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Introduction

A lot of well-known partial differential equations modeling physical systems, such as the heat
equation, the Schrédinger equation or the wave equation, use temporal change of states. Fvo-
lution equation is an umbrella term for such equations that can be interpreted as differential
laws describing the development of a system or as a mathematical treatment of motion in
time. In 1921 Albert Einstein said about physical models:

As far as the laws of mathematics refer to reality, they are not certain; and as far
as they are certain, they do not refer to reality.

Certainly, this quote encourages a discussion on the benefit of evolution equations in con-
nection with the applications to physics, i.e., it exacerbates the discussion on the connection
between mathematics and reality. However, one can say that the science provides models and
we process and work them out. Hence, we are, as it seems, not responsible for the relation
to reality. Of course, this is a short and crisp consideration of this topic, which normally
requires much more discussion. This is for example done by G. Nickel [52, pp. 531-554]. Since
this topic is beyond the goals of this thesis, we now leave this philosophic area and turn to
mathematics. To quote Henri Poincaré:

Mathematics has a threefold purpose. It must provide an instrument for the study
of nature. But this is not all: it has a philosophical purpose, and, I daresay, an
aesthetic purpose.

With a solution of an evolution equation, one can predict the future of the corresponding
physical system which makes it deterministic. One can find various books on the theory
of evolution equations. At the same time, there are also monographs consisting only of
mathematical applications of evolution equations in physics and life sciences, cf. [84], which
in fact emphasizes the strength of the theory. Evolution equations can be treated by an
operator theoretical approach. They can be rewritten as so-called abstract Cauchy problems.
We illustrate this by an example. Let 2 C R™ be a bounded domain with smooth boundary
0. Let A =31, 6‘9—;2 denote the Laplacian and consider the following problem

%w(t, x) = Aw(t,x), (t,z) € [0,00) x Q,
w(0,z) = f(z), T €, (PDE)
w(t,z) =0, xr eI, t>0,

where f € L%(Q) is given. Now consider the Banach space X := L2(f2) and define u(t) :=
w(t,-) to be a function with variable x. Furthermore, define a linear operator by

Au:= Au, D(A):=H:(Q),
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where H2(Q2) denotes the Sobolev space of functions with zero trace on the boundary, which
is in fact the closure of C3°(§2) with respect to the Sobolev norm. Observe that the boundary
conditions in (PDE) are now incorporated into the domain of the operator, so that (PDE)

can be rewritten as
{u(t) = Au(t), t>0,

u0)=ze€ X (ACP)

which is a Banach space valued initial value problem, also called an abstract Cauchy problem.
The task is to analyse whether such an abstract Cauchy problem has a solution. Generally
speaking, given an unbounded operator (A, D(A)) on a Banach space X, a (classical) solution
of the corresponding abstract Cauchy problem (ACP) is by definition a function u : R>g — X
such that u is continuously differentiable, u(t) € D(A) for all t > 0 and (ACP) is satisfied. In
fact, this leads to the generic term well-posedness, including the existence of a unique solution
of (ACP). By definition the equation is well-posed if D(A) is dense in X, for every x € D(A)
there exists a unique solution u(-,z) of (ACP) and for every sequence (zp)nen in D(A) with
limy, o0 Zn, = 0 one has lim,, oo u(t, z,) = 0 uniformly for ¢ on compact intervals [0, to] for
each tg > 0.

Now operator semigroups, the generalization of the exponential function, come into the pic-
ture. By definition, a family (7'(¢)):>0 of bounded linear operators on a Banach space is
called a strongly continuous one-parameter semigroup, or Cy-semigroups for short, if T'(0) = I,
T(t+s)=T(t)T(s) for all s,t > 0 and ||T(t)x — x| — 0 as t — 0 for each x € X. To each
Co-semigroup (T'(t))s>0 we can assign a linear operator (A, D(A)) by setting

A o lim Tt)r —x T(t)x —x

, D(A) := {:L’ € X: lim
t—0 t

exists ¢ ,
t—0

which is in some sense the derivative of (T'(t))t>o in ¢ = 0. This operator, which enjoys
nice properties like closedness or having a dense domain, is called the generator of (7'(¢)):>0.
The converse question, which linear operators (A, D(A)) are generators of a Cpy-semigroup, is
answered by the Hille—Yosida theorem, cf. [52, Chapter II, Sect. 3, Thm. 3.8].

Solutions of (ACP) and semigroups are strongly connected. In particular, for a closed operator
(A,D(A)) the problem (ACP) is well-posed if and only if A generates a Cp-semigroup. In
this case for every z € D(A) the function v : R>o — X defined by u(t) := T'(t)x is the unique
classical solution.

Stochastic differential equations, Ornstein—Uhlenbeck processes or Feller processes, give rise
to transition semigroups which are in general not strongly continuous. An example of such a
semigroup is the one coming from the differential operator on Cy(R"™), n € N, given by

n 82 n o
Au(z) =) Qij(x)mu(ﬂf) + Zbi(ﬂi)axiu(x),

i,j=1 i=1

on the domain

1<p<oo

D(A) = {u € ﬂ ngc;ﬁ(R") NCL(R"): Au e Cb(Rn)} )
where ¢;; and b; are sufficiently regular functions. In which way stochastic differential equa-
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tions are associated with this differential operator is discussed in [82, Sect. 2.5]. Now consider
the corresponding parabolic problem

0
a11)(75733) = Aw(t,x), t >0,
w(0,2) = f(z) € Cy(RY).

By [82, Thm. 2.2.1], for every f € Cp(R"™) there exists a solution u € C(R>px R™) N
Cl+a/2’2+a(R20 x R™) of this problem. Furthermore, by [82, Thm. 2.2.5] this solution can be

loc
represented by a semigroup (7'(t)):>0 on Cp(R"), i.e., u(t,z) = (T(t)f)(z), t > 0, z € R™
However, by [82, Thm. 9.2.6] this semigroup of bounded linear operators fails to be strongly
continuous on Cp(R"™) in general. Here bi-continuous semigroups come into play, which form
in fact the key subject of this thesis. Let us consider our topics and results in more mathe-

matical detail and introduce the main themes and explain the structure of this thesis.

The research on bi-continuous semigroups was motivated by the work of F. Kithnemund. In
fact, she was the initiator for the development of the theory of bi-continuous semigroups, cf.
[78, 79]. The main idea is to equip the Banach space X, on which the semigroup (7'(¢))¢>o fails
to be strongly continuous with respect to the norm, with an additional locally convex topology
7, which is compatible with the norm topology, such that the semigroup becomes strongly
continuous with respect to 7. We will investigate some explicit examples of Banach spaces
and bi-continuous semigroups in Chapter 1. Moreover, we will recall in Section 1.3 that, as
in the case of Cy-semigroups, one can assign a generator to each bi-continuous semigroup
which has properties similar to the generators of strongly continuous semigroups. As might
have been expected, the semigroup (7'(¢))¢>0, corresponding to the differential operator from
above, yields, under an additional spectral assumption, a generator which coincides with
(A,D(A)), cf. [82, Prop. 2.3.6]. Likewise, we also discuss abstract Cauchy problems for bi-
continuous semigroups. Especially, there is also a notion of well-posedness which is related
to the generator as well, see Section 1.5. Moreover, F. Kithnemund proved a Hille-Yosida
generation type theorem [79, Thm. 16] which we will address from a new point of view in
Section 2.4.1, cf. Theorem 2.38.

The work of F. Kithnemund was followed by research by B. Farkas. He investigated pertur-
bation theory for bi-continuous semigroups. The general idea for perturbations of semigroups
is the following: think of an explicit partial differential equation and the corresponding ab-
stract Cauchy problem. In order to show that our problem has a unique solution we want
to apply the Hille-Yosida generation theorem. Verifying the conditions of this theorem can
be really involved in specific situations. The idea is to split the operator of the given ab-
stract Cauchy problem into a sum of simpler operators. Quite often, it is the case that one
of theses operators generates a semigroup. In the abstract one can formulate the question
for bi-continuous semigroups as follows: consider a generator (A, D(A)) of a bi-continuous
semigroup and (B, D(B)) a second operator. The task is to find conditions on the operator
(B, D(B)) such that the following abstract Cauchy problem

{u(t) = Au(t) + Bu(t), t>0,
u(0) =z € X.

is well-posed, i.e., the sum A+ B together with an appropriate domain generates a semigroup.
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There is no universal theory concerning the operator (B, D(B)) to achieve this. Therefore,
one regards several classes of operators. In case that B is a bounded operator, we talk about
bounded perturbations. If the domain D(B) coincides with D(A) we consider the so-called
Miyadera—Voigt perturbations. Both perturbation types for bi-continuous semigroups were
treated by Farkas [56], [55] and [54, Chapter 3]. We will recall the corresponding results
in Section 5.1.2 and Section 5.1.3 and take positivity of the Miyadera—Voigt perturbations
in Chapter 5 into account. The corresponding perturbation result in this thesis is Theorem
5.19. As remarked by B. Farkas in [54, Sect. 3.2], a third type of semigroup perturbation,
the Desch—Schappacher perturbation, was left open. In Chapter 4 we discuss this type of
perturbation in detail which culminate in Theorem 4.4 and Theorem 4.7. As a matter of
fact, the idea of this perturbation type is to enlarge the Banach space by a technique called
extrapolation. In the case of a strongly continuous semigroups (7'(t)):>¢ with generator
(A, D(A)) one introduces a new norm ||-||_; on X by ||z||_; := [|[A7 z||, z € X (observe that
we may assume without loss of generality that (A, D(A)) is invertible). The completion of X
with respect to ||-|]|_; is then denoted by X_; and is called the first extrapolation space. In
general, the resulting spaces are abstract objects which can not easily be identified as well-
known spaces. Some special examples where this is possible are discussed by Nagel, Nickel
and Romanelli [93, Sect. 2] or Engel and Nagel [52, Chapter 11, Sect. 5(a)]. For non-strongly
continuous semigroups, and especially for bi-continuous semigroups one has to take a closer
look. As a matter of fact, we discuss these spaces in detail in Chapter 2 and identify some
of these spaces for the specific examples as well-known function spaces, cf. Section 2.5. The
semigroup (7(t))s>0 can be continuously extended to a semigroup on the extrapolation space.
The corresponding generator is denoted by (A_1, D(A_1)). One combines this extrapolation
procedure with perturbations by considering operators B : X — X_; that are admissible in
the sense that (A_1 + B)| x, with an appropriate domain, is the generator of a semigroup.

Having the abstract theory of bi-continuous semigroups at hand, one can consider applica-
tions. In particular, we consider dynamical processes on graphs. In the modern time of the
world wide web, everyone and everything is connected electronically or socially. Nowadays
the transport of information, goods or passengers is of great interest if these are carried be-
tween a large number of customers. These transport processes between the consumers are
described by the transport equation. The connections can be modelled by graphs. A topo-
logical structure turns these graphs into networks. Precursors in the operator theoretical
approach of dynamics on networks are M. Kramar Fijavz and E. Sikolya and their coauthors
[76, 77, 50, 43] as well as B. Dorn [41, 42] at a later date, who even treated flows on infi-
nite networks. Briefly, they considered the transport equation on each edge together with
Kirchhoff law boundary conditions in the vertices. From this one obtains an abstract Cauchy
problem. For the simple case where the velocities on the edges are the same and equal to 1,
one can even give an explicit expression for the Cy-semigroup solving the abstract Cauchy
problem, cf. [41, Prop. 3.3]. In particular, one can even recover well-posedness, spectral and
asymptotic properties. To do so, one consideres L' ([0,1],C™) or L! ([0,1],¢!) as the state
space for the dynamics on the edges of the network. Together with M. Kramar Fijavz we
regarded the state space L™ ([0, 1] ,El). Here adjoint semigroups and hence bi-continuous
semigroups play an important role. By Theorem 7.9 and Corollary 7.16 we show that the
transport problem is well-posed on our new state space L* ([0, 1] ,51) in the simple case where
all velocities are equal as well as for the general case.
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Overview of this thesis

In Chapter 1 we introduce the concept of bi-continuous semigroups and the underlying struc-
ture. The Banach spaces we are looking at are all equipped with a locally convex topology
which interacts with the norm topology in a certain way. Typical examples are the compact-
open topology on the space of bounded continuous functions and the weak*-topology on the
dual of a Banach space. Beside that we give illustrations of bi-continuous semigroups on
these spaces, for instance, the left-translation semigroup and the adjoint semigroup. Another
interesting example, the implemented semigroup on the space of bounded linear operators,
is reviewed in Chapter 6. These semigroups belong to the guideline of this chapter, and of
this thesis in general. In fact, we determine their generators and describe the corresponding
space of strong continuity. The last two points are only treated for two of the major exam-
ples, because the implemented semigroup needs more attention, hence the discussion of their
properties will take place later in Chapter 6.

Chapter 2 consists of the construction and study of extrapolation- and intermediate spaces.
For Cy-semigroups these spaces are well-known and can be applied for example to maximal
regularity problems. However, the case of bi-continuous semigroups, or more generally non-
densely defined operators, is new. One only has to assume some density condition which is
in most of the examples, and especially for bi-continuous semigroups, fulfilled. At the end
of Section 2.1.2 we give a universal construction for extrapolation spaces which allows us
to determine these spaces explicitly. Additionally, in Section 2.4.1 we give a direct proof
of the Hille—Yosida generation theorem for bi-continuous semigroups by utilizing these new
techniques. This chapter is the starting point for various applications as they come up in
Chapter 3, Chapter 4 and Chapter 6.

In Chapter 3 we consider an explicit application of extrapolation for unbounded operator-
valued multiplication operators on Bochner LP-spaces. In particular, we show that this ex-
trapolation procedure gives rise to the study of fiber LP-spaces as they are introduced by
R. Heymann [65]. In the same manner, T. Graser studied multiplication operators and their
extrapolation spaces on the space Co(R, X) in [59] and obtained comparable results. This
topic is ongoing research with R. Heymann.

Our main objective in Chapter 4 is a Desch—Schappacher type perturbation result for bi-
continuous semigroups. For this we use the theory from Chapter 2. In this context we consider
operators B € £ (X, X_1) such that the map B : X — X_; is continuous with respect to the
corresponding locally convex topologies as described in Section 2.4.2. We show that under
certain conditions the operator (A_1+ B )‘ x generates again a bi-continuous semigroup on the
Banach space X. In addition, we combine these perturbation results with the intermediate
spaces from Chapter 2.

We carry on perturbation theory for bi-continuous semigroups in Chapter 5. In particu-
lar, we consider Miyadera—Voigt perturbations as they were already treated by Farkas [54,
Sect. 3.2] and [55], but with the extra assumption of positivity. The corresponding result
for strongly continuous semigroups is due to J. Voigt, cf. [119]. To proceed we consider an
order on the underlying Banach space and say that a semigroup is positive if and only if
the semigroup operators maps positive elements to positive elements. One observes from [54,
Thm. 1.4.2] that positivity of a semigroup is equivalent to the fact that the resolvent operator
is also positive. At the end of this chapter, we prove that every unbounded positive rank-one
perturbation gives rise to a positive Miyadera—Voigt perturbation. As a second example we
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consider a semigroup on the space of bounded Borel measures on the real line. As a matter
of fact, this specific semigroup is the adjoint of the Gauss—Weierstrass semigroup, also known
as diffusion semigroup or heat semigroup.

As already mentioned above, Chapter 6 is devoted to implemented semigroups which are
bi-continuous with respect to the strong operator topology on the space of bounded linear
operators. In particular, we discuss generators and the space of strong continuity for such
semigroups. At the end of this chapter we consider also Desch—Schappacher perturbations
for this class of semigroups. We show that there is a one-to-one correspondence between
the implemented semigroups and the underlying strongly continuous semigroups. For this
connection we study ideals in the space of bounded linear operators and corresponding module
homomorphisms.

Last but not least we consider flows on (infinite) networks in Chapter 7. For that we first
recall some notations from graph theory, and go on with rephrasing the corresponding partial
differential equations of the transport process on the network to an abstract Cauchy problem.
Assuming the same transport velocities on each edge of the graph we can give an explicit
formula of the appropriate semigroup solving this abstract Cauchy problem. For the case
where we have different speeds on the edges, we have to restrict ourselves to finite networks
since we apply a Trotter—Kato approximation theorem to handle this case. The conditions in
this theorem forces the networks to be finite.

Concerning originality

We remark that not all results in this thesis are to be considered original. Moreover, not all
new results use “new techniques”. This is the reason that we want to separate here the wheat
from the chaff. Firstly, we notice that some of the chapters of this thesis are based on papers:

e Chapter 2 is based on the paper Intermediate and extrapolated spaces for bi-continuous
operator semigroups [28] (with minor modification and without the part about the
implemented semigroup), which is joint work with B. Farkas and has been published in
Journal of Evolution Equations (DOI:10.1007/s00028-018-0477-8).

e Chapter 4 is based on the paper A Desch—Schappacher perturbation theorem for bi-
continuous semigroups [27] (with minor modifications and without the part about
the implemented semigroup), which is joint work with B. Farkas and accepted for
publication in Mathematische Nachrichten, and is available online as ArXiv preprint
(ArXiv:1811.08455).

e Chapter 7 is based on the paper Bi-continuous semigroups for flows in infinite networks
[29] (with some more preliminaries on networks), which is joint work with M. Kramar
Fijavz, which is submitted to Operators and Matrices, and is available online as ArXiv
preprint (ArXiv:1901.10292).

As already mentioned above, Chapter 1 has an introducing character. This means among
others, that the first chapter consists of already known results. However, we choose to include
this chapter to stay as self-contained as possible. In this chapter we present two important
examples of bi-continuous semigroups in detail. These examples already occured in [78,
Sect. 3.5.1] and [54, Rem. 2.5.3], but to be self-contained we added some details concerning
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the underlying Banach spaces and locally convex topologies. To do so, some of the arguments
are taken from [103, Chapter 2]. Particularly, in Section 1.2.1 we use the arguments from
[103, Exam. 2.2.4] whereas we use [103, Thm. 2.1.6] at a later time for the discussion of
implemented semigroups in Section 6.1.1.

The novelty of Chapter 2 starts with the the construction of extrapolation spaces for non-
densely defined operator due to Definition 2.9. A way more general consideration of extrap-
olation spaces is treated by Theorem 2.16 using a new approach which is connected with
universal extrapolation spaces. Until here we do not use the assumption that the opera-
tors we consider are generators of (bi-continuous) semigroups. We connect the extrapolation
spaces with semigroups in a general context in Section 2.3. Moreover, we consider the Hille—
Yosida generation theorem for bi-continuous semigroups, cf. Theorem 2.38. Even though the
statement of this theorem is already known, the techniques for the proof using extrapolation
are new. The extrapolation of bi-continuous semigroups is a result of Proposition 2.40. The
results in Section 2.4.3 and Section 2.4.4, treating Holder spaces for bi-continuous semigroups,
are new. The proofs uses techniques similar to theses in [52, Chapter II, Sect. 5(b)]. The
concluding examples in Section 2.5 generalize the examples of extrapolation spaces in the
strongly continuous case, cf. [52, Chapter II, Exam. 5.8 & Ex. 5.23(5)].

The definition of fiber LP-spaces in Section 3.2 is originally due to R. Heymann. However,
Theorem 3.14 regarding extrapolation spaces of unbounded operator-valued multiplication
operators, by means of these fiber LP-spaces, is new and the key result in this chapter. The
results from Section 3.3 help us to prove our main result. In fact, the main result gives an
insight how to describe the domain of evolution semigroups coming from the solutions of
non-autonomous abstract Cauchy problem.

The main results of Chapter 4 are Theorem 4.4 and Theorem 4.7. These are new results
since they discuss Desch—Schappacher perturbations for bi-continuous semigroups. Here we
use the fact from Chapter 2 that we can extrapolate bi-continuous semigroups. The proofs
of the main results are at some places verbatime the same as for the strongly continuous
case [52, Chapter III, Thm. 3.1 & Cor. 3.3]. However, we always have to take care of the
locally convex topology in the bi-continuous case which leads to some technical subtleties.
The example in Section 4.3 is based on [52, Chapter III, Exam. 3.5], however, we consider
a different underlying function space which fits in the bi-continuous framework. A novel
application of the Desch—Schappacher theorem is later on given in Chapter 6.

Chapter 5 is devoted to Theorem 5.19 as main result. As a matter of fact, the result is based
on [119, Thm. 0.1]. We introduce the new notion of bi-AL-spaces in Definition 5.9, which is
related to the classical AL-spaces. In order to prove the main result, we use Lemma 5.20 as
an auxiliary tool. For the proofs we proceed similar to the original proofs [119, Lemma 2.1]
and [119, Thm. 0.1]. However, the argumentation differs, since we work with an additional
locally convex topology. The first example of Section 5.3.1 is based on [13, Thm. 2.2] whereas
Section 5.3.2 covers a new example on the space of bounded Borel measures, which is in fact
the adjoint semigroup of the Gauss—Weierstrass semigroup.

The novelty of Chapter 6 is the consideration of extrapolation and perturbations of imple-
mented semigroups. Although, J. Alber deals with extrapolation spaces [6], our approach
is new since we do not only consider extrapolation on the space of strong continuity but in
the new setting of bi-continuous semigroups as dicussed in Chapter 2. The highlights of this
chapter is the extrapolation procedure of the left implemented semigroup, cf. Section 6.2.2,
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Lemma 6.4 where we discuss the properties of the domain of the generator of bi-continuous
semigroups on the space .Z(E) by means of ideals as well as Theorem 6.6, Theorem 6.7 and
Theorem 6.14 where we relate perturbations of implemented semigroups with these of strongly
continuous semigroups.

The study of large networks by means of operator semigroups, as it is discussed in Chapter 7.
in not new, cf. [41, 43, 42]. However, an approach via bi-continuous semigroups considered
on the phase space L™ ([0,1],¢!) is novel. In this context, Theorem 7.9 is a main result.
Added to that we consider also Corollary 7.13 and Theorem 7.15 as highlight of this chapter.
The novelty of the approach is in the first instance the use of bi-continuous semigroups and
moreover that we can not make use of the Lumer—Phillips generation theorem as it is used
in the strongly continuous case, cf. [21, Cor. 18.15]. For this reason we use the Trotter-Kato
approximation theorem for bi-continuous semigroups, cf. [78, Thm. 2.3 & Thm. 2.6], [54,
Thm. 1.2.10] and [4].
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Chapter 1

Bi-Continuous Semigroups

§ 1.1 Bi-admissible spaces

In this first chapter we concentrate on the basic theory of bi-continuous semigroups. This
class of semigroups was first introduced by F. Kithnemund in [78]. The following assumptions,
as proposed by F. Kithnemund, cf. [78, Assum. 1.1], will be made during the whole thesis.

Assumption 1.1. Consider a triple (X, || - ||, 7) where X is a Banach space, and

1. 7 is a locally convex Hausdorff topology coarser than the norm-topology on Xy, i.e., the
identity map (Xo, || - ||) = (Xo,7) is continuous;

2. 7 is sequentially complete on the [|-||-closed unit ball, i.e., every || - ||-bounded 7-Cauchy

sequence is T-convergent;

3. The dual space of (Xg, ) is norming for Xy, i.e.,

|zl = sup |p(z)] (1.1.1)
pe(Xo,T)’
llell<1

Remark 1.2. (i) There is the related notion of so-called Saks spaces, see [34]. By definition
a Saks space is a triple (Xo, || - ||, 7) such that Xy is a vector space with a norm || - || and
locally convex topology 7 in such a way that 7 is coarser than the | - ||-topology, but the
closed unit ball is 7-complete. In particular, X is a Banach space.

(ii) There is also a connection to norming dual pairs discussed in [80]. More information
about this can also be found in Section 2.3. In particular, (Xo,Y) with Y = (Xo,7)" is
a norming dual pair.

(iii) R. Kraaij puts this setting in a more general framework of locally convex spaces with
mixed topologies, see [75, Sec. 4], and also [54, App. A]

(iv) Recall from [101, Thm. 1.36 & 1.37] that every locally convex topology gives rise to a
family of seminorms and vice versa. In this regard Assumption (1.1.1) is equivalent to
the following: There is a set P of 7-continuous seminorms defining the topology 7, such
that

]| = sup p(a). (1.12)
peEP



This description is also used by R. Kraaij in [75], cf. his Lemma 4.4. Note also that
by this remark and by Lemma 3.1 in [34] we see that a Saks space satisfies Assumption
1.1. Indeed, assume (1.1.1) and let P be the collection of all T-continuous seminorms p
such that p(x) < [|z||. Then |¢(:)| € P for each ¢ € (Xo,7)" with [|¢| <1, and (1.1.2)
is trivially satisfied. If ¢ is any 7-continuous seminorm, then ¢(z) < M]|z|| for some
constant M and for all z € Xy. So that ¢/M € P, proving that P defines precisely
the topology 7. For the converse implication suppose that (1.1.2) holds. Then by the
application of the Hahn—Banach theorem we obtain (1.1.1).

For the sake of completeness and to be self-contained we discuss two typical examples of
spaces which satisfy Assumption 1.1 in the following section. For related examples we refer
to [54, Sect. 1.2].

1.1.1 The space Cy,(f2) of bounded continuous functions

Consider an arbitrary topological space Q with a Hausdorff topology x on it. With Cy(Q)
we denote the space of all bounded continuous functions f : € — R. Equipped with the
supremum-norm |-||,, defined by

1fllo :=sup[f(@)], f € Cu(Q),
z€eQ

this becomes a Banach space. Another topology on Cy(€2) is the compact-open topology Tco.
To describe this topology, we define for a compact subset K C €) and an open subset U C R
the set

VK, U) :={feCy): f(K)CU}.

The collection of all such sets forms a subbase for 7., i.e., every proper open set of the
compact-open topology can be written as a union of finite intersections of elements of the
form V(K,U). Another description of this topology uses seminorms. In fact, a generating
family of seminorms P is given by

P ={pk: K CQcompact}, pg(f):= Su}g|f(x)|-
TE

If the topological space (€2, k) is a Tychonoff space, i.e., every singleton subset of {2 is closed
and for every closed subset C' C Q and each z € Q\ C there exists a continuous function
f:Q —[0,1] such that f(xz) =0 and filc =1, then 7, is a Hausdorff topology. If moreover
(2, k) is a kg-space, i.e., the continuity of a function f :  — R depends only on the continuity
of fix for all compact K C €, then Cy,(2) is 7co-complete on norm-bounded sets. Notice that
every locally compact or metrizable space has this property. Observe that the point measures
are Teo-continuous and hence we conclude that (Cy(£2), 7¢o) is norming for (C,(€2), ||-|| ). Even
for a Banach space X, the space Cp(€2, X) of vector-valued, continuous, bounded functions
fits into the framework of Assumption 1.1.

1.1.2 The dual space X’

The second example makes use of duality in Banach spaces. Let X be a Banach space and
X' the norm dual of X, consisting of all linear functionals ¢ : X — C which are continuous
with respect to the Banach space norm. Then X’ becomes a Banach space with respect to



the norm defined by
lelly = sup [z, 9)|, »€ X
zeX
=<1

where (-,-) : X x X’ — C is the (canonical) dual pairing between X and X' defined by
(x,p) := p(x) for x € X and ¢ € X’'. In addition X’ becomes a locally convex space, with
the family of generating seminorms P defined by

P={ps: v€ X}, pu(p):=|o() =z, ¢0).

The corresponding topology is called the weak*-topology 1w+ and is the coarsest topology
making the evaluation maps ¢ — @(z) continuous. We notice that a sequence (py,)nen in
X' converges to ¢ with respect to the weak*-topology if and only if ¢, (z) — ¢(z) for each
x € X. This topology is sometimes also denoted by o(X’, X). We now show that o(X’, X)
satisfies Assumption 1.1. To do so, notice that (X', X) is not first countable in general,
so we have to argue by nets instead of sequences. To show that o(X’, X) is weaker than
the norm-topology observe that [(z,¢)| < |z||¢|| for each 2 € X and ¢ € X’. Hence, if
(p.)icr is a net converging in the norm of X', then (¢,),c; converges also with respect to
the weak*-topology on X', meaning that o(X’, X) is weaker than the norm topology. That
o(X', X) is a Hausdorff topology is trivial, i.e., let ¢,% € X’ such that ¢ # 1, then there
exists x € X with py(¢) = |p(z)| # [¥(x)| = pz(¢p). The norming property follows from the
definition of the norm

lelxr = sup |p(@)] = sup pu(p).
[lz]|<1 ll=]|<1
Now let (¢n)nen be a norm-bounded weak*-Cauchy sequence in X’. Then there exists M > 0
such that ||¢,|| < M for each n € N and (¢n(7))nen is a Cauchy sequence in R for each z € X
and hence lim,,_,o () exists for each x € X. Define p € X' by ¢(z) := limy, 00 ©n(x)
and observe that dy definition ¢, — ¢ with respect to the weak*-topology. In addition, we
obtain that also the limit ¢ is bounded with ||¢|| < M.

§ 1.2 Bi-continuous semigroups

Now we formulate the definition of a bi-continuous semigroup which is originally due to
F. Kithnemund, cf. [79, Def. 3].

Definition 1.3. Let X be a Banach space with norm || - || together with a locally convex
topology 7, such that the conditions in Assumption 1.1 are satisfied. We call a family of
bounded linear operators (T())¢>0 a bi-continuous semigroup if it has the following properties.

1. T(t+s)=T(t)T(s) and T(0) = I for all s,t > 0.

2. (T'(t))e>0 is strongly T-continuous, i.e., the map ¢, : [0,00) — (X, 7) defined by ¢, (t) =
T'(t)x is continuous for every = € Xj.

3. (T'(t))e>0 is exponentially bounded, i.e., there exist M > 1 and w € R such that | T(¢)|| <
Me*?t for each t > 0.

4. (T'(t))+>0 is locally-bi-equicontinuous, i.e., if (z,)nen is @ norm-bounded sequence in X
which is 7-convergent to 0, then (7°(s)xy)nen is T-convergent to 0 uniformly for s € [0, #o]
for each fixed tg > 0.



The following definition will occur frequently in the forthcoming chapters and originates from
the theory of strongly continuous semigroups, cf. [52, Chapter I, Def. 5.6].

Definition 1.4. For an exponentially bounded semigroup of bounded linear operators
(T'(t))e>0 we define the growth bound to be

wo(T) = inf {w € R: IM > 1¥ >0 [T(1)]| < Me'}.

We now continue with examples of bi-continuous semigroups on the space Cp(R) and X’
which we already discussed before in Section 1.1.1 and Section 1.1.2.

1.2.1 The left-translation semigroup

As we already saw the space Xy = Cy,(R) equipped with the supremum-norm and the compact-
open topology Te, satisfies Assumption 1.1. Now consider the left-translation semigroup
(T'(t))e=0 on Cp(R) defined by

(TH)f)(z) = f(z+1t), t>0, feCrR), z€R.

This semigroup actually fails to be strongly continuous with respect to the supremum-norm.
In particular, since T'(¢t)f(x) — f(x) = f(z +t) — f(z) the continuity of ¢ — T'(¢)f entails
that the function f has to be uniformly continuous. By taking the function f(z) := sin(x?)
for z € R, which is bounded continuous and not uniformly continuous, we conclude that
|T(t)f — fll, does not vanish for ¢ — 0. Although (7'(t))>0 is not a Cp-semigroup, we can
show that it is bi-continuous with respect to the compact-open topology. Since ||T'(t)f||,, =
|| fllo for each f € Cp(R), (T'(t))¢>0 becomes a contraction semigroup and therefore it is
exponentially bounded. Observe that for a compact subset K C R holds that

pr(T)f = f)= sup |f(x+1t) = f(z)], t>0, feCR).
xe
Since f is continuous and K is compact, f|x is uniformly continuous, hence for each £ > 0
there exists & > 0 such that

sup | f(z +1t) — f(z)] <e
zeK

whenever |t| < § and we obtain the strong continuity of (7'(t)):>0 with respect to 7¢,. For
the local bi-equicontinuity let (fy)nen be a [|-||,-bounded 7¢-null sequence. For ¢y > 0 and
t € [0,to] we obtain

pr(T(t)fn) = sup [fu(z +1)| < sup |fu(z)| = pE(f2),
zeK zeH

where H := Uyejo4,) K +t is compact. This shows that T'(¢) f, ¢ 0 uniformly for ¢ € [0, to].
We conclude that the left-translation semigroup is indeed a bi-continuous semigroup on Cy,(R).

1.2.2 The adjoint semigroup

Let (T'(t))t>0 be a Cp-semigroup on a Banach space X. Recall that the adjoint of a bounded
linear operator T' € .Z(X) is defined to be the unique bounded linear operator 7" € Z(X’)



such that
(Tz,0) = (x,Tp),

for all x € X and ¢ € X'. The adjoint semigroup (T(t)")i>0 on the dual Banach space X'
consist of all adjoint operators T'(t)" on X’. To show that in general (T'(t)");>0 is not strongly
continuous with respect to the norm on X’ consider the strongly continuous left-translation
semigroup (7'(t))¢>0 on L' (R) and have a look at its adjoint, the right-translation semigroup
on L°°(R). By taking the the characteristic function on the interval [0, 1], i.e., f(x) := 1|9 1)(z)
for z € R, one observes that ess sup,cg |f(z —t) — f(z)| =1 for t > 0. Hence this semigroup
is not strongly continuous. Since we already saw that X’ equipped with the weak*-topology
Tw+ satisfies Assumption 1.1 we show that the adjoint semigroup is bi-continuous on X’ with
respect to Ty« (see also [78, Prop. 3.18]). The exponential boundedness is clear, since (T'(t))+>0
was exponentially bounded. By the strong continuity of (T'(¢));>0 we obtain for 2’ € X’ and
yeX
T — ') = (T — 9] < ] 1Ty —

and hence the strong continuity of (7'(¢)");>0 with respect to the weak*-topology. By using
the same argument and the fact that {T'(¢t)z : t € [0,t0]} is compact, we also conclude that
(T(t)")>0 is locally bi-equicontinuous.

Remark 1.5. Other important examples are evolution semigroups on Cy (R, X ), semigroups
induced by flows, see [78, Sect. 3.2], and the Ornstein-Uhlenbeck semigroup on Cy(R). For
more details we refer to [78, Sect. 3.3] and [54, Sect. 2.3]. In Chapter 6 we consider another
interesting example, the implemented semigroups.

§ 1.3 The generator

As in the case of Cp-semigroups, [52, Chapter II, Def. 1.2], we can define a generator for a
bi-continuous semigroup in the following way, cf. [54, Def. 1.2.6].

Definition 1.6. Let (7'(t)):>0 be a bi-continuous semigroup on Xo. The generator A is
defined by

with the domain

T(t)r — T(t)xr —
D(A) = {x € Xp: 7'limM exists and sup M < oo}.
t—0 t te(0,1] t

This definition of the generator leads to a couple of important properties. Recall that for an
linear operator (A, D(A)) on a Banach space X the resolvent set p(A) consists of A € C such
that A — A is invertible, i.e., there exists a bounded operator B with Bx € D(A) for each
x € X such that (A — A)Bxz = x for each x € X and B(A — A)x = x for each z € D(A). The
inverse of A — A is often denoted by R(A, A) := (A — A)~!. The complement o(A) := C\ p(A)
is called the spectrum. The following theorem summarizes some properties the generator of a
bi-continuous semigroup, see [79, Sect. 1.2] and [54, Thm. 1.2.7]:

Theorem 1.7. Let (T'(t))¢>0 be a bi-continuous semigroup on a Banach space X with respect
to T and with generator (A, D(A)). Then the following hold:



(a) The operator A is bi-closed, i.e., whenever (zp)nen is a sequence in D(A) such that
T, = x and Az, = y and both sequences are norm-bounded, then x € D(A) and Az = y.

(b) The domain D(A) is bi-dense in Xy, i.e., for each x € Xy there exists a norm-bounded
sequence (Tn)nen in D(A) such that x,, = .

(¢) Forxz € D(A) we have T(t)x € D(A) and T(t)Azx = AT (t)x for allt > 0.

(d) Fort >0 and xz € Xy one has
t
/ T(s)xr ds € D(A) and A/ s)x ds =T (t)x — . (1.3.1)
0

(e) For A > w one has X € p(A) (thus A is closed) and for x € Xo holds:

R\ A)x = /Ooo e T (s)x ds (1.3.2)

where the integral is a T-improper integral.

From Definition 1.6 and Theorem 1.7 we conclude that every bi-continuous semigroup gives
rise to a (bi)-closed and bi-densely defined operator (A, D(A)). The question under what
conditions an operator (A, D(A)) is the generator of a bi-continuous semigroup is given by
the Hille-Yosida generation theorem. For Cy-semigroups this theorem was originally proven
by K. Yosida [124] and E. Hille [66, Thm. 12.2.1] and can for example also be found in [52,
Chapter II, Thm. 3.8]. Kithnemund also proved a similar generation theorem for bi-continuous
semigroups in [78, Thm. 1.28]. There integrated semigroups are used for the proof of the
theorem. In Chapter 2 we give a new direct proof of this theorem. Since we use extrapolation
methods for this, we talk about the Hille-Yosida theorem for bi-continuous semigroups later
on in Section 2.4.1. As a matter of fact, this will be Theorem 2.38 in this thesis. The Hille—
Yosida Theorem is closely related to the problem of the existence and uniqueness of solutions
of a evolution equations. This correspondence will be discussed in Section 1.5.

In what follows we determine the generator of the translation semigroup from Section 1.2.1
and of the adjoint semigroup from Section 1.2.2.

1.3.1 The left-translation semigroup on Cy(R)

Let us start with the generator of the translation semigroup on Cp(R) from Section 1.2.1.
The following result identifies the generator explicitly.

Proposition 1.8. Let (T'(t))i>0 be the left-translation semigroup on Cy(R). The generator
is given by Af == f' with domain D(A) := CL(R), the space of differentiable functions with
bounded and continuous derivative.

Proof. If f € CL(R), then we obtain by the fundamental theorem of calculus

IO/ =~ fe) _ fa+d-f /st 5, wER, >0,

Now let K C R be an arbitrary compact subset. Since by assumption the derivative of f is
continuous, the restriction of f’ to K is uniformly continuous, i.e., for arbitrary ¢ > 0 there



exists 0 > 0 such that |f'(z) — f'(y)| < € for every z,y € K whenever |x — y| < 6. Hence for
0 <t < d we obtain

LIRS

zeK

— f'(2)

Sl/tsup|f’(:v—|—s)—f'(x)| ds <e.
0

t zeK

Hence % (T(t)f — f) converges uniformly on compact sets to f’ ast — 0. Since f € C{(R) one
also has f € Lip(R) which means that there exists K > 0 such that |f(z) — f(y)| < K |z — y]
for all x,y € R. In particular

T(t)f — Kt
sup O = Flloo o 0 sup B — ¢

te(0,1] 13 t€(0,1] zeR

We conclude that C}(R) C D(A).

Conversely, suppose that f € D(A). Then 1 (f(- +t) — f(:)) converges uniformly on compact
intervals to Af in Cp(R) as ¢ tends to 0. In particular, for each compact subset K C R and
cach z € K the difference quotient + (f(- +¢) — f(-)) converges to (Af)(z). We conclude that
f is differentiable in R and f’ = Af € Cp(R). Hence D(A) C CL(R). O

1.3.2 The adjoint semigroup

Consider a Cy-semigroup (7'(t)):>0 with generator (A, D(A)) on a Banach space X and the
corresponding adjoint semigroup (77(t))i>0 on X’. We already saw in Section 1.2.2 that this
leads to a bi-continuous semigroup with respect to the weak*-topology on X’. Recall the
following definition [52, Appendix, Def. B.8§].

Definition 1.9. For a densely defined operator (A, D(A)) on X, the adjoint operator
(A", D(A")) on X’ is defined by

DA ={2'eX': Fy e X' Ve € D(A): (Az,2") =(z,y)}, Az :=y.

We prove the following assertion which is already mentioned as an exercise in [52, Chapter I,
Sect. 2.5] and can also be found in [116, Thm. 1.2.3].

Proposition 1.10. Let (T'(t))i>0 be a strongly continuous semigroup on X. The generator
(B,D(B)) of the adjoint semigroup (T'(t))i>0 on X' is given by D(B) = D(A’) and Bz’ :=
Alx.

Proof. Firstly, fix 2/ € D(A’). By an application of [116, Prop. 1.2.2] we obtain that for
arbitrary z € X the following holds.

1 / / N1 1 //t / / >_- I / 1 o 1
2ltg][(l)t@:,T(t)a; x)-%g%t<a:,A OT(S)CE ds —%gr(l)t O<x,T(s)Am>ds—<x,Aaz>.

Hence the limit lim;_,q %(T "(t)x’ — ') exists with respect to the weak*-topology and is equal
to A'z’. We conclude that 2/ € D(B) and Bz’ = A’z’. This shows that A’ C B. For the
converse fix 2’ € D(B), let © € D(A) be arbitrary and take notice of the following equality
1
N i L / I N /
(z,Bz') = 21551(1) ; (z,T'(t)x' — 2"y = (Az, ).

7



This shows that 2/ € D(A’) and A’z’ = Ba’, showing that B C A'. O

§ 1.4 The space of strong continuity

The following statement relates bi-continuous semigroups and Cy-semigroups. In particular,
by [78, Thm. 1.18(d)] we can always restrict a given bi-continuous semigroup to a large
subspace of Xy which is invariant under the semigroup and cause by restriction a strongly
continuous semigroup on this subspace.

Proposition 1.11. Let (T'(t)):>0 be a bi-continuous semigroup on Xo with generator (A, D(A)).
Then X, = D(A)”'H is invariant under (T(t))¢>0. Moreover, the restriction (L(t))i>0 =
(T'(t)x,)e=0 is a strongly continuous semigroup on X, generated by (A, D(A)), the part of A

in Xg.

This property will be very useful in Chapter 2 when we discuss extrapolation spaces. There
we also show that the space X from Proposition 1.11 coincides with the space of strong
continuity, i.e., X consists of all x € X such that the map ¢ — T'(t)x is strongly continuous
with respect to the norm topology on Xj, cf. Lemma 2.31. We will take this result here
for granted, since we prove this result later on in Chapter 2 in a more general setting, and
provide the spaces of strong continuity X for our reccurent examples from this chapter.

1.4.1 The left-translation semigroup on C,(R)

The following result determines the space of strong continuity for this semigroup.

Lemma 1.12. The space of strong continuity for the left-translation semigroup is given by
Xy =UCL(R), the space of bounded uniformly continuous functions.

Proof. 1t is not hard to see that the left-translation semigroup is strongly continuous for
f € UCK(R). Indeed T'(t)f converges to f with respect to the supremum-norm for ¢ — 0
if and only if T'(¢)f converges uniformly to f in R for ¢ — 0 and this happens if and only
if |T(t)f = flloo = supger |f(x +1t) — f(x)| vanishes for ¢ — 0. By rewriting the definition
of uniform continuity we see that this condition holds. Hence UC(R) C X,. Conversely,
let f € Xy, i.e., there exists a sequence (fn)nen in CL(R) such that f, — f with respect to
the supremum-norm. This means that f is the uniform limit of the sequence (fy,)nen. Since
fn € CL(R) we know that f,, € UCL(R). Since uniform convergence of functions perserves
uniform continuity and boundedness we conclude that for the limit f € UCp(R) must hold,
showing that X, C UC,(R). O

Remark 1.13. There is another elementary way, which avoids Lemma 2.31, to show that the
norm-closure of Cf(R) coincides with UC},(R), namely by using mollifiers. As shown above,
it thus remains to approximate every f € UCp(R) by elements of CL(R), since UC,(R) is
norm-closed. To proceed define the function n: R — R by

1
CelslP—1,  |z| <1,
n(x) = it
0, |x| > 1,



where C' > 0 is a constant such that [pn(z) dz = 1. Then n € C*(R) and is called the
(standard) mollifier. Moreover, for each € > 0 the function

Ne(x) := %n (Z)

is again a C*-function and satisfies supp(n.) C (—¢,¢) as well as [pn.(r) de = 1. For
n € N consider the function f, := n1 * f. By the observation that for each n € N one has
% (77% * f) = (%n%) * f one concludes that n e CL(R) for each n € N. Moreover one
shows that || f, — f||,, — 0 as n tends to infinity.

1.4.2 The adjoint semigroup

We know that the adjoint semigroup (77(t))i>0 on X’ of a Cp-semigroup is not strongly
continuous with respect to the norm but is bi-continuous with respect to the weak*-topology.
The space of strong continuity is handled by the so-called sun dual defined by

XO = {:c’ € X' lim |[T'(t)a" — 2'|| = O} '
t—0

This concept is e.g. discussed in [116, Sect. 1.3] and [52, Chapter II, Sect. 2.6]. It was
shown that the generator (A®, D(A®) of the corresponding strongly continuous semigroup
(T(t)®)i>0 on X is given by the part of the generator (A’, D(A")) on (T"(¢))i>0 in X, i.e.,

A% = A2, D(A®) = {2’ e D(A): A2’ € XO}.

Since D(A®), as a generator of a Cy-semigroup, is dense in X® one directly concludes that

X©=D(A )”'H which by Lemma 2.31 coincides with the space of strong continuity.

§ 1.5 Well-posedness

There is a common technique to connect strongly continuous semigroups on Banach spaces,
their generators and well-posedness of so-called (autonomous) abstract Cauchy problems ar-
sing from partial differential equations. These abstract Cauchy problems are studied for
example by Engel and Nagel [52, Chapter II, Sec. 6] or also by Melnikova and Filinkov [87].
For bi-continuous semigroups this concept was also studied by Farkas in [54, Sect. 4.1]. The
abstract Cauchy problem for a linear operator A is given by

{u(t) = Au(

t), t >0,
€ D(A).

(ACP)

As an example of a abstract Cauchy problem, coming from a partial differential equation, we
consider the following equation

ot ox
w(z,0) = f(x).

ow(t,z) Ow(t,z)
— =0 t>0, zeR
{ : =5 : (1.5.1)



on the space Cp(R) of bounded continuous functions on R. This equation can be rewritten in
the form of (ACP) as already described in the introduction, i.e., consider the Banach space
X := Cp(R) and define u(t) := w(t,-) to be a function with variable z. Furthermore, let
(A, D(A)) be the operator defined by

d 1

A:=—, D(A) :=Cy(R). (1.5.2)

dx
Then the partial differential equation (1.5.1) is of the form (ACP). We now recall the definition
of well-posedness for bi-continuous semigroups, cf. [54, Def. 4.1.1], as already promised in
Section 1.3.

Definition 1.14. The abstract Cauchy problem (ACP) is called well-posed if the following
three assertions hold

1. For all z € D(A) there exists a function u(t) := u(t,z) which solves (ACP) and such that
u € B]OC(RZ(), X()) N CI(RZD, (Xo,T)) and v’ € BIOC(RZO,X0)7 where the differentiation is
understood in the vector-valued sense with respect to 7.

2. The solution of (ACP) is unique.

3. The solution u of (ACP) depends continuously on =z € D(A), i.e. if (x,)nen is a norm-
bounded 7-null sequence in D(A), then the solutions w,(t) := u(t, z,) are T-convergent to
zero uniformly on compact intervals of R>.

The following result, due to B. Farkas [54, Thm. 4.1.2], now relates generators of bi-continuous
semigroups to well-posedness of abstract Cauchy problems. Observe that the previous defi-
nition and the following theorem already contains the well-posedness result (at least in one
direction) for Cy-semigroups, cf. [52, Chapter II, Thm. 6.7].

Theorem 1.15. If (A, D(A)) generates a bi-continuous semigroup (T'(t))t>0, then the abstract
Cauchy problem (ACP) is well-posed. In this case the function u(t) := T(t)x is the solution
of (ACP).

In the case of our example the corresponding abstract Cauchy problem is well-posed since the
operator (A, D(A)) from (1.5.2) is the generator of the left-translation semigroup on Cp(R),
see Section 1.3.1.

§ 1.6 Adjoint bi-continuous semigroups

This section is distinguished from the previous sections even if we consider again adjoint
semigroups. The reason is that we now investigate adjoints of bi-continuous semigroups,
instead of strongly continuous ones. In fact, the results we present in this Section are due to
B. Farkas. For more details and the proofs we refer to the corresponding work [57].

Let us start with a Banach space X and a locally convex topology 7 satisfying Assumption
1.1. Moreover let (T'(t))t>0 be a bi-continuous semigroup on X with respect to 7. As in the
case of adjoints of strongly continuous semigroups, where we considered the sun dual X©,
we now examine the subspace X° of the dual space X’ consisting of all norm-bounded linear
functionals which are 7-sequentially continuous on norm-bounded sets of X. As a matter
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of fact X° is a closed linear subspace of X’ and hence a Banach space if equipped with the
inherited norm of X’. Furthermore, X° can be equipped with the topology 7° := o(X°, X).
In order to show that 7° satisfies Assumption 1.1, we have to postulate that X° N B(0,1) is
sequentially complete with respect to o(X°, X). We remark that this assumption in general
does not follow from the general Assumptions 1.1.

Proposition 1.16. [57, Prop. 2.3] Let B € Z(X) be a norm-bounded linear operator which
is T-sequentially continuous on norm-bounded sets. Then the adjoint B' € £ (X') leaves X°
nvariant.

From the previous result we conclude that we can restrict (77(¢));>0 to the space X°. We
denote this restricted semigroup by (7°(t))¢>0. To conclude that (7°(t)):>0 is bi-continuous
on X° with respect to 7° we again have to impose a additional hypothesis. Especially, we
have to assume that every norm-bounded 7°-null sequence (¢, )nen in X© is T7-equicontinuous
on norm bounded sets.

Let us continue with some examples. Actually, we consider semigroups (7'(t))¢>0 on the
Banach space X := Cp(Q2), where Q2 is a Polish space, which are bi-continuous with respect
to the compact-open topology 7co. In [57, Sect. 3] B. Farkas illustrated that Cy,(£2)° coincides
with M(Q), the space of bounded Baire measures. The following results connect bi-continuous
semigroups on Cp(€2) with these on M(2).

Theorem 1.17. [57, Thm. 3.5] Let 2 be a Polish space and (T'(t))i>0 bi-continuous on Cp(R)
with respect to Teo. Then the semigroup (T°(t))i>0 defined as T°(t) :=T'(t)p(q), t >0, is a
bi-continuous semigroup on M() with respect to 7°.

Counter-intuitively the converse of the previous theorem also holds true.

Theorem 1.18. [57, Thm. 3.6] Let Q be a Polish space. Let (S(t))t>0 be a bi-continuous
semigroup on M() with respect to 7°. Then there exists a semigroup (T(t))i>0 on Cp(R)
which is bi-continuous with respect to 1., and such that T°(t) = S(t) for allt >0

The following result yields a characterization for the generator of adjoints of bi-continuous
semigroups. The result is related to Proposition 1.10. In particular, the proof of the result is
the same.

Lemma 1.19. Let (T'(t))¢>0 be bi-continuous on X with respect to T and assume that the addi-
tional hypothesis on X° and 7° hold. Let us denote the generator of (T°(t))i>0 by (A°, D(A®)).
Then

D(A°)={2' e X°: 3y € X° Ve e D(A): (Az,2") = (z,y)}, A% =4y

§ 1.7 Approximation theorems

In this section we recall the convergence of sequences of bi-continuous semigroups (7}, (t))¢>0,
since we need them later in Chapter 7. For Cyp-semigroup this topic is for example treated in
[52, Chapter III, Sect. 4]. The original results trace back to the papers by H. Trotter [114]
and T. Kato [71]. For the bi-continuous case we need the following definition.
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Definition 1.20. For each n € N let (T},(t)):>0 be a bi-continuous semigroup on a Banach
space Xo with respect to 7. We say that a sequence (T5,(t))>0 is uniformly bi-continuous (of
type w) if the following conditions hold:

1. There exists M > 1 and w € R such that ||}, ()| < Me™ for each t > 0 and n € N.

2. For every to > 0 and for every ||-||-bounded 7-null sequence (x,)nen in Xo we have

Tlim Tk(t)xn = 0,

n—oo
uniformly for ¢ € [0, ] and k € N.

Next we formulate the Trotter—-Kato Approximation Theorems for bi-continuous semigroups,
see [78, Thm. 2.3 & Thm. 2.6], [54, Thm. 1.2.10] and [4]. Even if only Theorem 1.22 is
needed in what follows we stay self-contained and also recall Theorem 1.21.

Theorem 1.21 (First Trotter-Kato Approximation Theorem). Let (T,,(t))i>0, n € N, and
(T'(t))e=0 be uniformly bi-continuous semigroups (of type w) with generator (A, D(Ay)) and

(A, D(A)), respectively and let D be a ||-||-dense subset of D(A)H'”. If

R\, Ap)z il R\, A)x, n — oo,
for each x € D and some A > w, then
T,(t)x = T(t)x, n— oo,

for all x € Xo uniformly for t in compact intervals of R>q.

Theorem 1.22 (Second Trotter-Kato Approximation Theorem). Forn € N let (T,(t))¢>0 be
uniformly bi-continuous semigroups (of type w) on Xo with generators (A,, D(Ay,)). Consider
the following assertions.

(a) There exists a bi-densely defined operator (A, D(A)) such that An,x — Az for all x in a
bi-core of A and such that Ran(A\g — A) is bi-dense in Xj.

(b) There exists an operator R € £ (Xy) such that R(\g, Ap)x M Ry for all x in a subset of
Ran(R) which is bi-dense in X.

(c) There exists a bi-continuous semigroups (T'(t))i>0 with generator (B, D(B)) such that
T,(t)x 5 T(t)z for all v € Xy uniformly for t in compact intervals

Then the implications (a) = (b) = (c) hold. In particular, if (a) holds, then B = A" (the
bi-closure of A).

Remark 1.23. In the proof of [78, Thm. 2.6] one observes that operator R in assertion (b)
gives rise to a pseudo-resolvent that is used to define operator (B, D(B)) in assertion (c).

§ 1.8 Notes

The (left)-translation semigroup on Cp(R) is going to accompany us through out this thesis.
Actually, one can find more information in combination with different topics of this thesis in
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Section 2.5.1 and Section 4.3. The results of Section 1.6 about adjoints of bi-continuous semi-
groups will play an important role in Section 5.3.2 when we consider the Gauss—Weierstrass
semigroup on the space of bounded Borel measures on R. Likewise we use the approximation
theory from Section 1.7 in Chapter 7 in connection with flows on networks.

The use of bi-continuous semigroups can also be motivated by the work of H. Lotz [83].
He proved that on certain Banach spaces, every strongly continuous semigroup is uniformly
continuous, i.e., the generator of the semigroups are bounded operators. Typical examples are
L>°(Q) where (2, X, 1) is a measure space, and C(X) where X is either a compact o-Stonian
space or a compact F-space, just to mention a few. For this reason, strong continuity with
respect to the norm is not a fruitful property on these spaces and hence another variant of
strong continuity needs to be considered.
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Chapter 2

Intermediate and Extrapolated
Spaces

Introduction

Extrapolation spaces for generators of Cy-semigroups (used here synonymously to “strongly
continuous, one-parameter semigroups of bounded linear operators”) on Banach spaces, or for
more general operators, have been designed to study e.g., maximal regularity questions by Da
Prato and Grisvard [37]; see also Walter [122], Amann [7], van Neerven [116], Nagel, Sinestrari
[94], Nagel [92], Sinestrari [104], Magal, Ruan [86, Ch. 3]. These spaces (and the correspond-
ing extrapolated operators) play a central role in recent abstract perturbation results, most
prominently in boundary-type or domain perturbations, see e.g., Desch, Schappacher [38],
Greiner [60], Staffans, Weiss [109], Adler, Bombieri, Engel [3], Hadd, Manzo, Rhandi [63].
Extrapolation spaces are also important in the theory of coupled operator matrices, see Engel
[46].

In this chapter, we concentrate on the construction of extrapolation spaces for linear opera-
tors having a non-empty resolvent set on a Banach space, but we do not assume the operator
to fulfill the Hille—Yosida conditions or to be densely defined. In case the operator is densely
defined such a construction is known from the seminal papers of Da Prato, Grisvard, [36],
Amann [7] and Nagel, Sinestrari [94]. In the case of non-densely defined, sectorial operators
there is a very general—almost purely algebraic—construction due to Haase [62] leading also
to universal extrapolation spaces. Here, we present a slightly different construction of extrap-
olation and extrapolated Favard spaces, allowing the construction of extrapolated semigroups
in the absence of strong continuity with respect to the norm. For a non-densely defined
Hille-Yosida operator A on the Banach space Xy such a construction is possible by taking
the part of A in Xy := D(A), so that the restricted operator becomes the generator of a Cp-
semigroup on X, thus leading to an extrapolated semigroup on the extrapolation space X _,
see Nagel, Sinestrari [95]. But this semigroup will usually not leave the original Banach space
X invariant. This is why we restrict our attention to the situation where strong continuity
of the semigroup is guaranteed with respect to some coarser locally convex topology 7 on Xj.
Here the framework of bi-continuous semigroups, or that of Saks spaces, (see Kithnemund [79]
and Section 2.4 below) appears to be adequate. However, most of the results presented here
are valid also for generators of other classes of semigroups: integrable semigroups of Kunze
[80], “C-class” semigroups of Kraaij [75], m-semigroups of Priola [100], weakly continuous

15



semigroups of Cerrai [32], to mention a few.

Given a Banach space Xy and a Hausdorff locally convex topology 7 on X (with certain prop-
erties described in Section 2.4), and a bi-continuous semigroup (7'()):>0 with generator A,
we construct the full scale of abstract Sobolev (or Holder) and Favard spaces X, X, F, for
a € R, and the corresponding extrapolated semigroups (75 (t))>0. (If 7 is the norm topology,
there is nothing new here, and everything can be found in [52, Section II.5].) These construc-
tions, along with some applications, form the main content of this chapter. Here we illustrate
the results on the following well-known example (see also Nagel, Nickel, Romanelli [93] and
Section 2.5 for details): Consider the Banach space X := Cp(R) of bounded, continuous func-
tions and the (left)-translation semigroup (S(¢));>0 thereon, defined by (S(¢)f)(z) = f(z+1),
r€eR,t>0, f e Xy For a € (0,1) we have the continuous embeddings

CL(R) < Lipy,(R) < h{(R) < hi e (R) = CH(R) — UCy(R) = Cp(R) — L*(R),

where CL(R) is the space of differentiable functions with derivative in Cy,(R), Lip;,(R) is the
space of bounded, Lipschitz functions, h{¥(R) is the space of bounded, little-Hélder contin-
uous functions, htof,loc(R) is the space of bounded, locally little-Holder continuous functions,
Ci (R) is the space of bounded, Hélder continuous functions, UCy(R) is the space of bounded,
uniformly continuous functions. In the abstract perspective and using the notation in this
chapter, this corresponds to the inclusions of Banach spaces:

Xi = Fl—=X,—=Xqg—=Fy, = Xy—= Xg—= Fp.

The extension of the previous diagram for the full scale a € R is possible by extrapolation.
The (abstract) spaces X, and Fy, (o € (0,1)) are well studied and we refer to the books by
Lunardi [85] and Engel, Nagel [52, Section I1.5] for a systematic treatment. However, the
definition of X, is new, and requires a recollection of results concerning the other spaces, X,
and F,.

Extrapolated Favard spaces are not only important for perturbation theory. They help to
reduce problems concerning semigroups being not strongly continuous to the study of an
underlying Cp-semigroup. This perspective is propagated by Nagel and Sinestrari in [95]: To
any Hille-Yosida operator on X( one can construct a Banach space Fy (the Favard class)
containing X as a closed subspace, and a semigroup (7'(t)):>0 on Fy. (Note, however, that
the semigroup (7'(t))s>0 defined on Fy may not leave X invariant.) We adapt this point of
view also in this chapter. In particular, we provide an alternative (and short) proof of the
Hille-Yosida type generation theorem for bi-continuous semigroups (due to Kithnemund [79])
by employing solely the Cp-theory.

Applications of the Sobolev (Holder) scale, as presented here, to perturbation theory, in the
spirit of the results of Desch, Schappacher [38], or of Jacob, Wegner, Wintermayr [70], will
be presented in Chapter 4.

This chapter is organized as follows: In Section 2.1 we recall the standard constructions
and results for extrapolation spaces for densely defined (invertible) operators. Moreover, we
construct extrapolation spaces for not densely defined operators A with D(A?) dense in D(A)
for the norm of Xy. Our argument differs form the one in Haase [62] in that we build the
space X_1 based on X _, (which, in turn, arises from X, and X _;), i.e., in a bottom-to-top
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and then back-to-bottom manner, resulting in the continuous inclusions
Xo—=>Xo—=X_ 1 =X 1—=>X_,

(None of these inclusions is surjective in general.) This approach becomes convenient when
we compare the arising extrapolation spaces X_; and X _; and construct the extrapolated
semigroups thereon. In Section 2.2 we turn to intermediate spaces; the results there are
classical, but are put in the general perspective of this chapter. We also present a method for
a “concrete” representation of extrapolation spaces (see Theorem 2.16). Section 2.3 discusses
the Sobolev (Holder) scale for semigroup generators. In Section 2.4 we recall the concept
of bi-continuous semigroups, construct the corresponding extrapolated semigroups and give
a direct proof of the Hille-Yosida generation theorem (due to Kithnemund, see [79]) using
extrapolation techniques. We conclude this chapter with some examples in Section 2.5, where
we determine the extrapolation spaces of concrete semigroup generators. In particular, we
discuss the previously mentioned example of the translation semigroup (complementing results
of Nagel, Nickel, Romanelli [93, Sec. 3.1, 3.2]) and then left implemented semigroups (cf. Alber

[6])-

§ 2.1 Sobolev and extrapolation spaces for invertible opera-
tors

In this section we construct abstract Sobolev (Holder) and extrapolation spaces (the so-called
Sobolev scale) for a boundedly invertible linear operator defined on a Banach space. Some of
the results are well-known and even standard, but we chose to include them here for the sake
of completeness, and because they are needed for the construction of spaces when we deal
with not densely defined operators. The emphasis will be, however, on this latter case, when
the construction is new, see Section 2.1.2 below. We also note that everything what follows
is also valid for operators on Fréchet spaces.

The following is a standing assumption in this chapter.

Assumption A. We suppose that A : D(A) — Xy is a (not necessarily densely defined)
linear operator on a Banach space Xy with 0 in the resolvent set p(A).

As a matter of fact, it is only for convenience to suppose 0 € p(A) instead of p(A) # 0. Indeed,
if A € p(A) we may consider A — X\ and carry out the constructions for this new operator
satisfying 0 € p(A — A). The arising spaces will not depend on A € p(A) (up to isomorphism).

2.1.1 Abstract Sobolev spaces

The material presented here is standard, see Nagel [91], Nagel, Nickel, Romanelli [93] or
Engel, Nagel [52, Section I1.5], and some parts are valid even for operators on locally convex
spaces, when one has to argue with a family of generating seminorms instead of one norm.
We set X7 := D(A) which becomes a Banach space if endowed with the graph norm

]l == ]| + || Az]].
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An equivalent norm is given by ||z||x, := ||Az|| since we have assumed 0 € p(A). Then we
have the isometric isomorphism

A: Xy = Xy, with inverse A7': X, — X;.

Definition 2.1. Recall the assumption that 0 € p(A), and take n € N, n > 1.

1. We define
X, :=D(A") and |z|x, :=|A"z| forz e X,.
If we want to stress the dependence on A, then we write X, (A) and | - ||x,, 4)-
2. Let

Xoo(A) := () X,
neN

often abbreviated as X.

3. We further set
Xy:=D(4), A:=Alx,

the part of A in X, i.e.,
D(A) ={z € D(A) : Az € X,}.

Moreover, we let
X, =DA"), |zlx, = 4"

To be specific about the underlying operator A we write X,,(A4) and |[z]|x (4)-

4. For n € N we set A,, := Alx,, the part of A in X,,, in particular Ag = A. Similarly, we let
A, = A X, for example A, = A. By this notation we also understand implicitly that the
surrounding space is X, (A) respectively X, (A) with its norm, see Remark 2.2.

Remark 2.2. (i) By “underlining” we always indicate an object which is in some sense
smaller than the one without underlining. The space X,(A) is connected with the
domain of D(A), and the whole issue of distinguishing between X, and X becomes
relevant only if A is not densely defined but its part A is (cf. Remark 2.6). We keep to
the notation A for the part of the operator A instead of A|x .

(ii) If A is densely defined, then X,,(A) = X,,(A) for each n € N. In particular, if X,(A) =
D(A) is dense in Xj(A), then X, (A) = X, (A) for each n € N.

(iii) For n € N we evidently have X;(A") = X, (A). Also X;(A") = X,,(A) holds, because
D(A") = D(A™). Indeed, the inclusion “D(A") C D(A™)” is trivial. While for z €
D(A™) we have x € X, and A"z € X, implying A" 'z € D(A), and then recursively
x € D(A").

(iv) For x € D(A,) = D(A™) we have ||z x,(a,) = [ Anz] x, (a) = A" 2] = ||lzllx, ., (4)-
Similarly D(A4,,) = D(A™™).

In order to prove our next result we recall that a projective system (E,, 0,)nen consists of a
countable family of sets (E,)nen and maps 6, : E,+1 — E,. The corresponding projective
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limit, denoted by @neN(En,Hn), is the set of all elements x = (z,)nen of the cartesian
product [],cn Ern satisfying x, = 6p,(2,41) for each n € N. With 7, we denote the m-th
coordinate projection my,, : [[,en £n — Em. The following Mittag-Leffler type result is due
to J. Esterle.

Theorem 2.3. [53, Cor. 2.2] Let (Ey,0,)nen be a projective system, where E,, is a complete
metric space and 0,, : En11 — E,, continuous for each n € N. If 0, (E+1) is dense in E,, for

each n € N, then mp, (@neN(E"’ Gn)) is dense in E,, for each m € N

One can the statement of this theorem reformulate for our purposes as follows: For all z € Fy
and all ¢ > 0 there exists z,, € F, (n € N) such that z,, = 6, (z,+1) and d;(x,z1) < €, where
dy denotes the metric on FEj.

Proposition 2.4. Suppose A is densely defined in X,.
(a) Forn €N the mappings A" : X,, = Xo and A" : X,, — X are isometric isomorphisms.

(b) For n € N the operators A, : Xp41 — X, and A, : X, .1 — X, are isometric isomor-
phisms that intertwine A, 11 and A,, respectively, A, ., and A,,.

(c) If D(A) is dense in Xy, then X is dense in X,, for each n € N. As a consequence, X,
is dense in X,, for each m,n € N with m > n.

Part (a) and (b) of Proposition 2.4 are trivial by construction. In order to prove the third
statement We use the statement of Theorem 2.3 to prove part (c) of Proposition 2.4, which
was originally proven by Arendt, El-Mennaoui and Kéyantuo [9, Thm. 6.2].

Proof of Proposition 2.4(c). Owing to the fact that A is densely defined in X, we are able
to use Theorem 2.3. The space D(A") equipped with the norm ||-|| x, is a Banach space. Let
0, : D(A"1) < D(A™) be the natural (continuous) inclusion. For A € p(A) is (A — A)" an
isomorphism from D(A™) to X, which maps D(A"*!) onto D(A). Since D(A) was supposed
to be dense in X also D(A™"1) is dense in D(A"). Let x € X, and ¢ > 0 be arbitrary.
By Theorem 2.3 there exists z, € D(A") for each n € N such that z, = 0,(x,4+1) and
|l —z1]] < e . Thus z, = 7 for each n € N and hence 21 € X. The last part of the
statement follows by replacing X by D(A™) and A by the part of A in D(A™). O

Remark 2.5. We note that the Mittag—LefHler type result Theorem 2.3 is valid in complete
metric spaces. Hence the statements (a), (b) and (c) are all remain true for Fréchet spaces
with verbatim the same proof as in [9].

Henceforth, another standing assumption will be the following (though not everywhere needed).

Assumption B. The operator A := Alx : D(A) — X, is densely defined, i.e.,

Remark 2.6. The condition of D(A) being dense in X, holds for example if there are
M,w > 0 such that (w,00) C p(A) and

INR(A, A)|| < M for all A > w. (2.1.1)
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Indeed, in this case we have for x € D(A)

M|l A
AR, A)z — x| = [|R(\, A)Az]| < M

— 0 for A\ — oo.

Hence D(A%) C D(A) is dense in D(A) for the norm of Xj, and this implies the density of
D(A) in X. An operator A satisfying (2.1.1) is often said to have a ray of minimal growth,
see, e.g., [85, Chapter 3|, and also Section 2.2 below. Another term used is “weak Hille—Yosida
operator”.

Proposition 2.7. If T € £ (Xo) is a linear operator commuting with A=, then the spaces
X, and X, are T-invariant, and T € £(X,,) for n € N.

Proof. The condition means that Tz € D(A) for each z € D(A) and for such = we have
ATx = T Ar. This implies the invariance of Xy and that ||Tz| x4y < [|T||[|%||x,(4)- Using
the boundedness assumption we see that X; remains invariant under 7. For general n € N
we may argue by recursion, or simply invoke Remark 2.2.

O

2.1.2 Extrapolation spaces

The construction for the extrapolation spaces here is standard if A is densely defined, or if A
is a Hille-Yosida operator, see, e.g., [95]. For z € X we define [[z||x_ (1) == |A=1z||. Then
the surjective mapping

A (DA 1) = (Xo, I llx )

becomes isometric, and hence has a uniquely continuous extension

Afl : (X(Jv ” ) H) — (X—l: ” ) HK,l(A))a

which is an isometric isomorphism, where (X _y, [ - [|x_,()) denotes the completion of
(Xos |l - llx_,(a)). By construction we obtain immediately:

Proposition 2.8. The space Xg is continuously and densely embedded in X_,. If A is
densely defined in X, then also Xoo is dense in X_;. As a consequence (X _1, ||| x_ (a)) s

the completion of (X, ||A™1 ).
Proof. The space X is dense in X_; by construction. For z € Xy we have
lzllx ) = 1447 2llx ) = 1A A7 2 lx ) < A A7 2l < A - 1A e,

showing the continuity of the embedding. The last assertion follows since X, is dense in
D(A) with respect to || - ||
O

Of course one can iterate the whole procedure and obtain the following chain of dense and
continuous embeddings

Xog—=>X 19X 9=+ =X forneN,
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where for n > 1 the space X _,, is a completion of X _,, | with respect to the norm ||-[[x (4

defined by ||x||£7n(é) = ||A:711+1m|]£7n+1(é) and

A : K—n—‘,—l - X—n

=N

is a unique continuous extension of A_,, .1 : D(A_,;1) = X _, 41 to X .

These spaces, just as well the ones in the next definition, are called ezxtrapolation spaces for
the operator A, see, e.g., [95] or [52, Section II.5] for the case of semigroup generators. The
spaces X 1, X_5 and the operator A_, will be used to define the extrapolation space X_1(A).
To this purpose we identify Xy with a subspace of X_; and of X _,.

Definition 2.9. Consider Xj as a subspace of X _,, and define
Xo1=A5(Xo)={A yr: z€Xo} and |z|x_, = |ATzz].

Furthermore, we set D(A_;) := Xy and for x € Xy we define A_jx := A_,z. To note the
dependence on the operator A we write X_1(A4) and |||y, (4)-

Remark 2.10. It is easy to see that the operator A_; is the part of A_o in X_;.

In what follows, we will define higher order extrapolation spaces and prove that all these
spaces line up in a scale, where one can switch between the levels with the help of (a version)
of the operator A (or A_y).

Proposition 2.11. The operator A_y is an extension of A_q, (X_1,] - ||x_,) is a Banach
space, the norms of X_1 and X_1 coincide on X_1, and X _4 is a closed subspace of X_;.
The mapping A_1 : Xo — X_1 is an isometric isomorphism.

Proof. The first assertion is true because A_5 is an extension of A_;. That X_; is a Banach
space is immediate from the definition. Since A:%A_l = I on X,;, we have A:%x e Xy CXp
for x € X_4, so that ||[A Sz = [|[A"3A_ A" lz|| = |A 2| = lz]|x_,- This establishes that
the norms coincide. Since X _; is a Banach space (with its own norm), it is a closed subspace

of X_1. That A_; is an isometric isomorphism follows from the definition.
O

Remark 2.12. By construction we have X _;(A_,) = X_(;,;1)(4) as well as X_1(4_,) =
X_(nt1)(A) for each n € N.

Proposition 2.13. For n € Z the operators A, : X1 — X, and A, : X,y — X, are
isometric isomorphisms that intertwine An41 and Ay, respectively, A, ., and A,.

Proof. For n € N this is Proposition 2.13. So we assume n < 0. For n = —1 the statement
about isometric isomorphisms is just the definition, and the intertwining property is also
evident. By recursion we obtain the validity of the assertion for general n < —1 and for the
operator A,,. By Remark 2.12 it suffices to prove that A_; intertwines A_; and Ay = A. For
x € D(Ay) = D(A) we have A_12 € Xg=D(A_;) and Az = A"{A 1A _z.

O

Thus for n € N we have the following chain of embeddings (continuous and dense, denoted
by <) and inclusions as closed subspaces (denoted by C):

=X, CX), =2 X CXpg—= X  CX 1 =X ,CX 9= X [ CX =,
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where in general the inclusions are strict (see the examples in Section 2.5). We also have the
following chain of isometric isomorphisms

A AgY AT A”
"'—>Xn+17_n>in_>"'—>X11>X0—1>571—>"’_>an+1_>7—n—>'”

3 =

and

A7l At -1 -
= Xy S X, — o — X S X DX — e — X S X, —

Proposition 2.14. (a) X,(A_;) = X, and X1(A_1) = Xo with the same norms.
(b) X_1(4,) = X, with the same norms.

(c) (A1) =4

(d) X_1(A1) = Xo with the same norms, and (A1)—1 = A.

Proof. (a) By definition X;(A_;) = D(A_1) = X with the graph norm of A_;. Since A_;
extends A, for € Xo we have |A_1zl|x 4y = [[Az|x_, = [[A'Az| = ||z|. The first
statement then follows, because X;(A4_;) = X1(A_;) = D(A) = X, with the same norms.

(b) For z € X;(A) = D(A?) we have

x4y = 14T 2]l x, a) = A AT 2] = ||]],
which can be extended by density for all x € X;, showing the equality of the spaces X _;(A;) =
X (with the same norm).

(c) By construction the operator (A;)-1 : X;(A) — X_;(A4,) is the unique continuous exten-
sion of
Ay : D(4A;) = D(A%) — X,(A),

and (A;)-1 is an isometric isomorphism. For z € X, (A) we have ||z x  (4,) = HAl_la:H&l(A) =
||z||. But then it follows that (4;)-1 = A: D(A) — X,.

(d) The space X_1(A;) is defined by

X_1(A1) = (A1) -2(X1(A) = ((A1)-1) 1 (Xa(A)) = A_1(X1(A)) = AX1(A) = Xo,

by part (c). For the norm equality let z € X,. Then

loll = [AA™ ]| = AT 2l x, (a) = 1A 2l x, () = [(AD 22l x, () = ll2llx_ -

For the last assertion we note: (A;1)_1 = (Al)_glxl(A) = A.
O

Recall the standing assumption that A = Aly is densely defined in X, = D(A). The
following proposition plays the key role for the extension of operators to the extrapolation
spaces, particularly for the construction of extrapolated semigroups in Section 2.3.

Proposition 2.15. (a) Letn € N. If T € .£(Xy) is a linear operator commuting with A~*,
then the operator T' has a unique continuous extension to X _, denoted by T'_,. The
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operator T_,, is the restriction of T_,_1. The space X_,, is invariant under T_,_q,
whose restriction is denoted by T_,,, for which T_, € £ (X_,). For k,n € —N the
operators T, T} are all similar; the same holds for T,, and Tj.

(b) Let T € £(X,) such that it leaves D(A) invariant and commutes with A~ = A71|x,.
ThenT_jx = ATA 1z for each x € Xo, and as a consequence, T _1 : X _1 — X _; leaves
Xo invariant (and, of course, extends T).

Proof. (a) For x € X we have
|Talx 4= A7 T|| = |TA™ 2| < T - |A 2|l = || - |zl x_, a)-

Therefore T' : (Xo, || - [ x_,(a)) = (Xo,| - lIx_,(4)) is continuous, and hence has a unique
continuous extension T'_; to X_;. This extension commutes with Aj, because T' commutes
with A~ and Aj is the unique continuous extension of A~!. By iteration we obtain the
continuous extensions T'_,, onto X _,,, which then all commute with the corresponding A:,ll.
By construction I'_,, is a restriction of I'_,,_;. We prove that X_; is invariant under I'_,.
Let z € X_1, hence x = A_,y for some y € Xo. Then Ty =T _,y = I,QA:%QU = A:;Z,Qx,

hence T _ox = A_5Ty € X_1, i.e., the invariance of X_; is proved. We have for x € X_; that

IT-1z)x_, = AT x| = [ADT gl = IT A 32| < Lol - 1AZ32] = (1Tl - ll2llx_,
therefore 7"y € £ (X_1). The assertion about 1_,, follows by recursion.

It is enough to prove the similarity of Ty = 7" and 7_;, and the similarity of Ty and T"_;.
The latter assertions can be proved as follows: For 2z € D(A) we have

ATT A o =AT\T Av=AT|{TAx = AJ{ATx = AJ{A_Tx = Tx,

then by continuity and denseness the equality follows even for x € X. For the similarity of
T and T_q take x € Xg. Then
A:%T,lA,lx = A:;I_QA_QQJ =T x="Tx.

(b) Let x € X9 € X_;. Then there is a sequence (z,) in Xy with z, — = in X_; (see
Proposition 2.8). But then A~'z, — A~ 'z in X, and T, — T_;z in X_; by part (a).
These imply TA 'z, = AT, — Ajz,lx. Hence we conclude TA 1x = Ajl,lx and
ATA 1z = T ,x for z € Xy.

O

M. Haase in [62] and S.-A. Wegner in [123] have constructed the so-called universal extrap-
olation space X_ as follows: Suppose A is densely defined (this assumption is not made
by M. Haase), then X,, = X, for each n € Z and let X_, to be the inductive limit of the
sequence of Banach spaces (X_,)nen (algebraic inductive limit in [62]). In particular, the
space X_, is algebraically defined by

Xooo i =lim X, = UN X _p.
ne

A topology on this space is defined by means of nets as follows: A net (z,),er in X_
converges to x € X_ if and only if there exists n € N and ¢y € I such that z,z, € X_,
for each + > 1o and [z —z,[|x  — 0. In other words, the topology on X_ is the finest
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topology which makes all inclusions X_,, — X_, continuous. One can extend the operator
A to an operator A_, : X o — X_ such that

Afoo|Xn =A,, necZ.

Observe that this operator is continuous with respect to the notion of convergence defined
above. We now look at a converse situation, and our starting point is the following: Let
& be a locally convex space such that we can embed the Banach space Xg continuously in
&, i.e., there is a continuous injective map i : Xg — &, and so we can identify Xy with a
subspace of &. We also assume that we have a continuous operator A : & — & such that
A—A:i(Xp) — & is injective and that

D(A)={zx e Xo: Aoi(x) € i(Xo)},
and
iOA:AO’L'|D(A).

In the next theorem we use this setting to describe the extrapolation spaces X _,,, X_,,. Notice

that we do not assume that A is a Hille-Yosida operator or densely defined.

—n)

Theorem 2.16. Let Xy be a Banach space with a continuous embedding i : Xg — & into a
locally conver space &, let A : D(A) — X be a linear operator with \ € p(A) such that A =
A|x, (after identifying Xo with a subspace of & as described above). We suppose furthermore
that X — A is injective on Xg. Then there is a continuous embedding i_1 : X_1 — & which
extends i. After identifying X_1 with a subspace of & (under i_y) we have
Xg={(A-Az: ze€Xp}, X 1 ={A—A)z: ze€Xy} and A_1=Alx_,.
Proof. Without lost of generality we may assume that A = 0. Recall that A_;|x, = Aand A_;
is an isometric isomorphism A_1 : Xo — X_1. We now define the embedding i_1 : X_1 — &
by
i_1:=Ao10 A:%,

which is indeed injective and continuous by assumption. Of course, i_; extends i since we
have i = Aoio A™!. We can write

i,loA,leoz’oAjoA,lz.Aoz',

which yields the following commutative diagram:

Xo ! &
A_q A
X_1 &

Now all assertions follow easily.
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The last corollary in this section can be proved by induction based on the previous facts.

Corollary 2.17. Let A, Xy, & and i be as in Theorem 2.16. Then X,, C & and A, = A|x,,
for each n € Z (after identifying X,, with a subspace of & under an embedding i, compatible
with ).

§ 2.2 Intermediate spaces for operators with rays of minimal
growth

The following definition of intermediate, and as a matter of fact interpolation spaces, just as
well many results in this section are standard, and we refer, e.g., to the book by Lunardi [85,
Chapter 3], and to Engel, Nagel [52, Section II.5] for the case of semigroup generators. In
this section we suppose the following.

Assumption C. The operator A on the Banach space X has a ray of minimal growth, i.e.,
(0,00) C p(A) and for some M > 0

IAR(A, A)|| < M for all A > 0. (2.2.1)
Definition 2.18. For a € (0, 1] and = € X we define

]| 7 a) == sup [|IATAR(A, A)z],
A>0

and the abstract Favard space of order « by
Fo(A) :={z € Xo : |2 g, (a) < 00}
In the literature the notation D 4(«a, 00) is also used, see, e.g., [85]. We further set
Fo(A) .= Fi(Aq),
see [52, Section I1.5(b)] for the case of semigroup generators.

Proposition 2.19. (a) The Favard space F,(A) becomes a Banach space if endowed with
the norm || - || g, (a)-

(b) The space Xy is isomorphic to a closed subspace of Fy(A).

The statement that X is a closed subspace of F(A) when A is a Hille-Yosida operator is
due to Nagel and Sinestrari [95, Proof of Prop. 2.7].

Proof. (a) is trivial.
(b) For 2 € X we have
INA RO, A allx ) = INARO, A)allx ) = [NATLARQ, Ay < MJa].

yielding
2]l Foa) = N2l ayy < M|z

25



On the other hand, since A and A_; are similar, we have sup,~g [[AR(\, A-1)[lx_,a) < M’
for some M’ > 0 and for all A > 0. In particular, by Remark 2.6, AR(\, A_1)z — x for each
x € X_;. From this we obtain for x € X that

2] = |[A-12l|x_, (4) = "}\%)‘R(A’A’l)A’lex < SUPH)\AAR()\,AA);BH

-1(A4) 7 a>0 X_1(4)

= Hf’«"HFl(A_l) = HJUHFO(A),

showing the equivalence of the norms || - || and ||z g4y on Xo.
U

We also need the following well-known result, see, e.g., [85, Chapters 1 and 3], for which we
give a short proof.

Proposition 2.20. For o € (0, 1] we have Fo(A) C D(A) = X,,.

Proof. We have
AR\, A)x = AR(\, A)z — x,

so that

#%O as A — oo.

IAR(, A)z — 2| < ”xA
=

Definition 2.21. Let A be a linear operator on the Banach space X satisfying (2.2.1). For
a € (0,1) we set

X,o(4) = {z € Fu(4) : lim X" AR(\, A)z =0},
A—00
and we recall from Section 2.1 that

Xo(A) = W, X, (4) = D(A’&)(A))-

The proof of the next proposition is straightforward and well-known.

Proposition 2.22. For o, 5 € (0,1) with o > 3 we have
X, (A) = X, (4) C FalA) = X4(4) C Fy(A) = Xo(4) S Xo(A)

with < denoting continuous and dense embeddings of Banach spaces, and C denoting inclu-
ston of closed subspaces.

Proof. For z € F,(A) we have
IN AR, A)z|| = M| AAR(N, A)z|| < A~|a]la = 0 as A — oo,

which also proves the continuity of Fi,(A) < X 3(A). The other statements can be proved by
similar reasonings.

O]
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Proposition 2.23. (a) The spaces F,(A) and X, (A) are invariant under each T' € £ (Xo)
which commutes with A™!.

(b) If T € £(Xo) commutes with A~', then the space Fo(A) is invariant under T_1.

Proof. (a) Suppose that T € £ (Xy) commutes with R(-, A) and let z € X (A). We have to
show that Tx € X, (A). Since T is assumed to be bounded, we obtain:

IN*ARA, A)Tx|| = [[N"ATR(A, A)x|| < [|T - [A*AR(X, A)z]].
This implies both assertions.

(b) Follows from part (a) applied to 7_1 on the space X_j.

Definition 2.24. For a € R we write « = m + 8 with m € Z and 8 € (0, 1], and define
Fo(A) == Fg(An),

with the corresponding norms. For o & Z we define
Xa(A) = Xﬁ(Am)v

also with the corresponding norms.

In particular we have for « € (0, 1) that

X o(A) =X, (A1) and Fo(4) = Fi_o(Ay).

This definition is consistent with Definitions 2.18 and 2.21. The following property of these
spaces can be directly deduced from the definitions and the previous assertions (by induction):

Proposition 2.25. For any «, 8 € R with o > 8 we have
X, (A) € Fo(A) = X5(A) € Fp(A)

with — denoting continuous and dense embeddings of Banach spaces, and C denoting inclu-
sion of closed subspaces.

Now we put these spaces in the context presented at the end of Section 2.1.
Proposition 2.26. (a) For a € (0,1] we have A_1Fy =Fy_1 and A1 X, = X1
(b) For a € (0,1] and A, X\ and & as in Theorem 2.16 we have
Foo={(A-AyeX i: yeFa}
If a € (0,1), then

Xﬂ:{Q—AMEXA:yGXPJ.
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§ 2.3 Intermediate and extrapolation spaces for semigroup
generators

In this section we consider intermediate and extrapolation spaces when the linear operator
A : D(A) — Xy is the generator of a semigroup (7'(t));>0 (meaning that T': [0, 00) — £ (X))
is a monoid homomorphism) in the sense described in the following.

Assumption 2.27. 1. Let Xy be a Banach space, and let Y C X{j be a norming subspace,
ie.,

|zl = sup |{z,y)| for each z € Xj.
YeY[lylI<1

2. Let T': [0,00) — Z(X0) be a semigroup of contractions for which a generator A: D(A) —
X exists in the sense that

RO\, A)x = /O T e M (s)z ds (2.3.1)

exists for each A\ > 0 as a weak integral with respect to the dual pair (Xy,Y), i.e., for each
y €Y and x € X

(RO A)z,y) = [~ e (T () ds

and R(\, A) € Z(Xy) is the resolvent of a linear operator A (see [80] by Kunze).
3. We also suppose that T'(t) commutes with A~! for each t > 0.
If the semigroup (7(t))s>0 is only exponentially bounded of type (M, w), that is

|T#)|| < Me*" for all t >0,

then one can rescale the semigroup (consider(e~“*D!T(¢));50), and renorm the Banach space
such that the rescaled semigroup becomes a contraction semigroup. Moreover, the new semi-
group has negative growth bound, meaning that 7'(¢) — 0 in norm exponentially fast as
t — o0o. Then it also has an invertible generator.

Remark 2.28. (i) There are several important classes of semigroups, satisfying Assump-
tion 2.27, hence can be treated in a unified manner: 7-semigroups of E. Priola [100],
weakly continuous semigroups of S. Cerrai [32], bi-continuous semigroups of F. Kiihne-
mund. We will concentrate on this latter class of semigroups in Section 2.4.

(ii) In this framework M. Kunze [80] introduced the notion of integrable semigroups, which
we briefly describe next. Since we have

lyll= sup  [{z,9)]
€ Xo, [z <1

and, by the norming assumption,

|zl = sup [z,9)l,
yeY,[lylI<1

the pair (X, Y) is called a norming dual pair. M. Kunze has worked out the theory of
semigroups on such norming dual pairs in [80]. We recall at least the basic definitions
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here: assume without loss of generality that Y is a Banach space and consider the weak
topology 0 = 0(Xo,Y) on Xg. An integrable semigroup of type (M,w) on the pair
(Xo,Y) is a semigroup (7'(t))¢>0 of o-continuous linear operators satisfying:

1. (T'(t))t>0 is a semigroup, i.e. T(t +s) =T(t)T(s) and T(0) = I for all t,s > 0.
2. For all A with Re(\) > w, there exists an o-continuous linear operator R(\) such that
forallx € Xgand all y € Y

(RWa,9) = [~ e (T (0)ay) d.
0
Kunze defines the generator A of the semigroup as the (unique) operator A : D(A4) — X
(if it exists at all) with R(\) = (A — A)~!, precisely as in Assumption 2.27. Note that

o-continuity of T'(t) can be used to assure that Y is invariant under 7”(¢), cf. the next
remark.

Remark 2.29. The semigroup (7'(t))i>0 commutes with the inverse of the generator if ¥
can be chosen such that it is invariant under 7”(¢) for each ¢ > 0:

AT (029 = [T @TO.9) ds = [ (Tls+ t)ay) ds
~{ /0 T T(s)e ds, T (0)y) = (T(OA 2, y),

for each x € Xgand y € Y.
Remark 2.30. (i) From (2.3.1) it follows that for each x € X

e —x = A/ s)z ds. (2.3.2)
Indeed, we have by (2.3.1) that
x = A/ T(s)x ds

ac—A/ T(s xds-/ T(s)z ds.

Subtracting the first of these equation from the second one we obtain the statement.

(ii) If moreover A commutes with T'(¢) for each ¢ > 0, then for each z € D(A) we have
T(t)e -z — /OtT(s)Ax ds. (2.3.3)
Indeed, as in the above, we have by (2.3.1)
—z=-A"1Az = /OOO T(s)Az ds
_T(t)z = —AT(t) A = /0 T ()T Ax ds = /t " T(s) Ax ds.
By a simple subtraction we obtain the statement.

29



The next lemma and its proof are standard for various classes of semigroups.

Lemma 2.31. If (T'(t))t>0 is (locally) norm bounded, then
Xeont :={z € Xo : t — T(t)z is || - || -continuous}
is a closed a subspace of Xg invariant under the semigroup. Under Assumption 2.27 we have
Xy = D(A) = Xeont.

Proof. The closedness and invariance of Xcone are evident. We first show D(A) C Xcont,

which implies D(A) C Xcont by closedness of Xcont. By (2.3.3) we conclude for z € D(A)
that T(t)z —x = fg T(s)Ax ds. Since

t
IT(t) —xl| = sup |(T(t)z —z,y)| < sup / [(T'(s) Az, y)| ds < t]|Az||= 0,
lylI<1 lyl<1 /0

ast — 0, we obtain D(A) C Xcont and D(A) C Xcont. For the converse inclusion suppose that

1
z € Xcont- Again by (2.3.2) we obtain that the sequence of vectors z,, := n [ T'(s)z ds €
D(A) (n € N) converges to z. Indeed:

1 1

|z —z|| = sup [{(x, —z,y)| < sup n/n (T(s)x —x,y)| ds < n/n IT(s)x — x| ds.
lyll<1 lyll<t /o 0

By the continuity of s — T'(s)x we obtain the inclusion Xcone € D(A).
O

Based on this lemma one can prove the following characterization of the Favard and Holder
spaces:

Proposition 2.32. Let (T(t))i>0 be a semigroup satisfying Assumption 2.27 with negative
growth bound and generator A. For a € (0,1] define

1T (s)x — =] 1T (s)z — |
Fo(T) := € Xo: —_— < = € Xo: — < , (234
0= {r e X0y EEGT <oc) = {o e o g G <ol (29
and for o € (0,1) define
_ ey 1T (8) — ] T (s)z — 2| _
X (T):= {x € Xo: igg T <X and lslf(f)lT = 0} (2.3.5)
_ e 1Tz — 2|
_ {:BEXO.lslﬁ)lT _0},

which become Banach spaces if endowed with the norm

[T (s)z — ||
x| g, () = sup .
2]l 7, () Sup pe

The space X, (T') is a closed subspace of Fo(T'). These spaces are invariant under the semi-
group (T'(t))i>0, and X, (T') is the space of ||-|| g, (1)-strong continuity in F(T). For a € (0,1]
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we have Fy(A) = Fo(T) and for o € (0,1) we have X, (A) = X (T') with equivalent norms.

E45Y
Proof. For x € F,,(T') we have

x — x|

T W =Tl _ e IT6)

s >0 s

IT®)2 ] o) = sup < M|zl g, (1,

proving the invariance of Fy, (7). Similar reasoning proves the invariance of X ,. Since F,,(T') C

Xeont = X9 = D(A) and F,(A) C Xy = D(A), the rest of the assertions follow from the
corresponding results concerning Cp-semigroups, see, e.g., [52, Sec. 1L.5].

O]

We conclude with the construction of the extrapolated semigroup as a direct consequence of
Proposition 2.15.

Proposition 2.33. Let A generate the semigroup (T'(t))i>0 of negative growth bound in the
sense of Assumption 2.27. Then there is an extension (T_1(t))i>0 of the semigroup (T'(t))i>0
on the extrapolated space X_1, whose generator is A_1.

2.3.1 Intermezzo on real interpolation spaces

To complete the picture we recall the next result [85, Prop. 5.7], which is formulated there
only for Cy-semigroups as a theorem, but A. Lunardi also remarks, without stating the precise
assumptions, that this result still holds if one omits the strong continuity assumption. We
require here the conditions from Assumption 2.27, under which the proof is verbatim the
same as for the Cp-case, and is based on formulas (2.3.2) and (2.3.3). Before we state the
result, recall the following definitions from [85].

Definition 2.34. Let X and Y be two real or complex Banach spaces. The couple (X,Y) is
an interpolation couple if both X and Y are continuously embedded in a Hausdorff topological
vector space V.

If (X,Y) is such an interpolation couple, also X +Y :={z+y: z € X, y € Y} is a linear
subspace of } and becomes a Banach space equipped with the norm |[|-|| -, given by

lellxyy =, _jnf_ el +lslly
z=x+y

Definition 2.35. For each x € X +Y and ¢t > 0 we set

K(t := inf t|bll5-.

(t0)i= _inb_ el + ol
r=a+b

Definition 2.36. Let 0 < # < 1, 1 < p < oo. The real interpolation spaces (X,Y )q, are
defined by

(X,Y)gp:={z € X+V: t>t"K(t,z) € 1£(0,00)}

and are normed by
—0
el = ¢ K (t,2)

L(0,00)

where L£(0, 00) denotes the LP-space with respect to the Haar measure 4t 51 the multiplicative

¢
group (0, 00).
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Now we are able to formulate and to prove the promised result.

Proposition 2.37. Let A generate the semigroup (T'(t))i>0 of negative growth bound in the
sense describe in Assumption 2.27. Then for p € [1,00] and o € (0,1) we have for the
interpolation space:

(X, D(A))ap = {x € Xt t (t) ==t | T (1) — a]| € L2(0,00)},

where 1£(0, 00) denotes the LP-space with respect to the Haar measure % on the multiplicative
group (0,00). Moreover, the norms ||x||q,p and

12115 = 2l + ¥ llLz0,00)

are equivalent.

Proof. For each b € D(A) we have

t t

T(t)h— b= / AT (s)b ds — / T(s)Ab ds, t>0.

0 0

Let z € (X,D(A))gpp. If x =a+ b with a € X and b € D(A), then
0Tz — 2| <t (IT(t)a — all + | T()b — b)) < (M + 1)t K(t,)

for each ¢t > 0 which means in particular that ¢ (t) = ¢t~ | T'(t)x — z|| € L2(0, 00) and

lzllgp < (M +1) [zl -

For the converse assume that 1 € L£(0,00). We obtain

NI AR(N, A)z| < /OO o+14041 - [T () — ] dt
, ~Jo 0 +

which is in fact the convolution f x 1 for f(t) = t/Tle~" and v (t) = ¢ |T(t)x — z||. Since
f € LL(0,00) and ¢ € LE(0, 00) one gets f * 1 € LE(0,00) and

1 *PllLe 0,000 < 1]

L1 (0,00) 1P11L2(0,00) -

From that we obtain
[z]lg, < T(O+1)[lz[lg, -

O

§ 2.4 Intermediate and extrapolation spaces for bi-continuous
semigroups

2.4.1 The Hille-Yosida Theorem

Recall the following result of F. Kithnemund from [79, Thm. 16], whose proof is originally
based on integrated semigroups. We present here a different proof based on extrapolation
spaces.
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Theorem 2.38. Let (Xo, || ||,7) be a triple satisfying Assumption 1.1, and let A be a linear
operator on the Banach space Xo. The following are equivalent:

(a) The operator A is the generator of a bi-continuous semigroup (T'(t))t>o0 of type (M,w).

(b) The operator A is a Hille-Yosida operator of type (M,w), i.e.,

M
(s —w)k
for all k € N and for all s > w. Moreover, A is bi-densely defined and the family

1R(s, A)*] <

{(s —a)*R(s,A)*: k€N, s>a) (2.4.1)

1s bi-equicontinuous for each o > w, meaning that for each norm bounded T-null sequence
(z,,) one has (s — a)*R(s, A)Fx,, — 0 in 7 uniformly for k € N and s > « as n — .

In this case, we have the Euler formula:

T(t)x := 7lim (T:R (m,A)> x  for each x € Xj.

m—00 t

Moreover, the subspace X := D(A) C Xy is the space of norm strong continuity for (T(t))>0,
it is invariant under the semigroup, and (L(t))i>o0 := (T(t)|x,)t>0 is the strongly continuous
semigroup on X generated by the part A of A in X,.

Proof. 1t follows from Lemma 2.31 that X, is the space of norm strong continuity for a
bi-continuous semigroup (7'(¢))¢>0-

We only prove the implication (b) = (a) and the Euler formula; the other implication is
standard and the easier one and can be found here [78, Thm. 1.28]. We may suppose that
w < 0. Since A is a Hille-Yosida operator, the part A of A in X, generates a Cp-semigroup
(T'(t))e=0 of type (M,w) on the space X, := D(A). Define the function

s s’

Ipl A f
F(s) = R(<,A) for s> 0,
I for s =0,

which is strongly continuous on X, by Remark 2.6. Moreover, we have the Euler formula

To(t)z = lim F(L)"z

m— 00

for x € X, with convergence being uniform for ¢ in compact intervals [0, o], see, e.g., [52,

Section IIL.5(a)]. Since R(A, A)|x, = R(A, A) and since D(A) is bi-dense in Xy, by the local

bi-equicontinuity assumption in (2.4.1) we conclude that for z € Xy and ¢ > 0 the limit
S(t)z = 7lim F(L)"z (2.4.2)

m— 00

exists, and the convergence is uniform for ¢ in compact intervals [0,¢p]. It follows that ¢ —
S(t)x is T-strongly continuous for each = € Xy. The operator family (S(t)):>0 is locally
bi-equicontinuous because of the bi-equicontinuity assumption in (2.4.1).
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Next, we prove that T(t) leaves D(A) invariant. Let z € D(A), so that = A~y for some
y € Xo, and insert z in the formula (2.4.2) to obtain

I(t)yz = St)A™y = rlim F(;5)" A7y = A7 7lim F(;1)"y = A7'S(t)y € D(4), (2.4.3)
where we have used the bi-continuity of A~ and the boundedness of ([ZR(2, A)]"y)men.
By Proposition 2.15 (b) we can extend T(t) to Xo by setting T(t) := AT (t)A~! € Z(Xy).
It follows that (T'(t)):>0 is a semigroup. By formula (2.4.3), we have T(t)y = AT(t)A~ly =
AATLS(t)y = S(t)y for each y € Xy. So that (T'(t));>0, coinciding with (S(t))s>0, is locally
bi-equicontinuous, and hence a bi-continuous semigroup.

It remains to show that the generator of (T'(t));>o is A. Let B denote the generator of
(T(t))t>0. Then, for large A > 0 and = € X;, we have

R@Bm:/e4W@xm:/e4@@xmzmm&m:mxmx
0 0

Since R(\, B) and R(A, A) are sequentially 7-continuous on norm bounded sets and since
D(A) is bi-dense in Xy, we obtain R(\, B) = R(\, A). This finishes the proof.
O

The first statement in the next proposition is proved by R. Nagel and E. Sinestrari, see [92]
and [94], while the second one follows directly from the results in Section 2.1.

Proposition 2.39. Let A be a Hille-Yosida operator on the Banach space Xog with domain

D(A). Denote by (I(t))e>0 the Co-semigroup on Xy = D(A) generated by the part A of A.

(a) There is a one-parameter semigroup (T(t))i>0 on Fy(A) which extends (T'(t))e>0. This
semigroup is strongly continuous for the || - [ x_, 4y norm.

(b) Suppose that for each t > 0 the operator T(t) leaves D(A) invariant. Then the space X
is invariant under the semigroup operators T(t) for every t >0, i.e., for T(t) :== T(t)|x,
we have T(t) € £ (Xo).

2.4.2 Extrapolated semigroups

In this subsection we extend a bi-continuous semigroup on Xy to the extrapolation space X_1
as a bi-continuous semigroup. We have to handle two topologies, and the next proposition
leads to an additional locally convex topology on X _1 still satisfying Assumption 1.1.

Proposition 2.40. Let the triple (Xo, || - ||, 7) satisfy Assumption 1.1, let P be as in Remark
1.2(iv), let E be a vector space over C, and let B : Xg — E be a bijective linear mapping. We
define fore € E andp € P

lellz == |B~ell and pg(e) :== p(B'e).
Then the following assertions hold:

(@) |||z is a norm, pg is a seminorm for each p € P.

(b) For the topology T generated by Pg := {pg : p € P} the triple (E,|| - ||g, TE) satisfies the
conditions in Assumption 1.1.
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(¢) If (T(t))e=0 is a bi-continuous semigroup on Xo with respect to the topology T, then
Tg(t) := BT(t)B~! defines a bi-continuous semigroup on E. If A is the generator of
(T(t))t>0, then BAB™! is the generator of (Tr(t))i>o-

Proof. Assertion (a) is evident. The conditions (1) and (2) from Assumption 1.1 are satisfied
by the definition of || - ||z and pg. Since

lelle =B~ e = supp(B~'e) = sup pr(e),
peP PEEPE

and by Remark 1.2(iii) in Assumption 1.1 is fulfilled. The proof of (b) is complete.

(c) For e € E we have |Tg(t)|g = |B"'BT(#)B te|| = |T(t)B~te|| < [|IT(t)] - |le|]| &, which
shows that Tg(t) € Z(E). Clearly, (Tr(t))i>0 satisfies the semigroup property. For e € E
and pg € Pr we have

pe(Te(t)e —e) = p(B~'BT(t)B e — B~le) = p(T'(t) B~ e — B7'e) - 0 fort — 0,

showing the 7g-strong continuity of (Tg(t))i>o0. If (en) is a || - |[g-bounded, 7g-null se-
quence, then (B~'e,) is a || - |-bounded 7-null sequence, so that by assumption Tx(t)e, =
T(t)B~1e, — 0 uniformly for ¢ in compact intervals. If A is the generator of (T(t)):>0, then
by means of (1.3.2) we can conclude that B~ AB is the generator of (Tg(t))i>o0-

U

Definition 2.41. Let (7'(t)):>0 be a bi-continuous semigroup in Xy with generator A.

(a) For B=A"': Xq — X; and E = X; in Proposition 2.40 define P, := Pg, 1 = 7g,
(T1(1))e=0 := (TE(1))e>0-

(b) For B=A_;: Xy — X_1 and F = X_; in Proposition 2.40 define P_; := Pg, 7_1 := 7g,
(T-1())t>0; := (TE(t))>0-

We obtain immediately the next result.

Proposition 2.42. The semigroups (T1(t))e>0 and (T—1(t))t>0 are bi-continuous with gener-
ators A1 = A|pa)y and A_1, respectively.

Iterating the procedure in Definition 2.41 we obtain the full scale of (extrapolated) semigroups
(T5,(t))t>0 for n € Z.

Definition 2.43. Let (T'(t)):>0 be a bi-continuous semigroup on Xy with generator A and
suppose that (T4, (t))i>0 and P+, have been defined for some n € N already.

(a) For B=A': X, = X,.1, E = X, and the semigroup (T5,(t))¢>0 in Proposition 2.40
deﬁne Pn+1 = PE, Tn+1 ‘= TE, (Tn—l—l(t))tzo = (TE(t))tEO'

(b) For B=A_,,_1:X_, — X_,_1, E=X_,,_ and the semigroup (T_,(t)):>0 in Proposi-
tion 2.40 define P_,,_1 := Pg, T_pn_1 := TE, (T—n—l(t))tzo = (TE(t))tZO.

Proposition 2.44. For eachn € Z the semigroup (T5,(t))i>0 is bi-continuous on (X, |||ln, 7)
with generator Ay, @ Xnt1 — Xn. Its space of norm strong continuity is X,,.
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Proof. The first statement follows directly from Proposition 2.42 by induction. For n = 0 the
second assertion is the content of Lemma 2.31, for general n € Z one can argue inductively.

O]

The following diagram summarizes the situation:

X, L0
ALl x,—0 _x o an
i X, T A
Al o xg—T xS Ja
NN XA T
Al Xy il X1 |A!
X, —2Y _x

The spaces X, are bi-dense in X, for the topology 7, and dense in X, for the norm || -
llx,,- The semigroups (7,(t))s>0 are bi-continuous on X,,, while (T',,(¢)):>0 are Cp-semigroups
(strongly continuous for the norm) on X,,.

2.4.3 Holder spaces of bi-continuous semigroups

Suppose A generates the bi-continuous semigroup (7'(t))+>o of negative growth bound on Xj.

Recall from Theorem 2.38 that the restricted operators T'(t) := T'(t)|x, form a Cp-semigroup

(T'(t))e=0 on X. Also recall from Proposition 2.32 that for o € (0, 1]
|Z(t)x — =]

. , |T(t)z — =
Fald) = FolT) = {w € Xo: supt=m i < oo} = {w € Xo 3 sup 2 < oo}

with the norm
|T(t)x — ||

]| 7, = Sup o :

and for a € (0,1):

X, (A):= {:CEKO: limw:O}:{xeXo; hmw:o}'

t—0 t™ =0 to
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We have the (continuous) inclusions
X = X1 = X, (A) = Fo(A) = X — Xo;

all these spaces are invariant under (7'(¢));>0.We now extend this diagram by a space which
lies between X, and F,.

Definition 2.45. Let (T(¢))¢>0 be a bi-continuous semigroup of negative growth bound on
a Banach space Xy with respect to a locally convex topology 7 that is generated by a family
P of seminorms satisfying (1.1.2). For a € (0, 1) we define the space

._ ._ i L2~z 1T (t)z — |
Xo = Xo(T) = {a: € Xo: 7;13(1)1 e = 0 and it;IO)T < oo}, (2.4.4)
and endow it with the norm || - ||g,. We further equip Fi, and X, with the locally convex

topology 7r, generated by the family of seminorms Pr, := {pr, : p € P}, where pp, is
defined as

pF, (T) :=sup M

2.4.5
>0 t ( )

It is easy to see that X, is a Banach space, i.e., as closed subspace of F,. By construction
we have that indeed X, (A) C X, C F,(A). Next we discuss some properties of this space.

Lemma 2.46. (a) Let (x,) be a || - ||g,-norm bounded sequence in F, with x, — = € Xo in
the topology 7. Then x € Fy,.

(b) The triple (Fa,| - ||, TF,) satisfies the conditions in Assumption 1.1.

(¢c) Xq is bi-closed in F,, i.e., every || - ||r, -bounded an Tp, -convergent sequence in X, has
its limit in X,.

Proof. (a) The statement follows from the fact that the norm || - ||z, is lower semicontinuous
for the topology 7. If
[T () — 2|
tOC
for each n € N, t > 0 and for some M > 0 we can estimate:

< znllr, < M

T(t)w — T(t)r — T{t)zn =
sup 102 =2l _ o p(TOL=2Y _ g 1 (T2 —2n)
>0 to t>0 peP te t>0 peP V7 ¢

T(t)x —
< Supsuphmsupuiu < SupsupH an lUnH < M.
t>0 peP n—oo t>0 neN
e have for p € P and x € F, that
b) We have f P and z € Fy th
p(T(t)xr —x T(t)r—=x
PF, (%) = sup # < sup La” = Il

This proves that 7z, is coarser than the || -|| g, -topology, but is still Hausdorff by construction.
For the second property of Assumption 1.1 let (z,,)nen be a 75,-Cauchy sequence in F,, such
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that there exists M > 0 with ||z,| g, < M for each n € N. Since 7 is coarser than 7, we
conclude that (x,) is 7-Cauchy sequence which is also bounded in || - || g, , hence in || - ||. By
assumption there is z € Xy such that x,, — = in 7. By part (a) we obtain x € F,. It remains
to prove that x, — x in 7r,. Let ¢ > 0, and take N € N such that for each n,m € N with
n,m > N we have pg, (x, — Tm) < e. For ¢t >0

p(T(t)(a:n —z) — (xy — J:))

tOz

(T(t)(xn — Tm) — (Tn — Tm)

= lim p 1o

m—o00 ) < PFa ($n o $m) <€
for each n > N. Taking the supremum in ¢ > 0 we obtain pg, (v — z,) < € for each n > N.

The norming property in (1.1.1) follows again from Remark 1.2 and the fact that the family
P is norming by assumption.

(c) Let (zn)nen be a || - ||p,-bounded and 7, convergent sequence in X, with limit 2 € Xp.
For p € P we then have

supp(T(t)(xn — ) = (zn — )
t>0

Since x, € X, for each n € N, we have

T(t)xy, — n
tOl

) =0, and sup HT(t)th_ In

[ <oe.
t>0

fy(

We now conclude for a fixed p € P

p(T(t)a: — :z:) _ p(T(t)(az —an) — (. —xp) + T(t)zy — xn)

te te
Sp(T(t)(:L‘ —le— (z —;rn)) +p(T(t)a;Z—xn>
< pr. (T —an) +p(W) < §+ g =¢,

where we first fix n € N such that pr, (z —2,) < §, and then we take 6 > 0 such that 0 <t < ¢
implies p(%) <5
O

The next goal is to verify that (7'(¢)):>0 can be restricted to X, to obtain a bi-continuous
semigroup with respect to the topology 7r, .

Lemma 2.47. If (T'(t))i>0 is a bi-continuous semigroup, then X, is invariant under the
semigroup.

Proof. We notice that in order to prove

we only have to check that



for n — oo for every null-sequence (sp)nen in [0,00) and for each p € P. Let € X,. Then

we have that y, = T(S’;i;fﬂﬁ converges to 0 with respect to 7 if (s, )nen is any null-sequence
and n — oo. Moreover, this sequence (¥ )nen is || -||-bounded by the assumption that = € X,.

Whence we conclude

T(sp)T(t)x —T(t)x

«
S’I’L

Tlim T'(t)yy, = 77{1_1}10110 =0,

n—oo

so that T'(t)x € X,.
O

We now prove that (7'(t))¢>0 is bi-continuous on X, and notice first that the local boundedness
and the semigroup property are trivial.

Lemma 2.48. If (T'(t))i>0 is a bi-continuous semigroup on Xo and o € (0,1), then (T'(t))i>0
is strongly T, -continuous on X,.

Proof. We have to show that pg, (T (tn)z—x) — 0 for all p € P whenever ¢,, | 0. Let s, t, > 0
be with s,,t, — 0. Then

p(T(sp)T(tn)x — T(sp)x — T(ty)x + x) < p(T(tn)T (ss)x — T(ty)x) N p(T(sp)x — )

Sn B 5 Sn
_ )Tz =) | Tz =2)
877/ Sn
The sequence (y,) given by y, := Llsn)z—z 4 || - ||-bounded and 7-convergent to 0, because

sh
x € X,. So that the last term in the previous equation (2.4.6) converges to 0. But since
{T'(t) : n € N} is bi-equicontinuous, also the first term in (2.4.6) converges to 0. This proves
strong continuity with respect to 7r,.

O]

Lemma 2.49. Let (T'(t))i>0 be a bi-continuous semigroup on Xo. Then (T'(t))i>0 s locally
bi-equicontinuous on Fy,.

Proof. Let (xn)nen be a || - ||r,-bounded sequence which converges to zero with respect to
7r, and assume that (7'(t)x,)nen does not converge to zero uniformly for ¢ € [0, ¢] for some
to > 0. Hence there exists p € P, 6 > 0 and a sequence (¢, )nen of positive real numbers such
that

pr, (T (ty)xy) > 0

for all n € N. As a consequence there exists a null-sequence (sy,)nen in R such that

P(T(sn)T (tn)xn — T (tn)Tn)

«
sn

>0

for each n € N. Now notice that the sequence (yy)nen defined by y,, := Llsn)zn=an 5 5 7 pull

sh
sequence since:
q(T(sn)2n — n) < sup q(T(s)xyn — n)
sy 5>0 5%

, q€P,
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and the term on the right hand side converges to zero as n — oo by assumption. Using

the local bi-equicontinuity of the semigroup (7'(t)):>0 with respect to 7, we conclude that
TE)T (sp)xn—T)zn

- converges to zero uniformly for ¢ € [0, ], which is a contradiction. Hence
(T'(t))¢>0 is locally bi-equicontinuous on X,.
O

Remark 2.50. Notice that the local bi-equicontinuity with respect to 77, holds on the whole
space Fy,, while strong 7r_-continuity holds on X, only. In particular, we will see in Theorem
2.52 that X, is the space of strong 7 -continuity.

We can summarize the previous results in the following theorem.

Theorem 2.51. Let (T'(t))i>0 be a bi-continuous semigroup on Xo. Then the restricted
operators Ty (t) := T(t)|x, on Xo form a bi-continuous semigroup. Moreover, the generator
Aq of (Ta(t))i>0 is the part of A in X,.

Proof. Because of the previous series of lemmas it remains to prove that the part of A in X,
generates the restricted semigroup on X,. We can argue as in the proof of the proposition
in [52, Chap. II, Par. 2.3]. Since the embedding X, C Xy is continuous for the topologies
7k, and 7, we conclude that A, C A|x,. For the converse let C' denote the generator of

@

(Tw(t))t>0 and take A € R large enough such that

R\, C)x = / e MT(s)x ds = R\, A)z, € X,
0

For x € D(A|x,) we obtain
z =R\ A)AN—A)xz=RA\C)N—A)x e D(C)

and hence A|x, C A,. This proves that the part of A in X, generates the restricted semi-

group.
O

By similar reasoning as in Lemma 2.31 one can prove the following:

Theorem 2.52. Let o € (0,1) and let (T(t))e>0 be a bi-continuous semigroup on X. Then
D(A) is Tp,-bi-dense in X, and

Xo={xe€F,: g, }/in& T(t)z =z}, (2.4.7)
—
i.e., for x € F,, the mapping t — T(t)x is Tg, -continuous if and only if v € X,.

Proof. Denote by X, cont the right-hand side of (2.4.7), i.e., the space of 77, -strong continuity.
Notice that D(A) C X, € Xo € X4 cont-

Suppose x € Xq cont- For each n € N we have
1 1

Ty = n/; To(t)x dt = n/; T(t)x dt € D(A)
0 0
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as a 7- and 7p, -convergent Riemann integral. Whence it follows that z,, e x, whereas the
| - || 7,-boundedness of (xy)nen clear. We conclude that € X, (because X, is bi-closed in
F,), implying X cont € Xq. As a byproduct we also obtain that D(A) is bi-dense in X,.

O

Proposition 2.53. For 0 < a < 8 <1 we have

X1 =D(A) = Fg — X, C X,,
where the embeddings are continuous for the respective norms and for the respective topologies
Ty TRys TFy- The space D(A) bi-dense in X, and as a consequence Xg is bi-dense in X,.

2.4.4 Representation of Holder spaces by generators

Analogously to Proposition 2.32 we have a representation of the Holder space X, by means
of the semigroup generator.

Theorem 2.54. Let (T'(t))i>0 be a bi-continuous semigroup with negative growth bound and
generator A. For a € (0,1) we have

Xo = {x € Xo: z\-l_1}m AAR(M\, A)x =0 and iu% IA*AR(N, A)z|| < oo}. (2.4.8)
00 >

Proof. Suppose x € X,. From Proposition 2.32 we deduce immediately

sup |A*AR(\, A)z|| < oo.
A>0

Let now € > 0 be arbitrary. For z € X, and p € P we can find § > 0 such that 0 < ¢ < §

implies W < e. Recall the following formula:

MNAR(N, A)x = A>T / e N (T(s)x — x) ds.
0

From this we deduce

s)r —x)

POAYAR(\, A)z) < )\a—H/ oS p(T'( s® ds
0

SOL
_ ot /(S s PIG)z—2) o e /°° s PI()r =) o
0 5

s« s¢

Sa

< )\a+15 /(S e—)\ssa ds + )\04—4—1 /OO e—)\s. ||T(S)I' — fL‘HSa ds
0 6
0 00
< )\O‘“E/ e M5 ds + H(EHFQ)\Q+1/ e M. 5% ds
0 6
Ad 00
= a/ e 1t dt + HxHFa/ e 't dt
0 Aé
(0.9}
< Le+ ||xHFa/ e 1t dt
Ad

where L := [5° e 5% ds < 0o. Notice that the last part of the sum tends to zero if A — oo

since 0 > 0 is fixed. So we obtain 7limy_,,o AYAR(\, A)z = 0.
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For the converse inclusion suppose that

Tlim A“AR(\, A)x = 0 and sup [[A*AR(A, A)z|| < oo,
A—+00 A>0

the latter immediately implying [|z||, ) < oo (see Proposition 2.32). We have to show that
Tlimy_0 T(?(f*z = 0. For A > 0 define x) = AR()\, A) and y) = AR(), A), then we have

x=AR(\, A)x — AR\, A)x = x)\ — yx.

First notice that for p € P

1 )\1—04
te

—p(T(t)AR(A, A)z — AR(A, A)z) < /Otp(T(s))\o‘AR()\, A)z) ds.

(2.4.9)
By assumption the term A*AR(\, A)x is norm-bounded and converges in the topology 7 to
zero as A — 0o, hence by the local bi-equicontinuity we conclude that p(T'(s)A*AR(X, A)z) —
0 uniformly for s € [0,1]. Now let € > 0 and A¢p > 1 so large that for A > A\g and s € [0, 1] we
have p(T(s)A*AR(\, A)x) <e. If t < /\io, then A := 1 > )\o and we obtain that the expression
in (2.4.9) becomes smaller than e.
For the estimate of the second part involving y we observe that
P(T(H)yr — y») 1

o =0

_p(T()A AR\, A)z) + (t)l\)ap()\O‘AR()\, A)z).

By taking t < %0 and A\ := % we obtain the estimate

p(T(H)yr —yx) _

o < p(T(L)A AR\, A)z) + p(A* AR\, A)x) < € + ¢, (2.4.10)

by the choice of A\g. Altogether we obtain for t < )%0 that W < 3¢, showing

T —
7lim M =0,
t—0 te

i.e., x € X, as required.
O

Remark 2.55. It is possible to define the space X,(A) as in (2.4.8) also for operators which
are not necessarily generators of bi-continuous semigroups. However, we have to suppose that
the resolvent fulfills certain continuity assumptions with respect to a topology satisfying, say,
Assumption 1.1.

Again, we put our spaces X, in the general context of Theorem 2.16.

Proposition 2.56. For o € (0,1) and A, X\ and & as in Theorem 2.16 we have

_ . 1T (t)y — yl| Tty —y
XKoo= {(A= Ay € Xort sup =725 < oo, 7lim —pio— = 0}

Finally, we extend the scale of spaces X, to the whole range o € R.
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Definition 2.57. For a € R\ Z we write « = m + 8 with m € Z and 3 € (0, 1], and define
Xo(A) = X3(An),

with the corresponding norms. The locally convex topology on X, comes from Xz via the
mapping A,,.

Remark 2.58. We summarize all previous results in the following diagram:

A Aoc—l
Xy X, Xa F. X, Xo X, Xao1 Fus X4
A,y A_1lr, Ay

where a € (0,1). Here A,—1 and A,_; are defined to be the part of A_; in X,_1 and the
part of A_; in X4, respectively. They are all continuous with respect to the norms and
topologies on these spaces. In addition, we recall that X,_; and X ,_; are the extrapolation
spaces of X,(A_1) and X, (A_1), respectively. All horizontal arrows represent continuous
inclusions, while the vertical arrows represent the action(s) of the semigroup(s). All the
spaces are dense in the underlined ones containing them, while the spaces with underlining
are bi-dense in each of the bigger ones.

§ 2.5 Examples

In this section we present examples for extrapolation and intermediate spaces for (generators
of) bi-continuous semigroups. We will use Theorem 2.16 and its variants to identify the space
X, for a < 0.

2.5.1 The left-translation semigroup

We now consider the left-translation semigroup from Section 1.3.1 and use Theorem 2.16 to
determine the corresponding extrapolation spaces. To this purpose let & = 2'(R) be the
space of all distributions on R, let A := D : 2/(R) — 2'(R) be the distributional derivative,
and let 7 : Cp(R) — 2'(R) be the regular embedding. From Theorem 2.16 it then follows

X ={FeZ2'R): F=f—Df for some f € UCL(R)},
X 1={FeZ2'R): F=f—Df for some f € Cp(R)}.

For the Favard and Holder spaces we have

F, = {f € Cp(R) : sup < oo}: B (R),



o @) =Wl _ N\ _ e
X, = {f € UCL(R) : %gl(l] xs’;lepR Taoe 0}* b(R).
0<|z—y|<t

Hence Fy, is the space of bounded a-Hélder-continuous functions and X, with the so-called
little Holder space h{f(R) (see also [85]). The abstract Hélder space X, corresponding to the
bi-continuous semigroup yields the local version h{ |, (R) of the little Holder space

« _ @ R |f($) — f(y)|
bloc = {f € Cp(R) : %g% xi;lePK eyt
0<|z—y|<t

=0 for each K C R compact}.
Then X, = hg,loc(R)'

It is easy to see X, € Xo C F,. The extrapolated Favard class Fy can be identified with
L*>(R). To prove this we argue as follows: We know from the general theory that Fy(T) =
(1 — D)F\(T) where Fy(T') are precisely the bounded Lipschitz functions on R. Now using
the fact that Lipy, (R) = W1*°(R) with equivalent norms we obtain that indeed Fy = L>°(R).
For an alternative proof of this fact we refer to [52, Chapter IL.5(b)].

Moreover, from Corollary 2.26 we obtain for a € (0,1)
Fo={fe?®R): F=[-Dffor feCl®)}

and

X_o = {f €9 R): F=f—Dfforfe hg);;(m)}.
We summarize this example by the diagram:
Ch(R) = Lipy(R) = b (R) = b1, (R) = CZ(R) = UCH(R) — Cy(R) = L*(R)

according to the abstract chain of spaces
Xi—=IMN—=X,—=Xqg—=Fy—=Xy—= Xog—Fp

for @ € (0,1). For the higher order spaces we have

X, :=D(A™) = {f € Cp(R) : f is n-times differentiable and f™ e Cb(R)}

={feC®): [P eCyR), k=1,...,n} = Ci(R)

for n € N. For n € Nand a € [0,1)

|f®)(z) — f®)(y)]
Fhio= e CE(R) :
n {f b (R) s;gR g
TFY

< oo} = CP(R).

This example complements the corresponding one in Nagel, Nickel, Romanelli [93, Sec. 3.2].
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2.5.2 The multiplication semigroup

Let © be a locally compact space and Xy = Cp(€2). Let ¢ : @ — C be continuous such
that sup,cqo Re(g(z)) < 0. We define the multiplication operator M, : D(M,) — Cy(2) by
M,f = qf on the maximal domain

D(Mg) ={f € Co() : qf € Cr(Q)}.
This operator generates the semigroup (7;(t));>o0 defined by
(Ty(D)f) (@) = @ f(x), 120, 2€Q, feCu(Q),

which is bi-continuous on Cp(2) with respect to the compact-open topology. Now let & =
C(€) the space of all continuous functions on Q, let M, : C(Q2) — C(Q2) be the multiplication
operator M, f :=qf and i : C,,(2) = C(Q) the identical embedding. Then by Theorem 2.16
we obtain

X 1={g€C(Q): ¢ 'ge ()}
For a € (0,1), the (abstract) Favard space is

Fo={f€Cu(Q): |g/"f € Co(D)}. (2.5.1)
To see this suppose first that f € F,, which means

tq(z) _
sup sup [ f @) = f@)l _
t>0 zeQ t

By taking supremum only for t = @ we obtain

q(x)
sup [el@l — 1] - | f(x)| - |g(x)|* < oo,
zeQ

since

') () — f(@)] _ [ — 1] |f (@)llg(x)|*
te lg()|>te

(2.5.2)

Hence |¢|*f € Cp(£2), so that the inclusion “C” in (2.5.1) is established. For the converse
assume that |¢|*f € Cp(Q2). Since the function g(z) = ‘e;;” is bounded on the left half-plane,

we obtain that f € F, by (2.5.2). This proves the equality. We also conclude that F, = X,

since (@)
q(z _
up |1 ) — f )
rxeK t

eta(®) _ 1
tq(x)

for each compact set K C €. The extrapolated Favard spaces are then given by

| f@)] - Ja(z) |t

= sup
zeK

Foo={feCh(Q): |g*f€CL(Q)} =X_,.

The spaces X, are more difficult to describe in general since the space of strong continuity
X depends substantially on the choice of ¢q. For example, if % € Co(), then X; = Cy(9).
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To see this notice that Cy(Q2) C X trivially. On the other hand
1
S HAE
q
which shows that D(M,) C Co(€2) and hence that Xy C Cy(£2). For a € [0, 1] this yields

Xo={f€Co(Q):q[*f € Co(Q)},
and
X_o={af: f€Co(Q), [a'*f € Co()} = {f € C(Q) : [¢]*f € Co()}.
This example extends Section 3.2 in [93] by Nagel, Nickel and Romanelli.

2.5.3 The Gauss—Weierstrass semigroup

On Xy = Cp(R?) (d > 1) we consider the Gaul-Weierstral semigroup defined by 7'(0) = I
and
1 |z—y]?

ot = (4rt)? /Rd em x f(y)dy, t>0, zeR% (2.5.3)

If we equip Cj,(R?) with the compact-open topology 7co, then (T'(t));>0 becomes a bi-continuous
semigroup, and its space of strong continuity is UC},(R?). From [82, Proposition 2.3.6] we
know that the generator A of this semigroup is given Af = Af on the maximal domain

D(A)={f e Cu,(RY) : Af e Cp(RY},

where A is the distributional Laplacian. Now the extrapolation space can again be obtained
by Theorem 2.16. If we take & = 2'(R%), A = A and i : Cp(R?) — 2/(R?) the regular
embedding we then have

X 1 ={FeZ'RY: F=f—Af for some f € C,(RY)}.
The domain of the generator can be given explicitly, see, e.g., [82] or [85]. For d =1 it is
D(4) = C§(R),
while for d > 2
D(A) = {f € Cu(R) NWER(RY), for all p € [1,00) and Af € Cy(R%)}.
For a € (0,1) \ {3} the Favard spaces are

Fo = C%Q(Rd)v

1

while for oo = 5 one obtains

_ T4y
Fi = {f € Cp(RY) : sup (@) + /) = 2/ (57| < OO}.
2 T#y |z —yl
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From Corollary 2.26 it follows that for o € (0,1), o # 3
Fo={Fe?RY): F=f—Afforsome f e Ci'"(RY},

and
F . :{Fe.@’(Rd); F=f—Af forsomefEF%}.

T2

§ 2.6 Notes

As already mentioned in the introduction this chapter is based the joint work with B. Farkas
[28]. In this thesis we added Section 2.3.1 where we highlight the theory of interpolation
spaces. In particular we give a proof of Proposition 2.37.

Another interesting example, which is originally part of [28], is now part of Chapter 6 where
we discuss the implemented semigroups. A further application of extrapolation spaces is
going to be the issue of the following Chapter 3, where we deal with so called fiberwise
extrapolation spaces of unbounded operator-valued multiplication operators. An abstract
usage of extrapolation spaces takes place in Chapter 4 in conjunction with perturbation
theory.

In actual fact, the article [28], where this chapter is based on, came into being while working
on the Desch—Schappacher perturbation which we present in Chapter 4. In particular, the
absence of extrapolation spaces for non-densely defined Hille—Yosida operators was decisive
for the emergence of this work. Even if we can construct extrapolation spaces by restricting
to the space of strong continuity this was not adequate in order to stay in the category of
bi-continuous semigroups. During the process of writing also intermediate spaces attract
attention since they are commonly discussed in the same breath with extrapolation spaces,
cf. [52, Chapter II, Sect. 5], hence we added this part of research to put it into a bigger
picture.
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Chapter 3

Fiberwise Multiplication

Introduction

Non-autonomous problems arise naturally for example in the context of diffusion processes
with time-dependent diffusion coefficients or boundary conditions or in connection with quan-
tum mechanical systems with time-varying potential. They can be described by an abstract
Cauchy problem on a Banach space X of the form

{u(t) =A(t)u(t), t,seR, t>s, (nACP)

where (A(t), D(A(t)))ier is a family of linear operators. The solution of such a problem, if
it exists, is no longer given by a semigroup but a so-called evolution family (U(¢,s)):>s, see
for example [52, Chapter VI, Def. 9.2]. The existence of solutions and the well-posedness
of (nACP), cf. [52, Chapter VI, Def. 9.1] and [113, Def. 3.4.1], is a challenging topic. In
particular, there are just a few different independent and not unified results on existence of
solutions for the non-autonomous case due to P. Acquistapace and B. Terreni [2, 1] or T. Kato
and H. Tanabe [111, 112, 72, 73]. Nevertheless, if we have a solution by means of an evolution
family, we obtain a strongly continuous semigroup (7'(t));>o on the Bochner space LP(R, X)
by

(Tt)f)(s):=U(s,s—t)f(s—1t), t>0, felP(R,X), s€R. (3.0.1)

One important challenge is to determine the exact domain of the corresponding generator
(G,D(G)). By [113, Thm. 3.4.7] operator-valued multiplication operators come up naturally
since Gf = A(:)f — f' on an invariant core D C WP(R, X) N D(A(-)). However, one wants
to have the generator (G, D(G)) explicitly in hand in order to infer properties of the evo-
lution semigroup and hence of the evolution family. For this purpose, one has to consider
extrapolation spaces of operator-valued multiplication operators. One of the attempts, in the
special case where A(t) = A for some semigroup generator (A, D(A)), is due to Nagel, Nickel
and Romanelli [93, Sect. 4]. In [59] T. Graser studied bounded and unbounded operator-
valued multiplication operators on the space of continuous functions Cy(R, X) as well as
their extrapolation spaces. We will see that extrapolation spaces of multiplication opera-
tors on LP(R, X) behave similarly. Later on, S. Thomaschewski studied properties of such
multiplication operators on Bochner LP-spaces [113, Sect. 2.2 & 2.3] in connection with non-
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autonomous problems. Especially, she connects multiplication semigroups with unbounded
operator-valued multiplication operators. Although we are now interested in extrapolation
spaces of such unbounded multiplication operators on Bochner LP-spaces, we can use some of
the results from S. Thomaschewski regarding multiplication operators. In order to construct
extrapolation spaces, we recall the notion of fiber integrable functions due to R. Heymann
[65].

We start this chapter with some preliminaries on fiber integrable functions and continue with
unbounded multiplication operators in the second section. In Section 3.3 we discuss multi-
plication semigroups whose generators are actually multiplication operators. Furthermore,
we determine the extrapolation spaces of such multiplication operators by means of LP-fiber
spaces.

§ 3.1 LP-fiber spaces

Firstly, we introduce the essential notion of a measurable Banach fiber set which was studied
by R. Heymann, cf. [65, Def. VI.1.i].To do so, let (£2,%, 1) be a o-finite measure space. Fur-
thermore, let V' be a complex vector space together with a family of seminorms {|||-||[, : s € Q}
on V. Assume that there exists a countable set of elements B := {b; : k € N} C V such that
B is a vector space over Q+iQ and such that for each k£ € N the map s — |[||bi]||, is measurable
as a map from Q to R. For every s € Q we define the set Ny := {b,, € B: ||b]||, = 0} and
take the completion of the quotient space B/N, with respect to the induced norms ||-||, on
B/Ns. This Banach space is denoted by X.

Definition 3.1. The family of Banach spaces (X, ||||;)scq is called a measurable Banach
fiber set.

Next, we follow [65, Def. VI.1.iii] in order to define what it means for a function f : Q —
Useq Xs to be measurable

Definition 3.2. Let (X, ||-||,)sco be a measurable Banach fiber set. We define a function
[ Q= Useq Xs with f(s) € X for p-almost every s € Q to be fiber measurable if it is
almost everywhere a pointwise limit with respect to |||, of measurable simple functions with
values in B. More precisely, this means that there exists a sequence (f;)jen of functions
fi + Q@ = Useq X such that

nj

Lfi=3 (bﬂ(i) +NS) 1o, wherem : N5 N, nj €N, Q € %, NQ; = @, i # j, and b; € B
=1
for each 1 <1i < nj,

2. f(s) = jlggo fj(s) with respect to |||, for p-almost every s € €.

The set of fiber measurable functions on 2 together with the pointwise addition and scalar
multiplication is a C-vector space, which we will call a measurable Banach fiber space.

Having the concept of measurability we continue with the notion of integrability for functions
from Q to measurable Banach fiber sets, see [65, Def. VI.1.vi]. Especially, we define what it
means to be p-integrable for 1 < p < co. To do so, we remark that the map s — ||f(s)|? is
measurable.
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Definition 3.3. Let 1 < p < co. We call a fiber measurable function f : Q — (J,cq X5 fiber
p-integrable if the integral

LIS anto)
Q

exists and is finite. In this case, we call

170, = ([ 112 dnts))”
the LP-fiber norm of f.

Remark 3.4. (i) Observe that the set of fiber p-integrable functions with pointwise addi-
tion and scalar multiplication is a vector space.

(ii) The relation defined by f ~ g < f = g p-almost everywhere is an equivalence relation
on the set of fiber p-integrable functions.

(iii) The set of equivalence classes of fiber p-integrable functions with the canonical vector
space structure is called a LP-fiber space and is denoted by LP (€, (X;)scq)-

(iv) By [65, Prop. VI.1.xi] the space LP(, (X;)seq) is actually a Banach space with respect
to the LP-fiber norm.

§ 3.2 Unbounded operator-valued multiplication operators

The main objects of this section are unbounded operator-valued multiplication operators, cf.
[113, Def. 2.3.1].

Definition 3.5. Let X be a Banach space and let (M (s), D(M(s)))seq be a family of un-
bounded linear operators on X, i.e., M(s) : D(M(s)) € X — X for s € . The operator
(M, D(M)) on LP(€2, X) defined by

DM):={felP(Q,X): f(s) € D(M(s)) p-a.e.,(s+— M(s)f(s)) € LP(Q, X)},
(Mf)(s):=M(s)f(s), f€ DM),seQ, pu-almost everywhere,

is called the unbounded operator-valued multiplication operator. The operators (M (s), D(M (s))),
s € Q, are called fiber operators.

As already mentioned in the beginning, the concept of unbounded multiplication opera-
tors was studied by S. Thomaschewski [113] on Bochner LP-spaces in connection with non-
autonomous Cauchy problems. Here we summarize some important results to have an
overview of the properties of the operator (M, D(M)). Firstly, the closedness of the fiber
operators implies the closedness of the multiplication operator, see [113, Lemma 2.3.4].

Lemma 3.6. If (M(s), D(M(s))) is closed for p-almost every s € Q, then (M, D(M)) is
closed.

In what follows we actually assume that (M, D(M)) is a closed operator valued multipli-
cation operator with closed fiber operator (M (s), D(M(s)))seq. The following result [113,
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Lemma 2.3.5] shows that the resolvent operator of (M, D(M)) gives also rise to an multipli-
cation operator. For this we remind the reader of the following definition [113, Def. 2.2.3]:

L2 (Q, 4(X)) = {M:Q — 2(X): s+ M(s)z € L®(Q,X) for all z € X}

Lemma 3.7. Let (M, D(M)) be a multiplication operator and assume that X € p(M). Then
R(A, M) is a bounded multiplication operator, i.e., there exists M € L™ (2, %(X)), such
that (R(A, M) f)(s) = M(s)f(s) for all f € LP(Q, X).

Unfortunately, the converse of Lemma 3.7 fails due to the characterization of bounded mul-
tiplication operators, cf. [113, Thm. 2.2.17]. However, the following result [113, Thm. 2.3.6]
holds.

Theorem 3.8. Let (M, D(M)) be a densely defined closed operator on LP(, X). Assume
that there exists an unbounded sequence (Ap)nen in p(M) such that for all f € LP(2, X) one
has limy, o0 AnR(Ap, M) f = f. If R(Ap, M) is a bounded multiplication operator for every
n € N, then there exists a family (M (s), D(M(s)))seq of densely defined closed operators on X
such that (M, D(M)) is a multiplication operator with fiber operators (M(s), D(M(s)))seq-
Furthere there exists a p-null-set A such that for every s € Q\ A and for each n € N one
has A\, € p(M(s)).

Last but not least, if (M, D(M)) is already supposed to be a multiplication operator on
LP(€2, X)), then the resolvent of M and the resolvents of the fiber operators are related by the
following result [113, Prop. 2.3.7].

Proposition 3.9. Let (M, D(M)) be a closed multiplication operator with closed fiber oper-
ators (M (s), D(M(s)))seq-

(a) If X\ € p(M(s)) for p-almost every s € Q and R(A\, M (-)) € L™ (2, Z(X)), then A € p(M)
and (RO, M) f)(s) = R\, M(s))f(s) for all f € LP(Q, X) and p-almost every s € Q.

(b) If there exists an unbounded sequence (An)nen in p(M) such that for all f € LP(Q, X)
one has A\yR(Ap, M) f — [ forn — oo, then for p-almost all s € Q and alln € N one has
An € p(M(s)) and (R(Ap, M) f)(s) = R(An, M (5))f(s) for all f € LP(Q, X) and p-almost
every s € Q.

In [113, Sect. 2.2.3] S. Thomaschewski proceeds with the discussion on multiplication opera~
tors on LP(Q2, X). In particular, S. Thomaschewski gives a characterization of multiplication
semigroups by means of multiplication operators as their generators.

Definition 3.10. A Cy-semigroup (7 (t)):>0 on LP(€2, X) is called a multiplication semigroup
if for every ¢t > 0 the operator 7 (¢) is a bounded multiplication operator, i.e., for every t > 0
there exists T (t) € L>(Q, (X)) such that (7(t)f)(s) = Ts(t)f(s) for p-almost every
s € Q.

By [113, Thm. 2.3.15] these multiplication semigroups are characterized in the following way.

Theorem 3.11. Let (M, D(M)) be the generator of a strongly continuous semigroup (T (t))+>0
on LP(Q, X) such that | T (t)|| < Me** for some M > 0, w € R and for allt > 0. The following
are equivalent.

(a) (T(t))t>0 is a multiplication semigroup.
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(b) (M, D(M)) is an unbounded operator valued multiplication operator with fiber opera-
tors (M(s), D(M(s)))scq. Moreover, for p-almost every s € Q, A € p(M(s)) whenever
Re(A) > w, (RA,M)f)() = RN, M(-))f() and (M(s), D(M(s))) is the generator of a
Co-semigroup (Ts(t))i>0 such that (T (t)f)(s) = Ts(t)f(s) for all t > 0.

§ 3.3 Extrapolation of unbounded multiplication operators

In what follows we consider extrapolation spaces of unbounded multiplication fiber operators.
In particular, our standing assumption is that the multiplication operator (M, D(M)) gen-
erates a multiplication semigroup (7 (t))¢>0, cf. Theorem 3.11. By (M(s), D(M(s)))seq
we denote the fiber-operators corresponding to (M, D(M)), ie., (Mf)(s) = M(s)f(s),
felP(Q,X), s € Q By Theorem 3.11 the operator (M (s), D(M(s))), s € €, generates
a Cp-semigroup (Ts(t))t>0. We assume without loss of generality that 0 € p(M(s)) for p-
almost every s € . The extrapolated operators will be denoted by (M_i(s), D(M_1(s))),
s € Q. The extrapolation space of (M, D(M)) will be denoted by X := (L?(Q, X))_; (M) is
formally given by

SEN

X = {fe HX—1,53 HQGLP(Q’X): f_M—l(')g}

Later, we will prove another characterization of this space by means of LP-fiber spaces. A
first step towards this is the following.

Lemma 3.12. Let (M, D(M)) be a multiplication operator on LP(Q, X') with fiber opera-
tor (M(s),D(M(s)))seq. Moreover, let (T (t))i>0 the multiplication semigroup generated by
(M, D(M)). Moreover, denote by (T5(t))i>0 the Co-semigroups generated by the fiber opera-
tors (M (s), D(M(s)))sca. The associated extrapolated semigroups are denoted by (T-1 s(t))¢>0,
s € Q). Define

(S@)f)(s) =T 1,s(t)f(s), t=0, feX, s

This defines a Cy-semigroup on X which is generated by the operator (M_1, D(M_1)) defined
by

(M_1f)(s) = M_a(s)f(s),  D(M_1) = L(2, X). (3.3.1)

Proof. First of all, to see that (S(t)):>0 is indeed a semigroup is easy, since (T_1 4(t))¢>0 is a
semigroup for each s € Q. As a matter of fact, (71 4(¢)):> is an extension of (T(t))¢>o for
each s €  and hence (S(t))t>0 extends (7 (t))¢>0. Since by construction LP(€, X) is dense
in X the semigroup (S(t)):>0 is strongly continuous. In order to show that the generator of
(8())¢>0 is of the form mentioned in the lemma, let us denote the generator of (S(t)):>0 by
(A, D(A)). Observe that by definition

L SOF(s) = f(s) . Tois()f(s) — f(s)
(Af)(s) = lim = lim : .

t—0 t t—0

This implies that f(s) € D(M_1(s)) and s € Q and that (Af)(s) = M_1(s)f(s) for p-
almost every s € €. In particular, we obtain f € LP(Q, X) and Af = M_;(-)f since f(s) =
(RN, M_1(s))(A — A)f)(s). Conversely, the condition f € LP(Q, X) implies that f € D(A)
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and Af = M_;(-)f. O

The previous result shows actually that the extrapolated multiplication operator is again a
multiplication operator. In this case the fiber operators are the extrapolated fiber operators
(M_1(s), D(M_1(5)))seq, i-e., (3.3.1) holds. As promised above, we give a characterization of
the space X' := (LP(2, X))_; (M). To do so, we assume in this sequel that the Banach space
X we are working with is separable, i.e., there exists a countable dense set in X. Denote the
extrapolation spaces corresponding to the fiber operator (M(s), D(M(s)) by (Xfl,sa ||'H_1,s>7
s € ). The following result prepares for the extrapolation procedure.

Lemma 3.13. Suppose X is a separable Banach space. If 0 € p(M(s)) for almost every
s € Q and s — M(s) 'z is measurable for each x € X, then the family (X_l s ||]— 18) e
is a measurable Banach fiber set.

Proof. We make use of the separability of X and take a dense countable subset of X and make
a Q+1iQ vector space B out of it. Observe that B is still countable, i.e, B := {b; : k € N} C X.
We define a family of seminorms {||-|||l; : s € @} on X by

llzlll, := [M(s) 2|, zeX, seq

Then |||-|||, is actually a norm on X. By the assumption s — M (s) "'z is measurable for each
x € X and hence so is the map s — ||bg]|, for each k € N. Since Ny = {0} for each s € Q we
obtain B/N, = B. Finally, the completion of B with respect to |||-|, is just the space X_1,

s € . By Definition 3.1 we therefore obtain that (X_l’s, 11— S) o is a measurable Banach
/s
fiber set. O
Since we know that (X,l,s, -1l _1 8) o is a measurable Banach fiber set, we can consider
’ S

the space of fiber p-integrable functions over this set of Banach spaces. In what follows we
relate this space to the extrapolation space of LP(2, (X;)seq) with respect to the unbounded
operator-valued multiplication operator (M, D(M)).

Theorem 3.14. Let 1 < p < oo and consider the unbounded multiplication operator (M, D(M))
on LP(Q, X), induced by the family of unbounded operators (M (s), D(M(s)))seq on X. Let
(M(s), D(M(s))) be a semigroup generator for p-almost every s € €. Suppose that 0 €
p(M(s)) for p-almost every s € Q and that s — M(s)b and s — M(s)~'b are measurable for
each b € B. Then

L2, X))y (M) = 2@, (X _14)sc0).

Proof. Let f € [LP(Q2, X)]_; (M) and find g € LP(Q, X) such that f = M_1g, where M_; :
LP(Q, X) — LP(Q2, X)_1(M). Since g is measurable, we can find a sequence (gn,)nen of simple
functions approximating g pointwise, i.e.,

Mn
n 1= Z z;lq, and g, — g p-almost everywhere.
i=1

In order to show that f € LP(€2, (X_1s)seq) define f, := M_;1g,. Then
fn(8) == (M-1gn)( ZM s)xilg,(s),
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where we use Lemma 3.12 as well as the fact that M_;(s)z; € X_; 5, s € 2. However, in
general M_(s)z; € X_1 4 is not an element of B, cf. Lemma 3.13. To bypass this problem
observe that B is dense in X_; ¢ for each s € ). For that reason take ¢ > 0 arbitrarily and
find by, € B such that [by, — M_1(s)x;|_; , < e for p-almost every s € Q and define

~ mn
fn = Zbkzlﬂz
i=1
Observe, that since the measurable sets €); are disjoint, we have

HM_l(S)xj N bk —1,s

0, if s ¢, forall 1 <i<my,,

J , ifSEQj,

o~ 7ol =

p-almost everywhere and hence by the choice of by, € B that ||f,(s) — ]F”Vn(s)H_1 , < ¢ for

p-almost every s € Q. We now show that f(s) = lim;_, f](s) with respect to [|-||_; ; for
p-almost every s € €. To do so, we observe that by construction we can find N € N such
that for all n > N:

1£(8) = fu(s)ll 1o = [(Mo19)(s) = (M1gn)(s)] 1 s = [lg(s) = gn(s)ll <&, s €,

whence,

[£) = @), <16 = Fal g+ | fuls) = Fals)]| | <22

-1

Since € > 0 was arbitrary, we conclude that f is fiber measurable. Furthemore,

1 r ey = o IO 1s ds= [ 9@ ds = lglaex) < oo

showing that f is a fiber p-integrable function, i.e., f € LP(Q, (X_1 ¢)seq). For the converse

inclusion, suppose that f € LP(€Q, (X_1 5)seq). We have to show that there exists g € LP(Q, X)
such that f = M_;g. Since f is fiber measurable, there exists a sequence (f;);jen of simple
functions fj : Q@ = Ugeq X—1,s with f(s) € X_; 4 for p-almost every s € 2 and

n;
fi=> bilg,
i=1
where by, € B, ; € X, Q;NQ; =2, 1 # j, for 1 <7< nj;, and

1f(s) = fi(s)ll s = 0, (3.3.2)

for j — oo and p-almost every s € Q. By the assumption that 0 € p(M(s)) for p-almost
every s € §2 we conclude by Proposition 3.9 that 0 € p(M). So we define

T

g5 = (MILE)E) = Y (MZL (b, ) 10,().

i=1
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We observe that M:ll(s)bki € X for p-almost every s € €2 and hence g; is a simple function.
By (3.3.2) we conclude that (g;(s));en is a Cauchy sequence with respect to ||-||, for p-almost
every s € 2 and hence convergent. This yields a measurable function g :  — X by taking
the pointwise limit, i.e.,

g(s) == lim g;(s), se€.

J—00

By the continuity of M_1(s), s € Q, on X and the fact that M_;(s)M~{(s) = I for p-almost
every s € ), we directly obtain that M_;g = f. Moreover,

l9lna) = [ NP ds = [ RGP ds = 10 oo x s .o <

and therefore g € LP(Q, X). O

§ 3.4 Notes

The content of this chapter was worked out in cooperation with R. Heymann during the
authors’ research stay at the University of Stellenbosch (South Africa) in summer 2018. The
research idea of this chapter was developed during a discussion between B. Farkas, R. Hey-
mann and the author after a talk of R. Heymann at the Functional Analysis Seminar of our
workgroup at the Bergische Universitat Wuppertal in November 2017. The first contact with
R. Heymann was built during the last AGFA meeting in Blaubeuren in December 2016.

Observe that in Lemma 3.12 and Theorem 3.14 we considered the case when for almost every
t € R the operator (A(t), D(A(t))) is the generator of a strongly continuous semigroup on X.
However, this assumption is not too restrictive since the generation results by P. Acquistapace
and B. Terreni as well as T. Kato and H. Tanabe, mentioned in the introduction, assume that
(A(t), D(A(t)))ter are in fact generators of analytic semigroups.

As already mentioned in the introduction, a possible application of our results it the deter-
mination of the explicit domain of the evolution semigroup corresponding (nACP). The idea
how to find the explicit domain of the evolution family is to enlarge the space by extrap-
olation and obtain the generator domain by taking the part of the extrapolated generator
in the original space. This appears to be possible only in connection with some uniformity
conditions on the extrapolation spaces corresponding to the operators (A(t), D(A(t)))tcr as
they are for example mentioned by H. Amann [7, Sect. 7] and J. Kisynski [74]. To be more
exact, X_1,= X_14= X_ for all s € R such that there exists a constant x > 0 such that
1 lzllx_, < Hac||X_LS <klzly , forallz € X and t € R.
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Chapter 4

Desch—Schappacher Perturbations

As suggested by G. Greiner in [60] abstract perturbation theory of one-parameter semigroups
provides good means to change the domain of a semigroup generator. For this an enlargement
of the underlying Banach space may be necessary and extrapolation spaces become impor-
tant. One of the well-known results in this direction goes back to the papers of W. Desch and
W. Schappacher, see [38] and [39]. Another prominent example of such general perturbation
techniques is due to Staffans and Weiss [108, 107], and an elegant abstract operator theo-
retic/algebraic approach has been developed by Adler, Bombieri and Engel in [3]. A general
theory of unbounded domain perturbations is given by Hadd, Manzo and Rhandi [64]. A
more recent paper by Bétkai, Jacob, Voigt and Wintermayr [20] extends the notion of posi-
tivity to extrapolation spaces, and studies positive perturbations for positive semigroups on
AM-spaces. Hence, the study of abstract Desch—Schappacher type perturbations is a lively
research field, to which we contribute with the present article. The reason for such an ac-
tive interest in this area is that the range of application is vast. We mention here only a
selection from the most recent ones: boundary perturbations by Nickel [96], boundary feed-
back by Casarino, Engel, Nagel and Nickel [31], boundary control by Engel, Kramar Fijavz,
Kloss, Nagel and Sikolya [49] and Engel and Kramar Fijavz [47], port-Hamiltonian systems
by Baroun and Jacob [19], control theory by Jacob, Nabiullin, Partington and Schwenninger
[68, 67] and Jacob, Schwenninger and Zwart [69] and vertex control in networks by Engel and
Kramar Fijavz [50, 48].

All the previously mentioned abstract perturbation results were developed for strongly con-
tinuous semigroups of linear operators on Banach spaces, Cy-semigroups for short. This is, for
certain applications, e.g., for the theory of Markov transition semigroups, far too restrictive.
For this situation the Banach space of bounded and continuous functions over a Polish space
is the most adequate, but on this space the strong continuity with the respect to norm is, in
general, a too stringent requirement.

F. Kithnemund in [78] has developed the abstract theory of bi-continuous semigroups, which
has the advantage that not only Markov transition semigroup, but also semigroups induced
by jointly continuous flows or implemented semigroups, just to mention a few, can be handled
in a unified manner. Some perturbation result for bi-continuous semigroups are known, see
[55, 56, 54], however, none of which is suitable for domain perturbations.

As first step this chapter treats a Desch—Schappacher type perturbation theorem for this class
of semigroups. Since the theory of bi-continuous semigroups uses a Banach space norm and
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a additional locally convex topology, it is fundamental to relate our results to the existing,
analogous ones on locally convex spaces. We recall the next result, due to Jacob, Wegner,
Wintermayr, from [70].

Theorem. Let X be a sequentially complete, locally convex space with fundamental system
I of continuous seminorms, and let (A, D(A)) be the generator of a locally equicontinuous
Co-semigroup (T'(t))i>0 on X. Moreover, let X be a sequentially complete locally convex
space such that

(a) X C X is dense and the inclusion map is continuous,

(b) A with domain D(A) = X generates a locally equicontinuous Cyp-semigroup (T'(t));>0 on
X such that T'(t)x = T(t) holds for all ¢ > 0.

Let B : X — X be a linear and continuous operator and ¢ty > 0 be a number such that

(c) Vf e C([0,to],X) : Oto T(to —t)Bf(t) dt € X,

(d) VpeT 3K € (0,1) Vf € C([0,t], X) : p (/Oto T(to — t)Bf(t) dt) <K-. S }p(f(t)).

Then the operator (C, D(C')) defined by
Cx = (A+ B)z for z € D(C) = {a: €X:(A+ B)x EX}
generates a locally equicontinuous Cy-semigroup on X if and only if D(C) C X is dense.

We will prove a similar result for bi-continuous semigroups with the advantage that we can
relax condition (c) of the previous theorem in the sense that we allow different seminorms on
the left- and the right-hand side of the inequality. Moreover, one has to change and expand
the conditions for the bi-continuous case carefully to obtain a good interplay between the
Banach space norm and the locally convex topology. A space X with the properties used in
the theorem above is called an extrapolation space. For Cy-semigroups on Banach spaces the
classical construction is presented in [52, Chapter II, Sect. 5a] in a self-contained manner.
Extrapolation spaces for Cy-semigroups on locally convex spaces are constructed by Wegner
in [123]. Extrapolated bi-continuous semigroups and extrapolation spaces were treated in
Chapter 2.

This chapter is organized as follows. In the first section we recall some definitions and results
for bi-continuous semigroups and give some preliminary constructions needed for the Desch—
Schappacher perturbation result, which is stated and proved as Theorem 4.4 in Section 4.1.
Section 4.2 contains a sufficient condition for operators to satisfy the hypothesis of the abstract
perturbation theorem, see Theorem 4.7. In Section 4.3 we prove that for a large class of
bounded functions g : R — C which are continuous up to a discrete set of jump discontinuities
and for each bounded (complex) Borel measure p on R the operator

szzf’+/Rfdu-g

with appropriate domain generates a bi-continuous semigroup on the Banach space Cp(R) of
bounded, continuous functions on R.
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§ 4.1 An abstract Desch—Schappacher perturbation result

Let us first fix some notation. Let (T'(¢))s>0 be a bi-continuous semigroup on a Banach space
X with respect to 7 and with generator (A, D(A)), where 7 is generated by the family of
seminorms P. Furthermore, let B € £ (X, X_1) such that B : (Xo,7) — (X_1,7_1) is a
continuous linear operator and define for ¢y > 0 the following space:

. ) F' is 7-strongly continuous, norm bounded
Fig = {F H10,to] = Z(X) and {F'(t) : t € [0,t0]} is bi—equicontinuous} ’ (4.1.1)

Remark 4.1. In [55, Lemma 3.2] it was shown that for ¢y > 0 the space Xy, is indeed a
Banach space (and in particular a Banach algebra) with respect to the norm

|F|| :== sup [[F(#)].
te[0,to]

For F € X, and t € [0,%y] we define the so-called (abstract) Volterra operator Vg on X4, by

(VaF)(t)a := /O T At — ) BF(r)s dr. (4.1.2)

The integral has to be understood in the sense of a 7_;-Riemann integral. Notice that in
general for x € Xy we have (VpF)(t)x € X_;. For the formulation of our main result we need
the following definition.

Definition 4.2. Let B € .Z (X, X_1) such that also B : (Xo,7) — (X_1,7_1) is continuous.
The operator B is said to be admissible, if there is tg > 0 such that the following conditions
are satisfied:

1. VBF(t)x € Xy for all ¢t € [0, tp] and = € X.
2. Ran(Vg) C Xy,.
3. ||Vell < 1.

The set of all admissible operators B : (Xo,7) — (X_1,7-1) will be denoted by Stlg 5T We

write B € S£ 57 (T) whenever it is important to emphasize for which semigroup (T'(t))e>0 the
operator B is admissible.

Remark 4.3. By construction A_; : (Xo,7) — (X_1,7-1) is continuous, and actually an
isomorphism. In particular, we have

VpeP dL >03y e P_1Va € Xo: p(x) < L(vy(x) +v(A_1x)).

This section contains the formulation of the Desch—Schappacher type perturbation result and
its proof. Observe that the proof of the following theorem is at some points verbatim the
same as the one of [52, Chapter III, Thm. 3.1].
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Theorem 4.4. Let (A, D(A)) be the generator of a bi-continuous semigroup (T'(t))i>0 on a
Banach space Xy with respect to 7. Let B : Xg — X_1 such that B € S£S7T for some tg > 0.
Then the operator (A—1 + B)|x, with domain

D((A,1 + B)|X0) = {:L' € Xp: A_jz+ Bz € Xo}

generates a bi-continuous semigroup (S(t))i>0 on Xo with respect to 7. Moreover, the semi-
group (S(t))i>0 satisfies the variation of parameters formula

t
S(t)x = T(t)x + / T_\(t — r)BS(r)z dr, (4.1.3)
0
for every t > 0 and x € Xj.

Proof. Since ||Vg]|| < 1 by hypothesis, we conclude that 1 € p(Vg) . Now let ¢ > 0 be arbitrary
and write t = ntyg + t1 for n € N and ¢, € [0,1p). Define

S(t) == ((R(1,VB)Tjjo,4,])" (to) - (R(1, VB)Tjjo,t0)) (t1)-
We first show that (S(t))i>0 is a semigroup. For 0 < s,t < s+t <ty and n € N we prove the

following identity (cf. [52, p. 184])

(VET)(t+5) = 3 (Vi Tijosg)(s) - (VAT)(1), ¥n €N (4.1.4)
k=0

by induction. We abbreviate V := V. Since V° = I, equation (4.1.4) is trivially satisfied for
n = 0. Now assume that (4.1.4) is true for some n € N. Then we obtain by this hypothesis
that

n+1

D (VIHTET)(s) - (VRT)(1)

k=0

= ;;: (/05 T_1(s — r)BV™*T(r) dr> SVET(t) + T(s) /ot T_1(t — r)BV™T(r) dr
- / Toa(s—7)B EH: VPR (r) - VT () dr + /t T 1(s+t—r)BV"T(r) dr
0 k=0 0

s t
_ / T \(s — r)BV"T(r +t) dr + / T \(s+t—r)BV"T(r) dr
0 0
s+t t
= / T 1(s+t—r)BV™T(r) dr + / T 1(s+t—r)BV™T(r) dr
t 0
= V"I (s 4 1).

By this we can conclude that (S(t)):>0 satisfies the semigroup law for 0 < s,t < s+t < 1.
Indeed, for each t € [0, ] the point evaluation d; : X;, — £(Xj) is a contraction and since
V]| < 1 by hypothesis the inverse of I — V' is given by the Neumann series. Therefore,

S(t) = 6 (i V”T) = i (V'T)(t), te0,to].
n=0 n=0
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Moreover, we have

1T < IV || Tios

and we conclude that the series above converges absolutely. Hence

o0

(VPT)(s) - Y (V'T)(1)

0 n=0

ﬁi VT () (VR (1)

p"qg

S5(s)5()

n

Mg ||M8

(V*T)(s+t) = S(s +t).

n=0

Now we show that S(¢)S(s) = S(t + s) for all t,s > 0. For that let ¢,s > 0 be arbitrary and
n,m € N and t1,ty € [0,t9) such that ¢ = ntg + t; and s = mity + t2. Then we obtain the
following

S(t)S(s) = S(to)"S(t1)S(to)™ S(t2)
= S(to)"S(to)™S(t1)S(t2)

_ S(to)n+m5(t1 + t2)7 if t1 + t9 < 1o,
S(to)" ™Sty — (to — t1)), if tg +t2 > to.

But in both cases the right-hand side equals S(¢ + s) by definition. Hence (S(t)):>0 satisfies
the semigroup law. The next step is to show that it is a bi-continuous semigroup with respect
to 7. Notice that

Sjio,t0]) = R(1,VB)Tjj0,40) (1)
and hence (S(t))i>0 is locally bounded and the set {S(t): ¢ € [0,%]} is bi-equicontinuous.

For ¢ > 0 let m := | { | and notice that {S(to)k 1<k< m} is bi-equicontinuous, hence we

conclude that the set
{Stto)*: 1<k <m}-{S(s): s€0,%]}

is also bi-equicontinuous. By definition of (S(t));>0 we obtain 7-strong continuity, and hence
(S(t))e>0 is a bi-continuous semigroup with respect to 7. We now prove

St)x =T(t)x + /Ot T_1(t —r)BS(r)z dr

for each t > 0 and = € X by proceeding similarly to [52, Chapter III, Sect. 3]. For ¢t = ntg+t1,
n € N and ¢; € [0,%9), we obtain:

/Ot T_1(t—r)BS(r) dr

n (k+1)to t
:Z/k T_1(t —r)BS(r) dr+/ T_1(t —r)BS(r) dr

k=0 to nto
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n—1

=S Tt — (k+ 1)to) /to T 1ty — )BS(r) dr - S(kto) + /tl T 1 (ty — r)BS(r) dr - S(nto)
k=0 0 0

n—1

= Z T(t — (k+1)to)(S(to) — T'(t0))S(kto) + (S(t1) — T(t1))S(nto) = S(t) — T(¢).

k=0

The next step is to show that the resolvent set of (A_; + B)‘ X, 18 non-empty. For this we
claim that R(\, A_1)B is bounded with ||R(\, A_1)B|| < 1 for A large enough. Choose M > 0
and w € R such that ||T'(¢)|| < Me*“! for all t > 0. Then for A > w we obtain:

R\, A_1)B = /OOO NT 4 (r)B dr = i e T (nto) (VB Fa) (to)

n=0

where F)(r) := e =" € %, . From this we obtain the following estimate:

Me(wf)\)to
IR, A-) Bl < [Vl + 7

PRI VBl -

Since ||Vg|| < 1 we conclude for sufficient large A:

|R(\, A_1)B|| < 1.
This yields 1 € p(R(A, A-1)B) for large A and then invertibility of A — (A_1 + B)|x,, since

A — (A_1 + B)\Xo = ()\ — A)(I — R(/\,A_l)B).

Hence the resolvent set of (A_; + B)x, contains each sufficiently large A. In the last
step we will show that (A_; + B)|x, is actually the generator of the bi-continuous semi-
group (S(t))¢>0 with respect to 7. Denote by (C,D(C)) the generator of (S(t))i>0. Let
A > max (wo(7"),wo(.5)), then by the variation of constant formula (4.1.3), the resolvent rep-
resentation as Laplace transform [79, Lemma 7] and the fact that we may interchange the
improper 7-Riemann integral and the 7_;-Riemann integral by an application of [78, Lemma
1.7] we obtain
R(A,C)=R(\A)+ RN A_1)BR(\,C).

Whence we conclude

(I — R\ A_1)B)R(\,C) = R(\, A),
and therefore
I=\A—A)(I—-R\NA_1)B)RANC)=A—(A_1 + B)|X0)R()\, ).

It follows that C' C (A_1 + B)|x, and by the previous observations C' = (A_1 + B)|x,. U

4.1.1 Abstract Favard Spaces and comparison of semigroups

In this subsection we want to combine the perturbation theory with the theory of abstract
Favard spaces as described in Section 2.2. In the next proposition we show that Desch-
Schappacher perturbations of bi-continuous semigroups, which satisfy a special range condi-
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tion concerning the extrapolated Favard class, gives us semigroups which are close to each
other in some sense.

Proposition 4.5. Let (T'(t))i>0 be a bi-continuous semigroup on Xo with respect to T gen-
erated by (A, D(A)). Suppose that B € SgS’T with Ran(B) C Fy(A) and let (S(t))t>0 be the
perturbed semigroup. Then there exists C > 0 such that for each t € [0,1] one has

I7(t) = S@) < Ct.

Proof. We may assume wo (1) < 0. We find M > 0 such that || 7(¢)|| < M and [|S(t)|| < M for
every t € [0,1]. Since Ran(B) C Fy(A) we conclude that A"1B : X — Fi(A). Hence A"1B

is bounded by the closed graph theorem and we find K > 0 such that HA:%BmHF ) < K ||z||
1

for each z € Xy. Let P_; the family of seminorms corresponding to the first extrapolation
space (see Section 2.4.2). By using (4.1.3) we obtain

|IS(#)x — T(t)x| = ||[A_1 /Ot T(t —r)A={BS(r)z dr

_ t
= ||7_1lim Tl(h)l/ T(t— T)AjBS(r)x dr
h—0 h 0

ET(R) — T
= ||7_1lim LT(t —r)AZ1BS(r)z dr
h—0 0
t _
= sup limp (/ MT(t — 1) ATIBS(r)x d7“>
pe'P_l h—0 0 h
¢ (T(h)—1I
< sup lim [ p (()T(t — r)AﬁBS(r)a:) dr
p€P71 h—0 0 h
t _
< lim sup/ MT(t —r)ATIBS(r)x|| dr
h—0 JO
t
< M/ HA:%BS(T‘)I" dr
0 Fi(A)
<tk M2 |z
for each € Xy and ¢ € [0,1]. O

Corollary 4.6. Let (T'(t))i>0 be a bi-continuous semigroup on Xo with respect to T generated
by (A,D(A)). If B € S£S’T and Ran(B) C Fy(A), then the perturbed semigroup (S(t))t>0

leaves the space of strong continuity X, := D(A)”’H invariant.

§ 4.2 Admissible operators

Next we consider a sufficient condition for B : (Xo,7) — (X_1,7—1) to be admissible.
Throughout this section we denote the space of continuous functions f : [0,tg] — (X0, 7) which
are [|-|[-bounded by Cy, ([0, to], (Xo,7)). If equipped with the sup-norm, Cy, ([0, to], (Xo,7))
becomes a Banach space. The proof of the following theorem is at points verbatim the same
as the one of [52, Chapter III, Cor. 3.3].
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Theorem 4.7. Let (T(t))i>0 be a bi-continuous semigroup with generator (A, D(A)) on a
Banach space Xy with respect to 7. Let & be the set of generating continuous seminorms
corresponding to 7. Let B € £ (Xo, X_1) such that B : (Xo,7) = (X_1,7-1) is a linear and
continuous operator, and let tg > 0 be such that

(a) /T,l(to —r)Bf(r) dr € Xg for each f € Cy ([0, 0], (X0, 7)).
0

(b) For every € > 0 and every p € P there exists ¢ € P and K > 0 such that for all
feCy ([O,to] ) (XO’ T))

p( O“T_l(to—r)Bf(r) dr) <K swp lg(f) +elflle.  (42.1)

T‘E[O,to}

(¢) There exists M € (0,1) such that for all f € Cy, ([0,t0], (Xo,7))

S M| fllo - (4.2.2)

/T,l(to —")Bf(r) dr
0

Then B € S£S’T, and as a consequence the operator (A_1 + B)|x, defined on the domain
D((Afl + B)|X0) = {l‘ € Xp: A_jxz+ Bz € Xo}

generates a bi-continuous semigroup with respect to 7.

Proof. We first show Ran(Vg) C X4,. Let f € Cy, ([0,%0], (X0, 7)) and define for ¢ € [0, to] the
auxiliary function f; : [0, 9] — Xo by

r) = f(o)a TE[O,to—t],
ft( ) {f(T'+t—t0>, T’E[to—t,to].

Then f; € Cy, ([0, t0], (X0, 7)) and
t to to
/ T 1(t —r)Bf(r) dr = / T 1 (to — r)Bf,(r) dr — / T \(MBf(0) dr.  (4.2.3)
0 0 t
By Theorem 1.7
T () BAO) dr = T(t) /Oto_t T 1(r)Bf(0) dr € D(A_1) = Xo.

t

We conclude that the map ¢ : [0,t9] — X_; defined by
t
b(t) = / T 1(t = r)Bf(r) dr (4.2.4)
0

has values in Xy. Moreover, for € > 0 and p € P we have the following estimate:

p((t) — 1(s))
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=p (/OtT_l(t —r)Bf(r) dr — /OS T 1(s—r)Bf(r) dr)
<p (/Ot T 1 (to — 1) B(fi(r) — fo(r)) dr) 4p (/t T_.(r)Bf(0) dr)
<K s ()~ ) +p ([ Ta)BO) ar) +els - Rl

r€[0,to]

<K - sup q(fi(r)— fs(r))
r€(0,to]

LI (fy ( / L BFO) dr) +y (T (t) — T-1(s))Bf(0))) +ellfe— /ol

<K - sup |q(fie(r) = fs(r))]
r€[0,to]

+ L (/:'y(T_1(r)Bf(O)) dr 4+ ((T_1(t) — T_l(g))Bf(()))> + 2 Ifl

where the v € P_; of the second to last inequality comes from Remark 4.3. The extrapolated
semigroup (7_1(t))s>0 is strongly 7_j-continuous and v € P_j, so that we can find §; > 0
such that

Y(T-1(t) —T-1(s)Bf(0)) < € whenever |t —s| < d;.

Moreover, f is T-continuous and therefore uniformly 7-continuous on compact sets, which
gives us dg > 0 such that

sup |q(fi(r) — fs(r))| <eif [t —s| < d2.
TE[O,to}

Last but not least, y(7_1(r)Bf(0)) is bounded by some constant M > 0, so for d3 = ;7 we
have

t
s —t] < 63 —> / A(T_1(r)Bf(0)) dr < e.
Now, we take ¢ := min {1, J2, 03} and obtain

p((t) = ¢(s)) < (K +2||fllo +2L)e,

showing that 1 : [0,¢y] — Xy is 7-continuous.

Next, we prove the norm-boundedness using the same techniques and arguments as in [52,
Chapter III, Sect. 3]. Let f € Cy ([0,%0], (X0, 7)) and write

f=fs+hs,

where

h(;(r)::{( _%)f(r)v 0§T<5,

0, 0 S r S t()
for some § > 0. Then fg and hs are norm-bounded and continuous with respect to 7, f(g(O) =0
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and || fs]loo < [|f]lso- Now we obtain

/T_ (t — r)Bfs(r) dr|| +

" 1(t —r)Bhgs(r) dr

)

H/T (t — r)Bf(r) dr

gMHﬁHOO+K< 1t =) Bhy(r) dr| +HA1/0tT1(tr)Bh5(r) dr

<M |f|_+ k| [ - (1_2) BF(0) dr

-1

1 9
+KHT_1(t)Bf(0)— 5/0 T1(t — r)BF(0) dr

-1

By taking § N\, 0 we obtain

H/Ot T \(t —r)Bf(r) dr

<M|fl- (4.2.5)

We proceed with showing local bi-equicontinuity. For that let (x,)nen be a norm-bounded
7-null-sequence. Let € > 0 and p € &, then by taking f"(r) = f(r)x,, we can find ¢ € P
such that

p(VBE(t)zn) =p </Ot T 1(t —r)BF(r)zy dr)
Sp(/OtOT 1(to —m)Bf"™(r dr—/ T_1(r)Bf™(0) d )
<K sup |q(f"(r !+p(/ T_1(r)Bf™(0) d >+g||fm|

r€[0,to]
<K - sup [q(f"(r)|+ellfil
rel0,to]

w1 (5 ([ T B 0) dr) 42 (T alt0) T BFO)) )

Now we can argue by the local bi-equicontinuity of (7'(t)):>0 and (7-1(¢))s>0 and with the
arbitrarily small € > 0 to conclude the local bi-equicontinuity of Vg F'. Hence we see that Vp
maps X, to Xy, and by (4.2.5) that ||[Vg|| < 1 since by assumption M € (0,1). O

§ 4.3 Perturbations of the translation semigroup

In this section we want to give an application of the Desch—Schappacher perturbation result
to an explicit example. Another example is part of Chapter 6. Recall from Section 1.3.1
that on the space Xo = Cp(R) the left-translation semigroup (7'(t))¢>0 is bi-continuous with
respect to the compact-open topology 7.,. Moreover, the resulting extrapolation spaces, in
the notation we used in Chapter 2, are given by (cf. Section 2.5.1):

X ={FeP2'R): F=f—Df for some f € UCL(R)},
X 1={FeP2'R): F=f—Df for some f € Cp(R)}.
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where UCL(R) denotes the space of bounded uniformly continuous functions and Df the
distributional derivative of f. Recall that the generator of (T'(t))¢>0 is A = % with domain
D(A) := CL(R), and A_; = D with domain D(A_;) = C,(R), where D denotes the distri-
butional derivative. The extrapolated semigroup (7_1(t)):>0 is the restriction to X_; of the
left-translation semigroup on the space 2'(R) of distributions.

Consider the function g : R — R defined by

0, r< -1, z>1,
g(x) ==, -1<2<0, (4.3.1)
2—z, O0<ax< 1.

The graph of this function is the following.

-2 1L

Notice that g € X_1, since g = h — Dh where h is the tent function on the real line defined
by
0, r< -1, z>1,
hz)=qz+1, —-1<z<0,
—r+1, 0<ax<1.
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We now construct an operator B € £ (X, X_1) satisfying all conditions of Theorem 4.7, i.e.,
((A—1+ B)|x,, D((A-1+ B)|x,)) generates a bi-continuous semigroup. For this purpose let ;1
be a bounded regular Borel measure on R and define the continuous functional ® : Cp(R) — R
by ®(f) = [z f dp and the operator B : Xg — X_1 by

Bf = ®(f)g.

This operator B is by construction continuous with respect to the local convex topologies on
the spaces Xy and X_1, and also for the norms. Moreover, B has all properties required in
Theorem 4.7. To see this let f € Cy, ([0,%o], (X0, 7)) be arbitrary. Define a map ¢ : R — R
by

Y() = Oto T 1(to —r)Bf(r)(:) dr.

Observe that

T_1(to — 1) Bf(r)(z) = T-1(to — r)@(f(r))g(x) = ©(f(r))g(z + to — 7).

We claim that 1 is continuous. Indeed, let € > 0 be arbitrary, and notice that by substitution
for each z € R

x+to

[ eengte s to—ryar= [T 07+ 10— sgls) ds.

xr
After this substitution we can make the following calculation for each z,y € R

T+to y+to
vla) =) = [ (Gt to = )gls) ds — [T @7+ 10~ )(s) ds

xl’—‘y—to
= [ e o - 9)g(s) ds = [ (f o+t~ 5))gls) ds
0 0

[ B to = as) ds+ [T B+ 0~ s))gls) ds
0 0

x+to

:/y (D(f(x +to —5) = fly +to—5))) g(s) ds

+to
y
[ @@+t -9~ fy+ 10— ) g(s) ds.
T
By the assumptions there exists M > 0 such that

I(@(f(x+to—-) = fly+to—1))9( )l < M.

For § := 557 > 0 and for z,y € R with |z — y| < § we have

() — ()
x+to

<[ TN@f @t to = 5) ~ fly+to = 5)) g(o)] ds
y+to

+/:|(q>(f(x+to—s)—f(y+to—8)))g(8)\ ds
L2z —yl-[(@(flx+to—-) = fly+to—-)) 9()l
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<2M -z —y| <e.

This proves that ¢ € Cp(R).

Observe that in general we only have
to
Q= Tfl(to — T)Bf(’r‘) dr € X_q,
0

so that point evaluation of this expression at © € R does not make sense. We know, however,
that ¢ € Cp(R), and that the pointwise Riemann-sums R, (x) for the integral

[ ® g+ 10 - rar

converges for all z € R to ¢ (z). If we can show that the sequence (R;,)nen converges in the
sense of distributions we can conclude that @ := foto T 1(to—r)Bf(r) dr = ¢ € Xo. Let
¥ € 2(R) be a test function and define ¢ := ¢ — Z¢. Then

(1= A4-) " Rp) = (1= A1) 7' Q).
By the meaning of this pairing we conclude that (R,,, 1) — (Q, ). By the above we conclude
that @ € Xg.
The next step is to estimate the norm. Notice that

to to
H/T (to —r)Bf(r) dr —sup‘/ :L‘—l—to—r)dr’

00 zeR

< sup [ 1950 -lota + 10 ] < 2/ F)) dr

z€R

<2/ RGE \d!u!()dTSZIMI(R)/O 1/ ()l dr
— 2yl (R)/O £ () ]|oo dr < 2(u] (R)to || £l

In particular we can choose tp so small that M := 2|u| (R)tp < 1. Hence condition (c) of
Theorem 4.7 is fulfilled. Condition (b) from Theorem 4.7 can be proven similarly. Let K C R
be an arbitrary compact set and € > 0. Then

PK ( Oto T_1(to —r)Bf(r)(z) dr) < sup /Oto B(f(r)] - |g(z + to — 7)| dr

reK
to
<2sup [V10(f()] dr
rxeK JO

< 2to|u|(R) sup sup |f(r)(y)| +elfll
re[0,to] yeK'

since by the regularity of the measure p we choose K’ C R such that |u| (R\ K') < e.
By Theorem 4.7 we conclude that (A_1 + B)|x, generates again a bi-continuous semigroup
on Cp(R) with respect to 7.,. We now give an expression for the generator. Observe that
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f € D((A-1 + B)|x,) if and only if f € C,(R) and f' + ®(f)g € Cp(R) and this is precisely
then, when the following conditions are satisfied.

m () + (g(0) = lim (1) +2(Fg(1)).
<ﬂw @(£)g(®)) = lim (7(8) + S(Ng(). (43.2)
<ﬂw @) (1)) = lim (£(¢) + 2(F)g (!

By the explicit expression for g : R — R we can rewrite Equation (4.3.2) as follows:

Jim, f(2) = Jim () = B().

%%f (t) = %% f'(t) +29(f), (4.3.3)
lim /(1) + () = lim f'(t)

Or equivalently

Jim, 7(6) ~ tim () =~ (lm 1) i £1(2)) = lim 7'(9) i (6) =~ ().

We see that the generator (C, D(C)) of the perturbed semigroup is given by

=1+ [ rdu-g, feD(O).
D(C) = {f € Cy(R) : f € CLR\{~1,0,1}) and (4.3.4) holds}.

The previous example uses a function g € X_; which has three points of discontinuity, with
one sided limits at each of these points. We generalize this to a countable (discrete) set of
jump discontinuities. For that assume that g € X_; is a function such that ||g||,, < oo and
that the set of discontinuities of g is discrete. One defines again an operator B : Xg — X_1
by

Bf=0(f)g= [ Fdu-g, feCu®)

Notice that none of previous calculations and arguments depend on the number of discon-
tinuities (in fact, we only used that g is bounded). So we can conclude that (A_1 + B))x,
generates a bi-continuous semigroup on Xy with respect to 7.,. The only issue we have to care
about are the conditions mentioned in (4.3.4), that is an “explicit” description of the domain.
Let Z := {x1,2z2,x3,...} be the set of discontinuities of ¢ that is assumed to be discrete, and
we suppose that all of these points are jump discontinuities. Let us define a,, := lim; »,,, g(t)
and by, := limp\ ., g(t). We observe that f € D((A-1 + B)|x,) if and only if

tl/im ')+ @(fa, = tl\i‘m f'(t) + ®(f)b,, foreach n €N,
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or equivalently

. / T Yl _ o
tl}r;ln f'(t) tlirgrcln f'(t) =(f)(by, —ay,), foreachneN.

We conclude that the operator (C, D(C')) given by
Cr=1'+[ fdu-g,

DC) = {7 € Cu®): £ CUR\2), lim F'(6) = lim F'(6) = 2(H)0n — ), nEN]

generates a bi-continuous semigroup on Cp(R) with respect to 7.

§ 4.4 Notes

This chapter is based on joint work with B. Farkas [27]. As mentioned in the notes of
Chapter 2, i.e., Section 2.6, this joint work was the starting point for extrapolation spaces
for bi-continuous semigroups. For the Desch—Schappacher perturbation theorem presented
here in this chapter, c¢f. Theorem 4.7, we firstly started with perturbation operators B which
are continuous from (X, 7) to (X _,||-||_;). During the last AGFA meeting in Blaubeuren in
December 2016, the author gave a talk on this topic and during an evening of discussion he
got an inspiring idea from R. Nagel how to stay with the extrapolation spaces in the category
of bi-continuous semigroups. This idea actually culminate in Definition 2.9 and the results in
[28].

As mentioned above in the introduction of this chapter, A. Béatkai, B. Jacob, J. Voigt and
J. Wintermayr took positivity into account and proved a Desch—Schappacher perturbation
theorem on AM-spaces in [20]. To do this for bi-continuous semigroups is one of the prospec-
tive research projects. A first step in this direction is a Miyadera—Voigt perturbation result
for positive bi-continuous semigroups, which is in fact the subject of the following Chapter 5.

Compared with the original paper we omit the part on implemented semigroups and postpone
them to Chapter 6. There we combine the results from the current chapter as well as from
Chapter 2 to apply them to this special kind of semigroup.
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Chapter 5

Positive Miyadera—Voigt
perturbations

Introduction

Various models of physical processes ask for positive solutions in order to have a reasonable
interpretation, i.e., consider solutions containing the absolute temperature or a density. The
maximum principle for partial differential equations guarantees positive solutions under pos-
itive initial data. This demonstrates the importance of positivity in the theory of operator
semigroups. The fundamental concepts in this context such as vector lattices, Banach lattices
and positive operators are studied in detail for example in [102] and [88]. Positive operator
semigroups are treated for example by Arendt et al. [10] and more recently by A. Bétkai,
M. Kramar Fijavz and A. Rhandi [21].

This chapter is based on an article by J. Voigt, cf. [119]. Here positive operator semigroups
and perturbations are combined and the following Miyadera—Voigt perturbation result for
positive Cp-semigroups was proven.

Theorem. [119, Thm. 0.1] Let E be a AL-space, and let A be the generator of a positive
Co-semigroup on E. Let B : D(A) — E be a positive operator, and assume that A + B is
resolvent positive. Then A 4+ B is the generator of a positive Cy-semigroup.

Quite a number of other positive perturbation results for strongly continuous semigroups and
their applications are for example handeled by Arlotti and Banasiak [14]. In this chapter
we consider positive perturbations of bi-continuous semigroups in the style of Voigt’s work.
Especially, we use the Miyadera—Voigt perturbation theorem for bi-continuous semigroups
developed by Farkas [54].

This chapter is organized as follows: in Section 1 we recall the basic terminology of positivity
as well as the bounded and Miyadera—Voigt perturbations for bi-continuous semigroups and
introduce Theorem 5.19 as our main result. Section 2 consists of the proof of this result. In
the last section we discuss rank-one perturbations and bi-continuous semigroup on the space
M(R) of bounded Borel measures in connection with differentiable measures.
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§ 5.1 Preliminaries

In this section we recall the notion of positivity in Banach spaces (see Section 5.1.1) and the
already known perturbation results for bi-continuous semigroups, due to B. Farkas in [55,
Thm. 3.5] and [54, Thm. 3.2.2]. In particular we recall bounded perturbations in Section
5.1.2 and perturbations of Miyadera—Voigt type in Section 5.1.3. The formulation for Cp-
semigroups on Banach spaces can be found in [52, Chapter III, Sect. 1 & Sect. 3c]|.

5.1.1 Positivity and bi-AL-spaces

As a matter of fact, we need a order for our underlying Banach space in order to have a
concept of positivity. The following definitions are taken from cf. [102, Chapter II] and [88,
Chapter 1]. Firstly, we recall the notion of a partial order.

Definition 5.1. Let X be a nonempty set. A partial order on X is a binary relation <
satisfying the following properties for all x,y, z € X:

1. z <z,
2. r <yandy <z implies x = y,
3. z<yandy < zimplies z < z.

Since we also have a vector space structure we wish to have a order which is consistent with
the vector space. This leads to the notion of vector lattices.

Definition 5.2. A wvector lattice or Riesz space is a vector space V equipped with a partial
order < such that for each z,y,z € V:

l.z<y=2+2<y+z
2. x <y = ar < ay for all scalars a > 0,

3. For any pair x,y € V there exists a supremum, denoted by x V y, and a infimum, denoted
by x Ay, in V with respect to the partial order <.

An element x € V is called positive if x > 0. The set of all positive elements is denoted by
V.

Remark 5.3. We observe that for a Riesz space V the set V, is a convex proper cone, i.e.,
the set of positive elements satisfies the following properties:

(i) Vi + Vi CVy,
(ii) AV4 C V4 for all A >0,
(i) V4 1 (=) = {0}

Pay attention to the fact that each convex proper cone C C V, i.e., C satisfies the three
previous conditions, gives rise to an order < defined by x < y if and only if y — 2z € C. This
order turns V into a vector lattice and the set of positive elements coincides with C, i.e., the
equality V4 = C holds.
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In the case of normed spaces and especially Banach spaces, we recall the notion of Banach
lattices, for the purpose of compatibility of the norm and the order.

Definition 5.4. A Banach lattice is a Banach space (X, ||-||) which is a Riesz space with an
partial order such that for all z,y € X: |z| < |y| = ||z|| < ||ly||, where |z| := z A (—=z) is called
the absolute value.

Remark 5.5. As a matter of fact, by [102, Chapter II, Prop. 5.2] the positive cone X, =
{zr € X : x>0} of a Banach lattice X is always a closed set. Aside from that, X is even
archimedean, i.e., if x,y € X satisfy nx < y for all n € N, then x < 0. We remark that in
contrast, vector lattices in general do not necessarily have this property as the example of R"
equipped with the lexicographical order shows, cf. [125, Example 9.2(ii)]

Recall from [88, pp. 8-9], that if K is a compact Hausdorff space, then the space (C(K), ||| )
with the pointwise order, i.e., f < g if and only if f(z) < g(z) for all z € K, is an example
of a Banach lattice. Likewise, for a measure space (£2,3, 1) the Banach space of integrable
functions (L*(, u),|]-l;) is a Banach lattice with the pointwise order. Moreover, for a Polish
space €, the space of bounded Borel measures M(2) is also a Banach lattice. We say that
€ M(9) is positive if and only if u(A) > 0 for all A € ¥, A # &. Equipped with the total
variance norm |[|-[|yyq), defined by

1tllargey ==l (€2) = sup Y~ |u(A)],

T Aerm

where the supremum runs over all possible partitions 7 of  into a countable number of
disjoint measurable sets, M(R) becomes a Banach lattice. On Banach lattices one can also
consider linear operators. Positivity for operators is then defined as follow.

Definition 5.6. A bounded linear operator 7' € Z(X) on a Banach lattice X is called
positive, denoted by T > 0, if Tx > 0 for each x € X,. A semigroup of bounded linear
operators (T'(t))¢>0 on such a Banach lattice is called positive if T'(¢) > 0 for each t > 0.

The following term was suggested by Arendt [8].

Definition 5.7. A linear operator (A4, D(A)) on a Banach lattice X is called resolvent positive
if there exists w € R such that (w,00) C p(A) and such that R(\, A) > 0 for each A > w.

In [119] the concept of so-called AL-spaces, as it is mentioned in the introduction of this
chapter, is significant. These spaces satisfy a special kind of norm property, cf. [102, Chapter
I1, Sect. §].

Definition 5.8. A Banach lattice (X, ||-]|) is called an AL-space, or abstract L-space, if the
norm satisfies
lz +yll = llzll + llyll ,

for each z,y € X .

Typical examples for AL-spaces are the already mentioned spaces L (€2, 1) and M(Q2). To see
that they are actually AL-spaces let f,g € L1(Q, i) be positive, i.e., f(x) > 0 and g(z) > 0
for each = € Q.

17+l = [ 17+l d
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= [ r+g

Z/Qfdwr/ﬂgdu

= [ 11 d+ [ gl du
Q Q
= 171+l

In order to show that M(Q) is a AL-space let pu,v € M(Q2) be two positive bounded Borel
measures and observe:

I+ Vi) = 1 +v](2)
=sup > [(pn+v)(A)]

T Aer
—sup 3 () + (A
T Aerm
—sup 3 l(A) + v(4)
T Aerm
—sup (Z OEDS u<A>>
4 Aem Aer
=sup Z p(A) + sup Z v(A)
Aem T Aen
= Y (A) +sup Y (4|
Aem Aer
= |p () + [v] ()

= el + i) -

where the supremum runs over all possible partitions 7 of 2 into a countable number of
disjoint measurable subsets.

As we have to take care of an additional locally convex topology in the setting of bi-continuous
semigroups, we introduce the following notion which is related to Definition 5.8.

Definition 5.9. Let (X, ||-]| , <) be a Banach lattice with ordering and locally convex topology
7 generated by a family P of seminorms which satisfies the Assumptions 1.1. We say that X
is a bi-AL space if for all x,y € X, the equality

[+ yll = llzll + [y

holds and there exists P, C P such that P, still generates the locally convex topology 7 and
for all xz,y € X4

p(z +y) =p(z) + p(y)
for each p € Py.

Locally convex spaces satisfying such additivity conditions as in Definition 5.9 are also men-
tioned in [35] to discuss regular operators on vector lattices. An example of a space sat-
isfying both the norm and seminorm property from Definition 5.9 is M(€Q). Recall from
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Section 1.6 that M(Q) equipped with the total variation norm and the weak*-topology 7° =
a(Cp(2), M(Q2)) satisfies Assumption 1.1. In fact, 7° is the locally convex topology generated
by the following set of seminorms

P = {ps: fe€C(V)},

|7 .

Py ={ps: [€Cp(Q), [>0}.
Let 71 denote the locally convex topology generated by Py. We first observe that for each

ps € Py one has for p,v >0
W+ wy)=| [ 1 +| [ rav

:/Qfd,u—i-/gfdl/

= | rdGe+)

e

=pr(p+v)

where

€ M(€2),

Now let

It remains to show that 7° = 7.
Lemma 5.10. The family P+ generates the topology 7°, i.e., for a net (pa)aca in M(2):
7° T4
fio T 1 = g =5 1

Proof. Suppose that

| dua— [ 1 du (5.1.1)

for each f € Cp(Q2), then obviously (5.1.1) also holds for every positive f € Cp(€2). For the
other implication notice that for arbitrary f € Cp(£2) one can decompose f into a positive
and negative part, i.e., there exist positive fi, f— € Cp(€2) such that

f=fr—f-
Then
/Qf+ dua—>/Qf+ du,
and
| dia [
Since

/Qfdua=/9f+dua—/ﬂf—dum
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we observe that

| fdua— [ frdu— [ £ du

and hence we are done. O

5.1.2 Bounded perturbations

Let us continue with perturbation results for bi-continuous semigroups. The bounded pertur-
bations are in some sense simple, since one has not to care about the domain of the perturbing
operator. Moreover, the following theorem shows that in particular bounded operators with
a additional continuity condition give rise to a perturbation.

Theorem 5.11. [54, Thm. 3.1.5] Let (T'(t))i>0 be a bi-continuous semigroup on a Banach
space Xo with respect to T and with generator (A, D(A)). Suppose that B € £ (E) is T-
sequentially continuous on ||-||-bounded sets. Then (A + B, D(A)) is also a generator of a
bi-continuous semigroup (S(t))i>0. Moreover (S(t))i>0 is given by the Dyson—Phillips series

S(t) := i To(t), t>0,
n=0

which is uniformly norm-convergent on compact intervals. Here the Dyson—Phillips terms
(T(t))t>0 are defined as

To(t) = T(t), Talt) := /OtT(t— §)BTu_1(s) ds, n>0,

where the integral is under stood in the T-strong topology.

5.1.3 Miyadera—Voigt perturbations

In contrast to Section 5.1.2 we now come to perturbations of bi-continuous semigroups with
an unbounded operator (B, D(B)). Let (T'(t))¢>0 be a bi-continuous semigroup on a Banach
space Xo with respect to 7 and generator (A, D(A)). On the domain D(A) of A one can
define a locally convex topology 74 which is determined by the family of seminorms

Pa={p() +q(A): p,qcP}.
The graph norm ||-|| , on D(A) is defined by
2]l 4 = llzll + [[Az]l, 2 € D(A).

Due to [54, Sect. 1.2 a)] we always may assume that p(z) < ||z|| for each p € P and
x € X and hence one observes that 74 is coarser than the graph norm topology (the topology
coming from the norm ||-|| ). For the Miyadera—Voigt perturbations we consider operators B :
(D(A),74) — (Xo,7) which are continuous on ||-|| ,-bounded sets. The following definitions
are needed to prepare the perturbation theorem.

Definition 5.12. Let D C X be an arbitrary subset and n > 1. We say that D is n-bi-dense
in X for the locally convex topology T, if for each x € Xy there exists a sequence (x,)nen in
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D which converges to x with respect to 7 and such that

[zl < nllzll,

for each n € N.

Definition 5.13. A bounded function F : [0,tg] — £(Xy) is said to be local, if for each
p € P and € > 0 there exists a constant K > 0 and g € P such that

p(F(t)r) < Kq(z) + e,

for all t € [0, o] and = € Xj.

Remark 5.14. (i) As examples of local functions one can consider the family
{R(M\,A): X € [a,B]} where (A, D(A)) is the generator of a bi-continuous semigroup
and wo(T) < a < 3.

(ii) For every bi-continuous semigroup (7'(t)):>0 on Cp(f2), for  a Polish space, the set
{T'(t): t €][0,tp]} is local for each ¢ty > 0.

(iii) If (T(t))e>0 is a bi-continuous semigroup on Cp(€2) and # C M(2) and norm-bounded
and weak*-compact subset the set {T"(t)v : v € £} is tight/local. As example one can
take £ = M;(Q) if Q is compact.

One may not expect that every operator (B, D(B)) has the property that (A+ B, D(A+ B))
generates again a bi-continuous semigroups. For that reason one introduces the notion of
admissibility. Recall from Chapter 4 the definition of the space X, see (4.1.1), and define
the Miyadera—Voigt admissibility as follows.

Definition 5.15. Let (A, D(A)) be the n-bi-densely defined generator of a bi-continuous
semigroup (T'(t))i>0. An operator B : (D(A),74) — (Xo,7) which is continuous on ||-|| -
bounded sets is called Miyadera—Voigt admissible on X, if there exists tg > 0 for which
T(t) € X4, for t € [0,tp] and such that the following conditions hold

1. For all z € D(A) the maps
s+ ||BT(s)z||, s € ]0,to]
are bounded.
2. The operator

B(F,t)z = /OtF(t — §)BT(s)x ds

defined on D(A) extends to linear operator B(F,t) on X, which is 7-continuous on norm-
bounded sets for all ¢ € [0, ] and F € X;,. We require moreover that the operator B(F,t)
is also norm-bounded.

3. The abstract Volterra operator Vi, on Xy, cf. (4.1.1), defined by

(Vi F)(t)x := B(F,t)z,
for all z € Xy and t € [0, tp] is a bounded operator on X;, and we have ||V}, || < %
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The following theorem tells us that under the condition of Definition 5.15 the operator
(A+ B,D(A)) generates a bi-continuous semigroup on Xy. This generalize the perturba-
tion theorem originally due to I. Miyadera [89] and improved by J. Voigt [118].

Theorem 5.16. [54, Thm. 3.2.2] Let (T'(t))i>0 be a bi-continuous semigroup with generator
(A,D(A)) and suppose that B : (D(A),74) — (Xo,7) is Miyadera—Voigt admissible on Xy,.
In this case (A + B,D(A)) generates a bi-continuous semigroup (S(t))t>0. Moreover the
semigroup (S(t))i>0 satisfies

S(t)r = T(t)x + /0 " S(t— $)BT(s)x ds,

for all z € D(A) and t > 0.

The following theorem gives at least for local bi-continuous semigroups a sufficient condition
for B : (D(A),7a) = (Xo, ) being Miyadera—Voigt admissible.

Theorem 5.17. [54, Thm. 3.2.3] Let (T'(t))i>0 be a bi-continuous semigroup on Xo with
respect to T and generator (A, D(A)). Suppose that D(A) is n-bi-dense in Xo and that B :
(D(A),74) = (Xo,7) is continuous on |-|| ,-bounded sets. Suppose that there exists to > 0
and 0 < K < % such that

(a) The map s+ ||BT(s)z|| is bounded on [0,to] and for each x € D(A).
t
(b) / |BT(s)z|| ds < K ||z|| for each t € [0,t] and x € D(A).
0
(¢) Foralle >0 and p € P there exists ¢ € P and M > 0 such that
to
| pBT()2) ds < Ma@) + ezl
0

for each v € D(A).

Then (A + B,D(A + B)) generates a bi-continuous semigroup (S(t))i>o0. Furthermore, the
semigroup (S(t))e>0 satisfies the variation of parameter formula

T(t)x = S(t)r + /OtT(t —s)BS(s)x ds, x € D(A).

In [55] B. Farkas considered bounded and Miyadera—Voigt of bi-continuous semigroups. In
this chapter we take positivity of Miyadera—Voigt perturbations into account as J. Voigt in
[119] did for strongly continuous operator semigroups on Banach spaces. In [13] W. Arendt
and A. Rhandi characterize positive perturbations by multiplication operator and apply this
to elliptic Schrodinger operators.

Remark 5.18. (i) If (7'(¢))¢>0 is a bi-continuous semigroup generated by (A, D(A)), then
one can deduce from [14, Lemma 4.15] the following equivalence for \ € R:

t
IM € (0,1) Vi € [0.t0] Vo € D(A) : / IBT(s)z|| ds < M ||z
0

t
s 3IM' € (0,1) Vi € [0,t0] Va € D(A) ;/ le BT (s) ds < 1" |
0
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(ii) One also easily proves the following equivalence:
to
Ve>0VpeP 3K >03qecP Ve D(A): / p(BT(s)z) ds < Kq(z) + ¢ ||
0
to
<~ Ve>0VpeP3IK >03¢ € PVoe D(A): / p(e BT (s)x) ds < K'q/(z) + < ||=||
0

The main result of this chapter is the following.

Theorem 5.19. Letn > 1, and let (A, D(A)) be the generator of a positive local bi-continuous
semigroup (T(t))e>0 on a bi-AL space X with n-bi-dense domain D(A). Let B : D(A) — X
be a positive operator, i.e., Bx > 0 for all x € D(A)N X4, and assume that BR(\, A) is local
and (A + B, D(A)) is resolvent positive. Then (A + B, D(A)) is the generator of a positive
bi-continuous semigroup.

The following section is devoted to the proof of Theorem 5.19.

§ 5.2 The Proof

Recall from [52, Chapter II, Def. 1.12] that the spectral bound s(A) of an linear operator is
defined by
s(A) :=sup{Re(\) : Aea(A)}.

In order to prove Theorem 5.19 we need the following lemma.

Lemma 5.20. Let 7 > 1 and let (A, D(A)) be the n-bi-densely defined generator of a positive
local bi-continuous semigroup (T'(t))i>0 on a bi-AL space X. Let M := sup,¢(o 1) |T(t)]| < o0
and let B : D(A) — X be a positive operator such that there exists A > s(A) such that the
operator BR(X, A) is local and ||[BR(X\, A)|| < 5 < 1. Then A+ B is the generator of a
positive bi-continuous semigroup.

Proof. We start by establishing property (ii) in Theorem 5.17. By Remark 5.18(i) it suffices
that we have the following estimate for each x € D(A)4

/Ot HBe_’\ST(S)ZL‘H ds =

t

= HB/ e_)‘sT(s)x ds
0

< |[BR(A, A)z||

t
/ Be T (s)x ds
0

< JE—

VAR

where the first equality is justified by the AL-property of the space and the fact that if
x € D(A)4 then it is element of the space of strong continuity (which in fact coincides with
Xy = D(A)H'”). The second equality follows by the fact that the operator B is a continuous
map from (D(A),74) to (X,7) which is A-bounded by [14, Lemma 4.1], i.e., there exists
a,b > 0 such that ||Bz|| < a||Az| + b||z| for each = € D(A). The first inequality follows by
the Laplace transform representation of the resolvent R(\, A). As a consequence we conclude
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that property (ii) of Theorem 5.17 holds. Now let € > 0 and p € P4 be arbitrary. Then

/0 "y (e7*BT(s)x) ds=p ( /0 © N BT (s)a ds) —» ( B /0 © AT (s) ds)

<p(BR( A)r) < Kq(z) + ¢ =]

Here the first step follows by the properties of the bi-AL space. The second one follows by the
same argument as before and the last inequality follows by the assumption of localness of the
operator BR(\, A). Hence property (iii) is fullfilled. Moreover also (i) holds since (B, D(B))
is A-bounded by [14, Lemma 4.1].

Keep in mind that we showed that the properties (a)—(c) of Theorem 5.17 hold for z € D(A)..
We have to show that they hold true for each € D(A). In the first place we start showing
that the norm condition (b) of Theorem 5.17 holds from each x € D(A). For this purpose,
let z € D(A) and find z4,z_ € X such that z = x4 — x_. Especially, take x4 := 2 vV 0 and
x_ = —(x A 0) and observe that . + z_ = |z|. For n € N define

1

Tyt 1= n/n T(t)zy dt € D(A),
0

. . T
and notice that ¥, + — z+ in X and z,, 4 —2,, — —3 2. The sequences (Tp, + )nen and (Ty,— )nen,
and hence also (z,, + — Zpn,—)nenN, are norm-bounded, i.e.,

1
n/n T(t)xy dt
0

where L := SUP; o, 1] IIT'(t)|| < co. Hence we obtain

1

a2 = < n/o [T(#)<ll dt < L],

1

2.1
rllel G2

t
/O e BT (s)(@n 1 = 2| ds < m (ln Il + lza,—[) =

We have to show that the integrand converges to He*ASBT (s)xH in order to conclude the
desired estimate. Observe that for each ¢ € (X, 1)’

% (/Ot e BT (s)z ds) = /t © ( _)‘SBT(S):C> ds

_/ Thmcp ASBT(S)(l'n’J,_—xn,_)) ds

n—oo
. . —_— 1
< ngolonf/() He )‘SBT(S)(HIn,+ - xn—)H ds = M k4]

Due to the norming property of the local convex topology (cf. Assumption 1.1) and the AL-
property we obtain by taking the supremum over all ¢ € (X, 7)" with ||¢]| < 1 the following
inequality

/H BT(s)a| ds = o al].

To show the third requirement of Theorem 5.17 is valid, let ¢ > 0 and p € P4 be arbitrary
and observe that there exists K > 0 and g € P such that for each n € N

82



/to p(e™ BT (s)(xy 4 — p,_)) ds < / (e BT () +) ds + / (e" BT (s)x,,_) ds
0

< K (q(@n4) + alan,-)) +( all)

< K (q(@nq) + q(an,-)) + 2Le ||z

Since by construction z, + — x4 and z,_ — x_ we conclude that q(z,+) + ¢(zn ) —
q(|z]) = q(x). The left-hand side also converges. To see this define for a fixed A > s(A) a
sequence (Y )nen in X for n € N by

= A= A)(zn4 —Tn,-),
and set
Y= Zgléno Yn = (A — A)x.
Then by localness on the operator BR(A, A) and the semigroup (7'(¢))¢>0 we find K > 0 and
q,q € P such that
[p(e™* BR(\, A)T(s)yn) — p(e ™ BR(\, A)T(s)y)|
<p(e " BR(\, A)T(s)yn — e *BR(\, A)T(s)y)
e p(BR(A, A)T(5)(yn — )
_e‘“ (Kq(T(s)(yn — ) + e IT(s)(yn — »)||)
<K'q(T(s)(yn —y)) +e“ Ve |y, —y|
<K"q(yn —y) + (K" + V%) |y, —y|
<K"q(yn —y) + eM(K' + &™),
where K’ := Ke™* and K” > 0 is a product of K’ and a constant coming from the localness
of the semigroup (7'(t))t>0. Moreover, M > 0 is a constant arising from the exponential

boundedness of the semigroup. Since y, — vy and € > 0 was arbitrary we see that the
convergence of the integrand is uniform in s. Thus the integral converges and we are done. [

The main work for proving Theorem 5.19 is included in the previous Lemma 5.20. Now we are
able to accomplish the proof of our main theorem which runs in fact parallel to the original
proof of [119, Thm. 0.1].

Proof of Theorem 5.19. By [119, Thm. 1.1] there exists a A € p(A+ B) and we know that
r(BR(\, A)) < 1. Moreover

R(A,A) < R(A\,A) > (BR(A\, A)" = R(\, A+ B).
n=0
Now, by taking sB instead of B for s € [0, 1] we obtain by the above
R(X\,A) < R(\,A+ sB) < R(\,A+ B).

Since B is positive and Ran(R(\, A+ B)) = D(A), we conclude that BR(\, A+ B) € £ (X).
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Therefore, also 2nBR(A\, A+ B) € £ (X) and there exists n € N such that
|12nBR(\, A+ B)|| < n.

Hence

1 1
“BR(\, A+ sB)| < —
[roroavom] <5

for each s € [0,1]. In particular, one has
1 ] 1
HBR (/\,A + jB) H <=,
n n 2n

for 0 < j < n—1. Now we apply Lemma 5.20 for the perturbation %B repeatedly for
A A+ %B, ..., A+ "1 B and obtain the generation by A + B in the last step. O

n

§ 5.3 Examples

5.3.1 Rank-one perturbations

As a first example we consider rank-one perturbations as they are treated for Cy-semigroups by
W. Arendt in A. Rhandi [13, Thm. 2.2]. Let (7'(¢)):>0 be a positive bi-continuous semigroup
on X with respect to 7 with generator (A, D(A)). As a matter of fact every locally convex
topology is generated by a family of seminorms P. Since the generated topology does not
change if we add another continuous seminorm, we can assume that P also contains all finite
linear combinations of their seminorms, see also [33, Prop. 7.1.4]. Keep in mind, that if we
actually suppose this, the inequality p(x) < ||z|| for p € P and x € X does not hold in general.
For ¢ : D(A) — R a positive 74-continuous linear functional and y > 0 in X we define the
rank-one perturbation B : D(A) — X by

Bz = ¢(z)y, =€ D(A).

The operator (B, D(A)) satisfies the assumptions of Theorem 5.19, and hence it is a Miyadera—
Voigt perturbation. To see this let ¢/ > 0 and p € & be arbitrary and observe that

p(BR(A, A)z) = p (¢ (R(A, A)x) y) = lp (RN, A)z)|p(y), =€ X,

Since we always assume that P is a directed family of seminorms and ¢ is 74 continuous we
conclude that there exists M > 0 and p/, ¢’ € P such that

(RN, A)z)| < M (p'(R(N, A)x) + ¢ (2)), =€ X.

By [54, Lemma 1.2.23] and Remark 5.14 the operator R(\, A), A € p(A), is local, i.e., for each
g’ > 0 there exists K/ > 0 and ¢” € P such that

PR\ A)z) < K'q"(x) +€'||z]], ze€X.

This leads with K" := p(y)M K’ to the following inequality

p(BR(\, A)z) < K" (q"(x) - ]\14q’(:6)> +elz||, =eX.
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where e = Mp(y)e’. We conclude from the above that ¢” + ﬁq' € P and we are done. Since
(A, D(A)) is a Hille-Yosida operator one gets

IBR(A, A)zl| < |o(B(A, A)al - [ly]| < llell 1RO, Azl lyll < llell 5—— =l yll-

Since all constants are fixed from the beginning our expression becomes smaller than 1 by
chosing A > w big enough. This show that rank-one perturbations fit in our setting. Observe
that the argumentation can be extended to finite rank operators.

5.3.2 Gauss—Weierstrass semigroup on M(R)

Now we discuss an explicit example of a bi-continuous semigroup on the space M(R) of
bounded Borel measures on R with respect to the Borel o-algebra Z(R). We noticed in Section
1.6 that every bi-continuous semigroup on Cy,(R) with respect to the compact-open topology
Teo gives rise to a bi-continuous semigroup on M(R) with respect to 7° = o(Cp(R), M(R)) and
vice versa.

For what follows recall from [25, Sect. 1.1] or [23, Sect. 3.8] the definition of the (centered)
Gaussian measure vy, t > 0, on R defined by

Q) / -\ Qe B[R),
where A\ denotes the Lebesgue measure on R. This measure v;, t > 0, is a strictly positive
bounded Borel measure and in particular a Radon measure. As a matter of fact v, t > 0, is
the Lebesgue measure with density ¢; given by

1 |
o) = e 2, t>0, xeR.

Recall from [23, Def. 3.9.8] and [24, Sect. 1.2] that for u, v € M(R) one defines the convolution
of p and v by

()@ = [ [ 1o+ 1) dute) duty) = [ (@) du)

If one of the measures u,v € M(R) has some density with respect to the one-dimensional
Lebesgue measure \!, say v = g- Al as it is the case for 4, then the convolution has density
g * 1 defined by

(g% p)(z) = /Rg(w —y) dp(y).
Now we define a family of operators (T'(t));>0 on M(R) by T'(0)p = p and
Ttp=y*p, t>0, ueMR). (5.3.1)

Since ¢ > 0 for each t > 0 we conclude that the family (7'(¢)):>0 consists of positive operators
on M(R). The next result shows that (7'(¢)):>0 is in fact a bi-continuous semigroup on M(R)
equipped with the total variation norm and with respect to o(Cp(R), M(R)). Recapitulate
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that the Gauss—Weierstrass semigroup (7%(t))+>0 on Cp(R) is defined by T'(0) = I and

_lz—yl® y\

(Tu(8) f)(x) = (pr * f)(2) (y)dy, t>0, feCy(R), xR

- ke

Having this in mind, we can prove the following theorem.

Theorem 5.21. The semigroup (T'(t))t>0 is the adjoint of the Gauss—Weierstrass semigroup
(T:(t))ez0 on Cp(R).

Proof. We observe that for f € Cp(R) with f > 0 and p € M(R) the following holds.
(2O = | [ @) AT O @)
= / f(x %*u ( )
= | [ 1@ dltei- )+ w)(@)
R
= | [ 1@ d((errm) - X)(@)
= | [ f@) e @) @)
—| [ 1@ [ erla—y) duly) X' @)
R R
= | [0 autw)

- | [ 1.01) antw)

= (L) f, )

Here (-,-) denotes the pairing between Cp(R) and M(R). This proves the assertion. O

Remark 5.22. (i) The notation (7%(t))s>o is intuitive since (T%(t))s>0 is the preadjoint of
(T'(t))t>0, €., Tu(t)* =T'(t) for all t > 0.

(ii) Since (T%(t))¢>0 is known to be bi-continuous on Cp(R) with respect to the compact-
open topology we conclude by [57, Thm. 3.5] that (7'(¢));>0 on M(R) is bi-continuous
with respect to o(Cp(R), M(R)).

(iii) Recall that the generator (A., D(A.)) of the Gauss—Weierstrass semigroup on Cp(R)
is given by (A, CZ(R)) where A denotes the Laplacian and C?(R) the space of twice

continuous differentiable functions with bounded derivatives.

(iv) We also notice that Cy C p(A,), where C denotes the right-half plane, i.e., all complex
numbers with positive real part.

(v) To see that (T'(t))i>0 is indeed a semigroup one can also use the uniqueness of the
Fourier-transform.
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The next step is to determine the generator (A, D(A)) of (T'(t))i>0. To do so we have to
consider differentiable measures. The original study of such measures is due to S.V. Fomin
[58] and A.V. Skorohod [105], [106, Chapter 4, Sect. 21]. In [24] V.I. Bogachev discusses
differentiable measures in more details.

Definition 5.23. A Borel measure y on R is called Skorohod differentiable or S-differentiable
if, for every function f € C,(R), the function

te [ fa =) duta),

is differentiable.

The following theorem [24, Thm. 3.6.1] shows that the previous definition is equivalent to
the existence of a Borel measure v, called the Skorohod derivative of u, such that for each
bounded continuous function on R one has

lim /R / (””_tz_f ®) () = /R () du(z) (5.3.2)

t—0

Theorem 5.24. Let pu be a Skorohod differentiable Borel measure on R. Then there exists
a Borel measure v which is its Skorohod derivative, i.e., v satisfies (5.3.2) for all bounded
continuous functions f on R.

Remark 5.25. (i) The Skorohod derivative v of u as it appears in (5.3.2) and Theorem
5.24 is denoted by Py, i.e., v = Dpu.

(ii) By [24, Prop. 3.4.1] one has that for a bounded Borel measure p on R the measure p is
Skorohod differentiable if and only if it has density of bounded variation, in particular
every Skorohod differentiable measure on R admits a bounded density. In that case
the density of the Skorohod derivative is just the (generalized) derivative of the original
density.

(iii) For higher order derivatives we recall from [24, Prop. 3.7.1] that if the map ¢ —
Jg f(x —t) du(z) is n-times differentiable, then p is n-times Skorohod differentiable,
i.e., for all f € Cp(R) the function

(tl,...jtn)H/Rf(az—ktl—k'--thn) dyu(z),

has partial derivatives Jy, - - 0,,.

n

(iv) p is Skorohod differentiable with Skorohod derivative Zu if and only if for each f €
Cy’(R)

d
[ 354 anta) = = [ 1@ d(zn)@).
R dz R
In order to determine the generator of (T'(t))s>0 on M(R) we use Lemma 1.19.

Theorem 5.26. The generator (A, D(A)) of (T'(t))e>0 is given by

Ap = Ap, D(A) :={p € M(R) : p is twice Skorohod differentiable } ,
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where Au denotes the second order Skorohod derivative of .

Proof. Let us denote the generator of our semigroup (7'(t))¢>0 by (C, D(C)). By Lemma 1.19
and Remark 5.22 we conclude that the domain of the generator is of the following form

D(C) = {peM(R): IveMR)¥f € CY(R): (f,v) = (Afpm)}.

Now let © € M(R) be twice Skorohod differentiable, i.e., u € D(A), and denote its second
derivative with v := Au. For f € C3(R) one has

ar= [ Afan= [ fav= (1),

showing that D(A) C D(C). For the converse let u € D(C), i.e., there exists v € M(R) such
that for each f € C(R) holds that

o) = @f) = (g TOLEL L (g TORZI,

t—0 t t—0 t

From this we may conclude that o(Cp(R), M(R)) —1lim;_g T(t)t“ —£ exists. Combining this with

[24, Thm. 3.6.4] we obtain that u € D(A). This finishes the proof. O

Remark 5.27. In Remark 5.22 we observed that C; C p(A) and since o(A,) = o(A) by
[52, Chapter II, Sect. 2.5], we also obtain that C4 C p(A), especially, A € p(A) for A > 0.
Moreover we observe that (T'(t)):>0 is a bounded semigroup and hence we also conclude that

Cy Cp(A).

Now fix a positive, Lebesgue integrable and unbounded function ¢ : R — R and define
B: D(A) - M(R) by
Bu:=1-p, pe D(A).

To show that the operator B satisfies the conditions of Theorem 5.19 let A € p(A), especially,
we can choose A € R with A > 0 and observe that by the duality between Cy(R) and M(R)

py(BR(A, A)p) = |(f, BROA, A)p)| = [(f1h, RO\, A)p)| = [(R(A, A) (f1)), )]

for all f € Cp(R) and p € D(A). Moreover, by an application of Fubini’s theorem and an
explicit integral one obtains

RO AN = | [ [ e Mot = 07w ay dt‘
/R/OOO e Mo(z —y) f(y)P(y) b dy‘

1 —Vae—y ’
= @ d
o F)o() dy
= (& * fY)(2)],
where &)\ (z) = \/%e_‘/ﬁm is continuous and hence the convolution &) * fv is continuous.

Furthermore, by Young’s convolution inequality and the assumption that i is integrable we
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obtain

163 * Fll oo < €TI0 11l < T1ExNIco [[flloo 1#]]1 < 00

hence h := &) * fip € Ch(R) and pr(BR(A, A)p) = pp(p). By using that M(R) is the dual of
Cp(R) we obtain the following norm estimate

IBRA, A)pll = sup [{f, BRQ\, A)w)| = sup  [(R(A, Ao fp, )| < sup  [[R(A, Aw) )| oo [l
JECH[®) FECH(R) JECH®)
17l<1 17 loe<1 1flloe<1

Moreover,

RO, A)(f9)(2)] = \ [ e s dt\

 a
-

o dydt\
<||f||oo/ M) d
<Ml Wl [ e Il

—At

= I lloc lly - 5
_ Il 1901y
V2X

Hence, for A big enough we obtain ||R(\, As) f1|| < 1 and hence || BR(A, A)|| < 1. Now we can
apply Theorem 5.19 and conclude that A + B generates a positive bi-continuous semigroup
on M(R).

Remark 5.28. Suppose that f € LP(R) is unbounded. Observe that there exists g € L}(R)
and h € L>°(R) such that f = g+h. In particular, we consider the operator B : D(A) — M(R)
defined by By := f-u as above. Since the case for f € L!(R) is treated before and f € L°(R)
gives rise to a bounded perturbation we conclude that we can extend our previous result to
the whole scale of LP-spaces.

§ 5.4 Notes

As already mentioned in the beginning, this work is inspired by the work of J. Voigt [119]
and B. Farkas [54]. As mentioned in Section 4.4, we are also looking for a Desch—Schappacher
perturbation theorem for positive bi-continuous semigroups similar to the results for strongly
continuous semigroups presented in [20]. To do so we have to extend the notion of AM-spaces
for our purpose as we have done it for AL-spaces in this chapter by means of Definition 5.9.

Even if the example of the Gauss—Weierstrass semigroup on M(R) is the adjoint of the well-
known Gauss—Weierstrass semigroup on Cp(R) it is interesting how differentiable measures
come into play. Differentiable measures as well as Gaussian measures as they are used in
this chapter are discussed in more detail in [24], [23] and [25]. There not only the space R
is treated but locally convex spaces in general including infinite dimensional spaces. This
raises the first difficulties in this theory, especially, as a matter of fact, there is no canonical
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infinite dimensional substitute for Lebesgue measure. For example, on an infinite dimensional,
separable Banach space X the only locally finite and translation invariant Borel measure p
on X is the trivial measure, i.e., u(A) = 0 for each measurable set A C X. For more general
statements on invariant measures on infinite dimensional vector spaces we refer for example
to the work of V.N. Sudakov [110] or Y. Umemura [115].
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Chapter 6

Implemented Semigroups

Introduction

The question whether automorhisms and operators are implemented arises naturally if one
studies the quantum mechanical aspects in mathematical physics. Typically issues of sym-
metries apply here. For example Ludwig’s Theorem states that on every Hilbert space
H with dim(H) > 3 each order-lattice automorphism « of the effect algebra, defined by
E={T e XH): 0<T <1}, is unitarily implemented, i.e., there exists a unitary operator
U e Z(H) such that a(T) = UTU* for each T' € &, see for example [30]. Another important
symmetry phenomenon in the operator algebraic setting of quantum mechanics is the so-called
Wigner symmetry [81, Chapter 5]. In this context one also see implemented semigroups ap-
pearing. As it is stated in [26, Chapter 3, Section 2], all continuous one-parameter groups of
Wigner symmetries are implemented by strongly continuous one-parameter groups of unitary
operators. The most common setting in quantum mechanics is the case of Hilbert spaces.
Implemented semigroups on Hilbert spaces also appear in other resources. In particular, in
[45, Sect. 4.4, 6.1, 7.1, 7.2] T. Eisner discusses stability of implemented operators as well
as of implemented semigroups with applications to Lyapunov’s equations. In [11, Chapter
D-IV] the point of interest is the asymptotic behaviour of positive implemented semigroups
on C*-algebras and von Neumann algebras. The implemented semigroups also come to light
if one considers the following operator equation

AX+XB=Y, X € Z(F,E),

where A and B are generators of strongly continuous semigroups on Banach spaces E and
F'. This operator-valued equation has been considered by several authors [12, 97, 98, 99, 61].
We now consider extrapolation spaces and Desch—Schappacher perturbations of implemented
semigroup on Banach spaces. In particular, we round out the work of J. Alber [6], where ex-
trapolation spaces for this semigroups are studied but only with respect to the space of strong
continuity. With the construction from Chapter 2 we are able to extrapolate implemented
semigroups in a more general context. We will use this to consider Desch—Schappacher per-
turbations of implemented semigroups and show that the domains of these semigroups have
a module structure.

This chapter is organize as follows: the first section is devoted to the fact that the space
Z(F) of bounded linear operators on a Banach space F satisfies Assumption 1.1 with re-
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spect to the strong operator topology. Moreover we show that the implemented semigroup is
indeed bi-continuous. In the second section we continue with intermediate and extrapolation
spaces of this semigroup and apply this to Desch—Schappacher perturbations of implemented
semigroups in the last section.

§ 6.1 Preliminaries

6.1.1 The space of bounded linear operators .Z(E)

We consider the space X := Z(F) of bounded linear operators on a Banach space E. The
operator norm defined by

1T == sup |[Tx|, T e Z(E),
el <1

makes Z(FE) a Banach space. The so-called strong operator topology 7o is defined to be the
coarsest topology that makes the evaluation maps T' + Tz continuous for each = € E (see
also [90]). For S € Z(E), x € E and € > 0 we defined

U(S,z,e):={T € LE): |[Tx— Sz| <e}.

This gives us a subbase for the strong operator topology. In particular we observe that a net
(T,).,er in Z(E) converges to T' € Z(F) with respect to the strong operator topology if and
only if || Tjz — Tx| — 0 for each x € E. This gives rise to a family of seminorms P which
generates the (locally convex) strong operator topology and is given by

P = {px S E}7 px(T) = ||T$” .

Of course Tyt is Hausdorff and coarser than the operator norm topology on .Z(F). In order
to show that 74 is sequentially complete on norm-bounded set consider (7,)nen to be a
norm-bounded 7yt-Cauchy sequence. We conclude that (T),(z))nen is a Cauchy sequence in
FE and hence convergent. Hence we define T': E — E by

Tz := lim T,(z), z€kE.

n—oo

By linearity of the operators (T},),en we achieve that T is linear as well. In view of the fact
that (T),)nen was supposed to be bounded with respect to the operator norm, we obtain

[T (2)|| < sup [ Tn ()] < oo,
neN
and hence T' € Z(F). By construction we attain that 7,, — T with respect to 7g. For the

norming property we follow [103, Thm. 2.1.6], in fact fix sequences (z,,)nen in F and (5 )nen
in E' with ||z,|| <1 and ||¢n| <1 for each n € N and such that

7] = sup [Tan|| and [[Tzp|| = |on(Tzn)| -
neN

Now define A,, € (L(E), Tsot)’
An(T) := on(Ty)

92



and observe that [|A,]| <1 for each n € N. Moreover

IT]| = sup [|Tzn[| = sup on(T(xn))| = sup [An(T)] < sup [o(T)] < ||T|
neN neN neN PE(ZL(E),Tsot)’
lell<1

which gives us the norming property. We remark that the dual of (Z(E), 750t ) can be identified
with the set F(E) of finite rank operators on E (see [44]).

6.1.2 The implemented semigroup

Let E be some Banach space and (T'(t))¢>0, (S(t))t>0 two Cp-semigroups on E. We already
showed that £ (F) satisfies Assumption 1.1 if we equip .-Z(FE) with the strong operator topol-
08y Tsot- The semigroup (U(t))i>0 on £ (E) defined by

UL = T(t)LS(t), Le ZL(E), t>0,

is called the implemented semigroup. If T(t) = I or S(t) = I, then the corresponding semi-
groups (Ur)(t)e>0 and (UL)(t)¢>0 are called right implemented and left implemented semi-
group, respectively. As F. Kithnemund already mentioned in [78], these semigroups play an
important role in quantum mechanics (see also [26]). To show that (U(t)):>0 is not strongly
continuous in general, let (T'(t)):>0 and (S(t))¢>0 be two strongly continuous semigroups on
the Banach space E = L!(R, C) defined by

(T(O)(z) = flz+1), (SO)(x)=TOF(s), t20, feL'(RC), z€R
By considering the operator L € Z(F), defined by
Lf = 1[0,1]f7 f € Ll(R7 C)?

one recognizes that the implemented semigroup on the space Z(FE) defined by U(t)L =
T(t)LS(t), t >0, L € Z(F), is not strongly continuous with respect to the operator norm,

i.e., let (fn)nen be a sequence in LY(R, C) such that ||f,|| = 1 and supp(f,,) C [0, ﬂ for all
n € N and observe that

(oo

1 - Hl{%’%Jrl]f" B 1[071]f”H1 = [|fall; = 1.

Consequently, (U(t))¢>o is not strongly continuous with respect to the norm on L!(R, C), cf.
[5]. We remark that (U(t)):>0 is a Cp-semigroup if and only if both semigroups (7'(¢))¢>0 and
(S(t))e>0 are uniformly continuous meaning that

lim | T(¢) — I|| = lim [|S(¢) — I|| = 0.

Now we show that the implemented semigroup is bi-continuous with respect to 74t (see also
[78, Prop. 3.16]). Since (T'(t))i>0 and (S(t)):>0 are (automatically) exponentially bounded,
also (U(t))¢>0 is. For x € E we obtain:

peU)L — L) = [T(#)LS(t)x — La|| < |T(#)L(S(t)z — x)|| + |T(t) Le — L]
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which proves the strong continuity. For the local bi-equicontinuity let (L;,)nen be a norm-
bounded strongly convergent null sequence. For ¢ty > 0 and x € E holds

sup po(U(t)Ln) = sup [|T(¢)LnS(t)z]| < M- sup [[LnS(t)xl],
t€[0,to] t€[0,to] te[0,to]

where M := sup,¢g 4] [|7(2) ||, which is finite by Proposition [52, Chapter I, Sect. 5, Prop. 5.5].
Since (Ly)nen converges uniformly on compact sets and both semigroups are strongly con-
tinuous on E we conclude that the right-hand side tends to zero, which proves that (U(t)):>0
is locally bi-equicontinuous.

§ 6.2 Intermediate and extrapolation spaces

6.2.1 Favard- and Holder spaces

In what follows we restrict our self to left implemented semigroups (UL (t))i>0. Moreover
assume that the implementing Cy-semigroup (7'(¢)):>0 has negative growth bound, see Defi-
nition 1.4. As we just noticed, (UL (t))+>0 is a bi-continuous semigroup on .Z(E) with respect
to the strong operator topology and still has negative growth bound. We determine the
intermediate and extrapolation spaces for this semigroup. We can write:

— T(t)B—-B
Up)B - B| __|IT(1)B -~ B

B = su
1515 ) = sup IHOZ =IO
T(t)Bxr — Bx T(t)Bx — Bx
= sup sup I () p I = sup sup i) - I = sup ||Bz| g, 1)
>0 [|zf|<1 t lzl|<1 >0 ¢ =<1

From this we conclude the following.

Proposition 6.1. Let (UL(t))i>0 be the semigroup which is left implemented by (T'(t))i>0-
Then for o € (0,1]
Fo(U) = Z(E, Fo(T))

with the same norms.

From the definition we obtain that

. Ur(t)B-—B
Xalthr) = {B e 2(5): imOP=E _o gy ) <00}
= {B € Z(E): lim IT(t)Bz — Bz =0 forallxe E},
t—0 te
. T't)B—B
X, (Up) = {B € 4(E): %E}%()ta = O}.

Proposition 6.2. Let (UL(t))>0 be the semigroup which is left implemented by (T'(t))t>0-
Then
Xo(Ur) = Z(E, Xo(T))

with the same norms.
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6.2.2 Extrapolation

We now turn to the extrapolation spaces. For the Cy-semigroup (U (¢)):>0 on the space X,
these have been studied by J. Alber in [6]. He has shown that the generator G of (UL (t))¢>0
is given by

gV =A_V

on

DG)={VeZLE): A VeZE)},

where A_; denotes the generator of the extrapolated Cp-semigroup (7-1(¢))s>0 on E_1. The
extrapolation spaces X_1 and X _; can now be obtained by Theorem 2.16. For that let

& ={S:E— E_ : linear and continuous},

where E_ . is the universal extrapolation space of (T'(t)):>0 (see the paragraph preceding
Theorem 2.16), and let i : £ (E) — & be the identity. Consider the operator-valued multi-
plication operator

AV = A_V, V eé&,

where A_z = A_(,_yz for x € E_,. Notice that A — A : X — & is injective for A > 0
since A_, and A_; coincide on E. Hence by applying Theorem 2.16 we obtain

X ={ALV: VeZLE)}

and
X ={4,V: VeXy}.

From this we conclude that

X 1= {V € Z(E,E_1): I(Vp)nen € Z(E) with V,, =V Strongly} _ %fstop(E,E_l).

Since for any C € Z(E, E_1) we have nR(n, A_1)C € Z(F) and nR(n, A_1)C — C strongly
as n — 0o, we obtain

X_1=%(E,E_,).
For X _; we have:

X ={VeZ(EE): AViuen CL(E) with V, »+ V in Z(B.E_y)} = Z(B) ",
This last statement is a result of J. Alber, see [6, Thm. 2.4], which we could recover as a

simple consequence of the abstract techniques described in Section 2.1.2. Finally, we obtain
by Corollary 2.26 and Remark 2.58 that for o € [0, 1)

Floltdy) = A1 2 (B, Fi_o(S)) = Z(E, F_o(T))
and

X,Q(Z/[L) = A*lg(Elefa(S)) = X(Evaa(T))
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§ 6.3 Perturbations

6.3.1 Ideals in .Z(F) and module homomorphisms

Our purpose is to relate Desch—Schappacher perturbations of the Cp-semigroup (7'(t)):>0
and Desch—Schappacher perturbations of the left implemented semigroup (U (t))r>0. Before
doing so we need some auxiliary results exploiting the algebraic structure of the domain of
Hille-Yosida operators on Z(F).

Lemma 6.3. Let E be a Banach space and (A, D(A)) a Hille-Yosida operator on £(E),
i.e., suppose there exists w € R and M > 1 such that (w,00) C p(A) and

M

RMNAY| < +——
IROAPN € 5=
for each A > w and n € N. The following are equivalent:

(a) D(A) is a right ideal of the Banach algebra £ (E), i.e., CB € D(A) whenever C' € D(A),
B e Z(E), and A is a right £ (E)-module homomorphism, i.e., A(CB) = A(C)B for
C e D(A) and B € Z(E).

(b) There exists a Hille—Yosida operator (A, D(A)) such that A(C) = AC, where D(A) =
Z(E,D(A)).

(¢c) There exists a Hille-Yosida operator (A, D(A)) such that A(C) = A_1C, where D(A) =
{CeZ(E): A..C e Z(E)}.

Proof. The implication (¢) = (a) is just a checking of properties of an explicitly given oper-
ator. The implication (b) < (c) follows from the fact that the operator A and A_; coincide
on the domain D(A) of A.

(a) = (b) By definition one has R(\, A) € Z(Z(FE)) whenever A € p(A). Define for A € p(.A)
R(X\) :== R\, A)(I).
Since R(A,A), A € p(A) satisfy the resolvent identity also R(\), A € p(A) do:

RQA) = R(p) = R\, A)(I) = R(p, A)(I) = (R(A, A) = R(p, A)) (1)
= (A= )R A R(p, A)) () = (A = p) RN R(p)

for each A, € p(A). Hence the family (R()))aecp(4) is a pseudoresolvent. If R(A)z = 0 for

some x € F, then
0=AR\N)z = AR\, A)(I)x.

But since AR(A, A)(I) — I as A — oo , it follow that = 0. Therefore R(\) is injective, and
hence there exists a closed operator (A, D(A)) such that R(\) = R(\, A), i.e.,

R(A, A) = R(A, A)(ID),
Let C € D(A), i.e., C = R(\, A)D for some D € Z(F). Then

A(C) = A(R(\, A)D) = AR(\, A)D — D = (AR(\, A) — I)D
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= (AR(A, A) — (A — A)R(A, A))D = AR(\, A)D = AC.
O

Lemma 6.4. Let E be a Banach space and (A, D(A)) a generator of a bi-continuous semi-
group (T (t))i>0 on ZL(E) with respect to Tsot. The following are equivalent:

(a) D(A) is a right-ideal of L (E) and A is a right £ (FE)-module homomorphism.

(b) The semigroup (T (t))e>0 is left implemented, i.e., there exists a Co-semigroup (S(t))i>0
such that T (t)C = S(t)C for each t > 0.

Under these equivalent conditions, if (B, D(B)) is the generator of the Cy-semigroup (S(t))t>o0,
then A(C) = B_1C for each C € Z(E,E_1) = X_1(A).

Proof. (b) = (a) : If C € D(A), then the limit
(AC)(z) := lim M’
t\0 t

exists for each x € Xo. Since (7 (t))¢>0 is left implemented we obtain for B € .Z(E)

(A(CB)(@) = lim TOCB ~ (OBl _ . (T(H)C)(Bx) - C(Br)

=0 t t—0 t ’

and we conclude that CB € D(A) and A(CB) = A(C)B.
(a) = (b) : For A € p(A), C € D(A), B € Z(E) one has
(A= A)(CB) = A\CB — A(C)B = (A\C — A(C))B.
Since A — A is a bijective map we conclude that
R()\, A)(DB) = (R(\, A)D)B

for each D € Z(F). By the Euler-Formula (see [28, Thm. 4.6] and [52, Chapter II, Sect. 3])
we obtain

T (t)C = Tsotlim (?R (n,A>> C.

n—00 t

From this we deduce the equality

T(1)(CB)(x) = (ZEE% (’ZR (?A))n c) B = (T(t)C)B.
Set S(t) := T (t)I, and we are done
TH)C=Tt)(I-C)=(T(t)[)C =S5(t)C.

Finally, A is multiplication operator by the generator (B, D(B)) of the semigroup (S(t)):>0
by Lemma 6.3. 0

Proposition 6.5. Let (T'(t))i>0 and (S(t))i>0 be Co-semigroups on the Banach space E, and
let (A, D(A)) denote the generator of (T(t))t>0. Let (U(t))t>0 and (V(t))i>0 be the semigroups
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left implemented by (T'(t))e>0 and (S(t))i>0, respectively. Let (G, D(G)) be the generator of
(U(t))t>0 and let K : L(E) — ZL(E,E_1(A)) be such that K € SEO)S’TM(U) and such that
C:=(G-1+K) 2@ (with mazimal domain) is the generator of (V(t))i>0. Then K has the

property that
K(CD)=K(C)D,

for each C,D € L(E).

Proof. Since by assumption G and C = (G-1+K)| #(g) both generate implemented semigroups
we conclude by Lemma 6.4 that G, and hence G_1, and C are all multiplication operators.
One has G_1(C) = A_;C for each C € Z(F) and there exists an operator M : E — E_;(L)
such that C(C) = MC for each C' € D(C). We conclude that

K(C)=MC — A_,C

for each C' € D(C). Since (C,D(C)) is bi-dense in .Z(F), for each C' € Z(F), there exists a
sequence of operators (Cp)nen in D(C) such that sup, ey ||Cn|| < 0o and

Cpx — Cux,
for each z € E. The continuity of K and G_; yields
K(Cn) ™% K(O),
G(Cn) ™ G(C)

with convergence in Lot (E, E_1(A)). Therefore, for each x € E the sequence (M Cyx)nen is
Cauchy in F_;(A) and we can define

Lz := lim MChx, x€E.

n—oo

By construction we obtain L € Z(E,E_1(A)) and C(C) = LC for each C € Z(F) and
therefore
K(C)=A_.C+ LC,

for C € D(C). Now we define B := L + A_; as an operator in .Z(FE, E_;(A)) and conclude
that
K(C) = BC

for each C' € Z(FE) and that was to be proven. O

6.3.2 A one-to-one correspondence

We are now prepared to relate Desch—Schappacher perturbations of the implemented semi-
group with the perturbations of the underlying Cp-semigroup. To do so we have to use
the class of Desch—Schappacher admissible operators St]gs for Cy-semigroups. Recall from
[52, Chapter III, Section 3a] the following definitions for a strongly continuous semigroup
(T'(t))t>0 on a Banach space E. We define

SPS(T):={Be L(E,E_1): Vge L (C(0,t], %ux(E)), Vsl <1},
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where Vp denotes the corresponding Volterra operator on F defined by
t
(VBF)(t) := / T i(t —r)BF(r) dr, F e C([0,t0],E), t € [0,t].
0

The following result shows that Desch—Schappacher perturbations of a Cy-semigroup always
give us Desch—Schappacher perturbations of the corresponding implemented semigroup.

Theorem 6.6. Let (U(t)):>0 be the semigroup on L (E) left implemented by the Cy-semigroup
(T(t))i>0- Suppose that B € SP° and let (S(t))i>0 be the perturbed Co-semigroup. Define the
operator K : Z(E) — £ (E,E_1) by

KS:=BS, Se.2(E).

Then K € 855775“ and the perturbed semigroup (V(t))i>o s left implemented by (S(t))i>0-

Proof. First of all we show that Vi F(t)C € Z(F) for F € X4, t € [0,t9] and C € Z(E).
Define f € C([0,to],Zot(E)) by f(r) := F(r)C and observe

(Ve F)(t)Cx = /Ot U (t — r)KF(r)C dr = /Ot T 1(t — r)Bf(r)z dr.

Since by assumption B € SP%, we obtain (Vi F)(t)Cx € E. The following estimate will be
crucial for what follows

|(VicF')(t)Cx|| = H/ot U1(t —7)KF(r)Cx dr

= H/ot T_1(t —r)BF(r)Cx
= [V @Ozl < Ve[ - I - IC2l < VBl - I - IC- =]l -

This estimate shows that (Vi F')(t)C € Z(E). Moreover, we directly see that Ran(Vic) C X4,
since Tgot-strong continuity, norm boundedness and bi-equicontinuity of Vi F' follow also from
the previous estimate. Also the fact that ||Vic|| < 1 is immediate, due to the assumption that
B € S@S . Finally, we show that (G_1 + K) #(g) generates the semigroup left implemented
by (S(t))¢>0. For this notice that for sufficiently large A > 0 we have

R\ (A_i + B)g)Cx = / e MS(t)Cx dt = / e MY()Ca dt
0 0

= R(\, (G-1 + K) | 2(m))C,

for all z € £ and C € Z(F). Whence we conclude that (G_1 + K) ¢ (g) generates the
semigroup left implemented by (S(t))t>0. O

The converse of Theorem 6.6 is also true.

Theorem 6.7. Let (U(t))i>0 and (V(t))i>0 be two semigroups on L (E), left implemented
by the Co-semigroups (T'(t))i>o0 and (S(t))i>0, respectively. Let (A, D(A)) be the generator
of (T(t))t>0 and let K € 855’75“ (U) be such that (V(t))i>0 is the corresponding perturbed
semigroup. Define B € £ (E,E_1) by

Bz := (KI)z, z€E.

Then B € SP5(T) and (A—y + B)|g generates (S(t))i>0-
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Proof. Let f € C([0,t0], Zot(E)) and x € E. We observe that by Lemma 6.3 one has
that (KI)f(r) = K(If(r)) = Kf(r) for each r € [0,t9]. For f € C([0,%0], Zsot(E)) we
define F' € Xy, by F(r) := My, the multiplication with f(r), i.e., F'(r)C = f(r)C for each
C € Z(E). The following computation is crucial for the proof:

Wﬁ@xz[ﬁﬂﬂﬁwﬂﬁﬁmdrz%?ﬂﬂ#%ﬂKDﬂﬂx&
= /tu_l(t —r)Kf(r)z dr = /tu_l(t —r)KF(r)lx dr
0 0
— (Ve F)(t) Iz

DS, Tsot

From this and from the assumption that K € &;; , we conclude that B € S£ S. Moreover

we have
St)yr =V(t) [z =U(t) [z + /Ot U1t —r)KV(r) Iz dr = T(t)x + /Ot T_1(t —r)BS(r)z dr,

for each x € E. This yields that (A_1 + B)|g generates (S(t)):>0- O
Summarizing Theorems 6.7 and 6.6 we can state the following.

Corollary 6.8. Let (U(t))i>0 and (V(t))i>0 be two semigroups on L (E) left implemented
by the Cy-semigroups (T(t))t>0 and (S(t))i>0 on E, respectively. Let us denote the genera-
tors of (U(t))t>0 and (T'(t))t>0 by (G,D(G)) and (A, D(A)), respectively. The following are
equivalent:

(i) There exists K € StlgS’T(U) such that (V(t))i>0 is generated by (G-1 + K)| 2(p)-
(ii) There exists B € S£S(T) such that (S(t))i>0 is generated by (A1 + B)|g-

Remark 6.9. Notice that not every Desch—Schappacher perturbation of a implemented semi-
group gives again a implemented semigroup. To see this let (G, D(G)) be the generator of the
left implemented semigroup (U(t)):>0 and ® € (L (E), Tsot)’. Define, as above, an operator
K:Z%(E)— %(E,E_1) by

K(C) == ®(C)G_1(I), C e Z(E).

Such an operator K is not multiplicative if ® # 0.

6.3.3 Comparisons

Now we relate comparison properties of the implemented semigroup and properties of the
underlying Cy-semigroup. First of all, for B € Z(FE) we define the multiplication operator
Mp € Z(Z(E),Z(F)) by MpS := BS. Then one has ||Mg| = ||B|. By taking B :=
T(t) — S(t) for t > 0 we directly obtain the following result.

Lemma 6.10. Let (U(t))i>0 and (V(t))i>0 be two semigroups on L (E) left implemented by
the Cy-semigroups (T (t))t>0 and (S(t))e>0, respectively. Then the following are equivalent:

(a) There exists M > 0 such that |U(t) — V(t)|| < Mt for each t € [0,1].
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(b) There exists M > 0 such that ||T'(t) — S(t)|| < Mt for each t € [0, 1].

Recall from [28, Prop. 6.1] that the Favard spaces of the implemented semigroup and of the
underlying semigroup for a € [0, 1] are connected by

Fo(U)=Z(E,Fy(T)). (6.3.1)
This yields to the following result.

Lemma 6.11. For B € Z(E,E_1) we define K: Z(E) - ZL(E,E_1) by KS := BS. Then
Ran(K) C F,(U) if and only if Ran(B) C F,(T).

By [6] and [28] the extrapolated implemented semigroup is defined by

7 Leot (E,E_1)

Z/l_l(t)S = T_l(t)S, S e .iﬂ(E) = f(E, E_l).

This gives
FoU) = Fi(U-1) = L (B, Fy(T1)) = Z(E, Fy(T)).

Proposition 6.12. Let (U(t))i>0 and (V(t))e>0 be two semigroups on £ (E) left implemented
by (T'(t))i=0 and (S(t))i>0, respectively. Furthermore let (G, D(G)) denote the generator of
(U(t))e=0. Suppose that there exists M > 0 such that

le(t) = V)| < Mt
for each t € [0,1]. Then there exists K € St]:O)S’T with Ran(K) C Fy(G).

Proof. Since [[U(t) — V()| < Mt for each ¢ € [0, 1] we can use Lemma 6.10 to conclude that
IT(t) —S(t)|| < Mtforeacht € [0,1]. If (A, D(A)) denotes the generator of (1'(t));>0, then by
[52, Chapter III, Thm. 3.9] we find B € Z(F, E_1) such that B € S and Ran(B) C Fy(A).
As in Theorem 6.6 this gives rise to an multiplication operator K : Z(E) — Z(E,E_;)
defined by
KS:=BS, SeZ(E).

By Lemma 6.11 we conclude that Ran(K) C Fp(G). It remains to show that (G_1 + K) 2 (g
generates (V(t))i>0. But, by [52, Chapter III, Thm. 3.9], (A_1+ B)|g generates (S(t))i>0. U

Combining Propositions 6.12, 4.5 and [52, Chapter III, Thm. 3.9] we obtain the following
theorem.

Theorem 6.13. Let (U(t))>0 and (V(t))>0 be two semigroups on L (E) left implemented
by (T'(t))e>0 and (S(t))t>0, respectively. Denote by (G, D(G)) the generator of (U(t))i>0 and
by (A, D(A)) the generator of (T'(t))e>0. If K € S£S’T(U) such that Ran(K) C Fy(G), then
there erists B € S@S(T) with Ran(B) C Fy(A) such that KS = BS for each S € Z(E).

Proof. By Proposition 4.5 we find M > 0 such that [|U/(t) — V(¢)|| < Mt for each t € [0, 1].
Following the proof of Proposition 6.12 there exists B € S£ 9 such that Ran(B) C Fy(A). O

From this we can deduce the following equivalence.
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Theorem 6.14. Let (U(t))i>0 and (V(t))i>0 be two semigroups on L (E) left implemented
by the Co-semigroups (T(t))e>0 and (S(t))t>0 on E, respectively. Let us denote the genera-
tors of (U(t))>0 and (T(t))t>0 by (G,D(G)) and (A, D(A)), respectively. The following are
equivalent:

(a) There exists K € SDST(Z/{) such that Ran(K) C Fy(G) and such that (V(t))e>0 s generated
by (G-1+ K) 2()-

(b) There exists B € S£S(T) such that Ran(B) C Fy(A) and such that (S(t))i>0 is generated
by (A-1+ B) -

§ 6.4 Notes

The results mentioned in this chapter are taken from [28] and [27]. We remark, that we only
considered the left implemented case. The right implemented semigroup as well as the two-
sided implemented semigroup are not studied in such detail. Here we refer for extrapolation
results to the work of J. Alber [5, 6]. The question of implementation, as it was already men-
tioned above by Ludwig’s Theorem and the Wigner symmetry, is still interesting. Especially,
the results from Section 6.3.2 and Section 6.3.3 assume that the perturbed semigroups are
implemented as well. The question is then, under which assumptions on the perturbation
operator the perturbed implemented semigroup is again implemented. One indication could
in point of fact be the aspects of quantum mechanics.
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Chapter 7

Flows on Networks

Introduction

Consider a very large network, whose actual size may not be known but some of its structural
properties are understood well. One way to model this situation is to consider an infinite
graph with combinatorially reasonable assumptions based on the a priori knowledge about
the structure of the network. Along the edges of the network some transport processes take
place that are coupled in the vertices in which the edges meet. This means that we consider
each edge as an interval and describe functions on it, that is, we consider a metric graph.
Systems of partial differential equations on a metric graph are also known as quantum graphs.
The transport processes (or flows) on the edges are given by partial differential equations
of the form %uj(t,x) = cj%uj(t,x) and are interlinked in the common nodes via some
prescribed transmission conditions.

Such a problem was considered by Dorn et al. [41, 43, 42] on the state space L! ([0,1],¢")
applying the theory of strongly continuous operator semigroups. A semigroup approach to
flows in finite metric graphs was first presented by Kramar and Sikolya [76] and further used
in [51, 42, 22, 15, 21] while transport processes in infinite networks were also studied in
[16, 18]. However, all these results were obtained in the L!-setting. By considering problems
in infinite graphs, the flow problem in the L°°-setting is interesting for applications as well.
J. von Below and J.A. Lubary [120, 121], for example, study eigenvalues of the Laplacian
on infinite networks in an L*°-setting. To the best of our knowledge, transport equations
on infinite metric graphs with an L*°-state space have not yet been studied. We consider
this problem on the state space L™ ([0, 1] ,61) where the obtained operator semigroup is not
strongly continuous. To tackle this we make use of the theory of bi-continuous semigroups.

This chapter is organised as follows. Section 7.1 is a preliminary section where we introduce
some notions for networks and metric graphs. In Section 7.2 we present the flow problem for
an infinite metric graph. We first prove the well-posedness in the case when all flow velocities
cj equal 1. Next, we generalise this result to the case with rationally dependent velocities
satisfying a finiteness condition. Finally, we show that the general problem is well-posed.
Actually this will be done only on a finite metric graph due to technical assumptions.
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§ 7.1 Preliminaries

In order to talk about finite and infinite networks we use the notation used in [76] and [41].
A network is modelled with an infinite directed graph G = (V,E) with a set of wertices
V ={vi|i€ I} and a set of directed edges E = {e; | j € J} CV x V for some countable sets
I,J C N. For a directed edge e = (v;,vy) we call v; the tail and vy the head of e. Further,
the edge e is an outgoing edge of the vertex v; and an incoming edge for the vertex vi. We
assume that the graph G is simple, i.e., there are no loops or multiple edges. This means
in particular, that there are no edges of the form e = (v;,v;), i € I (i.e., the tail and the
head of the edge coincide and so an edge connects a vertex with itself) and no several edges
connecting two vertices in the same direction

(a) (b)
e e,
VJ
€,
v, v,
Figure 7.1: A loop (a) and a graph with multiple edges (b), cf. [40, Fig. 2.2]

Moreover, G is assumed to be locally finite, i.e., each vertex has only finitely many outgoing
edges. Furthermore, the graph G is weighted, that is equipped with some weights 0 < w;; <1
such that

> wij=1forallicl. (7.1.1)
Jel
The structure of a graph can be described by its incidence or its adjacency matrix. The
outgoing incidence matriz ®~ = (®;;) is defined by
1 ifv 2
_ if v; ,
ij = L (7.1.2)
0 otherwise,
whereas the weighted outgoing incidence matriz @, = (CIJ;Z-j) is defined by
if v;
_ Wi 5 1 v; )
i {O otherwise. ( )

By v; 5 we mean that the vertex v; is the tail of the edge e;. The incoming incidence
matriz ®T = (@;;) is defined by

1 if vy,
ot .= v 7.1.4
*J { 0 otherwise. ( )
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Here —25 v; means that the vertex v; is the head of the edge e;. The incidence matriz ® of
the directed graph G, describing the structure of the network completely, is then defined by
® := & — &~. There are two other important matrices associated to a general graph and
who are needed in what follows. The transposed adjacency matriz of the weighted graph G
is defined by

A=dt(97)".
The nonzero entries of A correspond exactly to the edges of the graph, keeping track also of
the appropriate weights, cf. [21, p. 280]. In fact, A can be described explicit as

. if vi %5 v,
Aij = ’LU]k ! Vi . Vi (715)
0 otherwise.

Last but not least we use the so-called weighted (transposed) adjacency matriz of the line graph
B = (B;;) defined by B := (® )T ®*. One can also give an explicit entrywise description as

. f €j €4
By i {wkz L=V = (7.1.6)

0 otherwise.

By (7.1.1), the matrix B is column stochastic, i.e., the sum of entries of each column is 1, and
defines a bounded positive operator on ¢! := ¢(J) with 7(B) = ||B|| = 1.

We identify every edge of our graph with the unit interval, e; = [0, 1] for each j € J, and
parametrise it contrary to the direction of the flow, if ¢; > 0, j € J, so that it is assumed
to have its tail at the endpoint 1 and its head at the endpoint 0. For simplicity we use the
notation e;j(1) and e;(0) for the tail and the head, respectively. In this way we obtain a metric
graph.

§ 7.2 Transport problems on (in)finite metric graphs

We now consider a transport process (or a flow) along the edges of an infinite network,
modelled by a metric graph G. The distribution of material along edge e; at time ¢ > 0 is
described by function a u;(z,t) for € [0,1]. The material is transported along the edge e;
with constant velocity ¢; > 0, 7 € J. We assume that

0 < ¢min < ¢ < Cmax < 00 (7.2.1)

for all j € J. Let C := diag(c;);jes be a diagonal velocity matrix and define another weighted
adjacency matrix of the line graph by

BC .= C'BC.

In the vertices the material gets redistributed according to some prescribed rules. This is
modelled in the boundary conditions by using the adjacency matrix Bo. The flow process on

105



G is thus described by the following infinite system of equations

0 0
auj(x,t) = Cj%uj(x,t), z € (0,1), t >0,

uj(1,t) = Z Bﬁuk(o,t), t >0, (boundary conditions) (7.2.2)
keJ
Uj(x,()) :fj($)7 (S (07 1)7

for every j € J, where f;(x) are the initial distributions along the edges.
One can give different interpretations to the weights wj;, i.e., entries of the matrix B, resulting
in different transport problems. The two most obvious are the following.

1. wjj; is the proportion of the material arriving from edge e; leaving on edge e;.
2. w;; is the proportion of the material arriving in vertex e;(0) = e;(1) leaving on edge e;.

Note, that in both situations (7.1.1) represents a conservation of mass and the assumption on
local finiteness of the graph guarantees that all the sums are finite. While the latter situation
is the most common one (see e.g. [41, 76, 21]) the first one was considered for finite networks
in [22, Sect. 5. Here, we will not give any particular interpretation and will treat all the cases
simultaneously.

Remark 7.1. By replacing in (7.2.2) the graph matrix B¢ with some other matrix, one
obtains a more general initial-value problem that does not necessarily consider a process in a
physical network. Such a problem from population dynamics was for example studied in [16].
Furthermore, the question when such a general problem can be identified with a corresponding
problem on a metric graph was raised in [15].

7.2.1 The simple case: constant velocities

First we assume that all the velocities are the same: ¢; = 1 for each j € J. In what follows
we abbreviate the space ¢!(J) by 1. As the state space we set Xg := L* ([0, 1], ¢!) equipped
with the norm

1f1lx, = ess sup [[f(s)l| -
s€[0,1]
On the Banach space X we define the operator (A4, D(A)) by
A = diag (d> ,
dz (7.2.3)
D(A) := {v e W ([0,1],¢') | v(1) = Bu(0) }.

Now we consider the corresponding abstract Cauchy problem on X corresponding to the
operator (A, D(A)) defined in (7.2.3)

{u(t) = Au(t), t20, (7.2.4)

u(0) = (fj)jes-

For the sake of completeness we prove that (7.2.4) is equivalent to the flow problem (7.2.2)
in case when all the velocities equal 1.
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To see this we show that the domain condition in (7.2.3) is equivalent to the boundary
condition in (7.2.2). For g € D(A) we obtain for its j-th component the following equality

g;(1) = Bjg(0) = (®7); ®*g(0)

By the structure of (@;)T one obtains

m
D595 (1) = wij Y Phgr(0).
keJ
For the converse we start by using the boundary condition in (7.2.2). Moreover, we recall

from [21, Prop. 18.2] that the j-th row of (@;)T corresponds to the edge e; and has exactly
one nonzero element, say wj; , corresponding to the starting vertex v; for this edge. That is
to say that ®;; = 1. Hence we obtain

(Bg(0)), = (®3); ®*g(0)

m
=wi; »_ 4 ge(0)
ke

=®;59;(1) = g;(1)
This shows indeed that the two problems (7.2.2) and (7.2.4) are equivalent.

On the state space L' ([0,1], £1) this was considered by B. Dorn [41] where an explicit formula
for the solution semigroup in terms of a shift and matrix B was derived. Dorn made use of the
left-translation semigroup (7(t))+>0, which is not strongly continuous on Xy. However, by
using duality arguments we will show that it is a bi-continuous semigroup on Xg. First note
that the left-translation semigroup on X = L' (0,1],co)’ = L= ([0, 1], £*) is the adjoint semi-
group of the right-translation semigroup on L' ([0,1],cp), see [52, Chapter I, Example 5.14].
Here cg is the space of all sequences converging to 0, which is in fact a Banach space equipped
with the supremum-norm.

Lemma 7.2. The right-translation semigroup (1:(t))i>0, defined by

fls—1), s—1>0,
0, s—t <0,

Ti(t)f(s) = {

for f € L1([0,1] ,¢cq), t > 0 and s € [0, 1], is strongly continuous on L' ([0,1],co).
Proof. Let x = (xn)nen € co and let f := x - 1o for a measurable subset Q C [0,1]. We first
show that T;(t) f — f with respect to the norm on L' ([0,1],co) as t — O:

1 1
| Im@ss) = £y ds = [ £ = 01150 = 75 s

1 1
=lxll, - [ 1tals =) = 1a@)lds =[xl - [ [1@ns06)
=[xl - A (2 +6)AR) = 0 as ¢ — 0,

ds

where ! is the one-dimensional Lebesgue measure on [0, 1] and A the symmetric difference of
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sets defined by AAB := (AUB)\(ANB), A, B C [0,1]. Since every function f € L! ([0,1],co)
is an increasing limit of linear combinations of functions of the form x-1q for some x € ¢y and
measurable set 2 C [0, 1], the vector-valued version of Beppo-Levi’s monotone convergence
theorem yields the result. O

Remark 7.3. (i) The Beppo-Levi theorem we used in the preceding proof is by [117,
Prop. 2.6] only applicable in our case owing to the fact that cg is a Banach lattice with
o-order continuous norm meaning that if (z,),en a decreasing sequence with respect to
the ordering on ¢y such that the infimum is 0, then (z,),en norm-converges to 0. For
general Banach spaces X there is no monotone convergence theorem on L ([0, 1], X).

(ii) Observe that the classical proof of strong continuity, as it can for example be found in
[21, Ex. 9.11], uses a density argument instead of the monotone convergence theorem.
Especially, the strong continuity does not depend on the space cg, hence one could
generalise this result to strongly continuous right-translation semigroups on L ([0,1],Y)
and even to L? ([0,1],Y) for an arbitrary Banach space Y and 1 < p < oc.

Lemma 7.4. The left-translation semigroup (Ti(t))e>0, defined by

fls+1), s+t<1,
0, s+t>1,

Ti(t)f(s) = {

fort >0 and s € [0,1], is bi-continuous on L™ ([0,1],¢*) with respect to the weak*-topology.

Proof. This result follows directly from the results in Chapter 1 since (7}(¢))+>0 is the adjoint
semigroup of the strongly continuous semigroup (7;(t)):>0, cf. [52, Chapter II, Sect. 3.6,
Exam. (i)], hence we can apply the result from Section 1.2.2 i.e., the adjoint semigroup is
bi-continuous with respect to the weak*-topology. O

We now use the formula for the semigroup which was derived by B. Dorn for infinite networks
[41] and show that it yields a bi-continuous semigroup on L> ([0, 1], ¢!). For that we have to
check all the assertions from Definition 1.3 which we do in several steps.

Lemma 7.5. The semigroup (T(t))i>0 on Xo =L ([0,1], 1), defined by
(Tt)f)(s)=B"f(t+s—n), n<t+s<n+1, feXy neNy, (7.2.5)
is strongly continuous with respect to the weak*-topology.

Proof. The semigroup property is easy to verify, cf. [40, Prop. 1.2.1]. Observe that for any
f € Xo, g € L1([0,1],cp), and t € (0,1] we have

T0F - Fgl =| [ X056) - 56090 s
<| [0 - )9 as

1
[ 1Bt - f). ()] ds
1-t

= | [ @05) - s gtonas| + [ 1B +1-1) - 7). g(oD]ds.
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Now, notice that the second summand vanishes since A\! ([1 —¢,1]) — 0 as t — 0. Here, \!
is again the one-dimensional Lebesgue measure on the unit interval [0,1]. By Lemma 7.4,
the left-translation semigroup is bi-continuous on Xg, which means, in particular, that it is
strongly continuous with respect to the weak*-topology and hence the first summand also
vanishes as t — 0. O

Lemma 7.6. The semigroup (T'(t))i>0, defined by (7.2.5), is a contraction semigroup on Xj.

Proof. Let f € Xg and t > 0. Then there exists n € Ny such that n <t < n+ 1. This means
that for s € [0,1] one has n < s+t < n+2. By (7.2.5), we can make the following estimate.

IT(#)f | x, = ess sup | T(t) f(s)]| n
zl}'

s€l0,1

<max<{ esssup [B"f(s+t—n)|,, esssup HIB%"Hf(S +t—n—1)
s€[0,n+1—t) s€[n+1—t,1)

Since ||B™|| = |B||" = 1, we have

IB"f(s + ¢ =n)llp < IB*[| - 1 Fllx, = £l x,

and hence, [|T(t) fllx, < Iflx,- -

Lemma 7.7. The semigroup (T(t))i>0, defined by (7.2.5), is locally bi-equicontinuous with
respect to the weak*-topology on Xo = L ([0,1] ,61).

Proof. Let (fn)nen be a sequence of functions in Xy that is [|-[| x -bounded and converges to 0
with respect to the weak*-topology. By Definition 1.3 we need to show that (7'(t) f)nen also
converges to 0 with respect to the weak*-topology uniformly for ¢ € [0,%9]. To this end, fix
to > 0 and let m := [to]. Moreover, for fixed ¢t € [0, o] let k := [t|. Then, for this ¢ € [0, ¢o]
we obtain

ds

09 < [ [TORE06)x,
g/ol (B fuls + 1= 1),9(5))

< [ (1= 0G0, (B¥) gt

By taking the maximum for 0 < ¢t < tg and the corresponding maximum for 0 < k < m we
obtain for 0 < s+t <m+1, s € [0,1] by (7.2.5) the following:

ds

ds.

Xo

ds

1
(IOl < [ [T OF().905)) x,
1

< ; Orgr}ﬁagxm <Ikan(s +t— k),g(s)>X0 ds
< 01 oax <Tl(t — k) fu(s), (Bk’)/g(g)>xo ds,
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for each g € L' ([0,1],¢c). Since, by Lemma 7.4, the left-translation semigroup (7}(t)):>0
is bi-continuous, hence locally bi-equicontinuous, |(T(¢)f, g)| tends to 0 uniformly on [0, £o].
This finishes the proof.

Let us recall here the explicit expression of the resolvent of operator (A, D(A)) defined by
(7.2.3) which was obtained in [41, Theorem 18]. This result does not rely on the Banach
space and remains the same if we take Xy = L ([0,1],¢!) instead of L' (]0,1],¢!). To be
self-contained we reproduce the proof.

Proposition 7.8. For Re(\) > 0 the resolvent R(\, A) of the operator (A, D(A)) defined by
(7.2.3) is given by

(RN, A)f)(s) == ie*’f / L Mer1-s) g f(t) dt + / LA ft) dt, fe Xo, sel0,1].
k=0 0 s

Proof. Let f € Xy and g € D(A) such that (A — A)g = f, or in other words, A\g — ¢’ = f. To
solve this differential equation we use the variation of constants formula to obtain

g(s) = d + / L) f(t)dt, sel0,1], (7.2.6)

for some d € ¢!. By the assumption that g € D(A) we have g(1) = Bg(0) which yields,

1
d.eAZBdHB/ e M f (1) dt
0

whence
I—e*B)d=B ACHD £(3) dt.
(

For A € C with Re(\) > 0 we obtain from the fact that r(B) = 1 that r (e*/\IB) < 1. By
applying the Neumann series one gets

d= 7)\:[8 ]B/ t+1)f

Combining this with (7.2.6) yields the desired formula. O

We are now in the state prove the first generation theorem.

Theorem 7.9. The operator (A, D(A)), defined in (7.2.3), generates a bi-continuous con-
traction semigroup (T'(t))i>0 on Xo with respect to the weak*-topology. This semigroup is
given by (7.2.5), i.e

(T f)(s)=B"f(t+s—n), n<t+s<n+1, fe Xy neNp.

Proof. By Lemmas 7.5, 7.6, and 7.7, semigroup (7'(t)):>0 defined by (7.2.5) is a bi-continuous
semigroup with respect to the weak*-topology. It remains to show that (A4, D(A)), given in
(7.2.3), is the generator of this semigroup. Let (B, D(B)) be the generator of (T'(t)):>0. By
(1.3.2), the resolvent of B is the Laplace transform of the semigroup (7'(t))¢>0, that is, for
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A > wo(T) we have

(ROB)) () = [~ (T(0f) (5)

0
1—s o n—s+1
:/ e Mf(t+s) dt+2/ e MBf(t+ s —n) dt
0 n—1v/n—s

= / NI de+ Y / T NE TR () de.
s n—=1"0

To conclude the proof we observe that D(A) is bi-dense in Xj. To see this, we refer to Theorem
7.15 below, where we show this for the more general case (even if we there consider finite
networks, the idea of the proof is the same). Now, by Proposition 7.8, the resolvent operators
R(A,A) and R(A,C), coincide on the bi-dense set D(A), so we conclude that C' = A. O

Corollary 7.10. If all ¢; = 1, j € J, the flow problem (7.2.2) is well-posed on Xo =
L ([0,1], ¢1).

Remark 7.11. All the obtained results also hold for finite networks. If G = (V| E) is a finite
network with |E| = m < oo, we have ¢* ({1,...,m}) = C™, hence we consider the semigroups
on the space Xy = L* ([0,1],C™).

7.2.2 The rationally dependent case

We now consider the case when the velocities ¢; appearing in (7.2.2) are not all equal to 1
and define on Xp := L ([0,1],¢') the operator

d
Ag = diag (cj : d) )
x

(7.2.7)
D(Ac) = {f e W= ([0,1],¢") | f(1) =BEf(0)}.
We assume, however, that the velocities are linearly dependent over QQ: E—; €Qforalli,jeJ,

with a finite common multiplier, that is,

there exists 0 < ¢ € R such that ¢; := c£ € Nfor all j € J. (7.2.8)
J

This enables us to use the procedure that was introduced in the proof of [76, Thm. 4.5] and
carried out in detail in [17, Sect. 3]. We construct a new directed graph G by adding ¢; — 1
vertices on edge e; for all j € J. The newly obtained edges inherit the direction of the original
edge and are parametrised by unit intervals [0,1]. We can thus consider a new problem on
G with corresponding functions u; and velocities ¢; := ¢ for each j € J. After appropriately
correcting the initial and boundary conditions the new problem is equivalent to the original
one. Since all the velocities on the edges of the new graph are equal, we can treat this case by
rescaling the velocities to 1 and use the results from Subsection 7.2.1. Moreover, since (7.2.1)
and (7.2.8) hold, the procedure described by J. Banasiak and P. Namayanja in [17, Sect. 3]
for the finite case can be as applied in the infinite case as well. Hence, we even obtain an

isomorphism between the corresponding semigroups.
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Proposition 7.12. Let the assumptions (7.2.1) and (7.2.8) on the velocities c; hold. Then
operator (Ac, D(Ac)), defined in (7.2.7), generates a contraction bi-continuous semigroup
(Te(t))e=0 on Xo with respect to the weak*-topology. Moreover, there exists an isomorphism
S Xo — Xo such that

To(ct)f = ST(t)S™1f, (7.2.9)

where the semigroup (T(t))i>0 is given by (7.2.5)
Corollary 7.13. If the assumptions (7.2.1) and (7.2.8) on the velocities c; hold, the flow
problem (7.2.2) is well-posed on Xo = L ([0, 1], ¢1).

7.2.3 The general case for finite networks

We finally consider the case of general ¢; € R but restrict ourselves to finite graphs, i.e., we
work on the Banach space Xy = L ([0,1],C™), where m denotes the number of edges in
the graph. In [21, Cor. 18.15] the Lumer—Phillips generation theorem for positive strongly
continuous semigroups is applied to show that the transport problem with general ¢; € R
is well-posed on Xg = L!([0,1],C™). Since an appropriate variant of a Lumer-Phillips
generation theorem for the bi-continuous situation is not known, we proceed differently and
use the bi-continuous version of the Trotter—Kato approximation theorem, cf. Theorem 1.22.
Let
Ex(s) := diag (¢V%)*) | s€[0,1], and B := Ex(~1)BY,Re(\) > 0.

By using this notation one can write an explicit expression for the resolvent of operator Ac
defined in (7.2.7), cf. [21, Prop. 18.12].

Lemma 7.14. For Re(\) > 0 the resolvent R(\, Ac) of operator Ac given in (7.2.7) equals
-1
R\ Ap) = (IXO + E\() (1 — Bg) Bg & 50) Ry,

where 6y : L ([0,1],C™) — C™ denotes the point evaluation at 0 and

(Rxf) (s)—/lEA(s—t)le(t) dt, s€l0,1], feL>®([0,1],C™).

s

Proof. Let f € X and g € D(A¢) such that (A — Ac)g = f. As a result of the variation of
constants formula we obtain

g(s) = Ex(s)d + /1 Ex(s —t)C7 f(t) dt, sel0,1], (7.2.10)
for some d € C™. The boundary condition of D(A¢) yields that g(0) = B¢g(1) meaning that
Ex(1)d = BCd + BC /31 Ex(—t)C~ (1) dt.

By multiplying the previous equation by E)(—1) we get
(1-B5) d =B (Rrf)(0).
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We observe that r (Bf) < HIBB?H < 1 (see [21, Sect. 18.3]), hence (I — BY)~! exists for
Re(A) > 0 and

-1
d=(I-BS) BS(R\f)(0)
Together with (7.2.10) we get the desired expression for the resolvent. O

Theorem 7.15. The operator (Ac, D(Ac)), defined in (7.2.7), generates a bi-continuous
semigroup (T (t))i=o0 on Xo =L ([0,1],C™).

Proof. We first show that operator A¢ is bi-densely defined. Take any f € L ([0,1],C™).
For n € N let Q,, := {%, 1- %] C [0,1] and define f, : [0,1] — C™ by a linear truncation of
f outside Q,, i.e.,

nf(%)x, T € O,H,
fu(@) = f(2), ze|p -1l
nf(l—%)(l—x), x € 1—%,1.

Observe that f, is Lipschitz for each n € N and hence f,, € W5 ([0,1],C™). Moreover
fn(1) = £4(0) = 0 for each n € N implying that f,,(0) = B £,(0), hence f, € D(Ac).
Furthermore one has that sup, ey || fnlloo < | fllo < 00 and f,— f as n — oo with respect to
the weak*-topology, since

1

[ e~ s oo ] < 207003 ([o. 2] [r= 2], = 2 e

for each g € L' ([0,1],C™). We now define a sequence of operators A, approximating Ac

in the following way. For each c¢; € R there exists a sequence (cg-n)) o in Q such that
n

lim,, oo c§n) = ¢;j. Since the network is finite, for each n € N the velocities c§-n), j € J, satisfy
condition (7.2.8) and, by Proposition 7.12 we obtain a bi-continuous contraction semigroup
(T5,(t))t>0 generated by

A, := diag (an) . dd) ,
x

(7.2.11)
D(An) := {f € W' ([0,1],€™) | f(1) = B (0)},

where C,, := diag (an)) Moreover, all semigroups (77,(t)):>0, n € N, are similar and thus
uniformly bi-continuous of type 0, cf. Definition 1.20. Observe, that the general assumptions
of Theorem 1.22 are satisfied. Let us now check the assumptions of assertion (b) of Theorem
1.22. Let R := R(\, A¢) and observe that R : L>° ([0,1],C™) — D(A¢) is a bijection. By
the above, Ran(R) is bi-dense in L* ([0,1],C™). For every n € N, replacing c¢; by cgn) for

all j € J, Lemma 7.14 yields an explicit expression for R(\, A,). It is easy to see that
RN A S I Rf for f € D(A¢) as n — oco. Applying Theorem 1.22 gives us a bi-continuous
semigroup (T¢(t))+>0 and an operator (B, D(B)) generating this semigroup. Note that, since
in our case R = R(\, A¢) is a resolvent, by Remark 1.23 we have R = R(\, A¢) = R(\, B)
for A € p(Ac¢) and by the uniqueness of the Laplace transform we conclude that (B, D(B))
(Ac, D(Ac)).

Ol
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Corollary 7.16. The flow problem (7.2.2) for finite networks is well-posed on L>° ([0, 1] ,C™).

Remark 7.17. Observe that in the same manner, by using the original strongly continuous
version of the Trotter-Kato Theorem (see [52, Chapter III, Sect.4b]), one can deduce the
well-posedness of the problem on Xo = L! ([0, 1],C™).

§ 7.3 Notes

The content of this chapter is joint work with M. Kramar Fijavz [29]. In fact, we treat the
case of the state space L ([0, 1] ,61) which gives rise to bi-continuous semigroups. We chose
this state space since on the one hand one has the Radon-Nikodym property of #! and on the
other hand a preadjoint semigroup which can be controlled to obtain our results. To mention
is that some of the results become achievable after a fruitful discussion with B. Farkas.

The research question actually appeared as a part of a suggested research proposal for a
PPP project of the DAAD driven forth by B. Farkas and M. Kramar Fijavz. Although this
project was not supported we started a collaboration. To be more precise, in April 2018 the
author visited the University of Ljubljana and was financially supported by the ERASMUS+
program in the context of a staff training (STT).

M. Kramar FijavZz and the author first met during the final workshop of the 20'" Internet-
seminar on Linear Parabolic Equations at the University of Salerno. As a matter of fact the
author was part of Project F: Non-autonomous diffusion in networks conducted by Kramar
Fijavz. This project awaken interest of the author in networks. Afterwards we stayed in
contact and this get our collaboration off the ground.

We remark that there is an open question: can Theorem 7.15 be handled without the assump-
tion of finiteness of the network as mentioned in Section 7.2.37 In fact, this assumption is
caused by the use of the Trotter-Kato approximation theorem. In [21, Sect. 18.3] the strongly
continuous case for finite networks on the phase space L ([0, 1], C™) is discussed. The author
thinks that it should be no problem to generalize this to infinite networks. As a matter of fact,
one uses the Lumer—Phillips generation theorem, cf. [21, Thm. 11.10] and [52, Chapter II,
Thm. 3.15]. Such a generation theorem is not known so far for the bi-continuous case. Even
if we also have the work of B. Dorn [41], the state spaces L ([0,1],¢>) and L! ([0, 1], £°°)
are not yet considered and are left open.
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