher order cores with arbitrary pseudoconcavity
properties. However, for this purpose, a further generalization of our construction
of Wermer type sets is necessary. The corresponding results are summarized in
the following theorem (see the results in Chapter 2):

Theorem X. For each n € N, n > 2, and for every q = 1,2,...,n — 1, there
ezist a nonempty connected closed set £ C C™ and a plurisubharmonic function
¢: C" — [—00,+00) such that

(1) The set € contains no analytic variety of positive dimension;
(2) € = {2 €C": plz) = —o0};
(8) The set & is qg-pseudoconcave but not (q + 1)-pseudoconcave;

(4) If ¥: U — R is a smooth plurisubharmonic function defined on an open
neighbourhood of £ such that v is bounded from above on £, then the Levi
form of ¥ vanishes identically at every point of £.

(5) For every constant R > 0, one has that bB™(0, R) N & = B™(0, R)NE, where
bB™(0, R) N E denotes the polynomial hull of the set bB™(0, R) N E.

The set £ is obtained as a limit in the Hausdorff metric of a sequence {E,}
of g-dimensional algebraic varieties in C* = C? x CI'”9 such that for every
k=q+1,q+2,...,n the union of the corresponding sets of ramification points
with respect to the projection C¢ x C,, — C{ is an everywhere dense subset of
Cs.

3. Organization of the content

The present thesis consists of two parts. In the first part, we describe the
construction of unbounded Wermer type sets & C C". Chapter 1 contains
the results on Wermer type sets which are limits of algebraic hypersurfaces in
Cn~! x C,. Theorem VIII on the existence and general properties of £ is proven
in Sections 1.1-1.4, the Theorem IX on Liouville type properties is contained
in Section 1.5. Chapter 2 is devoted to the construction of generalized Wermer
type sets which are limits of ¢-dimensional analytic varieties in CZ x C7; 9. The

12



additional properties (3) and (4) of Theorem X on the order of pseudoconcavity
and degeneration of plurisubharmonic functions are contained in Section 2.3.

The second part of this thesis deals with core sets of unbounded domains and the
phenomena which are related to it. The focus lies on the construction of global
plurisubharmonic defining functions and the investigation of properties of the core
¢(2). The corresponding results are contained in Chapter 3, which can also be
regarded as the main part of this thesis. Chapter 4 is devoted to the study of
holomorphic extension of CR functions and the C'R-core cor(2).

In Section 3.1 we prove the existence of global defining functions in a number
of different settings. We first consider in Section 3.1.1 the case of strictly g¢-
pseudoconvex domains in complex manifolds; in the special case ¢ = 0 we obtain
the described above Main Theorem. Later on we deal in Section 3.1.2 with the
situation of strictly hyper-g-pseudoconvex domains in complex spaces. Section 3.2
contains several examples of unbounded domains 2 C C™ such that ¢(Q) # @. We
also prove here Theorem V. The question of existence of analytic structure in ¢(f2)
and the related to it Theorem I and Theorem II, are considered in Section 3.3.
Section 3.4 deals with Liouville type properties of the core and the corresponding
Theorems III and IV. The Theorem VI on pseudoconcavity properties of higher
order cores is proven in Section 3.5.

Section 4.1 contains an example of a C R-core with no analytic structure, as it
is described in Theorem VII. Finally, we show in Section 4.2 that in general
c¢(Q) # ccr(f2), even for strictly pseudoconvex domains 2 C C2.

Remark. Some of the results of the present dissertation were already obtained
in the author’s diploma thesis, and have been published earlier in [HST12]. In
particular, Theorem VII and Theorem VIII are already contained, with slightly
different formulations, in the above mentioned work. More precisely, the following
parts of the present thesis were taken from [HST12]: Section 1.1, Section 1.3,
Lemma 1.4.1, Lemma 1.4.2, Lemma 1.4.3, Corollary 1.4.2 and Theorem 4.1.1.
Furthermore, the largest part of Section 2.B as well as some parts of Section 2.C
from this Introduction also appear in [HST12].
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Unbounded Wermer type sets
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1 Construction of Wermer type sets in
codimension 1

We construct a class of unbounded Wermer type sets in C", which are limits in
the Hausdorff metric of sequences of algebraic varities of codimension 1.

In Section 1.1 we describe the general method of construction. We explicitly
choose a sequence {P,} of holomorphic polynomials, such that each P, does only
depend on finitely many positive constants €1, ...,&,. We then show that for {¢;}
decreasing to zero fast enough, the algebraic varieties F,, = {P, = 0} converge in
the Hausdorff metric to a closed unbounded set £ C C™. Section 1.2 contains some
elementary geometric properties of the set £, which will be occasionally needed
later on. In Section 1.3 we show that for {¢;} decreasing to zero fast enough, the
set £ contains no analytic variety of positive dimension. Moreover, in Section
1.4 we show that for {¢;} decreasing to zero fast enough, the set £ is complete
pluripolar. The last Section 1.5 contains a Liouville theorem for plurisubharmonic
functions on Wermer type sets.

1.1 The general construction

Let (z,w) = (21, ..., 2n—1,w) denote the coordinates in C™ and for each v € N let
N, :={1,2,...,v}. For each p € N,,_; fix an everywhere dense subset {a}'}{°, of
C such that af # al, if { #'. Further, fix a bijection ® := ([-],¢): N+ N,,_; x N
and define a sequence {a;}{°, in C by letting a; := ag](l). Moreover, let {;}72,
be a decreasing sequence of positive numbers converging to zero that we consider
to be fixed, but that will be further specified later on. Then for every v € N we
define g, to be the algebraic function

gu(2) = Zfz\/zm -
=1

and let
E, :={(z,w) e C":w = g,(2)}.
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1 Construction of Wermer type sets in codimension 1

By definition, g, is a multi-valued function that takes 2" values at each point
z € C"1 (counted with multiplicities). Therefore we can always choose single-

valued functions wgy), - ,wéz) on C"~! such that

gu(2)={w(z):j=1,...,2"}

for all z € C"~!. Note that these functions are not continuous and that they are not
uniquely determined, even though the set g, (z) is well-defined for each » € C*~1.
Indeed we may freely change the numeration of the values wY') (2),... ,wé’ﬁ)(z) for

each z € C"~ 1,

Define for each v € N a function P,: C* — C as
P,(z,w) ==(w— wgu)(z))- e (w— wé’;)(z))

Lemma 1.1.1. The sequence {P,}52, consists of holomorphic polynomials on
C™ and has the following properties:

(1) E, ={(z,w) e C": P,(z,w) = 0}.
(2) P,y1 — P2 uniformly on compact subsets of C" as &,,1 — 0.

Proof. First note that if for each p € N,,_; we let U, be an open convex subset
of C not meeting A := {a; : | € N,,[l] = p}, then after possibly renumbering

the values w](-y)(z) for z € U := Uy x --- x U,_1 we can always assume the
functions wgl’), . ,wé’ﬁ) to be holomorphic on U. Since the value P,(z,w) is
independent of the numeration of the wgy)(z), this shows that P, is a holomorphic
function outside the set A, := {(z,w) € C" : z, € AP for some p € N,_1}.
Observing that P, is locally bounded near each point of A, and applying Riemann’s
removable singularities theorem we conclude that P, is actually holomorphic

in the whole of C". Then estimating |P,| outside some ball B"(0,R) C C"

from above by a suitable scalar multiple of |w?"| 4+ ZZ;II|312,V71| one can easily

see that P, is in fact a holomorphic polynomial. To prove the second part of

the lemma we observe that P,;1(z,w) is in fact the product of the 2” factors
@)

(w— w; (2))*> — €24 1(241] — @uv41)), J € Nov, and hence equals

S [ —as)” Y (-l (2) s (w—w(2)).
p=0 1<j1 <+ <jp<2¥

Note that for p = 2V the inner sum equals P?(z,w). Since w:(L")7 .. ,wgﬁ) are

independent of £, and bounded on compact subsets of C"~!, we conclude that
P, — PE uniformly on compact subsets as €,41 — 0. O
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1.1 The general construction

Remark. A more careful consideration shows that one has the following explicit
formula for P,,

21—1

P,(z,w) = Z (Zel —a) )de"*Zd.

d=0

Lemma 1.1.2. Let {;} be chosen in such a way that e;\/|zy — ai| < 1/2" on
B"=10,1) c C* L for every l € N. Then the following assertions hold true:

(1) For every R > 0 and v, € N, v > R, the Hausdorff distance between
E, N B"(0,R) and E,4, N B"(0,R) is less than 1/2". In particular the
sequence {E, N B"™(0, R)}>2, converges in the Hausdorff metric to a closed
set E(R) C B™(0,R).

(2) The union £ := |Jr~oEr) of all Ery is a nonempty closed unbounded
subset of C"™ and a point (z,w) € C™ lies in & if and only if there exists a
sequence of complex numbers w, converging to w such that (z,w,) € E, for
every v € N.

(3) For each z € C" ', the set & = {w € C : (z,w) € &} has zero
2-dimensional Lebesgue measure.

Proof. Let Ar := B""1(0,R) x C. For every (z7wéy+”)(z)) € E,+, N Ag there
exists (z, wl(:)) € E, N Ag such that for suitably chosen signs one has

v+p

w§V+M)( ) (”) Z :|:€l _al

l=v+1

(here, by some abuse of notation, /- denotes a single-valued branch of the multi-

valued function v/*). By assumption, we have ;|\ /z — ai | = €1/ |2 — ai| < 1/2!
on B"~1(0, R) for each [ > v. Hence |w(”+“)( ) — w,(:)(z)| < 1/2% and it follows

that the Hausdorff distance between E, ,, N Ag and E, NAp is less than 1/2¥. In
particular, {E, N B"(O, R)}52, is a Cauchy sequence in the Hausdorff metric and
thus converges to a nonempty closed subset £ zy C C". Since €N B"(0,R) = ER)
for all R > 0, we conclude that £ is closed. Obviously, it is also unbounded and
nonempty. The characterization of (z,w) € £ as a limit of points (z,w,) € E,
follows immediately from the facts that in each bounded neighbourhood of (z, w)
the set € is the limit of {E, } in the Hausdorff metric and that E, N ({2} xC) # @
for all z € C"~!. Finally, by what we have already proven, we know that the
Hausdorff distance between £, N Ar and £g) is not greater than 1/2”. Hence

if z € C"7! is fixed, the set £, is contained in Uf;l Al(wj(y)(z), 1/2¥) for every
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1 Construction of Wermer type sets in codimension 1

v € N big enough (here A'(a,r) C C denotes the closed disc centered at the point
a of radius r). But the volume of the later set is not greater than =/2", thus &,
has zero 2-dimensional Lebesgue measure. |

From now on we always assume that {g;} is decreasing to zero so fast that

e/ lzpy — | < 1/2" on B"~%(0,1) for every I € N.

By the previous lemma, the analytic sets F, then determine a limit set £. We
want to use this set in the constructions of Part II below. In order to do so, we
need to have three specific properties of this set. Namely, we want to ensure that
£ has no analytic structure, we need to guarantee that £ is complete pluripolar,
and we have to prove a Liouville theorem for plurisubharmonic functions on £. In
the remaining parts of this chapter we will show that we indeed can assure £ to
have these properties, provided that {g;} is converging to zero fast enough.

1.2 Some geometric properties

Recall that a map f: (X1,d1) — (X2, d2) between metric spaces is called (M, a)-
Holder continuous if do(f(x), f(y)) < Mdi(z,y)® for every z,y € X;. Here
M, > 0 are positive constants. Moreover, observe that the Wermer type set £
defines a map & from the metric space C"~! of all (n—1)-tupels of complex numbers
with the standard euclidean metric dj.| to the metric space F (C) of all nonempty
compact subsets of C with the Hausdorff metric dg, namely £: (C"~ 1, dj.) —
(F(C),dy), E(z) =&, ={w e C: (z,w) €E}.

Lemma 1.2.1. There exists a constant M > 0 such that the map £: C* ! —
F(C) is (M,1/2)-Hélder continuous.

Proof. We have to show that there exists M > 0 such that
dH(gzl,522) S M HZl — Zg” for all 21,22 € (C"_l. (1.1)

To prove (1.1), consider the set-valued functions e;(2) := e\/z —a, | € N,
e;: C"1 — F(C). Observe that £ = 3772, ¢;, by definition of £, where the sum
of the functions e; is taken pointwise and the sum of two elements K7, Ko € F(C)
is defined as K; + Ko := {w € C: w = ky + k for some ky € K1,ks € K5}. For
each | € N, choose e : C"~! — C such that e;(z) = {e](z),—¢€}(2)} for every
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1.2 Some geometric properties

z € C"~!. Then for every 21,2, € C*! we have

eIz — 2l = e/lzn — 2l = VI — @) — (- )l
= VI (£ei(z1) — € (22)) (£ €7 (1) + € (2) |

> sup inf ¢ — (o
C1€ei(z1) G2€ei1(22)

and similarly

€l\/|Zl -2l > 6l\/|21,[l] — 2o = \/\512(21,[11 —ar) — €7 (20 — )|
= V(e (z1) £ ¢ (22)) ( — € (1) £ ] (22))]

> sup inf |G -Gl
Ga€er(z2) 1Eei(21)

This shows that dg (el(zl), 61(22)) <ev/|z1 — 29|, ie., e is (e, 1/2)-Holder con-
tinuous. Observe now that for any two functions f,g: C*~! — F(C) we have
du(f(z1) + 9(21), f(22) + 9(22)) < du(f(21), f(22)) + du(g(21), 9(22)), hence if f
is (M1, 1/2)-Holder continuous and g is (Ma, 1/2)-Hélder continuous, then f + g
is (My + M, 1/2)-Holder continuous. Applying this to the sequence {e;}, we
conclude that

v

dH(Zel(Zl)7Z€l(22)) <Y ean/lz -z
=1

=1 =1

for every v € N, and for v — oo this yields (1.1) with M :=>/2, &;. O
Lemma 1.2.2. The map £: C"~! — F(C) is an analytic multifunction.

Proof. Assume, to get a contradiction, that £ is not pseudoconcave. Then there
exists a Hartogs figure H = {({,n) € A x A" 11 |¢|oo > 71 or ||7]|oe < 72} and
an injective holomorphic mapping ®: H — C" such that ®(H) ¢ C" \ € but
D(H)NE # @; here ||2]|oo = max;<j<n|z;] and H := A" := {2 € C" : ||2] 00 < 1}.
After possibly shrinking H, one can easily see that for v € N large enough the pure

(n — 1)-dimensional varieties E, will also satisfy the conditions ®(H) C C"\ E,,
and ®(H)N E, # @. Then V := ®(H) is a relatively compact subset of C"
such that the (n — 2)-plurisubharmonic function ¢ := —log||n|| o @1 satisfies
maxg, vy ¢ > maxg,nev . This contradicts the local maximum property of
(n — 2)-plurisubharmonic functions on (n — 1)-dimensional analytic varieties, see

Corollary 5.3 in [SI86]. O

Remark. The statement of Lemma 1.2.2 will also follow from formula (1.11) of
Lemma 1.4.2 below.
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1 Construction of Wermer type sets in codimension 1

Lemma 1.2.3. The set £ is connected.

Proof. Recall that {;} is chosen in such a way that e;,/|zy — a;] < 1/2" on

B"=1(0,1) for every | € N. Assume, to get a contradiction, that there exist two
open sets Uy,Uy C C" such that ENU; # @, ENUy # @, £ C U UUs and
Uy NU; = @. Then we conclude from continuity of £, see Lemma 1.2.1 above, that
m.(ENUy) and 7, (€ NUs) are open in C"~!, where 7,: C* — C?~! denotes the
canonical projection. Since 7, (ENUL)Un,(ENUs) = 7,(£) = C*L, it follows that
D :=m,(ENU) N7, (ENUs) is open and nonempty. Thus we can choose zg € D
such that 2o, ¢ {a;}72, for every p € N,,_; and arg(a; — 29,17) # arg(ar — zo,1])
for every [,I' e N, [I| = [I'], L #£U'. Set Uj(z0) :={w € C: (20,w) € U;}, j = 1,2,
and choose ¢ > 0 so small that dist(€,,, b(U;(z0) U Uz(z0))) > 0. Fix vy € N such

that 12, 11 €1v/l20,) — @] < 6/2. Then E,, ., NUi(20) # @, By -, NUs(20) # @
and E, ,, C Uy(z0) U Uz(z0), where E, ,, :={w € C: (2,w) € E,}. For every
leN,let o :={z € C"! : arg(zy — 20,) = arglar — 20,1), 2y — 2zo,uy| >
lai — 20,1}, and let hy;: C" 1\ 0; — C be a continuous branch of ¢;, [z — ar.
Fix p1 = (z0,w1) € E,, N Uy and py = (29, w2) € E,, N Uz. Then there exist
functions 71, 72: Ny, — {0,1} such that w; = 3212, (=1)7Why(z), j = 1,2. Set
pj = (20, w; +> 72,11 hi(20)) and observe that, by the choice of ¢ and vy, one has
p; € ENUj, j =1,2. Now define a continuous curve ~,: [0,9] = C271\ i, oy
as

(20,15 -+ 20,[u)—15 Z0,p] + 2(t — v + 1)(an — 20,1)),

20,4152 %n—1), t€v—1v-1/2
7= (t) = (v €N,,).
(20’17 c 9 20,V -15 Qv + 2(t —v+ 1/2)(z0,[u] - au)7
20,[p] 415> Zn—1), tE[V—1/2,V]

and let : [0, 9] — & be given as

(7= (&), 1= (=)= Ohy(12(8) + 370, (1) Ohy (12(2))
3Bt (1), tev—1,v-1/2]
~(t) == (v € Ny,).
(v=(1), 312 (D) 2Ohy(v:(8) + 302, 1 (1) Ohy (12(1))
31 (=(1)), te v —1/2,0]

Then it is easy to see that v is a continuous curve in € such that v(0) = p; € Uy
and (1) = pa € Us. This is a contradiction. ]

Remark. The connectedness of the set £ will also follow from Theorem 1.5.1
below.
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1.3 Choice of the sequence {g;} - Part I. Absence of analytic structure

1.3 Choice of the sequence {¢;} - Part |. Absence of
analytic structure

In this section we want to show that, for {¢;} decreasing fast enough, the set £
contains no analytic varieties of positive dimension. In order to do so, it obviously
suffices to show that £ contains no analytic disc, i.e., there exists no (nonconstant)
holomorphic mapping f: D — C™ from the unit disc D C C to C™ with image
completely contained in £. For analytic discs with constant z-coordinates this
is immediately clear, since we know that £, has zero two-dimensional Lebesgue
measure for every z € C"~!. The hard part is to show that there exists no
analytic disc f(ID) C &€ such that the projection f, := 7, o f onto C?~! is not
constant. The general idea is the following: Let f: D — C™ be an analytic
disc lying in the analytic hypersurface w = /z, —a, a € C, and such that
f-: D — C» ! is a biholomorphic embedding of D into C?~!. Then f,(D) is
either completely contained in the slice S? := {z € C"~! : z, = a} or does not
intersect S? at all. This is due to the fact that if S? N f,(U) = {20}, U C D
open and small enough, then for the canonical parametrization g: f,(U) — C,,
of f(U) and for ¢*,(~ € C" ! such that 2y + (*,20 — (= € f.(U), the slope
lg(z0 +¢T) — g(z0 — ¢7)|/IICT + ¢ || becomes unbounded as ¢*,(~ — 0, which
contradicts the holomorphicity of g. Since each set E, is defined by a sum of
terms of the form /zy —a;, and since, moreover, the subsequence {al}i2, of
{a;} is dense in C, this will enable us to show that for {¢;} decreasing fast enough,
every analytic disc f(D) C €& must have constant z,-coordinate. Due to the fact
that p € N,,_1 here is arbitrary, our assertion will be proved.

There arise some technical difficulties, the most important of which is the following:
while for every above-described analytic disc in the analytic hypersurface w =
V/Zp — a the projection f.(ID) cannot intersect S? (at least if its z,-coordinate is
not already constant), this property might get spoiled when adding further terms
\/W , 1 € N, and thus does not carry over necessarily to the limit set £. In
general this problem can be easily handled, except, however, at points zy € S?
that are contained in Sc[fl] for more than one [ € N. In this situation there are
root branches originating from zq in different directions p1,...,pr € N,,_1, and
in general their slopes near the point zy may cancel out each other. To deal
with this problem, we will show that we can at least guarantee the following:
for every zp € S([lll} N B"~Y(0,1), I € N, there does not exist any analytic disc
f(D) C & such that f.(D)N S([lll] = {2} and such that f,(D) is contained in the
cone 2o + (/=; [ (a); here

IP(a):={CeC":( #0 and ] < a, forall ¢ €N,_1, ¢ #p},

(e
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1 Construction of Wermer type sets in codimension 1

where « is a positive number that will depend on the choice of {¢;} (note that
it ¢ € T?(«), then also A\ € I'P(«) for every A € C*). In fact, the faster {g;}
decreases, the larger we will be able to choose a. It turns out that this weaker
assertion is sufficient for our purpose, since locally for every analytic disc f(D) C €
the projection f, (D) lies in ﬂthl I'?(«) for suitable py,...,pr € N,y and a >0
large enough.

The above complications, as well as most of the other technical difficulties for
choosing the sequence {g;}, do not occur in the case n = 2. In fact, in this case the
proof becomes relatively simple, and most of the work of this section is not needed.
Hence in what follows we will often implicitly assume that n > 3, though this
will not have any influence on the course and correctness of our arguments (for
example, the set T'P(a)) = C* is still well-defined for n = 2, though it is obviously
not needed in this case).

Remark. Many of the statements in this section involve the function y/-: C — C,
which is multivalued. In general, whenever such a statement is made, we will implic-
itly mean it to hold true for every choice of a single-valued branch (y/-),: C — C
of /- (no assumptions on continuity). However, there will be cases when we will
have to deal with particular single-valued branches of \/-. By some abuse of
notation, they will be denoted by the same symbol 1/-. We will always point out
when /- denotes a particular single-valued branch whenever such a situation first
occurs.

Lemma 1.3.1. There exists a constant 0 < C' < 1 such that for all z,2',( € C,

VI < Vzre—vZ=c|<2y/icl i 112 < Clel.

Proof. This is immediately clear, since

VEFC- V7=
g

Lemma 1.3.2. For every p € N,,_1 and a > 0, one has

L VG = VG

o 2|i<ll

Proof. Indeed, with ¢, := max{1, a} we have

z/¢,2'/¢(—0 NGE 0

= VO +1- /0 -1

=400 on IP(a).

VG V=0l _ 1 VIGI_ 1 (RGP 1R e
W =~ val ior) Zﬁ(;caw)

on I'’(a), and the last term tends to +o00 as ¢ — 0. O
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1.3 Choice of the sequence {g;} - Part I. Absence of analytic structure

Lemma 1.3.3. Let P := {p;}/, C {l,....,n — 1}, p; # pp if t # t', and
{e:}2) € (0,00), T > 2. Define a constant o > 0 by o := min {§(em/ems1)? :
1<m<T - 1}, Then for every v > 0, there exists a positive number § > 0 such

that
| 23;:1 em(\/zpm + (Cpm + Cm) - \/me - (Cpm + ;lm,) )|
2(|<ll

for every ¢ € (ﬂfmﬂ rem(a)) N B*1(0,6) and ¢',¢",z € A"1(0,(C/2)[¢|p).
Here C' is the constant from Lemma 1.3.1, |(|p € [0,00]" ! is defined by (|¢|p), =
&l ifpe P, (IClp)p =00 if pe CP:=N,_; \ P, and A”fl(O, (r1,. .. ,1",,,_1)) =
{z e C" i |2y < rp, ifry, >0, 0rz, =0, ifr, =0, p € Ny} forr €
[0, 0] L.

> v

Remark. The statement of this lemma is interesting and will be used only in the
case when o > 1 (otherwise the intersection ), I’ («a) is empty).

Proof. For every m € Ny_1 we define a,, := é(em/emﬂ)z, and for every m € Np

we let Dy, (¢) := {2z € C" 1 : |z, | < C|(p,, |} We will show by induction that for
every t = 1,...,T, the inequality

t
| 32 en (/2 + Gon = Vo~ G )| 2 /TG (12)

m=1

holds true for ¢ € o2 TP () and 2/, 2" € N Dim(C). Indeed, the case
t =1 is already proven by Lemma 1.3.1. For the step t =+ ¢+ 1, let H;;; denote
the left term in (1.2) where the sum is taken up to ¢ + 1. Using the induction
hypothesis and applying Lemma 1.3.1, we see that

t
Hewr 2 | Y em(V/o o = /o = o)
m=1

_ / _ "o _
Ct+1 ‘ \/Zpt+1 + Cpt+1 \/Z;Dt+1 Cpt+1

> e V |Cpt| - 2et+1 vV ‘Cpt+1‘

for ¢ € NS 2, TP () and 2/, 2" € N5, Dy (C). Observe that there is nothing
to show in the case (p,,, = 0. Hence we can assume (p,,, 7# 0 and write

€t |< t|
ee/1Ge] = 2001V [Gpn | = 26t+1\/m(2€t+1 \/\|/Cl - 1)'
Pt+1

One immediately checks that the term between the brackets is not less than 1/2
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1 Construction of Wermer type sets in codimension 1

precisely if |(p, ., |/[Cp,| < 3 hence

et/ |Cp, | — 241/ 1Cprin | > €t114/1Cp, 1 | for ¢ € TPt (ay).

This completes the induction and proves (1.2). But from Lemma 1.3.2 we know

that
lim |\/ QDT YA 7CPT| _
(-0 2[|¢|

where ap := «. Combining this with the estimate (1.2) in the case t = T', we
conclude that for every v > 0 there exists 0 > 0 such that

|Z£L=1 6m(\/zi:7m R Com)|
2|I<]l

for ¢ € (B 1 TP () N B™~1(0,6) and 2/, 2" € (5 _1 D () = A™1(0,C|¢|p).
Since a < auy, for all m € Ny and I'P(a) C I'?(o') for a < ¢/, this concludes
the proof. Indeed, for ¢’,(",z € A"‘l(O, (C/2)|§|p), the points 2z’ := z + ¢’ and
2" =z — (" always satisfy 2/, 2" € A"71(0,C|¢|p). O

400 on I'’?(ar),

>V

We want to estimate the slope between two points of the set F, when their projec-
tion to C?~1! lies near the zero set of one of the functions | [z —a, L=1,...,v.
For this we need some notations: For every v € N and p € N,,_; we define

Sy = {Ce(cnil :C[u] =a,}, SP = {Cecnil :Cp:O}a

and
LP:={leN:1<1<v,[l] =p}, AV i={a€C:leLb}.

Obviously, U;”;ll LP = N,. Moreover, if z € C"~!, we define
LE(z) :={l € LP: z, = a;}.

Note that LP(z) consists of at most one element. Further, for P C N,,_; such that
[v] € Pand z € S, we let

LP(2) = U LP(z).

peEP

Observe that under the assumptions on P and z, we always have v € £F(z).
As mentioned before, the case |-ZF(2)| > 1 is of special interest and leads us to
consider the sets (1), ['?(a) for o > 1. Here a was claimed to depend on {e;},
and we now clarify this dependence by the following definition: for every v € N,
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1.3 Choice of the sequence {g;} - Part I. Absence of analytic structure

P C N,,_; such that [v] € P and every z € S,, let a’(2) be the positive number

(2) = v+1 if £F(2)={v}
. min {1 (e;/ev)? 1 1, € LF (), > 1} if LF(2) 2 {v}.

P
Qy,

Observe that, since the sequence {¢;} is still in our hands, we can always assume
that af’(z) > 1. Finally, for each P C N,,_; and a > 0 we let

(P, ) = ( N rp(a)) m( N Sp).

peEP pelP

Lemma 1.3.4. Suppose €1,...,&, have already been chosen. Let 6 > 0. Then
for every zo € S, and P C N,,_1 such that [v] € P, there exist r¥(29) > 0 and
6P (20) € (0,6) such that for every j,k € Nov the inequality

5 (2 + (C+ ) = 0 (2 = (€ + )|
2||¢]|
holds for every z € B"_l(zm P (z )) s ’Y(Pa 045(20)) N bB”_l(O;(SP(ZO)) and
¢',¢" € APH0,(C/2)[¢]); here [¢| = (1G], - -, [Ga-1l)-

Proof. Fix zp € S, and P C N,,_; such that [v] € P. For each p € N,,_4, let
U, C C be an open convex neighbourhood of zg , such that

> v (1.3)

%) if LP(z9) =@
{z0p} 1f L(20) # @

and let U := Uy x -+ X U,_1. Choose 7 > 0 so small that B"~(z,2r) C U. For
each | € N, consider a single-valued branch of the multi-valued function /2 — a;

which will also be denoted here by /2 — a;. Since for every I € N, \ [ J,Z; L LB (%)

we have a; ¢ Up), we can assume that /z; — a; is holomorphic on U for these
[. After possibly changing the numeration of the roots of P,(z, -) for z € U,

we may further assume for every h € Nyv that why)( ) = >1=1 Fe1\/Z) — ar on

B"~1(z,2r) for suitably chosen signs depending only on [ and h. Now define
Wy B"(20,2r) — C as

ﬁ)h(z) = Z Z :|:€l1/2:[l] —a; + Z Z ﬂ:El‘/Z[Z] —a . (1.4)

pEP 1eLP\LY (20) pelCPlel?

Since N, = (JJZ] LB, we have w(2) = @n(z) + Y lewr (z0) TE1/Z — i on
B" 1(z0,2r). Let N3, := Nov x Nov and N3, (z) := {(j, k) € N3, : w;(2) =
Wy (20)}-

U,,mAg:{
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1 Construction of Wermer type sets in codimension 1

STEP 1: We show that there exist ' > 0 and ¢’ € (0,0) such that (1.3) holds
for every ¢ € B"(0,48"), ¢',¢" € A"1(0,(C/2)[¢]), = € B" (z0,7') and
(j, k) € N3, \ N3, (20).

PROOF. For | € LE(zp), we have zy j = a; and /- is continuous at the origin; hence
we conclude from (1.4) and the holomorphicity of |/ —a; for I € LY\ L}(z0)
that Wy, is continuous at zy for every h € Nov. Thus there exist M > 0 and r; > 0
such that |[@;(z 4+ ((+ (")) — wx(z — (¢ +¢"))| > M for every ¢ € B"1(0,r1),
¢'.¢" e A"H(0,(C/2)[¢]), z € B" ! (20,71) and (j, k) € N3, \ N3, (20). Moreover,
since again zg ;) = a; for [ € ZF(z) and /- is continuous at the origin, there exists
ro > 0 such that \/|(z[l] + (S + ) — @l < M/(4(n—1)e;), where ¢ € {¢',¢"},
for every ¢ € B"7'(0,12), ¢/,¢" € A"H(0,(C/2)[¢]), 2 € B" *(20,72) and
1€ £F(2). Let ' := min{r,ry,72} and &’ := min{d,r, 71, 7o, M/4v}. Then the
following estimate holds true for every ¢ € B"~1(0,4"), ¢',¢" € A™~1(0,(C/2)[¢]),
2 € B" 1(z2,7") and (j,k) € N3, \ N3, (20):

|l (= + (¢ +¢) — w2 = (¢ +¢)|

21l
o w5+ €+ <) — e (2 = (C+¢)]
= 2[C]
 Yiezro @ (/1w + o+ Gy) — ail + /[ (e — o + ) —all)
21l
M =3 1cor(z) 2aM/(4(n = V)e1) M — M/2 ,
g 21C] ) T R

STEP 2: We show that there exist v"" € (0,r") and 6" € (0,0") such that (1.3)
holds for every ¢ € 'y(P, af(zo)) NK"18"/2,8"), ¢',¢" € An! (0, (C/2)|C|),
ze AnT1 (ZO7 (C/2)|C|p)ﬂB”*1(zo,r”) and (j,k) € N3, (20), where for Ry, Ry >0
we put K" 1(Ry, Ry) :=={2 € C" ' : Ry < ||z|| < Ra}.

PROOF. Observe that the first term in (1.4) is holomorphic in B"~!(zg,2r) and
the second term is constant on the set zo + (,egp S?. Therefore we can find
M >0 and 7 > 0 such that

|@; (20 + (C+ (")) — Wr (20 — (C+ )]

<M
2|l
for all ¢ € (Npecp S*) NB"1(0,7), ¢',¢" € A"1(0,(C/2)[¢]) and (j,k) €
N2, (z0). Moreover, since, by definition, zo ;) = a; for every | € £ (), we

have \/(Z[z] £+ ) —a = \/(Zm — zo,17) % (Cy + Cpy)» where ¢ € {¢',¢"}.

28



1.3 Choice of the sequence {g;} - Part I. Absence of analytic structure

Hence, using Lemma 1.3.1 and 1.3.2 if £/ (2) = {v} and Lemma 1.3.3 if
LF(20) 2 {v}, there exists § > 0 such that

| S iewr oo € (\/(Zm Hra e )|
2(I<ll

for all ¢ € [(pep TP (el (20))] N B"71(0,0), ¢',¢" € A™71(0,(C/2)[¢|p) and
z € A" (20,(C/2)[¢|p) (recall the definition of ) (29)). Now choose §” such
that 0 < 0” < min{7,4,6’}. Observe that @y, is continuous in zo + [(Npecp SP)N
B"1(0,2r)] for every h € Nyv. Hence there exists some " € (0,7') such that
the following estimate holds true for every ¢ € ((,ecp S*) N K"1(6"/2,6"),
¢',¢" € A"1(0,(C/2)[¢]), 2 € B"(z0,7") and (j, k) € N3, (2):

[@; (2 + (C+¢)) — w2z — (C+¢)|
2|[<|l

Thus for every ( € v(P, af(zo)) N K"=1(6"/2,8"), ¢',¢" € A”‘l(o, (C/2)|C\),
2 € A" (2, (C/2)[¢|p) N B™(z0,7") and (j. k) € N3y (z0) we get

>v+M

< M.

W (24 (¢ + ) —w (2= (¢ +¢)]

2||¢]|
N ’Zlegf(%) 81<\/(Z[l] + (Cu +¢fy)) —a - \/(Zm = (G + <) — a ) ' -
- 2|[¢]]
_ |7J)j(z—|— €+ CI)) — ﬁ)k(z - (C+ CN)M > v
2|¢||

STEP 3: We show that there exist r¥(29) > 0 and 6¥(z0) € (0,8) such that (1.3)
holds for every ¢ € 'y(P, af(zo)) NnbyB"1 (0,5P(zo)), ¢ ¢ e AnL (0, (C’/2)\C|),
z € B"‘l(zomp(zo)) and j, k € Nov.

PROOF. We know that (1.3) holds for every ¢ € v(P,al'(z0)) N K"71(6"/2,6"),
¢',¢" € A"H0,(C/2)[cl), = € A" (20, (C/2)[¢|p)NB™ (20, 7") and j, k € Now.
It only remains to make proper choices for the constants r(zy) and 6 (2). First,
choose any 6% (zg) such that 6" > §¥(2) > 6" /2. Then there exists K > 0 such
that

(o] > K forall ¢ €y(P,a)(20)) NbB"1(0,6"(20)), p € P.

Indeed, let p € P. Then for ¢ € ’y(P, af(zo)) we have in particular ¢ € I'P (af(zo))

29



1 Construction of Wermer type sets in codimension 1

and hence |(,|/|¢p] < ol (20) for every ¢ € N,,_; (assuming that ol (29) > 1,
which is the only interesting case). Thus ||| < af (20)v/n — 1|(p|. Since also ¢ €
bB™1(0,6 (20)), we conclude that (] > 67 (20)/ (o (20)vn —1) =: K. Now
choose p > 0 such that |z, —20,| < (CK)/2 for all z € B" (20, p) and p € P, i.e.,
B" (29, p) C A" (20, (C/2)[¢]p) for all ¢ € y(P, o (20)) NbB"1(0,6%(20)).
Then r(2g) := min{r”, p} is a desired constant. O

Fix v € N. By the previous lemma, we have assigned positive numbers 7 (z),
(5P(z0) to every zg € S,. As we shall see in the proof of Lemma 1.3.5, the choice
of ,41 will depend on the numbers §7(z), 2o € S,; in fact, we will need a
positive lower bound for the set {07 (zg) : 20 € S, }. However, such a bound does
not always exist. Hence from now on we restrict our attention to the compact
subset S, N B"~1(0,v) of S,. This set can be covered by finitely many balls
B" (20,77 (20)), 20 € Sy, and thus leads to a finite set {67 (21),...,6" (zm)} C
(0,00) (which of course has a positive minimum). On the way, we have to choose
the numbers r(zg) in the covering {B"‘l(zo,rp(zo))}%esu small enough in

order to limit the influence of points zy € S, with small value af (2). For this
purpose, we need some further notations: Fix a decreasing sequence {p,} of
positive numbers converging to zero, such that

max vol( U Al(al,py)> —0 for v— oo

1<p<n-—1
leL?,

Then for every v € N, p € N,,_; and z € C"! we let
L2(:) =l € L 5 —all < pu}.

Moreover, if z € S, and P C N,,_; such that [v] € P we let

ZF(z) = Lo(a).

peP

Note that under the assumptions on P and z we always have v € .ZF(z). Hence

3P (2) v+1 if ZP(z)={v}
a., (z) := - !

v min {v + 1,min{i(e;/er)? : 1,I' € LF(2),I > 1}} if LF(2) 2 {v}
is a well-defined positive number.

Corollary 1.3.1. Suppose €1, ...,&, have already been chosen. Let § > 0. Then
there exists a finite subset D, := {5},... 6%} C (0,8) such that for every z €
S,NB" 10,v) and P C N,,_1 such that [v] € P, there exists some o € {1,...,d,}
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1.3 Choice of the sequence {g;} - Part I. Absence of analytic structure

such that for every j,k € Nov the inequality

[0z + €+ ¢) = €+
2l

holds true for all ¢ € v(P, &l (z)) NbB™~*(0,67) and ¢',¢" € A"71(0,(C/2)[¢]).

(1.5)

Proof. By the previous lemma, for every zp € S, and P C N,_1, [v] € P, there
exist positive numbers 1 (z) € (0, p,) and 67 (20) € (0,6) such that (1.5) holds
for every j, k € Nov, z € B" (20,77 (20)), ¢ € v(P, o (20)) NbB"~1(0,6% (20))
and ¢, ¢" € A"1(0, (C/2)[¢]). et

r(20) := min {r”(z9) : P C N,_; such that [v] € P}.

By compactness of .S, ﬂB” o 1\/) there exist finitely many points z1, ...,z € S,
such that S, N B"71(0,v) C Upm—1 B" " (2m,7(2m)). Let

D, = {5P(zm) : P C N, such that [v] € P, m=1,...,M}.

Then for every z € S, N B" 1(0,v) and P C N,,_1, [v] € P, there exist o €
{1,...,d,} and m € Ny, such that |z — z,,| < p, and such that (1.5) holds for
every j,k € Nov, ¢ € y(P, o (zp,)) NbB™1(0,67) and ¢',¢” € A"=1(0,(C/2)|¢]).
It remains to observe that we herein can replace al’(z,,) by aF(z). Indeed, since
|z — zm| < pu, we have LP(z,,) C LP(z) for all p € N,,_; and thus LE(2m) C
2P (2). Recalling the definitions of a?(2,,) and &% (z), we conclude that & (z) <
ol (zm). In particular, we get (P, &l (2)) C y(P, ol (zm))- O

We are now able to specify the choice of the sequence {g;}:

Lemma 1.3.5. If {¢;} is decreasing fast enough, then for every fized v € N and
for every z € S, N B"1(0,v) and P C N,_1 such that [v] € P, there exists
§ € (0,1/v) such that

UJ*U} v—1

1" +2¢+ ¢l — 1+ (C/2)

for all w' € 8z+(<+</), w’ € 52—(C+C") (1.6)

and all choices of ¢ € v(P,a% (z)) NbB"1(0,8) and ¢',¢" € A™71(0,(C/2)[¢]).
Moreover, §(e1/e141)? > 1 and g1 /|2 — ai| < v on B"71(0,1).
Proof. We proceed by induction on [ and simultaneously choose a sequence

(D) of finite subsets D; = {5},...,5;11} C (0,1/1) such that e/|z; — @] <

%min{é' €D,:1<v<I1-1}forevery 2 € B 10,1+ 1). First let gy := 1
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1 Construction of Wermer type sets in codimension 1

and let Dy C (0, 1) be the set provided by Corollary 1.3.1 in the case v,6 = 1. If
€1,...,€ and Dq,..., D; have already been chosen, we choose ;11 > 0 so small

that %(&/514_1)2 > [ and 5l+1\/‘z[l+1] — al+1| < 21% min{5’ eD,:1<v< l} for
z € B"1(0,1 4 2). Observe that every ¢/, € (0,e;41) would also be a proper
choice for ;1. We then take for D,y the set provided by Corollary 1.3.1 in the
casev=Il+land §=1/(I+1).

FixveN, z€ S, NB"1(0,v) and P C N,,_; such that [v] € P. Then by choice
of D, there exists 6 € D,, such that estimate (1.5) holds true for all j, k € No.
and all considered (,¢’,¢”. By choice of the sequence (g;), if for abbrevation we
write 2T = z+ ((+(¢’) and 2z~ := 2z — (( + ("), we thus get the following estimate
for all 4 > v and j', k' € Ngu (for suitable j, k € Nov depending on j/, k'):

it (2 4+ (C+ ) — w0 (= = (C+¢)| [0 () —wil (=)

” ||(C’)+ 20+ ¢"|l - 2+ O)li<ll
() (o4 () (o~ "
> 1 ((Zzlcmn(z 1 (2+é)||¢|| l;ﬁ(\/% il /[y —ai])
2 o)~ @ o lzi 7 > e
Since by Lemma 1.1.2 each (z,w) € £ is a limit of points (z,w%”), this proves
(1.6). O

Lemma 1.3.6. If {¢;} is decreasing fast enough, then & contains no analytic
variety of positive dimension.

Proof. Let {g;} be decreasing so fast that the assertions of Lemma 1.3.5 hold
true. To get a contradiction, assume that £ contains an analytic variety of positive
dimension. Then in particular £ contains a nonconstant analytic disc, i.e., there
exists a nonconstant holomorphic mapping f = (f1, f2,. .., fn): D-(0) = C™ such
that f(ID,(0)) C &, where D,.(§) = {{ € C: [¢ —&| <r}. Let P C N,_; be the
set of all coordinate directions in C"~! such that f, is not constant. Since by
the choice of {¢;} and Lemma 1.1.2 the set £, has zero 2-dimensional Lebesgue
measure for every z € C"~!, we see that P # @. Without loss of generality, we
can assume that P = {1,...,T} for some T' < n — 1. After possibly passing to
a subset D, (§p) C D,.(0), we can assume by the implicit function theorem that
there exist an open subset U C C and some

¢: U — C" holomorphic, ¢(U) = f (D, (&))
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1.3 Choice of the sequence {g;} - Part I. Absence of analytic structure

such that ¢(€) = (57 ¢2(£)a ) ¢T(£)7 qT+15 -+ 5qn—1, ¢n(§)) = (¢* (6)7 (bn(f)) with
suitable constants gri1,...,q,—1 € C. After a possible shrinking of U, we can
assume that there exist positive numbers ¢, > 0 such that on U

6 <|¢,| forallpe P, |pp| <o forallpeN,. (1.7)

Indeed, ¢ exists since the zero set of each |¢;,| is discret, and we use Cauchy’s
estimates to find o. Thus, after possibly shrinking U again, we can assume
that for 2,2 € ¢.(U) and 1 < s,t < T we have 0 < |z, — z|/|z] — z1] and
|zt — zs| /|21 — 21| < o, L.e., |2h — 2zs|/|2; — 2| < /6. In particular, we see that
there exists o := /6 > 1 such that

D¢, (z1)(C) C v(P,or) forall z; € U.
Moreover (after possibly further shrinking U), we can assume that for every p € N,

|9p(a+&) — dp(a) — ¢, (a)¢]
iy

Since we can assume f(D,(0)) to be bounded, and since §(e;/e141)% > I, we can
choose vy € N so large that ¢.(U) C B"1(0,1p),

forallae U, £e€C
such that a + €& € U.

<(C/2)0 (1.8)

v+1>a and i(g/e41)® > a forall 1> . (1.9)

Further, since maxi<p<n—1vol (Jerr A'(ar, py)) — 0 for v — oo and {p,} is
decreasing, we can assume (after possibly enlarging 1y and then shrinking of
U) that ¢,(U) N Uterz, AY(ay,p,) = @ for all p € P and v > vy. But then

ZLP(2)NN,, = @ for all v > vy, 2 € S, N ¢.(U), [v] € P. By definition of &7 (z)
and from (1.9), we therefore get

al(z)>a forall v>wy, z€8,N¢.(U),[v] €P.

After these preparations, we now choose a strictly increasing sequence {1} of
natural numbers such that for each v from this sequence we have

v>u, []=1, B"! (¢«(av),1/v) C U x cr2,

Let v be an arbitrary fixed member of this sequence. Since ¢.(U) C B"~1(0, vp),
we see that 2 := ¢, (a,) € S, N B""1(0,v). Hence we can use Lemma 1.3.5 to find
a ¢ € (0,1/v) such that

w —w” v—1

0+ 2+ ¢ = 1+ (C2)

for all w' € 5z+(§+(’)7 w’ € 52_(4_,_4//)
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1 Construction of Wermer type sets in codimension 1

and all choices of
Cex(Pal(2)NbB"10,6) and (',¢" € A"H(0,(C/2)[¢]). (1.10)

By the choice of U and vy, we have Doy (a,)(€ —a,) € v(P, ) for all £ € U\ {a,}
and &, (z) > a; hence D¢, (a,)(§ — a,) € v(P, &l (z)). Moreover, B"~!(z,0) C
U x C"~2. Thus

Y i=[z+7(P, df(z))]
N [z +{D¢.(a,)(€ —a,) : £ € C\ {0} such that a, + & € U} NbB" ' (2,0)

is nonempty. Therefore we can choose ¢ € (P, &} (z)) such that z + ¢ € ¥, and
¢ € C such that a, + £ € U and D¢, (a,)(£E) = £¢. Now applying (1.8) in the
case a = a, and using (1.7) yields

|6p(an +€) — 2 — G| < (C/2) 0l&] < (C/2)|¢y,(ar)E] = (C/2)|G

for every p € P. Since also ¢p(a, +§&) =z, +(p for p e N1 \ P and ¢1(21) = 21,
this shows that there exist uniquely determined ¢’,¢” € A"~1(0, (C/2)¢]) such
that z + (¢ + (') = dulay + &), 2 = (( + (") = du(ay —§) and ¢}, ¢ = 0. In
particular, we see from ¢(U) C f (D (&)) C f(ID-(0)) C & that

wi=¢nlay +§) € Epcrery, W= dnlan — &) € Emcren-

Observe that ¢, ¢'¢” satisfy the conditions in (1.10). Since a, € U and ¢} =1 on
U, we get [|¢" +2¢ + ¢"[| = (2 = O)[|I]| = (2 = O)[|Dd«(an) (€| = (2 — C)[¢] and

thus, in view of Lemma 1.3.5, can finally make the following estimate:

’¢n(au +&) — Pnlay — 5)‘ >
2[¢| -

This holds true for every member v of the strictly increasing sequence (v), and
the right term becomes unbounded as v — 4o00. Since for each fixed v the number
& was chosen such that a,, & € U, this contradicts the fact that ¢,, has a bounded
derivate on U. (]

lw — w'| >1—C’/2
1" +2¢+¢"[| — 1+C/2

(1-C/2) w—1).

1.4 Choice of the sequence {¢;} - Part Il. Complete
pluripolarity

Recall that E, = {P, = 0}, v € N. We show that for {¢;} decreasing fast
enough we can guarantee nice convergence properties of the sequence {P,} as
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1.4 Choice of the sequence {g;} - Part II. Complete pluripolarity

well as certain relations between the limit set £ of {E,} and the sublevel sets of
the defining polynomials P,. These results will then be seen to imply complete
pluripolarity of £.

Lemma 1.4.1. The sequence {|P,|'/*"} converges uniformly on compact subsets
of C*\ &, and lim, _,o|P,|*/?" >0 on C™\ £.

Proof. Recall that {;} is chosen in such a way that e;,/|zy — ai] < 1/2" on

B"71(0,1) for every | € N. Fix (z9,wp) € C"\ € and choose R > 0 such that
(20,wp) € Ap := B"}0,R) x C. Since & is closed and E, N Ar — £ N Ag
in the Hausdorff metric, there exist a ball B := B”((zo,wo),é) C Apg and
positive numbers r > 0, N, > 0 such that dist(B,FE,) > r for all v > N,.
Now for every v, €N, j € Nyv and z € C"! we denote the 2# values of
wgy)( Py I/+1 Elm by wll ) (v,7;2),- wéﬁf)(u,j; z). Observe that with
this notatlon we have

2V+“' oV oM
o v+ . vt
Po(zw)| 2 = T o — w0 ()2 = T [T hw = wi (v, 55 2) 2
=1 j=1k=1

vt
1/2 amounts to replace each

|1/2“

thus passing from |P,(z,w)['/?" to [P,y (2, w)|
®)

term |w —w;

value Hi:l\wfw(“)(z/ §:2)[*/?". Since for v > R one has |w§”)(z)7w,(€”)(1/,j; z)| <
St cen/lzg — @l < 1/2¥ for all z € B"71(0, R), we can estimate the resulting

error, by means of

(2)| occuring in the product expansion of | P, (z, w) by the mean

n

le w5 > T (jo - a1 - 172) 7 o= 00 - 12,

k=1

. v 1/2“ v
H|w wl (v, ;2 >|1/2‘<H(|w W@ +1/27) = fw—w ()] +1/2",

to be less than 1/2" for all (z,w) € B C B"1(0,R) x C (obviously the first

inequality is trivial if |w— w(y (z)| < 1/2¥). In particular, whenever |w— w( (2)] >
1/2” on B and v > R, we get

ov

/2" u
IT (-0 G-1/2) " < 1Prspt)2 ™ < T (ju- sl e311/2°)
Jj=1 Jj=1
on B. But |w—w§y)

v. Since |P,(z,w)| = H?;ﬂw - w§”) (2)|, this shows that {|Pl,(z,w)|1/2u} is a

v>1

1/2¥

(z)] > r on B for all v > N,., where r does not depend on
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1 Construction of Wermer type sets in codimension 1

Cauchy sequence for every (z,w) € B and in fact that {\Py|1/2u }V>1 converges
uniformly on B. Moreover, liml,%oo\Pl,P/?V > 0 on B, since the above estimates
hold true for all 4 € N. ]

Lemma 1.4.2. If {¢;} is decreasing fast enough, then

e=N U {Pl<®*}) (1.11)

veNu>v

Moreover, the following relations hold true for every u > v > R:

(1) {|Pul < (;32)*" } 0 B™(0, R) cc {|P] < (;)* }-

(2) {IP| < ()* }nB"(0, R) cC {|Pu| < (;1)* }-

Proof. For M C C" and R, > 0 we let M(g) := M N B"(0, R) and
M) = MU U B"(z,6) and M=% = M\ U B"(z,9).
zebM zebM
One easily verifies the following relations for all M, N C C™ and R, §, 1,652 > 0:
(A) MCN=M®cNO® and Mc N= M=% c N9,
(B) Mgy C N = My CC N and Mz C N = [M=9]p CCN.
(C) [M(51 ](52> = M{01+32) and [M(- 1)](—52> — M= (81462))
(D) [M(r_s) C [M(p)]® and [MD](p_s) C [M()) =7

Moreover, M (<R)5> will denote the set M(*% 1 B™(0, R). We can choose sequences

{e1},{d1} of positive numbers converging to zero such that for all v € N the
following relations hold true:

(1) evy/lzp) — av] < 55 on B"71(0,v).

@) [{IPl<Gh }W VLIPS > G Y]
n{IP,| = (1)} = @.

Busr) Pl < (3 2”“}@“ cIPI <GP dora=1, v+ 1
6, /2% v
3,) {IP]<(H)? §y+1>/ C{IPoa] < (1)) for A=1,...,v - 1.

Indeed, we can choose ¢; to satisfy (11). After fixing such £;, the polynomial
Py is fixed, and we can choose §; < 1/2 to satisfy (21). Suppose now that ¢, d;
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1.4 Choice of the sequence {g;} - Part II. Complete pluripolarity

are already chosen for [ = 1,2,...,v such that (1,)-(3],) hold true. By Lemma
1.1.1, we know that P,1; — PE uniformly on compact subsets as €,,1 — 0; hence
we can find € > 0 such that for €,11 < ¢ the polynomial P, satisfies (3,41)
and (3;,,,). Moreover, we can find €’ > 0 such that for €,,1 < ¢’ the inequality
(1,41) holds true. We choose €,4; < min{e, &'}, and we point out that every
€,,41 € (0,e,41) would also be a proper choice for €,.4,. For P, now being fixed,
we can find 0,11 < §,/2 satisfying (2,41).

(i) We now prove statement (1) of the lemma. In order to do this, we need the
following

Cram 1. For y > v > R, one has

(P < G by € (IR < (Fp)* Y2 20,

PROOF. Let i > v > R be fixed. For proving the statement of the claim, we use
reverse induction on p to show that

L —1 1
)2”}<Z;:p a/2) forp=p—-1,...,v
(1.12)

The case p = p — 1 follows immediately from (3,) with A = v + 1. Suppose that
property (1.12) holds for some p € N such that y > p > v > R. Then one also has

(1P < A%}y € 1P < G

|P, )2 P, )2’ i, 0/2) 1.13)
{IPu] < (537) }(R)C{‘ < (757) }(R) - (1.

Hence applying (3,) with A = v + 1, we can conclude that

4 - 3 -1
{181 < G} € IRl < G )0

v +1
= {IP,| < U}rl)2“}(p)]< 62

C [{IPy-1l < (V}rl)2"‘1}<6p71/2ﬂ—1>]< = 52
= {IBl< G} R 6l/2l>](p— s /20

C {|Pp 1| < (V_H)zv—l}( " o 1le/2>
1
= [{IP] < (G} Qi o2 >](R)
1 p—1 .
C {IPya] < (L)% Y im0,

This and (1.13) completes our argument by induction and proves Claim 1.
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1 Construction of Wermer type sets in codimension 1

Observe that, since {;} is monotonically decreasing, we get from Claim 1 and
(B) the following property:

v {0u)
{| | < u+1 2M}(R) cC {|P | < (V_H)Q } . (1.14)
Fix now some v > R. We are going to show that

{IP,] < ( c{IP| < (1)* ). (1.15)

}(R)

Note that (1.14) and (1.15) together prove (1). By definition, we have

{|P | < V+1 }(R) {‘P ‘ <( )QV}(R)U U Bn(xaau)(R)
=)}

Obviously, )
{IP] < G Yy  {IB < ) )

Let ( € B"(x,06,)(r) for some z € b{|P,| < (u+1) “}. Then in particular = €
{IP,| = (uT—l) “}w41)- Assume, to get a contradiction, that ¢ € {|P,| > (£)?"}.
Since 2 € {|P,| < (£)*'}11), we then can find t € (0,1] such that & :=
(1 -tz +t¢ € {|P,| = (£)*}. Now obviously ||# — z| < ,, which shows that
z € {|P)| = ()% }osn N{IP,| = (£)?"}1°). In particular, we conclude that
(P < 5% Yorn) N{IP| = (£)?"}9) # @, which contradicts (2,). This

v+1
proves that

U Bn(x’éu)(R) C {|P,,| < (%)2 }»
Ieb{‘P |<(V+1)2V}

and hence (1.15). The proof of statement (1) of the lemma is now complete.

(ii) We now prove statement (2) of the lemma. For being able to do this, we need
the following

Cram 2. For y > v > R, one has
vy (=S s 2h .
{P) < GE2 M= ) c (1Pl < A},

PRrROOF. Let p > v > R be fixed. For proving the statement of the claim, we use
induction on p to show that

v (=S a2t
(R < G} sy € LB < (G} forp=vt L
(1.16)

38



1.4 Choice of the sequence {g;} - Part II. Complete pluripolarity

The case p = v + 1 follows immediately from (3/,, ;) with A = v — 1. Suppose that
property (1.16) holds for some p € N such that u > p > v > R. Then we also have
(=D a2

{12 < () ) 20 )

2/-7
(w+1-507 521 cH{IPl < G2}

= [[{IPA < (A" Py 5’/2”](”“72?:_; &M)T_(;p/y)
C{|P|<(1) } —8,/2%)
= [{IR] < GH* T 2t /%) Jo- Sor, 61/20)
C {|P| (1) } 50/2")
= [{R1< G} 2l ) [ S, 8/2h)
c{IP] < GED¥ 3o

while from (3/,,;) with A = v — 1, we get

(Pl < G} ™) € (1Ponal < G207}

This completes our argument by induction and, since v 4+ 1 — l”:_Vl §/28 > R,
proves Claim 2.

Observe that, since {0;} is monotonically decreasing, we get from Claim 2 and
(B) the following property:

(1P| < G5 }(R) cc{|P.) < (;2)* ). (1.17)
Fix now some v > R. We are going to show that
v v (761/>
{IPI< ) g c{IPI <G }m (1.18)

Note that (1.17) and (1.18) together prove (2). By definition, we have

IPI< G M =PI <G\ U B'@d)m
zeb{|P,|<(557)?"}
Obviously,
(1B <}y IR < GED¥ } )

Let ¢ € B"(z,0,)(r) for some x € b{|P,| < (V%) }. Then, in particular,
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1 Construction of Wermer type sets in codimension 1

z € {|P)] = (535)% }w41)- In order to get a contradiction, assume that ¢ €
{|P | < (L )QV}(R) Since = € {|P, | > (1)2"}, we then can find ¢ € (0, 1) such that

=1 -tz +t e {|P|=(%)*}. Now obviously ||z — z|| < §,, which shows
that ze{|P| =G5 Yoy N{P| = (;)zv}w v}, In particular, we conclude
that {|P,| > (:27)% }i1) N{|P| = (£)*" }® # &, which contradicts (2,). This
proves that

{IPI/‘ < (%)QU}(R) n U Bn(xafsy)(R) = @7
)2}

and hence (1.18). The proof of statement (2) of the lemma is now complete.
(iii) Finally, we show that the representation (1.11) holds true.

Let (z,w) € C™ and choose R > 0 such that (z,w) € B™(0, R). Assume that
(z,w) € €. Let 4 > R. Applying (1), we get

(Equl y C {|Pﬂ+l| < (#}H 2u+l}(R) cc {|P | < ) }

for all [ € N. But since (1,) holds true for all p € N, we can apply Lemma
1.1.2 to see that 59? = limy_; oo (Eu41)(r) in the Hausdorff metric. Hence &£y C
{|Pus1| < (ﬁ)zu Fry CH{IPul < (%)2“} Since this holds true for all 4 > R, it
follows (z,w) € Myen Upsu{Pul < (i)w} Conversely, assume that (z,w) ¢ .
Then by Lemma 1.4.1, the sequence {|P,(z,w)|"/?"} is converging to a positive
real number; hence there exist 5 > 0and po € N such that | P, (z,w)|*/?" > § for
all p > po. In particular, (z,w) ¢ {|P,| < (;) "} for p > max{pg, 1/6}, which

shows that (2,w) ¢ Nyen Uz APl < ()%} 0

For each v € N, define a function ¢, : C" — [—o0, +00) as
1
oz, w) = o log| P, (z, w)|.

Then ¢, is a plurisubharmonic function on C", pluriharmonic on C" \ E,, and
w,(z,w) = —oo if and only if (z,w) € E,.

Lemma 1.4.3. If{e;} is decreasing fast enough, then the sequence {@,} converges
uniformly on compact subsets of C*\ & to a pluriharmonic function ¢: C"\ € — R,
and i, ) - (z,wo) P(2, W) = —00 for every (20, wo) € €. In particular, ¢ has a
unique extension to a plurisubharmonic function on C" and the set £ is complete
pluripolar.
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1.4 Choice of the sequence {g;} - Part II. Complete pluripolarity

Proof. Let {¢;} to be converging to zero so fast that the conclusions of Lemma
1.4.2 hold true. Then, applying Lemma 1.4.1, we immediately see that {p,}
converges uniformly on compact subsets of C™*\ €. In particular, ¢ is pluriharmonic
in C*\ &. Let (20, wp) € € and let {(z;,w;)};>1 be an arbitrary sequence of points
converging to (zg,wp). Let R € N be such that (zp,wo) € B™(0, R). From part
(1) of Lemma 1.4.2 we know that

(1Pl < GED? Y0 B0, R) € {|Pul < (2)*'}

for every p > R; thus it follows from

e=N U IRl <2}

veNu>v

that £N B"(0,R) C {|P,| < (1)?"} for all v > R. Hence for every v > R there
exists j(v) € N such that (z;,w;) € {|P,| < (£)*"} N B"(0,R) for all j > j(v).
But whenever (z;,w;) € {|P,| < (£)>"} N B"(0, R) we know from part (2) of
Lemma 1.4.2 that also (zj,w;) € {|P,| < (;17)*"} for each p > v. This means
that ¢, (z;,w;) < —log(v — 1) for each p > v. Hence ¢(z;,w;) < —log(v — 1) for
each j > j(v). This shows that lim;_, . (2, w;) = —o0. O

Complete pluripolarity of the set £ will play an important role when we are going
to apply the existence of Wermer type sets to the study of global plurisubharmonic
defining functions in Part II below. In fact, the precise property of £ that will be
needed is the existence of a smooth plurisubharmonic function ®: C™ — [0, 00)
such that £ = {® = 0} and such that ® is strictly plurisubharmonic outside £.
The next corollary shows that we can easily construct a function ® as desired, by
smoothing up ¢ + || -||? along the set £ = {¢ = —oc}, where ¢ is the function
from the previous lemma.

Corollary 1.4.1. If {&;} is decreasing fast enough, then there exists a smooth
plurisubharmonic function ®: C™ — [0,00) such that € = {® = 0} and such that
d is strictly plurisubharmonic outside £.

Proof. For every j € N, let X;: R — R be a smooth convex increasing function

such that X[(_.c,—j;) = —j. Let {n;}32, be a sequence of positive numbers that
converges to zero fast enough. Then ® := Y22, 7;X;(¢ + | -|?) is a function as
desired. O

Recall that a compact set K C C™ is polynomially convex if and only if there exists
a smooth plurisubharmonic function ®: C™ — [0, 00) such that K = {® = 0} and
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1 Construction of Wermer type sets in codimension 1

such that ® is strictly plurisubharmonic outside K (see, for example, Theorem
1.3.8 in [St07]). In this context, observe that we also have the following additional
property of the Wermer type set &£.

Corollary 1.4.2. If {¢,} is decreasing fast enough, then for every R > 0 one has
bB"(0,R) N E = B™(0,R) N E, where bB™(0, R) N E denotes the polynomial hull
of the set bB™(0, R) N E.

Proof. Using (1.11) and part (1) of Lemma 1.4.2, we see that, for every (z,w) €
C™\&, there exists v € N such that B"(0, R)NE C {|P,| < ()%} but |P,(z,w)| >
(1), ie., (z,w) ¢ bB"(0,R)NE. In particular, since clearly bB"(0, R)NE C
B™(0, R), this shows that bB"(0,R)NE C B™(0,R) N E. Concerning the other

direction, note that bB"(0,R)N E, = B"(0,R) N E, for every v € N by the
maximum modulus principle and the fact that E, is the zero set of the polynomial
P,. Since on bounded subsets of C™ the sequence {E,} converges to £ in the
Hausdorff metric, we thus conclude that B”(0, R) N & = lim,_,o, B"(0,R)NE, =

lim,_, bB™(0, R) N E, C bB™(0, R) N €. O

At the end of this section, we want to use Holder continuity of £ to give an explicit
form for the function ® from Corollary 1.4.1: Let ¢ be the plurisubharmonic
function defined in Lemma 1.4.3 such that £ = {¢ = —oo}, and let ¢ := o + || - ||%.
We then want to make an explicit choice of a function A: [—o00, 00) — [0, 00) such
that ® := Ao is smooth and plurisubharmonic on €2 and strictly plurisubharmonic
outside £. In order to do so, consider first the function e?: C" — [0, 00). Observe
that e? is a continuous plurisubharmonic function on C™ that is smooth and
strictly plurisubharmonic in the complement of £. Thus this function has all
the properties we seek except, possibly, for smoothness in points of £. Now the
general idea to obtain A and ® as desired is to compose e? with a smooth, strictly
increasing and strictly convex function that vanishes at 0 of infinite order. In
fact, we will take A: [—00,00) — [0,00) such that A(z) = e~/¢" for small values
of z. To actually prove smoothness of ®, we proceed as follows: We show that
for each point (z,w) € C™ \ € there exists a polycylinder around (z,w) that does
not intersect &, the size of which depends uniformly on the vertical distance
d(w, &) = inf,ree, |w — w'| of (z,w) to £. Moreover, we estimate the value of
e? by means of the vertical distance d(w,&,) to the set £. We then use the
Poisson integral formula and pluriharmonicity of ¢ outside £ to derive Cauchy
type estimates for the derivatives of ¢, and apply the above results to conclude
that each D*®(z,w) tends to zero when (z,w) approaches &.

We first prove the existence of uniformly large polycylinders in the complement of
&, which follows easily from Hélder continuity of the map £.
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1.4 Choice of the sequence {g;} - Part II. Complete pluripolarity

Lemma 1.4.4. There exists a constant C > 0 such that
- —_— d(w, E,)\2 - d(w, &)
n . n—1 ’ 1 ) n
A%(z,w) = A (z,c(72 ) ) x A <w7 : ) cCr\E  (1.19)

for every (z,w) € C"\ £.

Proof. Fix (z,w) € C*\&. Then, in view of Lemma 1.2.1, for any given (2’,w’) €
EN A"z, (1/(vnM?))(d(w,E.)/2)?) x Cy] we can find (z,@) € &, such that
|

|(z,@) — (,w)|| < My/|z— 7| < d(w,&,)/2. Hence |w—w'| > |w—w| —
o —w'| > dw,&,) — d(w,&,)/2 > d(w,&,)/2, which proves (1.19) for C :=
) O

We now want to estimate the growth of e#(*®) in terms of the vertical distance
d(w, 5 ) to €. For every v, €N, j € Now and z € C" !, we denote the 2* values

of w ( )+ S o1 €17/20) — @ by w(”) (v j;z),...,wé‘,ﬁ)(u,j;z). Moreover, for
every set K C C™ and every positive number § > 0 we let K(®) := Ucex B"™((,9).

Lemma 1.4.5. If {¢;} is decreasing fast enough, then there exists an increasing
sequence {Ln}_q of positive numbers such that for every N € N, v > N and
7 € Nov

2H

|P,,+H(z,w)|1/2"+“ H|w w j,y z)|1/2y+“ on AyNEWY  (1.20)

for every u € N, where Ay := B"1(0,N) x C.

Proof. Fix N € N, v > N and j € Nov. Recall that the sequence {g;} is
chosen in such a way that &,,/|z) — &| < 1/2' on B"71(0,1) for every | € N.
Thus |w§,”)(z) (“)(] v;2)| < SO Soen/lzg —wl < 1/27 on B"71(0,N) for
every j € Nov and p € N, k € Nou. Hence dy(E, -, E.) < 1/2¥ for every
z € B"1(0,N), where E,, , :={w € C: (z,w) € E, }, and

2#
[The =G v )72 < Jw = w0l (2)| + 1/2" (1.21)
k=1

for every (z,w) € Ay, 7 € Nov and pu € N. Let {g;} be decreasing so fast that
Siien/la] < 1/2and g, < 1/2!+1 for every I € N. Since ‘\/\z[l - al|—\/\z[l | <

Vlzm = ail = ] < v/Jal, we have \/lzgy — il < \/Jzy] + /| < /Tl +
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1 Construction of Wermer type sets in codimension 1

V/Jar|. Thus, by definition of the sets E,,, it follows that [w| < S1_y ey/|2p — ] <
Siea(Vlzl -+ Vi) < (1/2)(V/]1z]] + 1) for every (z,w) € E,. Taking the
limit v — oo we get that & C {(z,w) € C" : |w| < (1/2)(y/]|z]| + 1)}. For fixed
(z,w) € Ay NEW and j' € Nov choose 10y, Wy € &, such that |w — | = d(w, £,)
and |w2 —w(, ()| = d(By.2,E:). Then |w —w' (2)] < Jw — @] + [y — | +
|g — w - ( ) <1+ (1++VN)+1/2V, hence there exists a constant Ly > 1 such

that
lw—wl(2)| +1/2" < Ly on AynEW. (1.22)

We conclude that for every (z,w) € Ay NEM and p € N we have

ortn v on
v+p y v+ . v+p
|PV+M(277~U ‘1/2 H ‘w w, +u) )|1/2 — H H|w _w](cﬂ)(]/7y; Z)|1/2
§'=1k=1
I () v () +
= II (IIle -G ma®) " e =l (o)
1<j'<2¥ k=1 k=1
J'#3
2%
< Ly JJlw— w27
k=1
where the last inequality follows from (1.21) and (1.22). O

Lemma 1.4.6. The following assertions hold true:

(1) If {1} is decreasing fast enough, then

d(w, E,) < e < d(w,E.) + (14 /||2]]) on C™.

(2) Let {6;}5°, be a decreasing sequence of positive numbers converging to 0. If
{e1} is decreasing fast enough, then for every N € N and v > N we have

d(w,E.) < e?(z,w) < (Ly + 1)d(w,E)Y* on B™(0,N)n (EM\ €69,
where Ly are the constants from Lemma 1.4.5.

Proof. 1) Observe that e? = lim,_,o €% = limyHOO|P |1/2”. Hence the first
inequaltiy follows from |P, (z,w)|'/?" = IT; 2w — w ( Y% > d(w, E, ) and
the fact that E, . — £, in the Hausdorff metric for 1/ — 00.

Let {e;} be decreasing so fast that S5, £/1/|a| < 1/2 and g; < 1/2!+1 for every
I € N. As in the proof of Lemma 1.4.5 we conclude that E, C {(z,w) € C" :
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1.4 Choice of the sequence {g;} - Part II. Complete pluripolarity

lw| < (1/2)(4/]|#]] + 1)} for every v € N. Now for arbitrary fixed v 6 N and
(z,w) € C™ choose w € E, , such that |w —®| = d(w, E, ;). Then |w — w ( )<
lw — @] + @ — w'”(2)] < d(w,B,.) + (/2] + 1) for every j € Nav, hence

|P, (2, w)|'/?" = I1; 2w — w(y)( VY2 < d(w,E,..)+ (y/]|2]] +1) and the second
inequality follows for v — 00.

2) We only need to show the second inequality. Let {&;} be decreasing so fast that
the assertion of Lemma 1.4.5 holds, and observe that (1.20) remains true with
the same constants {Ly } if later on we choose {g;} to be converging to zero even
faster. For every N € N| let yn be a positive constant such that

Ly < d(w,E)2" on B"(0,N)\ £6~). (1.23)

Let {e;} be decreasing so fast that Y2, ey /lzp — | <7y = gv=ly 53 1/
on B"71(0,v) for every v € N. Fix N € N and let v > N be arbitrary. Let
(z,w) € B™(0,N) N (EW\ £00)). Choose W € &, such that |w — @] = d(w, &)
and choose j € Ngv such that | — w ( )| < du(€:,Ey ). Then for every
O] < o i+ | ) 2)] +
w't )(j, v;z)| < d(w,&,) +r, +r,. Hence, by the choice of r,, and since
5, < d(w,&' ), it follows that 7, [w— w(”)(] v 2) Y2 < (d(w, £.)+2r,) 2 <
(d(w, )% +2vd(w, E,) P~ DIy )12 < d(w, E.)? +~,. Applying Lemma
1.4.5, monotonicity of {Lx} and (1.23), we conclude that

@ € N and k£ € Now we get |w — w
juy” -

Py (2, w) V2" < Ly (d(w, £)Y% 4 7,) < (L + D)d(w, &)

Since here € N and (z,w) € B"(0, N) N (M \ £0v)) are arbitrary, the claim
follows from the fact that e?(**) = lim,, 0 | P4, (2, w)|1/2 O

Finally, we prove Cauchy type estimates for the derivatives of e®. Let Ny := NU{0}.

For multiindices o = (a1, @z, ..., a2,) € N3" and 3 = (61,62, ey PBan) € N2™ we
write o < 8 if and only if o, < 3, for every v =1, 2, ..., 2n. Moreover, for every
a € NZ" and r = (rq,72,...,72,) € [0,00)%" we let r® :=r{rg? .. r?j".

Lemma 1.4.7. Let A"(a,r) CC C" be a polycylinder with polyradius r € [0, 00)",
let w: A™(a,7) = R be a continuous function such that u is pluriharmonic on
A"(a,r) and let o € N2". Then

) SUP¢ebAn (a,r) |u(£)|
po

|Du(¢)| < Cly (1.24)
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1 Construction of Wermer type sets in codimension 1

for ¢ € A™(a,7/2), where 7 := (r1,71,72,72,...,Tn,Tn) and Cjq| > 0 is a constant
that depends only on |a.

Proof. The proof of Lemma 1.4.7 will be divided in two steps.

STEP 1. Let v: B%(a,p) — R be a continuous function such that v is harmonic
on B%(a,p). Then for arbitrary fived 6 € (0,1) the inequality

ov

0z;

SUPyebB2(a,p) |U(y)|
p

(1.25)

(x)|<cC

holds true for every x € B?*(a,0p) and j = 1,2. Here C = Cy is a positive
constant.

PrOOF. Without loss of generality we can assume that a = 0. Applying the
Poisson integral formula to the function v, we see that

2 _z12
v(z) = ! / wv(y)da(y).

B 27p yE€bB2(0,p) ly — |

Since for z € B%(0,60p) and y € bB?(0, p) we have

‘i(wﬂ _ ’—2wj||y — a2+ 2(0* - |l2lP)(y; — z5)
Ox; \ |ly — x| ly — [|*
8p3—|—4p3 @

—((=-0p)t T p’
it follows that

D@D ety < 0 MR ealU]
aﬂfj p 2mp yEbB2(0,p) p

STEP 2. Let Ay DD Ay DD -+ be defined as Ay, == A™(a, (1 — Y7L, 1/27F)r),
m € N. We show that (1.24) holds true for every ¢ € Ala\' Since A™(a,r/2) C A,
for every m € N, this proves the claim of the lemma.

PROOF. We proceed by induction on k := |«|. Since u is pluriharmonic, the case
k =1 is an immediate consequence of (1.25) with = 3/4. For the step k — k+1,
write « = @+ e, for some v € N, where ¢, = (0,...,1,...,0) is the v-th canonical

unit vector and & € NZ" satisfies |@| = k. Without loss of generality we can assume

that v = 1. Applying (1.25) to v := D%, p:= (1 — Z?zl 1/27%8ry > 71 /2 and
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1.4 Choice of the sequence {g;} - Part II. Complete pluripolarity

0= (1-01/2741) /(1 - Yok 1/27%1) yields

o v SUPycbB2((ay,as), ]
\D u(()| = ‘7(0’ <C yebB2((a1,a2) ;Zx{gg Con}
1

<2C

for ¢ € Ajy1. But, by induction hypothesis, [v(¢)| < Ck supgepan (q,n|u(€)]/7
for ¢ € Ay. Thus we get

sup () | U sup n () | U
D*u(Q)| < 206, gevan(a, yu(@)] O cevan(a, (@)l
rry re
with C|q) = Cjy1 := 2CC}, as desired. This proves Lemma 1.4.7. O

Now fix a smooth strictly increasing and strictly convex function A: [—o0, 00) —
[0, 00) such that A(z) = e~'/¢" for small values of z. Observe that the function
¢=¢+]|||*: C* = [~00,00) is plurisubharmonic on C", smooth and strictly
plurisubharmonic on C™ \ {¢ = —oo}. Further, the function A is smooth strictly
increasing and strictly convex. Hence the function ® := A o ¢ is plurisubharmonic
on C™, smooth and strictly plurisubharmonic on C"\ {¢p = —co}. In the remaining
part of this section we will show that ® is also smooth at the points of £ = {¢ =
—o00}.

STEP 1. For every a € N3" and N € N, there exist constants py, Cao,n >0 and
mq € N such that

log (l/d(w,SZ))

|D¢(z,w)| < Ca,n d(w.E.)me

for (z,w) € B"(0,N)N (5(pN) \5)
PRrROOF. We know from Lemma 1.4.6 that d(w, &, ) <e? <dw,&)+ (1++/]2]),
hence |p(z, w)| < max{|logd(w, E,)|, \log(d(w S +(1+/z1) |} Choose PN > O
so small that —logd(w,&,) > 1+ |log(d(w, (1+ /12| on AZ(z,w) for
every (z,w) € B*(0, N) N (™) \ £), see Lemma 1 4.4. Then

lp(z,w)| < log (1/d(w,E.)) on Al(z,w) CC"\ € (1.26)

for (z,w) € B"(0,N) N (£»~)\ ). Since ¢ is pluriharmonic in C" \ &, and in
view of Lemma 1.4.4, we conclude from Lemma 1.4.7 that

SupEGbAg(z,w) |SD(§)| ’ Sup&GbA’g‘(z,w) \4,0(5)‘

|D 90(271”)’ = C\Cﬂ fe(z, w)™ - C‘“' d(w, E,)me
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1 Construction of Wermer type sets in codimension 1

on €™\ € for suitable constants C|,; > 0 and mq € N, where r¢(z,w) € (0,00)"

is defined as 7¢(z, w) == (C(d(w, ) /2)?,...,C(d(w,E.)/2)?, d(w, E.)/2). Using

(1.26), we get

log (1/d(w, 52))
d(w, &)™

for (z,w) € B™(0,N) N (£#~)\ £). Moreover, for every N € N, there exists a
constant C%; > 0 such that |D¥|| - ||*| < C% on B™(0, N) for every o € N2". Since,
by the choice of py, we have log(1/d(w,E.)) > 1 on B™(0,N) N (EP~)\ £), it
follows together with (1.27) that

|Dp(z,w)| < C, (1.27)

log (1/d(w,£.))

a @ o7
[D6(z,w)] < D%z w)| + [P Pz w)] < Can =S

for (z,w) € B*(0, N) N (P~ \ &) and C, n = Cla +CX-

STEP 2. For every o € N3" and N € N, there exists a polynomial P, n € R|z]
with nonnegative coefficients such that

|D®(z,w)| < Pan (1/d(w, £.))e" ™™ for (z,w) € B*(0, N)N(EP¥\E).

PROOF. Recall that ® = e~1/¢” (since the smoothness of ® in £ depends only
on the values A(x) for 0 < z << 1, we can assume here for simplicity that
Alz) = e/, Let B2, B3, By € N2Z" be pairwise distinct multiindices
such that {3 € N2" : 0 < B < ,8 # 0} = {B2,B3,...,Bay}. Then an easy
induction on |a| shows that there exists a polynomial Q. € Rlz1,..., 7],
Qa(z) = ZWENSQ> ayx?, such that D® = Qa(1/e?,DP2g, ... DB )e1/e”.

Define Q, € R[zy, ... ,T(ay] as Qu(z) = Z'yGNéu>

a|zY. Then

—1/etEw)

|D®(2,w)| < Qu(1/e?,[DP9],.... D ¢|)(z,0) - €

From Lemma 1.4.6 we know that 1/e?(*%) = 1/(6“(sz)”26¢(2’“’)) < 1/d(w,€,) for
every (z,w) € C™. Applying this and Step 1 to the above formula, we get

log (1/d(w, £.)) log (1/d(w,sz))> _1jesten)
é (d Cﬁz Ww..aCB(a),NW e
1 —l/ed)(sz) _1/e¢(z,w)
< (wvgz))>€ < Pyn(1/d(w,E))e
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1.5 A Liouville theorem for Wermer type sets
on B™(0, N)D(E(pN)\g) for suitable polynomials PQ,N € Rlz1,z2] and P, y € R[z]
with nonnegative coefficients.

STEP 3. For every (z9,wo) € £ and a € N2", one has lim ;) (
0.

wo) D@ (2, w) =

20,

PRroOF. By a standard application of I'Hospital’s rule, limg_, P(a:)e_cxl/m =0
for every polynomial P € R[z], ¢ > 0 and m € N. Hence for every v € N there
exists a constant §, > 0 such that

2 1oV [
Pon (1/d(w, E.)) e~ M1 EntDA@EN T 1y for (2 w) € £ (1.28)

for every N € N and « € N3" such that N, |a| < v, where { Ly} are the constants
from Lemma 1.4.5. Clearly, we can assume that ¢, < min{p,,1} and d,41 < 4,
for every v € N and that lim, o, 6, = 0. Let {&;} be decreasing so fast that

e?=0) < (Ly + 1)d(w, £V for  (z,w) € B*(0,N) N (EW\ £C+1)) (1.29)

for every N € N and v > N. This is always possible as is shown in the second
part of Lemma 1.4.6. Now fix N € N and o € N2". Then, since ¢ = ¢ + || - ||?, we
conclude from (1.28), (1.29) and Step 2 that

1/d(w, &.))e /"
1/d(w,gz))e_l/[eNQ(LN+1)d(w’5Z)l/2y] - 1/V

for every (z,w) € B™(0, N)N (£@)\ £0v+1)). Thus it follows from lim, ., 6, =0
that im, 1) (20,w0) D*®(2,w) = 0 for every (2o, wo) € B™(0,N) N E. Since this
holds true for every N € N and « € N2", the proof is complete.

1.5 A Liouville theorem for Wermer type sets

In this section we prove a Liouville type theorem for plurisubharmonic functions
on £. We start by recalling some facts from potential theory, which will be needed
in the course of the proof, mainly to fix our notation: Let M be a Riemann
surface and let D CC M, D # M, be a relatively compact open subset. For every
f:bD — R, the associated Perron function

Hpf :=sup{u: D — [—00,00) : u subharmonic

and limsupu(z) < f(¢) for every ¢ € bD}

z—C
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1 Construction of Wermer type sets in codimension 1

is harmonic in D. If z € D is fixed, then the assignment z — (Hpf)(z) is a
positive linear functional on C°(bD). Hence there exists a unique Radon measure
wp(z,-) on the Borel g-algebra of bD, called the harmonic measure with respect
to D and z, such that

(Hpf)(z) = / HQ (.0 (1.30)

for every f € CO(bD). It turns out that (1.30) remains true for arbitrary bounded
Borel measurable functions on bD. In particular, it holds for characteristic
functions xg: bD — {0,1} of Borel sets E C bD. Thus

wp(z, E) = (HpXp)(2)

for every Borel set E C bD and z € D, and wp(-,E): D — R is harmonic. If D
is regular with respect to the Dirichlet problem (this is always satisfied if bD is
smooth), and if f is continuous at ¢ € bD, then

lim (Hp )(2) = /().

Theorem 1.5.1. Let ¢ be a plurisubharmonic function defined on an open neigh-
bourhood U C C™ of €. If p is bounded from above, then ¢ = C on & for some
CeR.

Remark. Observe that the above theorem implies, in particular, that the set £
is connected. A more geometric proof of this fact was already given in Lemma
1.2.3.

Proof. We proceed in two steps.
STEP 1. The theorem holds true in the case n = 2.

PROOF. Since C?\ £ is pseudoconvex, the function ¢(z) := sup,,cg, (2, w), where
for every z € C the set &, := {w € C : (z,w) € £} denotes the fiber of £ over
z, is subharmonic on C (see [SI81], Theorem II). Moreover, by assumption on ¢,
this function is bounded from above. Hence, by the classical Liouville theorem,
it is constant, i.e., there exists C' € [—00,00) such that ¢ = C on C. Observe
that for C' = —oo this already proves our claim, hence without loss of generality
we can assume that C' € R. We want to show that ¢ = C on &, so, in order to
get a contradiction, assume that ¢ # C on €. Clearly, in this case there exists
a point p = (Z,w) € & such that p(p) < C. By continuity of £, and by upper
semicontinuity of ¢, we can assume that Z ¢ {a;};°, and that for some positive
numbers &, p > 0 we have ¢ < C' — § on the ball B?(p,p). Fix vy € N such that

50



1.5 A Liouville theorem for Wermer type sets

Y21V 1z —ai|l < p/3 for z € A(Z,p). Further, choose py = (20,w0) € &
such that ¢(pg) = C, and a bounded smoothly bounded domain U C C, such that
1,02, ...,0y,20 € U, Z2€bU and bU C C\ {a;}72,. Now the general idea of the
proof is to show that the harmonic measure of £Nb(U x C,, )N B2(p, p) with respect
to the set £N (U x C,,) and the point pg € £N (U x C,,) is positive, and hence,
since ¢ < C on € and ¢ < C on B2(p, p), that ¢(pg) < C. However, in order to
have a decent notion of harmonic measure available, we need to approximate £
by the analytic varieties E, and, by performing desingularizations 7, : F,, — E,,
translate the situation into a problem on Riemann surfaces F;,. The setup is as
follows:

For every v € N, let f,: C¥*! — C be the holomorphic mapping

/2 12

fo(zowy, . w),) = (WP —ef(z —ar),...,w) —es(z — a)).

Then, using the fact that a; # ayp for [ # ', one immediately sees that F, :=
{f, = 0} is a one-dimensional complex submanifold of C**!. For every v > 1y,
define holomorphic projections

v
T F, = E,, m(zuwl,... W)= (z’zz:1 wy)

P,: F, = F,, P,(z,w),...,w),) = (zw],...,w,).

Since (z,w) € E, if and only if w = >7;_; €;1/2 — a;, and since (z, w1, ... ,w;) € F,
if and only if w; = €z —a; for every | € N, (with the obvious abuse of
notation), these maps are indeed well defined. Let V, := E, N (U x C,) and
W, = F,N({U xCl,), v € N. Then V, is an analytic subvariety of E, with
boundary bV, = E, Nb(U x C,), and W, is a relatively compact open subset
of F,, with boundary bW, = F, Nb(U x C%,). Since bU C C\ {a;}2,, it is easy
to see that for every v € N the Riemann surface F,, intersects the corresponding
set b(U x CY,) transversally. In particular, the boundary of W, is smooth and
hence W, is regular with respect to the Dirichlet problem. Finally, for v > 1y
choose points ¢, = (2o, w'(v)) € W, such that P,(q,) = gy, for every v > vy and
lim,, o0 ﬂ-V(ql/) = Po-

‘We consider now the sets
X :=m, ' (bV,, N B*(p,p/3)) and X, :=m, ' (bV, N B*(p,2p/3)), v > w.

Since the complex curve F), intersects b(U x C%,) transversally, and since W, is
relatively compact in F,,, it follows that bWV, is a compact smooth manifold of
real dimension 1 for every v > vy. The mappings 7, : F, — E, are continuous
and satisty m, (bW,) = bV,,, thus X is open in bW, and X, is open in bW, for
every v > vg. Moreover, applying Sard’s theorem simultaneously to the smooth
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1 Construction of Wermer type sets in codimension 1

functions r,: bW, — R, 7, == |7, (-) — p||?, ¥ > 1o, we see that, after a slight
perturbation of p, we can assume that the relative boundary byw,, X of X in
bW,,, and the relative boundaries by, X, of X, in bW, v > vy, consist of at
most finitely many points. Since one sees easily that the map P, is finite, it then
follows that P 1(bbW,,0X ) U by, X, C DWW, is a finite set for every v > vy.

We come to the main point of the proof. We claim that P, }(X) C X, for every
v > 1. Indeed, let ¢ = (z,w],...,w)) € P;1(X). Then (m,, o P,)(q) € bV,, C
b(U x Cy). In particular, z € bU, i.e., m,(q) € E, Nb(U x C,) = bV,,. Moreover,
since (z,>/%, w)) = (m, o P,)(q) € B*(p,p/3), and since |w)| = g;y/]z — a;] for
every l € Nand 3772, 1 e1/|z — ai| < p/3, we also have 7, (¢) = (2, -, w)) €
B2(p,2p/3). This shows that P, }(X) C X, and, therefore, also that xx, >
Xx o P,. It follows now from regularity of W, and W,, with respect to the
Dirichlet problem, and from continuity of the functions xx,: bW, — {0,1} and
Xx: bWy, — {0,1} outside the finite sets byw, X, and byw, X, respectively, that
Hwy, Xx, > (HW,,0 Xx) o P,. Evaluating this inequality at the point ¢, € W,, and
using P,(q,) = qu,, We see that

ww, (¢, Xv) > ww, (¢, X) for v > (1.31)

Since the condition a1, ag,...,a,, € U implies that W, is connected, we obviously
have that

ww,, (que, X) > 0.

Moreover, since for v € N large enough the function ¢ o 7, is well defined and
subharmonic near W, C F,,, we also have that

¢(mu(¢)) < Hw, (o mlow, )(av) = /bW (¢ om)(C) dww, (v C)

-,

Observe now that, since ¢ is upper semicontinuous, ¢ < C on £ and lim,,_,, V,, =
EN (U x Cy) in the Hausdorff metric, there exists a sequence {d,} of positive
numbers such that ¢ < C' 4+ 6, on V, and lim, _,, §, = 0. Moreover, ¢ < C —§
on B?%(p, p). Hence we get from the above estimate that

v

(0 1,)(C) deow, (qu: ) + / (9 0 m)(C) dew, (g, ©).

WL\ X,

v

o(m(q)) < (C = 0)ww, (qv, X)) + (C 4 6,) (1 — ww, (g, X,)),
and then, in view of (1.31), we conclude that for v > vy
o(mu(q)) < (C - 5)WWVO (@uo, X) +(C +4y) (1 - Ww,, (qvo> XVO))'

Since ww,, (qu,, X) > 0, and since lim, o §, = 0, this implies that ¢(m,(g,)) < C
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1.5 A Liouville theorem for Wermer type sets

for every v > 1y if V) > vy is large enough. Finally, there exists p > 1{, such
that ||po — m.(qu)|l < p/3, hence applying the same reasoning as above to the
translated variety V)| := V), + (po — 7.(q,)) for large enough p we see that also
©(po) < C (here we use that X, + (po — m.(qu)) € B2(p, p)). This contradicts the
fact that p(pg) = C and completes the proof of Step 1.

STEP 2. The theorem holds true in the case n > 2.

PROOF. We first show that ¢(zp,w) = (20, w’) for every zo € C"~! and every
w,w’ € &,,. To do so, fix 29 € C"~! and consider for every p € N,,_; the set

& ={(z,w) €C" ' xC:zj =2, for j € N,y \ {p},w = Z ein/zp —ar }-
1=1,[l]=p
Observe that for £,(20) := {w € C : (20, w) € £,} we have
Szo = 51(20) + -+ gn—l(zo)-

Thus for arbitrary fixed w,w’ € &,, we can write

w=w[l]+ - +wn —1] .
, wh ,w'[p] € € )
w=w'[1] 44 w'[n—1] where wipl, w'lp] € £(z0)
Define
wp = WU+ W' [p =1 +wlp] + - +wln 1], p € Ny,
Wy i =w [+ +uwp-—1+wp+1+-+wn-1], peN,_q,

and observe that
(20, wp), (20, wpt1) € Ep + (0,10,) C & for every p € N,,_;.

Since, up to a suitable embedding i, a, (Cﬁp’w < C", the set &, + (0,10,) is a
Wermer type set in C?, it follows from Step 1 that ¢ is constant on ép + (0, wp),
and hence ¢(2o,wp) = ¢(20, wp41) for each p € N,_q1. But wq = w and w, = w'.
Thus ¢(zg, w) = p(20,w’), as claimed.

Now for every choice of p € N,,_; and & = (¢/,¢") € CP~1 x C"~P~! consider the
set

Epe=EN[({€} x C, x {€"}) x Cu].
Observe that, up to embedding of (Cgpyw into C", each set &, ¢ is of the form
Epe = Uwew[Ep + (0,w)] for a Wermer type set &, C (Ciww and a suitable set

W =W(p,&) C Cy. Since, by Step 1, the function ¢ is constant on &, + (0, w)

53



1 Construction of Wermer type sets in codimension 1

for every w € W, and since we have already shown that the values of ¢ on
& depend only on the z-coordinate, it follows that ¢ = Cp ¢ on &, ¢ for some
constant Cp ¢ € [—00,00). Now if (z,w) and (2/,w’) are arbitrary points of £, let
§p = (2155 2p_1,2p+1,- -, Zn—1) for every p € N,,_; and observe that in the
sequence

(2,w) € E1¢1, €060+, En—2.60 2, En—1.6,, D (7, 0)

we have & ¢, NEjt1¢,,, # @ for every j € N,_o. It follows that Cp ¢, = Cpe
for every p,p’ € N,,_1, and thus p(z,w) = p(2/,w’). Since (z,w), (z',w’) € € were
arbitrary, the proof is complete. ([l
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2 Construction of Wermer type sets in
codimension k

We construct a class of unbounded Wermer type sets in C", which are limits in
the Hausdorff metric of sequences of algebraic varities of codimension k. This
generalizes the constructions from Chapter 1.

Section 2.1 describes the general method of construction, and in Section 2.2 we
extend the results from Chapter 1 to the new setting of codimension k. Section 2.3
contains the main results of this chapter. Namely, we investigate pseudoconcavity
properties of the generalized Wermer type sets £ C C™ and we prove a lemma on
degeneration of plurisubharmonic functions along &£.

2.1 The general construction

Let (z,w) = (21,..., Zn—k, W1, ..., wy) denote the coordinates in C™ and for each
veNlet N, :={1,2,...,v}. For each (p,q) € N,,_ x Ng, fix an everywhere
dense subset {a}"?}7°, of C such that a*? # al}? if (¢,1) # (¢/,!'). Further, fix a
bijection ® := ([-],(-),¢): N = N,,_; x N x N and define a sequence {a;}°, in C
by letting a; := ag}(’lgw. Moreover, let {;}7°, be a decreasing sequence of positive
numbers converging to zero that we consider to be fixed, but that will be further
specified later on. For every v € N and ¢ € Nj;, we define sets £, ,, £, C C" as

E,q:={(z,w) eC": wg = Z 12y — ai

leLy?
E,:={(z,w) eC":w = ( Z €12/ —al,...,z ez —a)}s
leLyt leLy®

where L7 := {l € N, : (I) = q}. Observe that F, = ﬂ};:l E,, ={(zw) €
C" rw = YL creqy /2y — ar}, where for every ¢ € N we denote by e :=
(0,...,1,...,0) the g-th unit vector in C*. Note further that S7;_; g1eq) W
takes 2V values at each z € C"~* (counted with multiplicities). Thus there exist
single-valued maps wiy), e ,wé,",) : C»% — CF such that ST gley /2 —w =
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2 Construction of Wermer type sets in codimension k

{wéy)(z) j=1,.. .,2”} for every z € C"*. For every v € N and ¢ € Ny, define
maps P, ,: C* — C, P,: C" — CF as
P q(z,0) = (wq - wgy)('z)q) (wq - wé,’f)(z)q),
P,(z,w) := (P,1(z,w),..., P, i(z,w)),

where for every j € Ny we denote by wj(-y)(z)q the ¢g-th coordinate of wj(-y) (z) € C*.
Observe that £, , = {P, 4 = 0} and E, = {P, = 0}. As in Lemma 1.1.1, we
see that each P, 4 is a holomorphic polynomial. Moreover, one easily proves the
following lemma.

Lemma 2.1.1. If {&;} is decreasing fast enough, then for every R > 0 the se-
quences {E,, N B"(0,R)}>, and {E, N B"(0,R)}3>, converge in the Haus-
dorff metric to closed sets £y, and Ery, q € Ny, respectively. The sets
Eq = Ur>0ER),q and € := Up=o Er) are unbounded closed subsets of C" and
£ = ﬂ];:l &,. Moreover, £, := {w € C¥ : (z,w) € E} is compact for every
z e Cnk,

Proof. This follows immediately from Lemma 1.1.2 and the equality F, =
k
qul El’le' D

2.2 Generalization of results to the case of
codimension k

Lemma 2.2.1. If {¢;} is decreasing fast enough, then £ contains no analytic
variety of positive dimension.

Proof. By Lemma 1.3.6, we can choose {&;} such that 74 (&) = £,N(C2 % x C,,,)
contains no analytic variety of positive dimension for every ¢ € Ny, where 7,: C"* —
CrF x Cu, is the canonical projection. Thus for every analytic set A C £ all
projections m4(A), ¢ =1,...,k, consist of only one point, i.e., A = {P} for some
Pef. O

Lemma 2.2.2. If {g;} is decreasing fast enough, then for every q € Ny the
sequence {5 1og| P, 4|12, converges uniformly on compact subsets of C™\ &, to a
pluriharmonic function p,: C*\ & — R and lim(, ) (z,w,) Pq(2, w) = —00 for
every (zo, wo) € &;. In particular, ¢, has a unique extension to a plurisubharmonic
function on C" and the set &, is complete pluripolar.

Proof. See Lemma 1.4.3. O
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2.2 Generalization of results to the case of codimension k

Since £ = ﬂ’;:l &y, we conclude from Lemma 2.2.2 that the set £ is complete
pluripolar. Moreover, it follows from the results in Section 1.4 that

O(z,w) := A(pr(z,w) + [|2* + [wi]*) + - + Aoz, w) + [12]* + Jwe?)

is a smooth plurisubharmonic function ®: C™ — [0,00) such that ® is strictly
plurisubharmonic outside £ = {® = 0}; here A: [—00,00) — [0, 00) is any smooth,
strictly increasing and strictly convex function such that A(x) = e=1/¢" for small
values of x. Also, since it is easy to see that Lemma 1.4.2 remains true in the more
general setting where k > 1, the same arguments as in the proof of C%Q
show that bB"(0,R)NE = B™(0,R) N & for every R > 0, where bB™(0, R) N €
denotes the polynomial hull of bB™(0, R) N E. (The last assertion can also be
seen to follow from complete pluripolarity and 1-pseudoconcavity of the set £

(for 1-pseudoconcavity of £, see Lemma 2.3.1 below). We do not give the details
here.)

As before, the set £ defines a map £ from the metric space C"~* of all (n — k)-
tupels of complex numbers with the standard euclidean metric d|.; to the metric
space F(CF) of all nonempty compact subsets of C* with the Hausdorff metric dy,
namely £: (C"1,dy) = (F(C),du), £(2) =&, :={w e C*: (z,w) € £}.

Lemma 2.2.3. There exists a constant M > 0 such that the map & is (M,1/2)-
Holder continuous.

Proof. The proof is essentially the same as in Lemma 1.2.1. t
Lemma 2.2.4. The set £ is connected.
Proof. The proof is essentially the same as in Lemma 1.2.3. t

Theorem 2.2.1. Let ¢ be a continuous plurisubharmonic function defined on an
open neighbourhood U C C™ of £. If ¢ is bounded from above, then ¢ = C on &€
for some C € R.

Proof. Using the same argument as in Step 2 of the proof of Theorem 1.5.1, we can
restrict ourselves to the case k = n — 1. Choose an increasing sequence {B, }72
of open sets B, C C such that [ J;,, B, = C and such that E,N(B, xC"~!) c U
for every v > 1y. Moreover, define functions ¢,: B, — R, v > vy, as ¢,(z) =
maxi<;<ov gp(z,wgy)(z)) and let ¢(z) := sup,eg(») P(z,w). Since on compact
subsets of C™ the sequence {E, } converges in the Hausdorff metric to £, and since
 is continuous, one easily sees that lim, ., ¢, = ¢ uniformly on compact subsets
of C. Moreover, every function ¢, is subharmonic, since on each convex set in

(v) ()
1

the complement of the polar set {a1,...,a,} the functions w;"’, ..., ws.’ can be
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2 Construction of Wermer type sets in codimension k

chosen to be holomorphic. In particular, ¢ is a subharmonic function on C that is
bounded from above, hence, in view of Liouville’s theorem, ¢ = C for some C' € R.
The proof can now be completed in the same way as in Step 1 of Theorem 1.5.1.00

Remark. In the two-dimensional situation, which is considered in Step 1 of the
proof of Theorem 1.5.1, the subharmonicity of the function ¢ was obtained by
using Theorem II from [SI81]. A more general version of this result, which also
works for the case n > 2, was claimed in Theorem 2.3 of [S183], but since it does
not have a proof, and since we were not able to find a reference with the proof,
we have included the above argument. Observe that if we replace our argument
by the result from [SI83], then we can drop the assumption on continuity of the
function ¢.

2.3 Pseudoconcavity and degeneration of
plurisubharmonic functions

We briefly recall the notion of g-pseudoconcavity: Let A™ := {z € C" : ||z]|o0 < 1},
where ||z]|co = maxi<j<n|z;|. An (n—gq,q) Hartogs figure H is a set of the form

H = {(¢,n) € A" " x AT+ ||([|loc > 71 01 [Infloc <72}

where 0 < r1,79 < 1, and we write H := A”. A domain Q in a complex manifold
M, dime M =: n, is called g-pseudoconvex in M, ¢ = 1,...,n—1, if it satisfies the
Kontinuititssatz with respect to (n — ¢) polydiscs in M, i.e., if for every (n — ¢, q)
Hartogs figure and every injective holomorphic mapping ®: H — M such that
®(H) C Q we have ®(H) C Q (for details see [Rot55]; a good presentation of
this topic can also be found in [Rie67]). In particular, (n — 1)-pseudoconvexity
is usual pseudoconvexity, and every g-pseudoconvex domain is ¢’-pseudoconvex
for every ¢ < ¢q. A closed set A C M is called ¢-pseudoconcave in M if M\ A
is g-pseudoconvex in M. For technical reasons, the last definition is extended to
the cases ¢ € {0,n}, by insisting that every closed set A is 0-pseudoconcave in
M and that A is n-pseudoconcave in M if and only if A is a union of connected
components of M. (The above definition of g-pseudoconvexity is due to Rothstein,
see [Rot55]. Observe that the definition of strict ¢-pseudoconvexity that was
introduced in the smooth case by Andreotti-Grauert in [AG62] and that we will
use in Section 3.1 below is indexed differently with respect to ¢ when compared to
the definition of Rothstein. Throughout this thesis g-pseudoconcavity will always
be understood in the sense of Rothstein.)
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2.3 Pseudoconcavity and degeneration of plurisubharmonic functions

Before we formulate the statements of this section, we want to point out a series
of results, which indicate that it is reasonable to interpret g-pseudoconcavity as a
generalization of g-dimensional analytic structure: Let U C C™ be open.

REsSuULT 1. Every q-dimensional analytic variety A C U is q-pseudoconcave in
U.

This follows from Theorem 4.2, Theorem 4.3 and Proposition 5.2 in [S186]. (If
A is a complete intersection, then an easy way to avoid the reference to [S186]
is the following: Assume, to get a contradiction, that A is not ¢g-pseudoconcave.
Then there exists an (n — ¢,q) Hartogs figure H = {({,n) € A" % x A?:
¢]loc > 71 OF ||]|oc < 72} and an injective holomorphic mapping ®: H — U
such that ®(H) c U\ A but ®(H)NA # @. Let P: U — C"4 be holomorphic
sucht that A = {P = 0}. Then for a fixed regular value ¢ € C"~9 of P close
enough to zero, and after possibly shrinking H, the complex g-dimensional
manifold N := { P = ¢} satisfies ®(H) c U\ N and ®(H)NN # @. Thus, for
€ > 0 small enough, the function ¢ := (—log||n||+&(||||? +||7]|?)) o @' attains
a maximum along V"N ®(H) which contradicts the fact that the Levi form of
©| NADB(H) has at least one positive eigenvalue at every point of ' N <I>(f[ ).)

Moreover, let {4,} be a sequence of relatively closed subsets A, C U that
converges in the Hausdorff metric to a relatively closed subset A C U (i.e.,
lim, 0 4, NK = ANK in the Hausdorff metric for every compact set K C U).

RESULT 2. Assume that each set A, is a q-dimensional analytic variety. Then
in general A is not an analytic variety.

A counterexample is provided by the existence of Wermer type sets. However,
if the 2¢g-dimensional Hausdorff measure of the sets A,, v € N, is locally
uniformly bounded, then A is a g-dimensional analytic variety, see Theorem 1
in [Bi64].

REsSuLT 3. Assume that each set A, is q-pseudoconcave. Then A is q-
pseudoconcave.

This can be seen, for example, as in the proof of Lemma 2.3.1 below.

We will further stress the viewpoint that g-pseudoconcave sets generalize g-
dimensional analytic varieties in Section 3.3 below. For the moment, we only
mention that Theorem 1.3 in [S189] also states a partial result on approximation in
the Hausdorff metric of ¢g-pseudoconcave sets by g-dimensional analytic varieties.

We now formulate the results of this section: For every closed set A C C™, the
set of all smooth plurisubharmonic functions which are defined near A and which

59



2 Construction of Wermer type sets in codimension k

are constant on A will be denoted by T'(A4). If A, C C" is an analytic variety of
dimension ¢, then clearly

max {0 <p < n:rankLev(®) < n —p along A, for every ® € T(Aq)} =q.

We will show that for every ¢ = 1,...,n — 1 there exists a g-pseudoconcave set
A, € C" such that

max {0 < p < n: rank Lev(®) < n — p along A, for every ® € T(A,)} = n.

The general idea of our construction is as follows: The set £ C C?~* x CF is
(n — k)-pseudoconcave but not (n — k + 1)-pseudoconcave, since it is essentially an
(n — k)-dimensional object. On the other hand, despite possibly large codimension
of £ in C", for every (p,q) € N,,_ x Ni, there is an everywhere dense sequence
of root branches along the z,-axis originating in wy-direction. This geometric
property will enforce the Levi form of every ® € T'(€) to vanish along all coordinate
directions at every point of £. Letting k vary between 1 and n — 1, this proves our
claim. The above considerations are made precise by the following two lemmas.

Lemma 2.3.1. If {g;} is decreasing fast enough, then € C C2~% x CE is (n —k)-
pseudoconcave but not (n — k + 1)-pseudoconcave.

Proof. Assume, to get a contradiction, that £ is not (n — k)-pseudoconcave.
Then there exists an (k,n — k) Hartogs figure H = {(¢,n) € AF x A% 1 ||(]|00 >
r1 or ||n]lec < 72} and an injective holomorphic mapping ®: H — C" such that
B(H) C C"\ € but ®(H)NE # @. After possibly shrinking H, one can easily
see that for v € N large enough the pure (n — k)-dimensional varieties E, will
satisfy the conditions ®(H) ¢ C*\ E, and ®(H)NE, # @. Then V := ®(H) is a
relatively compact subset of C™ such that the (n—k—1)-plurisubharmonic function
@ := —log||n|[o®~? satisfies maxg v ¢ > maxg, ~py . This contradicts the local
maximum property of (n—k—1)-plurisubharmonic functions on (n—k)-dimensional
analytic varieties, see Corollary 5.3 in [SI86].

To see that £ is not (n — k + 1)-pseudoconcave, let zg € C"~* be an arbitrary
fixed point and let co&,, denote the convex hull of £,,. We claim that the set
X :=b(co&,,)NE,, is nonempty. Indeed, by compactness of £,,, we conclude that
co&,, is compact too, and thus it follows easily from Minkowski’s theorem that
X contains the nonempty set of extreme points of co&,,. Hence we can find a
supporting real hyperplane L C CX for £, that contains at least one point wgy € &,,.
Since L contains a (k — 1)-dimensional complex subspace, one now constructs
easily an (k — 1,n — (k — 1)) Hartogs figure H = {((,n) € AF~1 x An=(k—1) .
I¢]los > 1 or ||]lsc < 72} and an injective holomorphic mapping ®: H — C"

A

such that ®(H) C C*"\ Ebut ®(H)NE # @. O
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2.3 Pseudoconcavity and degeneration of plurisubharmonic functions

Lemma 2.3.2. If {¢;} is decreasing fast enough, then Lev(®) =0 on & for every
o ecT(E).

Proof. First we observe that it suffices to prove the claim in the case k = n — 1.
Indeed, for every p € N,,_j and every ¢ = (¢/,¢&") € CP~! x C" %P, the set

Epe = EN[({€'} x Cs, x {€"}) x C}]

is, up to inclusion of C., x Ck into C", of the form &, ¢ = Jyew [Fp + (0,w)] for
a Wermer type set F, C C,, x CF and a suitable set W = W (p,¢) C C*. Thus it
is enough to choose {g;} in such a way that the assertion of the lemma holds true
simultaneously for all sets Fi,..., Fpn_k.

Let k =n —1 and fix ® € T(£). By assumption, there exists a constant C' € R
such that ® = C on £. Now let {B,}72, be an exhaustion of C by open sets

B, C C such that E, N (B, x C"~1) C Q for every v > 14, and consider the
following sequence of functions ¢, : B, — R,

P2 i= o5 Y0 (a0l (2).
j=1

Since on compact subsets of C™ the sequence {F,} converges in the Hausdorff
metric to &£, one can easily see that {p,} converges locally uniformly to the
function ¢ = C. Now recall that for fixed 29 € C and for v > vy large enough the
Poisson-Jensen formula for ¢, on A(zp,1) states that

1 271' . 1
wu(z0 + e“") do — v, (20) = — log|z — z0|Apy(2) dps.

2 0 2m A(Zo,l)

Assume, to get a contradiction, that we can find vy € N, a positive constant L > 0
and a subset M C A(zg,1) of positive Lebesgue measure such that Ay, > L on M
for every v > vy. Then from the above formula and locally uniform convergence
of {x,} we get that

1

T o

1
= lim ——/ log|z — zo|Apy(2) du > 0,
A(Zo,l)

v—oo 2T

27
0=C-C / (20 + €Y db — p(20)
0

(2.1)

which is a contradiction. We will use this observation to show that for a suitable
choice of {¢;} the Levi form of every ® € T'(€) has to vanish identically on &.

We first specify the choice of the sequence {¢;}. For every v € N, let Reg FE,, C
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2 Construction of Wermer type sets in codimension k

{(z,w) € E, : z # a; for every | € N, } denote the regular part of E, and for every
(z,w) € Reg E, let A\, (z,w) C C" be the complex 1-dimensional subspace that is
tangent to E, at (z,w). Further, for every ¢ € N,,_; and every a > 1, let I'(a)) C
C™ denote the closed cone I'!(a) = {(z,w) € C" : |wy| > (1 — 1/a)||(z,w)| }.
Since A, (z,w) converges in CP"™* to the wy-axis for z — a; (here we use the
fact that a; # ap for I #1'), it is then easy to see that we can choose inductively
the sequence {g;};°; and a second sequence {d;};°, of positive numbers both
converging to zero so fast that the following assertion is satisfied for every v € N:

for each [ € N, one has that A, (z,w) CT® (1 +1-37_,,,1/2")
for (z,w) € [(Aar,8) \ Ul'=141 A(al/,61/21/+1)) x C" '] NReg E,.

Indeed, for the case v = 1 fix arbitrary £; > 0 and then choose §; > 0 so
small that \;(z,w) C T (2) for every (z,w) € [A(a1,61) x C"'] N Reg E;.
Assume now that eq,...,¢, and d1,...,6, are already chosen in such a way that
(I,) holds true. Since F, and E, .1, viewed as set-valued functions over C,,
differ only by the term 5y+1ey+1m, we can now choose €,41 > 0 so
small that Ay1(z,w) CTW(1+1- Zly’+%+1 1/21/) for every [ € N, and (z,w) €
[(A (al,dl)\Ul”,JﬁH Aay,6,/2" 1)) xC" | NReg E, 41 (observe that Reg E, 11 C
{(z,w) € CxC"1:3(z,w') € Reg E, such that w = w' +¢,41€,41/Z — du11})-
With €,41 now being fixed we can then choose §,11 > 0 so small that A, 41 (z,w) C
T+ (v 4 2) for every (z,w) € [Aayi1,0,41) X C* " NRegE, 1. But then
(I,+1) is satisfied which completes our induction on v. Hence for M| := A(ay, d;) \
Urir Alay, 61/2" 1) we now have

(L)

Aviu(z,w) € TV (V) for every p,v > 1 and (z,w) € (M., x C" ') N Reg By 4,

(2.2)

and M/, C C has positive Lebesgue measure. Moreover, as above, we choose {¢;}
in such a way that g;+/]z — a;| < 1/2' on A(0,1) for every [ € N.

We now want to show that with the above choice of the sequence {g;} the Levi form
Lev(®)((z0,wo), -) vanishes on C,,, for every ® € T'(£), (20, wo) € £ and ¢ € N, ;.
Indeed, assume, to get a contradiction, that Lev(®)((z0,w0), -) > 0 on C,, for
some fixed data ® € T'(€), (20, wo) € € and ¢ € N,,_;. By smoothness of @, we can
then find positive constants 7, a, L > 0 such that Lev(®)((z,w), &) > L - ||§||2 for
every (z,w) € B"((z0,wo),T) and every £ € I'Y(«). Forevery v, u € N, j € No» and
z € Clet {w{(v,5;2),...,wih (v, j;2)} = (2,0 (2)) + 12 crey vz —ar.
Since {g;} is converging to zero so fast that (2.2) holds true, it is easy to see

that we can find v € N, (v) = ¢, and jo € Ny such that the graphs of the

functions w{™ (v, jo: - ), ..., WS (v, jo; ) over M, are contained in B"((zo, wp), 7)

and such that )\V+#(z7w,i )(V,]O;Z)) C T'Y(«a) for every p € N, k € Nau and
z € M)\ n(Sing E,y,), where m: C” — C, is the canonical projection. Now if we
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2.3 Pseudoconcavity and degeneration of plurisubharmonic functions

define the functions ¢, as before, then we get

Bprinl®) = 2 Y A0 i )]

Jlkl

M‘hl

Z 21,4.# ZA Z wk (VaJO7Z))] Z

for every 4 € N and z € M), \ n(Sing E,;,,), since on every convex subset of

C\ 7(Sing E\4+,,) we can assume the functions w,(c” ) (v, jo; -) to be holomorphic.
But it is clear from the construction of the sequence {FE,,} that each of the sets
7(Sing E,4,) C C has Lebesgue measure zero. Hence the Lebesgue measure of
M, = M\ U=, 7(Sing E, 1,,) is positive, and we have already seen in (2.1) that
this leads to a contradiction.

We already know that for every ® € T(£) and (z9,wp) € & the Levi form
Lev(®)((20,wo), - ) vanishes on C?~1. Assume, to get a contradiction, that there
exist & € T(€) and (zg,wp) € & such that the Levi form Lev(®)((2q,wo), - )
is not identically zero. Then Lev(®)((z9,wo),€) = & |€.|? for some constant
¢ where £ = (£.,&,) € C, x C~1. Hence, by smoothness of ®, we can find
r,c > 0 such that Lev(®)((z,w),&) > ¢ |£.|? for every (z,w) € B™((z0,w0),T).
Thus whenever f is a holomorphic mapping from an open subset of A(zg,r) to
Cr~! such that its graph is completely contained in B™((z0,wp),r), we have
A[®(z, f(2))] > ¢. Then we can argue as in (2.3) to conclude that there exists
v € N such that Apyip(z) > ¢/2¥ =: L for every p € N and z € M,, where

Pviu(z) == 5 ZZ . D(z ,w§”+“) (z)) as before. In view of (2.1), this again
leads to a contradlctlon ]
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3 Global plurisubharmonic defining
functions and the core

We prove the existence of global defining functions for unbounded strictly pseudo-
convex domains and we investigate properties of the core.

In Section 3.1 we prove the Main Theorem on existence of global plurisubharmonic
defining functions for strictly pseudoconvex domains €2 with smooth boundary
in arbitrary complex manifolds. In the same context we also prove a theorem
that guarantees the existence of smooth plurisubharmonic functions defined in
a neighbourhood of Q which are strictly plurisubharmonic near bQ and have
arbitrary bounded from below and smooth boundary data. Analogous results
are shown for strictly ¢-pseudoconvex domains in complex manifolds and strictly
hyper-g-pseudoconvex domains in complex spaces. Moreover, we show that every
strictly pseudoconvex domain in a complex manifold (not necessarily relatively
compact or with smooth boundary) admits a neighbourhood basis consisting
of strictly pseudoconvex domains with smooth boundary. In Section 3.2 we
construct examples of unbounded domains 2 C C™ such that the core ¢(2) is
nonempty, and we investigate for which domains the core can have the special
product structure ¢(2) = E x C*. In Section 3.3 we show that ¢(Q) is always
1-pseudoconcave in €2, and we construct an example of a strictly pseudoconvex
domain  C C™ such that ¢(£2) is nonempty and contains no analytic variety of
positive dimension. Section 3.4 is devoted to the study of Liouville type properties
of the core. Finally, we construct examples of higher order cores with arbitrarily
prescribed pseudoconcavity properties in Section 3.5.

3.1 Existence of global plurisubharmonic defining
functions

3.1.1 Existence results in complex manifolds

In this section we prove the existence of global defining functions in the setting
of complex manifolds. Our focus will lie on strictly pseudoconvex domains, but
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3 Global plurisubharmonic defining functions and the core

when it is possible we formulate the results in the more general context of strictly
g-pseudoconvex domains. We also discuss to which extent smoothness of bS is
needed in our results. We start by recalling some definitions and by fixing our
notation.

Let M be a complex manifold of complex dimension n := dim¢ M. The holomor-
phic tangent space to M at z € M is denoted by T.(M), and we write T'(M)
for the holomorphic tangent bundle of M. If ¢: M — R is a smooth function,
then we define (9¢)., (0p).: T.(M) — C and Lev(¢)(z, - ): T.(M) — R in local

holomorphic coordinates h = (z1,..., 2,) by
000 = Y- 2. 0ot = 3 T e,
" 92(p0 b1 -
Leve)(z,6) = 3 T8 ) g,

6Zj65k

J,k=1

where § = 375, §; (0/02;). Moreover, (d).(£) = (9)-(£)+(9¢)=(£): T-(M) —
R denotes the real differential of ¢ in z. Further, we write H,(y) for the complex
subspace of T,(M) defined by H,(p) := {§ € T.(M) : (09).(§) =0}. If his a
hermitian metric on M, then for every z € M we denote by ||-[|5, and |- |5
the induced norms on 7,(M) and on the dual space T} (M), respectively. If the
context is clear, then we sometimes omit the index z and simply write || - ||;, and
Il I+ (Throughout this article the term “smooth” always means “C°°-smooth”.
Of course, the above definitions of the various differentials and of the Levi form
are possible for C'-smooth and C2-smooth functions, respectively.)

An upper semicontinuous function ¢: M — [—00,00) is called plurisubharmonic
if for every holomorphic mapping f: G — M of an open set G C C into M the
composition @ o f is subharmonic on G. It is called strictly plurisubharmonic if for
every compactly supported smooth function #: M — R there exists some number
g0 > 0 such that ¢ + €6 is plurisubharmonic whenever |¢| < gq. If the function
¢ is C2-smooth, then it is (strictly) plurisubharmonic if and only if Lev(p)(z, -)
has precisely n (positive) nonnegative eigenvalues for every z € M. An open
set 2 C M is called strictly pseudoconvex at z € bS) if there exist an open
neighbourhood U, C M of z and a continuous strictly plurisubharmonic function
¢,: U, = R such that QNU, = {p, < 0}. Tt is called C*-smooth at z € bQ), s > 1,
if there exist an open neighbourhood U, C M of z and a C®-smooth function
@.: U, = R such that QN U, = {p, < 0} and dp, # 0 on BN U,. The open set
Q is called strictly pseudoconvex or C*-smooth if it is strictly pseudoconvex or
C*®-smooth at each boundary point, respectively.

Let ¢ € Ny := {0} UN. An upper semicontinuous function ¢: M — [—00,00) is
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3.1 Existence of global plurisubharmonic defining functions

called g-plurisubharmonic if for every holomorphic mapping f: G — M of an open
set G C C7t! into M the composition oo f is subpluriharmonic on G. It is called
strictly g-plurisubharmonic if for every compactly supported smooth function
0: M — R there exists some number g9 > 0 such that ¢+ ¢ is g-plurisubharmonic
whenever |e] < g9. Observe that g-plurisubharmonic functions are also (¢ + 1)-
plurisubharmonic for every g € Ny. Moreover, the O-plurisubharmonic functions
are precisely the plurisubharmonic ones, and a function is g-plurisubharmonic for
g > n if and only if it is upper semicontinuous. If the function ¢ is C2-smooth,
then it is (strictly) g-plurisubharmonic if and only if Lev(¢)(z, -) has at least n —q
(positive) nonnegative eigenvalues for every z € M. An open set  C M is called
strictly g-pseudoconvex at z € b2, ¢ > 1, if there exist an open neighbourhood
U. C M of z and a C?-smooth strictly g-plurisubharmonic function ¢,: U, — R
such that QN U, = {p, < 0}. It is called strictly O-pseudoconvex at z € b€, if it
is strictly pseudoconvex at z. Observe that €Q is strictly g-pseudoconvex at z € bS)
for every ¢ > n — 1, provided that € is C2-smooth at z. The open set € is called
strictly g-pseudoconvex if it is strictly g-pseudoconvex at each boundary point.

Before we start our studies on global defining functions, we want to mention that it
is not completely trivial to see that a strictly pseudoconvex domain with C2-smooth
boundary can locally near each boundary point be defined by a C?-smooth strictly
plurisubharmonic function. Since we were not able to find a proof of this fact in
the literature, we state here the following proposition.

Proposition 3.1.1. Let M be a complex manifold, let Q@ C M be open and let b2
be C*-smooth at zg € bSY, s > 2. Assume that there exist an open neighbourhood U C
M of zy and a continuous strictly plurisubharmonic function ¢ : U — [—00,00)
such that QN U = {¢ < 0}. Then, after possibly shrinking U, there exists a C*-
smooth strictly plurisubharmonic function ¢: U — R such that QNU = {¢ < 0}
and dp # 0 on QNU.

Proof. Observe that the statement is trivial in the case dim¢ M = 1. Thus
we may assume that n := dim¢ M > 2. By assumption, we can find an open
neighbourhood U C M of zy, a strictly plurisubharmonic function ¥: U —
[—00,00) such that QN U = {¢ < 0} and a C*-smooth function ¢: U — R such
that QNU = {@¢ < 0} and dp # 0 on bQ N U. After possibly shrinking U, and
after introducing suitable holomorphic coordinates around zp, we can assume that
UCCC™ 2z =0, ¢ and ¢ are defined in a neighbourhood of U and the Taylor
expansion of ¢ around 0 has the form

@(&) = Re&y + Lev()(0,€) + o([I€]1?). (3.1)

For every z € U, let dist(z, bQ) := inf, cponv ||z — 2’| and for ¢ € bQNU let No(C)
be the outward unit normal vector to bS) at (.
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We claim that ¢ = 0 on b2 N U. Indeed, for every plurisubharmonic function
u defined near some point ( € C" and for every w € C™ it holds true that
u(¢) = limsup,_,o, u(¢ + tw), see, for example, Proposition 7.4 in [FSt87]. In
particular, ¢(¢) = limsup,_,o, ¥ (¢ — tNq(¢)) < 0 for every ¢ € b2 N U. The fact
that ¢ > 0 on b2 N U is clear by the choice of .

As the next step we claim that, after possibly shrinking U, there exist numbers
I, L > 0 such that @¢(z) > I dist(z, b§2) and ¢(z) < Ldist(z, bQ2) for every z € U\ 2.
Clearly, we only need to show the assertion on 1, since the inequality for ¢ follows
immediately from the fact that dg # 0 on b2 N U. The proof is similar to that
of the Hopf Lemma: First we can assume, after possibly shrinking U, that the
orthogonal projection 7: U — b2 N U along the normal vectors N (¢) is well
defined. In particular, z = w(z) + dist(z, bQ) Nq(7(z)) for every z € U \ 2. For
every ( € QN U and every r > 0, let ¢, := ( — rNq(¢). By C?-smoothness of
bQNU, we can then choose r > 0 so small that for every ¢ € bQN B™(0,r) one has

(i) B™(¢,4r) C U and 62N B™((, 4r) is the graph of a C2-smooth function over
some open subset of ¢ + TC]R(bQ)7

(ii) B™(Car,2r) C QNU and B™(Car, 2r) N 002 = {C},

where B"(a,r) :={z € C": ||z —a|| < r} and TéR(bQ) denotes the real tangent
space to b2 at (. For every ¢ € bQ N B™(0,7) let G¢ := B™((,r) \ Q and let
h¢: Ge — R be the function

1 1
he(z) = P22 |z — (22

Observe that h¢ is harmonic on G¢ and continuous on C_JQ he(¢) =0, h¢ >0 on
bG¢ \ {¢} and there exists a constant ¢ > 0 such that he > ¢ on bG¢ \ bQ for every
¢ € QN B™(0,r). Choose C > 0 so large that ¢ < C on U and set M := C/c.
Then, since 1) = 0 on bQNU, we have ¢ < Mh¢ on bG for every ¢ € bQNB™(0, 7).
By subharmonicity of 9, it follows that ) < Mh¢ on G¢. In particular,

$(¢ +tNa(C)) < Mhe(¢ +tNa(Q) = M(,nzifz T 151)2%2)

1
ren=

for every ¢t € (0,7) and ¢ € b2 N B™(0,r). This shows that (z) < Ldist(z,b2)
for every z € {( +tNq(¢) e C": ¢ € QN B™(0,7),t € [0,7)}.

Now assume, to get a contradiction, that there exists , € Ho(p) such that
Lev($)(0,&) < 0 and [|&|| = 1. Choose € > 0 such that 1 := 1 — ¢|| - ||? is still
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plurisubharmonic on U. We claim that ¢ < 0 on the punctured complex disc
Agy(0,6) \ {0} := {X& : A € C,0 < || < &}, provided § > 0 is chosen small
enough. Since v is subharmonic on A, (0, ), and since ¥(0) = 0, this will be a
contradiction to the maximum principle. Indeed, if A € C\ {0} is chosen in such
a way that A&y € Q, then the statement is trivial. But otherwise we can use (3.1)
and the estimates on ¥ and ¢ which where given above to see that

T0&) = (56—l IB)A&) < TolAR) ~<lAR,

which is negative if 0 < |A\| << 1. This shows that Lev()(0, -) is positive definit
on Hoy(p).

To conclude the proof of the proposition, choose a smooth function X: R — R such
that X(0) = 0, X’(0) = 1 and x”(0) = k. It follows then by a standard argument
that for k£ > 0 large enough the function ¢ := X o ¢ is strictly plurisubharmonic
near 0 as desired (for a version of this argument see, for example, the proof of
Lemma 3.1.1 below). O

Remarks. 1) The above definition of strictly pseudoconvex open sets in complex
manifolds is the same as the one given in [Na62]. In particular, the strictly
plurisubharmonic functions ¢, that define 2 near a given point z € bS) are
assumed to be continuous. Observe that by dropping the assumption on continuity
of the local defining functions ¢, one obtains a class of sets that is strictly
larger than the class of strictly pseudoconvex sets. Indeed, the function u(z) :=
>-521 277 log|z —1/4] is well defined and subharmonic on C such that u(0) # —oo,
and thus ¥(z,w) = u(z) + (|2|* + |w|?) — «(0) is a strictly plurisubharmonic
function on C2. Consider the open set Q := {1 < 0}. Then L := {0} x C C b9,
since {1/j} x C C Q for every j € N. In particular, since ¥ (z,w) = |w|? # 0
on L, there exists no neighbourhood of b2 on which v is continuous. Assume,
to get a contradiction, that there exist an open neighbourhood U ccC C? of
0 € b2 and a continuous strictly plurisubharmonic function ¢: U — R such
that QNU = {¢ < 0}. Let then U’ CC U be open such that 0 € U’ and let
A: C? — (—o0,0] be smooth such that U’ = {\ = 0}. After possibly shrinking U,
we can find € > 0 such that ¢’ := ¢ + &) is still plurisubharmonic on U. Since
@ is continuous, we have ¢ = 0 on L C b2, and thus there exists ¢ > 0 such
that ¢’ < —c near LNbU. It follows that ¢'|p~y is a nonconstant subharmonic
function that attains a maximum at 0 € L N U, which is a contradiction. Observe,
in particular, that the boundary of a sublevel set of a not necessarily continuous
strictly plurisubharmonic function may contain non trivial analytic sets.

2) The described above problem cannot happen if b} satisfies some mild regularity
assumptions. Namely, the following analogue of Proposition 3.1.1 holds true in
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3 Global plurisubharmonic defining functions and the core

the C%-smooth category:

Let M be a complex manifold, let @ C M be open and let bQ) be C°-smooth
at zg € b, Assume that there exist an open neighbourhood U C M of z
and a strictly plurisubharmonic function : U — [—00,00) such that QN U =
{¢ < 0}. Then, after possibly shrinking U, there exists a continuous strictly
plurisubharmonic function p: U — R such that QN U = {p < 0}.

Indeed, after possibly shrinking U, we can assume that U C C". By continuity
of b at zg, there exists w € C™ \ {0} such that, after possibly further shrinking
U, z+tw € Q for every z € b2NU and t € (0,1). Then, by the same argument
as above, it follows that 1)(z) = limsup,_,q, ¥(z + tw) < 0 for every z € QN U.
Thus ¢ = 0 on bQ2NU. The existence of the function ¢ now follows from Theorem
2.5 in [Ric68).

Now we begin to prove the existence of global defining functions. We will formulate
our results in the general context of strictly g-pseudoconvex domains, since the
essential part of our proof will be the same in both cases ¢ = 0 and ¢ > 0. However,
at a certain point of our construction a technical problem will occur in the case
q > 0, which is not present if ¢ = 0. This problem is related to the fact that the sum
of two g-plurisubharmonic functions ¢1,¢s: U — R on an open set U C M will in
general be again ¢-plurisubharmonic only if both Lev(¢1)(z, - ) and Lev(p2)(z, -)
are positive definit on the same (n — ¢)-dimensional subspaces of T, (M) for every
z € U. Thus in the case ¢ > 0 we need to keep track of the directions of positivity
of the Levi forms of the g-plurisubharmonic functions involved in our construction.
That is why before stating our theorems on global defining functions we first prove
the following lemma which deals with this particular problem of the case ¢ > 0.

Lemma 3.1.1. Let M be a complex manifold of dimension n equipped with a
hermitian metric h and let QQ C M be a strictly g-pseudoconvex domain with smooth
boundary for some q € {0,1,...,n—2}. Then for every smooth function p: V. — R
defined on an open neighbourhood V.C M of b such that QNV = {p < 0} and
dp # 0 on bQ), there exist a neighbourhood V' C V' of b2 and for each z € V'
an (n — q)-dimensional complex subspace L, C T,(M) such that the following
assertion holds true: for every open set U CC M there exist a strictly increasing
and strictly convex smooth function p: R — R satisfying 1(0) = 0 and a constant
¢ >0 such that Lev(p o ¢)(z,€) > cl|é||n, for every z€e V' NU and § € L.

Proof. Let ¢: V — R be a smooth function defined on an open neighbourhood
V € M of b such that QNV = {p < 0} and dp # 0 on QY. After possibly
shrinking V', we can assume that dy # 0 on V, and then for every z € V we write
N, for the orthogonal complement of H,(y) in T, (M) with respect to h..

For every [ = 1,2,...,n, denote by G;(M) the Grassmann bundle of dimension
[ over M, i.e., for every z € M the fiber G;(M), = {L C T,(M) : (2,L) €

72



3.1 Existence of global plurisubharmonic defining functions

G (M)} consists of all complex I-dimensional subspaces of T, (M). Write 7 =
m: Gi(M) — M for the canonical projection of G;(M) onto M. Since € is strictly
g-pseudoconvex with smooth boundary, there exists a closed in M neighbourhood
V' C V of b and a closed subset £ C Gy,—1_4(M) such that 7(£) = V' with the
following properties: for every z € V' and every L € £, := {L C T,(M) : (z,L) €
L} we have (9¢).(-) =0 on L and Lev(¢)(z, -) >0 on L\ {0}. Set

L:={(z,L) € GpgM)|y:: L=L &N, for some L € L.}

We claim that V' and any choice of {L,}.cy+ such that L, € L, for every z € V'
are a neighbourhood of ) and a family of complex subspaces as desired.

Indeed, let U CC M be open. Define a map 7 = 77: G{(M) — P(T(M)) from
Gi(M) to the set of subsets of T(M) by 7((2, L)) := Ueer,jg,.=1(%,§)- Let

S:=7(L), S:=7(L) and Sy := {(2,£) € S : Lev(p)(2,€) < 0}. Observe that, by
construction, S = {(2,£) € S: (0p).(&) =0} C S\ So, and Sy is closed in T(M).
In particular, for every z € V' we have that do(z) := minges, . |(99)-(£)| > 0,
where Sy, = {{ € T,(M) : (2,§) € So}. Moreover, since S\ Sy is an open
neighbourhood of S in S, one sees easily that it is possible to choose a continuous
function 6: V' — (0, 00) such that §(z) < do(z) for every z € V. Let C: V! - R
be a continuous function such that Lev(p)(z,£) > C(z) for every (z,€) € S. Now
choose k > 0 so large that C(z) + 2k6%(z) > 0 on V' NU and define i: R — R as
w(t) := tek'. Then Lev(u o )(z,€) = Lev(p)(z, &) + 2k[(09).(€)|? > 0 for every
z€V'NU and € € Sp ., and clearly Lev(u o ¢)(z,&) > 0 for every z € V' N U
and £ € S\ Sp. Since § is closed in T(M), and since S = 7(L), it follows that
there exists a constant ¢ > 0 such that Lev(u o ¢)(z, -) > ¢|| - ||> on L for every
zeV'NUand L eL.. O

After these preparations we can now prove the first two theorems of this section.

Theorem 3.1.1. Let M be a complex manifold of dimension n, let @ C M be a
strictly q-pseudoconvex domain with smooth boundary for some q¢ € {0,1,...,n—2}
and let f: b — R be a smooth function that is bounded from below. Then there
exists a smooth q-plurisubharmonic function F defined on an open neighbourhood
of Q such that Flog = f and F is strictly q-plurisubharmonic near bS2.

Proof. Since f is bounded from below, we can assume without loss of generality
that f > 0. Let F': M — (0,00) be a smooth extension of f. Choose open sets
Uj CC Uj CC M such that {U7}52, covers bQ and {U;}32, is locally finite.

Let B: (0,00) — (0,00) be a strictly increasing and strictly convex smooth
function such that B(t) := e~ /* for small values of ¢, and let 3: R — [0, 00)
be the smooth extension of § such that B|(_.0 = 0. We will construct a
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family {X;}52, of smooth functions X;: M — [0,1] such that {X; > 0} =
S Xy < 1 on M, 372, X; = 1 near b2 and such that the trivial extensmn
gi: M — [0,00) of the function 5~ o (FX;): U; — R by 0 is smooth on M.
For this purpose let d;: M — R be smooth such that U} = {§; > 0} and
M\Uj = {d; <0} and let ¢ := FoBod;. Further, let §: M — [0, 00) be smooth
such that 6 > 0 on M\ (J;2; U} and such that § = 0 near bQ2. Then choosing
Xj = wj/(HJrZZoﬂ 7/%) and writing o := F/ (9+Z,;“;1 ¢k) we get for points in U’
close to bU; that B~lo(FX;) = Bl (o (BoBod;)) = [—log(c-(BoBod;))] =
[—logo—log(BoB0d;)] ' = [1/(Bod;)—loga] ' = (Bod;)/(1—(Bod;)logo).
Hence 3! o (Fx;) extends smoothly to M by 0, since 3 extends smoothly to 3.
The other properties are clear from the construction.

Fix a hermitian metric h on M. Let ¢: V — R be a smooth function defined on an
open neighbourhood V' C M of b2 such that 2NV = {¢ < 0} and dp # 0 on bSQ.
By Lemma 3.1.1, there exist an open neighbourhood V' C V of bQ2 and for every
z € V' an (n — ¢)-dimensional complex subspace L, C T, (M) with the following
properties: for each j € N there exist a number ¢; > 0 and a strictly increasing
strictly convex smooth function pj: R — R satisfying 11;(0) = 0 such that the
function ¢; := p; o ¢ satisfies Lev(p;)(2,£) > ¢;||€||n. for every z € V' NU; and
¢ € L,. Moreover, without loss of generality, we can assume that U; CC V' for
every j € N.

Fix j € N. Let A\j: M — (—o00,0] be smooth such that Uj’- = {\; = 0}. Then
choose £; > 0 so small and C; > 0 so large that Lev(g; + Cj(¢; +¢;X,))(z, -) is
positive definit on L, for every z € U;. Observe that, by construction, g; +C;(¢; +

g;A\;) < 0 on bU; N €, hence the functlon Bol(g;+ Ci(pj + e ))|U vanlshes
near this set and thus its trivial extension by 0 to the open nelghbourhood
Ui = M\ {z € bU; : (g; + Cj(pj + ;X)) (2) > 0} of Q defines a smooth g¢-
plurisubharmonic function F;: U; — [0,00) such that Fj|po = fX; and F; =0
outside U;. Moreover, W; := {F; > 0} C Uj is an open neighbourhood of bQ N U’
such that Fj is strictly ¢-plurisubharmonic on W;. In particular, Lev(F;)(z, -) > 0
on L, \ {0} for every z € W; and Lev(Fj)(z, -) =0 if z ¢ W;.

Set I := 372, Fj. Then F is a well defined smooth function on the open
neighbourhood U := (72, U; C M of Q. By construction, F|yq = f. More-
over, Lev(F)(z,-) > 0 on L, \ {0} for every z € W := [J;2; W; D bQ and
Lev(F)(z,-)=0if z ¢ W. Hence F is a function as desired. O

Theorem 3.1.2. Let M be a complex manifold of dimension n and let @ C M be
a strictly g-pseudoconver domain with smooth boundary for some ¢ € {0,1,...,n—
2}. Then there exists a smooth q-plurisubharmonic function ¢ defined on an
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open neighbourhood of Q such that Q = {¢ < 0}, dp # 0 on bQ and ¢ is strictly
q-plurisubharmonic near bSQ.

Proof. Let ¢ := F—1, where F is the function from Theorem 3.1.1 corresponding
to the boundary values f = 1. Then ¢ is a smooth g-plurisubharmonic function
on an open neighbourhood of © that vanishes identically on b9 and that is
strictly g-plurisubharmonic near b§2. Observe that in the construction of F' we
can choose F such that Q = {F < 1} and M\ Q = {F > 1}. Moreover, after
possibly shrinking ¢/, we can assume that 23_1 X;=1lonl\ Q. For z € M let
I(z) ={jeN:zeW;}and J(2) == {j € N: z € Uj}. Then

D= Y = Y (Golg+Ciler+erE) < Y (Fog)e)

j€l(z) Jj€I(z) j€l(z)
= Z(ij)(z)gﬁ(z)<1 for z € Q
Jjel(z)

(here the sum over the empty index set is understood to be zero), and

F(z)> Y Fi(z)= Y (Bolg+Cilps +5,))(2) = > (Bog))(2)

JjEJ(z) JjEJ(2) JEJ(2)
= Z(ij)(z)zﬁ(z)>l for z e U\ Q.
jed(2)

This shows that Q = {F < 1}, i.e., @ = {¢ < 0}. Finally, we have dy # 0 on b2,
provided that the numbers C; which appear in the construction of F' are chosen
large enough (in fact, since b2 is smooth, the non-vanishing of dy along b2 is
automatically satisfied, see, for example, the proof of Proposition 1.5.16 in [Hel.84],
which can be adapted easily to the case of g-plurisubharmonic functions). (Il

Remarks. 1) The assumption in Theorem 3.1.1 that f is bounded from below
is crucial. In fact, it was shown in Example 8.2 of [ShT99] that there exist an
unbounded strictly pseudoconvex domain 2 C C? with smooth boundary and a
smooth function f: b2 — R that is not bounded from below such that the only
plurisubharmonic function F': Q — [—o00, 00) satisfying limsup, ,, F(z) < f(z0)
for every zp € b is the function F' = —oo.

2) The function F from Theorem 3.1.1 is strictly g-plurisubharmonic on the open
neighbourhood W of bQ) and F is a constant on Q \ W. It is clear from the
construction that for every open set w C €2 such that @ C Q we can choose F' in
such a way that F' is constant on w.
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3) Let h be a hermitian metric on M and let v, pu: b6Q — (0,00) be positive
continuous functions. Then F' can be chosen in such a way that ||(dF).|n: > v(2)
for every z € b and Lev(F)(z, -) > u(z)| - ||, on L. for every z € bQ2. Indeed,
for every j € N let U CC U; be an open set such that {Uj'}32; still covers
bQ2. Now in the construction of F' we can choose for every j € N the numbers
g; > 0 so small and C; > 0 so large that (dF}).(Nq(z)) > 0 for every z € b2,
(dF}).(Na(z)) > v(2) for every z € b2 N U/ and Lev(F;)(z, -) > pu(2)||- 7. on
L, for every z € b2 N U]’»’ , where Nq(z) denotes the outward unit normal to bQ) at
z with respect to h. Then F' is a function as desired.

4) The statements of Theorems 3.1.1 and 3.1.2 as well as the above remarks remain
true if C*°-smoothness is replaced by C®-smoothness for s > 2. If ¢ = 0 and if
for each point z € b§) there exists an open neighbourhood U C M of z and a C!-
smooth strictly plurisubharmonic function ¢: U — R such that QNU = {¢ < 0}
and dp # 0 on BQNU (note that this is a stronger assumption than Q being strictly
pseudoconvex with C*-smooth boundary), and if f: b2 — R is C?-smooth (i.e., for
every z € b{) there exists an open neighbourhood U, C M of z and a C2-smooth
function F,: U, — R such that F, coincides with f on 6QNU.), then a statement
analoguous to Theorem 3.1.1 holds true with C'-smooth F. Further, if  is just
strictly pseudoconvex (with no smoothness assumptions on bQ2) and if f: bQ — R
is C2-smooth, then there always exists a continuous plurisubharmonic function
F as in Theorem 3.1.1. Analoguous generalizations are possible for Theorem
3.1.2 (but of course no assertion on the differential of ¢ is imposed if s = 0).
Moreover, when considering the case of possibly nonsmooth boundaries, it is also
worth mentioning that we do not need connectedness of the set 2 in the proofs
of Theorem 3.1.1 and Theorem 3.1.2. In particular, every strictly pseudoconvex
open set in a complex manifold admits a continuous global defining function.

5) Finally, we want to mention without giving the details of the proof that it is
possible to weaken the assumptions on smoothness of b2 even further. Indeed, in
Theorem 3.1.1 it suffices to assume that €2 can be represented locally near each
boundary point as the sublevel set of a C*°-smooth strictly g-plurisubharmonic
function with possibly vanishing differential along b2 (or, more general, as the
sublevel set of a C*-smooth strictly g-plurisubharmonic function for some s > 2 or
(q,8) = (0,1), but then the function F' from Theorem 3.1.1 will only be C*-smooth
in general). Domains of this type were considered, for example, in [HeL84] and
[HeL88]. If ¢ = 0, this is clear. In the case ¢ > 0 this is a consequence of the
following fact: If Q C M is open, z € b2, U C M is an open neighbourhood of z
and @1, pa: U — R are C?-smooth functions such that QNU = {¢1 < 0} = {pa <
0}, then for every & € H, (1) = H,.(v2) (see again Proposition 1.5.16 in [HeL.84]
for the fact that (dyy), = 0 if and only if (dps). = 0) we have Lev(¢1)(z,£) > 0
if and only if Lev(¢2)(2,£) > 0 (see, for example, the proof of Proposition 15 in
[AG62]). In particular, the sum ¢q + @9 is strictly g-plurisubharmonic near z if
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both ¢ and ¢, are strictly g-plurisubharmonic near z and (dy1), = (dp2). = 0.
Thus, if ¥(b£2) denotes the set of points z € b2 such that b is smooth in z, then
the function F' = Z;‘;l F; that appears in the proof of Theorem 3.1.1 will be
automatically strictly g-plurisubharmonic in a neighbourhood of b0 \ X (b2), and
strict g-plurisubharmonicity near the remaining part of b2 can be achieved as
before. The same weakening of assumptions is possible in Theorem 3.1.2, but then
the constructed function ¢ can be guaranteed to have nonvanishing differential
only along ¥ (bS2).

Our next goal is to show that the core is the only obstruction for strict plurisubhar-
monicity of global defining functions, i.e., we want to construct a global defining
function that is strictly plurisubharmonic precisely in the complement of ¢(2) (in
particular, we now work in the case ¢ = 0). This will give a stronger version of
the statement of Theorem 3.1.2, namely, the Main Theorem. For the proof we
will use the following notion of smooth maximum: Let 6 > 0 and let x5: R - R
be a smooth function such that y is strictly convex for |t| < /2 and xs(t) = |t|
for |¢t| > 0/2. Then we define a smooth maximum by

r4+y+xs(r—y)
: .

max;(x,y) =

Observe that the smooth maximum of two smooth (strictly) plurisubharmonic
functions is again a smooth (strictly) plurisubharmonic function (see, for example,
Corollary 4.14 in [HeL88]). Moreover, max;s(x,y) = max(x,y) if |z —y| > 4.

Main Theorem. Every strictly pseudoconvex domain 2 with smooth boundary
in a complex manifold M admits a bounded global defining function that is strictly
plurisubharmonic outside ¢(€2).

Proof. For every p € Q\ ¢(Q), there exists a smooth global defining function v,
for € that is strictly plurisubharmonic on an open neighbourhood V,, CC Q\ ¢(Q2)
of p. Indeed, let 1 :  — R be smooth plurisubharmonic and bounded from above
such that ¢ is strictly plurisubharmonic at p, and let ¢o: Q@ — R be a smooth
global defining function for Q. Then we can choose ¢, := max;(¢1 — C1, Cagpa),
where C1,Cy > 0 are constants such that p; — C; < Chps — 1 near b2 and

Copa(p) < p1(p) —C1 — 1.

Let {p;}52; be a sequence of points p; €  such that (J;2;V,, = Q\ ¢(Q).
Without loss of generality we can assume that each set V,, is contained in some
coordinate patch of M. Choose a sequence {d; };";1 of positive numbers d; such that
6jbp; > —1/2 on V), for every j € N. Moreover, let {€;}32; be a second sequence
of suitably chosen positive numbers ¢; and define ¢y := Y72 ejmaxy /5(d;4p,, —1).
If {e; }J"‘;l converges to zero fast enough, then ¢, is a smooth plurisubharmonic
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function on  such that ¢; is strictly plurisubharmonic outside ¢(Q), b2 = {¢; = 0}
and 0 > ¢; > —1. By construction, ¢; has nonvanishing differential along bS2,
hence a smooth extension ¢ of ¢; to a small enough open neighbourhood U C M
of  will be a global defining function as desired. O

Remarks. 1) In the same way as described in the remarks after Theorem 3.1.2,
we can prescribe along b2 the size of the differential and the Levi form of the
global defining function constructed in the Main Theorem.

2) As for the case of C*°-smooth functions, we can define the sets

¢*(Q) := {z € Q: every C*-smooth plurisubharmonic function on 2 that is

bounded from above fails to be strictly plurisubharmonic in z}

for every s € Ng° := {0} UNU {oo}. Then a statement analoguous to the Main
Theorem holds for every s € N§°. Observe, however, that it is not clear whether
in general ¢®1(2) = ¢*2(Q) for 51 # sa.

3) One can also define yet another version of the core as

¢() := {z € Q : every plurisubharmonic function on © that is bounded

from above and not identically —co on any connected compo-

nent of 2 fails to be strictly plurisubharmonic in z}

Observe that this definition leads to a weaker notion, i.e., in general we have
¢(Q) € ¢(Q). For example, the function (2, w) := log|w — f(2)|+C1(|z]? +|w|?) is
strictly plurisubharmonic and bounded from above on the domain 2 from Example
II. Hence in this case we have ¢(Q2) = &, but ¢(Q2) # @. We do not know if there
exists a complex manifold M and a strictly pseudoconvex domain 2 C M such
that ¢(Q) # @.

4) A result analoguous to the Main Theorem holds also true if b is only smooth
in the weaker sense as it is described in Remark 5 after Theorem 3.1.2. Indeed, to
extend ¢; from Q to an open neighbourhood of Q let then ¢, be a global defining
function for 2 as constructed in Theorem 3.1.2. In particular, ¢o is defined on
an open neighbourhood U of Q, ¢ > —1 and ¢5 is strictly plurisubharmonic on
{¢2 > —1}. Then

2¢(2) , zeU\Q
p(2) == ¢ maxyu(d1(2) —1/2,2¢2(2)), z€QN{p2> 1}
$1(2) —1/2 , 2€QN{py=—1}

is a function as desired.
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Following [SIT04], we introduce the following notion of minimal functions for a
domain Q C M.

Definition. Let M be a complex manifold and let  C M be a domain. A
smooth and bounded from above plurisubharmonic function ¢: 0 — R will be
called minimal if ¢ is strictly plurisubharmonic outside ¢(§2).

Our Main Theorem can then be rephrased as follows: every strictly pseudoconvex
domain with smooth boundary in a complex manifold admits a bounded minimal
global defining function. Moreover, by using similar arguments as in the proof
of the Main Theorem, it also follows that every domain in a complex manifold
admits a bounded minimal function.

As in the case of plurisubharmonic functions, it now would also be possible to
introduce for every domain 2 in a complex manifold M the core ¢(£2,q) with
respect to the class of ¢g-plurisubharmonic functions, namely,

c(Q,q) := {z € Q : every smooth ¢-plurisubharmonic function on  that is

bounded from above fails to be strictly g-plurisubharmonic in z}.

However, we do not know whether this definition is meaningful, in the sense that
we do not have any examples of domains € C M such that ¢(€2,q) # @ for ¢ > 0.
Indeed, for domains in Stein manifolds the set ¢(£2, ¢) is always empty for every
q > 0 as it is shown in the following proposition.

Proposition 3.1.2. Every Stein manifold M admits a smooth and bounded
1-plurisubharmonic function. In particular, ¢(2,q) = @ for every & C M and
every q > 0.

Proof. Let ¢p: M — R be a smooth strictly plurisubharmonic function. After
replacing 1) by e¥ if necessary, we can assume without loss of generality that
1 > 0. Define X: (—1,00) — R as x(¢) := —1/(1 + t) and consider the bounded
smooth function ¢ := X o). Then

Lev()(z,€) = X" (#(2)|(9%)=(€)1* + X' ((2)) Lev(¥) (2, €)
for every z € M and £ € T,(M). In particular, Lev(p)(z, -) > 0 on the at least
(dimg M — 1)-dimensional subspace H,(¢) = {{ € C" : (0¢).(§) = 0}. O

One might expect that at least compact analytic subsets A C Q of pure dimension
g+ 1 are always contained in ¢(€, ¢). However, this is not necessarily the case as
it is shown by the following example.
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3 Global plurisubharmonic defining functions and the core

Example 1. As in Example I, let M := {(z,2) € C? x CP? : 2T = 2;%;, 4, ] =
0,1,2} be the blow-up of C? at the origin. For every j = 0,1, 2, define mappings
hj: U; — C3 on the dense open subsets U; := {(z,2) € M : z; # 0} as

Zo Tj—1 Tj41 T2
hj(z, ) == (—4,..., = 2y e )
Lj Lj Lj Lj

Each map h; is a homeomorphism with inverse

h;l(wo, wy, wy) = ((ijo, S WW 1, W W W4, - -, WiW2),

[woi...i’wj,1I].ZU)j+1Z...ZU)2])

and the tupel {(U;, h;) : j = 0,1,2} defines a complex structure on M. For every
j =0,1,2, define a smooth function ¢;: M — R as

3 |z
2512|2512 + [zol? + |21 ]2 + |22/

w;(z,x) =

Then
1

1 Jwol? o+ w2+ [ws?

(95 0 hy ") (wo, wy, wy) =

and as in the proof of Proposition 3.1.2 we see that this function is strictly
1-plurisubharmonic on C3. Hence ; is 1-plurisubharmonic on M and strictly
1-plurisubharmonic on U;. Now let & CC M be the strictly pseudoconvex domain
with smooth boundary defined by

Q:={(z,2) e M : [|z]| < 1}.

Then the above computations show that for every (z,z) € Q there exists a
smooth 1-plurisubharmonic function on 2 that is bounded from above and that is
strictly 1-plurisubharmonic near (z,z), i.e., ¢(€,1) = @. In particular, the pure
2-dimensional compact analytic set {0} x CP? C  is not contained in ¢(£,1).

Observe also that in general no analogue of the Main Theorem holds true in
the case of strictly g-pseudoconvex domains 2 if ¢ > 0, i.e., in general it is not
possible to have a global defining function for 2 as in Theorem 3.1.2 that is strictly
g-plurisubharmonic outside ¢(€2, ¢). Indeed, the domain 2 from the last example
satisfies ¢(2,1) = &, but there exists no smooth strictly 1-plurisubharmonic
function on €, since there exists no such function on CP?.

We now want to give an application of our construction of global defining func-
tions.
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3.1 Existence of global plurisubharmonic defining functions

Theorem 3.1.3. Let M be a complex manifold and let Q C M be a strictly
pseudoconvex open set (not necessarily relatively compact or with smooth boundary).
Let U C M be an arbitrary open neighbourhood of bS). Then the following
assertions hold true:

(1) There exists a strictly pseudoconver open set Q' C M with smooth boundary
such that Q\U C ¥, @ C Q and ¢(Q') = ¢(Q).

(2) There exists a strictly pseudoconvex open set Q" C M with smooth boundary
such that @ C Q", Q" C QUU and (') = ¢(Q).

In particular, Q admits a neighbourhood basis consisting of strictly pseudoconvex
open sets with smooth boundary. Moreover, if Q is a domain, then one can also
choose Q' and Q" to be domains.

Proof. Fix an open neighbourhood U C M of b9).

(1) We first show the existence of the strictly pseudoconvex set €. Let w C Q
be an arbitrary but fixed open set such that Q\ U C w and w C 2. By Theorem
3.1.2 and the related Remarks 2 and 4, there exists a continuous plurisubharmonic
function ¢ defined near Q such that Q = {p < 0}, ¢ > —1, ¢ = —1 on w and
¢ is strictly plurisubharmonic on {¢ > —1}. Applying Richberg’s smoothing
procedure (see, for example, Theorem 1.5.21 in [Del2]), we can then find a
continuous plurisubharmonic function ¢ defined near © such that ¢ > ¢, ¢ = —1
on w, ¢ is smooth and strictly plurisubharmonic on {¢ > —1}, and | — ¢| < 1/2.
Let ¢ € (—1,—1/2) be a regular value of ¢ and set £ := {¢ < c¢}. Then ' is a
strictly pseudoconvex open set such that Q\ U ¢ ' and Q' C Q.

It remains to show that ¢(Q') = ¢(Q). Since @ C Q, it follows immediately
that ¢(Q') C ¢(2). On the other hand, observe that for small enough § > 0 the
function g := maxs(p — ¢, —(c¢+ 1)/2) is smooth plurisubharmonic and bounded
from above on €, strictly plurisubharmonic near Q\ €’ and Q' = {2 < 0}. In
particular, this shows that ¢(Q) C €. By repeating the same arguments as in the
proof of the Main Theorem, it now follows easily that ¢(£2) C ().

(2) We now show the existence of the strictly pseudoconvex set Q”. After possi-
bly shrinking U, let ¢ be a continuous plurisubharmonic function defined on a
neighbourhood of QU U such that @ = {¢ < 0}, ¢ > —1, ¢ > —1/2 on U and
¢ is strictly plurisubharmonic on {¢ > —1}. Without loss of generality we can
assume that ¢ > 0 outside Q (in fact, the function ¢ from Theorem 3.1.2 has this
property by construction).

We claim that there exists a strictly pseudoconvex open set Q' cM (not neces-
sarily with smooth boundary) such that Q C Q” cQUU. The proof is essentially
the same as in Lemma 2 of [To83]: Choose a locally finite open covering {U;}32,
of b2 by open sets U; CC U. For every j € N, let n;: M — (—o0,0] be a smooth
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3 Global plurisubharmonic defining functions and the core

function such that {n; < 0} = U;. Set ¢ := p+ 372, €;m; with positive constants
g€j, j € N. Clearly, ¢ > 0 on b(QUU), ¢ < 0on Q and if the numbers €; are chosen
small enough, then ¢ is still strictly plurisubharmonic on U. Set Q" := {¢ < 0}.

Note that, by a suitable choice of the numbers €;, we can also guarantee that
(") = ¢(Q). Indeed, since Q C Q”, it is immediately clear that ¢(Q) C ¢(").
Further, observe that in the construction of ¢ we can choose the numbers €; so
small that ¢ > —1/2 on U. Thus we can use the same smoothing procedure as
in the proof of part (1) (choosing ¢ = —1/2) to obtain a smooth and bounded
from above plurisubharmonic function ¢o: Q" — [—1/4, 00) such that ¢2 > 0 on
U and ¢- is strictly plurisubharmonic on {¢3 > —1/4}. Then, as before, the same
argument as in the proof of the Main Theorem shows that ¢(”) C ¢(Q).

Now we can apply part (1) of the theorem to the strictly pseudoconvex set Q"
and an open neighbourhood of b2” that does not intersect Q to obtain a set Q”
as desired. This completes the proof of (2).

The last two properties claimed in the theorem are obvious by the construction.[]

At the end of this section we want to prove again, but in a different way, the
existence of global defining functions for strictly pseudoconvex domains €2 with
C*°-smooth boundary. We first prove the existence of defining functions for €2
that have prescribed differentials along the boundary of €. In a next step we use
this result to construct a global defining function for €.

Lemma 3.1.2. Let Q) be a strictly pseudoconvex domain with smooth boundary in
a complex manifold M. Let h be a hermitian metric on M and let f: b2 — (0, 00)
be a smooth positive function. Then there exists an open neighbourhood V. C M
of bQ and a smooth strictly plurisubharmonic function ¢: V. — R such that
QNV ={y <0} and ||dp||p- = f on bQ.

Proof. Let p: V — R be a smooth function on an open neighbourhood V- C M of
b such that QNV = {p < 0} and dp # 0 on bQ. Let ¢: b — (0, 00) be a positive
smooth function that we consider to be fixed, but that will be further specified
later on. Choose smooth extensions F': V' — (0,00) of f/||dpl|ln+: bQ — (0,00)
and Q: V — (0,00) of g: bQ — (0, 00), respectively, and define ¢¥: V' — R as

U(z) = F(2)p(2) + Q(2)p(2)*.

Then v is smooth, ||dy(2)||n« = f(z) for every z € b2 and, after possibly shrinking
V, QnV = {¢ < 0}. By smoothness of 1, it only remains to show that v is
strictly plurisubharmonic at every point z € bf). We claim that this is always the
case, provided that the function ¢ is chosen large enough (observe that the Levi
form of F'- p in z € bS) is automatically positive definit on the complex tangent
space TC(bS2) of b§Y in z, since (2 is strictly pseudoconvex).
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Indeed, a straightforward calculation shows that for every z € b2 and & € T, (M)

Lev(8) () = FLex(7)(s. )+ 2Re (006 OF)-(6) + 2000 OF
Since TE(b2) = H.(p), we have Lev()(z, -) = F(2)Lev(p)(z, -) on TE(bQ), and
by strict pseudoconvexity of 2 we know that Lev(p)(z, - ) is positive definit on
TE(HQ) for every z € b2, Let K := {(2,&) € T(M)|pe : ||€]ln. = 1} and define
Ky C K to be the subset Ky := {(2,§) € K : F(2)Lev(p)(z,&) + 2Re [(0p). (&) -
(OF).(€¢)] < 0}. Since p and F are smooth, we can choose a smooth function
C: b — R such that F(z)Lev(p)(z,€) + 2Re[(9p). (&) - (OF).(£)] > C(z) for
every (z,£) € K. Moreover, observe that, by construction, (9p).(§) # 0 for
every (z,£) € Kp. Hence we can further choose a positive smooth function
e: b2 — (0, 00) such that |(9p).(€)|> > &(z) for every (z,€) € Ko. Now assume
that ¢: b2 — (0, 00) is chosen so large that C' 4 2ge > 0 on bQ2. Then we conclude
from (3.2) and the choice of C that Lev(¢)(z,£) > 0 on Ky. But it is clear from the
choice of Ky that Lev(¥)(z,€) > 0 on K \ Ky. Thus 1 is strictly plurisubharmonic
at every point z € b{2 as claimed. O

Theorem 3.1.2". Let M be a complex manifold and let Q C M be a strictly
pseudoconvex domain with smooth boundary. Then there exists a smooth plurisub-
harmonic function ¢ defined on an open neighbourhood of Q such that Q = {p < 0},
de # 0 on b and ¢ is strictly plurisubharmonic near bS).

Proof. Asin Theorem 5 of [SiT08] we can choose a countable locally finite covering
{U;}52, of b by open subsets U; CC M such that there exist biholomorphisms
o;: U; — Uj’v onto open subsets U; C C", strictly convex bounded domains
G, CC U] with smooth boundaries and a smooth partition of unity {6;}52, on
b2 subordinated to {bQ2 N U;}52, such that G’ C ¢;(2 N U;) and supp @ CC
bG} N ¢;(bQ2 N U;), where 0 := 0; o qu_l on ¢;(b2 N U;). Moreover, by strict
pseudoconvexity of b, we can assume that QN UJO’;I U; is contained in a one-sided
neighbourhood U C M of b2 that is filled with analytic discs attached to b2. For
every j € N, let g’ : bG’; — [0, 1] be the smooth extension of 0} : bG’;N¢; (bQNU;) —
[0,1] by 0, let S’ := supp®; = suppg; C bG’ and let Z} := bG’ \ Sj. Let
f]’ (_?; — (—00,1] be the strictly plurisubharmonic solution of the following
Dirichlet problem for the complex Monge-Ampere equation,

{ filear = g;

The existence and uniqueness as well as smoothness of f ]’ is guaranteed by Theorem
1.1 in [CKNS85]. Observe that, by strict convexity of bG’, the set D} := {2’ €

C;‘;- : there exists a complex line L., > 2z’ such that L., N S;. = @} is an open

83



3 Global plurisubharmonic defining functions and the core

neighbourhood of Z in é; By the maximum principle, we have f; < 0 on
D’. Hence the function fj’ = max(0, f}) satisfies fj’ = 0 on Dj. For every
J €N, let X; C b2 be an open set such that X; cC {#; > 0} and such
that {X;}32, covers bS). Further, let W/, j € N, be an open neighbourhood of

Xj = ¢;(X;) cC{#; >0} in G‘; such that f; > ¢; > 0 on W for some ¢; > 0.

Then fJ’ is strictly plurisubharmonic on a relatively open neighbourhood of WJ’ in

el

G

Fix 7 € N. Without loss of generality we can assume that 0 € G;-. In particular,
—e?

there exists €1 > 0 such that G} . := (1+€j)G;( ) satisfies G, CC G, ccUj

for every positive €; < €1, where G;(isf) i= G\ Uweper B"(#,€7). Define
a smooth plurisubharmonic function ﬂej: G., — [0,1] 1t;y ﬂﬁj (') = (f]’ *
6:2)(2'/(1+¢;)), where for v > 0 we denote by ¢, some fixed smooth nonnegative
fu.;lction depending only on | z|| such that suppd, = B"(0,7) and [, 6, = 1. It

follows from the constructions of G .= and f]’-ﬁj that there exists €5 > 0 such

—e?

that for every positive €; < €; 2 the set D;,gj =(1+ sj)D;( <) C C™ is an open
neighbourhood of bG’; \ ¢;(b2 N U;) and fj’-’ej = 0on Dj_ . In particular, the
trivial extensionﬁof f]’-ﬁaj o¢;: G; — [0,1] by 0 defines a smooth plurisubharmonic
function Fj ., : Q@ — [0,1], where G, := qb;l(G;). Moreover, there exists €53 > 0
such that for every ¢; < ;3 the function fj’»,ej is strictly plurisubharmonic on
W]’ , and hence the function F} ., ~is strictly plurisubharmonic on W; := ¢;1(WJ’)
Finally, for €; — 0 the function fj’»’aj |bG§_ converges uniformly to g7, i.e., Fje;[o0
converges uniformly to 6;.

For every j € N, let ¢; := min{e; 1,¢52,¢;3}. Consider the sets e and d of
sequences of nonnegative numbers defined by e := {¢ = {¢; }321:0<¢g; < gj0}
and d := {0 = {0;}52, : 0 < §; < 1/2}. For every (g,0) € e x d, define a function
F.s: Q —[0,1] as F.s:= Z;’il Fj., (1 —=9;). Since supp Fj ., CC Uj for every
7 € N, and since {Uj}}?‘;l is locally finite, each of the functions F; 5 is a well
defined smooth and plurisubharmonic function such that supp F; s C U. Moreover,
F, s is strictly plurisubharmonic on W := U;‘;l W;. By construction, each set W;
is an open neighbourhood of X in €2, and since {X; }321 covers b, it follows that
W is an open neighbourhood of bQ in Q. Moreover, we claim that the following
assertion holds true: for every continuous function k: b2 — (0,00) we can chose
(€,0) € e x d such that

1—k < F,5<1on M. (3.3)

Indeed, for every 0 € d define functions 0,in, Omaz: D — (0,1/2] as dpin(2) =
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min{d; : z € U;} and dpaq = max{d; : z € U;}, respectively, and for every ¢ € e
let I := 372 Fj,. Since {U; }321 is locally finite, and since k is continuous, we
can choose ¢ € d so small that 1 —k/2 < 1 — §,,4,. Then, since for ¢; — 0 the
function Fj ., [ponu, converges uniformly to 6;|sony, for every j € N, and since
Fj e lvoru, = Ojlsa\u;, = 0 for every j € N and £; > 0, we can choose ¢ € e so
small that (1 —k)/(1 —k/2) < F. < 1/(1 = 0umin) on b2. Now observe that, by
definition of Fy 5, we have (1 — dmax)Fe < Fr 5 < (1 — dmin) F:, hence it follows
that 1 — k < F. 5 < 1 on b2 as claimed. Finally, note that the inequality F, 5 <1
on b} implies that F, s < 1 on 2, since supp F; s C U, U is filled by analytic discs
attached to b€, and F. s is smooth and plurisubharmonic on .

h*
and observe that indeed v(z) < oo for every z € Q. Let ¢: V — R be a smooth
strictly plurisubharmonic function on an open neighbourhood V- C M of bQ2 such
that QNV = {¢ < 0} and ||d¢||p» > 1 + v. The existence of such a function
1 follows immediately from Lemma 3.1.2. Let k: bQ — (0, 00) be a sufficiently
small continuous function and let (£,d) € e x d be chosen in such a way that (3.3)
holds true. Since ||di||p+ > 1+ ||dF: 5]+ on b2, it is easy to see that we have
Y < Fes—1onb(VNW)NQ, provided that k is chosen small enough. Hence the
function ¢: QUV — R defined by

Now define a continuous function v: Q — (0,00) as v := sup. 5 cexalldFe sl

¥(z) , z€eV\Q
P(z) =< max(y¥(z),Fe5(2) —1), ze (VNW)NQ
F.s5(z)—1 , 2€Q\(VNW)

is a continuous plurisubharmonic function such that ¢ = 1 near b and Q =
{® < 0}. That is why ¢ has all the properties that we seek, except, possibly, for
smoothness in points of the set A:={z € VNW NQ:¢(z) = F.s(z)}. But both
1 and F; s are strictly plurisubharmonic on V NW N§2. Hence, if w is an arbitrary
fixed neighbourhood of A such that w C €2, we can apply Richberg’s smoothing
method to obtain from ¢ a smooth plurisubharmonic function ¢: V U Q such that
¢ = @ outside w and such that still = {¢ < 0} (see, for example, Theorem 1.5.21
in [Del2] for a version of Richberg’s smoothing procedure that is strong enough
for our purpose). Then ¢ is a function as desired. O

3.1.2 Existence results in complex spaces

In this section we extend the above results to the setting of complex spaces.
However, at least at the following two points our results are weaker when compared
to the case of complex manifolds. First, we are not able to establish a general
existence theorem for global defining functions of smoothly strictly ¢g-pseudoconvex

85



3 Global plurisubharmonic defining functions and the core

domains if ¢ > 0. Instead, we have to restrict ourselves to the case of strictly hyper-
g-pseudoconvex domains. And second, if 2 is a smoothly strictly pseudoconvex
domain (i.e., ¢ = 0) in an arbitrary complex space, a subtle technical problem
concerning the regularity of the desired function arises, when one tries to construct
a smoothly global defining function that is smoothly strictly plurisubharmonic
outside ¢(€2). We start by gathering the necessary definitions and results.

Let X = (X,0Ox) be a complex space (all complex spaces are assumed to be
reduced and paracompact). A holomorphic chart for X is a tupel (U, 7, A, G)
where U C X is open, A is an analytic subset of a domain G C C" and 7: U = A
is biholomorphic. For every x € X let T,,(X) denote the Zariski tangent space of
X at z, i.e., Tp(X) := (m,/m2)* where m, C O, is the maximal ideal of germs
of holomorphic functions that vanish in z. If f: X — Y is a holomorphic map
between complex spaces X and Y, then we write f. = fi ;: Tp(X) — Ty, (Y) for
the induced differential map. Let ¢: X — R be a smooth function, let (U, 7, A, G)
be a holomorphic chart for X around = and let ¢: G — R be a smooth function
such that ¢ = @ o7 on U (see below for the definition of smooth functions
on complex spaces). Then we can define functionals (dy),: T,(X) — R and
(09) g, (09)y: Tp(X) — C by setting

(00)2(€) = (09) () (1:€),  (00)2(€) = (08) 7 (a) (T:E),
(d)s (&) = (09)x (&) + (99)x(£)

for every € € T,,(X). Indeed, by part 1 of the Proposition in [V93], this definition
is independent of the smooth extension ¢, and by assertion (1) in Section 1 of
[Gr62] it is also independent of the holomorphic chart (U, 7, A, G). In particular,
H,(p) :={ € Tu(X) : (0p)x(&) = 0} is a well defined subspace of T, (X). In the
same way we want to define Lev(p)(z, - ): T,(X) = R as

Lev(p)(,€) := Lev(p) (7(x), 7). (3.4)

However, as it is shown by Example 1 in [V93], the number Lev(¢)(z, ) defined in
this way will in general depend on the choice of the smooth extension ¢. In fact, in
order for (3.4) to be well defined, we need to require that X is locally irreducible
at x, see part 2 of the Proposition in [V93]. (We do not know if the functionals
(09)z, (09), and (dy), can be well defined in general if ¢ is only assumed to be
C'-smooth. We also do not know whether on locally irreducible complex spaces
the Levi form Lev(p)(z, -) can be well defined for arbitrary C?-smooth functions

©.)

A function ¢: X — R is called smooth or (strictly) plurisubharmonic, if for every
x € X there exist a holomorphic chart (U, 7, A, G) around = and a smooth or
(strictly) plurisubharmonic function ¢: G — R such that |y = ¢ o7, respectively.
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Observe that it is not clear from the definition whether a smooth and (strictly)
plurisubharmonic function ¢: X — R does admit local extensions ¢ as above that
are both smooth and (strictly) plurisubharmonic at the same time. In fact, this
is not true in general, see, for example, Warning 1.5 in [Sm86] and Example 2
in [V93]. If around each point x € X the function ¢ admits holomorphic charts
and local extensions ¢ that are smooth and (strictly) plurisubharmonic, then ¢
will be called smoothly (strictly) plurisubharmonic. A domain  C X is called
strictly pseudoconvex if for every x € bS) there exist an open neighbourhood
U, C X of x and a continuous strictly plurisubharmonic function ¢, : U, — R
such that Q N U, = {p, < 0}. The domain  will be called smoothly strictly
pseudoconvex if for every x € bS) the function ¢, : U, — R can be chosen to be
smoothly strictly plurisubharmonic. (In the same way we can define the notions
of C*-smoothly (strictly) plurisubharmonic functions and C*-smoothly strictly
pseudoconvex domains for every s € N§°. Note that a function ¢: X — R is
C%-smooth and (strictly) plurisubharmonic if and only if it is C-smoothly (strictly)
plurisubharmonic, see Theorem 2.4 in [Ric68].)

Let ¢ € Ng. A function ¢: X — R is called (strictly) g-plurisubharmonic, if for
every x € X there exist a holomorphic chart (U, 7, A, G) around z and a (strictly)
g-plurisubharmonic function ¢: G — R such that ¢|y = @ o 7. It is called
smoothly (strictly) plurisubharmonic if around each point 2 € X the function ¢
admits holomorphic charts and local extensions ¢ that are smooth and (strictly) ¢-
plurisubharmonic. A domain Q C X is called (smoothly) strictly ¢-pseudoconvex if
for every x € b) there exist an open neighbourhood U, C X of x and a (smoothly)
strictly g-plurisubharmonic function ¢, : U, — R such that QN U, = {p, < 0}.
(Analoguous definitions are possible for C*-smoothly (strictly) g-plurisubharmonic
functions, s € N§°, and C®-smoothly strictly g-pseudoconvex domains, s > 2; in
the latter case, the restriction to s > 2 is a matter of convention.)

Finally, we will say that the boundary b(2 is smooth in = € 082, if there exists a
smooth function ¢: U — R defined on an open neighbourhood U C X of = such
that QNU = {p < 0} and (dp); # 0. Observe that bQ is smooth in z € b
if and only if in every small enough minimal holomorphic chart around z (i.e.,
every small enough chart (U, 7, A, G) around z such that G C C®*dim=X where
ebdim, X = dim¢ T, (X) denotes the embedding dimension of X at z) Q is the
intersection of X with a smoothly bounded subdomain of the ambient C". A
function f: b2 — R will be called smooth if f is the restriction of a smooth
function defined on an open neighbourhood U C X of b). In the case when X is
a manifold and b2 is smooth this definition coincides with the usual one. (Again,
analoguous definitions of C®-smooth boundaries and C*-smooth functions can be
given for every s € N§°.)

Now we can formulate the main results of this section which generalize Theorem
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3.1.1 and Theorem 3.1.2 to the case of smoothly strictly pseudoconvex domains in
complex spaces.

Theorem 3.1.4. Let X be a complex space, let Q@ C X be a smoothly strictly
pseudoconvex domain and let f: b2 — R be a smooth function that is bounded
from below. Then there exists a smoothly plurisubharmonic function F defined
on an open neighbourhood of Q such that Flyo = f and F is smoothly strictly
plurisubharmonic near bS2.

Theorem 3.1.5. Let X be a complex space and let Q@ C X be a smoothly strictly
pseudoconver domain. Then there exists a smoothly plurisubharmonic function ¢
defined on an open neighbourhood of Q such that Q = {¢ < 0} and ¢ is smoothly
strictly plurisubharmonic near bS§2.

We would also like to prove results analoguous to Theorem 3.1.1 and Theorem
3.1.2 for the case of smoothly strictly g-pseudoconvex domains in complex spaces.
However, we do not know whether this is possible in general if ¢ > 0. The problem
is essentially the following: If €2 is a domain in a complex manifold M, z € b€,
U C M is an open neighbourhood of z and 1, p2: U — R are smooth functions
such that QN U = {¢1 < 0} = {2 < 0}, then for every £ € H,(p1) we have
Lev(p1)(2,€) > 0 if and only if Lev(p2)(z,£) > 0 (see Remark 5 after Theorem
3.1.2). Thus when adding s to 1 we do not loose positivity of the Levi form
on H,(¢1), and if H,(p1) # T.(M), then a possible loss of positivity in the
direction normal to H, (1) (with respect to some hermitian metric h on M) can
be reacquired by composing the sum ¢ 4 o with a smooth strictly increasing
and strictly convex function X: R — R. However, this is not longer true in general
in the setting of complex spaces as it is shown by the following example.

Example 2. Let X := {(z,w) € C?: 23 = w?} and let Q := X \ {0}. Consider
the smoothly 1-plurisubharmonic functions 1, p2: X — R which are defined
as the restrictions to X of the functions ¢;(z,w) = |z + w|?> — 2|z — w|? and
P2(z,w) == |z — w|* — 2|z + w|? on C?, respectively. One easily verifies that
in a small open neighbourhood U C X of 0 € X it holds true that QNU =
{r €U :pi(x) <0} ={z €U : pa(x) <0} and hence Q is a smoothly strictly
1-pseudoconvex domain. Since Tp(X) ~ C2, and since X is locally irreducible,
the Levi form at the origin of every smooth extension of ¢; + 2 to an open
neighbourhood of 0 € C? coincides with the Levi form of ¢; + ¢» in 0. However,
Lev(@1 + ¢2)(0, - ) is negative definit on C? ~ Hy(¢1).

One might argue that the above example is of a rather pathological nature. On
the other hand, observe that typically no assumptions about the smoothness of
b2 are made in the definition of smoothly strictly g-pseudoconvex domains in
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complex spaces (see, for example, [AG62]). Anyway, even if b} is assumed to
be smooth at z € b2 we do not know whether the Levi forms at = of two local
defining functions for €2 around x can be compared as it is done in the manifold
case.

As a consequence of the described above problem, in the case ¢ > 0 we prove
generalizations of Theorem 3.1.1 and Theorem 3.1.2 only for hyper-g-pseudoconvex
domains instead of smoothly strictly g-pseudoconvex domains. Before stating the
precise results we collect all necessary definitions.

First we remind the definition of hermitian metrics on complex spaces. Let
m: T(X) — X be the Zariski tangent linear space, i.e., the underlying set of T'(X)
is simply the disjoint union |, x T%(X) (see, for example, [Fi76] for more details).
A hermitian metric h on X is a smooth mapping h: T(X) x, T(X) — C such
that h|r, (x)x7,(x) is a hermitian metric on T,(X) for every x € X. If h is a

hermitian metric on X, then for every x € X we denote by || - [|5, and |- ||+ the
induced norms on 7, (X) and T;(X), respectively. If the context is clear, then we
sometimes omit the index x and simply write || - ||n or || - |5~

Let X be a complex space endowed with a hermitian metric h. A smooth function
¢: X — R is called hyper-g-plurisubharmonic (respectively strictly hyper-¢g-plu-
risubharmonic) if for every complex subspace ¥ C X and every y € Y, every
holomorphic chart (U, 7, A,G) for Y around y and every hermitian metric h on
G C C™ which satisfies h|y = 7*h there exist an open neighbourhood G’ C G of
7(y) and a smooth function ¢: G’ — R such that ¢ = por on U’ :=77G') C U
with the following property: for every z € G’ the trace with respect to h of the
restriction of the Levi form Lev(¢)(z, -) to any (¢ + 1)-dimensional subspace of
C™ is nonnegative (respectively positive), i.e., for every h-orthonormal collection
of vectors eq, ez, ..., eq41 C C™ we have that Zji} Lev(p)(z,e;) > 0 (respectively
> 0). Observe that these definitions depend on the given hermitian metric h and
that in general the Levi form of ¢ is not uniquely determined by ¢ (it is if X is
locally irreducible). Moreover, it is clear from the definition that every (strictly)
hyper-g-plurisubharmonic function is (strictly) g-plurisubharmonic. The main
advantage of the set of (strictly) hyper-g-plurisubharmonic functions over the set of
all (strictly) g-plurisubharmonic functions is that the former set is closed under ad-
dition. (In the case of not necessarily strictly hyper-g-plurisubharmonic functions
we need here that ¢ has an extension ¢ as described above with respect to every ex-
tension  of h. Then the additional assumption on the complex subspaces Y C X
is imposed in order to guarantee that restrictions of hyper-g-plurisubharmonic
functions to complex subspaces are again hyper-g-plurisubharmonic; we will not
need this property in our constructions. Moreover, for not necessarily strictly
hyper-g-plurisubharmonic functions it is also not clear if requiring the existence of
the extension ¢ only with respect to one fixed chart of Y, instead of requiring it
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with respect to every chart of Y, yields an equivalent definition. All these com-
plications do not arise in the case of strictly hyper-g-plurisubharmonic functions,
and thus there is a less technical but equivalent definition in this situation, see, for
example, Proposition 2.2 in [FrN10]. In particular, it follows easily from the above
remarks that for every strictly hyper-g-plurisubharmonic function ¢: X — R and
every compactly supported smooth function #: X — R there exists €y > 0 such
that ¢ + €6 is strictly hyper-g-plurisubharmonic for every || < g¢.) Finally, note
that (strictly) hyper-0-plurisubharmonic just means smoothly (strictly) plurisub-
harmonic. The notion of hyper-g-plurisubharmonicity was first introduced in the
context of complex manifolds by Grauert and Riemenschneider in [GR70], the
above definition for complex spaces is taken from [FrN10] (actually Grauert and
Riemenschneider use the term hyper-(¢ + 1)-convex functions instead of strictly
hyper-g-plurisubharmonic functions, but since we prefered the term of strict
g-plurisubharmonicity over (g + 1)-convexity before, we stick to this convention).

A domain  C X = (X, h) will be called strictly hyper-¢g-pseudoconvex if for
every x € bS) there exist an open neighbourhood U, C X of = and a strictly
hyper-g-plurisubharmonic function ¢, : U, — R such that QN U, = {p, < 0}.
Observe that  is strictly hyper-O-pseudoconvex if and only if it is smoothly
strictly pseudoconvex. (Analoguous definitions would be possible in the C*-smooth
categories for every s > 2.)

Now we turn to the generalizations of Theorem 3.1.1 and Theorem 3.1.2 to hyper-
g-pseudoconvex domains in complex spaces. Note that for ¢ = 0 this will include
the case of smoothly strictly pseudoconvex domains. Hence Theorems 3.1.4 and
3.1.5 are special cases of the next two theorems, and thus it suffices to prove only
these more general results.

Theorem 3.1.4"’. Let X be a complex space, let Q C X be a strictly hyper-q-
pseudoconver domain and let f: b — R be a smooth function that is bounded from
below. Then there exists a hyper-q-plurisubharmonic function F' defined on an open
neighbourhood of Q such that F|yq = f and F is strictly hyper-q-plurisubharmonic
near bS2.

Proof. Since f is bounded from below, we can assume without loss of generality
that f > 0. Let F: X — (0,00) be a smooth extension of f. Let {U}'}32, be a
locally finite covering of bS2 by open sets Uy CC X such that for every j € N
there exists a strictly hyper-g-plurisubharmonic function ¢;: U} — R such that
QNU/ = {p; < 0}. Moreover, let U} CC U; CC U} be open sets such that
{U}}52, still covers bQ2.

Let {X;}32, be a family of smooth functions X;: X — [0,00) such that {X; >
0} = U for every j € N, 3772, X; < 1on X and Y72, X; = 1 near bQ. Let
B:(0,00) — (0,00) be a strictly increasing and strictly convex smooth function
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such that B(t) = e/t for small values of ¢, and let 5: R — [0, 00) be the smooth
extension of 8 such that B|(_Oo70] = 0. As in the proof of Theorem 3.1.1, by
a proper choice of {X;}32;, we can guarantee that for every j € N the trivial
extension g;: X — [0,00) of the function 3~'o (FX;): U; — (0,00) by 0 is smooth
on X.

Let \;: X — (—o00,0] be smooth such that Uj’v = {)\; = 0}. Then choose ¢; > 0
so small and C; > 0 so large that g; + C;j(¢; + €;A;) is still strictly hyper-g-
plurlsubharmonlc on Uj;. Observe that, by construction, g; + C;j(¢; +¢€;X;) <0
on bU; N Q, hence the funct1on Bol(gj+Cilp; +ej) ))|UJ vamshes near this set
and thus its trivial extension by 0 to the open neighbourhood U; := X \ {z €
bU; = (g5 + Ci(p; + 7)) (x) > 0} of Q defines a hyper-g-plurisubharmonic
function Fj: U; — [0, 00) such that Fj|so = fX; and F; = 0 outside U;. Moreover,
W; = {F; > 0} C Uj is an open neighbourhood of bQ N U’ such that F;
is strictly hyper-g-plurisubharmonic on W;. Hence F' := Z;’il Fj; is hyper-q-
plurisubharmonic on the open neighbourhood U := ﬂ]oil U; C X of Q such that
Flpo = [ and F is strictly hyper-g-plurisubharmonic on W := (72, W; D Q. O

Theorem 3.1.5’. Let X be a complex space and let Q C X be a strictly hyper-q-
pseudoconver domain. Then there exists a hyper-q-plurisubharmonic function ¢
defined on an open neighbourhood of Q such that Q = {¢© < 0} and ¢ is strictly
hyper-q-plurisubharmonic near bS.

Proof. Let ¢ := F—1 where F is the function from Theorem 3.1.4 ’ corresponding
to the boundary values f = 1. Then ¢ is a hyper-g-plurisubharmonic function on
an open neighbourhood of Q that vanishes identically on bQ2 and that is strictly
hyper-g-plurisubharmonic near b{). As before, in the construction of F' we can
choose F' such that Q = {F < 1}, and this ch01ce implies that & = {F < 1}, i.e.,

Q) = {p < 0}; see the proof of Theorem 3.1.2 for more details. D

Remarks. 1) In the last two theorems strict hyper-g-convexity is understood
with respect to an arbitrary but fixed hermitian metric on X.

2) Similar to what we had above, the function F' from Theorem 3.1.4" is strictly
hyper-g-plurisubharmonic on the open neighbourhood W of bQ) and it is constant
on 2\ W. One sees immediately from our construction that for every open set
w C Q such that @ C © we can choose F' in such a way that it will be constant on
w.

3) The statements of Theorems 3.1.4" and 3.1.5” remain true if C*°-smoothness is
replaced by C*-smoothness for any s > 2. Also for C*-smoothly strictly pseudo-
convex domains with s € {0,1} the proofs still work, but in Theorem 3.1.4" we
have to assume that the function f: b — R is at least C2-smooth. In particular,
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every strictly pseudoconvex domain in a complex space admits a continuous global
defining function.

It is also possible to generalize Theorem 3.1.3 to the case of complex spaces. The
precise statement is contained in the following theorem.

Theorem 3.1.6. Let X be a complex space and let Q0 C X be a strictly pseudo-
convex domain. Let U C X be an arbitrary open neighbourhood of bS). Then the
following assertions hold true:

(1) There exists a smoothly strictly pseudoconvex domain Q' C X such that
Q\U C Y and Q' C Q.

(2) There exists a smoothly strictly pseudoconver domain Q' C X such that
QCc Q" and Q" CQUU.

In particular, Q admits a neighbourhood basis consisting of smoothly strictly
pseudoconver domains.

Proof. In view of Theorem 2.4 in [Ric68], it is easy to see that the version of
Richberg’s smoothing procedure which is formulated in Theorem 1.5.21 in [Del2],
remains true in the setting of complex spaces. Thus the theorem can be proved in
the same way as Theorem 3.1.3 above. O

As in the case of manifolds, we can now introduce the notion of the core of a
smoothly strictly pseudoconvex domain in an arbitrary complex space.

Definition. Let X be a complex space and let 2 C X be a domain. Then the set

() == {z € :every smoothly plurisubharmonic function on 2 that is boun-

ded from above fails to be smoothly strictly plurisubharmonic in z}

will be called the core of 2.

However, observe that a subtle technical problem concerning the regularity of
the global defining function occurs if one tries to extend the Main Theorem to
the setting of complex spaces. In fact, in the proof of the Main Theorem we
construct the smooth plurisubharmonic function ¢; as a limit of a series of smooth
plurisubharmonic functions. Correspondingly, in the case of complex spaces the
function ¢ would be a limit of a series of smoothly plurisubharmonic functions.
Observe though that when taking limits in the class of smoothly plurisubharmonic
functions defined on a complex space, it is not clear in general in which cases
the limit function will again be smoothly plurisubharmonic. Indeed, if we try to
repeat the proof of the Main Theorem for complex spaces, then one can easily
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choose the sequence {¢; 524 in such a way that the function ¢; is smooth and
plurisubharmonic (here we need the equivalence of weakly plurisubharmonic and
plurisubharmonic functions on complex spaces, see Theorem 5.3.1 in [FoN80]), but
it is not clear whether ¢; will also be smoothly plurisubharmonic. The problem
is that given a point € X and a sequence {¥;} of smoothly plurisubharmonic
functions on X, then after a local embedding of X into some C" each ¥; extends
as a smooth plurisubharmonic function onto some neighbourhood ﬁj C C" of
x, but it is not clear whether one can guarantee that also ﬂjoil 0]‘ will contain
some neighbourhood of x. For the function ¢, we only know how to avoid this
problem away from ¢(2), namely, we can at least show that ¢ is smoothly strictly
plurisubharmonic outside ¢(2). We sketch briefly the corresponding argument: By
construction, ¢ = 772, &;¥; for some smoothly plurisubharmonic functions ¥
on Q. Fix arbitrary « € Q \ ¢(Q2). After a local embedding of the complex space
X, we can find smooth extensions \i/j of the functions ¥; to a uniformly large
neighbourhood of x in the ambient C™ such that each function \i/j has nonnegative
Levi form in z. Moreover, since x ¢ ¢(2), and by the choice of the functions ¥,
at least one of the functions W has positive Levi form in 2. Thus if {¢;} is chosen
suitably, then the function g%l = Z(;il sj\ilj is a smooth extension of ¢; which
has a positive Levi form in z, i.e., ¢1 is smoothly strictly plurisubharmonic in x.
(Analoguous results hold in the C*-smooth categories for every s > 2. Moreover, in
view of Theorem 2.4 from [Ric68], a full analogue of the Main Theorem holds true
for strictly pseudoconvex domains in complex spaces in the C’-smooth category.)

Finally, an analogue of Proposition 3.1.2 holds true for arbitrary Stein spaces (for
the existence of a smoothly strictly plurisubharmonic function on a Stein space
see, for example, the Lemma in Section 3 of [Na61]).

3.2 Examples of unbounded domains with nonempty
core

Let 2 be a domain in a complex manifold M. It follows immediately from the
definition of the core, that ¢(£2) is always relatively closed in Q. If € is strictly
pseudoconvex with smooth boundary, then Theorem 3.1.2’ implies that ¢(2) is
also closed in M. Moreover, ¢(Q2) = @ if M is Stein and (2 is relatively compact
in M. As remarked above, every domain 2 C M admits a smooth and bounded
plurisubharmonic function p: 2 — R that is strictly plurisubharmonic precisely
in Q\ ¢(2) (see the remarks following the definition of minimal functions on page
79).
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In order to get a better understanding of properties of the core, we construct in
this section several examples of unbounded domains 2 C C™ such that ¢(Q) # @.
Before we start with these constructions, we want to make the following observation:
If @ € M is a domain, and w C  is a subdomain such that ¢(Q) C w, then clearly
c(w) C ¢(2). We do not know, however, whether the reverse inclusion holds also
true here, i.e., we do not know if in general ¢(w) = ¢(2). In fact, in all examples
of domains 2 C M with nonempty core that we will construct here (and also
in the Examples I and II that have already been given in the Introduction), the
above equality does indeed hold true for every subdomain w C 2 that contains
¢(Q2). Thus, loosely speaking, in all examples that we are able to construct, the
presence of the core ¢(2) C € is only related to intrinsic properties of ¢(2), but
not to properties of ).

These observations will lead us in Section 3.4 to define the notion of sets of core
type. For the moment, we just want to point out, that in view of a possible
dependence of ¢(€2) on €, it is desirable to construct not only examples of arbitrary
domains with nonempty core, but also of domains with additional properties, like,
for example, pseudoconvexity. This concern is further illustrated by the following
theorem.

Theorem 3.2.1. The following assertions hold true for domains Q C C", n > 2:

(1) There exists a domain Q C C™ such that ¢(Q) = E x C"~1, where E C C is
the set E = [0,1] x R.

(2) Let Q C C" be a pseudoconver domain such that ¢(2) = E x C* for some
k € N,_1 and some set E C C*™*. Then either E is locally complete
pluripolar or E is open. In the latter case Q = E x CF.

(8) Letk € N,_1 be arbitrary but fized. Then there exists a strictly pseudoconvex
domain Q C C™ such that ¢(Q) = E x C* for a set E C C"™* if and only if
FE is closed and complete pluripolar.

Remarks. 1) Statement (1) shows that the core of an arbitrary domain Q C C"
may divide Q) into several connected components, and, moreover, ¢(£2) may have
nonemtpy interior. However, it is not clear to us at the moment, whether a
pseudoconvex domain €2 C C™ can have nonempty and disconnected complement
Q\ ¢(Q), or if the core of a strictly pseudoconvex domain © C C" can have
nonempty interior.

2) Statement (3) shows that if the core of a strictly pseudoconvex domain is
assumed to have a product structure as described above, then it is always complete
pluripolar. In view of this result, and also of the examples that will be given
below, one can raise the following question: Is it always true that the core of a
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strictly pseudoconvex domain is complete pluripolar? At the moment we are not
able to give an answer to this question.

3) Some part of the arguments which we will use to prove the statements (2) and
(3) of the theorem are similar to the ones which appear in the proof of Theorem
1.11 in [Au83]. In fact, to some extent, the corresponding statements are already
implicitly contained in the above mentioned result of Aupetit. Another partial
result, which is slightly different from the one proven by Aupetit, can also be
found in Theorem 1 in [Kaz83].

Proof. (i) We start with proving statement (1) of the theorem. Let (21, 22, ..., 25),
zj = x; +1y;, denote the coordinates in C". For every j € N, let ¢;: B™(0,5) = R
be the smooth and strictly plurisubharmonic function defined by

1

22

V(21,0 2n) =21 — (v + |z2* + -+ |2al?).

1
Choose a smooth function X;: R — [0,00) such that X; = 0 on (—oo, —1/27]
and such that X; is strictly increasing and strictly convex on (—1/27,00). Set
@; = Xj o t;. Then @; is a smooth plurisubharmonic function on B™(0, j) such
that ¢; = 0 on {¢p; < —1/27} > B™(0,5) N {z1 < 1/27} and such that @; is
strictly plurisubharmonic and positive on {¢; > —1/27} > B™(0,j) N {z1 > 3/27}.
Thus )

N { 0;i(z), z€B™0,j)N{x; >1/27}
Pil2) =0T L e (e < 1/27)

is a smooth plurisubharmonic function on W; := B™(0, j) U {z1 < 1/27} such that
¢; is strictly plurisubharmonic and positive on B"(0,5) N {z1 > 3/27}. Observe
that W := (N2, W is a connected open neighbourhood of {z; < 0}. Then one
easily sees that for a sequence {¢; 52 of positive numbers that converges to zero
fast enough, the function ¢ := 3772, ¢;¢; is smooth and plurisubharmonic on W
such that ¢ = 0 on {1 < 0} and such that ¢ is strictly plurisubharmonic and
positive on W N {x; > 0}.

Now define a domain 2 C C" as
Q= [W+(1,0,...,0]n[-W] = {z € C": (z21—1,22,...,2,) € W and —z € W }.

Then Ex C"~! C Q, where E := [0,1] xR, C C. By the Liouville theorem, every
plurisubharmonic function u on €2 that is bounded from above has to be constant
on {z} x C"~! for every z € E. Hence u fails to be strictly plurisubharmonic
at every point of E x C"~1 i.e., E x C"! C ¢(£2). On the other hand, ®(z) :=
o(z1 —1,29,...,2n) + p(—2) is a smooth plurisubharmonic function on Q such
that @ is strictly plurisubharmonic on 2\ (E x C"71), ie., ¢(Q) C E x C*~ L.
Thus ¢(2) = E x C*~1, which completes the proof of part 1 of the theorem.
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(ii) We now prove the statements (2) and (3) of the theorem. At first, let & C C"
be an arbitrary domain such that ¢(2) = E x C* for some set E C C"F,
Then, in view of Liouville’s theorem, one can easily see that £ = {2/ € C"* :
{2’} x CF c Q}. For every 2" € CF let V,n := {2/ € C" % : (¢/,2") € Q} and
define ¢, : Vi — [—00,00) as ¢, (") := —log R(Z’, 2"), where R(z) := sup{r >
0:{z'} x B¥(2",r) C Q}, z = (,2") € C" % x CF. By definition, 1(z") = —oc0
if and only if {2’} x C* € Q. Thus F = {1y = —oc}.

Assume now that € is pseudoconvex. Then v is plurisubharmonic on Vj, since
Yo(2) = supw//eck7|‘w,,”:1[— log Ro,w)(2',0)], where for every w € C" the func-
tion Ry (2) :==sup{r > 0: z+ Cw € Q for every ¢ € A(0,7)} denotes the Hartogs
radius of Q in the w-direction; here A(a,r) :== {2z € C: |z —a| < r}. Thus F is
locally complete pluripolar if ¥y £ —oo on every connected component of V5. On
the other hand, suppose that 19y = —oco on some connected component U of Vj,
i.e. U x CF C Q. Assume, to get a contradiction, that Q # U x C*. Then there
exists 2"’ € C* such that U is a proper subset of the connected component V., of
V. containing U. Since ¥,» = —oo on the open set U, it follows that ¥,» = —c0
on V/,. Thus V], x C C © and hence, by definition of U, we have V/, C U. This
contradicts the fact that U C V/, and thus proves that Q = U x C*. Another
application of Liouville’s theorem then shows that £ = U, which completes the
proof of statement (2).

Now assume that  is even strictly pseudoconvex. Then, by what we have
already proven, it follows that E is locally complete pluripolar. Assume, to get
a contradiction, that F is not closed. Then there exist p € C"*\ E and a
sequence {pj};-";l C E such that lim;_,., p; = p. Since E X Ck c Q, it follows
that L := {p} x C*¥ C Q. By Theorem 3.1.2 and the related Remark 4, there exists
a continuous plurisubharmonic function ¢ on an open neighbourhood of € such
that Q = {¢ < 0}. In particular, ¢ < 0 on Q. Thus, by Liouville’s theorem, ¢ = ¢
on L for some constant ¢ < 0. If ¢ < 0, then L C Q and hence also L C ¢().
This implies that p € E, which contradicts the assumption on p. On the other
hand, if ¢ = 0, then L C bS2, which is not possible by strict pseudoconvexity of bf).
This shows that E is closed in C*~*. By Corollary 1 in [C0o90], it follows that E
is complete pluripolar.

Finally, let £ C C"* be a closed complete pluripolar set. Then, by Corollary
1 in [Co90], there exists a plurisubharmonic function u on C"~* such that u is
smooth on C" %\ E and F = {u = —oo}. Define

G (7)€ C s+ o < .

Then for generic C' € R, Q' is a strictly pseudoconvex open set with smooth
boundary such that E x C¥ c €'. By Liouville’s theorem, E x CF C ¢(Q).
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Moreover, let v: C* — [—00,00) be defined as v(z) = u(z’) + || z]|?. It is easy to
see that if {n; j=1 1s a sequence of positive numbers that converges to zero fast
enough, then o := ~7%; n; max; (v — C, —j) is a smooth global defining function
for € which is strictly plurisubharmonic outside E x C*. Thus we also have that
¢(Q) C E x Ck. This shows that ¢(€2') = E x C¥. The assertion of statement (3)
then follows from the following lemma. O

Lemma 3.2.1. Let M be a connected complex manifold and let ' C M be a
strictly pseudoconvez open set (not necessarily connected or with smooth boundary).

Then there exists a strictly pseudoconver domain 2 C M with smooth boundary
such that Q' C Q and ¢(2) = ¢(Q).

Proof. We proceed in three steps.

STEP 1. Let Go,Gy C C™ be two strictly pseudoconvexr domains with smooth
boundary such that Go NGy = @. Let v: [0,1] — C" be a smooth embedding
such that zy = v(0) € bGy, z1 = (1) € bGy and (t) € C"\ (Go U G) for
t €(0,1). Let v be a smooth plurisubharmonic function on an open neighbourhood
V C C" of Go UGy such that for j = 0,1 we have 1(z;) < 0 and 1 is strictly
plurisubharmonic near z;. Then for every open neighbourhood I' C C™ of v([0, 1])
there exist a strictly pseudoconver domain  C C™ with smooth boundary and a
smooth plurisubharmonic function o on an open neighbourhood U C C™ of Q such
that the following assertions hold true:

(i) U = V'UT’ for some open neighbourhood V' C V of Go UGy and some
open neighbourhood T" C T of v([0,1]),

(ii) Q\T' = (GoUG1)\T,
(iii) o =1 on V', while ¢ is strictly plurisubharmonic and less than 1 on T”.

ProoF. Fix constants €q, 89 > 0 such that B"(zg, c0)NB™(21,0) = 3, ¢ is strictly
plurisubharmonic and less than 1/2 on B™(2,&0) U B™(21,£0) C V NT and such
that v([0,1])©%) C T, where for K C C" and d > 0 we let K9 := |, B"(z,d).

Choose s > 0 so small that v([0, s]) and v([1 — s, 1]) are contained in B"(zg,&q) U
B"(z1,e0). Let f:v([0,1]) = (—00,1/2) be a smooth function such that for some
constant ¢ € (0,1) one has f + ¢ < ¢ in v(0) and (1), and f > ¢ + ¢ in (s)
and v(1 —s). Let F': C" — R be a smooth extension of f. Since one can see
easily that ([0, 1]) is contained in a closed embedded smooth real 1-dimensional
submanifold M C C", it follows from Lemma 1 in [Ch69] that there exists a
smooth strictly plurisubharmonic function #: W — R on an open neighbourhood
W c C™ of v(]0,1]) such that 8 = 0 on 7([0,1]). Thus for C > 0 large enough,
and after possibly shrinking W, the function p := F' 4+ C0 is smooth and strictly
plurisubharmonic on W such that p < 1/2 and pl,(o,1]) = f-
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3 Global plurisubharmonic defining functions and the core

Choose € € (0, &) so small that
e B"(z9,e) UB"(z1,e) C W,
e y([5,1 —8]) N (B™(20,¢) U B™(21,¢)) = @, and
e p+c <y on B"(z,e)UB"(21,¢).
Moreover, let 6 € (0, min(dp,€)/2) be so small that
o 2(0,1)E cw,
« ([0, 1) N (Go UG € B (20,¢) U B"(21,¢),

« the orthogonal projection m: ([0, 1])(%)
of the manifold M is well defined, and

— M along the normal directions

o there exists a constant a € (0, s) such that 771 (v([0, s +a)U(1—s—a,1])) C
B™(20,20)UB"(21,€0), 7 1 (7((s—a,1—s+a)))N(B"(z0,6)UB"(21,¢)) = @
and p>v+conm t(y((s—a,s+a)U(l—s—a,1—s+a))).

Let V' := VN (GoUG)®, let T := B™(20,¢) U~([0,1])% U B"(21,¢) and set
U:=V'UTl". Then p: U % R defined as

1/) on VN (Go U Gl)(é)
@ =< max.(¢,p) on B"(zg,e) Ur 1 (7([0,5s +a) U (1l —s—a,l1])) UB"(21,¢)
p on 7 (y((s —a,1—s+a)))

is a smooth plurisubharmonic function on U such that ¢ =1 on V', o <1 on I
and ¢ is strictly plurisubharmonic on I".

It only remains to construct a strictly pseudoconvex domain 2 C C™ with smooth
boundary such that Q\T' = (Go UG1)\T' and @ C U. To do so, fix € > 0
so small that B"(z, g) U B"(z1,) C UNT. Then for j = 0,1 choose strictly
pseudoconvex domains G; C C" with smooth boundary such that G c Gy,
G\ B"(zj,6) = G; \ B" (zj, €) and such that near z; the domain G looks like a
ball with z; as a boundary point. (The existence of the domains éj is essentially
an observation by H. Boas, which is based on a result due to Y. Eliashberg. A
detailed proof of this fact, together with references to the results of Boas and
Eliashberg, can be found, for example, in Corollary 4.1.46 of [JP00]. Observe that
our assertions on the domains G are slightly stronger than the ones formulated
in the statement of the Inentloned above corollary. However, the fact that G

can be assumed to be strictly pseudoconvex with smooth boundary follows, for
example, from the remark after Corollary 4.1.46 in [JP0O], or from the construction
of smooth maximum as described in Section 3.1.1 of this article.) Moreover,
let 4:[0,1] — C™ be a smooth embedding such that (0) = zp, (1) = 2z,
300, 1)\ (B™(20,/2) U B (21,2/2)) = 2([0, 1)) \ (B"(20,2/2) U B"(21,/2)), and
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3.2 Examples of unbounded domains with nonempty core

such that for some r > 0 the curves 5([0,7]) and #([1 — r,1]) are segments of
lines orthogonal to bGy and bG1, respectively. Finally, choose § € (0, min(€/2,4)).
Then, by the corollary in Section 1 of [Sh83], and after possibly further shrinking
4, there exists a strictly pseudoconvex domain 2 C C" with smooth boundary
such that

O\(B"(20,2/2)UB" (21,£/2)) = (GoU([0, 1)) PUG)\(B" (20, &/2)UB™ (21,£/2)).

(The corollary quoted above is only formulated for domains in C2, but the statement
and the proof remain true also in the case of C".) In particular,

Q\ (B"(20,8) U B"(21,8)) = (Go Uy ([0,1)D U G1) \ (B"(20,8) U B"(21,)).

It now follows easily from the constructions that €2 is a domain as desired. This
completes the proof of Step 1.

STEP 2. The statement of Step 1 remains true if C™ is replaced by an arbitrary
complex manifold M.

PRrROOF. Let Dy,...,Dy C M be open coordinate patches such that ~([0,1]) C
U1 Dy, 20 € D1, 21 € Dy, D; N7([0,1]) is connected, 1 < j < N, Dj N Djiq N
v(0,1]) # @,1 < j < N—1,and DN D, = @ if |[j — k| > 1. For every
j=1,...,N—1,let G; cC T N (D; N Djy1) be a strictly pseudoconvex domain
with smooth boundary such that the sets Gy =: Go.G1,...,Gn_1,Gy := Gy have
pairwise disjoint closures and there exists numbers 0 =: t§ <t} <2 <t? <... <
t < ¢ := 1 such that Ui, v((t},])) € M\ UL, G, and 4((t,88*1)) € Gy,
1 <j <N —1. Define 7;: [0,1] — M as 7;(t) := y(ty + t(t] — t3)). Choose open
neighbourhoods V C Mof G and smooth functions 1/)j V —R,0< 75 < N,such
that the sets Vp, ..., Vy are pairwise disjoint, V; C V and P, =ifje {0 N},
and ¢] is a strlctly plurlsubharmomc global deﬁnmg function for G such that
wj<1onV1f]€{1 N —1}. Fmally,letF cr, 1<]<Nbe0pen
neighbourhoods of 7;(]0, 1]) with pairwise disjoint closures. Then apphcatlon of
Step 1 to the tupel (éj_l,G ,V 1,Vj,7]7 ],wj 1,%) for every 7 = 1,..., N
gives the desired result.

STEP 3. The assertion of the lemma holds true.

ProOOF. By Theorem 3.1.3, there exists a strictly pseudoconvex open set G C M
with smooth boundary such that ' € G and ¢(G) = ¢(€'). Let {Gj}évzl be
the different connected components of G, N € NU {oo}. Fix an arbitrary
increasing sequence {Dg}%_; of relatively compact domains Dr C M such that
Uz 1 DR = M. Since bG is smooth, it is easy to see that there exist a family
{v; }] "' of smooth embeddings v; : [0, 1] = M and natural numbers v(j), p(j),
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3 Global plurisubharmonic defining functions and the core

1 < j < N, such that v;(0) € bG, ), v;(1) € bG (), 7;(t) € M\ G for t € (0,1),
% ([0,1]) N ([0,1]) = @ if j # k, #{1 < j < N : Dr N ;([0,1]) # @} is finite
for every R > 0, and GU Uj.";ll 7;([0,1]) is connected. Let ¢ be a minimal global
defining function for G.

Choose open neighbourhoods I'; CC M of ~,([0,1]), 1 < j < N, such that
e T;NTy=oif j #k,
o fj NG c C;’V(j) U éu(j)v and
e N =0.

Then for every 1 < 7 < N we can apply Step 2 to obtain a strictly pseudoconvex
domain €; C M with smooth boundary, an open set I'; C I'; and a smooth
plurisubharmonic function ¢; on €; such that

o YA\ = (Gogy UG \ T,

e @j =1 on Q;\T%, while ¢; is strictly plurisubharmonic and less than 1 on
QNI
j

Then define a strictly pseudoconvex domain  C C™ with smooth boundary as
N—1 N—
= e\ U] u U QN1
j=1 j=1

and a smooth plurisubharmonic function p: Q@ — R as

v on @\ JN5'T
@j on QNTY

By construction, ¢ < 1 on Q and ¢ is strictly plurisubharmonic outside ¢(G) =
¢(Q'). Thus ¢(Q) C ¢(£2). Moreover, observe that, by construction of €2, one has
Q' C Q, hence ¢(Q) C ¢(Q). Tt follows that ¢(Q) = ¢(’), which completes the
proof the lemma. O

In order to get a better understanding of properties of the core we now consider
some examples.

Example 3. Fix n > 2 and let 1 < ¢ <n — 1. Then for generic C' € R
Q= {(z,w) € C" 7 x C?: logl|z|| + (H2H2 + Hw||2) < C}

is an unbounded strictly pseudoconvex domain with smooth boundary. By the
Liouville theorem, every plurisubharmonic function ¢ on €2 that is bounded from
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3.2 Examples of unbounded domains with nonempty core

above has to be constant on {0} x C?. Hence ¢ fails to be strictly plurisubharmonic
at every point of {0} x C9, ie., {0} x C? C ¢(Q2). On the other hand, let
1: C* — R be defined as ¥(z,w) = log||z|| + (||z]|* + ||w||?). As before, if
{n; 521 is a sequence of positive numbers that converges to zero fast enough, then
@ =y 72y mjmax; (¢ — C,—j) is a smooth global defining function for €2 that is
strictly plurisubharmonic outside {0} x C9. This shows that ¢(€2) C {0} x C?, and
hence ¢(2) = {0} x C4. In particular, ¢(£2) is g-pseudoconcave.

Example 4. Fix n > 2 and let 1 < ¢ < n — 1. Further, fix pairwise distinct

points ay,as,...,any € C*"% N > 2. Then for generic and large enough C' € R
N
Q= {(z,w) eCr 9 x(CY: Zlog”z —ajll + (||Z||2 + ||w||2) < C’}
j=1

is an unbounded strictly pseudoconvex domain with smooth boundary. Using
the same argument as before, it can be shown that ¢(2) = U;-V:l{aj} x Ci. In
particular, the core ¢(£2) is not connected.

Example 5. Let ' C C%, be a Fatou-Bieberbach domain such that & #
Q' Nn{w =0} c A(0,1) x {0} and ¥ N{w =0} = & N {w = 0} (the existence
of such a domain is guaranteed by Corollary 1.1 in [GI98]). Let € > 0 and let
P: A(0,14¢) — (—o0, —C) be a smooth superharmonic function, where C' > 0
is chosen so large that {(z,w) € C?: |z| = 1 +¢,|w| < e?®} c C?\ Q. Let
®: C?> - ) be a biholomorphism and define  C C? as

Q=01 (U N{(z,w) eC*: |z| < 1+e¢,|w| < ew(z)}).

After possibly replacing €2 by one of its connected components, €2 is an unbounded
strictly pseudoconvex domain with smooth boundary. Since p := |- |20 ®: Q@ — R
is a smooth strictly plurisubharmonic function on §2 that is bounded from above,
we see that ¢(Q) = @.

Example 6. Let 0 C C” be a Fatou-Bieberbach domain or a domain of the form
Q = D x C* for some domain D C C" %, Then ¢(Q2) = Q. It follows easily from
our construction of global defining functions that the situation ¢(2) =  cannot
happen if b2 has points of strict pseudoconvexity.

Example 7. Let X be a compact Riemann surface and let £ C X be a polar
subset. Then X \ E is a Stein manifold of dimension 1, hence there exists a proper
holomorphic embedding F: X \ E — C3. Let g1,92: C3> — C be holomorphic
functions such that F(X \ E) = {2z € C?: g1(2) = ga(2) = 0} (see [FR68]). Define

Q:={z€C®:log (|g1(2)]* + |g2(2)°) + ||2]I> < C}
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3 Global plurisubharmonic defining functions and the core

for generic C' € R. Then, after possibly replacing 2 by a suitable connected
component, € is a strictly pseudoconvex domain with smooth boundary such that
F(X\E) C Q. We claim that ¢(Q2) = F(X \ E). Indeed, if {n;}72, is a sequence of
positive numbers that converges to zero fast enough, then the function ¢: C3 — R
defined by ¢(2) i= 5%, nmaxs (log(|g1 ()2 + |92 (2)[2) + [12]*, =) is & smooth
plurisubharmonic function that is strictly plurisubharmonic in the complement
of F(X \ F) and that is bounded from above on 2, hence ¢(2) C F(X \ E). On
the other hand, if ¢:  — R is a plurisubharmonic function that is bounded from
above, then v := p o F|x\ g extends to a bounded subharmonic function @ on X,
and since X is compact we conclude that 1/; is constant. This means that ¢ is
constant on F'(X \ E), hence ¢ cannnot be strictly plurisubharmonic at any point
of F(X \ E). This proves that F(X \ E) C ¢(2), and hence ¢(Q2) = F(X \ E) as
claimed.

Example 8. Let H be a complex hypersurface in the complex projective space
CP"™. Then CP™ \ H is a Stein manifold (see, for example, Corollary V.3.4 in
[FG02]), hence there exists a proper holomorphic embedding F': CP" \ H — CV
for some N € N. Let g1,92,...,9x: C¥ — C be holomorphic functions such that
F(CP"\ H) = {2 € CN :g1(2) = g2(2) = - - - = gi(2) = 0}. Define

Q= {zeCV :log (lg(2)? + - + g (2)]?) + ||l < C}

for generic C' € R. Then, after possibly replacing {2 by a suitable connected
component, € is a strictly pseudoconvex domain with smooth boundary such that
F(CP"\ H) C Q. As before we see that ¢(Q2) = F(CP" \ H).

3.3 1-pseudoconcavity of the core

Observe that in each example of a domain Q@ C C™ such that ¢(£2) # & that we
have constructed so far, the core ¢(Q2) is a (possibly infinite) union of nontrivial
analytic subsets of 2. In this section we investigate the question whether this is a
general phenomenon, i.e., whether ¢(Q2) always carries an analytic structure. We
first show that this is not the case by proving the following theorem.

Theorem 3.3.1. For everyn > 2, there exists an unbounded strictly pseudoconvex
domain Q C C™ with smooth boundary such that ¢(?) is nonempty and contains
no analytic variety of positive dimension.

Proof. Let £ be the Wermer type set constructed in Chapter 1 and let ®: C* —
[0, >0) be the smooth plurisubharmonic function from Corollary 1.4.1. In particular,
E ={® = 0} and ® is strictly plurisubharmonic outside £. For generic C > 0,
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3.3 1-pseudoconcavity of the core

define 2 := {z eC™:P(z) < C}. Then, after possibly replacing 2 by one of its
connected components, €2 is an unbounded strictly pseudoconvex domain with
smooth boundary such that £ C Q. We will show that ¢(Q2) = £. In view of
Lemma 1.3.6, this completes the proof.

Indeed, from the properties of ® we immediately see that ¢(2) C £. On the other
hand, let ¢: 2 — R be a smooth plurisubharmonic function which is bounded
from above. By Theorem 1.5.1, there exists a constant C' € R such that ¢ = C
on &£. Moreover, since, in view of Lemma 1.2.2, the set £ is pseudoconcave, it
follows from Lemma 3.3.2 below that ¢ fails to be strictly plurisubharmonic at
every point of £. This shows that £ C ¢(€2). O

However, we will now prove that the core ¢(f2) is always 1-pseudoconcave in €2, and
we will explain that 1-pseudoconcavity can be interpreted as a generalized notion
of analytic structure. The main step of this proof is contained in the following
lemma.

Lemma 3.3.1. Let M be a complex manifold and let Q be a domain in M.
Then it is not possible “to touch” ¢(QQ) by a strictly pseudoconvex hypersurface
contained in Q. More precisely, one cannot find a domain U C Q and a smooth
real hypersurface M C U such that U\ M consists of two connected components
Uy and Uy, MN¢(Q) # @, UNc(Q) C Uy and Uy is strictly pseudoconvex at every
point p € M.

Proof. Assume, to get a contradiction, that there exist U and M as above. Fix
p € M N¢(Q). After possibly shrinking U and performing a local biholomorphic
change of variables, we can assume that U C C™ and that U; is strictly convex
at every point of M. By slightly enlarging U;, we can choose a smooth real
hypersurface M’ C U such that U \ M’ counsists of two connected components
Ui and U4, Uy C Uy, M' N M = {p} and Uj is strictly convex at every point of
M'. Moreover, we may assume without loss of generality that p = 0 and that the
outward unit normal vector to U7 at 0 equals ey, := (0,...,0,i) € C", z; = z;+1y;,
j=1,2,...,n. Let G C U be the domain bounded by M" := M’ + €16y, and
{yn = eo(|z1)> + - + |zn1 | + 22) — 53}, where €1, ¢€9,e3 are small positive
constants, and let G C G be a domain obtained by smoothing the wedge of
G. Then for suitably choosen e1,es,e5 and a good enough smoothing of G
the domain G is a strictly convex smoothly bounded domain in U such that
bG N {y, > -2} C M" C U\ ¢(Q). (A suitable smoothing of G is obtained as
follows: Since the outward unit normal to U7 is ey, , there exists a smooth strictly
concave function f: CZ ! x R, — Ry, such that M" is contained in the

veyZn—1
graph of f. Then for § > 0 small enough let u := maxs (yn —f(z1,- -y Zn_1,Tn),
e2(|z1f* + - + |znea [+ 22) —e3 — yn) and set G == {u < 0}.)
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3 Global plurisubharmonic defining functions and the core

Now let ¢ be a smooth and bounded from above plurisubharmonic function on
Q that is strictly plurisubharmonic on €\ ¢(€2) (see the definition of minimal
functions, which was stated after the Main Theorem, and the related remarks).
Let ¢: G — R be the maximal plurisubharmonic function such that @|,q = ¢.
Since M N¢(Q) = &, ¢ is strictly plurisubharmonic near M"” and hence ¢ < @
in a one-sided neighbourhood W C G of M NbG (indeed, for zy € G\ ¢(2) the
function 1(z) := p(2) + max(d; — 82|z — 20/|%,0) with 0 < &; << da << 1 is
plurisubharmonic on G with ¥ | = ¢, hence ¢(29) < ¥(20) < @(z0) by maximality
of ). We want to show that ¢ < @ holds not only on W, but in fact on the whole
set GN{y, > —%} 5 0. If we have done so, then ¢ := &, * (@ — 1) + 73 - [|?,
where 11 = (¢(0) — ¢(0))/2, 72 and 73 are small enough positive constants
and 6., is a smooth nonnegative function depending only on |/z|| such that
supp 0, = B"(0772) and f(cn 0y, = 1, is a smooth strictly plurisubharmonic
function on G, := {z € G : dist(2,bG) > 42} such that ¢ + & < ¢ on bG,, and
¥(0) > ©(0)+4 for some § > 0. In particular, maxs(p, 1) is a smooth and bounded
from above plurisubharmonic function on 2 that is strictly plurisubharmonic in 0.
This contradicts the fact that 0 € ¢(Q).

In order to show that ¢ < @ on G N {y, > —%} let G’ CC G be a smoothly
bounded strictly convex domain such that bG' N {y, > -5} C W and G N {y, >
—2}\W C G'. Since ¢ < ¢ on W, the function h: [-%¢,¢] — R defined by
h(t) 1= minygingy, = (P — @) is strictly positive, where ¢ := supg 4, > 0. In
particular, we can choose a smooth function X: (—o0,e] — R such that X|(_., /3
is strictly convex, X(t) = 0 for —oo <t < —% and 0 < X(t) < h(t) for -5 <t <e.
Let p: G’ — R be defined as p(z) := X(y,) and observe that p is plurisubharmonic.
Then, by construction of p, one has ¢ + p < @ on b(G' N {y, > —5}), and hence
¢ +p<pon G N{y, >—%} by maximality of 4. Since p > 0 on {y, > -5},
this proves our claim. O

As the first consequence of Lemma 3.3.1, we obtain the following property of the
core.

Proposition 3.3.1. Let M be a Stein manifold and let 2 C M be a domain such
that ¢(Q) # @. Then ¢(Q) cannot be relatively compact in €.

Proof. Assume, to get a contradiction, that ¢(Q) is relatively compact in Q. Let ¢
be a smooth strictly plurisubharmonic exhaustion function for M and let C' € R be
the minimal value such that ¢(Q2) C {¢ < C'}. It may happen that C is not a regular
value of . In this case choose p € ¢(2) N {y = C} and let U C M be an open
coordinate patch around p with corresponding chart A: U — C™. Choose § > 0 so
small that h(U)s := {z € h(U) : dist(z,b(h(U))) > ¢} still contains h(p), and let
U':=h™Y(h(U)s). For each v € C", let 7,: C"* — C" be the translation 7,(z) :=

104



3.3 1-pseudoconcavity of the core

z—v and define a map g: B™(0,8) — R by g(v) := max, e (a)nv (pohtor,0h)(z).
Then the image of g contains an open intervall I C R and, by Sard’s theorem, there
exists a regular value C’ € I of ¢. Let v' € B™(0, ) such that g(v') = C’. Then
¢': U' — R defined by ¢’ := poh~ o7, oh is a smooth strictly plurisubharmonic
function and max (o)nyr ¢’ = C’. In particular, {¢’ = C'} is a smooth strictly
pseudoconvex hypersurface that touches ¢(Q2) as described in Lemma 3.3.1. O

Remark. As Example I from the Introduction shows, the core ¢(£2) can be
relatively compact in € if M is not Stein.

Now we use Lemma 3.3.1 to prove that ¢(€2) is always 1-pseudoconcave in §.

Theorem 3.3.2. Let M be a complex manifold and let Q& C M be a domain.
Then ¢(Q) is 1-pseudoconcave in Q. In particular, ¢(Q) is pseudoconcave in 0 if
dime¢ M = 2.

Proof. Assume, to get a contradiction, that ¢(€2) is not 1-pseudoconcave in €.
Then there exists an (n — 1,1) Hartogs figure H = {(z,w) € A" ! x A ||z]|oc >
ry or lw| < 7‘2} and an injective holomorphic mapping ®: H — € such that

O(H) c )\ ¢(Q) but ®(H) N ¢(Q) # @. For small € > 0 let p: C?~' x C* —» R
be the smooth strictly plurisubharmonic function defined by ¢(z,w) := — log|w| +
e(||z]|* + |w|?), and for each C' € R let G denote the domain G¢ := {p € (H) :
(po @ 1)(p) < C}. Since for C large enough the set Hn{(z,w)eC":p<C}
contains H \ H, and since ®(H) N ¢(Q) C ®(H \ H), we know that for C' large
enough ®(H) N¢(Q) C Go. Let Cp := inf{C € R : ®(H) N ¢(Q) C Go}. Then
M :=bG¢, N ®(H) is a strictly pseudoconvex hypersurface that touches ¢(Q) as
described in Lemma 3.3.1 (observe that {p = Co} NbH C DA™ ! x A, if e << 1).
Since the lemma states that such hypersurfaces cannot exist, we arrived at a
contradiction. O

Remarks. 1) Observe that it follows from Example 3 above that in general ¢(2)
is not g-pseudoconcave in {2 for any ¢ > 1.

2) A different proof of Theorem 3.3.2 can also be obtained by modifying the
arguments of the proof of Theorem 3.6 in [SIT04] and adapting them to our
setting.

Recall that, by Theorems 4.2 and 5.1 in [SI86], a nonempty relatively closed
subset A of an open set U C C" is (¢ + 1)-pseudoconcave in U if and only if ¢-
plurisubharmonic functions have the local maximum property on A. In particular,
A is 1-pseudoconcave if and only if plurisubharmonic functions have the local
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3 Global plurisubharmonic defining functions and the core

maximum property on A. An analoguous statement is also true in the setting of
complex manifolds. Since we were not able to find this statement in the literature,
and since in the more general setting the precise formulation of the local maximum
property needs a little bit of caution, we state here the following proposition for
the convenience of reading.

Proposition 3.3.2. Let M be a complex manifold of dimension n, let A C M
be a closed set and let ¢ € {0,1,...,n —2}. Then the following assertions are
equivalent:

(1) For every p € A, there exists an open neighbourhood U C M of p such that
ANU is (¢ + 1)-pseudoconcave in U.

(1) A is (g + 1)-pseudoconcave in M.

(2) For every p € A, there exists an open neighbourhood U C M of p such
that for every compact set K C U and every q-plurisubharmonic function ¢
defined in a neighbourhood of K one has maxang @ < maxAnpi ©-

If M is Stein, then the above statements are also equivalent to the following one:

(2") For every compact set K C M and every q-plurisubharmonic function o
defined in a neighbourhood of K, one has maxangk ¢ < maxanpg ©-

Here max anpi @ is meant to be —oo if ANbK = O.

Remark. If M is not Stein, then in general the assertion (2') does not follow
from (2), as it is shown by the following simple examples:

i) M =CP.xCr ' A=CP! x {0}, K=CP! x B"1(0,1) and ¢(z,w) =
]

i) M, = CP?™% x C%, A, = CP?"? x B1(0,1), K, = A, and ¢,(z,w) =
—[Jw||?, where ¢ € {1,2,...,n—1}.

Proof. The implication (1) = (1) is clear and the implication (1) = (2) follows
from Theorems 4.2 and 5.1 of [SI86]. We will show that also (2) = (1’). Indeed,
let A have the properties from (2) and assume, to get a contradiction, that A
is not (g + 1)-pseudoconcave in M. Then, by the same kind of arguments as
in the proof of Theorem 3.3.2, we can find an open set V C M and a smooth
real hypersurface M C V such that V' '\ M consists of two connected components
Viand Vo, MNA# @, VN ACV, and Vi is strictly g-pseudoconvex at every
point of M. After possibly shrinking V' and perturbing M, we can assume that
M N A = {p} for some p € V. Let U C V be an arbitrary neighbourhood of p.
Let W CC U be another open neighbourhood of p and let ¢ be a smooth strictly
g-plurisubharmonic function defined near W such that ¥, NW = {p|w < 0}. Then
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3.3 1-pseudoconcavity of the core

for K := W we have maxanx © > maxanpk - This contradicts the assumptions
in (1).

It remains to consider statement (2). Clearly, one always has that (2') = (2).
Now let M be Stein and let A satisfy the properties from (2). Assume, to get a
contradiction, that there exists a compact set K C M and a g-plurisubharmonic
function ¢ defined in a neighbourhood of K such that maxnx ¢ > maxanpx ©.
Let m := maxang ¢ and consider the set L :={z € ANK : p(z) = m}. Since
M is Stein, we can use the same arguments as in Proposition 3.3.1 to obtain
an open set V' C M and a smooth real hypersurface M C V such that V '\ M
consists of two connected components V; and Vo, MNL # @, VNLC Vl, and
V1 is strictly pseudoconvex at every point of M. After possibly shrinking V', and
after introducing suitable holomorphic coordinates, we can assume that V C C”
and that Vj is strictly convex at every point of M. Fix arbitrary p € LN M
and let U CC V be an open neighbourhood of p as described in (2). Without
loss of generality we can assume that p = 0. By strict convexity of M, we can
then choose an R-linear functional A: V' — R such that A < 0 on VN L and
{A=0}NnL={p}. Let W CC U be another open neighbourhood of p. Then one
sees easily that for K := W and for € > 0 small enough the g-plurisubharmonic
function ¢ := ¢ +eAX: V — R satisfies max, 5z @ > max,~,z ¢. But this
contradicts the choice of U. O

We conclude this section by a brief discussion on the role of 1-pseudoconcavity
of ¢(2). Namely, we want to point out that for our purpose it is reasonable to
interpret 1-pseudoconcavity as a generalized notion of analytic structure (see also
the discussion at the beginning of Section 2.3). This viewpoint is motivated by
the following simple lemma, which was already used in the proof of Theorem 3.3.1,
and which is an easy consequence of the above mentioned results of Stodkowski.

Lemma 3.3.2. Let M be a complex manifold and let A C M be closed and
1-pseudoconcave in M. Then every plurisubharmonic function @ which is defined
on an open neighbourhood of A and which is constant on A fails to be strictly
plurisubharmonic at every point of A.

Proof. Let ¢ be a plurisubharmonic function defined on an open neighbourhood
of A such that ¢ is constant on A. Assume, to get a contradiction, that there
exists z € A such that ¢ is strictly plurisubharmonic on a small open coordinate
neighbourhood U € M of z. Let §: M — [0,00) be a smooth function with
compact support in U such that 6|4 is not constant, and choose € > 0 so small
that 1 := ¢ + €6 is still plurisubharmonic. Then v attains a local maximum
along the 1-pseudoconcave set A. But this is not possible, since plurisubharmonic
functions have the local maximum property on A, see [S186]. O
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To further support our interpretation of 1-pseudoconcavity, we also want to formu-
late the following version of Rossi’s local maximum modulus principle. It is easily
achieved from Rossi’s original result by applying Stodkowski’s characterization of
1-pseudoconcave sets as local maximum sets for absolute values of holomorphic
functions (the original theorem of Rossi is contained in [Ros60]; a formulation
of this result which is better suited for our purpose can be found, for example,
in Theorem 2.1.8 of [St07]). This version most likely was known to some people
before, therefore we do not claim any originality for its proof.

Proposition 3.3.3. Let K C C" be a compact set and let zg in C™. Let K denote
the polynomial hull of K. Then the following assertions are equivalent:

(1) z0€ K\ K.

(2) There exists a connected bounded locally closed set X C C™* \ K with the
following properties:

(i) X is 1-pseudoconcave in C™ \ K.
(ii)) M\ A# @ and \\ A\ C K.

(iii) zo € M.

Proof. Let first zg € K \ K be an arbitrary fixed point. Define A C C" to be the
connected component of K \ K that contains zg. Then, by definition, X is closed in
C™\ K, but, by the Shilov idempotent theorem (see, for example, Corollary 6.5 in
[Ga69]), X is not closed in C™. Thus A\ A # @ and A\ A C K. Moreover, Rossi’s
local maximum modulus principle states that absolute values of holomorphic
polynomials have the local maximum property on A, i.e., A is 1-pseudoconcave in
C™\ K, see [S186].

For the other direction, fix a set A C C™ such that A satisfies all the properties
(i)-(iii) above. Assume, to get a contradiction, that zy ¢ K. Then there exists
a holomorphic polynomial p on C™ such that |p(z9)| > max,cx|p(z)|. Hence,
slightly shrinking A, one will find a compact set L C A C K \ K such that zp € L
and |p(zo)| > max,ep, 1.|p(2)], where by L denotes the relative boundary of L in A.

But, in view of the results from see [S186], this contradicts 1-pseudoconcavity of
A |

Finally, we want to mention the following result due to Fornaess-Sibony (see
Corollary 2.6 in [FSi95]): Let T be a positive closed current of bidimension (p, p)
on C", 1 < p <n-—1. Then the support of T' is p-pseudoconcave in C" (hence, in
particular, it is 1-pseudoconcave in C™).
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3.4 Liouville type properties of the core

In all examples of strictly pseudoconvex domains Q@ C C™ such that ¢(Q2) # &,
which we have constructed so far, the core has the following Liouville type property:
if p is a smooth and bounded from above plurisubharmonic function on €2, then
 is constant on every connected component of ¢(2). Thus it is natural to ask
whether this is a general property of the core, i.e., we want to investigate whether
every connected component of the core of a strictly pseudoconvex domain 2 C C"
satisfies a Liouville type theorem.

Further interest to this question is derived from 1-pseudoconcavity of ¢(2), see
Theorem 3.3.2 above, and the fact that the following easy lemma holds true.

Lemma 3.4.1. Let M be a complex manifold and let L C M be a closed set
consisting of more than one point such that every smooth and bounded from
above plurisubharmonic function defined near L is constant on L. Then L is
1-pseudoconcave in M.

Proof. Assume, to get a contradiction, that L is not 1-pseudoconcave in M.
Then, using the same argument as in the proof of Theorem 3.3.2, we can find
an open set U C M and a smooth real hypersurface M C U such that U\ M
consists of two connected components Uy and Uy, M NL # @, UNL C U; and
U, is strictly pseudoconvex at every point of M. After possibly shrinking U and
perturbing M, we can assume that M N L = {p} for some p € U and that there
exists a smooth strictly plurisubharmonic function ¢: U — (—o0, 1] defined on
an open neighbourhood of U such that U; = {@|y < 0}. Let & := max;nyy @
and set ¢ := max(¢,—1). Then for § > 0 small enough the trivial extension
of maxs(@,¢/2): U — R by ¢/2 defines a smooth and bounded from above
plurisubharmonic function ¢ on a suitable neighbourhood of L such that ¢ is not
constant on L. This is a contradiction. (]

We will prove in this section that a Liouville type theorem holds true for the core
of highest order, i.e., for the set ¢, (2) C ¢(Q) of all points z € £ where every
smooth and bounded from above plurisubharmonic function ¢: 2 — R satisfies
Lev(p)(z, -) = 0 (for the general definition of cores of higher order see Section
3.5). More precisely, we will prove the following theorem.

Theorem 3.4.1. Let M be a complex manifold of complex dimension n and let
Q C M be a domain. Then every smooth and bounded from above plurisubharmonic
function on Q is constant on each connected component of ¢, (£2).

However, we will show that in general no analogue of Theorem 3.4.1 holds true for
¢(2), even if Q is strictly pseudoconvex. In particular, we will construct strictly
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pseudoconvex domains  C C2 x C?~2 that are bounded in the z-directions such
that the core has the form ¢(2) = A x L for some connected set A C C? that
consists of more than one point and some connected set L C C*2 with the
property that every smooth and bounded from above plurisubharmonic function
defined near L is constant on L. Then for zg € C? the function ¢(z,w) := ||z —20]|?
is a smooth and bounded from above plurisubharmonic function on €2, but for
almost every choice of 7z the function ¢ is not constant on ¢(€2).

These examples show that the connected components of ¢(2) in general do not
satisfy a Liouville type theorem. However, observe that here ¢(Q) = () ca{ca} X L,
where each set L, := {a} x L has the property that smooth and bounded from
above plurisubharmonic functions are constant on L, (here the symbol (- is used
in order to indicate that the union is disjoint). Thus the question arises whether
one can still formulate a Liouville type theorem for suitably defined “irreducible
components” of ¢(2) instead of connected components. At the moment we do
not know whether this is possible or not. However, at least in the 2-dimensional
case we are able to give a partial answer. It is contained in the Theorem 3.4.2
and the subsequent remarks below. (Note that a local version of Theorem 3.4.2

in the different setting of exhaustion functions was given earlier in Lemma 4.1 of
[S1T04].)

Before stating the result, we recall some definitions: Let M be a smooth manifold.
An immersed submanifold of M is a subset S C M endowed with a topology
with respect to which it is a topological manifold, and a smooth structure with
respect to which the inclusion map i: S < M is a smooth immersion. An
immersed submanifold S C M is called weakly embedded in M if every smooth
map f: N — M from a smooth manifold N to M that satisfies f(N) C S is
smooth as a map from N to S. An immersed submanifold S C M is called
complete if for every complete Riemannian metric g on M the induced metric i*g
on S is complete (a Riemannian metric g on M is called complete if the metric
on M that is induced by g turns M into a complete metric space). Now let M
be a complex manifold. An immersed complex submanifold of M is a subset
S C M endowed with a topology with respect to which it is a topological manifold,
and a complex structure with respect to which the inclusion map i: § < M is
a holomorphic immersion. An immersed complex submanifold S C M will be
called weakly embedded or complete if the underlying smooth manifold is weakly
embedded or complete, respectively. By a complex curve v C M we will mean a
1-dimensional immersed complex submanifold of M.

Theorem 3.4.2. Let M be a 2-dimensional complex manifold and let Q@ C M be
a domain. Then the following assertions hold true:

(1) Let v:  — R be a minimal function for Q. Then for every regular value
t € R of p there exists a family {Va }aca (possibly empty) of weakly embedded
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complete connected complex curves v, C M such that

¢ =cQ)Nn{p=t}= U Y-

acA

Moreover, there is a decomposition A = A" J A" such that

&= U Vo and be = U Yeos

acA’ ac A

where ¢ and bey denote the interior and the boundary of ¢; in the relative
topology of {@ = t}, respectively.

(2) Let ¢: Q@ — R be a smooth and bounded from above plurisubharmonic
function, let t € R be a regular value of ¢ and let v C ¢(Q) N{p =t} be
a connected complex curve. Then every smooth and bounded from above
plurisubharmonic function ¢: Q@ — R is constant on .

Remark. We do not have an example of a domain 2 in 2-dimensional complex
manifold such that for some minimal function ¢: 2 — R and some regular value ¢
of ¢ the set ¢(2) N {p = ¢} has nonempty interior in {¢ = t}. Moreover, we do
not know if it can happen that the sets v, from part (1) of the theorem are only
immersed but not embedded submanifolds of 2.

We discuss briefly some consequences of the results in Theorem 3.4.2. Let 2 be a
domain in a 2-dimensional complex manifold and consider the set

Creg () 1= {2z € ¢() : there exists a minimal function ¢: Q@ — R
such that (z) is a regular value of ¢}.

It follows from part (1) of Theorem 3.4.2 that for every z € ¢,q(£2) there exists
a minimal function ¢, : Q — R and a weakly embedded complete complex curve
Ve C treg(2) N H,, where H, :={C € Q: ¢.(¢) = ¢.(2)}, such that z € .. Fix
arbitrary z € t..5(€2) and assume that v, Nv,, # & for some 2’ € ¢;g(£2). Then,
by part (2) of Theorem 3.4.2, we conclude that v, C H,. Since for every p € H,
there exists at most one germ of a complex curve v C H, through p, it will follow
from Step 2 in the proof of part (1) below and, in particular, from maximality of
the curves 7., 7./ that v, = v./. This shows that ¢;eg(2) = (Joca Yo for a suitable
set A C ¢reg(€2). In view of part (2) of the theorem, every smooth and bounded
from above plurisubharmonic function on € is constant on each curve 7v,, a € A.
Now consider the set

csing(Q) = C(Q) \ CYCE(Q)
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and let cging(Q2) = Jsen o be the decomposition of cging(§2) into its connected
components og, f € B. We claim that every smooth and bounded from above
plurisubharmonic function ¢: 2 — R is constant on each set og, 8 € B. Indeed,
assume, to get a contradiction, that there exist ¢ and og as above such that ¢ is
not constant on og. Then let ¢ be a minimal function for 2 and observe that for
€ > 0 small enough ¢ := ¢ + v is a minimal function for Q2 which is not constant
on og. Hence there exist points p, g € og such that ¢(p) < @(g). By connectedness
of o, every hypersurface {¢ =t} for ¢(p) < t < $(g) has nonempty intersection
with og, which, in view of Sard’s theorem, contradicts the definition of ¢ging(€2).
Thus we have shown that in the 2-dimensional case there exists a decomposition

¢(Q) = treg(Q) U aing (Q) = ( U %v) W ( U "ﬂ)

acA peB

such that each of the sets v, a € A, and o, 8 € B, is connected and satisfies
a Liouville type theorem for smooth plurisubharmonic functions on 2. Observe,
however, that the described above decomposition of ¢(£2) is not completely satis-
factory, since we do not have much information on the sets og so far. In particular,
we do not know if it can happen that some of the sets o3 consist of only one
point.

We conclude the discussion of Theorem 3.4.2 by introducing the following two
definitions.

Definition. Let Q be a domain in a complex manifold M. Let L be the family of
all subsets A C ¢(£2) with the property that every smooth and bounded from above
plurisubharmonic function on €2 is constant on A, and define a partial ordering
on L by setting A < X if and only if A C ). Then A C ¢(Q) is called a mazimal
component of ¢() if X is a maximal element in L.

One might expect that the curves v, from Theorem 3.4.2 or the sets og from
the above remarks are maximal components of ¢({2) according to the previous
definition. However, at the moment we do not know whether this is true or not.
We also do not know if it can happen that a maximal component of ¢(€2) consists
of only one point.

Definition. Let M be a complex manifold and let £ C M be a closed set. We
say that E is of core type in M if for every open set 2 C M such that £ C Q2 one
has E C ¢(f2).

Observe that in all examples of domains € C M such that ¢(Q2) # @, which we
have constructed so far, the set ¢(2) was always of core type in M. We do not
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know whether this holds true in general (see also the remarks at the beginning
of Section 3.2). In particular, we do not know if the assertions of Theorem 3.4.2
hold true for functions which are not defined on €2 but only in a neighbourhood of
¢(). Moreover, it is not clear if the curves -y, from Theorem 3.4.2 or the sets o3
from the above remarks are of core type in . Note, however, that in the special
case of an irreducible closed subvariety E C C™ of pure dimension, some sufficient
conditions for E to be of core type in C" are given, for example, by Corollary 1
in [Ta93] and Theorem 4 in [Kan96]. Note also that if E C M is of core type in
M, then E is 1-pseudoconcave in M. (Indeed, assume, to get a contradiction,
that F is not 1-pseudoconcave in M. Then, by the same kind of arguments as
in Proposition 3.3.2, we can find p € F, an open neighbourhood W CC M of
p and a smooth strictly plurisubharmonic function ¢ defined near W such that
o(p)=0and p <0on (ENW)\ {p}. Let C :=maxywnepy < 0if W NE # @,
and let C':= —1 otherwise. Then for § > 0 small enough the trivial extension of
maxg(p,C/2): W — R to a suitable open neighbourhood Q C M of E defines a
smooth and bounded from above plurisubharmonic function on €2 which is strictly
plurisubharmonic near p. This contradicts the fact that E is of core type in M.)

We now begin to prove the statements of this section. We start by showing that
for every n > 3 there exists an unbounded strictly pseudoconvex domain 2 C C"
with smooth boundary and a smooth plurisubharmonic function ¢: C* — R which
is bounded from above on Q such that ¢(£2) is nonempty and connected but ¢ is
not constant on ¢(2). For this we first mention two results on complete pluripolar
subsets of C2.

RESULT 1. There exist compact connected complete pluripolar subsets A C C?
that consist of more than one point.

The first construction of a bounded connected complete pluripolar set A C C?
that consists of more than one point is contained in Example 2.4 in [Sa79];
the fact that this set is complete pluripolar follows from Proposition 2.4 in
[LMP92]. Here A is the graph of a certain holomorphic function f € O(A) on
the unit disc A C C, which is not analytically continuable across any point
of bA. By slightly improving the construction from [Sa79], it is possible to
choose A as the graph of a function f € O(A)NC>(A), see Example 2.17 and
Proposition 2.15 in [LMP92], or as the graph of a function f € C*°(bA), see
Theorem 1 in [Ed04]. In particular, the last two examples show that A can be
assumed to be compact. More examples of compact complete pluripolar sets
in C? can be found, for example, in [Ed04] and [El].

REesuLT 2. If A C C" is a closed complete pluripolar set, then there exists
a strictly plurisubharmonic function ¢ : C* — [—00,00) such that A = {¢ =
—oo} and 1 is smooth on C™\ A.
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The existence of such a function follows from Corollary 1 in [Co90]. It is
also a consequence of the earlier Proposition I1.2 in [El] and the smoothing

procedure of Richberg as formulated, for example, in Theorem 1.5.21 from
[Del2].

Example 9. Let n > 3. Let A be a compact connected complete pluripolar
subset of C? that consists of more than one point, and let L be a connected
complete pluripolar subset of C"~2 such that every smooth and bounded from
above plurisubharmonic function defined near L is constant on L. (Possible
choices for A are described in Result 1 above. If n = 3, then for L we can take,
for example, L = C; if n > 3 is large enough, then for L we can also take, for
example, unions of positive-dimensional complex subspaces of C*~2, the Wermer
type sets £ from Part I or any of the sets from Examples 7 and 8.) Moreover,
let ¢1: C? — [~00,00) and 1py: C"2 — [~00,00) be strictly plurisubharmonic
functions such that 1) is smooth on C? \ A and A = {¢; = —oco} and such
that 1) is smooth on C" 2\ L and L = {¢ = —oo}. Then the function
Y(z,w) := max(11(2), Y2(w)) is strictly plurisubharmonic and continuous outside
A x L = {¢ = —oo}. Hence, by Richberg, we can smooth it up to get a strictly
plurisubharmonic function 1: C? x C"~2 — [~00, 00) such that 1) is smooth on
C2xC"2\AXL, [h—1| <1onC?xC" 2\ AxL and AxL = {¢) = —o0}. Choose
a strictly increasing and strictly convex smooth function X: R — R such that
lim. o0 [191(2) + X(||2]|?)] = oo (if for each N € N such that A C B2(0, N) we set
Oy = max{|¢1(2)| : z € B2(0, N + 1)\ B2(0,N)}, then every strictly increasing
and strictly convex smooth function X: R — R satisfying X(N?) > Cx + N has
the required property). Then for generic C' € R, define an unbounded strictly
pseudoconvex open set with smooth boundary @ ¢ C™ as

Q:={(z,w) € C?* x C" 2 : (2, w) + X(||2]|*) + |Jw|* < C}

and denote by Q the connected component of Q that contains the set A x L.
Observe that, by the choice of L, and by Lemmas 3.3.2 and 3.4.1 above, every
smooth and bounded from above plurisubharmonic function on €2 fails to be strictly
plurisubharmonic on A x L. On the other hand, for small enough constants 7; > 0,
j €N, the function ¥(z,w) := Y52, nymaxi (¢¥(z, w) + X(||2[1?) + Jw|]* = C, —j)
is a smooth global defining function for € that is strictly plurisubharmonic outside
A x L. This shows that ¢(Q2) = A x L and, in particular, that ¢(Q2) is connected.
Observe now that, by the choice of the functions 1) and X, the domain {2 is bounded
in the z-directions. Hence for every zy € C? the smooth plurisubharmonic function
o(z,w) := ||z — 20||? is bounded from above on Q. But for almost every choice of
2o it is not constant on ¢(€2).

This gives us, for every n > 3, an example of a strictly pseudoconvex domain
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with smooth boundary 2 C C™ and a connected component of ¢(£2) (actually
here it is the whole of ¢(£2)) without Liouville type property for plurisubharmonic
functions. By slightly changing the above constructions, we can also show that
for every n > 4, we can additionally assume that ¢(£2) contains no analytic variety
of positive dimension.

Example 10. Let n > 4. Let A be a compact and connected complete pluripolar
subset of C? that consists of more than one point such that the projections 7, (A)
and 7, (A) of A onto the coordinate axes C x {0} and {0} x C, respectively, have
no interior points (for example, take A to be the graph of a suitable smooth
function f: bA — C, see [Ed04]). Moreover, let L := & C C"~? be the Wermer
type set as in Theorem 1.1 of [HST12]. Then repeat the construction of the
previous example to obtain an unbounded strictly pseudoconvex domain with
smooth boundary 2 C C™ such that ¢(2) = A x E. In particular, ¢(€2) is connected
and contains no analytic variety of positive dimension. For the last assertion
observe that every holomorphic function f = (f,, fu): A — C2 x C%~2 has
to have constant f, component, since, by choice of A, the holomorphic images
(m2, © f2)(A), (72, © f.)(A) C C have no interior points, and also constant f,
component, since £ contains no analytic variety of positive dimension, which
implies that f is constant. Finally, observe that, as before, for almost every choice
of 29 € C? the function ¢: C? x C"™2 — R defined as p(z,w) := ||z — 2||? is a
smooth and bounded from above plurisubharmonic function on 2 which is not
constant on ¢(£2).

We now begin to prove the theorems of this section. First we prove the Liouville
type property of the highest order core, as formulated in Theorem 3.4.1.

Proof of Theorem 3.4.1. Let Z be a connected component of ¢, (£2) and let
¢: 2 — R be a smooth plurisubharmonic function which is bounded from above.
Assume, to get a contradiction, that there exist points 21,29 € Z such that
©(21) # @(22). Then, by Sard’s theorem and by connectedness of Z, there exists
a regular value t € R of ¢ such that {¢ = t} N ¢, () # @. Choose a strictly
increasing and strictly convex smooth function X: R — R such that X o ¢ is still
bounded from above on M. Then X o ¢ is a smooth plurisubharmonic function
on  that is bounded from above, but Lev(X o ¢)(z, - ) = X" (¢(2))|(d¢).(-)|* +
X'(¢(2))Lev(p)(z, -) # 0 for every z € {¢ = t}, which contradicts the fact that
o =tiNen() £ 2. 0

We now turn to the proof of Theorem 3.4.2. For a domain 2 C C™ denote by
A(Q) := O(Q) NC(Q) the algebra of functions holomorphic on Q and continuous
on Q and write P(Q) := PSH(Q) NUSC(Q) for the functions plurisubharmonic
on  and upper semicontinuous on €. Recall that a plurisubharmonic function
p: = [—00,00) is called maximal if for every relatively compact open set G C
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and for each ¢ € P(G) such that ¢¥» < ¢ on bG we have ¢ < p on G. If Q is
a bounded strictly pseudoconvex domain in C” and f: b2 — R is a continuous
function, then by Theorem 4.1 in [Br59] and Theorem 1 in [Wa68] there exists a
unique continuous function F': Q — R such that F' is maximal plurisubharmonic
on Q and Flyn = f (note that both mentioned above theorems are stated for C2-
smooth strictly pseudoconvex domains, but actually no assumption on smoothness
of b2 is needed in the proof of Theorem 4.1 in [Br59] and, hence, also in the proof
of Theorem 1 in [Wa68]). Moreover,

F(z) =sup {p(2) 1 o €U, f)}, (3.5)

where U(Q, f) denotes the family of all ¢ € P(Q) such that ¢ < f on bQ. If

f >0, then one can easily see that {F =0} = {f = 0}, where {f = 0}P(®) .=
{z€Q:9(2) < SUP,e(f=o} P(w) for every p € P(2)}. In fact, more is true as it
is shown in the following lemma (the statement of the lemma seems to be well
known, but since we were not able to find a reference in the literature, we include
here its proof for the convenience of reading).

Lemma 3.4.2. Let Q C C" be a bounded strictly pseudoconvex domain (not
necessarily with smooth boundary). Let f: bQ — [0,00) be a continuous function
and let F: Q — [0,00) be the maximal plurisubharmonic function on ) such that

Flyo = f. Then {F = 0} = {f/:\()}A(Q), If Q is polynomially convex, then
{F =0} = {f =0}, where {f =0} denotes the polynomially hull of {f = 0}.

Proof. Set K := {f = 0}. Let first zo € Q\ K4 ie., there exists h € A()
such that |h(z9)| > max,ck|h(z)|. Then for suitably chosen constants C,e > 0
the function ¢ := e(|h| — C) € P() satisfies plpo < f and p(z9) > 0. By (3.5),
this implies that F(z9) > 0, i.e., z9 € Q\ {F = 0}. On the other hand, let now
20 € Q\ {F = 0}, i.e., there exists ¢ € P(Q) such that ¢[yq < f but p(z) > 0.
Let g: C" — R be a smooth function such that glpa > ¢|pa and g|x < p(20) <
9(20), and let ¥: U — R be a strictly plurisubharmonic function on an open
neighbourhood U C C" of © such that Q = {1 < 0}. Moreover, choose C' > 0 so
large that, after possibly shrinking U, the function C'% + g is plurisubharmonic
on U, and, in the case when zy € 0, one also has (C¢ + ¢)(z0) < ¢(z0). Then
¢ = max(p,CY + g): U — [—00,00) is a plurisubharmonic function such that
#(20) > max,ex ¢(z). Since € has a Stein neighbourhood basis, we can assume
that U is pseudoconvex. By the equality of holomorphic and plurisubharmonic
convex hulls of compact sets in pseudoconvex domains (see, for example, Theorem
4.3.4 in [H690]), we then can find a holomorphic function h € O(U) C A(f2) such
that |h(z0)| > max.cx|h(2)], i.e., 20 € @\ KA®) . If Q is polynomially convex,
then, by the Oka-Weil theorem, h can be chosen to be a holomorphic polynomial.l]
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3.4 Liouville type properties of the core

Proof of Theorem 3.4.2. (1) We start with proving the first part of the theorem.
In order to do so, we proceed in three steps.

STEP 1. For every p € ¢, there exist local holomorphic coordinates on an open
neighbourhood U C M of p and numbers ,d,¢ > 0 such that p is the origin in
C? , and the following assertions hold true:

(i) U=U"x (—¢,c) C C? for some domain U’ C C, x Ry, where w = u + iv,

(ii) there exist a smooth function ®: U' — (—c,c¢) and a continuous function
U: U = (—c¢ ), U< ®, such that T = U N{p = t}, I'y is a Levi-flat
hypersurface and ¢; "NU =T Ny, where I'e and I'y denote the graphs of
® and U, respectively,

(iii) there exists a continuous one-parameter family { fu}_s<u<s of holomorphic
functions f,: A — Cy, satisfying Re f,,(0) = u for every u € (=6,0) such
that U/ = U—5<u<6{(zv Refu(z)) €ceCxR:ze€ AE} = U—6<u<6 DL
and Ty = |J_scucsi(z, fu(2)) € C* ¢ 2 € A} =t |J_scycs Du, where
A, :={z€C:|z| <¢},

(iv) there exists a subset d C (—9,0) such that ¢, NU = ),eq Du-

ProOOF. Without loss of generality we can assume that ¢ = 0. Moreover, by
introducing suitable local coordinates around p, we can also assume that p is the
origin in C2 ,, and that T},({¢ = 0}) = C, xRy, where w = u+iv. Choose constants
r, R > 0 such that for the convex domain G := {|z|?> + u? < r} N {|z> + |w|* <
R} C C? there exists a smooth function

®: {(z,u) ECxR:|z)>+u*> <r} - R, suchthat T's ={p=0}NG,

and such that int 'y := Tp N{(2,w) € C?: |2|> +u? < r} satisfies int T'p = T'p NG.
After smoothing the wedges of G, we can assume without loss of generality
that bG is smooth. Since {¢ = 0} N bG is the graph of a smooth function over
{(z,u) € C x R: |2|?> + u? = r}, it follows from Theorem 3 in [BK91] that there
exists a continuous function

U: {(z,u) €CxR:|z|> +u? <r} - R, suchthat Ty = {p=0}NHG,

and intT'y is a Levi-flat hypersurface. Let f := max(¢,0)|pq and let F': G — R
be the continuous function such that F' is maximal plurisubharmonic on G and
Flpe = f. Finally, set K := {f = 0} C bG and observe that K = {F =0} C G
by Lemma 3.4.2.

We claim that ® > W and that K = {(z,w) € G : v < ¥(z,u)} =: I'y. Indeed,

==
A

by the choice of f, we have I'y C K and hence K = KUTy D I'y, since
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3 Global plurisubharmonic defining functions and the core

K UT'y =0bI'y. For the other direction, note first that, by strict pseudoconvexity
of bG, for every a € K N bG, there exists a holomorphic polynomial P such that
|P| attains a strict local maximum at a along K. (Indeed, we can choose for P a
finite part of the Taylor expansion of 1/Lg(a,z —eNg(a)), where L (a, - ) denotes
the Levi polynomial at a of a strictly plurisubharmonic defining function for G,
N¢(a) is the outward unit normal vector to G at a and € > 0 is small enough.)
Thus, by Rossi’s local maximum modulus principle, it follows that KnbG =K.
In particular, K N b0y, = K N Ty, where T, := {(z,w) € G : v > ¥(z,u)}.
Another appliﬁa_tiil of Rossi’s local maximum modulus principle now shows that

KN F$ = Kn bF$, and, in view of polynomial convexity of I'y, we get that

KN I'y Cc I'y. Hence Kn F$ c Iy, ie., Kc I'y,. The proof of the second claim
is now complete. For the first claim observe that ¢ € U(G, f), i.e., p < F in view
of (3.5) and hence {F = 0} C {p < 0}. In particular, I'y C {¢ < 0} and thus
d>U.

Next we want to show that ¢(2) NI's C I'y. Indeed, in view of the assertions
that we have just proven, it suffices to show that ¢(2) NT'e C K. Thus let
q € ¢(Q) N G such that p(¢) = 0 and assume, to get a contradiction, that
¢ ¢ K and hence, in view of Lemma 3.4.2, that F(¢q) > 0. Since I's N bG C
K, it follows that ¢ € G. Then for v; := F(¢q)/2 > 0 define ¢*: Q@ — R
as ¢* = max+, (p,0) and observe that max(p,0) < ¢* < max(p,0) + 71/2
by definition of the smooth maximum. Hence ¢*(¢) < max(p(q),0) +1/2 =
71/2 < F(q) — v while on bG we have ¢* > max(p,0) = F > F —~,. Then
F* := 4., %(F —v1)+7s] - ||*, where 72 and ~3 are small enough positive constants
and 4., is a smooth nonnegative function depending only on ||(z,w)|| such that
suppd,, C B%*(0,72) and [, d,, = 1, is a smooth strictly plurisubharmonic
function on G, := {(z,w) € G : dist((z,w), bG) > 2} such that p*(q) < F*(q)
and ¢* > F* on bG,,. In particular, for § > 0 small enough maxs(¢*, F*) is a
smooth and bounded from above plurisubharmonic function on €2 that is strictly
plurisubharmonic in ¢. This contradicts the fact that ¢ € ¢(Q).

From the Main Theorem in [Sh93] we know that I'y is the disjoint union of a
family of complex discs. Moreover, it follows from the Main Lemma in [Sh93]
that there exist positive constants £, > 0 and a continuous one-parameter family
{fu}-s<u<s of holomorphic functions f,: A. — C,, satisfying Re f,,(0) = u for
every u € (—0,0) such that U’ := |)_s.,.s5{(2,Re fu(z)) e CxR:z € A.} is an
open neighbourhood of p in C x R contained in {(z,u) € C x R : |z +u? < r}
and I'y N (U' X Ry) = J_scnesi(z, fu(z)) € C* : z € A.}. Choose ¢ > 0 such
that ¥(U') C (—¢,c).

Now fix some u € (—6,0) and assume that D, NTe # @, i.e, there exists
p € D, such that p(p) = 0. Since I'y € K C {p < 0}, it follows that o

D, Isa
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3.4 Liouville type properties of the core

subharmonic function that attains a maximum at p. Hence D,, C {¢ = 0}NU =T.
This shows that there exists d C (—4,0) such that I's N Ty = Jycq Du- In
particular, for every p € I'¢ N I'y there exists u € d such that p € D, CT's NT'y.
But then ¢ is constant on D,, and hence not strictly plurisubharmonic at p, which
implies p € ¢(2) by minimality of ¢. This shows that T NT'y C ¢gNU. On
the other hand, we already know that ¢¢ NU = ¢(2) NT'gs C ' NT'y. Hence
I's NT'g = ¢g NU. The proof of Step 1 is now complete.

STEP 2. Let H C M be a smooth real hypersurface in the 2-dimensional complex
manifold M. For every p € H, let {7, }jcs, be the family of all connected
complex curves yp,; C H such that p € yp ;. Then vp := ;e Vp,j s a connected
complex curve in H and each v, ; is an open complex submanifold of ~p.

ProOOF. This statement surely is well known, but for the convenience of reading
we sketch its proof (observe that .J, here might be empty).

First we note that for every p € H there exists at most one germ §, of an
embedded 1-dimensional complex submanifold § € H of M. Indeed, assume,
to get a contradiction, that there exist two submanifolds ;1,02 C H such that
01,p # 02,p. After possibly shrinking 6; and d2 we can assume that §; N d2 = {p}.
Choose an open coordinate neighbourhood U C M of p and local holomorphic
coordinates on U such that there exist U’ = A, x (—a,a) C C, xR, and a smooth
function h: U’ — R, satisfying UNH = I'},, and, moreover, holomorphic functions
fi,fo: A = C,, such that I'y, =6 NU and 'y, = 62 NU. It follows then from
Rouché’s Theorem that for § > 0 small enough the two functions gg, gs: A — C,
go = f1 — fo and g5 := f1 — (f2 + id) have the same number of zeros, which
contradicts the facts that I'y, N T, # @ but I'y, NTpyqis CTp NTpgs = @

Define V' C v, to be open in v, if V Ny, ; is open in v, ; for every j € J,. By
the unicity of germs of complex manifolds in H described above, we conclude
that vy, N Ypj, is open in 7, ;, and v, ;,. Thus the open sets in 7, define a
topology on v, and each vy, ; is open in 7y,. Since each 7, ; is locally an embedded
submanifold of M, and since each v, ; is open in +,, it follows that there exists a
unique complex structure on v, such that the inclusion v, < M is a holomorphic
immersion (and with respect to this complex structure the inclusions 7y, ; < -, are
holomorphic for every j € J,). From the continuity of the inclusion we conclude
that the topology on 7, is Hausdorff. Then Radé’s Theorem on second countability
of Riemann surfaces shows that the topology of «, has a countable basis.

STEP 3. The set ¢; is the disjoint union of a family of weakly embedded complete
connected complexr curves. Moreover, the sets ¢ and be; have the structure as
described above.

PRrOOF. It follows immediately from Step 1 that for every p € ¢; there exists a
complex disc §, C M such that p € J, C ¢;. Applying Step 2 in the case H :=
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3 Global plurisubharmonic defining functions and the core

{¢ = t}, we conclude that each complex disc d, extends to a maximal connected
complex curve v, in H, and that there exists A C ¢; such that ¢; = )4 Va-

We claim that each 7, is weakly embedded in M. Indeed, let N be a smooth
manifold and let f: N — M be a smooth map such that f(N) C v, where « € A
is fixed. Choose arbitrary ¢ € N and local holomorphic coordinates on U C M
around f(q) € 9o NU C ¢t NU = |, eq Du as described in Step 1. Since v, NU
is open in 74, it has at most countably many connected components {v*}cx.. .
Moreover, by the unicity of germs of complex curves in H (see the proof of Step 2),
and by the identity theorem applied to the function g, := w — f,(2), we see that
v* c D, whenever 4% N D,, # @. In fact, we even get that v¥ = D,,, since 7, is
maximal. This shows that there exists an at most countable set d, C d such that
YaNU = Jyeca, Du- Now let W C N be a connected neighbourhood of ¢ such that
f(W) C U. Observe that the function e: ),cq Dy — R defined as e(z, w) = u if
and only if f,(z) = w is continuous. Hence eo f: W — R is a continuous function
that takes at most countably many values. By connectedness of W, we conclude
that f(W) C D,,, for some uw € d,. Since D, is an embedded submanifold of
M, it follows that f: W — D, is smooth. Moreover, D,,,,, is open in 7,, hence
the inclusion D,,,, < 7, is smooth too. This shows that f: W — v, is a smooth
map, and thus that v, is weakly embedded.

Next we want to show that each v, C M is complete. Indeed, fix a € A and
let g be a complete Riemannian metric on M. Let {p; 521 C Ya be a Cauchy
sequence with respect to i*¢g and let p := lim; o p; € M. Since 7o C ¢,
and since ¢; is closed in M, it follows that p € ¢;. Choose local holomorphic
coordinates on U C M around p € ¢;NU = |-),cq Du as described in Step 1. Then
p € Dy, for some u, € d. Observe that, after possibly shrinking U, there exists a
constant C' > 0 such that for every ui,us € d, uy # ug, and every q; € v4 N Dy,
g2 € Yo N Dy, one has dist;-4(q1,q2) > C, where dist;+, denotes the metric on
Yo induced by i*g. Since {p;}32; is a Cauchy sequence with respect to dist;g,
it follows that there exists jo € N such that p; € D,, for every j > jo. Hence
Dy, N7va # 9. By Step 2 and by maximality of the set v,, we conclude that
Dy, CYa, i€, P € Ya-

Finally, observe that from property (iv) of the local holomorphic coordinates in
Step 1 it follows immediately that A has a decomposition A = A’ J A" such that
¢ = Jaear Vo and bey = |)pe a7 Vo This concludes the proof of Step 3 and hence
also of part (1) of the theorem.

(2) We now prove the second part of the theorem. Assume, to get a contradiction,
that there exists a function ¢ as above that is not constant on . After possibly
replacing ¢ by @ + €, where ¥: Q — R is a minimal function for 2 and € > 0
is small enough, we can assume without loss of generality that ¢ is minimal.
Applying Sard’s theorem to the functions ¢ and ¢|, simultaneously, we see that
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we can choose a regular value £ € R for ¢ such that v and {¢ = t} intersect
transversally. Let p € yN {@ = £}. From part (1) we know that there exists a
complex curve 4 C {¢ = £} such that p € 5. Observe that, by transversality of y
and { = t} at p, we have T,yNT,7 = {0}. Now let X: R — R be a smooth strictly
increasing and strictly convex function such that the smooth plurisubharmonic
function ® := X o p + X o ¢ is still bounded from above on Q. We claim that ® is
strictly plurisubharmonic in p which contradicts the fact that p € ¢(€2). Indeed,
observe that Lev(X o ¢)(p,€) = X"(¢())|(0), () + X' (p(p) Lev()(p, ) > 0
for every & € T, M \ Ker[(0p)p] = T, M \ T,y. In the same way we conclude that
Lev(X o ¢)(p, &) > 0 for every & € T, M \ T,%. Since T,y N T,5 = {0}, this proves
our claim. O

3.5 Pseudoconcavity of higher order cores
Recall the following definition, which was already given before in the Introduc-
tion.

Definition. Let M be a complex manifold of complex dimension n and let
Q C M be a domain. For every ¢ =1,...,n, we call the set

¢q(Q) := {z € Q: rank Lev(¢)(z, - ) < n — g for every smooth plurisub-

harmonic function ¢: £ — R that is bounded from above}
the core of order q of Q).

It follows immediately from the definition that ¢1(2) D ¢2() D -+ D ¢, () and
that ¢(2) = ¢1(Q). Let us now illustrate this notion with the following example.

Example 11. For generic C € R, let
Q= {(21, 22, 23) € C? : log|z1| + log(|z2| + |23]) + (|21]” + [22]* + |23]%) < C}.

Then {2 is strictly pseudoconvex with smooth boundary and, in view of Liouville’s
theorem, ¢(Q) = [ UTL, where | = {(21,0,0) € C?: 27 € C} and I = {(0, 20, 23) €
C3: 29,23 € (C}

In the above example one can easily see that ¢;(Q2) = [ UII is 1-pseudoconcave
and ¢2(2) =11 is 2-pseudoconcave. We know from Theorem 3.3.2 that ¢; () is
always 1-pseudoconcave in §2 for every domain 2 C M. Moreover, in view of the
discussion on Liouville type properties of the core in Section 3.4, observe that the
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3 Global plurisubharmonic defining functions and the core

following generalization of Lemma 3.3.2 holds true for every ¢ = 1,...,n: every
smooth plurisubharmonic function ¢ which is defined on an open neighbourhood
of a closed g-pseudoconcave set A C M and which is constant on A satisfies
rank Lev(p)(z, -) < n — ¢ for every z € A (by the results from [SI86], (¢ — 1)-
plurisubharmonic functions have the local maximum property on g-pseudoconcave
sets for every ¢ = 1,...,n; thus the statement follows by the same argument as in
the proof of Lemma 3.3.2). These observations lead us to the following question:
Is it always true that ¢, () is g-pseudoconcave in Q for ¢ > 17

We will show that in general the answer to the raised above question is negative,
by proving the following theorem.

Theorem 3.5.1. For everyn > 2 and every ¢ = 1,...,n, ¢ = 0,...,n —1
such that (q,q') # (1,0), there exists a strictly pseudoconver domain  C C™ with
smooth boundary such that ¢, () is ¢’ -pseudoconcave but not (¢’ +1)-pseudoconcave.

Proof. Consider first the case ¢’ = 0 (recall that a set A C C™ is 0-pseudoconcave
if and only if it is closed). Indeed, fix arbitrary q € {2,...,n} and for generic
C € R consider the set

q
Q:i={zeC": 2>+ > log(|l2lI” - |z/*) < C}.
j=1

After possibly passing to a suitable connected component, €2 is a strictly pseu-
doconvex domain with smooth boundary such that L := U‘;:l{z eC": z, =
0 for every k # j} C Q. By Liouville’s theorem, every smooth and bounded from
above plurisubharmonic function on € has to be constant on L. In particular,
L C ¢(2) and 0 € ¢4(©2). Moreover, a straightforward computation shows that
p(2) == exp(||z]|* + >29_; log([[2]|*> — |2;|)) is a smooth and bounded from above
plurisubharmonic function on € such that ¢ is strictly plurisubharmonic on Q\ L
and such that rank Lev(p)(z, -) =n — 1 for every z € L\ {0}. Hence ¢(2) C L
and ¢,(Q) C {0}. It follows that ¢(Q2) = L and ¢,(2) = {0}. In particular, c,(£2)
is not 1-pseudoconcave.

Now fix ¢ € {1,2,...,n —1}. Let £ C (Cg' X (Cg’q, be the Wermer type set
which was constructed in Chapter 2. Observe that, by Lemma 2.3.1, the set £ is
¢’-pseudoconcave but not (¢’ + 1)-pseudoconcave. Now let @: C" — [0, 00) be the
smooth plurisubharmonic function from Section 2.2. In particular, & = {® = 0}
and @ is strictly plurisubharmonic outside £. For generic C' > 0, define

Q:={zeC":®(2) <C}.

Then, after possibly replacing 2 by one of its connected components, {2 is an
unbounded strictly pseudoconvex domain with smooth boundary such that £ C €.
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We will show that ¢;(Q) = ¢2(Q) = --- = ¢,(Q) = €. Note that this completes
the proof of the theorem. Indeed, from the properties of ® we immediately see
that ¢1(2) C €. On the other hand, let ¢: 2 — R be a smooth plurisubharmonic
function which is bounded from above. By Theorem 2.2.1, there exists a constant
C € R such that ¢ = C on £. Thus, in view of Lemma 2.3.2; it follows that
Lev(p) = 0 along £. This shows that € C ¢, (). The claim now follows from the
fact that ¢,(Q) C ¢,—1(Q) C -+ C ¢1(Q). O

At the end of this section, we also state the following generalization of the Main
Theorem.

Theorem 3.5.2. Let Q) be a strictly pseudoconver domain with smooth boundary
in a complexr manifold M. Then there exists a bounded global defining function
@ for Q such that ¢ is strictly plurisubharmonic in the complement of ¢1(2) and
rank Lev(p)(z, - ) =n — q for every z € ¢;(Q) \ ¢g41() and ¢ =1,2,...,n.

Proof. We know from the Main Theorem in Section 3.1.1 that there exists a
smooth global defining function ¢ for £ such that rank Lev(p1)(z, -) = n for
every z ¢ ¢1(€2). Observe that by repeating the same arguments as in the proof

of the Main Theorem we can also construct for each ¢ = 2,3,...,n a smooth
global defining function ¢, for Q such that rank Lev(g,)(z, -) > n — ¢+ 1 for
every z ¢ ¢4(Q2). Then ¢ := 37" ¢, is a function as desired. O

We would like to point out here that the most essential achievement of the
Main Theorem and Theorem 3.5.2 is the proof of existence of global defining
functions (the construction of these functions is carried out in Theorem 3.1.2).
The proof of the additional properties of these functions, namely, of being strictly
plurisubharmonic outside the core ¢(Q2) or having the corresponding rank of the

Levi form outside the core ¢;(£2) of order ¢ for every ¢ = 1,2,...,n, is simple
and rather standard. Note also that a version of the last argument as well as the
definition of a notion similar to our notion of the core ¢, (), ¢ =1,2,...,n, in

the different setting of exhaustion functions was given earlier in Lemma 3.1 of
[SIT04].
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4 Holomorphic extension of CR functions
and the CR-core

We study the C'R-core of unbounded strictly pseudoconvex domains Q2 C C".

In Section 4.1 we construct an example of a strictly pseudoconvex domain 2 C C”
such that ccr(€?) is nonempty and contains no analytic variety of positive dimension.
Moreover, we show in Section 4.2 that in general ¢(Q) # cor(f2), even for strictly
pseudoconvex domains Q C C2.

4.1 A CR-core with no analytic structure

In this section we study the problem of holomorphic extension of C'R functions
defined on the boundary of an unbounded strictly pseudoconvex domain €2 C C".
In particular, we are interested in the question whether the CR-core ccr(2) of Q
always carries an analytic structure. We will show that this is not the case, by
proving the following theorem.

Theorem 4.1.1. For each n € N, n > 2, there exist an unbounded strictly
pseudoconver domain 2 C C™ and a smooth CR function f on b2 such that:

(1) The envelope of holomorphy E(bY) of the set bS) is one-sheeted.
(2) ccr(Q) is nonempty and contains no analytic variety of positive dimension.

(8) f has a single-valued holomorphic extension exactly to Q\ cor(Q).

Proof. Let £ be the Wermer type set constructed in Chapter 1 and let ¢: C* —
[—00, 00) be the plurisubharmonic function from Lemma 1.4.3 such that £ = {p =
0}. For generic C' > 0, define

Q:={2€C":9(z)+ ||2|* < C}.

Then, after possibly replacing 2 by one of its connected components, {2 is an
unbounded strictly pseudoconvex domain with smooth boundary such that £ C .
By Lemma 1.3.6, the set £ contains no analytic variety of positive dimension.
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4 Holomorphic extension of CR functions and the CR-core

Moreover, we know from Lemma 1.2.2 that Q \ £ is pseudoconvex and hence
the projection 7, (E(bS2)) of the envelope of holomorphy E(b2) of b2 onto C" is
contained in 2\ €. Thus, in order to show (1) and (2), it only remains to show

that E(b2) is one-sheeted and coincides with Q \ €.

Recall first that, by Lemma 1.4.3, there exists a sequence {¢, } of plurisubharmonic
functions ¢, : C* — [—o00,00) such that every function ¢, is of the form ¢, =
(1/2¥)log|P,| for some holomorphic polynomial P, and such that {¢,} converges
uniformly on compact subsets of C" \ £ to ¢. Observe then that for every a € R
the set QN {¢ > a} is compact and hence, since ¢, — ¢ uniformly on compact
subsets of C™ \ &, for each a € R we can choose a natural number N(a) € N such
that

Qn{y > a} C QN{eN(a) > a—1} = QN{|Py(a)| > eQN(a)(a_l)} C QN{e > a—2}.

Fix some a € R and let N := N(a). Observe that Py, being a polynomial, has
only finitely many singular values c¢1,c¢a,...,cx and let Sy := U?:l{PN =c¢j}
(indeed, using the explicit formula for Py stated after Lemma 1.1.1, one can even
see that k = 1 and ¢; = 0). Let now f € CR(bQ). Since  is strictly pseudoconvex,
f extends to a holomorphic function on some one-sided neighbourhood U C Q of
b2, which will be denoted by f as well.

Let H C C" denote a complex two-dimensional affine subspace of C™ which is
obtained by fixing n — 2 of the coordinates 21, 29, ..., zp—1,w (for n = 2 the only
possible choice is H = C?). Then QN H = Ua T is the disjoint union of a family
{T',} of strictly pseudoconvex domains I', C H = C?, and by, C b2 N H for
each «, where byl', denotes the boundary of I', with respect to the relative
topology on H. In particular we can view each ', as a strictly pseudoconvex
domain in C? and for each « the restriction of f to U N H defines a holomorphic
function in a one-sided neighbourhood of bgI',. With the situation reduced to a
two-dimensional case we can now argue as in the example from introduction and
conclude from Theorem A in [J95] that E(byT,) is single-sheeted (of course here
E(bgT,) denotes the envelope of holomorphy of byT', with respect to functions
holomorphic in H = C?). On the other hand, since for each v € N the restriction
P,|p is again a polynomial and we can assume it to be nonconstant (for v > 1y
big enough this clearly is satisfied), for each a’ € R the sets { Py (4 = ¢} with

N(a'y 1 . . . . .
c€C, e > e @1 constitute a continuous family of analytic curves in

H = C? that fills (2N H)N{p > a’}. Using the Kontinuitétssatz we thus conclude
that E(byTy) =T N{p > —o00} =T, \ € for each a. Hence, since the domains
'y are disjoint and pseudoconvex, we get that E(|J, brT'a) is single-sheeted and
QNH)\E C E(Uq buTa). In particular f|yng extends to a holomorphic function

fu: (Q\E)NH = C, fu = f near Q.
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Observe that this already proves our claim in the case n = 2.

Assume now that n > 3. For each ¢ € C\ {c1,¢a,...,cx} the hypersurface
{Py = ¢} is a Stein manifold of dimension at least 2, and if || > 2" (¢=1),
then each connected component of Q. := QN {Py = c} is a bounded strictly
pseudoconvex domain in { Py = c}. Further, f restricts to a holomorphic function
on .\ K, where K C €, is a compact set of the form K = Q. \ U for some
one-sided neighbourhood U C U of ). Since each connected component I' of €
is bounded and strictly pseudoconvex, the boundary of " in { Py = ¢} is connected
and hence we can assume I' \ K = T'N U to be connected. Thus we can apply
Hartogs theorem on removability of compact singularities to extend f|o \x to a
holomorphic function fc on . (for a version of the classical Hartogs theorem in
the setting of Stein manifolds see [AHT72]). In this way we can define a function

far [0 {Py > @\ S 5 C,  fu = f near b,

by letting f,(z,w) = fo(z,w) if Py(z,w) = ¢. We claim that for every two-
dimensional subspace H C C™ described above the functions f, and fy coincide on
their common domain of definition, namely on the set [QNHN{Py > 2" (a=1) H\S.
Indeed, let ¢ € C\ {c1,ca,... ¢k}, |c] > 2" (@=1) Since the restriction Py|y is
again a (nonconstant) polynomial, the set v. := QN H N {Py = ¢} is an analytic
curve in QN H N {Py > eQN(a_l)}. Observe that the boundary of . is contained
in b and recall that f, and fy are holomorphic on 7. and coincide near bf.
Thus it follows from the uniqueness theorem that f, = fg on .. Hence, since
ceC\{c,ca,...,cp} with || > €2"(a=1) was arbitrary, we conclude that

fo=fu on [QNHN{Py> eQN(a_l)}] \ S. (4.1)

In particular this shows that f, is holomorphic in each variable separately (recall
the definition of H). Thus by Hartogs separate analyticity theorem f, is a
holomorphic function on [Q N {Py > eQN(“’l)}] \ S. Moreover we see from (4.1)
and the holomorphicity of fi on (QNH)\E D QNHN{Py > eQN(a_l)} that f,
remains bounded near S. It follows then from Riemann’s removable singularities
theorem that f, extends to a holomorphic function f, on QN {Pn > eQN(a_l)} D
Qn{p > a}. Since a € R was arbitrary, and since Q\ € = J,er QN {¢ > a}, we

conclude that f has a single-valued holomorphic extension to 2\ €. Hence E(b2)
is single-sheeted and E(b2) = Q\ €.

It only remains to construct a C'R function f on bQ2 which extends exactly to
Q\ &. In order to do so, let

Q= {(zw) € C" s oz, w) + (|12 + Jwl) < Ca},
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4 Holomorphic extension of CR functions and the CR-core

where the constant C5 > C4. Then the domain Q is also pseudoconvex and QcQ.
As before we see that \ € is pseudoconvex, hence there exists a holomorphic
function f € O(Q\ &) which does not extend to £. Then f|yq is a function as
required. O

Although the previous theorem shows that in general ccr(£2) does not possess any
analytic structure, observe that it follows immediately from the Kontinuitatssatz
and the definition of the C' R-core, that ccr(2) is always pseudoconcave in §2. Note
also that, in view of the discussions at the beginning of Section 2.3 and at the
end of Section 3.3, for our purpose it is reasonable to interpret pseudoconcavity of
ccr(Q) as a generalized notion of (n — 1)-dimensional analytic structure.

4.2 Comparison of the core and the CR-core

Let 2 C C" be a strictly pseudoconvex domain with smooth boundary such that
the envelope of holomorphy E(b2) of b2 is single-sheeted. In some simple cases
(for example the domain 2 from Example II in the Introduction) one can observe
that ccr(Q2) = ¢(Q2). The same equality holds true for the strictly pseudoconvex
neighbourhoods of Wermer type sets £ C C™, which were constructed in Theorem
3.3.1 and Theorem 4.1.1 above. This is why one can be tempted to think that
the equality ccr(€2) = ¢(£2) holds true for every domain  as above. However, we
claim that this is false and, moreover, in general the sets ccr(€2) and ¢(Q) are not
related at all.

Proposition 4.2.1. (1) There exists an unbounded strictly pseudoconvez do-
main Q C C* with smooth boundary such that ¢(Q) # @ but ccr(Q) = @.

(2) There exists an unbounded strictly pseudoconvex domain Q C C? with smooth
boundary such that ¢(2) = @ but ccr(QY) # 2.

Proof. Let first Q@ C C? be the domain from Example 3 such that ¢(Q) =
{0} x C # @. We claim that c¢cr(Q2) = @. Indeed, by strict pseudoconvexity
of bQ, every CR function f on bQ extends to a holomorphic function f on a
one-sided neighbourhood U C 2 of bQ. Further, every slice S, := QN {w = ¢} is
a ball in C?, hence by Hartogs theorem on removability of compact singularities
each function f |s.nu extends to a holomorphic function F.: S, — C. An easy
investigation of the proof of Hartogs theorem shows that the function F': ) — R
defined by F(z,w) := F,(z) is holomorphic in the w-variable. But it is clear
from the construction that F' is also holomorphic in the z-variables. By Hartogs
theorem on separate analyticity, it follows that F is a holomorphic extension of f.
Since here f was arbitrary, it follows that ccr(Q2) = @.
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4.2 Comparison of the core and the CR-core

On the other hand, let now 2 be the domain from Example 5. We have already
seen that ¢(Q) = @, and we claim that ccr(Q) # @. Indeed, let Q* C C? be
a strictly pseudoconvex domain with smooth boundary such that Q ¢ Q* (the
existence of such a domain Q* follows, for example, from Theorem 3.1.3; the other
direct way to see this is by repeating the construction of €2 with  replaced by
1 + 0 for a some small enough constant 6 > 0). Moreover, let h: A(0,1+¢) = R
be a harmonic function such that A < 1. Then V := @~ 1(Q' N {(z,w) € C? : |z| <
1+e¢, |w| < eM#)1) is an unbounded open set with smooth Levi-flat boundary such
that, after possibly replacing V' by a suitable connected component, V' C Q. In
particular, Q* \ V is a pseudoconvex open set, hence there exists a holomorphic
function F: (Q*\ V) — C that does not extend holomorphically to any larger
domain. But, by construction, b2 C Q* \ V, hence F|pq is a CR function on b
that does not extend holomorphically to any point of V. Thus V C ¢cr(2). O
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Open Questions

We conclude the present thesis by stating some open questions related to the
content of this work.

1. Existence of global defining functions

Question 1. Let X be a complex space and let 2 C X be a smoothly strictly
pseudoconvex domain. Does there exist a minimal global defining function for €2,
i.e., does there exist a smoothly plurisubharmonic function ¢: U — R defined on
an open neighbourhood U C X of Q such that Q = {¢ < 0} and such that ¢ is
strictly smoothly plurisubharmonic outside ¢(£2)? (For the definition of ¢(92) in
the setting of complex spaces see p. 92.)

Question 2. Let X be a complex space and let 2 C X be a smoothly strictly
g-pseudoconvex domain. Does there exist a smoothly g-plurisubharmonic function
@: U — R defined on an open neighbourhood U C X of Q such that Q = {¢ < 0}
and such that ¢ is smoothly strictly g-plurisubharmonic near b2?

2. The core of a domain

Question 3. Let © C C™ be a domain and let w C £ be a domain such that
¢(Q2) C w. Does it follow that ¢(w) = ¢(2)?

Question 4. Let M be a complex manifold. Is it possible to characterize the
core type subsets E C M? (For the definition of core type sets see p. 112.)

Question 5. Let Q2 C C” be a strictly pseudoconvex domain with smooth bound-
ary. Can it happen that the set ¢(§2) is not pluripolar? Or, even more, can it
happen that ¢(2) has a nonempty interior? And finally the strongest version of
this question: Does there exist a strictly pseudoconvex domain 2 C C™ containing
a Fatou-Bieberbach domain?
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Open Questions

Question 6. Let  C C™ be a domain. Is it true that bB?(0, R) N¢(Q) =

B™(0,R) N ¢() for every R > 0?7 Here bB"(0, R) N ¢(2) denotes the polynomial
hull of the set bB™(0, R) N ¢(€2).

Question 7. Is it true that ¢**(Q) = ¢*2(Q) for every domain @ C C™ and every
s1, 82 such that the corresponding cores ¢*1(Q) and ¢%2(Q2) are defined? (For the
definition of ¢*(£2) see p. 78.)

Question 8. Let Q C C? be a strictly pseudoconvex domain with smooth bound-
ary. Is it true that every smooth and bounded from above plurisubharmonic
function on 2 is constant on each connected component of ¢(€2)?

Question 9. Let M be a complex manifold and let Q@ C M be a domain. Can it
happen that a maximal component of ¢(£2) consists of only one point? Moreover,
in the case when M is Stein, is it true that no maximal component of ¢(2) is
relatively compact in M? (For the definition of maximal components of ¢(2) see
p. 112.)

Question 10. Let 2 C C” be a strictly pseudoconvex domain with smooth
boundary. Is it always true that Q \ ¢(f2) is connected?
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