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Introduction

Since the introduction of schemes, many facets of geometry and number theory were brought
under a common framework in the language of schemes. For example, the class groups on the
number-theoretic side and the divisor class group on the geometric side are essentially the same
construction applied to the spectrum of the ring of integers in the number-theoretic case and the
spectrum of regular functions in the geometric case. Through this connection, many ideas from
both fields were cross-pollinated. An important example is the theory of L-functions, which
has its origin in number theory, and on the other hand, we have K-theory, which has its roots in
algebraic topology and geometry.

The main topic of our thesis is also an interplay between number theory and geometry. In
this case, the number-theoretic side is the cohomology groups of the arithmetic groups. The ge-
ometric side is given in terms of motives, which can be thought of as the universal cohomology
theory. Let us elaborate a bit on what both of these sides are.

Arithmetic groups are certain groups of number-theoretic importance. The simplest exam-
ple of an arithmetic group is the modular group S L,(Z), which is ubiquitous in mathematics
and is related to modular forms. By Eichler-Shimura (Chapter 8 of [58]), the modular forms
are related to the group cohomology of S L,(Z) with Z[x, y] coefficients. The simplest example
of this fact would be that the space of weight 2 modular forms is isomorphic to H 1(S L,(Z),C).
To study the cohomology of an arithmetic group I', one typically studies the cohomology of
the associated locally symmetric space Y(I') and its compactification X(I"), which usually has
an orbifold structure. These spaces themselves contain number-theoretic information, e.g. they
are modular curves in the case of S L,(Z). If I' is torsion-free, then X(I') is a compact manifold.
The group cohomology of I' in this case can be calculated by the singular homology of the pair
(X(I'), 0X(T')) because,

H (T,V) = H:, (Y(D), V) = H"(X (), X)) (1)

sing —i

where 0X(I') := X(I') — Y(I'), d is the real dimension of X(I'), V is a I'-module and V is its
associated local system. We will denote the singular/cellular complex of X(I') as S +(I') and this
is the complex that is crucial for us.

Motives are algebro-geometric objects, envisioned by Grothendieck, as the universal coho-
mology theory. They were primarily motivated by the fact that different cohomology theories
for algebraic varieties had more complicated structure e.g. Hodge structure, Galois action etc
which were compatible in a certain sense. Let &k be a field. Let Vary be the category of algebraic
varieties over F i.e. finite type, separated schemes over k. Denote by DC the derived category
of C. A cohomology theory with coefficients in category C is a functor H : Var;, — DC satis-
fying the Bloch-Ogus axioms mentioned in Levine’s chapter on mixed motives in [18]. These

7



8 CHAPTER 0. INTRODUCTION

properties include Mayer-Vietoris sequence, Poincaré duality and Kiinneth formula. Let F be
another field. If C is a F-linear category, then the cohomology groups are F-vector spaces. The
category of mixed motives MM(k, F) would then be the category such that for any cohomology
functor H there exists a H : DMM(k) — DC making the following diagram commute

Var, — 2 DMM(k, F) )

Tl

DC

The category MM(k, F) should be a Tannakian category which means that it is equivalent to the
category of finite dimensional representations of some pro-affine algebraic group G = G(k, F).
The ring of functions of G, usually denoted by O(G), is a non-negatively graded connected
Hopf algebra, and it has an associated graded Lie coalgebra L.(MM(k, F)) of indecomposable
elements.

oG
L(MM(k, F)) := (—);0 3)
O(G)>O
where O(G)s is the sum of all graded components of O(G) except the zeroth component. The
Lie coalgebra L,(MM(k, F)) gives us a sequence,

2 3
LAMM(k, F) 5 [\ LaMM(k, F)) = )\ L(MM(k, F)) = -+ “)

where 6(x) = A(x) — 1 ® x — x ® 1. Even though the category MM(k, F) is conjectural, we
can work with a category of some ’simpler’ motives that can be constructed in many cases.
These are mixed Tate motives. Let us denote this subcategory of MM(k, F) as MT M(k, F).
Levine proved [44] that M7 M(k, F) exists when k is a number field. It is a subcategory of
MM(k, F) if the latter exists. Deligne and Goncharov [12] gave a construction of MM (O, F),
where O is the ring of integers of a number field k. From now, we will assume k is a number
field. Let n be a natural number and let u, is the group of n-th roots of unity in k. The category
MT M(k, F) has a pro-object 11 (P! = (u, U {0, o0})) mentioned in [12]. This is the motivic
version of the pro-completion of the fundamental group 7 (P! — (1, U{0, o0})). The subquotients
of (P! - (1, V{0, oo})) generate a Tannakian subcategory of M7 M(k, F). From this Tannakian
subcategory, we can again construct a graded Lie coalgebra which we will denote by L (k, F).
Let A* L4(k, F) be the complex

2 3
Lol F) = \ L F) > [\ Lok, F) - - 5)

which is dual to Chevalley-Eilenberg complex for Lie algebras. This is the complex we are
interested in.

Iterated integrals and A" L,

In [25], Goncharov describes what A* L4(k, Q) should look like. The Lie coalgebra L.(k, Q) is
generated by symbols IM(ao; ai, -+ ,asa;.1) where a; € u,, U {0, oo}, where u,, C k, subject to
the relations (See section 2.1 of[25]);

1. Unit: IM(a;b) = 1foranya,b € u, U {0, co}.



2. Relation from shuffle product: For m,l > 0 and a, b € u, U {0, co}, one has

D, Maota), - oaum);b) =0

O'EZLm

where X, is the set of permutations o on 1,2,---,/ + m such that o(n) > o(m) if
l<nm<lorifl<nm<I[+m.

3. Triviality: For [ > 0, IM(a;al, ceeana)=0

4. Cobracket: 5(IM(ag;ay,--- ,ar; ai41)) is defined as
sM@gar, - san)) Y Magarnanan- a)AMag g, ara)
O<i<k<l+1
The Lie coalgebra has a grading called weight grading with I’M(ag; a1, --- , a;; a1) being

a homogeneous element of weight /. These elements are motivic versions of multiple iterated
integrals

dh dt, dl‘k
l(ao;al,---,ak;akﬂ):f A Ao A (6)
Ali—ar h—a I — ag
where vy is a path in PYC)—{ay, - ,ax) starting from a¢ and ending at a;41 and A, is the region
containing points of the form { (y(¢1),y(f2), - ,y(tx)|10<t1 < <--- < < 1}

In weight one, the iterated integrals are generated by I*(0;z; 1), where z € u,. There is
a natural map £1(F,Q) — K|(F)® Q = F* ® Q. The image of ™0, z,1) is the cyclotomic
unit 1 — z if z is a primitive n-th root of unity. The group of cyclotomic units is a finite index
subgroup in O.

In weight two, we have two important types of elements. Let z,7;,z2 € u, then we have
the motivic dilogarithm defined as Liéw(z) := ™(0;0,z; 1) and the double logarithm defined
as Li{\"‘1 (z1,22) := PM(0;(z122)7Y, (z2)~': 1) called the motivic double logarithm. As integrals,
dilogarithm and double logarithm are

21 M1
Liz(Z)zf —f l_ududt,
dt
Liy(z1,22) = h—z 1t—(Z1Zz) !
2

Cyclotomic Fields and I'; (V)

Let N be a natural number. Let I" be the group I'1(N) € GL,(Z), defined as the stabilizer of
(0,1) € (Z/N)*. The group I'{ (V) acts on the symmetric space of GLy(Z), which is C — R. If
we include the cusps P'(Q), then the space C — R := (C — R) UP'(Q) has a GL,(Z)-equivariant
triangulation. The action of GL,(Z) on these triangles is transitive by reduction theory and they
are in the orbit of the triangle with vertices 0, 1 and co. The cellular complex for X(I') would
then be a complex where S;(I') would be the formal vector space generated by the i-dimensional
cells of X(I).

Let F = Q({y) where {y is a primitive N-th root of unity. For the sake of brevity, we will write
L.(Q(¢y), Q) as LY and the weight two part of A* LY is

o

LY = A2y (7)
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In [22], Goncharov constructed (depending on the choice of the primitive N-root {) a map 6°
of complexes
S2(l) ——85:1(@) ®)

By definition S>(I') = Q ® Q[GL2(Z)] ®s, X sgn,» Where S 3 is the symmetric group on 3 letters
stabilizing the triangle with vertices 0, 1 and co and ), is its sign representation. The map 6’
is defined as

b 1 Ao (2
(2 ) G st

oeS3

where a; = ¢, ap = d,a3 = —c — d and

o) a b ) a b
Ala)-elelea)e)
The map is well-defined. The map 6' is defined as
a b d
91( . d )=(1—§;>A(1—§N>

By Suslin’s theorem [63], the kernel of the bottom map is isomorphic to K3(F)®Q = K3(Or)®
Q. The image of Hé’z is therefore a version of the cyclotomic elements in K3(Or) ® Q similar to
the way the cyclotomic units were for K;(Or) ® Q. In this sense, the higher cyclotomic theory
is related to the cohomology of I'. This crucial bit motivates the following definition.

Definition. Denote by C>(N) the image of the map 6* and by C,(N) the subgroup of Oj. gener-
ated by the cyclotomic units. The Euler complex is defined to be the subcomplex of the complex
7

C2(N) = A*Ci(N) ©)

Proposition 1. [22] Let p be prime. The quotient of L’z) by Cy(p) is isomorphic to H Llu spT1(p), Q),

where H;,;, denotes the cuspidal cohomology.

Similar to how the group of cyclotomic units C;(p) is a subspace of Lf = O3, Ca(p) sits
inside .Eg . This indicates that C»(p) plays the analogous role of cyclotomic units in L’; . In light
of this fact, Proposition 1 can be seen as a higher version of the statement that C;(p) is finite
index subgroup of L‘f .

The maps of cohomology on the right of the commutative diagram 8 are also important if,
instead of rational coefficients, we take Z[]lv] coeflicients. These are the Eisenstein cocycles
mentioned in [57]. In [27], [57] and [9] a similar map of complexes is constructed where Q({y)
is replaced by the field of fractions of X;(N), Q(X;()). In that case, the cohomology on the
right is the Milnor K; of the field Q(X{(N)) and the image of C»(N) in AZC(N) is the set of
the Beilinson-Kato elements, as mentioned in loc. cit. The compatibility of 6°* for different
N translates to the fact that Beilinson-Kato elements make an Euler system. If one thinks of
cyclotomic fields as Abelian extensions of Q, then this theory is essentially a theory over Q i.e.
the connection is between motivic aspects of Abelian extensions of Q and arithmetic groups
contained in GLy(Z), where we view Z as the ring of integers of Q.
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Generalization

There are two ways to generalize the 6° map. One can either take weights higher than 2. This
is the subject of study in [24]. The other option would be to replace Q by some other number
field. As seen above, we need a theory of Abelian extension of the number field in order to
generalize. This is true for imaginary quadratic fields, for which we have the theory of complex
multiplication. Let K be an imaginary quadratic field, N be an ideal of Ok and E be an elliptic
curve with End(E) = Okg. We denote by E[N] the group of N-torsion point of E i.e. those
elements of E that are annihilated by all elements of N. Let Ky be the extension of K by
adjoining coordinates of all NV-torsion points to K. The table below shows what the analogous
replacement should be to get a theory over an imaginary quadratic field.

Q K
G = P! - {0, oo} E
MN E[N]
Qun) Kn
Cyclotomic units Elliptic units
GLy(Z) GLy(Ok)
I'i(N) I[(N)
Triangulation Bianchi Tessellation

where I'1 () is the stabilzer of (0, 1) € (Og/N).

For the case K = Q(i), Q({3), these maps 9;:,z were defined in [27] and the higher weight
versions for these two fields were defined in [46]. The proof mentioned in [27] cannot be used
for any other imaginary quadratic field K because it relies on the fact that every 2 cell is in the
GL,(Ok)-orbit of the ideal triangle with vertices 0, 1, c0. Our main goal is to generalize this
result to imaginary quadratic fields for which the rings of integers are Euclidean.

Main result

Let C;(¥) be the analog of C;(p) above and let C;(P) := C1(P) ® Q. Similarly, let L»(P) be the
analog of Lg . We will assume the very important assumption, which is 3.2.38.

Assumption 3.2.38. Let F be a function field of a projective variety. We will assume that B,(F)
is isomorphic to L(F) ® Q, where B,(F) is the scissor congruence group defined in Definition
3.2.25.

The main result of this thesis is Theorem 4.8.10.

Theorem 4.8.10. Let K = Q(V—d) ford = 1,2,3,7,11 and let O be the rings of integers of
K. Let P be an prime ideal of Ok. Let E be an elliptic curve with End(E) = Ok and z be a P-
torsion element in E. Then, assuming the statement 3.2.38, we have the following commutative
diagram,

S3(X(T1(P)) —2= SH(X(T1(P)) —2= § 1 (XT1(P))) —2= S o(X(T1(P)))

| i Jo. 2

0 Co(P) A C1(P) —2=C1(P) @ C1(P)

1 . . . . . . . . X l O
such that 0y, _ is induced from the inclusion of the elliptic units into K, and 6y, _ and 6 _ are

isomorphisms while 6’% . Is surjective.
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The map of complexes 67, . does depend on the choice of #-torsion point z. Lemma 4.8.11
details how the map 6}, changes when a different $-torsion point z’ is selected and how it
relates to Galois action.

Lemma 4.8.11. The map 975,1 intertwines the action of Dy on S «(X1(N)) with the action of
Gal(Kn/K) on Co(N).

where Dy is the normalizer of I'j(N)) in GLy(Og) modulo I'i{(N). If we take d = 1,3
and we truncate the sequence in degree 2, 1,0, we get Goncharov’s result Theorem 5.7 in [27]
as proved in Section 4.9. The fact that the left box commutes is Conjecture 5.13 in loc.cit
mentioned below.

Conjecture. For a 3-cell e3, 6, (9(e3)) = 0.

The obstacle to extending the result in [27] to other imaginary quadratic fields lies in the fact
that 2-cells in both of these cases are triangles of a certain type and the map Hé,z only describes
the contribution of these triangles. This does not occur for other imaginary quadratics.

The general strategy is to first give the symmetric space of I'{ (V) an algebraic interpretation
using results from [56] in terms of Neron-Severi group of E X E. Under this interpretation, the
cusps correspond to subelliptic curves of EXE. The 2-cells in the Bianchi tessellation are further
broken down into something which we call Bianchi triples. These are ordered triples of distinct
cusps, and therefore distinct subelliptic curves (E1, E», E3), subject to certain conditions. Using
the triple (E1, E», E3) and an N-torsion point u of E X E, we construct a motive Ng’” where
x is in an open set of E X E in Section 4.5. Restricting to the generic point of E X E, N;’”
gives an element of By(Kn(E X E)) where Ky (E X E) is the field of rational functions on
(E X E) X Ky. Using specializations of N5, we construct the map 6, in Section 4.7. Here,
we require our assumption 3.2.38, because the motive may not exist for any x on the nose. For
a 2-cell, adding up all the contribution of the Bianchi triple contained in the 2-cell gives us the
required element. In the case d = 1,2,3,7, 11, we can explicitly calculate the Bianchi triples
and prove the aforementioned theorem.

The theorem also implies the following proposition, analogous to Proposition 1, by using
the same argument as the one in [27].

Proposition. Let P be a prime ideal of Ox where K is one of the imaginary quadratics Q( V—d)
ford =1,2,3,7,11. Then

Lr(P)
K3(Kp) ® Q + Co(P)

= H,,,T1(P), Q) (10)

where K3(Kp) is the third algebraic K-group of the abelian extension Kp of K.

Organization

In the first chapter, we recall basic theory about Abelian varieties, with a view towards proving
the equivalence of Neron-Severi group NS (X) of an Abelian variety X with endomorphisms
End(X). This is the content of Theorem 1.2.43. In the case of E X E, Theorem 1.2.47 and the
discussion after Definition 1.2.25 sets up an equivalence between the ample cone in NS (E X E)
and the space of positive-definite Hermitian matrices. This chapter also reviews elliptic units in
section 1.2.2.
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The second chapter reviews the construction of the symmetric space of GL;(Ok) using sym-
metric/Hermitian forms, which coincides with the ample cone of NS (E X E). The chapter also
gives an overview of Bianchi tessellation, which helps us to construct the modular complex
used to compute the cohomology of the locally symmetric space and hence I'{(N).

The third chapter reviews the construction of the category of mixed motives following Vo-
evodsky in the first section along with some properties of mixed motives, especially the Gysin
spectral sequence. In the second section, we review what a mixed Tate category is and show that
its Hopf algebra can be contructed via framed motives (Theorem 3.2.21), which are a formal
version of periods. We also give an overview of Bloch-Suslin complex and how dilogarithm
relates to it as it is the motivic part of the story. The end of the chapter reviews Goncharov’s
construction of the maps 6y, in [27] and we discuss some limitations that prevents the same

proof to work over imaginary quadratics other than Q(i) and Q( V-3).

The last chapter is the main result of the thesis. The beginning of the chapter relates to how
cusps correspond to subelliptic curves of E X E. Sections 2-6 of this chapter is dedicated to
the construction of the generalization of 6, mentioned above. The construction is a two-step
process. First, we break our 2-cells into Bianchi triples and then, for a choice of N-torsion
point z of E, we map these Bianchi triples to framed motives. The advantage of constructing
Bianchi triples is that it is a free PGLy(Og) module and therefore, we do not have to worry
about satisfying any relation except scaling by a unit & € O%.
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Chapter 1

Abelian varieties

An Abelian variety A over a field k is a projective algebraic variety over k i.e. an integral
scheme of finite type over k which can be embedded into P]’CV for some natural number N, such
that we have maps;

m:AXA—> A, inv:A—A e:Spec(F)— A (1.1)

satisfying the usual commutative diagrams for groups i.e. it satisfies the following commutative
diagrams,

e Associativity
mxid

AXAXA——=AXA

id><ml lm

AXA——A

m
e Identity
A—" Ax A
(e,id)l id jm
AXA T‘ A
e Inverse

—_—
(inv,id)l \ Lm

AXA——A
m

where the diagonal maps is the composition A — Spec(F) — A, where the first map is
the structure map and the second map is e.

It is well known by Corollary 1.4 of [49] that Abelian varieties are commutative. Abelian
Varieties of dimension 1 are called elliptic curves.
Next, we will describe what a morphism between Abelian varieties looks like.

Definition 1.0.1. A regular map ¢ : A — B from an Abelian variety A to another Abelian
variety B is called a morphism if it is also a group homomorphism i.e. the following diagram

15



16 CHAPTER 1. ABELIAN VARIETIES

commutes.

AXAZA oA

IS

BXBW)B

There is also a very special type of morphism between Abelian varieties.

Definition 1.0.2. A morphism ¢ is an isogeny if ¢ is surjective and it has finite kernel. The
cardinality of the kernel is called the degree of the isogeny.

Abelian varieties have many interesting properties and many of them result from the rigidity
lemma.

Lemma 1.0.3. (Rigidity Lemma) Let X be a proper variety and let Y and Z be varieties. If
f:XXY — Zis a regular map such that,

JF(xo} X ¥) = {z0} = f(X X {yo})
for some k-rational points xo, yo, 20 of X, Y, Z respectively, then image of f is 2.

Proof. Let Zy be an affine open neighbourhood of zg. Then, since the projection pr; : XXY — Y
is closed due to properness of X, the set U := pr(f~'(Z\Zp)) is closed and a closed point y is
not in U if and only if f(X X {y}) C Zp. In particular, yg ¢ U so that yg € Y\U, which is a dense
open subset because Y is irreducible. The restriction of f to X X {y}, where y ¢ U, is map from
a proper variety X to an affine variety Zy. This map is thus a constant map with image being
{z0}. Thus, f~!(zo) contains X x (Y\U) and therefore also its closure X x Y. m]

The lemma has the following corollaries.
Corollary 1.0.4. Any Abelian variety A is commutative.
Proof. Let X =Y =Z = A and xyp = zo = yo = 0, where 0 is the identity element of A and let

f be the commutator map. The rigidity lemma implies that f is the constant map sending all
commutators to 0. This is exactly the definition of commutativity. O

The second corollary helps us to study homomorphisms between any two Abelian varieties.

Corollary 1.0.5. Let f : A — B be a regular map between Abelian varieties A and B. If f
sends identity to identity then f is also a morphism of Abelian varieties.

Proof. Leth : A > B. Let X =Y =AandZ = B, xo = yo = 04, 20 = Op and f =

mp o (hx h)—homy. f satisfies the equations f(04 X A) = f(A X 04) = 0p, so we can apply
the rigidity lemma to get f = 0. Hence, we get the corollary. m|

Abelian varieties over complex numbers can be expressed analytically as complex tori.
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1.1 Complex Tori

A lattice A c C¢ is arank 2g free Abelian subgroup of C# such that the R—linear span of A in
C# is C¢ itself. A complex torus is the quotient C8/A.

A complex torus inherits the group operation from C#, which is also complex analytic,
thus making the complex torus a complex compact Lie group. Theorem 2.8 of [49] gives the
equivalence of Abelian varieties over complex numbers and complex tori with polarization
(Theorem 1.2.28). In particular, for g = 1, we have a correspondence between elliptic curves
and complex tori in C.

Using complex tori, it is much easier to see what the maps between the Abelian varieties
are.

Theorem 1.1.1. Let A, B be two Abelian varieties over C such that A = C"/A and B = C" /N’
and ¢ is a regular map from A to B. Then ¢(x + A) = Mx + b + A" where b € C" and M is a
C-linear map from C" to C" such that MA C A’. If ¢ is a morphism, then b = 0.

This theorem makes it easier to find the endomorphism ring of an Abelian variety. Let us
restrict it to the case of elliptic curves. In this case, M is just a complex number @ such that
aA C A. If a # 0 satisfies A C A, then a can be viewed as a 2 X 2 matrix with integral entries
and so it also satisfies the characteristic polynomial of the matrix. The argument implies that
a is an element of the ring of integers of some quadratic extension K of Q. Moreover, K is an
imaginary extension because A is a lattice. This shows that the endomorphism ring End(E) of
an elliptic curve E is a subring of Ok, the ring of integers of K. These elliptic curves have a
special name.

Definition 1.1.2. An elliptic curve E over a field L is said to have complex multiplication or
CM if Z is a proper subset of Endr(E), where n € Z C End(E) corresponds to multiplication-
by-n map.

If E is an elliptic curve defined over Q, it could happen that the endomorphism ring is Z but
the geometric endomorphism ring i.e. the ring consisting of endomorphisms of E@ is larger than
Z. In this case, we say that E has potential CM. If E has potential CM then all endomorphisms
are defined over K where K is the fraction field of End@(E) by Theorem 2.2(b) of [59]. Since
we will always be considering elliptic curve over such fields, potential CM is just CM.

1.2 Line Bundles on Complex Tori

In this section, we will see what holomorphic line bundles over complex tori are and how do we
express them in terms of quadratic forms and semi-characters which are easier to work with.
Let X be a complex manifold of dimension n. Let Ox be the sheaf of holomorphic functions on
X.

Definition 1.2.1. A holomorphic line bundle L is an Ox-module which is locally free of rank
1 i.e. for every point x € X there exists an open neighborhood U of x such that L]y = Oy.

The tensor product of two line bundles is also a line bundle and the dual of a line bundle is
also a line bundle. We note that Oy is a line bundle. This leads us to the next definition,

Definition 1.2.2. We define the Picard group, denoted by Pic(X), is the set of isomorphism
classes of line bundles on X.
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Lemma 1.2.3. Pic(X) is a Abelian group with the tensor product as the group operation.

Proof. The line bundle Oy acts as the identity element of Pic(X). Let L be a line bundle. By
definition of dual line bundle L of £, there exists an evaluation map,

£®£V —>0x

To show this map is an isomorphism of sheaves, we can see it locally. But £ and its dual are
locally free, so this is reduces to the case £ = Oy locally, for which the evaluation map is an
isomorphism. This shows that L is the inverse of £ under ®. Finally, the associativity follows
from the associativity of ® product of line bundles upto isomorphism. m|

We have another characterization of Pic(X).

Theorem 1.2.4. Pic(X) = H'(X, O%) where Oy is the sheaf of invertible functions over X with
multiplication as the operation.

Proof. (Sketch) Let £ be a holomorphic line bundle. Then it has local trivialization {U,};e; i.e.
a cover such that ; : L]y, — Oy,. We can compare the two local trivialization @; and «; on
U; N U;. This will give us an isomorphism

a,lj : OU,‘QU_/ i OU;ﬁU_,‘

. -1 X At
where @;; = aily;nu; © aj'U,-nt' So, a;j € OUmUj and restricting to U; N U; we get a;; €

O)X( (U inN U.,-). Recall the Cech complex associated to a cover [35],

o_>1_[0 (U)—>]—[0 U;nUj) - ]—[0 UinU;nU) - -

i€l i,jel i,j,kel

The collection (a;;) is an element of [] O§(U iNUj). Moreover, since L is a sheaf we have that
i,jel
(@;;) is in the kernel of the last map and therefore it is a cocycle. The cocycles corresponding

to isomorphic line bundles will differ by an element of the image of [] O;;(U ;) and therefore,
i€l

the line bundle £ gives us an element of H'(X, O%). The converse is possible due to (Zariski)

descent of line bundles e.g. see exercise 11.1.22 in [35]. m]

This characterization of Pic(X) will give rise to a short exact sequence for Pic(X). Consider
the exponential exact sequence of sheaves,

exp «
0—->Z—-0x— 0Oy —0. (1.2)
Applying the machinery of cohomology gives us the following long exact sequence
. > H'(X,Z) » H'(X,0x) » H'(X,0}) = H*(X,Z) — H*(X,0x) — --

The map c; is the first Chern class map. We have to emphasize at this point that this is analytic
Picard group because we are considering holomorphic line bundles. We can also consider
algebraic Picard group, where the line bundles are locally trivial Zariski sheaves. By Théoreme
4.4 of Exposé XII of [31], the analytic Picard group and algebraic Picard group are isomorphic
if X is a proper C-variety.
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Definition 1.2.5. We call the kernel of ¢y, the Jacobian of X. It is denoted by Pic®(X). The
image of c1 is called the Neron-Severi group of X and is denoted by NS (X).

So we have an exact sequence
0 — Pic’(X) - Pic(X) > NS(X) > 0 (1.3)

Remark 1.2.6. All the constructions in this section until now, except for the exponential se-
quence, also have an algebraic counterpart and give us the same thing as holomorphic ones
in the case of complex varieties. If X is a smooth curve then, algebraically, Pic(X) can be
expressed in terms of divisors of X and the algebraic Chern class map is the degree map
Pic(X) — 7Z sending the class of point [x] to 1 € Z. This is compatible with the analytic
Chern class map mentioned above by Exercise 18.4.G of [65].

Let us return to the case when X is a complex torus of dimension n with lattice A ¢ C". We
will also need some more definition before proceeding.

Definition 1.2.7. Let V be a complex vector space. A Hermitian form H on 'V is a map
H : VXV — C such that it is C- linear in the first argument and H(v,w) = H(w,v) for all
v,wevV.

Definition 1.2.8. A Hermitian form H is said to be a Riemann form for a lattice A if the
imaginary part of H(A X A) is contained in Z.

We can further simplify H*(X, Z). Since X is a complex torus of dimension n with lattice A,
we can easily find that H;(X,Z) = A which is a free Abelian group. By the universal coefficient
theorem, we get H' (X, Z) = Hom(A, Z). Using the cup product, we have the map

2
/\ H'(X,Z) — H*(X,Z) (1.4)

Kiinneth formula, the fact that H%(S7',Z) are torsion-free and the cup product is compatible
with the Kiinneth formula, together imply that the map above is an isomorphism. See Lemma
1.3.1 of [42] for more details. Thus, we have an isomorphism H*(X,Z) = /\2 Hom(A,Z), but
the latter expression is isomorphic to the group of alternating forms on A X A with integral
values, which we will denote by Alf?(A, Z).

Lemma 1.2.9. For a complex torus X = C"/A, H*(X, Z) is canonically isomorphic to Alt*(A, Z).
Proof. See Corollary 1.3.2 of [42]. O
Lemma 1.2.10. Let V be a vector space. Then there is a natural 1 — 1 correspondence.
{ Hermitian forms H} < { Real Alternating forms E such that E(v,w) = E(iv, iw)}
where the right map is H — Im(H) and the left map is E(v,w) — E(@iv,w) + iE(v,w)
Proof. If we have a Hermitian form H then let E be the imaginary part of H, then
E(,w) = Im(H(v,w)) = Im(H(w,v)) = —Im(H(w,v)) = —=E(w,v)

So E is alternating. For the converse,

H,w) = E(iv,w) + iE(v,w) = E(iv,w) — iE(v,w) = E(iw,v) + iE(w,v) = H(w,v) O
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The type of alternating forms mentioned in Lemma 1.2.10 would be precisely the image of
the Chern class map after tensoring by R. This is what we will see below.

Definition 1.2.11. Let G be a group and M be a G-module.

1. A 1-cocycle f on G valued in M is a function f : G — M which satisfies the following
equation:
fgh) =g - f(h)+f(g)  VYgheG (1.5)

The group of all such 1-cocycles is denoted by Z'(G, M).

2. A 1-coboundary f : G — M is a function of the form f(g) = g(m) — m for some m € M.
The group of all 1-coboundaries is denoted by B'(G, M).

3. The first group cohomology H' (G, M) is the quotient of Z'(G, M) by B (G, M).

4. A 2-cocycle f on G valued in M is a function f : G X G — M which satisfy the following
equation,

g(f(h, ) = f(gh, ) + f(g.hj) - f(&. W) =0  VjgheG
The group of all such 2-cocycles is denoted by Z*(G, M).

5. A 2-coboundary [ : G — M is a function of the form f(g, h) = g(B(h)) — B(gh) + B(g) for
some function B : G — M. The group of all 2-coboundaries is denoted by B*(G, M).

6. The second group cohomology H*(G, M) is the quotient of Z>(G, M) by B*(G, M).

The complex torus X has V as its universal cover i.e. the quotient map 7 : V — X. Take
a line bundle £ on X. Pulling £ back along &, we get the line bundle 7*(L) on V. Now,
*(£L) is isomorphic to the trivial line bundle because any line bundle on a contractible space is
trivial(Corollary 4.8, [37]). So we can identify 7*(£) with the trivial projection V x C — V.
The lattice acts linearly fiber-wise on 7%(L) because r is a A-invariant map. Taking quotient by
A group action would give us £ back again. Let us make this idea more explicit. The elements
of V x C are of the form (x, z). Let A € A. The action of A explicitly becomes

A-(x,2) = (x+ A, e(x)2) (1.6)

where e,(x) € C* for all x € V. The compatibility with group action gives us the following
condition on e,(x),
6/]1+/[2()C) = e/ll (x + /12)6/12 (x) (17)

for A1, A, € A. This is exactly a 1-cocycle on A with values in O>‘}(V). The same process also
works in reverse and therefore, we get the following theorem.

Theorem 1.2.12. For a complex torus X with the lattice A in a complex vector space V,
Pic(X) = H'(A, O‘X,(V)) and this isomorphism is natural.

Remark 1.2.13. The terms e (x) are called factors of automorphy.

We now have two different ways of representing line bundles. One question that arises is
how to express the Chern class in the cocycle formulation. We need two lemmas before we can
do that.
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Lemma 1.2.14. The groups H*(A,Z) is canonically isomorphic to Alt*(A,Z)
Proof. See [42], lemma 2.1.3. ]

Lemma 1.2.15. Let X be a complex torus with the lattice A in a complex vector space V. Let
@1 be the inverse of the isomorphism in Theorem 1.2.12 and ¢, : AlP(A,Z) = H*(X,Z) be the
isomorphism mentioned in Lemma 1.2.9. Then we have the commutative diagram

H'(A, O%(V)) —=2 HX(A,Z) = AlA(A, Z)

LT

C1l

Pic(X) ————— H*(X,Z)
where ¢ is the boundary map of group cohomology of A.
Proof. See [42], lemma 2.1.4. O

Unwinding the definitions in the theorem, we get an explicit formula for Chern class for any
element in H'(A, Oy (V).

Theorem 1.2.16. Let X be a complex torus with the lattice A\ in a complex vector space V and
L be aline bundle on X. Let f € H'(A, O3(V)) corresponding to the line bundle L by Theorem
1.2.12 and g be a holomorphic function on V such that f = exp(2nig). Then the Chern class
c1(L) in AlP(A,Z) = H*(X,Z) is

Er(A4, ) = (DA, ) = g, v+ D) + g(4,v) — g(A,v + ) — g(u,v) (1.3)
forall L,ue AandveV.
Proof. See Section 2.1 of [42]. O

Using some Hodge theory (page 26-29,[42]), we can also prove the following theorem,

Theorem 1.2.17. Let X be a complex torus with the lattice A in a complex vector space V. Let
E : VXV — R be an alternating form. The following statements are equivalent:

1. E is the R-linear extension of the Chern class of a complex line bundle L on X.
2. E(AXA)CZand E(v,w) = E(iv,iw).
Combining Theorem 1.2.17 with Lemma 1.2.10, we get the following theorem.

Theorem 1.2.18. Let X be a complex torus with lattice A C C". Then NS (X) ®R is isomorphic
to the space of Riemann forms over C" viewed as an R-vector spaces.

Now, we would like to move in the converse direction; given a Riemann form H, we would
like to construct the line bundle up to isomorphism. Because Pic’(X) is not zero, we cannot do
this construction uniquely. So, is there some additional data that we can use to construct the
inverse? The answer is yes.

Definition 1.2.19. Let X be a complex torus with the lattice A in a complex vector space V and
H be a Riemann form for A. Let S be the circle group S' := {z € C| |z| = 1}. A semi-character
for Hisamap y : A — S such that

x(x +y) = x(x)x(y) exp (milm(H(x, y)))
forall x,y € A.
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Using the pair (H, ) where y is a semi-character for H, we can construct a line bundle
L(H,y). Definea: A xV — C* by,

a(4,v) = y(1) exp (ﬂ'H(V, A) + gH(/l, /l))

where 4 € A and v € V. Note that a(4, —) is a holomorphic invertible function on V so it is
equivalent to a map a : A — Oy(V)*. We see that a is then a 1-cocycle because,

a(d+pu,v) = x(4 + p)exp (nH(v, A+ + gH(/l +u, A+ ,u))
= ¥y () exp(rilm(H(L, ) exp (nH(v, A+ ) + gH(A A+ u))

= y(A () exp (m’Im(H(/l, 1))+ THW, A+ 1) + gH(/l A u))

now we can simplify the exponent of exp,

im(H(A, pw) + Hv, A+ ) + %H(/l +u, A+ )
=ilm(HA,p) + Hv, ) + Hv,u) + %H(/l, )+ %H(,u,u) + Re(H (4, w))

=HAA,uw+Hv, )+ HW,u)+ %H(/l, A+ %H(y,,u)

= (H(/l,u) +Hv, ) + %H(/l, /l)) + (H(v,y) + %H(,u,u))

= (2iIm(H(/l,,u)) +HW+u, )+ %H(/l, /l)) + (H(v,,u) + %H(y,,u))
Putting back into the expression of a(d + u, v),we get,

a(d+u,v) =a(d, v+ walu,v)

which means a is 1-cocycle in Z' (A, Oy(V)*), which correspond to a line bundle by theorem
1.2.12. The following theorem then provides us with the fact that all line bundles are of such
form

Theorem 1.2.20. (Appell-Humbert) Any line bundle L on a complex torus X is isomorphic to
L(H, x) for some Riemann form H for A and y a semi-character for H.

Proof. See pages 21,22 of [53] O

The Appell-Humbert theorem also gives a characterization of Pic’(X). Any line bundle
in Pic®(X) would be of the form £(0, y). In this case, y is a homomorphism from A to § I
Therefore, we get

Proposition 1.2.21. For a complex torus X, Pic®(X) = Hom(A, S V).

Proof. Take the Riemann form to be zero. The semi-characters are just homomorphisms from
A to S in this case. m|
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1.2.1 Dual Torus and Pic’(X)

For a complex torus X, we can construct a dual torus X. Since X is a complex torus, it is the
quotient of C" by a lattice A. Let V" be the set of C-antilinear maps from V to C. The evaluation
map gives a R-linear pairing,

(Y VY XV = R (L) := Im(I(v)) (1.9)

This pairing is non-degenerate because if v € V such that for all / € V¥, Im(I(v)) = O then the
real part of /(v) is also zero by replacing [ by il. This means I(v) = 0 for all / € VV which further
implies that v is zero. A similar argument implies that if / € V¥ such that Im({/(v)) = 0 for all
v € V, then [ is zero. We also have a dual lattice A in VV which is defined as,

A:={leVY|{v)eZVveA)

The dual torus X is defined as, . .
X:=VY/A

X has the same complex dimension as X but need not be isomorphic to it.

We can also construct dual of maps; if f is a map of complex tori from X to Y then it can
be easily checked that the naturality of duality of vector space and the definition of dual lattice
give us a map f Y — X. Thus, duality is a contravariant functor on the category of Abelian
varieties. We also see from definition of duality of vector spaces that

d:X5X, d'ofod=f

and both the isomorphisms d and d~! are also natural. Using the dual torus, we can construct a
map

VY — Hom(A,S")
by mapping [ € VV to exp(27ri<l, —)) in Hom(A,S"). The kernel consists precisely of those

elements for which (/,4) € Z for all 2 € A. But this is precisely A and therefore it factors
through X to give
X — Hom(A,S") (1.10)

Theorem 1.2.22. The map (1.10) is an isomorphism.

By the Appell-Humbert theorem, this means that Pic%(X) itself is a complex torus. We will
now identify Pic®(X) with X.
Let £ be a line bundle on X. Then, we can construct a map,

br:X->X x>0 Lo L) (1.11)

where 1, is the translation by x map. This map is a morphism of Abelian varieties by the theorem
of the square (Theorem 5.5, [49]). The line bundle on the right has Chern class 0. To see this, use
Appell-Humbert theorem and note that if £ = L(H, ) then £;.L = L(H, expCrilm(H(v, )))x),
where v be a preimage of x under the covering map V — X, so that

L L = £00,exprilm(H(v, -)))) (1.12)
In particular ¢ depends on Chern class H of L. Varying £, we then have a map,

¢ : NS(X) —» Hom(X,X) (1.13)
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This map is a group homomorphism. A question one might ask is that for which £, ¢ is an
isogeny? This happens when H is positive definite because in that case H induces an isomor-
phism between V — VV by sending x to H(x, -). This map also sends A to A, thus X = X. This
map coincides with ¢, with ¢;(£) = H.

Definition 1.2.23. Let L be a line bundle on X such that ci(L) is a positive definite Riemann
form. Then, the induced map ¢ is an isogeny and is called a polarization of X. If, moreover,
¢ is an isomorphism, then we call ¢ a principal polarization. A complex torus is polar-
ized/principally polarized if it has a polarization/principal polarization.

Sometimes, we will call the form H itself a polarization on X.

Example 1.2.24. For an elliptic curve E with lattice A = Zw + Zwy, the dual elliptic curve is
also an elliptic curve and moreover it is isomorphic to E by ¢y where ci(L) = H where H is
the positive definite Riemann form
w
H(z,w) = ——————.
@w) Im(ww2)

This polarization is a principal polarization.

1.2.2 Theta functions

Theta functions are sections of line bundles i.e. elements of H(X, £) where £ is a line bundle.
One of their main use is to construct a map X — P for some N € N for an Abelian variety X.
The algebraic version of this argument is presented in detail in Section 7.1 of [35]. To do the
construction, one needs a line bundle £ which has many sections.

Definition 1.2.25. A line bundle L on a proper variety X is said to be very ample if there exists
a closed immersion « : X — P? such that £ = *(O(1)). L is called ample if there exists some
positive integer n such that L®" is very ample.

We will first try to construct a section for any line bundle £(H, y) on an Abelian variety X.
Using the 1-cocycle a that we used in the construction of L(H, y), we can recast the definition
of section of L(H, y) as a holomorphic function § : V — C such that forany A € Aandv eV

0(v+ A1) = y(1) exp (ﬂ'H(V, A) + gH(/l, /l)) o(v). (1.14)
One way to construct such a section is to take the inverse of the 1-cocycle a,
a(,v)(a(d + )7 = (a(u, v + )7 (1.15)
Then we sum over y, to get,

a(d,v) Y @A+ )™ = (a v+ )" (1.16)

UEA UEA

If the sum is absolutely convergent, then we can permute elements in the right sum, define

o) = 3 (a(u,v)~", we get,

HEA
a(A,v)8(v) =6(v+ Q) (1.17)

So if the sums in (1.16) are absolutely convergent, then we have a section. This happens if H is
a positive definite form i.e. a polarization.
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Definition 1.2.26. A function 0 : V — C is called a theta function for the line bundle L on the
complex torus V| \ if it satisfies,

a(A,v)0(v) =6(v+ Q)
where a(A,v) is the factor of automorphy for L.
The discussion above implies the following corollary.
Corollary 1.2.27. A line bundle L(H, x) has non-zero global sections if H is positive definite.

Using these sections, one can construct a map ® : X — P%! where d is the dimension of
H(L) by mapping a point x € X to [61(x), - ,04(x)], where {0;(x)} forms a basis of HO(L).
The following theorem gives a necessary and sufficient condition for the map ® to be a closed
embedding.

Theorem 1.2.28. Let X be a complex torus with £ = L(H, x) and n be a natural number greater
than 2. Then the Riemann form H is positive definite if and only if the space of holomorphic
sections of L®" gives an embedding of X as a closed complex submanifold in a projective space.

Proof. See Theorem of Lefschetz on page 29 — 33 of [53]. |

By Chow’s theorem (Theorem 1.1.3, [54]), X is a complex algebraic variety. On the other
hand, if X is already a complex projective variety, then the pullback of O(1) along the embedding
¢t : X — PY would give a line bundle with its Chern class being positive definite. This means
that the converse of Lefschetz theorem also holds.

Theorem 1.2.29. A complex torus X is an Abelian variety if and only if X has positive definite
Riemann form i.e. a polarization.

By Theorem 1.2.28, a line bundle is ample if and only if its Chern class, when viewed as a
Riemann form, is positive definite. We would like extend this Theorem to positive semi-definite
forms. A natural question that arises is what property of line bundles corresponds to positive
semi-definiteness. Recall that the first Chern class maps Pic(Y) to H*(Y,Z), where Y is a variety.
If Y is a curve, then H*(Y,Z) = Z. In this case, we call the first Chern class the degree of the
line bundle.

Definition 1.2.30. A line bundle L on a proper variety X is called nef line bundle if for any
projective curve C in Y, the pullback of L along the closed immersion of C into X has non-
negative degree.

Theorem 1.2.31. The ample line bundles correspond to positive definite forms and the nef line
bundles correspond to positive semidefinite forms.

Proof. Follows from Theorem 1.2.28 and Kleiman criterion mentioned below. O

Kleiman Criterion:-. The set of convex combinations of ample(nef) line bundles inside NS (X)®
R is an open(nef) cone such that its closure(interior) is the convex combinations of neflample)
line bundles. See Proposition 6.1.18 of [43] for more details.



26 CHAPTER 1. ABELIAN VARIETIES

Jacobi Theta Function

We now restrict to the case of an elliptic curve i.e. an 1-dimensional abelian variety. Consider
a complex torus with complex dimension one. It can be thought of as C/A, where A is a lattice
in C. More explicitly, A = Zw ® Zw, where w1, w; are complex numbers which are R-linearly
independent. If we have a Hermitian form H, then it is a Riemann form iff A(w; A wy) € Z,
where A is the alternating form associated to H. Scaling by a suitable positive real number, we
can assume that H is a Riemann form with E(w; A wy) = 1 and therefore H is a polarization.
By Theorem 1.2.29, we C/A is an elliptic curve, which we will denote by E.

If we restrict to w; = 1 and wy = 7 for a complex number 7 with positive imaginary part,
then we have a 1-cocycle a defined as

a(n + mt,v) = exp (—m'm2‘r - 27rimv) (1.18)

where n,m € Z and v € C. The theta function that we get is called the Jacobi theta function
0, where the subscript E is written to emphasize the elliptic curve. Using (1.8), we find
after some calculation that the corresponding Hermitian form is positive definitive. So the
line bundle corresponding to the cocycle a above is ample. The function 6 ; has period 1 i.e.
O ;(z+1) = O ;(2), so it has a Fourier expansion, which is just a power series in w := exp (27iz).
Let g = exp (2nit) and z = x + iy. After tweaking 0 ; slightly and calling it 6(w; g), we have a
product expansion of 8(w; q),

0w; q) = " Vexp (mix(y = D) (1 =w) [ |1 = g"w)1 - ¢"/w) (1.19)

n=1

where By(x) = x> — x + é. The function 8(w; g) is analytic in both w and ¢g. The g coordinate
corresponds to the elliptic curve parametrized by T and w coordinate corresponds to a point on
the given elliptic curve.

Now, if we fix z, such that Nx, Ny € Z for some fixed N € N and view 6(w; q) as a function in
g, we see that O(w; q)" is well-defined function on the space of complex tori because 6(w; g)N
is invariant under the transformation (x,y) — (x + n,y + m) for n,m € Z. Conceptually, this
means that we are varying the lattices and fixing a family of N-torsion points as the lattices vary.
The functions in g, 8(w; g)" are called modular units. These are non-invertible holomorphic
functions over Y;(N) introduced in the next chapter.

If we fix ¢ and let w vary, then we are fixing an elliptic curve E and varying the point on E.
This means that 6(w; g) is a holomorphic function on the elliptic curve E.

Definition 1.2.32. Let K be an imaginary quadratic field. Let E be an CM elliptic curve with
endomorphism ring R C K and let z be an N-torsion point of E. Then 0(w;, q) is called an elliptic
unit where q corresponds to E and w corresponds z. We will denote the elliptic unit by 6 ,(2)
or just 6(z) if E is clear from the context.

Remark 1.2.33. Every elliptic unit is contained in some Abelian extension of K. This follows
from the theory of complex multiplication and the fact that j-invariant of CM elliptic curve is
algebraic. Details can be found in Chapter 11 of [41] and [51] for theory of complex multipli-
cation.

Remark 1.2.34. Ifn € Aut(E) then 6(z) = 8(nz) for all torsion point z of E by Corollary 2.6 of
[27]. In particular, 6(z) = 6(—z) all torsion point z of E.
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The Jacobi theta function and its slight modification 6(w; g) have a very small set of zeros.
For a given g, it is known that,
Ow;q) =0 ze A (1.20)

Moreover, all zeroes of 8(w; g) are simple roots. This means that if f is a meromorphic function

on E corresponding to g with divisor }}; n;[a;] then f is a constant multiplied by [[; 0 ;(z—a;)™
because g .(z) = 6(w, g) has a simple zero at elements of A by (1.20) and no poles.

Remark 1.2.35. What we call 0 ;(z) here is sometimes also called 911(z; T) in the literature
e.g. [52].

Remark 1.2.36. Section 4.1 of [28] also provides an algebraic description for the elliptic unit
O(a). Let a be an N-torsion element of E(k) where E is defined over a field k, then the elliptic

unit 6(a) is an element of%>< ®7 Z [%]

1.2.3 Rosati Involution

Let End(X) be the endomorphisms of an Abelian variety X mapping O to itself and Endg(X) :=
End(X)®z Q. Let H be a polarization of X. The polarization induces an involution on Endg(X).
The goal of this section is to show how this involution is constructed. The polarization H
induces an isogeny ¢y : X — X by (1.11). Here, we conflate ¢ with ¢z by Theorem 1.2.20
and Definition 1.2.23. We want to construct an inverse of ¢z at least in Hom(Y, X)® Q.

Definition 1.2.37. Let f : X — Y be an isogeny. The exponent of f denoted by e(f) is the
exponent of the kernel of f i.e. the L.c.m. of orders of all elements of ker(f).

Lemma 1.2.38. For any isogeny f : X — Y with exponent e, there exists an isogeny g - Y — X
such that,

fog=lely, go f=lelx
where [e] is the multiplication by e map. Moreover, this g is unique.

Proof. By a version of the first isomorphism theorem of groups, f induces an isomorphism
[ X/ker(f) = Y. We note that ker( f) C ker([e]x), which gives a natural quotient map

q : X/ker(f) — X/ker([e])

But, again by the first isomorphism theorem,[e] induces a map [e]” : X/ker([e]) — X. Define
g to be the composition [e]” o g o (f)~!. Then, g o f = [e]x by definition of g. The map g
is surjective because [e]y is surjective and therefore g is an isogeny. By definition of g, we
also note that the kernel of g is contained in ker([e]y) because [e]’ and f’ are isomorphisms.
Doing the same procedure for g as we did for f above, we get a map 4 such that h o g = [e]y.
Pre-composing this equation by f, we get

folelx=lelyof=(hog)of=ho(gof)=holelx
where the first equation holds because f respects the group structure. Since [e]y is surjective,
folelx=holelx=f=h
The claim follows. O

Corollary 1.2.39. An element in End(X) is an isogeny if and only if it is invertible in Endg(X).
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Definition 1.2.40. Let f : X — Y be an isogeny . Then the unique isogeny mentioned in Lemma
1.2.38 is called the dual isogeny of f.

This lemma implies that if ¢y is an isogeny with exponent e(H) then there exists a dual
isogeny Yy of ¢y such that Yy o ¢y = [e(H)]x and ¢y oy = [e(H)]5. Then, the inverse of ¢
would be .

Now we have enough tools to define the Rosati involution with respect to H. Fix a polarization
Hon X. Let f € Endg(X), then fe EndQ(Y). Consider the composition,

= -1
—~ by

xxLxinx (1.21)
This is an endomorphism of X which we denote by f7.

Definition 1.2.41. Let X be a complex torus and H be a polarization on X. Then the Rosati
involution t with respect to H is defined as the map

t: Endo(X) = Endo(X),  f— fli=¢3 ofodn
The Rosati involution is additive because
(f+8) =¢p of+g0du=0g o(f+Dodu=¢5 ofodu+dg oZopn=f +g'

where we used additivity of dual maps in the second step and use the additivity of ¢y and its
inverse at the second last step. By composing f and g and simplifying, one sees that (fg)" =
g' 7. This is the reason why it is also called anti-involution as in Section 5.1 of [42]. It is an
involution because if f € Endg(X) then (f N is equal to

S5 © b o f oyl odn
But ]?: f and &; = ¢y by corollary 2.4.6(c) of [42]. Therefore,

o5l ognofogloy=Ff

Let f be an element of End(X). Then, viewing X as a complex torus C¢/A, f can be represented
by a matrix Ay € My(C) such that As(A) C A. The Rosati involution of f is also the adjoint of
f with respect to the inner product H. That is, given v,w € V, we have

H(Apv,w) = H(v, AfTW)

To get a better understanding of NS (X), we will express it in terms of endomorphisms of X,
which can be expressed as matrices. From now on we fix a polarization Hy on X. The map
(1.13) and ¢p,, give us the map,

— PHp =
NS(X)® Q — Hom(X, X)g —— Hom(X, X)g (1.22)

by sending a Hermitian form H to ¢1_1}) o ¢y. The image is contained in the subset of those
endomorphisms which are fixed under the Rosati involution with respect to Hy because

J—

(670 9n) =671, 0 B 0 9y © b1, = Bk © b 0 Bk © b, = G5 0 g
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Definition 1.2.42. An endomorphism f : X — X is called symmetric if f* = f. The set of all
symmetric endomorphisms is denoted by End*(X). Similarly, Endé(X) = End*(X) ® Q.

The image of the map (1.22) is contained in Ende(X). The following theorem shows that,
in fact, the image is equal to Endé(X).

Theorem 1.2.43. The map (1.22) is an isomorphism. Moreover, if Hy is a principal polariza-
tion, then the map gives an isomorphism between NS (X) and End*(X).

Proof. Denote the map (1.22) as @. First we will show that @ is injective. If L is a line bundle
such that ®(L) = 0, then it means that gb;l(l) o ¢, = 0. Multiplying this map by the exponent of
&H,, we get Yy, o ¢ = 0, where yp, is the dual isogeny of ¢g,. This means that the image
of ¢, is contained in the kernel of yp,, which is a finite discrete set. The image of ¢, is
connected, therefore it is zero. By the Appell-Humbert theorem 1.2.20, if £ = L(H, x) then
dr(v) = L(0,exp 2rilm(H(v,-)))). This is isomorphic to the trivial line bundle because the
image of ¢ is zero. This means that Im(H(v,1)) € Z for allv € V and 4 € A. Since Im(H) is
continuous in the first entry and V is connected, Im(H(:, 1)) is a constant function for all 1 € A.
Choosing v = A implies that Im(H) is zero. So, Ey = Im(H) = 0, which implies that H is zero
and therefore £ is in Pic%(X).

For the surjectivity, take an f € End*(X). We want to show that ¢z, o f = ¢y for some positive
definite Hermitian form H. A form on V is Hermitian if and only if it is of the form ¢y by
theorem 2.5.5 of [42]. Therefore, it is enough to show ¢y, o f induces a Hermitian form on V.
The induced form is Ho(f(-),-) on V. But Ho(f(-), -) is Hermitian if and only if

Ho(f(v), w) = Ho(f(w),v) = Ho(w, fT(v)) = Ho(f*(v), w) (1.23)

where the second equality follows from the fact that the Rosati involution is adjoint with respect
to Hy. Since Hy is non-degenerate, Hy(f(-),-) is Hermitian if and only if f = f7 and thus in
End*(X). ]

Remark 1.2.44. If Hy is a principal polarization in the theorem above, then ¢y, already has
an inverse in the category of Abelian varieties, so the same argument works without the need of
tensoring by Q.

Example of £ X E

Suppose E is a CM elliptic curve. Then, End(E) = O is a free Abelian group of rank two where
O is an order in the ring of integers of some imaginary quadratic field K. The field K can be
embedded into C, so we will consider O as a subset of C. E has a unique principal polarization
by Example 1.2.24, which can be used to give a principal polarization on E X E term wise. More
explicitly, if 4 is the principal polarization of E then we define (h & h)(zy, z2) to be h(zy) + h(z2).
We will take this principal polarization as Hy.

The endomorphism ring of E X E is isomorphic to the ring of 2-by-2 matrices M,(O) with co-
efficients in O and the group of automorphisms of E X E is GL,(0O). The principal polarization
is Ho(z1,20) = % If f: C?2 5 C%is represented by a matrix Ay, then fJr is represented
by the Hermitian conjugate of Ay. To find NS (E X E), we need to find the symmetric endomor-
phisms. The symmetric endomorphisms can be identified with 2 x 2 Hermitian matrices. We
conclude the discussion with the following lemma.

Lemma 1.2.45. End*(E X E) is isomorphic to the space of Hermitian matrices in M»(O).
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Corollary 1.2.46. End*(E X E) and NS (E X E) have rank 4.

The isomorphism in the corollary can be upgraded to a GL,(O)-equivariant map. If we
denote the space of Hermitian matrices in M>(O) as M3(0), then GL,(O) acts on M3(O) as

(&) —g'fg

where g € GL(O) and g' is the conjugate transpose of g. After tensoring by R, we get the
following theorem

Theorem 1.2.47. NS(E X E) ® R is isomorphic to M3(C) as a R[GL,(O)]-module.
Proof. See theorem 5.3 of [56]. O

By Theorem 1.2.47 and the Kleiman criterion, the ample cone of NS (EX E)®R can be iden-
tified with positive definite Hermitian matrices. This identification is also GL,(O)-equivariant.
The space of positive definite Hermitian matrices along with the action of GL,(O) comes up
in the construction of the symmetric space of GL(O) as introduced in Section 2.4 of the next
chapter if O is a ring of integers of an imaginary quadratic field. This realization helps us to
give some algebro-geometric meaning to the symmetric space.



Chapter 2

Symmetric spaces and Bianchi
Tessellation

Let K be an imaginary quadratic field and Ok be its rings of integers. Let I' be an arithmetic
group such that ' € GL,(Ok). The Bianchi tessellation is a GL(Ok)-equivariant tessellation of
the symmetric space of GL,(Ok) similar to the usual tessellation or triangulation of the upper
half plane with respect to some arithmetic subgroup of GL,(Z). It was introduced by Bianchi
in [3]. In this chapter, we will introduce the symmetric and locally symmetric spaces and their
compactification. Then we will proceed to recall the triangulation of the upper half plane and
the Bianchi tessellation following [47]. The tessellation helps us to construct the relative cellular
complex S 4(X(I")) mentioned in the introduction, which computes the group cohomology of I'.
In the case of GL,(Z), the locally symmetric spaces are the modular curves. Modular curves
have a moduli interpretation, which we will discuss below.

2.1 Symmetric space and locally symmetric space for GL,(Z)
In this section, we will describe the construction of locally symmetric space for GL,(Z).

Definition 2.1.1. Let F be a field and U be an F-vector space. A quadratic form Q is a function
Q : U — F satisfying,

1. Q(AX) = 2*Q(x) forall A€ F andx e U
2. Bx,y) := O(x+y) — Ox) — Q(y) is a symmetric F-bilinear form.

Moreover, if F = R then, we say Q is positive semi-definite iff Q(x) > 0 and positive definite iff
Q is positive semi-definite and Q(x) = 0 & x = 0. Analogously, we can define negative definite
and negative semi-definite quadratic forms.

Let V be the vector space of quadratic forms on R? and V- be the subset of positive definite
quadratic forms in V. The group GLy(R) acts on V and V. on the right by pre-composition.
Let us explicitly see how this action looks like.

Fix a basis ey, e, of RZ. Then, by the definition of quadratic form, B(x,y) is a symmetric bilinear
form. Because ey, €3 is a basis we can write X = xjej+xe andy = y;e;+y2e3. We find B(Xx, y),

B(xie1 + x2€2,y1€1 + y2€2) = x1y1B(eq,e1) + (x1y2 + y1x2)B(er, €2) + x2y2B(es, €2)

31
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Denote B(ey, e1) = 2a,B(e1,e3) = 2b and B(ez, e3) = 2¢, we have

20(x) = 40(x) — O(x) — Q(x) = O(2x) — Q(x) — O(x)
= 0(x+x) — O(x) — O(x) = B(x, x)
= 2a(x1)2 +4bx1xy + 26‘()62)2

= Q(xi1e1 + x€3) = a(x1)2 +2bx1xy + c(x2)2

So we can associate to any binary quadratic form a triple of real numbers (a, b, ¢) and vice versa.
The calculation also shows that 2Q(x) = B(x, x). Notice that we can also write B(x, y) in terms
of matrices as;

2b

2a
B(x1e1 + xz€2,y1€1 + y2€2) = B((x1, x2), (y1,y2)) = (xl,xz)( b 2 )(yl,y2)t

C

Calling the matrix Q, we get,
O(x) = xQx’ 2.1)

where the superscript ¢ stands for transpose. This proves the following lemma,

Lemma 2.1.2. There is a 1-1 correspondence between binary quadratic forms and symmetric
2 X 2 matrices with real entries.

The action of GL,(R) on V is also easy to describe using this correspondence. The pre-
composition means that if g € GLy(R) then we can plug gx instead of x in equation (2.1). This
upgrades the correspondence above,

Lemma 2.1.3. There is a 1-1 GLy(R)-equivariant correspondence between binary quadratic
form and symmetric 2 X 2 matrices M3(R) with real entries. The action of g € GLy(R) on
symmetric 2 X 2 matrices is Q — gQg'.

So we can identify the space of quadratic forms and the space of symmetric 2 X 2- matrices.
We can also describe M3(R) as a homogeneous space. To show this, we will first see that the
action of GL,(R) on V. is transitive, and then we will take the quotient by stabilizer of any
quadratic form.

Lemma 2.1.4. The action of GL,(R) on Vs is transitive.

Proof. We only need to show that any positive definite quadratic form is in the orbit of the
quadratic form Qy(x) = x% + x%. Qo corresponds to the identity matrix in M5(R) using Lemma
2.1.3. So given any positive definite quadratic form Q, we have a corresponding matrix,

(5 <)

By positive definiteness a > 0, ¢ > 0 and ac — b*> > 0 because Q(e;) > 0, Q(e,) > 0 and the fact
that for positive definite matrices both eigenvalues should be positive. Let

(1 0
5\ b a )
Then g - X can be computed.

ex=( G o) a )0 o) e T )6 et



2.1. SYMMETRIC SPACE AND LOCALLY SYMMETRIC SPACE FOR GLy(Z) 33

Now, denote @ = Va~! and 8 = +Ja '(ac — b?)~!. This is possible in R because both a and
ac — b? are positive. Now acting by diag(a, 8), we get,

a 0 a 0 [a O0\[a 0 a 0\ (10
0 B)\0 ata-v» ) Lo gJ\0 aac-v» )\ 0o g) o 1

So every quadratic form is in the orbit of Q. |

Corollary 2.1.5. V. is isomorphic to the homogeneous space GLy(R)/O(2) as a GLy(R)-
equivariant topological space.

Proof. By the lemma above, we just need to find the stabilizer of Qg which by definition are
matrices y such that yy’ = 1, which are, by definition, the orthogonal matrices. This establishes
the isomorphism GL;(R)/O(2) — V-¢ as GLy(R)-sets by mapping gO(2) to gg’ in V~(. The map
GL>(R) — Vg is a polynomial map in the entries of GL,(R) and therefore it is continuous. The
map is also open by Proposition 1.2 of [50]. This means that the map is homeomorphism. O

We are one step away from creating our symmetric space. The last step is to impose an
equivalence relation on the quadratic forms,

Definition 2.1.6. Two quadratic forms Q1 and Q, are called homothetic if there exists a € R*
such that Q1 = aQ».

Definition 2.1.7. The symmetric space for GL,(Z) is the space Vg up to homothety i.e. Vso/R* =
Vso/Rso. Equivalently, it is the quotient space GLy(R)/R*O(2), where, by R* C GLy(R), we
mean the central subgroup of GLy(R) with entries in R*.

Yet another and more well known way to see symmetric space for GL(Z) is to consider
C —R. The group GL,(Z) acts on C — R via the M&bius transformations,

a b _az+b
c d Z_cz+d

The subgroup S L, (R) of GL,(R) acts on the upper half plane H? via this action. The next lemma
shows that C — R is actually the symmetric space for GL(Z).

Lemma 2.1.8. C — R is the symmetric space for GLy(Z).

Proof. First thing to note is that the action of R* on C — R via Mgbius transformation is trivial.
We will see the orbit of i under the action of GL,(R). The action is transitive because for
z = x + iy where y # 0, we have,

y x3\. . _
(0 1)1—y1+x—z

Morover, the stabilizer of i consists of matrices of the form,

a __c
(a _C):\/az+cz[ Va2+c? W]ERXO(Z)
c a Vi Nl

so Stab(i) € R*0O(2). The other containment is obvious. This realizes C—R as GL,(R)/(R*O(2)).
O
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The action of GL,(Z) via its inclusion into GL;(R) on C — R is almost free. This is the
content of the next lemma.

Lemma 2.1.9. Consider the action of GLy(Z) on C — R and let 7 € C — R. Then we have the
following,

1. Stab(z) is cyclic of order 4 if z is in the orbit of i.

2. Stab(z) is cyclic of order 6 if 7 is in the orbit of w, where w is the sixth root of unit in the
first quadrant.

3. Stab(z) is cyclic of order 2 otherwise.

Proof. First, we will show that any torsion element of S L,(Z) is of the required orders.

Let g be such an element. Its characteristic polynomial is of degree two and since it is torsion,
its complex eigenvalues are roots of unity. Its characteristic polynomial divides the equation
x" — 1, so the roots of the characteristic polynomial are  and ¢ where ¢ is a root of unity. So
the characteristic equation is of the form,

x> —2Re(O)x+1=0

Since the trace of g is integral, 2Re({) € Z and |Re(z)| < 1. Both of these facts imply Re({) =
cos(0) € {0, J_r%, +1}. These possibilities together imply the orders that appear.

If g € Stab(z), then, since the sign of Im(z) is not changed, we have g € S L,(Z). Since the
action of S L,(Z) is properly discontinuous, Stab(z) is finite. Moreover, by Proposition 2.3.3 of
[14], we have few candidates for such a group, so the lemma follows; see the corollary of the
proposition in loc. cit. O

2.2 Cusps

When we construct modular curves later on, one problem that would arise is that they are
not compact, so studying them would be difficult. A common trick to resolve this issue is to
compactify our curve by adding a few points. In this section, cusps will play the role of these
extra points. We add these points to H in such a way that the action of GL;(Z) on H also extends
continuously to the cusps. This is not a compactification of H but, after taking the quotient, this
will give us a compact space. The idea is to study objects over H with cusps because it is easier
to work with and to deduce things for GL,(Z) or congruence groups.

A hint of this idea can be inferred from the fact that GL,(Z) also acts on Q U {co} by Mobius
transformation (or projective linear transformation to be precise). This is the’smallest’ set that
you can add with an action of GL,(Z) such that the action of GL,(Z) extends.

Definition 2.2.1. Let C* = (C - R) U Q U {oo}. The points of Q U {oo} are called the cusps.

C* also has a topology, which is described in more detail in ([14]), such that the action
of GL,(Z) is properly discontinuous. The topological basis at co consists of set of the form
{z € ClIm(z) > R} U {oo} for R > 0. For the other cusps, we use the action of GL,(Z) to get
neighbourhood systems of other cusps. C* has a triangulation; Take the triangle with vertices
being the cusps 0, 1 and co. Then the GL,(Z)-orbit of this triangle gives a set of triangles which
form a triangulation of C*. This triangulation with GL,(Z) action on it helps us to calculate
singular (co)homology of modular curves with relative ease.
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0 1 2 3

Figure 2.1: The Triangulation as seen on H. This shows the ideal triangles (0, 1, 00), (1,2, o0),
(2,3,00) and (0, 1,2)

The stabilizer of the triangle (0, 1, 00) in PGL,(Z) is isomorphic to S 3 and it is generated by

matrices,
0 1 1 -1
s=(V o) v-(i V)

2.3 Modular curves

Suppose we want to classify elliptic curves over C up to isomorphism. We have seen that
any such elliptic curve corresponds to a lattice and any isomorphism of elliptic curve is an
isomorphism of lattices in C. So, if we classify all lattices up to isomorphism, then we are
done. One way to do this is to construct a family of lattice which, hopefully, has a lattice from
every isomorphism class.

Definition 2.3.1. Let T € C — R. Then we denote A = {1,7) Cc C

Definition 2.3.2. Let A, A’ be two lattices in C. A morphism a : A — A’ is an element of C
such that aA C N'.

Remark 2.3.3. Recall that the definition of morphisms between complex tori and morphisms
between lattices is the same. This sets up an equivalence of category of complex tori and
category of lattices.

The next lemma shows that our hope is not in vain.
Lemma 2.3.4. Every lattice A C C is isomorphic to A; for some T € C —R.

Proof. Let A = (a,b). Then choose 7 = b/a and the isomorphism A — A; is just dividing by
a. Since A is a lattice,r ¢ R. m]

The next lemma shows when two lattices A and A+ are isomorphic.

Lemma 2.3.5. Let 7,7" be two elements of C — R. Then, A; and Ay are isomorphic if there
exists a g € GLy(Z), suchthatg -t =1
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Proof. Let A; = (1,7) and A = (1,7"). The fact that they are isomorphic means that there is
a € C such that A = A;. This is equivalent to the equations,

a-1=c+dr

a-1v'=a+br

Lo )= a)e)

Denote the matrix on the right by g. It is invertible because we assumed it to be an isomorphism.
Solving for 7’ gives,

or in matrix form,

, a+br

C+dT_g T

O

Combining both lemmas, we deduce that (C — R)/GLy(Z) = H2/S L,(Z) parameterizes
isomorphism classes of elliptic curves over C where H? = {z € C[Im(z) > 0}. This set can be
given a complex manifold structure (see Chapter 2 of [14]).

Definition 2.3.6. The modular curve for S Ly(Z) denoted by Y (1) is defined to be the complex
manifold H/S L, (Z).

As a complex manifold, Y(1) is diffeomorphic to C by the j-invariant by Section 3.2 of
[14]. Y(1) is also a coarse moduli space for the moduli problem of isomorphism classes of
elliptic curves over C e.g. see Section 2.1 of [33] for more details. The notation Y (1) is quite
suggestive; it seems that there are Y(N) for N € N. To explain it, we need to define congruence
subgroups.

Definition 2.3.7. Let ¢ : GLy(Z) — GLy(Z/NZ) be the entry-wise reduction modulo N map,
then we define the congruence groups as;

1. T(N) := ker(¢)

2. Ti(N) = ¢—1{((1) ;)’x,yeZ/Nz}

<

3. To(N) = ¢! {( 0 ;‘)|x,y,zeZ/Nz}

In particular, congruence subgroups are finite index subgroups of GLy(Z).
Let I" be a congruence subgroup of GL,(Z). Then, we can define the modular curve for I'.

Definition 2.3.8. The modular curve for I denoted by Y(I') is defined to be the complex mani-
fold (C — R)/T. We also denote Y(N) := Y(I'(N)), YI(N) := Y(I'{(N)) and Yo(N) := Y(To(N)).

As usual, we can give them complex manifold structure.

Remark 2.3.9. Yy(N) and Y(N) are actually geometrically integral algebraic curves defined
over Z[%]. Y(N) is also a geometrically integral algebraic curve but over Q({x), where {y is
the primitive N-th root of unity. See Chapter 7 of [14] for the proof of these statements. To see
some explicit equations for Y|(N) for N > 3, the reader is referred to [62].
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The curves Yo(N), Y1(N) and Y(N) also have moduli interpretation. All of them are moduli
spaces for elliptic curves but with an extra structure called level structure. In each case, the
level structure is as follows.

o If the moduli problem is a functor that associates to a scheme Z the set of isomorphism
classes of (E, C) where E is an elliptic curve over the scheme Z and C is an order N cyclic
subgroup of the group E(Z). The coarse moduli space in this case is Yo(N).

o If the moduli problem is a functor that associates to a scheme Z the set of isomorphism
classes of (E, z) where E is an elliptic curve over the scheme Z and z is an order N element
of E(Z). The coarse moduli space in this case is Y (N).

o If the moduli problem is a functor that associates to a scheme Z the set of isomorphism
classes of (E, z1,z2) where E is an elliptic curve over the scheme Z and z;, z» form a basis
of E(Z)[N] such that w(z1,22) = exp(%). The coarse moduli space in this case is Y(N).
Here w(—, —) is the Weil pairing.

A good source for moduli properties of modular curves can be found in [39].

Remark 2.3.10. The curve Y|(N) and Y(N) are also classifying spaces for I'|(N) and I'(N)
respectively for N > 2. This stems from the fact that T{(N) N S Ly(Z) and T(N) N S Ly(Z) are
torsion free by Lemma 9 of [60].

Remark 2.3.11. The reason Y|(N) is a fine moduli space for its moduli problem for N > 3 by
Section 3 of [38]. It stems from the fact that the level structures reduce the automorphisms that
are obstructions to the existence of a fine moduli space as an algebraic variety.

These curves are not compact, as we can see from the example of Y(1); topologically, it is
a 2-sphere with a missing point. Here, the cusps play the role of compactifying Y(1). Adding
the cusps, we can define X(1) := (C-R) U P'(Q))/GLy(Z) as the compactification of Y(1).
Using cusps, we obtain the compactification X(I') := ((C — R) U P1(Q))/T of Y(I'). Again,
we denote Xo(N) = X(To(N)), Xi(N) = XT'1(V)) and X(N) = X(I'(N)). X(I') is also called
the modular curve. They have the structure of compact Riemann surfaces and so they are also
projective varieties over C by Theorem 7.5 of [50]. Moreover, similar to their non-compact
counterparts, Xo(/N) and X;(N) are also defined over Q and X(N) is defined over Q({x). The
moduli interpretation for Y(I') for the three congruence groups extend to the cusps where they
correspond to level structures on the smooth locus of a nodal cubic curve, which is isomorphic
to Gy,.

2.4 Symmetric space for GL,(Og)

Let K be an imaginary quadratic. In this section, we will define the symmetric space for
GL(Ok). We will use quadratic forms again to construct the symmetric space for GL,(Ok).
Since C = K ®7 R, the action of GLy(Ok) extends to the action on C2. Hence, GLy(Ok) can be
viewed as a subgroup of GL,(C). The isomorphism above also lets us view K as a subfield of
C and Ok as a lattice in C.

Definition 2.4.1. Let Q be the space of hermitian forms in two variables and Qs be the space
of positive definite hermitian forms. The symmetric space for GLy(Ok) is Q-o/Rso. We will
denote this by Y.
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The elements of Q can be represented as hermitian 2-by-2 matrices. Then GL,(C) acts on
Q by
g0 :=2g0g" (2.2)

where g € GL,(C) and Q € Q and g’ is the conjugate transpose of g. We can also define
congruence groups in GL,(Ok) which we denote by T'(N), ['o(N) and I'; (N) similar to the one
before. Here N is an ideal of Og. Considering GL,(Ok) as a subset of GL,(C), we can consider
the action of I' on Q. Then it is a well known fact that

Theorem 2.4.2. (Theorem 1.2.3,[34]) The action of GLy(Ok) on Q is properly discontinuous.
Proof. This is due to Proposition 2.4 of [50] and the fact that GL,(Of) is discrete. m]

The action of GL,(Ok) on Q also restricts to an action on Q. The action however is not
free but close to being one in the sense that stabilizers of positive definite Hermitian forms are
finite.

Theorem 2.4.3. (Theorem 1.2.3,[34]) If T is torsion-free then the action of T on Qs is free. In
particular, the action of T1(P) for all prime ideals P of Ok with norm greater than 3, is free.

Proof. Proof is similar to Theorem 8 of [60]. O

The theorems above also apply to Y instead of Q. because center of GL,(Ok) acts trivially
on Y. On the other hand, ¥ is contractible. To see this, note that Q. is in half space of Q i.e.
there exists a hyperplane & passing through O such that Q.¢ is on one side of it. This holds
because if Q is positive definite then —Q is not. Secondly, Q. is also a convex. Both of these
facts imply that ¥ is contractible. If the action of ' on Y is free, then Y(I') := Y/I is the
classifying space for I'.

Remark 2.4.4. Taking quotients of manifolds usually is a technical matter, in which proper
discontinuity and freeness of I play an essential role. For details, see Section 1.2 of [50].

We can also compactify Y(I') by first compactifying ¥ such that the compactification is
GL,(Og)-equivariant. Again, we will add ’smallest’ GL,(Ok)-equivariant set to Y such that we
can compactify the Y(I'). To construct this compactification, we first observe that we have a
map from the affine space A2(Ok) = {(a,b) € O%(I(a, b) # (0,0)} to the space of hermitian
forms @,

A%(Ox) - Q (2.3)

vo vy (2.4)

The image of A%(Ok) — {0} is contained in the set of positive semi-definite hermitian matrices
and the map is also GL,(Ok)-equivariant. Moreover, note that if we scale v by some A € K,

then we will scale the corresponding quadratic form under the map (2.3) by |A]>. Therefore,
taking quotient by R ¢, the map (2.3) factors through the map

PY(K) = P1(Ox) — Q/Ro (2.5)

Definition 2.4.5. We define X to be the space (Q-0/Rs0) UP'(K) where the topology is the same
as the one described in Section 3 of [6]. A concrete way to see X and its topology is mentioned
in the next section.

Remark 2.4.6. The particular example of GL,(C) is given in Section 1.4.2 in loc. cit.
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Remark 2.4.7. The topological space X(I') := X/T is compact.

X () constructed this way is compact. The extra points that we introduced are called the
cusps.

Theorem 2.4.8. [34] The number of cusps in Xt is finite. More precisely, it is the class number
of K.

There are some key differences between the symmetric spaces of GL,(Z) and GL,(Ok). One
of the most prominent one is the fact that for the classical case of GL,(Z), we have an algebraic
structure on Y(I') and X(I') which is not the case for GL,(Ok), because Y(N) and X(N) have
real dimension 3 which means it is not even a complex manifold, let alone an algebraic variety.

2.5 Bianchi tessellation

In this section, we will construct the Bianchi tessellation, following [47]. The main idea is to
use the idea of a perfect form to give a tessellation, which was originally done by Voronoi in
[68].

Definition 2.5.1. A vectorv € 0?2 —0is called a minimal vector of a positive definite Hermitian
form Q if Q(v,v) = min{Q(u, w)lu € Oiz — 0}. The set of minimal vectors of Q will be denoted
by Ming

Definition 2.5.2. A quadratic form P is called perfect if for any other form Q,
Minp C Ming = Q = AP
for some positive real number A. That is P is determined by its minimal vectors up to scalar.
Denote by Q, the image of v under (2.3).

Definition 2.5.3. For a perfect form P, we can define a 4-cell in Q-o U A*(Ox) by taking the
convex hull of the rays passing from the origin through Q, for all v € Minp. After taking
quotient by R>0 it becomes a 3-cell.

Remark 2.5.4. A priori, a perfect form need not have coefficients in K but after scaling by a
suitable real number, it would have coefficients in K. Since the perfect form only depends on
the minimal vectors, which has entries in K and minimum value, which upto scaling, can be
assumed to be in K, linear algebra calculation will force the coefficients to al;so be in K. This
would not change the ray nor the convex hull.

By Proposition 7.1.6 of [47], it is a 3-cell because P is perfect. Note that if we replace P
by some multiple of it, then we get the same 3-cell. The 2-cells are then the intersection of two
adjacent 3-cells and the 1-cells are defined similarly. This results in a tessellation, as proved in
Chapter 7 of loc.cit. This tessellation coincides with the Bianchi tessellation introduced in [3]
by explicit computation in [71].

Bianchi Tessellation and Hyperbolic 3-space H>

The symmetric space Q-o/R-o and its compactification X also has a more humble description,
similar to how C — R and C* is a concrete description of symmetric space for GL,(Z). The role
of this more concrete form of Q.o/R-¢ is played by hyperbolic 3-space.
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Definition 2.5.5. The hyperbolic 3-space H? is defined as CXRsg. The points K x 0 ¢ C X Rx
play the role of cusps along with the point at infinity co, which is thought of as the point corre-
sponding to C X co.

The group GL,(C) acts on H? by the following rule;

( ‘cl Z )(z, r) = %((az +b)(cz + d) + acr?, )

where N = |cz + d|* + |c|*r?. The arithmetic groups of GLy(Ok) act via their inclusion into
GL>(C). In the next section, we will give some examples of polytopes in H3. The topology of
X is generated by open sets of H> and open half sphere centered at cusps. For more examples,
the reader is referred to [32].

2.5.1 Examples of Bianchi tessellation

In this section, we will see Bianchi tessellations for discriminant —1, —3, —7 and also note infor-
mation about the orbits and stabilizers of the cells in the Bianchi tessellation. Most of this infor-
mation can be found in [32]. Yasaki in [71] also computed these data for imaginary quadratic
fields with higher discriminant.

Remark 2.5.6. In this section, we will be using the action of PGL,(Oy) instead of GLy(Ok)
because the center of GLy(Ok) acts trivially, so all the statements should be understood modulo
the center of GLy(Ok).

252 d=-1

In this case, all the 3-cells are in one orbit. One element of this orbit is an ideal octahedron V.
1+
YV, =(0,1,i,1 +i,Tl,oo)

With the first four forming the "square". The corresponding perfect form is H(w,z) = |w|* +
Re(w(i — 1)7) + |z|* with the minimum value 1. The stabilizer of this octahedron is isomorphic
to the symmetric group S4 on four letters and its description is,

Stabpcr,00) (V1) =< U, Y|U? = Y* = (UY?)* = 1 >

“loa) el )

The element Y reverses the orientation on Q. and therefore, it also reverses the orientation of
the space?.

The 2-cells are also in one orbit i.e. in the orbit of the triangle (0, 1, o). The stabilizer of the
given triangle is isomorphic to § 3, the symmetric group on three letters. Its presentation is,

where,

Stabpgr,04)((0,1,00)) =< S, U >

where U is the same U as above and S is the matrix with diagonal entries 0 and off-diagonal
entries 1.
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The 1-cells also form a single orbit i.e. in orbit of (0, c0). The stabilizer of this edge is isomor-
phic to S, x O%. It is generated by matrices,

s=(Vo) eelo V)

S is orientation reversing while D preserves orientation of ¥.
The O-cells are also in one orbit namely in the orbit of co. The stabilizer of co is isomorphic to
Z x O% and is generated by T and D, where

(1))

[e.¢]
i 1+
1+i
2
0 1
Figure 2.2: Visualization of Bianchi tessellation for d = —1 in upper half space. The cusps are

on the plane C X 0 and oo is considered far above the plane. The lines going upwards have oo as
the other vertex. The curves are semi-circle intersecting the plane perpendicularly.

253 d=-3

In this case, all the 3-cells are in one orbit. One element of this orbit is an ideal tetrahedron V.
Letw = %(1 + V=3). We have
Vl = (Oa 1’ _wz’ OO)

The stabilizer of this tetrahedron is isomorphic to A4 and its description is,
Stabpgr,00)(V1) =< U, Y|U® = Y> = (UY)’ = 1 >

where,
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The whole group preserves the orientation of the space Y.
The 2-cells are also in one orbit i.e. in the orbit of the triangle (0, 1, c0), which has stabilizer S 3.
Its presentation is

Stabpgr,04)((0,1,00)) =< S, U >

where U is the same U as above and § is the matrix with diagonal entries 0 and off-diagonal
entries 1.

The 1-cells also form a single orbit i.e. in orbit of (0, co). The stabilizer of this edge is isomor-
phic to §» x O%. It is generated by matrices,

01 w 0
(Vo) ee(5)
where a € O%. U is orientation reversing while D preserves orientation of Y.

The O-cells are also in one orbit namely in the orbit of co. The stabilizer of co is isomorphic to
Z x O% and is generated by T and D, where

(1))

P 1

Figure 2.3: Visualization of Bianchi tessellation for d = —3 in upper half space. The cusps are
on the plane C X 0 and oo is considered far above the plane. The lines going upwards have oo as
the other vertex. The curves are semi-circle intersecting the plane perpendicularly.

254 d=-7

In this case, all the 3-cells are in one orbit. One element of this orbit is an ideal triangular prism
Vi. Letw = %(1 + V=7). We have

w l+w
V :0719 > T~ 3 s
1=0.Lo5 =

©0)
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with one triangle having vertices 0, 1, co and the rest forming the other triangle. The stabilizer
of this triangular prism is isomorphic to S 3 and its description is,

Stabpgr,00)(V1) =< U, Y|U® = Y* = (UY)* = 1 >

1- 1 -1
y=(¢ “. U=
1 —w 1 0
The element Y reverses the orientation on Q= and therefore, it also reverses the orientation of

the space ¥. Geometrically, U rotates the prism by %” around the axis through the two triangular
faces and Y is a reflection which flips the two triangular faces.

where,

o
—_

w

Figure 2.4: Visualization of Bianchi tessellation for d = —7 in upper half space. The cusps are
on the plane C X 0 and oo is considered far above the plane. The lines going upwards have oo as
the other vertex. The curves are semi-circle intersecting the plane perpendicularly.

The 2-cells are also in two orbits; the triangles and the quadrilaterals. The triangles are in
the orbit of the triangle (0, 1, c0), which has the stabilizer S 3. Its presentation is,

Stabpgr,04)((0,1,00)) =< S, U >

where U is the same U as above and S is the matrix with diagonal entries O and off-diagonal
entries 1.

The quadrilaterals are in the orbit of (0, oo, %,a)). The stabilizer of this quadrilateral is
isomorphic to Klein 4-group and it is generated by two commuting, order two matrices in
PGL,(Ok), A and B, which are

-1 w -1 0
S A G
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Both A and B are orientation reversing. The 1-cells also form a single orbit i.e. in orbit of
(0, 00). The stabilizer of this edge is isomorphic to S x O%. It is generated by matrices,

0 1 -1 0
s=(Vo) (oY)
S is orientation reversing while D preserves orientation of ¥.

The O-cells are also in one orbit namely in the orbit of co. The stabilizer of co is isomorphic to
Z x O% and is generated by T and D, where

T:(} (1))

Remark 2.5.7. In general if class number of K is 1, all the cusps are in one orbit. In the case
when Ok is also Euclidean, all edges are also in one orbit, namely in the orbit of the edge
(0, ).

2.6 Modular Complex

In this section, we will introduce the modular complex and also show how it relates to the
singular cohomology of Y(I') and the group cohomology of I'.

Since we will be working over Q coefficients and the stabilizers in I' are finite, the singular
cohomology groups of Y(I') are isomorphic to group cohomology groups of I' by Proposition
I1.4.1 of [8].

Theorem 2.6.1.
H;ing(Y(l"), M) = Hfgp(l“, M)

where M on the right is a Q[I']-module and M on the left is the corresponding local system on
Y(T).

A consequence of this theorem is that we will only need to study the singular cohomology
of Y(I') and that will suffice for the group cohomology of I'. The previous sections give some
tessellations of X. We can use the cellular complex to calculate its homology groups.

Definition 2.6.2. The cellular groups are defined as follows;
1. So(X) is the Q-vector space generated by the cusp or 0-cells.
2. §1(X) is the Q-vector space generated by the 1-cells i.e. edges in the tessellation.
3. §»(X) is the Q-vector space generated by the 2-cells in the tessellation.
4. S3(X) is the Q-vector space generated by the 3-cells in the tessellation.
The cellular chain complex will be denoted by S o(X).

Since the action of GL,(Ox) preserves the tessellation, it permutes the basis of S ;(X) fori =
0, 1,2, 3. The Bianchi tessellation also has finitely many GL,(Ok)-orbits for each i-dimensional
cells.

Definition 2.6.3. The modular complex S ,(X(I)) is defined to be Q®r S o(X), where the tensor
is over Q[I'l-modules and Q is the trivial Q[I'l—module.
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The modular complex lets us compute homology of X(I'). In each case of I that we consider,
it contains I'(V). This means that the index [GL,(Ok) : I'] is finite because [GL,(Ok) : T'(N)]
is less than cardinality of GL,(Og/N). Finite number of orbits in Bianchi tessellation coupled
with the fact that [GL,(Ok) : I'] is finite implies that S;(X(I")) is finite dimensional for each
i=0,1,2,3.
Now consider the complex

S3(X(I) = S2(X(T)) = S1(X(T)) (2.6)

concentrated in degrees 3,2, 1. It computes the homology groups H.(X(I'),0X(I"), Q), where
0X(T') is the (finite) set of cusps. The homology groups of this complex are the Borel-Moore
homology groups H2M(Y(I')) of Y(I'). By Poincaré duality, H,(X(T'), 0X(I'), Q) = HM(Y(I')) =
H3*~*(Y(I)). Therefore, Equation (2.6) combined with Theorem (2.6.1) implies the following
theorem.

Theorem 2.6.4. The n-th homology of the complex (2.6) is isomorphic to HS,;”(F, Q).
This theorem is quite powerful. It has some profound consequences.

Corollary 2.6.5. The group cohomology Hy,(I',Q) = 0 unlessn = 0, 1,2.

Corollary 2.6.6. The groups H,,(I', Q) are finite dimensional for all n € Z.

Proof. As we remarked earlier, that S 4(X(I")) is finite dimensional. The corollary follows from
this fact. O

It might be surprising to see that the cohomology of the group I' is ’simple’ even though
these groups are very complicated. This also shows the utility of locally symmetric spaces in
the study of arithmetic groups in general. In more general setting, using Borel-Serre compat-
ification which is a comapct manifold with boundary homotopic to Y(I'), one can also shown
these types of finiteness result. See Chapter 9 of [6] for Borel-Serre compatification.






Chapter 3

Framed motives and periods

In this chapter, we will introduce what motives are and discuss some of their aspects. The
slogan is,

"Motives is the universal cohomology theory."

But what do the terms in the slogan mean? Let us try to explain them. Let Vary be the category
of varieties over k i.e. finite type, seperated integral schemes over k for a field k.
A cohomology theory H valued in an Abelian category C is a functor,

H : Var, —» DC 3.1

satisfying some properties, see [18], page 454. Some of these properties are Poincaré duality,
Mayer-Vietoris sequence, Kiinneth formula and are mentioned in Section 3.1.6 below. Here,
DC is the derived category of C. We have many examples of such cohomology theories. On
the top of the list, we have Betti cohomology, which is the singular cohomology of the complex
points of the variety. We also have de Rham cohomology if char(k) = O which has the structure
of mixed Hodge structure (which we will see below)and /-adic cohomology which is valued in
Gal(k/k)-representations. All of these cohomology theories not only satisfy same properties but
also have an extra structure like mixed Hodge structure, or Gal(%/ k) action. Moreover, there are
comparison maps e.g. de Rham’s theroem

H3(X,Q) ®g C — H3p(X. k)& C (3.2)

Grothendieck had an idea that since all these cohomology theories have a similar pattern (or
motif in French), they must all factor through a single category MAM(k) i.e. there is a functor
H,,,; such that for every cohomology theory H, there exists H such that the following diagram
commutes,

Var, — D MM(k) (3.3)

gL

DC

The functor H is unique upto unique isomorphism. The (still hypothetical) category MM is
called the category of mixed motives.

The target categories for the cohomology functors mentioned above are not only Abelian
but they are Tannakian categories.

47
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Definition 3.0.1. A neutral Tannakian category is a rigid Abelian tensor category T such that
F = End(1) is a field along with an exact faithful F-linear tensor functor w from T~ to the
category of F-vector spaces Vectg.

We will omit the word neutral from now on. Even though, Tannakian categories is defined
in terms of category theoretic lingo, they are surprisingly "concrete" as shown by the theorem
below.

Theorem 3.0.2. Let (7 ,w) be a Tannakian category with F' = End(1). Then there exists
an affine pro-algebraic F-group scheme G such that (T ,w) is ®-equivalent to the category
(Repyg, forgetful) of finite dimensional F-representations of G.

Proof. See Theorem 2.11 of [13]. m]

3.1 The category DM,

In this section, we will outline a construction of a contender for D MMy, the derived categroy
of MM(k) denoted by DM;. This is due to Voevodsky [66]. The idea is to first construct a
triangulated category, which would play the role of derived category of MM and then show
that this category has a 'motivic’ z-structure, which would then extract MM, out of DMM.
The search of motivic -structure continues to this day but the category DMy, satisfies all the
properties that DAM; should. See Section I1.5 [18] for more details.

Following [66], we will outline the construction of DMy, in a series of steps;

1. Defining category of finite correspondences SmCor (k).
2. Constructing the homotopy category K*(SmCor(k)).

3. Taking Verdier quotient of K*(SmCor(k)) by the thick subcategory generated by A!-
homotopy and Mayer-Vietoris sequence .

4. Taking pseudo-Abelian envelope of the category we get from the previous step to get
DMZf s , the category of effective motives.

5. Inverting the Tate motive to get DMy

We will briefly explain these steps one by one. General reference for this construction is the
original paper [66] or alternatively, Lecture 14 [48].

Remark 3.1.1. The category which we denote by DMy, is denoted by DMim in literature e.g. in
loc. cit..

3.1.1 The category SmCor(k)

To define SmCor(k), we first need to define finite correspondences.

Definition 3.1.2. Let X and Y be smooth varieties over k. A finite correspondence from X
to Y is a Z-linear combination of integral closed subsets Z; of X X Y such that the projection
map Z; — X is finite and surjective over some connected component of X. We will denote
correspondences from X to Y as Cor(X,Y)

Remark 3.1.3. Replacing Z with any other ring R will give us category of finite correspon-
dences with coefficients in R. Later, we will consider R = Q.
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Example 3.1.4. If f : X — Y is a morphism in Vary, then the graph I'y C X X Y is a finite
correspondence from X to Y.

We can also compose finite correspondences. Let W € Cor(X,Y) and W, € Cor(Y,Z).
Then, there is an associative, additive composition,

comp : Cor(X,Y)® Cor(Y,Z) — Cor(X, Z)

We can see how this composition works by, first, assuming W; and W, are integral subvarieties
of X X Y and Y X Z respectively and then extend by linearity. In the former case, we note that
Wi X Z and X x W, are both subvarieties of X X ¥ X Z. We intersect the divisors W; X Z and
XX W, in X XY X Z and then pushforward to X X Z. By Lemma 1.7 of [48], the divisors intersect
properly and the result of the pushforward of the intersection is also a finite correspondence.
The fact that it is well-defined and associative is the content of Lemma 4.33 in [19]. Equipped
with a notion of composition, we can define the category SmCor(k).

Remark 3.1.5. If f : X — Y is a finite map which is surjective onto some connected component
of Y then it has a "inverse" in correspondence given by the image of Iy under the isomorphism
X XY — Y XX, which switches the coordinates.

Definition 3.1.6. The category of finite correspondences with coefficient in ring R SmCor(k, R)
is defined as a category where;

e The objects of SmCor (k) are just objects of Vary.
o The set of morphisms from X to Y is just Cor(X,Y) @ R for X, Y € ob(SmCor(k))
o The composition of morphisms is defined above.

There is a functor from Var; — SmCor(k, R) mapping the object X to X and the morphism
ftoI'y. From now on, we will take correspondences with R = Q and just write SmCor(k). The
category also has direct sums and a symmetric monoidal structure. The direct sum of X and Y
isXUYand X®Y := X x Y. The category is also Q-linear.

3.1.2 The homotopy category K*(SmCor(k))

Since the category SmCor(k) is pre-additive i.e. the Hom sets are abelian groups and the
composition maps are group homomorphisms, we can form chain complexes in SmCor(k). We
denote the category of bounded chain complexes in SmCor(k) as C?(SmCor(k)), the homotopy
category K”?(SmCor(k)) is the category with same objects as C*(SmCor(k)) and the morphisms
in K?(SmCor(k)) are equivalence classes of morphisms in C?(SmCor(k)) with respect to chain
homotopy [55]. K?(SmCor(k)) has a triangulated structure and also has tensor product and
direct sum inherited from C?(SmCor(k)). We also have a functor SmCor(k) — K?(SmCor(k))
where X is mapped to [X] which is a complex with X in degree zero and zero elsewhere.

3.1.3 A'-homotopy and Mayer-Vietoris sequence

The category homotopy K”(SmCor(k)) has some chain complexes which ‘represent’” A'-homotopy
and Mayer-Vietoris sequence.
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e A'-homotopy: We have a complex
x x A1 [x]
in degree 1 and O respectively.
e Mayer-Vietoris sequence: If X = U U V for two non-empty open sets U and V contained

in X, then we have the sequence,

ivnvu+ivnvy lux—ivx

[UNnV] — [U]l®[V] —= [X]
in degree 2,1 and O respectively and all the is are open embeddings.

We require these complexes to be acyclic for A!-homotopy and Mayer-Vietoris sequence to
hold. So we are going to quotient by these complexes. Let J be the thick full triangulated sub-
category of K?(SmCor(k)) generated by the complexes above for all X and any open covering
U,V of X. Then we define S to be the set of morphisms in K?(SmCor(k)) such that f : X — ¥
is in S iff there exists a Z € J such that we have the distinguished triangle,

X Y
o~
7

Definition 3.1.7. We define the quotient K b(SmCor(k))/ T to be the category K*(SmCor(k))[S ']
where S is the set of morphims corresponding to the thick, full triangulated subcategoryy. We
also have a functor

K?(SmCor(k)) — K’(SmCor(k))/J

More details for the construction of Verdier quotients can be found in Section 13.6(05SRA)
of [61]. It is relevant ot mention that K?(SmCor(k))/J is still triangulated.

3.1.4 The Category DMif f

The pseudo-Abelian envelope of a category C enlarges C by splitting idempotents. An idempo-
tent e : A — A is said to split in the category C, if there exists an object Band maps f : B — A
and g : A — B such that gf = id and fg = e. One can think of B as the image of A under
e and f as the inclusion of B into A. We need to introduce such elements to ensure that many
properties of the cohomology hold e.g. projective bundle formula. It also helps to see H’(X, Q)
as a direct summand coming from the idempotent X — Spec(k) — X if X is a connected variety
with a k-rational point.

Definition 3.1.8. The pseudo Abelian envelope/Karoubi envelope Kar(C) is a category whose
objects are pairs of the form (X, p) where p is an idempotent on X and morphism sets are defined
as,

Morgarc)(X, p), (Y, @) = {f € Morc(X,Y)If = qo fop}

There is also a functor C — Kar(C) by sending X to (X, id) and a morphism f to f itself.
By [1], if C is triangulated then so is Kar(C).

Definition 3.1.9. The derived category of effective motives denoted by DM;f Tis defined to be
pseudo-Abelian envelope of Kb(SmCor(k))]J.

At every instance of the construction till now, we had a functor. Composing all these func-
tors give us a functor Var, — DMZf /. We denote the image of X under this functor as M(X),
the effective motive of X.
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3.1.5 The Tate motive Q(1) and DM,

The last step is to introduce Poincaré duality for smooth projective varieties. To do this, we have
to invert the Tate motive. It turns out that inverting the Tate motive also makes the category DM,
rigid i.e. we have dual objects [48].
Let X be a variety over k having a k-rational point, then the composition of structure morphism
and the inclusion of the k-rational point gives an idempotent on X. Since idempotents split in
DM;f !, we have

M(X) = Mk)® M(X)
M(k) is just the unit for the tensor product of DMZf f , so we denote it by Q(0). Now P! has a
k-rational point so we can split off M(k) from M(P') as a direct summand.

Definition 3.1.10. The Tate motive Q(—1) is defined to be M(P")[-2]. We will define Q(=n) to
be Q(1)®" for non-negative n.

Now we have all the tools to finally define the rigid Q-linear triangulated category DM.

Definition 3.1.11. The derived category of motives DMy, is the category with objects and mor-
phisms as described below;

e [ts objects are pairs of the form (M, m) where M € DMfo andm € Z.

o Hompa, (M, m), (N, n)) = lim,_,_o, HomDM./(M ® Q(m + r), N ® Q(n + r))

The definition above implies that tensoring by Q(—1) is an equivalence of categories be-
tween DMy and itself. This implies, in particular, that there is an object Q(1) such that Q(1) ®
Q(1) is isomorphic to the tensor unit. This is the inversion of Q(—1). Similar to the definition
of Q(—n), we define Q(n) for positive n to be Q(1)®".

The last piece of information that we need to extract the category of mixed motives from
DM, is the existence of a motivic ¢-structure. To get the idea of ¢-structure, we note that an
Abelian category C embeds into the derived category DC as complexes concentrated in degree
zero. But degree is not well-defined a priori for a triangulated category so we need some al-
ternative description to define this embedding. One way is to view complexes in degree zero
as intersection of two subcategories; one concentrated in non-negative degrees and one concen-
trated in non-positive degrees. These two categories have some compatibility condition and it
turns out that if we have two subcategories which satisfy these compatibility relation then we
can find the underlying Abelian category.

Definition 3.1.12. A t-structure on a triangulated category D consists of two full subcategories
Do and Dy ,stable under isomorphisms,such that;

o I[fXeDandY € Dsy then Homp(X, Y[-1]) = 0.
o [fX € Do then X[1] € D<. Similarly, if Y € Dsq then Y[—1] € Ds.

o If A is an object of D, then there exists X € D<y and Y € Dsq such that all three of them
fit into the distinguished triangle,
X A

(1 /

Y[-1]

Definition 3.1.13. The heart D° of the t-structure is the category D<o N Dso.

Existence of motivic #-structure for DM, is still not known in general.
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3.1.6 Some Properties of DM (k)

In this section, we will provide some properties of the category DM(k).
1. Kiinneth formula: M(X X Y) = M(X) ® M(Y).
2. Al- homotopy: M(X x Al) = M(X)

3. Mayer-Vietoris sequence: For a Zariski cover X = U U V, we have a distinguished
triangle,

MUNYV) MU) o M(V)

M(X)

4. Gysin sequence: Let Z C X be a smooth closed subscheme of codimension d and X is
also smooth then we have a distinguished triangle,

M(X -2) M(X)

M(Z)(-d)[2d]

5. Blow up: Let Z be a smooth closed subscheme of X and let Blz(X) be the blow up of X
along Z. Let E be the exceptional divisor. Then there is a distinguished triangle,

M(E) M(BIz(X)) ® M(Z)

M(X)

If Z has codimension d in X, then the distinguished triangle implies the following canon-

ical isomorphism,
d-1

M(BIz(X)) = M(X)® @ MZ)(-D)[2i].
i=1

6. Duality: For any A in DM(k), we have its dual A such that for any smooth projective
variety X of dimension d, satisfies

MX)" = M(X)(d)[-2d].

7. Adjunction: We have the following two formula relating tensor product and the dual,

Hom(A® BY,C) = Hom(A,B®C)
Hom(A® B,C) = Hom(A,BY®C)

To show some utility of these properties, we will show using Gysin sequence and A!-
homotopy that

ME®") = (P a2l

i=0
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which seems quite similar to the cohomology groups of P". The shifts tells us which cohomol-
ogy group we are looking at and the Tate twists i.e. the Q(—i) gives us additional information
e.g. Hodge structure etc. Take X = P" and Z to be a hyperplane in X in the Gysin sequence

M(A™) —» M(P") —» M(P"H)(-1[2] - M(AM[1]

By Al-homotopy M(A") = M(k) = Q(0). Since P" has a k-rational point, the structure mor-
phism of P" splits the left most map in the sequence, so we have,

M(P") = Q(0) ® M(P")(-1)[2]

By induction on #n, the claim follows.

The Gysin Spectral Sequence

Let X be an algebraic variety. The Gysin sequence mentioned above only works if Z is smooth,
closed subscheme. A natural question that arises is how to extend the sequence to any SNC
divisor L = | J L; where L; are smooth, closed subschemes and 7 is a finite indexing set. We can
iel
also ask the same question for a relative conomology group H*(X —L, M —L) where M = | J M f
jeJ

is another divisor such that L U M is SNC and J is a finite indexing set. The first question is a
special case of the second question with M = (). The answer to the second question is given by
a spectral sequence.

Proposition 3.1.14. (Proposition A.1, [15]) There is a convergent spectral sequence

P = @D HO (L0 My)(-r) = H79X — LM - L) (34
=
|J|=s

where Ly = (| L; where I C Tand M; = (N M; where J C J.
iel jeJ

The differential d; : E l_p S E l_p 14 i the differential of the total complex

d, d,

dj, q dp, q dp,
Tl ,1 TO,l
d, d,

dj, g g 4
Tl 2 TO,Z
d, dy

where

e the terms are TZS = @Illzr H®2"(L; N Mj)(—r) in degree (—r, s).
|l=s
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e The horizontal differential dj, : TZ s = Tf_l , 1s the sum of the maps

gut HT2 (L 0 My)(=r) — HT 2 (L 0 My)(=r + 1) (3.5)

for every u € I where g, is the Gysin morphism induced from the inclusion morphism
LinM; — Lpyy N My multiplied by some appropriate signs.

e The vertical differential d, : T); — T? _is sum of maps
res, : HT™2"(L; 0 My)(—=r) — HT (L 0 Myup)(=7) (3.6)

for every v € J where res, is the restriction map induced from the inclusion morphism
LN M; —)LIOMJU{V}.

Remark 3.1.15. The spectral sequence degenerates at the second page if X is smooth and
projective because all entries on E| page are pure motives but the differentials map to pure
motive with a different weight.

Remark 3.1.16. The dual of the spectral sequence of HP*4(X — L, M — L) is isomorphic to the
spectral sequence of HP*9(X — M,L — M).

3.2 Mixed Tate Motives and Framed Motives

In this section, we will deal with a subcategory of DM(k), which is generated by the Tate
motives Q(n) for n € Z and closed under extensions.

Definition 3.2.1. The derived category of mixed Tate motives denoted by DMT (k) is the small-
est full triangulated subcategory of DM(k) containing Q(n) for all integers n and stable under
extensions i.e. if in a distinguished triangle X — Y — Z — X[1] any two of X,Y or Z are in
DMT (k) then so is the third one.

The first step in order to understand DMT (k) is to see how can we extend Q(n) by Q(m),
since these are the simple objects of DMT(k). For any such extension A, A ® Q(—n) is an
extension of Q(0) by Q(m — n) so without loss of generalization, we can assume n = 0. By
[67],[45],[4], these extensions (which form a group) can be compared to motivic cohomology
and therefore with K-theory. So we get,

Extiynmo(Q0), Qm)) = H'(k, Q(m)) = (Kay—i(k) ® Q)™ 3.7)

where the superscript (m) denotes an appropriate eigenspace with respect to the Adams opera-
tion (see Section IV.5 of [70]) and H'(k, Q(m)) is the motivic cohomology. For sake of brevity,
we will omit the subscript of Ext if the category is obvious. Usually K-groups are not known
but for the case when k is a number field, we have the following remarkable result by Borel.

Theorem 3.2.2. [5] Let k be a number field with r embedding in R and ¢ conjugate pairs of
strictly complex embeddings in C. Then we have the following,

Q ifi=0,m=0
eQ ifi=1l,m=1
H'(k,Q(m)) = (Kop-i(k) @ Q"™ =4 Q¢ ifi=1,m>3odd (3.8)
Q° ifi=1,m>2even
0 else
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There are few points of note that follow from this theorem,

o Ext'(Q(0),Q(n)) =0ifi> 1.

o Ext°(Q(0), Q(n)) = Hom(Q(0), Q(n)) which is zero if n # 0, otherwise it is equal to Q.

e Ext'(Q(0),Q(n)) =0ifn <0.

e All Ext groups are finite-dimensional except for Ext'(Q(0), Q(1)), which is &* ® Q.
Borel’s theorem also implies Beilinson-Soulé conjecture for number fields,

Conjecture 3.2.3. Let k be a field. Then, Kn(k)g) is trivial for n > 2r.

In terms of motivic cohmology, this just means that H'(k, Q(0)) = 0 for i < 0. In [44],
Levine showed that if the Beilinson-Soulé conjecture is satisfied for a field k then the category
DMT (k) has a motivic ¢-structure. Since in the case of number fields, it is true, we get the
following definition.

Definition 3.2.4. Let k be a number field. The category of mixed Tate motives denoted by
MT M(k) is the heart of the motivic t-structure on DMT (k) defined in [44].

The rigidity of the category DM(k) also applies to M7 M(k). So, MT M(k) is a rigid sym-
metric monoidal Q-linear category with End(Q(0)) = Q. Moreover the fact that E xt1(Q(m), Q(n)) =
0 for n < m implies that for M € M7 M(k), we have an increasing weight filtration W, M such
that,

grg:lM = Q(—n)®n, grg:HlM =0

for some natural numbers k,. Using this fact,we can define a fiber functor w : M7 M(k) —
Vectq defined as

w(M) = 5 Hom(Q(-n), gry,(M))

This functor is faithful because if all Hom-sets are zero then M itself is zero. It is also Q-
linear, exact and respects the tensor product. This means that M7 M(k) along with w is a
neutral Tannakian category and so by Tannakian formalism it is equivalent to the category of
finite-dimensional representation of some pro-algebraic affine group k-scheme G (see [13] for
an introduction to Tannakian categories). Inside, M7 M(k) we have a simpler subcategory
T M(k), the category of pure Tate motives where all the objects are direct sums of Q(n) for
n € Z. w is also a fiber functor on 7 M(k) and the associated pro-algebraic group scheme is
just G, because of the grading. The inclusion 7 M(k) — M7 M(k) implies the following
surjection.

G — Gy (3.9)

Moreover, Hom(Q(-n), gr;‘; (M)) is a vector space, but we can consider it as the Tate motive
Hom(Q(—n), gr;‘; (M)) ® Q(—n) in weight 2n. This helps us to upgrade w to the functor,

w: MT M(k) - T M(k)
which gives us the following map of group scheme,
Gn—>G

This map provides an action of G,, on G. Let A be the ring of functions on G. The action of G,,
on G induces an action on A and, therefore, induces a grading on it. Using Proposition 2.2, 2.3
and section 2.4 of [12], we conclude the following theorem,
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Theorem 3.2.5. Let A be the Hopf algebra such that G := Spec(A), then A is a connected
non-negatively graded Hopf algebra i.e. A = ®A,,. Moreover, the graded dual AY := ®A, of A
is the graded tensor algebra generated by the graded vector space ®,Ext' (Q(0), Q(n))Y, where
Ext'(Q(0), Q(n))Y is in degree 2n.

Definition 1.4 and section of 1.6 of [12], also gives a description of mixed Tate motives
unramified over Ok s, where S is a finite set of non-archimedean places.

Definition 3.2.6. The category of mixed Tate motives unramified over Oy s denoted by MT M(Oks)
is the full subcategory of MT M(k) consisting of objects M such that for all n € Z, the element

gri¥ (M) ® Q(n) € Ext' (QUO)*, Q(1)*1) = Ext! (Q(0), (1)1

— k)( ® Q@knkn,1 (3'10)

is contained in O} ¢ ® QPknkn-1

For M7 M(O.s), even O; ¢ ® Q is finite-dimensional by [5] or by Dirichlet’s theorem, so
in this case the graded dual of the corresponding A would be finite dimensional in each grade.
In the next section, we will see another way to describe A.

3.2.1 Mixed Tate Category

In this section, we will recall what framed objects are and how they can also be used to
construct the Hopf algebra A mentioned in the previous section. We will construct this generally
for a mixed Tate category and later on show that in our case they are also motivic representation
of periods. In the end, we will give an example of such a framed object. More details for this
section can be found in appendix of [25].

Definition 3.2.7. Let k be a field. Let T be a Tannakian k-linear category and k(1) be an
invertible object in T~ with inverse k(—1). Set k(xn) := k(£1)®" for n € N and k(0) is the unit for
tensor product. Then the pair (T, k(1)) is called mixed Tate category if it satisfies the following
conditions,

1. k(n) are all the simple objects for n € Z.

2. k(n) are mutually non-isomorphic objects for n € Z.

3. Ext'(k(0),k(n)) = 0 ifn < 0.

Example 3.2.8. M7 M(k) is a mixed Tate category.

A functor of mixed Tate categories ¢ : (71,k(1);) — (72,k(1)) is a functor such that
¢(k(1);) = k(1)2. Any object M in a mixed Tate category (7, k(1)) is an extension of simple
objects i.e. k(n). The extensions of the simple objects are given by the third condition in
Definition 3.2.7. As we discussed in the previous section, this condition gives us a weight

filtration for every object in M7 M(k). We can apply the same argument to any mixed Tate
category to get an increasing weight filtration W, M such that,

grg‘:lM = k(=n)®n, grg/HlM =0

for some non-negative integers i,. We also have a fiber functor w : 7 — Vecty, where
Vecty is the category of finite dimensional k-linear vector spaces analogous to the w functor
for MT M(k),
w(M) := @5 Homy (k(~n), gry, M)
n



3.2. MIXED TATE MOTIVES AND FRAMED MOTIVES 57

By Tannakian formalism 7 is equivalent to the category of finite dimensional representations
of the pro-algebraic group G = Spec(A), where A = A(7) is a Hopf algebra over k. As we
have seen in the previous section, there is an action of G,, on G and therefore also on A. This
gives a grading on A. Another way to see the grading on A is to consider the codomain of w
to be the category of finite dimensional graded k-vector spaces. In [11], Deligne gives a recipe
to construct A as an ind-object in the target category of w which in our case is the category of
finite dimensional graded vector spaces, giving A a grading.

Remark 3.2.9. For the rest of this chapter, vector spaces, modules and comodules will be
assumed to be finite dimensional over k.

A Brief Description of the Hopf Algebra A and its Lie algebra

We will use Lemma 2.12 to Remark 2.17 of [13] to give a description of the Hopf algebra A.
It is an ind-Hopf algebra to be precise therefore G = Spec(A) is a pro-algebraic group. In this
section, we assume the target category of w is the category of graded vector spaces.

Let 7~ be a mixed Tate category. Let X be an object of 7 and let 7x be the smallest full
subcategory of 7~ generated by subquotients of X" & (X¥)" where n,m € N. It is important to
note that 7y is closed under ®. The restriction of w to 7, will be denoted by wy.

Let By := End(wyx) be the k-algebra of endomorphisms of the functor w. The composition
of endomorphisms gives By an algebra structure. It is a sub-k-algebra of End(w(X)), which is
finite dimensional and therefore By are finite dimensional k-algebras. This also implies that its
dual (in the sense of vector spaces) is a coalgebra which we will denote by Ax. By Lemma 2.13
of loc. cit., T is equivalent to the category of comodules of Ax. The inclusions of subcategories
Tx — Ty for objects Y and X € Ty implies that (Ax)xeon(7) is a directed system.

Theorem 3.2.10. (Proposition 2.14, [13]) Let A be the ind-coalgebra li_I)nA x. Then the category
(7", w) is tensor equivalent to the category of graded comodules (CoMod,, forgetful) of A.

The coalgebra A also inherits an algebra structure due to the symmetric monoidal structure
®, which also makes A a commutative algebra. More precisely, ® is a functor

® : CoMod,y x CoMody — CoMody

By Proposition 2.16 of loc. cit., this induces a k-linear map u : A ® A — A satisfying as-
sociativity and commutativity. The symmetric monoidal structure is also compatible with the
inclusions of Tannakian subcategories mentioned above, therefore each Ay is also a bialgebra.
The antipode exists due to rigidity of 7 as mentioned in discussion following Proposition 2.16
in loc.cit.

As mentioned in Appendix A of [25], the graded pro-Lie algebra is defined as,

Lo(T) := Der(w) = {F € End(w)|Fxgy = Fx®idy —idx ® Fy VX,Y €ob(7)} (3.11)

We can again use similar argument as above to get a Lie coalgebra £,(7"). It is also the graded
dual of L,(7") Alternatively, we can define Lo(7") as,

A\/
Lo(T) = 22— 3.12)
AZO 'Aio
where A\>/o is the kernel of the surjective map AY — k where k is in degree zero. If A is the
coproduct of A, then we can define the cobracket § as,

X =AX)-(1®X+X®]1)
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All these descriptions of L4(7") are the same. The G,, action on A gives a grading on A and
also its dual which is End(w). The n-th graded component denoted by End(w), consists of
endomorphism F such that F(W,,M) c W,,,,M for all M € 7. These facts and constructions
are mentioned in detail in Appendix A of [25].

3.2.2 Framed Motives

Let 7 be a mixed Tate category. We will create a connected graded Hopf algebra A, and show
in theorem (3.2.21) that A, = A(7") as a graded Hopf algebra.

Definition 3.2.11. Let n > 0. An n-framed motive [M, vy, f,] consists of three things,
o An object M of T .
o A non-zero map vy : k(0) — grg/(M)
e A non-zero map f; : gr%n(M) — k(n)

There is an equivalence relation on framed motives which is inspired from the equivalence
of periods. For more details, one should refer to [40, 36].

Definition 3.2.12. Let k C C. A naive period P over k is a complex number whose real and
imaginary parts are integrals of the form
P = f n
G

where G is a semi-algebraic subset of R™ and is equidimensional of dimension d and 1 is a
rational differential d-form with coefficients in k and has no poles in G.

Remark 3.2.13. We usually take k to be a number field.

Let X be a compact algebraic variety over R. A period needs a domain of integration G
such that 0G is an algebraic set and an algebraic differential form 7. The domain G gives us an
element of H;(X, dG) and the form 7 is an element of H(X — dG) because it has be defined on
G. Then, the integral is an k-linear map

HY(X - 8G) ® Hy(X,dG) — C.
maps 17 ® G to the integral P. This map also induces an isomorphism
HY(X - 8G) ® C(Hy(X,0G) ® C)". (3.13)

We choose a basis {e!, ¢, -, e"} of HY(X — dG) with n = el. Similarly, we choose a basis
{fis oo+ fn) of Hy(X, 0G) with G = f;, which in turn induces a dual basis {f', f2,---, f™} of
(H4(X,dG)®C)". The choice of basis of H¥(X —dG) induces a splitting of HY(X -G) and so n
induces a map Q(d) — H4(X — 6G) which factors through grfv2 d(Hd(X —0G)) if n is of the form
N'dlog(g;) for rational functions g; on X — dG. Similarly, for G, by duality, a similar argument
shows that G induces a map gr(‘)” (H%(X - 0G)) — Q. The choice of basis will a matrix out of
the isomorphism 3.13 called the period matrix. The (1, 1) entry of this matrix is the integral P.
This digression links the framing of the motive HY(X — dG) mentioned in Definition 3.2.11 and
the period P and therefore a framed motive can be thought of as a formal version of a period.
For a more explicit description, see chapter 12,13 of [36].



3.2. MIXED TATE MOTIVES AND FRAMED MOTIVES 59

The periods have an equivalence relation given by the usual change of variable formula. Let
f : (X,D) - (Y, E) be a map. Suppose we have a form 1 € H%(Y, E) and an appropriate subset
G C X such that G U D is an SNC divisor. Then we have,

fcf*n=ff*Gn

We want the framed motives to reflect this equality of periods, so we will impose an equivalence
relation on framed motives which mirrors the equality of periods.

Definition 3.2.14. The equivalence relation on n-framed motives is the coarsest equivalence
relation such that for any M, M’ € ob(T") and any morphism q : M — M’ and any maps
fr o gr, (M') — k(n) and vy : k(0) — gry/ (M), [M,vo, q"*(f;)] ~ [M’, q.(v), f], where q.. and
q" are induced from the map q
g« : Hom(k(0), gry/ (M)) — Hom(k(0), gry/ (M)
q" : Hom(gr!, (M), k(n)) — Hom(gr", (M), k(n))

We will denote, by A,, the set of equivalence classes of n-framed motives.

Lemma 3.2.15. Any framed motive [M, vy, f] is equivalent to [M’, vy, f,;]1 where the weight
filtration on M’ is concentrated in degrees [-2n, 0] and the 0-th graded components and —2n-th
graded components are one dimensional.

Proof. We have the canonical quotient and inclusion maps respectively
M - M/W_z(,H.l)M and W()M/W_z(n+1)M g M/W_z(nH)M.

Both of these maps respect the framing so, by equivalence relation, we can replace M by
WoM/W_3+1yM. Therefore, we can assume the weight filtration is concentrated in degrees
[—2n, 0]. To show the 0-th graded component can be made to be one-dimensional, we have the
following pullback square,

M| —— k(0)

M —— gr) (M)

So replacing M by M;, we can reduce to the case where 0-th graded component is one-
dimensional. For the —2n-th graded component, we have the following pushout diagram,

gt (M) — M
lfn
k) —— Ms

Again, by replacing M by M, we get the case where —2n-th graded component is one dimen-
sional. O

Because of the Lemma 3.2.15, we can assume that M is concentrated in weights [0, —2n]
with the top and bottom graded components being one-dimensional.
The set A, is not only a set but an Abelian group with addition defined as,

(M, VO’fn] + [M”V69fr:] =[Me M/’ (VO’ Vé)’ fVl + fr;]
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The addition is well defined and the identity is the split extension [k(0) @ k(n), i1, m2] where i}
is the inclusion map and r; is the projection map. The inversion is,

_[M’ Vo, fn] = [M’ =0, fn] = [M’ V0, _fn]
See Section 4 of chapter 3 of [23] for the proofs of these facts.
Definition 3.2.16. We define A, 10 be P, ., Ap.

We also note that Ay = k. Indeed, for any O-framed motive [M, vo, fo], we have the com-
position fy o vy € Endy(k(0)) = k. This gives us a map Ay — k. It is well defined because if
(M, vo, " (f)] ~ [M’, q.(vo), f;] for some morphism g : M — M’, then

Vo N
kO0) > grl (M) S grll (M7) = k(0) (3.14)

can be interpreted both as g*( fé) o vy or as fé o g«(vg). Moreover, by the equivalence relation
and simplicity of £(0), we can assume M = k(0) ® k(0) in the case fy o vo = 0 and M = k(0) in
the case fy o vg # 0. In the first case it is the zero element of Ay and for the second case, the
framed motive is [k(0), vo, fo] which by scaling vy we can assume to be equivalent to [k(0), 1, fp].
Writing fj as Iu where [ € k and u € k¥ such that u(1) = 1, we have [k(0), 1, fo] = I[k(0), 1, u].
Therefore, every element in Ay is a multiple of [k(0), 1, u]. This gives us the bijection.

We also have a graded product on A,. Let [M, vy, f,] and [M", v, f,,] be an n-framed motive
and an m-framed motive respectively. We define their product as

[M, vo, fal ® M, v, fin] = [M @ M',vo ® v}, fu ® f,]

The associativity and commutativity follows from the symmetric monoidal structure on M7 M(k)
and its properties.

Remark 3.2.17. This tensor product defines an action of Ay on A,. It can be checked that it
defines a k-vector space structure on A,.This makes As a graded connected k-algebra.

It remains to see the definition of the coproduct. It is defined as the sum of maps
Appp : Ay > Ap @Ay (3.15)
for 0 < p < n. Let [M, vy, f,] be an element of A, and let {b;}1<;<,n be a basis of grEVZp(M)

and {bY}i<ij<m be its dual basis. Then,

Apsp(IM,v0, f)) = Y [M, b, fu](=p) ® [M, vo, by ] (3.16)
i=1

Lemma 3.2.18. A, ,_, is well defined.

Proof. Let {c;} be another basis of ngVZP(M). Then there exists an invertible matrix D = {d};}
such that Db; = ¢;. Then, by definition of dual space, we find that ¢/ is equal to D‘lb;’.
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Denoting D~! = G, we get,

3

Ap,n—p([M, Vo, ful) = [M, ci, ful(=p) ® [M, vy, Clv]

=

—_—

Zd,-k[M, bis [u)(=p) ® g;j[M, vo, b}

INgE
Ms

1

1l

—_
~.

1l

k=
[ gijdik] [M, by, ful(=p) ® [M, vo, b1

s

s

~
1l
—_
=~
l
—_

0 ][M’ bk’ fn](_p) ® [M, Vo’b}/]

'M§

’bj’ fn](_p) ® [M’ Vo, by]

~
Il
—_

m
where we used 3] g;;dix = 6y by definition of inverse. O
i=1

Summing over all possibilities of p in A, ,,—,, we get
A:Ae > As ® Ao

which is defined as,

AM,vo, i) = )" Apu p(IM, vo, 1) (3.17)

0<p=n

The coproduct is compatible with the product. Let {67} be a basis of grzv (M) and let {cj?} be a
basis of gr!V(M’). Then,

A(M v, fIIM V. f1) = MM e M ve V. f@ f'])
= ZZ[M@)M”b?®c;1’f®f,](—n—m)®[M®M”V®v,’(b? ®C;_n)v]

nm ij

=) D MeM e . fofl-n-meMeM vev.¢) o))l

nm ij

= D D IMBL 1M f Nm) © (M. (0 1M ()]

nm i,j

= 20D (BIM, B, F1=m) © (M, v, b)) (IM, &7, £ 1(=m) @ [M', v, (E)1)

nm 1i,j
= Z[M, bl f1(-n) ® [M, v, (b;l)V]J [Z[M’, L I=my@ MY, ()]
in Jm

=AM, v, fDA(M V', f])
where we used the fact
gry (M@ M') = @ jongr!’ (M) @ gr'¥ (M').

This shows that (A, is a connected non-negatively graded bi-algebra. By Proposition 1.4.14 of
[30], it is automatically Hopf algebra.
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Remark 3.2.19. The antipode of [M, v, f] is [M", f,v] as mentioned on page 243 of [19].

Definition 3.2.20. The Hopf algebra A, is called the fundamental Hopf algebra of the mixed
Tate category T .

The next task in order is to show that A, is isomorphic to A above.

Theorem 3.2.21. The graded Hopf algebra A, is isomorphic to A(T"), where A(T") is the ring
of functions of the Tannakian group G.

Proof. Let X € 7 and let Ay := End(wy)" be the coalgebra corresponding to the category
Tx as mentioned in Theorem 3.2.10 and the discussion preceding it. Let A, x be the sub-
coalgebra of A, generated by framed objects [M, vo, f,] where M € Tx. We will first construct
an isomorphism ¢y of graded coalgebra from A, x to Ax. Taking limits over X, we will get
an isomorphism between A, and A. The last step is to show that ¢ also respects the algebra
structure. Let [M, vy, fn] € A, x. Since F is a natural transformation, it is collection of maps
Fy : w(M) - w(M) for all M in Tx. Furthermore, if F' € End(wy), then Fy(w(W,,(M))) C
W(Wpim(M)) for all M in Tx. We construct the map ¢y : As x — Ax by defining ¢px([M, vo, f1])
to be the element such that

< ¢x([M,vo, fu]), F >:=< Fy(vo), fn >

where < -,- > on the right hand side is the evaluation on gr)’ (M) ® gr}/ (M)". To unpack the
definition a bit, by the definition of End(wy), and the fact that we can think of vy as an element
of gr(‘)’V (M) as the image of 1 € Q(0) then F;(vg) € Wy, (M) and therefore it gives an element
of gr¥V (M

872 (M)-

First point of note is that ¢x is well defined. If we have a map ¢ : M — M’ which respects
the framing then we have the commutative diagram

(M) =L~ (M)

jFM FM,j

w(M) —E> w(M’)

So we have,
< ox([M,vo, q"(f)D), F > =< Fu(vo),q"(f,) >
=< g.Fy(vo), f;; >
=< Fyr(g.(vo)). f; >
=< ¢x(IM’, g (vo), f,]), F >

Hence the claim holds.

Secondly, ¢x is a morphism of graded coalgebras. It is graded by definition so it suffices
to show that ¢x is a morphism of coalgebras. The coproduct structure on End(wy)" is the dual
of the product structure (which is composition) on End(wy) i.e. if n € End(wy)" and F,G €
End(wy) then An(G®F) = n(Go F) which in terms of evaluation is < A, G®F >=<1n,GoF >.
To show that ¢x preserves coproduct we need to show that

< (@x®Px)(AIM, vo, fu]), (F®G) >=< A(¢x([M, vo, fu]), (FOG) >=< ¢x(IM,vo, ful), FoG >
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Assume without loss of generality that F € End(wx). and G € End(wx)y such that ¢ +d = n.
Using definition (3.17), we get

< (¢x ® Ppx)(A[M, vo, fu]), (F ® G) >= Z < (¢x ® dx)Apu—p([M,vo, fu]), F®G > (3.18)

0<p<n

A typical term in A, ,([M, vo, f,]) looks like [M, b;, f,1(=p) ® [M, vy, bl.v]. This implies that

< (¢x ® dx)([M(~p), bi, fu] ® [M,v0, b 1).(F ® G) >
=< ¢x([M, b, £,](=p)) ® x([M, vo, b} 1), (F ® G) >
=< ¢x([M, bj, f,)(=p)), G >< ¢x([M,vo,b]],F >
=< Gp(-p)(bi(=p)), fu(=p) >< Fp(vg), b} >

If ¢ > p, then bY = 0in gr;‘;(M), therefore, < Fy(vo),b; >= 0. If ¢ < p, then by
a similar argument < Gy (b;), fu >= 0. Therefore, the only non-zero term that we have
is from the contribution of A,,. Let {bx}’;=1 be a basis of grzué (M). To emphasize that an

k
element x is in grg‘; (M), we will denote it as x°. Then Fy(vo) = >, asb§ which also means that
s=1

< Fy(vo), b >= a;. We do the same with f,, and write it as f". Simplifying < (GF)u(vo), fil >
we get

< (GF)y(vo), f >=< Gy o Fy(vo), ff >=< Gy

Zk:aibf],fn(n) >= iai <Gu(, f >

i=1 i=1
(3.19)
where we used the fact that < Fp(vo), (5)Y >= a;. The term < Gp(S), f' > is equal to
< GM(_s)bg,f,f““ >=< ¢([M, by, f,1(—c)), G > putting it back into (3.19), we get,

Il
M=

<(GF)m(vo), fn > a; < ¢x([M, DS, fal(=0)) >

©
1l
—

Il
M=

< FM(VO),b;/ >< ¢X([M7 bs’ fn](—C)),G >

©
1l
—_

< ¢X([Ma bS9 fn](_c)), G >< ¢X([M9 V0, b;/])’ F >

Il
M=

1

©
1l

< ¢([M, by, fl(—c) ® [M, vy, b!1),G® F >
1

Il
M=

S
so we get,

k
<(GF)u(vo), fn >=< ¢x Z[M,bs,fn](—6)®[M, vo, by 1|, GBF >=< ¢x(A[M, vy, f,]), GBF >

s=1

(3.20)
On the other hand, we also have

<(GF)mo), fn >=< ¢x([M,vo, fu]), G o F >=< A(¢x([M,vo, fu])),G® F > (3.2

Combining (3.20) and (3.21), we can conclude that ¢x preserves coproduct. Therefore ¢y is a
coalgebra morphism.
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Now, we will prove that ¢y is surjective. First we construct a functor ¥ : 7~ — CoMod(A.)
where CoMod(A,) is the category of graded comodules of A,. Let M be an object in 7. Then
we will construct the A,-comodule structure Ay on w(M) = @n Homg(k(—n), grgi M). Let
{f"}i.n be the basis of w(M) such that f' € Homq (k(-n), grg‘r’l M) for all i. Then the comodule
structure is defined as,

w(M) 255 (M) @ A
e 3 e M, £, (M 1 (=n)

m>nj

It can be checked using this definition that this map provides a A.-comodule structure on w(M).
The functor ¥ sends M to w(M) with this comodule structure. The fact that morphism is sent
to a morphism follows from the equivalence relation imposed in the definition of A, by an
argument similar to the proof of well definedness of ¢x. Restricting ¥ to T, the functor ¥
then factors through CoMod(A. x). Let ¥x : 7x — CoMod(A. x) be the functor induced
from factorization of ¥. The functor also has an additional property; composing Wy with the
forgetful functor gy : CoMod(A. x) — Vecty yields wy 1.e. gx o ¥x = wx. This also means
Yy is faithful because wy is faithful. Combining gx o Yx = wx with the map End(gx) —
End(gqx o Wx) and dualizing we get a graded coalgebra map ¢ : End(wy)” — Aex. On the
other hand, the map ¢x induces a functor @y : CoMod(A. x) — CoMod(Ayx) = Tx. We will
now calculate ¢x o Yx. As M € Tx, by Tannakian formalism, we can view it as wx(M) with an
End(wy)-module structure (or equivalently, End(wy)"-comodule structure because End(wy) is
finite dimensional). If F' € End(wy),, then

F(Y =) ) e < FUM,(FhY >

m>n j
= D 2 e < oM () 1), F >

=
= > > e eviex(IM, £ (f) [(=n) @ F)

m>n  j
= ), D (id®en(fl® ox(IM, £, (f})"1(=m) & F)

m>n  j
= @d®en(Y| . fI' e ¢x(IM, £, () 1(-n) ® F)

m>n j

= (id@e)(id® px ®id) (), ) [ ® M, £, (f)"1(=n) ® F)

m>n  j

= (id ® ev)(id ® ¢px ® id)(Ay[M, f!', (f]’-")v](—n) ®F)

The last expression is precisely the expression for the End(wx)-module structure on wyx(M)
induced from the End(wy)"-comodule structure Ay, . This means that (®x o ¥x)(M) and M are
the same as End(wy)-modules and therefore also as End(wy)Y-comodules. In short, ®y o Py
acts as identity on the objects. The morphisms in 7y are linear maps respecting the End(wy)" -
comodule structure and as linear maps they are just sent to themselves under ®xoW¥y. Therefore,
we conclude that ®x oWy = id and the corresponding maps of coalgebras is ¢px oyx = id, which
implies that ¢x is surjective.

Taking inductive limit over X € 7, we get a graded surjective map ¢ : A, — A respecting
the coalgebra structure.
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We will now show that ¢ is injective. Let [M, vy, f,] be a framed motive such that ¢([M, vo, f,])
is zero. Without loss of generality, we can assume M is concentrated in weights [—2n, 0],
gry/ (M) = k(0) and gr", (M) = k(n). Then M € Ty and so ¢([M, vo, fn]) = du([M, vo, fn]).
Viewing M as a End(wys)-module, let N be the cyclic End(wys)-submodule generated by &(0).
If we show that grfvzn(N ) = 0 then we would have maps,

kO)@k(n) —« Nok(n) > M

where the left map is induced by the quotient map of N by W N and the right map is inclusion.
So [M, vy, f,] would be equivalent to the trivial framed motive. To show that gr‘_VZH(N) 18 zero,
recall that ¢([M, vy, f,]) = O implies that < ¢([M,vg, f4]), F >= 0 for any endomorphism
F € End(w),. This means that < Fyvo, f, >= 0 for any F € End(w),. On the other hand,
the n-th graded part of N precisely consists of the elements Fyvy for F € End(w), due to
grading consideration. Combining this fact with the equation < Fyvy, f;, >= 0 implies that
gr¥, (N) = 0. Therefore, ¢ is injective.

Combining all arguments above implies that ¢ is an isomorphism of graded coalgebra with
W as its inverse.

To show ¢ also respects the algebra structure, we will instead show that i respects the
algebra structure. This will follow from the fact that ¥ is a ®-functor by Proposition 2.16 of
[13]. First note that,

gry (M®N) = @, j=ngr; (M) ® gr} (N) (3.22)

where M, N € 7. Secondly, the A-comodule structure on w(M) ® w(N) is defined via
WM)RwW(N) = (W(M)RA)R(W(N)RA) » w(M)QwW(N)RA®A — w(M)Qw(N)RA (3.23)

where the first map is due to A-comodule structure of w(M) and w(N) and the last map is the
induced from multiplication map A ® A — A. Let {f;"};c; be a basis of gr,‘:V (M) and {h’]‘.}iel be a

basis of gr,‘:V(N ). Then, the image of w(M ® N) under ¥ has the A,-comodule structure defined
by

I ®hk—>ZZZZfa ohl @ [MON, £ @ h, (f™" ® (h)V1(~n — k)

m>n [>k a

ZZZZf’"@hZ ® [M, £, () 1(=n)IN. B, (HEY Y (k)

m>n [>k a

Here we used the fact that Equation 3.22 gives us a basis w(M ® N) in terms of f" ® hi,-
Comparing with the map (3.23), we see that the A,-comodule structure on w(M ® N) is induced
from the product of A,. Therefore, ¥ is a ®-functor. O

Remark 3.2.22. For the sake of conformity with [25], we will write the coproduct as

m

Apn-p(IM,v0, £1) = > [M, vo, b1 [M, by, f,)(=p)
i=1

with the factors switched instead of the usual A, ,_,([M, vo, fr]) := X [M, b;, fu](=p)®[M, vy, b;/].

i=1
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Ly
M,

M,

=K

Figure 3.1: The image on the left shows the lines L; in black and the lines M; inred fori = 0, 1, 2.
The image on the right shows the same image after blowing up at the three aforementioned
points. The union of black lines is the divisor L and the union of red lines is the divisor M.

3.2.3 An Example of Framed Motive

We will now provide an example of a framed motive, which is also mentioned in [29] and is also
a basic example of Aomoto polylogarithm mentioned in [2]. Let k be a field and let x € k—{0, 1}
We will consider two divisors in P? and call them L and M. Consider the lines L; := {z; = 0}
where z; are the homogeneous coordinates of P2 fori = 0, 1,2 and the lines My = {z1 +z2 = 20},
M = {z1 = zo} and M, = {zo = xz0}. We will then blowup at the points where three of the lines
L; and M; intersect which are

LonLyNnM,=1[0:1:0], LonLinM;=[0:0:1], MonMiNLy=1[1:1:0]

Denote the blowup at these points by P2 and the exceptional divisors at these points by Eq, E;
and E3 respectively. These are nine lines in total as shown in figure 3.1. Now, we define L to
be the union of strict preimages of L; for i = 0, 1,2 and the exceptional divisors E; and E, and

we define M to be that union of rest of the lines. In P2, the divisor L U M is a simple normal
crossing divisor, so we can define a motive Lig"”(x),

LI (x) = H (IE’E S LM-Mn L))

By the Gysin spectral sequence, this is a mixed Tate motive concentrated in degrees [—4, 0]
where 0-th and —4-th graded components are one dimensional. From the discussion following

Definition (4.3.9), the differential form 7 which is the pullback of ‘% A %2 along P2 5 p2 gives

us amap 7 : Q0O0) — grgv (Li5*'(x)) and the polygon formed by the divisors of M, by duality,
gives us a map Py : grm(Li'Z”‘” (x)) = Q(2) and the framed motive would then correspond to

the integral
[N
0o Jo -2 2

(o)

which works out to be the sum,

X"
2
n=1 n

This is precisely the definition of the dilogarithm Li>(x) up to monodromy.
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3.2.4 Dilogarithm and Bloch-Suslin complex

In the end of the previous section, we saw how dilogarithm can be expressed as a period. We
will now formally introduce dilogarithm following [17].

Definition 3.2.23. Let z be a complex number such that |z| < 1, then we define dilogarithm

Lir(2) as,
(o) Zn
Li = —
i2(2) § p

n=1

The function has an analytic continuation to C — [1, c0) as mentioned in [72]. Ideally,
we would like to analytically continue Li, over C but this results in a multivalued function
due to monodromy. But we have a real valued variant of dilogarithm that is well defined and
continuous over C at the cost of being just a real analytic function. This variant is called Bloch-
Wigner function which is defined as,

D(z) := Im(Lir(z) + log(1 — 2)loglz])

where Im denotes the imaginary part of the expression. Bloch-Wigner function satisfies some
functional equations,
D(x)+D(1-x)=0

D(x)+D(xH =0

_ |
D(x)—D(y)+D(y)—D(1 y)+D(1 Y ):0

x 1—x 1—x!

where, in the last equation, x # y and x,y # 0, 1. The second equation is the two term relation
and the third one is called the five term relation. We also know that D(0) = D(1) = 0 and so
by the two term relation, we extend D to oo by defining D(c0) = 0. Thus D is a continuous
function on P!(C) and real analytic everywhere except 0, 1, co. Plugging the degenerate value
y = 1land x € C—{0, 1}, gives the two term relation and plugging x = 0 and y € C— {0, 1} gives
the first relation. In short, every one of the above relation follows from the five term relation
and its degenerations. We will define an algebraic version called the Bloch group for any field
F of characteristic 0, which encapsulates the functional equation of the Bloch-Wigner function.

Remark 3.2.24. For general statements about functional equations of Bloch-Wigner group (and
more!), see [10].

Definition 3.2.25. Let k be a field of characteristic 0. The scissors congruence group denoted
by B, (k) is defined to be the quotient,

Q[P' (k)]

By (k) = 0

where,

1 - 1 -y
R(k>=<[x]—[y]+[§]—[ y]+[ Y },[0],[11,[oo]>

1-x 1—x!

where x,y are neither 0 nor 1 and x # y.

Remark 3.2.26. It is called scissor congruence group because it is related to scissors congru-
ence problem in hyperbolic 3-space and 3-sphere. See page 68 of [16].
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Remark 3.2.27. Another way to define the five term relation is to consider five points ag, a1, as, as, as
in P1(k). The five term relation is

4
> =Vlray, ... a@,...,a)]
i=0

where r(a, b, ¢, d) is the cross ratio of the four points a, b, c,d and a; mean swe are omitting a;.
It is explicitly defined as
(a-ob-d
(a-—d)yb-c)
From now on, we will denote A ® Q by Ag where A is an abelian group.
Consider the following map

r(a,b,c,d) =

2
§: QP ()] - N\ k3
x] > A -x)Axif x#0,1,00
[x] 2 0ifx=0,1,00

Theorem 3.2.28. 6(R(k)) =0
Proof. Follows from the discussion following Definition 3.3.23 and Lemma 3.2.32. m|

The above theorem then implies that ¢ factors through 8B, (k),

2
§: Balk) > [\ k%
The kernel of this map is an important group itself.

Definition 3.2.29. The Bloch group denoted by By(k) is the kernel of the map 6 : Br(k) —
2 1%
A kQ.
The complex,
2
§: Bak) > Ak@ (3.24)
has cokernel Ké” (k)g and kernel By (k) = Ké"d(k)Q = K3(k)g by a result of Suslin [63].

Rigidity of 5, (k)

In this section, we will show a rigidity result for 8,(k). The way to do this is by introducing
a different version of B5(k), B,(k) which is rigid by definition and then show that both are
isomorphic. This alternate definition is mentioned in section 1.9 of [21].
To define subgroup R(k) of Q[P'(k)], we first see what rigidity means conceptually. Let
X be a smooth connected curve over k and Y n;[f;] be an element of Q[P!(k(X))] such that
1

6(2 ni[fi]) = 0. Keeping Suslin’s result in mind, this element belongs to Ké"d(k(X))Q. Rigidity

1
means that restricting this element to two different k-rational points give us the same element
of Ké”d(k)Q. Let us denote these two points as a and b. Then ), n;[ fi(a)] show be equal to
i

> ni[fi(b)] in By(k). This motivates us to the following definition.
i
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Definition 3.2.30. R(k) is the subgroup of Q[P' (k)] generated by elements of the form 2 nilfila)]-

Lfi(D)]), where Y, nil fi] is an element of Q[]Pl(k(X))]from some connected curve X over k such
i
that (3. ni[f;]) = 0 and a, b are any two k-rational points of X.
i

Definition 3.2.31. We define B, (k) to be,

Q[P' (k)]
R(k)

By definition 8] (k) is rigid. By Lemma 1.16 of [21] states that 6(R(k)) = 0, so we have a
complex,

By (k) =

2
5 : By(k) — Ak*
Now we will construct a map from B, (k) — B, (k).

Lemma 3.2.32. R(k) C R(k)

Proof. Take the five term relation and replace x by tx+ (1 —¢), where ¢ is the parameter of Pl (k).
Here, y and x are considered constant functions over P! (k). Then,

1- -yt
[r+d=-Dl+ [tx +y1 —t] - [r(l —yx)] ’ [1 —(tx+(yl “oy T © QP ko]

Restricting at t = 1 € P!(k), gives the usual five term relation in Q[P' (k)] and restricting at t = 0
gives

[1] =[]+ [y] = [eo] + [e0] = [1]1 =0
Therefore, we get the lemma. O

Remark 3.2.33. This statement is also true with integral coefficients rather than rational coef-
ficients as evident from the proof.

Because of the containment R(k) C R(k), we have a natural surjective map B,(k) — B (k)
which sends the class of [x] in B,(k) to the class of [x] in Bg(k). This map is also an injection
and therefore an isomorphism by proposition 6.1 of [26] if k is a number field.

Lemma 3.2.34. Ifk is a number field then the map B,(k) — B, (k) is an isomorphism.

Back to Framed motives

We defined a Lie coalgebra Lo (k) := Lo(MT M(k)) previously (3.12). It is graded in even pos-
itive degrees. Taking the weight four part of the Lie coalgebra version of Chevalley-Eilenberg
complex( see Section 7.7 of [69]), we get,

2
L0005 )\ Lik)

where 6(x) = A(x) — 1 ® x — x® 1. By Theorem 3.2.21, we can identify L,(k) with framed
motives. For example, £;(k) would be identified with 1-framed motives [vg, M, f1], which up
to equivalence relation, are of the form

05 00) % M5 -1 -0
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which means M is just an element of Ext}wr M(k)(Q(—l), Q(0)) = Ki(k) = k*. More explicitly,

they are framed Kummer motives (Example 4.59, [19]). So the complex becomes,

2
Lok — [\ ¥
We will see how £;,(k) compares to B(k).
Lemma 3.2.35. For a number field k, B,(k) is isomorphic to Ly (k).

Proof. The motivic dilogarithm, mentioned in Section 3.2.3 above gives us a map of complexes,

QF' ()] — Ak

|

Lo(k) —— Nk

Let o : k — C. Consider the real period map £,(k) — C, which maps a framed motive to the
real part of the period. This depends on o because de Rham’s theorem requires base change
from k to C, which is provided by o. Under the composition of real period map with the left
vertical map, [x] is sent to D(o(x)). Since D satisfies five-term relation, an element of R, (k)
is sent to zero for all o € Hom(F,C). The image of an element of Ry(k) in L(k), is in the
kernel of the bottom horizontal row, which is isomorphic to K3(k)g by Theorem 4.108 of [19].
The sum of real period maps coincides with the regulator map on K3(k)q (see page 18 of [72]).
Since the regulator map is injective, the left map factors through 8,(k). So the diagram above
can be further simplified to

By (k) —= N2 k"

-

Lo(k) —= N* k"

The top and bottom maps are epimorphism because K>(k)g = 0 and the kernel of both maps are
isomorphic to Kz(k); for the top row, it follows from Suslin’s theorem (Theorem 5.2 of [63])
and for the bottom row, it follows by an argument similar to the proof of Theorem 4.108 of [19].
If the map induced on the kernels i.e. K3(k)g is an isomorphism then by diagram chasing, we
will prove the theorem. The map on the kernels is the identity map K3(k)g — K3(k)g. Zagier’s
conjecture for n = 2 (Chapter 2 of [21]) implies this map is surjective and because K3(k) is
finite dimensional, it is an isomorphism. m|

Remark 3.2.36. This lemma also holds for mixed Tate motives over Oy .

Conjecture 3.2.37. We will also assume a general version of Lemma 3.2.35 i.e. if F is a
function field of projective variety X, then B(F) is isomorphic to Ly(F).

Assumption 3.2.38. Let F be a function field of a projective variety. We will assume that
By(F) is isomorphic to Lr(F). This statement is equivalent to the rigidity of Ké”d(k(X))Q for
any projective curve X.
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3.2.5 A Specialization Map

The isomorphism between B,(k) and L, (k) helps us to define a specialization map which is
easier to define for B,(k). Let O be a discrete valuation ring with uniformizer ¢ and F be its
field of fractions. Let k be the residue field and if f € O then we denote its image in k as f. Any
discrete valuation ring comes equipped with a valuation homomorphism which we will denote
by v.

Definition 3.2.39. The specialization maps sp; : F* — k™ and sp, : Br(F) — B, (k) are as
follows,

e spi: F* — k™ is given by the map,

sp1: F* = kX, sp1(f) = f/trD (3.25)

o spy: By(F) — By(k) is given by the map,

0 otherwise

spr: Ba(F) = Bok),  spa(lf]) ={ 1y Jeo (3.26)

Lemma 3.2.40. (Lemma 3.3, [27]) The following diagram is commutative

By(F) — \*F}

]SPZ L/\zspl

Ba(k) —— N K

Proof. If f € O then the diagram can easily be seen to commute. If v(f) = n > 0, then f = g
where g € O*. If [f] € B,(F), then the upper part of the diagram gives /\zspl FAaad-omH)=
g A1 = 0. The lower part of the diagram gives 0 on the nose. If v(f) = n < 0, we use the
inversion relation [f] = —[1/f], where v(1/f) = n > 0. This reduces to the second case where
v(f) = n > 0. Thus the lemma holds. O

This lemma is especially useful if X is a irreducible curve and x is a smooth closed point
of X as we will see in Chapter 4. In that case, O would be the local ring at x and F = k(X).
Intuitively, this means that we are just "plugging” x in a functional version of framed motive
i.e. a framed motives over X. The advantage we get, is that we can restrict to points where the
"plugging" part does not make sense and at these points, we have a regularized version of the
framed motive.

3.3 Euler complex and its relation to modular complex

In this section, we will define what the Euler complex is and how it is related to the geometry
of the locally symmetric space of GL,(Ok) for K = Q(i), Q( V=3). We will assume E is an
elliptic curve over a field k. Usually k£ will be some algebraic extension of K. To this end, we
will first construct elements 6 .(a, b, c) € 82(%), where a, b, ¢ are torsion points of E such that
a + b + ¢ = 0. The construction utilizes the map 4 in Theorem 3.3.1.
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3.3.1 Definition and Properties of 6. .(a, b, c)

We will follow the construction laid out in [27]. To do this construction, we need the following
theorem.

Theorem 3.3.1. (Theorem 6.14, [26])Let k be an algebraically closed field. Let X be either an
elliptic curve or a rational curve over k and F = k(X). Then there exists a group homomorphism

e A F = Ba(k) such that,

a) h(ka AN*F 6) = 0 and the following diagram is commutative:

x OAL 3 %
BQ(F)(X)FQ—>/\ FQ

i,

Bo(k) —— N2k

b) If X c P? is an elliptic curve then for any linear homogeneous function ly, . . ., 13 one has

3
Wi flo Ao flo Alsflo) = = ) [rllios. - i - Tis, D)
i=0

where D; is the divisor L; N X inside P, L; being the line I; = 0 and l;; = L; N L;. The
cross-ratio is extended linearly for divisors.

c) If X =P and t is the natural parameter on it and a; € P'(k), then

t—a t—a t—a
h LA 2 A 2| = —[r(ag, a1, a2, a3)]
t—ay t—ay t—a

d) If X is defined over C then,
[ ntinsnm =Dt nsn )
X(C)

where ry(fi A fo A f3) is the Chow dilogarithm mentioned in [20].
e) The map h is Gal(F[k)-invariant.

Remark 3.3.2. The map h is also related to Chow reciprocity and other reciprocities e.g. Weil
as mentioned in [20].

Now we have enough information to describe the definition of g .(a, b, ¢).

Definition 3.3.3. Let a, b, c be N-torsion elements of E(k) such that a + b + ¢ = 0. Then

1 -
Op:(a.b0.0) =~z D hfox A fax A furbx) € B2(B) (3.27)
x€E[N]

where fy, € k(E)* such that div(fyry) = N([x] = [y]).

Theorem 3.3.4. The elements Og .(a, b, ¢) have the following basic properties,
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~

. 5(9E,z(a, b,c)) = QE,z(a) A HE,z(b) + QE,z(b) A HE,Z(C> + GE,Z(C) A HE,z(a)-
2. Og(a,b,c) is alternating in its three entries.
3. 8g.(a,b,c) = 0 (e(a), (b), €(c)) for € € Aut(E).

4. g (a,b,c) satisfies distribution relation; for a morphismy : E — E’, we have

D Opar,aa3) = 0p(a;, dy, d)
Yla)=a;

5. 0g(a,b,c) does not depend on N i.e. if NIM, then replacing the sum in definition (3.27)
with sum over x € E[M] gives us the same element.

6. g (a,b,c) € Br(k') where k' is the smallest extension of k such that any N-torsion point
of E is a k’-rational point.

Proof. Proofs of all these properties are in Chapter 2 of [27]. m|

3.3.2 Euler Complex and Modular Complex

In this part, we will use 8 ;(a, b, ¢) defined above to define the Euler complex and its relation
to the modular complex defined in chapter 1. Let E be an elliptic curve over K such that
End(E) = Ok for K = Q(i), Q( V=3). Let N be an ideal of Ok and let N be the norm of . We
let a, b, c € E[N]. By the last property of 6 .(a, b, ¢), we get g .(a, b, c) € Ba(Kyn) where Ky
is the field extension of K by adjoining N-roots of unity and g ;(a), for all a € E[N].

Definition 3.3.5. We have the following subspaces of Br(Ky);

o Ci(N) defined to be the subspace of Ky, generated by the elliptic units 6(a) for all a €
X
EIN1-0=0x, [+] ®Q

e C{"(N) defined to be O;N ®Q c K%,
e C 1(N) := C1(N) ® Q where this extra summand represents 6(0).

o C2(N) defined to be the subspace of Br(Ky) generated by O .(a, b, c) where a, b, c are
N-torsion elements of E such thata + b + ¢ = 0.

By the first property of 6z .(a, b, ¢), we note that 5(C>(N)) C A% C1(N). This will give rise
to two complexes,

Definition 3.3.6. We have two subcomplexes of Bloch Suslin complex By(Kx) — N> K))f,, all
concentrated in degree [1,2],

1. E*(N) := C2(N) = A>Ci(N). This is called the Euler complex for N.
2. E(N) := Co(N) > A2Ci(N).
3. if N is a prime ideal then 5(C2(N)) € N> C{"(N) so we have,

2
E;,(N) := Co(N) = /\ CI"(N)
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The main theorem which connects the (motivic) Euler complex to the (geometric) modular
complex, the geometric side is the following theorem,

Theorem 3.3.7. (Theorem 5.7,[27]) Let K = Q(i), Q( V=3) and Ok be its ring of integers and
let N be an ideal of Ok. For each z € E[N]. Then there exists a surjective map of complexes

S2(X(T1N))) —2= § 1 (X(T1(N))) —2= S o(X(T1(N)))

2 1 0
GE,Z l l QE.Z LGE,Z

C2(N) 8~ N2CIIN) —2=Ci(N) @ C1(N)

The map also intertwines the action of normalizer of T'| (N) with the Galois action of Gal(Kx | K).

Proof. (Sketch) As seen in the second chapter, the Bianchi tessellation in either case has 2-cells
in one GL,(Ok)-orbit i.e. in orbit of (0, 1, o0). Therefore,

s M O N N 3 _0 = 0
S2X([T1(N))) := Q&) QLGL2(OK)] ® Xsgn := A@hy) t: dilile/drai relatLZr;B o

(3.28)
where the dihedral relations are;
(ayﬁv 7) = _(ﬂ’ a, )/)
(@.B,y) = (B,7.)
(@,B,y) = (ea, €8, €y)

fore e ()IX{N. Similarly, using the relations mentioned in Section 2.5.2 and 2.5.3, we get

Ql(@.B) € (Oky /N)* - 0]
(Q,ﬂ) = _(ﬂ9 G,’) = (EICZ, EZﬁ)

for e, e € 01X<N Then the map 9}5 . and 9125 . are defined as

S2(XIT1(N)) = Q& vy QIGL2(OK)] ® Xsgn = (3.29)

6% (. B, ) := Op (az, Bz, 72)
05 (@.B) := f(az) A 6(B2)

The term ez makes sense because O, acts on E and z is a N-torsion point. 9125,z is well defined

because of second and third property of 6(a, b, c). The map 0]]5’Z is also well defined because of

the properties of wedge product and the elliptic units 8(a). The left square commutes because

of the first property of 6(a, b, c).

The commutativity of the right box is omitted (see proof of Theorem 4.8.10). The surjectivity of

the map of complex follows from the definition of Euler complex and the distribution relations.
O

Remark 3.3.8. In the case that N is a prime ideal, the right and middle maps are even isomor-
phisms because there are no distribution relations for 0 ;(a) and the complex above is quasi
isomorphic to E;,,(N). See [27] for more details.

The right box in theorem 3.3.7, is always commutative so the main hurdle in generalizing
the theorem is in the left square. Here, we face two issues. Firstly, we have to construct an
appropriate analog of 6 .(a, b, ¢) such that the diagram commutes and moreover it should also
be compatible with the stabilizer of the 2-cell at hand which is usually not a triangle as seen in
the Bianchi tessellation of K = Q( V=7). But the alternating relation is baked into the definition
of O .(a, b, c) at its very conception so we have to use some other way to define the analog of
Or.(a,b,c).



Chapter 4

Euler Complex for
d=-1,-3,-2,-7,—11

4.1 Bianchi Tessellations and its algebraic interpretation

Let E X E be the product of elliptic curve E over K such that End(E) = Ok for an imaginary
quadratic field K = Q(V-d) for positive squarefree d. We also fix an N-torsion point of E
where N is an ideal of Ok with norm N. The general procedure follows like this,

e Setupa 1—1 correspondence between cusps in Bianchi tessellation and subelliptic curves
of EXE.

e Break a 2-cell into Bianchi triples, which have trivial stabilziers under GL,(Ok)-action.

e Construct a framed motive for each Bianchi triple.

4.1.1 Cusps

By theorem 1.2.47, we know that positive definite Hermitian forms correspond to ample line
bundles and by Kleiman criterion, nef line bundles correspond to semi-positive definite Hermi-
tan forms. The cone of nef line bundles is closed so our cusps correspond to some semi-definite
line bundles. We will set up a 1 — 1 correspondence between the cusps in Bianchi tessellation
and subelliptic curves of E X E. To do this, we will first construct endomorphisms from subel-
liptic curves and show that they exhaust a certain subspace of End*(E X E) which we will call
rank 1 endomorphisms. Then we will show that these endomorphisms correspond to the cusps
in (2.3).

Definition 4.1.1. A subelliptic curve E’ of E X E is a closed subvariety of E X E which is also
an elliptic curve with the same identity element as E X E.

Definition 4.1.2. For any sub elliptic curve of E' of E X E , We have an endomorphism Bg :=
tgr otgr where 1y - E' < E X E is an inclusion of E’ into E X E. It is unique up to an action of
Aut(E") on the E’. We call B a cusp of E X E and the value of « at E’ for « € End*(E X E) is
defined as the composition tg' o @ o tg in End*(E"). We will denote the value by («, Bgr) as an
element of End(E").

75
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Remark 4.1.3. B does not depend on the inclusion. Let j : E' — E X E be another inclusion
of E' into E X E. Then j factors through g,
J

E’ EXE

El

n is an injective non-zero map, therefore, 1 is an isomorphism because it is an isogeny with
degree 1 and its inverse is the dual isogeny. Then,

jo’f: (tgron)o(otg)=tgo(mon) oty =P
So B only depends on the subelliptic curve and not on the inclusion.

Remark 4.1.4. Generally, tg: need not be equal to the projection ng. More generally, tgrotgr =
[n] for some natural number n and if n is not equal to 1 then g and g’ differ.

Until now, we have seen that for a subelliptic curve E’, we have an element 8g- in End(E X
E) = M>(Ok). We will see below that 8z has rank 1 as a matrix and moreover, any such matrix
is B for some subelliptic curve E’ up to a constant.

Definition 4.1.5. An endomorphism @ € End(E X E) is a rank 1 endomorphism if the image of
a is of dimension 1 or equivalently its kernel has dimension 1.

Lemma 4.1.6. B¢ is an endomorphism of rank 1.

Proof. tg : E X E — E’ must have kernel of dimension 1 because of dimension reasons and
non-triviality. Since Sg' = tg’ o g/, the lemma follows. O

Lemma 4.1.7. For every symmetric rank 1 endomorphism « € End(EXE), there exists n,m € Z
and a subelliptic curve E’ of E X E such that na = mBg:.

. . s LE . . .
Proof. Let E' = im(«) , then @ can be written as EX E — E’ — E X E . Since « is symmetric,
we can write @ = s o (g . Now,

aoa=(pos)o(soip)=1tpo(sos)oip. 4.1

Since s o s'is a map from E’ to itself and it is symmetric, it is therefore multiplication-by-n
map for some natural number n. So @ =1 o[n]otg = [n]oip oip because g is a group
homomorphism. This implies

@’ = nBg 4.2)

Now as an element of End(E X E) = M»(Ok), a has a characteristic polynomial @*—aa+b=0
where a,b € Ox = End(E). Since a has kernel of dimension 1, then if x € ker(a), we get
0 = (a? — aa + b)x = bx because ax = 0. Since kernel is of dimension 1, a choice of non-zero
x € ker(a) implies that b = 0 and so, @? — aa = 0, where a € Z c Ok because « is symmetric;
by symmetry we have,

av=-a*=ada = (a-Da=0

which implies that on E’ = im(a), a —a : E’ — E X E is the zero map. Since 0 is an element of
E',a-"a: E — E X E factors thorough tgr : E’ — E X E, that is

a-a E >E X EXE
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The composed map is zero and tg- is injective implies that the first map in the decomposition
is the zero map. But End(E’) is an integral domain so a = @ in End(E’) C Og. This implies
a € Z. To emphasize this fact, we replace a by m.

@ = ma (4.3)

Combining, (4.2) and (4.3), we get,
ma = nBg 4.4)
O

The lemma above implies that all rank 1 endomorphisms are rationally equal to a cusp i.e.
they generate the same subspace in End*(E X E) ® Q.

If there exists m, n € Z and G, F two subelliptic curves of E X E such that mBg = nSF, then
the image of mfr is the same as the image of ¢ because multiplication-by-m map is surjective.
Thus G and F have the same image in £ X E, so they are the same subelliptic curve but maybe it
is possible that they are embedded differently e.g. E can be embedded into E X E after applying
an automorphism of E.

Corollary 4.1.8. There is a 1 — 1 correspondence between subelliptic curves of E X E and rays
passing through rank 1 endomorphisms/cusps in End*(EXE)®R. Moreover, the correspondence
is GLy(Ok)-equivariant.

The equivariance of the correspondence follows by applying the action of GL,(Og) on
a* = nfr and noting that gBp g" = gBrg = g o tg o lgr © g = Pe(rr), Where the first equality
holds because of Theorem 1.2.47 and the discussion preceding it.

Remark 4.1.9. One can see that the definition of (a, Bg) mirrors the definition of evaluating a
quadratic form at a point as seen above.

Remark 4.1.10. If a is symmetric, then by construction (a,Bg) : E — E is also symmetric,
which translates to the fact that the value is an integer. If these are positive(non-negative)
integers for every subelliptic curve of E X E then we say that « is positive (semi)definite.

We have an equivalence between points in P!(K), maps E — E x E upto left multiplication
by Ok = End(E) and subelliptic curves of E X E.

Remark 4.1.11. Let E’ be a subelliptic curve, then it is an image of some rank 1 endomorphism
a. If class number of K is 1, then Ok is a PID so we can take Smith normal form of a, which is

a matrix of the form,
a 0
0 0

where a € Ok. The image of « is also a subelliptic curve E”, which is isomorphic to E’. The
elliptic curve is isomorphic to the image of the map a : E — E, which is just E. This means
that any subelliptic curve of E X E is isomorphic to E if the class number of K is 1.

4.2 From 2-cells to Bianchi triples

Definition 4.2.1. A Bianchi triple § is a triple (E1, E», E3) of 3 subelliptic curves of E X E such
that the cusps (c1, ¢, ¢3) corresponding to it satisfy the following;
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1. All 3 cusps lie in a common face in the tessellation.
2. ¢y and ¢ share an edge in the tessellation.

3. c3 and c; share an edge in the tessellation.

4. c1,cp and c3 are distinct.

We denote the set of Bianchi triples as BT and Q[BT] as BTG. We will conflate Bianchi
triple with the triple of the corresponding cusps.

GL,(Ok) acts on the set BT and BTG via its usual action on cusps in Bianchi tessellation.
Since it is just fractional linear transformation, we have the following result,

Lemma 4.2.2. The stabilizer of a Bianchi triple is trivial and consequently, BTG is a free
Q[PGL,(0Ok)] module.

Proof. By correspondence of cusps and points of P'(K), BT is a subset of ordered triple of
points in P'(K). The action of PGL,(K) on P'(K) is simply 3-transitive. Since PGL,(Ok) is a
subgroup of PGL,(K), the action of PGL,(Ok) on ordered triple in PY(K) is still free. m]

We will now construct amap p : S»(X) — BTG. Fix an orientation of the symmetric space.
It induces an orientation on every 2-cell o. We say 8 C o if all the cusps and corresponding
edges are in 0.

Definition 4.2.3. If 5 C o then we define sign,(B) to be 1 if the edges (c1, cp) and (ca, c3) occur
in the same order as in the orientation and —1 otherwise.

Definition 4.2.4. We define p : S2(X) — BTG as the map,

1
p(o) = SXpeosigns(B)IA]

extended to S»(X) by linearity.
By construction, it already respects the (left) action of GL,(Ok) on 2-cells.

Remark 4.2.5. Another way to think about p is the following; We have a canonical map BTG —
S»(X) by sending a Bianchi triple 8 to sign,(8)o where o is the unique 2-cell containing 3. The
map is surjective and splits because S»(X) is a projective GLy(Og)-module. p is the splitting
map up to a multiple of Q.

Definition 4.2.6. The vector space of framed Bianchi triple F BT is the space Q[F)ZV] ®GL,(0x)
BTG where IF)2V is the collection of elements (a,8) € (O /N )2 such that < a, B >=O0k/N. The
right action of g € GLy(Ok) on F/ZV is just the usual left action by g~'.

Let (0,1) € va and I';1(N) € GL,(Ok) be its stabilizer, then (0, 1) gives a right GL;(Og)-
map Q[IN\GL,(Ok)] — Q[F%V] by sending I';(N)g to g 10, 1). Combining with the map p,
we get a new map Q[I'1(N)\GL»(Ok)] ®cL,0x) S>(X) — FBT. The domain of this map is
precisely the 2-cells of the locally symmetric space of I'i (V).
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4.3 From Bianchi triples to framed motives

In this section, we will usually work on (a, 8) ® T, where (a, ) € IF%V and T € BT. To construct

a map from FBT — B>(K), it is sufficient to define the image of (@,) ® 7. If we choose a
Bianchi triple y in each GL,(Ok)-orbit and call such elements standard, then using the relation
g '(@.B) ®y = (a,8) ® gy, we can assume, without loss of generality, that v is standard. The
only problem would be to check whether such a map is well defined, but it is not a problem
because BTG is a free Q[GL,(Og)]-module and the standard Bianchi triple form a basis of this
free module. We will now only consider elements of the form consider (a,8) ® T as above but
with 7 standard.

Let 7 = (E1, E», E3) then we have map f; : E — E X E which factors through an inclusion
i . E; — E X E. The inclusion is unique up to Aut(E;). The map f; can be expressed as (a;, b;)
where a;, b; € Og. We take f; such that (a;, b;) ¢ (x) for all non-units x € Og. The map f; is also
unique up to the action of Aut(E). We can decompose f; as ¢; o m; where &r; : E — E;. Consider
the following pullback diagram,

Ery——F| X E;3

e

E,——=EXE

where (] + 13 = m o (11 X ¢3). Here we make an assumption that E5 N E; = 0 for i = 1,3. This
assumption holds if K has class number 1 and Ok is Euclidean because all 1-cells are in the
orbit of (0, o) as seen in the examples of Bianchi tessellation mentioned in chapter 2. Then
E,NE; =0fori=1,3, because of the pullback diagram,

ENE,——E;

G

Ez E{ X Ej
l \jt|+t3
E; EXE

For the torsion point z € E[N], let u denote (az,Bz) € E; X E3. Thus, we have certain elliptic
curves E1 X 0, 0 x E3 and E,, which we will denote by &,v and E respectively and a torsion
point # in E1 X E3. Consider the family of motives,

N = HXE X E3\(txh U £,y U h U W), tssh U tyesv U 1E)

where s is an element of £y X E3 and #,D denotes translation of the divisor D by x . For
convenience, we define
L=huvUthUtwy 4.5)

M=t,,hUt, U tsE (4.6)
LU M is an SNC divisor for generic s because L and M both are SNC divisors. The condition

translate to the fact that u ¢ E and x ¢ h U v. This means that the motive N** is a variation of
motives over some open set U of E X E.

Remark 4.3.1. The motive N** can be compared to the motive of double logarithm in [22],
which is similar to contruction of motivic dilogarithm in Section 3.2.3. This is in line with the
idea that we want an elliptic version of double logarithm.
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4.4 Example in Weight 2

The motive N is a mixed elliptic motive. In this next section, we will show that there is a
submotive which is of mixed Tate type. To give an idea of what happens in the next section,
we will see the toy example for H'(E\{a, b}, {c,d}), where E is an elliptic curve and a, b, c,d
are distinct torsion points of E. By Proposition 3.1.14, we have the spectral sequence which
degenerates on the second page because E is smooth and projective,

D HF Ly 0 M) (=i) = HIP(L, M)
i=j=p
|I|=i
=)

Writing relevant terms for H'(E\{a, b}, {c, d}), we get,

p=-1 p=0 p=1
g=0 H'%c) ® H'(d) <— H(E)
g=1 HY(E)
q=2 H*(E) <— H%a)(-1) @ H(b)(-1)

Where the underlined terms are related to H'(E\{a, b}, {c,d}). Initially it may seem like that
this motive has no submotive of mixed Tate type due to presence of H'(E) in the graded piece
corresponding to weight 1. To see there is a mixed Tate motive, we first use the relative long
exact sequence,

oo > HYE\{a,b}) —» H(c) ® H'(d) > H'(E\{a,b},{c,d})) —» H (E\{a,b}) > 0  (4.7)

From this exact sequence, we see that Wi(H (E\{a, b}, {c,d)})) is coming from (p,q) = (1,2)
part of spectral sequence which is Tate (better yet it is Q(—1)). Using the spectral sequence for
H'(E\{a, b}), we have the following exact sequence,

0 - HY(E) > HY(E\{a,b}) —> H(a)(-1)® H'(b)(~1) » H*(E) —> 0 (4.8)

From Theorem 4.4.3 below, we can see that H!'(E\{a, b}) is isomorphic to Q(0)®H 1(E) becasue
because a, b are torsion points. The proof of the motivic version carries over from the proof in
loc.cit. Putting it back in 4.7, we get,

0 — Q(0) - H'(E\{a,b},{c,d}) » Q(-1)® H'(E) > 0 (4.9)
From here, we can see that there is a submotive P such that,
0-Q0)-»P—->Q(-1)—0 (4.10)

so P is a mixed Tate motive. We will now provide a framing. Let y be a path from c to d in E

and w = dlog( gg:zg) provide a framing for P. Then, the period is the integral

0(z — 0(d - a)f(c — b
Ldlog( QZ — Zi) = log(%) + monodromy factor 4.11)
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where the monodromy factor is imaginary. Thus, the framed motive corresponds to %

in L* = B;(L). Choosing a different path 7" will just change the monodromy factor and so it
will not affect the corresponding real period.

Lemma 4.4.1. From now on , we will identify A, with L*. The motive H'(E\{a, b}, {c, d}) has
a submotive P of mixed Tate type. The framed motive |[H YE\{a, b}, {c,d)), v,w] = [P,y,w] in
Ay corresponds to the element % in L*.

Another way to view this fact is to note that P € Extjw ML(Q(—I), Q0)) = Ki(L)g = La
and for this case, the real part of the period is the Dirichlet regulator which again shows that the
period of our framed motive is an element in La.

Remark 4.4.2. This formula looks like cross-ratio of four points. This is due to the fact that
ifa,b,c,d are 4 points in P!, then there is a framing on HI(P] —{a, b}, {c, d}), which gives the
cross-ratio {a, b, ¢, d}.

4.4.1 An Essential Theorem

In this section, we will prove the following theorem,

Theorem 4.4.3. H'(E\{a, b)) = Q(-1) ® H'(E) if the divisor [a] — [b] is a torsion element in
Pic(E).

Proof. Suppose [a] — [b] is a torsion element in Pic(E). Then there exists a rational function
f such that div(f) = N([a] — [b]). But a rational function is a map f : £ — P!, such that
f71(0) = a and f~!(c0) = b. Therefore, the map induces the diagram in the category of mixed
Tate motives.

H'(E)—— H'(E\{a, b)) —— H’(a)(~1) ® H(b)(~1) — H*(E)

| ! | |

H'(P')—— H'(P'\{0, co}) —— H(0)(~1) ® H(co)(~1) —> H*(P")

where the vertical maps are induced by f. Recall that M (PH = Q0) ® Q(-D)[2]. By duality,
we know that H>(P') = Q(-1) = H?*(E), so the last vertical map H*(P') — H?*(E) is an
isomorphism. Moreover, H 1Y = 0, which implies that H L(P\{0, c0}) is a a submotive of
H°0)(-1) ® H(c0)(-1) = Q(—1) ® Q(~1). The bottom row of the diagram is just a short exact
sequence in Q-vector spaces tensored by Q(—1), therefore, the bottom row splits. By diagram
chasing, we can conclude that that H'Y(E\{a,b}) = Q(-1)® H'(E). m|

4.5 Construction for Weight 4

In this section, we return to the case of N** mentioned in section 4.3. Here, we denote ¢4 U
twwUhUvas Land t,,shUt,.vUtE as M. Denote by Ly, Ly, L3, Ly (resp. My, M>, M3) the
divisors of L (resp. M) in the given order and L;; (resp. M;;) the point of intersections L; N L;
(resp. M; N M;). Let X be E; X E3. Then, the E>-page of the spectral sequence for N is shown
in figure 4.2. The homology at the underlined place will give us the graded components of N**.

As in the weight 2 case, the obstruction to the existence of submotive of mixed Tate type are
H'(M;) and H'(L;)(~1) and possibly something in grgv (N). We want to again use the splitting
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h Lis 1
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p tu+,\'h M
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Mp>;

Figure 4.1: Ensemble of divisors L (black) and M (red) and their intersection. Numbered points
are points of the form L; N M;. The points L;; are of points of the form L; N L; and The points
M;; are points of the form M; N M

to show that there is a submotive of mixed Tate type. By Proposition 10.7 of [7] withk =m =1
and n = 2, we get a surjective map,

@ Wi H (MAL N M, (M; 0 U M))) — WN* (4.12)
i#j
Since M; intersects other divisors of M at torsion points shifted by s, we can apply Lemma
4.4.1, taking Theorem 4.4.3 into consideration, to get that

WiH' (MAL O M, (M; 0| M) = Q)" @ H'(E)" (4.13)
i
for some natural number u, v. Because 4.12 is surjective we have a surjective map,
Q)" @ H'(E)" = (5 WiH (ML O My, (M; 0 M) » WiN™ = grV (V™) (4.14)
i
This is a surjective map and it sends Q(0)* to zero because of incompatible weights. This means

that the map,
H'(E)" — gr{/N*" (4.15)

is surjective. Denote the kernel of the map by K. Under the map 4.14, K is sent to zero so we
can quotient K from the left hand side. By 4.15, the quotient is isomorphic to Q(0)* @& ngW(N )
and

gry (N*) — WiN* — grV (N**) (4.16)

is an isomorphism. This gives us an splitting of gr}V(Nx’”) in Wi N** so that,
Wi(N*) = QO)" @ gr} (V™)

for some integer u’.
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Definition 4.5.1. We define N{'* to be the quotient of N** by ngW(Nx’“).

Then W; (Nf’”) = Q(O)“/ and we have cut off the non-Tate part in weight 1. There may
still be some non-Tate part sitting in graded component of weight 2 and 3. To do this, we first
consider the map from the relative sequence

H>(Ey X E3) — LM — L) —> H*((E; X E3) — L) 4.17)

The motive H>((E; X E3) — L) is equal to H>((E; — {0, x1}) X (E3 — {0, x2})), where x = (x1, x2) is
an N-torsion point of E1 X E3 . Since this is a product of varieties, we apply Kiinneth formula
to get

H*((E) — {0, x1}) X (E3 — {0, x2})) = H'(E1 — {0, x1}) ® H'(E3 — {0, x2}) (4.18)

Again by Theorem 4.4.3, H YE, = {0, x;}) and HY(E5 — {0, x2}) split and both of which have
a direct summand isomorphic to Q(—1). This means that equation 4.18 implies that H*((E, -
{0, x1}) X (E3 — {0, x2})) has a direct summand isomorphic to Q(-2).

Definition 4.5.2. We define Ny to the preimage of Q(=2) under the map N — N** —
H*((E\ X E3) — L).

Theorem 4.5.3. The motive N;’” is mixed Tate.

Proof. It suffices to show that W3 N, is a mixed Tate motive. The image of W3N,™ under the
map
W3N" — Ny* — N — N* — H*((Ey X E3) — L)

is zero by definition of N;’”. The spectral sequences for H*((EyxE3)—L,M—L) and H*((E; x
E3) — L) are compatible with the map H>((E; X E3) — L,M — L) — H*((E; x E3) — L). The
spectral sequence for H>((Ey x E3) — L, M — L) is given in figure 4.2 and the spectral sequence
for H*((E1 x E3) — L) is the same figure with the terms with M; removed. These two spectral
sequence have the same entries in g = 3 row. Therefore, the kernel of the natural map is trivial
ie.gry (Ny") = 0 and therefore W3N;* = W, Ny

For gr (N;™), we again use the spectral sequences for which the relevant piece for gr) (Ny*)
is the kernel of the following map of complexes,

B, HA(M) —— H2 () © P, HO(Li 0 M))(=1) ~—— B H'(L)(-D)

| | |

0 H*(X) D, HLH1)

The kernel works out to,

P sy — P HOWLi 0 My(-1) (4.19)
i i,j

The required piece gr;V (N,") is the kernel of the induced map on middle cohomology group,
which is Tate because both @in(Mi) and @i’j HO(L; N M;)(~1) are Tate motives. As for
WiN,*, it is mixed Tate because it is equal to Wi N;**, which we have already seen to be mixed
Tate above. ]
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The fact that ngV(N;’”) = Q(-2) is a consequence of the definition of N;*. In Figure 4.1,
this component corresponds to the black square formed by the divisor L. Similarly, grgv (Ni"“) =
Q(0) corresponding to the red triangle in the same figure.

As for the grgV (N;’”), the proof of the Theorem 4.5.3 also gives us a recipe to find graded
components of Ng’”. It is the middle cohomology of the map

P H M) « EP H(Li 0 Mp)(=1) — EH HOWLH(-1) (4.20)
i i j

The right map is induced from the closed immersions L; N M; — L;. The left map is induced
by Gysin maps also induced by closed immersions L; N M; — M;. Even more explicitly,
1le HO(L,n M ;) s sent to an element which is |L; N M| in H* (M ;) coordinate and zero in the
rest. For our configuration, this becomes

% = [tessv] (5) = [tusshl
>

= [trsv] (6) = [tyesh]
S El (1) - [tE]
(4) - [1,E] — [1,E]

where [D] is used to denote 1 in H*(D). After some linear algebra calculations, we get the
following lemma.

Lemma 4.5.4. The graded component grg/ (N;’“) is isomorphic to Q(=1)3 and it is generated

y(D-@@-D.O-©
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4.5.1 Dual of the Motive N,“

In this section, we will find another interpretation of the dual of the motive N;™. By Proposition
3.1.14, NV = H*(X - M, L — M) and by Remark 3.1.16, the duality is compatible with both the
spectral sequence i.e. the dual of the spectral sequence of N is isomorphic to the spectral
sequence of NV. we can construct (N;)" as a subquotient of N by dualizing the definitions
4.5.1 and 4.5.2. Thus, (N;*)" is a mixed Tate motive. We can also explicitly find the graded

component of weight 1 of (N;*)" by again dualizing equation 4.19 which becomes

P H'Mmy) - @ HOLi 0 Mj)(=1) > EP HX(L) 4.21)
j ¥ i

This equation comes from the spectral sequence of H>(X — M, L — M). The first map is induced
by the closed immersion L; N M; — M. More explicitly, we have

[tersh] = (5)+(6)

[fursv] — +
[ZSE] —>@+@+@+
We also get an analogous lemma to Lemma 4.5.4.

Lemma 4.5.5. The graded component grgv (Ny™)Y) is isomorphic to Q(-1)? and it is generated
by the image of (1) ~(8), (3)~(2) + (&)~ (1) and (7) - (©).

The duality in DM(k) is induced from Poincaré duality. Since the Gysin maps are dual
to the restriction maps, the equations 4.21 and 4.19 are dual in DM(k). Poincaré duality also
induces an isomorphism between Ey, term in the spectral sequence N, and its dual (N;*)",
which is again Ep, because it is Tate. The inner product induced from Poincaré duality on
Eopr = @ ij HYL;nM ;)(=1) is the sum of inner product of the individual summands. On each
summand, the inner product is identity. This means that this inner product is the standard inner
product on Ey; considered as a vector space.

Lemma 4.5.6. The dual basis, according to the inner product induced from Poincaré duality,
of the basis of gr (N;") mentioned in 4.5.4 is exactly the basis of gry (N;")") mentioned in
4.5.5.

This lemma and the fact that spectral sequence and duality are compatible, play an essential
role in the computation of coproduct.

4.6 Coproduct of N;*

The goal of this section is to find the coproduct of N;’” explicitly in terms of elliptic units using
the example in weight 2 in Section 4.4. Let (o, B)Q(E1, E», E3) be a framed Bianchi triple and let
z be an N-torsion point of E. The motive N;’” inherits its 2-framing from N**. It is framed by
the form vy = dlog(fy,) A dlog(fx,), where f is a function such that div(f;) = |[E[N]|([x] — [0]),
and the 2nd part of the frame f; is given by a triangle in {(y(#;), ()0 <t; <th < 1} CE X E
where vy is a path from az to Bz. We will try to calculate [N, v, (@ - @)V]. This 1-framing

is equivalent to [WoN3™, vy, (@ - @)V] by the inclusion WoN** — N*¥,
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Let g be the sum of face maps mentioned in section 10.3 of [7] whose weight 1 we consider
in equation 4.12. We consider the composition

H' (MALO My, (Mo 0 M) S @D H'MAL O M, (M0 | M) S N™ @4.22)
i#j i i#j

Denote by ¢ the map g o . All these maps are compatible with the spectral sequences. To find
gra, we focus on the row with ¢ = 2 on the first page of the spectral sequence. The maps in
(4.22) induce maps between these rows of the first pages of spectral sequences. This results in
the following maps of complex

0 @, HO(Li 0 Ma)(-1) 0
0 @i,j H%(L; N Mj)(-1) 0

D, H* (M) ~—— H*X) & P, ; H'(Li N M))(~1) ~— D HULH(-1)

where the rows are the rows E I’z and the columns are the induced maps from (4.22). From the
middle column, it is easy to observe that @—@ is in the image of @i HY(L;nM>)(—1) because

both points @ and @ lie on M» by Figure 4.1. This means that the 1-framing (@ - @)v
can be pulled back along 7 to a 1-framing of H'(M,\L N My, (M2 N Uz, M)).

On the other hand, for grg, we have to compare the rows E ;’0. The map induced by the
composition ¢ is

H(My N M) ® H(Mz N M3) <—— H(M>) HO(X)

.

D, H'M)) 0

P HM; )

i#]

where the first row is the £ 1"0 part of the spectral sequence of H'(M,\L N M,, (My N ;. iM;))

and the second row is the EI’O part of the spectral sequence of N**. The cokernels of the left
most horizontal maps provide us the weight 0 graded components of the two motives we are
considering. This map of complexes induces an isomorphism ¢, on the cokernels of the left
horizontal maps such that vg is the image of v6 := M>3 — M> under t., where M;; = M; N M.
By equivalence of framed motive when applied to 7, we get

[N v, (D=2)'1 = Ny, £.v), (D-(2))"1 = [H' Mo \LOMs, (M| M), v (D - (2)))

i#]
(4.23)
We can apply the same technique to @—@ and @—@ LetR;be H' (M;\L N M;,(M; N Uizj M}))
fori=1,2,3.

Theorem 4.6.1. We have the following equations,

1IN0, (D) = 2)1 = R vy, (D) - 2
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INF v, (3) = ()] = [Ra, v, (3) - (4))]
3. N v, (5) = (6)1 = [R1, v, (5) - (6)]

Next, we will try to simplify terms of type [Ny, _, f2]. Again, we will take [N}’ “,@ -
@, /2] as an example. This is an 1-framed motive, which are primitive elements of the Hopf

algebra A,. Therefore, antipode of [N, @ — @, flis =[N, @ @ /£>]. On the other
hand, the antipode is also described as [(N,™)", f3, @ - @]. By Lemma 4.5.6, we know that

@ - @ = (@ - )V. The duality of Gysin spectral sequence implies that we can use
the same argument as above with L and M interchanged because of Remark 3.1.16. Similar to

above, we define P; as H! (LA\MNLj, (LJ- N U#j L)) for j=1,2,3,4.

Theorem 4.6.2. We have the following equations,

N (D -2, Sl = =[P o (D - ()]
2. Ny, (3= (@), 1 = 1P1, 5, (D - (&) 1+ [P5, £2.(2D) - (3]
3. [NF™, (@ - @), fol==[P2, f, (@ - @)v]

In both Theorem 4.6.1 and 4.6.2, the righthand side can be computed in terms of elliptic
units using Lemma 4.4.1. Theorem 4.6.1 and 4.6.2 finally give us the coproduct of [N5", vo, f>],

Corollary 4.6.3.

SN vo, o) = = [Rasvo, (1) = Q) T A 1Py, £, (D) = (8)]
+ [R3, vo, (@—@) A [Pl,fz,(@—) ]
+[R3,v0, (3) = () 1A [Ps, £.(2)-(3)]
~ R0, (3) - () 1A [P2 12, (7) - ()]

Proof. Follows from the definition of coproduct (3.16) and Theorem 4.6.1 and 4.6.2. m|

The motive Ng’” is a variation of mixed Tate motive over some open set of X. The mixed
Tate motive over the generic fiber Spec(K(X)) is mixed Tate over K(X). By Conjecture 3.2.37,
this corresponds to an element of B,(K(X)).An upshot of considering the variation of motives
instead of just a motive (with s = 0) is that, using specialization map in Section 3.2.5, we can
obtain an element of B,(K ) even if LUM is not an SNC divisor. This is a form of regularization
mentioned in Section 1.7 of [19].

4.7 Definition of 6y ,

In this section, we will define 6 : FBT — B,(K). By composing with the map from p :
S2(X1(N)) — FBT, we will create the desired map 9% . in Theorem 4.8.10. In Section 4.9, we

will compare this definition of 0%: . with the one introduced by Goncharov in [27]. This makes
0% . a generalization of the 6 introduced in loc. cit.
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Definition 4.7.1. Let u ® (E1, E», E3) be a framed Bianchi triple where u = (az, Bz) as before.
Recall that we denote E| X E3 as X. Define 0g(u ® (E1, E», E3)) as,

-epy)t 3 sp(NyY) ifué By
XEXINT=(huv) (4.24)
0 otherwise.

Op(u® (E1, Es, E)) =

where D is the order of the group E[N] and sp; is the specialization in Section 3.2.5 with O
being the local ring at x.

First we will show that 0 is indeed well-defined.
Lemma 4.7.2. Under our assumption 3.2.38,0 is well defined.

Proof. By lemma (4.2.2), the only thing to check is 0g ,(u®(E1, E2, E3)) = 0 . (qu&(E, E>, E3)),
where 17 € O%.
We know that multiplication by 7 induces an isomorphism,

H*(X - L, M, - (L* 0 M,)) —» H*(X — L™, My, — (L™ N My,)) (4.25)

where L = tthUtw U, Ut, UEgand M, = t..;h U t.. v U t,E. This isomorphism is
compatible with the framing and moreover, it induces an isomorphism between N;’" and Ngx"’”.
Therefore, these two elements are equal in L,(K(X)) by the equivalence of framed motives.
Since L(K (X)) is isomorphic to B,(K(X)) by 3.2.38, we can assume this framed motive lies
in B,(K(X)). By our assumption, Since 7 just changes the order of summation in 8¢ because it
permutes the elements of X[N] — (h U v), we have,

O(nu ® (E1, Ez, E3)) = 6p(u ® (E1, Es, E3)) (4.26)
which is precisely what we had to prove. m|

A priori Og(u ® (E1, E», E3)) is an element in BZ(E). The next lemma shows that it is in
Br(Kn)-

Lemma 4.7.3. 0p . (u® (E1, E2, E3)) € B2(Kn)

Proof. The inclusion of L and M into X is defined over Kx(X) because the translation by an N-
torsion point is defined over Kx and the other maps are defined over K(X). So Ng’“ is a mixed
Tate motive over Kx(X). So we can assume the base field is K instead of K and all NV-torsion
points are rational points of E. So what remains to be proven is the fact that specializing to a
rational point gives an element in B2 (Kp).

If [f] is an element in B(Kx (X)) and x is a rational point then it is clear that sp([f]) (the
specialization map mentioned in Section 3.2.5) should be of the form [f] where f is in the
residue field of x, which is K. Therefore, sp3([f]) € B2(Kx). The claim follows. m|

Before calculating 8z or more precisely its coproduct explicitly, we prove a lemma which
will be very useful in simplification. Here, we would like to mention that by 6(0) we mean
S go(6(s)) where s is a generic point of E.

Lemma 4.7.4. Let x,y be two elements of E[N] and s be a generic element of E, then

2
N\KX 5 > 0+ 5)Ab(x+y=5)=0 4.27)

x€E[N]
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Proof. Replace x with —y — z in the equation to get,

L= Z Ox + s) AO(x +y— 5) Z O~y —z+ ) AO(=y —z+y— )

X€E[N] Z€E[N]
= Z O(+y+z—5)ANB(z+s)
ZEE[N]
== > e+ AOG+y+z—5)=-L
Z€E[N]

where we used 6(x) = 6(—x) in the second step by Remark 1.2.34. This implies that 2L = 0,
which means that L = 0. m]

Corollary 4.7.5. For z,y € E[N]we have },,cpinj0(x+2) AO(x+y) =0
Proof. Apply Theorem 4.7.4 with s = z and z + y instead of y. |

4.8 General construction for K = Q(V-d)ford =1,2,3,7,11

For class number one, all the cusps are in one GL,(Ok)-orbit and any subelliptic curve is
isomorphic to E by Remark 4.1.11. To define the map 62 .» we have to select some standard
Bianchi triple. To do so, we select specific Bianchi triple, which generate all the Bianchi triple
by the action of GL,(Ok). We also assume N is a prime ideal of Ok.

Lemma 4.8.1. Ifd = 1,2,3,7,11 than any Bianchi triple is in the orbit of a Bianchi triple
of the form (0, 00, a), where a € Og c PY(K). Moreover, any two Bianchi triples of the form
(0, 00, a), (0, 00, b) are in the same orbit if and only if a and b differ by a unit i.e. for some
u€Og, a=ub.

Proof. Since class number of K is one, all cusps are in one orbit so we can use this action to
map ¢, to co. Ford = 1,2,3,7, 11, the cusps which are joined by an edge to co are elements of
Ok c PY(K). So, the Bianchi triple is in the orbit of (x, oo, y) for some x,y € Og. Now, act on
the right by the matrix
|10
e

to get that (x, co, y) and (0, oo, y—x) are in the same orbit. The first claim follows. For the second
claim, note that if a matrix A maps a Bianchi triple (0, co, a) to another Bianchi triple (0, co, b),
then it must stabilize 0 and co. Therefore

x 0

0 vy

Then u = xy~! does the trick. |

A=

This lemma helps us to fix standard Bianchi triples. First, we choose (0,0, 1) to be a
standard Bianchi triple. Then, the 3-cells mentioned in Section 2.5.1 of Chapter 2 have 0, 1 and
oo as its vertices. Let e3 be this 3-cell. The edge (0, c0) lies on the (0, oo, 1) triangle and the
other 2-cell e;. Then e, must have a Bianchi triple of the form (0, oo, a). If this is not in the orbit
of (0, 0, 1), then we will choose it to be the second standard Bianchi triple. Now, we repeat this
process for the second Bianchi triple in an another 3-cell ¢5. This process terminates, because
of the number of orbits of Bianchi triples is finite.

After choosing the standard Bianchi triples, we can move towards calculating the framed
motive N,
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Lemma 4.8.2. The base change E» of E» along E\ X E3 — E X E is the antidiagonal ¥ :=
{(x,—x) € EXE]}.

Proof. Using the correspondence of cusps and subelliptic curves (Corollary 4.1.8), we deduce
that E. for a cusp c is image of f. as we mentioned in Section 4.3, where f, is the map

fe i E—> EXE, x — (cx, x)
fo i E—> EXE, x — (x,0)

Then,
Ey ={(x,y,2) € EX E X E|foo(x) = fo) + fa(2)}
={(x,y,2) € EX EXE|(x,0) = (0, y) + (az,2)}
={(x,y,2) € EXEXE|(x,0) = (az,y + 2)}
={(az,—z,2) € EXE X E}
Projecting to the last two coordinates, we see that E; = P. m|

Remark 4.8.3. It can be seen that there is no dependence on a in Ny", which makes calculating
Ok ; easier in our case.

Let x = (x1,x2) be an element of E X E such that x;,x» € E[N] — 0 and z be an element
of E[N]. Let (a,8) ® (0, o0, a) be a standard Bianchi triple and u; = @z and up, = Bz. We will
denote the pair (uj, up) as u. To calculate the coproduct of N3, we first find the relevant points
of intersection;

%:(u1+5170)a =(M1+S1,x2), %=(S1+S2—x2,x2), =(x1,S1+S2—x1)
= (x1.12 + 52), (6) = (0.us + 52), = (0,51 + 52), (8) = (s1 +5,0)

L34 = (x1, x2), L3 = (0, x2), Li4 = (x1,0), Li> =(0,0)

Mz = (uy + s1,ux + 52), Mz = (51 —u, 82 +uz), Moz =(s1+uy,s2—up)

where s = (s1, s2) is a generic point of E X E. All of these points are shown in Figure 4.1.
The framing vo and f> give an anticlockwise orientation on both the triangle with vertices M;;
and the square with vertices L;;. For example, the order M, and M3 in R; is explained by this
orientation i.e. the framing vg induces the 0-th framing M3 — M, in R| and not M, — M3. The

framed motive [R2, vo, (@ - @)V] is [H' (tyssv — {®, @}, {M12, Ma3}), M12 — M3, (@ -
@)V]. Using Lemma 4.4.1, this simplifies to,

[Ro, vo, (@ _ @)v] _ O(uy + 52— x2)0(—uy + 52— 0)

B O(uy + 5o — 0)0(—u; + 55 — x2)

All the terms required in order to compute the coproduct via Corollary 4.6.3 are simplified to,

[R1,vo,(@_@)v] Oy + 51— 0)0(—uz + 51— X1)

_Q(Lt] + 51— xl)H(—uz + 51— 0)

[Ra, V0, (@ — @)V] — (9(_u1 + 85— Xz)e(l/tz + 5 — ()) )_1

9(—141 + 52 — 0)9(1/!2 + 52 — )CQ)

[R3,v0,(@ _ @)v] _O(—uz — x1 + 50 — 52+ x2)

T O(—uy — 53 + x2)0(uy — X1 + 51)
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Similarly,

v, B0 —s1—252)0(x1 —u —s1)
P, f, (1) - -
P1. f2 (® ) ] 00 — uy — 51)0(x1 — 51 — 52)

[P27 f27 (@ - @)V] :0(0 — - S2)0(X2 ) Sz)

0(0 — 51— 52)8(x2 — U2 — 52)

[P3’f2’(@_@)v] :0(x1 — 51— 52 + x2)0(0 — uy — 1)

O(x1 —uy — 51)6(0 — 51 — 52 + x2)

Now, we will specialize to the antidiagonal. This amounts to plugging s; = s and s, = —s

[R1,vo, (@ —~ @)V] _OGur + 5)6(uz + x1 = )

0(uy — $)0(uy — x1 + 5)

-1
[Ra,vo, (1) -(2))"1 = (9(”1 ¥ 90z = x2 = ) (4.28)

O(ur — 5)0(u1 + xp + )

[R3, vo, (@ - @)V] _0 +x1 — )81 + 12 + 5)

O(uy — x1 + $)0(xp — up + 5)

v, _00)0(x; —uy —s)
[P1, 2. (D) - (8)"1 = e
vy 0(x2)0(up — )
P2, /5, (7) - (6))"] =i — i D (4.29)

vy 0(x1 + x2)0(u; + 51)
[P3’ f2’ (@_@) ] - 0()61 oy — s)O(xz)

From now on, we will omit the framing and write, say [Ry, vo, (@—@)v], simply as R;.Equation
4.29 also imply the following equation;

_0(x1 + x2)0(0)
PP = e “-30)

Putting Equations 4.28,4.29 and 4.30 together we get,

3o = Y ( 6 + )6z + x1 = 5) 60wz ~ 5)

1o EIN]=0 21,52 FINT=0 O(uy — $)0(uy —x1+5)  6(0)0(x2 —up + )
O(uy + 5)0(up — x2 —5)  0(0)0(x) —uy —s)
O(uy — $)0(uy + x2 + ) 0(x1)0(u; + s)
O(uy + x1 — $)0(uy + x3 + ) A 0(x; + xz)H(O))
O(ur — x1 + 5)0(x2 —uz + 5) 0(x1)0(x2)

(4.31)

Note that if we plug x; = 0 or x; = 0 in the expression on the right hand side, then it still makes
sense, even though, they do not come up in the formula for coproduct. If we put x; = 0, then
P3 = P; = R| =1 so the expression on the right hand side of 4.31 is zero. Similarly, if x, = 0
then P{P3 = 1 and P, = R, = 1 which again implies that the expression on the right hand side
of 4.31 is zero. This means that in the calculation of the coproduct of 6 ; we can assume that
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the sum is over X[N] instead of X[N] — (2 U v). Equation 4.31 becomes

i Oy + $)0(up + x1 — 5) 0(x2)0(uz — )
Z 6(N2 )= Z ( O(uy — 5)0(u; — x1 + ) A 6(0)0(xp —upy + )
O(uy + 5)0(ur — xo — s)  6(0)0(x1 —uy —s)
O(uy — 5)0(u1 + x2 + 5) 0(x1)0(u; + s)
9(1/!2 + X — s)@(ul + X7 + S) A 0()61 + XZ)Q(O)
Ouy — x1 + 8)0(x2 —up + ) 6(x1)0(x2)

x1,x€E[N]-0 x1,0€E[N]

(4.32)

We will compute each term separately. By linearity and collecting terms with only x; or x,
as much as possible, we can have

Z 0(1/!1 + S)@(l/tz + X1 — S) A 0()62)9(142 - S)

= Ouy — $)0(u; —x1 +5)  00)0(xr —us +5)

(4.33)

D29(M1 + S) A 9(”2 - S) +D Z 9(141 + S) A 9()62)

O(ur — ) 6(0) oo BN Our—s) O(xp—up+5s)

+D Z 9(142 + X — S) A 9(142 - S) + Z 9(142 + X1 — S) A 9()62)

O(u; — x1 + ) 6(0) Ouy —x1+s) O(xp—ur+s)

x1€E[N] x1,02€E[N]

where D = |E[N]|. These terms themselves simplify.

Ouy + s) 0(x2) O(uy + s) 0(x2)
2 A = A

g 2 = 8) 02 —ux +5) Oz — ) 0(x2 — uz + 5)

XQEE[N]
_O(uy + 5) 0(x2)

Oy — 5) WeEIN 0(x2 + 5)
where []y,epng 02 — uz2 +5) = [lyepn 0(x2 + 5). By the rule x — —x, we also note that
[Ticeing 0x + 8) = [1iepng O(=x + 5) = [ epng O(x — 5). This identity helps to simplify the
next term.

Z 9(u2+X1—S)A9(M2—S) _

O(uy — x1 + ) 6(0)

O(ur + x1 — ) A O(ur — 5)
O(u; — x1 + ) 6(0)

[xleE[N]
_ 1—[ 0(x1 — s) A O(uy — s)
S €EINT O(x1 + 5) 6(0)

Ouy —s)
000y

xleE[N]

=1A

Similarly, the last term is also zero because

Z 9(1/!2 + X1 — S) A 9()62) _ l—l 9(142 + x| — S) A 1—[ 0()62)

Ou; —x1+5) O0xa—us+s) O(uy — x1 + ) 0(xr — upy + )

x1,X€E[N] X1€EE[N] xEE[N]

After these simplifications, Equation 4.33 becomes

O(uy + 5)0(ur + x1 — s)/\ 0(x2)0(up — 5) _ 2 O(uy +5) O(ur — ) O(uy + s)/\Q
Ouz — )0y — x1 +5) 00)0(x2 —up +5)  Ouz — ) 6(0) O(uy — )
(4.34)

.X[,XQEE[N]
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where Q = [1y,cen efgi)s)' A similar computation for the second term of Equation 4.32 yields

Z O(uy + 5)0(ur — xp — s)AG(O)H(xl —up—s) D? 0(uy + s)/\ 6(0) _De(ul + )

AEPIN] O(ur — 5)0(u; + x2 + 5) 0(x1)0(u; + ) B O(ur —s) O(uy + s) O(ur — )
4.35)
The third term of Equation 4.32 is
Z O(uy + x1 — 5)0(u1 + x2 + ) A 0(x1 + x2)0(0) (4.36)

X1,2€E[N] Ouy — x1 + $)0(x2 — uz + 5) 0(x1)6(x2)

Denote this expression as E. By changing x; — —x; and x, — —x;, we get

E= Z 9(1/!2 + X — S)@(Lt] + X7 + S) A 9()61 + XZ)Q(O)

x1,0€E[N] O(uy = x1 + 5)0(x2 — uz + 5) 0(x1)6(x2)

Oz — x2 — $)O(uy — x1 +5)  O(—x2 — x1)6(0)
O(uy + x3+ 8)0(—x1 —uy + ) 0(—x2)0(—x1)

xX1.0€E[N]
O(—up + xp + 5)0(u; — x1 +5)  6(xz + x1)6(0)
) x1,02€E[N] Our + x2 + 5)0(x1 + uz = 5) 0(x2)6(x1)
O(up + x1 — $)0(uy + x2 +5)  0(x1 + x2)0(0)
- wacciin 0 — X1+ 9000 —up + 5) 0(x1)0(x2)
=-E

where we used 6(x) = 6(—x) for the second equality and inverted the first entry for the third
equality. This implies that the Expression 4.36 is zero i.e.

Oy + x1 — $)0(u; + x5 +5)  O(x1 + x2)6(0) _

7 7 emY: (4.37)
wicciing 2 — X1+ 9000 —ur + 5) (x1)0(x2)
Putting everything together we have the following theorem.
Theorem 4.8.4. The coproduct of 3., v,epni-0 O(N>™) is
O(uy + O(up — O(uy +
L2 e BINT=0 O(up — ) 6(0) O(ur — )
5 0(uy + ) A 60) DG(ul +5)
Oup —s) Ou +s) O(ur — )
Proof. Follows from Equation 4.34,4.35, 4.32 and 4.37. O

Corollary 4.8.5. Let K be an imaginary quadratic field Q(Vd) where d = —1,-2,-3,-7,-11
and let N be an ideal of Ok. Let E be an elliptic curve such that End(E) = Ok and z be an
N-torsion point of E. Let a € Og and a, 3 € Ok /N such that < a,8 >= Og/N. Then

1 6(u1)

6 (6p((az, pz) ® (0, 00, @))) = blaz) A 6(B2) — 5 6(uz)

A 6(0) (4.38)

Proof. Specialize Theorem 4.8.4 to s = 0. The left hand side is —2D?5 (0x((az, 82)) after
specialization and the right hand side becomes —2D%0(az) AO(B2)+DO(uy) NO(0)—DO(ur) AO(0).
The result follows. m]
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Note that the coproduct of g depends only on the first two cusp (cy,cz) of the Bianchi
triple (c1, ¢3, ¢3); by Theorem 4.8.1, if two Bianchi triples (0, oo, a) and (0, oo, b) are in the same
G Ly(Ok)-orbit then, there is a diagonal matrix d such that d(0, o0, a) = (0, co0, b). This implies
the following equality,

(@,B)®(0,00,b) = d”' (@, ) ® (0, 00, @)

by the definition of framed Bianchi triple. The diagonal matrix d~! scales az and 8z by units of
Ok. But 6(2) = 6(vz) for all v € OF by Remark 1.2.34, so the coproduct of their images under
0k . remains unchanged. Since every edge is in the GL,(Ok)-orbit of (0, ), this result also
holds if any two Bianchi triples of the form (cy, 2, ¢3) and (cy, ¢3, cg). This discussion implies
the fact that first two cusps of the Bianchi triple determine the coproduct of the images under
Ok ;. Lets enshrine this fact in a lemma.

Lemma 4.8.6. The coproduct of 0 only depends on (cy, c1).
Equipped with this knowledge, we will now turn our attention to the following definition,
Definition 4.8.7. We define the following subspaces;

e Define C1(N) to be the subspace of K/f( generated by 6(a) for alla € E[N] - 0.

e Define Ci(N) := Ci{(N) ® Q where this extra factor represents 0/(\0)

o Define Co(N) to be the subspace of Br(Ky) generated by O ; o p(z ® e), where z is an
N-torsion element in E X E and e is a 2-cell in the Bianchi tessellation.

Proposition 4.8.8. 5(C2(N)) c A’C1(N)
Proof. Follows immediately from (4.38). |

Definition 4.8.9. The Euler complex, denoted by Co(N) is the complex

0 — Co(N) > A2, (N) S CLN) ® CLN)

where 5 : Co(N) — A*Ci(N) is the restriction of the Bloch-Suslin map to Cr(N) (see Section
3.2.4). The other ¢ is defined as,

5 (6(a) A 6(b)) = (0,6(a) — 6(b)), ifa,b # 0
5(6(0) A 6(b)) = (-6(b),6(b)),  if b #0

The Spaces S o(X(I'1(N)) and S 1 (X(T'1(N))

Let P be a prime ideal of Ok. Let Fp be the residue field Og/P. To prove Theorem 4.8.10, we
need a presentation of So(X(I'1(P)) and S {(X(I'1(P)). Furthermore, we will also describe GOE :
and 9}5 . as mentioned in [27].

Since all edges are in the orbit of e; := (0, c0), we have

S1(XT1(N))) = Q&r,(n) QIGL2(Ok)] ®stav(e;) X sgn

where y g, is the character of Stab(e;) encoding the information of the orientation of the edge
e1. As seen in Section 2.5.1, the stabilizer of e is isomorphic to S, X (02)2. The extra copy of
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O¥% is due to the fact that we are considering GL»(Ox) and not PGLy(Ox). The character y g,
is trivial on O and is the sign representation on S. This is because matrix U in Section 2.5.1
flips the orientation of e;. Recall the set Fp» from Definition 4.2.6. Because the class number
of K is 1, we have,
Q®r (v = Q[Fpe]
The character yg, gives some relations on this set, which results in the following form of
S1XT'1N))).
Q[Fp2]

(@.B) = =(B, @) = (ma,mp)

where 11,1, are units in Og. Similarly,

So(X1(N)) = QII'IINM\GL2(Ok)/B(Ok)]

S1(XT(N))) =

(4.39)

where B(Ok) is the Borel subgroup. It consists of upper triangular matrices with 1’s on the
diagonal. In the case that N is a prime ideal $, we further simplify So(X(I";(P))).

So(XT'1(P)) = QI (PI\GL2(Ok)/B(Ox)] = Q{[0, @], [, O1}] (4.40)

where @ € Fj/u where u is the image of Oy in F. The boundary map 9 : S 1(X(I'1(P))) —
So(X(T'1(#))) more explicitly becomes

(a,B) =10,a] - [0,B], if &, #0
a((0,8)) = -[B,01 +[0,8], if @, # 0
The map Hf can now be defined in terms of the presentation of S | (X(I'{(P))).
Oy (. B) = 6(az) A O(B2), if @, B # 0
(a,0) = 6(az) A 6Q0), ifa 0

For P, a prime ideal of Ok, the map Qg can now be defined in terms of the presentation of
So(X(T'1(#))

6% ([, 0]) = (0,6(a2))
6%.([0,a]) = (8(e2),0)

Both of these maps are well defined due to Remark 1.2.34.

The Main Theorem

Using all the information we have gathered till now, we can show the following theorem.

Theorem 4.8.10. Let K = Q(V—-d) for d = 1,2,3,7,11. Let E be an elliptic curve with
End(E) = Og. Let P be a prime ideal of Ok and 7 be a P-torsion element z in E. Then,
assuming the statement 3.2.38, we have the commutative diagram,

S3(X(T1(P)) —2= SH(XT1(P))) —L= S | (X(T1(P))) —= S o(X(T1(P)))

| i Jo. 2

0 Co(P) 2~ N2Ci®P)—=Ci(P) @ Ci(P)

where Hé’z is the composition of p in Definition 4.2.4 and 0r((0,z) ® —) and 0}5,1 is induced from
the inclusion of the elliptic units into K§,. Moreover, H}E’Z and Q%J are isomorphisms and 9%’2 is
surjective.



4.8. GENERAL CONSTRUCTION FOR K = Q(V-d) FORd = 1,2,3,7,11 97

b b’

on

€1

a a’

Figure 4.3: The picture of the 3-cell at the edge (cg, c1)
with the vertices co, c1,a,d’, b and b’. The orientation is shown by the arrows.

Proof. There are three commutative squares to prove. We will start with the rightmost one.
Using the description of HOE . and O}E . mentioned above, the rightmost box can be seen to be
commutative,

50 0); (@, B) = 6(8(az) A 8(B2)) = (0,6(a2) — 8(B2)) = 6}, (3. B)) = b 0 d(a. )

if @, # 0 and

506} (B,0) = 5(6(B2) A B(0)) = (6(B2), ~6(B2)) = 6% (8(B). 0) = 6 0 A(B.0)

if @ = 0,8 # 0. This takes care of the rightmost square.

For the leftmost box note that for any 3-cell S an edge (cg,c;) appears in two faces re-
sulting in 4 Bianchi triples; (co, ¢1, @) and (c, cg, b) in one face and (co, ¢1,a’) and (cy, co, b’) in
the other. Let g € GLy(Ok) map (co, ¢1) to (0, o). Using g we see that (¢, ¢1,a) and (co, c1,a’)
can be mapped to (0, o0, x) and (0, o0, x") respectively. Both are standard so they will give the
same value but since they are in different orientation in both faces so they cancel. This also
happens for (cy, ¢cg, b) and (cy, ¢, b’) and every other edge. So the total sum is zero and thus
commutativity holds. The figure 4.3 shows this phenomenon.

For the middle square, the argument works for any ideal N of Ok so we will work in this
general setting. First note that the Bianchi triples also have an explicit form.

Q &r, v BTG = @ QIF2,] 4.41)

This follows from the fact that BTG is a free GL,(Ok)-module. Consider the map € : Q ®r, ()
BTG — S 1(X(I'1(N))) defined by sending (co, c1, ¢2) to the class of (cg, c1). In a way, this map
forgets the second edge in a Bianchi triple. Explicitly, it would just be the sum followed by
projection of Q[]F/ZV] onto Q[F/ZV] ®S tab(e) X sen» Where ey and chi; are mentioned on page 85. If
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ey is a 2-cell with n sides then, by the definition of €, there are 2n Bianchi triples ’in’ e;. By
Lemma 4.8.6 and Corollary 4.8.5, this implies that the contribution of the two Bianchi triple for
an edge (co, c1) ,namely (co, c1, a) and (cy, cg, b), in the coproduct is the same. This results in a
factor of 2, which is compensated by % in the definition of p in Definition 4.2.4. Thus, we see
that € o p = d. we have the following commutative diagram.

SH(X(T1N)) —£= Qer,(v) BTG —— S 1(X(T1(N)))
les((O,z)@a—) l91+l//
C2(N) A2Ci(N)

0

The composition ¢ o 9g((0,z7) ® =)o pisd o 9125,2. The map ¢ is defined as,

Y(a.B) = —(2D)'(az) A 6(0) — (2D) ™' 6(Bz) A 6(0)
The commutativity with ¢ as given above follows from (4.38). Now ¢ fits in the commutative
diagram,
9
S1(Xi(N)) ——= So(X1(N))
wt /
A2C1(N)
where ¢([0, b]) = —(2D)~'6(bz) A 6(0) and q([b,0]) = 0. Using these commutative diagrams,
we get,
d0by. =600 0p= (O, +Y)oeop
:92’Z060p+1ﬁ060p
=0}5’Z08+q0808
:9}5’Z od

Finally, t9}23Z is surjective by definition and, QOEZ and %Z are isomorphisms by Theorem 5.7 in
[27]. O

The map of complexes 67, _ also intertwines the action of the diamond operators and Galois
action. First, we will briefly describe, the diamond operators. Let

Dy = NT1N))/T1(N).

The group Dy acts on the locally symmetric space X(I';(/NV)). The action of D on our Bianchi
triples is via its action on F/ZV. The group can be identified with the matrices of the form

1 0
0 «
where a is an element of the group FY /u where Fy is the ring Og /N and p is the image of
O% in FY,. We will identify Dy with F},/u. On the other hand, the Galois group Gal(Ky/K)

acts on the set of strict N-torsion elements, where by strict N-torsion element we mean an
N-torsion element which is in some basis of E[N]. The action of Og on E[N] induces an
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action of Dy on E[N]. By theory of complex multiplication of elliptic curves, the automor-
phism group of E[N] is precisely the Galois group Gal(Kxn/K). Therefore, we have a map
Dy — Gal(Kp/K). This map is an isomorphism as mentioned on page 28 of [27]. Under this
isomorphism, the Galois action of the image of @ € F} /u sends z to 7’ = az. The Galois action
on K induces a Galois action on the complex C,. So

02((@ -y (0,2)) ® e2) = 02((0, 2) ® €2) = 62((0,2) ® €2) = @ “Gaik k) 02((0,2) ® €2)

where e, is a 2-cell. The last equality holds because all the subelliptic curves are defined over
K and the only thing Galois action changes are the points z and x in the divisors L and M in N5
ie. @ Gaky/k) Ny*© = Ng“l. But since we are summing over x, multiplying by « just changes
the order of summation of x so only z changes to z’. We can encapsulate this into a lemma.

Lemma 4.8.11. The map 0, . intertwines the action of Dy on S «(X1(N)) with the action of
Gal(Kn/K) on Co(N).

One point to note is that 5(012%((0, 2) ® €2))) € A’C1(N) by definition but we could have
contribution of 67(—0\) in Hé,z(éez). Even though, it may seem like a contradiction but we will show

that the contribution of 9/(\0) cancels out so that, even in this particular case, the commutativity
of middle square in Theorem 4.8.10 holds. First, we will explain the cases where terms with
9/(\0) appear. Generally, 9]15&((0, 2)®(co,c1)) = 9115&((0, 2)y ® (0, c0)) where 7y is the matrix which
sends the pair (0, o) to (cg, c1). We will shorten GE,Z((O, 2)y ® (0, 0)))) to GE,Z((O, 7)y) for now.

To get 9/(\0) from Bianchi triple, we must have (0, z)y to have a zero in one of the coordinate.
But

_ Yr Y2\ _
0, 2)y = (0, z)( I )— (v32,v42)

So either y3 or y4 has to be zero modulo N. If y3 = 0O then,

-1
7 (0.00) = (1273, ) = ( . )(o, )

Since the matrix on right hand sige\is in I';(N), we can take to y to be in I'; (), which implies
that 6y, ((0,2)y) = 6, ,((0,2)) = 6(0) A 6(z). We also note that the Bianchi triple has ¢; = co.
If y4 = 0, then,

_ 1 . 1 Y01
7-(0,oo)=(oo,m3‘)=(0 e )(oo,O)z(O e )(1 0)(0,oo)

Since the matrix on right hand side is in I'; (NV)S, we can take to y to be in ['{(N)S, where

(1)

This means that 9}3 (0,z)y) = 9}351((0, QU) = 02’1((0, 2)) = —6(0) A 6(z). We also note that the

<
Bianchi triple has c; = oo.

Summarizing, there are three points of note;

o If 6/(\0) has to appear then one cusp has to be in I'; (NV)-orbit of co.

o If ¢ = oo then 8} ((0,2) ® (c1,¢2)) = —6(0) A ()
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o If c; = co then 6}, _((0,2)® (c1.2)) = 6(0) A 6(2)

By the first fact, It is sufficient to consider the cusp involved to be co. Then there is a consecutive
series of cusps (a, 00, b). Then, 6'((0,2) ® (a, 0)) = 6(0) A 6(z) by the third fact and 6'((0,z) ®
(00,b)) = —60(0) A 8(z) by the second fact. Since the definition of d includes the sum (a, c0) +
(00, b), the contribution in 0115,z of these two terms adds up to 0, so 8(0) does not appear in the
image of de; under %,z'

4.9 Comparison with Qg)
This section is about comparing Goncharov’s definition 6’2) (Definition 3.3.3) and our definition
of 9% . and show that both of them are the same.

Theorem 4.9.1. Let N be an ideal of Ox where K = Q(i), Q( \/—_3). Let N be the norm of N.
Let E be an elliptic curve such that End(E) = Ok and z be an N-torsion point of E. Then
92) - H%J is a linear combination of terms Lig””’({é’N), in the case when K = Q( \/—_3), and
Lig”” (Z4y), in the case when K = Q(i), where a € Z.

Proof. Let 71,72 € E[N], we will show that 9551)(Z1 ,22,—21 —22) — 0% Z(zl ,Z2) can be expressed
in terms of dilogarithm terms mentioned in the theorem. We will do this in two cases;

Case 1: zj and z; are contained in a cyclic group.

Let N be the norm of N. In this case, there exists an order N element z in E such that z; = ;2
fori = 1,2 and n; € Z. Consider the curve Y{(N). It is the moduli space of elliptic curves with
a fixed N-torsion point. We can upgrade 0;?1) and 6’129’Z to a mixed Tate motive over Y;(N) by
replacing E with the universal elliptic curve & and the torsion points z1,z> with 171z, 72z, where
z is the universal N-torsion section of z : Y1(N) — &. This is possible because the antidiagonal
can be defined for every family of elliptic curves. We can then pull this motive back along the
inclusion of generic point of Y;(N) to get a mixed Tate motive M over Q(Y;(N)). Corollary
4.8.4, and therefore Theorem 4.8.10, also generalize to similar results for M. More explicitly,
it implies that the coproduct of Hé(mz, mz) € Br(Q(Y1(N))) is

2
S8(Og(mz, m2)) = 6(21) A 6(22) + 0(z22) A 0(23) + 0(23) A O(Z:1) € /\ QY1(N)

where z; =11z, 2, = mz and z| + 7, + 23 = 0, where 6(z;) is the modular unit.
As seen in see Section 3.3 in [27], the coproduct of Qg) € Br(Q(Y1(N))) is

863 (21,22,23)) = 6(z1) A 0(z2) + 0(22) A 0(z3) + 0(23) A (21

Combining both, we get,

8621, 22, 23) - (2) = 0 (4.42)
Therefore, the difference is an element of ker(6) C Br(Q(Y1(N))). By Definition 3.2.30, re-
stricting to the points (z, E) and (z’, E’) in Y| (N), implies the following equation,

6. (nz,mz. —mz = 12) — O6(mz.m2) = 65 (2 mz s —mz = mz’) = 0% (mz',mz’) (4.43)
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By defining Zg(z1,22) := 02)(77&, 22, =112 — 122) — 9%;(771& n22), we get;
Ze(mz,m2) = Zp/(mz',mz’) (4.44)

Now the Galois group G := Gal(@/ Q) acts on Y1 (N )(@) (because Y (N) is defined over Q) by
sending a point (z, E) to (z7, E?) for o € G. Restricting at (z, E) and (z°, E?) implies,

Ze(mz, mz) = Zpe(mz®,mz") = o - Ze(niz, m22) (4.45)

where the action of right hand side is the action of G on B1(Q). By commutativity of the
square in Lemma 3.2.40, the element Zg(1,2,m22) € K3(@) because it is the specialization of
an element B,(Q(Y{(N))) with coproduct zero. The equation (4.45) implies that Zg (11, z, 1722)
is invariant under the Galois action. By Galois descent for rational K-theory (Theorem 2.15,
[641),Z£(11, 2, 1122) € K3(QF = K3(Q) = 0. So, Z£(p1, 2, 1122) = 0.

Case 2: zj and z; are not contained in a cyclic subgroup.

In this case, we have z; = n;x; for i = 1,2 where n; € Z and x1, x, for a basis of E[N] with
Weil pairing {x where {y = exp(%). We can use the a similar argument as above to get a
variation of motives over Y(N) which parametrizes basis of N-torsion points of elliptic curves
with Weil pairing {x. Using a similar argument as above with 1,z being replaced by n;x; for
i = 1,2, the analogue for Equation (4.44) is

Ze(mix1,mx2) = Zp/(1 X7, m2X5) (4.46)

and a similar Galois descent argument works for Gal(@/ K(Zn)) because Y(N) is defined over
Q(<n), which implies that Zg(n;x1,72x2) is an element of K3(K({y)). Since K is also cyclo-
tomic, K({y) is also cyclotomic. By the discussion preceding Section 1.3 of [27], K3(K({y)) is
generated by the elements L} (§,) for a € Z. The theorem follows. |

Corollary 4.9.2. Let P be a split or ramified prime ideal of Ox and z1,zy € E[P], then 0%1) =
92
Ez

Proof. For such prime ideals P, E[P] is cyclic because it is a proper, non-trivial subgroup of
E[p] = (Z/p)*. So case 1 in the previous lemma implies the corollary. O

Remark 4.9.3. The commutativity of the left square in Theorem 4.8.10 is equivalent to conjec-
ture (5.13) in ([27]) if@éZ coincides with Qg) in loc. cit.

Remark 4.9.4. Theorem 4.9.1 is as good as it gets. In [24] and [46], the map O ; is considered
modulo terms in depth 1 and the terms Ligw’ (&yy) are in depth 1. For more details about depth,
see loc. cit.
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