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Introduction

This dissertation investigates the inductive Galois–McKay conditions for finite groups
of Lie type A. It gives the verification of the first inductive condition and explores
techniques that may be useful in order to verify similar results for other types of
groups of Lie type, hence contributing to the verification of the conjecture for all
finite groups.

The Galois–McKay conjecture

The theory of the local-global conjectures is a specific field in the character theory of
finite groups that wishes to study the connection between the character theory of the
global group G and the character theory of its local subgroups, that is normalizers
of ℓ-subgroups. This fundamental connection was first proposed by McKay in 1972
and states that given a prime ℓ and a Sylow ℓ-subgroup P of G, there exists a
bijection

Ω ∶ {χ ∈ Irr(G) ∣ ℓ ∤ χ(1)} → {φ ∈ Irr(NG(P )) ∣ ℓ ∤ φ(1)}.
We denote the sets above as Irrℓ′(G) and Irrℓ′(NG(P )) respectively. Indeed, this
statement seems simple, as it is a pure counting requirement, but was only proven to
be true in 2025 by Cabanes–Späth [CS25]. Building from this conjecture many other
strengthenings of the McKay conjecture, like the Alperin–McKay conjecture, have
been proposed. In particular, these are all counting conjectures, giving information
mostly about the number of characters of certain degree. The version of the McKay
conjecture proposed by Gabriel Navarro in 2004, however, considers a much larger
set of information, as it proposes that the bijection of the McKay conjecture can be
chosen to be equivariant with regard to certain Galois automorphisms. In particular,
this means that much more information about the characters needs to be known and
studied. The statement of the conjecture is the following

Conjecture ((Navarro’s) Galois–McKay, 2004). Let G be a finite group, let ℓ be a
prime and let P ∈ Sylℓ(G). Let Hℓ ≤ Gal(Qab ∶ Q) be a certain Galois subgroup, see
Definition 1.25. Then there exits an Hℓ-equivariant bijection

Ω ∶ Irrℓ′(G) → Irrℓ′(NG(P )).

The inductive conditions

As the conjecture of McKay was first proposed, direct methods to prove the state-
ment were searched for, but there seemed to be no proof that uses purely group
and character theory methods. However the Classification of Finite Simple Groups
(CFSG) opened up a new possibility and in 2007 Isaacs–Malle–Navarro [IMN07]
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reduced the verification of the McKay conjecture to the verification of the so-called
inductive McKay conditions, which in turn should hold for all quasi-simple groups.
Unfortunately the inductive conditions are stronger than the conjecture itself and
information on the action of certain automorphisms on G need to be understood.
However, about 20 years after the inductive conditions were proposed the McKay
conjecture was proven by Cabanes and Späth in [CS25], thereby finalizing the proof.

In view of this, the reduction of the Galois–McKay conjecture by Navarro, Späth
and Vallejo to the inductive Galois–McKay conditions seems to be promising.

Theorem. [NSV20] Let ℓ be a prime and assume that the equivariance condition
(Eq)Hℓ and extension condition (Ext)Hℓ , see Definition 1.42, hold for all finite simple
non-abelian groups. Then the Galois–McKay conjecture is true for ℓ and any finite
group.

In this thesis we give the verification of condition (Eq)Hℓ for finite groups of Lie
type A.

Outline of the Thesis

Similar to the process for the verification of the inductive McKay conditions, the
inductive Galois–McKay conditions were verified for groups of Lie type in defining
characteristic [Ruh21], [Joh22] and for the prime ℓ = 2, [RSF25]. The first chapter of
this thesis will introduce the representation and character theoretic background in
order to state the McKay conjecture, inductive conditions and its Galois refinements.

Following this, we develop the theory of extension maps and maximal extendibility,
which have been useful in order to systematically construct irreducible characters
using Clifford theory. In order to adapt the theory, we need to take special care of
these constructions with respect to the action of Galois automorphisms.

The finite groups of Lie type are the largest family in the classification of finite
simple groups and therefore represent a central case in any verification of local–global
conjectures. In the third chapter we recall basic notions concerning algebraic groups,
Steinberg endomorphisms, maximal tori, and focus on the structure of Sylow d-tori
and their centralizers and normalizers, specifically for groups of type A, as these will
be of importance in the verification of the local statement.

Chapter 4 establishes the framework for verifying the inductive Galois–McKay con-
ditions by first introducing the required number-theoretic results and investigating
the action of Hℓ on specific character fields. Afterwards we analyze the outer auto-
morphism group of SLn(ϵq) and introduce a certain type of automorphism denoted
by type tℓ, see Definition 4.13. We adapt Späth’s criterion from [Spä12] in order to
construct an Hℓ-equivariant bijection. While this result is closely related to The-
orem 3.4 of [RSST25], we have a distinct construction and a more thorough proof
than is currently available in the literature. Importantly, we obtain some freedom
by choosing an element t in the universal cover, which "stabilizes" the action of H
in the global and local parametrization of characters. These results are then refined
into Galois–compatible conditions A(∞)Ht , A(d)Ht and B(d)Hℓ for finite groups of
Lie type in non-defining characteristic ℓ. In the case of type A, the integer d is
defined as the order of ϵq (mod ℓ).
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Theorem A (Theorem 4.18). Let G be a finite group, let ℓ be a prime dividing ∣G∣
and let P ∈ Sylℓ(G). Let M < G be a proper subgroup of G and let G ⊂ Irr(G) and
M ⊂ Irr(M). Assume that M , G and M have sufficiently nice extension properties,
see Theorems 4.18 and 4.17, and the characters are well behaved under the action
of Hℓ. Then the inductive condition (Eq)Hℓ holds.

The remaining chapters of the thesis concentrate on groups of type A, i.e., we as-
sume that G ∈ {SLn(q),SUn(q)}. The result from Chapter 5 can also be found in
[RSST25]. While some of the considerations there also apply to symplectic groups
we here concentrate on groups of type A. Another difference is that we here ex-
plicitly construct the transversal using unipotent support, while in [RSST25], the
properties of certain stabilizers lead them just to the existence of a transversal as
required. Through this, we also obtain some information about the choice for the
element t.

Theorem B (Theorem 5.13). There exists an element t inducing an outer diagonal
automorphism of G of type tℓ such that condition A(∞)Ht-holds for groups of type
A and any prime ℓ.

Focusing on the doubly regular case where the centralizer of the Sylow d-torus
is abelian, see Definition 6.1, Chapter 6 presents new results concerning the local
conditions A(d)Ht and B(d)Hℓ . Similar to the McKay case in [CS17], we construct an
extension map. We then construct a specific element t to ensure that the extension
map isHt-equivariant, a property previously unverified in this context. Furthermore,
we check that the remaining construction of a certain transversal is compatible with
Hℓ and Ht actions.

Theorem C (Theorems 6.2 and 6.24). Let ℓ be an odd prime and assume that the
integer d is doubly regular for (G, F ) of type An−1. Then there exists an element
t inducing an outer diagonal automorphism of type tℓ on GF such that conditions
A(d)Ht and B(d)Hℓ hold.

The final chapter combines the global and doubly regular results to provide the
verification of the local conditions A(d)Ht and B(d)Hℓ in full generality for type A.
By analyzing the block-diagonal structure of the normalizer of a Sylow d-torus, the
automorphisms t1 and t2 introduced in the previous chapters are fused in order to
define a final Ht-stable transversal.

Theorem D (Corollaries 7.6 and 7.8). Let ℓ be an odd prime and assume (G, F )
is of type An−1. Then there exists an element t inducing an outer diagonal automor-
phism of type tℓ on GF such that conditions A(d)Ht and B(d)Hℓ hold.

This completes the verification of the Equivariance statement of the inductive condi-
tions, marking a significant step towards the proof of the Galois–McKay conjecture
for these groups. In [RSST25, Corollary C], this result is key to verify the following
statement.

Theorem E ([RSST25] and Theorem 7.9). The Equivariance condition (Eq)Hℓ of
the inductive Galois–McKay conditions holds for groups of type A and all primes ℓ.
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1. Character theory and the
Galois–McKay conjecture

The concept of character theory dates back to the 1870’s when Georg Frobenius
studied the representation theory of finite groups entirely through their characters.
Indeed, given a rather complicated representation matrix, its character usually is
much easier to understand and study. The usefulness of character theory has been
clear from the start, as many group theoretic statements, which are hard to prove
using only group theoretic methods, can be shown using character theory. These
include Burnside’s paqb theorem and the Feit–Thompson theorem, see for example
[Asc00, p. 260]

Although these functions may seem easy to understand, they have been studied since
their invention and there are still many open questions to solve. Just recently, over 50
years after the conjecture was originally stated by John McKay in 1972, the McKay
conjecture has been proven by Marc Cabanes and Britta Späth in [CS25]. In fact,
this proposes to be just the beginning of verifications of these, so called, local-global
conjectures. This term stems from the potential to describe character properties of
the global group G by the properties of characters of a local subgroup NG(P ), the
normalizer of a Sylow p-subgroup. In this thesis we will study the strengthening
of the McKay conjecture proposed by Gabriel Navarro in 2004 [Nav04] called the
Galois–McKay conjecture or McKay–Navarro conjecture.

In this first chapter we will give an overview of the basic definitions, structures
and the Galois–McKay conjecture itself. Although we assume that the reader is
familiar with these concepts, we state them nonetheless for completeness sake. We
start by introducing the basics of character theory and continue to state the McKay
conjecture as well as the Galois refinement stated by Navarro in 2004. Then we
continue to describe the inductive statements, which imply the conjecture and were
introduced by Navarro, Späth and Vallejo in 2020 [NSV20]. Finally we explore some
constructions to extend characters on various group structures, as we will need these
extendibility properties throughout the thesis.
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1.A Character theory
We will provide a brief overview of the basics of character theory. The definitions
and theorems mentioned here can be found in standard texts on the subject, such
as [Isa76] or [Nav18].

1.A.1 Complex representations and characters
Throughout this thesis, G will stand for a finite group.

Definition 1.1. For a finite group G and a complex vector space V , a complex
representation of G on V is a group homomorphism X ∶ G → GL(V ). The degree
of a representation is n = dim(V ). We say that two finite-dimensional complex
representations X and Y are similar, if there exists a matrix M ∈ GLn(C) such that
Y(g) =M−1X(g)M for all g ∈ G. Indeed, two similar representations must be of the
same degree.

Definition 1.2. Let X be a complex representation of a finite group G. We define
the complex character of the representation as the trace of the representation

χ(g) ∶= trace(X(g)).

Two representations are similar if and only if they afford the same character.
We write Char(G) for the set of all characters of a group. If the representation has no
proper subrepresentations, then it and its afforded character are called irreducible.
Subsequently we write Irr(G) for the set of all irreducible characters of G. Let cf(G)
be the space of all class functions of G, that is complex functions ρ ∶ G → C, such
that ρ(xgx−1) = ρ(g) for all g, x ∈ G, that is ρ is constant on conjugacy classes of G.
Then each character is a class function of G. The complex space of class functions
cf(G) becomes a hermitian space with the hermitian inner product given by

⟨σ, ρ⟩ ∶= 1
∣G∣ ∑x∈G

σ(x)ρ(x) for σ, ρ ∈ cf(G).

The beautiful structure and relevance of irreducible characters is now seen by the
following theorem.

Theorem 1.3. [Nav18, Theorem 1.1] Let G be a finite group. Then the set of
irreducible characters of G forms an orthonormal basis of cf(G) with respect to the
hermitian inner product above.

Indeed each element ρ ∈ Char(G) can be written in the following way

ρ = ∑
χ∈Irr(G)

⟨ρ,χ⟩χ.

Furthermore, in the case that ⟨ρ,χ⟩ ≠ 0 we say that χ is an irreducible constituent
of ρ. Another elementary but very important theorem is the following

Theorem 1.4 (Schur’s Lemma). [Nav18, Theorem 1.7] Let G be a finite group with
an irreducible complex representation X ∶ G → GL(V ). Let f ∶ V → V be a C-linear
endomorphism such that f ○ X(g) = X(g) ○ f for all g ∈ G. Then f is a scalar map.
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We can also define characters on arbitrary fields k. In the case where char(k) ∤ ∣G∣
the k-representation theory will not differ much from C-representation theory. This
is a consequence of Maschke’s theorem

Theorem 1.5 (Maschke’s Theorem). [Isa76, Theorem 1.9] Let G be a finite group
and k a field such that the characteristic of k does not divide the order of G. Then
all representations of G over k are a direct sum of irreducible representations.

This furthermore implies the theorem due to Wedderburn.

Theorem 1.6. [Nav18, Theorem 1.3] Let G be a finite group, let k be an alge-
braically closed field of characteristic zero. Let m be the number of conjugacy classes
of G.

(a) There are exactly m irreducible non-similar k-representations {X1, . . . ,Xm} of
G.

(b) If χi is the k-character afforded by Xi, then {χ1, . . . , χm} are k-linearly inde-
pendent.

(c) We have ∣G∣ = ∑mi=1 χi(1)2.

1.A.2 Construction of new characters

There are several ways to construct new characters from characters of subgroups
and vice versa.

Definition 1.7. Let H ≤ G and χ ∈ Char(G). Then the restricted character defined
by

ResGH(χ)(h) = χ(h) for all h ∈H,
is a character of H. Given an irreducible constituent θ ∈ Irr(H) of ResGH(χ), we say
that χ lies over θ. Given any character χ ∈ Irr(H), we define the induced character
as

IndGH(χ)(g) =
1
∣H ∣ ∑

x∈G,xgx−1∈H
χ(xgx−1) for all g ∈ G.

Often when it is clear on which groups our characters are defined we will also write

χ H = ResGH(χ)

for the restricted character and

χG = IndGH(χ)

for the induced character. The adjunction between the induction and restriction of
characters is exposed by the so called Frobenius Reciprocity.

Theorem 1.8 (Frobenius Reciprocity). Let H be a subgroup of G and let χ be a
character of G, θ a character of H. Then we have

⟨χ, IndGH(θ)⟩ = ⟨ResGH(χ), θ⟩.
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Theorem 1.9. Let G and H be finite groups. For each χ ∈ Char(G) and θ ∈
Char(H), we get a character of G ×H via

(χ × θ)(g, h) = χ(g)θ(h).

In particular, the map

Ω ∶ Irr(G) × Irr(H) → Irr(G ×H)

(χ, θ) ↦ χ × θ,
is a bijection.

A fundamental problem in character theory is constructing all irreducible characters
of a group G using the characters of its subgroups. While it is possible to induce a
character from any subgroup to G, the resulting character is typically challenging
to express explicitly as a sum of irreducible characters of G. However, when N is
a normal subgroup of G, Clifford theory provides deeper insights and a systematic
approach to constructing irreducible characters. In fact, the most comprehensive
understanding of induced and restricted characters is obtained when the subgroup
is normal in G.

Definition 1.10. Suppose N �G, χ ∈ Irr(G), and θ ∈ Irr(N). We denote the set of
irreducible constituents of the restricted character by

Irr(N ∣ χ) = Irr(χ N) ∶= {θ ∈ Irr(N) ∣ ⟨θ,χ N⟩ ≠ 0}

and the set of irreducible constituents of the induced character by

Irr(G ∣ θ) = Irr(θG) ∶= {χ ∈ Irr(G) ∣ ⟨χ, θG⟩ ≠ 0}.

Definition 1.11. For a finite group G and N �G, G acts on the characters of N
by conjugation. Let χ ∈ Char(N) and g ∈ G. Then

χg(n) ∶= χ(ng).

We write Gχ ∶= {g ∈ G ∣ χg = χ} for the stabilizer, also called the inertia subgroup
of χ in G.

Theorem 1.12 (Clifford). Let G be a finite group with normal subgroup N . Let χ
be an irreducible character of G and θ ∈ Irr(N ∣ χ). Let {θ1, . . . , θk} be the set of
distinct G-conjugates of θ and e = [χN , θ]. Then we can write

χ N =
k

∑
i=1
e θi.

Proof. See [Nav18, Theorem 1.19].

Hence, the restriction of an irreducible character χ ∈ Irr(G) can be described by
only one irreducible character θ ∈ Irr(N ∣ χ). On the other hand, given an irre-
ducible character of N , we can describe the characters lying above it by Clifford
correspondence.
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Theorem 1.13 (Clifford correspondence). Let G be a finite group with normal
subgroup N and θ ∈ Irr(N). Let T = Gθ be the inertia subgroup of θ. Then the
following hold:

(a) The induction map IndGT defines a bijection between the sets Irr(T ∣ θ) and
Irr(G ∣ θ).

(b) If ψ ∈ Irr(T ∣ θ), then we have ⟨(ψG)∣N , θ⟩ = ⟨ψ∣N , θ⟩.

(c) If ψ ∈ Irr(T ∣ θ) and χ = ψG, then χ∣T = ψ +∆, where ∆ is either zero or a
character of T such that none of its irreducible components lie over θ.

Proof. See [Nav18, Theorem 1.20].

Another important theorem is the so called Gallagher correspondence, which gives
us a parametrization of the set Irr(G ∣ θ) in case that ResGN(θ) is an irreducible
character of N . We say that a character χ ∈ Irr(N) extends to G in case there exists
some θ ∈ Irr(G) with ResGN(θ) = χ.

Theorem 1.14 (Gallagher correspondence). Let N�G and θ ∈ Irr(N) an irreducible
character that extends to some χ ∈ Irr(Gθ). Then the map Irr(Gθ/N) → Irr(Gθ ∣ θ)
given by η → η̃χ is a bijection, where η̃ ∈ Irr(Gθ) is defined by η̃(g) = η(gN).

Proof. See [Nav18, Corollary 1.23].

We see that given N �G, we are interested in G-invariant characters, that is char-
acters θ ∈ Irr(N) such that θg = θ for all g ∈ G. In the best cases we can extend
a given G-invariant character to an irreducible character in G as we will see later
on. In many other cases we do not have such well behaving extensions. But in any
case we can define a projective representation of G that restricts to the character θ.

Definition 1.15. Let G be a finite group. A finite dimensional complex projective
representation of G is a map

P ∶ G→ GLn(C)

such that for each x, y ∈ G the matrices P(x) and P(y) satisfy

P(x)P(y) = α(x, y)P(xy),

where α is the factor set of P, that is a function α ∶ G ×G→ C× with

α(xy, z)α(x, y) = α(x, yz)α(y, z)

for all x, y, z ∈ G. The factor set is uniquely determined by the projective represen-
tation.
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Definition 1.16. Let G be a group and A an abelian group. An A-cocycle of G,
also sometimes known as an A-factor set, is a function α ∶ G × G → A such that
α(xy, z)α(x, y) = α(x, yz)α(y, z) for all x, y, z ∈ G. We define Z2(G,A) as the set of
all A-factor sets of G. This forms a group under pointwise multiplication. Given an
arbitrary function µ ∶ G→ A, we can define δ(µ) ∶ G ×G→ A given by

δ(µ)(g, h) = µ(g)µ(h)µ(gh)−1.

Since A is abelian

δ(µ)(xy, z)δ(µ)(x, y) = µ(xy)µ(z)µ(xyz)−1µ(x)µ(y)µ(xy)−1

= µ(x)µ(yz)µ(xyz)−1µ(y)µ(z)µ(yz)−1

= δ(µ)(x, yz)δ(µ)(y, z)

and δ(µ) is a cocycle, hence δ is a homomorphism of the group of A-valued func-
tions to the group of A-cocycles. Let B2(G,A) be the image of δ and H2(G,A) ∶=
Z2(G,A)/B2(G,A) the second cohomology group under the trivial action of G on
A. Two cocycles α, β are equivalent if

αB2(G,A) = βB2(G,A)

and H2(G,A) is the set of equivalence classes of cocycles.

Definition 1.17. For a positive integer m, we denote by Qm the m-th cyclotomic
field, that is, the field obtained by adjoining all m-th roots of unity to Q. We write
Qab for the smallest field extension of Q containing all roots of unity.

Lemma 1.18. [Isa76, Theorem 11.2]. Let N � G and θ ∈ Irr(N) a G-invariant
character corresponding to a representation X . Then there exists a projective repre-
sentation P of G such that

• P N = X .

• P(ng) = P(n)P(g),

• P(gn) = P(g)P(n),

for all g ∈ G and n ∈ N . Furthermore, by [NSV20, Corollary 1.2] the projective
representation may be chosen such that its entries are in Qab and its corresponding
factor set only takes root of unity values.

Theorem 1.19. Let N �G and θ ∈ Irr(N) a G-invariant character corresponding
to a representation X . Let P be a projective representation of G that satisfies the
conditions from Lemma 1.18. Let α be the factor set of P. Define the cocycle β on
G/N by setting

β(gN,hN) = α(g, h).
Then β is well-defined and its equivalence class [β] in H2(G/N,C×) only depends
on the choice of θ. Furthermore, [β] = [1] if and only if θ extends to G.

Proof. See [Isa76, Theorem 11.7].
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1.A.3 Character values
Our focus will be on the action of Galois automorphisms on characters, hence the
potential values that a character χ associated with a complex representation X of
G might afford are of particular interest.
For an element g ∈ G, the matrix X(g) is similar to a diagonal matrix diag(ζ1, . . . , ζn),
with ζi ∈ C for all i. Since the order of X(g) must divide the order of g, denoted
by ord(g), each ζi is a ord(g)-th root of unity. Consequently, the character χ(g)
afforded by X is given by

χ(g) = ζ1 + ⋅ ⋅ ⋅ + ζn,
which is an algebraic integer in the cyclotomic field Qord(g). Therefore, for any
character χ of G, the values of χ lie within the cyclotomic field Q∣G∣.

Given that ∣ζi∣ = 1 for all i, and if ζi represents the complex conjugate of ζi, the matrix
X(g−1) = X(g)−1 is similar to the diagonal matrix diag(ζ1, . . . , ζn). Consequently,
we have

χ(g−1) = χ(g).

Definition 1.20. Let G be a finite group and χ a character of G, then we define

Q(χ) = Q(χ(g) ∣ g ∈ G)

as the field of values or character field of χ. It is the smallest subfield of C containing
all character values. By the above observations we have Q(χ) ⊂ Qexp(G), where
exp(G) is the exponent of G.

Example 1.21. (1) Let G = Cn be the cyclic group of order n. As G is abelian, all
characters are of degree 1 and form an abelian group of order n. Indeed, the set
of irreducible characters Irr(G) is itself a cyclic group of order n, generated by
a character χ which has n-th roots of unity as values. Thus, for each χ ∈ Irr(G)
we have

Q(χ) ⊂ Qn.

(2) Let G = Sn be the symmetric group of n elements. Then each irreducible
character of G only has values in Z. See [Isa76, Corollary 3.6]. So in this case
for any χ ∈ Irr(G) we have

Q(χ) = Q.

Definition 1.22. Let χ be a character of a finite groupG and let σ ∈ Gal(Qexp(G)/Q).
Then the σ-conjugate of χ is the function χσ ∶ G→ C given by

χσ(g) ∶= σ(χ(g)) for g ∈ G.

In fact χσ is a character of G, see [Nav18, Theorem 3.1].

Proposition 1.23. Induction and restriction of characters is equivariant with re-
spect to Galois automorphisms. In particular, for H ≤ G, θ ∈ Irr(H), χ ∈ Irr(G) and
σ ∈ Gal(Qab/Q) we have

IndGH(θ)σ = IndGH(θσ) and ResGH(θ)σ = ResGH(θσ)

and therefore Q(θG) ⊆ Q(θ) and Q(χ∣H) ⊆ Q(χ).
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Proof. The definition implies that for any θ ∈ Irr(H) and σ ∈ Gal(Qab/Q) a Galois
automorphism, we have

IndGH(θ)σ(g) = σ
⎛
⎝

1
∣H ∣ ∑

x∈G,xgx−1∈H
θ(xgx−1)

⎞
⎠

= 1
∣H ∣ ∑

x∈G,xgx−1∈H
σ(θ(xgx−1))

= IndGH(θσ)(g).

For all g ∈ G and for any χ ∈ Irr(G) and h ∈H we have

ResGH(χ)σ(h) = σ(χ(h)) = ResGH(χσ)(h).

We are now able to state the conjecture that is the focus of this thesis.

1.B The McKay and Galois–McKay conjectures
and inductive conditions

Questions about the number of irreducible characters in a group have been inves-
tigated since the introduction of the field. Nonetheless there are still many open
questions. In 1971 John McKay published a short paper [McK71] about the connec-
tion of the number of characters of degree non-divisible by 2 for any finite simple
group G and the same number in the normalizer of a Sylow 2-subgroup. This is
today known as a special case of the McKay conjecture.
Given a finite group G and a prime ℓ dividing the order of G we write

Irrℓ′(G) ∶= {χ ∈ Irr(G) ∣ ℓ ∤ χ(1)}

for the so called irreducible ℓ′-characters of G. Then the McKay conjecture, now a
theorem by [CS25], can be stated as follows.

Theorem 1.24 (The McKay conjecture). Let G be a finite group, ℓ a prime dividing
the order of G and P a Sylow ℓ-subgroup of G. Then

∣ Irrℓ′(G) ∣ = ∣ Irrℓ′(NG(P )) ∣ .

The McKay conjecture is also known as a local-global conjecture, as it relates the
character theory of the local subgroup NG(P ) with that of the entire group G. Over
time, many refinements of the conjecture have been proposed, most notably the
Alperin–McKay conjecture. In 2004 [Nav04], Gabriel Navarro introduced a further
refinement, extending the conjecture to relate not only the character degrees but
also the character fields of the local and global groups. In this context, the action
of a certain Galois subgroup, denoted as Hℓ ≤ G = Gal(Qab/Q), is expected to be
particularly well-behaved.

Definition 1.25. Let Hℓ ≤ Gal(Qab/Q) be the subgroup of automorphisms such
that for each σ ∈ Hℓ there exists some f ∈ Z≥0 with σ(ζ) = ζℓf for all roots of unity
ζ of ℓ′ order.

Given some σ ∈ Gal(Qab/Q) some finite group G and K ⊂ Irr(G), we write
Kσ = {χ ∈K ∣ χσ = χ} for the set of σ-fixed characters.
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Conjecture 1.26 (The Galois–McKay conjecture). [Nav04, Conjecture A] Let G
be a finite group of order n and ℓ a prime. Let P be a Sylow ℓ-subgroup of G. Let
σ ∈ Hℓ. Then

∣ Irrℓ′(G)σ ∣ = ∣ Irrℓ′(NG(P ))σ ∣,

i.e., σ fixes the same number of characters in Irrℓ′(G) and Irrℓ′(NG(P )).

A slightly stronger version of this conjecture is proposed the following way.

Conjecture 1.27. Let G, ℓ, P and Hℓ be as above. Then there exists an Hℓ-
equivariant bijection

Ω ∶ Irrℓ′(G)
∼Ð→ Irrℓ′(NG(P )).

Progress on the McKay conjecture was made in the years following its introduction,
but then stagnated. Even though the conjecture is easy to state, a general proof
seemed out of reach. After the classification of finite simple groups was verified, it
proved to be helpful regarding many group and representation theoretic problems.

In 2007, I. Martin Isaacs, Gunter Malle, and Gabriel Navarro proposed an inductive
approach that reduced the conjecture to the verification of certain stronger condi-
tions for all finite simple groups. This strategy proved to be successful, as Marc
Cabanes and Britta Späth completed the proof of the McKay conjecture in [CS25].

The required conditions are formulated for an extension of the group, known as the
universal covering group.

Definition 1.28. LetG be a group and π ∶H → G a surjective group homomorphism
such that ker(π) ⊆ Z(H). In that case the pair (H,π) is called a central extension
of G. A morphism f ∶ (H ′, π′) → (H,π) of two central extensions of G is a map such
that f ∶H ′ →H is a group homomorphism with π ○ f = π′.
A central extension (Ĝ, π) of G is universal if for each central extension (H,δ), there
exists a unique morphism f ∶ (Ĝ, π) → (H,δ). In this case, we say that Ĝ is the
universal covering group of G.

Indeed, the universal covering group Ĝ is unique up to isomorphism [Asc00, 33.1]
and G has a universal central extension if and only if it is a perfect group [Asc00,
33.4]. In this case Ĝ itself is a perfect group.

Example 1.29. Let G = PSLn(q) for some prime power q. It is simple with the
exceptions for PSL2(2) and PSL2(3), which are isomorphic to S3 and A4, respec-
tively. In all other cases the special linear group SLn(q) is the universal covering
group of G [Wil09, 3.3.8].

Remark 1.30. The universal central extension of a finite simple group G is also
a typical example of of a quasi-simple group. Thus, SLn(q) is quasi-simple for all
pairs (n, q) apart from (2,2) and (2,3). Note however, that not every quasi-simple
group is a universal central extension.

Now we are able to state the inductive conditions.
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Definition 1.31 (The inductive condition for X and ℓ). Let X be a non-abelian
simple group and ℓ a prime dividing the order of X. Let G be the universal covering
group of X. Let P be a Sylow ℓ-subgroup of G and Γ ∶= Aut(G)P . Then the
inductive McKay conditions for X and the prime ℓ are the following

(Eq) There exist a Γ-stable subgroup NG(P ) ≤ N ≨ G and a Γ-equivariant bijection

Ω ∶ Irrℓ′(G)
≅ÐÐ→ Irrℓ′(N).

(Ext) For all χ ∈ Irrℓ′(G) there exist projective representations P and P ′ of G ⋊ Γχ
and N ⋊ΓΩ(χ) associated to χ and Ω(χ) respectively such that the factor sets
α and α′ coincide on (N ⋊Γχ) × (N ⋊Γχ) and P(c), P ′(c) are scalar matrices
associated to the same scalar for all c ∈ CG⋊Γχ(G).

Since the conditions pertain more to the quasi-simple group G rather than the group
X, we often interchangeably refer to them as the inductive conditions for G.

Theorem 1.32. [IMN07, Theorem B] Let ℓ be a prime. If the inductive McKay
conditions are satisfied by all finite non-abelian simple groups G with ℓ ∣ ∣G∣, then
the McKay conjecture holds for all groups and the prime ℓ.

We note that the inductive conditions, although equivalent, are stated slightly dif-
ferently in the original paper of Isaacs, Malle, and Navarro in 2007. Here, we have
used a different definition due to [Spä12, 2.3, 2.8].
Similarly to the McKay conjecture, Navarro’s Galois–McKay conjecture has also
been reduced to inductive conditions on simple groups by Navarro, Späth and Vallejo
in 2020 [NSV20]. Unsurprisingly the statements above have to comply with extraHℓ-
equivariance properties. Indeed, condition (Eq) is just extended by Hℓ-equivariance.
The statement on the factor sets is more complicated and thus we introduce a slightly
different language which includes the necessary information in the notion of so called
character triples.

Definition 1.33. Let G be a finite group, N a normal subgroup of G and θ ∈ Irr(N)
a G-invariant character. Then (G,N, θ) is a character triple.
Let P ∶ G → GLθ(1)(C) be a projective representation. We say P is associated with
θ if P restricted to N is a representation of N affording θ, and for all g ∈ G and
n ∈ N we have

P(ng) = P(n)P(g) and P(gn) = P(g)P(n).

We see that by Lemma 1.18, there always exists a projective representation P of G
associated to θ with entries in Qab and such that the factor set α only has roots of
unity values. If P is any such representation, then P(g) has finite order.
We want to rewrite condition (Ext) for character triples with an associated projective
representation. For this we need an order relation between two character triples.

Definition 1.34. Let (G,N, θ) and (H,M,φ) be two character triples. We write

(G,N, θ) ≥ (H,M,φ)

if the following are satisfied:
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(a) G = NH.
(b) N ∩H =M .
(c) There exist projective representations P of G and P ′ of H associated to θ and

φ respectively, with factor set α and α′ such that

α′(h1, h2) = α(h1, h2) for all h1, h2 ∈H.

We say that (P,P ′) is associated with (G,N, θ) ≥ (H,M,φ).

Since the condition also involves the values on central elements c ∈ CG(N), we
must include this information in the ordering of character triples. Specifically, for
a character triple (G,N, θ) with the associated projective representation P and for
n ∈ N , c ∈ CG(N), we have

P(n)P(c) = P(nc) = P(cn) = P(c)P(n).

Thus, by Schur’s lemma 1.4, P(c) must be a scalar matrix, which defines a function
µ ∶ CG(N) → C×.

Definition 1.35. For two character triples (G,N, θ) (H,M,φ) we write

(G,N, θ) ≥c (H,M,φ)

whenever the following are satisfied:

(a) (G,N, θ) ≥ (H,M,φ).

(b) CG(N) ⊂H.

(c) There exist (P,P ′) associated to (G,N, θ) ≥ (H,M,φ) and µ ∶ CG(N) → C×
such that P(x) = µ(x) Idθ(1) and P ′(x) = µ(x)idφ(1) for all x ∈ CG(N).

Now we can restate the inductive conditions from Definition 1.31 in terms of char-
acter triples.

Definition 1.36. Let X be a non-abelian simple group. Let ℓ be a prime dividing
the order of X and let G be a universal covering group of X. Let P be a Sylow ℓ-
subgroup of G and Γ ∶= Aut(G)P . Then X satisfies the inductive McKay conditions
for the prime ℓ if and only if the following hold:

(Eq) There exists a Γ-stable subgroup NG(P ) ≤ N ≨ G and a Γ-equivariant bijection

Ω ∶ Irrℓ′(G)
≅ÐÐ→ Irrℓ′(N).

(Ext) For each θ ∈ Irrℓ′(G) we have

(G ⋊ Γθ,G, θ) ≥c (N ⋊ Γθ,N,Ω(θ)).

Definition 1.37. Let (G,N, θ) be a character triple, χ ∈ Irr(G ∣ θ), σ ∈ (Hℓ)θ.
Then we define the commutator [χ,σ] ∈ Lin(G) as the linear character such that
χσ = [χ,σ] ⋅ χ, whose existence is ensured by Clifford’s theorem, since both χ and
χσ ∈ Irr(G ∣ θ).
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The inductive conditions that imply the Galois–McKay conjecture require that they
are compatible with Galois automorphisms. Without the use of character triples,
however, the statement can become quite convoluted. Therefore, it is necessary to
define the concept of an H-triple and establish an H-compatible partial order among
H-character triples.

Definition 1.38. Let (G,N, θ) be a character triple, H ≤ Gal(Qab/Q) a Galois
subgroup. Then we denote θH for the H-orbit and write

Irr(G ∣ θH) = ⋃
σ∈H

Irr(G ∣ θσ).

Furthermore, let GθH be the stabilizer of the set θH with respect to the action of
G on Irr(N) by conjugation. If G = GθH , then we write (G,N, θ)H and call this an
H-triple.

Proposition 1.39. Let (G,N, θ) be a character triple and P and P ′ be two projective
representations of G associated to θ. Then there exists a matrix M ∈ GLθ(1)(C) and
a function µ ∶ G → C with µ(1) = 1 and constant on each left coset gN ∈ G/N , such
that

P ′(g) = µ(g)M−1P(g)M, ∀g ∈ G.
On the other hand if P ′ ∶ G → GLθ(1)(C) is any function with the above properties,
then it is a projective representation of G associated to θ.

Proof. Given P ′ with the above properties, it must be a projective representation
of G. As by definition P ′

N
and P N are representations of N affording the same

character, there exists a matrix M1 ∈ GLθ(1)(C) such that

P ′
N
=M−1

1 P NM1.

In particular, we may assume P ′
N
= P N . For g ∈ G and n ∈ N , we then have

P(g)P(n)P(g)−1 = P ′(g)P(n)P ′(g)−1

and thus
P(n)P(g)−1P ′(g) = P(g)−1P ′(g)P(n),

and P(g)−1P ′(g) is a scalar matrix by Schur’s Lemma 1.4. Hence, there exists a
function µ ∶ G → C×, such that P ′(g) = µ(g)P(g) and µ(N) = 1. Furthermore, from
the definition of P on gn, we see that µ(gn) = µ(g) and µ is a linear character of G,
with N in its kernel.

Lemma 1.40. [NSV20, Lemma 1.4] Suppose N�G, θ ∈ Irr(N) and θgσ = θ for some
g ∈ G and σ ∈ Gal(Qab/Q). Let P be the projective representation of Gθ associated
to θ with factor set α. Then

Pgσ(x) = P(gxg−1)σ,

where σ acts entry-wise on the representation P, once again defines a projective
representation of Gθ associated to θ and has factor set αgσ(x, y) = αg(x, y)σ. There
also is a unique function

µσg ∶ G→ C×

such that µgσ(1) = 1 and Pσg ∼ µσgP.
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Proof. As P and α have entries in Qab and Gg
θ = Gθ, this is a well-defined projective

representation. By Proposition 1.39, there exists µσg.

From now on we use the notation [P, σg] = µσg, with regard to the action of H ×G
on the projective representation, where µσg is the function from the Lemma above.
Definition 1.41. Let (G,N, θ)H and (H,M,φ)H be two H-triples. Then we write

(G,N, θ)H ≥c (H,M,φ)H
when the following are satisfied

(a) (G,N, θ) ≥c (H,M,φ) with associated projective representations (P,P ′).

(b) (H ×H)θ = (H ×H)φ.

(c) For each σg ∈ (H ×Hθ) we have

[P, σg] = [P ′, σg].
Definition 1.42. [The inductive Galois–McKay conditions] Let X be a non-abelian
simple group with universal covering group G. Let ℓ be a prime dividing the order
of X, P a Sylow ℓ-subgroup of G and Γ ∶= Aut(G)P . Then X satisfies the inductive
Galois–McKay conditions for the prime ℓ if the following hold:

(Eq)Hℓ There exists a Γ-stable subgroup NG(P ) ≤ N ≨ G and a Γ × Hℓ-equivariant
bijection

Ω ∶ Irrℓ′(G)
∼ÐÐ→ Irrℓ′(N).

(Ext)Hℓ For each θ ∈ Irrℓ′(G) we have

(G ⋊ ΓθHℓ ,G, θ)Hℓ ≥c (N ⋊ ΓθHℓ ,N,Ω(θ))Hℓ .
Theorem 1.43. [NSV20, Theorem A] Let ℓ be a prime. If the inductive Galois–
McKay conditions are satisfied by all finite non-abelian simple groups G with ℓ ∣ ∣G∣,
then the Galois–McKay conjecture holds for all groups and the prime ℓ.
We will briefly summarize what is currently known regarding to the Galois–McKay
conjecture and its inductive conditions.
The conjecture itself has been verified for several classes of groups:

• groups with cyclic Sylow ℓ-subgroups and the sporadic groups by Navarro, see
[Nav04],

• solvable groups by Dade and symmetric groups by Fong, see [Nav04],

• alternating groups by Nath and Brunat–Nath, see [Nat09], [BN21].

Furthermore, the inductive conditions have been verified for:

• the sporadic and alternating groups for ℓ = 2 by Vallejo, building on [Nat09],

• groups of Lie type in defining characteristic by Ruhstorfer and Johansson, see
[Ruh21], [Joh22],

• the prime ℓ = 2 by Ruhstorfer and Schaeffer Fry, see [RSF22], [RSF25].
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2. Extension maps and Galois
automorphisms

One of the central constructions used throughout this thesis is the so-called ex-
tension map. We begin by introducing the notion of extension map and maximal
extendibility. Alongside we show examples for which these properties hold. More-
over, by applying Clifford theory, we can obtain a parametrization of irreducible
characters in certain cases which will be of high importance later on.

On top of that, we will examine the action of (Galois)-automorphisms on the char-
acters constructed this way and establish some useful although technical lemmas.
These results can be viewed as Galois analogues of standard constructions appearing
in the proof of the general McKay conjecture.

2.A Maximal Extendibility
Since characters induced from normal subgroups are not necessarily irreducible,
maximal extendibility offers a useful way to control their behaviour.

Definition 2.1. LetX�Y be finite groups and let X ⊂ Irr(X). We say that maximal
extendibility holds with respect to X � Y for X , if X is Y -stable and every χ ∈ X
extends to Yχ. An extension map with respect to X � Y for X is a Y -equivariant
function

Λ ∶ X → ⋃
X≤I≤Y

Irr(I)

such that for every χ ∈ X , the character Λ(χ) belongs to Irr(Yχ) and extends χ. It is
easily checked, that if maximal extendibility holds with respect to X�Y for X , then
such an extension map exists. If X = Irr(X), we simply say maximal extendibility
holds with respect to X � Y .

We are interested in the existence of extension maps, as well as their compatibility
with Galois automorphisms. One of the most important cases in which there exists
an extension map is the following Lemma for normal subgroups with cyclic quotient,
which can be proven using basic, although non-character theoretic methods.
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Lemma 2.2. Let X � Y be finite groups such that Y /X is cyclic. Then maximal
extendibility holds with respect to X � Y .

A proof of the general result is given in [Nav18, Theorem 5.1]. Here, we only
consider the special case where χ is a linear character. This allows the proof to be
completed using purely character-theoretic arguments, which is not possible in the
general setting.

Proof. Let X�Y be abelian and χ ∈ Irr(X), Y -invariant. As Y /X is cyclic, we have
Y /X = ⟨gX⟩ for some g ∈ Y . Let m = ord(gX) and thus gm ∈X. Let χ(gm) = z ∈ C×
and ζ ∈ C× such that ζm = z. Then we define the extension of X to Y as

χ̃(xgk) = χ(x)ζk, for x ∈X,k ∈ Z.

Clearly, as χ is linear, the character is well-defined and as χ is Y -invariant for x1gk,
x2gj we have

χ̃(x1g
kx2g

j) = χ(x1)χ(gkx2g
j) = χ(x1)χ(x2)ζk+j = χ̃(x1g

k)χ̃(x2g
j),

and χ̃ is a well-defined character. As there are m choices for an m-th root of z, there
are m distinct extensions of χ.

The following is now immediate from the proof above.

Remark 2.3. Let X�Y be two abelian groups such that there exists some y ∈ Y with
Y = ⟨y,X⟩. Let ord(y) = n, λ ∈ Lin(X) and λ̃ ∈ Irr(Y ∣ λ), then Q(λ̃) ⊆ (Q(λ))(ζ),
where ζ is a n-th root of λ(y). More precisely Q(λ̃) = (Q(λ))(λ̃(y)).

Another subset of groups with nice extendibility properties are semidirect products,
which we shortly introduce to fix a notation.

Definition 2.4. Let N and H be two finite groups, such that there exists a homo-
morphism ϕ ∶ H → Aut(N). Then the (external) semidirect product is the group
G ∶= N ⋊H where elements of G are elements of the cartesian product N ×H with
multiplication

(n,h)(n′, h′) = (nϕ(h)(n′), hh′).
In case N and H are subgroups of a given group G such that N ∩H = {1G} and
H ≤ NG(N), then H acts on N by conjugation and this defines the "inner" semidirect
product NH = ⟨N,H⟩

The character theory of semidirect products G = A⋊H with abelian normal subgroup
A is particularly well behaved, as maximal extendibility holds with respect to A�G.

Proposition 2.5. [Ser77, Section 8.2] Let G = A⋊H be the semidirect product with
an abelian normal subgroup A. Then maximal extendibility holds with respect to
A�G.

Indeed these two examples of extension maps are the main building blocks for more
complex extension maps, as there is a way to "lift" character extensions assuming
certain group properties.
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Lemma 2.6. [Spä10, Lemma 4.1] Let X � Y be finite groups and take U ≤ Y such
that Y = XU . Let ψ ∈ Irr(X) an irreducible character such that ψ0 ∶= ψ∣U∩X is
irreducible and has an extension ψ̃0 to Uψ0. Then ψ has a unique extension ψ̃ to Yψ
with

ResYψUψ(ψ̃) = ResUψ0
Uψ
(ψ̃0).

Proof. Let X be a representation of X affording ψ and P the projective representa-
tion of Yψ from Lemma 1.18. In particular, for P we have

P(ux) = P(u)P(x), and P(xu) = P(x)P(u), ∀x ∈X,u ∈ U.

Let [β] ∈H2(Yψ/X,C×) be the equivalence class of cocycles defined by Theorem 1.19.
The restriction P Uψ

is a projective representation with trivial cocycle class, as ψ0

is extendible, once again by Theorem 1.19. Since furthermore Yψ = (XU)ψ = XUψ,
[β] must also be trivial and ψ extends to Yψ. Finally the uniqueness follows from
Gallagher correspondence 1.14 and Yψ/X ≅ Uψ.

Note that this statement is an extension of Proposition 2.5, as for the semidirect
product X ∩ U = {1}, hence each character of degree 1 has a unique extension.
Furthermore, the extension is well behaved with respect to Galois automorphisms.

Lemma 2.7. Let X,U and Y be as in Lemma 2.6, ψ ∈ Irr(X) and ψ̃ its unique
extension to Yψ. Let σ ∈ Gal(Qab/Q) × Aut(Y )X,U . Assume that σ acts trivial on
Y /X and that the extension with respect to U ∩X �U is σ-equivariant. Then ψ̃σ is
the extension of ψ such that ψ̃σ ∣Uψσ = (ψ̃0)σ and ψ̃σ = (ψ̃)σ.

Proof. We see that (ψ̃)σ is an extension of ψσ. Furthermore, we have Uψσ = Uψ and
Yψσ = Yψ since σ acts trivially on Y /X. Furthermore, ψ̃σ0 = (ψ̃0)σ and thus

ResYψσUψσ
((ψ̃)σ) = ResYψUψ((ψ̃))

σ = ResUψ0
Uψ
(ψ̃0)σ = Res

Uψσ0
Uψσ
(ψ̃σ0 ).

Hence, both ψ̃σ and (ψ̃)σ fulfil the properties of the extension of the above lemma
and uniqueness implies the statement.

Lemma 2.8. [CS17, Lemma 5.8 b)] Let Y � Ỹ such that Ỹ = ⟨Y, t⟩ for some t ∈ Ỹ .
Let X � Y and X � Ỹ and assume that t acts trivially on Y /X and let ψ ∈ Irr(X)
be a t-invariant character with extension ψ̃ to Irr(Yψ). Then there exists ν ∈ Irr(Yψ)
such that (ψ̃)t = ψ̃ν and ker(ν) = Yψ̂, where ψ̂ is an extension of ψ to ⟨X, t⟩.

Proof. By Gallagher’s correspondence 1.14 we have (ψ̃)t ∈ Irr(Yψt ∣ ψt) = Irr(Yψ ∣ ψ)
and there exists some ν ∈ Irr(Yψ/X) such that (ψ̃)t = ψ̃ν and in particular we can
regard ν ∈ Irr(Yψ).
Let y ∈ ker(ν) then the group ⟨X,y⟩ is normalized by t, since t acts trivially on
Y /X. The character θ = ψ̃ ⟨X,y⟩ is also t-invariant and hence extends to a character
θ̂ ∈ Irr(⟨X,y, t⟩). Now since θ̂y = θ̂ and θ̂ ⟨X,t⟩ = ψ̂ for some cyclic extension of ψ to
⟨X, t⟩, we have that y ∈ Yψ̂.
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If on the other hand y ∈ Yψ̂, we have ⟨X, t⟩� ⟨X, t, x⟩, as the group ⟨X,y, t⟩/X is
abelian. We use Lemma 2.7 with

⟨X, t, y⟩ = ⟨X, t⟩⟨X,y⟩,

so for any character ψ with extension ψ̂ ∈ Irr(⟨X, t⟩) we have ψ = ψ̂∣X and there
exists a unique extension θ of ψ to ⟨X, t, y⟩, with

θ ⟨X,y⟩ = ψ̃ X,y.

Hence, ψ̃y ∣⟨X,y⟩ = ψ̃ ⟨X,y⟩ and by definition of ν we have y ∈ kerν.

Lemma 2.9. Let X �XY and let U be a finite group, such that X and Y act on
Irr(U).

a) Suppose there exists an X-transversal T′ in Irr(U) such that for each χ ∈ T′ we
have (XY )χ =XχYχ. Then there exists a Y -stable X-transversal T in Irr(U).

b) Given a Y -stable X-transversal T in Irr(U), then (XY )χ =XχYχ for all χ ∈ T.

Proof. Since the XY -orbits in Irr(U) contain the X-orbits, we may choose a set of
χi ∈ T′ for each such orbit. Let T = {χi ∣ i}Y the set of all Y -conjugates of the chosen
representatives. To verify that T is an X-transversal assume there are ψ1, ψ2 ∈ T
and x ∈ X such that ψx1 = ψ2. We have ψ1 = χy1

i and ψ2 = χy2
j for some χi, χj ∈ T′

and y1, y2 ∈ Y . Then

(χy1
i )x = (ψ1)x = ψ2 = χy2

j ⇒ χx
′y
i = χj for y = y1y

−1
2 and x′ = xy1−1 ∈X.

By our choice of χi, it follows that i = j, and thus x′y ∈ (XY )χi = XχiYχi . Thus
χx

′

i = χi and in turn ψ1 = ψ2, hence T is a Y -stable X-transversal.
For the inverse statement, let χ ∈ T and xy ∈ (XY )χ for x ∈X and y ∈ Y . Then

χxy = χ⇔ χx = χy−1
.

As T is Y -stable χy must lie in T. But clearly χy−1 = χx and χ are X-conjugate and
thus χx = χy−1 = χ as T is an X-transversal. Thus x ∈Xχ and y ∈ Yχ.

2.B Parametrization of Characters
For us the existence of extension maps is of importance, since it allows us to
parametrize the characters of Y .

Lemma 2.10. Let X ◁ Y be finite groups, and suppose there exists an extension
map Λ with respect to X ◁ Y . Define the set

Σ ∶= {(θ, η) ∣ θ ∈ Irr(X), η ∈ Irr(Yθ ∣ 1X)}.

Then the map
Π ∶ Σ→ Irr(Y ), Π(θ, η) = (Λ(θ)η)Y

is surjective and induces a bijection between Y -orbits in Σ and Irr(Y ), in particular
Π(θ, η) = Π(θ′, η′) if and only if there exists y ∈ Y such that ηy = η′ and θy = θ′.
Furhtermore, given H ≤ Gal(Qab/Q) ×Aut(Y )X and assume Λ to be H-equivariant.
Then Π(θ, η)σ = Π(θσ, ησ) for all σ ∈ H.
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Proof. See for example [CS25, 2.1] for the first part. The second part of the state-
ment follows directly from the construction of Π and Proposition 1.23.

We obtain a slightly nicer property in the case that Y /X is abelian.

Proposition 2.11. Let X � Y with abelian quotient and assume that maximal ex-
tendibility holds with respect to X�Y . Then for any χ ∈ Irr(Y ) and χ0 ∈ Irr(X ∣ χ),
there exists an irreducible extension χ̃0 of χ0 to Yχ0, such that χ = χ̃Y0 and χ∣Yχ0

= χ̃0.

Proof. As the characters η ∈ Irr(Yχ/X) are all linear and can be regarded as char-
acters of Yχ, any character Λ(χ0)η is irreducible. Thus, the first statement holds.
The second statement is a direct consequence of Clifford correspondence 1.13c).

We recall a result, similar to [CS25, Proposition 2.3], and refine it with regard to
the actions of group and Galois automorphisms.

Lemma 2.12. Let X�Y and U�Y with XU = Y . Assume that for X0 = U∩X�Y ,
the quotient X/X0 ≅ Y /U is abelian and that maximal extendibility holds with respect
to X0 �X.
Let X be an U-stable X-transversal of Irr(X0) and Λ an extension map with respect
to X0�U for X. Then there exists a Y -equivariant extension map Λ̃ with respect to
X � Y , such that the following holds:

a) For each χ0 ∈ X and χ ∈ Irr(X ∣ χ0), Λ(χ0) Uχ is a constituent of Λ̃(χ) Uχ.

Y

X

Λ̃

U

X0

Λ

b) Λ̃ is Lin(Y /U)-equivariant, so for every λ ∈ Lin(Y /U) and χ ∈ Irr(X)

Λ̃(λ∣X χ) = λ∣YχΛ̃(χ)

c) Let A be a group acting on Y , stabilizing U and X. Assume that X is A-stable
and Λ is A-equivariant. Then Λ̃ is A-equivariant.

d) Let G ≤ Gal(Qab/Q) × Aut(Y )X,U . Assume that X is G-stable and let σ ∈ G,
χ0 ∈ X and χ ∈ Irr(X ∣ χ0). Then

[Λ̃(χ), σ]∣Uχσ = [Λ(χ0), σ]∣Uχσ ,

where [−, σ] is defined as in Definition 1.37. So if Λ is G-equivariant, then Λ̃
is G-equivariant.
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Proof. Let χ ∈ Irr(X). As X is a X-transversal in Irr(X0), there exists a unique
χ0 ∈ X with χ ∈ Irr(X ∣ χ0). As maximal extendibility holds with respect to X0�X
and X/X0 is abelian, by Proposition 2.11 there exists some extension χ̃0 of χ0 in
Xχ0 such that χ̃X0 = χ. Since there also exists an extension of χ0 to Λ(χ0) ∈ Irr(Uχ0),
we apply Lemma 2.6 with

X ∶=Xχ0 , U ∶= Uχ0 , Y ∶= Uχ0Xχ0 , ψ ∶= χ̃0

and obtain a common extension χ′0 of χ̃0 and Λ(χ0)∣Uχ̃0
to Uχ̃0Xχ0 . We define:

Λ̃(χ) ∶= (χ′0)Yχ .

If Yχ = Uχ̃0X, then Λ̃(χ) is a well-defined irreducible character extension of χ. As
χ0 lies in the U -stable X-transversal X, the equality Yχ0 = (UX)χ0 = Uχ0Xχ0 holds.
As χ0 is a constituent of χ, we have Yχ ≤ Yχ0X = Uχ0X. We obtain the equation

Yχ = (Uχ0X)χ = (Uχ ∩Uχ0)X.

Any u ∈ U stabilizing χ0 and χ must also stabilize χ̃0, this implies Yχ = Uχ̃0X and Λ
is a well-defined extension map.
As Λ̃(χ) is the induced character of χ′0 and U �Y , the character Λ̃(χ)∣Uχ is the sum
of X-conjugates of χ′0∣Uχ and the set Irr(Uχ ∣ Λ̃(χ)) contains Λ(χ0)∣Uχ . Furthermore,
Irr(Uχ ∣ χ0)∩ Irr(Uχ ∣ Λ̃(χ)) = {Λ(χ0)∣Uχ} and no other extension of χ to Yχ has this
property and hence Λ̃ is uniquely defined, this concludes part a).
Let λ be linear character of Y /U and identify it with a character of Y . Let χ ∈ Irr(X)
and χ0 as defined above, then χ0 ∈ Irr(X0 ∣ χ ⋅ λ∣X) and (χ̃0 ⋅ λ∣Xχ)X = χ ⋅ λ∣X .
As λ is U -invariant, the extension to Uχ̃0Xχ0 is uniquely defined by the previous
considerations. Hence b) follows.
For c) let a ∈ A. Clearly, χa∣X0 has the constituent χa0 ∈ X and the extension χ̃a0 of χa0
satisfies (χ̃a0)X = χa. Since Λ is A-equivariant, the extension (χa0)′ is given by (χ′0)a
and

Λ̃(χa) = ((χ′0)a)Yχa = ((χ′0)Yχ)a = Λ̃(χ)a.
Let σ ∈ G and χ, χ0 as above. By the considerations in c) and Lemma 2.7, if Λ is
σ-equivariant, so is Λ̃. As the extensions Λ̃ and χ′0 are the unique extensions, such
that Λ(χ0)∣Uχ is a constituent of their restrictions to Uχ, the commutator statement
holds.

Let H ≤ Gal(Qab/Q). Assume that we have an H-equivariant extension map with
respect to X � Y , where X and Y are groups such that the following holds:

• All characters of X are H-invariant.

• For each θ ∈ Irr(X), all characters of Irr(Yθ/X) are H-invariant.

Then all characters of Y are H-invariant.

A particularly nice application for the parametrization of characters, once again
happens when Y is a semi-direct product, with abelian normal subgroup X.

Lemma 2.13. Let Y =X⋊H be the semidirect product of an abelian normal subgroup
X and a subgroup H. Then all irreducible characters of Y can be induced from the
irreducible characters of X and certain subgroups of H.
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Proof. Let Λ be the extension map with respect to X�Y from Proposition 2.5. For
χ ∈ Irr(X) we have

Yχ = {(x,h) ∈ Y ∣ χ(x1,h)(x2) = χ(x2)∀x2 ∈X} = {h ∈H ∣ χ(xh) = χ(x)∀x ∈X} =X⋊Hχ.

Since the extension of characters of X to Irr(Yχ) is ensured by Proposition 2.5, the
statement follows from Lemma 2.10.

Apart from the regular semidirect product that appears in our constructions, a spe-
cific version known as the wreath product is of particular interest in the construction
of characters of Weyl groups. Thus, we finish the chapter with a parametrization of
irreducible characters of wreath products.

Definition 2.14. Let G be a finite group and H ≤Sn, where Sn acts on the group
Gn by permuting the factors. Then we write G ≀H ∶= Gn ⋊H and call it the wreath
product of G and H.

Definition 2.15. Let α = (α1, . . . , αk) with ⋃αi = {1,2, . . . , n} be a partition into k
disjoint non-empty subsets. A Young subgroup of Sn associated to α is the subgroup
of the form Sα1 × ⋅ ⋅ ⋅ ×Sαk , where each group Sαj acts on the elements of αj as the
symmetric group and trivial on all other elements of {1, . . . , n}. Given a partition
α we write Sα for the corresponding Young subgroup.

Definition 2.16. Let G be a finite group and Irr(G) = {θ1, . . . θk}. Let χ be an
irreducible character of Gn with decomposition

χ = χ1 × ⋅ ⋅ ⋅ × χn, χi ∈ Irr(G).

Then we set for each 1 ≤ i ≤ k, ni = ∣{j ∣ χj ∼ θi}∣ as the number of factors of χ
that are isomorphic to θi. Then we write (n1, . . . , nk) = nχ as the partition type of
χ. Note that ni = 0 is possible.

Lemma 2.17. Let G be a finite group, H ≤Sn and χ be an irreducible character of
the base group Gn with nχ its partition type. Then the inertia group is given by

(G ≀H)χ ≅ G ≀ (H ∩ Snχ).

Proof. See [JK81, Lemma 4.3.27].

In the following proposition, we show that the normalizer of a Young Subgroup in
Sn is given by the direct product of smaller wreath products.

Proposition 2.18. Let α = ⋃kj=1αj be a partition of n and let Sα be the correspond-
ing Young subgroup in Sn. Let A = {∣αj ∣,1 ≤ j ≤ k} = {x1, . . . , xm}, the set of all
possible cardinalities, where each xi describes a possible cardinality of one of the αj.
We set ci ∶= ∣{j ∣ ∣αj ∣ = xi}∣, the number that corresponds to how often each partition
size exists in α. Then

NSn(Sα) ≅ Sα ⋊ (Sc1 × ⋅ ⋅ ⋅ ×Sck) ≅ (Sx1 ≀Sc1) × ⋅ ⋅ ⋅ × (Sxm ≀Scm).



30 2. Extension maps and Galois automorphisms

Proof. We can write our Young subgroup as

Sα ≅Sc1
x1 × . . .Scm

xm .

Let σ ∈Sn and ρ ∈ Sα with

ρ = ρ(1,1) × ρ(1,2) × ⋅ ⋅ ⋅ × ρ(1,c1) × ρ(2,1) × ⋅ ⋅ ⋅ × ρ(m,cm),

where each ρ(i,j) acts on Sxi . Then we have

ρσ = ρσ(1,1) × ⋅ ⋅ ⋅ × ρσ(m,cm) ∈ NSn(Y )

if and only if ρσ(i,j) ∈ Sαi with ∣αi∣ = xi. Thus σ may permute two factors if they lie
in the same size of permutation group. Thus σ = σ1 × . . . σm ∈Sx1 × ⋅ ⋅ ⋅ ×Sxm , where
each σi acts on the set {αj ∣ ∣αj ∣ = xi} of order ci.

Proposition 2.19. Let G be a group and H ≤Sn. Let G ≀H be the wreath product
of G and H. Then maximal extendibility holds with respect to Gn

�G ≀H.

Proof. Let χ ∈ Irr(G) be any irreducible character of G. First we show that χn ∈
Irr(Gn) is extendible. First, we note that since permuting the values does not change
the value of the character, we have (G≀H)χ = G≀Hχ = G≀H. Then by [JK81, Lemma
4.3.9] for each (g, π) ∈ Gn ⋊H, we define an extension of χn by

χ̃n(g1 × g2 × ⋅ ⋅ ⋅ × gn, π) =
∣π∣
∏
i=1
χ(f(i, g, π)),

where ∣π∣ corresponds to the number of disjoint cycles of π and {f(i, g, π) ∣ 1 ≤ i ≤
∣π∣} ⊂ G. Given (ai, π(ai), . . . πr−1(ai)) the i-th-cycle of π of length r, f(i, g, π) ∈ G
is given by

f(i, g, π) = gaigπ(ai) . . . gπr(ai)
such that f(i, g,1) = gi. Hence, χ̃n(g,1) = χn and it is an extension of χn. Now
given any irreducible character χ ∈ Irr(Gn) with partition type nχ, we can extend χ
to an irreducible character of G ≀ (Hχ) = G ≀ (H ∩ Snχ) by setting

χ̃(g, π) =
∣π∣
∏
i=1
χ(f(i, g, π)),

which is well-defined by [JK81, 4.3.29].

Following this construction we can compute the character fields for extensions of
characters on the wreath product. This is a slightly stronger version of [JK81,
Corollary 4.4.11]

Lemma 2.20. Let G be a group such that for each irreducible character λ ∈ Irr(G),
its character field Q(λ) is contained in some field K. Let α be some partition
of n and Sα the corresponding Young subgroup. Let χ ∈ Irr(Gn) be any irreducible
character. Then for its extension χ̃ ∈ Irr((G≀Sα)χ) we have Q(χ̃) ≤K. Furthermore,
for any irreducible character ϕ̃ ∈ Irr(G ≀ Sα) we have Q(ϕ̃) ≤K.
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Proof. Let χ ∈ Irr(Gn). Clearly, Q(χ) ≤ K. Let nχ be its partition type. Then
the inertia subgroup of χ is given by G ≀ (Sα ∩ Snχ). It is obvious that the group
S ∶= (Sα ∩Snχ) must be the product of disjoint symmetric subgroups. In particular,
for any character ψ of S we have Q(ψ) = Q, as we have seen in Example 1.21. Let
ψ̃ be the extension of ψ on G ≀ S. By definition ψ̃(g, π) = ψ(π) so again Q(ψ̃) = Q.
Now let χ̃ be the extension of χ in G ≀ S. By Proposition 2.19 the values of χ̃ are a
product of values of χ. Thus Q(χ̃) = Q(χ). By Lemma 2.10

{IndG≀SαG≀S χ̃ψ̃ ∣ χ ∈ Irr(Gn), ψ̃ ∈ Irr(Gn ⋊ S)} = Irr(G ≀ Sα),

and the result follows for all characters of G ≀ Sα by Proposition 1.23.

Lemma 2.21. Let α be a partition of n and Y ∶= Sα the corresponding Young
subgroup. Then each χ ∈ Irr(Y ) extends to a character χ̃ ∈ Irr(NSn(Y )χ) with
Q(χ) = Q(χ̃). Furthermore, there exists an irreducible rational valued character in
Irr(NSn(Y ) ∣ χ).

Proof. By Proposition 2.18 there exist integers x1, . . . , xk and c1, . . . , ck such that Y
is isomorphic to

Y ≅ (Sx1)
c1 × ⋅ ⋅ ⋅ × (Sxk)

ck .

Thus, χ ∈ Irr(Y ) can be written as χ1 × ⋅ ⋅ ⋅ × χk where each factor χi is itself an
irreducible character of Irr((Sxi)ci) and χi = χ1

i × ⋅ ⋅ ⋅ × χcii , where χji ∈ Irr(Sxi).
Again by Proposition 2.18 the normalizer of Y is given by

NSn(Y ) = (Sx1 ≀Sc1) × ⋅ ⋅ ⋅ × (Sxk ≀Sck) .

Since each factor χi corresponds to the factor (Sxi ≀Sci) we have

NSn(Y )χ = (Sx1 ≀Sc1)χ1
× ⋅ ⋅ ⋅ × (Sxk ≀Sck)χk

By Lemma 2.17 the inertia subgroup of χi in Sxi ≀Sci is again a wreath product
described by the type of χi, so for (ci)χi a partition of ci we have

(Sxi ≀Sci)χi =Sxi ≀ (Sci ∩S(ci)χi).

Set Si ∶= (Sci ∩S(ci)χi) which is itself a Young group. By Proposition 2.19 we can
extend χi to an irreducible character χ̃i of Sxi ≀ Si. Since each character χi is an
irreducible character of a product of symmetric groups, they are all rational valued
and by Proposition 2.19 χ̃i is also rational valued. Thus, χ̃ ∶= χ̃1 × ⋅ ⋅ ⋅ × χ̃k is an
irreducible rational extension of χ to NSn(Y )χ. Finally let κi be an irreducible
character of Si and κ̃i the irreducible extension to Sxi ≀Si. κ̃i once again is rational
valued and

ψi ∶= IndSxi ≀Sci
Sxi ≀Si

(χ̃iκ̃i)

is a rational valued irreducible extension of χi. Thus, ψ = ψ1 × ⋅ ⋅ ⋅ × ψk is a rational
valued irreducible character in Irr(NSn(Y )).

Lastly we present a result concerning irreducible characters containing an irreducible
character of multiplicity one in its induced character.
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Proposition 2.22. [CS17, Proposition 4.5] Let X � Y and let A be a group acting
on Y stabilizing X. Let ρ ∈ Z≥0Irr(X) an A-stable character and θ ∈ Irr(Y ) a
constituent of ρY with multiplicity one. Then:

(i) There exists a unique irreducible component χ0 of θ∣X and ρ with multiplicity
one in both. This character satisfies

(Y ⋊A)χ0 = Yχ0 ⋊Aχ0 .

(ii) If ρ extends to X ⋊A, then χ0 extends to X ⋊Aχ0.



3. Finite groups of Lie type

The aim of this chapter is to give an overview of some general theory and facts
on finite groups of Lie type that will be required in the subsequent chapters, with
particular emphasis on groups of type A. Finite groups of Lie type form the most
diverse family in the classification of finite simple groups, and thus are of particular
interest in the verification of the inductive conditions.

We begin by briefly recalling said classification. Continuing, we to state the neces-
sary background on linear algebraic groups, root systems, maximal tori, and Weyl
groups. All of these results can be found in the standard literature e.g., [MT11],
[Hum75]. Hence, we will refrain from giving proofs and instead collect the state-
ments needed later on in order to set up our notation.

We continue to define F -stable tori given a Steinberg endomorphism F and highlight
Sylow d-tori as they are of high importance later on, since these objects provide
natural connections to normalizers of Sylow ℓ-subgroups. The chapter concludes
with some technical lemmata needed in Chapter 6.

Throughout, we restrict our attention to the case of type A , where explicit descrip-
tions of our objects and automorphisms are introduced.

3.A Classification of finite simple groups
The classification of finite simple groups due to Aschbacher et al. can be summarized
in the following theorem, see for example [Wil09, Section 1.2].

Theorem 3.1. Let S be a finite simple group. Then S is isomorphic to one of the
following.

• A cyclic group Cp for p prime.

• An alternating group An for n ≥ 5.

• A simple group of Lie type over a finite field.

• One of 26 sporadic groups.



34 3. Finite groups of Lie type

The information of irreducible characters of the sporadic groups can often be ob-
tained through various databases and computer programs like GAP. The alternating
groups form one infinite family of groups, while the simple groups of Lie type consist
of several infinite families of groups themselves.

Using induction methods, one can reduce many problems of finite groups and repre-
sentation theory of finite groups to questions about simple groups or groups related
to simple groups. Indeed, the family of finite groups of Lie type is the most complex
as it consists of several infinite subfamilies.

3.B Linear algebraic groups and groups of Lie
type

We assume the basics of linear algebraic groups. Here a linear algebraic group is
an affine variety together with a compatible group structure. We use the standard
topological notions as connected, closed, irreducible etc. Furthermore, morphisms of
linear algebraic groups are morphisms of varieties compatible with the group struc-
ture. For a linear algebraic group G, we denote by G○ the connected component of
G containing the identity element. We fix some prime p and let k be an algebraically
closed field of characteristic p.

Each linear algebraic group G over k can be embedded as a closed subgroup of some
general linear group GLn(k), [Gec03, Cor. 2.4.4]. Hence, we can always regard G as
some closed subgroup of some GLn(k). In particular, we say that g ∈G is unipotent
if ord(g) is some p-power, and g ∈G is semisimple if it is diagonalizable as a matrix
in GLn(k).
By Jordan decomposition [MT11, Theorem 2.5], every element g ∈ G has a unique
decomposition into semisimple and unipotent elements gs, gu ∈ G with g = gsgu =
gugs. One writes Gu and Gs for the subsets of unipotent and semisimple elements
of G respectively. In particular, if G =Gu, we say that G is unipotent.

A maximal closed connected solvable normal subgroup of G is called the radical
R(G) of G. The set R(G)u of unipotent elements is the maximal closed connected
normal unipotent subgroup of G and is called the unipotent radical of G, denoted
by Ru(G) . We have Ru(G) ≤ R(G) ≤G○.
We call a linear algebraic group G reductive if Ru(G) = 1. It is called semisimple
if G is connected and R(G) = 1. By [Hum95, Section 4.2], for any connected
reductive group G, the set Gu is an irreducible closed subset and invariant under
the conjugation of G.

We call a linear algebraic group T a torus, if T is isomorphic to k× × ⋅ ⋅ ⋅ ×k×, that is
if T is a direct product of a finite number of copies of the multiplicative group k×.
We say a torus T ≤ G is maximal in G if it is maximal with respect to inclusion.
Some important properties of an algebraic group G are encoded in its maximal tori.
Given a linear algebraic group G, a Borel subgroup of G is a closed, connected and
solvable subgroup that is maximal with respect to all these properties. By [MT11,
Theo. 6.4, Cor. 6.5], all Borel subgroups and maximal tori are conjugate in G.
The Weyl group of a linear algebraic group with respect to a maximal torus T is the
group WG(T) = NG(T)/CG(T). In particular, in case G is connected reductive,
CG(T) = T and WG(T) = NG(T)/T, see [GM20, 1.3.1].
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Given a (maximal) torus T ≤ G we write X(T) for the group of characters of T,
where a character is an algebraic group homomorphism α ∶ T → k×. Note that this
definition of characters differs to the one assumed in the previous chapters.

The set of co-characters Y (T) on the other hand is the set of algebraic homomor-
phisms φ ∶ k× → T. Via a construction using the Lie algebra Lie(G) of G and the
adjoint representation of G one can distinguish a set Φ(G) ⊂ X(T) called the set
of roots, which encodes a lot of information on G, see [MT11, Section 2.3].

Let G be a connected reductive group with maximal torus T and root system Φ(G).
Then given a root α ∈ Φ, we let Tα ∶= (kerα)○ and Cα ∶= CG(Tα). As CG(T) = T,
we have CCα(T) = T and given nα ∈ NCα(T)∖CCα(T), we let sα be the image of nα
in WG(T). By [MT11, Proposition 8.20], the Weyl group of a connected reductive
group G is generated by these reflections sα for α ∈ Φ(G). In particular, W acts
faithfully on the set of roots and co-roots and stabilizes Φ, see [MT11, Proposition
8.4].

Using that the Lie algebra Lie(G) has a decomposition into eigenspaces, we may
associate to each root α ∈ Φ(G) a unique one-dimensional connected unipotent
subgroup Uα ≤ G normalized by T. By [Hum75, 26.3], these groups satisfy the
following:

• For w ∈WG(T) with preimage n ∈ NG(T), we have nUαn−1 =Uwα;

• G = ⟨T,Uα ∣ α ∈ Φ⟩; and

• [Cα,Cα] = ⟨Uα,U−α⟩.

Definition 3.2. This one-dimensional connected unipotent subgroup Uα is called
the root subgroup of G with respect to T.

For semisimple groups, the structure is even more explicit.

Theorem 3.3. [MT11, Theorem 8.21] Let G be a semisimple group, T a maximal
torus of G and Φ a root system of G. Then the following statements hold:

a) G = ⟨Uα ∣ α ∈ Φ⟩.

b) G = [G,G].

c) G only has finitely many minimal non-trivial closed connected normal sub-
groups G1, . . . ,Gr, where G =G1 ⋅ ⋅ ⋅ ⋅ ⋅Gr.

Example 3.4. We consider an example to illustrate the definitions introduced
above. The group G = GLn(k) of invertible matrices is connected reductive [MT11,
Ex. 1.12, 6.17(4)]. The centre Z(G) = {t ⋅En ∣ t ∈ k×} ≅ k× is a connected, solvable,
normal subgroup of G, hence GLn is not semisimple. However PGLn and SLn are
semisimple groups. The group of invertible upper diagonal matrices Tn is a Borel
subgroup of GLn and the group of invertible diagonal matrices Dn is a maximal
torus. Similarly the groups SLn ∩Tn and SLn ∩Dn are Borel subgroup and maximal
torus of SLn, respectively, see [MT11, Theo. 6.4, Ex. 6.7]. We write T ∶=Dn going
forward.
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The normalizer NGLn(T) consists of all monomial matrices with entries in k×, hence

WGLn(T) = NGLn(T)/T ≅Sn.

The set of characters X(T) is parametrized by homomorphisms

χi ∶ diag(x1, . . . , xn) ↦ xi.

Hence, X(T) = {∏n
i=1 χ

ai
i ∣ ai ∈ Z} ≅ Zn. In our case, we can similarly see that given

an n-tuple (a1, . . . , an) ∈ Zn, the map

φa1,...,an ∶ k× → T, x↦ diag(xa1 , . . . , xan)

defines a co-character and that Y (T) = {φ(a1,...,an) ∣ ai ∈ Z} ≅ Zn.

Then a root of GLn is any character χi,j ∶= χiχ−1
j ∈ X(T) with i ≠ j and the set of

roots is given by
Φ(G) = {χi,j ∣ 1 ≤ i, j ≤ n, i ≠ j}.

Here the reflection sα associated to the root α = χij corresponds to the transposition
(i, j) ∈ Sn. Given α ∈ Φ(G), one fixes a morphism xα ∶ (Fp,+) → G of algebraic
groups, such that if α = χi,j, xα(t) − idn is equal to the elementary matrix with t in
position (i, j). Then Uα = xα(k).
We write nα ∶= xα(1)x−α(1)xα(1), for the monomial matrix. In case 1 ≤ i ≤ n − 1 we
write ni ∶= ni+1,i ∈ NG(T).

3.C The classification of semisimple algebraic groups
One can define an abstract root system independent of the previous notion of a root
system of a connected reductive group as a subset Φ of a finite-dimensional vector
space E [MT11, Definition 9.1]. Furthermore, one associates a base ∆ ⊆ Φ of roots
which spans E. The elements of ∆ are called simple roots. Then ∆ determines a set
of positive roots Φ+ ⊂ Φ. One obtains a Dynkin diagram of the root system, where
the nodes correspond to the simple roots. By [Hum78, 11.1], the basis of a root
system can (up to some factor) be recovered given its Dynkin diagram.
We say that two root systems Φ are isomorphic if their underlying Dynkin diagrams
are isomorphic in the usual sense. A basis ∆ is decomposable if there exist non-
empty subsets ∆1, ∆2 such that ∆ = ∆1 ⊔∆2 and they are mutually orthogonal. If
no such decomposition exists, we call Φ ≠ ∅ an indecomposable root system. Hence,
Φ is indecomposable if and only if its associated Dynkin diagram is connected. All
connected/indecomposable Dynkin diagrams/root systems have been classified.

Theorem 3.5. [MT11, Theorem 9.6] Let Φ be an indecomposable root system in
some real vector space V ≅ Rn. Then it is isomorphic to one of the following types.

An, (n ≥ 1) Bn, (n ≥ 2) Cn, (n ≥ 3) Dn, (n ≥ 4), E6, E7, E8, F4, G2,

with corresponding Dynkin diagrams as in Table 2.1.

Now given a reductive group G, together with maximal torus T and root system
Φ(G,T), we may associate an abstract root system to G. The set Φ(G) can be
understood as a subset of the real vector space X(T)R ∶= X(T) ⊗Z R. Then by
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Table 3.1: Dynkin diagrams of indecomposable root systems
An ∶

1 2 n − 1 n
Bn ∶

1 2 n − 1 n

Cn ∶
1 2 n − 1 n

Dn ∶
1 2 n − 2

n − 1

n

E6 ∶
1

2

3 4 5 6
E7 ∶

1

2

3 4 5 6 7

E8 ∶
1

2

3 4 5 6 7 8
F4 ∶

1 2 3 4
G2 ∶

1 2

[MT11, Proposition 9.2] we may regard Φ(G) together with the set of reflections as
an abstract root system in X(T) ⊗Z R.
In particular, the choice of a Borel subgroup B containing T leads in a 1 − 1 cor-
respondence to a choice of a base ∆ or to a choice of positive roots, see [Hum75,
27.1].
Note that two semisimple groups may give rise to the same root system, but are
non-isomorphic, (e.g., SL2 and PGL2 are both of type A1). Together with the
co-characters Y (T) and so called co-roots Φ∨ ⊆ Y (T), we may give a one-to-one
correspondence. Given a connected reductive group G with maximal torus T, the
quadruple Ψ = (X(T),Φ, Y (T),Φ∨) is the root datum of G.
Theorem 3.6. [Spr10, Theorem 10.1.1, Theorem 9.6.2] For each root datum Ψ
there exists a semisimple linear algebraic group with maximal torus such that the
corresponding root datum is isomorphic to Ψ. Furthermore, two semisimple linear
algebraic groups over the same field are isomorphic if and only if they have the same
root data.

With regard to the decomposition of semisimple groups into finitely many closed
semisimple subgroups, the decomposition G = G1 ⋅ ⋅ ⋅ ⋅ ⋅Gr from Theorem 3.3 cor-
responds to the decomposition of Φ into its indecomposable components. If G is
non-commutative and has no proper closed connected normal subgroups, we say
that G is almost simple.
We call the groups of type An,Bn,Cn and Dn groups of classical type and the
groups En, n ∈ {6,7,8}, F4 and G2 of exceptional type.
Example 3.7. [MT11, Example 9.8] Let G = SLn. Then T =Dn ∩ SLn is maximal
torus and as in Example 3.4, Φ(G) = {χi,j ∣ 1 ≤ i, j ≤ n, i ≠ j}. A base of Φ(G) is
given by

∆ ∶= {χi,i+1 ∣ 1 ≤ i ≤ n − 1}.
Then Φ+ = {χi,j ∣ i < j} and the root system of SLn is of type An−1.



38 3. Finite groups of Lie type

Let G be a semisimple algebraic group with maximal torus T and X(T), Φ as
before. We set Ω ∶= Hom(ZΦ∨,Z) and we may regard X(T) ⊆ Ω with respect to the
inclusion

X(T) ≅ Hom(Y (T),Z) ↪ Hom(ZΦ∨,Z) =∶ Ω.
Then Λ(G) ∶= Ω/X(T) is called the fundamental group of G. In case Λ(G) = 1, we
call G simply connected. In case X(T) = ZΦ, then G is called of adjoint type.
We remind the reader that a surjective homomorphism ϕ ∶ G1 → G2 of algebraic
groups with finite kernel is called an isogeny.

Proposition 3.8. [MT11, Proposition 9.15] Let G be a semisimple group with root
system Φ. Then there exist natural isogenies

Gsc
π1Ð→G π2Ð→Gad

for a simply connected group Gsc and an adjoint group Gad, such that each has root
system Φ, Z(Gad) = 1 and Λ(Gsc) = Λ(G)p′.

Example 3.9. Let G = SLn, with root system X(T) and root system Φ from
Example 3.7. The cocharacters are given by

Y (T) = {φ(a1,...,an) ∣ ai ∈ Z,∑ai = 0}

and the co-roots in this case are given by

Φ∨ = {χ∨i,j ∣ 1 ≤ i, j ≤ n, i ≠ j},

where χ∨i,j ∶= φ(b1,...,bn), with bi = −1, bj = 1, and bk = 0 otherwise. Clearly, ZΦ∨ =
Y (T) and SLn is simply connected. Furthermore, one can show that PGLn is of
adjoint type with root system of type An−1.

We can furthermore describe the automorphisms of semisimple groups. Let B be a
fixed Borel subgroup of G. Then ∆ be the base of Φ such that Uα ≤ B for all α ∈∆,
i.e., fixing a Borel subgroup is equivalent to fixing a base.

Definition 3.10. Let D be the group of algebraic automorphisms of G that stabilize
the pair T ≤ B. Then any element in δ ∈ D induces an automorphism of the roots
Φ(G) that stabilizes the base ∆, hence it induces an automorphism of the Dynkin
diagram. We say that δ is a diagram or graph automorphism of G. We write Inn(G)
for the subgroup of inner automorphisms.

If G is semisimple, then the automorphism group is given by Aut(G) = Inn(G)⋊D
and Aut(G)/Inn(G) is finite, see [Hum75, Theorem 27.4].

Example 3.11. [MT11, Theorem 11.12] The group of graph automorphisms of a
Dynkin diagram of type An−1, for n ≥ 3 is isomorphic to the cyclic group with two
elements. Let ∆ = {αi ∣ 1 ≤ i ≤ n−1} be the base. Here αi = χi,i+1 as in Example 3.9.
Then the non-trivial graph automorphism sends αi to αn−i for all 1 ≤ i ≤ n− 1. This
corresponds to the automorphism of SLn given by transpose-inverse together with

conjugation by the element (0 1⋰
1 0) ⋅ diag(−1,1,−1, . . . ).
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3.D Finite groups of Lie type
Again we let G be a linear algebraic group over an algebraically closed field k = Fq,
with q = pm.

The standard Frobenius map Fpm ∶ GLn(k) → GLn(k) is the endomorphism of vari-
eties that sends each matrix-entry to its pm-th power Fpm ∶ (aij)1≤i,j≤n ↦ (ap

m

ij )1≤i,j≤n.
An endomorphism F ∶ G → G is called a Frobenius map defining an Fq-structure,
if there exists an embedding ρ ∶ G → GLn(k) such that ρ ○ F = Fq ○ ρ. An endo-
morphism F ∶ G → G is called a Steinberg map if some power of F is a Frobenius
map. By a theorem of Steinberg , see [MT11, Theorem 21.5], for an almost simple
linear algebraic group G, any endomorphism σ ∶G →G is either an automorphism
of algebraic groups, or the set

Gσ ∶= {g ∈G ∣ σ(g) = g}

is finite. In the second case, σ is called Steinberg endomorphism. The Lang-Steinberg
theorem lays the foundation for the theory for groups of Lie type as the theorem
ensures that the set of fixed points behaves well.

Theorem 3.12. [MT11, Theorem 21.7] Let G be a connected linear algebraic group
over Fq and F ∶G→G a Steinberg endomorphism. Then the map

LF ∶G→G, g ↦ g−1F (g)

is surjective. LF is called the Lang map.

If G is a linear algebraic group over k and F ∶G→G is a Steinberg endomorphism,
then

GF ∶= {g ∈G ∣ F (g) = g}
is a finite group and is called a finite group of Lie type. In most cases, the Steinberg
endomorphism does not commute with taking quotients.

Proposition 3.13. [MT11, Proposition 23.2] Let G be a linear algebraic group,
F ∶ G → G a Steinberg endomorphism and H an F -stable closed connected normal
subgroup of G. Then the map

GF /HF → (G/H)F

is an isomorphism.

If G is connected reductive and F ∶ G → G a Steinberg endomorphism, then there
exists an F -stable maximal torus T contained in an F -stable Borel subgroup B.
All such tori and Borel subgroups T ≤ B are GF -conjugate, see [MT11, Corollary
21.12]. These tori are called maximally split with respect to F .

Example 3.14. Let G = GLn(k) and q = pm some prime power.

a) Let Fq ∶ G → G be the standard Frobenius endomorphism. Then the set of upper
triangular matrices Tn is clearly Fq-stable and a Borel subgroup. In particular, it
contains the group Dn of invertible diagonal matrices and Dn is Fq-stable. This is
a maximally split torus of G and DFq

n ≅ (F×q )n and has order ∣DFq
n ∣ = (q − 1)n.



40 3. Finite groups of Lie type

b) Now let F ∶G→G be given by Fq ⋅ σ, where σ is the automorphism of G given by
transpose-inverse, see also Example 3.11. Then

F ∶ (aij) ↦ (aqij)−T

and F 2 = Fq2 so F is a Steinberg endomorphism. In particular, GF ≤ GF 2 ≅
GLn(q2). The group of fixed points GF is isomorphic to the general unitary group
GUn(q). We set SUn(q) ∶= SLFn = SLn(q2) ∩GUn(q) for the special unitary group.
Note that the group of upper triangular matrices is not F -stable in this case but
the group Dn is. So for v0 ∈ SLn with

v0 =
⎛
⎜
⎝

0 (−1)2
⋰

(−1)n+1 0

⎞
⎟
⎠
, (3.1)

we let F ′ ∶G→G be given by

F ′ ∶ (aij) ↦ Fq((v0(aij)v−1
0 )−T ).

Now Tn and Dn are both F ′-stable. Let t ∈Dn, t = diag(t1, . . . , tn). Then

F ′(t) = diag(t−qn , t−qn−1, . . . , t
−q
1 ) = diag(t1, . . . , tn),

if and only if t1 = t−qn , t2 = t−qn−1, . . . , tn = t
−q
1 . Subsequently we get

ti = tq
2

i for all 1 ≤ i ≤ n and tq+1
m+1 = 1 in case n = 2m + 1.

Notation 3.15. Let G = SLn(k) and G̃ ∶= GLn(k). Then we write γ for the
endomorphism of G̃, defined by

γ ∶ g ↦ (v0gv
−1
0 )−T ,

where v0 is as in (3.1). Note that γ defines the graph automorphism of G̃ by
Example 3.11. Furthermore, given the standard Frobenius Fq, we will assume that
any Steinberg endomorphism of G or of G̃ is of the form Fq or γ ○ Fq.

Later on, when we are concerned with the Gelfand-Graev characters, we will have
to introduce another assumption on our primes.

Definition 3.16. Let G be a connected reductive simple group over Fp and F ∶
G→G a Steinberg endomorphism. We say p is a good prime for G if the following
conditions are satisfied [Car85, §1.14]:

An ∶ no further condition
Bn,Cn,Dn ∶ p ≠ 2

G2, F4,E6,E7 ∶ p ≠ 2,3
E8 ∶ p ≠ 2,3,5.

In general, we say p is a good prime for G in case p is good for each simple factor
of G.
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Proposition 3.17. [MT11, Corollary 21.8] Let G be a connected group with Stein-
berg endomorphism F ∶ G → G. For any g ∈ G we write gF for the endomorphism
of G given by

gF ∶ a↦ gF (a)g−1.

Then gF is a Steinberg endomorphism and the finite groups GgF and GF are G-
conjugate.

We say that a Steinberg endomorphism F ∶G→G of a connected reductive group G
is Fq-split if there exists an F -stable maximal torus T of G such that F (t) = tq for all
t ∈ T. We call F twisted if F is not split and a product of an Fq-split endomorphism
with an algebraic group automorphism of G. In the groups of type B2, G2 and F4,
there furthermore exists the notion of very twisted Steinberg endomorphisms.

In particular, all Steinberg endomorphisms of an almost simple simply connected
group can be determined up to inner automorphisms by G, q and a permutation ρ
of the positive roots, which induces a Dynkin diagram automorphism, see [MT11,
Theorem 22.5]. For groups of type An−1, the non-trivial graph automorphism is
given by γ as in Definition 3.15. This defines a twisted Steinberg endomorphism.

Let G be an almost simple group of simply connected type and assume that GF is
perfect and not one of the following exceptions:

SL2(2), SL2(3), SU3(2), Sp4(2), G2(2), 2 B2(2), 2 G2(3), 2 F4(2). (3.2)

Then, by [GLS98, 6.1.4], GF /Z(GF ) is simple. In particular, GF is a universal
covering group of the finite simple group S ∶= GF /Z(GF ) in the sense of [Asc00,
33.1]

Definition 3.18. We will use the notation E = ⟨γ,Fp⟩ ≤ Aut(GF ) for the automor-
phism group generated by the restrictions to GF to the field automorphism Fp and
the graph automorphism γ from Definition 3.10. Note that in case of type A, the
graph automorphism is given by γ from Notation 3.15. Note that in case of D4, the
group E should contain all graph automorphisms commuting with F . Furthermore
note, that in type D4, γ has to be replaced by a dihedral group of order 6.

The action of E extends to G̃F in general, see [GM20, Proposition 1.7.5]. In the
case of type A, the action of γ and Fp on G̃F are clearly defined and the group
G̃F ⋊E is well-defined according to Definition 2.4.

Note that E can be identified as the group generated by Fp and γ modulo F , i.e.,
E ≅ ⟨Fp, γ⟩/⟨F ⟩ considered as abstract automorphisms of G̃. This gives sense to
expressions like NG̃F⋊E(S), where S is an F -stable subgroup of G̃.

Theorem 3.19. [GLS98, 2.5.1] Let G = SLn(k), G̃ = GLn(k) and n ≥ 3 such that
GF /Z(GF ) is non-abelian simple. The automorphisms of GF are generated by G̃F

and E. In particular, this implies

Aut(GF ) ≅ (G̃F ⋊E)/Z(G̃F ).

In case n = 2, Aut(GF ) is generated by the automorphisms induced by (G̃F ⋊E).
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Any finite group of Lie type can once again be described in a combinatorial way
with its complete root datum: Let G be a semisimple group and let T be a F -
stable maximal torus. Let Φ(G,T) ⊂ X(T) be the root system of G, with set of
positive roots Φ+ with respect to T ≤ B. Then F defines a permutation ρ of Φ+
and there exists some integer δ ≥ 1 such that F δ ∣X(T) = qδidX(T) and F = qϕ on
XR for some power q of p and some ϕ ∈ Aut(XR) of order δ that induces ρ−1 on
Φ+, see [MT11, Proposition 22.2]. By the classification of Steinberg endomorphisms
([MT11, Theorem 22.5]), F is uniquely determined up to inner automorphisms of
G, q and the permutation ρ∣∆.
As T is F -stable, so is the Weyl group W , hence W ⟨F ⟩ is well-defined. As each
left-coset wF , stabilizes T, it stabilizes the root datum. By Proposition 3.17, the
group GwF is isomorphic to GF . As the map ϕ ∈ Aut(XR) stabilizes Φ and Φ∨,
the complete root datum G = (X,Φ, Y,Φ∨,Wϕ), together with q, defines GF up to
isomorphism.

Example 3.20. [MT11, Example 22.11]

a) Let G = GLn(k), and Fq the standard Frobenius. Then T =Dn is an Fq-stable
maximal torus and Fq acts trivially on the Weyl group W . Hence ϕ = idXR is
trivial and the complete root datum is (Γ,W ), where Γ is the root datum of
G.

b) Let G = GLn(k), and γF ∶G→G the Steinberg endomorphism as in Notation
3.15. Then γF acts on X(T) as −q, see Example 3.14. The complete root
datum of the family of groups {GUn(q)} is given by (Γ,−idXRW ), where Γ is
the root datum of GLn.

Definition 3.21. We say that GUn(q) is Ennola-dual to GLn(q). We often use the
notation GUn(q) = GLn(−q). Note however, that GUn(q) can’t be obtained as a
subgroup of GLn(q).

The order of GF is determined by its complete root datum G = (X,Φ, Y,Φ∨, ϕW )
and the prime power q of p. In particular, one can construct a polynomial

∣G∣ ∶= x∣Φ+∣
rk(G)
∏
i=1
(xdi − ϵi) ∈ Z[x] (3.3)

called the order polynomial of the complete root datum G, where di ∈ Z+ are integers
corresponding to the Weyl group and ϵi are some roots of unity that correspond to
the automorphism F . In particular, ∣G∣(q) = ∣GF ∣, when F is a Steinberg map. This
defines an Fq-structure on G.

3.E Sylow ℓ-subgroups and d-tori
As introduced in Definition 1.42, in order to obtain the inductive Galois–McKay
conditions we are concerned with groups N ≰ G such that NG(P ) ≤ N for a Sylow
ℓ-subgroup P of G, where ℓ is a prime ≠ p. In particular, the inductive McKay
conditions have been verified under the assumption that N is the normalizer of a
Sylow d-torus.
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If not stated otherwise, G is a connected reductive group and F a Steinberg en-
domorphism on G, T ≤ B an F -stable torus and Borel subgroup. The fixed point
group of the unipotent radical of B, UF = Ru(B)F is a Sylow p-subgroup of G,
see [MT11, Corollary 24.11]. Hence, in defining characteristic, the characters of BF

have to be studied, see [Ruh21]. So we will assume that ℓ is an odd prime, different
from p. Indeed, we will look at other prime divisors of ∣G∣ and look at the structure
of its Sylow ℓ-subgroups.

Let T be a maximal F -stable torus of G. The action of F on the groups of characters
and co-characters is given by

F (χ)(t) = χ(F (t)), for χ ∈X(T), t ∈ T, and

F (y)(λ) = F (y(λ)) for y ∈ Y (T), λ ∈ Gm,

respectively.
Let T be a maximally split F -stable torus. Then for g ∈ G, the torus gT is F -
stable if and only if g−1F (g) ∈ NG(T), see [MT11, Theorem 21.11]. So any F -stable
conjugate of T determines an element w ∶= g−1F (g)T ∈W , called the q-twist of gT.
Assume that gT = g′T are F -stable for g, g′ ∈G. Let w be the element corresponding
to g−1F (g) and w′ corresponding to g′−1F (g′). Then there exists some x ∈W such
that w′ = x−1wF (x) as for n ∶= g−1g′ ∈ NG(T) we have g′ = gn and g′−1F (g′) =
n−1g−1F (g)F (n). So the element x = nT ∈W fulfils w′ = x−1wF (x). In this case we
call w and w′ F -conjugate.

Proposition 3.22. [MT11, Propositions 25.1, 25.3] Let G be a connected reductive
group with Steinberg endomorphism F and T ≤ G an F -stable maximal torus with
corresponding Weyl group W . Then the following hold:

a) {GF -classes of F -stable maximal tori of G} ↔ {F -conjugacy classes in W} .

b) Let w ∶= g−1F (g)T ∈ W and Tw = gTg−1. Then the Tw corresponds to the
F -class of w via the map of a) and NGF (Tw)/TF

w ≅ CW (wϕ).
Example 3.23. Let G̃ = GLn, Fq the standard Frobenius and T ∶= Dn the maxi-
mally split torus. Let g ∈ G̃ such that

g−1F (g) =
⎛
⎜⎜⎜
⎝

0 . . . 0 1
1 0
0 ⋱ ⋮
0 0 1 0

⎞
⎟⎟⎟
⎠
∈ G̃.

Such an element exists by Lang-Steinberg. Let Tw = gTg−1 be an Fq-stable maximal
torus of G̃. Then Fq acts on Tw as F ∶= wFq acts on T. So for

t ∈ T, t = diag(t1, . . . , tn) ∶ F (t) = diag(tqn, tq1, . . . , t
q
n−1).

Hence, TwFq = {diag(t1, . . . , tn) ∣ t2 = tq1, t3 = t
q2

1 , . . . tn = t
qn−1

1 , tq
n

1 = t1} ≅ F×qn , as w is a
preimage of an n-cycle in W = Sn. Hence TF ≅ F×qn and ∣TF ∣ = qn − 1. Furthermore,
by the Lemma above we have CW (w) ≅ Cn.
Generally, given a cycle with partition (a1, . . . , ar) ⊢ n, the corresponding torus T
in GLn satisfies TF ≅ F×qa1 × ⋅ ⋅ ⋅ × F×qar .
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The d-th cyclotomic polynomial over Q is the irreducible polynomial Φd ∈ Z[x] with
primitive d-th roots of unity as zeros, given by

xm − 1 = ∏
d∣m,d≥1

Φd(x).

We can (re)-factorize the order formula (3.3) to obtain:

∣G∣ = x∣Φ+∣∏
d≥1

Φd(x)a(d) (3.4)

for suitable integers a(d) ≥ 0, see [MT11, 25.1].

Definition 3.24. Let G be a connected reductive group with Steinberg endomor-
phism F ∶G→G. An F -stable torus S ≤G is called d-torus of (G, F ) if its generic
order equals

∣S∣ = Φd(x)a

for some a ≥ 0. Here S is the complete root datum with respect to (S, F ). In
particular, we have ∣SF ∣ = Φd(q)a. The torus S is called a Sylow d-torus of (G, F ) if
∣S∣ = Φd(x)a(d) for the integer a(d) from (3.4).

Example 3.25. For G = GLn(k) and Fq ∶ G → G the standard Frobenius, the
maximally split torus T ∶=Dn of diagonal matrices is a Sylow 1-torus with

∣TF ∣ = (q − 1)n for ∣GLn(q)∣ = q(
n
2)

n

∏
i=1
(qi − 1).

Replacing q by −q as in Example 3.14, one obtains the order of the general unitary
group. Note that the generic order of a Sylow d-torus of G is given by Φd(x)⌊

n
d
⌋.

The term Sylow torus is justified, as a Sylow-type theorem can be stated for d-tori.

Theorem 3.26. [BM92, Thm. 3.4] Let G be connected reductive and F ∶G→G a
not very twisted Steinberg endomorphism and d ≥ 1. Then

a) there exists a Sylow d-torus and all Sylow d-tori of (G, F ) are GF -conjugate,
and

b) any d-torus of G is contained in some Sylow d-torus.

We write Wd ∶= NGF (S)/CGF (S) for the relative Weyl group, associated to the Sylow
d-torus S of (G, F ).
In case S is a Sylow d-torus of (G, F ) and its centralizer CG(S) is abelian, we say
that S is regular and that the integer d is a regular number of (G, F ).

Example 3.27. By [Spr74, Section 5], the regular numbers of the group G = SLn,
with standard Frobenius F , are exactly the integers dividing n or dividing n − 1. If
we assume F to be the twisted Steinberg endomorphism as in Example 3.14, the
regular numbers are obtained using the formula

Φ2d(x) = Φd(−x), d odd,

by replacing q with −q. Hence, we obtain the following table for regular numbers of
type An−1.
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Type: An−1 2An−1, 2 ∣ n 2An−1 , 2 ∤ n

regular numbers d d ∣ n or
d ∣ n − 1

d ∣ n or
2 ∣ d and d ∣ 2n − 2

d ∣ n or
2 ∣ d, d ∣ 2n

We see that d is a regular number for (G, F ) if and only if d divides n or (n − 1).

Definition 3.28. Let ℓ be an odd prime, different from the defining prime p. We
write dℓ(q) for the minimal integer such that ℓ ∣ qdℓ(q) − 1. Then dℓ(q) is the multi-
plicative order of q in (Z/ℓZ)×.

Each Sylow d-torus of (G, F ) is contained in a maximal torus, with a twist w, such
that w has a(d) d-cycles.

Theorem 3.29. [Mal07, Theorem 5.14] Let G be quasi-simple with Frobenius en-
domorphism F ∶ G → G giving an Fq structure and G = GF . Let ℓ ≠ 2 be a prime,
ℓ ∤ q and Sℓ a Sylow ℓ-subgroup of G. Let d ∶= dℓ(q). Then there exists a Sylow
d-torus S of G such that

NG(Sℓ) ≤ NG(S),
except if ℓ = 3 and one of the following holds:

a) H = SL3(q), with q ≡ 4,7 (mod 9), or
b) H = SU3(q), with q ≡ 2,5 (mod 9), or
c) H = G2(q), with q = 2,4,5,7 (mod 9).

Example 3.30.

(i) Assume G̃ = GLn(k), let F be the standard Frobenius and the let integers ℓ and
q be as in the previous theorem. Let d = dℓ(q). We determine the centralizer and
relative Weyl group of a Sylow d-torus of (GLn, F ). In case d = 1, we have already
determined that the maximal torus of diagonal matrices Dn is a Sylow 1-torus and

CGLn(q)(Dn) =Dn ≅ (GL1(q))n, see Example 3.25.

The normalizer NG̃(Dn) is given by the group of generalized permutation matrices
Dn⋊Sn. Hence, the relative Weyl group is equal to the Weyl group. Now let d = n.
In this case the element of W ≅Sn corresponding to a Sylow n-torus is any element
with cycle type n, see Example 3.23. Hence the Sylow d-torus S is contained in
the cyclic group of order qd − 1 centralized only by itself. Hence by Lemma 3.22

CGLn(q)(S) ≅ GL1(qd) and Wd ≅ CSn((1, . . . , n)) = Cn.

Given arbitrary d, an element corresponding to a Sylow d-torus is any element with
cycle type such that the number of d-cycles is maximal, see [GM20, Ex. 3.5.14].
Hence let a ⋅ d + r = n with d > r ≥ 0. Then the centralizer of S is isomorphic to the
group

CGLn(q)(S) ≅ GL1(qd)a ×GLr(q) and Wd ≅ Cd ≀Sa

as all Sylow d-tori are conjugate in GLn(q). The corresponding groups in SLn are
obtained by intersection.
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(ii) Now assume that G̃ = GLn(k) and F is the twisted Frobenius from Example 3.14.
Then the d-tori, corresponding subgroups and relative Weyl group are obtained
through Ennola duality, replacing q with −q. In this case one defines the integer d0
by

d0 =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

d if d ≡ 0 (mod 4),
2d if d ≡ ±1 (mod 4),
d
2 if d ≡ 2 (mod 4).

In particular, the centralizer and relative Weyl group of a Sylow d-torus of GUn(q) =
GLn(−q) corresponds to the centralizer and relative Weyl group of a Sylow d0-torus
of GLn(q).

(iii) Furthermore, we see that any Sylow d-torus of (Dn, F ) is also a Sylow d-torus of
(G, F ).

We finish the section with some technical properties of Sylow d-tori, which are of
relevance in the later observations. We denote d0 = d in case F = Fq.

Proposition 3.31. Let G = SLn(k) and G1 = SLn1(k), G2 = SLn2(k) subgroups
such that n1 + n2 = n and G1 ×G2 ≤ G. Let S be a Sylow d-torus of G1. If n2 < d,
then S is a Sylow d-torus of G1 ×G2. In case d0 ∣ n1 and n2 < d0, then S is a Sylow
d-torus of G.

Proof. This follows immediately from the order formula and the description of Sylow
d-tori from the example above.

We present one more statement, which will be of importance later on.

Proposition 3.32. [CS13, Prop. 2.5] Let G be connected reductive with Steinberg
endomorphism F defining an Fq-structure. Let ℓ be a prime, ℓ ≠ p and let S be a
Sylow d-torus of (G, F ) with Sℓ ∈ Sylℓ(GF ) such that NGF (Sℓ) ≤ NGF (S). Then

Aut(GF )Sℓ ≤ Aut(GF )S.
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As previously discussed, a proof of the Galois–McKay conjecture is possible by
verifying the inductive conditions (Eq)Hℓ and (Ext)Hℓ from Definition 1.42 for all
non-abelian finite simple groups. In particular, we aim to construct the bijection
required in (Eq)Hℓ , whereG is the universal covering group of a finite simple group S.
Since the condition (Eq) for the McKay conjecture holds, an Aut(G)P -equivariant
bijection has been constructed using a criterion by Späth in [Spä12, Theorem 2.12].

In the first section of this chapter, we will investigate concretely how the Galois
automorphisms of Hℓ act on some specific character fields that will appear in the
following sections. In particular, we will describe several relationships between the
integers ℓ, p, ϵ, q and n, which will be helpful to describe the action of Hℓ in various
cases.

The second section will be concerned with studying the outer diagonal automor-
phisms of G = SLn(ϵq) and how they can be described and compared using two
different constructions, one arising from the group G̃ = GLn(ϵq) and another from
the image of the Lang map. Then we will define outer automorphisms of type tℓ,
which will be of importance in the following chapters and play a crucial role in the
verification of (Eq)Hℓ . In the last section of this chapter, we will adapt this criterion
with respect to the action of Hℓ and show how the Hℓ-version of the criterion allows
the construction of an Hℓ ×Aut(G)P -equivariant bijection in Theorem 4.18.
Following this we continue to refine the conditions to the case where G is a simple
group of Lie type over a field of characteristic p, where p ≠ ℓ. The assumptions of
Theorem 4.18, then can be adapted and simplified to the three conditions A(∞)Ht ,
A(d)Ht and B(d)Hℓ . These are the Galois compatible versions of the conditions
A(∞), A(d) and B(d), as introduced in [CS19].

4.A Number-theoretical observations
We remind the reader of the group Hℓ ≤ Gal(Qab/Q) from Definition 1.25, central
to the Galois–McKay conjecture. In this section, we collect several notions from
number theory that will be used in later chapters to explicitly describe the action
of Hℓ on certain characters and their fields of values. par We may characterize the
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group Hℓ as the direct product of two subgroups. Let σ1 be the automorphism that
maps each root of unity ζℓ′ of ℓ′-order to its ℓ-th power while leaving all roots of
unity of order a power of ℓ invariant. We further define

K = {δ ∈ H ∣ δ(ζℓ′) = ζℓ′ for every ℓ′-root of unity ζℓ′ of ℓ′ − order}.

Then
Hℓ = K × ⟨σ1⟩. (4.1)

Notation 4.1. We fix the following notation for this section. Let p be a prime,
q = pm a prime power, and ϵ = ±1. Let ℓ be an odd prime distinct from p, and define
d0 = dℓ(ϵq), as in Definition 3.28, that is, the smallest positive integer d0 such that

ℓ ∣ (ϵq)d0 − 1.

Equivalently, d0 is the order of ϵq in (Z/ℓZ)×. In particular, d0 ∣ ℓ−1 and thus there
exists some positive integer k such that

ℓ = k ⋅ d0 + 1.

Given an arbitrary automorphism σ ∈ Hℓ, we denote by f(σ) the integer correspond-
ing to the power of σ1 appearing in σ, i.e, we write

σ = σK ⋅ σf(σ)1 for some σK ∈ K, see (4.1).

Then σ acts on any root of unity ζ of order ℓ′ by σ(ζ) = ζℓf(σ) .

The integers d0 and k encode essential arithmetic information, relating ϵq and ℓ.
Thus, the action of Hℓ on characters of GF and its ℓ-local subgroups can often be
described in relation to these integers. In particular, (2d0)-th roots of unity will be
of significant importance in our explicit computations.

Lemma 4.2. Let ζ2d0 be a primitive (2d0)-th root of unity and ζd0 a primitive d0-th
root of unity. Then:

a) σ1(ζd0) = ζd0.

b) σ1(ζ2d0) = (−1)kζ2d0.

c) The group Hℓ acts trivially on the field Q(ζd0). In case ℓ−1
d0

is even, it also acts
trivially on Q(ζ2d0).

Proof. As we have seen above, we can write ℓ = k ⋅ d0 + 1, hence

σ1(ζd0) = ζℓd0
= ζd0k

d0
ζd0 = ζd0 .

Similarly for ζ2d0 we have

σ1(ζ2d0) = ζℓ2d0
= ζd0k

2d0
ζ2d0 = (−1)kζ2d0 .

As K acts trivially on both ζd0 and ζ2d0 , we only need to check the action of multiples
of σ1. As σ1 only acts non-trivially whenever k = ℓ−1

d0
is odd, this shows c).
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Another important way to capture the connection of our two primes is through the
Legendre symbol, which provides information about quadratic residues. We will also
introduce the Jacobi symbol, a natural generalization of the Legendre symbol, since
in our context we often work with prime powers q = pm.

Definition 4.3. Let p be an odd prime and n an integer. The Legendre symbol is
the integer given by

(n
p
) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

1, if n is a quadratic residue modulo p and n /≡ 0 (mod p),
−1, if n is a non-quadratic residue modulo p,
0 if n ≡ 0 mod p.

Let r be any odd positive integer with prime factorization r = pa1
1 ⋯ . . . p

aj
j . Then the

Jacobi symbol is the integer given by

(n
r
) ∶= ( n

p1
)
a1

. . .( n
pj
)
aj

.

Note that one could further generalize this to the Kronecker symbol, for even and
negative integers. However we assume all primes to be odd, and by definition ( ℓ−q) =
( ℓq) for the Kronecker symbol, hence the sign does not appear in our calculations
regardless.

Proposition 4.4. Let p and ℓ be two distinct odd primes, let a, b be two integers,
and let q = pm be some prime power. Then the following hold:

a) (ap) ≡ a
q−1

2 (mod p).

b) (aq) ( bq) = (abq ).

c) (ab ) ( ba) = (−1)
a−1

2
b−1

2 with 2 ∤ ab and a, b > 0.

Proof. See [IR90, Proposition 5.1.2., 5.2.2., 5.3.3.].

Let η ∈ {±1} be the integer such that p ≡ η (mod 4). Another character field that
will be of importance later on is Q(√ηq), hence we need a way to describe the action
of Hℓ on this square root. Fortunately, this action can be described in arithmetic
terms using the quadratic Gauss sum, which is defined as

g(a, p) ∶=
p−1

∑
i=1
( i
p
) ζa⋅ip .

Proposition 4.5. [IR90, Proposition 6.3.2] Let p be a prime. Then

g(1, p)2 = (−1) p−1
2 p

and for p ≡ η (mod 4) we have g(1, p) = √ηp.



50 4. Conditions for Equivariance

We observe that the sum ∑p−1
i=0 ( ip) equals zero, as there is the same amount of

quadratic and non-quadratic residues of p. Hence, for p ∣ a, the Gauss sum equals
zero and in particular g(a, p) = (ap) g(1, p). In case p ∤ a, we observe

(a
p
) g(a, p) =

p−1

∑
i=0
(i ⋅ a
p
) ζa⋅ip

and since i as well as a ⋅ i run over the full set of possible residues mod p, once again
the following equality holds

g(a, p) = (a
p
) g(1, p). (4.2)

Using this, we obtain a clear description of the action of Hℓ on Q(√ηp).

Lemma 4.6. Let ℓ and p be two distinct odd primes and η = ±1 such that p ≡ η
(mod 4). Then Q(√ηp) is K-fixed. Furthermore, Q(√ηp) is Hℓ-fixed if and only if
( ℓp) = 1.

Proof. Let σ ∈ Hℓ = K × ⟨σ1⟩. If σ = σ1, then by Proposition 4.4 b)

σ1(
√
ηp) =

p−1

∑
i=0
( i
p
)σ1(ζ ip) =

p−1

∑
i=0
( ℓ
p
)

2
( i
p
) ζℓ⋅ip = (

ℓ

p
)√ηp.

Hence, σ1 acts trivially on √ηp if and only if ( ℓp) = 1. As K acts trivially on roots
of unity of order ℓ′, it fixes √ηp and the action of Hℓ is completely determined by
the Legendre symbol via σ1.

Note that the relation between dℓ(q) and dℓ(−q) has already been observed via
Ennola duality and the properties of cyclotomic polynomials (see Definition 3.21),
however, we give a purely arithmetic proof here.

Lemma 4.7. The following relation between dℓ(−q) and dℓ(q) holds:

dℓ(−q) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

2dℓ(q) if dℓ(q) is odd,
dℓ(q)/2 if dℓ(q) ≡ 2 (mod 4),
dℓ(q) if dℓ(q) ≡ 0 (mod 4).

Furthermore, if q is a square, then ℓ−1
dℓ(q) is even.

Proof. Let dℓ(q) be odd, then −qdℓ(q) = (−q)dℓ(q) ≡ −1 mod ℓ, hence dℓ(−q) = 2dℓ(q)
and is minimal with respect to this property. In case dℓ(q) ≡ 2 mod 4, we may write
dℓ(q) = 2δ, with odd δ and have qδ ≡ −1 which implies dℓ(−q) = δ. Finally in case
dℓ(q) is divisible by 4, like before it is clear that dℓ(−q) = dℓ(q).
Now assume that q = p2m is a square. Then qdℓ(q) ≡ p2mdℓ(q) ≡ 1 (mod ℓ) and
2dℓ(q) ∣ ℓ − 1. Thus ℓ−1

dℓ(q) is even.

Finally we can give an explicit connection between the Jacobi symbol ( ℓq) and the
integer d0.
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Lemma 4.8. Let ℓ and p be two distinct primes, ℓ odd, q = pm a prime power of p,
ϵ ∈ {±1} and d0 = dℓ(ϵq), then the following holds:

( ℓ
q
) = −1⇔

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

(ℓ − 1)2 = (d0)2 ≥ 4, or
(ℓ − 1)2 = (d0)2 = 2, q ≡ ϵ (mod 4), or
(ℓ − 1)2 = 2, (d0)2 = 1, q ≡ −ϵ (mod 4).

Proof. Assume first that q is a square. In this case ( ℓq) = 1, so we show that none
of the above cases can occur. Indeed, by Lemma 4.7, if ϵ = 1, then (ℓ − 1)2 >
(d0)2 and the first two cases can not occur. If q is square, q ≡ 1 /≡ −ϵ (mod 4),
so the statement holds. If ϵ = −1, then by Lemma 4.7, the only case we need to
check is (ℓ − 1)2 = (d0)2 = 2, q ≡ ϵ (mod 4). However once again q is square, so
q ≡ 1 /≡ ϵ (mod 4).
We continue with the case that q = pm is an odd power of p. In particular, we may
just assume that p = q, as ( ℓq) = ( ℓp)

m
= ( ℓp) and (dℓ(ϵp))2 = (dℓ(ϵq))2 in this case.

According to Proposition 4.4, we can write

( ℓ
p
) ≡ (p

ℓ
) (−1)

(ℓ−1)(p−1)
4 ≡ p ℓ−1

2 (−1)
(ℓ−1)(p−1)

4 (mod ℓ).

By definition d0 is minimal such that (ϵp)d0 ≡ 1 (mod ℓ) and k ∈ Z is such that
ℓ − 1 = d0k, so we have

p
ℓ−1

2 ≡ ϵ
d0k

2 (ϵp)
d0k

2 ≡ ϵ ℓ−1
2 (−1)

ℓ−1
d0 (mod ℓ).

Hence
( ℓ
p
) = ϵ ℓ−1

2 (−1)
ℓ−1
d0 (−1)

(p−1)(ℓ−1)
4 . (4.3)

It is now straightforward to check that ( ℓp) = −1 holds if and only if one of the three
cases above holds.

4.B Comparing outer automorphisms
Let G = SLn(k), G̃ = GLn(k) and let F ∶ G̃ → G̃, F ∈ {Fq, γ ○ Fq} be a Steinberg
endomorphism defining an Fq-structure on G̃ and G as in Notation 3.15. By Theo-
rem 3.19, the automorphism group of GF is generated by the action of G̃F together
with the graph and field automorphisms γ and Fp.
Let ϵ ∈ {±1} such that F = γ 1−ϵ

2 ○Fq and writeG ∶=GF = SLn(ϵq), G̃ ∶= G̃F = GLn(ϵq).
Let L ∶G→G be the Lang map given by x↦ x−1F (x).

As Hℓ acts on the characters of G and its subgroups, there often exists some au-
tomorphism τ ∈ Aut(G) (stabilizing the subgroup), such that the action of τ and
σ ∈ Hℓ coincide on all irreducible characters. Thus, in this section, we want to
study the automorphisms of GF induced by the action of G̃F and give two ways to
characterize/parametrize them, hoping to relate them to the action of Hℓ later on.

We write Diag(G) for the automorphisms of G induced by G̃ or (G/Z(G))F ≅
G̃/Z(G̃)F . We consider the subgroup of the inner automorphism Inn(G) induced
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by conjugation with an element of G. As we are interested in the action of an
automorphism on the characters of Irr(G), it suffices to consider the group of outer
diagonal automorphisms given by

Out′(G) ∶= Diag(G)/Inn(G).

In the standard literature, see for example [Bon06, Chapter 6], the outer diagonal
automorphisms are parametrized via the group

Z(G)F ∶= Z(G)/[Z(G), F ].

Note that by Lang’s theorem 3.12 there exists a bijection

(GZ(G̃))F /(GFZ(G̃)F ) → Z(G)F .

We write int(g) ∈ Aut(G) for the automorphism of G defined by conjugation with g ∈
G̃ and out(g) for its image in the group Out′(G). Also note that by Lang’s Theorem,
for each z ∈ Z(G), there exists some gz ∈G such that g−1

z F (gz) ∈ z[Z(G), F ].
Proposition 4.9. For each z ∈ Z(G)F fix some gz ∈G such that g−1

z F (gz)[Z(G), F ] =
z. Then the map

Z(G)F ↪ Out′(G), z ↦ out(gz) ∶= int(gz) ⋅ Inn(G).

is a well-defined injective group homomorphism.

Proof. First let z ∈ Z(G)F and let g, h ∈ G such that g−1F (g) and h−1F (h) are
in Z(G) and both elements represent z. There exists some x ∈ Z(G) such that
x−1F (x)h−1F (h) = g−1F (g). As x lies in the centre, it follows that

F (gh−1x−1) = gh−1x−1 ∈GF .

Thus int(g) = int(gh−1x−1)int(hx) = int(gh−1x−1)int(h). As gh−1x−1 ∈GF , the image
under the natural map Aut(G) → Aut(G)/Inn(G) coincides for int(g) and int(h).
Thus the map is well-defined. Let z1, z2 ∈ Z(G)F with corresponding gz1 , gz2 ∈ G.
Then the element gz1z2 can be chosen as gz2gz1 . Hence

out(gz1z2) = int(gz1z2) ⋅ Inn(G) = int(gz2gz1) ⋅ Inn(G) = int(gz1)int(gz2) ⋅ Inn(G).

So the homomorphism property holds. Let z ∈ Z(G)F and gz ∈G as before. Suppose
that out(gz) is trivial, so there exists some h ∈ GF such that h−1gz ∈ CG(GF ) =
Z(G), see [Bon06, 6.1]. Then for a = h−1gz we have g−1

z F (gz) = (ha)−1F (ha) =
a−1F (a) ∈ [Z(G), F ]. Thus, z = 1 and the map is injective.

In our considerations, we aim to describe and compare automorphisms int(g) given
by certain g ∈ G̃. In particular, we describe the action first for g ∈ G̃F and for g ∈G
with L (g) ∈ Z(G).
We write

Cq−ϵ ∶= {ζ ∈ F×q2 ∣ ζq−ϵ = 1} (4.4)

for the cyclic group of order q − ϵ in F×q . Let (n, q − ϵ) denote the greatest common
divisor. Then

C(n,q−ϵ) ∶= {ζ ∈ Cq−ϵ ∣ ζn = 1}, (4.5)
is the cyclic group of order (n, q − ϵ).
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Proposition 4.10. The group of outer diagonal automorphisms Out′(G) is parametrized
by C(n,q−ϵ) via the homomorphism

π̃ ∶ G̃F → C(n,q−ϵ), xz→ det(x)
q−ϵ

(n,q−ϵ) .

Proof. Let x ∈ G̃F with det(x) = ζ. Then ζq−ϵ = 1, which expresses the fact that
F (det(x)) = det(F (x)) = det(x). Thus, we have π̃(x) = ζ

q−ϵ
(n,q−ϵ) , as well as

(ζ
q−ϵ

(n,q−ϵ) )n = ζ(q−ϵ)
n

(n,q−ϵ) = 1, and

(ζ
q−ϵ

(n,q−ϵ) )q−ϵ = ζ(q−ϵ)
q−ϵ

(n,q−ϵ) = 1,

thus, the map is well-defined and clearly surjective. In case π̃(x) = ζ
q−ϵ

(n,q−ϵ) = 1, there
exists some ζ0 ∈ Cq−ϵ such that det(x) = ζ = ζn0 . In particular, ζ0 ⋅En ∈ Z(G̃)F and
x ⋅ ζ−1

0 ⋅ En = x0 ∈ GF , where En is the identity matrix. Hence, x ∈ GFZ(G̃)F and
out(x) = 1, so x acts as an inner diagonal automorphism on G.

We define the group

Ǧ ∶=L −1(Z(G)) = {g ∈G ∣ g−1F (g) ∈ Z(G)}�GF .

For x ∈L −1(Z(G)) we identify L (x) = z ⋅En ∈ Z(G) with the corresponding element
z ∈ F×q .

Proposition 4.11. The group of outer diagonal automorphisms Out′(G) is parametrized
by C(n,q−ϵ) via the homomorphism

π̌ ∶ Ǧ→ C(n,q−ϵ), x↦L (x)
−ϵn

(n,q−ϵ) .

Proof. Let x̌ ∈ Ǧ, and L (x̌) = z ∈ Z(G) such that F (x̌) = x̌z. Then for g ∈ G we
have

F (x̌−1gx̌) = z−1x̌−1gx̌z = x̌−1gx̌,

and int(x̌)∣G ∈ Aut(G). As L (x̌) ∈ Z(G), zn = 1, so π̌(x̌) ∈ C(n,q−ϵ) since

(z
−ϵn

(n,q−ϵ) )n = zn
−ϵn

(n,q−ϵ) = 1 and

(z
−ϵn

(n,q−ϵ) )q−ϵ = z(−ϵn)
q−ϵ

(n,q−ϵ) = 1,
and the map is well-defined. Since the Lang map is a homomorphism on Ǧ, π̌ is
a group homomorphism. Clearly, by definition of Ǧ, L induces a surjective map
Ǧ→ Z(G) hence the map π̌ is surjective. In particular, for L (x̌) = z with

π̌(x̌) = (L (x)−ϵ)
n

(n,q−ϵ) = (z−ϵ)
n

(n,q−ϵ) = 1,

there exists a (q − ϵ)-th root z0 ∈ Z(G), such that z = z(q−ϵ)0 . As F is a Steinberg
endomorphism, we have L (z0) = z−1

0 F (z0) = zϵ(q−ϵ)0 . Hence,

L (x̌)L (zϵ0) =L (x̌zϵ0) = 1

and x̌zϵ0 ∈GF . Thus, x̌ ∈GFZ(G̃) and out(x̌) = 1.
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We remark that the use of the sign −ϵ in the above map is not strictly necessary.
However this choice gives us the following result, which lets us compare the diagonal
automorphism parametrized by Ǧ and G̃. Note that both G̃ and Ǧ normalize G and
each other since they are intermediate subgroups in the inclusion GF

� G̃FZ(G̃)
with abelian quotient.

Lemma 4.12. Let π̌ and π̃ be the two maps parametrizing Out′(G) from the previous
two propositions. Then any two elements x̃ ∈ G̃ and x̌ ∈ Ǧ with π̃(x̃) = π̌(x̌) induce
the same outer diagonal automorphism on G. The group ǦG̃ acts by conjugation
on G and y ∈ ǦG̃ corresponds to the outer diagonal automorphism, parametrized by

π ∶ ǦG̃→ C(n,q−ϵ), y z→L (y)
ϵn

(n,q−ϵ) det(y)
q−ϵ

(n,q−ϵ) .

Proof. Let x̃ ∈ G̃, with det(x̃) = ζ ∈ Cq−ϵ. We choose a n-th root ζ ′ of ζ in F×q and
write z ∶= ζ ′En ∈ Z(G̃). Then x̃ and x̃z−1 have the same action on G and x̃z−1 ∈G.
Now

L (x̃z−1) = x̃−1zF (x̃)F (z−1) = z1−ϵq ∈ Z(G),

so x̃z−1 ∈ Ǧ and since zn = ζ ⋅En we have

π̌(x̃z−1) =L (x̃z−1)
−ϵn

(n,q−ϵ) = (z1−ϵq)
−ϵn

(n,q−ϵ) = (zq−ϵ)
n

(n,q−ϵ) = ζ
q−ϵ

(n,q−ϵ) = π̃(x̃).

As for any x̌ ∈ Ǧ with π̌(x̌) = π̌(x̃z−1), x̌−1x̃ acts as an inner automorphism in G,
the first statement follows.
By Propositions 4.10 and 4.11 and the above considerations, ǦG̃ acts by conjugation
and π is a well-defined homomorphism.

Definition 4.13. Let ℓ ≠ p be two distinct odd primes, ϵ = ±1 and q = pm for some
integer m. Let F be a Steinberg endomorphism such that GF = SLn(ϵq). Then for
x ∈ ǦG̃ with image

π(x) = ( ℓ
q
)
n(n−1)
(n,q−ϵ)

,

we say that x induces the outer automorphism of G of type tℓ = tℓ(G). In the case
where p = 2, since the Jacobi symbol is not defined in this situation, we say that
x induces the outer automorphism of type tℓ if it induces the trivial outer diagonal
automorphism.

In particular, an automorphism of type tℓ is either an inner automorphism, or the
unique outer diagonal automorphism of G of order 2. Furthermore, we may de-
termine the elements of Ǧ and G̃ that induce the automorphism of type tℓ of G.

Lemma 4.14. Let G = SLn(ϵq) and ℓ ≠ p a prime. We may interpret ℓ as an
element in F×q . Let κ ∈ F×

q2, such that κq+1 = ℓ and δℓ ∶= κq+ϵ. Then any element

x̃ ∈ G̃ with det(x̃) = δ
n(n−1)

2
ℓ and any x̌ ∈ Ǧ with L (x̌) = ( ℓq)

n−1
En induces the outer

automorphism of type tℓ of G.
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Proof. Using the identity ( ℓq) ≡ ℓ
q−1

2 in F×ϵq from the previous section, we simply
calculate

π(x̃) = det(x̃)
q−ϵ

(n,q−ϵ) = δ
n(n−1)

2
q−ϵ

(n,q−ϵ)

ℓ

= κ
q2
−1

2 (n−1) n
(n,q−ϵ)

= ℓ
q−1

2 (n−1) n
(n,q−ϵ)

= (( ℓ
q
)
n−1
)

n
(n,q−ϵ)

=L (x̌)
n

(n,q−ϵ) = π(x̌).

So by Lemma 4.12 x̃ and x̌ induce the same outer diagonal action on G.
Remark 4.15. Let p = 2, q = pm, ℓ an odd prime and let κq+1 = ℓ and δℓ = κq+ϵ in F×

q2

as above. Let x̃ ∈ G̃ be an element satisfying det(x̃) = δ
n(n−1)

2
ℓ . Since any odd prime

ℓ corresponds to the identity in F×p , we may take κ = 1, and hence δℓ = 1. Hence,
det(x̃) = 1, which coincides with the definition of an element of type tℓ above.

4.C Approaching the equivariance statement
To achieve our main goal of verifying the condition (Eq)Hℓ , as described in Definition
1.42, for certain groups of Lie type, we will begin this section by reformulating it.
Indeed, we will break it down into several properties that the groups in question and
their extension maps need to fulfil. Particularly we will first define an Hℓ-equivariant
version of the conditions introduced in [CS17, Theorem 2.2] and then rewrite them as
the three conditions A(d)Ht , B(d)Hℓ and A(∞)Ht , which will be the Hℓ-equivariant
versions of the conditions found in [CS19, Definition 2.2]. This Galois-compatible
version notably grants us some flexibility in selecting the automorphism group, which
will be very beneficial in the following chapters. Indeed, moving forward, we will
frequently work with groups as in the following definition.
Definition 4.16. Let ℓ be a prime and Hℓ be the subgroup of G ∶= Gal(Qab/Q) as
defined in Definition 1.25. That is σ ∈ Hℓ sends all roots of unity of ℓ′-order to some
ℓ-power. Let n = ℓam, where ℓ does not divide m. Then any n-th root of unity ζ can
be written as ζ = ωδ for ω an element of order dividing ℓa and δ of order dividing
m. Then we have

G ≅ K × J ,
where we define the subgroups

J ∶= {σ ∈ G ∣ σ(δ) = δ for all roots of unity δ of ℓ′-order}, and

K ∶= {σ ∈ G ∣ σ(ω) = ω for all roots of unity ω of ℓ-power order}.
Let σ1 ∈ G with σ1(δ) = δℓ for all roots of unity δ of ℓ′-order. It is obvious that σ1
generates J , hence Hℓ = K × ⟨σ1⟩.
Generally we will not consider Hℓ directly but rather embed it into a group B ≤
ǦG̃ × Hℓ acting on their characters. A special version of this group will be given
by one element t ∈ G̃ with F (t)t−1 ∈ Z(G), acting on G by conjugation and the
corresponding group will be labelled as

Ht ∶= K × ⟨t ⋅ σ1⟩.
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We now repeat the original conditions to obtain both inductive conditions for the
McKay conjecture. Note that these have been originally stated in [Spä12, Theorem
2.12]. We will however introduce the reader to a slight adaptation of these results,
similar to the one in [CS25, Proposition 2.12].

Theorem 4.17. [CS25, Theorem 2.12][Spä12, Proposition 2.12] Let G be a finite
group, ℓ a prime such that ℓ divides ∣G∣ and P ∈ Sylℓ(G). Let M < G be a proper
subgroup of G. Let G ⊂ Irr(G) and M ⊂ Irr(M). Assume the following.

(i) There exists a finite group G�G̃ such that G̃/G is abelian. Furthermore, there
exists a finite group E such that G̃ ⋊E is well-defined, normalizes G, induces
all automorphisms of G and CG̃⋊E(G) = Z(G̃)CE(G)

(ii) M is (G̃ ⋊E)P -stable, NG(P ) ≤M and both G and M are (G̃ ⋊E)M -stable.

(iii) Maximal extensibility holds with respect to G� G̃ and M � M̃ ∶= NG̃(M) for
G and M respectively.

(iv) There exists an E-stable G̃-transversal G0 ⊂ G and each χ ∈ G0 extends to
(G ⋊E)χ.

(v) For M̂ ∶= NG×E(M) there exists some M̂-stable M̃-transversal M0 in M such
that each ψ ∈M0 extends to M̂ψ.

(vi) For G̃ ∶= Irr(G̃ ∣ G) and M̃ ∶= Irr(M̃ ∣ M), there exists a Lin(G̃/G) ⋊ M̂-
equivariant bijection

Ω̃ ∶ G̃Ð→ M̃

such that Ω(G̃ ∩ Irr(G̃ ∣ ν)) = M̃ ∩ Irr(M̃ ∣ ν) for each ν ∈ Irr(Z(G̃)).

Then there exists an M̃M̂-equivariant bijection Ω ∶ GÐ→M such that for each χ ∈ G

((G̃ ⋊E)χ,G,χ) ≥c ((M̃M̂)Ω(χ),M,Ω(χ)).

When one chooses G = Irrℓ′(G) and M = Irrℓ′(M) as the M̃M̂ -stable sets, this theo-
rem thus implies both conditions (Eq) and (Ext) of Definition 1.31 as NG̃⋊E(M) =
MNG̃⋊E(P ).

In order to obtain the inductive Galois–McKay conditions (Eq)Hℓ and (Ext)Hℓ , it is
necessary to refine the above statements to include Hℓ-equivariance. Indeed, Theo-
rem 3.4 and Corollary 3.5 of [RSST25] provide such a refinement. In the following,
we will introduce our own variant, which demands slightly weaker requirements,
sufficient to ensure condition (Eq)Hℓ .

Theorem 4.18. Assume we are in the situation of Theorem 4.17 and that conditions
(i)-(iii) hold. Let H be a subgroup of Gal(Qab/Q), stabilizing G and M and assume
that the following hold.

(iv) There exists an E-stable G̃-transversal G0 in G and each χ ∈ G0 extends to
(G ⋊E)χ.

(v) There exists some M̂-stable M̃-transversal M0 in M such that each ψ ∈ M0
extends to M̂ψ.
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(vi) There exists a group B ≤ Aut(G̃E)G,GE,G̃,P ×H whose projection on Aut(G̃E)
stabilizes M , G, G̃, G0 and M0, and the projection on H is onto.

(vii) For G̃ ∶= Irr(G̃ ∣ G) and M̃ ∶= Irr(M̃ ∣ M), there exists a Lin(G̃/G) ⋊ (M̂B)-
equivariant bijection

Ω̃ ∶ G̃Ð→ M̃

such that Ω(G̃ ∩ Irr(G̃ ∣ ν)) = M̃ ∩ Irr(M̃ ∣ ν) for each ν ∈ Irr(Z(G̃)).

Then there exists a M̃M̂ ×H-equivariant bijection Ω ∶ GÐ→M.

Proof. First note that since G̃⋊E induces all the automorphism of G, M̃M̂ induces
all automorphisms of G stabilizing M . Hence, M̃M̂B acts as M̃M̂ ×H on G.

As G0 is an M̂B-stable G̃-transversal, by Lemma 2.9 b), for any χ ∈ G0 we have

(G̃E ×H)χ = (G̃EB)χ = G̃χ(GEB)χ. (4.6)

Similarly for each ψ ∈M0 we have

(M̃M̂ ×H)ψ = (M̃M̂B)ψ = M̃ψ(M̂B)ψ. (4.7)

Our argument follows the construction of the bijection given in [Spä12, Theorem
2.12], adapting it to include the Galois group. Thus, we skip the group-theoretic
arguments already present there.

Let χ̃ ∈ G̃. By Clifford theory and condition (iv), there exists exactly one χ ∈ G0
such that

G0 ∩ Irr(G ∣ χ̃) = {χ}.
We define Ω(χ) as the unique element in M0 ∩ Irr(M ∣ Ω̃(χ̃)). As Ω̃ is Lin(G̃/G) ⋊
(M̂B)-equivariant, this is a well-defined map

Ω ∶ G0 →M0.

Furthermore, as G0 and M0 are M̂B-stable M̃ -transversals, we may extend Ω to a
map Ω ∶ G→M by

Ω(χx) = Ω(χ)x for any x ∈ (M̃M̂B).
It remains to show that this is well-defined, i.e. (M̃M̂B)χ = (M̃M̂B)Ω(χ) for all
χ ∈ G. As (G̃EB)χ = G̃χ(EB)χ and G̃/G is abelian, by Clifford theory we have

(EB)χ = {α ∈ EB ∣ χ̃α = χ̃λ, for some λ ∈ Lin(G̃/G)},

for some χ̃ ∈ Irr(G̃ ∣ χ). We abbreviate ψ ∶= Ω(χ) ∈M0 and similarly obtain

(M̂B)ψ = {α ∈ M̂B ∣ ψ̃α = ψ̃λ, for some λ ∈ Lin(M̃/M)}

for ψ̃ = Ω̃(χ̃) ∈ Irr(M̃ ∣ ψ). Note that M̃/M ≅ G̃/G.
Furthermore, we have

G̃χ = ⋂
{λ∈Lin(G̃/G)∣χ̃λ=χ̃}

ker(λ).

M̃ψ = ⋂
{λ∈Lin(M̃/M)∣ψ̃λ=ψ̃}

ker(λ).
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As Ω̃(χλ) = Ω̃(χ)λM̃ we get GM̃ψ = G̃χ. Furthermore, GE = GM̂ and GEB =
G(M̂B). Thus

G(M̂B)ψ = G{α ∈ M̂B ∣ ψ̃α = ψ̃λ, for some λ ∈ Lin(M̃/M)}
= G{α ∈ M̂B ∣ χ̃α = χ̃λ, for some λ ∈ Lin(G̃/G)}
= G(EB)χ.

Together with GM̃ψ = G̃χ, (4.6) and (4.7) this yields (M̃M̂B)χ = (M̃M̂B)ψ.

Corollary 4.19. Let S be a finite simple group and G its universal covering group.
If the conditions of Theorem 4.18 hold for G and the prime ℓ, then (Eq)Hℓ holds for
S and ℓ.

Proof. We need to show that there exists a Aut(G)Q × Hℓ-equivariant bijection
Irrℓ′(G) → Irrℓ′(M). Clearly, the sets G ∶= Irrℓ′(G) and M ∶= Irrℓ′(M) are (G̃⋊E)M−
and Hℓ-stable. Furthermore, as by Proposition 3.32, Aut(G)Q ≤ Aut(G)S, the map
Ω is an Aut(G)Q-equivariant bijection Irrℓ′(G) → Irrℓ′(M).

Remark 4.20. In addition to condition (Eq)Hℓ , we also obtain the usual Extension
condition (Ext) for the McKay conjecture in the theorem above, since all assump-
tions of Theorem 4.17 are satisfied. However, there exists a strengthened version
that yields both inductive conditions simultaneously.

Theorem 4.21. [RSST25, Corollary 3.5] Assume the setting and conditions (i)-
(vii) of Theorem 4.18. Let ΛG be an extension map with respect to G�GE for G0
and ΛM an extension map with respect to M�M̂ for M0. Assume that the following
hold.

(viii) For all χ ∈ G0 and ψ ∈M0 we have

Irr(CE(G) ∣ ΛG(χ)) = Irr(CE(G) ∣ ΛM(ψ)).

(ix) for each χ ∈ G0, with ψ ∈M0 such that Ω̃(Irr(G̃ ∣ χ)) = Ω̃(Irr(M̃ ∣ ψ)) and for
α ∈ (M̂B)ψ we have

[ΛG(χ), α]∣
M̂χ

= [ΛM(ψ), α].

Then the bijection Ω ∶ G Ð→ M from Theorem 4.18 can be chosen such that it
satisfies

((G̃ ⋊E)χH ,G,χ)H ≥c ((M̃M̂)Ω(χ)H ,M,Ω(χ))H for all χ ∈ G.

In particular, the Theorems above give a possible path towards the verification of
the inductive conditions. As we have seen in Section 3.A, except for the alternating
groups and the 26 sporadic groups, every finite non-abelian simple group belongs to
one of the families of finite groups of Lie type and each such simple group arises as
a central quotient of the corresponding simply-connected finite group of Lie type.
Hence, G will be GF for some pair (G, F ) of a simple algebraic group G and a
Steinberg map F defining an Fq-structure on G.

The intermediate subgroup NG(P ) ≤M < G is chosen to be the normalizer of a Sylow
d-torus following the approach introduced in [Spä12], where conditions (i)–(iii) were
established.
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Remark 4.22. Note that by Theorem 3.29, there exists some Sylow ℓ-subgroup Q
of G such that its normalizer lies in the normalizer of a Sylow d-torus of (G, F ) for
d = dℓ(q) unless one of the following cases hold.

ℓ = n = 3 with q ≡ 2,5 (mod 9).

Furthermore, when n = 2, the automorphism group Aut(GF ) is not isomorphic to
(G̃F ⋊ E)/Z(G̃F ), see Theorem 3.19. Therefore, in the following statements, we
exclude these exceptional cases. They are however covered in [Joh22] and [Tap25].

Proposition 4.23. [CS17, Lemma 7.1] Let G = SLn(Fq) and G̃ = G̃ = GLn(Fq).
Assume that we are not in any of the exceptions given in Theorem 3.29 and assume
n ≥ 3. Let F ∶ G̃ → G̃ be a Steinberg endomorphism, such that G = GF = SLn(ϵq)
and G̃F = GLn(ϵq). Let Q ≤ Sylℓ(G) and let E = ⟨γ,Fp⟩ ≤ Aut(G̃) as in Definition
3.18. Let d ∶= dℓ(q) and S a Sylow d-torus of (G, F ), M = NG(S). Then the group
theoretic parts of the conditions (i)-(iii) from Theorem 4.17 hold.

The remaining conditions (iv)- (vii) will be combined and reduced to the following
three conditions. These are analouges of the conditions for the McKay conjecture
as introduced in [CS19, Definition 2.2]

Definition 4.24. Let p and ℓ be distinct primes and q = pm. Let G be a connected
reductive group defined over Fp and F ∶ G → G a Steinberg endomorphism such
that it gives rise to an Fq-structure on G. Let G̃ be a regular embedding of G and
let E ∶= E(GF ) be the subgroup of Aut(GF ) as in Definition 3.18, acting on G̃F

as an extension of the action of E on GF . Let d = dℓ(q) and S a Sylow d-torus of
(G, F ). We denote

M ∶= NG(S)F , M̃ ∶= NG̃(S)F , M̂ ∶= NGE(S)F and L̃ ∶= CG̃(S)F .

Let t ∈ G̃, such that [t, M̂] ⊂ Z(G), tZ(G) is in an E-stable G-orbit in G̃ and t
stabilizes L and M . Then Ht = K × ⟨σ1t⟩ defines a subgroup of Aut(G̃E) × Hℓ as
described in Definition 4.16. With these definitions, we can now reformulate our
conditions accordingly.

A(∞)Ht : There exists an E-stable G̃F -transversal G0 in Irr(GF ) such that every χ ∈ G0
extends to GFEχ and G0 is Ht-stable.

A(d)Ht : There exists an M̂ -stable M̃ -transversal M0 in Irr(M), such that every χ ∈M0

extends to M̂χ and M0 is Ht-stable.

B(d)Hℓ : There exists a (Lin(M̃/M) ⋊ M̂M̃) × Hℓ-equivariant extension map Λ̃ with
respect to L̃ � M̃ .

Remark 4.25. Note that in the above conditions, we have already made a rather
explicit choice for the automorphism group B ≤ Aut(GE) × G. This idea can be
generalized to conditions A(∞)B1 and A(d)B2, where B1Inn(G) = B2Inn(G) and
each Bi satisfies sufficient stabilizer properties.

Theorem 4.26. [RSST25, Theorem B]Assume the situation of Condition 4.24. If
the group GF satisfies the properties A(d)Ht and B(d)Hℓ for all integers d ≥ 1 for
some t ∈ G̃, and GF /Z(GF ) is simple, then (Eq)Hℓ is satisfied for all primes ℓ.
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We will call condition A(∞)Ht the global condition and A(d)Ht the local condition.
Indeed, if S′ is another Sylow d-torus of (G, F ) by Theorem 3.26, they must be
GF -conjugate and the conditions A(d) and B(d) are independent of the choice of S.
In particular, condition A(d)Ht is equivalent to A(∞)Ht for large d as the following
Theorem, first stated by Lusztig, gives us maximal extendibility with respect to
GF

� G̃F .

Theorem 4.27. [CE04, Theorem 15.11] Let G ⊂ G̃ be a regular embedding. Then
for any χ ∈ Irr(G̃F ), the restriction χ∣GF is multiplicity free.

We will refrain from giving a complete proof of Theorem 4.26, as this would exceed
the scope of this thesis.

Towards the proof of Theorem 4.26. Let B = Ht. As [t, M̂] ⊆ Z(G), if ℓ does not
divide the order of G ∶= GF , then there is nothing to prove in the inductive con-
ditions. Moreover the statement is already proven for ℓ = 2 in [RSF25] so we may
ignore this case and assume ℓ ≥ 3.
We may ignore all cases from Remark 4.22 as these special cases have been verified
to admit the inductive Galois–McKay conditions, see [Joh22; Tap25].
Thus, we assume that ℓ ∣ ∣G∣ and let d be the order of q mod ℓ. Let S be a Sylow
d-torus of (G, F ) and define M ∶= NG(S)F . By Proposition 4.23, conditions (i)-(iii)
of Theorem 4.18 hold. Clearly, conditions (iv)-(vi) are contained in A(∞)Ht and
A(d)Ht as G = Irrℓ′(G) and M = Irrℓ′(M) in this case contains all possible M̃M̂ ×H-
stable subsets. Finally the construction of the bijection of condition (iv) is a con-
sequence of B(d) by [CS17, Section 6]. Indeed, the construction is H-compatible so
that (vii) is implied by B(d)H as can be seen in [RSST25, Section 4.D]. In partic-
ular, this construction uses the fact that Jordan decomposition of G̃ and d-Harish
Chandra theory for G̃ are Galois equivariant. See [SV20] and [RSST25, Proposition
3.7].
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In the previous chapter we have established that the verification of the equivariant
condition of the inductive Galois–McKay conditions reduces to the verification of
the "global condition" A(∞)Ht and the "local conditions" A(d)Ht and B(d)Hℓ . The
goal of this chapter is the verification of the global condition for groups of type A.

The result can also be found in [RSST25, Section 5]. There, the group G is at first
assumed to be of type A or C, and for those groups an outer diagonal automorphism
is described in terms of principal cocharacters. This automorphism maps uk into
the G-conjugacy class of u using subsystem subgroups. Earlier results of Taylor are
then applied to generalized Gelfand–Graev representations (GGGRs) to describe the
stabilizer of a GGGR character in the considered types. Afterwards, the stabilizer of
certain irreducible characters of SLn(ϵq) is determined, which leads to the existence
of a transversal T as required in Definition 4.24.

In contrast, our approach proceeds as follows. We use [TZ04] to determine the outer
diagonal automorphism, given explicitly in terms of the value of a determinant. We
then describe in detail the action of a diagonal automorphism on GGGRs. Combin-
ing that with results from [SFT18] we determine the stabilizer of certain GGGRs
in the group of Galois and outer automorphisms. In the end we employ properties
of the unipotent support to give an explicit construction of a G̃F -transversal T,
modifying the construction from the original verification of A(∞) in [CS17].

5.A GGGRs and Galois automorphisms
In this section, we recall the construction and basic properties of generalized Gelfand–Graev
representations (GGGRs) for groups of type A. In particular, we investigate how
GGGRs are permuted under the action of Galois and outer automorphisms. Since
GGGRs are constructed from unipotent elements, a key step in our analysis is to
understand how Galois automorphisms act on these elements. This perspective nat-
urally leads to the introduction a suitable diagonal automorphism t, which is closely
related to the global element defining the group Ht. Such actions have previously
been studied by Taylor and Schaeffer Fry in [SFT18].
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Let p be prime, k = Fp and G ∶= SLn(k), G̃ ∶= GLn(k). Let F ∶ G̃→ G̃ be a Steinberg
endomorphism such that F ∈ {Fq, γFq} as in Definition 3.15. Let ϵ ∈ {±1} be such
that F = γ 1−ϵ

2 Fq. Let E be the group of automorphisms of G̃, given by E = ⟨γ,Fp⟩,
as in Definition 3.18. We use the notation Gu for the set of unipotent elements
of G. Note that the construction of GGGR’s can be generalized to any connected
reductive algebraic group over k, when p is a good prime for G as in Definition 3.16,
which does not impose a restriction on p in type A.

We write G ∶= GF , G̃ ∶= G̃F and Gu ∶= GF
u for the set of unipotent elements. We

denote by Uni(G) the set of G-conjugacy classes of unipotent elements of G. In
particular, Uni(G) = Uni(G̃) as G̃ = Z(G̃)G.

Given the torus T and the Borel subgroup B of G from Example 3.4, we write
U ∶= Ru(B) for the unipotent radical of B. The root system Φ, together with
the set of positive roots and the basis ∆, is then determined by U and has been
studied in Example 3.7. The root subgroups Uα ≤ U for α ∈ Φ are defined as in
Definition 3.2.

We fix a unipotent class C ∈ Uni(G) and extend the definition of the weight function
of the Dynkin diagram with respect to this unipotent class. We do not give an
explicit construction here, but instead use the definition due to Kawanaka [Kaw85,
2.1.1] without further detail.

Definition 5.1. The weighted Dynkin diagram associated with C, is the map h′C ∶
∆→ {0,1,2}. We may extend this linearly to the map

hC ∶ Z∆→ Z.

For i ≥ 0 we then set Ui,C ∶= {Uα ∣ α ∈ Φ+, hC(α) ≥ i}.

By Chevalley’s commutator formula, see [Hum75, Lemma 32.5], we have

Ui,C �P1,C =∶ NG(U1,C), for all i ≥ 0

and
Ui,C/Ui+1,C ≅ (k

+)∣h−1
C
(i)∣.

Definition 5.2. To each u ∈ C ∩ UF
2,C, we may associate a linear character ψu ∶

UF
2,C → C×, where one can check the details in [Gec04, Definition 2.1]. Then there

exists an irreducible character ψ′u ∈ Irr(UF
1,C) such that

(ψu)U
F
1,C = ∣UF

1,C ∶UF
2,C ∣

1
2 ψ′u

As ∣UF
1,C ∶ UF

2,C ∣ is an even power of q, see [Gec04, Definition 2.1], the square root
does exist.
Then the associated generalized Gelfand-Graev character of G̃ is defined as

Γ̃u ∶= (ψ′u)G̃.

Accordingly the associated generalized Gelfand-Graev character of G is defined as

Γu ∶= (ψ′u)G.

In particular, Γ̃u ∈ Z≥0Irr(G̃) by this construction.
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Note that this is indeed a generalization, as this definition coincides with the Gelfand-
Graev character in case u is a regular unipotent element. According to [Kaw85, 2.1.1]
the following facts hold

• C′ ∶= C ∩U2,C is dense in U2,C,
• C′ is a single P1,C-orbit and
• CG(u) ≤ P1,C, for all u ∈ C′.

The groups Ui,C and P1,C are E-stable, see [Sho97, 2.3.1], [CS17, Section 4.2], and
UF

1,C and UF
2,C are PF

1,C ⋊E-stable.
Proposition 5.3. Let u ∈ C ∩UF

2,C. Then

(i) [CS17, Lemma 4.3] For g ∈ PF
1,C ⋊E

ψug = ψgu and ψ′ug = (ψ′u)g.

(ii) [Gec04, 2.2] For g ∈ P̃F
1,C = NG̃(U1,C)F

ψug = ψgu and ψ′ug = (ψ′u)g.

The second part of the proposition shows that Γ̃u only depends on the conjugacy class
C ∈ Uni(G̃). Thus, we may write Γ̃C for the Generalized Gelfand-Graev character of
G̃ associated to u. We also use the abbreviation GGGC in this case.
Note that the class C ∈ Uni(G̃) may contain several unipotent classes Ci of SLn(ϵq).
The GGGRs can be used to distinguish the irreducible constituents of the character
χ̃∣G for χ̃ ∈ Irr(G̃). Indeed, this is possible due to the next result.
Theorem 5.4. [Kaw85, 3.2.18(iii), 3.2.24(i)] Let G̃ ∶= GLn(k) and F ∶ G̃→ G̃ the
Steinberg endomorphism of the form F ∈ {Fq, γFq} as in Notation 3.15. Then for
any χ̃ ∈ Irr(G̃), there exists C ∈ Uni(G̃) such that

⟨Γ̃C, χ̃⟩ = 1.

We may extend this result slightly, obtaining uniqueness regarding the choice of C.
Proposition 5.5. For every χ̃ ∈ Irr(G̃F ), there exists some conjugacy class
C = C(χ) ∈ Uni(G̃) such that

(i) ⟨χ̃, Γ̃C⟩ = 1,

(ii) ⟨χ̃, Γ̃D⟩ = 0 , for every other D ∈ Uni(G̃) with D ⊈ C, the Zariski closure of C.
Additionally C is uniquely defined by these two properties.

Proof. This result is a combination of two results on GGGR’s by Geck [Gec91] and
Bonnafé [Bon00] where we use that the root system is of type A.
Let χ̃ ∈ Irr(G̃). By [Gec91, Theorem A], there exists a unipotent class C ∶= C(χ̃) in
Uni(G̃), such that

⟨χ̃,ΓC⟩ ≠ 0 and ⟨χ̃,ΓD⟩ = 0, when D ∈ Uni(G̃), D ⊈ C,
that is uniquely defined through these properties. By [Bon00, Theorem 5.2.2], there
exists a class C′ ∈ Uni(G̃) such that

⟨χ̃,ΓC′⟩ = 1 and ⟨χ̃,ΓD⟩ = 0, when D ∈ Uni(G̃), D ⊈ C′.
Thus C′ = C and the statement holds.
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We now turn to describe the action ofHℓ on the GGGR’s. Therefore we first describe
the ℓ-powers of u, for a unipotent element u ∈ G. Indeed, by work of P.H. Tiep and
A.E. Zalesski, each unipotent element u ∈ G is G̃-conjugate to its ℓ-power uℓ.

We remind the reader of Section 4.A, where we have interpreted the integer ℓ as
an element in F×q . We write κ for the element in F×

q2 , such that κq+1 = ℓ and define
δℓ ∶= κq+ϵ.

Finally we remind the reader of the definition of an automorphism of G of type
tℓ from Definition 4.13. In particular, an element t ∈ G̃ is of this type whenever
det(t) = δ

n(n−1)
2

ℓ by Lemma 4.14. Now by [TZ04], the element conjugating u and uℓ

can be explicitly constructed.

Theorem 5.6. [TZ04, Lemma 6.6] Let G = SLn(ϵq), G̃ = GLn(ϵq) and let u be
a unipotent element of G. Then there exists an element t ∈ GLn(ϵq), such that
tut−1 = uℓ and det(t) = δ

n(n−1)
2

ℓ , i.e. t induces the outer automorphism of type tℓ.

From this, we see that the ℓ-powers of u lie in at most two different conjugacy
classes in G, as an outer automorphism of type tℓ has order at most 2. By work of
A. Schaeffer Fry and J. Taylor, we can also determine the action of certain Galois
automorphism on the GGGC’s.

Proposition 5.7. [SFT18, Prop. 4.10] Let σ ∈ Gal(Qab/Q) and j ∈ Z/pZ be such
that, σ(ζ) = ζj for any root of unity ζ of p-power order. Then for u ∈ CF ∩UF

2,C with
Γu its associated GGGR we have

(Γu)σ = Γuj

Furthermore, we have some information about the character field of GGGR’s.

Proposition 5.8. [SFT18, 10.12] Let Γu be a GGGC of G. Then Q(Γu) ≤ Q(
√
ηp),

where η ∈ {±1} is such that p ≡ η (mod 4)

In particular, as Γ̃u = (Γu)G̃, the character values of Γ̃u lie in Q(Γu). Furthermore,
one can check that Q(Γ̃u) = Q Thus, we now have found an element t ∈ G̃ which has
the same action on GGGC’s as σ1. We have to make sure, that ut = uℓ is indeed
conjugate to u in P1,C.

Proposition 5.9. Let t ∈ G̃ such that t induces the automorphism of type tℓ. Then
every GGGC Γu is Ht-invariant.

Proof. Let u ∈ C ∩ UF
2,C be the unipotent element associated to Γu. By [Gec04,

Remark 2.2] each G-conjugacy class contained in C has non-trivial intersection with
the group U2,C. Furthermore, any power uk of u for k prime to p, has the same Jordan
normal form as u and thus lies in C and clearly also in U2,C. Thus u,uk ∈ C ∩U2,C
for all k ∈ Z ∖ pZ.
Let σ1 ∈ H be the element of Hℓ, that sends each root of unity of ℓ′-order to its ℓ
power and fixes roots of ℓ power order. By Proposition 5.7 we have (Γu)σ1 = Γuℓ and
by Theorem 5.6, there exists some t ∈ G̃ inducing the outer automorphism of type
tℓ on G with ut = uℓ.
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Since C ∩U2,C is a P1,C-orbit, there exists some x ∈ P1,C, such that ux = uℓ. As
furthermore CG(u) ≤ P1,C we have CG̃(u) ≤ P1,CZ(G̃).
Now the element xt−1 lies in CG̃(u) ≤ Z(G̃)P1,C and thus t ∈ Z(G̃)P1,C ∩ G̃. Since
U2,C �P1,C = NG(U1,C), t stabilizes U2,C ≤ U1,C. Thus, by Proposition 5.3(ii) and
by definition of Γu, we have

(Γu)t = ((ψu)G)t = ((ψu)t)G = (ψut)G = Γut .

Hence
(Γu)σ = Γuℓ = Γut = Γtu.

As the outer automorphism of type tℓ is of order at most 2, t−1 also induces
the automorphism of type tℓ and t2 defines an inner automorphism. We write
Ht = K × ⟨σ1t−1⟩ for the group of automorphism as in Definition 4.16. In partic-
ular, the element t is independent of the choice of u.
Hence, all that remains to show is that Γu is K-invariant. Recall that K is the set
of all Galois automorphisms fixing all roots of unity of ℓ′ order. By Proposition
5.8, the character field Q(Γu) is contained in Q(√ηp) which is K-fixed by Lemma
4.6.

5.B Proof of condition A(∞)Ht

From now on we denote by t2 ∈ Out′(G) the outer diagonal automorphism of G with
type tℓ. We choose this notation for easier identification of elements in the later
chapters. As condition A(∞) from [CS17] for the McKay conjecture holds, we are
able to extend this result to in order to verify condition A(∞)Ht , using the previous
considerations about the action of Galois automorphisms on the GGGRs. We first
recall the following theorem which gives condition A(∞).

Theorem 5.10. [CS17, Theorem 4.1] For any χ̃ ∈ Irr(G̃), there exists an irreducible
character χ ∈ Irr(G ∣ χ̃), such that (G̃⋊E)χ = G̃χ ⋊Eχ and χ extends to a character
of G ⋊Eχ.

In particular, the above theorem is implied by the fact that unipotent classes can
be chosen to be compatible with the action of E as the following theorem shows.

Theorem 5.11. [CS17, Theorem 4.6] Let C ∈ Uni(G̃). We can choose a unipotent
element u ∈ C such that Γu is E-invariant and extends to G ⋊E.

Proposition 5.12. There exists a map

Π ∶ Irr(G̃) → Uni(G̃)

such that the the following hold:

(i) ⟨χ̃, Γ̃Π(χ̃)⟩ = 1,

(ii) Π is constant on Irr(G̃/G) ⋊E-orbits and Ht2-orbits.
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Proof. Let χ̃ ∈ Irr(G̃). By Proposition 5.5, there exists a unique class C ∈ Uni(G̃)
with ⟨χ̃, Γ̃C⟩ = 1 and such that ⟨χ̃, Γ̃D⟩ = 0, for every unipotent class D ∈ Uni(G̃)
such that D /⊆ C. Set Π(χ̃) ∶= C with these properties. According to Lemma 5.11,
we can associate to C a unipotent element u ∈ CF ∩U2,C, such that the GGGC Γu is
E-stable and extends to G ⋊ E. Furthermore, Γu is Ht2-stable by Proposition 5.9.
Since Γ̃C = (Γu)G̃, the same properties translate to Γ̃Π(χ̃) and Γ̃Π(χ̃) is stable under
multiplication with linear characters in Lin(G̃/G).
or EHt2 Let χ̃′ ∈ Irr(G̃) such that χ̃′ is either EHt2-conjugate to χ̃, or such that
χ̃′ = χ̃ ⋅ λ for some λ ∈ Lin(G̃/G). Then

⟨χ̃′, Γ̃C⟩ = ⟨χ̃, Γ̃C⟩ = 1,

since Γ̃Cλ = Γ̃C and Γ̃C is E and Ht2-stable.
Let C′ ∈ Uni(G̃), such that C′ /⊆ Π(χ̃). With the same reasoning as above, Γ̃C′ is
stable under the action of E, Lin(G̃/G) and Ht2 . But since u′ ∈ C′F ∩U2,C′ implies
u′ /∈ C and there is a unique χ′0 ∈ Irr(G̃ ∣ χ̃) such that ⟨χ′0,Γu′⟩ = 1, χ̃ cannot be
contained in Irr(Γ̃C′). Thus Π(χ̃′) = Π(χ̃).

We are now able to give an alternative proof of Theorem 5.2 of [RSST25], where
condition A(∞) is strengthened to its Ht2-equivariant version.

Theorem 5.13. Let t2 ∈ G̃ such that t2 induces a diagonal automorphism of type tℓ.
Then there exists an E-stable G̃-transversal T in Irr(G), such that T is Ht2-stable
and each χ ∈ T extends to G ⋊Eχ.

Proof. Let C be any unipotent G̃-class. Then, according to Lemma 5.11, there exists
a unipotent element u(C) ∈ CF ∩U2,C, such that Γu(C) is an E-invariant GGGC of G
that extends to G ⋊E. We fix such an element u(C) for each class C.

Given χ ∈ Irr(G) and χ̃ ∈ Irr(G̃ ∣ χ), we let C ∶= Π(χ̃) be the unipotent G̃-conjugacy
class associated to χ̃, given by Proposition 5.12. Note furthermore that by Definition

Γ̃Π(χ̃) = (Γu(C))G̃ and ⟨Γ̃Π(χ̃), χ̃⟩ = 1. (5.1)

The class C = Π(χ̃) is independent of the choice of χ̃ ∈ Irr(G̃ ∣ χ), since each GGGC
of G̃ is Lin(G̃/G)-stable. Equation (5.1) allows us to apply Proposition 2.22 to the
above situation with

X ∶= G� G̃ =∶ Y, ρ ∶= Γu(C) and θ ∶= χ̃.

Thus, there exists a unique constituent χ0 of χ̃∣G that is also a constituent of Γu(C)
and thus χ0 is G̃-conjugate to χ. We set

T = {χ ∈ Irr(G) ∣ χ ∈ Irr(Γu(Π(χ̃))) for some χ̃ ∈ Irr(G̃ ∣ χ)}.

We observe that χ0 is the constituent that lies in T. Hence, the set T is a
G̃-transversal in Irr(G).
Now let δ ∈ E, χ ∈ T and χ̃ ∈ Irr(G̃ ∣ χ) such that χ ∈ Irr(Γu(Π(χ̃))). Then
χ̃δ ∈ Irr(G̃ ∣ χδ) and by the properties of Π we have Π(χ̃δ) = Π(χ̃). Furthermore
χδ ∈ Irr(Γδ

u(C)) = Irr(Γu(C)) as the character Γu(C) is E-invariant. Since χ is unique
with this property we have χδ ∈ T.
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Similarly for σ ∈ Ht2 and χ ∈ T, χ̃ ∈ Irr(G̃ ∣ χ), C = Π(χ̃σ) = Π(χ̃), as we have seen
that Π is constant on Lin(G̃/G) and Ht2-orbits.
By Proposition 5.9, Γu(C) is Ht2-invariant, so again χ̃σ ∈ Irr(G̃ ∣ χσ), χσ ∈ Irr(Γu(C))
and χσ ∈ T. This finishes the proof as the extension property is provided by Propo-
sition 2.22 (ii).
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6. Local conditions for type A in
the doubly regular case

As we have now verified condition A(∞)Ht we continue in this chapter towards the
verification of the local conditions A(d)Ht and B(d)Hℓ given the integer d = dℓ(q)
for type A, see Definition 4.24.

Our approach begins by focusing on the doubly regular case, where dℓ(ϵq) ∣ n. In this
case, the centralizer of the Sylow d-torus S is abelian. Consequently, the extension
map Λ with respect to CG(S)�NG(S) can be constructed in a particularly convenient
manner.
We note, however, that this extension map, originally constructed in [CS17], is
generally not Hℓ-equivariant. The constructions show that, once again, we need to
introduce an automorphism t1 ∈ Aut(G) such that Ht1-equivariance holds. Together
with studying the characters of the relative Weyl group Wφ for some φ ∈ Irr(CG(S)),
this enables us to verify condition A(d)Ht in this case. This result from the doubly
regular case, together with the global condition A(∞)Ht is then used to ensure the
local condition in the general case, see Chapter 7.

Subsequently, we establish that the choice of t1 in the local case aligns with the
choice of t2 in the global condition. Finally, as a corollary of the constructions in
the verification of Condition A(d)Ht1 , we derive condition B(d)Hℓ in the doubly
regular case.

Notation
We use the following notation. Let p be a prime and set q = pm for some integer
m ≥ 1. Let ϵ ∈ {±1}, and let ℓ be an odd prime different from p. We denote by

d = dℓ(q), d0 = dℓ(ϵq)

the orders of q and ϵq, respectively, in (Z/ℓZ)×. Let G be a group with root system of
type An−1, and let F ′ ∶G→G be the Steinberg endomorphism defined in Definition
3.15, i.e F ′ ∈ {Fq, γFq} such that F ′ = γ 1−ϵ

2 Fq. Note that we use different notation
here, as throughout most of this chapter, we will use a twisted version of F ′. We
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write S for a Sylow d-torus of (G, F ′) as defined in Definition 3.24. Finally, suppose
G ≤ G̃ is a regular embedding such that G̃F ′ ≅ GLn(ϵq). We remind the reader that
an integer d is a regular number for (G, F ′), if CG(S) is a torus, which is equivalent
to d0 dividing n or (n − 1), see Example 3.27. We denote by E(GF ′) the group
of automorphisms of GF ′ , as defined in Definition 3.18. For any automorphism
t ∈ Aut(GF ′), we write Ht for the subgroup of G ×Aut(G) given by

Ht = K × ⟨σ1 ⋅ t⟩,

as described in Definition 4.16.

Definition 6.1. If (G, F ′) is of type An−1, an integer d is called doubly regular for
(G, F ′), if d0 ∣ n, where d0 is the integer associated to d as in Proposition 4.7.

We assume that d = dℓ(q) is doubly regular for the rest of this chapter. The goal of
this chapter is the verification of condition A(d)Ht for the doubly regular case. In
particular, the element t ∈ G̃F induces an outer automorphism of type tℓ, see Defi-
nition 4.13, such that it is consistent with the automorphism of condition A(∞)Ht .

Theorem 6.2. Let GF ′ = SLn(ϵq), where q = pm is a prime power, ϵ = ±1, and
let ℓ be an odd prime distinct from p and set d ∶= dℓ(q). Assume that d is doubly
regular for (G, F ′). Let S be a Sylow d-torus of (G, F ′). Then, there exists some
t ∈ G̃ inducing an automorphism on GF ′ of type tℓ and stabilizing S, such that the
following holds:

• there exists a (GF ′ ⋊E(GF ′))S-stable NG̃(S)F
′-transversal T in Irr(NG(S)F ′),

• each χ ∈ T extends to (GF ′ ⋊E(GF ′))S,χ and

• T is Ht-stable.

In particular, A(d)Ht holds for GF ′ in this case.

To construct the NG̃(S)F
′-transversal in Irr(NG(S)F ′), we follow [CS17, Section

5], where a parametrization of Irr(NG(S)F ′) is established by studying isomorphic
groups obtained using a twisted version of the Steinberg endomorphism F ′.
In particular, we may first replace the use of F ′ by the Steinberg endomorphism

F ∶ G̃→ G̃, F ∶= (γ0)
1−ϵ

2 ○ Fq,

where γ0 denotes the automorphism on G̃ given by the transpose-inverse. Recall
that in the global case we used the Steinberg endomorphism γ

1−ϵ
2 Fq, where γ is

the graph automorphism as defined in Example 3.11. We remind the reader of the
existence of an element v0 ∈G, such that int(v0) ○ γ0 = γ, as established in Notation
3.15. Given some v ∈ G, we let vF denote the automorphism int(v) ○ F . We now
turn to the choice of the element v. We fix the following notation for this chapter.

Notation 6.3. We write T and T̃ for the group of diagonal matrices in G and
G̃ respectively. Let Ṽ be the group of monomial matrices in G̃ with coefficients
in {0,1,−1}, and set V ∶= Ṽ ∩ G. Note that V is generated by the elements
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{ni ∣ i = 1, . . . , n − 1}, where ni is the monomial matrix from Example 3.4, con-
structed via the root system of G. Since d is a doubly regular number for (G, F ′),
the number a ∶= n

d0
is an integer. We define the element v ∈ V by

v ∶= n1 . . .nd0−1nd0+1 . . .nad0−1 ∈ NG(T).

In particular, v has the block-matrix form

v =
⎛
⎜⎜
⎝

vd0 0 . . .

0 ⋱ 0
⋮ 0 vd0

⎞
⎟⎟
⎠

with vd0 ∶=
⎛
⎜⎜⎜
⎝

0 0 (−1)d0+1

1 0 0 0
⋱ 0

0 1 0

⎞
⎟⎟⎟
⎠
. (6.1)

Thus, v corresponds to a product of a disjoint d0-cycles in the Weyl group W ≅Sn

under the natural epimorphism ρ ∶ NG(T) → NG(T)/T. Moreover, v is invariant
under the action of γ0 and Fq, so

[γ0, v] = [F, v] = 1 and v ∈ NG(T)⟨γ0,Fp⟩ (6.2)

In case p is an odd prime, v satisfies vd0 = (−En)d0+1 and

ord(v) =
⎧⎪⎪⎨⎪⎪⎩

2d0 if 2 ∣ d0,

d0 if 2 ∤ d0.
(6.3)

In case p = 2, we have ord(v) = d0.

From now on, we will work with the Steinberg endomorphism vF ∶ G̃ → G̃, see
Proposition 3.17. We fix a Sylow d-torus S of (T, vF ), which is also a Sylow
d-torus of (G, vF ) by the considerations in Example 3.30. From now on we set
G ∶= GvF and G̃ ∶= G̃vF and write LvF ∶ G → G for the corresponding Lang map.
We define the groups

N ∶= NG(S)vF , Ñ ∶= NG̃(S)vF , L ∶= CG(S)vF , L̃ ∶= CG̃(S)vF .

Note that the new choice vF also leads to a new automorphism group. Recall q = pm
and define the group E ∶= C2d0m ×C2. It acts on the group G̃F

2d0m
p by Fp in the first

factor and by the transpose-inverse automorphism γ0 in the second factor.
We see that G̃vF ≤ G̃F

2d0m
p by the previous considerations. Furthermore, note that in

Aut(G), the automorphism of G induced by Fq has order ord(vZ(G)) which divides
2d0. Hence, the order of Fp divides 2d0m as an automorphism of G. We write F̂ for
the element in E inducing the automorphism F on GFp

2d0m .

6.A Structure of the normalizer and the central-
izer in the doubly regular case

In order to construct an extension map, we examine the structure of the Levi
subgroup L = CG(S)vF , and observe that most of the relevant information about the
characters is contained in a much smaller subgroup, namely the product of cyclic
subgroups of order 2, when p ≠ 2. Let Wd = N/L be the relative Weyl group, and let
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ρ ∶ NG(T) → NG(T)/T ≅ Sn denote the natural epimorphism. By the struc-
ture of v from (6.1), we see that CSn(ρ(v)) ≅ Cd0 ≀ Sa. For quadratic matrices
(Ai)ai=1 ∈ GLni(q) we use the notation diag(A1, . . . ,Aa) for the block-diagonal ma-
trix with Ai on the diagonal, i.e.,

diag(A1, . . . ,Aa) ∶=
⎛
⎜⎜
⎝

A1 0 . . .

0 ⋱ 0
⋮ 0 Aa

⎞
⎟⎟
⎠
∈ GL∑ai=1 ni

(q).

From now on we assume that p is an odd prime unless specified otherwise. The case
for p = 2 is considerably simpler and will be explored at the end of section 6.B Recall
that we denote by Ci the cyclic group of order i.

Lemma 6.4. If d is doubly regular for (G, vF ), then

L = CG(S)vF ≅ (Cqd0−ϵd0)a−1 ×C qd0−ϵd0
q−ϵ

.

Proof. By Example 3.30, we know that L̃ is the direct product of a copies of
GL1((ϵq)d0), with each group generated by an element in GLd0(ϵq) of order (qd0−ϵd0).
So L̃ ≅ (Cqd0−ϵd0)a. Since L =G ∩ L̃ = SLn ∩L̃, the result follows.

Proposition 6.5. Let Vd ∶= CV (v), Ṽd ∶= CṼ (v), Hd ∶= T∩Vd and H̃d ∶= Ṽd∩ T̃. The
following statements hold.

(a) H̃d ≅ (C2)a and Hd ≅ (C2)a′ , with a′ =
⎧⎪⎪⎨⎪⎪⎩

a, if d0 is even,
a − 1, if d0 is odd.

(b) Wd = ρ(Vd) = CSa(ρ(v)) ≅ Cd0 ≀Sa.

(c) In case d0 is even we have Vd ≅ C2d0 ≀Sa ≅ Ṽd.

(d) In case d0 is odd, we have Vd ≅ ker(α) ≤ C2d0 ≀Sa ≅ Ṽd for the linear character
α ∈ Irr(Ṽd) given by

(x1, x2, . . . , xa, δ) ↦ sgn(δ)∏β(xi),

where β is the character of order 2 on C2d0.

(e) N = VdL.

Proof. We follow the proof of Proposition 5.5 in [CS17].
By definition H̃d is the group of diagonal matrices diag(e1, . . . , ea) with
ei ∈ {±Ed0}, hence H̃d ≅ (C2)a. In case d0 is even det(ei) = 1, hence Hd ≅ Ca

2 .
In case d0 is odd, det(ei) = −1 and Hd ≅ (C2)a−1.

As we have

N/L = NG(S)vF /CG(S)vF = (NG(S)/CG(S))vF ≅ CSn(ρ(v)),

where the second equality follows from Proposition 3.13 as CG(S) is connected, part
(e) follows from the second isomorphism theorem with Hd = L ∩ Vd, once ρ(Vd) =
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Cd0 ≀Sa is proven.
Assume d0 is even. By (6.1), v is the matrix of a blocks of d0 × d0 matrices v0 with
vd0

0 = −Ed0 ∈ G. Hence, an easy computation shows that Vd = CV (v) is isomorphic
to the group C2d0 ≀Sa, where Sa acts on the block matrices by permuting them. In
particular, we have

ρ(Vd) = Vd/T ≅ Vd/Hd ≅ Cd0 ≀Sa.

Now assume that d0 is odd. Again we see that Ṽd = CṼ (v) ≅ (C2 × Cd0) ≀ Sa ≅
(C2d0) ≀Sa. We obtain Vd as the kernel of the determinant map det, which in this
case maps the permutation matrices associated with δ ∈ Sa to sgn(δ), and when
restricted to C2d0 , gives the character of order 2. This proves part (d), and since
Hd = H̃d ∩ ker(α) ≨ H̃d, we have

ρ(Vd) = Vd/Hd ≅ Ṽd/H̃d ≅ Cd0 ≀Sa,

which completes the proof of part (b).

6.B Construction of an equivariant extension map
We assume the Notation from the previous sections. To describe all irreducible
characters of N , we aim to apply Lemma 2.10 to the groups L�N . For this, we
must construct an extension map Λ with respect to L�N and analyze the characters
of the relative Weyl group Nφ/L for a given φ ∈ Irr(L). The construction of this
map will be carried out in this section.
In particular, the extension map Λ must satisfy certain properties that allow us to
study the action of Hℓ on Irr(N) and to build a suitable Ñ -transversal in Irr(N).
Our aim in the next two sections is therefore to construct an extension map Λ with
respect to L�N such that the following are satisfied. Recall E = C2d0m ×C2 and its
action on G, which is defined after Notation 6.3.

• Λ is N ⋊E-equivariant
• for each φ ∈ Irr(L) the character Λ(φ) has an extension to φ̂ ∈ Irr((N ⋊E)φ)

such that vF̂ ∈ ker(φ̂), and
• there exists an automorphism t ∈ Aut(G) of type tℓ such that L and N are
t-stable and Λ is Ht-equivariant.

Together with additional details on the characters of the relative Weyl group, this
will allow us to establish a proof of Theorem 6.2, as we will see later.
We begin by constructing an extension map with respect toHd�Vd, following Section
5 of [CS17]. Already in this basic construction we observe that the action of Hℓ on
the irreducible characters of Vd is non-trivial and Hℓ-equivariance does not generally
hold for the extension map obtained this way. This motivates the introduction of a
first iteration of an element t ∈ G̃ such that the extension map is Ht-equivariant.
We first explore the case for a = 1.

Proposition 6.6. Assume that n = d0, or equivalently a = 1. Then there exists an
extension map Λ̃0 with respect to H̃d� Ṽd, which is Ht0-equivariant, where t0 ∈ G̃ is
defined by

t0 ∶=
⎧⎪⎪⎪⎨⎪⎪⎪⎩

diag(−1,1, . . . ,1,−1,1), if (ℓ − 1)2 = (d0)2
Ed0 , otherwise.
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Proof. Recall that ℓ is an odd prime, hence 2 ∣ n = d0 if (ℓ− 1)2 = (d0)2. Hence, t0 is
well-defined. Furthermore, it is clear, that t0 stabilizes Hd.
By Proposition 6.5 we have H̃d ≅ C2 and in particular H̃d ≅ ⟨−Ed0⟩. Since v = vd0

from (6.1) computations show that

Ṽd = ⟨−Ed0 , v⟩ ≅
⎧⎪⎪⎨⎪⎪⎩

C2d0 , if 2 ∣ d0

C2 ×Cd0 , if 2 ∤ d0
.

In particular, as C2 × Cd0 is cyclic itself for odd d0, so we have Ṽd ≅ C2d0 in both
cases.
Thus, there exists an extension map Λ0 with respect to H̃d� Ṽd. The two characters
of Irr(C2) are obviously Hℓ-invariant and Vd-invariant.
As we have seen in Proposition 4.2, Hℓ acts trivially on d0-th roots of unity.
Let χ ∈ Irr(C2d0) be a character of Ṽd of order 2d0. Then by Proposition 4.2, σ1 ∈ Hℓ
changes the sign of the primitive 2d0-th roots of unity whenever (ℓ − 1)2 = (d0)2,
otherwise the action of Hℓ is trivial. As ℓ is an odd prime, Λ̃0 is Hℓ-equivariant
whenever d0 is odd.
Now assume that (ℓ − 1)2 = (d0)2. We calculate vt0 = −v which is equal to vd0v by
(6.3). In particular, this also shows that t0 stabilizes Vd. Calculations show

Λ̃0(µ1)t0(v) = Λ̃0(µ1)(−v) = Λ̃0(µ1)(v)σ1 ,

whenever µ1 ∈ Irr(H̃d) and (ℓ − 1)2 = (d0)2. Thus, Λ̃0 is Ht0-equivariant.

Note that t0 was chosen such that vt0 = −v. We continue with the case where n = ad0.

Lemma 6.7. Let n = ad0. There exists an extension map Λ̃0 with respect to H̃d�Ṽd,
such that Λ̃0 is Ht′1-equivariant for t′1 ∈ G̃ with

t′1 ∶= diag(t0, . . . , t0),
where t0 ∈ GLd0(q) is as defined in Proposition 6.6.

Proof. We have H̃d ≅ (C2)a and Ṽd ≅ C2d0 ≀Sa by Proposition 6.5.
Any character of λ ∈ Irr(H̃d) is a product of a characters of Irr(C2), thus by Propo-
sition 2.17 the inertia group of λ in Ṽd is given by

Ṽd,λ ≅ C2d0 ≀ Y
where Y ≤ Sa is a Young subgroup determined by λ. Let Λ0 be the extension map
with respect to C2�C2d0 from the previous proposition. Applying this map to each
factor, we obtain an extension of λ to some λ̃ ∈ Irr((C2d0)a). Note that λ̃ then is Y -
stable. Since the base group is abelian, we may extend λ̃ on the semidirect product
Ṽd,λ using Proposition 2.5, to the character that is trivial on Y . While the trivial
character would be the canonical choice, we instead use the following construction
in anticipation of the next proposition. To each λ ∈ Irr(H̃d) = Irr((C2)a) associate
a+ as the number of trivial factors in the decomposition of λ and a− as the number of
non-trivial factors of λ. Then by Lemma 2.17, the inertia group of λ in Sa is given
by Y =Sa+ ×Sa− and we define the character ψ ∶= 1∣Sa+ × sgn∣Sa− . We define Λ̃0(λ)
as the extension of λ̃ that restricts to ψ on Y applying Lemma 2.6. By the previous
proposition, σ1t0 fixes λ̃ and thus also fixes ψ and Λ̃0(λ). As t′1 acts trivially on H̃d

and Ṽd/H̃d the map λ↦ Λ̃0(λ) has the desired properties.
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Until now, we have considered the Ht1-equivariance only for subgroups of G̃. In
the following lemma, we generalize this approach to extension maps with respect to
Hd�Vd. Note that, in our earlier discussions, Hℓ-equivariance was always guaranteed
for odd d0. However, this property no longer holds for the setting in G.

Definition 6.8. If p is odd then we define the element

t1 ∶=
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

diag(−1,1,−1 . . . ,−1,1), if (ℓ − 1)2 = (d0)2,
diag(−Ea

2 d0 ,Ea
2 d0) if 2 ∤ d0, ℓ ≡ 3 (mod 4),2 ∣ a,

Ead0 , otherwise.

If p = 2, we set t1 = Ead0 .

Proposition 6.9. Let p be odd and t1 the element from above. Then there exists a
(Vd ⋊Ht1)- equivariant extension map Λ0 with respect to Hd � Vd.

Proof. If d0 is even, then by Proposition 6.5, we have Hd = H̃d and Vd = Ṽd. Conse-
quently, we can choose the same extension map Λ0 = Λ̃0, preserving the equivariance
properties from Lemma 6.7. In particular, in this case t1 = t′1.
In the case of odd d0, we have Hd ≅ (C2)a−1 and Vd is the kernel of the character
α ∈ Irr(Ṽd) given by Proposition 6.5(d), as

α ∶ (x1, x2, . . . , xa, δ) ↦ sgn(δ)∏β(xi),

where β is the character of order 2 on C2d0 and we identify Ṽd with C2d0 ≀Sa.
Let λ̃ be an irreducible character of H̃d ≅ (C2)a and define a+(λ̃) as the number of
trivial factors of λ̃ and a−(λ̃) as the number of non-trivial factors of λ̃. In particular,
λ̃ is conjugate in Ṽd to some character such that the first a+(λ̃) summands are trivial
and the other a−(λ̃) are non-trivial. We assume λ̃ to be that character.
We define V± ∶= (C2 ×Cd0) ≀Sa± and H± ∶= (C2)a± . With these definitions we have

Ṽd,λ̃ ≅ V+ × V−.

We rewrite λ̃ as a the character given by

λ̃ = 1H+ × α∣H−

and extend it on Ṽd,λ̃ as
Λ̃0(λ̃) ∶= 1V+ × α∣V− .

Note that this is the same extension as chosen in the proof of Lemma 6.7.

We now take an arbitrary character λ ∈ Irr(Hd). As Hd and H̃d are abelian, λ
extends to some character λ̃ ∈ Irr(H̃d). As α∣Hd = 1, the two possible extensions of λ
to H̃d are given by λ̃ and λ̃⋅α∣H̃d . So for any element x ∈ Vd,λ we have λ̃x ∈ {λ̃, λ̃⋅α∣H̃d}.
In particular, x ∈ Vd,λ acts on λ by permuting the factors within (C2)a− and (C2)a+ ,
or in case a−(λ̃) = a+(λ̃) the two sets of factors may be interchanged. Thus, for each
λ ∈ Irr(Hd) the map

ϕ ∶ Vd,λ → Irr(H̃d), x↦ λ̃xλ̃−1

is a well-defined homomorphism with kerϕ = Vd,λ̃ and non-trivial if and only if some
λ̃ ∈ Irr(Hd ∣ λ) satisfies a+(λ̃) = a−(λ̃). Either way Vd,λ̃ � Vd,λ with quotient of order
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at most 2.
It remains to show that the character Λ̃0(λ̃)∣Vd,λ̃ is Vd,λ-invariant; then we may choose
the cyclic extension to Vd,λ as our desired extension. Since x ∈ Ṽd may only act as a
permutation on λ̃ by interchanging the factors, we easily see that for all x ∈ Ṽd we
have

Λ̃0(λ̃)x = Λ̃0(λ̃x).
Furthermore, multiplication of λ̃ with α∣Hd just interchanges the groups H+ and H−
so we have

Λ̃0 (λ̃ ⋅ α∣Hd) = Λ̃0(λ̃) ⋅ α∣Ṽd,λ̃ for all λ̃ ∈ H̃d.

Thus, in case (Vd)λ ≠ (Vd)λ̃, we have for x ∈ (Vd)λ ∖ (Vd)λ̃

(Λ̃0(λ̃)∣Vd,λ̃)
x
= Λ̃0(λ̃x)∣Vd,λ̃ = (Λ̃0(λ̃) ⋅ α∣Ṽd,λ̃) ∣Vd,λ̃ = Λ̃0(λ̃)∣Vd,λ̃ ,

since Vd is the kernel of α.
We write Λ0 for the extension map with respect to Hd � Vd obtained by restriction
Λ̃0 to Vd. In particular, this means, that for each extension λ̃ of λ we have

Λ0(λ)∣Vd,λ̃ = Λ̃0(λ̃)∣Vd,λ .

We now examine the action of Hℓ on these extensions.
First we note, that for odd a, Ṽd,λ̃ and Vd,λ agree. So Λ0 is Hℓ-invariant by Lemma
6.7.
In case a is even, there exists a Vd-conjugacy class of characters λ ∈ Irr(Hd) such that
for some λ̃ ∈ Irr(H̃d ∣ λ) we have a+(λ̃) = a−(λ̃) = a/2 and Vd,λ/Vd,λ̃ ≅ C2. Without
loss of generality, select λ ∈ Irr(Hd) such that λ̃ ∈ Irr(H̃d ∣ λ) is of this form and
assume that the first a

2 factors of λ̃ are trivial and the last a
2 factors correspond to

the non-trivial character µ ∈ Irr(C2) i.e.,

λ = λ̃∣Hd = (µ0 × ⋅ ⋅ ⋅ × µ0 × µ × ⋅ ⋅ ⋅ × µ)∣Hd .

Then the quotient is given by ⟨x,Vd,λ̃⟩/Vd,λ̃ = Vd,λ/Vd,λ̃ ≅ C2 for some x ∈ Vd,λ.

We construct an element x ∈ Vd,λ to be an element in Vd that swaps the first factor
with the (ad0

2 + 1)-st factor, the second with the (ad0
2 + 2)-nd, and so on. Note that

each factor of λ corresponds to a character of some d0 × d0-block matrices. We use
the notation (i, j) for the permutation matrix in GLn(q) that corresponds to the
transposition (i, j) in Sn. Therefore, we can define x as

x ∶= diag(−Ea
2 d0 ,Ea

2 d0) ⋅ (1,
ad0

2 + 1)(2, ad0

2 + 2) . . . (ad0

2 , ad0).

We see that det(x) = 1 and [v, x] = [F,x] = 1, hence x ∈ Vd. Indeed, x acts on λ̃ by
interchanging the first a

2 factors with the last a
2 factors. Since Hd ≤ kerα we have

λ̃x = λ̃ ⋅ α ≠ λ̃ and λx = λ̃x∣Hd = (λ̃ ⋅ α)∣Hd = λ̃∣Hd = λ.

Thus x ∈ Vd,λ ∖ Vd,λ̃. Furthermore, x2 = −Ead0 ∈Hd, so ord(x) = 4 and

Λ(λ)(x2) = λ(x2) = (−1)a2 .
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As we have seen in Remark 2.3, the values of Λ0(λ) now lie in Q(Λ̃(λ̃)∣Vd,λ̃ , ζ4), where
ζ4 is a primitive fourth root of unity. In particular, the character extension in our
case is given by

Λ(λ)(x) ∶= ζ
a
2

4

Hence, Λ(λ) takes a primitive fourth root of unity as a value if and only if a ≡ 2
(mod 4). Let σ1 be the element of Hℓ, that maps ζ4 to ζℓ4, as in Definition 4.16. In
particular, σ1 acts trivially on ζ4 if and only if ℓ /≡ 3 (mod 4). So assume that ℓ ≡ 3
(mod 4) and choose the element t1 as defined above, namely t1 = diag(−Ea

2 d0 ,Ea
2 d0)

Indeed t1 stabilizes Hd and since vt1 = v it also stabilizes Vd. In particular, given
any x0 ∈ Vd we have [t1, x0] ∈Hd. Specifically, for x ∈ Vd constructed above, we have:

t1xt1
−1 = −Ead0x = x3.

Thus
Λ0(λ)(x)t1 = Λ0(λ)(x2)Λ0(λ)(x) = Λ0(λ)(xt)σ1 .

Furthermore, we have

Λ0(λ)t1 ∣Vd,λ̃ = Λ0(λ)∣Vd,λ̃ = Λ0(λ)σ1 ∣Vd,λ̃
as [(Vd)λ̃, t1] = 1. This proves Λ0(λ)t1 = Λ0(λ)σ1 as Λ0(λ) is linear.
Now assume that λ′ is an irreducible character of Hd conjugate to λ via an element
x0 ∈ Vd. Since Λ0 is Vd-equivariant and [t, x0] =∶ h ∈Hd we have

Λ0(λ′)σ1t1 = Λ0(λx0)σ1t1 = ((Λ0(λ)h)σ1t1)x0 = Λ0(λ)x0 = Λ0(λ′).

Clearly, all characters λ ∈ Irr(Hd) are Ht1-invariant, so it remains to show that in
the case where d0 is odd, ℓ ≡ 3 mod 4 and 2 ∣ a, for any character λ0 ∈ Irr(Hd) that is
not Vd-conjugate to λ, the character Λ0(λ0) is Ht1-invariant. Indeed, the element t1
was chosen such that t1 ∈ H̃d and hence fixes every extension of λ̃0 to Ṽd,λ̃0

. Now, as
Vd,λ0 = Vd,λ̃0

we see that Λ0(λ0) is Hℓ-invariant. This concludes the statement.

Remark 6.10. In the previous chapter we showed that the global condition A(∞)Ht
is satisfied for an element t ∈ G̃ that induces an automorphism of type tℓ, as defined
in Definition 4.13. However, it is not immediately clear from the above statements
that t1 necessarily induces an automorphism of this type. In particular, t1 is not
generally vF -fixed. For example, consider the case ϵ = 1, ℓ = 3, p = q = 13 and n = 2.
Then we have

d0 = dℓ(p) = 1 and a = 2.
As d0 is odd and a is even, the previous proposition implies that the extension map Λ0
with respect to Hd�Vd is not Hℓ-equivariant and the action of σ1 on the characters
is given by conjugation by some t1 ∈ G̃. In this case [t1, vF ] = 1, det(t1) = −1 and t1
does not induce an inner automorphism of G. On the other hand, the automorphism
of type tℓ is trivial in this situation, since

( ℓ
p
) = ( 3

13) = 1.

This discrepancy occurs because the construction above does not depend on the in-
formation contained in q (mod 4). However we will see in Lemma 6.12 that t1 lies
in GvFZ(G̃vF ) (through suitable multiplication by an element in Z(G̃)) and this
redefined element t1 indeed induces an automorphism of type tℓ.
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For now, we turn to constructing an extension map with respect to L�N .

In order to construct such an extension map, we wish to apply our considerations
for building extension maps from smaller groups as seen in Lemma 2.6.
In particular, we will extend the characters to their inertia group in N ⋊ E. Note
that

[Vd,E] = 1 (6.4)
since Vd ≤ V is a subgroup of monomial matrices with entries ±1 and 0 and all ele-
ments are fixed by the standard Frobenius and the transpose-inverse endomorphism
γ0.

Lemma 6.11. Assume the Notation 6.3, p ≠ 2 and let t1 ∈ G̃ as in Definition 6.8.
Then there exists an extension map Λ with respect to L�N such that the following
holds:

a) Λ is N ⋊E-equivariant.
b) For each φ ∈ Irr(L) the character Λ(φ) has an extension φ̂ ∈ Irr((N ⋊ E)φ)

such that vF̂ ∈ ker(φ̂).
c) For all t ∈ L̃ and φ ∈ Irr(L), there exists a linear character νt ∈ Irr(Nφ) such

that Λ(φ)t = Λ(φ)νt and ker(νt) = Nφ̃, for an extension φ̃ of φ to ⟨L, t⟩.
d) Λ is Ht1-equivariant.

Proof. We begin by constructing an extension map Λ′ with respect to L�N⋊E/⟨vF̂ ⟩.
We pick some N ⋊ E-transversal in Irr(L) and let φ ∈ Irr(L) lie in it. As L is
abelian λ0 ∶= φ∣Hd is irreducible and by Proposition 6.9, there exists an extension
Λ0(λ0) ∈ Irr(Vd,λ0). As [Vd,E] = 1 we may extend Λ0(λ0) to an irreducible character
λ̂0 ∈ Irr(Vd,λ0 ×E). In particular, as E is abelian and 2d0 divides the order of F̂ , we
may choose the extension λ̂0 such that vF̂ ∈ ker(λ̂0). Since [Hd,E] = [Vd,E] = 1, we
have (Vd ⋊E)λ0 = Vd,λ0 ⋊E.
We apply Lemma 2.6 to this situation with

X ∶= L, Y =∶ N ⋊E, U ∶= Vd ⋊E, ψ ∶= φ and ψ0 ∶= λ0.

By Proposition 6.5, the group theoretic assumptions hold, so there exists a unique
extension φ̂ of φ to Irr((N ⋊E)φ) such that

φ̂∣(Vd⋊E)φ = λ̂0∣(Vd⋊E)φ .

Thus vF̂ ∈ ker(φ̂).
Let Λ′ be the extension map with respect to L�N ⋊E/⟨vF̂ ⟩ defined by the above
construction through N ⋊ E conjugation. Then we obtain a N ⋊ E-equivariant
extension map Λ with respect to L�N . This concludes the first two statements.
Condition c) is implied by Lemma 2.8. Since Λ0 is Ht1-equivariant, given t1 ∈ G̃
from Definition 6.8, the map Λ is Ht1-equivariant taking into account Lemma 2.7
and d) holds.

We recall the notation ( ℓq) for the Jacobi symbol from Definition 4.3 and denote
Ǧ ∶= L −1

vF (Z(G)). We now show that with our choice of t1, this element induces a
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diagonal automorphism of type tℓ on G and thus is consistent with the global case.
While the verification is straightforward in principle, it requires checking several
distinct cases, thus we give a detailed case-by-case proof.

Lemma 6.12. The element t1 ∈ G̃ from Proposition 6.9, induces a diagonal auto-
morphism of GvF of type tℓ.

Proof. In case p = 2, the element is trivial, hence the statement holds. Now assume
that p ≠ 2. Recall d0 ∣ n. An element t ∈ G̃Ǧ induces an automorphism of type tℓ
whenever the map π ∶ G̃Ǧ → C(n,q−ϵ) ∶= {x ∈ F×ϵq ∣ xn = 1}, from Lemma 4.12 sends t

to ( ℓq)
n(n−1)
(n,q−ϵ) . Recall that a is the integer such that n = ad0 and recall

t1 =
⎧⎪⎪⎨⎪⎪⎩

diag(−Ea
2 d0 ,Ea

2 d0) if 2 ∣ a, ℓ ≡ 3 (mod 4), 2 ∤ d0

diag(−1,1,−1, . . . ,1)
ℓ−1
d0 otherwise.

We show in particular, that det(t1) = ±1 and LvF (t1) ∈ Z(G), so the element t1 lies
in G̃Ǧ.
First assume that a is even, ℓ ≡ 3 (mod 4) and d0 is odd. Clearly,

[t1, vF ] = t1t−1
1 = En and det(t1) = (−1)a/2 = (−1)n/2.

Thus t1 ∈ G̃ and
π(t1) = (−1)

n
2 ⋅

q−ϵ
(n,q−ϵ) = (−1)

q−ϵ
2 ⋅

n
(n,q−ϵ) .

If the above case does not hold and (d0)2 < (ℓ−1)2, then t1 ∈ G and the automorphism
induced by t1 is an inner automorphism of G. So assume (d0)2 = (ℓ − 1)2. Then

[t1, vF ] = −En and det(t1) = (−1)
n
2 .

So t1 ∈ Ǧ whenever 4 ∣ n = ad0. In this case

π(t1) = (−1)
n

(n,q−ϵ) .

So assume 4 ∤ n = ad0. Hence, a is odd and (ℓ − 1)2 = (d0)2 = 2.
Remember that p is an odd prime. We write Cq−ϵ as defined in (4.4) and let ζ ∈ F×q ,
be an element of order 4. We write z for the diagonal matrix ζ ⋅En ∈ Z(G̃). Then
zt1 and t1 induce the same automorphism by conjugation and

[zt1, vF ] = −ζq−ϵ ⋅En and det(zt1) = −ζn = 1.

In case q ≡ ϵ (mod 4), ζq−ϵ = 1, so [zt1, vF ] = −En and we have det([zt1, vF ]) = 1
which shows zt1 ∈ Ǧ. Thus

π(t1) = π(zt1) = (−1)
n

(n,q−ϵ) .

If q ≡ −ϵ (mod 4), then ζq−ϵ = −1 so zt1 ∈ G̃ and has trivial image under π.
We gather the results about the various cases:

π(t1) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

(−1)
n
2 ⋅

q−ϵ
(n,q−ϵ) if ℓ ≡ 3 (mod 4), 2 ∤ d0, 2 ∣ n,

(−1)
n

(n,q−ϵ) if (d0)2 = (ℓ − 1)2, 4 ∣ n,
(−1)

n
(n,q−ϵ) if (d0)2 = (ℓ − 1)2 = 2, 4 ∤ n, q ≡ ϵ (mod 4),

1 else.
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By Lemma 4.8, the Jacobi symbol satisfies

( ℓ
q
) = −1⇔

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

(ℓ − 1)2 = (d0)2 ≥ 4,
(ℓ − 1)2 = (d0)2 = 2 and q ≡ ϵ (mod 4),
(ℓ − 1)2 = 2, (d0)2 = 1 and q ≡ −ϵ (mod 4).

A comparison between the two expressions may be verified by a straightforward
case-by-case check, which we leave to the reader. This leads to

π(t) = ( ℓ
q
)

n
(n,q−ϵ)

,

so t1 induces an automorphism of G of type tℓ.

Proposition 6.13. The element t1 as defined above, stabilizes L, N , Ñ and NGE(S).

Proof. The torus S consists of diagonal matrices. As t1 is a diagonal matrix as well,
t1 commutes with all elements of S. By definition L = CG(S) and N = NG(S). As
t1 induces an automorphism of G and [t1,E] = 1, the statement follows.

Remark 6.14. Let φ ∈ Irr(L) and let φ̂ be its extension to (N⋊E)φ, given by Lemma
6.11. We note that this extension is generally not invariant under the action of Ht1.
In particular, the character φ might by Hℓ-fixed, but the choice of extension can yield
values that are not Hℓ-fixed. Since [t1,E] = 1, this extension can therefore not be
Ht1-invariant either.
For instance, assume that we have the following situation

q = pm = 36, ℓ = 5, ϵ = 1.

Then d0 = dℓ(q) = 2 and by the above considerations the extension map Λ with respect
to L�N is Hℓ-equivariant. Let v ∈ Vd the element of order 2d0 = 4 as defined in
(6.1), then v2 = −En. Given any φ ∈ Irr(L) such that φ(v2) = −1, we obtain an
extension φ̂ ∈ Irr(N ⋊E)φ/⟨vF ⟩, such that φ̂(v) = ζ4, a primitive fourth root of unity
and

φ̂(F̂p) = ζ8,

is a primitive 8-th root of unity. Clearly, this character is not Hℓ-fixed and hence
not Ht1 fixed

As we have restricted our attention to the case where p is an odd prime, we now
consider the case p = 2. This situation is considerably simpler, since many of the
groups constructed above become trivial. In particular, the element t1 introduced
in the previous section is trivial when p is even, which suggests the triviality of the
action of σ1 in this case.

Lemma 6.15. Let p = 2, q = pm, ℓ an odd prime and otherwise assume the Notation
6.3. Let t1 as in Definition 6.8, equal to the trivial element. Then there exists an
extension map Λ with respect to L�N such that it satisfies properties a) − c) from
Lemma 6.12 and Λ is Ht1-equivariant.
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Proof. By considerations as in the proof of Proposition 6.5, we have N = LVd and
Hd = L∩Vd is trivial. As in the construction of Λ in Lemma 6.12, we need to consider
an extension map Λ0 with respect to Hd � Vd. As in the present setting, however,
the group Hd is trivial, so we may therefore choose the trivial extension map Λ0 with
respect to {1}� Vd, which is clearly Hℓ-equivariant. We can repeat the arguments
of Lemma 6.12, and obtain results a)- c). Since Λ0 is Hℓ-equivariant, so is Λ by
Lemma 2.7.

6.C Action on the relative Weyl Group
As established in Chapter 2 (see Lemma 2.10), the extension map Λ helps us to
parametrize the irreducible characters of N up to N -conjugation by pairs (φ, η),
where φ ∈ Irr(L) and η is an irreducible character of the relative Weyl group Wφ =
Nφ/L, with Wφ ≤Wd = N/L.

To describe the action of the Galois group Hℓ and the group Ht1 on Irr(N), it is
therefore necessary to determine how they act on the characters of Wφ.

Fortunately, in this setting, these groups have a very manageable structure, being
wreath products of wreath products. This allows us to extend characters systemat-
ically by repeatedly applying Proposition 2.19.

Lemma 6.16. Let φ ∈ Irr(L), φ̃ ∈ Irr(L̃ ∣ φ), Wd ∶= N/L, Wφ = Nφ/L and Wφ̃ =
Nφ̃/L. Let η0 be an irreducible character of Wφ̃. Let K ∶= NWd

(Wφ) ∩ NWd
(Wφ̃).

Then there exists a character η ∈ Irr(Wφ ∣ η0) such that the following holds:

(i) {ηw ∣ w ∈K} ∩ Irr(Wφ ∣ η0) = {η},

(ii) η extends to a character in Kη,

(iii) η has an extension to a character η̂ ∈ Irr(Kη ×E) such that vF̂ ∈ ker(η̂) and

(iv) η is Hℓ-invariant.

Remark 6.17. Note that t1 from Lemma 6.12 stabilizes Vd = ρ−1(Wd), commutes
with Wd, hence (iv) implies that the character η is Ht1-invariant.

Proof of Lemma 6.16. The first three conditions follow from [CS17, Lemma 5.12].
We will repeat this construction here in order to check for Hℓ-invariance afterwards.
Let η0 ∈ Irr(Wφ̃). By Lemma 6.5 we have Wd ≅ Cd0 ≀Sa. By Proposition 6.4, Lφ̃ is
isomorphic to a subgroup of

L̃ ≅ (Cqd0−ϵd0)a.
Thus, the action of Wd on Lφ̃ is given such that each factor Cd0 acts on one of
the factors Cqd0−ϵd0 and the elements of Sa permute the factors. So (after suitable
Wφ̃-conjugation) there exists some positive integer j ∈ N and

• a set {di}ji=1 of integers di ∣ d0,

• a set {ai}ji=1 of integers ai ∈ N with
j

∑
i=1
ai = a and

• a partition M1, . . . ,Mj of {1, . . . , a}, such that ai = ∣Mi∣,
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such that Wφ̃ is of the form

Wφ̃ ≅ ((Cd1)a1 × ⋅ ⋅ ⋅ × (Cdj)aj) ⋊ (SM1 × ⋅ ⋅ ⋅ ×SMj
)

≅ (Cd1 ≀SM1) × ⋅ ⋅ ⋅ × (Cdj ≀SMj
) ,

where SMi
is the symmetric group acting on the set Mi. We write Zi ∶= (Cdi)ai

and Z ∶= Z1 × ⋅ ⋅ ⋅ × Zj for the base groups and Ẑ ∶= (Cd0)a. We can identify each
of these base groups as a subgroup of Wφ̃ since Zi ≅ (Cdi) ≀ 1Sai

. We choose some
ν ∈ Irr(Z ∣ η0), which we write as ν = ν1 × ⋅ ⋅ ⋅ × νj for νi ∈ Irr(Zi). Each νi itself is the
product of ai linear characters of Cdi . Note that (SMi

)ν is a Young subgroup as in
Definition 2.15. Then

Si ∶= (SMi
)ν

is also a Young subgroup and by Lemma 2.17 we have

(Cdi ≀SMi
)ν = Cdi ≀ Si

We write S ∶= S1 × ⋅ ⋅ ⋅ × Sj and (Wφ̃)ν = (Cd1 × ⋅ ⋅ ⋅ × Cdj) ≀ S. By Proposition 2.19,
maximal extendibility holds in wreath products, for Xn

�X ≀ Y , hence there exists
an extension of ν to ν̃ ∈ Irr((Wφ̃)ν) and there exists a unique character κ ∈ Irr(S)
with extension κ̃ ∈ Irr((Wφ̃)ν) such that Z ⊂ ker(κ̃) and

η0 = IndWφ̃

(Wφ̃)ν(ν̃ κ̃).

For each di ∣ d0 we choose an extension map Πi ∶ Irr(Cdi) → Irr(Cd0). Let ν̂i ∈
Irr((Cd0)ai) be the extension of νi via Πi and write ν̂ = ν̂1 × . . . ν̂j ∈ Irr(Ẑ). The
group ẐWφ̃ is isomorphic to (Cd0 ≀SM1) × ⋅ ⋅ ⋅ × (Cd0 ≀SMj

) ≅ Cd0 ≀ (SM1 × ⋅ ⋅ ⋅ ×SMj
)

and Ẑ � ẐWφ̃. We write
Y ∶=SM1 × ⋅ ⋅ ⋅ ×SMj

for the Young subgroup that defines the wreath product ẐWφ̃ ≅ Cd0 ≀Y . The inertia
group of ν̂ in ẐWφ̃ is given by Cd0 ≀ S. So again by Proposition 2.19 there exists
an extension ψ of ν̂ to Irr(Cd0 ≀ S) such that S ∈ ker(ψ) and κ has an extension
κ̂ ∈ Irr(Cd0 ≀ S) such that Ẑ ≤ ker(κ̂). Now the character

η̂0 ∶= IndẐWφ̃

Cd0 ≀S
(ψ κ̂)

is irreducible and we have ResẐWφ̃

Wφ̃
(η̂0) = η0.

We define A ∶= {ai ∣ 1 ≤ i ≤ j} = {x1, . . . xr} the set of all possible sizes of symmetric
groups Saj and ci ∶= ∣{j ∣ ∣aj ∣ = xi}∣, as the integer that describes how often each
possible size occurs. Then we may denote by Y the Young group of the form
Sc1
x1 × ⋅ ⋅ ⋅ ×Scr

xr . In particular,

ẐWφ̃ ≅ (Cd0 ≀Sx1)c1 × ⋅ ⋅ ⋅ × (Cd0 ≀Sxr)cr .

For each 1 ≤ i ≤ r we write
η̊i ∈ Irr((Cd0 ≀Sxi)ci)

for the character we obtain from restricting η̂0 to the i-th factor, so that η̂0 = η̊1 ×
⋅ ⋅ ⋅ × η̊r.
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Set K̂ ∶= NWd
(ẐWφ̃). The action of the normalizer of Wd ≅ Cd0 ≀Sa is given such

that we may permute the factors Cd0 ≀Sxi of the same size by the action of Sci .
Thus, we have

K̂ ≅ (Cd0 ≀Sx1) ≀Sc1 × ⋅ ⋅ ⋅ × (Cd0 ≀Sxr) ≀Scr and

K̂η̂0 = ((Cd0 ≀Sx1) ≀Sc1)η̊1
× ⋅ ⋅ ⋅ × ((Cd0 ≀Sxr) ≀Scr)η̊r .

Once again Lemma 2.20 allows us to extend each factor η̊i to some
ϕi ∈ Irr(((Cd ≀Sxi) ≀Sci)η̊i) with Q(η̊i) = Q(ϕi) so we have an extension η̂0 to an
irreducible character ϕ1× . . . ϕr =∶ ϕ ∈ Irr(K̂η0). Now η̃0 ∶= ResK̂η̂0

(Wφ)η0
ϕ is an extension

of η0 and we set
η ∶= IndWφ

(Wφ)η0
η̃0 (6.5)

which is well-defined as Kη0 ≤ K̂η̂0 . We now check η for Hℓ-invariance.

Let Q(ζd0) denote the cyclotomic field containing the character fields of all irre-
ducible characters in Irr(Cdi) and Irr(Cd0), and hence of all characters in Irr(Ẑ).
By Lemma 2.20, the character fields of all irreducible characters of Wφ̃ and of
Irr((Cd0 ≀Sxi)ci) are contained in Q(ζd0). In particular, for each factor η̊i we have
Q(η̊i) ⊆ Q(ζd0). Since η̂0 = η̊1 × ⋅ ⋅ ⋅ × η̊r, it follows that

Q(η̂0) ⊆ Q(ζd0).

Applying Lemma 2.20 again to the characters ϕi ∈ Irr(((Cd ≀Sxi) ≀Sci)η̊i), we see
that

Q(ϕ) ⊆ Q(ϕ1, . . . , ϕr) ⊆ Q(η̊1, . . . , η̊r).

Finally, by Proposition 1.23, restriction and induction of characters preserves or
shrinks character fields. Hence, for η as defined in (6.5), we have

Q(η) ⊆ Q(ζd0).

Since ζd0 is Hℓ-invariant by Lemma 4.2, it follows that η is Hℓ-invariant as claimed
in (iv).

6.D Construction of the transversal
As established at the beginning of this chapter, our goal is to prove the existence of a
NGE(S)-stable Ñ -transversal in Irr(N) that is Ht1-stable and has certain extension
properties.
Since we have already determined the action of Ht1 on the characters of the relative
Weyl group, and established the existence of a suitable extension map Λ with respect
to L � N , we may now begin by constructing an appropriate parametrization of
Irr(N), following the considerations of Lemma 2.10.

Definition 6.18. Applying Lemma 2.10 to the extension map Λ with respect to
L◁N , we obtain a surjective map

Π ∶ {(φ, η) ∣ φ ∈ Irr(L), η ∈ Irr(Wφ)} Ð→ Irr(N),
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defined by
(φ, η) ↦ IndNNφ(Λ(φ)η).

By Lemma 6.11(c) together with Lemma 6.15, for an arbitrary φ ∈ Irr(L) and t ∈ L̃,
there exists a linear character νt ∈ Irr(Nφ) such that Λ(φ)t = Λ(φ)νt and ker(νt) =
Nφ̃, for some φ̃ ∈ Irr(⟨L, t⟩ ∣ φ). Note that since t ∈ L, Wd = N/L is fixed under the
action of t. Hence, Π(φ, η)t = Π(φ, ηνt) for every η ∈ Irr(Wφ). Furthermore, as Λ
is N ⋊ E- and Ht-equivariant by Lemmas 6.11 and 6.15, Π satisfies the following
equations for every n ∈ N , w = ρ(n) ∈Wd, e ∈ E and σ ∈ Ht ∶

Π(φ, η)n = Π(φn, ηw), Π(φ, η)e = Π(φe, ηe), Π(φ, η)σ = Π(φσ, ησ), (6.6)

for every φ ∈ Irr(L) and η ∈ Irr(Wφ), see Lemma 2.10.

In particular, given an extension φ̃ ∈ Irr(L̃ ∣ φ) and some η0 ∈ Irr(Wφ̃), the set

{Π(φ, η) ∣ η ∈ Irr(Wφ ∣ η0)}

forms an L̃-orbit in Irr(N). Since Ñ = NL̃, this defines an Ñ -orbit in Irr(N).

Now given any χ′ ∈ Irr(N) with

χ′ = Π(φ, η′), φ̃ ∈ Irr(L̃ ∣ φ) and η0 ∈ Irr(Wφ̃ ∣ η′),

we may apply Lemma 6.16 and choose η′′ ∈ Irr(Wφ ∣ η0) as defined therein and set
χ′′ ∶= Π(φ, η′′). By the above considerations, χ′′ and χ′ are Ñ -conjugate.

Let T be the Ñ -transversal in Irr(N) consisting of χ′′ ∈ Irr(N) such that χ′′ =
Π(φ, η′′) with φ ∈ Irr(L) and η′′ ∈ Irr(Wφ ∣ η0) as described above.

Note that we have chosen E = ⟨Fp, γ⟩ ≤ Aut(GF
2d0m
p ) such that NGvFE(S) = N ⋊E.

We write N̂ for this group going forward.

Let t1 be the element defined in Proposition 6.9. As t1 stabilizes Ñ and N̂ the
product ÑN̂ ⋊Ht1 is well-defined and ÑN̂ ⋊Ht1 defines a subgroup of Aut(G)N ×G
as a subset of the Galois automorphism and automorphisms of G stabilizing N .
Clearly, this group acts on Irr(N). The following proposition will allow us to obtain
an N̂ -stable and Ht-stable Ñ -transversal in Irr(N).

Proposition 6.19. Let T be a Ñ-transversal in Irr(N) as in Definition 6.18. Then
for every χ ∈ T the following holds:

a) (ÑN̂Ht1)χ = Ñχ(N̂Ht1)χ and (ÑN̂)χ = ÑχN̂χ.

b) χ extends to some χ̂ ∈ Irr(N ⋊Eχ) with vF̂ ∈ ker(χ̂).

Proof. We follow the proof of Lemma 5.13 in [CS17].

Let χ ∈ T, φ ∈ Irr(L) and η ∈ Irr(Wφ) with χ = Π(φ, η) and x ∈ (ÑN̂Ht)χ. As
L̃N = Ñ we may write x = g ⋅e ⋅σ ⋅ t for some t ∈ L̃, g ∈ N , e ∈ E and σ ∈ Ht1 . Without
loss of generality, we may assume that φx = φ by replacing x with some element in
xN .
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According to Lemma 6.11(c), given the character (φgeσ)t there exists some linear
character ν ∈ Irr(Wφgeσ) such that

Π(φgeσ, η)t = Π(φgeσ, ην).

Furthermore, Wφ̃ ≤ ker(ν) for any extension φ̃′ ∈ Irr(⟨L, t⟩ ∣ φgeσ). Recall the
equivariance properties of Λ as seen in Lemma 6.11, i.e., Λ is N̂ - andHt1-equivariant.
We also use the fact that η is Ht1-stable and stable under the action of L̃/L and E.
Recall that ρ is the natural epimorphism from N → N/L =Wd and write ρ(g) = w.
The character φ is invariant under conjugation with t ∈ L̃, as L ≤ L̃ and L̃ is abelian.
Using the Equations (6.6), this leads to

χx = Π(φ, η)x = Π(φ, η)geσt

= Π(φgeσ, ηwν).

As x is chosen such that φx = φ, this shows that φgeσ = φ and that x ∈ Nφ. Hence,
x also stabilizes η ∈ Irr(Nφ/L). Thus, the equality χx = χ implies

χx = Π(φx, ηwν) = Π(φ, η),

and therefore ηwν = η. Given

φ̃ ∈ Irr(L̃ ∣ φ) and η0 ∈ Irr(Wφ̃ ∣ η′)

we observe ηw = ην−1 ∈ Irr(Wφ ∣ η0). Let K ∶= NWd
(Wφ) ∩ NWd

(Wφ̃) be the group
from Lemma 6.16. If we show that w ∈K, we can conclude

η = ηw = ην,

as by definition of η we have {ηz ∣ z ∈ K} ∩ Irr(Wφ ∣ η0) = {η}. This would imply
χt = Π(φ, ην) = χ and thus t ∈ Ñ stabilizes χ. Hence

(ÑN̂Ht1)χ = Ñχ(N̂Ht1)χ. (6.7)

So it remains to show
w ∈ NWd

(Wφ) ∩NWd
(Wφ̃).

First we observe that φx = φ implies W x
φ =Wφx =Wφ. As t, σt and e all act trivially

on Wφ, we obtain W x
φ =Ww

φ =Wφ. Now take φ̃ an extension of φ to Irr(L̃). Then
φ̃g is also an extension of φ, thus there exists some linear character µ ∈ Irr(L̃) with
φ̃g = φ̃µ and L ≤ ker(µ). As [Ñ , L̃] ≤ L, µ is Ñ -invariant. As Wd = N/L, this implies
Wφ̃ =Wφ̃µ. Thus

Wφ̃ =Wφ̃µ =Wφ̃g = (Wφ̃)w

and hence w ∈ K. The equality (6.7) implies also (ÑN̂)χ = ÑχN̂χ, which finishes
the proof of the first statement, with χ = Π(φ, η).
We now verify the extension property for χ ∈ T. We set

I ∶= (N̂φ)Λ(φ)η.

Then we have
N̂χ = NN̂Λ(φ)η = (N̂φ)Λ(φ)ηN = IN.
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Let φ̂ ∈ Irr(N̂φ) be the extension of φ from Lemma 6.11 (b), with vF̂ ∈ ker(φ̂) and
η̂ ∈ Irr(Kη × E) the extension of η from Lemma 6.16 (iii) with vF̂ ∈ ker(η̂). Since
we have I/L = (N̂φ)Λ(φ)η/L ≤ Kη ×E, we may extend the character InflNφWφ

(η) to a
character η̂′ of I with vF̂ ∈ ker η̂′. Furthermore let φ̂′ = φ̂∣I . Now the character

χ̂ ∶= (φ̂′η̂′)N̂χ

is the desired extension of χ with vF̂ in its kernel.

This allows us to obtain a result mirroring Theorem 6.2 for the finite groups with
respect to the twisted Steinberg vF . Recall the group E generated by elements
acting as γ0 and Fp on G. As in Section 4.B, we define the group Ǧ =L −1

vF (Z(G)) ≤
G.

Proposition 6.20. Let G and G̃ be as in Theorem 6.2. Assume that d is a doubly
regular number for (G, F ) and let v and vF be the elements and E be the group from
Notation 6.3, acting on GvF as Fp and γ0. Let S be a Sylow d-torus of (G, vF ).
Then there exists some t1 ∈ G̃vFL −1

vF (Z(G)) such that the following holds:

• There exists a (GvF⋊E)S and Ht1-stable NG̃(S)vF -transversal M in Irr(NG(S)vF ).
• Each χ ∈ M extends to a character χ̂ of (GvF ⋊ E)S,χ such that
vF̂ ∈ ker(χ̃).

• t1 induces an automorphism of GvF of type tℓ and stabilizes NGvF (S) and
CGvF (S).

Proof. Let t1 be the element from Definition 6.8. By the observations of Lemma
6.12, t1 induces an automorphism of type tℓ. Furthermore, t1 stabilizes NGvF (S)
and CGvF (S) by Proposition 6.13.
Let T be the transversal from Proposition 6.19. In particular, this is a NG̃(S)vF -
transversal such that each χ ∈ T extends to some irreducible character χ̂ of

N̂χ = (GvF ⋊E)S,χ

with vF̂ ∈ ker(χ̂). If we apply Lemma 2.9 a) to the transversal T in the situation
above with

X = NG̃vF (S), Y = (GvF ⋊E)SHt1 and U = NGvF (S),

we obtain a NG̃vF (S)-transversal M, that is (GvF ⋊ E)SHt1-stable. Clearly, it is
stable with regard to the action of (GvF ⋊E)S and Ht1 . Finally by the construction,
each element of M is of the form φeσ, for some φ ∈ T and eσ ∈ N̂Ht1 . By the
definition of T, φ has the desired extension, and so does φeσ.

6.E From the twisted group to the non-twisted
In the previous section we have replaced the groups NGF ′(S) and CGF ′(S) from
Theorem 6.2 with isomorphic groups NGvF (S) and CGvF (S) for a certain modified
endomorphism F and some element v ∈ G. Furthermore, instead of extending to
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the automorphism group E(GF ′), generated by the graph and field automorphism
of GF ′ as in Definition 3.18, we have constructed extensions to subgroups of G⋊E,
where E = E(GF

2d0m
p ) is generated by the transpose inverse γ0 and an element acting

as Fp.

As the groups in question are isomorphic, it is clear that the statement of Proposition
6.20 should still hold for the original statement. Indeed, we will see why the condition
vF̂ to be in the kernel of the extension χ ∈ Irr(NG(S)vF ) to N̂χ has been added.
First we present a technical statement, in order to define a suitable bijection between
the two constructions.

Proposition 6.21. [Spä25, Proposition 4.6] Let H be an linear algebraic group
and let E(H) be an abelian group of abstract automorphisms of H with F ∈ E(H)
inducing a Frobenius endomorphism on H and v ∈H. Let g ∈H with v = g−1F (g).

a) vF ∈H ⋊E(H) and the map ι ∶H ⋊E(H) →H ⋊E(H) with x ↦ xg, satisfies
ι(HF ) =HvF .

b) If τ ∈ E(H), with τ(v) = v, then ι(τ) ∈HvF τ ≤HvF ⋊E(H) and ι−1(τ) ∈HF τ .

c) Let e ≥ 1 an integer, such that g ∈ HF e and let E(HF e) ≤ Aut(HF e) be the
group of automorphisms obtained by restricting E(H) to HF e. Then ι induces
an automorphism of HF e ⋊E(HF e).

Proof. We remind the reader of the convention to write vF for the automorphism
int(v) ○ F , where v acts on H by conjugation. We also regard all of the following,
as elements in the semidirect product H ⋊E(H). Hence, we see that

ι(F ) = g−1Fg = g−1F (g)F = vF ∈H ⋊E(H)

and therefore F (g) = gv. Given any x ∈HF we see that

vF (ι(x)) = vF (g−1xg)v−1 = g−1F (g)F (g−1)F (x)F (g)F (g−1)g = g−1xg,

and hence ι(HF ) =HvF , which gives a).
For b) we consider the element ι−1(τ) = τ g−1 = gτg−1 = gτ(g−1)τ and calculate
τ−1τ g

−1 = τ−1(g)g−1τ−1τ = τ−1(g)g−1 ∈H. We compute the element

F (τ−1τ g
−1) = τ−1(F (g))τF (g)−1 = τ−1gvτv−1g−1 = τ−1gvτ(v)−1τg−1 = τ−1gτg−1.

where we have used that τ and F commute with each other, as E(H) is abelian.
Thus ι−1(τ) ∈HF τ , and applying a) gives us τ ∈HvF ι(τ).
If e is such an integer, then clearly ι induces an inner automorphism on HF e and
thus on HF e ⋊E(HF e) and c) follows.

Recall that the Steinberg endomorphism F ′ ∶G →G from Notation 3.15 is defined
by γ 1−ϵ

2 Fq, where γ ∶= int(v0) ○ γ0.

Proposition 6.22. Let G and G̃ as before and let E(G) be the subgroup of abstract
group automorphisms of G generated by Fp and γ0. There exists some g ∈ G such
that conjugation with g defines maps

ι ∶GvF ⋊E(G) →GF ′ ⋊E(G) and
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ι′ ∶ G̃vF ⋊E(G) → G̃F ′ ⋊E(G),
such that ι(vF ) = ι′(vF ) = F ′. Furthermore, ι induces an isomorphism

τ ∶GvF ⋊E(GF
2d0m
p )/⟨vF ⟩ →GF ′ ⋊E(GF ′),

that maps G̃F to G̃vF .

Proof. First let ϵ = 1. In particular, F = F ′ in this case. By the Theorem of Lang-
Steinberg 3.12 there exists some g ∈G such that gF (g)−1 = v. We remind the reader
that the element Fp in E has order dividing 2d0m, with p = qm and by definition of
F = γ

1−ϵ
2

0 Fq, we have F 2d0 = F 2d0
q = F 2d0m

p . Thus

gF 2d0(g−1) = gF (g)F (g−1)F 2d0(g−1) = v(F 2d0−1(g−1)) = ⋅ ⋅ ⋅ = v2d0 = 1

since [v,F ] = 1 and ord(v) ∣ 2d0, so g ∈ GF 2d0 = GF
2d0m
p . Finally γ0 and Fp both fix

v, so we may apply Proposition 6.21 to this situation in regard to G and G̃ and
obtain the maps

ι ∶GvF ⋊E(G) →GF ⋊E(G),
ι′ ∶ G̃vF ⋊E(G) → G̃F ⋊E(G).

Note that the group E as defined in the beginning of this chapter is just E(GF
2d0m
p ).

Thus, the existence of the epimorphism

ε ∶GF ⋊E(GF 2d0) →GF ⋊E(GF )

with ker(ε) = ⟨F̂ ⟩ is clear and thereby ε and ι induce the desired isomorphism via
Proposition 6.21 c) and

GF ⋊E →GF ⋊E(G)/⟨F ⟩ →GvF ⋊E(G)/⟨vF ⟩.

In case ϵ = −1, we have F ′ = int(v0) ○F by Notation 3.15 and we may apply Propo-
sition 6.21 again, to obtain the desired maps.

The image of these isomorphisms with regard to the normalizers of Sylow d-tori
together with Proposition 6.20 now finishes the proof of Theorem 6.2.

Proof of Theorem 6.2. By Proposition 6.20, given a Sylow d-torus S of (G, vF )
there exists some t1 ∈ G̃Ǧ stabilizing S such that the following holds:

(i) There exists a N̂ and Ht-stable Ñ -transversal T in Irr(N).
(ii) Each χ ∈ T extends to a character χ̂ of N̂χ such that vF ∈ ker(χ̂).
(iii) t1 induces an automorphism of type tℓ on G.

Let ι ∶ GvF ⋊E(G) → GF ′ ⋊E(G) be the map from the previous proposition. We
write

N ′ ∶= ι(N), Ñ ′ ∶= ι(Ñ) and S0 ∶= ι(S) = Sg.
By definition S0 is a Sylow d-torus of (G, F ) and we have N ′ ∶= NGF ′(S0) and
Ñ ′ = NG̃F ′(S0). We have N̂ = NGE(S) and thus ι(N̂/⟨vF ⟩) = NGF ′E(S0) =∶ N̂ ′. For
the element t1 from Lemma 6.12, we have

LF ′(ι(t1)) =LvF (t1) ∈ {±En} and det(ι(t1)) = det(t1).
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and thus the element t′ = ι(t1) stabilizes S0 and induces an automorphism of type
tℓ(GF ′) of GF ′ . The action of Ht1 on characters of t1-stable subgroups of GvF

translates naturally via ι to the action of Ht′ . In particular, we may regard ι(Ht) as
the group Ht′ . The set T′ ∶= ι(T) is a N̂ ′ and Ht′-stable Ñ ′-transversal in Irr(N ′).
Let χ ∈ T′ and χ0 ∈ T, such that ι(χ0) = χ. By the above assumptions χ0 extends to
its stabilizer in N̂ = NGvFE(S) with vF in its kernel or equivalently to (N̂/⟨vF ⟩)χ.
Thus, via the isomorphism τ from Proposition 6.22, χ extends to its stabilizer in
N̂ ′NG(S0)F ′ .

Lemma 6.23. Assume the situation of Theorem 6.2. There exists t ∈ G̃Ǧ stabilizing
ι(L) and ι(N) and inducing an automorphism of type tℓ on G, such that there exists
an Ht-equivariant extension map Λ′ with respect to CG(S0)F ′ �NG(S0)F ′

Proof. Let ι be the map from Proposition 6.22

ι ∶GvF ⋊E(G) →GF ′ ⋊E(G),

such that ι(L) = CG(S0)F ′ =∶ L′ and ι(N) = NG(S0)F ′ =∶ N ′. By Lemma 6.11,
there exists some extension map Λ with respect to L�N , which translates to an
extension map Λ′ with respect to L′ � N ′. By Lemma 6.12, there exists some
t1 ∈ G̃vFL −1

vF (Z(G)) inducing an automorphism of type tℓ on GvF . As in the proof
of Theorem 6.2, t ∶= ι(t1) is an element in G̃Ǧ with the desired properties. As Λ
is Ht1-equivariant, Λ′ is Ht-equivariant, as equivariance of Galois automorphisms
clearly translates via isomorphisms.

Theorem 6.24. Let ℓ be an odd prime and d = dℓ(q) and assume d ∣ n. Let S0 be a
Sylow d-torus of (G, F ′). Then condition B(d)Hℓ holds for GF ′ and the prime ℓ.

Proof. We need to show that there exists a Lin(Ñ/N) × Hℓ-equivariant extension
map Λ̃ with respect to L̃ ∶= C̃G̃(S0)�NG̃(S0) =∶ Ñ . We apply Lemma 2.12 with

X ∶= L̃� Ñ =∶ Y, U ∶= N

We observe that the group theoretic properties are satisfied as L̃N = Ñ , L̃ ∩N = L
and Ñ/N = L̃/L is cyclic. Thus maximal extendibility holds with respect to L� L̃
and by Lemma 6.23 there exists a Ht-equivariant extension map with respect to
L � N . Then Proposition 2.12 shows that there exists an Lin(Ñ/N)-equivariant
extension map Λ̃ with respect to L̃ � Ñ . As t stabilizes S0, t induces an inner
automorphism of Ñ , and as Λ̃ is Ñ -equivariant, Hℓ-equivariance follows.
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7. Local conditions in type A

In the previous two chapters, we verified the global condition A(∞)Ht2 as well as
the local conditions A(d)Ht1 and B(d)Hℓ in the case where the integer d is doubly
regular for (G, F ). Note that in the local condition i.e., Theorem 6.2, that t1 ∈
G̃L −1(Z(G)), whereas t2 ∈ G̃, in Theorem 5.13. Using the considerations in Section
5.A, we compare the outer automorphisms of GF induced by t1 and t2.
When studying the structure of the normalizer and centralizer of a Sylow d-torus in
the general case, we find that their structure resembles that of block matrices. One
block corresponds to the normalizer and centralizer of a Sylow d-torus in the doubly
regular case, while the other corresponds to SLm(ϵq), with m ≤ d, i.e., the global
case. Hence, to finish the local condition in the general case, we may combine the
two previous results.
In this chapter, we will first examine the structure of the normalizer and centralizer
of some d-torus. We then construct an outer automorphism of GF by combining the
elements t1 from the doubly-regular case and t2 from the global case. Following this,
we define a new transversal and verify the remaining inductive condition. Finally,
we get conditions A(d)Ht and B(d)Hℓ for groups of type A.

7.A Notation
Let p and ℓ be distinct primes with ℓ odd, ϵ ∈ {±1} and let m be a positive integer
such that q = pm and let n = n1 +n2 with n1, n2 ≥ 0. Set G = SLn(Fp), G̃ = GLn(Fp).
Let γ0 denote the transpose-inverse automorphism of G and let Fp be the standard
Frobenius endomorphism. Define F ∶= γ

1−ϵ
2

0 Fm
p such that GF = SLn(ϵq) and G̃F =

GLn(ϵq).
Let T̃ be the set of diagonal matrices in G̃ and define T =G ∩ T̃.
We write K̃ = K̃n1,n2 ≅ GLn1(Fp) × GLn2(Fp) for the subgroup of G̃ given by the
block matrices in GLn1(Fp) and GLn2(Fp). Let G̃i denote the direct factors of K̃,
so that G̃i ≅ GLni(Fp). Let K ∶= K̃ ∩G and Gi ∶= K ∩ G̃i. For the finite groups
we similarly define K̃ ∶= K̃F and K ∶= KF . Note that F stabilizes Gi and G̃i, so
G̃i = G̃F

i and Gi ∶=GF
i are well-defined. We recall the notation diag(x1, . . . , xn) for

the block-diagonal matrix with xi’s on the diagonal.
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Proposition 7.1. We have G1 ×G2�K � K̃ = G̃1 × G̃2 and K/(G1 ×G2) is cyclic.

Proof. Let x ∈ K̃, with x = diag(x1, x2) for x1 ∈ G̃1 and x2 ∈ G̃2. Then clearly
F (x) = diag(F (x1), F (x2)). Hence, K̃ = K̃F = (G̃1 × G̃2)F = G̃F

1 × G̃F
2 = G̃1 × G̃2.

As K = {x ∈ K̃ ∣ det(x) = 1} is the kernel of det ∶ G̃ → G̃, we have KF
� K̃F .

Similarly G1 ×G2 is the kernel of the map

det1 ∶K →K, det1(x1, x2) = det(x1).

Hence, both quotients are isomorphic to the cyclic group F×ϵq ≅ Cq−ϵ.

Let d ∶= dℓ(q), d0 ∶= dℓ(ϵq), and assume d0 ∣ n1 so n1 = ad0 for some positive integer
a. Let S be a Sylow d-torus of (G1, F ). Then S is a d-torus of (G, F ), though it is
only a Sylow d-torus of (G, F ) if d0 > n2 by the considerations in Chapter 3.
We set

N1 ∶= NG1(S), Ñ1 ∶= NG̃1
(S), N ∶= NG(S) and Ñ ∶= NG̃(S).

We introduce the notation E(Gi) for the subgroups of Aut(G̃i) generated by Fp,
notated as F (i)p and the automorphism γi induced by the action of the transpose
inverse γ0 on G̃. Then we let E(G1) ×E(G2) act on K̃ and the automorphisms of
K̃ induced by γ0 and Fp. They can be identified with γ1 × γ2 and F

(1)
p × F (2)p . This

implies
(G̃1 × G̃2) ⋊ (E(G1) ×E(G2)) ≥ (G̃1 × G̃2) ⋊E(G).

However given x = diag(x1, x2), we have det(F (1)p (x1)× idG2(x2)) = det(x1)p det(x2),
hence the action of E(G1) ×E(G2) does not stabilize K but G1 ×G2. Accordingly
the group

(G1 ×G2) ⋊ (E(G1) ×E(G2))
is well-defined and for N̂ ○1 ∶= NG1⋊E(G)(S) and Ĝi ∶= Gi ⋊E(Gi) we have

N(G1×G2)⋊(E(G1)×E(G2))(S) = N̂ ○1 × Ĝ2 ≥ N(G1×G2)⋊E(G)(S) =∶ N̂ ○.

We remind the reader of the definition of an automorphism of type tℓ from Definition
4.13.

Proposition 7.2. Let t1 ∈ GLn1(ϵq), t2 ∈ GLn2(ϵq), be two elements such that t1 and
t2 induce the automorphisms of type tℓ on G1 and G2 respectively, then there exists
some t ∈ GLn(ϵq) that induces an automorphism of type tℓ on G and such that t acts
on G1 as t1 and G2 as t2.

Proof. We remind the reader of the group C(n,q−ϵ) and δℓ ∈ F
×
q as in Section 4.B. By

Lemma 4.14 we can assume that ti ∈ GLni(ϵq) with det(ti) = δ
ni(ni−1)

2
ℓ as this induces

an automorphism of type tℓ,ni,q,ϵ.We write t ∶= diag(t1, δn1
ℓ t2). Then

det(t) = δn1n2
ℓ det(t1)det(t2) = δ

2n1n2+n1(n1−1)+n2(n2−1)
2

ℓ = δ
n1n2(n1n2−1)

2
ℓ

Hence, t induces an automorphism of type tℓ and acts as t1 on G1 and t2 on G2.

Lemma 7.3. Let Ñ1 ∶= NG̃1
(S), N̂1 ∶= NG1⋊E(G1)(S) and Ĝ2 ∶= G2 ⋊E(G2).
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a) N1 ×G2 �N ∶= NG(S) with cyclic quotient N/(N1 ×G2).
b) There exists a N̂1-stable Ñ1-transversal T1 in Irr(N1), such that each χ ∈ T1

extends to (N̂1)χ.

c) There exists a Ĝ2-stable G̃2-transversal T2 in Irr(G2), such that each χ ∈ T2
extends to (Ĝ2)χ.

d) There exists some t ∈ G̃ stabilizing G1, G2 and K and fixing S, such that T1
and T2 are both Ht-stable and t induces the outer automorphism of type tℓ on
G.

Proof. As G1 ×G2 �K with cyclic quotient, a) follows.
Since S is a Sylow d-torus for (G1, F ) and d is a doubly regular number for (G1, F ),
because of d0 ∣ n1, we obtain a N̂1-stable Ñ1-transversal T1 in Irr(N1) from Theorem
6.2. So we get b).
For c) we apply Theorem 5.13 in the case where n2 > 1. In particular, there exists
some E(G2)-stable transversal T2 in Irr(G2) such that each χ ∈ T2 extends to its
stabilizer in G2E(G2) = Ĝ2. In case n2 = 1 we have G2 = 1 and the statement is
trivial.
For d) we observe that Theorem 6.2 shows the existence of some t′1 ∈ G̃1, fixing S,
such that T′1 is Ht′1-stable and t′1 induces the outer automorphism of type tℓ on G1.
By Lemma 4.14, we may choose some t̃1 ∈ G̃F

1 such that t̃1 induces the same outer
automorphism as t′1. Let t̃2 be the element in G̃2 from Theorem 5.13 such that T2
is Ht̃2-stable and t̃2 induces the outer automorphism of type tℓ on G2. Then by
Proposition 7.2 there exists an element t ∈ G̃1 × G̃2 ≤ G̃, that acts as t̃i on Gi and
such that t induces the outer automorphism of type tℓ on G as stated. As t̃2 clearly
fixes S and t = diag(t̃1, δt̃2), for some δ ∈ Cq−ϵ, t fixes S.

Lemma 7.4. Let N̂ ○ ∶= N(G1×G2)⋊E(G)(S) and T1, T2 be the transversals defined in
Lemma 7.3. Then the following holds:

a) N̂ = NN̂ ○.
b) Every ϕ ∈ T1 ×T2 satisfies N̂ϕ = NϕN̂ ○ϕ and extends to its stabilizer in N̂ ○.

Proof. As F and γ0 stabilize G1 ×G2 we have E(G) ≤ Aut(G1 ×G2). Furthermore,
S is a Sylow d-torus of (G1, F ) and E(G) stabilizes G1. Hence, as all Sylow d-tori
of (G1, F ) are conjugate, given any e ∈ E(G), there exists some h ∈ G1 such that
he ∈ N(G1×G2)E(G)(S). Now given any g ⋅ e ∈ NGE(S), we have ge = (gh−1)(he) ∈
NG(S)N(G1×G2)E(G)(S) hence the first statement follows.

For b), we let ϕ = ϕ1 × ϕ2 ∈ T1 × T2. Now by definition of T1, ϕ1 extends to
NG1⋊E(G1)(S)ϕ1 =∶ N̂1,ϕ1 and ϕ2 extends to (G2 ⋊E(G2))ϕ2 . So ϕ extends to

N̂1,ϕ1 × (G2 ⋊E(G2))ϕ2 = (N̂1 × (G2 ⋊E(G2)))ϕ.

As N̂ ○ ≤ N̂1 × (G2 ⋊E(G2)) the statement follows.

We note that this statement does not assume S to be a Sylow d-torus of (G, F ) and
describes the stabilizers of characters of normalizers of more general d-tori.
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7.B Main results
We are now able to show that the conditions A(d)Ht and B(d)Hℓ from Definition
4.24, hold for groups of type A.

Theorem 7.5. Let N ∶= NG(S), Ñ ∶= NG̃(S) and N̂ ∶= NG⋊E(G)(S). Then there
exists some N̂-stable Ñ-transversal T in Irr(N) such that T is Ht-stable for some
t ∈ G̃ inducing an automorphism of G of type tℓ. Furthermore, each χ ∈ T extends
to its stabilizer in N̂ .

Proof. We use that the groups N , Ñ and N̂ are contained in K, K̃ and K ⋊E(G),
respectively. Let T1, T2 and t ∈ G̃ be as in Lemma 7.3. As T1 is a Ñ1-transversal in
Irr(N1) and T2 a G̃2-transversal in Irr(G2), the set T1 ×T2 is a Ñ1 × G̃2-transversal
in Irr(N1 ×G2) as [G̃1, G̃2] = 1. Since Ñ1 × G̃2 = Ñ , T1 × T2 is a Ñ -transversal in
Irr(N1 ×G2). We set

T ∶= Irr(N ∣ T1 ×T2).
Given χ′ ∈ Irr(N), there exists a Ñ1 × G̃2-conjugate χ of χ′ such that there exists
some character χ0 in the set

Irr(N1 ×G2 ∣ χ) ∩ (T1 ×T2) ≠ ∅

as N1 ×G2�N and by the properties of T1 ×T2. In particular, χ ∈ T and T contains
a Ñ -transversal of Irr(N).
Let χ,χ′ ∈ T be two Ñ -conjugate characters in T. Then there exists some χ0 ∈ T1×T2,
such that χ ∈ Irr(N ∣ χ0) and χ′ ∈ Irr(N ∣ χ0). Hence, χ and χ′ are Ñχ0-conjugate.
As the quotients Ñ1/N1 and G̃2/G2 are cyclic, maximal extendibility holds with
respect to N1 ×G2� Ñ1 × G̃2 = Ñ and by Proposition 2.11, there exist extensions χ̃0
, χ̃′0 of χ0 to Nχ0 such that

(χ̃0)N = χ and (χ̃′0)N = χ′.

However, we see that χ0 also extends to Ñχ0 . This implies that χ and χ′ are Ñχ0-
invariant. Hence, χ = χ′ and T is a Ñ -transversal in Irr(N).
By Lemma 7.3 both T1 and T2 are Ht-stable and t stabilizes S and N , thus T is
Ht-stable.
By definition of the transversals, T1 × T2 is N̂1 × Ĝ2-stable. The automorphisms of
Gi induced by the groups E(G) and E(Gi) coincide for i = 1,2 and thus T1 ×T2 is
N̂ ○-stable, where N̂ ○ = N(G1×G2)⋊E(G)(S). As by Lemma 7.4, N̂ = N̂ ○N , the set T is
N̂ -stable.
For the extendibility statement, let χ ∈ T and χ0 ∈ T1×T2, such that χ ∈ Irr(N ∣ χ0).
Again by Proposition 2.11, there exists some extension χ̃0 of χ0 to Nχ0 such that
(χ̃0)N = χ. By Lemma 7.4 b), χ0 extends to N̂ ○χ0 . We may apply Lemma 2.6 to the
situation

X ∶= Nχ0 � Y ∶= N̂ ○Nχ0 , U ∶= N̂ ○, ψ ∶= χ̃0, ψ0 ∶= χ0.

So χ̃0 extends to some irreducible character χ̂0 of N̂ ○χ̃0
Nχ0 = N̂χ̃0 , see also Lemma

7.3 b). Thus (χ̂0)N̂χ is irreducible and is the sought after extension of χ.

Corollary 7.6. Let ℓ be an odd prime and (G, F ) be as in Definition 3.15 such that
GF = SLn(ϵq). Let d = dℓ(q) and t ∈ G̃ from Lemma 7.3 d), that induces the outer
automorphism of type tℓ on G. Then condition A(d)Ht holds for GF and the prime
ℓ.
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Proof. In case d is doubly regular for (G, F ), this follows from Theorem 6.2. Oth-
erwise, let n1 ∶= ⌊ nd0

⌋d0 for d0 = dℓ(ϵq) and n2 = n − n1. Let G1 and G2 be defined as
in the beginning of Section 7.A. Let S be a Sylow d-torus of (G1, F ). By Proposi-
tion 3.31, S is also a Sylow d-torus of (G, F ). Thus, the conditions are satisfied by
Theorem 7.5.

Theorem 7.7. Let L ∶= CG(S), L̃ ∶= CG̃(S), Ñ ∶= NG̃(S), and N̂ ∶= NGE(G)(S).
Then there exists an extension map Λ̃ with respect to L̃�Ñ such that Λ̃ is Irr(Ñ/N)⋊
N̂Ñ and Hℓ-equivariant.

Proof. Let T1 ∶= CG1(S). We wish to apply Lemma 2.12 to the following groups.

X ∶= L̃� Ñ =∶ Y, U ∶= N1 ×G2 and X0 = L̃ ∩ (N1 ×G2) = T1 ×G2.

We observe that the group theoretic assumptions T1 × G2 � L̃, T1 × G2 � N1 × G2
and L̃(N1 ×G2) = Ñ are satisfied and the quotients L̃/(T1 ×G2) ≅ Ñ/(N1 ×G2) are
abelian.
As maximal extendibility holds with respect to T1�CG̃1

(S) and G2�G̃2, because of
the cyclic quotients, we obtain maximal extendibility with respect to T1 ×G2 � L̃ ≅
CG̃1
(S) × G̃2. Given the G̃2-transversal T2 in Irr(G2) of Lemma 7.3 c), the set

Irr(T1) × T2 forms a N1 ×G2-stable L̃-transversal in Irr(T1 ×G2), since T1 ≤ Z(L̃).
From the doubly regular case, by Lemma 6.23, there exists an extension map Λ1 with
respect to T1�N1. We define Λ as the extension map with respect to T1×G2�N1×G2
via

λ1 × ϕ2 ↦ Λ1(λ1) × ϕ2.

Thus, all conditions of Lemma 2.12 are satisfied and by a) there exists a Ñ -equivariant
extension map Λ̃ with respect to L̃� Ñ . By Lemma 2.12 b) Λ̃ is Lin(Ñ/(N1 ×G2))-
equivariant. Clearly, this also implies Lin(Ñ/N)-equivariance.
The action of N̂ on Ñ stabilizes L̃ and N1 ×G2. By definition of T2, the transver-
sal Irr(T1) × T2 is N̂1 × Ĝ2-stable. Once again the automorphisms of Gi induced
by the groups E(G) and E(Gi) coincide for i = 1,2 and thus Irr(T1) × T2 is
N̂ ○ = N(G1×G2)⋊E(G)(S)-stable. As Λ1 is N̂1-equivariant, Λ is N̂ ○-equivariant, so
by Lemma 2.12c) Λ̃ is N̂ ○-equivariant as well. So Λ̃ is N̂ ○Ñ = N̂Ñ -equivariant.
Let t ∈ G̃ be the element from Theorem 6.2, that stabilizes S. Hence, t lies
in Aut(Y )X,U and Irr(T1) × T2 is Ht-stable by definition. Furthermore, Λ is Ht-
equivariant and so is Λ̃ by Lemma 2.12 d). As t ∈ Ñ and Λ̃ is Ñ -equivariant already,
we obtain Hℓ-equivariance of Λ̃ which finishes the proof.

Corollary 7.8. Let ℓ be an odd prime and (G, F ) be as in Definition 3.15 such that
GF = SLn(ϵq). Let d = dℓ(q). Then condition B(d)Hℓ holds for GF and the prime
ℓ.

Proof. In case d is doubly regular for (G, F ), this follows from Theorem 6.24. Again,
let n1 ∶= ⌊ nd0

⌋d0 for d0 = dℓ(ϵq) and n2 = n − n1 and let S be the Sylow d-torus of
(G1, F ), then by Theorem 6.2, there exists an Ñ × Hℓ-equivariant extension map
Λ̃ with respect to L̃◁ Ñ , which fulfils the properties needed. The existence of an
extension map with respect to N � Ñ follows from Lemma 2.2.
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As established in Theorem 4.26, proven in [RSST25, Section 3], if conditions A(∞)Ht ,
A(d)Ht and B(d)Hℓ hold for some t ∈ G̃, there exists an Aut(G)N × Hℓ-equivariant
bijection

Ω ∶ Irrℓ′(G)
∼Ð→ Irrℓ′(N).

Consequently, the equivariance condition (Eq)Hℓ of the inductive conditions holds,
leading to the following Theorem.

Theorem 7.9. Let ℓ be an odd prime. The quasi-simple groups SLn(q) and SUn(q)
satisfy the Equivariance condition (Eq)Hℓ from the inductive Galois–McKay condi-
tions.

Proof. By Corollary 7.8, condition B(d)Hℓ holds for SLn(q) and SUn(q). Further-
more, Theorem 5.10 and Corollary 7.6 ensure that conditions A(∞)Ht∞ and A(d)Htd
hold for elements t∞, td ∈ G̃, each inducing an outer automorphism of type tℓ. Since
an outer automorphism of type tℓ is determined solely by the arithmetic properties
of SLn(ϵq), being either trivial or the unique outer diagonal automorphism of order
2, it follows that t∞t−1

d ∈ G. Consequently, both A(∞)Ht and A(d)Ht hold for the
choice t = t∞ or t = td.
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