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Introduction

The study of algebraic group actions on affine varieties, especially the "vertical" study of
orbits and their closures, and the "horizontal" study of parametric families of orbits and
quotients, are a common topic in algebraic Lie theory.

A well-known example is the study of the adjoint action of a reductive algebraic group on
its Lie algebra and numerous variants thereof, in particular the conjugacy classes of com-
plex (nilpotent) square matrices.

In 1870, the classification of the orbits by so-called Jordan normal forms was described
by M. Jordan [Jordan, 1989, Jordan, 1871]. Their closures were described by M. Gersten-
haber [Gerstenhaber, 1959] and W. Hesselink [[Hesselink, 1976]] in the second half of the
twentieth century in terms of partitions and visualized by combinatorial objects named
Young Diagrams.

Algebraic group actions of reductive groups have particularly been discussed elaborately
in connection with orbit spaces and more generally algebraic quotients, even though their
application to concrete examples is far from being trivial. In case of a non-reductive group,
even most of these results fail to hold true immediately.

For example, Hilbert’s theorem [Hilbert, 1890]] yields that for reductive groups, the invari-
ant ring is finitely generated; and a criterion for algebraic quotients is valid [Kraft, 1984].
In 1958, though, M. Nagata [Nagata, 1960, Nagata, 1959] constructed a counterexample
of a not finitely generated invariant ring corresponding to a non-reductive algebraic group
action, which answered Hilbert’s fourteenth problem in the negative.

One exception are algebraic actions of unipotent subgroups that are induced by reductive
groups, since the corresponding invariant ring is always finitely generated [Kraft, 1984].

Our main attention in this work is turned towards algebraic non-reductive group actions
that are induced by the conjugation action of the general linear group GL,, over C. For ex-
ample, the standard parabolic subgroups P (and, therefore, the Borel subgroup B) and the
unipotent subgroup U of GL, are not reductive. It suggests itself to consider their action
on the variety N,(lx) of x-nilpotent matrices of square size n via conjugation. We discuss
this setup in detail and, thereby, generalize certain known results.

The examination of a group action of P on N,(,x) can be refined if we consider the P-action
on a single nilpotent GL,-orbit O. This setup generalizes to arbitrary reductive groups G,
where the classification of the orbits is equally interesting. Our considerations are, how-
ever, restricted to the group GL,,.
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Recent studies

A recent development in this field is A. Melnikov’s study of the B-action on the variety
of upper-triangular 2-nilpotent matrices via conjugation [Melnikov, 2000, Melnikov, 2006,
Melnikov, 2007]] motivated by Springer Theory. The detailed description of the orbits and
their closures is given in terms of so-called link patterns; these are combinatorial objects
visualizing the set of involutions in the symmetric group S .

The Ph.D. thesis of B. D. Rothbach yields a description of the B-orbits and equations for
their closures in the variety of 2-nilpotent matrices. There seems to be a desingularization
of the B-orbit closures as well. However, this work was not available to the author of the
present thesis, except for parts of it (see [Rothbach, 2009]).

In her Bachelor thesis [Halbach, 2009]], B. Halbach describes the B-action on N§3) in
all detail. The B-orbits as well as their closures, their minimal degenerations and their
singularities are explicity given and a generic normal form is introduced. She general-
izes the latter, obtaining a large set of pairwise non-B-conjugate matrices. These yield a
generic normal form in the nilpotent cone N := N,(l") for arbitrary n which is proven in
[Boos and Reineke, 2011]].

Another recent outcome is L. Hille’s and G. Rohrle’s study of an arbitrary parabolic ac-
tion on the variety n of upper-triangular nilpotent matrices [Hille and Rohrle, 1999]. They
obtain a criterion which determines whether the group action admits a finite or infinite
number of orbits.

Content of this work

We translate the group action of P to a certain group action in the representation theory
of finite dimensional algebras via an associated fibre product. In more detail, we “reduce”
the classification of orbits of the action to the knowledge of certain isomorphism classes of
representations of a quiver Q given by a linearly oriented quiver of Dynkin type A, with a
loop at the sink and an admissible ideal I given by just one relation. The quiver Q and the
ideal I depend on the parabolic subgroup P and on the nilpotency degree x.

Although in general, the classification of these isomorphism classes is far from well-
known, there are several cases in which the algebra KQ/I is representation-finite and the
representations can be classified using the decomposition theorem of W. Krull, R. Remak
and O. Schmidt.

Our first aim is to classify those cases in which a finite group action arises. The most obvi-
ous case is an arbitrary parabolic action on the variety of 2-nilpotent matrices; the covering
quiver of Q is of Dynkin type A»,, then.

We classify the orbits in terms of “(enhanced) oriented link patterns”, a natural generaliza-
tion of A. Melnikov’s link patterns, and provide the concrete structure of the orbit closures:
By translating a description of orbit closures given by G. Zwara [Zwara, 1999], a natural
generalization of the description A. Melnikov obtains in [Melnikov, 2006] is deduced.



By calculating the dimension of the stabilizer of a 2-nilpotent matrix (with respect to the
chosen parabolic subgroup), we are able to compute the dimension of every orbit (closure);
the description of the open orbit follows naturally.

In case of the B-action, we give an explicit description of the minimal degenerations.
Therefore, we describe all minimal, disjoint degenerations by using several results of K.
Bongartz [Bongartz, 1994|] and generalize them to arbitrary minimal degenerations after-
wards. In this way, the precise degeneration diagram is obtained; this yields a concrete
algorithm to derive a set-theoretic description of the orbit closure of a given matrix by
turning around the arrows in the corresponding oriented link pattern. We prove that each
minimal degeneration is of codimension 1. Since the B-variety N,(,z) is spherical, this result
can be obtained from the theory of sperical varieties as introduced in [Brion, 1989] as well.

In order to state a criterion for the group action of P on N,gx) to be finite, we discuss the
action of a maximal parabolic subgroup on the variety of 3-nilpotent matrices. This partic-
ular action is finite and we classify the orbits and their closures by enhanced oriented link
patterns as well. We give an explicit description of the open orbit, which depends on the
maximal parabolic subgroup, as well as a detailed example which illustrates the general
considerations.

To get an overview of all finite cases, we consider fixed matrix sizes and prove the follow-
ing theorem by using general techniques from linear algebra.

Theorem
The P-action on N,(,x) is finite if and only if x < 2, or P is maximal and x = 3.

Every quiver Q not considered up to this point is of wild type and we arrive at a classifica-
tion problem of wild type which yields explicit 2-parameter families of non-P-conjugate
matrices for certain parabolic subgroups P.

We consider “the most difficult case”, namely an arbitrary parabolic action on the nilpo-
tent cone N, and initiate a study of the generic classification by specifying a generic nor-
mal form. Following [Boos and Reineke, 2011]], we construct a large class of determinan-
tal semi-invariants f*’; these are used to prove the following lemma using results of A.
Schofield and M. van den Bergh [Schofield and van den Bergh, 2001]):

Lemma[5.3.1]

The B-semi-invariant ring is generated by determinantal semi-invariants 17 .

By observing that all B-semi-invariants are U-invariant functions, we obtain an (infinite)
set of generators of the U-invariant ring. We modify a well-known quotient criterion for
reductive group actions (see [Kraft, 1984]]) and are, thereby, able to state a quotient crite-
rion for unipotent group actions. Algebraic quotients are provided explicitly in the cases
n =2 and n = 3 by making use of this criterion.

In the general case, we map NV /U to an explicitly described toric variety X, such that N JU
is generically an affine space fibration with fibres isomorphic to A”.
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In addition to calculating the variety X in all detail, we show how the U-orbits are separated
generically by certain invariant functions and discuss the interrelation of the varieties N JU
and AP x X.

If n = 2 or n = 3, the desription of the U-invariant ring can be used to verify a GIT-quotient
of the nilpotent cone by B. In the general case, we separate the B-orbits generically by
semi-invariants of the same weight.

We translate this setup into the language of moduli spaces of representations of finite-
dimensional algebras and, thereby, initiate further studies.

Structure of this work

In chapter|l] we give a brief summary of methods summing up the fundamentals we make
use of later on.

We begin by reproducing basic knowledge about algebraic geometry in section [I.1} more
precisely about algebraic group actions in subsection[I.1.1]and, thereby, discussing (semi-)
invariants and quotients corresponding to them in subsection[I.1.2]and subsection[[.1.3] A
brief recapitulation of the concept of an affine toric variety is included in subsection

In section[I.2] we introduce basic notions of the representation theory of finite-dimensional
algebras using the quiver approach. Basic principles of covering theory are recapitulated in
subsection @] (see [Bongartz and Gabriel, 8182]). The notion of tame and wild algebras
as well as the classification of tame and wild path algebras by (extended) Dynkin quivers
is sketched in subsection[I.2.2] In subsection[l.2.3] we state general facts about degenera-
tions in the sense of G. Zwara [Zwara, 1999, Zwara, 2000] .

In chapter [2| we provide an introduction of the concrete setup of this work, that is, in-
troducing the notations and certain combinatorial objects, repeating basic facts and recent
results and realizing an important translation.

LR T

Generalizations of A. Melnikov’s link patterns, namely “oriented link patterns”, “enhanced
oriented link patterns” and “labelled oriented link patterns” are considered in section [2.1]
as they represent the combinatorial objects which solve several upcoming classification
problems.

We recapitulate known work on the subject in section 2.2} starting in subsection [2.2.1]
with the classification of GL,-orbits in varieties of nilpotent matrices, first given by M.
Jordan and M. Gerstenhaber. Recent results of A. Melnikov are considered in subsection
[2.2.2) where the notion of a link pattern comes up. Subsequently, we examine results on
parabolic group actions given by L. Hille and G. Réhrle in subsection[2.2.3]

In section we show how the problem of studying the group action of P on N,(,x) can be
translated to a setup in the representation theory of a finite-dimensional algebra.
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The conjugation action of an arbitrary parabolic subgroup P on the variety of 2-nilpotent
matrices is discussed in chapter [3] In addition, the action of the unipotent subgroup is
considered.

We start by classifying the orbits in section[3.1] More precisely, we discuss and classify the
parabolic orbits in terms of enhanced oriented link patterns in subsection[3.1.1)and deduce
representing labelled oriented link patterns of the unipotent orbits in subsection[3.1.2] The
section ends with two examples in subsection [3.1.3| where in the cases n = 3 and n = 4
every parabolic action is explicitly described.

In order to depict the orbit closures, we calculate the dimensions of homomorphism spaces
and spaces of extensions of certain representations in section 3.2

By making use of this knowledge, we describe the orbit closures concerning the Borel
action in section We start by describing the minimal, disjoint degenerations of repre-
sentations in subsection [3.3.1], which leads to a classification of all minimal degenerations
in subsection[3.3.2] divided into minimal degenerations obtained from an indecomposable
representation and minimal degenerations obtained from extensions. The examination of
Borel orbits in subsection [3.3.3]is concluded by giving an overview of the dimensions of
orbits and by calculating the open orbit. Minimal singularities are briefly examined in sub-
section

In section we have a closer look at arbitrary parabolic conjugation and describe the
orbit closures as well. The calculation of the minimal, disjoint degenerations of certain
representations in subsection leads to a description of most minimal degenerations.
We include the dimensions of the orbits and the description of the open orbit in subsection
5.4.2)

Parabolic actions on varieties of x-nilpotent matrices for 2 < x < n are considered in chap-
ter[d The considerations are restricted to the examination (and classification) of all finite
cases that arise.

The first finite case, discussed in section[d.1] is the action of an arbitrary maximal parabolic
subgroup P on the variety of 3-nilpotent matrices. The orbits are classified in subsection
and we give an algorithm on how to calculate the orbit closures in case the parabolic
is fixed in subsection After calculating the dimensions of the orbits as well as the
open orbit for every parabolic action in subsection we end the section by examining
the action of the parabolic subgroup of block sizes (2, 2) on the variety of 3-nilpotent 4 X 4-
matrices in subsection

By observing that every finite action has been examined up to this point, we obtain a com-
plete list of the finite actions in section

In section the corresponding wild algebras are considered, that is, in subsection
we prove that every non-finite algebra is of wild type before giving explicit 2-parameter

families of pairwise non-P-conjugate matrices for certain parabolic subgroups P in sub-
sectiond.3.21

Since every finite action has been classified, we consider a generic approach in chapter 3]
and, therefore, classify the parabolic orbits in an open subset of the nilpotent cone.
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A generic normal form for an arbitrary parabolic action is provided in section which
can be used to describe a generic normal form for the unipotent action.

In section[5.2] following [Boos and Reineke, 2011]], we introduce a large class of B-semi-
invariants, thereby defining a large class of unipotent invariants as well.

In case of the Borel action, section[5.3]shows that the semi-invariant ring is in fact gener-
ated by these semi-invariants.

As it is of great interest to describe the U-invariant ring of the nilpotent cone, we start to
examine it in chapter|6}

In section by proving a quotient criterion for U-actions, which is directly translated
from the reductive setup, we are able to describe the invariant rings forn = 2 and n = 3 in
subsection explicitly.

These cases yield the existence of a subring of so-called toric invariants in the U-invariant
ring which we discuss in section[6.2] More precisely, subsection proves that the toric
invariants are generated by a finite set containing so-called sum-free toric invariants. In
subsection[6.2.2] a general description of toric invariants is obtained combinatorially.

We show how the U-orbits can generically be separated by certain invariants in section
Section [6.4] provides an explicit description of the toric variety X which is induced by the
toric invariants. We discuss two toric operations in subsection and show how they are
related. By translating these operations, we obtain an explicit description of all sum-free
toric invariants in subsection Subsection discusses the results we obtained so
far about the interrelation of the varieties N JU and A x X.

We end the chapter by working through the case n = 4 in section

Since the description of the B-semi-invariant ring of a certain weight is a self-evident aim,
we start its discussion in chapter|[7}

By application of the results on U-invariants in section the semi-invariant rings for
n =2 and n = 3 are described explicitly for certain weights.

In section we then show how the B-orbits can be separated generically by semi-
invariants of the same weight.

We initiate the study of moduli spaces in section [7.3] and introduce a particular stability
which comes up naturally by the generic separation.
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1 Theoretical background

In the following, we will fix some notation and give a brief overview about the theories that
will be made use of. The reader is referred to [Borel, 1991 for more details on algebraic
group actions; questions about algebraic geometry in general, for example about singular-
ities, are answered in [Kraft, 1984] and [Hartshorne, 1977]. Quotients of algebraic group
actions, (semi-) invariants and everything closely related are described in [Mukai, 2003]]
and background information concerning the representation theory of finite-dimensional
algebras can, for example, be found in [Assem et al., 2006]], [Auslander et al., 1997]] and
[Ringel, 1984]).

1.1 Methods from Algebraic geometry and Invariant theory

Let K be an algebraically closed field of characteristic char K = 0; we denote by e; the i-th
coordinate vector of K".

If not stated differently, we consider a variety X to be an irreducible quasi-projective vari-
ety, we denote its structure sheaf by Ox and its Krull dimension by dim X. For each point
x € X, we denote by dim,(X) := dim Oy the local dimension at x, that is, the maximal
dimension of those irreducible components containing x. For every closed subvariety X’
of X, we define by codimy(X’) := dim X — dim X’ the codimension of X’ in X. Given an
irreducible affine variety X, we denote its associated coordinate ring by Ox(X) =: K[X]
and by K(X) the field of fractions.

An integral domain R with field of fractions K is called integrally closed if every element
of K which is a root of a monic polynomial in R[x] is an element of R. We obtain the
notion of a normal variety.

Definition 1.1.1. The variety X is called normal if every local ring Ox  is integrally closed.

For example, every affine space A” is normal and if two varieties X and Y are normal, then
their product X X Y is normal as well. A large class of normal varieties is described by
Serre’s criterion, which we discuss next in the affine case [Kraft, 1984, AI.6.2] (see, for the
general case, [Hartshorne, 1977, Theorem 8.22A]).

A point x € X is called a singularity in X if dim 7,(X) > dim X, here 7 X is the tangent
space in x; otherwise x is called a regular point. We denote by Sing(X) the singular locus
of X, that is, the closed subvariety of all singular points of X.

The variety X is called regular in codimension 1 if codimy(Sing(X)) > 2.

Theorem 1.1.2. (Serre’s criterion)
Let X be an irreducible affine variety. If X is regular in codimension 1, then X is normal.
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Let X and Y be two affine varieties. A morphism p : X — Y is called birational if there
is an open subset X’ C X on which y induces an isomorphism X’ = u(X’). The following
lemma can be found in [Kraft, 1984, AI.3.7].

Lemma 1.1.3. (Birational morphisms)
A dominant morphism u : X — Y is birational if and only if there is an open subset Y’ C Y,
such that for everyy € Y, the fibre =" (y) contains exactly one element.

We include the following lemma of R. Richardson (see [Kraft, 1984, 11.3.4]).

Lemma 1.1.4. (Lemma of Richardson)
Let u : X — Y be a birational morphism for which codimy(Y\w(X) > 2. If Y is normal,
then u is an isomorphism.

Let (X, x) and (Y, y) be two pointed varieties. They are called smoothly equivalent if there
are a pointed variety (Z, z) and smooth morphisms

X 1 z P Y

fulfilling A(z) = x and p(z) = y. This definition gives an equivalence relation ~ on the class
of pointed varieties; we call the equivalence classes “types of singularities” and denote
them by Sing(X, x). Note that if (X, x) ~ (¥,y), then x € Sing(X) if and only if y € Sing(Y).

1.1.1 Algebraic group actions

Denote by GL,, := GL,(K) the general linear group for a fixed integer n € N regarded as
an affine variety and let G be a linear algebraic group, that is, a closed subgroup of some
GL,,.

An algebraic group action of G on X is given by a morphism _._: G XX — X which fulfills
(gh).x = g.(h.x) and 1g.x = xforall g,h € G and x € X.

We call X a G-variety and have a closer look at the concept of such group actions.

If possible...
... one would like to classify the orbits by some system of representatives.
... one would like to “understand” each orbit and its closure geometrically.
... one would like to find a set of generators of the invariant ring of the action.
... one would like to find a morphism that separates as many orbits as possible.

We call an algebraic group action finite if the number of orbits is finite and infinite other-
wise.

Since an orbit G.x is locally closed but in general not closed, we can consider the smallest
Zariski-closed superset in X that contains G.x, namely the orbit closure G.x.
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Every orbit closure is a union of orbits, more precisely if G.x = Uy G.x', then for all
x" € G.x\G.x the inequality dim G.x" < dim G.x holds true.
The calculation of the orbit closure of some orbit, thus, leads to calculating degenerations

/99

in X, in more detail we denote x <ge; x" if G.x" € G.x and say that “x degenerates to x"”.

The Krull dimension of an orbit G.x is given by
dimG.x = dim G.x = dim G — dim Isog(x)
and given a degeneration x <geg X', We set

codim(x, x) := codimg(G.x").

1.1.2 Invariants and algebraic quotients

In order to understand an algebraic group action, we are first of all interested in describing
a complete system of representatives, for example, in a combinatorial way. There are,
though, several further techniques which yield knowledge about the algebraic group action.

On the one hand, we can classify the orbits generically, that is, in a natural open subset
Xo C X (typically by continuous parameters).

On the other hand, there are different kinds of quotients which we will have a closer look
at in what follows.

Let 7: X — Y be a G-invariant morphism of G-varieties, then r is called an algebraic
G-quotient of X (sometimes also called a categorical quotient) if it fulfills the universal
property that for every G-invariant morphism f: X — Z, there exists a unique morphism
f:Y — Z suchthat f = f ox; we denote X/G =Y.

Let X be an irreducible affine G-variety. A global section f € K[X] is called G-invariant if
f(g.x) = f(x) holds true for all g € G and x € X. The G-invariant ring

K[X1° := {f € K[X]| fis G — invariant}

is a (not necessarily finitely generated) K-algebra which we assume to be finitely generated,
though, in the following. In this case, a G-invariant morphism 7 : X — Y is an algebraic
quotient if and only if K[Y] and K [X]C are isomorphic as K-algebras; the variety Y is then
affine as well. We immediately understand that a candidate for an algebraic G-quotient is
given by X/G := Spec K[X]C.

If the group G is reductive, that is, if every linear representation of G can be decomposed
into a direct sum of irreducible representations, D. Hilbert showed that the invariant ring
is finitely generated at all times (see [Hilbert, 1890]]), even though it can be a problem of
large difficulty to find generating invariants.

In order to calculate an algebraic G-quotient of an irreducible affine variety, the criterion
what follows (see [Kraft, 1984, 11.3.4]) can be of great help.
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Theorem 1.1.5. (Quotient criterion for reductive group actions)
Let G be a reductive group and X be an affine G-variety. Let Y be an affine variety and
n: X — Y be a G-invariant morphism of varieties. If

1. Y is normal,
2. mis surjective or codimy(Y\n(X)) > 2 and

3. on an non-empty open subset Yo C Y the fibre i~ (y) contains exactly one closed
orbit for each y € Y,

then rt is an algebraic G-quotient of X.

Note that the condition codimy(Y\m(X)) > 2 is weaker than surjectivity if dimY > 1. If
dim Y = 1, though, we need to include surjectivity in order to obtain the criterion for such
special situation later on. In case G is not reductive, however, there are counterexamples
of only infinitely generated invariant rings (see [Nagata, 1959, |Nagata, 1960]). One excep-
tion are actions of unipotent subgroups induced by reductive group actions, discussed in
[Kraft, 1984 I11.3.2].

Lemma 1.1.6. (Finite generation of U-invariant rings)
Let U be a unipotent subgroup of G and X be an affine G-variety; the action of G restricts
to an action of U on X. Then the invariant ring K[X1Y is finitely generated as a K-algebra.

One can prove that each fibre of  contains exactly one closed orbit. Therefore, an algebraic
G-quotient of X parametrizes the closed G-orbits in X.

Let X be a G-variety. We call a G-invariant morphism 7 : X — Y =: X/G of varieties a
geometric quotient if

1. its fibres coincide with the G-orbits in X,
2. asubset U C Y is open in Y if and only if 77! (U) C X is open in X and

3. the morphism 7 induces an isomorphism 7* : Oy(U) — Ox(n~ Y (U))° for every
open subset U C Y (where Ox(n Y(U))° C Ox(z7") is the subring of G-invariant
functions induced by the G-action on X).

Note that if G is reductive, an algebraic quotient as above restricts to a geometric quotient
nlxs: X* — X*/G if we define X* to be the closed subset of X of stable points, that is, of
points x € X with finite stabilizers, such that G.x C X is closed.

We introduce the notion of an associated fibre bundle (see, for example, [Bongartz, 1998]|
and [Zwara, 2011]]) briefly. Given a connected linear algebraic group G and a closed sub-
group H C G with the induced action h.g := g - h~!, there exists a geometric quotient
G —» G/H.

Let X be an H-variety and consider the induced diagonal action of H on G X X.
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Then a geometric quotient
m:GxX—> (GxX)/H=:Gx"X

exists, together with an induced G-equivariant fibre bundle G x” X — G/H with typical
fibre X.

The following fact on associated fibre bundles sometimes makes it possible to translate an
algebraic group action into another algebraic group action that is easier to understand (see,
for example, [Serre, 1995] or [Slodowy, 1980]; and [Bongartz, 1994]).

Theorem 1.1.7. (Translation of algebraic group actions)

Let G be a linear algebraic group, let X and Y be G—varieties, and let m: X — Y be a G-
equivariant morphism. Assume that Y is a single G-orbit, Y = G.yo. Let H be the stabilizer
of yo and set F = n~'(yq). Then X is isomorphic to the associated fibre bundle G x" F,
and the embedding ¢: F — X induces a bijection ® between the H-orbits in F and the
G-orbits in X preserving orbit closures and types of singularities.

In the setting of theorem we deduce the following corollary.

Corollary 1.1.8. (Preservation of codimensions)
For each x € X we obtain

dimG —dimG.x = dim H — dim(G.x N F).

In more detail, the bijection ® in theorem [I.1.7] preserves dimensions of stabilizers (of
single points) and codimensions.

Proof. Let x € X = G x!! F and denote the corresponding H-orbit by H.x C G X F.
Then G.x = G x¥ (G.xN F) and

dim G.x = dim(G x? (G.xN F)) = dim G + dim(G.x N F) — dim H

yields the above equality.

Since dimIsog(s) = dim G — dim G.x for each s € G.x and

dimIsog(s) = dim H — dim(G.x N F) = dim H — dim H.x for all s € G.x N F, the bijection
@ obviously preserves the dimensions of stabilizers of single points.

Then codim(x, x’) = dimG.x" — dim G.x = dimIsog(x) — dim Isog(x") and, thus, ® also
preserves codimensions. m|

1.1.3 Semi-invariants and GIT-quotients

Let P" be the n-dimensional projective space which is obtained by gluing together certain
affine spaces. Given a graded commutative ring R = @mzo R, such that Ry = K and such
that R, is a finitely generated K-vector space that generates R as a K-algebra, we define
R, = ®m>0 R,,. We sketch the notion of the projective spectrum Proj(R) briefly (see
[Mukai, 2003} 6.1(a)]).
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The underlying set of Proj(R) is given by the maximal homogeneous ideals Ry € m C R.
We consider the sets U, := {m | a ¢ m} for all homogeneous elements a € R as a basis of
open subsets which induce a Zariski topology on Proj(R). The function field is given by

Ko = {g | dega = deg b, a,b eR}u (o).

Furthermore, the structure sheaf Oproj(R) is defined on the above open sets to be the local-
ization Opyojr)(Ua) = R(q). Due to these considerations, the space Proj(R) has a structure
of a projective variety.

We define a G-character to be a morphism y: G — G, of algebraic groups, where G, is
the multiplicative group (GL1,-). The set of G-characters is denoted by X(G) and has a
natural structure of an abstract group by setting (y + x’)(g) := x(g) - ¥’ ().

Let X be an irreducible affine variety and y be a G-character. A global section f € K[X] is
called a semi-invariant of weight y if f(g.x) = x(g) - f(x) holds true for all elements g € G
and x € X. We denote the y-semi-invariant ring by

KIx1¢ = € k1x19™,

n>0

which is a subring of K[X] and naturally N-graded by the sets K[X]®", that is, by the
semi-invariants of weight ny (and of degree n). The G-invariant ring is contained in K[X ]f
as a subring, in more detail, as the component of degree 0.

We define the semi-invariant ring corresponding to all characters by

K[X1¢ = @ K[X1¢.

X<X(G)
Given functions fy,...,f; € K [X19, such that all ratios Jé are G-invariant rational func-
J
tions, the map
7 X———->P°

x = (fo(x) ... fi(x)

is not defined on the common zeros of fi, ..., f;. If we extend the number of functions f; it
is possible that the set of common zeros is diminished even though they in general do not
vanish completely.

These thoughts suggests the definition of the so-called unstable locus. Let y € X(G) be
a G-character, then we define the unstable locus of y to be the subset of unstable points
x € X, that is, f(x) = 0 for every f € K[X]%" and for every integer n > 0.

We, furthermore, define the semi-stable locus of y to be the set of y-semi-stable points in
X, that is, of points x € X for which a y-semi-invariant f € K[X]®" for an integer n > 0
exists, such that f(x) # 0.
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We define the so-called GIT-quotient of X by G in direction y to be
X/,G := Proj(K[X]9)

together with the induced morphism 7: XX~ — X/, G.

If the linear algebraic group G is reductive, the ring K [X])? is finitely generated (see
[Mukai, 2003], 6.1(b)] or [Reineke, 2008]] for more information on the subject) and a mor-
phism

s XX > X/,G C Proj K[xo, ..., xs]
x B (fo(x) ... fi(x).
is obtained, where fy,..., f; € K [X])((; are generating semi-invariants of degrees ao, . .., d;

and x; is of weight a; for all i € {0,...,s}. We call n|, a GIT-quotient map of X by G in
direction y.

Note that in case G is not reductive, the ring K[X ])((; is not necessarily finitely generated.

1.1.4 Toric varieties

Since our considerations will involve the notion of a toric variety, we discuss it briefly in
what follows.

A toric variety is an irreducible variety X which containes (K*)" as an open subset, such
that the action of (K*)" on itself extends to an action of (K*)" on X. We show in the
following how toric varieties can be constructed from cones; for more information on the
subject, the reader is referred to [Fulton, 1993] or [[Cox et al., 2011]].

Let N be a lattice, that is, a free abelian group N of finite rank. By M := Homgz(N, Z) we
denote the dual lattice, together with the induced dual pairing {_, ). Consider the vector
space Ng := N®z R = R".

A subset oo C Np is called a convex rational polyhedral cone if there is a finite set S € N
that generates o, that is,

o = Cone(S) := {ZAS-SI/ISZO}.

seS
The cone o is called strongly convex if oo N (—o) = {0}.

Given a strongly convex rational polyhedral cone o, we define its dual by
o :={m € Homg(R",R) | (m,v) > 0 forall v € o}

and its corresponding additive semigroup by S, := 0¥ N M, which is finitely generated
due to Gordon’s lemma (see [Fulton, 1993]]). We associate to it the semigroup algebra KS
and obtain an affine toric variety Spec KS -

Lemma 1.1.9. (Toric varietys from cones)
An affine toric variety X is isomorphic to Spec KS , for some strongly convex rational
polyhedral cone o if and only if X is normal.
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1.2 Representation theory of finite-dimensional algebras

As we make key use of results from the representation theory of finite-dimensional alge-
bras, we now recall the basic setup of this theory and refer to [[Assem et al., 2006]] and
[Auslander et al., 1997] for a thorough treatment.

Let Q be a finite quiver, that is, a directed graph Q = (Qp, Q1, s, t) consisting of a finite set
of vertices Qg and a finite set of arrows @, whose elements are written as a: s(a@) — Ha);
the vertices s(a) and #(@) are called the source and the target of a, respectively. A path in
Q is a sequence of arrows w = ;... such that #(ay) = s(a.) forallk e {1,...,s - 1};
we formally include a path g; of length zero for each i € Qy starting and ending in i. We
have an obvious notion of concatenation ww’ of paths w = ;... and w’ = B;...B; such
that 1(8,) = s(ay).

The path algebra KQ is defined as the K-vector space with a basis consisting of all paths
in @, and with multiplication

0o =1 @@ T1B) = s@);
0, otherwise.

The radical rad(KQ) of KQ is defined to be the (two-sided) ideal generated by all paths of
positive length; an ideal I of KQ is called admissible if there is some integer s, such that
rad(KQ)* c I c rad(KQ)>.

The key feature of such pairs (@, 1), consisting of a quiver Q and an admissible ideal
I C K@, is the following: every finite-dimensional K-algebra A is Morita-equivalent
to an algebra of the form KQ/I, in the sense that their categories of finite-dimensional
K-representations are (K-linearly) equivalent.

A finite-dimensional K-representation M of Q consists of a tuple of K-vector spaces M; for
i € Qp, and a tuple of K-linear maps M, : M; — M indexed by the arrows a: i — jin Q.
A morphism of representations M = ((M;)icq,, (Ma)aeq,) and M’ = ((le )ieQys (M) aeq,)
consists of a tuple of K-linear maps (f;: M; — M);cq,, such that f;M, = M, f; for every
arrow a: [ — jin Q.

For a representation M and a path w in Q as above, we denote M, = My, - ... - M,,. We
call M bound by [ if >}, 1,M,, = 0 whenever ), A,w € 1.

The abelian K-linear category of all representations of Q is denoted by repx(Q), the cat-
egory of representations of Q bound by I by repg(Q, I); it is equivalent to the category
of finite-dimensional representations of the algebra KQ/I. We have, thus, found a “linear
algebra model” for the category of finite-dimensional representations of an arbitrary finite-
dimensional K-algebra A.

We define the dimension vector dimM € NQy of M by (dimM); = dimy M; for i € Q.
For a fixed dimension vector d € NQy, we define repg(Q, I)(d) to be the full subcategory
of repg(Q, I), consisting of representations of dimension vector d. We consider the affine
space Ry(Q) = EBM i Homg (K%, K%); its points m naturally correspond to representa-
tions M € repx(Q)(d) with M; = K% for i € Q.
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Via this correspondence, the set of such representations bound by I corresponds to a closed
subvariety Ry(Q, 1) C Ry(Q). It is obvious that the algebraic group GL; = [],eq, GLy; acts
on Ry(Q) and on Ry(Q, I) via base change (g); - (My)o = (ngagi‘l)a; i—j. By definition,
the GL4-orbits Oy of this action naturally correspond to the isomorphism classes of repre-
sentations M in repg(Q, I)(d).

In order to find generators of certain (semi-) invariant rings later on, we will use a theorem
of A. Schofield which we will explain in the following.

There is an induced GL4-action on K[R4(Q)] which yields the natural notion of a semi-
invariant.

Denote by add Q the additive category of Q with objects O(i) corresponding to the vertices
i € Q) and morphisms induced by the paths in Q. Since every representation M € repg(Q)
can naturally be seen as a functor from add Q to Mod K, we denote this functor by M as
well. Let ¢: EB?:I oG — @7: , O(i)" be an arbitrary morphism in add Q and let d be a
dimension vector of @, such that 3;cq, xi - d; = Yieq, Vi - d;-

—l

Then we can define an induced so-called determinantal semi-invariant by

m — det(M(¢))

where m € Ry(Q) and M € repy(Q)(d) are related via the above mentioned correspondence.

The following theorem (see [Schofield and van den Bergh, 2001]]) is due to A. Schofield
and M. van den Bergh.

Theorem 1.2.1. (Generation of semi-invariant rings)
.. . . GL, . .. .
The semi-invariants in K[Ra(Q)]. “ are spanned by the determinantal semi-invariants Jg-

Coming back to algebraic aspects of the algebra KQ/I, we discuss certain facts about the
theory of KQ/I-representations. The theorem of W. Krull, R. Remak and O. Schmidt
helps to classify the isomorphism classes of KQ/I-representations; it states that every rep-
resentation in repg(Q, I) is isomorphic to a direct sum of indecomposables, unique up to
isomorphism and permutation.

We call KQ/I representation-finite if it admits only a finite number of isomorphism classes
of indecomposable representations. It is called locally representation-finite if for each ver-
tex i € Qp, the number of isomorphism classes of indecomposable representations M with
M; # 0 is finite.

For certain classes of finite-dimensional algebras, a convenient tool for the classification
of the indecomposable representations is the Auslander-Reiten quiver ['(@Q, I) of KQ/I. Its
vertices [M] are given by the isomorphism classes of indecomposable representations of
KQ/I; the arrows between two such vertices [M] and [M’] are parametrized by a basis of
the space of so-called irreducible maps f: M — M’.
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One standard technique to calculate the Auslander-Reiten quiver is the knitting process
(see, for example, [Assem et al., 2006, 1V.4]). If, for example, the quiver has oriented
cycles and the knitting process does not work, in some cases the Auslander-Reiten quiver
I'(Q, I can be calculated using covering techniques (see [Gabriel, 1981]]), which we discuss
briefly in subsection [[.2.1] In [Bongartz and Gabriel, 8182], a more thorough approach is
given.

1.2.1 Covering theory of quiver algebras

Let Q and Q be connected quivers, of which Q is finite. We set A := KQ/I for an admis-
sible ideal / € KQ and A’ := KQ'/I’ for I' € KQ' and denote C = repg(Q, I).

Assume for every vertex x € Q) the number of arrows starting or ending in x is finite and
there is a bound N, € N, such that all paths of length greater or equal than N, that start or
end in x are contained in I”. Then C’ := repg(Q’, I) is called locally bounded.

We define the corresponding category of covariant K-linear functors m : C — K-Mod (or
m : C' — K-Mod, respectively) by C- MOD (or C’- MOD, respectively), where K- Mod is
the category of K-modules. Define C- mod (or C’- mod, respectively) to be the full subcat-
egory of functors m, such that ) .- dimm(x) < oo (or . dimm(x) < oo, respectively).

Now let F': C’ — C be a K-linear functor. F is called a covering functor if F is surjective
on objects and if for all objects x in C” and y in C:

P cxy)>CFxy and P 00> Cw,Fa).

Y Fy'=y y: Fy'=y

Then the restriction F,: C- MOD — C’-MOD given by F,(m) = mo F has a left and right
adjoint functor F,, which is uniquely determined (up to isomorphism).

Let G be a torsionfree subgroup of Autg C’. We assume G to act freely on C’, that is,
gx#xforalle# geGand x e C'.

Theorem 1.2.2. (Existence of Galois-coverings)

There is a K-linear category C'|/G and a G-invariant covering functor F: C' — C'/G,
such that for every G-invariant functor H: C' — C there exists a unique H: C'|G — C
with H = H o F, that is, the following diagram commutes:

C’ F— C'/G

N,

H

N

We call F a Galois-covering with group G.

In case we have a Galois-covering F: C’ — C, certain structural properties are being
preserved.
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Lemma 1.2.3. (Properties of Galois-coverings)
The following statements hold true:

1. If m is indecomposable in C'- mod, then Fym is indecomposable in C- MOD.

2. F, commutes with the Auslander-Reiten translate and preserves Auslander-Reiten
sequences.

3. C(Fym, Fm) = C’(m, @geGm o gV forallm e C’'-mod.

4. C’ is locally representation-finite if and only if C is locally representation-finite.
In this case, the Auslander-Reiten quiver Ic: has precisely one connected component
and FC = Fcf/G.
A bijectionind C' /G < ind C between the categories of indecomposables is induced.

In the above setup, we are able to construct a Galois-covering for C:

For every arrow «: x — y in @ we define an inverse ~': y — x. A walk w from x to y
is a path w = @, - - - @1 of arrows or inverses of arrows. We have a natural composition of
walks and an equivalence relation on the set of all walks induced by wixx~'ws ~ wyw, for
every x e Q or x ! € Q.

A walk is called reduced, if it is not equivalent to a walk which arises by cancelling out
minimal relations as above. Let [w] be the equivalence class of w, clearly the composition
of walks is well-defined on these classes.

Define the fundamental groupoid FQ of Q to be the category with objects Qy and mor-
phisms FQ(x,y) given by the equivalence classes of walks from x to y. Then every mor-
phism of FQ is an isomorphism and FQ(x,x) = FQ(y,y) for all x,y € Qp. We fix an
element x € Qy and define the fundamental group IT;(Q) := FQ(x, x) of Q, which is free in
finitely many generators (and, therefore, countable).

Definition 1.2.4. (Universal covering)
For x € Qq, the universal covering ©: Q — Q is defined by

éio = {[w] | wa walk which starts in x}

and 51 as follows:

Every arrow a € Q with s(a@) = y induces an arrow w +— [a 'w] for a reduced walk
w € [w] in Qp and every arrow a € Q1 with t(@) = y induces an arrow w — [aw] for a
reduced walk w € [w] in Q.

The universal covering induces a Galois-covering of the representation categories of the
algebras A and A = KQ/I with induced relations. Since I is generated by paths of length
greater or equal than 2, the following can be proven.

Theorem 1.2.5. (Interrelation between A and ﬁ) _
The algebra A is representation-finite if and only if the algebra A is locally representation-
finite.
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1.2.2 Tame and wild algebras

Let A := KQ/I be a finite-dimensional K-algebra, such that repx(Q, I) is locally bounded.

We call A of tame representation type (or simply “tame”) if for every integer d there is an
integer my and there are finitely generated K|[x]-A-bimodules M, ..., M,,, that are free
over K[x], such that for all but finitely many isomorphism classes of indecomposable right
A-modules M of dimension d, there are elements i € {1,...,m} and A € K, such that
M = K[x]/(x — A) ®kx M;.

The algebra A is called of wild representation type (or simply “wild”) if there is a finitely

generated K(X, Y)-A-bimodule that is free over K(X, Y), such that the functor _ ®xxyy M
sends non-isomorphic finite-dimensional K(X, Y)-modules to non-isomorphic A-modules.

In 1979, J. A. Drozd proved the following theorem (see [Drozd, 1980]).

Theorem 1.2.6. (Tame-wild theorem)
Every finite-dimensional algebra is either tame or wild.

The notion of a tame algebra (A yields that there are at most 1-parameter families of pair-
wise non-isomorphic indecomposable A-modules; in the wild case there are parameter
families of arbitrary many parameters of pairwise non-isomorphic indecomposable A-
modules. In order to show that an algebra is wild, it, thus, suffices to describe one particular
such 2-parameter family.

Let @ be a quiver of n vertices and consider the path algebra K@Q without relations together
with the Euler form on Z" x Z", defined by

((r.....dp).(d].....d})) = andi-d;— > did)
i=1

(a:i— j)eQ,

We define the Tits form of Q to be the corresponding quadratic form
n 1
q: 17" > Z, 6_1|—>§'(6_1a6_1>

A vector 0 # d € N" is called a root if there is an indecomposable representation of Q of
this dimension vector. We call d a real root if g(d) = 1 and an imaginary root if g(d) < 1.

The theorem of P. Gabriel (see [Gabriel, 1972]]) shows that KQ is of finite type if and only
if the underlying unoriented graph of Q is a disjoint union of Dynkin graphs A, D, E¢, E7
or Eg; equivalently the corresponding Tits form ¢ is positive definite.

The algebra KQ is representation-infinite and tame if and only if the underlying unoriented
graph is a disjoint union of at least one extended Dynkin graph A, D, Eg, E7 or Eg and
Dynkin graphs; this is equivalent to the associated Tits form being positive semi-definite
(see, for example, [Bourbaki, 1972} |Donovan and Freislich, 1973} Nazarova, 1973]]).

Given a wild algebra K@, there is an indecomposable representation M with g(dimM) < 0.
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1.2.3 Degenerations

In order to describe the closure of an orbit Oy = GL4.m, where the representation M
naturally corresponds to m € Ry(Q,I), by degenerations, there are some results of G.
Zwara that are extremly powerfuli they are quoted from [Zwara, 1999] and [Zwara, 2000]]
where more information can be found.

Definition 1.2.7. (Partial orderings on repg(Q, I)(d))
Let M, M’ € repg(Q, I)(d). We denote

o M <4eg M' if Oy € Opy in Ra(@Q, D).

® M <exe M’ if there exists some integer n, representations M;, M\, M!" € repx(Q, 1)
and exact sequences 0 — M. — M; — M" — 0 fori € {1,...,n}, such that
M &M =M, forie{l,....,n— 1}, M =M, and M’ = M, & M,/

e M <pom M’ if dimg Hom(V, M) < dimx Hom(V, M") for all V € repg(Q, I).
To simplify the notation, we set [M, M’] := dimg Hom(M, M’) for two representations M
and M’. In general, the <c-ordering is stronger than the <ge,-ordering which is stronger

than the <yom-ordering. For some algebras both <ge; and <poy are equivalent as the fol-
lowing result of G. Zwara shows (see [Zwara, 1999])).

Theorem 1.2.8. (Interrelation between <gey and <pom)

Suppose an algebra KQ/I is representation-finite, that is, KQ/I admits only finitely many
isomorphism classes of indecomposable representations. Let M and M’ be two finite-
dimensional representations of KQ/I of the same dimension vector. Then M <qee M’ if
and only if M <nom M.

Since the dimension of a homomorphism space is additive with respect to direct sums, one
only has to consider the inequality [V, M] < [V, M’] for indecomposable representations V
to characterize a degeneration M <ge; M.

To calculate the orbit closure of a given orbit, one needs to calculate every degeneration.
Of course, it is sufficient to calculate all minimal degenerations, that is, degenerations
M <geg M’ such that if M <geg L <geg M’, then M = L or M’ = L. We denote a minimal
degeneration by M <pgee M’ and cite the next important result from [Zwara, 2000].

Theorem 1.2.9. (Types of minimal degenerations)
Let M and M’ be two finite-dimensional representations of KQ/I. If M <mgeg M, then one
of the following holds true:

1. M <o M or

2. there are representations W, A7I, M of KQ/I, such that
a) M=WeM
b) M'=WeaeM
c) AZ <mdeg M
d) M’ is indecomposable.

Of course, the converse does not hold true.
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2 The concrete setup

We will consider certain subgroups of GL,,, namely

o the Borel subgroup B of upper triangular matrices,

e the parabolic subgroup P of upper-block matrices (that is, B C P) of block sizes
(b1,...,bp),

e the unipotent subgroup U C B, where all diagonal entries equal 1, and

e the torus 7" of diagonal matrices.

Each of these groups has a natural structure of a linear algebraic group. It is a well-known
factthat B=U-T =T - U is given as a semi-direct product.

For an integer x € {1,...,n}, we denote by N c K™ =~ A" the closed subvariety of
x-nilpotent matrices N, that is, N* = 0. If x equals n, we obtain an important special case,
namely, the nilpotent cone N := N If the matrix size n is not clear from the context, we
denote it by the index B,, P,,, N,ﬁ”, etc.

Obviously, GL, acts on each variety N¥) via conjugation; an action that restricts to actions
of all the above mentioned algebraic subgroups. The aim of this work is to examine the
action of an arbitrary parabolic (which clearly includes the Borel subgroup) on any variety
of nilpotent matrices in detail. Where possible, we include results about the unipotent
group action.

2.1 (Oriented) Link patterns

We will use combinatorial methods to give explicit descriptions of systems of representa-
tives of certain algebraic group actions. In more detail, we will make use of the combina-
torial concept of a link pattern (see [Melnikov, 2007]]) and its generalizations.

LetS ,(12) be the set of involutions in the symmetric group S, in n letters.

Definition 2.1.1. (Link pattern)
An element o of S 512) is represented by a so-called link pattern, an unoriented graph with
vertices {1, ...,n} and an edge between i and j if (i) = j.

For example, the involution (1, 2)(3, 5)(4,7) € S7 corresponds to the link pattern
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As we will see in subsection[2.2.2] these link patterns are used by A. Melnikov to describe
the orbits of a certain group action in all detail. Furthermore, we will see that the choice of
these link patterns is exactly the right one. In generalizing the results, we obtain different
kinds of link patterns that will be described in the following. The starting point is the
notion of an oriented link pattern.

Definition 2.1.2. (Oriented link pattern)

An oriented link pattern olp of size n is an oriented graph on {1, ..., n} together with a set
of arrows {j1 — i1,..., js — is} between vertices iy # jy for some 0 < s < n, such that
every vertex is incident with at most one arrow.

We call sh(olp) = ((i1, j1), - . ., (is, J5)) € (N X N)* the shape of olp if j1 < jo < ... < Js.

An example of an oriented link pattern of size 7 and shape sh(olp) = ((3, 1), (5,6),(2,7))
1s:

Furthermore, we can generalize a link pattern to the following notion of an “enhanced
oriented link pattern”.

Definition 2.1.3. (Enhanced oriented link pattern)

An enhanced oriented link pattern of type (by,...,b,) is a diagram of vertices {1, ..., p}
together with a set of arrows i — j between vertices i and j and a set of dots at the vertices,
such that the sum of the numbers of sources, targets and dots at the i-th vertex equals b;.

For example, an enhanced oriented link pattern of type (3,2, 6, 2,5) is given by

A different kind of generalization is given if we label the arrows of an oriented link pattern.

Definition 2.1.4. (Labelled oriented link pattern)
A labelled oriented link pattern of size n is defined to be a tuple olp, = (olp, 4) where olp
is an oriented link pattern of size n and A € (K*)*, such that the arrow ji — i is labelled
by Ag; here s equals the number of arrows in olp.

We can illustrate the labelled oriented link pattern given by A = (3, 6, 1) which is obtained
from the oriented link pattern above as follows:
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Note that the shape of the labelled oriented link pattern olp, = (olp, 1) is defined to be
sh(olp,) := sh(olp).

2.2 Known results

In case of the action of GL, on N9, the classical theory of M. Jordan and M. Gerstenhaber
gives a complete classification of the orbits and their closures in terms of partitions. We
will describe the results briefly in[2.2.1]for completeness.

We can also consider 1 € N, namely the space of all strictly upper triangular matrices. The
classification of the orbits B.N of 2-nilpotent matrices N € n® := nn N'® under the action
of B has been given by A. Melnikov in [Melnikov, 2000, Melnikov, 2006,/ Melnikov, 2007].
We will sketch the results briefly in[2.2.2]since they yield the starting point of our analysis.

Actions of arbitrary parabolics P on n have been coinsidered in [Hille and Rohrle, 1999]];
they give a concrete list of the actions that admit a finite number of orbits. We will sum-
marize the results in and generalize them later on to the action of P on N.

2.2.1 Results of M. Jordan and M. Gerstenhaber

We denote A + n if and only if A is a partition of n.

For an integer m € N, we define the Jordan block J,,, € K™ (of size m) to be the matrix
given by (Jy)i+1,; = 1 and (J,,)j; = 0if j # i+ 1.

Given a partition A := (1; > A > ... > A;) + n, we denote by J; € K™ the “Jordan
matrix” with Jordan blocks J,,, ..., J,, on the diagonal and zeros everywhere else. This

matrix is unique up to permutation of Jordan blocks and we order the blocks decreasingly
by the partition A.

Theorem 2.2.1. (Classification of GL,,-orbits in N¥)
Let N € N, then there exists a unique partition A + n as above, such that x > A; and N
is GL,,-conjugate to J,.

To classify the orbit closures, we briefly sketch the theory of M. Jordan and M. Gersten-
haber which describes them in terms of partitions. Let 4 := (4 > A, > ... > A > 0) and
A= 24, >...2 4, 2 0) be two partitions.

We set ” < Aif and only if k < k” < k + 1 and if there is an index i, such thatd’, = A, for
x ¢ i, i+ 1}, A, = Ay +land 4] = 4; — 1.

Note that in terms of Young Diagrams, this relation is given by “lifting a box™.

We define « to be the transitive closure of <.
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Theorem 2.2.2. (GL,-orbit closures in N'©)
Let A + n be a partition as before, then

GL, .1 = | ) GL, .
Avrn
A<
The minimal degenerations correspond to the relation <.

The only closed orbit is the orbit containing the zero-matrix.

2.2.2 Results of A. Melnikov

Foro € Sﬁ,z) and i, j € {1,...,n}, define
_ [ 1, ifi< jand o(i) = J;
(Nor)ij '_{ 0, otherwise.

Then the upper-triangular matrix Ny = ((Ny)i,j)1<i,j<n 18 2-nilpotent and, thus, N, € n®,
The following theorem is due to [Melnikov, 2000].

Theorem 2.2.3. (Classification of B-orbits in n®)
Every B-orbit in w? is of the form B.N for a unique o € S,(f).

If o = (i1, j1) . . . (if> ji) € S, then

k k
dim By, = kn+ ) (is = j) = > e

s=1 s=2

where ry = #{j, | p <5, jp < js} + ﬁ{jp | jp < i} (see [Melnikov, 2006]).

(@)

. . . . . . L. (2)
For 1 <i < j < n, consider the canonical projection m; j: 1 — Wi jmit 1)

deleting the

first i — 1 and the last n — j columns and rows of a matrix in n®.

Define the matrix Ry of N € n® by

- _ | rank (7 j(N)), ifi<
(Rn)ij = { 0, otherwise.

This rank matrix Ry is B-invariant, and we denote R, := Ry, foro € S ,(12) .
We define a partial ordering on the set of rank matrices by

RO" < RO’ lf (Ro—l)l',j < (R(T)i,j fOI' all I and j,
inducing a partial ordering on § ,(12) by

o’ X oif Ry < R,.
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In [Melnikov, 2006], these orderings are used to describe the B-orbit closures in all detail:

Theorem 2.2.4. (B-orbit closures in n'?)
LetoeS ;2) be an involution. Then

BN, = U B.N,..
o'<so

Moreover, the entry (Ry); ; of the rank matrix equals the number of edges with end points
ey and e such that i < ey, ey < jin the link pattern of o.

The minimal steps of the partial ordering < are described explicitly by link patterns in
[Melnikov, 2007].

Thus, a combinatorial characterization of the B-orbits in 1® and their orbit closures is
given in terms of link patterns.

2.2.3 Results of L. Hille and G. Rohrle

Let P be an arbitrary parabolic subgroup in GL, of block sizes (by,...,b,), such that
BCP.

Denote by P, the unipotent radical of P, that is, the space of strictly upper block matrices
of block sizes (by, ..., b,) where the blocks on the diagonal equal zero. We denote by p,
its Lie algebra. Then P acts on P, via conjugation and on p, via the adjoint action.

In order to obtain a criterion as to whether the classification problem is of finite type, L.
Hille and G. Rohrle (see [Hille and Rohrle, 1999]) consider the quiver

(o7 [0 %) @p-2 Ap-1
Q(P) .C.C. o . e, o
Bi B2 B2 Bp-1

together with the relations 8ya; = 0 and B;a; = @;—18;-1 fori € {2,..., p — 1} that induce
an ideal I(p). They define the full subcategory M(p) of rep KQ(p)/I(p), given by the con-
dition that the linear maps at the arrows «; are injective for all i € {1,..., p — 1}, and prove
that the classification problem explained above is of finite type if and only if the category
M(p) admits a finite number of isomorphism classes of indecomposable representations.

In order to prove a finiteness criterion, they state that the category M(p) equals the cat-
egory F(A) of A-filtered modules over the Auslander algebra of the representation-finite
algebra K[x]/(x”). For the precise definitions, see the article [Dlab and Ringel, 1992] by
V. Dlab and C. M. Ringel, in which the following theorem is proved.

Theorem 2.2.5. (The representation type of M(p))
Let p € N. Then the representation type of M(p) is finite precisely if p < 5. It is tame if
p = 6 and wild otherwise.

L. Hille and G. Rohrle deduce the following theorem which answers the question about
actions of finite types.
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Theorem 2.2.6. (Classification of finite actions)
The number of P-orbits on Py, or p,, is finite if and only if p < 5.

An explicit description of the number of P-orbits for all finite types is obtained and the
tame case of theorem [2.2.3]is discussed in more detail.

2.3 Representation-theoretic approach

Let P be a parabolic subgroup of GL,, of block sizes (by,...,b,). We are interested in a
classification of the P-orbits in the variety N® for some fixed integer x € {1,...,n}. The
starting point is the following translation, which makes use of theorem[I.1.7]

Define Q(p, x) to be the quiver

Qp, x): e——e—— e ° . e D

and A(p,x) = KQ(p,x)/I to be the finite-dimensional algebra with a unique element
1, where I = (a*) is an admissible ideal. We will for now denote Q, = Q(p, x) and
A = KQ(p, x) even though the reader has to keep in mind that both strongly depend on
the choices of p and x.

p
We fix the dimension vector dj, := (dy,...,dp) = (b1,by + by ..., 3. b)).
i=1

As explained in section the algebraic group GL,, acts on R4, (Q), I); the orbits of this

action are in bijection with the isomorphism classes of representations in rep(Q,, I)(d ).
We define repi;(1j (@, D)(d}p) to be the subcategory of repy(Q,, I)(d ) consisting of represen-
tations (V;, M,,))1<i<p such that M, is injective if p = ; fori € {1,..., p—1}. Corresponding
’UEQI P
to this subcategory, there is an open subset RZU @y, c Ry, (Qp, 1), which is stable under
ap =

the GLQP—action.

Theorem yields a correspondence between the P-orbits in N ) and the isomorphism
classes of representations in repl;{1J (Qp, 1)(dp).

Lemma 2.3.1. (Translation of the P-action on N )
The variety RIC?J (Qp, 1) is isomorphic to the associated fibre bundle GLg, xPN®_ " Thus,
ap a

there exists a closure-preserving bijection ® between the set of P-orbits in N %) and the set
of GLg,-orbits in Rg(Qp, I), which also preserves types of singularities.

Proof. Consider the subquiver 5; of Q, with @,)o = (Qp)o and (é;,)l = (@)1 \ {a}. We
have a natural GLg,, -equivariant projection 7: RldrlJ @y, — R;‘J (Qp). The variety Rg” @)
= ap ap ap

consists of tuples of injective maps, thus, the action of GL4, on RE” (Q)) is easily seen to
= 4p
be transitive.
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Namely, RE (a;,) is the orbit of the representation

€Ep—
€ p-2 dp—l

€] €p-1
yo::Kd'—>Kd2—>---—> p—>K”,

with €; being the canonical embedding of K% into K%+1.

The stabilizer H of yq is isomorphic to P and the fibre of 7 over yg is isomorphic to N @,

Thus, R;'(Q,.1) is isomorphic to the associated fibre bundle GLy, x"N'™, yielding the
dp Q,

claimed bijection . m|

We denote Oy := GL.m if m € Ri;j(Qp,I) corresponds to M € repinj(Qp,I)(QP) as in
dp
section @ and equivalently use the notation Isogr, dp (M) and IsogL, i, (1) for the isotropy

group of m in Ri;j (Qp,I). Then
ap

dim Oy = dim GLg4, —dimIsogr, ip (M)
= dim GLy, ~[M, M].

Due to considerations of different parabolic subgroups and nilpotency degrees, the classi-
fication of the corresponding quiver representations differs wildly. Considering the related
covering quiver, we obtain conditions as to whether the classification is a finite, tame or
wild problem in the representation theory of finite-dimensional algebras.
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We will consider the action of an arbitrary parabolic subgroup P of GL,, in particular of the
Borel subgroup B, and of the unipotent subgroup U on the variety of 2-nilpotent matrices
by conjugation.

3.1 Classification of the orbits

Fortunately, in the above cases we are able to classify the orbits in detail and to give explicit
sets of representatives, that is, normal forms for the orbits.

3.1.1 Parabolic orbits

Let P be the parabolic subgroup of block sizes (by, ..., b,) and formally set by = 0.
Furthermore, define d, := (d1,...,d,) = (b1,by + by, ..., X7 b)).

Given the quiver

ay an ap-2 ap-1
Qp::Q(p,Z): e —— e —— o ° ° s DO,

1 2 3 p—2 p—1 p

the admissible ideal I = (a?) and the algebra A = K. Q,/1, in order to classify the P-orbits
in N, it suffices to classify the GLdP—orbits in R;U (@Qp, 1), see theorem [2.3.1
= ap

As the theorem of W. Krull, R. Remak and O. Schmidt states, every representation in
repg(Q), I) can be decomposed into a direct sum of indecomposables, which is unique up
to permutations and isomorphisms. By [Boos, 2008|] and [Boos and Reineke, 2011]], the
following lemma classifies the indecomposables in rep(Qp, ).

Lemma 3.1.1. (Indecomposables in repy(Q,, 1))

Up to isomorphisms, the indecomposable representations in repg(Q,, I) are the following
(graphically represented by dots for basis elements and arrows for maps sending one basis
element to another):

U;jfor1 < j<i<p:

0 i id el

0o - --. 9 0 E) K > ... 5 K =S K? Mo M Kz:)a/
[ - - [ - [ - BT E— PY
J i p)
° — - °
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U jforl1 <i< j<p:

0 0 0 id id e id id
0O -» -+ » 0> K — - K > K} -5 ... > KZDQ’
* - - e 5 e 5 - 5 e

Vifor1 <i<p:
0> 5 0% x4 4 Koo
i p
°- - — e
Wi jfor1 <i<j<p:
0% . % 0% x4 4 kS 0% 0% 059
I J p
e = - - e

00
Here, e| and e; are the standard coordinate vectors of K 2and a = ( 10 )

Proof. To calculate a system of representatives of the indecomposable representations, we
make use of the Auslander-Reiten Theory for finite-dimensional algebras. In more detail,
we first calculate the Auslander-Reiten quiver and define representatives for each upcoming
indecomposable afterwards. .

The universal covering of the quiver @, at the vertex p is the (infinite) quiver Q, given by

!
o — 0 — @ [ ] [ ] [ ]
_ Lo
Qp: e —— e — 0 ce [ ] [ ] [
| @iyl
o ——— e — @ [ [ ] (]
l
1 2 3 p—-2 p—1 p

together with the induced ideal 7, generated by all paths a;41@; and the fundamental group
Z. The natural free action of the group Z on Q,, is given by shifting the rows.

The algebra A = Ké; /Tis locally representation-finite, since for each vertex x € é;, the
number of indecomposables M (up to isomorphism) with M; # O is finite.
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Therefore, due to lemma|l.2.3] we have a bijection between the indecomposables in ‘A and
the indecomposables in A/Z.

It is easy to see that it suffices to calculate the indecomposable representations of the quiver
Q, given by

Q;): ° NI N [ [ ) [ )
| a.

e —— 0 — @ L] [ ] [

1 2 3 p—2 p—-1 P

In more detail, the quiver Q), naturally embeds into Q, , such that the composition of this
inclusion with the projection é; — Q) is surjective. We have corresponding maps of
the Auslander-Reiten quivers, namely an embedding I'(Q),) — F(QP,B and a quotient
F(é\p,f) — I'(Qp, I) whose composition is also surjective.

Since @, is nothing else than a Dynkin quiver of type Ay, it is routine to calculate its
Auslander-Reiten quiver (see [Assem et al., 2006, 1V.4]), and we derive the Auslander-
Reiten quiver I' = I'(Q,, I) just by making the identifications resulting from the action of
Z., which can be read off from the dimension vectors of indecomposable representations.
We finally arrive at the picture (the marked regions have to be identified) given in fig-
ure 3.1.1] As one can see, the only dimension vectors corresponding to indecomposable
representations are

(0...01...12...2), O...... 01...... I)and (0...01...10...0).

By defining U; j,V; and W; ; as above, we can easily compute the endomorphism rings
of these representations:

End(U; ;) = K fori > j,
End(U; ;) = K[x]/(x?) fori < j,
End(<V;) = K for all i and
End(W; ;) = K for all i, j.

These are local, thus, the defined representations are indeed indecomposable.

Since the vertices of I' correspond to a system of representatives of the isomorphism classes
of indecomposables in repg(Q,, 1) and we have found one representative for each of them,
we know that no further indecomposable can exist (up to isomorphism). |

Of course, the representations U, ; and V; form a representative system of the indecom-
posables in rep’ (Qp, ).

First, we classify the B-orbits since the Borel is the finest parabolic subgroup and the clas-
sification can easily be generalized to an arbitrary parabolic action.
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000112 001122 01-1222 112222
N /N /0N /N S
0000112 0001122 0011222 0112222

N N 0N/
00001122 00011222 001-12222 B
N N/ N
000011222 000112222 -1
NS / 7NN
00001-12222 : : 011122 - -
7N NN
0-011222 : : : 00112-2 0 112 -1
N SN S N Ny
0-01222 0-012222 : 000122 0012-2 012-2 - .
NN / JoN /N N N S
0--02 0-022 0-0222 0-02222 : 00002-2 0002-2 0022 022 22
N /N /0N S N /N /0N /N SN
0-012 0-0122 0-01222 : : : 000122 0012-2 0122 12:2 1-10
N N S N N 0N N N
0-0112 0-01122 : : 00001-12:2 : 00112-2 0112-2 1122 01-10 1-100
NS 7N N N 0N N N
0-01112 : : 00001-12:2 0001122 : 011122 1112:2 00110 01100 11000
7N 70N N N 0N N S
000011222 0001-122 001-12:2 : 111122 000110 001--100 01--1000
JoN N N N N N S
00001122 00011222 001.12222 001-12:2 : 0000110 0001--100 001--1000
JoN 0N N SN NN S
0000112 0001-122 0011222 01-12222 1122 : 00001100 0001-1000 : : 1111100
N N 0N N SN NS 7N
000112 001122 01-1222 1412222 0-011110 : 00001-1000 : : 0111100 111100
N N 0N N N 0N 0N
001-12 01-122 1-1222 0-01110 0-011100 : : : 0011100 011100 1110-0
N N 0N N N N N N
01-12 1-122 0-0110 0-01100 0-011000 : 0001100 001100 0110-0 110-0
N /N /0N /N S / N 0N N N
112 0-010 0-0100 0-01000 : : 000010-0 00010-0 0010-0 010-0 10-0

Figure 3.1: The Auslander-Reiten quiver I'(Q, 1)
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Theorem 3.1.2. (Classification of B-orbits in N'?)
There are natural bijections between

1. B-orbits in N®,
2. isomorphism classes M in rf:pi;(lj (Qn, I) of dimension vector d s =1,2,...,n),

3. n X n-matrices N = (m; j); j with entries 0 or 1, such that fori € {1,...,n}:
n n
Zm,’,]’ + ij,,- <1
J=1 j=1

4. and oriented link patterns of size n.

Moreover, if an isomorphism class M corresponds to a matrix N under this bijection, the
orbit Oy C R;?J (Qn, ) and the orbit B.N ¢ N® correspond to each other via the bijection
4p

® of lemma|2.3.1]

Proof. The bijection between 1. and 2. directly follows from lemma [2.3.1]
Let M be a representation in relenJ (Qn., 1) of dimension vector d. Then

n n
M= DU eHV;
ij=1 i=1

for some multiplicities m; j,n; € N, since every representation can be decomposed into
indecomposables. Since dim M = (1,2,...,n), we simply need to calculate all tuples
(m,;j, n;) that fulfill

znl m;j-dim U; ; + Zn:ni-di_m(Vi = dg.
ij=1 i=1
Applying the automorphism & of Z" defined by
o(d,da,....dy) =(d1,dy —dy,d3 —da,...,dy —dy-1),
this condition is equivalent to

i s(dim Ui )+ D mi - $(dim Vi) = (1,1, 1, 1),
1

ij=1 i

n n
1 = Zm,-,j + ij,i + n;.
=1 =1

The decomposition of M into indecomposables can be visualized as follows:

n
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e 5 e — e e 5 e — e 1
e - e e 5 e — e 2
° e 5 e — e 3
e -5 e — o n—-2
¢« - o) n-1
) n.

The arrows in the rightmost column of the diagram allow us to read off the indecomposable
direct summands of M. Namely, U, ; is a direct summand of M if and only if there is an
arrow j — i. If there is no arrow at k, the indecomposable V; is a direct summand of M.

Shortening the above picture to the rightmost column, M corresponds to an oriented link
pattern:

The conditions on (m; ;); ; ensure that this graph in fact is an oriented link pattern. The
matrix N := (m; ); j is obviously 2-nilpotent. m]

Remark 3.1.3. We can also rederive theorem of A. Melnikov.

Every B—orbit of an upper-triangular 2-nilpotent matrix corresponds to the orbit of a rep-
resentation in rep?] (Qn. 1) of dimension vector d, which does not contain a representation
U, j as a direct summand for i > j. In this case, the corresponding link pattern consists of

arrows pointing in the same direction. We can, thus, delete the orientation and arrive at a
link pattern as in [Melnikov, 2000).

Define olp(X) to be the oriented link pattern corresponding to both the isomorphism class

of X € repi;<1j (Q,, D(dp) and the B-orbit of X € N’ @,

We denote the set of representatives of B-orbits obtained from theorem[3.1.2] by
n n

Rp:={N = (m;ij € 10,1\ [Vie{l,...,n}: > mij+ Y mj; <1
j=1 j=1

Next, we prove a criterion to decide whether two matrices are contained in the same orbit.

Let us define V; = (ey,...,e;) to be the span of the first i coordinate vectors in K”. Given
a matrix N € N®, we set DV = (lej),-, ; with df.vj = dim(V; N N(V;)); we formally define
d%zObﬁzOmj:O
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The matrix DV is obviously an invariant for the B-action on N®. It is easy to extract an
oriented link pattern from DV as follows:

Proposition 3.1.4. (Identification of representatives)
The matrix N € N® belongs to the B-orbit of a matrix (m; j)1<i,j<n € Rp if and only if

N _ __ N _ N _ N N ..
di,j = Zi’si;j’sj mj j or, conversely, m; ; = dl.’j di_l’j dl.’j_1 +dl._1’j_1f0r i,jel{l,...,n}.

Of course, the number uz(N®) of B-orbits in N® is finite. We can moreover give an
explicit description.

Proposition 3.1.5. (Number of B-orbits in N®)

3
[N]

oy

0o —

o (;i)(” —2n—=2i-1)+n?—n+1, ifnis even;
usN*) =4 =

OMN‘

(2:‘11)(” -2i-D(n-2i-2)+1, otherwise.

i=l
Proof. We define ¢"(x) to denote the number of oriented link patterns of size x, such that
each vertex is incident with an arrow.

Of course,

n—1

TEDY (’7)¢V(n —i)+¢"(n) + 1

i=1 M

and
0 if x is odd;
\ _ ’ )
P = { x(x—1), if xis even,

The claimed equalities follow. |

Example 3.1.6. (Number of B-orbits)
If..

o ..n=2 then ug(N?®) =3,

o .n=3, then ﬂB(N(Z)) =17,

o ..n=4, then ug(N?) = 25,

o ..n=5, then ug(N®) = 81.
Alﬁglying the analysis of the B-orbits analogously to [3.1.1] we can classify the P-orbits in
N,

We start with the coarsest parabolic subgroup, namely, GL,, itself. The GL,,-orbits in the
variety of 2-nilpotent matrices are in bijection with those Jordan normal forms with Jordan
blocks of sizes at most 2 (up to permutation of blocks), thus, it is perfectly clear how the
B-orbits are related to them. As we can easily describe a basis B of K", for which the
representing matrix of the B-orbit representative equals the Jordan normal form, we will
describe the connection in detail. Let N € N® and define A, = 2,...,2,1,...,1).

X times
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Proposition 3.1.7. (Interrelation between B-orbits and GL,-orbits in N®)
The B-orbit of N is contained in the GL,-orbit of J,, if and only if olp(N) has exactly x

arrows.

Proof. If B.N C GL, .J,_, then the oriented link pattern of N has x arrows, since the ma-
trices have the same rank.

If N € NP, such that olp(N) has x arrows, we can without loss of generality assume
N € Rp. We define the set of arrows in olp(N) to be Ny == {j; = i1,..., jx = i)} and the
set of fixed vertices to be Nax = {f1,- .., fu—2x}-

By defining the basis B = (ej,, e;,,...,¢; e ,ep,...,ez , ), the induced representing ma-
trix of the linear map /y (corresponding to N) equals J, . O

Let P be the parabolic subgroup of GL,, of block sizes (by,...,b,) and define the vector
d:=(di,...,d,) by
4 ,_{0, ifi =0;
"\ diey + by, ifiefl,...,p}

As an immediate consequence of theorem [3.1.2] we deduce the following corollary.

Corollary 3.1.8. (Classification of P-orbits in N®)
There are natural bijections between

1. P-orbits in N@,
2. isomorphism classes M in repi;(lj (Qp. I) of dimension vector d ,,

3. matrices N = (p; j)i,j € NP*P, such that for all i € {1, ..., p}:
Zpi,j + ij,i < b;
J J

4. and enhanced oriented link patterns of type (by, ..., bp).

Note that the multiplicity of the indecomposable V; is obtained as the number of dots at
the vertex i, due to the missing of a natural notion of fixed vertices. Therefore, we call
these dots “fixed vertices”, too.

Define eolp(X) to be the enhanced oriented link pattern corresponding to both the isomor-
phism class of X € repy’ (Q,, I)(d,) and the P-orbit of X € N,

Of course, if P is the parabolic subgroup of block sizes (1, ..., 1), we derive theorem [3.1.2]
and every enhanced oriented link pattern of this type is an oriented link pattern. If P = GL,,,
we obtain the classification given by M. Jordan and M. Gerstenhaber, see proposition[2.2.1]

We denote the set of P-orbit representatives by

Rp =N =(pipij e NPV |Viell,...,p}: Zpi,ﬁzpj,iﬁbi :
7 J
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Our aim is to verify an algorithm in order to determine each B-orbit contained in a given
P-orbit corresponding to a p X p-matrix as in corollary [3.1.8]

The idea is the following: Since each P-orbit is represented by a p X p-matrix N, we can
show that all B-orbits contained in this P-orbit are (as B-orbits) represented by matrices,
which are obtained by extending N to nxn-matrices and thereby translating and interpreting
the entries of N. In this way, we obtain the above mentioned algorithm and a precise
classification.

Definition 3.1.9. (Inner sum)
Let N = (n; j)i,j € K™", then define

sum; j(N) := Z Tyy.
di—1<x<d;
dj_|<yde

Let B := (ey,...,ey,) be the basis of coordinate vectors of K.

Proposition 3.1.10. (Interrelation between B-orbits and P-orbits in N®)
Two matrices N and N' in Rp are P-conjugate if and only if sum; j(N) = sum; j(N") for
i,jefl,...,pk

Proof. A matrix S € P withS~!-N-S§ = N’ is induced by a permutation of B, say

oB = (es1), - - - s €om)s

such that if d;_1 < x < d;,thend;_| < o(x) <d; forallie{l,...,p}.

Let i and j be two indices, such that x := sum; ;(N) > sum; j(N’) and assume there is a
matrix S € P with S™' - N - S = N’. Denote the corresponding non-zero entries of N
by (i5, js) for 1 < s < x; they fulfill d;-y < iy < d; and dj-; < j; < dj. Of course,
N-ej =e; andduetod;_| < o(is) <d;and dj_ < o(js) < dj, we obtain x < sum; ;(N'),
a contradiction.

Given N and N’ in Rp fulfilling sum; ;(N) = sum; j(N’) for i, j € {1,..., p}, we have to
define a matrix S € P such that S™' - N - § = N’. We, therefore, define a permutation
o € S, such that the i-th column S.; of § equals es;). Without loss of generality we
assume the oriented link patterns of N and N’ to have x arrows.

First, we define o on fixed vertices.

Let ; be the set of fixed vertices f with d;—; < f < d; in olp(N) and ¥ be the set of fixed
vertices f” with d;_| < f’ < d; in olp(N’). Of course, the number of elements in ¥; and ¥/
coincides for all i. Given F; = {f1,..., fi} and ¥, = {f], .. .,fl:}, we define o(f]) = fi for
all1 <k <.

Next, we define o on the source vertices of olp(N’).

Let S; be the set of source vertices s with d;_; < s < d; in olp(N) and S be the set of
source vertices s’ with d;_; < ' < d; in olp(N”). We order them in the following way:

Let (S;); be the set of source vertices of arrows with targets ¢, such that d;_; < t < d;

in olp(N) and let (S)); be the set of source vertices of arrows with targets ', such that
dj_] <t < dj in olp(N').
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Of course, the number of elements in (S;); and (S)); coincides for i, j € {1,..., p}.

Given (S)); = {s1,..., s/} and (S}); = {s],..., s;}, define O'(S]/C) =sgforallke{l,...,1I}.
Finally, we define o on target vertices.

Let y’ € (S}); be mapped to y € (S;); by o. Let x be the target of the arrow y — x in
olp(N) and x" be the target of the arrow y* — x’ in olp(N’). Then we define o-(x") = x. We
have, thus, defined o on each vertex of the oriented link pattern and, therefore, on S . In
the same way, we have defined the aforementioned basis 0B = (eq())1<i<n.

It now suffices to show S~! - N - § = N’, that is, the representing matrix M7 E(ZN) equals
N’, here we denote by [y and [y the induced linear maps.

If i is a fixed vertex in olp(N’), then o=(i) is a fixed vertex in olp(N) and Ne, ;) = 0. Then
the i—th column of M(;’E(ZN) as well as of N’ equals 0.

If i is a source vertex of an arrow in olp(N’) with a target j’, then (i) is a source vertex of
an arrow in olp(N) with a target j. Thus, N - e, = e; and since o(j') = j, the i—th column
of M72(ly) and of N’ coincide.

If i is a target vertex of an arrow in olp(N’) with a source j, then o (i) is a target vertex of
an arrow in olp(N) with a source i’. Thus, Ney(, = 0 and the i—th column of N’ equals 0
as well. O

Note that the description of the P-orbits can also be deduced directly from the bijection
given in[2.3.1] The proof of the theorem however gives an explicit conjugation matrix and
therefore presents more details about the connection.

We have proven an explicit description of the P-orbits and derive a natural algorithm to
obtain each B-orbit contained in a given P-orbit. The interpretation in terms of oriented
link patterns is quite easy.

Given an enhanced oriented link pattern of k vertices, we construct oriented link patterns
belonging to the P-orbit as follows:

We draw n vertices numbered by 1, 2 up to n, such that we mark the first b; vertices, then
the vertices by + 1 up to by +b; and so on. In this way, we obtain n numbered vertices which
are ordered in p sets by the block sizes of the parabolic. Now all oriented link patterns have
to be constructed, such that the number of arrows from the j-th tuple of vertices to the i-th
tuple of vertices equals the number of arrows from j to i in the enhanced oriented link
pattern. In this way, it becomes obvious why it is necessarily allowed to draw loops in an
enhanced oriented link pattern.

Example 3.1.11. (Parabolic orbits)

Consider n = 4 and the parabolic P of block sizes (3, 1).
Then p =2 and

R R e RS A K
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We fix
11
A=
(5 o)
and express a system of representatives of the Borel-orbits contained in the P-orbit of A in
the following.

The matrices representing these B-orbits can be obtained from its enhanced oriented link
pattern

eolp(A) = ° S e
1 2
as follows:
0O 00O
0 0 01 ./X\o
1 0 00 1 2 3 4
0O 00O
0 0 01 00 00O
.@. 0000 1000 ./\‘../\\.
1 2 3 4 01 0 0 ’ 00 0 1 1 2 3 4
0O 00O 00 00O
0 0 0 1 01 00
.@. 0010 0000 ./\../\\.
1 2 3 4 00 0 0 ’ 00 0 1 1 2 3 4
0O 00O 00 00O
0010
JX N loo o
1 2 3 4 00 0 0
00 00O

The reader can find exactly this picture in theorem|3.3.5)

3.1.2 Unipotent orbits

In case the unipotent subgroup U acts on N®, we can make use of the above given classi-
fication of the B-orbits in order to classify the orbits in detail, even though the action is of
infinite type.

Given a labelled oriented link pattern olp, of shape sh(olp) = ((i1, j1), ..., (is. js)) and of
size n, we can define the matrix N(olp,) € N® by

| A, ifi=igand j= ji;
N(olp,)i; = { 0, otherwise.
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Denote furthermore N(olp) := N(olp; ).

.....

Lemma 3.1.12. (Classification of U-orbits in N®)
There are natural bijections between

1. U-orbits in N®,
2. matrices N(olp,) where olp, is a labelled oriented link pattern of size n and

3. labelled oriented link patterns of size n.

Proof. The bijection between 2. and 3. is immediately clear. We, thus, have to show the
following two claims:

Claim 1: For each matrix N € N® there is a labelled oriented link pattern olp ,, such that
N is U-conjugate to N(olp,).

Proof of Claim 1. Due to theorem [3.1.2] the matrix N is B-conjugate to a unique matrix
Np = (m; )i j € Rp, say b-N-b~' = Ny withb € B. Then b = t-u for a torus element r € T
and a unipotent element u € U:

t-u-N-w'-r'' =b-N-b7' = Np.
Let ((i1, j1), - - -, (is, J5)) be the shape of olp(Np).

By setting 4 := (’”—“ . t“—“) and olp, := (olp(Np), 4), we obtain

tiyi’ > ligiis

u-N-u' =1 Ng-t=Nolp,).

Claim 2: If N(olp,) and N(olp}) are U-conjugate, then olp = olp” and A = p.

Proof of Claim 2. Letolp, = (olp, 1) and olp/’l = (olp’, 1) be labelled oriented link patterns
of size n and shapes sh(olp) = ((i1, j1), ..., (s js)) and sh(olp’) = (G}, j})s- ... (i}, ).
Assume N(olp;) and N (olp/’l) are U-conjugate.

Then N(olp) is T-conjugate to N(olp,) by conjugation with a torus element given by
tii, = 1 and tj_j, = At for all k. With the same reasoning, N(olp’) is T-conjugate to
N(olpl’l). The matrices N(olp) and N(olp’) are, therefore, B-conjugate and olp = olp’ fol-
lows from theorem

There is a matrix u € U such that
u-N(olp,) = N(olpﬂ) - U.

Since
) o wij, * Ak, if j = jrandi < i;
(u- N(oIp)i _{ 0, otherwise,
and

Wj,jMr, ifi=ixandj> ji;
(N(olp,) - )i, = { Ofk ’ otherwise,

we derive Ay = yy for all k. O
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The proof follows from claim 1 and claim 2. m|

Each U-orbit is closed itself, see for example [Kraft, 1984].

3.1.3 The examplesn =3 and n = 4

We present how the parabolic orbits in N® are obtained from the Borel orbits if either
n = 3 or n = 4 in the following; in more detail we show how the enhanced oriented link
patterns (eolps) are built by the oriented link patterns (olps), depending on the parabolic
subgroup. We leave out the numbering of the vertices and denote the parabolic subgroup
of block sizes (iy, ..., ix) by P;,

,,,,, g+
Example 3.1.13. (The casen = 3)

We consider the actions of the Borel subgroup B3, the parabolic subgroups P> and P12
and the general linear group GL3 on the variety Ngz) of 2-nilpotent matrices.

Clearly, the classifications of the P 1-orbits and the P13-orbits are symmetric; hence we
restrict our considerations to the parabolic subgroup of block sizes (2, 1).

Bs-orbits in N;z)

/N N A ANA

Olps e o o e o o e o o e o o e o o e o o e o o

Py 1-orbits in Ngz)

P FAR OIS FARPEIR FE AN
eolps ¢ o 6/\0 6/\0 Q é

GL3-orbits in Néz)

AR ARE] Ao

Olps o o o e o o o o o o o o o o o o o o o o o

eolps 0 o
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Example 3.1.14. (The case n = 4)

We consider the Borel action and the actions of the parabolics P, P31 and P31 on the

variety Nf) of 2-nilpotent matrices.

We include the parabolic action of P15, even though it can easily be derived from the
action of Pa1,1. We leave out the actions of P13 and P12, since they are symmetric to the
actions of P31 and Py 1, respectively.

By-orbits in Nf)

P

/\

s | g% o e e e 00 | 0000 |00 e e | 000 | oo oo
AN NI IATYY
AN BT T Y
PRI I AN AN

Py -orbits in N, iz)

AN I AN RN
R AT IFATIAT Y

eolps 6/\6 . o o/\o

s | WOV O]V TR A
ANIAA AR FAN

eolps Q\.} Qb .-Q o o o o

olps e o o 0

eolps s
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P3 1-orbits in Nf)

SRV
NN AALALY
AR AALALA
clps | (), (‘\Z . (z/ /A A
Pay-orbits in N2
A N I NI 7N
e A T A B N B A
YA
ARAA A AN
o] O O G | N | A
P I T
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Py 1-orbits in N
RN

N AN I B

AR

We have seen how the parabolic orbits can be deduced from the Borel orbits if we make
use of their descriptions in terms of link patterns. Of course, in this way, every parabolic
action on every nilpotent variety N,§2> can be described, even though the number of Borel

orbits increases rapidly.

In order to give an explicit system of representatives concerning a parabolic action, it suf-
fices to pick one oriented link pattern out of each orbit; the set of corresponding matrices
is a system of representatives.

3.2 Homomorphisms, extensions and their combinatorial
interpretation

We can calculate the dimensions of the spaces of homomorphisms between indecompos-
able representations in repg(Q,, I), see [Boos, 2008] and [Boos and Reineke, 2011].
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Proposition 3.2.1. (Homomorphisms between indecomposables)
Leti, jk,1e{l,...,p} Then

L [V, Vil = [V, Ui j] = 0i<k

[V, Wil = bi<k<s

(Up1, Vil = di<t,

(Ui, Ui j] = i<t + 0j<i - ik
(U s, Wil = 0jsk - Oi<k + 0z i<
(Wi, Vil = [ Wi, Ui j1 =0,

N S R WD

(Wi Wijl = Sicksjst;

1, ifx<y;

where 8,<y == ;
=y {O, otherwise.

We also consider the spaces of extensions Extlﬂ(M, M) between indecomposables M and
inj

M’ in repy (Qp, I). For short notation, set [M, M1 = dimy Exthi(M, M).

Proposition 3.2.2. (Extensions between indecomposables)
Leti, jk,1e€{l,...,p} Then

L [V, Vil' =1,
2. [Vi, Ui j1' = ke,
3 [Ups, Vil' = Seeis
4. [Ups, Ui j1' = Sk<j + 01<; - Ok<is
Proof. We make use of the Auslander-Reiten formula (see [[Assem et al., 2006, IV.2])
Extl (M, M') = DHomga(M’, TM).

If at all, a homomorphism can factor through the injective I, at the vertex p, thus, the cases
can be computed quickly by using the inequation

dimg DHom#(M’, M) < dimg Homg(M',TM) :

1. T(Vk = 7/[1,1(4.1 if k < P and T(Vp = (Vl.
In both cases [V}, 7V,] = 61<; = 1. An easy calculation shows that neither of these
homomorphisms factors through 7,,.

2. T(Vk = 7/(1,](4.1 if k < P and T(Vp = (Vl.
Then in the first case [U; j, 7Vi] = O1<j + Ok+1<j01<i = 1 + O41<;j and in the second
case [U; j, 7Vi] = 01<;. An easy calculation shows that the dimension is reduced by
1 when taking the quotient modulo homomorphisms that factor through 7,,.
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3. Uk = Upsr 41 iF kI < p, U, = 0 and TU p = Vi ifk < p.
Then ["L(;C,I,‘l/,~]1 =0if k = p and [V;, 7Uy;] = Ok+1<i otherwise. If k # p, then
[1,, U] = O follows, therefore, no homomorphism factors through 7,.

4. Uy = Uksr 1 itk 1< p, Uy = 0 and Uy, = Vi if k < p.
Then [Uy;, Ui j1' = 0if k = p, [Us j, Ups1141] = Ski<i + Ors1<j0ks1<i if k1 < p
and [U; j, Vis1] = Okr1<i if k < pand [ = p. Since [1,, ™U,] = 0 in all cases, no
homomorphism factors through 7,,.

O

In order to prove an easy description of the parabolic orbit closures in N® in terms of
(enhanced) oriented link patterns, we discuss how the dimensions of the homomorphism
spaces are linked with these.

Definition 3.2.3. (The values a, by, a; and b; ;)
Let M be a representation in repK(Qp, D). Fori, jk,l€{l,..., p}we define

ar(M) = [Vi, M1, b (M) = [Uyy, M1, @(M) = [M,Vi] and b; (M) := [M,U; ;.

If M is arepresentation in repiKnj @Qp,DH(d p)» then an enhanced oriented link pattern eolp(M)
and a 2-nilpotent matrix N correspond to M via corollary 3.1.8] We use the notations
ax(M), ar(eolp(M)) and ax(N) analogously. The same holds true for by, a; and b; ;.

Proposition 3.2.4. (Combinatorial interpretation)
Let M € rep(Qp, 1)(d,) and let X = eolp(M). Then for i, j.k,l € {1,..., p}:

ax(X) = Hlfixed vertices < k} + H{targets of arrows < k},

br(X) = ai(X) + Ylarrows with source <l and target <k},
a;(X) = H{fixed vertices > i} + #{sources of arrows > i},
and Ej(X) = a;(X) + Ylarrows with source > j and target > i}.
Proof. Let M = P! _, U & B V", then

i,j=1 7i,j

P P
ap(X) = [V, M] = Z mi j[ Vi, U; ;] + Zni[(Vk,(Vi] = Z mjj+ Zni,
i=1 I<igk i<k
<j<p

ij=1

p P
bu(X) = [Ups, M1 = D mi [ Uy, Ui )+ nil Ui, Vil = (X + D my,
i=1

ij=1 I<i<k
1<j<i
P 14
ai(X) =M, V] = mi [ Ui, Vil + Z [ Vi, Vil = Z mi + Z Nk,
=1 =1 1<k<p i<k

i<I<p
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and

P P
bij(X) = [M, Ui ) = > mil U, Ui )+ D md Vi Ui ) =@(X) + D .
kJ=1 k=1 i<k<p
J<I<p

O

We obtain an explicit combinatorial description of the dimension of the homomorphism
space between two arbitrary representations M, M’ € repl;{1J @Qp, D):
Corollary 3.2.5. (Dimension of homomorphism spaces)

Let M,M’ € repilf(‘J(Q , 1) with multiplicities (m; j, ng); jx and (m;j, n)ijk Then

p p p p
(M, M) = )" mi by j(M') + > mar (M) = )" m} b j(M) + ) miag(M).
k=1 k=1

ij=1 ij=1

If two representations correspond to oriented link patterns as in theorem [3.1.2] an elegant
way to calculate these dimensions in concrete terms, is to form an unoriented (general-
ized) meander of the two oriented link patterns and to count the numbers accordingly (see
[Melnikov, 2007 for the analogous definition of a (generalized) meander of two link pat-
terns).

In order to form an oriented (generalized) meander of two oriented link patterns of the same
size, we draw both of them on the same n vertices, such that the arrows of the first oriented
link pattern are drown upward and the arrows of the second one are drown downward.

Example 3.2.6. (A meander)
We consider the representations M = Uy @ Urs ® V3 and M’ = U3 Us4 & V).
Then in order to calculate [M, M’] we can form the meander

For every arrow j — i (and for every fixed vertex k, respectively) in the above oriented link
pattern, we count the numbers b; j (and ay, respectively) in the below one:

e for1 — 4 we count
bs (M) = a;(M") + H{arrows with source <1 andtarget <4} =1+1=2,

e for5 — 2 we count
bys(M’) = as(M") + #{arrows with source <5 and target <2} =3+ 1=4and

o for the fixed vertex 3 we count
az(M’) = H{fixed vertices < 3} + H{targets of arrows < 3} =2.

Thus, [M,M’'] = 8.
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3.3 Closures of Borel orbits

We will give a combinatorial description of the degenerations N <geg N" in N @), followed
by a generalization of the description of the orbit closures given in [Melnikov, 2006]]. Then
we present the minimal, disjoint pieces of such degenerations before explicitly calculating
all minimal degenerations.

As stated in theorem[I.1.7] the bijection ® in lemma[2.3.T]is closure-preserving. This leads
to calculating the orbit closures of the orbits in RldrlJ (@, I) instead of calculating them di-
=B

rectly in N,

We make use of theorem @ which states that the partial orderings <geg and <pom are
equivalent in repg(Q,, I).

In more detail, given a dimension vector d, a representation M € repilzlj (Qy, I)(d) degener-

ates to another representation M’ € repi;(1j (@, I)(d) if and only if [V, M] < [V, M'] for every

indecomposable representation V € repg (@, I).

Since [Wy, M] = 0 for every representation M € repi;(lj (Qn, I) and every pair of integers
k,l € {1,...,n} by proposition[3.2.1] we can restrict these indecomposables V to those of
type Uy, and V.

Proposition 3.3.1. (Combinatorial description of degenerations)
Let MM’ € repng(Qn,I) be two representations of the same dimension vector. Then

M <geg M" if and only if ax(M) < ar(M") and by (M) < by (M) for all k,1 € {1,...,n}.
Proof. Given two representations M and M’ in repi;(1j (Qy, I of the same dimension vector,
theorem states that M <4ee M’ holds true if and only if for all k,/ € {1,...,n} the
inequalities [V, M] < [Vi, M'] and [Uy s, M] < [Uyy, M'] hold true.

Thus, the definition of a; and by ; directly yields the claim. O
(@)
(J-i+1xj—i+1)
sponding to deletion of the first i — 1 and the last n— j columns and rows of a matrix in n®.

For k,1 € {1,...,n}, reconsider the canonical projection 7; ;: n® - n corre-

We define the generalized projection 7; j: N 2 — K"*1XJ corresponding to deletion of
the first i — 1 rows and the last n — j columns of a matrix in N®. Now we can define the
generalized rank matrix R(N) of N € N,(l2) by

R(N); j = rank (7; j(N)).
Then the definitions in yield I_Q(N ) = Ry if N € n® and the rank matrix I_Q(N ) is

B-invariant which can be shown easily on the normal forms in Rp.

We define a partial ordering on the set of generalized rank matrices by setting R(N") < R(N)
if (R(N"))ij < (R(N));, il for all i _and J» which induces a partial ordering on the B-orbits in
N@ by BN’ < B.N if R(N") < R(M) for NN’ e N®,

Define Vs; = (ej,...,e,) to be the vector space which is spanned by the last n — i + 1
coordinate vectors of K".
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Lemma 3.3.2. (Generalized rank matrices via dimensions of vector spaces)
Let NN’ € N@, then

R(N") < R(N) if and only if diimg(N" - V; N Vs;) < dimg(N - V; N V)
for alli,jef{l,...,n}.
Proof. Given two matrices N and N’ in N@,
R(N"); j = rank (7; j(N).

The deletion of the last n — j columns of a matrix N can be translated to multiplying
N - N’ where N’ € {0,1}™/ is given by Ny, = 1land N, = 0if k # k. Then clearly
rank (N - N’) = dimg(N - V)).

The deletion of the first i — 1 rows of a matrix N can be translated analogously by multi-

plying N’ - N where N’ € {0, 1}""*"*" is given by N; ,, = 1 if K’ =k+i—1land N, =0
otherwise. Then clearly rank (N’ - N) = dimg(N N Vs;).
By combining both cases, the claim follows. O

We can reformulate the description and obtain a generalization of theorem[2.2.4]

Corollary 3.3.3. (Generalization of theorem2.2.4)
Let NN’ € N, then N <geg N’ if and only if R(N") < R(N).

Proof. Given two matrices N and N’ in N@, then N <4, N’ if and only if
a;i(N) < a;(N") and bi,j(N) < bi,j(N,)
foralli,je{l,...,n}.

The inequality a;(N) < a;(N’) translates to dimg(N’ - V;) < dimg(N - V;) and the inequality
b; j(N) < b; j(N’) translates to dimg (N’ - V; N Vs;) < dimg(N - V; N Vs).

The claim follows. m]

3.3.1 Minimal, disjoint pieces of degenerations

We develop a combinatorial method to produce all degenerations of a given representation
M € rep (Qq, I)(dy) from its oriented link pattern. Therefore, we construct all minimal

degenerations in Ridnj (@, I) in terms of oriented link patterns. Given the bijection in[2.3.1
4ap

we can easily translate them to minimal degenerations in N,

In order to calculate the minimal, disjoint pieces of degenerations in R;”(Qn, I), we con-
L =B

sider degenerations that do not correspond to points in R;’J (Qy, I), that is, representations
4p

M e repi;(lj (Qy, 1), such that possibly dim(M) # d,. They do not correspond to matrices in
N@ but we will use them to find all minimal degenerations in N® afterwards.

The next proposition gives a characterization of the minimal, disjoint degenerations in

repi;(lj (Qy, ), that is, minimal degenerations M <pgeg M’, such that M and M’ do not share

a common direct summand.
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Proposition 3.3.4. (Types of minimal, disjoint degenerations)

Let D <mgeg D' be a minimal, disjoint degeneration in relenJ (Q,I). Then either D' is
indecomposable or D' = U & V, where U and V are indecomposables and there exists an
exact sequence ) > U > D —-V -00r0—->V ->D—->U — 0.

Proof. We combine theorem [I.2.9] with the technique of [Bongartz, 1994, Theorem 4].

Let D <geg D’ be a minimal, disjoint degeneration in repi;{lj (Qu, ). Then theorem m
states that either D <ex; D’ or there are representations W, X, X’, such that D = W & X and
D’ = W @ X’ where X <geg X’ for an indecomposable representation X”.

Clearly, if the second case arises, the representation D’ is indecomposable, since D and D’
are disjoint and, therefore, W = 0.

Assume D <ey D'. Since D <pgeg D’ is minimal, the <cy-relation has to be "minimal” as
well. Thus, there exists a decomposition D’ = U & V and an exact sequence

E=0-U—->D—->V-—>0.

Assume U is not indecomposable. Then there is an indecomposable direct summand of U,
we call it U’, and a retraction r: U - U’. We denote the kernel of this map by Ker (7) and
consider the section s: U’ — U such that r o s = idy-. Looking at the pushout of E by r,
we obtain a representation X and the following commutative diagram of exact sequences.

0 0

l l

Ker (r) —— Ker (r)

| |

0 U—a—D V—0
T
0 U—7r—X \% 0
| |
0 0

Given an exact sequence 0 > A —» B — C — 0 of representations in repi;gj(Qn,I), we
know that A & C <pom B.

Thus,

IfKer (e U &V =D <pom Ker (r) ® X as well, then [/, D’] = [I, Ker (r) ® X] for every
indecomposable representation I. The sequence 0 —» U’ L X - V= 0then splits, such
that there is a retraction p: X — U’ fulfilling p oy = idy-.
Thus,po(Boa)os=po(yor)os =idy and U’ is a direct summand of both D and D’.
A contradiction.

‘We obtain
D <pom Ker 1) ® X <pom Ker (@ U’ @V = D’
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and since <pom and <ge, are equivalent, D = Ker (r) ® X due to the minimality of the
degeneration. Thus, Ker (r) is a direct summand of both D and D’, a contradiction.

Therefore, the representation U is indecomposable and an analogous proof shows that V is
indecomposable, too. O

As we have seen above, all minimal degenerations in rep,” (Q, I)(dj) are of the form
W@ D <qgeg W @ D', such that D" involves at most two indecomposable direct summands.
We have, therefore, “localized” the problem to the consideration of at most four vertices in
the corresponding oriented link patterns.

As mentioned before, we consider degenerations between representations in repiKnj (o)
whose dimension vectors differ from d;. We, therefore, define a set of representations
rep (Qu, 1)(d g)part C 1epa (@, I) such that D € rep' (@, I)(d g)par if and only if there ex-
ists a representation W € repi;(lj (Qy, I) such that D&W is a representation in repiKnj (Qn, D(dp).

In the local case, that is, in repiKnj (Qn, I)(d g)part, We can apply proposition and work
out all minimal degenerations.

Given a minimal degeneration D <pgeg D’ in repiKnj @Q,,H(d p)part> in order to describe all
minimal degenerations, it then suffices to calculate all representations W € rep” (@, I),

. K
such that D @ W <jyqeg D’ ® W is a minimal degeneration in rep}?J (@, )(d B)-

Theorem 3.3.5. (Minimal, disjoint pieces of degenerations)
Let D and D’ be two representations in rep1;<IJ (@, D(d p)part Of the same dimension vector

such that D <mqdeg D' is a minimal, disjoint degeneration in relerlJ (Qy, ).

Considering an arbitrary oriented link pattern, let a < b (respectively a < b < ¢, respec-
tivelya < b < ¢ < d) be the vertices that D and D’ are incident with. Then the degeneration
D <mgeg D" appears in one of the following diagrams.

DA

P
;/\z /1./ \2.\
| D]/, . S\ [D]
| a b c a b ¢
D], T G
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AN /
21. 22.
AN /
D] ¥ K\
2]g 0 0@
a b c d

The diagrams (and the corresponding representations) are named in the diagram as well

as the degenerations for the proof later on.
Note: The degenerations marked with dotted lines are not disjoint, but minimal.

Proof. Let D <pdeg D’ be a minimal, disjoint degeneration in repi;{lj (Qn, D(dp)part-

1. Assume the representation D’ is incident with one vertex a.

Then D = D’ = V,, thus, there is no minimal, disjoint degeneration D <pdeg D’.

2. Assume the representation D’ is incident with two vertices a < b.

Then D' =Up,=Dyor D' =U,, =Dror D' =V, &V, = Ds.
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For k,l € {1,...,n} we calculate
ar(Upa) = 0p<ic < ar(Uup) = Sa<k < ar(Vip ® Vo) = Sk + Op<ic

bri(Up.a) = Op<it0a<iOn<k < bii(Uap) = Sa<itOp<iOasck < bri(Ve®Va) = da<i+0p<i-
Thus, proposition m yields Uy, <11ﬁ deg U, p <ﬁi deg V, & V, as claimed in
diagram A.

3. Assume the representation D’ is incident with three vertices a < b < c.

Then D’ is isomorphic to one of the representations defined in diagram B, that is,
D =U.u®Vy, Dy =Up;®Ve, D3 = U &V, Dy = Uy p®Ve, Ds = Uy DYV,
or D¢ = U, ®V), since for each choice of D’ the representation D7 := V,&V,&V,
has a direct summand in common with D’.

For k € {1, ..., n}, proposition yields

ar(D1) = Op<i + O¢e<k = ar(Dn),
ar(D3) = 0a<k + Oc<k = ar(Da),
ax(Ds) = 0a<k + Op<k = arx(De),

ax(D7) = Ou<k + Op<k + Oc<k

and ay(Dy) = ax(D2) < ar(D3) = ar(D4) < ar(Ds) = ap(De) < ar(D7).

For k,l € {1,...,n}, we obtain

bii(D1) = 0c<i + Oa<iOc<k + Op<i, bii(D2) = Op<i + Ou<iOp<k + Oc<is
bii(D3) = 0c<i + Op<iOc<k + Oas<i, bii(Da) = 0a<i + Op<iOask + Oc<is

bii(Ds) = Op<i + Oc<iOp<k + Oas<is bri(De) = du<i + Sc<iOask + Op<i-

First, let D and D’ be representations in repiKnj (Qn, 1)(d g)part> such that ai (D) = ar(D")
for all k.

- Dy <éég D3, since by (D) < by (D2) translates to d.<x < 0p<x and b < c.

Assume there is a representation L € repiKnj (Qn, 1)(d g)part fulfilling
D, <deg L <deg D;. Then ak(Dl) = ak(L) = ak(Dz), soL = DjorL = Dy,
since D and D, are up to isomorphism the only representations fulfilling this

condition. Thus, the degeneration is minimal.

- D3 <g~eg Dy, since by (D3) < by (Dy) translates to d.<x < d4<k and a < c.

Minimality follows in the same way as before.

- Ds <gé D¢, since by (Ds) < by (De) translates to dp<x < O4<k and a < b.

Minimality follows in the same way as before.

Thus, the degenerations D <mdeg D2, D3 <mdeg D4 and D5 <pygeg D are minimal.
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We consider the remaining cases:

- Dy # D3 since by (D3) < by (D3) translates to dp<; + 04<i0p<k < Op<iOc<k + Ouxi-
Thus, for b < k < ¢ and [ > b we have by (D7) > br(D3), so Dy £ Ds.

- Dy <r2rideg D3, since by (D7) < by (D3) translates to dp<; < d,<; if K < ¢ and is

obvious if k > c.

- Dy #£geg D4 is not minimal, since Dy <mdeg D3 <mdeg D4-

- Dy < deg D4 since by (D) < by(Dy) translates to Sy < Sasy if k < a, to
0 < d4<iif a < k < b and is obvious if k > b.

- Dy # Ds since by j(Dy4) < by (Ds) translates to 0p<i04<k + Oc<i < Op<i + Oc<iOp<k-
Thus, for a < k < b and [ > ¢ we have by j(Dy4) > by (Ds), so Dy £ Ds.

mde -
0 < 6p<;if b < k < c and is obvious if k > c.

- D3 <% . Ds, since by (D3) < by (Ds) translates to 0.<; < dp<s if kK < b, t0

- Dy <fﬁ deg Ds, since by j(D2) < by (Ds) translates to 6.<; < 04«7 if kK < b and is

obvious if k > b.

- Dy <I7ﬁ deg Dg, since by j(Da) < by i(Dg) translates to 6.<; < 0p<; if kK < a and is

obvious if k > a.

We obtain diagram B.

. Assume the representation D’ is incident with four vertices a < b < ¢ < d.

Then D’ is isomorphic to one of the representations defined above in diagram C, that
is,

D =Usoa®Ucp, Dy =Uca ®Uap, D3 = Ugu ® Up e, Dy = Uy e © Uy,
Ds =Upa®Uge, Do =Ue oy ®Upg, D7 = Uy ® Uy, Dg = Uy g ® U,
Dy =Upa®Ueq, Dio = Uga® Upe, D11 = Uy ®Uc g or Do = Uy e @ Up g.

Let D' = U,,, ® U,, be a representation. Then a;(D) < ax(D’) < 2 for all k, thus,
D is the sum of at most two indecomposables as well since a, (D) equals the number
of indecomposable direct summands of D up to isomorphisms. The representation
D, thus, is isomorphic to some D; withi € {1,...,12}.

For k,l € {1,...,n} we calculate

ai(D1) = Oc<k + Sask = ax(D2),
ar(D3) = p<k + da<k = ak(Ds),
ar(Dg) = dask + 0a<k = ar(D7) | ak(De) = Opsk + Oc<k = ar(Do),
ai(Dg) = dask + Oc<k = ar(Dh1),
ai(D10) = Sask + Op<k = ar(D12).
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Furthermore,

bri(D1) = ba<i + Sa<iOa<k + Ocsi + Op<iOc<ks
bri(D2) = 6c<i + Oa<iOc<k + Oa<i + Op<iOd<ks
bri(D3) = 0a<i + 0a<iGd<k + Op<i + Oc<iOp<ks
bri(Dy4) = 0a<i + Oc<iOas<k + < + Op<iOa<k
by i(Ds) = Op<i + 6a<iOp<k + Oa<i + Oc<iOa<k
b i(Dg) = Oc<t + Sa<iOc<k + Op<i + 0a<iOb<ks
br (D7) = Sa<i + Op<iOask + Oa<i + Sc<iOd<ks
b i(Dg) = 6a<i + 0d<iOask + Oc<i + Op<iOc<ks
bii(D9) = Op<i + 0a<iOp<k + Oc<t + Oa<iOc<ks
bri(D10) = 0ast + 0a<iOask + Op<i + Oc<iOb<ks
bri(D11) = 6a<i + Op<iOask + Oc<i + Oa<iOc<ks
bri(D12) = da<i + Sc<iOask + Op<i + Ou<iOp<k-

First, let D and D’ be representations in repiKnj (Qn, )(d g)part With ai(D) = ai(D’) for

all k.

Dy <<11ég D,, since by (D) < by (Dy) translates to dy<x < dc<x if a <1 < b and
isobviousif /<aorb <. .

Assume there is a representation L € rf:pl;(1J @, DH(d p)part that fulfills

D1 <geg L <geg D>. Then ar(D1) = ai(L) = ax(D2), so L = Dy or L = D>,
because D and D, are up to isomorphisms the only representations fulfilling
this condition.

The same proof shows minimality in the next cases.

D3 <Z'eg Ds since by (D3) < by (Ds) translates to dg<x < dp<x if a < I < ¢ and

isobviousif /[ <aorc < I.

Dy <<91é D7 since by (D) < by (D7) translates to d4<x < d4<x if b <1 < ¢ and

isobviousif/ < bord < I.

Dg <(11:é Dy since by (D) < by (Do) translates to S« < dp<x if a < I < d and
isobviousif/ <aord < I.

Dg <(11§g D1y since by (Dg) < by (D11) translates to o< < 4< if b < I < d and
isobviousif /< bord <.

Do <§;‘g D3 since by (Do) < by (D12) translates to dp<x < d4<k if ¢ <1 < d
and is obvious if / < cord < I.

We obtain the diagram

D <mdeg D,
D3 <mdeg Ds
Dy <mdeg D7 | D6 <mdeg Do
Dg <mdeg D11
D10 <mdeg D12-
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For two representations D; and D; in some cases neither D; <geg Dj nor D <geg D;
hold true. We will look at these cases now.

D3 £4eg D3, since by (D7) < by (D3) translates to

Oc<i + Oa<iOc<k + Op<iOa<k < Oa<iOd<k + Op<i + Oc<iOp<k-
We, therefore, obtain b, ,(D2) > b, 4(D3).
Ds #4eg Da, since by (Ds) < by (D4) translates to

Op<i + Oa<iOp<k + Oc<iOd<k < Oa<i + Oc<iOa<k + Op<iOd<-
Hence, by 5(Ds) > by p(Ds).
Ds #4eg Dg, since by ;(Ds) < by (Dg) translates to

Oa<iOb<k + Od<i + Oc<iOa<k < Oc<i + Oa<iOc<k + 0a<iOp<ks
such that the inequality by, ,(D5) > by 4(Dg) follows.
Ds #4eg Ds, since by (Ds) < by (Dg) translates to

Op<i + 0a<iOp<k + Oa<i + Oc<iOd<k < Ous<i + Od<iOas<k + Oc<i + Op<iOc<k-

Then, clearly, by 5(Ds) > bp p(Dg).
D7 £4eg Ds, since by (D7) < by (Dg) translates to

Ob<iOa<k + Od<i + Oc<iOd<k < Oq<iOas<k + Oc<i + Op<iOc<k.
Therefore, b, (D7) > b, p(Dg) holds true.
Dy #4eg Dg, since by (Do) < by (Dg) translates to

Ob<i + Oa<iOp<k + Oa<iOc<k < Oa<i + Od<iOa<k + Op<iOc<k-
We, therefore, obtain by, ;(Dg) > by 5(Dg).
D11 #£deg D10, since by (D11) < by (Do) translates to

Op<iOask + Oc<i + Od<iOc<k < Od<iOask *+ Op<i + Oc<iOp<k-
Thus, b, (D11) > by (D1o) holds true.

Several degenerations, more precisely the degenerations 2.,3.,5.,11.,12.,16.,17.
and 20., are not disjoint. We have proven that they, in fact, are degenerations and
will prove minimality in the following.

D, <§-eg D3 is minimal, since any representation L € repiKrlj (Qn, I)(d g)part ful-
filling Dy <geg L <geg D3 has to be isomorphic to D,. Since we have shown
D1 #4eg D>, minimality follows.

D, <3~eg D4 is minimal, since any representation L € repi,?j Q.. D(d g)part Which
fulfills Dy <geg L <deg D4 has to be isomorphic to D3 or Ds. By our consider-
ations above, Dy £deg D3 and D5 £geg D4, thus, minimality follows.

D, <gé D¢ is minimal, since any representation L € repi;{1j @y, D(d p)part that
fulfills Dy <geg L <geg Dg has to be isomorphic to D3 or Ds. Minimality

follows from Dy #geg D3 and D5 #£geg Ds.

Ds <(lj§'g D5 is minimal, since any representation L € repIKnj(Qn, I)(d g)pare for

which Ds <geg L <geg D7 holds true has to be isomorphic to D4. We have
proved Ds #4eg D4, therefore, minimality follows.
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Ds <(1j§'g Dy is minimal, since any representation L € rep}?] (Qn, I)(d g)part Such
that D5 <geg L <deg Do has to be isomorphic to Dg. Our considerations show

Ds #4eg D and minimality follows.

D, <clig'g Dy is minimal, since any representation L € repiI?j (Qu, D)(d g)part for
which D7 <geg L <geg D11 holds true has to be isomorphic to Dg. We have

shown D7 £4eg Dg, thus, minimality follows.

Dg <r1n7&eg Dy is minimal, since any representation L € repi;{lj(Qn,I)(gl p)part
which fulfills Dg <geg L <geg D19 has to be isomorphic to Dyj. Since we

have proved D1y #£deg D10, minimality follows.

Dy <§g§ Dy is minimal, since any representation L € repiKnj(Qn, D)(d p)part ful-
filling Dy <geg L <geg D11 has to be isomorphic to Dg. By our considerations
above, Dy #£4ee Dg, and minimality follows.

As a last step, we calculate all minimal degenerations that have not been considered
yet, but are still possible at this point.

D2 <?ﬁde D52
The inequality by ;(D2) < by (Ds) translates to d.<x < Sp<x if a < I < b, to
Oc<k +0dq<k < 1+ 0p<i if b <[ < cand to 6.« < dp< if ¢ < . It obviously holds

true for / < a, thus, minimality follows from Dy £geg D3.
D3 <6' D42

mde

The inequality by ;(D3) < by (D4) translates to 6g<x < 1 if a < [ < b and to
Op<k < Og<k if ¢ < [. It obviously holds true for / < aor b < [ < c, thus,

minimality follows from D5 £gee Da.
D3 <8' D62

mde
The inequality by ;(D3) < by (Dg) translates to dg<x < de<k if a < I < ¢, to
Od<k + Op<k < 1+ 6c<xif ¢ <1 < dand to d4<¢ < dc<k if d < I. The inequality
is obviously true for / < a and, since we have shown D5 £ge; Dg, minimality

follows.

Dy <10 Dg:

The inequality by ;(D4) < by (Dsg) translates to dg<x < Oc<k if b < I < ¢, to
Oa<ic + 0g<k < 1+ 0.t if c <l <dandto by« < 6.« ifd < 1. Forl < b, it
clearly holds true as well. The degeneration is minimal, since we have shown

D {deg Ds.

D6 <rlriie Dgl
The inequality by (Dg) < by (Ds) translates to d.<x < 1ifa </ < b and to
Op<k < Ou4<i if d < I; it obviously holds true for /| < aor b < [ < d. The

minimality of the degeneration follows from Dy #£gee Ds.

D7 <r1n5cie D102
The inequality by (D7) < bi(Dio) translates to d,<x < 1if b < I < ¢, to
Oa<k + 04<k < 1+ 0p< if ¢ <1 < d and to dg<x < Op<i if d < [; it obviously
holds true for I < b. Because we have shown D7 %4 Dg and Dy £deg D10,

minimality follows.



66 Nilpotency degree 2

19. .
- D9 < de D]o.
The inequality by ;(Dg) < by (Dio) translates to dp<x < 1 if @ < [ < ¢ and to

Oc<k < 0g<x if d < I. For [ < a or ¢ <1 < d it obviously holds true as well. The

degeneration is minimal, since we have shown Dg £4eg Dg and D1y £geg D1o.
- D11 <§§' D122

The inequality by (D11) < by (Di2) translates to d,<x < 1if b <[ < c and to

Oc<k < Op<i if d < 1. It obviously holds true if [ < b or if ¢ < [ < d, therefore, it

suffices to show minimality which follows from Dy £geg D1o.

We obtain diagram C. O

We can prove the following result about the codimensions of these minimal, disjoint de-
generations.

Corollary 3.3.6. (Codimension of minimal, disjoint degenerations)
Each minimal, disjoint degeneration D <ygeg D' in theorem has codimension 1.

Proof. Let D <pgeg D’ be a minimal, disjoint degeneration in repiKrlj (Qn, D(dg)parr- Then
codim(D, D) = dimOp, — dimOp = [D’, D] - [D, D).
For every two integers x,y € {1,..., n}, proposition [3.2.1] yields

2, ifx<y;

[Vi, Vil = 1and [Usy, Usy] = { 1, otherwise.

We make use of the notation of the representations given in the proof of theorem [3.3.5]

1. Let D <pgeg D’ be a degeneration in diagram A of theorem [3.3.5]

[(L[b,aa (L{b,a] = 17
[ﬂa,ba (l/{a,b] = 2,
(Va®Vp, Vi Vp] =2+ Oas<h + Op<a = 3.

Then codim(D, D’) = 1 follows for both degenerations.

2. Let D <pgeg D’ be a degeneration in diagram B of theorem Then

[D1,D1]=1+0p<qg+0c<p+1=2
[D>,D;] = 1 +5c§a +5b5c +1=3
[D3,D3] =1+ 6a§b +5c§a +1=3
[D4,D4] = 2 +5c§b +6a5c +1=4
[D5,D5] =2+ 6a§c + 6b§a +1=4
[Dg,Dg] =2 + Ob<c + Oa<p + 1=35.

The equality codim(D, D”) = 1 holds true for every degeneration in diagram B.
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3. Let D <jdeg D’ be a degeneration in diagram C of theorem Then

[D1,D1] =2+ 6c<a + Op<aOezd + Oash + SazbOa<c = 2
[D2,D2] =2 + 64<a + Op<aba<c + Oc<h + Oa<hOc<a = 3
[D3, D3] = 3 + p<q + Oc<adbzd + Od<c + GazcOd<h = 3
[D4, D4] = 3 + bu<c + Op<cOi<a + Oa<h + Oc<pOa<a = 4
[Ds, Ds] = 2 + 64<a + Oc<aba<p + Op<c + Oa<cOp<a = 4
[D6, Ds] = 3 + 0p<a + 0a<aOb<c + Oc<d + Oa<dbc<p = 4
[D7,D7] = 3 + 64<p + Oc<pOa<a + Oase + Op<cOu<a = 5
[Ds, Dg] = 3 + 6c<a + Op<abe<a + Sash + Oa<hOasc =5
[Dg, Dg] = 3 + 6c<q + Od<abcs<h + Op<d + Oa<dOb<e = 5
[D10, D10] =4 + 6p<d + Sc<dOb<a + Oazc + Oa<cOazh = 6
[D11, D111 =4 + 0c<p + 0u<pOc<a + Oa<d + Op<dda<c = 6
[D12, D12] = 4 + dp<c + 0d<cObza + Oasd + Oc<ada<h = 7.

Thus, codim(D, D’) = 1 holds true for every minimal, disjoint degeneration. O

Note that the codimension 1 property is obtained from the theory of spherical varieties (see
[Brion, 1989, Brion, 1995]]) as well (a proof is, for example, given in [Timashev, 1994]).

3.3.2 Minimal degenerations in general

Every minimal, disjoint degeneration D <pgeg D’ in repigj (Qn, I)(d g)part is described in
section In order to classify the minimal degenerations in rep’ (Q,, 1)(d), we need
to consider every such minimal, disjoint degeneration D <pqee D’ and all representations
W, such that D& W <qee D’ ® W is a degeneration in repllr{1J (Qn, I)(dy). We give an explicit
description of those representations W for which the aforementioned degeneration is min-
imal.

The following proposition is derived directly from proposition[3.2.1]

Proposition 3.3.7. (Differences of dimensions of homomorphism spaces)
Letk,l € {1,...,n} and consider the minimal degeneration

1. D=U; 5 <mgeg Us; = D', such that s < t.
Then ay(D") — ax(D) = 6s<k<s and by j(D") = by (D) = Or<s - Os<i<t + Os<k<s * Or<l-

2. D=Uss <mdeg Vs ®V, =D, suchthat s <.
Then ai(D") — ax(D) = 6;<x and by (D") — by (D) = Or<s - Os<i.

3. D=U,; 0V <mdeg U5, ®V, = D', such that s <r.
Then a(D") — ax(D) = 0 and by j(D") — by (D) = y<k<r * Os<i

4. D=U 30V <mdeg Uy ®Vy = D', such that s < 1.
ap(D") — ax(D) = 6y<i<i and by j(D") — by )(D) = Op<r - Os<i<s-

5. D=Uu; ®Us; <mdeg Us; ® Uy, = D', such that r < tand u < s.
Then ay(D") — ax(D) = 0 and by (D") = by (D) = dy<k<s * Or<i<s-
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6. D=U ;& Uy <mdeg Uty ®Usy = D', suchthatu <t <s<rt<u<s<r,
t<s<u<r,s<t<r<uort<s<r<au
Then ar(D") — ax(D) = §s<k<r and by (D") — by (D) = Or<; - Os<i<r + Os<i<r - Ouxl-

7.D=U;®U, <mdeg Uy ® Uys =D, suchthats <u <t<r,u<t<s<ror
U<t<r<s.
Then ai(D") — ax(D) = Sy<k<t and by j(D") — by (D) = Ok<r * Su<i<t + Ousk<s * Os<l-

Here, 0y<y<; = 1 if x <y < zand 6<y<; ‘= 0 otherwise.

In order to apply these descriptions in the next proof, it is useful to depict them as follows:
We consider matrices (ay(D’) — ax(D))1<k<n € K" and (by;(D’) — by (D)) 1<k.1<n € K.
They can, for example in case of the first degeneration, be visualized as in figure 3.2. The
light blue parts yield that the entries equal 1, in the dark blue parts they equal 2 (which is
only possible in the case 7.) and otherwise they equal 0.

k l

Figure 3.2: The matrices (ax(D") — ax(D))r and (b (D) — bk (D))k,
in the case 1.

In the remaining cases of proposition [3.3.7} we depict the matrices (ax(D’) — ar(D))x in
figure 3.3 and the matrices (by (D) — by (D)), exemplary in figure 3.4.

Figure 3.3: The matrices (ax(D’) — ap(D))x

We divide the calculation of the minimal degenerations in repiKnj (Qn, I)(dy) into two parts,
starting with the degeneration U; ;s <mgeg Us, since it is the only disjoint degeneration

D <pdeg D', such that D’ is indecomposable in repi;(lj(Qn, D).
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s t s _r t s r t
2 3. 4
s ) s
r r
t t t
r t u__ s r S u t
5 6. 7
u t u
s t
S r r

Figure 3.4: The matrices (by (D’) — by i(D))x.

In this particular setup, the visualizations can be helpful in order to understand the different
cases given in the proof of theorem [3.3.8]

Afterwards, we consider every degeneration D <pgee D’ left. We already know from
proposition that in the second case D’ = U@V, such that U and V are indecomposable
in rep'(Q,, I) and that there exists either an exact sequence 0 > U —» D — V — 0O or

0-V-o>D->U=->Q0.

Minimal degenerations obtained from minimal, disjoint degenerations
D <ndeg D" with D’ being indecomposable

Consider integers s,7 € {1,...,n} for which s < 7 holds true and the minimal, disjoint
degeneration Uy s <mdeg Uy, in repIKnJ (Qn, D)(d p)part-

Let W be a representation in repi;(lj (Qy, 1), such that U, & W € repi;(lj (Qn, I)(dy).

Theorem 3.3.8. (Minimal degenerations U; s & W <geg Us; ® W)
The degeneration U; s ® W <geg Us; ® W is minimal if and only if every indecomposable
direct summand X of W fulfills [ X, U] — [X, U; 5] = 0.

Lemma[3.3.7] thus, yields the following corollary.

Corollary 3.3.9. (Concrete description of theorem[3.3.8)
U s ® W <geg U5y ® W is minimal if and only if every direct summand Vi of W fulfills
k < sork >t and every direct summand Uy of W fulfillsl < sork > t, ork < sandl > t.



70 Nilpotency degree 2

Proof of corollary[3.3.9) Lemma and figure 3.2 state
[Vi, D'] = [Vi, D] = ap(D’) — ax(D) = 6s<k<; and
(Ui, D] = [Up, D] = b i(D’) — by j(D) = Ot * O<ict + O<i<r * Or<i-

Thus, [X,D’] - [X,D] = O translatesto k < sork > tif X =2 Vyandtol < sork > ¢, or
k<sand!>tif X = Uy,. |

Proof of theorem[3.3.8

The only-if part

Let Vi be a representation with s < k < t. Then the degeneration U, ;®Vy <mdeg U, ® Vi
. inj . .. .

in rep @Q,,DH(d p)part 18 not minimal since

(L{t,s @ (Vk <deg q/lk,s ® th <deg (L[s,t @ (Vk

are proper degenerations.

Let U, be a representation with s # k < tand s <[/ < t(ors < k < tand !/ > 1,
respectively). Then the degeneration U, s ® Uy <geg Uy, ® Uy in mpllr(1J (Qn, D(dp)part is
not minimal, since

ﬂt,s @ (L[k,l <deg 7/{k,s @ (l/[t,l <deg 7/{s,t ® (L[k,l

(Ups ® Uy <deg Uis ® Upy <geg Uy, @ Uy, respectively)
are proper degenerations.

The if-part

C C ..
Let W := @ Uy, 1, & D Vi, be a representation in rep (Qy, 1)(d g)part, such that the rep-

x=1 x=1
resentation M = U, ; ® W degenerates to M’ := U, & W in rf:pllr{lJ (Qn, I)(dp).
Furthermore, for x € {1,...,c"} let either k}, < s or k;, > t and for x € {1,...,c} let either

ky>tl,<sor(l,>tand k, < s).

Assume, the degeneration M <ge, M’ is not minimal.

a b ..
Then there exists a representation L = DU, ,. B Vo, € repy (Qu, 1)(dp) that fulfills

x=1 x=1
M <geg L <geg M. Without loss of generality, we can assume M <mdeg L.
Proposition [3.3.1] states [V, M] < [Vi, L] < [ Vi, M'] for all k, in more detail, if k < s
or k > t, then [ Vi, M] = [ Vi, L] = [ Vi, M’] (see lemma [3.3.7) and we can translate the
statement as follows: The source vertices to the left of s — 1 and to the right of ¢ coincide in
olp(M), olp(L) and olp(M”). Also, the number of arrows coincides in all three link patterns

c+1 ol
since [V, M1 = [V, L] = [V, M'], therefore, L = DU, p, P V.

x=1 x=1
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Claim 1: Let U ; be a direct summand of M, Lor M’. If [ < sor (k < sandl > t)or (k > ¢
and / > 1), then Uy is a direct summand of M, L and M’.

Proof of Claim 1. As proposition states, given a representation X € repllr(1J (Qn, D(dp)
the values a;(X) = [Vy, X] can be translated to counting the fixed and target vertices to the
left of , the values by ;(X) = [Uy,, X] can be translated to counting the number of arrows
with a source vertex to the left of / and a target vertex to the left of k in olp(X) and adding
a;(X).

Lemma[3.3.7)immediately yields

o ai(M)=a(l) =a(M)ifl < sorl > t, thus, all source vertices < s and > ¢ coincide
in the corresponding three oriented link patterns and

® by (M) =by (L) =bi(M)ifl <sor(k<sand!l>t)or(k>tand! > t), such that
the claimed arrows coincide in all three oriented link patterns.

The translation from the oriented link patterns to the direct summands of M, L and M’
proves the claim. m|

Claim 2: Let U ; be a direct summand of M, Lor M’'. If t <k and s </ <, then Uy isa
direct summand of M, L and M’.

Proof of Claim 2. Lett < kand s < [ < ¢t for two integers k and /.
First, we assume that Uy is a direct summand of M, but not a direct summand of L.

Since M <pgdeg L, the indecomposable U ; must be changed by some minimal, disjoint
part of the degeneration. The only possibilities for a change like that are the following:

1st case: The indecomposable Uy ; is a direct summand of L, such that k # k’.
1.1. The minimal, disjoint part is Uy ; & Vir <mdeg Ui 1 ® Vi, such that k' < k:

The indecomposable V- can only be a direct summand of M if k¥’ < sor k' > t.
If & < s, we obtain [Uy ;, M] < [U 4, L] and if K’ > ¢, we obtain [Uy ;, M] < [Up 1, L], a
contradiction.

1.2. The minimal, disjoint part is Ui ® Uy <mdeg Ur1 ® Uy, such that k < &k’ and
I <l,orsuchthatk’ <kand!/ </

The indecomposable Uy can only be a direct summand of M if k¥’ > tor I’ < s, or if
k' < sand I’ > t. As has been shown in claim 1, every indecomposable U; ; with j < s,
or with j > t and i < s is either a direct summand of M, L and M’ or a direct summand of
none of them. Thus, ¥ > ¢t and if k < k" and I’ < [, we obtain [Uyy, M] < [Uy,L]. If
k' <kand! <, we obtain [Uy ;, M] < [Uy 4, L], a contradiction.

1.3. The minimal, disjoint part is U ; & Uy g <mdeg Ur x ® Uy -

The indecomposable Uy ;- can only be a direct summand of M if I’ > tor k' < s, or if
I’ < sand K’ > t. As has been shown in claim 1, every indecomposable U, ; with j < s,
or with j > rand i < s is either a direct summand of M, L and M’ or a direct summand of
none of them.
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Thus, I/ > ¢t and the only cases possible are [ < I’ < k' < kand!l < k' < k <I'. We
immediately obtain [Uy ;, M] < [Uy 1, L], a contradiction.

2nd case: The indecomposable Uy is a direct summand of L, such that [ # /'.
2.1. The minimal, disjoint part is Ui ; & Vi <mdeg Uiy © Vi, such that I < I

The indecomposable V; can only be a direct summand of M if I’ < sor// > t.
Thus, I’ > t and we obtain [U,;, M] < [U;, L], a contradiction.

2.2. The minimal, disjoint part is Uy & Uy g <mdeg Ui,y ® Ui

The indecomposable Uy - can only be a direct summand of M if I’ > t or k¥’ < s, or if
I' < sand k' > t. As has been shown in claim 1, every indecomposable U; ; with j < s,
or with j > tand i < s is either a direct summand of M, L and M’ or a direct summand of
none of them, thus, // > ¢. But then we obtain [U,;, M] < [U,;, L] , a contradiction.

3rd case: The indecomposable U is a direct summand of L.

Then [U,, M] < [Uis, L) if s > 1 and [Upp, M] < [Upp, L) if t < n. Of course, if
s = 1 and t = n > 2, no representation W as given in the assumption can exist at all, a
contradiction.

Now we assume that Uy is a direct summand of L, but not a direct summand of M.

As before, the indecomposable Uj; must have been changed by some minimal, disjoint
part of the degeneration. The only possibilities for this change are the following:

1st case: The indecomposable Uy ; is a direct summand of M, such that k # k’.
1.1. The minimal, disjoint part is Uy ; ® Vi <mdeg Uk ® Vi, such that k < k’:

The indecomposable Vy can only be a direct summand of M if k < s or k > ¢, thus, k > ¢
and we obtain [Uy;, M] < [Uy, L], a contradiction.

1.2. The minimal, disjoint part is Uy ; & Uiy <mdeg Ury © Uy, such that k' < k and
I <l,orsuchthatk <k’ and ! < [’

The indecomposable Uy can only be a direct summand of M ifk > torl’ < s,orifk < s
and !/ > t and the indecomposable Uy ; can only be a direct summand of M if k¥’ > ¢ or
[<s,orifk’ <sand![>t.

As has been shown in claim 1, every indecomposable U; ; with j < s, or with j > ¢ and
i < s is either a direct summand of M,L and M’ or a direct summand of none of them.
Thus, k > tand k' > tand if k¥’ < kand I’ < [, we obtain [Uy y, M] < [Up p,L]; ifk <k
and [ < /', we obtain [Uy;, M] < [Uy,, L], a contradiction.

1.3. The minimal, disjoint part is Uy ; & Uy k <mdeg Ur k» & Ui,

The indecomposable U ; can only be a direct summand of M if k" > torl < s,orif k' < s
and / > ¢ and the indecomposable Uy ; can only be a direct summand of M if I’ > ¢ or
k<s,orif ' < sandk > 1.
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As has been shown in claim 1, every indecomposable U; ; with j < s, or with j > f and
i < s is either a direct summand of M, L and M’ or a direct summand of none of them.
Thus, ¥’ > ¢t and I’ > ¢ and the only cases possible are [ < I’ <k <k’ andl <k <k <,
we immediately obtain [U;, M] < [Uy,, L], a contradiction.

2nd case: The indecomposable Uy is a direct summand of M, such that [ # [’
2.1. The minimal, disjoint part is Uy ® V| <mdeg Ui ® Vy, such that I’ < I:

The indecomposable V; can only be a direct summand of M if [ < s or [ > ¢, an immediate
contradiction, since s < [ < t.

2.2. The minimal, disjoint part is Uy & U <mdeg Ui, ® Uy i

The indecomposable U, can only be a direct summand of M if [ > tork’ < s,orifl <s
and &k’ > . As has been shown in claim 1, every indecomposable U; ; with j < s, or with
j>tandi < sis either a direct summand of M, L and M’ or a direct summand of none of
them, thus, [ > ¢ yields an immediate contradiction.

3rd case: The indecomposable U is a direct summand of M.

The indecomposable U can only be a direct summand of M if [ > tork < s,orifl < s
and k > ¢, a contradiction.

Clearly, the indecomposable Uy ; with < k and s < [ < ¢ is a direct summand of M if and
only if it is a direct summand of M’ due to the definitions M = U, ;®@W and M’ = U, & W
and we have shown that the direct summands Uy ; with ¢ < k and s < [ < ¢ coincide in all
three representations M, L and M’. O

Claim 1 and claim 2 show that all arrows [ — k with by (M) = by (M’) and k,[ ¢ {s,1}
coincide in olp(M), olp(L) and olp(M’). More precisely, either there is an arrow [ — k in
olp(M), olp(L) and olp(M’) or in none of them at all.

The minimal degeneration M <jgeg L, therefore, equals

c led c led
M=U & G? U1, @ EBl Vi, <mdeg Uop ® 6? U1, 6? Vo, = L.
X= X= xX= xX=

The minimal, disjoint piece of the degeneration has to be one of the following three, since
every other option is excluded due to the considerations so far.

L4 (L[t,s <mdeg (L{s,t
Then L = M’, a contradiction to the assumption L <geg M’;

hd (L[t,s @ (Vk’ <mdeg (L[t,k’ (&) (Vs Wlth k, >t
In this case U ® Vs £aeg U@ Vi due to theorem and therefore L £qeg M,
a contradiction;

® U s®Vi <mdeg Up,s ®V, withk’ <'s
In this case Uy @V £aeg Us @ Vi due to theorem and therefore L £4eg M’,
a contradiction.

Since we obtain a contradiction in each case, the degeneration M <geg M’ is minimal. O
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Minimal degenerations obtained from extensions

Consider a minimal, disjoint degeneration D <pgeg D', such that D’ = U@ V and U and V

are indecomposable representations in repi;(lj (Qy, I). Then, without loss of generality, there
exists an exact sequence 0 - U — D — V — 0. Let W be a representation in repl;{1J @, D),
such that D & W € rep (Qn, )(dp).

The aim of this subsection is to give an explicit description of those W for which the
degeneration D @ W <geg D’ ® W is minimal. A great help for proving this condition will
be the following two theorems. They have both been proven in [Bongartz, 1994].

For two representations M, M’ € repg(Qy, I), let us define
(M, M’> ={L € I'CPK(Q,,, DM <deg L <deg M/}'

Theorem 3.3.10. (Cancellation of direct summands)

If codim(D, D’) = codim(D&W, D’®W), then the map L — L&W induces an isomorphism
between the partially ordered sets (D, D"y and (D & W, D" & W).

A general description of the above considered minimal degenerations follows.

Theorem 3.3.11. (Minimal degenerations obtained from extensions)

inj

The degeneration D & W <qeg D" & W in rep (Qu, I)(dy) is minimal if and only if the
equalities [X, D] = [X,D’] and [D, X] = [D’, X] hold true for every direct summand X of
w.

Proof. We extract the argumentation from [Bongartz, 1994, Theorem 4].

Let D& W <pgeg U ® V & W be a minimal degeneration in repi;(lj(Q,,, I)(dp), such that U
and V are indecomposables and there exists an exact sequence 0 - U - D -V — 0.

Let X be a direct summand of W, such that [X, D’] > [X, D]. Then the exact sequence
0-U—-D—->V->0
yields the existence of an exact sequence
0 — Hom(X, U) —» Hom(X, D) — Hom(X, V) — Ext' (X, U) — Ext'(X, D),
such that the last map is not injective.

Thus, there exists a representation Y and an exact sequence 0 - U — ¥ — X — 0, such
that the pushout sequence splits and we obtain the commutative diagram

e e
l
(@)

3
o

3

e
3

= v R ol
3
O

S~ <« D ¢« <« O
>
3

With D® X <geg VO Y <geg VO U @ X.
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We denote by Z the representation that fulfills W = X @ Z and obtain
DOW <4 VOY®Z <geg D' ®W,

a contradiction.
A dual argument contradicts the assumption [D’, X] > [D, X] for a direct summand X of
w.

Assume [X,D] = [X,D’] and [D, X] = [D’, X] holds true for every direct summand X
of W. Then codim(D, D’) = codim(D & W, D’ @ W) and theorem [3.3.10)| yields that the
degeneration D ® W <geg D’ ® W is minimal if and only if D <geg D’ is. O

In the following theorem we are able to give all minimal degenerations obtained from
extensions.

Lemma 3.3.12. (Minimal degenerations obtained from extensions in detail)
Let D <pgeg D' be a minimal, disjoint degeneration in relenJ (Qn, I)(d g)par: and let

M=DoW <4 D'®W =M

be a degeneration in repiKnj (Qn, )(dp).
Then M <mgeg M’ if and only if (in the numbering of proposition[3.3.7)

2. [X,D’]1-[X, D] = 0 for every direct summand X = Uy; of W and s < k < t for every
direct summand Vi of W (if D = U,,;) and

3. [X,D’] - [X, D] = O for every direct summand X = Uy; of W and k < s or k > r for
every direct summand Vi of W (if D = U, ; & V) and

4.-7. [X,D'] - [X, D] = 0 for every direct summand X of W (if D & U, U,; & V).

Proof. We consider every minimal, disjoint degeneration D <pgee D" separately, num-
bered referring to proposition Given one such degeneration and an indecomposable
X € rep,(Qq, I), proposition tates the values of [X, D’] — [X, D]. We, thus, calculate
[D’, X] - [D, X] and via theorem obtain a condition stating in which cases X can be
a direct summand of W in order to D @ W <gee D’ ® W being minimal.

Letk,[ ¢ {s,t,u,r}.

2. D=Us; <mdeg Vs ®V; =D, suchthat s < t.
[V, D'] = [V, D] = 6,k = 0 if and only if k < 1.
Fix k < t, then [D’, Vi] = [D, Vi] = (Ok<s + k<) = Ok<t = Ok<s-
Thus, [D',Vi] - [D,Vi] =0if s < k.
[Uk, D] — [Uyy, D] = Sk<s - 04« = Oif and only if k > sorl < ¢.
Fix k > sand [ < 1, then [D’, Uy ;] = [D, Ui1] = (Ok<s + Ok<r) = (Ok<s + 01«1 * Ok<s) = 0.



76 Nilpotency degree 2

3. D=U;®Vy <mdeg Us; ®V, =D, suchthat s <r.

[V, D'] = [Vi, D] = 0 and [D’, Vi ] = [D, Vi] = (Ox<t + Ok<r) = (Ok<s + O<s) = 0 if
andonlyifk < sork > r.

[Ui;, D] — Uiy, D] = Ss<k<r - 01<; = Oif and only if k < 5,k > rorl <t.

Fix k and [ such that k < s, k > ror [ < ¢, then

(D', Uil = [D, Ur1]l = (Ok<s + O1<t * Ok<s + Ok<r) — (Ok<s + O1<s = Ok<r + Ok<s) = 0.

4. D=U &V <mdeg Uy ®Vy=D’,suchthat s < 1.

[Vi,D'] = [Vi, D] = 05<k<t =0ifand only if k < sor k > 1.

Fix k < sork > t, then [D", Vi] = [D, Vi] = (Ox<t + Ok<s) — (Ok<s + Ok<s) = 0.
[(uk,l, D'] - [(L[k’l, D] = 5k<r . 5s<l<z =(0if and only if k > r, I<sorl>t.

Fix k and [/ such that k > r, [ < s or [ > t, then

(D", Uil — [D, Uyl = (Ok<t + 1<t * Ok<r + Ok<s) — (Ok<s + i<y - Ok<r + Ok<) = 0.

5. D=U,; U, <mdeg Us; ® Uy, = D', suchthatr <tandu < s.
[Vi, D'] = [Vi, D] = 0 and [D’, V] — [D, Vi] = (6k<t + Ok<r) — (Ok<r + Sk<;) = 0.
[Ui;, D] = [Upy, D] = Sy<ikcs * Or<i<t = Oifandonly if k < u, k > s, I <rorl >t
Fix kand [ suchthatk < u, k> s,l <rorl >t then
(D", Ui ] = [D, Uyl = (Ok<s + 1<t - Ok<s + Ok<r + O1<r * Ok<ur)
— (Ok<t + Ol<t * Ok<u + Ok<r + O1<y * Ok<s) = 0.

6. D=U3® Uy <mdeg Uty ®Usy, = D',suchthatu <t <s<rt<u<s<r,
t<s<u<r,s<t<r<uort<s<r<u.

[V, D'] = [Vi, D] = 5<k<r = 0ifand only if k < sor k > r.
Fix k < sor k > r, then [D’, Vi] — [D, Vi] = (Sr<r + Ok<) — (Sk<s + Sk<u) = 0.

[Uks, D'] = [Uy, D] = Ok<s - Os<i<r + Os<ik<r - Ousy = 0 if and only if
k>t [ <sorl>rholdstrue and k < s, k > r or [ < u holds true.
Fix kand [/ such that (k > ¢,/ < sorl > r)and (k < s, k> rorl < u), then
(D", U] = [D, Ui1) = (Ok<r + O1<r * Ok<t + Ok<u + O1<u * Ok<s)
— (Ok<s *+ Oi<s " Ok<t + Op<y + O1<u * Ok<r) = 0

7. D=U;® Uy <mgeg Uy ® Uy, s =D',suchthat s <u <t <r,u<t<s<ror
u<t<r<s.

[Vi,D'] = [Vi, D] = 6y<ik<s =0 if and only if k < u or k > 1.
Fix k <uork >t then [D’,Vi] — [D, Vi] = (Ok<s + Ok<s) — (Ok<s + Og<u) = 0.
(Ui, D'] = [Uy 1, D] = Sr<r - Susi<t + Ousk<s * 05<; = 0 if and only if
k>r,l<uorl>tholdstrue and k < u, kK > t or [ < s holds true.
Fix k and [ such that (k > r,l <uorl>1t)and (k <u, k> torl < s), then
(D', Uit) = [D, U] = (Sk<st + O1<s * Ok<r + ks + Ot<s * Ok<ur)

— (Ok<s + Ol<s * Okt + Ok<u + Ol<y * Ok<r) = 0.

In all cases, theorem [3.3.11] yields the claim. O
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Corollary 3.3.13. (Explicit minimal degenerations obtained from extensions)
Lemma |3.3.12| translates as follows: D @ W <qee D’ @ W is a minimal degeneration in

1repi;{lj (Qn, D(dp) if and only if for every direct summand X of W, the following holds true.

2. D=Us; <mdeg Vs®V; =D'":
If X =V, thens <k <tandif X = Uy, thenk > sorl <t.

3. D= (L{r,t@(vs <mdeg (Lls,t@(vr =D":
If X =Vy, thenk < sork >randif X = Uy, thenk < s,k >rorl<t.

4. D=U 0V <mdeg U ®@V;=D':
If X =V, thenk < sork>tandif X = Uy, thenk >r, 1 <sorl>t.

5. D= 7/{“’[ @ ws’r <mdeg ’Us,t @ (L[u,r =D
If X =Uyy thenk <u, k> s, l<rorl>t

6. D= 7/{[’5 57 (L(r,u <rndeg ([/[t,r 57 (L{S,u =D

If X =Vithenk < sork >randif X = Uy, thenk > t, 1 < s orl > r holds true
andk < s, k>rorl<u.

7. D= q/{[,s (&) (L(I’,u <mdeg (Hm D (Uu,s = D,.'

If X=Vithenk <uork>tandif X = Uy, thenk > r, I < uorl >t holds true
andk <u, k>torl<s.

Proof. Follows directly from the proof of lemma3.3.12] m]

Of course, the possible direct summands of W can be read off the values of the matrices
(bri(D") — b (D)) € K™". For whatever k, [ the entry (by;(D") — by j(D))x; equals zero,
the indecomposable U, can be a direct summand of W. The same holds true for X = V
except in the two differing cases mentioned in theorem[3.3.T1]and of course concerning the
matrix (ai(D’) — ap(D)); € K.

Lemma 3.3.14. (Codimension of minimal degenerations)
Given MM’ € rep?J(Qn,I)(c_iB) with M <4eg M’, we have M <pgee M’ if and only if
codim(M, M") = 1.

Proof. If M <pgeg M’ comes up from the minimal, disjoint degeneration U; ; <mdeg Uy,
by adding W, then [U,;, X] = [U,,, X] whenever X is a direct summand of W follows
from theorem [3.3.8]and [X, U, ;] = [X, U] follows by a direct calculation.

If the degeneration is obtained by extensions, the results of corollary [3.3.6] theorem [3.3.§]
and lemma [3.3.12] yield codim(M, M) = 1.

Let codim(M, M’) = 1 and assume that M <ge; M’ is not minimal. Since M and M’ cannot
be isomorphic, the degeneration is a chain of at least two minimal degenerations, each of
which has at least codimension 1. Thus, codim(M, M’) > 1, a contradiction. |
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3.3.3 Dimensions and the open orbit

We will now calculate the dimensions of the isotropy groups, the orbits and their closures.
Note that dimOy = dimOy in R}'(Q,, ) for each representation M € rep,’(Q,, 1)(dy)
4p

K
and dim B.N = dim B.N in N for every matrix N € N?.
Although the dimensions of the orbits are changed by the bijection @ in theorem [2.3.1] we

can nevertheless obtain from proposition that codimensions and the dimensions of
isotropy groups are being preserved.

Let N € N be a 2-nilpotent matrix that corresponds to the representation

M= EB U’ o @ s
i=1

ij=1

in 1ep (@, I)(d,y) via the bijection of lemmal2.3.1

Proposition 3.3.15. (Dimension of GLg4,-orbits in RZ Q. D)
The equalities

dim IsoGLgB (M) = Z m; ib; (M) + Z n;a;(M)
i=1

ij=1
and
n n n
dimOy = Z i2 - Z m; jib; (M) — Z nia;(M)
i=1 ij=1 i=1
hold true.

Proof. Let m be the point in Ri?j (Qy, I) corresponding to M.
B

Since dim Isogr,, (m) = [M, M], the first equality follows from corollary @}
n

Then dim Oy = dim GLy, —dim Isogr,, (M) = 3} i* — [M, M] yields the claim. O

- - i=1
The interpretation in terms of oriented link patterns is as follows:
In order to calculate the dimension of the isotropy group, we add up the invariants b; j(M)
for each arrow j — i in the oriented link pattern, which were defined in[3.3] Then for each
fixed vertex i, we add the invariant a;(M).

Proposition 3.3.16. (Minimal GLg,-orbit in R (@, ))
There is one unique orbit of minimal dimension in R?;(Qn,l), which is represented by

My = @?:1 V; of dimension

) - o nm+1)
dim Oy, = Zz i

i=1

It corresponds naturally to the zero-matrix No in N2, that is, (Ny);, j=0foralli,j.
Of course, dim B.Ny = 0 in N' @,
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Proof. The B-orbit of the zero-matrix Ng has dimension 0. The bijection @ of theorem
[3.1.2] yields the correspondence to the representation My. Since codimensions are being
preserved, clearly the orbit corresponding to the isomorphism class of My is the orbit of
minimal dimension in Rl;; (Qy, I). Its actual dimension can be computed by using proposi-

tion 3.3.131 - m
Proposition 3.3.17. (Open GLq,-orbit in R} (Q,, I))
- =B

There is one unique orbit of maximal dimension in R?; (Qy, 1), namely Oy, such that
n/2 n
. 2 N
Mpax = @ Up—k+1x and dimOy, = Zz -3
k=1 i=1
if nis even and
1/2
U n+ 1

2
Mmax = EB U,- k+1k®(Vn 1y and dlmOMmax Z -
k=1 i=1

ifnisodd.

Proof. Regardless of n being even or odd, theorem yields that every oriented link
pattern corresponding to an arbitrary representation M € rep1r1J (Qn, )(dp) is obtained by
applying “decreasing minimal changes” to the oriented link pattern of My,.x. Thus, for
each representation My, & M € repan (Qu. D)(dp), the degeneration Miyax <aeg M is a
proper chain of minimal degenerations and dim Oy,,,, —dim Oy > 1by lemma[3.3.14 O

We have, thus, found the open orbit in R J(Qn, I). Note that there are no extensions between

direct summands of the representations 1 in the open orbit if n is even. If n is odd, however,
this is not the case. More precisely, Extﬂ(V(nH) /25 Vins1y2) = 1 holds true.

Of course, we deduce

Zl ——, if nis even,
dimRy (Q,. 1) =1 7

S - %, if nisodd.

i=1

Lemma 3.3.18. (Dimension of B-orbits in N®)
Let N € NP, then

n

(n+1)
dimB.N = 2 "2 Z mi jbi j(N) = " niai(N).

i,j=1 i=1

Proof. Let N € N®, then dimIsog(N) = z m; jb; j(N) + z nia;(N).

i,j=1
Since dim B = @ and dim B.N = dim B — dim Isog(), we obtain the claimed descrip-
tion of dim B.N. i
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We obtain the orbits of maximal dimension from proposition|3.3.17|and lemma (3.3.18

Corollary 3.3.19. (Open B-orbit in N?)
There is one unique orbit of maximal dimension in N @) namely B.Npyax with

I, ifi=n—j+1landl <j<5;
0, otherwise;

. n
(Nmax)i,j = { and dim B-Nmax = ?

if nis even and

1, ii:n—'+1andls'§ﬂ; . n? -1
(Nmax)i :{ 0, oftherwise{ ! ’ and dim B-Nax = 2
if nis odd.
Proof. Translating proposition [3.3.17| to N® yields the description of Nya. Lemma
[3.3.18] then provides the claimed dimensions. O
Of course,

2 e
. 2 L% if nis even;
dim N® = { 2

3

—, ifnis odd.

3.3.4 Minimal singularities

Since the bijection @ of theorem [2.3.1] preserves types of singularities, we consider singu-
larities in Rl;J(Q, I) in order to examine singularities in the B-orbit closures in N @,
dp

We denote a representation in repi;;j (Qy, I) by a capital letter and the corresponding point

in RZZ(Q, I) by the same small letter.

In the following, minimal singularities are discussed, that is, given a minimal degeneration
M <mdeg M’, we examine if m’ is a singularity in Oy, where M € rep}’(Q,, I)(d). Since
the bijection ® of lemma[2.3.T|preserves types of singularities, the translation to the B-orbit

closures follows right away.

Note that if a point m’ is contained in the singular locus, then every GL4, -conjugate of m’
is contained as well. Therefore, it suffices to consider representations in normal form.

Given a minimal degeneration M <pgeg M’ in 1repiKnj @y, D(d 5)» we know that M = De W
and M’ = D’ @ W, such that D and D’ are disjoint and D <pgeg D’ is a minimal, disjoint

degeneration as in theorem and codim(M, M’) = codim(D, D’) = 1.
Furthermore, [X, D] = [X, D’] and [D, X] = [D’, X] for every indecomposable direct sum-
mand X of W. Of course, then [X, M] = [X, M’] and [M, X] = [M’, X] holds true as well.

The following theorem is due to K. Bongartz (see [Bongartz, 1994]]) and yields the reduc-
tion to minimal, disjoint degenerations; we formulate it for the setup given above.



3.3 Closures of Borel orbits 81

Theorem 3.3.20. (Cancellation theorem)
Let D <geg D" and M = D ® U <pgeg D' ® U = M’ be degenerations of the same

codimension. Then the two pointed varieties (Opgy, d' ®u) and (Op,d")are ( very) smoothly
equivalent.

Thus, the pointed varieties (O_D, d’) and (O_A,h m’) are (very) smoothly equivalent. There-
fore, in order to classify the minimal singularities, it suffices to describe singularities aris-
ing from the minimal, disjoint degenerations in theorem [3.3.5]

If the minimal, disjoint degeneration D <pgee D’ is given by extensions, K. Bongartz
proves the following theorem (see [Bongartz, 1994]) which can easily be applied in the
setup above.

Theorem 3.3.21. (Smoothness for certain degenerations with two direct summands)
Let M <ngeg M' = U @ V be a minimal, disjoint degeneration of codimension one.

Then Oy is smooth at m’.

As an easy consequence we see that no singularity arises if the minimal, disjoint degener-
ation is given by extensions.

Corollary 3.3.22. (Smoothness of minimal, disjoint degenerations from extensions)
For each minimal, disjoint degeneration D <ygeg D’ given in theorem by extensions,

the point d’ is smooth in Obp.

We aim to describe the minimal singularities arising from the minimal, disjoint degenera-
tion U; 5 <mdeg Uy, for s < t and, therefore, examine the corresponding B-orbits.

Proposition 3.3.23. (Description of B-orbits by equations)
Let N € NP, then B.N is given by matrices X fulfilling the equations X> = 0 and
dim(X - V; N Vy) =dim(N - V; N V) forall i, j € {1,...,n}.

Proof. The datum dim(N - V;NVs;) is B-invariant, it therefore suffices to consider N € Rp.
Furthermore, given N, N’ € Rp the equality dim(N - V; N V3;) = dim(N’" - V; N V;) holds
true for all i, j € {1,...,n}if and only if N = N’. ]

We denote by E; ; the n X n-matrix given by (E; ;); ; = 1 and (E; j)i; = 0 otherwise.

Example 3.3.24. (The casen =2)
We show that the point E| 5 is smooth in the closure of B.E> | C Néz):

Theorem vields B.Ey; = B.E>1 U B.E12 U {0}. The explicit structure of the orbits is
obtained from proposition[3.3.23]

na1 nz2

0
e BE|)= {( 0 n(l)’2 )| nip # 0}

nii nip ) )
e BE>| = {( ) | noy #0; niy +nop=0; nyngy —nipnyg = 0}
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o-{32)

Of course,

nip nip . )
B.Ey) = | nig+n22=0; nianap —nionoy =0p = N7
na1 nap

The ideal
(n1,1 +nop,ni 1m0 —niona ) C k[nyi,nip,non,n22l

is reduced, thus, the associated Jacobian matrix is given by

J_(l 0 0 1 )
n2p —nz1 —ni2 N

and we can read off the smoothness of every point contained in B.E; |, except the zero-
matrix.

In the example n = 3, minimal singularities arise.

Example 3.3.25. (The case n = 3)
The orbits can due to proposition[3.3.23|be described by equations as follows.

0 O n1,3
e BE|3= 00 O | n13#0

0O 0 O

0 mp mj
¢ BE,=40 0 0 ||ma2#0

0O O 0

0 0 my3
e BE)3= 0 0 ny3 || ny3 # 0

0O 0 O

ni M2 N3 . )

B nay # 05 nyngp —nyongy = 0;
° B.Ez’l = np1 npp N3 -0 -
nina3 —nisng =0; nygp +nop =0
0 0 0
0 nmp mg3
B ’ ’ n3p #0; nop +n33 =0; nyon33 —niznzp =0;
® BE3; =43 0 mp mgjs || -
nyon33 —na3n3p =0

0 n3p ns3j3

ny nip Mg n31 #0; nyy +nop+nzz=0;
o BE3; =3| no1 mp na3 || niinza—nipnsg =0; npinzp —naonz g = 0;

n31 N32 N33 nian33 —nmianz =0; nyn33z —ny3nz; =0

Thus, the orbit closures are given by the following equations:
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n Ny N3 ) )
B ni1 +nyo =0; nynop —nionag = 0;
e BEy| =3 n21 mp ma3 || M 1Ms — Mg =0

0 0 0 1123 73N

0 nmp ni3
e BE3; =3 0 mp mg3

| nyp +n33 =0; niono3 —niznay =0;
nian33 —ni3n3p = 0; nponzz —np3nzs =0

0 n3p n33

ni1tnap+n33=0; nynay —nipnag =0;
| 22 T Mot = 0; ny,1n33 —nysnzg = 0;
nyin3s —na3n3y = 0; nyngz —nyzngg = 0;
nipn3s —niansp = 0; npon3z —nosnzp =0

ni N2 N3
e BE3|1=3| m1 mp noj

n31 n3z n33

By using the computer algebra system “Singular” (the computation is attached to the Ap-
pendix @), we can show that the induced ideals

12,1 = <n1,1 + N2, n11N22 —N12N21, N11N23 — N1 3021, N31, N3, I’l3,3>

iy = nyp +n33, n1pN23 — N3N0, N1 2N33 — N 3132,
' npon33 — N2 3N32, N11, N2.1, 13,1

and

nin33 — ni3n3, N21Nn33 —Nn33N131, N1,1123 — N1 3M2 1,

ni +n22 +n33, 1 1N22 —N12N2 1, N2 1N32 —N22N3 1,
I = < >
nipn33 — N1 3n3n, Np2n33 —N23M32

are reduced in k[ny 1,n12,n13,n2,1,n22,123,13,1,132,N33].

Thus, the associated Jacobian matrices can be computed directly. Without loss of general-
ity, we consider the shortened ideal, deleting zero-variables.

The associated Jacobian matrix of B.E 1 is

ny -ny1 0 -mp np 0
J=|n3 0 my -m3z 0 nyy
1 0 0 0 1 0

bl

we directly see that E\ 3, E1 3 and E, 3 are singular points in B.E; 1.

The associated Jacobian matrix of B.E3 3 is

n3z -n3p 0O 0 -m3 nip

J=1 0 0 m3 -n3p -m3 nap
0 0 1 0 0 1

and Ey 3, E1» and E| 3 are singular in B.E3 .
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The final orbit closure to consider is B.E3 1, in which case we obtain the Jacobian matrix

1 0 0 0 1 0 0 0 1
npn> —H 1 0 —ni2 ni 0 0 0 0
0 0 0 n3n —n3 | 0 —n22 np 1 0
7= N33 0 —n3 0 0 0 —ni3 0 ni1
0 0 0 n3;s 0 —n31 —Nn23 0 na1
N3 0 —ny) —N3 0 0 0 0 ni1
0 n3s —n32 0 0 0 0 —ni3 nip2
0 0 0 0 n33 —n32 0 —ny3 N22

The points E13, E12, E>1, E23 and E3 2, thus, are singular in B.E3 ;.

As we have seen, minimal degenerations in general do not correspond to smooth points in
the orbit closures. A conjecture for the general case suggests itself.

Conjecture 3.3.26. (Conjecture for minimal singularities)
The point E; is smooth in B.E; s ifand only ifn =2, s =l and t = 2.

3.4 Closures of parabolic orbits

In view of section [3.3] we generalize the results on B-orbit closures to arbitrary parabolic
actions in what follows.

Let P be the parabolic subgroup of block sizes (b, ..., b,). The closures of the orbits P.N
with N € N® can be classified easily.

Lemma 3.4.1. (Parabolic orbit closures in N®)
Let N € N®, then

PN = U{N’ e N | ai(N) < ai(N") and b; j(N) < b; {(N) for all 1 < i, j < p}.

Proof. Follows directly from section [3.3] i

3.4.1 Minimal, disjoint degenerations

We consider the description of the orbits as enhanced oriented link patterns. The minimal,
disjoint degenerations are given by exactly the same proof as in theorem[3.3.5]

Of course, in case we are looking at repilgj @Q,,DH(d p)part SOMe degenerations are missing,
since the link patterns then cannot have loops or double arrows.

An indecomposable V; is denoted, as before, by a dot and an indecomposable U;; by a
loop at the vertex i.
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Theorem 3.4.2. (Minimal, disjoint pieces of degenerations)
Let D <pgeg D’ be a minimal, disjoint degeneration in relenJ (Qp, ). Then it either appears
in theorem[3.3.5| or in one of the following chains.

-
\ /4

<
° mdeg .

6/\0 <mdeg Oé <mdeg 6}/\0
./\ o <mdeg OQ <mdeg .V/\‘

o/\o <mdeg o/\o <mdeg @ Smdeg o/\o

\ \ N
S i (D i PN, e (I, e PO
N/ A N/
./\. [ ]
.\.”. <mdeg /N <mdeg /\\/1 <mdeg ¥\ <mdeg .Q.
S \A ¢ .\/. N/ N

')
/\ <mdeg /\ Q <mdeg /\ <mdeg /\ <mdeg /\ \ s <mdeg /\
e o o e o o e o o e o o .

U N U N/

Proof. Due to proposition either D’ is indecomposable or D’ is the direct sum of
two indecomposables. In the same way as in the proof of theorem [3.3.5] the so far missing
minimal, disjoint degenerations in rep’(Qp, I) are obtained. O

Each minimal P-degeneration in N‘® is given by some degeneration D& W <pgeg D’ ® W,
such that the degeneration D <pgeg D’ is one of theorem Due to this fact, we can
construct the P-orbit closures for a given P-orbit by adjusting minimal, disjoint moves to
the enhanced oriented link pattern corresponding to this orbit.

We will calculate the representations W which lead to minimal degenerations for parabolic
orbit closures, too. Given a minimal, disjoint degeneration D <pgeg D’ due to the parabolic
action, we have seen that D’ decomposes into two indecomposables. Thus, we are in the
case where the degenerations are obtained by extensions and can prove the minimality by
calculating the dimensions of the homomorphism spaces.
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Lemma 3.4.3. (Minimal degenerations)
Let D <ygeg D’ be a disjoint, minimal degeneration in rep K (Q,,, D with D # Uy 5.

A degeneration M == D® W <4ee D' ® W =: M in rep J(Ql,, D(d}p) is minimal if and only

if
ai(M) = a(M") and a;(M) = a;(M")

for every direct summand V; of W and
bij(M) = bi j(M") and b; (M) = b; ;(M")
for every direct summand U; j of W.

Proof. Since every degeneration is obtained by extensions, the claim follows directly from
proposition [3.2.4 and the proof of theorem [3.3.11] O

3.4.2 Dimensions of orbits

The same reasoning as in the previous section yields the following results about the di-
mensions of the P-orbits. Let N € N® be a 2-nilpotent matrix that corresponds to the

representation
p
w=Duo v
i,j=1 i=1

in rep K (Qp, I)(dp) via the bijection of 1emmam

Proposition 3.4.4. (Dimension of GLg,-orbits in R;‘j @y, 1)

dimOM=Zp:(Z ] Zm,],j(M) Zna,(M)

i=1 \x=1 i,j=1

There is a unique GLg4,-orbit of minimal dimension in Ry, (Qp, 1), represented by

P
Mo = DV of dimension
i=1

P i

dim Oy, = sz D2 i+ by,

i=1 i=1 x=1

It corresponds naturally to the P-orbit of minimal dimension in N®, which is represented
by the zero-matrix and has dimension 0.

Corollary 3.4.5. (Dimension of P-orbits in N®)

dim P.N = ZZ(b -by) - Zm,J i (N) - Znal(N)

i=1 x=1 i,j=1
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Assume N € N® to be a matrix of rank N = x. Considering the GL,-action, the results
above yield

dimGLn N = I’lz—ml,lbl,l(N)—l’llal(N)
= nz—x-n—(n—x)(n—x)

= x-(n—x).

Furthermore, we now know dim Isogy,, (N) = n* —x-(n—x)=n®—xn+ x>

We end the section with the description of the open orbits for these group actions. In case
GL,, acts, the open orbit is clearly given by the highest rank matrices. In case of a parabolic
action, the description is slightly more difficult, though.

Let M be a representation in Ri;j (Qp, 1) and consider the enhanced oriented link pattern
P

corresponding to M. As has been seen in proposition 3.1.10} this enhanced oriented link
pattern can be extended to an oriented link pattern by splitting each vertex k into by vertices

kD, ... k™) and drawing arrows accordingly. Without loss of generality, we denote the
vertices by 1p,...,np and can read off the open orbit directly.
We define ‘Uf; jp = Uyyif there exist 1 < s < byand 1 < 1 < by, such that ip = b

and jp = bg ), Furthermore, set (V;; = V, if there exists an integer 1 < s < by, such that

ip=bY.

Proposition 3.4.6. (Open GLy,-orbit in Ri;j @Qp, D)
The open orbit is represented by

n/2
_ P
Mmax = @w(l’l—k+1)[3,kp
k=1

if nis even and by

_ P P
M = D) UGy 1,0, @ Visor

if nis odd.
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4 Finite classifications in higher
nilpotency degrees

We will next take matrices of nilpotency degree greater than 2 into consideration.

If B acts on N9 and x > 2, the number of orbits is infinite as we will see in section
Thinking in detail about the classification of B-orbits in A'¥) via the associated algebra of
theorem [2.3.1] one realizes that the corresponding quiver as well as the associated classifi-
cation problem are of wild type. The same holds true for arbitrary non-maximal parabolic
actions, which we will prove in section

Considering arbitrary parabolic actions, infinite classifications arise in most cases, but there
is one particular exception: the action of a maximal parabolic subgroup on matrices of
nilpotency degree 3.

4.1 Maximal parabolic action for x = 3

The only case where the algebra associated to the action of P on N™ is representation-
finite comes up for x = 3 and a maximal parabolic subgroup P,, of arbitrary block-sizes
(b1, by). We classify this case in the following before proving that it is the only finite case
in section

4.1.1 Classification of the orbits
Let us define the quiver

aq
Q:=Q(2,3): e —— e D

1 2

Section [2.3| proposes to consider representations of the algebra A = KQ/I where [ is the
admissible ideal I = (@) in order to classify the P,,-orbits in N @),

Define El(;) to be the elementary s X s-matrix with (EESJ.))L j = 1and (Eﬁsj)),v, 7 = 0 for
@G+, 7).

If i < j, we furthermore define e; ; to be the natural embedding of K’ into K.
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Theorem 4.1.1. (Indecomposable representations in repg(Q, 1))
All indecomposable representations in repg(Q, I) are (up to isomorphism) of the form

o Cij :
U= K'— K/ " DN

for certain integers i, j and nilpotent matrices N which are explicitly listed in the table
below.

We thereby name the indecomposables (the indeces coincide with the above mentioned
integers i, j) and describe their dimension vectors which are due to the corresponding
covering quiver and will be understood from the proof.

We again visualize each indecomposable graphically as in theorem [3.1.1|by a diagram of
dots for basis elements and arrows for maps sending one basis element to another; a dotted
arrow marks a map that sends a basis element to the negative of another basis element.

Indecom-— Dimension—
posable vector Matrix N Diagram D(U)
Uu
[ )
U, 01 0
o)
[ )
[ )
Y
7/[ 01 (2) [ ) [ )
0.2 01 E2,1
o) (o)
VY
(1) 11 @) ¢
U, 01 £y 0
[ ) (o)
N
uy? 01 E® e o
12 11 12 1
[ (o)
Yy
11 (2) [ [ )
(L[2,2 11 E2,l T 1
[ ) [ )
Projectives:
01 N Y
(3) (3) ® ® ®
U3 gi By +E5,
o] o) (o)
(1) (l)i I E) '/\v‘/—\;
(ul,3 o1 E2,1 + E3,2 0
[ ] o) (o)
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[ndecom-— Dimension—
posable vector Matrix N Diagram D(U)
Uu
(1) ﬂ CIE) ./\«./‘\;
(uz,3 o1 Eyy + E5, 0
[ ) [ ) (o)
o1 N
) 3, g® e ®
Uuy; (1)} Ey +Ep, )
[ ] (o] (o]
. R
) 3, g® ¢ o e
U5 ?} By +Eys T
[ ) [ ) (o)
Injectives:
(o)
(LII,O 10 0 1
[ )
ﬂ CIE) ./\«./‘\;
U3 0 By +E5, oo
[ ) [ ) [
©) 8} 3 L 53 '(\ b *
Uy " B, +Eyy 0
[ ) (o) (o)
3) ?} 3, g® ‘(—\ b °
U5 1 E, +Ey, t1
[ ) [ ) o
W W N
01 Eg? + E;‘g ° ° ° °
U4 12 1 %
; +E( ) )
01 3.4 ° o o o
el
11 4) 4)
o " E3’1 + E4’2 e o ee
24 +E® T
01 43 ° ° o o
v~ N\
o 01 E® 4 g@ i~ ‘oo
U 12 1,2 1,3
2,4 + E(4) T T
11 3.4 ° ° o o
U i; E(;g + E(144)L e o e o
34 ON oo
11 +E4,3 ° ° ° o
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Indecom— Dimension—
posable vector Matrix N Diagram D(U)
Uu
12 ), () m
4y > Ey)+ E4,2 e o e e o
2,5 +E® L g© T T
01 3.4 1,5 ° ° o o o
ol P NN
'1/1(2) 0 E3’2 + E1,4 ° e e e o
2,5 +E(5) + E(S) T T
12 2.5 45 e e o o o
12 S , Q‘
M > E4,2 + E2,3 ) e e ° °
3,5 +E(5) + E(S) T T T
11 5,3 15 ° ° ° o o
1 ), ) N
y? 12 Ey, +E 3 e e o7 o
3,5 +E® L O T T T
12 1,4 2,5 ° ° ° o o
(6) (6)
Uz 12 +Eg’2L - Eff; e e e’e o o
6 6) 1 0
o1 +ES) + Eg) c « o o o o
(6) (6)
12 E,+E,,
Usg " B0 EY | e T2,
12 6 6 T T T
+E;é - E;é ° ° ° o o o
11 £© L £© ST NG N\
1 2,1 3,2 p
(Ll:(,’é 12 +E(6) E(ﬁ) e F e e o [ ] [ ]
’ 12 347 T4 T
01 +E(6) + E(6) ° ° ° o o o
5.2 6,3
01 ESQ) + EY) /%’
Wy R e ST
- 6 6 1 T T
11 +Eé; - Eég . ° ° o o o
2,1 3,2
N 5 )/_\l
Uy e g +E% + E%z% : - ; = ; - ; o o
11 _E5,1 + E6’2 . o ° ° o o
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Indecom— Dimension—
posable Matrix N Diagram D(U)
vector
Uu
@, M R Sl
12 E1,2 + E4’2 t—* N P ]
(L[ 13 _E(7) _ E(7) [ ) [ ] [ ] [ ] [ ] [ ) [ ]
2 g | Ll
[ ] [ ] [ ] [e] [e] (o] 0]
_E4,6 - E5,7
(7 (7
12 Esy+E5 {m
Uar A e oz O
+E3’7 + E677 ° ° ° ° o o o

The only indecomposable not contained in repi;(lj (Q, ) is the indecomposable U, p.

Proof. In order to calculate representatives of the isomorphism classes of indecomposable
representations of the quiver
a
Q: e —— 0 DO
1 2

we make use of covering theory which was briefly recapitulated in subsection[I.2.1]

The universal covering quiver of Q at the vertex 2 is the (infinite) quiver Q given by

| @iz
e ——— o
| @i
Q: o —— @
lai+1
o —— o

l (07%%)

together with the induced ideal T generated by all Raths a;1a;a;-1, and the fundamental
group Z. The natural free action of the group Z on Q is given by shifting the rows.

The algebra A = Ka/Tis locally representation-finite since for each vertex x € 6, the
number of indecomposables M (up to isomorphism) with M, # 0 is finite as we will see in
the following. Therefore, due to lemma[I.2.3] we have a bijection between the indecom-
posables in A and the indecomposables in A/Z.
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For every integer k, we consider the finite subquiver

o — e
L

e —— @

Qk):

e —— @
| @1

e —— @

together with the ideal /(k) generated by the paths a;1a;a;- fori e {2,...,k—2}.

The Auslander-Reiten quivers I'(Q(k), I(k)) can be calculated with elementary methods
(see [[Assem et al., 2006, IV.4]).

By calculating the Auslander-Reiten quivers ['(Q(4), I(4)) and T'(Q(5), I(5)), we realize that
all isomorphism classes of indecomposables in KQ(5)/1(5) already appear (up to the ac-
tion of Z) in the quiver I'(Q(4), I(4)). The translation of the indecomposables between the
algebras is deduced directly from the action of Z.

It, therefore, suffices to calculate the indecomposable representations of the quiver

Lo
Q4): o — o

L

Lo

o ———— @

with the associated ideal /(4) generated by the path aszasaj, since all indecomposables
arise up to the action of Z and up to isomorphism.

The Auslander-Reitem quiver T'(Q(4), I(4)) is sketched in figure 5.1, where we denote the
indecomposables by their dimension vectors. Note that we directly delete zero rows in the
dimension vectors, such that the identifications by the action of Z can be seen right away.

We derive the Auslander-Reiten quiver I' = I'(Q, 1) just by making the identifications re-
sulting from the action of Z as in the proof of lemma Figure 5.2 shows I'(@, I), the
dotted lines mark the mentioned identifications.
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01 11 01 11
11 01 1 11 01 1 11 01 10

N NN, AIN SN N, INL NN SN S
\‘ /|“ \‘01 /21 \'12 /IIT \12 /I(l)i \12 /I“ \01 /‘g: \'12 /I:? \12 /|(1): \'12 /I” \' /‘

8} _>(1): —12 >0 =13 =1 >3 =i = = S s =13 > >3 S > —>(')} —>H —10

12 11 12 01 12 11 11 o1 12 11 12 01 12 11 11
Ny 2NN AN 2N AN 2N AN N
12

o o 5 o 12 2 5 o i
Ny 7NN YN 2N 2N 2N TN TN
o1 11 01 12 12 11 01 1 10
11 01

o1 01 12 12 11 o1
01 11
N 70N SN
01 12 11
01 11
N, 70N 2N
01 11 10
01 01

Figure 4.1: The Auslander-Reiten quiver I'(Q(4), I(4))

The representations given in the table are all indecomposable, which can, for example,
be proved by showing that the corresponding endomorphism rings are local. Either the
representations have been considered in the 2-nilpotent case or the number of given rep-
resentations coincides with the number of corresponding indecomposables with the same
dimension vectors in the Auslander Reiten quiver I'(Q, I).

o 01 1o
or ! 11 01 11 or ! 11
1y o1 1y
NN N N N NN
I I
12 o ?% 12 12 o
12 Ly 1l 01 12 Ly 11
JoON /7 NS JoON /7N S
11 2 7 ol 12 01 01 12 11 12 5 ol 12
—>12—>23ﬁ->|1—>12—>(1)}—>12—>0|—>|3—>12—>23~‘->11—>12—>
01 2 ¢ 1 11 12 11 12 01 2 ¢ 1 11
N,SON, T N S A A P
I I
12 L1 g 12 12 L2
11 i 5 01 12 11 i 5 01
O0N 7 N /"Ny SN SN 7 Ny S
or 12 12 11 or 12
or 12 12 1 or 12
N, 20N AN, Ny, 70N
Lol 2 11 Lol
Lol 2 1 Lol
.ol ol 11 .ol
! / 70N ! 7
| 11 11 | 11
! 01 11 10 ! 01
| 01 01 | 01
I I

Figure 4.2: The Auslander-Reiten quiver T'(@Q, I)

Thus, for each isomorphism class of indecomposables, a representative has been found. O
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We have found a normal form for each isomorphism class of indecomposable representa-
tions in repl;(1J (@, I) and can, without loss of generality, assume each upcoming indecom-
posable to be in normal form.

Denote by d := (b, n) the dimension vector of theorem and set (LIE(;.) = U, ; for
reasons of formality.

Corollary 4.1.2. (GL4-orbits in Ridrlj QD)

Each isomorphism class in repi;(lj (Q, I)(d) contains a unique representation

Gm)

M = @ U,
1, ],X

(x)

such that 3; j m;;

: ()
i=byand }; ;. mi

j=n

Following lemma [2.3.1] the P,,-orbits of 3-nilpotent matrices are in bijection to the iso-
morphism classes of representations in relerlJ (Q, I) of dimension vector d. We translate the
description of these representatives to the P,,-orbits in N®):

Let U and V be two indecomposable representations in repiKnj (@, I). We denote U <y, V
if U comes up before V in the table of theorem orif =V.

Let U be an indecomposable representation in rep}?j (Q,I) with dimU = (i, j). We de-

note i(U) := i and j(U) := j. Theorem {.1.T]yields a diagram D(U) of i(U) bullets and
J(U) — i(U) circles in the bottom row and j(7{) bullets in the top row.

Assume M = U ® ... ® U is a representation in repiIr{lj (Q, 1) of dimension vector d, that

is, Y7 i(Ux) = by and Y, _, j(Ui) = n. Assume furthermore Uy <iap Uiy for all k and
denote the columns of the diagram D(U) from left to right by (Uy); up to (Uy) jes,)-

If we regard the sequence of diagrams D(U), ..., D(U;) as one diagram of n columns
and s disjoint subdiagrams, we obtain a diagram called D(M) naturally. By changing the
positions of the columns of D(M) to

(UD 15 (UDi)s» U1 (Ui (UD i)+ 15 (UD jayy - (Ui 15 (Us) jeuy)
and by adapting the arrows accordingly, we obtain a diagram which we denote by D(M).

Example 4.1.3. (The diagrams D(M) and D(M))

We consider the maximal parabolic subgroup P, of block sizes (4,9) which acts on Né3)

and define the representation M := leils) @ﬂg?g. The corresponding diagrams (see theorem

which show how basis elements are mapped to each other are given by

o S,

D((nglg) = ° ° ° and D(Y,{;zé) = ° ° ° e e "o
’ T ’ 1 T T

° o o ' ° ° o o o

1 2 3 1 2 3 4 5 6
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We obtain the diagrams

D(M) = e o o o o 7e oo e
T T T T
e o o e o o o0 o o
1 2 3 1 2 3 4 5 6
and
D(M) = e o e e o o eFe e
T T T T
e e e e 0 0o o o o
1 2 3 4 5 6 7 8 9

Corresponding to the diagram D(M), we define the 3-nilpotent matrix N(M) € K™" as
follows:

1, if there is a permanent arrow j — i in D(M);
(N(M));,j =1 -1, if there is a dotted arrow j — i in D(M);
0, otherwise.

Example 4.1.4. (The matrix N(M))
In the setting of example we can read off the matrix

00000O0OO O
00000O0OO O
000000O0T1 O
00100000 1
NM)=|1 0000000 0
00001000 O
00000O0OO O
00000010 O
0100000 -1 0

which is a representative of the corresponding P,,-orbit.

The matrix N(M) corresponds to the representation M naturally via the bijection @ of
lemma[2.3.1] We have, therefore, proved the following corollary of theorem[4.1.1]

Corollary 4.1.5. (Classification of Py,-orbits in N®)
LetN e N (3?, then the orbit P,,.N contains a unique matrix N(M), where M is a represen-
tation in repl;{1J @, D(d).

We have found a normal form for each P,,-orbit.
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4.1.2 Orbit closures

As in section [3.3] by making use of theorem[I.2.8] the orbit closures can be calculated.

Lemma 4.1.6. (P,,-orbit closures in N®)
The P,,-orbit of a matrix N € N is contained in the P,,-orbit closure of N' € N©®
if and only if [V, ®(N")] < [V, D(N)] for all indecomposables V € repy(Q,, I).

The dimensions are given in the following tables. With these, all degenerations can be
obtained in case the numbers n, b; and b, are fixed.

/

Uo.i

E
3
5
N
s
3

0| @] 40| ¢@| ¢® 0| @] ¢
7,{12 (ulz (L(13 (1113 (1/113 i | 23 '1,123 2.3

S
—_— = O = OO O = = =

== O] N N N = = = OO N N = =] = = OO NN =
—| = OB B W W = N = OO R W N = N OO W

l\)NO»—»—ﬂOOONNHNO»—‘OOONN»—O»—*OOONN»—‘4
| N O|=| = OO N =| N O =| O OO N —=| O = OO W| =
B W W W NN W W W W N N =] = =W N =] N == O NN =
N = Of= = O[O N =] N O —=| O OO N = = = OO W N =
W N =[N N == O|W| W N N = = = OIO|W N N | = =[O W N —
B W W[ W NN R B W W N N = = =W W =] N == O W N =
N B B B BRI B R W W N NN N NN N NN N =
Bl W WW| N N[O R W W N =] = = OW N NN = = OO W N =R
DN B W] W QIR & W QI N N N == N N N N == W N~
QN | Al KRR BB W W NN R W NN NOWN =R

Wl W WL L vl P ] R ] R ] R = =] =] =] =] == =o|o|o
Wl | ] R =] P ] R | = =] == =] =] =] =] =] = o] = =] =

Q
[
(=)
—| = Ol = OO~ = | = O R O oo~

W N =[N N
B W N W W
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4.1.3 Dimensions and the open orbit

As in subsection[4.1.1] in order to calculate the dimensions of the P,,-orbits and to describe
the open P,,-orbit in N ) for a maximal parablic subgroup P,, of block sizes (by, b>), we
make use of the translation of lemma[2.3.Tand corollary[I.1.§]

Dimensions of orbits
Let M € repiKnj (@, I)(d) be a representation, then
dimOy = dimOy = dim GLy — dim IsogL, (M)
= dim GLy ~[M, M]
= bl +n* - [M, M]
due to section 2.3] The dimensions, therefore, can be calculated by using the tables of
subsection [4.1.21
Note that the zero matrix in N©® corresponds to the representation My = (Llfll ® ﬂ321 via
the bijection of lemma and the orbit Oy, fulfills
dim Oy, = dimGL, —[U", & Uy, U, & U]
:b%+n2—b%—b1b2—b%
=n-b.
Proposition 4.1.7. (Dimensions of Pp,-orbits in N&)

If a matrix N € N and a representation M € repi;<1j (Q, )(d) correspond to each other via
the bijection ® of lemma[2.3.1} then

dim P,,.N = n> — bib, — [M, M).

The open orbit

We denote the matrix in normal form in the open P,,-orbit in N ® by Nopen and the repre-
sentation in normal form in the open GL4-orbit in RIC?J (Q, 1) by Mopen.

Since the open orbit is the orbit of maximal dimension, we have dim P,.Nopen = dim N ®
and dim Oy, = dimR}'(@Q, D).

Proposition 4.1.8. (Dimension of the variety N®)

n? —3r2, ifn=73r;
dimN® ={ 2 =32 -2r—-1, ifn=3r+1;
n?—3rr —4r-2, ifn=73r+2.
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Proof. In case of the GL,,-action, the open orbit is represented by the matrix N of maximal
Jordan blocks.

Since dim N® = dim GL,, .N = dim GL,, — dim Isog, (N) = n> — dim Isogr, (N) it suffices
to show
3r2, ifn = 3r;
dim IsogL,(N) = { 3r7+2r+1, ifn=3r+1,
3r2+4r+2, ifn=3r+2.

Let n = 3r and let g € GL,,. Then g € Isog,(N) if and only if g = (G; j)1<;, j<r Where
ahj 0 0
Gi’j = bi,j ai j 0 S K3X3
C,',J' bi,j Cli’j
for certain elements a; j, b; j, ¢ ; € K.

Letn = 3r + 1 and let g € GL,,. Then g € Isogr, (N) if and only if g = ( (C;i_’j f;i )
J 1<i,j<r

where G; ; is a matrix as above,

bi
B,-:[O ] and C;j=(c; 0 0) and D =(d)
0

for certain elements b;,cj,d € K.

Letn = 3r + 2 and let g € GL,,. Then g € Isogr,(N) if and only if g = ( gl_” Dl )
J 1<i,j<r
where G; ; is a matrix as above,

b 0
l .0 0
Bi=| b b andcjz(cf | 0) andDz(Z, 2)
0 0 <

for certain elements b;, b!, cj,c;,d,d’ € K.

The claim follows. O

Lemma 4.1.9. (The representation M pe,)
The representation M e, is the unique representation in normal form that fulfills

3r* = byba, ifn=3r,
[Mopens Mopen) =3 3r* +2r+ 1 =biby, ifn=3r+1;
312 +4r +2 - biby, ifn=3r+2.

Proof. Since
dim N® = dim Py.Nopen = dim Oy, — 1+ by = b} + n* = [Mopen, Mopen] — 11+ by,

the claim follows from proposition 4.1.8] ]
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Making use of lemma.1.9) we are able to give an explicit description of the representation
M, open-

Corollary 4.1.10. (Explicit description of the open orbit)
We consider the following cases:

1.1 Ifby < by, such that by < r, then

0, if n = 3r;
Mopen = (U @ (Uo3) " @4 Uoy, ifn=3r+1;
7/[(),2, ifn =3r+ 2;

1.2 If by < by, such that by > r, then

’L(glé, ifn =3r;
Mopen = (U)M@ (U @] U, ifn=3r+1;
(ng, ifn=3r+2;
2.1 If by > by, such that by < r, then
0, if n = 3r;

Mopen = (U & (Us3) ™2 @ Uy, ifn=3r+1;
7/(2,2, ifn =3r+ 2;

2.2 If by = by, such that by > r, then

(ngl), if n = 3r;
1 —r— 1)\n— i
Mouen = ((ng’é)bz r=1 &) ((L{;;)n 2b (&) 7/1( )

>4 ifn=73r+1;
U, ifn=3r+2;

Proof. We only consider the first two cases since the case 1.1 is symmetric to the case 2.1
and the case 1.2 is symmetric to the case 2.2.

Letn = 3r. If b; < by, such that b; < r, then

[Mopen, Mopen] = [(U{)" @ (TUo3) ™", (UD" & (Uo3) ']
= b} +3by(r — by) + 3(r — by)*
=312 — b1by.

If by < by, such that by > r, then

[Mopena Mopen] =[ (L[gé)bl_r 2] (7/1533))"_%1 s ((ngfé)bl_r 2] (ﬂﬂg)n_%l]
=3(b; —r)* +3(b1 — (3r = 2by) + Br —2b;)?
= 3}’2 - b]bz.
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Lemma yields the claim for the case n = 3r.
Letn =3r+1.If by < by, such that b; < r, then
[Mopen, Mopen] = [(U[3)" @ (TUo3) ™" & Uo,1, (U D" & (Uo3) ™" & Up,]
= b3 +3b1(r — by) + 3(r — by)* +2(r — by) + by + 1
= 31’2 +2r+1- blbz.
If by < by, such that by > r, then
[Mopen, Mopen] = [(U5 )"~ @ (L)' @ U, (UL ™ @ (U )" @ U]
=3y —r—1?+30b; —r-Dn-2b)+ (n-2b)*
+4(b —r—1)+2(n—-2b1)+2
=37 +2r+1-bbs.
Lemma[.1.9]yields the claim for the case n = 3r + 1.
Letn = 3r+ 2. If by < by, such that b; < r, then
[Mapen, Mopen] = [(U[) @ (TUo3) ™ @ Uo. (U D" & (Up3) ™" & Up,]
= b} +3b1(r — by) + 3(r — b1)* + 4(r — by) + 2b; +2
=32 +4r+2—bbs.
If b1 < by, such that by > r, then
[Mopens Mopen] = (UL @ ()" @ UL, (U o (U @ U )]
=3(by—r—12+30b; —r—Dn-2b)+ (n-2b)*
+20bi—r—=D+n—-2b)+1
=32 +4r+2 — bibs. O
The translation to the normal form Nopen € N () is obtained from subsection

Example 4.1.11. (The case n = 3)
If Py, is a parabolic of block sizes (1, 2), then Mypen = 11513) and if Py, is a parabolic of block

sizes (2, 1), then Mype, = (Llélg In both cases, the matrix in normal form that represents
the open orbit is given by
0 0O
Nopenz[ 1 00 ]

010

Example 4.1.12. (The case n = 4)
If Py, is a parabolic of block sizes (1,3), then Mype, = ‘L[§13) ® Uy, and

Nopen =

o = O O
oS O O O
- O O

S O OO
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If P, is a parabolic of block sizes (2,2), then Mopen = (Lléli and

N, open =

o = O O
- o O O
- o O O
(=l elNeNe)

We will examine this example in more detail in subsection

If Py, is a parabolic of block sizes (3, 1), then Mype, = (L[§13) ® Uy and

N, open =

(=l el o)
oS = O O
- o O O
=N eleNe)

4.1.4 The parabolic of block sizes (2,2)

We exemplify the results of the previous subsections by calculating a system of representa-
tives for the orbits of the action of the maximal parabolic P,, of block sizes (2,2) on Nf).
We furthermore describe all minimal degenerations that arise in detail.

As an example which shows how easily even a large number of orbits can be classified, we
include the parabolic subgroup of block sizes (3,4) in the appendix[A.2]

The action of P,, provides 14 orbits which are obtained combinatorially by considering
every direct sum of indecomposables of dimension vector (2,4) up to isomorphism.

Given a representation M in normal form, we can calculate the dimension of O(M) by

dimO(M) = dim GL, — dim Isogp,(M)
=20-[M, M].

The normal forms classifying the orbits are listed in the table in figure 5.3 as well as the
dimension of their orbits.

Representation M | dimO(M) || Representation M dim O(M)
M, :=UY) 18 Ms = U e U, 17
My = U 15 My := U @ U, 16
Ms = U @ Uy, | 17 My := U @, 14
My = U;z; ®Upy, | 16 My, = UEI; @7/{52; 15
M5 = US; GB(L[()’I 14 M12 = Ugl; @(Lll,l 69(LIO,I 14
Mg = Usp ® Uy, | 14 M :=UDeU oUy, | 11
My :=UpoU;, | 12 My :=Ul @ U, 10

Figure 4.3: Normal forms in the P,,-orbits
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We can read off a necessary criterion for degenerations, since the orbits contained in an
orbit closure are of smaller or equal dimension.

In order to calculate the exact degeneration diagram, we calculate the dimensions of the ho-
momorphism spaces, namely [V, M;] for every indecomposable representation V € repx(Q, 1)
following lemma([I.2.8] The dimensions are listed in the tables in figure 5.4.

We compare every two representation that fulfill the necessary condition given by their
orbit dimensions and arrive at the degeneration diagram in figure 5.4 which sketches how
the diagrams and the representing matrices of the orbits degenerate to each other.

/

s | Unz | Uos | Ui | V| wty] viy] vty | vl udy] U | e | o) udy| op)
M |2 3 4 0 0 1 2 |2 2 3 14 0 0 |1 2
My | 2 3 4 0 0 1 2 |2 3 3 14 0 1 1 2
Mg | 2 3 4 0 1 1 2 12 2 3 4 1 1 1 2
My | 2 3 4 0 1 1 3 2 3 3 4 1 1 2 3
My | 2 3 4 0 1 2 12 |2 3 3 15 1 1 2 2
M, | 2 3 4 0 1 2 13 ]2 3 4 |5 2 2 12 3
M| 2 4 4 0 1 2 13 |2 3 4 |5 1 1 2 3
Ms | 2 3 4 0 1 2 13 12 3 4 |5 2 2 12 4
Mg | 2 4 4 0 1 2 13 |2 3 4 |4 2 2 12 3
M| 2 3 4 0 2 2 13 |2 3 4 |5 2 2 |2 3
M| 3 4 4 0 1 2 13 |2 3 4 |5 1 1 2 3
My |3 4 4 0 1 2 14 |2 4 4 |4 2 2 12 4
M| 3 4 4 0 2 2 14 ]2 4 4 16 2 2 12 4
M| 4 4 4 0 2 2 14 |2 4 4 16 2 2 12 4
< Loty | o | vp] vn] G| U] U] v] 03] Vel 05 | 0G| U] Use] Ui
M |2 3 3 4 4 0 1 2 3 4 |2 4 5 |2 3
Ms | 2 3 4 4 5 0 |2 |2 3 4 |3 4 5 |2 4
Mg | 2 4 3 4 4 1 2 12 3 4 |12 4 5 |2 4
My | 2 4 4 5 5 1 |2 |3 4 5 13 5 6 |3 5
Mgy | 3 4 4 5 5 1 3 13 4 5 |3 4 6 |3 5
M, | 3 5 5 6 6 2 |3 |4 5 5 |4 6 7 |4 6
M| 3 5 5 5 5 1 313 5 5 13 5 7 | 4 5
Ms | 3 5 5 6 6 2 |14 |4 5 6 | 4 6 7 | 4 7
Mg | 3 5 5 6 6 2 |13 |4 5 5 |4 6 7 |4 6
M| 4 5 5 6 6 2 14 |4 5 6 |4 5 7 |4 7
Miy| 3 5 5 5 5 1 |3 |3 5 6 |3 5 7 14 |6
M7 |3 5 6 6 6 2 13 |4 |6 6 |4 6 7 14 |7
M| 4 6 6 6 6 2 14 |4 |6 7 |4 6 8 |4 |7
Myl 4 6 6 6 6 2 |4 |4 6 8 | 4 6 8 | 4 8

Figure 4.4: Dimensions of homomorphism spaces
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Note that we delete the bottom row of the diagrams corresponding to the orbits, since they

coincide for each orbit.

0000
1000
® & & o (||
0000 0000
0000 0000
ARt o |, LY
® & & 0 () 0010 | ®@ ® ® @
0000 0000
0010 0000
e & & 0 () 0100 |®@ @ . [ ]
N/
0110 0000
AWM N | 20!
e & & 0| (((¢ e e o o (l)ggg
0000 0000 0000 0000
0010 0010 0000 1000
AA | oo AA | e || e | N Mz n | A A
® & & 0 () ® & & 0 (((0 0100 |® ® ©® @ 0010 | ®@ ®© ® @

0000
0000
0000
0010

M| FN

0000
0001
0000
0000

0000
0000
0000
0000

/

N [37]

Figure 4.5: Degeneration-diagram for the parabolic subgroup of block sizes (2,2)

4.2 A finiteness criterion

Next, we consider fixed integers n and give an explicit description of all finite types of the
action of a parabolic P on any variety of nilpotent n X n-matrices that appear.
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It is redundant to consider 2-nilpotent matrices, because it has been shown in chapter 3| that
all parabolic actions on 2-nilpotent matrices are finite. In the following, we look at small
examples, thereby discussing the methods and fixing the notations.

Let n=2. All matrices are either 2-nilpotent or equal to the zero-matrix.

Let n=3. The Borel subgroup Bj acts infinitely on N§3), since

000

{Dl(/l)::{l 0 0J|/leK*}
210

is a 1-parameter family of pairwise non-conjugate matrices (this has been worked out in
[Halbach, 2009]]). The only proper parabolic subgroups left in GL3 are those of block-sizes
either (1,2) or (2, 1). Both are maximal and have been discussed in section [4.1]

Note that B,,, thus, acts infinitely on N,(,X) if x > 2, so that we do not have to consider the
action of the Borel subgroup anymore.

Let n=4.
o Letx=3.

The maximal parabolic subgroups of block-sizes (1, 3), (3, 1) and (2,2) have been
considered in The parabolic subgroup P of block-sizes (1, 1,2) acts infinitely,

since
0 00O
1 00 O
1 . %
00 00O

is a 1-parameter family of pairwise non-P-conjugate matrices which is clear by our
considerations in the case of the B3-action on Nf). Due to symmetry, the parabolic
subgroup of block-sizes (2, 1, 1) acts infinitely, too.

The parabolic subgroup P of block-sizes (1,2, 1) acts infinitely because

{D2() =

- o O O
- o O O

0 0

1 0 .

| 0 | 1€ K}
A 0

is a 1-parameter family of pairwise non-P-conjugate matrices.

o Letx=4.
The maximal parabolic subgroup P of block-sizes (2, 2) acts infinitely, since

{EQ) = | 1€ K*}

—_—— O O

0
0
0
1

A——o
o O O O
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is a I-parameter family of pairwise non-P-conjugate matrices. The maximal parabolic
subgroup P of block-sizes (1, 3) acts infinitely, because

1 1 0 0

| -t -1 0 o0 .
(FO=| | 14K
A a-1 -1 1

is a 1-parameter family of pairwise non-P-conjugate matrices. Due to symmetry, the
maximal parabolic subgroup of block-sizes (3, 1) acts infinitely, too.

Let n=5.

o Letx=3.
The maximal parabolic subgroups of block-sizes (1,4), (4, 1), (3,2) and (2, 3) have
been considered in section .1l The parabolic subgroup of block-sizes (1,1,3),
3,1,, (1,1,2,1), (1,2,1,1), (1,1,1,2) and (2,1, 1, 1) act infinitely, since the 1-
parameter family of the Bs-action on Nf) yields a 1-parameter family of pairwise
non-conjugate matrices for each of these cases.
The parabolic subgroup P of block-sizes (1, 3, 1) does not act finitely because

0 00

{D3() = | e K*)

&= = O
—_ o O O
- o O O
- o O O
o O O O

0
is a 1-parameter family of pairwise non-P-conjugate matrices.

o Letx=4.
The parabolic subgroup P of block-sizes (2, 3) acts infinitely because

0 00O00O

0

(E'l:=1 10 0 0||aekK”
1
0

is a 1-parameter family of pairwise non-P-conjugate matrices.

The parabolic subgroup P of block-sizes (1, 4) acts infinitely because

1 1 0 00
-1 -1 0 00
(Flly =1 2-1 a2 -1 1 0 [|1eK")
A aA-1 -1 10
0 0 0 00

is a 1-parameter family of pairwise non-P-conjugate matrices. Due to symmetry, the
maximal parabolic subgroups of block-sizes (3,2) and (4, 1) act infinitely, too.
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e Letx=>5.
Since all parabolic actions already act infinitely on N§4), there is nothing left to
consider.

One can see that for n = 4, only the maximal parabolic subgroups act finitely on the
variety of 3-nilpotent matrices and each action becomes infinite if we swich to considering
all 4-nilpotent matrices. In the case n = 5, every parabolic action on N§4) is infinite. We
generalize these observations in the following.

Theorem 4.2.1. (Classification of finite parabolic actions)
The action of a parabolic subgroup P in GL, on the variety N,(,x) is finite if and only if
x <2, or Pis maximal and x = 3.

The proof of theorem [4.2.T| follows from lemma.2.2]and lemma[4.2.3]

Lemma 4.2.2. (Infiniteness of non-maximal parabolic actions on N,(f) )
Each conjugation action of a non-maximal parabolic P C GL,, on N,(lx) is infinite if x > 3.

Proof. Let P ¢ GL, be a parabolic subgroup of block-sizes (b1, ...,b)).

We divide the proof into two parts. First, we show that each parabolic subgroup P(x)
of block-sizes (1, x, 1) acts infinitely and deduce the claim afterwards. As has been seen
above, it is of utility to define 3-nilpotent matrices D, (1) for A € K* as follows:

A, ifi=nandj=1;
(Dx()ij=q 1, f(1<i<mnandj=1or(i=nandl < j<n),
0, otherwise.

Claim: A 1-parameter family of pairwise non-P(x)-conjugate matrices is given by
{Dx(1) | 1€K™}
Let A4, 4 € K*, such that 1 # u. Let us assume there is a matrix P € P(x) with
P-D,(1) = Dy(u) - P.

Then Py ;= Pi_1, =0forall2 <i<nand

n—1

A
D Pij=(=2)-Pry=(n-2)-= Py,
i,j=2 H

an immediate contradiction since A4 # u.

Let us consider a parabolic subgroup P of block-sizes (b1, ..., b)), where p > 3 and b; > 1
foralli,say by =s+1land b3 =1 +1.

We define matrices DZZ (n, A) for A € K* as follows:

(Db (/D)i—s i—s ifS+1Si,sz+b2+2;
S R 2 JJ
(D, 1 D { 0 otherwise.
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Claim: A 1-parameter family of pairwise non-P-conjugate matrices is given by
{Dy,(n, 1) | 1€ K*}.
We proceed inductively on the matrix size n.

The beginning of the induction is given by the case n = 3. Clearly (b1, b>2,b3) = (1,1, 1)
and we arrive at the introductory example given above. In more detail, the 1-parameter
family {D;(1) | A € K*} consists of pairwise non-B3-conjugate matrices.

Assume that, for fixed k < n and each parabolic subgroup P* c GL; of block-sizes
;,...,b), where b’1 =s +1and bg =t + 1, all matrices in the 1-parameter family

(D5 (k, )| A€ K*)
2
are non-P’-conjugate.
Let A, u € K*, such that A # u and assume there is a matrix A € P, such that
A- DZZ(”’ A) = Dgz(n,y) -A.
Firstcase: t #0orp >4

The equality is independent of the entries A;, if i < s or i > s+ by + 2 and of the entries
A jif j € {1,...,n}. Furthermore, A, - (Diz(n, AD)sn = 0 and (Dzz(n,,u))n,* “A; =0
for all i; therefore, without loss of generality, we can set A,, = 1 and A;,, = A,,; = O for
ief{l,...,n—1}. Itis easily examined that the existence of a matrix A € P solving

A- DZZ(”’ A) = Dls)z(n,,u) -A

is equivalent to the existence of a matrix A’ that is obtained from A by deleting the n-th
column and row, solving

A’ -Diz(n -1,1) = Diz(n —1,u)-A.
A’ is a matrix of block-sizes (b1, ...,b, — 1) and the induction yields the claim.

Second case: r =0and p =3

Without loss of generality we assume s > 0, since otherwise we derive at a parabolic
subgroup of block-sizes (1, b2, 1), which has already been considered.

The equality does not depend on the entries Aj ; if j < s and on the entries A; 1 if 1 # s+ 1.
Additionally, A; . - (Dzz(n, )1 = 0and (Dzz(n, 1.4 - A = 0 for all i; without loss of
generality we set Aj; = 1 and A;; = A;; = O forall i # 1. It can be verified quickly that
the existence of a matrix A € P which solves

A- DZZ(”’ A) = D‘;z(n,,u) .\

is equivalent to the existence of a matrix A’ that arises from A by deleting the first column
and row which solves

A Dy n- 1,0 =D} (n-1,p)- A'.

A’ is a matrix of block-sizes (b — 1, by, 1) and the induction yields the claim. O
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Lemma 4.2.3. (Infiniteness of maximal parabolic actions on N,(,4) )

Each conjugation action of a maximal parabolic subgroup P C GL, on N,(,4) is infinite.
Proof. Let P ¢ GL,, be a parabolic subgroup of block-sizes (x, y).

First case: x> 2andy > 2

Say x = s+ 2 and y =t + 2, where it is possible that s = Q0 or = 0.

Claim: A 1-parameter family of pairwise non-P-conjugate 4-nilpotent matrices is given
by
{E°(n,4) | 1€ K™},

where E*(n, A) is defined by

(E(D)i-s J—5> ifs+1<i,j<s+4;
s o ’
(E(n, /1))1,] . { 0, otherwise.

The beginning of the induction is given by the case n = 4. Then (x,y) = (2,2) and
the introductory example given above yields the claim. More precisely, the 1-parameter
family {E£(1) | 4 € K*} consists of pairwise non-P-conjugate matrices.

Assume that, for fixed k¥ < n and for each parabolic subgroup P’ ¢ GL; of block-sizes
(x',y"), where x’ = s’ +2 >2and y’ = ¢ + 2 > 2, all matrices in the 1-parameter family

(EX(k,A) | 1 € K*}

are pairwise non-P’-conjugate.

Without loss of generality, we can assume s > 0 (if s = 0, the claim follows for ¢ > 0 due
to symmetry).

Let A, u € K*, such that 1 # u, and assume there is a matrix A € P, such that
A-E'(n,A) = E*(n,u) - A.

The product A - E*(n, A) of the equation is independent of the entries A;; if i € {1,...,n}
and of the entries Ay ; if j < s or j > s + 4. Also, the product E*(n, u) - A is independent
of the entries Ay ; if j € {1,...,n} and of the entries A;; if i < s ori > s + 4. Moreover,
Aix - E'(n, D)1 = 0and E*(n,u)1 .+ - A«; = 0 for all i, thus, without loss of generality, we
setAj; = 1 and A1 =A; = Oforie{2,...,n}

Then there is a matrix A € P solving
A-E’(n,A) = E*(n,u)-A

if and only if there is a matrix A’ that is obtained from A by deletion of the first column
and row, such that
A B n-1,0)=E"n-1u-A.

A’ is a matrix of block-sizes (x — 1, y) and the induction yields the claim.
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Second case: x = lory=1

Let without loss of generality x = 1, thus, y = n — 1. The opposite case follows due to
symmetry.

For 1 € K*, let us define

| (FQ))iy, 1<, j<4
(F(n, D) _{ 0, otherwise.
Claim: A 1-parameter family of pairwise non-P-conjugate 4-nilpotent matrices is given
by
{F(n,1) | 1€ K*}.
We proceed inductively on the matrix size n as in the first case.

The beginning of the induction is given by the case n = 4. Then the block sizes of P are
(x,y) = (1,3) and we arrive at the introductory example given above where a 1-parameter
family {F (1) | A € K*} of pairwise non-P-conjugate matrices was given.

Let us assume that, for fixed k£ < n and each parabolic subgroup P’ ¢ GL; of block-sizes
(1,y"), all matrices in the 1-parameter family {F(k,1) | 4 € K*} are pairwise non-P’-
conjugate.

Let A, u € K*, such that A # ¢ and assume, there is a matrix A € P, such that
A-Fn,A) = F(n,u)-A.

Then, as before, A - F(n, 2) is independent of the entries A;, if i € {1,...,n} and of the
entries A, ; if j < 5; and F(n,u) - A independent of the entries A;, if j > 5 and of the
entries A, ; if j € {1,...,n}. The equalities (A, j)i<j<s - F'(1) = 0 and F(u) - (A;)1<i<4 = 0,
therefore, yield that we can, without loss of generality, set A,,,, = 1 and A;,, = A,; = 0 for
ie{l,...,n—1}.

Then the existence of a matrix A € P for which

A-Fn,A)=F(n,u)-A

is equivalent to the existence of a matrix A’ which is deduced from A by deletion of the
n-th column and row for which

A-Fn-1,)=Fn-1,u)-A
holds true. A’ is a matrix of block-sizes (1, y — 1) and the induction yields the claim. O

Remark 4.2.4. The proofs of lemma[.2.2|and lemma provide a concrete 1-parameter
family of non-conjugate nilpotent matrices for each parabolic subgroup P that acts in-

finitely.

Given an arbitrary parabolic subgroup P of GL,, the action on N,(zx) translates to an infinite
classification problem if either x = 3 and P is not maximal or x > 3. In all these cases,
we consider the generic approach in chapter [5| which is a common tool to analyze infinite
classification problems.
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4.3 A wildness criterion

Let us fix p > 1. Section[d.2] shows that the algebra A(p, x) is of finite representation type
if and only if x € {1,2}, or p = 2 and x = 3.

4.3.1 The representation type of the corresponding algebras

In this subsection, it will be shown that each remaining algebra is of wild representation
type.

Proposition 4.3.1. (Representation type of A(p, x))
The algebra A(p, x) is of wild representation type if and only if A(p, x) is not of finite
representation type.

Proof. If A(p, x) is not of finite representation type, then either x = 3 and p > 2, or x > 4.

If x = 3 and p > 2, then the covering quiver of A(p, x) at the vertex p contains the
subquiver

la
Q': [ ° °
| o

without any relations.

If x > 4, then the covering quiver of A(p, x) at the vertex p contains the subquiver

e —— @
L

Q' o—— o
|

e —— @
las

e — @

without any relations.

These subquivers are not quivers of extended Dynkin types, therefore, the algebra A(p, x)
is of wild representation type. m|

Of course, we have shown that A(p, x) is never of infinite tame representation type.

Note that we cannot conclude that each parabolic action admits 2-parameter families of
non-conjugate matrices. It is possible that certain parabolic actions admit at most 1-
parameter families of pairwise non-conjugate matrices. One example is the Borel-action
on the nilpotent cone for n = 3 as has been seen in section .2]
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4.3.2 Concrete 2-parameter families via tree modules

Since the algebra A(p, x) is of wild representation type if either x = 3 and p > 2, or x > 4,
it is natural to try to exhibit a 2-parameter family of pairwise non-conjugate matrices for at
least one parabolic action corresponding to A(p, x).

We follow the method for constructing indecomposable modules T. Weist describes in
[Weist, 2010] of which we describe the general idea first.

Let U and U’ be two indecomposable representations of a finite-dimensional path algebra
A = KQ, such that dimU and dimU’ are real roots and such that the root dimU + dimU’
is an imaginary root of Q. Assume that [U’, U] = 0 = [U, U’]" and [U’, U]' = 3, then the
representatives X of the middleterms of the classes of extensions

0->U—-X->U —0]
yield a 2-parameter family of pairwise non-isomorphic indecomposable A-representations.

We consider the two cases that come up in the proof of proposition[d.3.1]

First case:

Let us define the quiver

° ° °
1 2 3
Q' [ ] o °
4 5 6
° ° °
7 8 9

and the root

d=(1,2,3,1,3,4,1,2,3)=(0,1,1,0,1,2,0,1,1)+(1,1,2,1,2,2,1,1,2)..

e= e'=

Then g(d) = 54 — 55 = —1 and, thus, d is an imaginary root of Q’; furthermore the equali-
ties g(e) =9 — 8 = 1 and g(e’) = 21 — 20 = 1 yield that e and ¢’ are positive real roots.

There are indecomposable KQ-representations U, and U, such that dimU, = e and
dimU, = ¢

0—0— K —id— K K —id— K —e1 +e2» K2

\

e‘1 id

1 l
U,: 0—0— K —e— K? Uy K —ea— K2 —id— K2
e ‘ ¢ ‘
(e1 +e2)' id

l
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We calculate the Euler forms
(e,€’y=0 and (¢',e) =-3.

Furthermore, (U, U,] = 0. In general, for two KQ' -representations M and M’, the equal-
ity

(dimM, dimM’) = [M, M'] - [M. M']"
holds true (see, for example, [Ringel, 1976[]). We obtain [‘ng/,(blg]l = 3 and use these

extensions to glue the two representations together in order to obtain the sought represen-
tations, here A, u € K:

0 K K
,{}[
g2 K -2 K2
el
l
0 0 K © K> id
A
id
K “ K2 K2
(e1 +e2)
00 g W g
A
ﬂ.
g7 K -atre K2
We obtain the representation
KM kT b g0,
with
000O0O0GO0O 0000O0O0O 0O
L0 o 1 0000GO0O 000O0O0GO0TO OO
10 0 0100000 0000O0O0O 0O
01 0 00100GO0O0 1 0000O0TO0O
o ~lo oo |0 001000 101000000
“‘_010"0000000"00100000
00 1 000O0T1GO00O0 000O0O0O0TO OO
0 0 000O0O0OT1O0 00010000
K 000O0O0OT1O0 000O0T1UO0TO0O0
000O0O0O0°1 0000O0T1T1O0

For fixed parameters A, u € K*, this representation is isomorphic to a unique representation
of the form

S OO DODOD OO O OO

s eloBoleol«l =l =eio)
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€37 €7,10
K3 K7 KIO D N/l,,u

Let P be the parabolic subgroup P of block sizes (3,4,3). Our considerations prove the
following proposition (see [Weist, 2010])).

Proposition 4.3.2. (2-parameter family for the first quiver)
A 2-parameter family of pairwise non-P-conjugate matrices in N® is induced by the ma-
trices

0O 0 000 O O O o00O
0O 0 000 O O 1 00O
0O 1 000 O O O OO
0O 0 000 O O O o00O0
N 0O 0 000 O O -1 00
W=1'1T 0 000 0 0 0 00
0O 1 001 - O O 1O
0O 0 000 O O O oO00O
A 0 01 0 O O O 0O
0 -1 000 1 0 O0 0O
for A, u e K.
Second case:
We consider the quiver
e —— @
1 2
Ik
Q' o— o
3 4
) e
e —— @
5 6
) @

—e
© e

and the root

d=(1,2,2,3,1,3,1,2) = (0,1,1,2,0,1,0, 1) + (1, 1,1, 1, 1,2, 1, 1).

= e=

I

Then g(d) = 33-34 = —1 and, thus, d is an imaginary root of Q’; furthermore the equalities
q(e) =8-7=1and g(¢e’) = 11-10 = 1 yield that e and ¢’ are positive real roots as before.

We proceed as in the first case and define indecomposable KQ-representations U, and U,,
such that dimU, = ¢ and dimU, = ¢€’.
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0—o0o—K K—id— K
& i

l l

U,: K —ea— K? Ue: K—id— K
[ \

(e1 +er) e

e fz L
0 —0— K K —ea— K?
\ \

id (61+ez)t

l 1
0—o0o—K K—id— K

The equality [U,, Ug]1 = 3 holds true, thus, we can again glue the representations U, and
U, together and obtain the sought representations, here A4, u € K:

0 0—— K
27
s e
K -id —>K
K 314>K2 id
(614‘-62)’
K -id —0 K
0 0—— K ‘2
A
/1d id
Km#[(z
0 0—— K (e1 + &)
A
g |
Ve

K-d— K

We obtain the representations

a,l,ﬂ

K> K" DA

for certain matrices a,, and A, which can be read off the diagram. For fixed parameters
A, u, this representation is isomorphic to a unique representation of the form

€5.10
KS

K" DO Niy

Let P be the parabolic subgroup P of block sizes (5, 5); we obtain the following proposition
as in the first case:
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Proposition 4.3.3. (2-parameter family for the second quiver)
A 2-parameter family of pairwise non-P-conjugate matrices in N is induced by the ma-
trices

000 O 0O0O0O O O
100 0O 00O0O0O O O
000 O 0O0O0O O O
000 O 0O0O0O0 O O

N 000 1 00O0O0 1 0

W= lo oo 0 0000 0 O
200 0 0100 0 0
001 O 0O0T1O0 0 O
010 0 0000 0 O
000 1l—xg 0001 —u 0

for A,u e K*.



5 Generic classification in the nilpotent
cone

In the following, we verify a parabolic normal form for the orbits in an open subset of the
nilpotent cone N for an arbitrary parabolic subgroup P of GL,.

5.1 Generic normal forms

In [Halbach, 2009] and [Boos and Reineke, 2011]], a generic normal form for the orbits of
the Borel-action is given, generalizing the case n = 3, which has been described in all
detail in [Halbach, 2009]]. We will generalize the results to arbitrary parabolic actions.

As in[3.1.1} let P be a proper parabolic subgroup of GL, of block sizes b := (by,...,b)).

Define
4= 0, ifi =0;
L di-1+b;, ifl<i<p
and d := (dy,...,dp). Let V be an n-dimensional K-vector space and denote the space of

partial p-step flags of dimensions d by F4(V), that is, ¥4(V) contains flags
O=FycF i Cc...CFpoCFy CF,=YV),

such that dimg F; = d;. Let ¢ be a nilpotent endomorphism of V and consider pairs of a
nilpotent endomorphism and a p-step flag up to base change in V, that is, up to the GL(V)-
action via g.(Fs, ¢) = (gF., gpg™").

Let us fix a partial flag F. € F4(V) and a nilpotent endomorphism ¢ of V.

Lemma 5.1.1. (Interrelation between partial flags and nilpotent operators)
The following properties of the pair (F., @) are equivalent:

1. dimg go"‘dk(Fk) =dy for every k € {0, ..., p},

2. there exists a basis wi,...,w, of V, such that for all k € {1,..., p}:

(ak) Fr=wi,...,wq)

and for everyk € {2,..., p}:

Wi+l mod <Wd1+2, L) Wn> s l:fx < dla
) wa+1 mod (Wgpets. .., Wy, if X =dikog;
(b) @(wy) = q £ d:
Wx+1 mo <de+1"~~,wn>7 l.f k—1 <x< k>

0, ifx=n.
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Proof. If 2. holds true, then 1. follows:

Let wy,...,w, be abasis of V that fulfills (a) and (b).
An easy induction shows

weei mod (wj|j>x+i), ifx+i<n
0, ifx+i>n.

‘pi(Wx) = {

Thus,
G U EFD) = (@R, R a)) = Wt W)

and dimg t,o"‘dk(Fk) =d forall k € {0,..., p}.

If 1. holds true, then 2. follows:
We will start discussing permanence properties of the rank of ¢’ for arbitrary i:

Let dimg "% (F;) = dy for all k € {0, ..., p}, then dimg ¢"~%(V) = d holds true and,
therefore, rank ¢"~% = dj.

If for an integer i the condition rank ¢’ # 0 holds true, then rank ¢/ > rank ¢'*! follows.

Furthermore, rank go”‘d/’-l = d),-1 and rank t,oi #0forie{l,...,n—d,}, we, therefore,

immediately see rank 9"~ = i fori € {dp_1,...,n— 1}.

Since rank ¢ = n—1 and, thus, dimg ker ¢ = 1, we arrive at rank "~ = i fori € {1,...,d;}.

We have proven that the following equation holds true for every integer i € {1,...,n}:
rank " = i.

Let uy,...,u, be a basis of V that is adapted to F,, that is, Fy = (ui,...,uq,) for every
integer k € {1,..., p}.

Let x € {1,...,n}, then without loss of generality, due to the rank conditions examined
above, we can assume
dimg ¢"*((ui, . .., ux) = x.
In particular ker¢p = <go”‘1(u1)> C ¢"*((uy,...,uy)) and there exist elements b; , € K,
such that .
¢ = ) by "N ).
i=1
We define .
I/t; = Z bi,x ©Uj
i=1
and note that u], ..., u, form a basis of V, which is adapted to F,:

Assume that b, , = 0, then

x—1

¢ = ) by "N ).

i=1
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Application of ¢ yields 0 = Z bix - ¢ D(u;). But then b; , = 0 for all i < x, since

i=1
D), " D, )

are linearly independent. We derive ¢"~!(u;) = 0, a contradiction.

Since the basis uy, ..., u, is adapted to F., the basis u’l, ...,u, is adapted to F, as well; it
furthermore fulfills

dimK<<p” x(u ),...,go" * (), )> X.

Let x € {1,...,n}, then in particular ¢" ™ (&) = u), = ¢"*~ (u ) per definition and

) = () = 6 1) =0

n
Given x € {1,...,n}, we define c,; € K to be elements, such that ¢ (u}) = 3’ cy; - u;. Then
i=1

¢ (uy)=u',, mod < U s ..,u;l> holds true, since

Qon_x_l (u;c+1) = ”;l
= ¢ (1))

n—x—1

= o @ (u)

= 2 cn ¢ (u)

i=1

—x—1 1
et )+ Y e ).

i<x+1

N

Thus, ¢y x+1 = 1 and ¢y; = 0if i < x + 1 and, therefore,

’ ’ ’
o) =u,,, mod < x+2,...,un>.
Since every endomorphism of a K-vector space V' has a representing matrix in Jordan
normal form, we can choose a basis vy, ..., v,, such that for every integer k € {1,..., p}
the following two conditions hold true:

o Fr=(vi,....vq),

Vel Mod (Vgi1,...,Vn), ifdi) <x<dg;
0 mod (de+1,...,vn>, if x = dk.

® ¢(vy) = {

In more detail:

If we pass to ¢’ : K" — K" by base change with respect to the basis of coordinate vectors
in K", we see that the representing matrix A has rank n — 1; the partial flag translates to
Fk = <€1,...,edk>.
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Since the adaption to the flag does not depend on the choice of basis vectors of each space
(ed,_,+1,---»e€q,), the base change “inside the blocks” can be brought into Jordan normal
form and we arrive at the above mentioned block-Jordan basis vy,...,v,, such that for
every integer k € {2,..., p} and every dy_; < x < dj there are elements d; , € K for which

di
’
Vy = Z diy - u;.

i:dk_l +1

Letk € {2,..., p}. The next aim is to define a basis (v’l, ..., V), such that

/ / / M —_ .
Vi1 mod <vdk+1,...,vn>, if x = dy_y;
7Y — ’ / ’ : .
e(Vy) =1 v.,, mod <vdk+1,...,vn>, if dy_1 < x < dy;
0, if x = n.
So far, we know ¢ (vg, ) = vg,_,+1 mod {(vg4,_ +2,...,Vn), thus, there are elements 7; € K,
d
suchthat ¢ (vg,_,) =vg_,+1+ > Mi-vi mod (Vgis...,Vn)-
i=dy-1+2
We define
Vi if x = dj_1;
’ dk .
vx = Vx + Z ndk,l—x+1+i Vi, lfdk—l <x< dk’
i=x+1
Vs lfx =n.

Then clearly vi,...,v; build a basis of V that is adapted to F.

Given dy_1 < x < di, we calculate

dy.
7Y —
SO(Vx) =@lvxt+ Z Ndj_—x+1+i " Vi

i=x+1
d
=Vl + Z Ndioy—x+1+i * Viel  Mod (Vgi1,...,Vn)
i=x+1
d
= Vy1 + Z N —(e+y+1+i * Vi MO Vg1, .oy Vi)
i=x+2
’ ’ ’
=V, mod <de+1’---"’n>-
Let x = di_1, then v, = v, and
d
’
(V) = vxs1 + Z ni-vi mod (Vg1,--.,Vn)
i=x+2
d
= Vel + Z Ndior -G D140 - Vi mod (Vgi1, ..., V)
i=x+2
’
=vi,; mod (Vgi,...,Vn)

’

_ ’ ’
=V, mod <de+1’---"’n>-
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Since ¢ (v;,) = ¢ (v,) = 0, the basis v{, ..., v; has the desired properties.

The last step is to define a basis wy, ..., w,, such that

Wyr1 mod (Wg 42, .., Wn), if x <dp;

) wa_ 41 mod (Wai1,...,wy), if x =di_y;
o (w) = y "y i
W}C+1 mo <de+l7---9wn>’ 1 k—1 <x< ks
0, if x = n.

We fix elements A, € K, such that for 1 < x < d;:
@ Wy) =Wyl + A - Wwap1 mod (W, 42,...,Wp).
By defining

1, if x = 1;
—Ag1, if x = 2;

x=1
_.Zoﬂl"/ldl—x+i’ if2<x<dl,
=

we are able to introduce vectors w, as described above by setting

dy—x
/ 1 .
Wy = g‘) Mi Vi ifx<d
Vi, if x > dj.
Then wy,...,w, is a basis of V that is obviously adapted to F'. since v’l, ..., v, is adapted
to F,.. We calculate
dy—x—1
@ (Wx) = Z Mi- @ (V;_H-) + Hdy—x - ('D(v:ll)
i=0
di—x—1
’ ’ ’ 7’ ’
= /’ti'(vx+i+1 +Ax+ivd|+l)+l’ld1—x'vd|+] mod <Vd]+2,...,vn>
i=0

dy—x—1

’

Wisl + Z i Axwi + fty—x | Vi oy mMOd (Way42, -0, W)
i=0

= Wi+l mod <Wd] +25 000 Wn> .
Since w, = v/ for d; < x < n, the basis wy, ..., w, fulfills the conditions of 2. O

We make use of theorem [5.1.1] in order to find a generic normal form in the variety of
nilpotent matrices over K. The following definition will be the key to this translation. Note
that it will play a significant role in section[5.2]as well.

Definition 5.1.2. (The submatrix Np))
Leta,b e {0,...,n}andlet N € N be a nilpotent matrix.
We define N4 to be the submatrix formed by the last a rows and the first b columns of N.
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Corollary 5.1.3. (Generic P-normal form in N)
The following conditions on a matrix N € N are equivalent:

1. The first di columns of N"~% are linearly independent for eachk € {1,...,p — 1},
2. the minor det(N"~%) 4, 4,)) is non-zero for each k € {1,...,p — 1},
3. N is P-conjugate to a unique matrix H, such that for all k € {1,..., p}:

0, ifi<j;

, ifi=di+1andj<di;

, fdi1+3<i<dyanddy-1+1<j<dy—-2, suchthati > j+1;
, fdi1+2<i<diyandj=di;

, ifi=j+1.

Hi,j =

— O O O

The normal form is sketched in figure 5.1; the block sizes are those of the parabolic sub-
group P.

0 --. 0
1
0 0 0 0
L L T O S S
0 o 0
* * 0 11
| 0 0 0
e 00 L0
o S : :
*k ES
ES ES
H=| : , 0 0
* * )
* * 0
1
0
o T R o ro:.
* EE | 0
% ES ES L ES ES ES % « O 1

Figure 5.1: The generic parabolic normal form
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Proof of corollary[5.1.3] The equivalence between 1. and 3. follows directly from theorem
when defining the partial flag F',. by Fy = (ey,...,eq) fork € {1,..., p}.

If 3. holds true, then 2. obviously holds true as well. Assume that the first d; columns of
Nk are linearly dependent for some k € {1, ..., p — 1}, then we find A; € K, such that

Z/I N =0

and at least one of the A; is non-zero. But then det ((N”‘dk) ]

(dk,dk)) -
What comes to mind when looking at the normal form given in figure 5.1 is a missing
symmetry: The entries in the first row of the very left second upper block equal zero.
As the proof of lemma [5.1.1] suggests, there are some possibilities for a normal form; we
choose this particular normal form, since it facilitates the clearest and most concise proof.

The conditions of Corollary @] define an open subset of N; we have, thus, found a
generic normal form for nilpotent matrices up to P-conjugacy. In more detail, we can define
a locally closed variety Hp containing all these P-normal forms, which is isomorphic to
the affine space A" of dimension r = 3;; (b,- . bj) -n+1.

The set P.Hp of all P-conjugates of normal forms in Hp is an open subset of N and will
be denoted by Np = P.Hp.

Note that all diagonal matrices with the same non-zero entries on the diagonal act trivially
on N. Then the calculation

dim (Np/P) = dim A — dim (P/K*)
=n(n=1)+ ) (bi-b;)+1

i<j
—Zb2+2 D (bi-bj)=n=>(bi-bj)+1
i<j i<j
ZZ b,"bj —n+1
i<j
= dim Hp

yields that the normal form is as fine as possible and separates the P-orbits in N generically.

One important special case is given by the Borel normal form. Since it will be examined in
more detail in chapter[7, we include a visualization of the Borel normal form in figure 5.2.
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0
1 0
* 1 0 0
0
1 0
* *= 1 0

Figure 5.2: The generic B- normal form

We conclude the subsection by giving a normal form for the U-action on N, that is, the
conjugation action by the unipotent subgroup.

Corollary 5.1.4. (Generic U-normal form in N)
The following conditions on a matrix N € N are equivalent:

1. Forke(l,...,n— 1}, the first k columns of N** are linearly independent,

2. fork e{l,...,n— 1}, the minor det ((N”_k) ) is non-zero,

(k)

3. N is U-conjugate to a unique matrix H', such that Hl.’j =0fori< jandH ,,#0
forie{l,...,n—1}.

Proof. Let N € N. Then there is some matrix b € B, suchthatb-N-b™' = He Hpisa
matrix in the above B-normal form. We have a unique decomposition b = u - t with u € U
andteT. Thus, H=u-t-N-t'-u ' and the U-normal forms are, thus, given by

Hy ={t-H-r'|teT,HeHp)

:{H'IHlf’j:OifiSjandH{H’i;&Oforie{l,...,n—l}}. O
We define Ny = UHy.

0 0
X1 0
* X 0 0

0

Xp—n O

* * Xp-1 0

Figure 5.3: The generic U- normal form
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5.2 (Semi-) Invariants

We start calculating a class of B-semi-invariants on N (see [Boos and Reineke, 2011]]).

Fori € {1,...,n}, we denote by w;: B — G, the character defined by w; (g) = gi;; the w;
form a basis for the group of characters of B.

Fix integers ay, ...,as,a},...,a; € {l,...,n}, suchthata; +...+ay;=a} +... +a; =:r.
Moreover, fori € {1,...,s}and j € {1,...,1}, fix polynomials #; ; (x) € K[x], and denote
the datum ((ai)i , (aj)j , (Pi, j)i,j) by P.
Let N € N, then for all such i and j we consider the submatrices
P (N)(a_a,) e K44
i

as defined in definition[5.1.2] and form the r X r-block matrix

P ._ (Pi’j (N)(ui,“_’/))' .

L]

These considerations provide a class of B-semi-invariants on the nilpotent cone:

Proposition 5.2.1. (B-semi-invariants on N)
For every datum P as above, the function

N - K
N det(NP)

defines a B-semi-invariant regular function on N of weight

s t
Z(w”‘“"” +...+wn)—Z(w1 +...+wa}).
i=1 J=1

Proof. For g € B, and 1 < a,a’ < n, denote by g4 € B, (respectively by g<w) € Bu)
the submatrix formed by the last a rows and columns (respectively by the first a’ rows and
columns) of g. With these definitions, we verify immediately that

-1 -1
(¢-N-¢ )(a,a’) = 8¢a)  Naa) 8y

This yields the following equalities of block matrices

wle Vg, ))_

2Y)

[
(g PiiN) &™), ,))4.
(
(

(o)

l’.]
S Pis W) 8ea) ),

N? -1
i), N 00y,
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Therefore,
1 1Y B
fFg-N-gh)= det((g-N-g‘ ) )= Hdet(g@a,-))l'_[det(g(ga})) £ (). o
i J
We call r the size of f*.

Corollary 5.2.2. (U-invariants on N)
All B-semi-invariants f* of proposition are U-invariants.

Proof. Of course, det (g(>4,)) = | and det (g( <a,)) =1 for all i, j. |
=4;

Next, we will generalize the above proven semi-invariants to arbitrary parabolic subgroups

of GL,,.

We consider the character group X (GL,,), which is freely generated by the determinant det.

Definition 5.2.3. (The submatrix N,_,p)

Given a matrix N € K™" and two integers 1 < a < b < n, we define N, to be the

submatrix of N which is obtained by deletion of the first a and the last n — b columns and
rows.

Given the parabolic subgroup P of GL,, of block sizes (bl, s bp), we define w;: P — Gy,
by w; (g) = det(g4,_,—a.), Where d; is defined as before. Then the w; form a basis for the
group X(P) of characters of P.

We construct a class of determinantal P-(semi-) invariant functions on N in the following.
Define a; == n —d;— and @} := d; foralli € {1,..., p}.

Fixintegers x1,..., X5, ¥1,...,y: € {1,..., p},suchthata, +...+ay, = a;,l +...+ “;1 =r.
Moreover, fix polynomials P;; (x) € K[x] fori € {1,...,s} and j € {1,...,¢}, and denote
the datum ((x,-),- (35), (P j)i’j) by P as before.

’
x; Ay &

Let N € N, then for all such i and j consider the submatrices #; ; (N )( ) e K“"%j and

form the r x r-block matrix N* := (7’5, (N )( , )) .
Ay.,d
i,j

Xy

Proposition 5.2.4. (P-semi-invariants on N)
For every datum P as above, the function

f’o: N —- K
N+ det(N”)
defines a P-semi-invariant regular function on N of weight

N

Z(wxﬁ...m,,)_g(wl+...+wyj).

1=i Jj
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Proof. With the definitions of proposition for I < x,y < p, it follows immediately
that

-1 -1
(8N ") g ug) = Bt Newat) 8y
This yields the following equalities of block matrices:
-V _ .. -1
(g-N~g ) = PL,J(g'N-g )(a p )
xjody; i,j

(g'pi,j(N)'g_l) , )
(e )i,j

Xy

[t Py )
Py J ij
(

P -1
5i,j ' g(zn_dxrl))i,j -N" - (61',] : g(sdyj) )ij .
Therefore,

fP(g .N- g—l) = det ((g .N- g—l)P) _ ]:[det (g(zn_dw)) 1]1 det (g(dej))_l P (N). i

5.3 Generation of semi-invariant rings

In order to show that the above defined semi-invariants in fact generate the ring of semi-

invariants
R:= P KINIE,
X€X(B)

we make use of theorem[I.2.1] and the translation of lemma[2.3.1t

To calculate generating B-semi-invariants of N, we can also translate generating determi-
nantal semi-invariants of the GLdB—action on RldrlJ (Q,) where
- =B

(231 a? ap-—2 p-1
Q, = e——> e —— o ° ° o D .

1 2 3 n-2 n—1 n

Thus, we fix the dimension vector d, and an arbitrary morphism in add Q, say

s € 0wy - € 0w
j=1 i=1

with

Z)Cj'jzzyi'i.

JjEQo i€Qo
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The homomorphism spaces P(j, i) between two objects O(j) and O(i) in add Q are gener-
ated as K-vector spaces by

0, if j > i;
P(]’ l) = <p[,l =1 ‘Clj>, lfj <i<m
(,oj.’;{ =afayy 0 ke NU{O}), ifi=n.

Then we obtain a determinantal semi-invariant
fo: RJ@) - K
m + det M(¢),

as defined in [Schofield and van den Bergh, 2001]]; the definition has also been recapitu-
lated briefly in section [I.2]

Given an arbitrary matrix N € K", define M" to be the representation

MN — K €l K2 € K3 . Kn—2 €n-2 Kn—l €n-1 K" DN

in repi;(lj (Q,)(dp) with natural embeddings ¢: K’ — K1

Since GL4, acts transitively on R;’j(Q’) with @ being the linearly oriented quiver of
- =B
Dynkin type A,, we can examine the semi-invariants on these representations M" .

If the determinantal GLQB-semi-invariant fo of RZ(Q”)’ interpreted as a B-semi-invariant,

can be expressed by the semi-invariants from proposition [5.2.1] we have found generating
semi-invariants of R, therefore we formulate the following lemma.

Lemma 5.3.1. (Generation of the B-semi-invariant ring of N)
The determinantal semi-invariant fs corresponds to one of the B-semi invariants con-
structed in proposition[5.2.1]

n n
Proof. The morphism ¢ is given by a }; y; X 3, x;-matrix H with entries being morphisms
i=1 j=1
between objects in add Q.
We can view the matrix H as an n X n block matrix H = (H, j)1<; j<n With H; ; € K?>%/ for
i,je{l,...,n}. Then

0, ifi < j;
(Hij) _ /li’]l,-pj,i, forsome/lfjel(ifjgi<n;
k.l N
kL) L pt) kil o
hg‘o (/ln’j)h “pj,» forsome (/in’j)h eKifj<i=n.

Let us denote by f* the B-semi-invariant of N associated to f, via the translation of lemma

231
o N - K
N +— det MN(¢).
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The matrix
N _ N Die@y VXY jeqq JXj
M) = (M), ., € KFeo i 1

is given as a block matrix where each block

N _ N 1y X jX;
Mi,j—((Mi,j)k,z)lskSyi € K=

1<I<x;

is again a block matrix. The blocks of Mle are given by

0, ifi < j;

- ki (i) e

K™ > (MN) = /1i,j E(jJ)? ifj<i<m
1] k,] oo kJ " ) . ‘

hZ:]O (/ln’j)h . (N ) i)’ if j<i=m

where E® € K™ is the identity matrix and the notation N; j, is the same as in that is,
the submatrix of the last i rows and the first j columns of N.

Note that if i, j € {1,...,n}, then MINJ. = MINJ =: M; ; for every pair of matrices N, N’ € N.
Reduction

We prove in the following that, without loss of generality, y; = ... = y,—; = 0 and proceed
by induction on the index i of y;.

The beginning of the induction is given by the case i = 1, we claim that we can, without
loss of generality, assume y; = 0.

Clearly
N M 1,1 0
M) =| (M)
LjN<i,j<n
If y; > xi, the determinant det M"(¢) equals O for every matrix N due to rank considera-
tions.

If y; = x1, then

det MN(¢) = det M ; - det (M},) = 1- det (M)

1<i,j<n i,j) 1<i,j<n

for some A € K independent of N and without loss of generality y; = 0.

Let us assume y; < x;. We can apply elementary row operations to the first y; rows and
elementary column operations to the first x; columns of M (¢) to obtain the equality

det MNV(¢) =2 -d E0 0
et = A-det N
* S (Miaj)1<i,j§n

for some A € K independent of N and a naturally occurring matrix S.
In more detail, we can exchange two rows or columns and multiply a row or column with

an element u € K™ because the same operations can be applied to H and the semi-invariant
stays the same up to scalar multiplication.
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Given elements u,y’ € K*, we can add the u-th multiple of one row (or column) to the
’-th multiple of another row (or column, respectively) and for the same reasoning, the
semi-invariant does not change. Since the operations applied above are independent of N,
we obtain the given equality.

Then

N N
det M (¢)_/1-det( S (Mi,j)1<i,j5n )’

thus, without loss of generality, we can assume y; = 0; this proves the beginning of the
induction.

Now letie{2,...,n—1}and assume y; = ... =y;-1 = 0. Then
) ( M;, My ... My 0 )
= N N N N
(stl)i<x (Mx,z)kx T (Mx,i),-<x (MX’Y)Kx,y

and we distinguish between the following three cases.

Firstcase: i-y; > x1+2-xp+...+1i-x;.

Then det MY (¢) = 0 for every matrix N due to rank considerations.
Secondcase:i-yi=x1+2-xp+...+1-x;.

Then

det MY(¢) = det( Mix Min ... My )-det(MY))  =a-det(Myy)

for some A € K independent of N and without loss of generality y; = 0.
Thirdcase: i-y; <x; +2-x0+...+1-X%;.

Then i -y; <i- x;, since otherwise det M (¢) = 0 for every matrix N.
Define

(Ms,.)y = ((ng)y,z)}gf; for I <y<ys
===

and (M.”‘i)x = ((M;\ft)k’x)iggn forl <x < x.

1<k<y,

Remember that M; , = 0if i < x and (MN) = ED e kixxif x <.

Xy~ Tix (i,x)
With the same reasoning as in the case i = 1, by application of appropriate elementary row

and column operations, we obtain

de M) = 1-d ( M, M, ... M, ~E®™ 0 0

et ¢) = A -det N N N’ / N
(Mx’l)i<x (Mx,z)kx e (Mx»i—l)i<x S § (Mx’y)i<x,y

for some A € K independent of N and naturally occurring matrices M lf’x forxe{l,...,i—1},

S and S’.

In more detail, given y,y" € {1,...,y;} and x,x” € {l,...,x;}, we can exchange (MfY)y

and (MlN )y, and we can exchange (Mf\g)x and (MA{)X because the same operations can be
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applied to H and the semi-invariant stays the same up to scalar multiplication.

We can multiply (MIN )y or (M_A;)x with an element y € K* for the same reasoning.

Furthermore, given elements u, i’ € K*, we can add the u-th multiple of (MlN )y (or (M.Aﬁ)x)

to the y’-th multiple of (MlN )y, (or (M.A;)x,, respectively) as well, the semi-invariant does
not change. Since the operations applied above are independent of N, we obtain the given
equality.

The above matrix can be simplified since, given y, u’ € K, we can without loss of generality
add the u-fold of ((MAZ) k)(i ) © the y’-fold of (M’\;)l The translation to H is easily done

and the semi-invariant is only changed by multiplication of a scalar independent of N. We
are, therefore, able to show

detMN(¢) = X'd 0 ... 0 E 0 0
et = et ’ ’ ’ ’
R, R, .. R, S S (M;V,y)iq’y
= A det( Rll R,Z s R;—l S (Mi\s])’)kx,y )

for some A’ € K and naturally occurring matrices R, for 1 <x <i—1.
Thus, in all cases, we can without loss of generality assume y; = 0.

Now assume y; = ... = y,—; = 0, then we are able to extract a semi-invariant as in[5.2]
Define
a=(m,...,n) and o =(1,...,1, 2,...,2 ,..., n,...,n ).
S —— N ——’ N’ N ——’
=HAlselyy =) ] T el | = s T
> X > 42 >
Furthermore, define for j € {1,...,n} and for each pair of integers k € {1,...,y,} and
lefl,...,x;} apolynomial
(o)
kD) ._ Z kI yh
P = (ﬂn’j)h x".
h=0

Let us denote P = (a, a, (Pi.k’l)) . 1) and consider the B-semi-invariant
ik,

F N > K
N +— detN”.

We claim that fX(N) = f(N) holds true for all N € N.
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Let N € N. Then

o) = detMM(g) = det(

= det

= det

= det

= de

—

N
Mn,j)lgjgn

lSle]'

N
((Mn,j)k,z)lskSyn}
1<j<n

33,0

h=0

556,

h=0

Kl
(PE (Nn.jy) ks,

I<i<x;

)

(n.) 1<k<y,
1 SZSX_,'

](n,j)]lﬁkfyn

ISISXJ'

Corollary 5.3.2. (Generation of the U-invariant ring of N)
The U-invariant ring K[N1Y is generated by the U-invariants given in corollary

1<j<n

1<j<n

] = detN” = /P(N). @
1<j<n



6 Towards an algebraic U-quotient of the
nilpotent cone

Of course, GL, is a reductive group but neither U, B nor P are. Therefore, to calculate
quotients of the nilpotent cone by these groups, we cannot rely on those results which
assume the acting group to be reductive. In case of the U-action, however, there is a
translation to a reductive action.

6.1 A quotient criterion for unipotent actions

We will prove the quotient criterion given in theorem|1.1.5|in a more general way than nec-
essary for our aim, that is, for arbitrary unipotent actions that are induced by a reductive
group.

Let G be a reductive algebraic group and U be a unipotent subgroup. Then U acts on G by
right multiplication and lemma states that the U-invariant ring K[G]V is finitely gen-
erated as a K-algebra. Thus, an algebraic U-quotient of G, namely G/U := Spec K[G]Y,
exists together with a dominant morphism ngyy: G — GJU = Spec K [G]Y which is in
general not surjective. Note that there is an element e € G /U, such that 7g,y(g) = ge for
all g € G.

The group G acts on G /U by left multiplication. Let X be an affine G-variety and consider
the diagonal operation of G on the affine variety G /U X X.

Letn': GJU X X — (GJU x X)JG = Spec K[G[U x X1¢ be the associated algebraic
G-quotient, then we obtain the following commutative diagram:

L

X GJUx X

\x - (e,x) ‘,

p:ﬂ'/OL Ve

l
IS (GJU x X)|G

By definition, the map ¢* is given by
1 K[G]Y ® K[X] — K[X]
Dhefi = ) @f:
The morphism p induces an isomorphism

" (KIGIY ® K[XDY — K[X]Y.
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Thus, XJU = (GJU x X)/G and
K[X1Y = (KIGJU x XD)° = (K[GJU]® K[X])® = (K[G]Y ® K[X])°.

Let Y be an affine G-variety and consider the following commutative diagram

G
O C)
X XH‘(M GJUx X
\, 7
NS
x Y v
7 N
X//U'» - ‘.(G//UxX)//G

where ' is assumed to be G-invariant and

u: X-Y
x = (fi(x), ..., fs(x)

is assumed to be a dominant U-invariant morphism of affine varieties.

In this setting, we obtain the following criterion for u to be an algebraic U-quotient.

Lemma 6.1.1. (Quotient criterion for unipotent actions)
Assume that

(1.) Y is normal,

(2.) u separates the U-orbits generically, that is, there is an open subset Xy C X, such
that u(x) # u(x’) for all x, x’ € Xy and uw(Xy) is an open subvariety of Y, and

(3.) codimy(Y\u(X)) > 2 or u is surjective.
Then p is an algebraic U-quotient of X, that is, Y = X|U.

Proof. Letgy,...,gs € K[GJU x X]°, such that p*(g;) = f; for all i.

Y is assumed to be a normal variety.
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If Zc Z', then Z C Z'. Thus,

Y\u(X) = Y\u' o uX) 2 Y\w'(G /U x X)

and, therefore,
2 < codimy(Y\u(X)) < codimy(Y\u/(GJU % X)).

The orbit G.({e} X Xy) is an open subvariety of G/U X X, since Xy is an open subvariety
of X.

Then 7 separates the G-orbits in G /U X X generically, namely on G.({e} X Xy):

Let y; := gi((e, x)) = gi((e, x")) for all i and two non-U-conjugate x, x’ € Xy. Since the
diagram

X

t—— GJU XX

commutes, we derive
u(x) = ' ou(x) = p'((e,x) = W' ((e,x")) = ' o u(x') = u(x'),

a contradiction to assumption (3.). We have shown that generically each fibre of u’ contains
a unique G-orbit. Since the fibres of a morphism are closed, each of the fibres p'~!(y) for
y € 1’ (G.({e} X Xy)) contains one unique closed orbit.

Of course, the assumptions yield that ¢’ (G.({e} X Xy)) = u(Xy) is openin Y.

Thus, theorem [I.1.5] yields that 7: G/U x X — Y is an algebraic G-quotient. Since f;
and g; correspond to each other via the isomorphism p*: (K [G]1Y ® K[X])¢ — K[X]Y, the
morphism u: X — Y is an algebraic U-quotient of X. |

6.1.1 The examplesn=2andn =3

We are now able to give explicit descriptions of algebraic U-quotients of the nilpotent cone
in case n equals 2 or 3.

Example 6.1.2. (An algebraic U-quotient in N>)

We consider N = N,. In this case, the U-normal form of corollary is given by
matrices H, for x € K*, where
0 0
H, = .
=0 0)

HLi1: N=>K; N - Hi(N):=Nyy,

Then we define a morphism by

which is a U-invariant due to corollary[5.2.2]
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Claim: The morphism

u: N — A' = Spec K[ f>1]
N & fr1(N).

is an algebraic U-quotient of N.
Proof. To make use of theorem[6.1.1] we show that

(1.) A'is normal:

This is a well-known fact from algebraic geometry (see also section [I.1).

(2.) u separates the U-orbits generically, that is, there is an open subset Ny € N, such
that u(N) # u(N’) for all N, N’ € Ny and u(Ny) is an open subvariety of Al

Let Ny be defined as in [5.1] as the set of U-conjugates of normal forms. Then
uNy) = A0} is open in Al and U(N) = w(N’) for two normal forms directly
yields N = N’.

(3.) Since u is surjective, there is nothing left to show. O

We have, therefore, proven
NJU =A!

and
KIN1Y = K[foa]-

The case n = 3 is slightly more complex, but can still be proven by making use of theorem
6. 1.1}

Example 6.1.3. (An algebraic U-quotient for N3)

We consider N = N3, in this case the U-normal forms are given by matrices
0 0 O
H = X1 0 0
x x 0

for x1,x; € K*.
Consider the following U-invariants (as in corollary[5.2.2), given by
f3,12 N —->K; N = N3,

det;: N—>K; N = No1N3p—NosN3jg,
det: N—=K; N = Ni1N31+NoyiN3p+ N31N33,

The equality dety(N) = dety(N) holds true for all N € N due to the nilpotency conditions.
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Let fi(N) be the U-invariant given by a; =2,b; = 1,b, = 1,P11 = xand P12 = x%. Then

fit: N=>K; N = Nyj-det; + N3j - (N2 N33 — N3 1N23).

Let f>(N) be the U-invariant given by a; = 1,a, = 1,b1 =2,P1 = x* and P12 = x. Then

i N—>K; N = Nzj-det; + N31 - (N1,1N32 — N12N31).

Claim: The morphism

K[X1,X>,7]
(X1 X2 =2Z3)
N = (f3,1(N), fi(N), f2(N), det;(N))

u: N — Al x Spec

is an algebraic U-quotient of N.

Proof. Given a matrix H in normal form as above, the equalities

AU (D = (30 (1 -2 = = o ) = (D)

yield fi - fo = det; on Hy. Since the morphisms fi, f> and det; are U-invariant, this
equality holds true on Ny as well, and, since Ny Copen NV, 0n the whole nilpotent cone.

Furthermore,

Y == Al x Spec K[X1,X>,7Z] _ Spec K[f31, f1, fo, detq]
(X1X> =273) (f] = det?)
X=

To make use of theorem[6.1.1], we show that

(1)

2)

the affine variety Y is normal:

The normality of the variety X follows immediately from Serre’s criterion [I.1.2] or
from the fact that X is a toric affine variety (see subsection [I.1.4)) induced by the
strongly convex rational polyhedral cone

e[ 1)2)(3)

Since products of normal varieties are normal, the variety Y is normal as well.

the morphism u separates the U-orbits generically, that is, there is an open subset
Nopen © N, such that u(N) # u(N’) for all N,N” € Nopen and p(Nopen) is an open
subvariety of Y:

Let Nopen = Ny be defined as in as the set of U-conjugates of U-normal
forms in Hy and set X’ C X to contain those tuples of which all entries are be-
ing non-zero. Then u(Nopen) = Al x X’ is openin Y and fi - fo = det?, thus, if
U(N) = u(N’) € A' x X’, then det;(N) # 0 # det;(N’) and N and N’ are contained
in Nopen. We can, thus, assume them to be two normal forms and clearly derive
N=N'.
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(3.) codimy(Y\u(N)) = 2:

Since A x X’ ¢ u(N), it suffices to show that (s, ¢, u,v) € u(N) whenever either s, ¢
or u equals zero and v* = ut.

We are left with the three cases

0 o0 0
GB.D u| t/v 0 0 ]) = (0,t,u,v) for arbitrary t,u € K*.
0O u/v O
0 0O
32 u 0 0 —t/s? ]) = (s,1,0,0) for arbitrary s, € K*.
s 00
0 -u/s*> 0
B3) u( 0 O 0 ]) = (5,0, u,0) for arbitrary s,u € K*.
s 0 0
Therefore, codimy (Y\u(N)) > 2. O

We have proven

K[X,X5,Z
NJU = A! xSpecM
(X1X2 = 2°)

and

K[f3,1’f1’f2’detl]

KINTY =
(fl “h= det?)

6.2 Toric invariants

As the case n = 3 suggests, there is a toric variety closely related to N JU.

The idea of a generalization is the following: By considering a special type of U-invariants,
so-called toric invariants, we define a toric variety X together with a dominant morphism
NJU — X, such that the generic fibres are affine spaces of the same dimension.

Given a matrix H = (x;;);; € Hy, we denote x; = x;11,; and define its “toric part”
Htor € Knxn by
x;, ifi=j+1;
Ho)ii = .
(Hior)i.j { 0, otherwise.

We call an invariant f “toric” if f(H) = f(Hyor) for every matrix H € Hy.

There exists a minimal, finite set {f,..., f;} of toric invariants that generates all toric
invariants, such that for each i € {1,..., s}, there are integers Ay, ..., h,_; with
_ |
SH)=x" o x

The set S of these tuples (hy,...,h,—1) yields a cone o0 = Cone(S), such that the variety
X = Spec KS - is the aforementioned toric variety.

Our aim, thus, is to characterize all toric invariants in the invariant ring K[N]Y by describ-
ing a finite set of generators of these invariants.
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6.2.1 Reductions

Let f # 0 be a toric invariant of size r, given by the data

P = ((ai<ics, (@)1<j<es (Pi,j)isi§s)-

<j<t
Proposition 6.2.1. (First reduction of toric invariants)
r
Let o € S, be a permutation, such that H(Hp)i,(r(i) # 0 for every H € Hy. Then there is
i=1

an element A € K*, such that for every He Hy
.
FH) = - [ [ED i
i=1

Proof. Since
,
fH) = deth” = " sen(@) - | [(H )i,
TeS, i=1

it is adequate to show that for every choice o, T € S, such that
r r
[ [H )i # 0 # [ [(H )iz,
i=1 i=1

there exists an element A € K* fulfilling

l_[(HP)i,(r(i) =a- H(Hp)i,r(iy
i=1 i=1

Every permutation equals a product of transpositions, thus, it suffices to show that for every
choice 1 < i,7, j, j/ < r with Hﬁ . Hfj, 0+ H?D/./ -Hfj, there is an element 1 € K*, such
that '
P P _ P P

H ,-H,,=4-H , -H, .
We consider single entries first:
Let H € Hy be an arbitrary matrix in normal form and denote the entries on the second
diagonal by Hy,41m =: Xy, for all m.
Givenk € {1,...,sfandl € {l,...,t}andelements x € {1,...,ax} andy € {1, ..., qa;}, there
is an element u € K, such that

n—ag+x—1

PritH))apap)xy = H - n h-
h=y

Since H? = ((P,‘,j(H))(ai’a}))lsiSS, there are integers s’, 5" € {1,...,s}and ¢',t” € {1,...,t}
1<j<t

and integers X € {1,...,ay}and x € {1,...,ay}, as well as integers y’ € {1,...,a;,} and
vy ell,.. ., }, such that

H}, = Py v (H))ay a)x s
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HY = P o (H)agr al, )y
HY ) = Py (H)ay )y and
Hﬁj = (PS”,Z' (H))(asu,a;/))x”,y’ .

Following the above considerations, there are elements up, u» € K*, such that

HI - HY = Py (H))aya)wy - Porir (H)agr d, )y

n—ay+x'—1 n—agr+x" -1
M1 - 1_[ Xie |- | M2 - 1_[ Xk

k=y’ k=y"”

and elements w3, uq € K* that fulfill

1 (PS’,I’/(H))((JSI ,a;,,))x’,y” : (PS”,I’ (H))(asu,a;,))x”,y/

n—ag+x'—1 n—agr+x" -1
PR I P )

k:y// k:y’

=

%

X

<
[

Then -
P P _HLHY p p
H;,-H, , = s H;, - H ;.
yields the claim. m|

In order to calculate a set of minimal generators, we can without loss of generality assume
ai,a;. <n-1forallie{l,...,s}and j € {1,...,1}, since otherwise the corresponding
semi-invariant f fulfills f(H) = O for every H € Hy or deletion of these blocks leads to
changing f by a scalar.

We call f a sum-free toric invariant, if its block sizes ay, ..., as and a’l, ..., a; do not share

any partial sums, that is,
e Y

iel el
forall/ ¢ {1,...,s}and I’ C{1,...,1}.

Given such sum-free toric invariant, we define some corresponding combinatorial data that
depend on the block sizes a := (ay,...,ay) and @’ := (@}, ..., a;). Note, however, that they
do not depend on the polynomials defining an invariant of these block sizes.

Definition 6.2.2. (Combinatorial data of toric invariants)
For k € {1,...,s} we denote the “horizontal change” of k by hc(k), that is, the minimal
integer, such that there is an integer hs(k) > 0 (the “horizontal split” of k) with

k he(k)
Z aj = Z a;- — hs(k).
= =

We denote the “complement of hs(k)” by ch(k) = “ﬁc(k) — hs(k); for formal reasons, we
define hc(0) := 0.
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These data can be visualized as follows:

.. he(k—1) T he(k) he(k) + 1

k+1

ch(k),  hs(k) )

For k € {1,...,t} denote the “vertical change” by vc(k), that is, the minimal integer, such
that there is an integer vs(k) > 0 (the “vertical split”) with

k ve(k)
>ody= ) aj-vsih).
=1 =1

7’

We denote the “complement of vs” by cv(k) := Aoy~ vs(k); for formal reasons we define
vc(0) == 0 as above.

These data can be visualized by:

k-1 k k+1
ve(k = 1) '
cv(k)
ve(k)
vs(k)
ve(k) + 1
)
Foreveryie{l,...,r}, we define
hb(i)-1
the “horizontal block” hb(i), that is, the maximal integer with i = aj + hd(i)
=1
for a positive integer hd(i) (which we call the “horizontal datum”),
vb(i)-1

the “vertical block” vb(i), that is, the maximal integer with i = ), a} + vd(i) for
j=1

a positive integer vd(i) (which we call the “vertical datum”).
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We call an entry (i, j) € {1,..., r)? acceptable for (a,a’) if vd(j) < hd(i) + n — anp;) and
unacceptable otherwise.

A permutation o € S, is called acceptable for (a,a’) if every entry (i, 0(i)) is acceptable

for f.

Given a toric invariant, following lemma[6.2.T]it suffices to find one acceptable permutation
in order to calculate f on Ny.

Lemma 6.2.3. (Second reduction of toric invariants)
The toric invariants are generated by sum-free toric invariants.

Proof. Let f be a toric U-invariant. Due to proposition[6.2.1] to see of which form f is on
Hy, we can without loss of generality order a := (ay,...,ay) and a := (a},...,a;) as we
like and adapt the permutation accordingly.

It, therefore, suffices to consider an arbitrary r X r-matrix of sum-free block sizes ¢ and a’,

that is, for every pair of subsets I C {1,...,s}and I’ C {1,...,¢} the partial sums do not
coincide:

Z a; Z a,.

icl el

If we find an acceptable permutation o for (a, a’), following proposition there exists
r
an element u € K* and a datum P which fulfills f(H) = u - f7(H) = u- [1(H")iow) # 0
i=1
for every H € Hy.

We define a permutation o € S ,, such that every (i, o7(i)) is acceptable for (a, a’) by double
induction on s and ¢.

Let s = 1 and ¢ = 1, then every entry (i, i) is acceptable for (a,a’), since anpi) = a3 <n -1
and, therefore,
vd(i) =i<i+n—-a; =hd@i)+n-a.

Let t = 1 and assume that for every k < s, the above claim holds true. Consider the block
sizes a := (ai,...,as+1) and @’ := af, then every entry (i, i) is acceptable for (a,a’), since

vd(i) = i < i+ n— anyi < hd(@) +n — anp).

Let s = 1 and assume for every k < ¢, the above claim holds true. Consider the block sizes
a:=(ap)andd’ :=(a},...,a,, ), then every (i, i) is acceptable for (g, a’) in the same way:

vd(i) =i<i+n-—a; =hd(i)+n-ay.

We can set o = id in every of these cases.

Let us fix an arbitrary integer ¢ and let us assume that for s* < s and for every choice

’

K t
of block sizes ay,...,ay and a},...,a; with ¥ a; = a;., there is a permutation o as
=1 j=1
claimed.
. . . s+1 t
We consider block sizes a := (ay,...,as1) and @’ := (a},...,a;) with ¥ a; = ¥ a;. =r
= =

and show in the following that we can find a permutation as wished for.
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First case: We can order the block sizes a}, ..., a;, such that a; > a.;.

We can apply the premise of the induction to the r — azy1 X r — ag.-upper-left submatrix
of block sizes a(s) := (a1, ...,as) and a(s)’ := (a},...,a,_,,a; — as1) and obtain a permu-
tation o’ € S,_,,,, such that (i, 0 (7)) is acceptable for (a(s), a(s)") for every i < r — a,;.

We define o € S, by

. o'(i), ifi<r-ag;
o(i) = .
i, otherwise.

Then every entry (i, o(i)), where i < r — a1, is acceptable for (a, a’), since it is acceptable
for (a(s). a(s)’).

Every entry (i, i), where i > r — a4, is acceptable for (a,a’), since

t—1 t

S
vd(i) = i—Za; < i—Za;+n = i—Zaj+n—a‘y+1 = hd(i) +n — ag.
=

j=1 j=1
Second case: The inequality a; < a; holds true foreveryi € {1,...,s+1}and j € {1,...,1}.
Claim: For every k € {1,..., s}, there is a permutation o € S, +. +q4,,,, Such that every entry

(i, o(i)) is acceptable for (a, a’). Furthermore, the entry (i, i) is acceptable for
(a,d’) for every integer a; + ... +ap + hs(k) <i < aj+...+ ap1.

We prove the claim by induction on k.

Letk=1.

Define

i if i <ay —ch(l);
i+hs(l), ifa;—ch(l)<i<ay;
i—ch(l), ifa; <i<a;+hs(l),;
i otherwise.

o(i) =

The permutation o~ can be vizualized as follows:

1 he(1) he(1) + 1

(@i, (i)

ch(l) hs(1)
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For i < a; — ch(1), the entry (i, i) is acceptable for (a, a’) due to the considerations in the
case s = 1.

For a; — ch(1) < i < ay, the entry (i, 07(?)) is acceptable for (a,a’), since

he(1)-1
vd(o(i)) = i + hs(1) — Z a} <i+n-a; =hd@) +n-a.
j=1

For a; < i < aj + hs(1), the entry (i, 0(i)) is acceptable for (a, a’), since

he(1)
vd(o(i)) = i + hs(1) — Za}zi—al <i—aj+n—-a=hd@) +n-as.
j=1

For i > a; + hs(1), the entry (i, o7(?)) is acceptable for (a,a’), since

vb(o(i))-1
vd(o(i)) = i — Z d; <i-ay+n-ay=hd@i)+n-a.
=1

Now letk+1 > 1.

Assume the claim holds true for &, that is, there is a permutation 0 € Sy 4. +q4,,> Such
that every entry (i, 0 (i)) is acceptable for (a,a’) and such that o”’(i) = i for every integer
ar+...+ar+hstk)<i<a;+...+ap.

Then we set
o' (i), if i < ¥ aj - chk + 1);
k+1
i+hsk+1), if T aj—chk+1)<i< ¥ aj;
o(i) = k1 ket 1 =
i—ch(k+1), if Y a;<i< } aj+hstk+1);
j=1 j=1
i, otherwise.
k+1
Fori < )} a;j—ch(k + 1), the entry (i, 0 (i)) is acceptable for (a, a’) due to the assumption
j=1
of the induction.
k+1 k+1
For ), aj—ch(k+1) <i< } aj, the entry (i,0(i)) is acceptable for (a,a’), since
j=1 j=1
he(k+1)-1 he(k+1)
vd(e(@) = i+hstk+ D= > af = i=( ) dj=hstk+ 1)+,
Jj=1 =1
k+1 k+1

. , . _ .
l_Zaj+ahc(k+l) < l+n—Zaj = hd(i) +n — ap1.
j=1 Jj=1
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k+1 k+1
For ), aj<i< } aj+hs(k+ 1), the entry (i, (i) is acceptable for (a,a’), since
j=1 j=1
he(k+1)-1 k
vd(o(i)) = i—chk+1)— Z d; = i—ag - Zaj
j=1 j=1
k+1
< i—Zaj+n—ak+2 = hd(i)+n—ak+2.
=1
k+1
Fori> ) a;+hs(k + 1), the entry (,1) is acceptable for (a, a’), since
j=1
vb(o(i)-1 k+1
vd(o(@) =i—- D a'l. <i- ) aj+n—ag =hd@) +n-ap.
j=1 : j=1

As in the case k = 1, the permutation o can be vizualized by
he(k) he(k + 1) hek + 1) + 1

k ’%’
(i, 07 (i) V%

(6,0 (D))

\

................. ‘¢..‘ (l, [)
ch(k+1) hs(k+1) .

If s is fixed and the assumption holds true for every k < ¢, then it also holds true for ¢ + 1
by an argumentation symmetric to the above one.

Therefore, we have found a permutation as wished for in every case.
We can define the polynomials
= hdimin) v i) if there is a minimal element ip;, with

5Dk,l = hb(imin) = k and vb(o (imin)) = 1;
0, otherwise.
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Then, corresponding to the datum P = ((ai)1<i<s> (Cl;)lsjs;, (Pi,j)lsigs), proposition [6.2.1

<j<t
yields the existence of an element u € K, such that
r
FE) = - | | EH )i

i=1
for every H € Hy. ]
6.2.2 General description of toric invariants
We fix a sum-free toric invariant f of block sizes a := (ai,...,as5) and @’ := (a},...,a;)

and assume, without loss of generality, a; < ... <ayandda| <... < a;.
. . i
Given an integer i € {1,..., s}, we define s; := ), a; + 1.
=1

Definition 6.2.4. (Block crossings)

Let us define so-called block crossings of (a,a’), that is, tuples of integers (iy, ji), such that
“the diagonal crosses the (i — 1) X ji-th block in the upper right corner”, recursively as

Sfollows:

®ip=jo:=0
Let k > 0. Then we define

o i :=min{ixy <i<s|vd(s; +hs(i) = and vd(s;) # 1} and

a:/b(s,-+hs(i))

i = max {i | he(i) = hc(i,’()}

® Jji = vb(s;).

Note that the condition vd(s;) # 1 is required to exclude a block crossing in the (1, 1)-th
block. If the tuple (a, a’) is sum-free, the condition is redundant for k > 1.

\

Jk

G

There is a minimal integer x, such that the set
{iv1 < i < s vd(si + hs() = @y, gy} = 0-
Finally, we set

e i, =sand j, =t



6.2 Toric invariants 149

We define BC := {(ir, jr) | 0 < k < x} to be the set of block crossings of (a, a’).

Example 6.2.5. (Block crossings)
If r = 14, consider the block sizes a = (3,4,7) and a’ = (2,6, 0).

The block matrix can be depicted as follows; we mark the (potentially) unacceptable en-
tries by coloring them.

ap

az

e b
a3

, , ,
4 a a4

Then the block crossings are given in the following table:

Lk [of1]2]
i |02
o213

Proposition 6.2.6. (Acceptable entries and block crossings)
If
igfls, +h|hef0,... hs(ix)}andke{l,... x}},

then the entry (i, 1) is acceptable for (a,a’).

Prcolof. l?lﬂlows from definition and since q;, a;. < n -1 forall integersi € {1,...,s
and je{l,...,1}. O

—_

Following from the definition of block crossings, we obtain a general description of an
acceptable permutation of f.

Corollary 6.2.7. (An acceptable permutation)
The permutation o € S, defined by

. . . jk_l . lk
i+hs(iy), if ¥ a,<i< } aj;

=17 j=1

o) =1 . ) ok L
@ i — ch(iy), 1fZaj<152a;;

J=1 J=1

i otherwise.

fork e {l,...,x}is acceptable for (a,d’).
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Proof. We distinguish between two cases:
Let x = 1, then the permutation o = id is acceptable in all cases.

Let x > 1; we look at certain blocks that are induced by the crossings (i, jr). In more
detail, for k € {1,..., x}, we show that every entry (i, o(7)) is acceptable for (g, a’) if

Jk-1 Jk
4 ] ’
: < :
Sa<isa
=1 =1
The first block:
The permutation o is given by
. . . jl_l
A if0<i< a;.;
Jj=1
» . . . jl_l 7 . il
o) =1 i+hs(ip), if Z a;<i< Z aj;
Jj=1 J=1
. . . il . jl ’
i —ch(iy), if Zlaj<z§ Zlaj.
j= j=

We visualize these entries (i, (7)) in figure 6.1. Each of them is acceptable for (¢, a’) which
can be proven with the help of proposition analogously to the proof of lemmal[6.2.3]

1 Ji i+l
1
(i,0°(1))
. AN
13
i1+ 1 .
1. G
............. .
ch(iy) hs(i)

Figure 6.1: The first block
The k-th block fork € {2,...,x—1}:

The permutation o is given by

Ji=1 Ji=1
i, if Y a.<i< a’;
F=T F=T.
Ji—1 ik
o(i) =9 i+hs(i), if } a'<i< Y aj;
IS j=1
ik Ji
i—ch(p), if Yaj<i< a;.
J=1 J=1

and is depicted in figure 6.2.
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Jr-1 Jk Jet+1

ik-1

(i, 0(D))

i+ 1

. G

ch(iy) hs(iy)

Figure 6.2: The k-th block

Every entry (i, o(i)) for

=1 j=1

~

is acceptable for (g, a”) which can be proven with the help of proposition analogously
to the proof of lemma[6.2.3]

The last block:
j)c—l

The permutation o is given by o (i) := i for every integer }; a} <r.
j=1

The fact that each entry (i, i) is acceptable for (a, a’) follows from proposition and the
condition ay; < n — 1. Figure 6.3 visualizes the permutation ¢ in the last block.

(i, 0°(i))

ot r

Figure 6.3: The last block
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Every entry (i, o(i)) for
jx—l
a;- <r
j=1
is acceptable for (a,a’) which can be proven as in the proof of lemmal6.2.3]
Therefore, for every integer i € {1,..., r}, the entry (i, 07(7)) is acceptable for (a,a’) and the
defined permutation o is, thus, acceptable for (g, a’) as well. m]

We fix the acceptable permutation o € S, and the induced datum # (as in the proof of
lemmal[6.2.3).

Proposition 6.2.8. (Description of acceptable entries)
Let H = Hyor € Hy be a matrix with entries Hyy1 ; =: x¢. Then
n—anp(j)+hd(@)—1
= (H" YO Dy 46 iy = 1_[ Xk
k=vd(o(i))

p
Hii iy
Proof. Clearly,

P
H(i,O'(i))
due to the definition of hd and vd. The remaining equality follows from the consideration
of potencies of H (for example in the proof of proposition [6.2.T)). i

— (Hn—Vd((}'(i))—ahb(i)+hd(i))(hd(i) vd(o—(z))

Fori, je{l,...,n— 1}, we consider so-called part-diagonal determinants, that is, determi-
nants along the blue entries, depicted in figure 6.4.
We say the determinant is of type (1) or (2), of height /& and of width w.

w

(1 )
Figure 6.4: Part-diagonal determinants
Corollary 6.2.9. (Description of part-diagonal determinants)
If the part-diagonal determinant of height h and width w is given by acceptable entries
(i,0(@i)) fori € I, then it is given by

w n—h-1

[1a050 =111 iitisofpe @

i€l k=1 [=0

and by
1

Xpvr I it is of type (2).

n—

w
l_[ Hfaa) = l_[

W—
iel k=w—h+1 [=0
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Proof. Follows directly from proposition m]

We define data in order to describe the block diagonal determinants that are induced by the
permutation o

Definition 6.2.10. (The data s(o) and diag(f))
We start by defining a sequence (s(0)i)1<k<n recursively as follows:

e s(0) =1and
o fork > 1, the integer s(0)i > s(0)x—1 s the minimal integer, such that
hb(s(o)i) > hb(s(0)k-1) or vb(s(o)r) > Vb(s(0)k-1).
If no such integer exists, we set k — 1 =: h and determine the sequence at s(o)p,.

Then a tuple
diag(f) = (diag()1, ..., diag(f)n) € (N x N x {(1), )"

is obtained as follows:
Letl e {1,...,h}and denote i := hb(s(0);) as well as j := vb(s(o);.

e diag(f); = (d;,d;,(1)) if the permutation o yields a block determinant as in the
figure 6.5.

’
4;

ol a;
4 (k. o(k)) b (k. o(k))

Figure 6.5 : Part — diagonal determinants; first case

o diag(f); == (d,, dl’, (2)) if the permutation o yields a block determinant as in figure
06.6.

d=aq' (k, o (K))

Figure 6.6 : Part — diagonal determinants; second case
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Example 6.2.11. (The data s(o) and diag(f);)
We consider the example The sequence s(o) is given by

s(o) =(1,3,4,8,9)

. riL

a

L G)
az

, , ,
4 ) a3

and diag(f) = ((3,2,(1)); (1, 1, (1)); (4,6, (2)): (7, 1, (1)); (6,6, (1))).

We describe the tuple diag(f); in detail in order to verify a general description of all toric
invariants.

Proposition 6.2.12. (Explicit description of diag(f))
Letle{l,...,h}and denote i := hb(s(0);) as well as j := vb(s(o))).

1. Assume vd(s(o);) = 1.

o Leti#iyand j# jiforallke{l,..., x}.
— Ifhb(s(o)141) = a; + 1, then

diag(f); = (a; — hd(s(o)) + 1, vd(s(o)1) — 1, (1))

and
— ifhb(s(0)141) = a;, then

diag(f) = (a; — hd(s(o)) + 1,d’, (1)).
o If j= jix foranintegerk € {1,...,x}, then
diag(f) = (@i +1, hs(k), (1)).

2. Assume vd(s(o);) = 1.
o Ifi#irand j# jyforallk e {l,...,x}, then

diag(f) = (a;, vd(s(o)1 — 1,(2)).
o [fi =iy foranintegerk € {1,...,x}, then

diag(f); = (a; — hd(s(o)) + 1,d, (2)).
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We are now able to give an explicit description of the sum-free toric invariants.

Define
) 1 if diag(f); € N x N x {(1))};
o) = )
0 otherwise;

and

50 = 1 if diag(f); € NXNx{(2))};
] 0 otherwise.

Lemma 6.2.13. (Description of sum-free toric invariants)
Let f be a sum-free toric invariant of block sizes a = (ai,...,as) and a’ = (@), ..., a;).

Then
h (6D} (n—d-1 no( dWd (n-di-1
O 0L )
1=1

k=1 y=0 I=1 \k=dj-d;+1\ y=0

Proof. Lemmal6.2.9)gives the description of the partial diagonal block matrices. It, there-
fore, suffices to combine the datum diag(f) with these descriptions. m|

We define f(,) to be the (unique) toric U-invariant given by the datum (a,d’, (P ));,;)
where P; ; are polynomials induced by an acceptable permutation o for (a,a’) as in the

proof of lemma

6.3 Generic separation of the U-orbits

We define a set of U-invariants and a morphism y : N’ — AP x A"~! for an integer D, such
that u separates the U-orbits in Ny. More explicitly, if H, H € Hy and u(H) = u(H’),
then H = H'.

Let H = (x;;);; be a matrix in U-normal form in the following and define x; := x;;1,; for
ie{l,...,n—1}.

Definition 6.3.1. (Separating invariants)
We define the toric invariants det; := fin—i,m-iyy and fi := fi1...1) for every integer
ie{l,...,n—1}

Furthermore, for integers i, j € {1,...,n}, such that j < i — 1, we define the datum

X

n—j+1 0
PZ((j—l,n—i+1),(j,n—i),( B | ))

Then f; = % is a U-invariant due to corollary

Clearly, fori e {1,..., [ 2L )y, the equalities

2
) i—1 n—i ) n—1
deti(H) = dety«(H) = det(H}, ., o) =[ [« [ [« [] &
k=1 k=i k=n—i+1

hold true.
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Furthermore,
n—j+1 0
fi,j(H) = det G=Lp I = det.,-_l(H) -det,_;(H) - Xij
=i+ L)) M —iv1,n-i)
and

n—i n—1

i) = det(Hi o Hin )= [ e [

k=1 k=n—i+1
We set D := % and can separate the U-orbits in the open subset Ny c N.

Lemma 6.3.2. (Generic separation of the U-orbits)
The morphism
w: N — AP xA™!
N = ((fi,j(N)<j<i-1<n-1, (illN)1<i<n-1)

separates the U-orbits in Ny.

Proof. Leta;; € K* and a; € K* be elements fulfilling

n(H) = ((fi, j;(H)1<j<i-1<n-1, (fil(H))1<i<n—1) = (@i )i j» (@i)i)-

We verify that the matrix H in normal form as above with these properties is uniquely de-
termined.

First, we show that the toric invariants f; separate the second diagonal, that is, the entries
XlyeoosXn—1-

Ifi = 1, then
_ Jn-1(H) _ Gn-1 c K*

X; = = ;
" fioH) apa
ifl <i<n-1,then

fusi(HY? a_;

X = = e K*
" fmict (D freiit (H)  Gpeic1Gpein

and if i = n — 1, then
H? af
TG
L(H)  a
Every entry x; is uniquely determined, therefore, the entries x; ;, where j + 1 # i, are also
uniquely determined, since

a;j = fij(H) = x; ;- det;_1(H) - det,,—;(H)
and because of the above description of det;_; and det,;. |
The U-invariant ring of Ny, thus, is given by

KINy1Y = K[Hy] = K[AP x (k)" ).
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6.4 The toric variety X

We denote the toric part of the invariant ring K[AN]Y, that is, the subring which is generated
by the toric invariants given in section by K[N ]gr.

Corresponding to K[N ]gr, there is a variety X = Spec K[N ]gr which is a toric variety as
follows:

As before, let H = (x; ); j be an arbitrary matrix in U-normal form and define x; := xj;1;
forie{l,...,n—1}.

Given a sum-free tuple (a, a@’), there are integers hj(a,a’), ..., h,—1(a,a’), such that
hi(a.a’) hp-1(a.a’)
faayH) =x," "7 o x T

Denote by S the set of tuples (h(a,d’), ..., h,-1(a,a’)) € N"~! for arbitrary sum-free tuples
that induce a minimal set of generating toric invariants and denote o := Cone(S).

Let N be the lattice Z”_l, then o is generated by the finite set S C 7"~ ! and, therefore, is a
convex rational polyhedral cone. It is strongly convex, since o N (—o) = {0}.

Therefore, X = Spec K[N = Spec K[S ] is a normal toric variety by lemma

tor

6.4.1 Toric operation(s)

Let T c GL, be the torus of diagonal matrices. There is a natural action 7 of T on the
U-invariant ring of NV as follows:

o Tx KNV = KINTY
f: N—=K
@) H( N f(eNt™) )

We examine 7 on the separating toric invariants f; of section[6.3] Let r € T be a matrix
with diagonal entries #1,...,#, € K*. Then

n—i n—1

th—ixl ... 1, .
o fiH) = = [ [ gt
1

k=1 k=n—i+1

can be verified directly, or by considering the character w, such that f; is a B-semi-invariant
of weight w as in proposition [5.2.1]

Lemma 6.4.1. (The operation 7)
Let f be a toric invariant, such that f(H) = xil” ...xz”_’l'. Then

n hy
. f)H) = | | (”‘t—kl) - f(HD).

k=1
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Proof. Following section[6.3] we have the equality

fui hy n=2 2—k By f12 By
T = [(fn—z) . Q (fn—k—l ’fn—k+l] (E) )(H)'

The claim follows from our considerations above. O

Another operation is given, since the variety X = Spec K[N ]fér is a toric variety, that is,

7 (K" x KINIY, — KINTE..

tor

Let f be a toric invariant, such that f(H) = x’l” ...xZ"_‘l‘, and ¢ := (c1,...,cn1) € (K*) 1,
the operation 7’ is given by
/ _ hy Nyt
v )(H) = f(H) - !

n—1°

Consider the morphism
p: T — (K"
t t
(t1,..., 1) (t—z L )

9
1 In-1

Corollary 6.4.2. (Interrelation of the operations T and ')
The operation 1 is induced by the operation T’ via the morphism p.

Proof. Follows from the description of 7 and 7’ as well as of lemma|6.4.1 O

6.4.2 Explicit description of toric invariants

We make use of the interrelation of the operations T and 7’ in order to describe the toric
invariants in detail.

Lemma 6.4.3. (Explicit description of toric invariants)
Let f be a sum-free toric invariant of block sizes a = (ay,...,as) and @’ = (a},...,a;)
and let f(H) = xi“ ...xZ"_’I‘. Then, forle{l,...,n—-2},

/ -

h1=r+zt¢{je{1,...,z}|a;zk}— Mie{l,....s}|a;>n—k
k=2 k=1

—_

and
hy_1 = s.

Proof. The invariant f is a B-semi-invariant of weight

s t
0= Y et + o) = Y (01 % ).
J
i=1 J=1
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Therefore, if + € T is a matrix with diagonal entries #,...,,, then the weight w and
corollary [6.4.2] yield

S

I_[ (tn—a,-+l et tn)

n-1, hi
=l = t.f(H) = ]_[ (tti) .
=1\ !

t
jrzll(tl"”'t“-/f)

The claim follows by counting the corresponding factors. m|

6.4.3 Interrelation between N /U and X

We summarize the results, we have proven so far about the affine variety N JU.

Let7: N — N/JU be an algebraic U-quotient of N which exists, since K[N 1Y is finitely
generated.

The space of U-normal forms is given by Hy = AP x (K*)*~! and the map 7 restricts to a
morphism i : Hy —» NJU.

Consider the toric variety X described above by its cone o which is induced by the sum-
free toric invariants of subsection|6.2/and let X’ = (K*)"~! be the dense orbit in X.

The generic separation in section[6.3]yields that the morphism i : Hy — i(Hy) is injective
and that we can construct an explicit morphism i’ : i(Hy) — Hy, such that i o i’ = id;4y,)
and i’ o i = idgy,. Thus,

AP x (K" = i(Hy) c NJU

and the morphism i is birational.

Lemma 6.4.4. (The morphism N JU — X)
The natural embedding KN ]gr — K[N1Y induces a dominant, T -equivariant morphism

p:NJU - X,
such that for each point x' € X', its fibre fulfills p~'(x) = AP,

Proof. The morphism p is T-equivariant due to our considerations in subsection [6.4.1]
and dominant, since it is induced by the inclusion K[N ]gr — K[N1Y. More explicitly,
X' = p(Hy) Cimp.

Let x’ € X', then p~!(x) C i(Hy), since every determinant det; fori € {1,...,n—1}isa
toric invariant. If x* € X’, none of these determinants vanishes on x” and corollary
therefore, yields p~!(x’) C i(Hy). Since the orbits in Ny are separated by the U-invariants
of section and since Hy = AP x X, the claim pl(x) = AP follows. m]

The morphism
Hy > NJU L x

can be thought of as the projection on the first diagonal, that is, p o i(H) = (x;)1<i<n—1 € X’.
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There is a morphism ¢ : NJU — AP as well, such that the composition
Hy = NJU 5 AP
yields g o i(H) = (xi j)1<j+1<i-1<n € AP,

Lemma 6.4.5. (The morphism (p, q))
The morphism
(¢,p): NJU — AP x X

is dominant and birational.

Proof. The morphism (p, g) is dominant, since (following our considerations above) AP x
X' cim(p,q) S AP x X.

The morphism (p, g) is birational following lemma [I.1.3] since (p, ¢) is dominant and for
every y € AP x X’ ¢ AP x X, the fibre (p, g)~'(y) contains exactly one element by our
considerations in section [6.3] More straight forward, (p, g) restricts to an isomorphism
i(‘Hy) = AP x X'. O
Remark 6.4.6. The morphism (p, q) is not surjective for n > 4:

Let us assume the morphism (p, q) to be surjective. Since AP x X is a normal variety and
(p, q) is birational, the lemma of Richardson vields that (p, q) is an isomorphism.

We obtain a contradiction, since KIN1Y # K[Hy]:

Define a U-invariant g by the data

P = ((2),(2), (x)), ifn=4;
T (n-2),2,n—4),(x,x*) otherwise.

Let H € Hy be a matrix in U-normal form as before. Then
g(H) = (x31 - Xa2 — x2 - x4,1) - det,—4(H)
and the relation

g-dety3-det; - fo3- oot = fo1 - far fas - fuot — far - [, - det,3 - dety
=F =F’

holds true in KIN1Y. The inequality KIN1Y # K[Hy] = K[AP x X] follows.

Furthermore, since F # F’, the set M := {x € AP x X | F(x) # 0; F’(x) = 0} is non-empty.
Then the inclusion M C (AP x X)\ im(p, q) directly yields that the morphism (p, q) is not
surjective.

By the same reasoning, we obtain the stronger result

codim, o, (AP x X)\im(p, 9)) < 1.
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6.5 Thecasen =4

We work through the case n = 4 in all detail.

Toric invariants

Let us consider a matrix

0 0 0 O

| 0 0 o0
H= X31 X2 0 0
X41 Xx42 x3 0

in U-normalform.

We deduce minimal toric generators following section [6.2] and describe them by their
monomials, that is, if f is a toric invariant, we describe the tuple (a, b, ¢), such that

f(H) = x{ -xg - x5
We start by describing all sum-free tuples (a,a’) witha = (ay,...,a5) and @’ = (a},...,a;)
with increasingly ordered entries, such that a¢; < 3 and a;. < 3forall i j.

There are integers sy, 52 € {1,...,s}and 71,1 € {1, ..., ¢t} with
l=a1=...=a5 <0541 =...=05, <dgp41 = ... = a5 =3

and
’

_ 7 _ o
ce=ap <dy gy =...=a,=3.

The following are the only sum-free tuples:

L.(a,d)=(1).1) 2.(a,d)=(2),2) 3.(a.d)=(03).03)
4.(a.d)=((1,1,2) 5.(ad)=(2),1,1D)
6.(a,d)=((1,1,1),(3)) 7.(a,d')=((3),(1,1,1))

8.(a,d)=((1,2),3)) 9.(a,d)=((3),(1,2)
10. (a,a@") = ((2,2),(1,3)) 11.(a,a") =((1,3),(2,2))

Of course, given the toric normal form H,

0 0O 00 0 0 0O
] I T I S

1A2

0 xx3 0 O xixx3 0 0 O

The above sum-free tuples yield generating sum-free toric invariants as follows:
1. det; = fi = fiy.ay: (a, b,c) =(1,1,1), since

det ((H3)(1,1)) = det (x1x2x3) = X1X2X3;
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2. detp = f((z)’(z))i (a,b,c) = (1,2,1), since

2 xixo 0 2 .
det ((H )(2,2)) = det( 0 xoxs ) = X1X5X3;
3. det3 = f((3),(3))1 (a,b,c) = (1,1,1), since
X1 0 0
det ((H)(3,3)) =det] 0 x» O |=x1xx3;
0 0 X3

4. g = fanw): (a,b,c)=(1,2,2), since

H3
det (#QL)  det (’“’“02’“30) . ¥

(1,2) x2X3

5. fz = ][((2),(1,1))1 (a, b, C) = (2, 2, 1), since

X1X2

det( Hp, ) | Hp,) ) = det( 0

0 2.2
X1X2X3

6. g3 = f((l,l,l),(3)): (a, b, C) = (1,2, 3), since

det H2[1,31 0 xax3 0 :xlxgxg;
0 0 x3

Hq 3)

H(31,3) x1xx3 O 0
= det

7. 3= fie)a1,1y: (a,b,c)=(3,2,1), since

X1 0 0
det( He. ‘ HE ) ‘ Hé,l) )= det| 0 | xjx2 0 = X3 X3
0 | x1xx3

8. f((l’z)’@))I (a, b, C) = (1, 2, 2), since

28 xixox3 0 0
det (M) = det 0 xx 0 |= x1x§x§;
Has 0 0 x

9. f((3),(1,2))2 (a, b, C) = (2, 2, 1) . since

X1 0 0
det( Hg ‘ H(23,2) ): det 8 x10x2 0 |=xixoxs;
X2 X3
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10. fieo.a3): (a,b,c) =(2,3,2), since

X1X2 O 0 0
H> H3 0 xixox3 00

@D 23) | = 1X2X3 — 2,3.2.

det( 0 | Hos ) det| —5 0 x 0 | 0%
0 0 0 x3

11. f((l’g)’(z,z)): (a, b, C) = (2, 3, 2), since

0 xx3| 0 0

X1 0 0 0 _ . 232
0 0 |xx 0 = (=1 - x7x;x3.
0 0

0 X2X3

2 3
det( Hi) | B ): det
Hgpy | Hap)

The sum-free invariants are listed in the table in figure 6.7.

a a’ a|bjc a a a|bjc

(1) @ |j1r{ry14 3 |11, ||32]1

2) @2 [|1]2|1] (L2 3) 2121

3) @G (1|11 3 1,2y (|1]2]2
(1,1) @ 221|122 | (1,3) ||[2|3]2

(2) (L jrj2j2)]d3 | 22 [[2|3]2
(LLny | @3 || 1]2]3

Figure 6.7: Generating toric invariants for n = 4
Define the ideal
(2 — 2 _ — qatd ) ) a2
R := (82 = gadety, f; = fadety, f3g3 = det], 382 = det| f2, g3 /> = det|g2, /282 = detldetz)

in the subring of toric invariants K[N1Y < K[N]Y.

tor
Then
K [dety, dety, f1, f2, 82, &3]

R

X := Spec K[N]gr = Spec
due to our considerations above.

Claim: X is a normal affine toric variety.

There is an isomorphism X = Spec K[S ] of affine varieties where o is the convex poly-
hedral cone generated by

EHEIEIE)

The variety X is a normal toric variety if and only if o is a strongly convex rational poly-
hedral cone. Let N be the lattice Z>, then o is generated by the finite set S c Z> and,
therefore, is a convex rational polyhedral cone. It is strongly convex, since o N (—o) = {0}.
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Toric operations
Let T' € GL, be the torus of diagonal matrices. Consider the operation

o TxKINTY - K[N1Y

f: N—=K )

&5 N faNe

which we examine the operation 7 on the generating invariants defined in section[6.3]in the
following.

Lette T c K**bea diagonal matrix with diagonal entries ?1, f5, 13,4 € K*. Then

2
det)(tHr ') = % fH) = M g(tHr ) = 7+

dety,(¢tHt™ 1) = B4, fH™Y) = fﬂ*"*, g3(tHr ) =
]

tty’ tllztz

These equalities can be verified directly, or by calculating the character w, such that the
U-invariant is a B-semi-invariant of weight w. The operation is fixed by those matrices for
whicht; =1 = 13 = 4.

The variety X is a toric variety via the induced operation of

7 (CH} x KINY, — KINTY.,

tor

such that ¢ == (¢1, ¢2, ¢3) € (C*)? acts on the generating invariants as follows:
cdety(H) = dety(H)cicocs;  c.fo(H) = r(H)lcses;  c.ga(H) = ga(H)erc5¢3;
cdety(H) = detay(H)cice3; . fs(H) = fs(H)cjchess  c.g3(H) = gs(H)eic3cs.

We immediately understand that the operation 7 is induced by the operation 7’ via the
morphism

p: T — (C)}
h 13 14
'_> _9 _’_ .
LS L &)
Generic separation

Define
u: N — A®
N = (51(N), 21(N), f32(N), fi(N), f2(N), f3(N))
where the U-invariants f; ; and f; are defined as in definition [6.3.1}

Claim: The morphism u separates the U-orbits generically, that is, on the open subset
Ny C N, the inequality u(N) # u(N’) holds true for all N, N’ € Ny.
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Proof. Let H = (x;;);j € Hy and H' = (xlf’j),; j € Hy be two matrices in normal form; we
set x; = x},,,; and x] = x|

i+1,i i1,
It is sufficient to show x; = x] for all i.
Let (a, b, c, s,t,u) € A and assume u(H) = u(H') = (a, b, c, s, t,u).
X401 = far(H)=a= fa1(H) = x}
x31 - x10x3 = f31(H) =b = f31(H') = xj | - X|x5x]
X42 - X103 = fao(H) = ¢ = faor(H') = X - X X)X}
x1x2x3 = fi(H) = s = fi(H') = x|x5x;
x%x%xg =fHhH)=t=fH(H) = x’fx'zzxg
x?x%yg =f3(H)=u= f3(H) = x§3x§2x’3
We calculate x; = x| = u/t and x; = 2 us = x, and x3 = s2/t = x5

Therefore, H = H’ which proves the claim. m|

The morphism (p, q)
We define the dominant morphism
(p.q) : NJU = A3 x X
as in subsectionwhich separates the U-orbits in A* x X’ as has been shown above.

Consider the following three invariants:
o the (non-toric) invariant g given by the datum P = ((2), (2), (x)) for which
g(H) =det(Hpp)) = X3.1 - Xa2 — X2 - X4
holds true,
e the (non-toric) invariant g’ given by the datum P = ((1), (1), (x?)) for which
g (H) = det (H(zl,l)) =X| X0+ X3 X3
holds true and
e the (non-toric) invariant G, by the datum P = ((2), (1, 1), (x, x*)) for which
g’(H) =det( Ho | Hyy )= x31- ¢/ (H) = x41-x1- %
holds true.
Then, for example, the relations
g-det] = fy1fir —detidetafs; and g” -det] = f3 detig’ — fofas
yield K[N1Y # K[A’1® K[N1Y_and NJU 2 A3 x X.

tor
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7 Towards a GIT-quotient for the Borel
action

We initiate the study of a GIT-quotient for the Borel action on the nilpotent cone N in the
following.

7.1 The examplesn =2and n =3

We start by discussing n = 2 and consider N = N.

Example 7.1.1. (A GIT-quotient in N, for the Borel action)

Example[6.1.2) proves
KIN1Y = K[ fo1]

The U-invariant morphism f>1 is a B-semi-invariant of weight ) = w2 — w1. Therefore,

@ @K[N]B’”X = EBK[N]B’”XO.

x€X(B) n>0 n>0

Of course, N € Np if and only if f».1(N) # 0 and therefore NX0~5' = N,

The morphism

u: NXOTSU s (1) = Proj Klf.1]
N - Hi(N)=1,
thus, is a GIT-quotient.

Example 7.1.2. (A GIT-quotient in N3 for the Borel action)
Let us consider N = Ni. Example|6.1.3|proves

K[ f3,1, f1, f2, det;]
(fl “h= det?)

KNV =

We consider these U-invariants:
1. f31 and det; are B-semi-invariants of weight 3,1 ‘= w3 — wy,
2. fi is a B-semi-invariant of weight y1 = —2w| + wy + w3 and

3. f» is a B-semi-invariant of weight x» = —w| — wy + 2w;3.
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The equality det; = dety holds true on N, therefore N¥317%' = Ng U{N € N'| N3 # 0}.

Thus, the morphism

p: NXI7SU_s Pl = Proj K[ f31, dety ]
N = (f3,1(N) : dety(N))

is a GIT-quotient.

7.2 Generic separation of the same weight

We define the character
n—1 n—1
X = Z(wn_iH +... 4+ wy)— Z(a)l +. W)
i=1 i=1

There is one particular B-semi-invariant fp of weight y which extracts the matrices in N
from N.

Definition 7.2.1. (The B-semi-invariant fp)

Leta;:=a;=iforie{l,...,n—1}and let
p o [ X W=
0, otherwise.

Define Pp = ((ai)i, (a})i, (Pi))i,j) and

fB: N—-K
n—1 ]
N > det(N*#) = ]_[ det(N" ).
i=1

We directly see fg(H) = 1 for all H € Hp and that fp is a B-semi-invariant of character y.

Proposition 7.2.2. (Extraction of Ng)
The B-semi-invariant fp fulfills

fe(N) # 0 if and only if N € Np.

Proof. Let N € N. Clearly fg(N) # 0 if and only if H:’:_II det(N”_i)(i,i) # 0, thus, if and
only if det Nj; ¥ # 0 for all i. Corollary yields N € N. O

We show how to extract the entries of the normal forms H in the affine space Hp = AP of
dimension D := w with the generating semi-invariants from proposition m In
particular, we are able to separate them with semi-invariants of the same weight y.
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Lemma 7.2.3. (Separating B-semi-invariants)
For each i and j, such that2 < j+2 < i < n, there is a semi-invariant g; j of weight x
which fulfills

gi,j(H) = Hi

for every normal form H € H.
Proof. We consider three cases.
I. Letn—i+1¢{j—1,j}

Define the datum P := ((ay)x, (a,’()k, (Pr.nk,) as follows:

s (a)i<kn—1 = (G-l,n—i+1,j,1,...,j=-2,j+1,...,n—i,n—i+2,...,n—1),

c(@i<ksn—1 = (Gon—i+ 1L j-1,1,...,j=2,j+1,...,n—i,n—i+2,...,n—1)

and
XL ifk=1€e{1,3);
X ifk=2and! = 1;
p x ifk=1=2;
: kl —

X~ ifk=3and ! =2;
X% ifk=1>3;
0 otherwise.

Let us denote g; ; = 7 and let H € Hp, then

gij(H) = det(H")
= det((Pri(H)ay,ap)1<ki<3) - det((Pri(H)(ay a))a<k j<n-1)

n—1

= det((Pri(H)(ap.a))1<ki<3) - r[ det(Pix(H)(a.a)))
k=4
= det((Pk,l(H)(ak,ag))1sk,lss)-
Of course,
1 0 0
0 0
* 1 0
0 0
1
Ho oo 0
(Pri(H)aa) 1<k <3 = (n=i+L.j)
* 1 0
0 .
£ sk * * 1
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This is a lower triangular matrix, all diagonal entries being 1 except the (j, j)-entry,
which equals H; ;.

Thus,
8i,j(H) = det(Pri(H)a,a))1<ki<3) = Hi,j.

2. Letn—i+1=.
We define the datum P = ((ax)k, (@ )k, (Pr.0)k.1) by
. (ak)lgkgn_l = (j—1,j,1,...,j—2,j+1,...,1’1—1),
: (a;()lﬁkﬁn—l = (]$.]_ 1’ 1’--"j_2’j+ 1,...,71_ 1) and
XL ifk=1e{1,2);

Cp, =] X ifk=2and/=1;
ST e ifk=1> 2
0 otherwise.

Denote g; ; = f* and let H € Hp, then

gi,j(H) = det(H")
= det((Py(H)(ay.a))1<k,i<2) - det((Pri(H)a,a)))3<k 1<n-1)

n—1
= det((Pri(H)ay,a)))1<ki<2) - 1—[ det(Pri(H)ag,a0)
k=3
= det((Pri(H)ay.a))1<k1<2)-
Of course,
1 00
0
* 1 0
(Pri(H)apap)1<ki<2 = 0 ... 0
1 0
Hii-is1,j)
* 1

This is a lower triangular matrix, all diagonal entries being 1 except the (j, j)-entry,
which equals H; ;.
Thus,

8i,j(H) = det(Pri(H)a,a))1<ki<2) = Hi,j.
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3. Letn—i+1=j—1.

o Let j=2first, theni=n:
We define the datum P = ((ay ), (a,’()k, (Pk)k,) as follows:

: (ak)lﬁkﬁn—l = (2’ la 3’ N (e 1)’
: (a//()]SkSn—l = (1,2’ 3’ RS [ 1) and

X2 ifk=1=1;

X1 ifk=1landl=2;
: Pk’] = X ifk=101=2;

Xk ifk=1>2;

0 otherwise.

Consider g; ; := f% and let H € Hp be a matrix in normal form, then

8i.j(H) = det(H")
= det((Pri(H)aap)1<ki<2) - det((Pri(H)(ay ap)3<ki<n—1)

n—1

= det((Pi(H)aa)1<ki<2) - | | det(Prs(H)iay.ary)
k=3

= det((Pri(H)ay,a))1<k1<2)-

Since

110 O
PriH)@a)izki2 =| * |1 0 1,
0] =

we arrive at

8i,j(H) = det(Pri(H)a,a))1<ki<2) = Hi,j.

e Letus assume j > 3.
We consider the datum P = ((ax)k, (@), (Pr.1)x,1) defined by

. (ak)]SkSn—l = (.]’J_ 1$ 1’--"j_ 2’.]+ 1,...,71— 1)’

(@hsksn-1 =L, j—1,2...,j=2,j+1,...,n—1)and
X if(k=1andl=2)orifk=1=3;
X ifk=1=2;

cPry=4 X ifk=2andl=3;
X% ifk=1l=1orifk=1>3;
0 otherwise.
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Let g;; == f and let H € Hp, then

gij(H) = det(H")
= det((Pri(H)a,ap)1<ki<3) - det((Pri(H)(qy.a)))a<k i<n—1)

n—1
= det((Pri(H)ay,a)))1<k,1<3) - 1—[ det(Pri(H)ay,a;)
k=4
= det((Pri(H)ay,a))1<k,1<3)-
Of course,
1 0 0
* 1
0
* * 1 0
(Pri(H)(a))12k1<3) = 0 0
1
0 | Hp-i+1,)
* 1 0
0 0 * 1

This is a lower triangular matrix, all diagonal entries being 1 except the
(j + 1, j + 1)-entry, which equals H, ;.

Thus,
8i,j(H) = det((Pri(H)ay,a))1<ki<3) = Hi,j.

It follows from proposition [5.2.1] that in all cases, the given semi-invariant g; ; is of
weight y. O

We have, thus, found semi-invariants of the same character that extract the coordinates of
Hp = AP,

Proposition 7.2.4. (Description of x)
The character x can be described as a linear combination y = )i, 4w; of the basis
Wi, ..., w, of X(B) with

Adi=-n+ 2i— 1.

Proof. The character y is defined by

n—1 n—1
X = Z(wn_k+1 +.. ot wy) — Z(a)l + ...+ wy),
k=1 k=1

where w; appears (i — 1)-times in the first sum and (n — i)-times in the second sum. O
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7.3 Translation to the language of quiver moduli

The notion of a GIT-quotient of B in N can be translated to the language of moduli spaces.
We give a brief overview of this translation in the following; the reader is referred to
[Reineke, 2008]] for a thorough treatment of the subject.

Let Q = Q(n, n) be the quiver defined in section that is,

ay (%] Ap-2 Ap—1

n

Fix 6 € (ZQy)*, that is, a linear map 6 : Z" — Z and assume 6(d) = }, 6; - d;.
i=1

We define the slope corresponding to 6 by

0(d)
dimd

w: N0} - K5 d o

where dimd = }7 | d; is the total dimension of d.

Let M € repy(Q) be a representation that naturally corresponds to the point m € Ry(Q) via
section|[I.2)and denote d := dimM. We define

6:N" = K; d + 6d)-dimd - dim(d) - 6(d).
Then #(d) = 0 and

p(dimU) < u(d) if and only if 9(di_mU) > 0.

A ~ n A
Given 6, such that 6(d) = 3 6; - d; we define a G4-character by
i=1 -

Xt Ga =K' (gieq, = | | det(en”.
i€Qq

A. King proves the following theorem in [King, 1994].

Theorem 7.3.1. (Theorem of King)

The representation M € repg(Q) is semi-stable of weight y if and only if for every subrep-
resentation 0 # M’ C M the inequality u(dimM") < u(d) (or; equivalently, §(dimM’) > 0)
holds true.

Let No = (Ny,...,N,) € N" and define a B-character yy, by
n

XN.: B> K, b rlbf\?
i=1

We translate the characters y; and yy, via the bijection of theorem [2.3.T|now.
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If we restrict x; to the isotropy group Isog,(Rs(Q)) = B, we obtain

Xp: 1506,(Ra(@) = K*s (bieq, + | [ detv?,

i€Qo
such that
bii - by
bi=1| o . e K™,
0 0 b
Therefore,
n
[ [detw® = [ o, - .- b
iEQ() k=1

LN ~ .

and, thus, the characters can be translated via N; = }} 6; and 6; = N; — N;;; if we set
Jj=i

Nn+1 = 0

We call a representation M (and the corresponding point m) 8-semi-stable if they fulfill the
equivalent conditions of theorem

Furthermore, they are called 6-stable if for every subrepresentation 0 # M’ ¢ M, the
inequality u(dimM”) < p(dimM) holds true.
Let us define

RZ‘SSt(Q) = {m € Ry(Q) | m is § — semi — stable}

and
RIMQ) = {m € Ry(Q) | mis 6 — stable}.

Then we obtain the corresponding quotient varieties which will be denoted by
MZ—SSt(Q) — RZ_SSt(Q)//Gi

and
My (@) = Ry (@)/Gq.

We denote by PG, the factor group G4/K* and by MZSimp(Q) the quotient variety

M™(@Q) = R(Q)J PGy

which parametrizes the semi-simple representations of Q of dimension vector d, we call
this variety the “moduli space of semi-simple representations”.

There is a projective morphism 7 : M4™4(Q) — MZSimp(Q) and we define

Mz_sst,nilp(Q) =n! 0),

where 0 := P, S ¢ e M;Slmp(Q) is the point corresponding to the canonical semi-simple
representation of dimension vector d; the representation S; denotes the one-dimensional
representation at the vertex i.
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If y and 6 can be translated as above. we have an isomorphism
NIB = My “""(@Q,).

In order to prove semi-stability for a representation M of dimension vector dimM = d, for
each subrepresentation M’ C M we have to verify

n
Z(Ni - Ni+1)dil’l’1K Mz, <0.
i=1

Without loss of generality, we assume N; — N;.; > O forall i < n.

Proposition 7.3.2. (Translation of semi-stability)
M is 0-semi-stable if and only if for every subspace 0 # M, & M,, such that M,(M,) € M),
the inequality

n—1
D (Ni = Niga)dimg Mg - MG (M) + N, dimg M}, <0

i=1
holds true.

Proof. Follows from the translation of § and N, given above and from theoremm m|

Corollary 7.3.3. (Injectivity of certain maps)

If M is semi-stable, then M,, is injective for every integeri € {1,...,n—1}.
Proof. Assume, M,, is not injective for an integer i € {1,...,n — 1}. Then consider the
representation

M=0—-...-0->0L->0—-...-0
where (v) is the space at the i-th vertex of Q for a vector v € Ker M,,. Clearly,

n—1
Z(N,- — Ny dimg M1+ - MG (M) + N, dimg M), = N; = Nig1 > 0,
i=1

a contradiction. ]

Since we were able to separate the B-orbits generically by B-semi-invariants of the same
weight y in section it is natural to consider the weight

n—1 n—1
X = Z(w"‘”l +...+a),,)—Z(w1 +...+w)
i=1 i=1

which can be described as a linear combination y = }" | iw; with 4; = —n + 2i — 1 by
proposition
The translation above yields a stability

0=02,....2,1-n)

and a semi-stability criterion for 6 is obtained.
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Proposition 7.3.4. (Concrete semi-stability)
M is 0-semi-stable if and only if for every subspace 0 # M, C M,, such that M,(M,) € M,,
the inequality

n—1

n—1
D dimg MG MG () < dimg M,
i=1

holds true.

Due to proposition

NB C RZ*SS{(Q)
follows immediately.

As the translation to the representation theory of the algebra KQ/I provides an insight
into the classification of finite parabolic actions in case the algebra is representation-finite,
the translation to the language of moduli spaces may provide further knowledge about
quotients if the algebra is of wild representation type.
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A.1 Singular computations

1. >ring R =0,(a,b,c,d,e, f, g, h,i),dp;
>ideal I = (a+e,axe—bxd,ax f—cx*d, g, h,i);
> LIB "primdec.lib";
/] ** loaded /opt/Singular/3-1-1/LIB/primdec.lib (12962,2010-07-09)
/] ** loaded /opt/Singular/3-1-1/LIB/ring.lib (12231,2009-11-02)
/] ** loaded /opt/Singular/3-1-1/LIB/absfact.lib (12231,2009-11-02)
/] ** loaded /opt/Singular/3-1-1/LIB/triang.lib (12231,2009-11-02)
// ** loaded /opt/Singular/3-1-1/LIB/matrix.lib (12898,2010-06-23)
/] ** loaded /opt/Singular/3-1-1/LIB/nctools.lib (12790,2010-05-14)
// ** loaded /opt/Singular/3-1-1/LIB/inout.lib (12541,2010-02-09)
/] ** loaded /opt/Singular/3-1-1/LIB/random.lib (12827,2010-05-28)
/] ** loaded /opt/Singular/3-1-1/LIB/poly.lib (12443,2010-01-19)
/] ** loaded /opt/Singular/3-1-1/LIB/elim.lib (12231,2009-11-02)
// ** loaded /opt/Singular/3-1-1/LIB/general.lib (12904,2010-06-24)
> quotient(/, radical(1));
_[1=1

2. >ring R =0,(a,b,c,d,e, f, g, h,i),dp;
>ideal I = (e+i,bxf—cxe,bxi—cxh,exi— fxh,a,d,g);
> LIB "primdec.lib";
// ** loaded /opt/Singular/3-1-1/LIB/primdec.lib (12962,2010-07-09)
/] ** loaded /opt/Singular/3-1-1/LIB/ring.lib (12231,2009-11-02)
// ** loaded /opt/Singular/3-1-1/LIB/absfact.lib (12231,2009-11-02)
/] ** loaded /opt/Singular/3-1-1/LIB/triang.lib (12231,2009-11-02)
/] ** loaded /opt/Singular/3-1-1/LIB/matrix.lib (12898,2010-06-23)
/] ** loaded /opt/Singular/3-1-1/LIB/nctools.lib (12790,2010-05-14)
/] ** loaded /opt/Singular/3-1-1/LIB/inout.lib (12541,2010-02-09)
// ** loaded /opt/Singular/3-1-1/LIB/random.lib (12827,2010-05-28)
/] ** loaded /opt/Singular/3-1-1/LIB/poly.lib (12443,2010-01-19)
// ** loaded /opt/Singular/3-1-1/LIB/elim.lib (12231,2009-11-02)
/] ** loaded /opt/Singular/3-1-1/LIB/general.lib (12904,2010-06-24)
> quotient(/, radical(l));
_[1]=1
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3. >ring R =0,(a,b,c,d,e, f, g, h,i),dp;
>ideal = (a+e+i,axe—bxd,dvsh—exgaxi—cxgd*i—fxg,
axf—cxd,bxi—cxh,exi— fxh)
> LIB "primdec.lib";
// ** loaded /opt/Singular/3-1-1/LIB/primdec.lib (12962,2010-07-09)
/] ** loaded /opt/Singular/3-1-1/LIB/ring.lib (12231,2009-11-02)
// ** loaded /opt/Singular/3-1-1/LIB/absfact.lib (12231,2009-11-02)
/] ** loaded /opt/Singular/3-1-1/LIB/triang.lib (12231,2009-11-02)
// ** loaded /opt/Singular/3-1-1/LIB/matrix.lib (12898,2010-06-23)
// ** loaded /opt/Singular/3-1-1/LIB/nctools.lib (12790,2010-05-14)
// ** loaded /opt/Singular/3-1-1/LIB/inout.lib (12541,2010-02-09)
/] ** loaded /opt/Singular/3-1-1/LIB/random.lib (12827,2010-05-28)
/] ** loaded /opt/Singular/3-1-1/LIB/poly.lib (12443,2010-01-19)
/] ** loaded /opt/Singular/3-1-1/LIB/elim.lib (12231,2009-11-02)
// ** loaded /opt/Singular/3-1-1/LIB/general.lib (12904,2010-06-24)
> quotient(/, radical(1));
_[11=1
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A.2 The parabolic subgroup of block sizes (4, 3)

Let us consider the action of the parabolic subgroup of block sizes (4,3) on N§3) . There
are 136 orbits of which the normal forms are listed in the following table; one can see how
easily they are obtained by combinatorially considering each representation M (as a direct

sum of indecomposables), such that dimM = (4, 7).

2
(U4,7 (Uéj D 7112’1 D (L[()J 7/(272 (&) (L{1,4 (&) (Ll171
I T T T
U6 ® U, U)oU) & Uy, UroUoU)
I 2 ) I
Us6® U U)o US) & Uy, UpoUoU)
U oU U3 o Us) & Uy, U0 U, o U,
) (2) (2) (D (2)
7/(36@%{1,1 (H23697/[23®(U0,1 (L(272€B(UI3EB(L(12

Py
(L{3 S © 7/[1,2

2 3
U © U, © Uy,

@) )
(le,z (&) 7/(1 3 (&) (ul,Z

WPy
7/13 5 ® (LII,Z

3 3
U, o US) & U,y

(3) (2)
7/[2,2 (&) (Lll 3 (&) 7/1172

1 | 1

U)o Uy U, U @ U & Uy Up o U & U & Uy,
2 T 2 2

Ulo U, U @ Unr & Uy Unp @ U & Uy & U,

Py
(L{3 5 ® (LII,Z

3
(Llég &) (le’z (&) 7/[()’2

3
7/2,2 (&) (Lli ; (&) 7/[1,1 (&) 7/[(),1

2
71;5) 697/(1,1 69(1/10,1

(D 2
7/(2 3 (&) (Uz,z (&) 7/{0’1

U ® 7/1512) ® (uglé ® Up,

Usy ® U, UL ® Uy © U, Uy o U)oU) ® Uy,
Uss @ U U, © Upp & UZ, Up o UL O US) & Uy,
Usy0 U Ul oU)oU, Up®U) U & Uy
7/[3,4 &) (Uglg &® 7/{(),1 71;13) &) (L[§23) (&) (HM 7/[2,2 (&) 7/152; &) 7/[1,1 &) (L((),z
7/{3,4 &) (LI?% (&) (L(0,1 71;13) &) (L[?; (&) 7/[1’1 7/[2,2 (&) %{8 &) 7/[1,1 &) 7/((2) 1

Us s U1 ©Upp

3 i
UL e U oU,

2
7/12,2697/[};697/11,] 697/1(2)1

(U374 697/11,1 @%{31

2 2
U o U oU,

Urn @ (Lllz 1 ©® Uos

(U3,3 (&) 7/1174 (Héz; (&) (L[f’; (&) (L[L] (L(272 (&) 7/{12 | (&) (HO,Z (&) (uo,1
Us3 & U, & U, U oU)oU, U U, & U3,

(L(3,3 (&) (Léz; &® 7/{0,1 71;3% (&) ([/[?3)’ (&) (ul,l (L(1,4 (&) 7/(? 1
Usotlloty, | Ujetset, | Uleu e,
Uy 0 U] 0 Uy, AT oo,
Us @ Uy, & Uy, U e U, eU, U e U, o U

Uy o U)o 14, wheueur U el e,
Uy oty 6 U, U et U] e e,
Usz @ Uy & U3 UlouU)ou’) U o U o U

U3 U1 ©Upp ® U,

D gD g gD
7/{2,3 GB(LII 2697/(1 2

1
UL e U o Uy,

(L{3,3 EB(UL] 697/{81

3) (D (M
U, 3 @ U,oU,

2
U 0 U | © Uy,

1
7/(; ; (] (LIQ,Q

&) o) )
7/12,3 ® (Lll 2 ® 7/11,2

3
U o U | & Uy,

2
7/[; 5) (&) (uz,z

OP Ty Py
7/{2,3 ® (LII,Z ® 7/{1 2

(U}5)° & U,
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1 1 1 1 2
U o U3, (u;g oU)oU e Uy, ((ug,;)zeaug;@uo,l
Ul e U U o U)o U & Uy, fuﬂ; & (U o U,
U)oU) U e U oU 0 Uy | (U @ U,

U7
(L{24 697/{23

2 2
(Llég @Wi ; EB(HM @7/(0,1

1
wg’; U, ® Uy

UPY7S)
(LIZ 4 © (L[2,3

3 1
U o U)o U & Uy,

2
fuﬁg e U, ® Uy

O gD
7/{2 4 ® (L[2,3

3 )
U o U & Uy & U,
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