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Introduction

Stiickeschreiben ist wie Schach: Bei der
Erdffnung ist man frei; dann bekommt die
Partie ihre eigene Logik.

— Friedrich Diirrenmatt

The theory of using linear operators to study dynamical systems has a long history
dating back to the early 1930s when Koopman and von Neumann introduced what are
now known as Koopman operators in [Koo31] and [KN32]. In their original papers,
they considered time-continuous Hamiltonian dynamics (), on a subset Q C RY,
which is invertible and volume-preserving. They noticed that by composition with
functions in L2(£2, B(2), A\g), where A4 denotes the d-dimensional Lebesgue measure,
the resulting semigroup

Ty, : L2, B(Q), A\a) — L2(Q, B(Q), \a),
f= foup

becomes a strongly continuous group of unitary operators. This allowed them to
apply spectral theory to study properties of the underlying dynamical system.

Since then, Koopman operators have been used extensively in ergodic the-
ory [EFHN15], and have gained popularity as tools in the numerical analysis
of dynamical systems [MMS20]. In this thesis, we will provide an overview of both
a functional-analytic treatment of dynamical systems via Koopman operators and
their applications in data-driven approximation methods. We will always assume
that time is discrete, so we consider maps ¢: Q — €2 instead of flows (y¢),cp. Let
us discuss the types of dynamical systems that we will encounter throughout this
thesis.

Continuous and Measure-Preserving Maps

It is a common problem in applied mathematics to encounter initial value problems
of the form

@(t) = F(x(t), (0) =o€,

where Q is some differential manifold, often just an open subset of R?, and F: Q —
TS is a vector field on 2 that maps into the tangent bundle T of . If well-
posed, this initial value problem generates a flow (¢¢),cr on €2, namely a mapping
w: R x Q — Q such that g = idg and @5 = ¢ 0 s for all £, s € R. It is exactly
these types of problems that we are interested in studying and approximating.



A first step of approximation is that of a discretization in time. Instead of considering
the full flow (¢¢),cg, we will fix a sample time 7 > 0, which can be arbitrarily small,
and only consider the time-7 map ¢, : 2 — €. For notational convenience, we denote
this map by ¢. An approximation of the full flow (y;),.r can then be obtained by
the family (¢"),,cy, of iterates of o, which coincide with the original flow for all
times t = n1, as " = @, holds for all n € Ng.

Although maps of the form ¢: Q0 — Q arise naturally from initial value problems,
we will not restrict ourselves to time-discretizations of flows. In fact, most examples
that we consider are not time-discretizations. Instead, we will consider maps ¢ on a
set €2 for their own sake. Two important classes of such maps are topological and
measure-preserving maps.

In topological dynamics, we assume that 2 carries a topology and that ¢ is continuous
with respect to this topology. In the time-discretized case, this is usually the case,
as for many problems the flow (¢;),.r depends continuously on the initial value xq.
The treatment of topological dynamical systems classically focuses on spaces €) that
are compact and metrizable or compact and Hausdorff. In the spirit of [FK20], we
will consider a class of spaces that allows for a treatment of more general spaces. For
our purposes, the requirement of complete regularity and the Hausdorff property
will be sufficient.

In measure-preserving dynamics, we will use a probability space X = (X, %, u)
(which we denote by X instead of €2) as the underlying state space and assume that
p: X — X is measurable with respect to ¥ and preserves the measure of sets in
the sense that pu(p~1(A)) = u(A) for all A € ¥. In Koopman’s original setting,
the Hamiltonian flow preserves the volume measure on  C R¢, which is why the
time-7-discretization map ¢ is measure-preserving with respect to the Lebesgue
measure. Measure-preserving maps, however, arise naturally in many other contexts
as well. If ¢: Q — ) is a continuous map on a compact topological space €2, then
the Krylov—Bogolyubov theorem (see Theorem 2.3.3) guarantees the existence of at
least one Borel probability measure p on €2 that is preserved by (.

Observations and Observables

Only when we start taking measurements can we begin to learn properties of the
dynamical systems. But how do we measure a dynamical system? We can imagine
a measurement to be some kind of value, usually a real or complex number, that is
returned when the system is in a certain state. In a system of climate dynamics, for
example, this could be the temperature, wind speed, humidity, or air pressure at
a certain location. In a mechanical system, this could be the position, velocity or
acceleration of some component of the system. Mathematically, we model this using
a function f that returns this measurement value f(z) when the system is in state
x.

In the topological setting, we will be using functions f: Q — K, where K € {R,C},
and usually assume that f is bounded and continuous, so that small changes in the
state x lead to small changes in the measurement value f(x). When the situation
requires it, we can occasionally use the less regular class of bounded measurable
functions instead.

In the measure-preserving setting, we will be using functions f: X — K that are
measurable with respect to ¥ and usually require some integrability assumption
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with respect to the probability measure p. We further identify functions that agree
almost everywhere with respect to p, and thus, work with equivalence classes of
functions. The most common function spaces that we will be using are the spaces
LP(X) for p € [1, o0].

It is a common critique of choosing observables in LP(X) that point evaluations
f(z) of equivalence classes f € LP(X) are not well-defined. However, in applications
the situation is backwards. We usually begin with an everywhere defined function
f: X — K that we want to use as an observable and only later decide to work in
the space LP(X) for some p € [1,00] and do a p-almost everywhere analysis there.

The dynamical system ¢ allows us to measure not only current states but also
future states. After one time step has passed, we observe the output f(p(x)) when
the state of the system is p(x); and after n time steps, we will measure the value
f(@™(x)) at the new state ¢"(x) of the system. The transition from f to fo ¢ is
modeled by the Koopman operator

Tof = foep.

In the topological setting, we define T), as an operator on Cy(§2), the space of
bounded continuous functions on Q with values in K, or on By(2), the space of
bounded Borel measurable functions on €2 with values in K. For measure-preserving
systems, T, is an operator on L”(X) for some p € [1,00].

The Functional-Analytic Approach

The Koopman operators T;, allow us to employ an entirely different set of mathemat-
ical tools to study dynamical systems. But before this, we will need to establish a
way to translate from notions of dynamical systems into notions of operator theory.
For topological dynamical systems, we will show correspondences of properties in
Chapter 1. For the Koopman operators acting on Cp(£2) and By (£2), we obtain the
following correspondences, which can be found as Theorem 1.3.3, Theorem 1.3.5,
Theorem 1.4.4 and Theorem 1.4.5 as original results of this thesis. We provide an
informal version of their statements here.

Theorem. Let ) be a completely reqular Hausdorff space and p: Q — Q a continuous
map.

(i) The map ¢ is injective if and only if the Koopman operator T, on C(€2) (or
B, (£2)) has dense range with respect to a weak topology on Cy(Q2) (or By(£2)).

(i) The map ¢ has a dense image if and only if the Koopman operator T, on
Cp(2) is injective.

(7it) The map ¢ is surjective if and only if the Koopman operator T, on By(2) is
injective.

We will further discuss conditions that guarantee that ¢ is a homeomorphism in
terms of properties of T, and extend these correspondences to the adjoint operator
of T, the so-called Perron-Frobenius operator P,, which acts on the space M({2)
of complex-valued Radon measures on {2, a space that is dual to C,(£2) in a weak
sense.
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In the measure-preserving setting, we will use an entirely different set of tools. From
the classical ergodic theorem of Birkhoff (see Proposition 2.2.1), we know that the
Koopman operator T, acting on LY(X) is pointwise mean ergodic, i.e., the time
averages

n—1

lim 1 Z (Tgf) (z0)

n—oo n o
converge for p-almost every zo € X and all f € L}(X), which implies convergence in
norm of the Cesaro averages < S TEf in LP(X) for all p € (1,00) and f € LP(X).
A further powerful tool we will use frequently is the Jacobs—de Leeuw—Glicksberg
decomposition (see Definition 2.2.6), which allows us to decompose the space L?(X)

into
Lp<X) = Lp(X)rev S Lp(X)aWS7

where LP(X),ev and LP(X),ws are closed Ti,-invariant subspaces, called the reversible
and almost weakly stable part of LP(X), respectively.

On the reversible part, the operator T, behaves in a structured and predictable
manner. The span of all eigenfunctions of T, corresponding to unimodular eigen-
values is dense in L”(X)ev and the restriction of T), to LP(X)ey is invertible. The
almost weakly stable part LP(X)aws of the operator T, captures the chaotic part of
the system. If ¢ is invertible, it contains no non-trivial finite-dimensional invariant

subspace. For each f € LP(X),yws, the sequence of means (% Z:;é T:j f) N con-
ne

verges weakly to zero. It is well-known that this decomposition allows us to translate
the statistical properties of strong and weak mixing of a dynamical system into a
decomposition of the Koopman operator. We will recall this in Proposition 2.2.10
and Proposition 2.2.13, since this will serve us as a key tool in characterizing the
ergodic behavior of observables later on.

Approximation and Entropy

It is exactly the chaotic behavior of the almost weakly stable part of the Koopman
operator that we aim to understand. One way to measure the chaotic behavior of a
dynamical system is by determining its measure-theoretic entropy. The measure-
theoretic entropy of a measure-preserving dynamical system (X, ¢) is a non-negative
number A, (¢) that quantifies the average information that is produced per time step
when observing the system with a measurement that can differentiate finitely many
states. A high entropy indicates that the system produces a lot of new information
per time step and is thus more chaotic than a system with low entropy. We will
provide a rather intuitive introduction to measure-theoretic entropy in Section 3.1.

We will also get to know another type of entropy, the so-called approximation entropy
hape (T},) of a Koopman operator Ty, which was introduced in [Voi95]. This entropy
quantifies how well the Koopman operator T, in this case on the Hilbert space
L2(X), can be approximated by finite-rank operators. A high approximation entropy
indicates that the operator T, is hard to approximate by finite-rank operators, while
a low approximation entropy indicates that good approximations by finite-rank
operators exist. It turns out that both entropies are zero if L?(X)aws = {0} (see
Proposition 3.2.9 and Theorem 3.3.12). We also show that positive measure-theoretic
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entropy always implies that the approximation entropy is unbounded (see Theo-
rem 3.3.12), prove lower bounds on the approximation entropy (see Theorem 3.2.11),
and introduce the concept of a fractional approximation entropy that will capture
chaotic behavior that neither the measure-theoretic entropy nor the approximation
entropy are able to detect (see Definition 3.2.21).

Approximation and Mean Ergodic Convergence Rates

As discussed, it is characteristic for observables f € LP(X),ws that the time averages
%Zz;é Tf; f converge weakly to zero. For p = 2, this gives us the convergence of
the averaged correlation coefficients

n—1
lim ~ S|, TEf)] = 0.
k=0

n—oo N

This convergence governs the rate at which Cesaro averages converge, as by Proposi-
tion 4.1.15 we have for each f € L2(X) and n € N that

2

1 n—1 9 n—1
ST < Y TR
k=0 k=0

Thus, we may expect that fast convergence of the averaged correlation coefficients is
good for statistical purposes, as it implies fast convergence of the Cesaro averages.
We will find, however, that the fast convergence of Cesaro averages has some
undesirable consequences. If this convergence is too fast, then we can show that
the approximation entropy, which measures how well the Koopman operator can be
approximated by finite-rank operators, becomes large.

For a finite set O C L2(X), a finite-time horizon n € N and an error bound § > 0, we
let Hape(Ty, O,n,0) denote the minimal rank of a finite-rank orthogonal projection
P: L3(X) — L%(X) that satisfies

k k
IPTf =T f <0

forall k € {1,...,n— 1} and all f € O. Then we obtain the following growth rate
of Hape(Typ, {f},n) = supssq Hape(Typ, {f}, 1, 8) for observables f € L?(X)aws with
sufficiently fast decay of correlation coefficients. This can be found as Theorem 3.2.11
and is original to this thesis.

Theorem. Let p: X — X be an invertible measure-preserving dynamical system on
the probability space X = (X, ¥, i), denote by T, its Koopman operator on L?(X),
and let f € L2(X)aws be normalized. If

[o.¢]
C = W[ TEN < oo,
k=1
then Hape(Ty, {f},n) > nl_i_%c for alln € N and all 6 > 0.
A finer analysis gives us lower bounds for fractional approximation entropies by

the mean ergodic convergence rate of the observable f (see Theorem 3.2.18). This
theorem has not been published or submitted for publication yet.
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Theorem. Let p: X — X be a measure-preserving dynamical system on the prob-
ability space X = (X, X, ), denote by T, its Koopman operator on L*(X), and let
[ € L3(X)aws be normalized and o € (0,1). If

1 n—1
k
n Zwa
k=0

holds for some C >0 and all n € N, then Hape(Tp, {f},n) > n?**71L for alln € N
and all 6 > 0.

2
<ot
=¥ a

Both results have direct implications for approximation methods for Koopman
operators, or more generally, for any attempt to approximate the Koopman operator
on a finite-dimensional subspace. If we let

1
hapr (T, F) == lim —Hope (T, O, 1, 9),
apr (T, ) = sup sup li & Hope(Tip, O, . 9)
O finite
then we obtain in Theorem 4.3.1 the following result, which has been published
in [HH25] by Hauser and the present author.

Theorem. Let p: X — X be an invertible measure-preserving system on the
probability space X = (X,%,p), let F C L2(X) be a finite-dimensional linear
subspace and € > 0. Then there exists Ko € N and 6 > 0 that satisfy the following:
Whenever for a linear operator T: F — F and some K > K the assertion

IT*f = T5 £l < 811 fl
holds for all f € F and all k € {0,..., K — 1}, we conclude that

dim(F) > K (hape(T},, F) — €).

Let us interpret the statement of the theorem. The finite-dimensional operator T
can be any approximation of the Koopman operator on the subspace F'. This can
be obtained by a data-driven method such as the extended Dynamic Mode Decom-
position (eDMD) or by any other approximation technique. The only constraint is
that the approximation that we obtain is linear and leaves a finite-dimensional space
invariant (whereas the Koopman operator does not need to leave F' invariant). Any
matrix approximation of T}, falls into this category. If we use this approximation to
successfully predict the actual behavior of the Koopman operator on the subspace F’
for a finite time horizon {0,..., K — 1}, then the theorem states that the dimension
of the subspace F' must have been large, when the approximation entropy of T,
on F' is large. This shows that chaotic behavior of the dynamical system, which
is captured by a large approximation entropy, makes it hard to approximate the
Koopman operator on finite-dimensional spaces.

Furthermore, we show that for certain types of subsets of observables the growth
rate becomes exponential and is driven by measure-theoretic entropy h, (¢, a) with
respect to a finite Y-measurable partition a of X. Note that L2(X | ) denotes the
space of all ¥-measurable functions that are constant on the elements of a. The
following is Theorem 4.2.1 and has been previously published in [HH25].
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Theorem. Let p: X — X be a measure-preserving system on the probability space
X =(X,%,u), e >0, and let o be a finite X-measurable partition of X. Then
there exist Ko € N and 6 > 0 that satisfy the following: Whenever a linear operator
T: 13X | a) = L2(X | @) and some K > Ky satisfy

I1T%f = TEf) < 6llf]
for all f € L2(X | @) and k € {0,...,K — 1}, we conclude that

|| = exp(K (hu(p, @) = €)).

Operator-Theoretic Entropies

The fact that measure-preserving entropy appears is due to the special structure of
the subspace F' = L2(X | a). Orthogonal projections onto this subspace are so-called
Markov projections. If we change our definition of the quantity Hap (T, O,n,0)
to be the minimal rank of a finite-rank Markov projection P: L*(X) — L?*(X) that
satisfies

k K
|1PTSf—T5fl <0

for all k € {1,...,n — 1} and all f € O, then we obtain a different type of ap-
proximation entropy hpi(Ty, F'), which we call the Banach lattice entropy (see
Definition 5.1.4). This entropy measures how well the Koopman operator can be
approximated by finite-rank Markov projections on a subspace F' C L?(X).

We will show in Theorem 5.2.1 that for ergodic measure-preserving dynamics ¢: X —
X the Banach lattice entropy of the Koopman operator 7, on the entire space L2(X)
coincides with the measure-theoretic entropy of . Since Banach lattice entropy
admits generalizations to other Banach lattices such as C(K) for some compact
Hausdorff space K, we prove that for invertible topological dynamical systems
¢: K — K the Banach lattice entropy coincides with the topological entropy hiop ()
of ¢ (see Theorem 5.3.1).

Uniform Ergodicity

We complete our discussion on mean ergodic rates by studying the measure-preserving
1

and topological systems for which the Cesaro averages ZZ;& Tf; f converge at
the same rate for every observable f in the underlying function space. It then
follows from the uniform boundedness principle that the Cesaro averages converge
in operator norm; a property that is called uniform ergodicity. We will characterize
uniform ergodicity for lattice homomorphisms (see Theorem 6.1.2) first and then
apply our findings to the Koopman operators of topological and measure-preserving
dynamical systems in Theorem 6.2.4 and Theorem 6.3.1, respectively. We find that
uniform ergodicity of the Koopman operator is equivalent to eventual periodicity or
periodicity of the underlying dynamical system. We will extend our investigation to
the class of quasi-compact and compact Koopman operators in Section 6.4. This

work is partly original to this thesis and partly published in [H6125].
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Organization of this Thesis

Let us conclude the introduction by providing an overview of the individual chapters
of this thesis.

Chapter 1 In this chapter, we introduce the necessary background on topological
dynamical systems on completely regular Hausdorff spaces. We discuss necessary
conditions for the topology of the state space to guarantee the existence of sufficiently
many continuous observables and introduce the Koopman and Perron—Frobenius
operators as operators that are dual to each other. We further establish correspon-
dences between properties of the dynamical system and properties of the associated
operators.

Chapter 2 This chapter recalls notions for measure-preserving dynamical systems
and their associated Koopman operators. We remind the reader of the Jacobs—
de Leeuw—Glicksberg decomposition and show how it can characterize ergodic,
weakly mixing and strongly mixing dynamical systems in terms of properties of the
Koopman operator.

Chapter 3 Chaos in both measure-preserving and topological dynamics can be
quantified by means of entropies. In this chapter we introduce the measure-theoretic
and topological entropy and present the approximation entropy of Voiculescu. We
relate the three notions of entropy to each other and study the lesser-known approx-
imation entropy further. In particular, we provide lower bounds for it in terms of
mean ergodic convergence rates.

Chapter 4 In this chapter, we describe the extended Dynamic Mode Decomposition
(eDMD) algorithm for the data-driven approximation of Koopman operators in
frame-theoretic language. We discuss convergence results for eDMD in both the
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independent and identically distributed (i.i.d.) sampling setting and the ergodic
sampling setting. We conclude by giving lower bounds on the dimension of the
approximating finite-dimensional operator in terms of both the classical measure-
theoretic entropy and the approximation entropy.

Chapter 5 We introduce the Banach lattice entropy of operators on Banach lattices
as a twist on the approximation entropy that only allows for approximations by
finite-rank Markov projections. We show that for Koopman operators on L2-spaces
the Banach lattice entropy coincides with the measure-theoretic entropy of the
underlying dynamical system. We further show that for Koopman operators on
spaces of continuous functions over compact Hausdorff spaces the Banach lattice
entropy coincides with the topological entropy of the underlying dynamical system.

Chapter 6 This chapter studies uniform ergodicity of Koopman operators in both
the topological and measure-preserving setting. We show that uniform ergodicity is
equivalent to eventual periodicity of the underlying topological dynamical system
and to periodicity of the underlying measure-preserving dynamical system. We
further study quasi-compact and compact Koopman operators and characterize the
underlying dynamical systems in these cases.
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Preliminaries and Notation

We denote by N := {1,2,3,...} the set of all natural numbers, and set Ny := NU {0}
as well as T :={z € C: |z| = 1}. If X is some set, we denote by 1p;: X — R the
indicator function of some subset M C X. We use the abbreviation 1 := 1x, if the
role of the set X is clear from the context.

Metric Spaces

If (M,d) is a metric space, then for each 6 > 0 and each subset A C M we
denote by B<s(A) ={z € M : Ja € A: d(z,a) < 6} and B.s(A) ={x € M :
Ja € A : d(z,a) < 0} the closed and open d-neighborhood of A, respectively. If
x € M and A = {z}, we abbreviate with the notation B<s(x) := B<s({z}) and

B s(x) = B<s({z}).

Dualities

The norm dual of a Banach space E will be denoted by E*. The abbreviation
X' = (X, 1) is used for the topological dual of a locally convex space (X, 7) for some
locally convex topology 7 on X and is only used when the topology 7 is clear from
the context. Depending on the context, we denote by (-, -) one of the following
things:

(i) The duality pairing of a norming dual pair in Chapter 1.
(ii) In the context of Hilbert spaces, the inner product.

(iii) In all other cases, the duality pairing of some Banach space E and its norm
dual E*.

Banach Spaces

Let E be a Banach space with either real or complex scalar field, which we typically
denote by K. For A C FE the linear span and the closed linear span of A in F is
denoted by span(A) and span(A), respectively.

Hilbert Spaces

If H is a Hilbert space, then we denote by (-, - ) g the inner product of H. We drop
the subscript H if it is clear from the context. For complex Hilbert spaces, we use
the convention that the inner product is linear in the first argument and antilinear
in the second argument.
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Banach Lattices

For a basic introduction to Banach lattice theory, we refer to [AB06, Chapter 9],
[Mey91] or [Sch74].

Linear Operators

If £ and F' are Banach spaces, we denote the set of all bounded, linear operators
from E to F by L(E;F) and endow it with the operator norm denoted by || -||.
Further, the abbreviation L(F) := L(FE; E) is used. The identity operator in L(E)
will be denoted by I. We denote the subspace of L(E; F) of all compact operators
by K(F; F) and again abbreviate IC(F) = K(E; E).

If T € L(E), we denote its norm adjoint operator by T*: E* — E* on its norm dual
E* and its adjoint with respect to a weaker locally convex topology by T7: E' — E’
on its continuous dual space E’. As usual, we denote by o(T) the spectrum of the
bounded linear operator T'. The resolvent set is denoted by p(A). Moreover, for
each A € p(T) we denote the resolvent of T at A by R(\, A) == (A —T)~ 1.

List of Spaces

Let I be an arbitrary non-empty set, let 1 < p < oo and K € {R,C}. Moreover, let
Q be a topological space, K be a compact Hausdorff space and X = (X, %, ) be a
measure space.

Spaces

Bp(Q) :={f: Q@ — K: f Borel measurable and bounded}
Cp(R2) ={f: Q = K: f continuous and bounded}

M(Q) = {u: ¥ — K: pis a Radon measure}

P(I) = {(zn)ner : Y/n €Nz, € Kand ) |z, |P < oo}
P = (P(N)

= {(xp)nen € P : Vk > n : xp = 0}

LP(X):={f: X - K: f integrable and [,|f(x)[? dz < oo}

If we exclude the real or the complex field as scalar field K, we mention this explicitly.
In any other case, the spaces can be chosen either way.

We endow the spaces with their usual norms as follows: For f € Cy,(£2) we set
| flloo == supgeqll f(x)|| to be the supremum norm. If p € [1, 00) for (z,)nen € (N)
we set [|(zn)[lp = (X,,enllznlP)V/P, for f € LP(X) we set || fl|Le = (fo|lf(2)][? dz)'/P
and if p = 00 we set | (a)loe = Sy [@all for (T )new € (N) and | flie =
esssup,cql| f(2)| for f € L*°(X). Finally, for € M(Q) we set ||p||1 == |p|(£2), where
|| denotes the total variation measure of p.

Let € be a completely regular Hausdorff space and ¢: Q — Q be continuous. We
denote the set of all probability measures in M(Q2) by MY(Q) == {u € M(Q) : p >
0, [l = 1}. We further denote by ML(Q) := {u € M'(Q) : @.uu = p} the set of all
p-invariant probability measures, where @, u denotes the pushforward measure of p
with respect to ¢.
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Topological Dynamical Systems

This chapter links topological dynamical systems with linear operator theory via
Koopman and Perron—Frobenius operators on spaces of continuous and measurable
observables.

In the most abstract form, a topological dynamical system is given by a continuous
map ¢: £ — € on a topological space 2. In Section 1.1 we begin by discussing
sensible assumptions on €2 in order for the space of bounded continuous functions
Cp(£2) to be rich enough to capture the dynamics of ¢ through composition. We
then introduce the Koopman operator T, : Cp(2) = Cp(€2), f — f o ¢ and its dual,
the Perron-Frobenius operator P, acting on Radon measures.

In order to establish a characterization of Koopman operators among all unital
algebra and lattice homomorphisms, we establish a locally convex topology on Cyp(2)
that is weaker than the norm topology. In Section 1.2 we introduce norming dual
pairs and use them to define this topology and to establish the duality between T,
and P,.

In Section 1.3 we then provide operator-theoretic characterizations of topological
properties of ¢ such as injectivity, density of the image, and homeomorphism in
terms of properties of T, and P, such as injectivity, density of the range, isometry,
and being a lattice homomorphism.

Finally, in Section 1.4 we extend the Koopman operator to the space By(€2) of
bounded measurable functions and show that this extension allows for a full charac-
terization of surjectivity of ¢ in terms of properties of T, and P,.

The purpose of Sections 1.1 and 1.2 is to set up the necessary framework. The
major new contributions of this chapter are Sections 1.3 and 1.4. The author has
not published or submitted these results for publication yet.

1.1 The Koopman and the Perron—Frobenius
Operators

Choosing the right topological requirements on the state space 2 of a topological
dynamical system is crucial for studying its dynamics with Koopman operators. The
purpose of Section 1.1.1 is to discuss reasonable assumptions.

In Section 1.1.2 we then introduce the Koopman operator T, associated with a
continuous map ¢: 2 —  on a topological space 2 as the composition operator
acting on the space C,(Q2) of bounded continuous functions on Q. We introduce
its dual operator F,, the Perron—Frobenius operator in Section 1.1.3, which acts
on the space of Radon measures on 2. We describe basic properties and frame
Koopman and Perron—Frobenius operators as the image of functors from the category
of topological dynamical systems to the category of Banach spaces with bounded
linear operators.
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1.1.1 The Topology on the State Space

In the next chapters, we will use continuous functions for the analysis of dynamical
systems, or more generally, continuous maps ¢: 21 — 23 between two topological
spaces. In this section we discuss assumptions that we need to pose on € and {2
in order for the space of continuous functions to be rich enough. That this is not
always guaranteed is shown by the next simple example.

Example 1.1.1. Let Q7 = Q9 = Rjq be the real line endowed with the indiscrete
topology, i.e., the only open sets are () and R itself. Note that ¢: Q; — Qo can
be any function, as it will always be continuous. Moreover, the space C(Rjnq)
consists of the constant functions only and the Koopman operator T;, is the rank-one
identity operator on C(Rj,q). In this case, the Koopman operator does not carry
any information about the dynamics of ¢.

In the above simple example, the topology on Rj,q is clearly not rich enough to
distinguish between different points in Rj,q. Somewhat surprisingly, the standard
Hausdorff condition on the topology of €2 is not sufficient to guarantee that the space
C(9) is rich enough to provide insight into the dynamics of ¢. The relatively prime
integer topology on 2 = Z, described in [SS95, Example 60] is an example of a
topological space that is Hausdorff and strongly connected, i.e., the only continuous
functions on X are the constant functions.

In order to effectively use T, to study the dynamics of ¢, we need functional
assumptions on the topological space €2. There are two candidates that we will
consider in this section:

Definition 1.1.2. A topological space 2 is called

(i) functionally Hausdorff if for every wi,we € Q with w; # wy there exists a
continuous function f € C(2) such that f(w1) # f(w2), and

(ii) completely regular if for every closed subset A C Q and every w; € Q\ A there
exists a continuous function f € C(f2) such that f(w;) =0 and f(ws) =1 for
all wy € A.

Although both notions seem closely related, in general, they are independent. For a
space that is functionally Hausdorff but not completely regular we refer to [SS95,
Examples 68 or 69], and for a space that is completely regular but not functionally
Hausdorff consider the indiscrete topology on a space with at least two elements.
Notice that a completely regular Hausdorff space is always functionally Hausdorff,
as in Hausdorff spaces for each w € Q the singleton {w} is a closed subset of .

The condition of being functionally Hausdorff seems artificial for the purpose of
studying dynamical systems by composition with continuous functions. In fact,
every Hausdorff topology generated as the initial topology of a family of continuous
functions {f;: Q@ — R :4 € I'} is completely regular [Eng89, Exercise 1.5.E (a)]. This
makes completely regular spaces a more natural choice for our purposes. Thus, we
will mostly work with completely regular spaces in the following. The necessity of
complete regularity will further be noticeable in many subsequent proofs.

Completely regular spaces behave well under standard operations on topological
spaces. Recall that a topological space €2 is called normal if every two disjoint closed
subsets A, B C 2 have disjoint open neighborhoods.
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Remark 1.1.3. (i) It follows from Urysohn’s lemma [Eng89, Theorem 1.5.11],
that every normal space is completely regular. In particular, every metric
space is completely regular and Hausdorff.

(ii) A topological space €2 is completely regular if and only if there exists a compact
space K and a mapping ¢:  — K that is a homeomorphism onto its image
1(Q) [Eng89, Theorem 3.2.6].

(iii) It is a simple consequence of (ii) that every subset of a completely regular
(and Hausdorff) space is completely regular (and Hausdorff) with respect to
the subspace topology.

(iv) As every locally compact Hausdorff space embeds homeomorphically into its
one-point compactification, it follows from (ii) that every locally compact
Hausdorff space is completely regular.

(v) It follows from (ii) and Tychonoff’s theorem [Eng89, Theorem 3.2.4] that the
product of completely regular (and Hausdorff) spaces is completely regular
(and Hausdorff) with respect to the product topology.

As in normal Hausdorff spaces, in completely regular spaces we can separate compact
sets from disjoint closed sets.

Proposition 1.1.4. Let ) be a completely reqular Hausdorff space and K C ) be a
compact subset. Let A C Q be a closed subset with K N A = 0. Then the following
holds:

(i) There exist disjoint open neighborhoods U,V C Q with AC U and K C V.

(ii) There exists a continuous function f € C(Q) with f(Q) C [0,1] such that
f(z) =0 forallz € K and f(x) =1 for all z € A.

Proof. “(i)”: This is [Eng89, Theorem 3.1.6].
“(ii)”:  This is [Eng89, Theorem 3.1.7]. O

We finish this section by noting that on a completely regular Hausdorff space
the continuity of a mapping can be checked using compositions with continuous
functions.

Lemma 1.1.5. Let )y be a topological space and o be a completely reqular Hausdorff
space. Then a mapping p: Q1 — Qo is continuous if and only if f o ¢ is continuous
for all f € Cp(2).

Proof. “=-": This is trivial.

“<": Let (wy), be a net in O that converges to a point w € €, and assume to
show a contradiction that (¢(wy)), does not converge to ¢(w). Then there exists an
open neighbourhood U of ¢(w) and a subnet (wp), of (wy), such that p(wy) & U
for each index 0. As Qg is completely regular, there exists a function f € Cy,(£22)
which is 1 at ¢(w) and vanishes outside of U. Hence,

0= f(p(ws)) = (fop)(wp) = (fep)(w) = flp(w)) =1,

which is a contradiction. O

1.1 The Koopman and the Perron-Frobenius Operators
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1.1.2 The Koopman Operator

In the following, we let Q2 be a completely regular Hausdorff space. We denote by
Cp,(€2) the space of continuous functions f: Q — K into a space of scalars K € {R, C},
which we will specify only when necessary. If endowed with the supremum norm

[ lloc: Co() = Ry [|fllo = suplf(w)]
wef

it is well-known that Cy,(£2) becomes a Banach space.

Now let Q1 and Qs both be completely regular Hausdorff spaces. We study continuous
mappings ¢: 01 — Q. Note that we do not require 27 # Qs to obtain a mapping
that we can iterate. As most results in this chapter will not deal with the iterates of
dynamical systems, but rather with translation between categories, we will benefit
from this more general setting.

Definition 1.1.6. Let ¢: ;1 — )5 be a continuous mapping between topological
spaces 1 and Q9. The Koopman operator or composition operator T,: Cp(€2) —
Cp(£21) is defined by

(Tof)(w) = fle(w)),
for all f € Cp(€Q2) and all w € Q.

Remark 1.1.7 (contravariance and backward action). (i) The transition from a
continuous mapping to the Koopman operator defines a functor

F': regTopHaus — Bany, =T,

between the category regTopHaus of completely regular Hausdorff spaces as
object with the continuous mappings as morphisms to the category Bany of
Banach spaces as objects with the contractive linear operators as morphisms.
We will see in Remark 1.1.10 that we can restrict the image category even
further.

The functor F is contravariant, i.e., for completely regular Hausdorff spaces

Q; and 9 and a continuous mapping ¢: 2 — s the diagram

91%92

r| |r

Cp(1) T Cp(22)

commutes. Notice that the lower arrow is backwards.

(ii) The contravariance of F' has another consequence: The Koopman operator
answers questions backwards in time. Let us illustrate this: let U C Qs be
open and consider the vanishing ideal I, == {f € Cp(02) : Vw € Q2 \ U :
f(w) = 0}. Applying T}, to some f € Ig,\y and evaluating at y € €2y yields

(Tof)(y) = fe(y)).
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If f(o(y)) # 0 this tells us that ¢(y) € U, or equivalently, that y € ¢~ 1(U).

Conversely, if f(p(y)) = 0 for all f € Ig,\y, we may conclude that p(y) € U,
or equivalently, that y € p~1(£2 \ U). Hence, it tells us something about the
action of ¢ backwards in “time”. (Of course the concept of time becomes more
intuitive when Q; = Qs.)

This becomes even clearer if we extend the domain of the Koopman operator
to allow for indicator functions. If M C ) is Borel measurable then T, 15 =
L,-1(ar)- Therefore, the observable that we obtain describes the set M being
moved backwards in time.

Let us consider an easy example of a Koopman operator of a finite graph, which we
introduce for future use.

Example 1.1.8. Consider the following directed graph.

Note that each node has exactly one edge pointing outwards. Set 2 == {1,...,5}
and interpret the graph as the mapping

1—4, 21,
p: Q= Q, 3—1, 4+~ 3,
5> 4.

Then the space Cp(£2) is isomorphic to K® via the mapping f + (f(w)) e and the
Koopman operator T, can be written as a matrix T, given by

000 1 0\ /f(1) f(4) flp(1))

() 1000 0|[f(2 f(1) f(p(2))
T, + =1t 000 0||f3)]|=[f)|=]r3)
£(5) 0010 0]]|f4) f3) flp(4))
000 1 0/ \f5) f(4) fp(5))

Remark 1.1.9. Let € be a completely regular Hausdorff space.

(i) The space Cy(12) is a Banach lattice with respect to the pointwise order, where
we say that two functions f,g € Cp(Q) satisfy f < g if f(w) < g(w) for all
w € Q. The modulus of a function f € Cy,(£2) is given by composition with
the complex absolute value function

[f1(w) = | (w)]

for all w € . As such, it is an AM-space, i.e., a space that satisfies

LFv gl = A1V gl
for all 0 < f, g € Cp(2).

1.1 The Koopman and the Perron-Frobenius Operators

17



18

(ii) When K = C, the space Cp(Q2) is a commutative unital C*-algebra with respect
to the pointwise multiplication of functions defined by

(f - 9)(w) = f(w) - g(w)

for all f,g € Cp(Q2) and all w € . The unit element of this algebra is the
constant function 1:  — C defined by 1(w) =1 for all w € Q. The involution
is given by the composition with the complex conjugation f(w) = f(w) for all
w e .

Remark 1.1.10. Let 7 and 29 be completely regular Hausdorff spaces, ¢: Q1 — Qo
be continuous and T, : Cp,(22) — Cp(€21) the associated Koopman operator.

(i) Recall from Remark 1.1.9 (i) that Cp(€21) and Cy,(£22) are Banach lattices.
The Koopman operator T, is a lattice homomorphism, i.e., it satisfies

Tof| = Tl f]
for all f € Cp(£22).

(ii) As mentioned in Remark 1.1.9 (ii), the spaces Cy,(£21) and Cp(€2) are C*-
algebras. The Koopman operator is a x-homomorphism on these algebras, i.e.,
it satisfies

To(f-9) = (Tpf) - (Tpg) and T,of =T,f
for all f,g € Cp(Q2).

As T, 1 = 1, we say that T, is a unital lattice and *-homomorphism.

This additional structure allows for the use of representation theorems to study
the Koopman operator T}, on Cp(2). In particular, the famous Gelfand-Naimark
theorem [Ped89, Theorem 4.3.13] for commutative unital C*-algebras and the
Gelfand—Nadkarni [Mey91, Theorem 2.1.3] theorem for AM-spaces are applicable.

Proposition 1.1.11 (Stone-Cech compactification). Let Q2 be a completely reqular
Hausdorff space. Then

(i) The space
B = {a: Cp() — C: «a is a unital algebra homomorphism}

is a compact Hausdorff space when endowed with the weak-*-topology.

(ii) The mapping

Do: Cp(R2) = C(BQ),  (Paf)(a) =a(f)
is a unital algebra isomorphism.

(iii) The mapping

Lo — B, W Oy
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is a homeomorphism onto its image 1q(Q2), such that 1q(QY) is a dense subset
of B and the Koopman operator T,,: C(582) — Cy(Q2) is the inverse of the
mapping Pq.

(iv) If Q1 and Qo are two completely reqular Hausdorff spaces and ¢: 1 — Qo
is a continuous mapping, then there exists a unique continuous mapping
P By — Qo such that the Koopman operator T, is conjugate to the
Koopman operator Ty, i.e., the diagram

Cp(22) =, Cp(2)

TLQQT lcpgz TLQIT J/@Ql

C(692) *> C(BQ)
1s commutative.

Proof. “(i)”: This follows immediately from the fact that unital algebra homomor-
phisms are part of the unit ball of the dual of Cy(£2) together with the theorem of
Banach—Alaoglu.

“(ii)”:  The fact that Uq is a unital algebra isomorphism follows from the classical
Gelfand—Naimark theorem.

“(iii)”:  The continuity of tq follows readily from the continuity of the mappings

Q3w (f,oWw) = (f,0) = f(w)

for each f € Cp(2). As Q is completely regular Hausdorff, the mapping ¢ is
a homeomorphism onto its image tq(f2). Indeed, the mapping tq is injective,
as for wi,we € Q with w; # wy there exists a continuous function f € Cp ()
such that f(w1) # f(w2), and thus d,, # d.,. Moreover, the inverse mapping
Ls_)l: ta(Q2) — Q is continuous. To see this, it suffices to show that for any net
(Wr)rep in Q the convergence 6., — d, for some w € Q implies that we have
Lo (0wy) = wy = w = 15" (6y). Let U C Q be an open neighborhood of w. Then
by complete regularity there exists a continuous function f € Cp(€2) such that
flw)=1land f =0on Q\U. As d,, — 0, in the weak-*-topology, we have
(f,0uw,) = f(wr) = f(w) = 1. Thus, for sufficiently large A\ we have f(wy) > 0,
which implies that wy € U. Hence, wy — w and L51 is continuous. This shows that
tx is a homeomorphism onto its image ¢ (€2).

The Koopman operator T, : C(8€2) — Cp,(2) is the inverse of the algebra isomor-
phism ®q, as for all f € C,(Q2) and all w € Q we have

Tio(Pa(f)(w) = ®a(f)(0w) = bu(f) = fw).
Now, the fact that 1o (2) is dense will follow from Theorem 1.3.5.

“(iv)”:  This follows from the fact that the Koopman operator T,,: Cy,(Q2) — Cp(£21)
is a unital algebra homomorphism. Thus, the mapping

P, 0T, 0 @521: C(BQ2) — C(B)

1.1 The Koopman and the Perron-Frobenius Operators
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is a unital algebra homomorphism. Now by [Sch74, Theorem II1.9.1], there exists a
continuous mapping v : 5§27 — s such that

Dq, 0T, 0 D! =Ty, O

Remark 1.1.12 (lattice homomorphisms). Note that in the definition of S the
condition that « is a unital algebra homomorphism can be replaced with “« is a unital
lattice homomorphism”. Moreover, the mapping W, is even a lattice isomorphism.

Indeed, the Koopman operator 7T, clearly is a unital lattice homomorphism. Thus
its inverse ®gq is also a unital lattice isomorphism. In particular, this shows that

cach o € fQ satisfies a(|f]) = (alf])(a) = [Pa(f)|(a) = [Pa(f)(a)| = |a(f)| for
all f € Cp(€2), which implies that « is a unital lattice homomorphism. Thus, each
element in 52 is also a unital lattice homomorphism.

The proof of Proposition 1.1.11 (iv) heavily relies on the representation theo-
rem [Sch74, Theorem I11.9.1] for unital algebra or lattice homomorphisms on C(K) for
a compact Hausdorff space K. This theorem does not generalize to homomorphisms
on Cp () for non-compact spaces €2, as can be concluded from Example 1.3.13.

One property that is, in a sense made precise in Proposition 1.2.14, dual to being a
lattice homomorphism is that of being interval preserving. The following example
shows that a Koopman operator need not be interval preserving in general. We
recall that the order interval between two functions fi, fo € Cp(€2; R) is given by

[f1, fol ={f € Co(§R) : f1 < f < fo}

Example 1.1.13. On the discrete space 2 = {1,2}, consider the mapping ¢ given
by

p(1) = ¢(2) = L.
Then the Koopman operator on Cp,(€2) ~ C? is given by the matrix
10
T, = <1 0) |
So we can see that T, is not interval preserving, i.e., it does not satisfy

Tl f1, fo] = [T fr, Ty fo]

for each f1, fo € Cp(Q), since for fi = (0,0)" and fo = (1,0) we have

rin =1, |(5)-(5)] # | (0) - (3)| = o ot

1.1.3 The Perron—Frobenius Operator

Another way to look at dynamical systems is to study how they transport ensembles
or distributions of states from one time-step to the next. To model distributions we
use the versatile concept of measures. More precisely, it is the Radon measures that
are of interest to us.
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Definition 1.1.14 (Radon measures). Let © be a completely regular Hausdorff
space and denote by B(f) its Borel-o-algebra.

(i) A mapping p: B(2) — K is called a K-valued measure on  if p(0) = 0 and
for each sequence (Ay,)nen of pairwise disjoint sets in B(€2) we have

o (U An) = ulAn),

neN neN
where the series converges unconditionally in K.

(ii) If p is a measure, then the mapping |u|: B(£2) — [0, 00) defined by
||(A) == sup {Z|M(Ak)| : A € A measurable, pairwise disjoint, n € N}
k=1

is called the total variation measure of p.

(iii) A measure p is called a Radon measure on € if it is tight, i.e., for each € > 0
there exists a compact set K C 2 such that

M@\ K) <.

We denote the space of all complex-valued Radon measures by M(2) and write
M(;R) for the space of all real-valued Radon measures on €.

A measure p is called positive if it maps into [0,00). It follows from [Rud87,
Theorem 6.2] that the total variation measure |p| is always a positive measure.
Moreover, it is easily checked that a K-valued measure p is positive if and only if
= |p|. We denote this by writing u > 0.

The literature also contains other definitions of Radon measures: Radon measures
are often defined to map into the interval [0, co] including the value co. In this case,
one usually requires the additional assumptions that the measure is locally finite,
i.e., each point w € Q has an open neighborhood U with p(U) < oo, and that p is
outer regular, i.e., for each measurable set A € B(2) the value p(A) is the infimum
of all u(U) taken over all open neighborhoods of A. For measures mapping into
[0,00) both additional assumptions are automatic [AB06, Theorem 12.4].

We also note that Definition 1.1.14 extends the definition of a Radon measure to
K-valued measures by passing to the total variation measure. This is done in order
to obtain a vector space. Observe that the space of all Radon measures M(Q2) forms
a vector space when scalar multiplication and addition is defined pointwise. This
space becomes a Banach space, when endowed with the right norm. The following
is [AB06, Theorem 12.12].

Proposition 1.1.15 (total variation norm). Let 2 be a completely reqular Hausdorff
space. Then the mapping

-1l : M(€) = [0,00),  lplly = |1l(€2)

defines a norm under which M(Q) is complete.

Moreover, the space of Radon measures M(2) forms a Banach lattice.

1.1 The Koopman and the Perron-Frobenius Operators
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We use the symbol || - ||, here, as the properties of the total variation norm are quite
reminiscent of the properties of the norm on an L!-space. One property that stands
out is that of additivity on the cone of positive measures. More precisely, for any
two measures 0 < p, v € M(§2) we have

vl = el + il

Banach lattices with this property are usually referred to as AL-spaces [ABOG,
Corollary 12.13].

In addition to the Koopman operator, there is a second operator that captures the
properties of a continuous mapping ¢: 2y — s between two completely regular
Hausdorff spaces X and Y. It is called the Perron—Frobenius operator.

Definition 1.1.16 (Perron—Frobenius operator). Let ©; and 3 be completely
regular Hausdorff spaces and ¢: 21 — 2 be a continuous mapping. The Perron—
Frobenius operator P,: M(£21) — M(£2) is defined by

(Pon)(A) = u(p™'(4))

for all 4 € M(€Q;) and all Borel sets A C {2s.
Note that the Perron—Frobenius operator is well-defined.

Remark 1.1.17 (well-definition). The complex-valued Radon measures are closed
under taking pushforward measures with respect to continuous functions.

Indeed, if i is a Radon measure on €1 and ¢: 1 — 9 is continuous, then for each
€ > 0 there exists a compact set K C 7 such that

Il \ K) < e.
As ¢ is continuous, the set ¢(K) C 2y is compact as well. Moreover, we have

| Poptl(Q2\ 9(K)) < |ul(0™H(Q2\ ¢(K))) < |l \ K) <,

which shows that P u is also a Radon measure on {15.

Akin to the situation for the Koopman operator, the passing to the Perron—Frobenius
operator has a categorical interpretation as a functor.

Remark 1.1.18 (covariance and forward action). (i) The transition from a con-
tinuous mapping to the Koopman operator defines a functor

G: regTopHaus — Ban;, o= P,

between the category regTopHaus of completely regular Hausdorff spaces as
objects with the continuous mappings as morphisms to the category Banj of
Banach spaces as objects with the contractive linear operators as morphisms.
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The functor F' is covariant, i.e., for completely regular Hausdorff spaces €4
and )y and a continuous mapping ¢: 2y — s the diagram

91%92

a| le

Co(21) —2 Cp(2)

commutes.

(ii) The covariance of G has the following consequence for the interpretation of the
Perron—Frobenius operator: if we consider a measure 0 < p € M(€2;) as a mass
distribution, then P,u describes the result after this mass distribution has
been moved forward by (. This becomes particularly evident if we consider a
point mass ¢, located at a point w € {2y: for such a measure, we have

Py = 0p(w)-

We also point out that, as a consequence of this equality, the mapping ¢ is
uniquely determined by the action of P,.

Example 1.1.19. Let us recall Example 1.1.8. We note that M(2) is isometrically
isomorphic to K® endowed with the 1-norm via the mapping p — (p({w})),cq and
the Perron—Frobenius operator P, can be written as a matrix ]3<p given by

01 10 0\ /u({1}) n({2}) + n({3})
~(HELD) 0000 0f[u{2) 0
Py : =00 0 1 0] |u({3})|= n({4})
w({5}) 100 0 1) |nu({4}) n({1}) + pn({5})
000 0 0/ \u{s} 0
n({2,3}) ple~H({1})
1(0) u(e~'({2}))
= w({4}) | = me({3})
pn({1,5}) p(e~'({4}))
1(0) (e~ ({5}))

Note also the relationship P, = T; between the Perron—Frobenius operator and the
Koopman operator from Example 1.1.8. We will elaborate on this in Example 1.2.24
later.

The operator P, leaves the positive cone in M(£2;) invariant, i.e., P, is a positive
operator between the Banach lattices M(€2;) and M(Q2).

Let us note next that the Perron—Frobenius operator is, in contrast to the Koopman
operator, in general not a lattice homomorphism. We describe under which conditions
P, is a lattice homomorphism in Theorem 1.3.3.

Example 1.1.20. Continuing Example 1.1.13, we see that the corresponding Perron—
Frobenius operator on M(§2) ~ C? is given by the matrix

11
n=(y o)

1.1 The Koopman and the Perron-Frobenius Operators
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So we can see that P, is not a lattice homomorphism since, for instance, the vector
p=(1,-1)" satisfies |P,u| =0 % P, |u|.

We will show later in Theorem 1.3.3 that in certain situations the Perron—Frobenius
operator happens to be a lattice homomorphism.

1.2 Duality of the Perron—Frobenius and Koopman
Operators

In this section we describe the dual relationship between the Perron—Frobenius
and the Koopman operator. To this end, we first need to introduce the concept
of norming dual pairs and the associated weak topologies. This is due to the fact
that on non-compact topological spaces €2 the space of Radon measures M({) is
in general not the norm dual of the space of continuous bounded functions Cy,(£2).
Thus, we cannot expect a duality between the Perron—Frobenius on M(2) and the
Koopman operator on Cp,(£2) in the classical sense of Banach space theory.

In Section 1.2.1 we first introduce the concept of norming dual pairs and the
associated families of consistent weak topologies. We then describe in Section 1.2.2
how the Perron—Frobenius and the Koopman operator are dual to each other with
respect to the norming dual pair (Cp(€2), M(€2)). Lastly in Section 1.2.3, we study
the closed ideals of C(€2) with respect to the weak topology induced by M(2) and
their role in characterizing the Koopman operators as unital algebra and lattice
homomorphisms.

1.2.1 Norming Dual Pairs and Weak Topologies

Let us first describe the concept of norming dual pairs as a special subclass of dual
systems as presented in [SW99, Chapter IV] or [AB06, Section 5.15].

Definition 1.2.1 (norming dual pairs). Let X and Y be Banach spaces over the
field K and let

(-, ) XxY =K

be a K-bilinear mapping. Then the triple (X,Y, (-, -)) is called norming dual pair
between X and Y, if

2]l = sup{|(z, )| : llyll <1} and |yl = sup{|(z,y)| - [[=[] < 1}.

We often omit mentioning the bilinear mapping (-, -), if it is clear from the context,
and merely say that (X,Y) is a norming dual pair. In case we want to eliminate
ambiguity, we sometimes write (-, -)x,y instead of (-, -).

Due to the symmetry of the definition, (X,Y’) is a norming dual pair if and only
if (Y, X) is with the reverse duality pair defined by (y,z)y x = (z,y)x,y for each
xz € X and y € Y. If not strictly necessary, we will not differentiate the duality pairs
(-, -)xy and (-, -)yx explicitly.
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Note that, if (X,Y") is a norming dual pair, then Y can be identified with a closed
subspace of the norm dual X* of X via the continuous embedding

Y_>X*7 y'_><ay>

Let us look at some norming dual pairs.

Example 1.2.2. (i) Let X be a Banach space and Y = X* denote its dual space.

Then (X, X*) together with its natural duality pairing
(z,2") = 2% (x)

for all x € X and z* € X* forms a norming dual pair.

(ii) Let © be a completely regular Hausdorff space. Endowed with the bilinear
mapping

(f,m) ==/Qfdﬂ

for all f € Cp(Q2) and p € M(Q) the pair (Cp(2), M(Q2)) is a norming dual
pair. We refer to [Kunll, Example 2.4] for a proof.

We will see other norming dual pairs throughout this thesis, and introduce them as
we need them.

If (X,Y) is a norming dual pair, then one can consider several natural locally convex
topologies that can be defined in terms of the duality (see [SW99, Chapter IV]
or [ABO06, Section 5.15]).

Definition 1.2.3 (consistent topologies). Let (X,Y’) be a norming dual pair. A
locally convex topology 7 on X is called consistent with the norming dual pair
(X,Y) if the continuous dual space (X, ), i.e., the space of all T-continuous linear
functionals ¢: X — K| is precisely the set of functionals of the form (-,y) for some
yey.

The weak and the Mackey topology are standard examples of consistent topologies.
Let us introduce them in the following. Recall that a subset K C Y is called circled,
if - K C K holds for all @ € K with |a| < 1.

Example 1.2.4. Let (X,Y) be a norming dual pair.

(i) The weak topology o(X,Y) is the coarsest locally convex topology on X that
is consistent with (X,Y"). It is the initial topology of the family of seminorms
given by (py) JeYs where

Py3X—>[OaOO)a l’f—>’<ﬂ§‘,y>|

(ii) The Mackey topology p(X,Y’) is the initial topology on X of the family of
seminorms (pg) -, where

pr: X = K, x> sup|(z, y)|
yeK

1.2 Duality of the Perron—Frobenius and Koopman Operators
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and the family is indexed over all convex, circled, and o (Y, X)-compact subsets
K CY. Itis a consequence of the Mackey—Arens theorem below that it is the
finest locally convex topology on X that is consistent with (X,Y).

The following theorem provides a characterization for all topologies consistent with
a given norming dual pair [AB06, Theorem 5.112 and 5.113].

Theorem 1.2.5 (Mackey—Arens). Let (X,Y) be a norming dual pair. A locally
convez topology T on X is consistent with (X,Y") if and only if there exists a family
& of convex, circled and o(Y, X)-compact sets with | Jgce K = X such that T is the
initial topology of the family of seminorms (pr) e defined by

pr: X - K, x +— supl|(z,y)|.
yeK

In particular, a locally convex topology T on X is consistent with (X,Y") if and only
ifU(Xv Y) cr1C /J,(X,Y)

Notice that for the collection & := {{)\ cy A <1}:ye Y}, the family in the
Mackey—Arens theorem generates the weak topology o(X,Y).

Let us illustrate the weak and Mackey topologies on an example.

Example 1.2.6. Let 2 be a compact Hausdorff space. Then the Mackey topology
of the norming dual pair (C(2), M(€2)) on C(£2) coincides with the norm topology.

Indeed, for any K € & the seminorm pg is trivially norm continuous, which
shows that the Mackey topology 1(C(£2), M(2)) is coarser than the norm topology.
Conversely, note that by Riesz’s representation theorem M(2) is isometrically
isomorphic to the norm dual space of C(€2). Thus, the closed unit ball B<;(0) C M(£2)
is an element in &, by the Banach—Alaoglu theorem. It follows that the seminorm
PB.,(0) coincides with the norm || - ||, and thus, the Mackey topology is finer than
the norm topology. Hence, both topologies coincide, as claimed.

Although different topologies that are consistent with (X, Y") obviously have different
closed sets, it follows from an application of the Hahn—Banach separation theorem
that this is not the case, if we additionally require convexity [AB06, Theorem 5.98].

Proposition 1.2.7 (closed convex sets). Let (X,Y) be a norming dual pair. All
topologies T consistent with (X,Y") have the same collection of closed convex sets.

Next let us take a look at operators and their adjoint from one norming dual pair
into another. For this let (X7,Y7) and (X2, Y2) both be norming dual pairs and let
T: X1 — X2 be a linear mapping that is continuous from o(X1,Y7) to o(Xa,Ys).
Then for each y € Y, the functional X; — K defined by x — (T'z,y) is o(X1,Y1)-
continuous. Hence, there exists a unique 3y’ € Y7 such that (T'z,y) = (z,y’). We
call the mapping 7": Yo — Y7 that maps y to ¢ the adjoint of T. It is uniquely
determined by the relation

(Tz,y) = (x, T'y)

for all x € X7 and y € Y5. From this duality, we can easily observe that 7" is
o(Ya, X2)-0(Y1, X1 )-continuous.
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Proposition 1.2.8. Let (X1,Y1) and (X2,Y2) are norming dual pairs and T: X1 —
Xo a linear operator.

(i) Fori e {1,2} let B; be a locally convex topology consistent with (X;,Y;). If T
is 1-Pa-continuous, then it is o(X1, Y1)-0(X2, Ya)-continuous.

(ii) The operator T is o(X1,Y1)-0(Xa,Ys)-continuous if and only if it is
(X1, Y1)-u(Xa, Ya)-continuous.

We could not find a reference for the elementary statement of Proposition 1.2.8 (i),
so we provide a short proof. Proposition 1.2.8 (ii) can be found as a part of [SW99,
Result IV.7.4].

Proof of Proposition 1.2.8. “(i)”: For each consistent topology 3;, denote by &; the
set of convex, circled and o(Y;, X;)-compact sets from the Mackey—Arens Theo-
rem 1.2.5. Let yo € Ys. Then there exists Ky € &5 such that yo € Ky. Thus, the
functional

(T(-),y2): X1 = K, r1 > (Tw1,y2)

is B1-continuous. Indeed, since |(z2,y2)| < pk,(z2) holds for all x5 € X, it follows
that (-,y2) is fe-continuous. Then, by composition, the (31-f2-continuity implies
the fi-continuity of (T'(-),y2).

Since f; is consistent with (X1, Y1), the functional (T'(- ), y2) is o(X1, Y1)-continuous,
which implies that T is o(X1, Y1)-0(X2, Y2)-continuous.

“(ii)”: This is the equivalence of (b;) and (bg2) in [SW99, Result IV.7.4]. O

With more additional structure, the concept of norming dual pairs becomes more
powerful. In the following, we assume the Banach spaces X and Y to be Banach
lattices ' and F'. We additionally require that the duality pair respects the ordering
on the Banach lattices.

Definition 1.2.9 (norming dual pairs of Banach lattices). Let E and F' be Banach
lattices over K and let

(-, ) ExF—>K

be a K-bilinear mapping. Then the triple (E, F, (-, -)) is called a norming dual pair
of Banach lattices if it is a norming dual pair that satisfies
ecE, & VfeFi:(ef)
feFL & VYeeE;:(ef)

and

vV v

0
0.
Example 1.2.10. It is simple to verify that the norming dual pair (Cy,(£2), M(£2))

from Example 1.2.2 (ii) is in fact a norming dual pair of Banach lattices.

A subset A of a Banach lattice is called downward directed if for each e1,eq € A
there exists e € A such that e < e; A ea. The norm on a Banach lattice E is said
to be order continuous if every downward directed set A with inf(A) = 0 satisfies

inf{|le| : e € A} =0.

1.2 Duality of the Perron—Frobenius and Koopman Operators
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There are many equivalent characterizations of Banach spaces with order contin-
uous norm. Let us name a few that we will need later [Mey91, Theorem 2.4.2
and Corollary 2.4.4]. A band projection on a Banach lattice E is a positive projection
P: E — FE for which I — P is also positive.

Proposition 1.2.11. Let E be a Banach lattice. Then the following are equivalent.
(a) The norm on E is order continuous.

(b) Every monotone order bounded sequence of E is convergent.

(c

(d

(e

)
) Every norm closed ideal of E is the range of a positive projection.
FEvery norm closed ideal of E is the range of a band projection.

) ) proj
) Every order interval
[e1,ea] ={e€ E: e <e<es}

is o(E, E*)-compact.
Let us see some examples of Banach lattices that have order continuous norm.

Example 1.2.12. (i) If p € [1,00) and X = (X, ¥, i) is a measure space, then
the space LP(X) has order continuous norm.

(ii) The Banach lattice M(£2) of Radon measures on a completely regular Hausdorff
space {2 has order continuous norm.

(iii) Let €2 be a completely regular space with infinite cardinality. Then the Banach
lattice Cy,(£2) does not have order continuous norm.

Proof. “(i)”: We prove a stronger statement and show that every norm bounded and
monotone sequence converges. As every order bounded sequence is norm bounded,
it follows from Proposition 1.2.11 (b) that the |- || ,-norm is order continuous.

In the case that p = 1, let (gn),,cy be a norm bounded monotone decreasing sequence.
By passing to (gn — g1),cn, We may assume that g; € L!(X),. Consider the sequence
of differences (fn),ey With fn == gn — gn+1, which lies in L'(X), by monotonicity.
Hence, by induction and the additivity of the norm on the positive cone of L!(X)
we obtain

g1 — gnll =

n—1 n—1
A ED A
k=1 k=1

for all n € N. Since the sequence (||g1 — gn||), ey is increasing and bounded, it follows
that the series ), - fi converges absolutely in LY(X). It follows that g; — > ken Jr
is the limit of (gy)

neN"

In the case that p € (1,00), we note that LP(X) is reflexive. Thus, [Mey91, The-
orem 2.4.15] shows that every monotone and norm bounded sequence in LP(X)
converges.

“(ii)”: This is proved in analogy to the case of L!-spaces in (i), as the norm on
M(€) is also additive on the positive cone.
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“(iii)”: By Proposition 1.1.11 there exists a compact and non-finite Hausdorff space
K = Q such that Cp(€2) is isometrically lattice isomorphic to C(K'). Thus, we only
need to show that C(K') does not have order continuous norm. Take a non-isolated
point w € K, which always exists by the compactness and the non-finiteness of
K. Let U be a neighborhood filter of w. For each U € U let fy: K — [0,1] be
continuous such that fi/(w) =1 and fiy vanishes outside of U. Then consider the
directed hull

A={fo, N Nfu,: Ur,...,U, €U, n €N}

of these functions and notice that A is a directed set. As w is not isolated, it follows
that inf(A) = 0 but inf{|le|| : e€ A} = 1. O

Any complex Banach lattice F can be decomposed into its real and imaginary part
FERr and ¢ER by a direct sum of vector spaces

E = Egr @ i ER.

We denote by Eg the real part of the Banach lattice E. Note that Eg is a real
Banach lattice with respect to the inherited order and norm from E. By convention
we set B = F, if F is already a real Banach lattice. In a complex Banach lattice F
we tacitly assume that fi, fo € Er, whenever we write f < g for f,g € E. Similarly,
we assume f1, fo € Er whenever we write

fi,fol={feF: i <f<fa}

for the order interval bounded by fi, fo € E. We call a linear operator T': F} — F»
between two Banach lattices interval preserving if

T[f1, f2] = [T f1,T f2]

for all fq, fo € F3.

Let E be a Banach lattice with bounded linear operator T': £ — F and let T*: E* —
E* be the norm adjoint of T" on the norm dual E* of E. There is a classical duality
between the properties of T being a lattice homomorphisms and T* being interval
preserving [Mey91, Theorem 1.4.19 i)]. This is proved by an application of the Riesz—
Kantorovich formula for functionals on vector lattices, which follows from [Mey91,
Theorem 1.3.2]. It states that the lattice operations on E can be expressed in terms
of suprema and infima of linear functionals on E*, i.e., for all e € Er and all e* € E7
we have

(eT,e*) = sup{(e,é") : ¢ €[0,e*]}  and
(e7,e") = —inf{(e, %) : €" € [0,e"]}.

In general not every norming dual pairs of Banach lattices will satisfy the Riesz—
Kantorovich formula. Therefore, we will aid their investigation by introducing the
following notion.

1.2 Duality of the Perron—Frobenius and Koopman Operators
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Definition 1.2.13 (Riesz—Kantorovich property). Let (E, F') be a norming dual
pair of Banach lattices. We say that E has the Riesz—Kantorovich property with
respect to F if for all e € Eg and f € Fy we have

(e, f) =suwp{(e,f): f€[0,f]} and

<€_,f> = _inf{<eaf> D f € [Oaf]}7
where the intervals [0, f] are taken in F.

Note that if one wants to show the Riesz—Kantorovich property for a norming dual
pair (E, F), it suffices to show one of the above equalities, as the other follows by
application to —e.

Proposition 1.2.14. Let (E1, F1) and (E2, F2) be norming dual pairs of Banach
lattices. Suppose Fo has the Riesz—Kantorovich property with respect to Fa and that
F5 has order continuous norm. Let T: Ey — Es be a linear o(E1, F1)-0(Eq, Fy)-
continuous operator. Then T is a lattice homomorphism if and only if T' is interval
preserving.

We follow the proof of [Mey91, Theorem 1.4.19 i)] and adapt it to the case of the
norming dual pairs of Banach lattices.

Proof. “=": Suppose that T: Fy — FE5 is a lattice homomorphism. We first remark
that it suffices to show that 77[0, f] = [0,7" f] for all 0 < f € F}, since by linearity
we have T'[f1, fo] = T'[0, fo — fi] + T'f1 and [T f1,T" fo] = [0, T"(f2 — f)] + T" f1.

“C”: This inclusion is obvious and holds for all positive operators.

“D”: Since F} has order continuous norm, it follows from Proposition 1.2.11 (e) the
order interval [0, f] is o(Fy, (F})*)-compact. As the o(F}, E1)-topology is coarser
than o(Fy, (F1)"), it follows that [0, f] is o(F1, E1)-compact. Hence, by continuity
it follows that T"[0, f] is o(F», F2)-compact.

Now let 0 < f € Fy and let f & T'[0, f]. We show that f & [0,T"f], proving the
inclusion. We may assume that f > 0, otherwise the proof is trivial. Thus, suppose
to show a contradiction that f < T'f. By the Hahn-Banach separation theorem
for locally convex spaces [AB06, Theorem 5.79], there exists a o(Fy, E2)-continuous
functional ¢: F» — K that separates f from the convex o(Fy, Fy)-compact set
T'(0, f]. Thus, by o(F1, E2)-continuity, there exists e € Eo such that o = (e, -) and

(e, f) <a=mf{(e, f) : feT[0.f]}.

Hence, by the lattice homomorphism property of T" and the Riesz—Kantorovich
property of Fs, it follows that

(e7,T'f) =(Te™, f) =((Te)", )
= —inf{(Te, f) : f€[0,f]}
= —inf{(e, f) : feT'[0,f1}
=—a<(—ef) < (e, f)

Thus, (e~,T'f — f) < 0. Since (e™, -) is a positive continuous functional, this is a
contradiction to f < T'f.
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“«<": We assume that T" is interval preserving and let e € (E1), and f € Fy. Then
the Riesz—Kantorovich property of Eo implies that

(ITel, £y = ((Te)*, f) + ((Te)~, )
= sup{(Te, f) : f €0, f]} —inf{(Te, f): f€[0,f]}
=sup{(e, T'f) : f€[0,f]} —inf{(e,T'f) : fe[0,f]}
=sup{(e, f) : f€[0,T'f]} —inf{(e, ) : f€[0,T'f]}

This shows that T is a lattice homomorphism. O

Let us now discuss some sufficient conditions for the Riesz—Kantorovich property to
hold. For this we need additional nomenclature. We call a Banach lattice E o-order
complete if every countable bounded subset of E has a supremum and an infimum
in E. Two elements ej,ea € E are called disjoint if |e1| A |ea] = 0. The disjoint
complement of a subset A C FE is defined as

At ={ee E: eis disjoint to every a € A}.

Let us now introduce the notion of bands and projection bands. An ideal I of a
Banach lattice FE is called a band if every subset A C I that has a supremum in
E satisfies sup(A) € I. For a subset A C E we denote by B(A) the smallest band
containing A. In case A = {e} we simply write B, := B({e}) and call it the principal
band of e. If follows from [Mey91, Proposition 1.2.7] that B(A) = AL for every
subset A C E. Note also that the range of a band projection is a band [Mey91,
Lemma 1.2.8 ii)]. Bands that are the range of a band projection are called projection
bands.

We will need the following fact about principal bands in o-order complete Banach
lattices from [Mey91, Proposition 1.2.11 iii)].

Lemma 1.2.15. Let E be a Banach lattice that is o-order complete. Then for
every e € Fy the principal band B, is a projection band and the band projection
P.: E — FE onto Be is given by

P.f = sup(f A ne)
neN

forall f € E.
With this knowledge we may conclude the following.

Proposition 1.2.16. Let (E, F') be a norming dual pair of Banach lattices. Suppose
that

(i) E is o-order complete and
(ii) for all e € Ey the band projection onto B, is o(FE, F)-continuous.
Then E has the Riesz—Kantorovich property with respect to F'.

Proof. Let e € Eg and f € F.. We only show the first equality of the Riesz—
Kantorovich property, as the second follows analogously.

1.2 Duality of the Perron—Frobenius and Koopman Operators
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“>7. To prove the first inequality, let f € [0, f] and notice that (et, -) defines a
positive functional on F. Thus,

<€7f>:<e+vf>_<e_7f> < <€+,f>.

“<”: For the converse inequality, let f € [0, f]. It follows from Lemma 1.2.15 that
the principal band B,+ is a projection band with band projection. Then it follows
from the o (E, F')-continuity of the band projection P,+ that the adjoint P/, : FF — F
exists and is o(F, E)-continuous. Moreover, since 0 < P/, f < f for all f € Fy, it is
a band projection. Hence, P’, f € [0, f] and

(e, PLif) = (", Pl f) = (e7, Pl f)
= <6+,P€,+f> + <Pe+€_af> < <€+af>-
=0

This shows the claim. O

We want to apply the above result to the pair (Cp(€2), M(2)) for a completely regular
Hausdorff space €. The space of bounded continuous functions fails to be o-order
complete in general but is embedded into the o-order complete the space of bounded
Borel measurable functions. This motivates the following remark that follows.

Remark 1.2.17. Let (F1, F') be a norming dual pair of Banach lattices and E2 be
a Banach lattice that embeds into Es such that (Esq, F') is also a norming dual pair
of Banach lattices. If the E1 has the Riesz—Kantorovich property with respect to F,
then E5 has the Riesz—Kantorovich property with respect to F'.

Let ©Q be completely regular Hausdorff. We denote by By () the space of Borel
measurable and bounded functions f: Q — K. If endowed with the supremum
norm || f|, = supyeqlf(w)|, the space of bounded measurable functions becomes a
Banach space; and with pointwise defined lattice operations it becomes a Banach
lattice.

Proposition 1.2.18. Let Q) be a completely reqular Hausdorff space. The tuple
(Bp(2),M(Q)) together with the bilinear mapping

(fim) = / fdu
Q
is a norming dual pair of Banach lattices.

We omit the measure theoretic details of the proof and focus on examples of norming
dual pairs of Banach lattices and the Riesz—Kantorovich property.

Example 1.2.19. (i) Let F be a Banach lattice. Consider the norming dual pair
of Banach lattices (E, E*), where E* is the norm dual of E. Then F has the
Riesz—Kantorovich property with respect to E*.

(ii) Let © be a completely regular Hausdorff space. Then the Banach lattice By, (2)
has the Riesz—Kantorovich property with respect to M(€2).
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(iii) Let Q be a completely regular Hausdorff space. Then the Banach lattice C(12)
has the Riesz—Kantorovich property with respect to M(€2).

Proof. “(i)”: This follows directly from the classical Riesz-Kantorovich formula for
Banach lattices, see [Mey91, Theorem 1.3.2].

“(ii)”:  Clearly, the Banach lattice By, (f2) is o-order complete. Moreover, let
f € Bp(2)4. Then by Lemma 1.2.15 the band projection Py: By (£2) — By(£2) onto
the principal band By is given by

Prg = sup(g Anf)
neN

for all g € By(€2). Notice that the lattice supremum here coincides with the pointwise
supremum. Set S = {w € Q: f(w) = 0}. We claim that Prg = g - lg\g for all
g € Bp(Q2). Indeed, for every w € 2\ S there exists ng € N such that ng f(w) > g(w),
and thus, we have Prg(w) > (g Anof)(w) = g(w). Conversely, for n > ng we have
(g Anf)(w) = g(w), and thus, Prg(w) = g(w). For w € S we have (g Anf)(w) =0
for all n € N and thus, Prg(w) = 0. This shows the claim.

Consider the operator Q;: M(2) — M(€) defined by

(Qru)(A) = (AN S)

for every measurable set A C Q). It is easily seen that Qs is the adjoint operator of
Py, since

<Pf97,u>:/9\59d#:/99 d(Qrp) = (9, Qrp)

holds for every g € By(Q2) and every p € M(€2). Thus, Py is o(By(£2), M(9))-
continuous and the assertion follows from Proposition 1.2.16.

“(iii)”: This follows from (ii) and Remark 1.2.17, since Cy,(£2) embeds into By, (£2). O

1.2.2 The Koopman and Perron—Frobenius Operators as
Adjoints

Let us now apply the abstract results from the previous subsection to the setting
of the Koopman and Perron—Frobenius operators. Recall that we have seen in
Example 1.2.2 (ii) and Example 1.2.10 that for a completely regular Hausdorff space
2 the tuple (Cp(2),M(2)) is a norming dual pair of Banach lattices. It is now
easily seen that the Koopman and Perron-Frobenius operators are mutually adjoint
operators.

Proposition 1.2.20. Let 1 and Qs be completely regular Hausdorff spaces and
@: Q1 — Q9 be continuous. Denote by Ty,: Cp(£22) = C, (1) the Koopman operator
and by P,: M(Qq) — M(Q2) the Perron—Frobenius operator of ¢. Then it holds that

(Tpfs 1) ey (@) M(©@1) = (s Pokt) ¢y (22) M()

for all f € C,(Q2) and all p € M(S21). In particular, T, and P, are their mutual
adjoint operators.

1.2 Duality of the Perron—Frobenius and Koopman Operators
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Proof. This is the transformation theorem for pushforward measures. O

Proposition 1.2.21. Let Q1 and Q9 be completely reqular Hausdorff spaces and
w: Q1 — Qg be continuous. Then

(i) the Koopman operator T, : C,(€2) — Cp(§21) is continuous with respect to the
weak topologies o(Cy,(2), M(22)) and o(C(21), M(21)), and

(ii) the Perron—Frobenius operator Py: M(£21) — M(£2) is continuous with respect
to the weak topologies o(M(€21),C(21)) and o(M(Q2), Cp(22)).

Proof. We only show the o(Cy,(22), M(€2))-0(Cp,(£21), M(€1))-continuity of T,,. The
continuity of P, follows analogously. Let € M(£22). Note that the functional

<T<P()7:u’> Cb(QQ) _>K7 f'_> <T<Pf7u>
is 0(Cp(Q2), M(Q2))-continuous. Indeed, this follows from Proposition 1.2.20, since
<TSO()):U’> = <7P50M>

and the right-hand side is clearly o(Cy(€22), M(£22))-continuous. O

It is now an easy corollary of Example 1.2.12 (ii), Proposition 1.2.14, Exam-
ple 1.2.19 (iii), Proposition 1.2.20 and Proposition 1.2.21 that Perron-Frobenius
operators are always interval preserving.

Corollary 1.2.22. Let Q1 and Qo be completely regqular Hausdorff spaces and
©: 1 — Qo continuous. The Perron—Frobenius operator P, is interval preserving,
i.e., if p,v € M(Q1) are real-valued measures, then

Pylp, v] = [Pop, Ppr].

We can use the duality for a further property of the Perron—Frobenius operator.
It is, by duality, equivalent to the property that the Koopman operator maps the
constant function 1g, to 1g,.

Proposition 1.2.23. Let 2 be a completely regular Hausdorff space. Then the
Perron—Frobenius operator is norm-preserving on the positive cone of M(€y), i.e.,
we have

[Poplly = Ny

for all 0 < p e M(£2y).

Proof. Let 0 < p € M(€2y), then P, > 0, and thus, by Proposition 1.2.20
[1Popilly = (Pop)(Q2) = (Lay, Pop) = (Ty Lay, 1) = (Lo, w) = p(S) = [[ull;-

This concludes the proof. O

Example 1.2.24. We recall Examples 1.1.8 and 1.1.19. Then the duality of the
Koopman operator T, and the Perron-Frobenius operator can be seen in their
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matrix representation. For f € C,(2) and p € M(Q) write f for the column vector
(f(1),..., f(5))" and f for the column vector (u({1}),...,u({5}))". Note that we
have

=Y fwnuw}) =i f

weN

for each f € C,(2) and each p € M(€2). Then

(wa,,u) T f ( )*f: (Pgola)*f: <f7P¢U>-

1.2.3 Weakly Closed Ideals and Weakly Continuous
Functionals

To obtain a characterization of the injectivity and surjectivity of the Koopman
operator T', we require other topologies on the spaces Cp(X) and Cp(Y) than
the norm topologies. In Section 1.2.1 we have already gotten to know the weak
topology o (Cp(2), M(€2)). In order to prepare further results, we will take a closer
look at notions of closed ideals in Cy,(X) endowed with topologies consistent with

(Cu(62), M(2)).

If © is completely regular Hausdorff, then by Remark 1.1.3 (iii) every subset M C €,
if endowed with the subspace topology, is completely regular Hausdorff as well. We
are now going to describe subsets M of € in terms of subspaces of Cy,(f2). To this
end, we need some terminology from algebra and lattice theory first:

Definition 1.2.25 (Ideals). (i) Let A be an algebra. A linear subspace I of A is
called an (algebra) ideal if for all f € I and all g € A the product f - ¢ and
g - f are contained in I.

(ii) Let E be a vector lattice. A linear subspace I of E is called a (lattice) ideal if
fel, ge E and |g| < f implies g € I.

For M C Q) we define
Ing ={f €Cp(Q): f(w) =0 forall we M}.

The ideal Iy, is called the vanishing ideal of M in Cy,(X). It is easily verified that
Ins has indeed an algebra and a lattice ideal structure in Cy,(X).

Remark 1.2.26. Let 7 be a locally convex topology on Cy,(£2) that is consistent

with (Cp(€2), M(Q2)). For each subset M C Q the vanishing ideal Iy is 7-closed.

Indeed, for M C € it holds that

Iy = ({f€C(@): flw) =0} = [ Iy

weM weM

So it suffices to show that Iy, is a 7-closed ideal in C,(€2) for all w € Q. As 7 is
a finer topology than o(Cy(£2), M(€2)) it suffices to show closedness in the latter
topology.

Fix w €  and denote by J, € M(2) the Dirac measure of w. Then for every
o (Cp(Q), M(Q))-convergent net (fx)ycp in I,y with limit f € Cy(Q2) we have

1.2 Duality of the Perron—Frobenius and Koopman Operators
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0= (fr,0w) = (f,0w) = f(w). Hence, f € Iy and the ideal is o(Cp(£2), M(Q2))-
closed.

In fact, we can describe all 7-closed ideals in Cp(2) as vanishing ideals.

Proposition 1.2.27 (weakly closed ideals). Let Q be a completely reqular Hausdorff
space and let 7 be a locally convexr topology on C(Q2) that is consistent with
(Cp(2),M(Q2)). Then the T-closed algebra and T-closed lattice ideals coincide and
the mappings

Mw— Iy ={feCy(Q): f(w)=0 forallwe M},
I M ={weQ: fw)=0 forall fel}

are mutually inverse bijections between the set of T-closed ideals of C,(2) and the
set of closed subsets of €.

This follows readily from [Coo71, Proposition 1.2.7], as the mixed topology there is
consistent with (Cp(€2), M(Q2)). For convenience we provide an elementary proof.

Proof. Note that by Proposition 1.2.7 we may assume that 7 = o(Cy,(£2), M(2)).

“Well-definedness of M — Ip;”: Tt is Remark 1.2.26 that states that the mapping
M +— Ip; maps subsets M C X into 7-closed ideals in Cp,(X). So the mapping
M — I,y is well-defined.

“Surjectivity of M +— Ip": Let I be a 7-closed algebra or lattice ideal in Cp,(X)
and let M := M;j. Then clearly, I C Ip;. To show the converse, fix f € Ij; and
assume without restriction that | f||,, = 1. We construct a net (fy),c, in I that
converges to f with respect to 7, as this shows that f € I by the 7-closedness of I.
Let A = M(Q)Jr x (0,1) ordered such that (p1,e1) < (u2,e2) if and only if py < g
and €1 > 9. Then A is a directed set. Fix (u,¢) € A and assume that p # 0. As p
is Radon, there exists a compact set X C €2 such that p(Q2\ K) < e. Define further

No={we K: |f) = llul;* -}

and notice that N is a closed subset of Q that lies in K\ M, and thus, it is compact.
Moreover, for each point w € N, there exists a function f,, € I such that f,(w) > 0.
By passing to |f,| € I and scaling, we may assume that f, > 0 and f,(w) > 1.
Then the collection of open sets {& € Q: f, (&) > 1} indexed over all w € N, covers
N.. Thus, by compactness of N, there exist 0 < fq,..., fi € I such that

k
N C U fz'_l ((17 OO))
=1

Set h:==f1 + -+ f € I. For some to be specified n € N define the function

nh

h = —~f.
1+nh

If T is an algebra ideal, then clearly h € I as h € I and lfnﬁf eCh(X). If I'isa

lattice ideal, then it follows from ‘Hﬁf‘ < n that |h| < nh, and thus, h € I.
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Now notice that for w € N, we have h(w) > 1 and p%n

enough. For w € K \ N. we have |f(w)| < ||ul|; e. Thus,
nh

h— /I, :/ : d :/ :
{ Ilow) Ql|l+nh a Qll+nh

Mg [ Dy,
< dp + — dp + fllo dpe
/Ns 14+n K\N. 1+ nh Q\KH I

< ulte /N £ dut lTte /K 1 du+ u(@\ K)

Ne

< Hqu_la if we chose n large

f=17

dp

-1 -1
< plly N oo llellye + pelly " (K \ Nee + €
< 3e.

Setting f(,¢) = h we obtain a net (f1),c, in I that converges to f with respect to
7. This shows that f € I, which proves the surjectivity of the mapping M — Iy,.

“Injectivity of M — Ip”: We show that I — My is its left-inverse, i.e., that
M = My,,, as then injectivity follows. Let M C Q be a closed subset of {2 and
w € M. Then for all f € Ipy we have f(w) = 0, which shows that w € Mj,,.
Conversely, let that w ¢ M. Then by complete regularity there exists a function
f € Iy with f(w) = 1. Thus, w ¢ My,,. This shows that M = Mj,,. O

In general the claim of Proposition 1.2.27 is false for ideals closed in the topology
induced by the supremum norm on Cj(€2).

Example 1.2.28. There exist a completely regular Hausdorff space 2 and a norm
closed ideal in Cy,(£2) that is neither the entire space nor a vanishing ideal.

Let © := N. We provide a concrete and a more abstract example.

(i) Consider the subset cg C Cp(2) of all sequences that converge to zero. The
space cq is a closed subspace of Cp(N) and thus a Banach lattice. Moreover,
it is easily seen to be a lattice ideal of Cy,(€2). However, it is not a vanishing
ideal, as there is no point w € 2 such that all sequences in ¢y vanish at w.

(ii) Recall the notation from Proposition 1.1.11. Then the embedding tq: 2 — 5
into its Stone-Cech compactification is not surjective. If & € BQ\ 1q (),
then the vanishing ideal I,y C C(852) is norm closed. Note that the image
J = T,,(I{) is also norm closed in Cy,(€2). However, the ideal J is neither
the entire space nor a vanishing ideal.

Indeed, for w € X by Urysohn’s lemma there exists a function f € C(52) such
that f(to(w)) =1 and f(w) =0. So T,,(f)(w) =1 and T,,(f) € J. It follows
that for each w € Q there exists a function f € J such that f(w) # 0. Thus, J
is not a vanishing ideal.

Lemma 1.2.29. Let Q be a completely reqular Hausdorff space. For a linear
functional ¥ : C,(2) — K the following are equivalent.

(a) ¢ is a Dirac functional
b0u: Cp(Q) =K, f = f(w)

for some w € (.

1.2 Duality of the Perron—Frobenius and Koopman Operators
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(b) v is a o(Cp(2), M(R2))-continuous unital *-homomorphism.
(c) ¥ is a o(Cp(2), M(2))-continuous unital lattice homomorphism.

Proof. “(a) = (b) and (c)”: Let w € 2. Then clearly d,,(1) = 1, is multiplicative,
commutes with the involution on Cp(€2) and with the modulus function. Hence, 4,
is a unital *-homomorphism and a unital lattice homomorphism.

The o(Cp(£2), M(£2))-continuity of §,, follow directly from the definition of the
topology.

“(b) or (c) = (a)”: By the continuity of v it follows that ker(¢)) is a o(Cp(€2), M(Q2))-
closed algebra or lattice ideal, respectively. It follows from Proposition 1.2.27
that there is a unique closed set M C Q such that ker(y)) = Ip;. Note that
1 # 0 as it is unital. By the isomorphism theorem for vector spaces, the quotient
space Cp,(£2)/ker(¢)) is isomorphic as a vector space to Im(y)) = C. So ker(¢) has
codimension one.

We next claim that M is merely a singleton {w} for some w € Q. Suppose to
show a contradiction that M contains at least two distinct points wi,ws € M.
Then by complete regularity and the Hausdorff property, there exist two functions
f1, f2 € Cp(Q2) such that

and

fi(wr) = fa(wa)
fi(w2) w1

fa(w1)

Then fi + Iy and fo 4 Ips are linearly independent in the quotient space Cy,(X) /1.
Since the quotient space is one-dimensional, this yields a contradiction and it follows
that M = {w} for some w € Q.

1
0.

Let w €  be such that ker(y) = I,y For f € Cp(Q) we always have that
f(w) -1 —f € Iy, and thus, it follows from unitality of ¢ that

fw) =o(f) = (f(w) - 1) =¢(f) = d(f(w) - 1=f) = 0.

Hence, ¢ = d,, is a Dirac functional. ]

Following the idea of Example 1.2.28 we can construct a norm continuous unital
x-homomorphism, or equivalently a norm continuous unital lattice homomorphism
(see Remark 1.1.12), ¢: Cp(2) — K that are not of the form J,, for some w € .
Consequently, if € is not compact, there will always be norm continuous functionals
that are not Dirac.

Example 1.2.30. There exist a completely regular Hausdorff space €2 and a norm
continuous unital x-homomorphism, or equivalently, a norm continuous unital lattice
homomorphism, : Cp(€2) — K that is not of the form ¢, for some w € Q.

Take Q := N and recall the notation from Proposition 1.1.11. Then there exists
w € BN a (). Consider the Dirac functional d; on C(82) and note that ¢ := 00T,
defines a norm continuous functional on Cy(€2). However, # is not of the form d,
for some w € (2.

Indeed, the kernel of 1 is of the form ker (1)) = T, (I{4}), which is no vanishing ideal
by Example 1.2.28, whereas ker(d,) = I1.-
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We can now apply Lemma 1.2.29 to characterize the Koopman operators. Note that
Lemma 1.2.29 is a special case of the following proposition by considering the spaces
Q1 with a single element.

Proposition 1.2.31. Let Q1 and o be completely reqular Hausdorff spaces and
denote by 7; == o(Cp (%), M(€;)) the weak topologies for i € {1,2}. For a linear
operator T': Cy,(22) — Cp(21) the following are equivalent.

(a) There exists a continuous map ¢: Qy — Qo such that T = T,,.
(b) The operator T is a unital algebra homomorphism and To-T1 -continuous.

(¢) The operator T is a unital lattice homomorphism and To-T1-continuous.

Proof. “(a) = (b) and (c)”: By Remark 1.1.10 it follows that the Koopman operator
is a unital algebra and lattice homomorphism. The 7m-7)-continuity follows readily
from Proposition 1.2.21.

“(b) or (¢) = (a)”: Let wy € Q. Then the mapping
dwy; 0 T: Cp(2) = K, f=(Tf)(w1)

is an algebra or lattice homomorphism, respectively. Moreover, it is unital and
To-continuous. Thus, by Lemma 1.2.29 there exists an element wy € ()9 such that

Oy © T = 8y (1.1)

Let ¢: Q1 — Q9 be the mapping that maps w; to we satisfying (1.1). The continuity
of ¢ follows from Lemma 1.1.5, since it follows from fo ¢ = Tf that fo ¢ is
continuous for all f € Cy,(£22). O

1.3 Characterizing Topological Dynamics with
Operators

The injectivity and surjectivity of a mapping ¢: K; — Ky between two compact
Hausdorff spaces K1 and K5 can be characterized by the properties of the induced
Koopman operator T,: C(K3) — C(K7).

Proposition 1.3.1. Let K1 and Ks be compact Hausdorff spaces and p: K1 — Ko

be a continuous mapping. Then the following holds:

(i) The Koopman operator T,: C(K2) — C(Ky) is surjective if and only if ¢ is
injective.
(ii) The Koopman operator T,: C(Ky) — C(K1) is injective if and only if ¢ is

surjective.

We will skip this proof as this result will follow from the more general results in this
section. It can be found as an exercise in [EFHN15, Lemma 4.14].

For mappings ¢: 21 — Q2 on completely regular Hausdorff spaces {2; and €25 the
Proposition 1.3.1 (i) fails to hold.

1.3 Characterizing Topological Dynamics with Operators
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Example 1.3.2. There exist completely regular Hausdorff spaces €21 and 29 and a
continuous mapping ¢: 27 — €13 that is injective such that T, is not surjective.

Let Q; = [0,1]q be the unit interval endowed with the discrete topology and
Qg = [0, 1] the usual unit interval endowed with the Euclidean topology. Consider
the identity mapping ¢ = id[g 1) and note that ¢ is continuous and injective. The
space Cp([0,1]4) is the set of all functions f: [0,1] — K and the range of the
Koopman operator T, is the space of all continuos functions Cy ([0, 1]) on the unit
interval [0,1]. Hence, T, is not surjective.

This example motivates to look for condition under which it can be guaranteed that
 is injective.

Theorem 1.3.3. Let 21 and Qo be completely reqular Hausdorff spaces and p: 1 —
Qg be continuous. Denote by T a locally convex topology on Cy(€21) that is consistent
with (Cp(Q1),M(Q1)). The following statements are equivalent.

(a) ¢ is injective.

(b) Ty, has T-dense range in Cp(£21).

(c) P, is a lattice homomorphism.
) F

(d

o 1S injective.

Proof. “(a) = (c)”: We show that for each p € M(£21) we have |P,u| = Py|pl.
Since P, is a positive operator, the inequality < always holds. To see the converse
inequality, let A C )9 be measurable and note that

P,|p|(A) = sup {Z\,u Byi)|: By C ¢ (A) meas., pairwise disjoint, n € N} ,
and analogously,
| Popt|(A) = sup {Z ‘,u ’ Aj, C A meas., pairwise disjoint, n € N} .

Now fix n € N and let B,..., B, be a family of measurable and pairwise disjoint
subsets of ¢ 1(A). Then the sets Ay, == p(Ay) for k € {1,...,n} are measurable
subsets of p(¢1(A)) C A. It follows from the injectivity of ¢ that the By’s are
pairwise disjoint and that ¢ ~!(Ay) = By. Hence,

Z\uBk!—Z\u Ap))]

and taking the supremum over all possible families yields that |P,u|(A) > Py|u|(A).
This shows that the inequality > holds.

“(c) = (d)”: Suppose P, is not injective. Then there exists a non-zero Radon
measure ¢ € M(€);) in the kernel of P,. Since P, is assumed to be a lattice
homomorphism it follows that P,|u| = |Pyu| = 0, and thus, |u| is a positive non-zero

measure in the kernel of P,. Thus,

< (L [ul) = (T, 1, |pl) = (1, Pplul) = 0
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This is a contradiction.

“(d) = (b)”: Denote by F' C Cy(22) the 7-closure of ran(7,) and suppose that
F is a proper subspace of Cp(€22). Then, by the Hahn-Banach theorem for locally
convex spaces [AB06, Theorem 5.87], there exists a non-zero 7-continuous functional
w: Cp(©21) — K that vanishes on F. As 7 is consistent with (Cy,(21), M(€)) it
follows that p € M(€21). Thus,

0= <wa7ﬂ>:<fvaﬂ>

for every f € Cp(£22). This implies that P, u = 0, and so, the Perron-Frobenius
operator is not injective.

“(b) = (a)”: Let wi,ws € 1 be distinct points that satisfy p(wi) = ¢(w2). As Oy
is completely regular Hausdorff, there exists a continuous function f € Cy (1) with
f(w1) # f(wz). Since ran(7,,) is 7-dense, there exists a net (f)), in Cp(£22) such
that that (7, fx), converges to f with respect to 7. As o(Cy,(€21), M(£21)) is coarser
than 7 the convergence also holds weakly. Hence, setting p = ., — 0w, € M(€1)
we obtain

0= falp(wr)) = falpwz)) = (T f, ) = (f, 1) = flwr) — flw2) # 0.

This is a contradiction. O

For mappings ¢: 1 — Q9 on completely regular Hausdorff spaces 2; and s the
Proposition 1.3.1 (ii) fails to hold as well.

Example 1.3.4. There exist completely regular Hausdorff spaces €21 and €2 and a
continuous mapping ¢: ;1 — € that is not a surjective such that 7T, is injective.

Let Q := N and af2 := NU {oo} be its one-point compactification. Consider the
inclusion mapping ¢: @ — af. The Koopman operator T,: Cp(af2) — Cp(Q2)
is given by the restriction of functions from af2 to €2 and its image is the space
c of all functions f € Cp(§2) for which lim,,~ f(n) exists. In particular, T, is
injective, as any function f € c¢ has a unique extension f € Cp(af2) by setting
f(00) = limp 00 f(n). However, ¢ is not surjective as co € af2 is not in the image
of .

We explore conditions under which T, is injective.

Theorem 1.3.5. Let 21 and o be completely reqular Hausdorff spaces and p: Q1 —
Qy be continuous. Denote by T a locally convex topology on M(Sa) that is consistent
with (M(Q22), Cp(Q2)). The following statements are equivalent.

(a) ¢ has dense image in Q.

(b) T, is injective.

(c) Ty is an isometry with respect to the supremum norms on Cy(£22) and Cy(£21).
)

(d) P, has T-dense range in M(s).

Proof. “(a) = (c)”: Clearly, ||f|loc = ||fo¢lloe = [[Tpfllo- So we need to show
the converse inequality. Let f € Cp(Q2) with M = sup{|f(w2)| : w2 € Q2} and
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let € > 0. By continuity the set U, := {w2 € Q2 : |f(w2)| > M — ¢} is open and
non-empty. Thus, by density of ¢ in Q9 there exists w; € £ such that ¢(w;) € U,.
Hence, || f|lo < [f(@(w1))] + € < [T, fll,, + €. Since € was chosen arbitrarily it
follows that || [/, < || Tyl

“(c) = (b)”: Every isometry between two metric spaces is injective.

“(b) = (d)”: Denote by F' C M(€22) the 7-closure of ran(P,) and suppose that F
is a proper subset of M(€22). By the Hahn-Banach theorem [AB06, Theorem 5.87]
there exists a non-zero 7-continuous functional f := M(2) — K that vanishes on F.
Since 7 is consistent with (M(Qs2), Cp(€22)) it follows that f € C,(£22) and

0 = <f7P§0/'L> = <T§0fnu>
for all 4 € M(£21). This implies that T, f = 0 and shows that T, is not injective.

“(d) = (a)”: Suppose that ¢(€1) is not dense in 3. Then there exists a non-
empty open set U in () that is disjoint of the image ¢(€21). Then (P,u)(U) =
(=1 (U)) = u(@) = 0 for all u € M(Q4). By the complete regularity of {25 there
exists a continuous functions 0 < f € C,(£22) that is 0 on Qs \ U and satisfies
f(w2) =1 for some wy € Qy. Thus,

(f, Popy =0 and (f,0u,) =1

hold for all ;1 € M(Q22) simultaneously. This shows that ran(P,) is not dense in
M(€22) with respect to o(M(£22), Cp(£22)). Thus, by Proposition 1.2.7 ran(P,) can
also not be 7-dense. d

We note that a trivial corollary of Proposition 1.3.1 is the following.

Corollary 1.3.6. Let K1 and Ky be compact Hausdorff spaces and ¢: K1 — Ko be
a continuous mapping. Then the Koopman operator T, is invertible if and only if ¢
is a homeomorphism.

That this is not true for continuous maps on completely regular Hausdorff spaces is
demonstrated in the following example.

Example 1.3.7. There exist completely regular Hausdorff spaces £2; and €2 and
a continuous mapping ¢: {11 — {23 that is not a homeomorphism such that T, is
bijective.

Let © := N and recall the notation from Proposition 1.1.11. Consider the embed-
ding tq: Q — B into its Stone-Cech compactification. The Koopman operator
T.,: C(B2) — Cp(Q) is an algebra and lattice isomorphism. Recall that ¢ is a
homeomorphism onto its image. Hence, ¢ is not surjective, as € is not compact
whereas (€ is.

We will now determine conditions under which the bijectivity of the Koopman
operator T, guarantee that ¢ is a homeomorphism.

Theorem 1.3.8. Let 21 and Qs be completely reqular Hausdorff spaces and p: Q1 —
2y be continuous. If ¢ is a homeomorphism, then T, is invertible.

Chapter 1 Topological Dynamical Systems



If Qq is normal and Qo is metrizable, then T, is invertible if and only if ¢ is a
homeomorphism.

If ¢ is a homeomorphism, then the inverse of the Koopman operator T, is given by
the Koopman operator T,—1: Cp(Q1) — Cp(£2).

To prove this, we need the following two lemmas.

Lemma 1.3.9. Let Q be a metrizable topological space and (wn),cy be a sequence
in Q that has no convergent subsequence. Then the set of all elements

A ={wy: neN}

s a closed subset of §2.

Proof. Without loss of generality, we may assume that the elements of the sequence
(Wn)pen are pairwise distinct. Let (wn),cy be a sequence in A that converges to
some @ € Q. We show that (@), only takes finitely many values, and hence, is
eventually constant. This implies that @ € A and in turn that A is closed.

If we suppose that (&), cy takes infinitely many values, then we may pick a
subsequence (Wy,),cn Of (Wn),cy that has pairwise distinct elements. Let h: N — N
be the mapping defined by

h(n) :==m, such that @, = wy,

for all n € N. This is well-defined, since (wy, ),y Was assume to have pairwise distinct
elements. Moreover, h is injective, since (&y,), oy has pairwise distinct elements. It
follows that h(n) — oo as n — oo. Therefore, we may pick a strictly monotone
subsequence (my,),cy of (h(n)),cy and obtain that (wpm,, ), cy is a subsequence of
(@n)pen- As a subsequence of (wy), oy the sequence (W, ),cn can not converge,
but as a subsequence of (&y,),, oy the sequence (wp,, ),y Must converge. This is a
contradiction.

It follows that (&, ),y may only take finitely many values and that A is closed. [J

Lemma 1.3.10. Let Q1 be a normal space, Qo be metrizable and ¢: 21 — Qo be
continuous. If the Koopman operator T, is surjective, then ¢(§21) is closed.

Proof. Suppose that there exists an element w € ¢(21)\¢(€21). Since Q9 is metrizable
also (1) is. Hence, there exists a sequence (wp)cy in €1 such that (p(wn)),cn
converges to w. Without loss of generality, we may assume that (¢(wy)),cy has
pairwise distinct elements. Since w & (€21) it follows that the sequence (p(wn)),,cn
does not have any convergent subsequence in the metrizable space ¢(€21). Thus, it
follows from Lemma 1.3.9 that the sets

Ap ={p(wa): n €N} and Ay :={p(wa,t1): n € N}

are closed in ¢(€1). Notice also that A; and Ag are disjoint. By the continuity
of ¢: Q1 — ¢(Q1) it follows that the sets By and Bs, defined by B; == ¢~ 1(A;)
for i € {1,2}, are disjoint and closed in ;. Since  is normal, it follows from
Urysohn’s lemma that there exists a continuous function f € Cp(€1) such that
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flB, =0 and f|p, = 1. Since ran(T,) = Cp,(€21) there exists g € Cp,(£22) such that
goy = T,g = f. Then the sequence ((go¢)(w,)),cy takes the values 0 and 1
infinitely many times and does not converge. However, by the continuity of g the
limit

Jim (g0 @)(wn) = lim g(p(wn)) = g(w)

exists. This is a contradiction, which shows that ¢(€21) must have been closed in
the first place. 0

In the setting of Lemma 1.3.10 it does not suffice to assume that T;, has closed range
to conclude that p(4) is closed.

Example 1.3.11. There exist a normal space {21, a metrizable space )3 and a
continuous mapping ¢: 1 — € such that the Koopman operator T, has closed
range but ¢(£21) is not closed.

Let © = N. Recall from Example 1.3.4 the inclusion mapping ¢:  — af) into
the one-point compactification af2. As shown in that example, the range of the
Koopman operator T, is given by the closed subspace c¢. However, the image ¢(12)
is not closed in af).

We are now able to prove Theorem 1.3.8.

Proof of Theorem 1.53.8. “=": If  is a homeomorphism, then the operator T,,-1 is
easily checked to be the inverse of T,. Hence, T, is invertible.

“&". We first show that ¢! exists. From Theorem 1.3.3 and Theorem 1.3.5 it
follows that ¢ is injective and has dense image.

If €1 is normal and €23 is metrizable, then Lemma 1.3.10 implies that ¢(€2;) is closed,
and thus, ¢ is surjective. It also follows that ¢ is surjective, and thus, we obtain
that ¢ is bijective and ¢! exists.

Now we show that ¢! is continuous. Let f € Cp(£21) and set g == Tw_lf. Then we
obtain

-1 1

fop l=(Tpg)op t=gopoyp ' =ge Cph().

It follows that f o ¢! is continuous for all f € Cp,(£2;). Now Lemma 1.1.5 implies
that ! is continuous. O

Note that the inverse of an invertible unital algebra or lattice homomorphism
is again an unital algebra or lattice homomorphism, respectively. So in light of
Proposition 1.2.31, if we what to conclude from the bijectivity of T, that ¢ is a
homeomorphism, it suffices to show that the inverse is also weakly continuous with
respect to the Radon measures. Let us make this more precise.

Proposition 1.3.12. Let Q1 and Qo be completely reqular Hausdorff spaces and
@: U — Qo be continuous. Suppose that the Koopman operator T,: Cp(22) —
Cp(21) is invertible. Then Tgl is continuous with respect to the weak topologies
a(Cp(21),M(Q1)) and o(Cp(Q2), M(Q2)) if and only if ¢ is a homeomorphism.

Chapter 1 Topological Dynamical Systems



Proof. “=7: 1If ¢ is a homeomorphism, then by Theorem 1.3.8 the inverse of the
Koopman operator is given by T,-1. By Proposition 1.2.21 the operator T -1 is
weakly continuous.

“«<": Suppose that T;l is weakly continuous. Then, by Proposition 1.2.31 the
mapping T, 1'is a Koopman operator. Thus, there exists a continuous mapping
P: Q9 — € such that TS;I = Ty. It follows that ¢ = o~ ! and that ¢ is a
homeomorphism. I

For the norm continuity the continuity of the inverse is automatic and follows from
the open mapping theorem.

Let us revisit Example 1.3.7 and verify that the weak continuity of the inverse
actually fails to hold (without using the insight of Proposition 1.3.12).

Example 1.3.13. There exist completely regular Hausdorff spaces €2; and 29 and
a continuous map ¢: €03 — €3 such that the Koopman operator T, is invertible
but T, 'is not continuous with respect to the weak topologies o (C,(£2;), M(€2;)) for
ie{1,2}.

Recall the notation from Example 1.3.4, let 2 = N and recall from Proposition 1.1.11
that the inverse of the Koopman operator 7, is the mapping ®q: C,(2) — C(8Q),
where () is the space of all unital algebra homomorphisms endowed with the weak-
*_topology. Let o € Q2 \ 1(2) and consider the Dirac measure §, € M(552). To
show that ®q is not weakly continuous, we need to show that for every p € M(2)
there exists a function f € Cp(€2) such that

(@S, 0a)| > [(f; w]-

By tightness there exists a compact set K C 2 such that |u|(2\ K) < 1/2. Note
that for every open neighborhood U C 32 of «a the preimage L51(U) is also open.
Now there exists an open neighborhood U of « such that L51(U JNK = (. Otherwise
we can construct a net (wy ) in Q indexed by the neighborhood basis of o such
that wy € Lél(U )N K for every neighborhood U of a. By compactness of K and by
passing to a subnet, we may assume that the net converges to some w € K. Thus,
we have by continuity tq(wy) = to(w) and to(wy) € U for every neighborhood U
of a. Tt follows that to(w) = a contradicting the assumption that « & 1o(2).

By complete regularity of {2 and Proposition 1.1.4 (ii) there exists a continuous
function f: Q@ — [0,1] such that f(w) = 0 for all w € K and f(w) = 1 for all
w € 15" (U). Let (wy), be a net in Q such that (1q(wy)), converges to . Then
eventually for large enough A\ we have 1q(wy) € U and

1= ‘<(I)Qf,5wx>| - ’<(I)Qf75a>|’

whereas
1, )] </ Fdut p(@\K) < 1/2,
K

This concludes the proof.
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1.4 The Koopman Operator on the Bounded
Measurable Functions

For some investigations the continuous functions do not provide sufficient details
to fully study the underlying dynamical system. The attentive readers might have
noticed that Section 1.3 does not provide an operator theoretic description of the
surjectivity of ¢. To do this we need the Koopman operator to be defined on a
richer space of functions. One natural choice is to allow for functions that are Borel
measurable.

We let Q be completely regular Hausdorff and denote by By (€2) the space of Borel
measurable and bounded functions f: Q — K. If endowed with the supremum
norm || f|, = sup,ecq|f(w)|, the space of bounded measurable functions becomes
a Banach space. In fact, is has similar algebraic properties to those described in
Remark 1.1.9 for the space of bounded continuous functions. If the order, the

modulus function, the multiplication and the involution are defined analogously,
then By (2) is

(i) a Banach lattice that is also an AM-space
(ii) a Banach algebra.

We define the Koopman operator on By(€2) in complete analogy to the Koopman
operator on Cp,(2).

Definition 1.4.1 (Koopman operator on bounded measurable functions). Let
and Q9 be completely regular Hausdorff spaces and ¢: 21 — {29 be continuous. The
Koopman operator T, : By,(€2) — Bp(£21) on the bounded measurable functions is
defined by

(Tef)(w) = flp(w))
for all f € By(£22) and all w € Q.

Since f o ¢ is measurable for all f € By, (£22), the Koopman operator is well-defined.
Notice that we use the same notation for the Koopman operator on the continuous
functions as for the Koopman operator on the measurable functions. In the following
this shall not lead to ambiguities.

Let us now introduce the weak topologies on By(€2). For this recall from Proposi-
tion 1.2.18 that (By,(£2), M(£2)) is a norming dual pair of Banach lattices. Akin to
Proposition 1.2.20, let us remark that the Koopman operator T, on By, () is also
dual to the Perron—Frobenius operator P, on the Radon measures.

Proposition 1.4.2. Let 1 and Qo be completely regular Hausdorff spaces and
@: Q1 = Qo be continuous. Denote by T, By(£22) — By (Q1) the Koopman operator
and by P,: M(Q1) — M(Q9) the Perron—Frobenius operator of ¢. Then it holds that

(Tofs 11)By Q1) M) = (Fs Polt) By (92) M(022)

for all f € C,(Q2) and all p € M(21). In particular, T, and P, are their mutual
adjoint operators.
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Proof. This is is the transformation theorem for pushforwards of measures applied
to the measurable functions. O

As we have seen in Section 1.2.1 the setting of norming dual pairs allows us to consider
a variety of weak topologies o(By,(2), M(Q2)) C 7 C u(Bp(Q2),M(Q2)) sandwiched
between the weak and the Mackey topology that respect the dual space M(2). As
in Theorem 1.3.3, we will use this topology to characterize the injectivity of .

Furthermore, we need the weaker topology of pointwise convergence Tptw on By, (),
which is the coarsest topology on By (€2) for which the Dirac functionals

0w Bb(Q) - K, [ f(w)

are continuous. A net (f)), converges in this topology if and only if it converges
pointwise, i.e., there exists f € By(2) such that f\(w) — f(w) for all w € Q. Clearly,
the topology o(By(2), M(2)) is stronger that Ty, i.e., convergence with respect
to o(Bp(2), M(Q2)) implies pointwise convergence. The converse does not hold in
general. A common counterexample is given by the net (1) of indicator functions
1r:[0,1] — R indexed by the finite subsets F' of [0, 1] ordered by reverse inclusion,
which converges to the constant one function pointwisely, but not in the weak
topology o(By([0,1]), M(]0,1])), as can be seen by testing against the Lebesgue
measure.

Note that the Koopman operator T, is continuous with respect to the topology of
pointwise convergence.

Proposition 1.4.3. Let Q1 and Qo be completely regular Hausdorff spaces
and p: Q1 — Qo be continuous. Then the Koopman operator T,: By(2) —
By (1) is continuous with respect to the weak topologies o(Bp(€2), M(2)) and
o(Bp(Q1),M(€1)), and continuous with respect to the topology of pointwise conver-
gence on both spaces.

Proof. The (B, (£22), M(Q2))-0(Bp(€21), M(£21))-continuity follows exactly as in
Proposition 1.2.21. To show that T, is continuous with respect to the topology
of pointwise convergence, let (f)), be a net in By,(€22) that converges pointwise to
some f € By, (22). Then, for every w € Q; we have

(Tofr) (W) = falpWw)) = fleWw)) = (T, f)(w)

as A tends to its limit. This shows the continuity of T, with respect to the topology
of pointwise convergence. O

Let us now characterize the injectivity of ¢ in terms of the Koopman operator on
the bounded measurable functions.

Theorem 1.4.4. Let Q1 and Qo be completely regular Hausdorff spaces and let
@: 1 — Qo be continuous. Denote by T, the Koopman operator on the bounded
measurable functions and by T a locally convex topology on By (1) that is consistent
with (By,(Q21),M(21)). The following statements are equivalent.

(a) ¢ is injective.

(b) T, has T-dense range in By, (1).
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(c) Ty, has dense range with respect to the topology of pointwise convergence.

Proof. “(a) = (b)”: Let F' denote the 7 closure of ran(7,,) in By,(€21). Suppose that
F is a proper subset of By,(£21). By the Hahn—Banach theorem [AB06, Theorem 5.87]
there exists a non-zero 7-continuous linear functional p: M(€;) — K that vanishes
on F. By consistency of 7 with (By,(21), M(€)) it follows that p € M(£2;) and

O = <T<,0fau> = <PS0/’L7f>
for all f € By(£22). This implies P, = 0, and thus, P, is not injective. Now it
follows from Theorem 1.3.3 that ¢ is not injective.

“(b) = (c)”: This is clear, as the convergence with respect to 7 necessarily implies
pointwise convergence.

“(c) = (a)”: If ¢ is not injective, there exist two distinct points wy,ws € Q1 such
that T, f(w1) = T, f (w2) for all f € By(£22). Thus, the indicator function f = 1y}
does not lie in the closure of the range of T, with respect to the topology of pointwise
convergence. [

Let us now turn to a characterization of the surjectivity of ¢. For this we need the
consistent topologies of the reversed pair (M(2), B, (2)).

Theorem 1.4.5. Let Q1 and Qo be completely reqular Hausdorff spaces and p: 21 —
(Y be continuous. Denote T, the Koopman operator on the bounded measurable
functions and by T a locally convex topology on M(Qq) that is consistent with
(M(Q2),Bp(Q2)). The following statements are equivalent.

(a) ¢ is surjective
(b) T, is injective.
(c) Ty is an isometry with respect to the supremum norms on By (Q2) and By (£21).
(d) P, has T-dense range in M(Qs).
Proof. The implications “(a) = (¢) = (b) = (d)” are proved in complete analogy

to the same implications in the proof of Theorem 1.3.5. We show the remaining
implication.

“(d) = (a)”: Suppose to show a contradiction that ¢ is not surjective. Then there
exists w € Qg \ p(Q1). Setting f = 1y,y we find that for every u € M(Q2) we have

(f: Popt) = (™' ({w})) = u(®) =0

and

<f7 5w> = 50.1({(«0}) = 1.

We conclude that 4, is not in the o(M(£22), By,(£22))-closure of ran(P,). Since 7
is finer that the weak topology, it follows that J,, is also not in the 7-closure of
ran(P,). O

Let us return to Example 1.3.4.
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Example 1.4.6. There exist completely regular Hausdorff spaces €21 and 5 and a
continuous map ¢: Q1 — €9 such that the Koopman operator T,,: Cy,(€2) — Cp(£21)
is injective but the Koopman operator T, : By (€22) — B (£21) is not injective.

Let = N and af2 := NU {cc} and consider the embedding ¢: Q@ — af). We
have seen in Example 1.3.4 that the Koopman operator T, : Cp(af2) — Cp(£) is
injective. However, the Koopman operator T,,: By, (af2) — By(12) is not injective, as
the subspace spanned by the indicator function 1.} lies in its kernel.

1.5 Notes

By passing from the possibly nonlinear dynamics ¢ to the linear Koopman and
Perron—Frobenius operators T, and P,, it is a priori unclear which properties of ¢
translate to properties of the linear operators and vice versa. Therefore, results on
the relation between properties have been studied extensively in the literature. Our
contribution in this chapter has been to generalize known results from the setting of
compact Hausdorff spaces to completely regular Hausdorff spaces and do so using
the tools provided by the theory of norming dual pairs. We managed to describe
the injectivity and surjectivity of ¢ in terms of density and injectivity properties of
T, and P, with respect to weak topologies. Moreover, we characterized when ¢ is
a homeomorphism in terms of the bijectivity of T, and the weak continuity of its
inverse.

An extensive survey on how ergodic properties of dynamical systems on compact
Hausdorff spaces translate to properties of T, and P, can be found in [EFHN15]
and more recently in [EF25]. In [Kiih21] it is shown how almost weak, weak and
strong attractors translate to convergence properties of the corresponding Koopman
operators on a closed ideal. A similar investigation for Perron—Frobenius operators
has been carried out in [Gerl8].

In [Kiis21a)] the level sets of the fixed space of T, have been described in terms of
superorbits of . This investigation has been extended to include subfix functions,
which form the so-called Lyapunov algebra, in [Kiis21b, Section II.3].

The spectrum of Koopman operators on C(K) with K compact Hausdorff has been
fully described in [Sch71a, Theorem 2.7] and can take only a few forms: either it is
the entire unit ball or a subgroup of the unit circle potentially with zero. Sufficient
criteria for either case are given. In the second case 1 might be isolated in the
spectrum. We show in Chapter 6 that this is equivalent to the ergodicity and the
eventual periodicity of Koopman operators.

An introduction to Koopman semigroups of dynamical systems ¢ = (¢¢);~, on
completely regular Hausdorff spaces that are time-continuous can be found in [F_K20].
The long-term behavior, ergodicity and stability properties of such semigroups have
been studied in [Eis10].

In Section 1.2, we have developed the duality between the Koopman and Perron—
Frobenius operators and used it to characterize the class of Koopman operators.
Dualities of this type have been studied first by Jean Dieudonné in 1940 and George
W. Mackey in 1945 (see [Pie07, Section 3.3.2.4 on p. 70]). The exposition given
in Section 1.2 closely follows the presentation in [SW99, Section IV.5], [AB06,
Section 5.15] and more recently [Kunll], who also requires that the dual pairs are
norming. Kunze also studied the norming dual pair (Cy(€2), M(£2)) in Example 2.4.
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For studying Koopman semigroups on Cp(2) that are strongly continuous with
respect to the weak topology o(Cp(€2), M(2)) it has been noted in [FK20] that one
benefits from a topology that is quasi-complete. A locally convex topological vector
space is called quasi-complete if every bounded closed set in it is complete. It has
been noted in [Kunll, Remark 4.5] and follows from [K6t69, Section 18.4 (4)] that
a quasi-complete consistent topology on Cp(2) exists if and only if the Mackey
topology is quasi-complete. This is the case if and only if €2 is compactly generated,
i.e., a function f: Q — K is continuous if and only if its restriction to every compact
subset of €2 is continuous, see [Coo87, Corollary I1.1.9. 1)]. The topology that is
shown to be quasi-complete in this case is the so-called strict topology, which can
be equivalently described as the mized topology, namely the finest locally convex
topology that coincides with the compact-open topology on norm-bounded sets,
see [Coo87, Section II.1], where it is called Sk, and [Sen72], where it is referred to as
the substrict topology Bo. A generating family of seminorms of the strict topology is
presented in [Coo87, Proposition I1.1.11] and it has been shown that the continuous
dual of the strict topology are the Radon measures M(€2) [Coo87, Proposition I1.3.3].
Hence, the strict topology is consistent with the norming dual pair (Cy(2), M(2)).
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Measure-Preserving Dynamical
Systems

This chapter introduces measure-preserving dynamical systems as the central object
of study in ergodic theory. We begin in Section 2.1 with the definition of measure-
preserving maps and Koopman operators. We then describe alternative ways to view
measure-preserving systems, such as measure algebra homomorphisms and unital
lattice homomorphisms on LP-spaces.

In Section 2.2 we introduce standard notions of ergodic theory. We recall Birkhoff’s
pointwise ergodic theorem, which we will need in the proof of convergence of
the extended Dynamical Mode decomposition further later in this thesis. When
describing mixing properties of dynamical systems, we place particular emphasis
on the characterizations in terms of the Jacob—de Leeuw—Glicksberg decomposition
of its associated Koopman operator. This decomposition will be a recurrent tool
throughout many parts of this thesis.

Finally, in Section 2.3 we show how measure-preserving dynamics arise naturally as
subsystems of topological dynamics, when restricted to the supports of invariant
measures. Fixed points of the Perron—Frobenius operator yield topological measure-
preserving systems and the Krylov—Bogoliubov theorem shows the existence of
such.

The purpose of this chapter is to recall notations from the literature, to frame ergodic
notions in terms of the Jacobs—de Leeuw—Glicksberg decomposition, and to prepare
the ground for later chapters. It does not contain new and original results.

2.1 Measure-Preserving Systems and their Koopman
Operators

Let us begin by defining measure-preserving maps and measure-preserving dynamical
systems.

Definition 2.1.1. Let X = (X, Xx, ) and Y = (Y, Xy, v) be probability spaces.

(i) A Y x-Yy-measurable mapping ¢: X — Y is called measure-preserving if

wlp™H(4)) = v(A)

for all A € ¥y . The mapping ¢ is called invertible if there exists a measure-
preserving mapping ¢~ ': Y — X such that ¢ o ¢! = idy holds v-almost
surely and ¢! o ¢ = idx holds p-almost surely.

(ii) If X =Y, a measure-preserving mapping ¢: X — X is referred to as a
measure-preserving dynamical system or just measure-preserving system.
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Example 2.1.2. (i) Fix a probability space Y = (Y, Xy,v) and consider the

(iii)

infinite product space X = (X, X x, 1), where

X::HY, EX::®Ey, and MI:®V.

keN keN keN

The shift mapping

p: X = X, (@k)pen — (Tht1) gen

is a measure-preserving system on X and called a (one-sided) Bernoulli shift. If
we replace N by Z we call the resulting measure-preserving system a two-sided
Bernoulli shift.

Often the probability space Y is assumed to be finite, i.e., of the form Y =
{0,...,N —1} with ¥y =2 and v(A) = Y_, 4 pa for some probability vector
p=(po,---,PN-1)-

Denote by T = {\ € C : |\| = 1} the complex unit circle, let m be the

normalized Lebesgue measure on the Borel-o-algebra B(T) of T, and let
a € (0,1) be irrational. Then the rotation

p: T—T, A > @2y
defines a measure-preserving system on (T, B(T), m), which we refer to as an
irrational rotation.

On the probability space X from (ii) the square mapping
p: T—T, A= A2

is a measure-preserving system on X. Indeed, denoting by ¢.m the pushforward
measure defined by p.m(A) = m(¢~1(A)) for all A € B(T) we have

Afdw*m:Afowdm

- 2
= [ re@m@n+ [ ) ma)
2w

™

) 4m .
- / LreM)ym(dr) + / 3 f(e)m(d))

0 2w

2m
— [ @ m@y = [ fam
0 T

for all bounded measurable functions f: T — R. Note that this system is
isomorphic as a measure-preserving system to the doubling map v: [0,1] —
[0, 1] preserving the Lebesgue measure in [EFHN15, Section 5.1], i.e., there
exists an invertible measure-preserving mapping AT — [0, 1] intertwining both
systems as hop =1 oh.

For more examples, we refer the interested reader to [EFHN15, Section 5.1].
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Definition 2.1.3 (Koopman operator). Let ¢: X — Y be a measure-preserving
mapping between the probability spaces X = (X, Xx,u) and Y = (Y, Xy, v) and
p € [1,00]. We call the operator

T,: IP(Y) = LX), fr fog
the Koopman operator associated with .

Note the similarity of the Koopman operator to the Koopman operator for topolog-
ical dynamical system defined in Definition 1.1.6. Both operators are defined via
composition with the underlying dynamical system.

The Koopman operator is well-defined in that it maps p-integrable functions to
p-integrable functions. This is a consequence of the measure-preserving property of
. It has some further properties.

Remark 2.1.4. Let ¢: X — Y be a measure-preserving mapping between the
probability spaces X = (X,¥x,u) and Y = (Y, Xy, v) and p € [1, 00]. Denote by T,
the Koopman operator of .

(i) The Koopman operator T, is an isometry, i.e., it satisfies |7, f HLP(X) =
£ llLocyy for all f € LP(Y).

(ii)) It is a lattzce homomorphism, i.e., it satisfies |T, f| = T, | f| for all f € LP(Y).

(iii) The space L*°(X) is a Banach algebra with respect to pointwise multiplication.
Moreover, the Koopman operator T, is an algebra homomorphism, i.e., it

satisfies T, (f - g) = (T f) - (T,pg) for all f,g € L=(Y).

Let us remark the following about the adjoint of the Koopman operator.

Remark 2.1.5 (Perron—Frobenius operator). Let ¢: X — Y be a measure-
preserving mapping between the probability spaces X = (X,YXx,p) and Y =
(Y,Xy,v) and p € [1,00]. We denote by g € [1,00] the Hélder adjoint of p that
satisfies % + % = 1. Consider the norming dual pair (LP(X), L4(X)) with the duality
pairing

(f, 9)rr /fg dp

for each f € LP(X) and each g € LY(X) (cf. Example 1.2.2 (i)). It is easily
verified that T}, is o(LP(X), L¢(X))-continuous. Hence, by the discussion preceding
Proposition 1.2.8, it follows that it has an adjoint P,: L¢(X) — L4(Y) satisfying

(Tyof, 9)Lr(x),Lax) = (fs Pog)re(v),La(y)

for each f € LP(Y) and each g € L4(X) is called the Perron—Frobenius operator. If
 is invertible, then it follows from an application of the transformation theorem for
measures that

P,: LI(X) — LY(Y), g—gogp L.

This shows that T, is invertible with inverse T; = P,.

In particular, if X =Y, p = ¢ = 2 and ¢ is invertible, then T, is unitary.

2.1 Measure-Preserving Systems and their Koopman Operators
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Recall from Definition 1.1.16 that the Perron—Frobenius operator for topological
dynamical systems is defined on a space of measures. Here the interpretation is
similar: the space L4(X) can be densely embedded into a space of measures on X
that are absolutely continuous with respect to p via the Radon-Nikodym theorem.

The Koopman operators are elements of a larger class of operators on Banach lattices
called Markov operators. We will give a brief introduction to these operators on
IP-spaces and show how these operators can be utilized to characterize factors of
measure-preserving dynamical systems. We refer to [EFHN15, Section 13] for a
more thorough introduction into Markov operators on LP-spaces.

Definition 2.1.6 (Markov operator).

(i) Let X = (X,Xx,u) and Y = (Y, Xy, v) be probability spaces and p € [1, oc].
A linear operator T': LP(X) — LP(Y) is called a Markov operator if

(a) [y Tfdv= [y fduforall feLP(X),
(b) Tf >0forall 0 < f e LP(X) and
(¢) Tlx = Ly.
(ii) We call a Markov operator T' a Markov embedding if additionally

T|f| = [Tf]
holds for all f € L?(X), i.e., T is a lattice homomorphism.

(iii) A Markov embedding is called a Markov isomorphism if it is surjective.

Note that every Markov isomorphism 7 is invertible and its inverse T~! is easily
checked to be a Markov embedding as well. It is easily seen that every Koopman
operator is a Markov embedding.

We will now introduce measure-algebra homomorphisms as another way of viewing
measure-preserving dynamical systems. We have already used terminology from
Banach lattice theory above. In what follows we need more general notions from
lattice theory which we briefly repeat here. We follow [EFHN15, Section 12.2] in
our presentation.

A lattice is a partially ordered set (V, <) such that
x Ay :=inf{z,y} and =z Vy:=sup{z,y}
exist in V for all x,y € V. It is called distributive if
xAyVz)=(xAy)V(zrAz) and azV(yAz)=(xVy) A(zVz)

for all x,y,z € V. It is further called complete if every set A C V has a supremum
and an infimum.

A Boolean algebra is a distributive lattice (V, <) with a greatest element 1 called
the unit element and a least element 0 called the zero element such that for every
element z € V there exists an element y € V' with

zVy=1 and rz Ay =0,
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called the complement of x. The complement in a Boolean algebra is always uniquely
determined [Bir67, Theorem 1.16]. We denote it by ¥, We call two elements z,y in
a Boolean algebra V' disjoint if x Ay = 0.

Definition 2.1.7 (measure-algebras and homomorphisms).

(i) A (probability) measure-algebra is a pair (V, u) consisting of a complete Boolean
algebra (V, <) together with a mapping p: V' — [0, 00) such that

(a) p(1) =1,
(b) p(z) =0 if and only if z = 0, and

(c) for each sequence (z,,),cy of pairwise disjoint elements in V', we have

1 (\/ ﬂ:n> = ).

neN neN

(ii) Let (Vi, p1) and (Va, uo) be measure-algebras. A mapping ®: V; — Vj is called
a measure-algebra homomorphism if

(a) ®(zVy)=o(z) VvV O(y),
(b) ®(af) = @()F,

(e) pa(z) = pa(P(x))
holds for all x,y € V.

Our main example of a measure-algebra and a measure-algebra homomorphism is
the following.

Example 2.1.8. (i) If X = (X, X, u) is a probability space, we define an equiva-
lence relation on X by setting

A~B &= u(AAB)=0.
The resulting space
Y= {[A]N :Ae Z}

of equivalence classes together with the shorthand 0 := [0]. and 1 := [X]. for
the zero and unit element and the mapping

i X = [0,00),  [Ale e p(A)

is a measure-algebra.

(ii) If p: X — Y is a measure-preserving mapping between two probability spaces
X=(X,Yx,un) and Y = (Y, Xy, v), then the mapping

b iy — ix, [A]N —> [(p_l(A)]N

is a measure-algebra homomorphism between the measure-algebra (f)y, v) and

2.1 Measure-Preserving Systems and their Koopman Operators
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For convenience, we will not differentiate between the equivalence class [A]. and A
in X.

There exists a one-to-one relation between unital Banach lattice homomorphisms
on L? and measure-algebra homomorphisms. For a proof we refer to [EFHN15,
Theorem 12.10].

Proposition 2.1.9. Letp € [1,00) and let X = (X,Xx, ) and Y = (Y, Xy, v) be
probability spaces and denote by (X x, i) and (Xy, V) their associated measure-algebras
as defined in Ezample 2.1.8 (i).

(i) Let ®: Xx — Xy be a measure-algebra homomorphism. Then there is a
unique Markov embedding Tg: LP(X) — LP(Y) that maps indicator functions
as Lg > Lga) for all A € ¥x.

(ii) Conversely, let T': LP(X) — LP(Y) be a Markov embedding. Then there exists
a measure-algebra homomorphism

Oy EX — iy, A (T ]114)71({1}).

Moreover, the identities ® = &7, and T'= Ty, hold, and ® is surjective if and only
if Te is a Markov isomorphism.

Example 2.1.10 (Continuation of Example 2.1.8). Recall the measure-algebra
homomorphism ®: 3y — Yy from Example 2.1.8 (ii) and denote by T},: LP(Y) —
LP(X) the Koopman operator of the underlying measure-preserving mapping for some
p € [1,00). Then the associated unital algebra homomorphism T : LP(Y) — LP(X)
satisfies

Tola = Loy = ly-10a) =Ty 1a

for all A € Sy, where 14 denotes the indicator function of any representative of A.
By density of the indicator functions in LP(Y), we obtain that To = T,.

To obtain a similar one-to-one characterization between Koopman operators and
measure-preserving dynamics, we need to restrict ourselves to a special class of
probability spaces. Following [Gla03, Section 2.1] we introduce standard Lebesgue
spaces, as they form a central assumption in most of the literature on ergodic
theory.

Definition 2.1.11 (standard Lebesgue system). (i) A measurable space (X, Y),
where X is a completely metrizable and second countable topological space
and ¥ = B(X) is the Borel-o-algebra of X, is called a standard Borel space.

(ii) A measure space (X, X, u) is called a standard Lebesgue space if (X,Y) is a
standard Borel and additionally u is a Borel probability measure on X, i.e., a
probability measure defined on the Borel-o-algebra ¥ = B(X).

(iii) A measure-preserving system ¢: X — X on a standard Lebesgue space
(X, X, ) is called standard Lebesgue.

A completely metrizable and second countable topological space is sometimes referred
to as a Polish space. A Borel probability measure on a Polish space is called
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(inner) regular [ABO6, Theorem 12.7] or tight, if p(A) = sup{u(K): K € ¥, K C
A is compact}. As it is a Borel probability measure, the tightness automatically
implies the regularity [AB06, Theorem 12.4].

If K is compact and metrizable, then it is second countable and complete, so
(K, B(K), u) is standard Lebesgue for each probability measure p: B(K) — [0, 1].

Proposition 2.1.12 (standard Lebesgue systems). Let X = (X, X, u) be a probability
space and p € [1,00). If X is standard Lebesgue, then LP(X) is separable.

Conversely, let p: X — X be a measure-preserving dynamical system on the proba-
bility space X = (X, X, u). Suppose that LP(X) is separable, then there exists

(i) a compact metric space K with Borel-o-algebra B(K),
(ii) a Borel probability measure v: B(K) — [0, 1] with supp(v) = K,
(iii) a continuous and measure-preserving mapping ¢¥: K — K and
(iv) a Markov isomorphism T: LP(K,B(K),v) — LP(X)
such that T intertwines the Koopman operators T, and T, on LP(X) and
LP(K,B(K),v), respectively, as

T,T =TT,
In particular, the probability space (K,B(K),v) is standard Lebesgue.

Proof. “=": Let U be a countable basis for the topology of X. Then U is a countable
generator of the g-algebra 3. Define the countable set

U={UNU,: Up,...,.U, €U, neN}.
Now it follows readily from a monotone class argument that
span{ly : U € U} C LP(X)

is dense in LP(X).

“<=": As LP(X) is separable and dense in L!(X), it follows readily that L'(X) is
separable. Thus the statement follows from [EFHN15, Theorem 12.22]. O

Proposition 2.1.13 (Von Neumann). Let X = (X,Yx,pn) and Y = (Y, Xy, v)
be standard Lebesgue probability spaces, p € [1,00) and let T: LP(Y) — LP(Y) be
a Markov embedding. Then there exists a p-almost everywhere unique measure-
preserving mapping ¢: X — Y such that T'=T,, where T,, denotes the Koopman
operator of ¢ on LP.

Proof. By [EFHN15, Proposition 13.6] the Markov operator 7" on L? can be uniquely
extended to a Markov embedding on L!. Now the statement follows from [EFHN15,
Theorem F.9] and the discussion in [EFHN15, Remark F.3] on the definition of a
standard Lebesgue space. O

For later reference, we will need the notion of a factor. So let us finish this section
with a discussion on factor mappings of measure-preserving dynamical systems.

2.1 Measure-Preserving Systems and their Koopman Operators
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Definition 2.1.14 (factor). Let p € [1,00) and ¢: X — X be a measure-preserving
map on the probability space X = (X, X x, u). We call a measure-preserving map
¥:Y — Y on the probability space Y = (Y, Xy, v) a factor of ¢, if there exists a
Markov embedding 7': LP(Y) — LP(X) such that T,,7 = TT,.

Note that by [EFHN15, Proposition 13.6] this definition is independent of the p
chosen. A factor in the sense of the above definition is sometimes also referred to as
a semi-conjugate image of ¢ [Wal82, Definition 2.7].

If X and Y are both standard Lebesgue spaces, then Proposition 2.1.13 guarantees
the existence of a measure-preserving mapping h: X — Y such that the Markov
embedding T in Definition 2.1.14 is of the form T = T}. In this case, h intertwines
as hot = poh. Most literature on ergodic theory, including [Wal82, Definition 2.6]
and [Gla03, Section 2.2 on p. 55, define ¥ to be a factor of ¢ if such a measure-
preserving mapping h exists. As we often work with spaces that are not assumed to
be standard Lebesgue we find it more helpful to define a factor as we have done in
Definition 2.1.14.

2.2 Mean Ergodicity, Ergodicity and Mixing

In this section we provide a quick overview of some ergodic and mixing notions that
will appear throughout this thesis.

Let T: E — E be a bounded linear operator on a Banach space E. We denote for
each n € N by

n—1
AT f = % > Thf
k=0

the nth-Cesdaro average of T.

We call an operator T: E — E on a Banach space E mean ergodic if the sequence
(An[T]f),en of Cesaro averages converges in E for each f € E. In this case, there
exists a bounded projection P: E — E onto fix(T") such that A,[T|f — Pf for all
f € E asn — oo [EFHN15, Theorem 8.5]. We call P the mean ergodic projection.
The next result is classical and can be found in [EFHN15, Theorem 11.1].

Proposition 2.2.1 (Birkhoff’s pointwise ergodic theorem). Let ¢: X — X be a
measure-preserving system on a probability space X = (X, %, p) and let T, be the
Koopman operator on L*(X). Then for each f € L (X) the limit

n—1
Jim 3" (TEf) (@)
k=0

exists for p-almost every x € X.
By employing Lebesgue’s dominated convergence theorem we obtain the following.
Proposition 2.2.2. Let ¢: X — X be a measure-preserving system on a probability

space X = (X, 3, ). Then the Koopman operator T, on LP(X) is mean ergodic for
all p € [1,00).
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Note that usually Birkhoff’s pointwise ergodic theorem is a consequence of the

mean ergodicity of the Koopman operator on LP-spaces and a maximal inequality.

Here we present how the mean ergodicity follows from Birkhoff’s pointwise ergodic
theorem.

Proof. Let f € L®(X). Let f* denote the p-almost everywhere pointwise-defined
limit of the Cesaro sums (A, [T,]f),, oy, Which exists by Birkhoff’s pointwise ergodic
theorem. As the sequence of Cesaro sums are order bounded by || f||, - L, it follows
that f* € L*°(X). In particular, the mapping f — f* defines a bounded linear
operator on L*°(X). From Lebesgue’s theorem on dominated convergence we obtain
that

1n—1 p
: - kp  px* _
Tim x(nkZ_OT“°f f) dp = 0.

As L>°(X) is dense in LP(X) and the Cesaro averages (A, [T}]), oy are bounded in
operator norm, the statement follows by approximation. O

In case p = oo the above result fails to hold. In fact a Koopman operator T;, is
mean ergodic in L*>°(X) if and only if the L>°(X) is finite dimensional [EFHN15,
Proposition 12.28].

For Koopman operators T' = T, an additional assumption on ¢ yields more structure

of the mean ergodic projection.

Definition 2.2.3. Let ¢: X — X be a measure-preserving system on the probability
space X = (X, %, u). We call  ergodic if every set A € ¥ with A C ¢~ 1(A) satisfies
u(4) € {0,1}.

In terms of the Koopman operator, the property of ergodicity can be described as
follows [EFHN15, Proposition 7.15].

Proposition 2.2.4. Let p: X — X be a measure-preserving system on the probability
space X = (X, X, ), let p € [1,00] and denote by T, the Koopman operator on
LP(X). Then ¢ is ergodic if and only if fix(T,) = span{1}.

In this case, the mean ergodic projection P, of T,, takes the form
Pof= [ fan
X
for all f € LP(X).

Proof. The first assertion is [EFHN15, Proposition 7.15].

It remains to show the second assertion. Let f € LP(X). Since fix(T,) = {1} there
exists ¢; € K such that Pf = ¢y - 1. To determine c; notice that for essentially
bounded f, using Lebesgue’s dominated convergence theorem and the fact that ¢ is
measure-preserving, we have

n—1

1
cf = Pfdu:lim—g /kad,u:/fdu.
d /X v e JX ’ X
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Now the statement follows from the fact that L*°(X) is dense in LP(X). O

Using the form of the mean ergodic projection for ergodic systems and the fact that LP-
limits and pointwise almost everywhere limits coincide almost everywhere, we obtain
Birkhoff’s pointwise ergodic theorem for ergodic systems [EFHN15, Corollary 11.2].

Corollary 2.2.5. Let ¢: X — X be an ergodic measure-preserving system on a
probability space X = (X, %, 1) and let T,, be the Koopman operator on LY(X). Then
for each f € LY(X) we have

n—1

1
lim — T (2) = | fdp
nﬁ\oon;)((p ) /X

for p-almost every r € X.
Let again T: E — E be a bounded linear operator on a general Banach space FE.

The property of mean ergodicity can also be described by means of a decomposition
of the space F into the T-invariant and closed subspaces

E = fix(T) o tan(I — T),

which we call the mean ergodic decomposition. We refer to [EFHN15, Theorem 8.20]
for a proof and further equivalent properties. We note that f € fix(T") if and
only if Tf = f; and f € tan(I — T') if and only if Pf = 0, or equivalently,
limy, 00 Ap[T]f = 0.

A similar decomposition of operators is given by the Jacob—de Leeuw—Glicksberg
decomposition.

Definition 2.2.6 (Jacob-de Leeuw-Glicksberg decomposition). Let T: E — E be a
bounded linear operator on a Banach space E. We call T' Jacob—de Leeuw—Glicksberg
decomposable or JdL G-decomposable if E decomposes into two T-invariant and closed
subspaces

E = Eiey ® Eaws
with
(i) Erey =Span{f € E: IANe€T:Tf = \f} and
(i) Euws = {f € B+ Vg € B limy o L S020(T4f, 9] = 0.
We call Fye, the reversible part and Eaws the almost weakly stable part.

Instead of using the fixed space as a factor, the JALG-decomposition has the closed
linear span of the unimodular eigenvalues as one factor of the decomposition. Let
us prove that every JALG-decomposable operator is also mean ergodic.

Proposition 2.2.7. Let T: E — FE be a bounded linear operator on a Banach space
E. IfT is JILG-decomposable, then T is mean ergodic.

Proof. To see this show the convergence of the Cesaro averages (An[T]),cy in
the weak operator topology. Then the mean ergodicity follows using [EFHN15,
Theorem 8.20].
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For f € Eaws and all g € E' it follows readily that

n—1 n—1
|<iZka,g> < %ZKT’“J“,QH - 0.
k=0 k=0

If f € Eroy with T'f = Af for some A € T we obtain from the geometric sum identity
that

11- "1

n—1 n—1

e 1 1
lE ka:l§ )\kf: n 1=\ ’ )\# RN 0’ )\7& ’7
"o " k=0 1, A=1 fooAa=1

_qnfl
1—¢q

the Cesaro means (A,[T1]),cy converge strongly to a projection P onto fix(7"). This
shows that T is mean ergodic. O

since }1 ’ is bounded by 1%1 for all n € N. A simple approximation shows that

For a more abstract proof, we refer to [EFHN15, Remark 16.26].

Let us return to dynamical systems and their Koopman operators and investigate
their JALG-decomposability.

Proposition 2.2.8. Let p: X — X be a measure-preserving dynamical system on
the probability space X = (X,3, 1), let p € [1,00). Then its Koopman operator T,
on LP(X) is Jacob—de Leeuw—-Glicksberg decomposable.

Proof. By Theorem 16.33 and Theorem 16.34 in [EFHN15] it suffices to argue that

{TJ; : k € No} is relatively compact in the weak operator topology on L£(LP(X)).

For p = 1 this follows from [EFHN15, Theorem 16.19] and the fact that T, is a
Markov operator. For p € (1,00) the space LP(X) is reflexive. So the relative weak
compactness follows from [EFHN15, Corollary 16.21]. O

With certain extra assumptions, we are able to directly compare the mean ergodic
decomposition to the Jacob—de Leeuw—Glicksberg decomposition of a Koopman
operator. For this we need the following notions. For a subset J C Ny we define its
asymptotic density to be

d(J) = lim | JN{1,...,n}|

n—oo n

if the limit exists. For a sequence (z,),.y in a metric space M we say that
T, — x € M in density as n — oo, if there exists a subsequence (1), oy of (n),,cn
such that d({ny : k € N}) =1 and z,,, — x in M.

Definition 2.2.9 (weakly mixing system). Let ¢: X — X be a measure-preserving
dynamical system on the probability space X = (X, ¥, u). We say that ¢ is weakly
mixing if

(e "(A) N B) — u(A) - u(B) in density as n — oo
for all A, B € X.

In terms of the Jacob—de Leeuw—Glicksberg decomposition of the Koopman operator
T, the weakly mixing property can be characterized as follows.

2.2 Mean Ergodicity, Ergodicity and Mixing
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Proposition 2.2.10. Let ¢: X — X be a measure-preserving dynamical system
on the probability space X = (X, 3, u), let p € [1,00) and q € (1,00] be its Holder
conjugate, and denote by T, the Koopman operator of ¢ on LP(X). Then the following
are equivalent.

(a) The system ¢ is weakly mizing.

(b) We have
tim 3" (77 g) — (7.1) - (1,9)| =0
k

for all f € LP(X) and all g € L(X).
(c) We have fix(T,) = span{1} and tan(l — T,) = Eaws.
(d) We have Eyey = span{1}.
(e) The product system ¢*: X2 — X2, (z1,22) v (p(x1), ¢(x2)) is ergodic.

In this case, the JALG-decomposition and the mean ergodic decomposition coincide
and take the form

LP(X) = span{1} & Fays.

In particular, it follows that every weakly mizring measure-preserving system ¢ is
ergodic.

Proof. “(a) < (b)”: This follows from [EFHN15, Theorem 9.19 (i) < (ii)] together
with [EFHN15, Theorem 9.15].

“(a) & (e)”: This follows from [EFHN15, Theorem 9.23].
“(c) = (a)”: This is [EFHN15, Theorem 9.19 (v) = (i)].

“(a) = (c)”: This is [EFHN15, Theorem 9.19 (i) = (v)] we obtain that fix(7,,) =
span{1} and ran(l/ — T') C E,ys. Since Eays is closed it follows that Tan(l — T,,) C
Eaws. To see the converse inclusion let P, be the mean ergodic projection of T,.
Then I — P, is the projection onto Tan(f —T,,). Take f € E,ws and note that P, = 0.
Thus, f = (I — P,)f etan(I —T,,).

“(a) < (d)”: This follows from [EFHN15, Theorem 9.19 (i) < (vi)]. O

Example 2.2.11. There exist ergodic measure-preserving systems that are not
weakly mixing.

Indeed, recall the irrational rotation ¢: T — T, A s 2™\ from Example 2.1.2 (ii).
This is a classical example of an ergodic system. We include the proof of the
ergodicity. Let A € B(T) with A C ¢~!(A) and suppose that m(A) > 0. Then there
exists A € T and an open neighborhood U of A with U C A. Then, by induction
U C ¢~ *(A), and thus, ©*(U) C A for all k € N. Moreover, by Kronecker’s theorem
(see [EFHN15, Theorem 2.26 and Example 2.37]) the set {e 2™\ : k € Ny} is
dense in T. So it follows that (J,.y ¢ *(U) = T. Hence, A = T and m(A4) = 1. This
shows that ¢ is ergodic.
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To see that ¢ is not weakly mixing, let T}, be the associated Koopman operator on
LP(X) for some p € [1,00] and consider the family of functions

fi: T — C, A= \F

for k € Z. Note that span{fx : k € Z} is dense in LP(X) and that T}, fi, = e*™*f;
for every k € Z. Hence, LP(X) = LP(X)ey. Now it follows from Proposition 2.2.10
that ¢ is not mixing, as LP(X)aws = {0} and LP(X),ev # fix(T),).

Definition 2.2.12 (strongly mixing system). Let ¢: X — X be a measure-
preserving dynamical system on the probability space X = (X,3,u). We say
that ¢ is strongly mizing if

1(e~™(A)N B) = p(A) - w(B) as n — 0o

for all A, B € X..

In strongly mixing systems the vectors in the almost weakly stable F,ys part of the
JdLG-decomposition are weakly stable, that is, they are contained in the set

Ews={f€eFE:VgeFE : (T"f,q) =0}

lim
n—o0
called the weakly stable part of T: E — E.

Proposition 2.2.13. Let p: X — X be a measure-preserving dynamical system
on the probability space X = (X,3, u), let p € [1,00) and q € (1,00] be its Holder
conjugate, and denote by T, the Koopman operator of p on LP(X). Then the following
are equivalent.

(a) The system ¢ is strongly mizing.

(b) We have

for all f € LP(Y) and all g € LY(X).
(c) We have fix(T,) = span{1} and Tan(l — T,) = Eys.
(d) We have Eyey = span{l} and Epws = Eys.

In this case, the JALG-decomposition and the mean ergodic decomposition coincide
and take the form

LP(X) = span{1} & Fys.

In particular, it follows that every strongly mixing measure-preserving system ¢ is
weakly mizing.

Proof. “(a) < (b)”: This is [EFHN15, Theorem 9.4].

“(a) < (c)”: This is easily deduced from [EFHN15, Theorem 9.6 (i) < (v)].

“(a) = (d)”: That Eyey = span{1} follows from the fact that every strongly mixing
system is weakly mixing and Proposition 2.2.10 (a) = (d). That Eaws = Eyws follows
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from [EFHN15, Theorem 9.6 (i) = (iv)], since any function f € FE,ys satisfies
fX fdu=0.
“(d) = (a)”: This follows from [EFHN15, Theorem 9.6 (vi) = (i)]. O

Remark 2.2.14. Historically, the question whether there exist weakly mixing
systems that are not strongly mixing was not answered by providing a concrete
example. Instead, the following category argument was used to show the existence
of such systems.

If we consider the set G to be the set of all invertible measure-preserving mappings
¢:[0,1] — [0,1], where we endow [0, 1] with its standard Borel-c-algebra B =
B([0,1]) and the standard Lebesgue measure A on [0,1]. We endow G with the
topology induced by the family of pseudometrics {d4 : A € B}, where da(¢1, ¢2) =
,u(gal_l(A) Agpgl(A)). This topology is called the weak topology. A moment’s thought
reveals that in the weak topology a net of mappings ()¢, in G converges to ¢ € GG
if and only if the net of Koopman operators (T}, ), ., on L?(X) converges to T}, in the
strong operator topology. It follows that, since ([0, 1], B, \) is a standard Lebesgue
space, the space G is metrizable. It can be shown [DNP87, Discussion X.D.3| that
G is complete.

The following has been shown:

(i) In [Hal44] it has been shown that the set of all weakly mixing maps ¢ is of
second Baire category in G.

(ii) In [Rok48] it was proved that the set of all strongly mixing maps ¢ is of first
Baire category in G.

Therefore, there is a system that is weakly mixing but not strongly mixing.

An explicit example of a weakly mixing system is given in the main result of [Cha67].
Note that Chacon refers to the weakly mixing property as “only having continuous
spectrum and no roots of all orders > 2”. Having no roots of order > 2 refers
to the fact that a weakly mixing Koopman operator has no eigenvalues that are
roots of unity of order greater that 2; in fact, it has no eigenvalues other that
1. The construction uses a stacking method and is rather involved. For a more
efficient display of a counterexample we refer the interested reader to [DNP87,
Theorem X.9].

2.3 From Topological to Measure-Preserving Dynamics

In order to find examples of measure-preserving systems, let us return to topological
dynamics once again. Suppose that 2 is a completely regular Hausdorff space and
w:  — Q is continuous. Consider its associated Perron—Frobenius operator

Po: M(Q2) = M(Q), 1= pup,

where @, is the pushforward measure of j with respect to ¢ defined by («p* ,u) (A) =
(e~ (A)) for all Borel sets A C €.

If € M(Q) is a non-zero fixed point of P,, then

u(e~ ' (A) = u(A)
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holds for all Borel sets A C Q. From the definition of the modulus in Definition 1.1.14
and the transformation theorem for measures it can be shown that

l(0™(A)) = |ul(4)

for all Borel sets A C ). So after rescaling we can assume that p is a probability
measure. It follows that ¢: 0 — Q is a measure-preserving system on the probability
space X = (2, B(2), u).

Let

L= {f € Co() : {fl; ey @ Mm@ = 0}

and notice that I, is a non-trivial o(Cy,(£2), M(£2))-closed lattice ideal, so by Propo-
sition 1.2.27 there exists a non-empty closed subset M C €2 such that I, coincides
with the vanishing ideal In; = {f € Cp(Q) : Vo € M : f(z) = 0}. We call M the
support of u and denote it by supp(u).

Definition 2.3.1. Let ) be a completely regular Hausdorff space, ¢: @ —
be continuous and p € fix(P,) be a probability measure. Then (¢, ) is called a
topological measure-preserving system on the probability space (2, B(2), u).

If supp(p) = 2, we call the topological measure-preserving system faithful.

A moment’s thought reveals that ¢(supp(u)) = supp(p). Hence, when we restrict ¢
to supp(u), we always obtain a faithful topological measure-preserving system.

Unfortunately, the fixed space fix(P,) of the Perron-Frobenius operator can be
trivial as the following example shows.

Example 2.3.2. Let Q = Z and ¢: Q — Q be defined as the shift (k) = k +
1. Suppose that p € fix(P,) and assume without loss of generality that u is a
probability measure. By countability of €2 there exists k € Z with p({k}) > 0. Then
w(e " ({k})) = u({k}) > 0, and therefore,

,U/({k7k -LE=2,... }) = Z u(gpin({k})) = 0.

n€Ng

This is a contradiction.

The lack of an invariant probability measure in fix(P,) is an artefact of the non-
compactness of ). In fact, if 2 is compact, then there always exists an invariant
probability measure in fix(P,) as the following theorem shows. We provide a direct
functional analytic proof, although it can be derived from Markov—Kakutani’s fixed
point theorem [EFHN15, Theorems 10.1 and 10.2].

Theorem 2.3.3 (Krylov—Bogoliubov). Let K be a compact Hausdorff space and
p: K — K be continuous. For every 0 # f € fix(T,) there exists a probability
measure p € fix(P,) such that (f, 1)cxymx) 7 0-

2.3 From Topological to Measure-Preserving Dynamics
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Proof. Let f € fix(T,) and w € K with f(w) # 0. Consider for n € N the sequence
(#n)pen defined by the Dirac combs

1 n—1 1 n—1
#n:::;;§£:<wk>*&u:=;;§£:5www>
k=0 k=0

for all n € N. Note that by the Riesz’s representation theorem the space of Radon
measures M(K) can be identified with the continuous Banach space dual of C(K).
So by the Banach-Alaoglu theorem, there exists a subnet (ny), of (n), .y such
that (un,), converges with respect to the o(M(K), C(K))-topology, which is the
weak-*-topology on M(K). Denote by u € M(K) its limit.

As p, > 0 and (1, pu,) = 1, it follows that x4 > 0 and (1,u) = 1. Thus, p is a
probability measure. Moreover,

n n—1
1 11 1
%%Zn;?WMZWﬂﬁn;?wm+ﬁww

1
=t (B~ )

So by (M(K), C(K))-continuity of P, we obtain P,u = limy Py, = limy p,, +
lim) %(6@”‘)\ (w) — Ow) = p. This shows that p € fix(P,). Finally we note that

ny—1

1
(F ) =l pny) = lin kZ_O (f. PE0.)
ny—1
T k _
= lim §0<T¢f,5w> = (f.6.,) #0. O

Example 2.3.4. If we consider the rotation mapping from Example 2.1.2 (ii) as a
topological dynamical system on the compact Hausdorff space T, we obtain that the
normalized Lebesgue measure m is the only measure probability measure in fix(P,).

Indeed, let f € C(T) and p € ML(T). Then from Weyl’s equidistribution theo-
rem [EFHN15, Theorem 10.20 and Proposition 10.22] and Lebesgue’s dominated
convergence theorem we obtain

n—1 n—1
1 1
(o) = <f,ZP£u> —[aXrodtdus [ [ ramdu=(sim)
n T 1 TJT
k=0 k=0
as n — oo. Hence, it follows that = m.

If p: K — K is a continuous mapping on a compact Hausdorff space, then we say
that the measures in fix(P,) are ¢-invariant. Let us denote the non-empty set of
invariant probability measures that we endow with the topology inherited from the
weak-*-star topology on M(K) by M}O(K ). A simple computation shows that M}O(K )
is closed, and therefore, by the Banach—Alaoglu theorem, compact. Moreover, it is a
convex subset of M(K). Let us further study the structure of M}D(K ).

Recall that we call a point p in a convex subset A of a vector space an extreme
point if whenever some points a,b € A and ¢t € (0,1) satisfy ta + (1 — )b = p it
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follows that a = b = p. It follows from the theorem of Krein—Milman that the set
of extreme point ext(M}p(K)) is non-empty. It is easy to see that ext(M}p(K)) is
closed, and thus, also compact Hausdorff. The extremal points of M}O(K ) have an
ergodic-theoretic interpretation [EFHN15, Proposition 10.4].

Proposition 2.3.5. Let ¢: K — K be continuous on a compact Hausdorff space
K. Then the extreme points of ML(K) are exactly measures in ML(K) for which
the topological measure-preserving system ¢: K — K on (K,B(K), u) is ergodic.

This observation allows us to employ Choquet—Bishop—de Leeuw’s existence theo-
rem [Phe01, Sections 4 and 12] in order to deduce the existence of a mapping

My (K) = M(ext(M(K))),  p Ay

such that A, is a probability measure and

/fdu:/ / £ dv A (d).
K ext(ML(K)) Jsupp(v)

holds for all functions f € C(K). Intuitively, this states that we can write p as an
“infinite” convex combination of ergodic measures of .

Let us close with the following simple remark.

Remark 2.3.6 (standard Lebesgue property). If the compact Hausdorff space K is
metrizable (or equivalently second-countable) and ¢: K — K continuous, then it
follows directly from the definition of a standard probability space that for every
wE M}p(K ) the associated topological measure-preserving system ¢: K — K on
(K, B(K), u) is standard.

2.4 Notes

The Koopman operator on L?(X) has first been described by Bernhard Koopman
in [Koo31] for Hamiltonian systems and further studied in [KN32] jointly with John
von Neumann.

The treatment of measure-preserving dynamical systems via the measure-algebra ho-
momorphisms and the associated Koopman operators is loosely inspired by [EFHN15]
and the ISem28 lecture notes by Henrik Kreidler and Asgar Jamneshan [JK25].

The order of the exposition in Section 2.2 does not coincide with the historical
development of ergodic theory. The mean ergodic theorem has first been proved by
von Neumann in [Neu32] for unitary operators on Hilbert spaces and later extended to
power-bounded operators on reflexive Banach spaces by Kosaku Yoshida and Shizuo
Kakutani in [Yos38] and [YK38]. Another exposition where Birkhoff’s pointwise
ergodic theorem is treated as a corollary of the ergodic theorem of von Neumann can
be found in [Wal82, Corollary 1.14.1]. From the perspective of statistical mechanics,
the pointwise ergodic theorem has more importance. It has been proved only shortly
after the von Neumann theorem by George Birkhoff in [Bir31].

The treatment of the strongly and weakly mixing properties follows the exposition
in [Hal60] and [EFHN15, Chapter 9]. Although the study of mixing properties
goes back much further. In the original work of Bernhard Koopman and John von
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Neumann [KN32] the property of having continuous spectrum has already been
studied. For unitary operators on Hilbert spaces it can be shown that this property
is equivalent to weak mixing [EFHN15, Corollary 18.25].

We have put a particular focus on the functional analytic approach to the mixing
properties via the JALG-decomposition. This approach is helpful for our purposes, as
it divides the observables into subspaces with distinct asymptotic behaviour, which
can be studied separately. We will use the JdALG-decomposition again throughout
the rest of the thesis. So understanding mixing properties from this perspective is
rather helpful. Originally the JdLG-decomposition has been developed by Jacobs
in [Jac56], de Leeuw and Glicksberg in [LG59] and in [LG61]. Generalizations to
semigroups of operators can be found in [EFHN15, Chapter 16].

For unitary operators on Hilbert spaces the JdALG-decomposition coincides with
the spectral decomposition into the point spectrum and the continuous spec-
trum [EFHN15, Corollary 18.18]. We will use this fact in Section 3.2.3.
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Entropies of Dynamical Systems

This chapter presents three notions of entropy for dynamical systems and explains
how they relate to each other.

We begin in Section 3.1 with measure-theoretic entropy, defined via finite measurable
partitions and their dynamic refinements along an orbit, and we provide a detailed
description of why it measures information learned while looking at trajectories
through the resolution of a given partition.

We then introduce Voiculescu’s approximation entropy in Section 3.2 for unitary
operators, and in particular for Koopman operators. This unitary invariant measures
the asymptotic dimension required to approximate finite sets of orbit snapshots to a
prescribed tolerance. In Section 3.2.1 we record some of its core properties.

In Section 3.2.2 a newly developed quantitative connection between decay of cor-
relation and approximability is obtained through Toeplitz matrix techniques and
Fejér-type approximations. More precisely, we show that rates of decay of corre-
lations and mean-ergodic rates yield lower bounds on (fractional) approximation
entropy.

We then establish a connection between the spectral theory of unitary operators and
the approximation entropy in Section 3.2.3. We recall from [Voi95] that approxima-
tion entropy is induced by the absolutely continuous part of the spectrum of such
operators.

The two entropy notions are then linked in Section 3.3: We discover that positive
measure-theoretic entropy forces a countable Lebesgue component in the spectrum
of the Koopman operator, which in turn implies infinite approximation entropy.
Conversely, purely reversible dynamics have zero approximation entropy.

Finally, in Section 3.4 we briefly discuss topological entropy and its relation to
measure-theoretic entropy via the variational principle, as we will later use both
notions in Chapter 5. There we describe both notions as special cases of a Banach
lattice entropy.

In Sections 3.1 and 3.4 we recall known notions from ergodic theory. In Section 3.2,
the definition of approximation entropy is taken from [Voi95, Section 7] and has been
further studied in this thesis. Proposition 3.2.1 (except (viii)), Proposition 3.2.9
and Corollary 3.2.8 are original to this thesis. Section 3.2.2 is also unpublished work
nor has it been submitted for publication. The results in Section 3.2.3 as well as
Section 3.3 have been published in [HH25].

3.1 Measure-Theoretic Entropy

We begin by describing the classical notion of measure-theoretic entropy for a measure-
preserving dynamical system ¢: X — X on a probability space X = (X, X, u).

Static Entropy of Measurable Partitions
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Definition 3.1.1. Let X = (X, X, 1) be a finite measure space. We call a finite
subset = {Bi,..., By} of ¥ a ¥-measurable partition of X if

M(X\UB):OamiudﬁﬂB@:O
for all k,n € {1,...,d} with k # n.

The latter condition states that the elements of the partition must be essentially
pairwise disjoint. Note also that we do not bother to cover the entire space X but
only everything up to a null set.

A Y-measurable partition « of X provides information about the probability space
X = (X,%,p): we view two points z,y € X as distinguishable if and only if they lie
in distinct sets of a. Therefore, given only the information provided by a partition
a and an element x € X, the only thing we can know about x is in which set
A € « it is located. In more mathematical terms, we only ever view X through the
observable

a: X — a, x+— A, such that z € A.

Next, we want to quantify the information that we obtain from learning that a
random point & € X, which is chosen with respect to the distribution of u, lies in a
measurable set A C X. We aim to find a function I,: ¥ — [0,00) that returns a
quantification of the amount of information we obtain from learning that x € A for
each set A € . Such a function should satisfy the following properties:

(i) The function I,, depends continuously on the probability ;(A) of an event
A € ¥ and only on this probability. In other words, the map I,, factors through
the map A +— p(A), i.e., there exists a continuous function i: [0, 1] — [0, c0)
such that i(pu(A)) = 1,(A) for all A € X.

(ii) The surprisal to learn that z is in A should be higher if u(A) is small, as this
happens with a lower likelihood. Hence, the quantity of information learned
decreases as j1(A) increases. This means that ¢ is monotonically decreasing.

(iii) If p(A) = 1, then learning that € A is not surprising, and therefore, we gain
no information. In this case we want that I,,(A) = i(u(A)) = 0.

(iv) If events A, B € 3 are stochastically independent, i.e., u(ANB) = p(A)-u(B),
we want the quantity of information that we gain from learning that + € AN B
and x € B to be the sum of information that we gain from learning that
x € A and x € B. In mathematical terms, we require that for independent

sets A, B € X we have i(u(A) - u(B)) = i(u(AN B)) = i(u(A)) + i(u(B)).

To summarize, we seek a continuous monotonically decreasing function i: [0,1] —
[0,00) that satisfies i(1) = 0 and i(a - b) = i(a) +i(b) for all a,b € [0,1]. The latter
is the fundamental functional equation for the logarithm. Thus, up to a choice
in basis for the logarithm, the only such function to satisfy the above criteria is
i(a) = —log(a), and therefore,

Li: ¥ —[0,00), A —log(u(A)),

which we call the information content or surprisal function of X.
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For a finite ¥-measurable partition a the composition I, o @: X — [0, 00) assigns
to each x € X the information content that we gain from learning which set A € «
contains x. We call the expectation of the information content the u-entropy of «,
denoted by

Hulo) = [ o@du= 3" —u(4)log(u(4)).

A€ca

Dynamic Entropy of Measure-Preserving Systems For two finite Y-measurable
partitions a and S of X, we set

aVp={ANB: Aca, Bej}

to be the common refinement of o and S. Notice that V is associative and commu-
tative, so we may use the shorthand

n
\/ak::al\/---\/an
k=1

for a finite sequence of finite Y-measurable partitions aq, ..., .

For the rest of this section let us suppose that ¢ is a measure-preserving mapping
on the probability space X = (X, 3, i) such that the map ¢: X — X is invertible
p-almost everywhere (or equivalently, that there exists a ¥-measurable mapping
0 1: X — X such that the equalities ¢! o ¢ = p o ™! = idx hold p-almost
surely).

Let « be a finite X-measurable partition of X and zg € X and n,m € Z with n < m.
If we look at the trajectory ¢"(zo), " (o), .., ¢ (x0) through the lens of the
observable @, we notice that for zg we learn that

" (x0) € Ap, ..., 0" (x0) € A (3.1)
for some sequence of sets A,, ..., A, € a. In other words, we learn that
zo € ¢ "(An) NN (Ap).

The collection of all such sets can be described in the language of common refinements
of partitions: the dynamic refinement of o and ¢ along [n, m] C 7Z is given by

where ©¥(a) = {©F(A) : A € a} is again a finite ¥-measurable partition of X.
It follows that evaluating the observable @ for all points in the trajectory (3.1) is
equivalent to evaluating the observable ™o at zg.

The entropy of a measure-preserving system ¢: X — X with respect to « is defined
to be the exponential rate of growth of expected surprisal that we experience when

3.1 Measure-Theoretic Entropy
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we observe a trajectory of increasing lengths. In more mathematical terms, we define
the measure-theoretic entropy of ¢ on a finite X-measurable partition « to be
h — lim —H, (! 3.2
ulp, @) = e u(eg' ™ ). (3.2)
It becomes the measure-theoretic entropy of ¢ by taking the supremum over all finite
and X-measurable partitions «;, i.e.,

hy (@) = sup hy(p, a).

The existence of the limit in (3.2) follows from Fekete’s lemma [Wal82, Corollary 4.9.1]
or more generally from the Ornstein—Weiss lemma [LWO00, Theorem 6.1]. Moreover,
if ¢ is invertible, then it does not matter whether we take refinements forward or

backward in time; or in other words, the measure-theoretic entropy can also be
defined by

1 0
hulp) = sup lim —hy(on ).
This is proved by noticing that h,(¢) = hu(¢ ') (see, e.g., [DNP87, Proposi-
tion XII.4 (v)] or [Wal82, Theorem 4.12 (vii)]).

Conditional Entropy and Measurable Subspaces Assume we are given two finite
>-measurable partitions o and 8 of X and suppose we can already distinguish points
according to the partition 5. If we additionally learn to distinguish points according
to the partition «, we will now be able to distinguish the points according to the
common refinement « V 3, or in other words, the quantity of information that we
have now is H,(a V ). To quantify what we have learned from the additional
information provided by «, we will use the quantity

H,(a|B) =Hy(aV p)—H,(p)

called the conditional entropy of o given 5. A simple calculation shows that

o WANB),  wANB)
Hy(a| B) = BZEB N(B)AZG; 11(B) tog (B)
w(B)#0
B w(ANB)
S 2 ,u(AﬂB)logW
j(B)#0

To each Y-measurable partition o of X, we may associate a vector space of functions
that are “a-measurable”; by setting

L2(X | a) :=5pan{l,: A€ a},

where the closure is taken in L?(X). This space contains all the functions f €
L%(X) that are measurable with respect to the sub-o-algebra ¥(a) C ¥ generated
by a. Furthermore, L?(X | a) forms a Banach sublattice of L%(X) (cf. [Sch74,
Proposition I11.11.2] or [EFHN15, Proposition 13.19 b)]).
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3.2 Approximation Entropy

We introduce another entropy concept for an invertible measure-preserving system
¢: X — X on a probability space X = (X, %, ). This entropy concept utilizes
the representation of ¢ as a unitary operator on a Hilbert space via the Koopman
representation 77, on L2(X). Therefore we will introduce the approximation entropy
for the more general class of unitary operators and follow [Voi95, Section 7]. Much
of the results presented in Sections 3.2.1 and 3.2.3 has previously been published in
the article [HH25] by Hauser and the present author. Section 3.2.2 contains new
results.

3.2.1 Definition and Basic Properties

Let H be a Hilbert space, denote by Fgy,(H) the space of all finite-dimensional
subspaces F' C H and by Pyn(H) the space of all orthogonal projections P: H — H.
Consider for § > 0 the quantity measuring the complexity of approximating a finite
point set O C H by a finite-dimensional subspace F' C H, which is given by

Hope(0,0) :=min{dim F' : F € Fy,(H), Ve € O:3y € F: |z —y| <o}
=min{dim(PH) : P € Potn(H), Vo € O : [|[Px — x| < d}.
Considering a unitary operator 1': H — H, a standard subadditivity argument and

Fekete’s lemma yield the existence of the following limit. For details see [Vo0i95,
Proposition 7.13] or Proposition 3.2.1 (viii) below. We denote

n—1
1
Rape(T, O, 8) == lim — H,p, (U T’“(’),é) (3.3)

n—oo N
k=0

and define the approximation entropy of O with respect to T' by

hapr (T, O) = sup hape (T, O, ).
6>0

For a (not necessarily T-invariant) closed linear subspace F' C H we define the
approximation entropy of F with respect to T by

hape (T, F) := sup hap: (T, O). (3.4)
oa

The approximation entropy of T is given by hapr(T") = hape (T, H).

We begin by proving some properties of the approximation entropy that will aid
in proving our main results in this chapter later. For further properties we refer
to [Vo0i95, Section 7]. Note that (viii) can be found as [Vo0i95, Proposition 7.13].

Proposition 3.2.1. Let T': H — H be a unitary operator on a Hilbert space H.
The following assertions are true.

(i) For each finite O1,02 C H, § > 0 we have Hyp (01 U O2,0) < Hyp(01,6) +
Hopr(02,6).

(i) Let 01,02 C H be finite with Oy € Oz and § > 0. Then H,p(01,0) <
Hope(02,0), and consequently, hap (T, O1,6) < hape (T, O2,6).

3.2 Approximation Entropy
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(iii) Let O C H be finite and 61,62 > 0 with 61 < d2. Then H,p(O,01) >
Hope (O, 02), and consequently, hap (T, O, 61) > hape(T', O, 02).

(iv) For every finite subset O C H and 6 > 0 we have Hyp(O,0) < |O| and
hape (T, O) < |O).

(v) For M,N € N with M < N, finite O C H and 6 > 0 we have H,p (O, 9) =
Hope (T*0,6) for all k € Z and

Bapr(T5 O, 8) = hapyr ( | %o, 5)

k=M

In particular, it follows that hapy (T, F) = hapy (T, U]kV:M TkF) for every closed
linear subspace FF C H.

(vi) Let 01,02 C H be finite and d,e > 0 such that O1 C B..(O2). Then
hapr (T, 01,6 + €) < hapre (T, 02, 9).

(vii) If O1 and Oy are finite subsets of H with Oy C span Oa, then

hapr(T7 Ol) S hapr(Ty 02)
(viii) The limit in (3.3) exists.

Proof. “(i)”: Let 6 > 0. For i € {1,2}, let F; € Fg,(H) be such that for each
x € O; there exists y € F; such that ||z —y|| < . Set F' := span(F; U F,). Then
dim(F) < dim(Fy) + dim(F») and for all x € O1 U Oy there exists y € F such that
|z — y|| < 0. This shows the subadditivity claim. The existence of the limit now
follows from Fekete’s lemma [Wal82, Theorem 4.9].

“(ii)”:  This follows immediately from the definitions.
“(iii)”: This follows immediately from the definitions.

“(iv)”:  The first inequality follows from the fact that F' = span(Q) satisfies the
condition of the set over which we minimize in the definition of H,,:(O,d). The
second inequality follows by noting that hap (T, O, d) = lim, %Hapr(T, 0,9) <
|O| and by taking the supremum over .

“(v)”: It follows readily from the fact that 7' is unitary that H,p.(O,d) =
Hope (TR0, 6) for all k € Z. Thus, we have

n—1 N
hapr< U T*O, 5) = lim_ nHapr U | 0,6
k=0 k=M
n+(N—M)
 n+(N—-M)+1 1 .
=1 : Hape T+, s
nroo n n+ (N—M)+1 ka ©
= Rape (T, O, 5).
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Notice that the inequality “<” of the claimed consequence is trivial. To see the
converse inequality let O C Ui;vz uT kF be finite and note that there exists a finite

Oy C F such that O C U,iV:M TkOy. Thus,

N
hapr(Ta F) > hapr(T7 OO) = hapr (T, U TkOO) > hapr(Ta O)
k=M

Taking the supremum over all O C U,]j: M T*F yields the claim.

“(vi)’: If F € Fun(H) is such that for all o € O and all k € {0,...,n — 1}
there exists y € F such that ||T%xy — y|| < 4, then we have for all z; € O; and all
k €{0,...,n — 1} that there exists zo € O and y € F such that

1T 21 — yl| < | T*a1 — T s + [T 22 — y||
= ||z1 — x2|| + ||Tk$2 —yll<e+6.

Thus, we obtain hape (T, 01,0 + €) < hape (T, O2, 6).

“(vii)”: For x1 € O we write z1 = ), Az, T2 and set

22€02

Let n € N and let F' € Fg,(H) be such that for all zo € Oy and all k € {0,...,n—1}
there exists y,, € F such that ||T%z —y,, || < §/\. Let 1 € (J}Z; T*Oy, then there
exists 1 € O7 and k € {0,...,n — 1} such that 7 = TFz; = Y Ay TR
Let § =3, co, Av1,22Yxy € F. Then

22€02

- 4]
182 =1 < D7 Paraal - I T 22 = gl < A- 5 =6,
z2€02

Hence, it follows that for all n € N we have
n—1 . n—1 . 5
Hape (Ig)T 01,5> < Hypr <kL:JOT Oy, A)
and the claim follows.

“(i)”: It follows from (i) and (v) that the sequence

n—1
an = Hapr (U Tk(’),5>

k=0

is subadditive. Hence, the limit lim,,_ s %” exists by Fekete’s lemma [Wal82, Theo-
rem 4.9]. O

A subset O C H is called a T-generator, whenever

H = span U TFO.
kEZ

3.2 Approximation Entropy
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For more information on the approximation entropy we refer to [Voi95, Section 7]
and the references therein. The following is a slight generalization of [Voi95, Propo-
sition 7.4]. As no proof was provided there, we prove the result.

Proposition 3.2.2. Let T: H — H be a unitary operator on a Hilbert space
H. If (Ox)xea is an increasing net of finite subsets of H such that | Jycp O is a
T-generator, then

hapr(T') = sup hap: (T, Oy).
AEA

Proof. Denote O = |J,cp Ox and note that O is a T-generator. Let ¢ > 0 and
choose 6 > 0, and let @1 C H be a finite subset such that

Rapr(T) — €/2 < hape(T, O1,6).

Since O is a T-generator, there exists a finite Oy C span Ukez T*O such that
O, C Bga/z(@Q). Hence, by Proposition 3.2.1 (vi) we obtain hup(T,01,8) <
hapr (T, O2,6/2).

S~ince O, is finite, there exists N € N and a finite subset Ay € A such that
Oy C span Ug:_N Uxen, TFO,. As A is directed there exists A9 € A such that
A< )X for all A € Ag. Then

N N N
@2 C span U U TkO)\ C Oy U TkOAO
k=—N A€Ag k=—N
and it follows from Proposition 3.2.1 (ii) and (v) that

N
Rapr (T, O2) < hape <T, U TkOA()) = Rape (T, Ox,)-
k=—N

In summary, we obtain

1 6) < hapr(Ta @23 5/2)
hapr(Ta O)\O) < sup hapr(Ta O)\)
AEA

As € was arbitrarily chosen, we obtain hap (1) < supycp hapr (T, Oy). The reverse
inequality follows directly from the definition, and thus, the equality is proved. [J

As an immediate consequence of Proposition 3.2.2 we observe the following, which
can be found as [HH25, Proposition 3.2].

Proposition 3.2.3. Let F' C H be a finite-dimensional subspace, O C F be a finite
subset with F' = span(Q), and denote G = span( Ukez TkF). Then we have

hape (T, F') = hape(T', O) = hape (T @) = hape(T, G).
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Note that in this context O is a T|g-generator. Moreover,

hapr (T) = Slflrp hapr (T7 F)7
where the supremum is taken over all finite-dimensional subspaces F' of H.

The following upper bound for the approximation entropy on finite-dimensional
subspaces follows easily from Proposition 3.2.1 (iv).

Corollary 3.2.4. For finite-dimensional subspaces F C H we have

hape (T, F) < dim(F).

We will now illustrate how we can use Gram matrices to estimate the approximation
entropy in certain cases.

Let O = {1,...,z)0/} € L*(X) be finite and such that the tuple (z1,...,z)0)) is lin-
early independent, let F' := span(O) and let C': F — KI®l be the coefficient mapping
Cz = ((x, mj>)‘j(i|1, which is also called the analysis operator of O (cf. Section 4.1.2).
Then the Gram matriz of O can be expressed as

O] ||
Go = CC*: K - KION, (aj)Lgl — <Zaj<xj,a:i>> .
j=1 =1

We refer to Section 4.1.2 for more information on Gram matrices and their role in
frame theory. A simple computation shows that the Gram matrix is Hermitian and
positive semidefinite. Moreover, it is invertible, and thus, positive definite, if and
only if the vectors 1, ...,z o are linearly independent. In matrix representation
G o takes the form

B <l‘27$%> e (z)0) T1)

Go — <$1iiﬂ2> Hl‘.2|| <$\0|.,332> < gloixiol
: : -
(x1,710)) (22,710) -+ 7|0l

Remark 3.2.5. By the assumed linear independence it follows that C' is an isomor-
phism and the eigenvalues of Go coincide with the eigenvalues of

¢
S=C"C: F —F, xHZ(x,a@)xj,
j=1

which is called the frame operator of O (cf. Section 4.1.2).

Indeed, if A is an eigenvalue of C*C with eigenvector x € H, then C'z is an eigenvector
of Gp = CC* to the eigenvalue A. Conversely, let A be an eigenvalue of Go to the
eigenvector = € K!9l. Since the vectors in O are linearly independent, C'is invertible,
and thus, C~ 'z is an eigenvector of C*C for the eigenvalue \. Hence, the eigenvalue
structure of C*C' and G coincide.

3.2 Approximation Entropy
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Lemma 3.2.6. Let O C H be a finite set of normalized linearly independent vectors
in a Hilbert space H. Let § > 0 and suppose that P: H — H is a positive definite
and self-adjoint operator such that

|Px— x| <0

for allx € O. Let further \y > --- > X\o| be the eigenvalues of Go. Then

0] dim(PH)
0]-6°> > =10 - Ak
k=dim(PH)+1 k=1

Proof. Let Q denote the orthogonal projection onto the subspace F' C H spanned
by O, let V := QPH C H, and let P be the orthogonal projection onto V. Then
dim(PH) = dim(V) < dim(PH) and, since for z € F we have ||z — Pz| < ||z — y|
for all y € V, we obtain

lz — Pz|| < |l — QPz|| = |Qx — QPz|| < |Q|ll|lz — Pz|| <6

for all x € O. Hence, by replacing P with P, we may assume that PH C F.

Since I — P is a projection, the eigenvalues k1 > --- > Ko of I — P satisfy
K1 ="+ = K|o|-dim(PH) = 1 and Kjo|_dim(pH)+1 = - = Kjo| = 0.

Moreover, from Remark 3.2.5 we learn that A1, ..., Ao/ are exactly the eigenvalues
of C*C.

Denote by ey, the k-th unit vector in KI©! and note that

|O]
016 = ) T I(T = P)a|> = (I = P)Cex|)?
zeO k=1
O] ||
=D (I = P)Cey, (I = P)Cex) = Y_(C(I = P)Cercx)
k=1 k=1

= tr_aceK\q (C(I — P)C*) =tracep(C*C(I — P))

Now a trace inequality [MOA11, Theorem 9.H.1.h on p. 341] for positive semidefinite
Hermitian operators, which states that

n
trace(AB) > Zakﬂn_kﬂ,
k=1

holds for every pair of Hermitian positive semidefinite operators A, B: K" — K"
with eigenvalues ay > --- > a,, and §1 > - - - > 3, respectively, yields that

0] O]
tracep(C*"C(I = P)) > Y M Kjojkp1 = D, M
k=1 k=dim(PH)+1
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which shows the inequality. To see the equality note that

0] 0] dim(PH)
2 M=) Nes Z M
k=dim(PH)+1
dim(PH) dim(PH)
= trace(Gp) — Z A = 10| — Z Aks
where trace(Gp) = |O] holds true, since the vectors in O are normalized. O

We use the above lemma to deduce the next proposition that relates the smallest
eigenvalue of the Gram matrix G to the dimension of a subspace that approximately
contains O.

Proposition 3.2.7. Let O C H be a finite set of normalized linearly independent
vectors in a Hilbert space H. Let 6 > 0 and suppose that P: H — H be a positive
definite and self-adjoint operator such that

[Pz —z| <6

for all x € O. Denote by Amin(Go) the smallest and by Amax(Go) the largest
etgenvalue of Go. Then

dim(PH) > (1 - Ami;o)> @

and

dim(PH) > (A;X_(gz)) 0.

Proof. From Lemma 3.2.6 we obtain that

O]
018> > = (0]~ dim(PH)) - Auin(Go).
k=dim(PH)+1

Rearranging yields the first claim. Also notice that we obtain from Lemma 3.2.6
that

dim(PH)
0]-8* > 10| = > M >1[0] = dim(PH) - Amax(Go).
k=1
Rearranging yields the second claim. O

By noticing that for an orthonormal system O C H the Gram matrix Go is the
identity matrix, we obtain the following consequence of Proposition 3.2.7, which can
also be found as [Voi95, Lemma 7.8].

3.2 Approximation Entropy
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Corollary 3.2.8. Let O C H be a finite set of normalized linearly independent
vectors in a Hilbert space H and let 6 > 0. Then it follows that

52
H, . (0,0)>(1— —++— |10
(0,6) ( Amm(GO))H
and
1 — 62
H,p (0,6) > ——5—~0|,
p( ) )\max<GO)’ ’

where Amin(Go) and Apmax(Go) denote the minimal and mazimal eigenvalue of Go.

In particular, if O is a orthonormal system, then

Hapr(Ovd) > |O|(1 - 52)

Let T: H — H be a unitary operator on the Hilbert space H. By [EFHNI15,
Example 16.25] T' is Jacob—de Leeuw—Glicksberg decomposable. Recall from Defini-
tion 2.2.6 that this means the existence of T-invariant subspaces

H = Hrev S Haws-

We recall that Hyey = Span{z € H : I\ € T : Tz = Az}. It can be easily shown
that T'| .., has no approximation entropy. Note that this is a special case of [Voi95,
Lemma 7.7].

Proposition 3.2.9. Let T: H — H be a unitary operator on the Hilbert space H
and suppose that Hyws = {0}. Then hyp(T) = 0.

Proof. Note that H = Hye, and let
Q={zxeH:INeT:Tx =Xz, ||z]| = 1}.

Let (O,), be a monotone net of finite subsets of Q with |J, Ox = Q. Then
clearly, | J, O, is a T-generator. Hence, by Proposition 3.2.2 we obtain hap (1) =
supy hape (T, Oy). So it suffices to show that hap (T, Oy) = 0 for all A. To this end,
fix A and notice that F) :=span O, is T. Hence,

n—1
Hapr (U T’“OA,5> < dim(F)

k=0

for each 6 > 0. So hape (T, Oy, ) = 0 for each § > 0, which shows the claim. O
Let us illustrate how one can calculate the approximation entropy of an operator.

Example 3.2.10. (i) Let X = (T, B(T),m) be the torus T endowed with the
normalized Lebesgue measure. Consider the unitary operator

T:L2(X) — L%(X), (Tf)(2) = zf(2).
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Then starting with the constant function 1, the trajectory
Oy ={1,T1,...., TV 11}

consists of the functions (T%1)(z) = z*, and is therefore an orthonormal
system. We obtain from Corollary 3.2.8 that

. 1
hopr(T,{11},6) = I~ Hupe(Oy, 8) = (1 - 62).

S0 hapr(T,{1}) > 1. Using Proposition 3.2.3 and Corollary 3.2.4 we obtain
hape (T, {1}) = hape (T, span{1}) < 1.

Now note that span Jy,c, T%{1} is a dense subspace of L*(X). Hence, {1} is a

T-generator. It follows from Proposition 3.2.2 that hapr(T) = hap (T, {1}) = 1.

(ii) Recall the irrational rotation system from Example 2.1.2 (ii). Let T}, be the
Koopman operator on H = L2(T, B(T), m). Then it follows from arguments in
Example 2.2.11 that

H,ev =span{fy: k€ Z}=H,

where f,: T — K, A\ = M* are eigenfunctions to the eigenvalue €*™*®. Hence,
H,ws = {0}, and thus, it follows from Proposition 3.2.9 that hap (T,) = 0.

3.2.2 Lower Bounds for the Approximation Entropy

We will now provide assumptions under which we can deduce the presence of
approximation entropy hapy (7). One assumption that suffices is that for some vector
x € H we have fast enough decay of correlation, i.e., the sequence

(x,Tz), (z,T%z), (x,T3z), ...

converges to 0 sufficiently fast.

We recall from Definition 2.2.6 that the almost weakly stable part of T is given by

. 1 n—1
Haws = {371 €eH:Veye H: nlggog kZle’Tka)’ = O} .
=0

For vectors in H,ws we can prove the following.

Theorem 3.2.11. Let T: H — H be a unitary operator on a Hilbert space H. Let
x € H,ws be normalized and such that

C = Z|<x,Tkx>\ < 0. (3.5)
k=1

Then hap: (T, {z}) > 150

3.2 Approximation Entropy
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Remark 3.2.12. (i) Note that the assumption (3.5) implies by Proposition 4.1.15
that

ZT’“

‘ < "

(ii) If we have assumption (3.5) for all x € H,ys, then it follows from the polariza-
tion identity applied to the sesquilinear form a(x1,x2) = (z1,Tz2) defined for
1, %o € Hyyws that

1 oo 3
Z! xl,T xo)| < = ZZ! x1 +ilas, k($1+il$2)>’<00

k:1 =0

in the complex case. Hence, it follows from [Wei89, Theorem 1] that
T(T|H,ye) < 1. As T, is unitary, this means that Haws = {0}. So whenever
Haws # {0} one can not expect the assumption (3.5) to be satisfied for all
T € Hys.

In the proof of Theorem 3.2.11 we will use some theory about Toeplitz matrices.
Let n € N. A matrix A € K"*" is called Toeplitz if there exists a sequence
(ak)z;i(n_l) € K21 such that

ago al cee Ap—1
a_q a e Ap—2
A= ()", — ’ "
1=1/4,5=1
a,(n,l) a,(n,g) e ao

Conversely, given a sequence (ag),c; in K we can associate a sequence of Toeplitz

matrices (An)yey With Ay = (a;i;);;_; € KNV, The matrices are Hermitian if

and only if ay = a_y for all k € Ny (which implies ag € R).

If (ax)sez is absolutely summable, i.e., >, . |ax| < oo, then the sequence of Toeplitz
matrices is said to be of Wiener class. In this case, we can associate to the sequences
a function

f:T—C, Z Zakzk

called the symbol of the Toeplitz sequence. It follows readily from the summability
assumption on (ay);c; that the series converges uniformly and that f is bounded
and continuous. A moment’s thought reveals that the Toeplitz matrices Ay are
Hermitian if and only if f is real-valued. We can recover the Toeplitz matrix from a
symbol f by a simple Fourier transform as

ag :/Tzkf(z) m(dz)

for all k € Z, where m denotes the normalized Lebesgue measure on T.
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For a real-valued symbol, we denote by

My = esssup f(z), my = essinf f(z) (3.6)
2€T z€T

the essential supremum and essential infimum of f.

Suppose from now on that the sequence (Ay)ycy is Hermitian and denote by
AN > -+ > AN, N the eigenvalues of Ay for each N € N. We can use the symbol
of (ar)gey to bound the eigenvalues of the corresponding Toeplitz matrices [Gra05,
Lemma 4.1].

Lemma 3.2.13. Let (ay);c; be an absolutely summable sequence in K with aj, = a_y,
for all k € No and let (AN) ey e the associated sequence of Toeplitz matrices.
Denote by \i Ny > -+ > An,n the eigenvalues of Ay for each N € N. Then

my < Ay < My

forallk € {1,...,N} and all N € N, where ms and My are given by (3.6).

Proof of Theorem 3.2.11. Note that T is JdLG-decomposable [EFHN15, Theo-
rem 16.19 2)], and therefore H decomposes into two invariant subspaces H =
Hiev ® H,ws as in Definition 2.2.6.

By assumption we have x € H,ws. Now assume for a contradiction that for some
N € N the vectors in

On = {z,Txz,..., TN 1z}

are not linearly independent and let N be the smallest such number. Then there exist
non-zero coefficients ag, . .., an_1 € K such that agr +a1Tz+---+ay_ 1TV 1z = 0.
By the choice of N we obtain that ay_1 # 0. By rearranging it follows that
TNz € span({x, T,...,TN=2}), and thus,

TNz € span({Tz,..., TV 'z}) C span({z,..., TN 2z}).

By induction we obtain that T*z € span({z,...,TN=22}) for all k > 0. This shows
that {T%z : k > 0} is a bounded subset of a finite dimensional space, and hence,
it is relatively compact. Now [EFHN15, Theorem 16.33 a)] implies that € Hyey.
This is a contradiction to & € H,ys, since x # 0.

For each V € N and § > 0 we can now apply Corollary 3.2.8 and obtain

142
Hyt(Oy.8) > —— 0 N, .
p (ON ) )\max(GON) (3 7)

Denote a; := (z,T*z) for all k € Z and let (Ay) ey be the sequence of Toeplitz
matrices corresponding to (ax),cz. Then we notice that Ay = Go, is Hermitian
and obtain from Lemma 3.2.13 that Anax(Goy) < M.

3.2 Approximation Entropy
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Note that My < > 27 |ax| = 1+ 2C, since a; = a_y, for all k € Ny, and thus,
Amax(Goy) <1+ 2C. Then (3.7) yields

1 1—0°
= 1l — > .
hapr(T, {x}aé) J\}E}}x) NHapr(ONa(S) =1+x2C
Finally we obtain hape (T, {2}) = supsq hape (T, {z},9) > H% as claimed. O

Remark 3.2.14. We can more easily obtain the inequality Amax(Go,) < 1+ 2C
by noting that for the spectral radius of G we have

r(Goy) < Goylly < DI, T )],
kEZ

as [|Goy ||, is the maximum of the absolute sums of each line of the Gram matrix
Go,- As we will use Toeplitz theory in the proofs of Proposition 3.2.17 and
Theorem 3.2.18, we preferred the above arguments.

The author currently does not know whether assumption (3.5) is “optimal” for similar
results to hold. Note, however, that it was essential for the proof of Theorem 3.2.11
that (3.5), as otherwise we could not have defined the symbol f. For sequences that
do not satisfy the absolute summability condition, however, there is something akin
to a symbol. We refer to [EFHN15, Theorem 18.6] for a proof of the following.

Proposition 3.2.15 (Bochner-Herglotz). For a sequence (ay),c, i K the following
are equivalent.

(a) There is a Hilbert space H, a unitary operator T: H — H and © € H such
that aj, = (x, T"x) for all k € Z.

(b) There is a positive measure p € M(T) such that
ay = / 2% u(dz).
T

(c) Each Toeplitz matriz in the associated sequence (AN)ycy s Hermitian and
positive semidefinite.

In this case, the measure u is uniquely determined.
The uniqueness of the measure follows readily from the fact that by Weierstrafl’s
theorem the subspace span{z ++ z¥ : k € Z} forms a dense subset of Cy,(T).

So the “symbol” in this case is a positive measure u that is not necessarily absolutely
continuous with respect to the Lebesgue measure m on T. It is easily seen that,
in the weak-*-topology, u can be approximated by absolutely continuous measures
with bounded Radon—Nikodym derivatives with respect to the Lebesgue measure m.
The following is a slight generalization of [Gla03, Proposition 5.9 on p. 118].

Proposition 3.2.16. Let T: H — H be a unitary operator on a Hilbert space H
and let x € H. Let p, € M(T) be the measure given by

z,TFz) = z_sz.
(@Th) = [ = pifa)
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Set

n—1 2

Z P

k=0

frnz: T —0,00), Z s —
n

and let vy, 5 be a measure on T defined by vy, . (A) = fA frnz dm for all measurable
A C T, where m is the normalized Lebesque measure on T. Then vy, — [z as
n — oo in the weak-*-topology.

Moreover,

[ fuatemiaz) = (1= ) .74
for allk € Z and n € N, where a4 = max{a,0} for a € R.

The measure p, is usually referred to as spectral measure of T at x. The approxima-
tion (Vna),en Of fe is called a Fejér approvimation.

Proof. By the density of span{z + z¥ : k € Z} in Cy,(T) it suffices to show that

/z_kfn@ m(dz) — / 2k g (dz)
T T

for all k € Z. To this end, note that by Proposition 4.1.15 we have

n—1 2 n—1 2

1 —krk 1 —krk
EZZ T x|l =n EZZ' T x
k=0 k=0
n—1
=2 Z (1- %) Re(z, 2 *T%x) — ||x|?
k=0 (3.8)
n—1
= (1 %) (<a:, z*kax> + (z kpky, x>) + (x,z)
k=1
= Z (1 %)jL(x, 2R Tk )
keZ

Thus, multiplying with 2% and integrating with respect to m yields

z_l~€ z Z) = _ 1K z, TFz zk_i‘: z
L e i) > (-8 et ) [ - ma)

=(1- %l)Jr(x,T’;@ — (2, TFz) = /TZ’~€ pa(d2)

as n — oo. O

3.2 Approximation Entropy
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Let us further break down the proof of Theorem 3.2.11. If we replace the assumption
of the theorem and assume instead that for z € H there exists C' > 0 and a positive
null sequence (by,),,cy such that (ﬁ)neN is also an null sequence and we have

1 n—1 2
k
k=0
for all n € N. In other words, the rate of convergence of the Cesaro means in

LZnorm is in O(v/b,) as n — oo. Then we obtain from a calculation akin to (3.8)
that

bfl
=y (=B e TR < ©

keZ
for all n € N.

We can now argue as in the proof of Theorem 3.2.11 that for each N € N and § > 0

we have (3.7). Now denote aj,, = (1 — |k|) (z,TFz) for all k € Z and all n € N
and let (Anp) N.nen De the associated Toephtz matrices. We notice that Ay, is
not the Gram matrix Go, . Instead, the sequence converges to Go, . Indeed, fix
N € N and notice that Ay, — Go, as n — oco. By the continuity of eigenvalues of
matrices we obtain Amax(ANn) = Amax(Goy ) as n — 0.

Now note that

My, <> (1 — By (w,T"z)
kEZ

holds for all n € N. Thus, by Lemma 3.2.13 we have Apax(Ann) < My, , < Cnb,
for all n € N.

Let ¢ > 0 and note that for each N € N there exists ny € N with ny — oo such
that [Amax(ANny) — Amax(Goy )| < €. In particular, this shows that

)\maX(G(’)N) < CannN +e

for all n € N. Now (3.7) yields

1— 62

lim inf ]i)],nNHapr<ON76)— C

N—o0

Or in other terms, the approximation entropy Hap(On,0) grows faster when the
convergence of the Cesaro means

1 n—1
k
;E:Tx
k=0

is faster.

Let us summarize.
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Proposition 3.2.17. Let T: H — H be a unitary operator on a Hilbert space H.
Let x € H,yws be normalized and set

On = {z,Tz,..., TN 1z}

for all N € N. Suppose that there exists a nonnegative null sequence (b,),cy such

that (i) s also a null sequence and there exists C > 0 such that
nbn / neN

2

b, ! <C

1 n—1
k
gEZTw
k=0

for all n € N. Then there is a sequence (ny),cy in N with ny — oo such that for
all 6 > 0 we have

l}\rfgloréf N ~ Hopr(On, 0) > 8

If we could choose ny = N for all N € N, we would be able to deduce that

1— 62
o

lim infby Hape (On,6) >
N—oo

In this case, we would have a precise asymptotic rate of growth for H,p (O, 9)
in terms of the order of convergence of the Cesaro means. If we could show that
ny < CN for some C > 0 for all N € N, and b,, = n™® for some a € (0,1), then
nNbpy = (nN)l_a < Cl=eN1-2 and we would be able to deduce that

l"f1H05>1_62
Rt gy Hor(ON0) 2 G

Unfortunately the author was not able show these bounds on the growth rate of
(nN) nyen- Instead we prove the following result that further analyzes the convergence
of limy, 00 Amax(ANn) = Amax(Go, ) for each N € N.

Theorem 3.2.18. Let T: H — H be a unitary operator on a Hilbert space H. Let
r € H,yws be normalized and set

Oy ={z,Tz,... ,TN_lx}

for all N € N.
(i) Suppose that there is o € (%, 1) and C > 0 such that

2
1
< Cn—a (3.9)

1 n—1
k
5§:T$
k=0

for all n € N. Then we have for all 6 > 0 that

1— 62
C

liminf ————
N—oo N2a71

Hapr(ON7 5) Z

3.2 Approximation Entropy 87



88

(ii) Suppose that there is o € (0,1) such that

1 n
lim > Haz, TF)| =o. (3.10)
k=1

n—oo pl—a

Then we have for all 6 € (0,1) that

R
lﬂlo%fWHapr(ON,é) = 00.

Remark 3.2.19. (i) The assumption (3.9) of Theorem 3.2.18 (i) implies the
assumption (3.10) of (ii) by Proposition 4.1.15.

(ii) The assumption (3.10) of Theorem 3.2.18 (ii) is in turn implied by asking for
the sequence of correlation coefficients ((z, T"z)),c; to be in ¢P(Z) for some
p € (1/a,00), as the the Holder conjugate ¢ of p satisfies 1/p < 1 — v and by
Hoélder’s inequality we then have

n n l/p
1 1
—~= > Wz, Tha)| < = /P <Z|<I,T%>|ﬁ> -0
=1 =1

as n — oo.
We need the following simple lemma for the proof of Theorem 3.2.18.

Lemma 3.2.20. Let A,B € K™*" be Hermitian matrices. Denote by Amax(A)
and Amax(B) the mazimal eigenvalue of A and B. Then we have for the mazximal
etgenvalues that

P‘max(A) - )‘maX(B)‘ < ||A - B||27

where || - ||, denotes the Euclidean operator norm.

Proof. From [MOA11, Theorem G.1 on p. 329] one obtains that for Hermitian
matrices G and H we have

Amax(G + H) < Amax(G) + Amax(H).

Since |G|, coincides with the spectral bound for Hermitian matrices, we obtain for
G :=A— B and H = B that

Amax(A4) — Amax(B) = Amax(G + H) — Amax(H)
S )\maX(G) = )‘maX(A - B) S ||A - B||2

Exchanging the roles of A and B yields the claim. O

Proof of Theorem 8.2.18. We proceed by presenting arguments that are needed in
the proof of both claims.

We can argue as in the proof of Theorem 3.2.11 that Oy is a linearly independent
set for each N € N. Recall the notation (akn)pez (ANn)yey and fno from the
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discussion before Proposition 3.2.17. Consider for each n € N the sequence (b )
defined by

nez
B2, TRy, |k < n,
an k= "
’ 0, k| > n

and let (B, ) be the corresponding sequence of Toeplitz matrices with By, € KN,
For n € N we denote by f,, the symbol of (bx),,c;, and let Ay yyn > -+ > Ay N be
the eigenvalues of By . From Lemma 3.2.13 we obtain that

my, < Ag,Np < My,
for all k € {1,..., N} and all n € N. Now notice that

[Bnally = max [A\gnn| < max{my,, My, }

1<k<N
L k|
< Z|akm\ = Z Z(m,Tka:).
keZ k=—N

“(i)”:  We show that the sequence (ny)yey in Proposition 3.2.17 can be chosen to
be ny = N2. Then, since b, = n~® we obtain nnbny = N2N—2 = N2722 and
thus,

1—62
C b

o 1
lﬂlogmeapr(ON, (5) >

as claimed.

Recall from the discussion before Proposition 3.2.17 that, under the given assump-
tions, we have proved the bound Apax(An ) < My, , < Cn'=% for all n, N € N. By
choosing n = N? we obtain

1 k| 1 O
k _ k
1Bynell, < 5 D (@ Tha) = Nkz_:NI@,T z)| =0

as N — oo. Let € > 0, and pick N € N such that for all N > N. we have
B, n2ll, <€

Notice that for n > N we have Gp — AN, = Bn . So Lemma 3.2.20 yields
‘)\max(AN,NQ) - Amax(CYYON)’ < HBN,NQHQ <e

for all N > N..

Applying Corollary 3.2.8 yields

1—62 1— 62 1—62
Ha r 75 > N > >
P <ON ) AmaX(GON) )\max(AN,NQ) +e CN2_2a +e

for each § > 0. By rearranging and taking the lim inf we obtain

1— 62
liminf ———
Nooo N2a-1 C

Hapr(ON7 5) Z
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as claimed.

“(ii)”: Let C' > 0. Notice that by Proposition 4.1.15 the assumption implies that
there exists ng € N

1 n—1
k
- > T
k=0

for all n > nc . Hence, we can deduce the bound Amax(Ann) < My, , < Cn'~ for
all N € N and n > n¢, as before.

By choosing n = [NHO‘} orn = [NQ_O‘W, we obtain

2 — 1
<= TRy < 0—
< 2le Tl <0

B S R k2 N L,
1Bl o 2 e The) = g ) Mo Tha)l + g =0

Let € > 0 and choose N, € N such that [N”O‘] > ne and that for each N > N, we
have HBN,[N“VO‘] ”2 <e.

Notice that, as before, for n > N we have Go — An, = Bny. So Lemma 3.2.20
yields

‘)‘maX(AN,[NHa]) — Amax(Goy )| < HBN,[NH"I] H2 <e¢

for all N > N..
Applying Corollary 3.2.8 yields

e (On.5) > 1§82 N> 1—62 N
apr\“~' N - )\maX(GON) N Amax(AN, ’—NlJra-') te
1— 52 1-— 52
>
C[N1+a]l= 4 - F oNTna e
B 1— 52 1—62 2
T CON=@ 4 O+ No—lg

for each § > 0. By rearranging and taking the lim inf we obtain

liminf— (O, 6) > L2
fnint 7w Hone(On.0) 2

As C' > 0 was arbitrarily chosen, the claim follows. O
Theorem 3.2.18 justifies the definition of a fractional approzimation entropy.

Definition 3.2.21. Let T': H — H be a unitary operator on a Hilbert space H and
let O C H be a finite set of observables. For a € (0, 1) we define

n—1
1
Do (T, 0) = sup lim inf — Hp,, (U T+, 5)

n—oo N
6>0 k=0
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to be the lower a-approximation entropy and

- 1 n—1
Rape(T, ©) = supli —H Th0,§
apr( ’ ) ?i%) 17ITH_>S£p no apr (lg) ) )

to be the upper a-approzimation entropy for a € (0,1).

The author does currently not know whether both concepts coincide, as it is the
case for the standard approximation entropy. Note that for & = 1 one recovers the
standard approximation entropy and there Proposition 3.2.1 (viii) shows that the
limit superior and the limit inferior coincide.

Let us illustrate the results of Theorem 3.2.11 and Theorem 3.2.18 by considering as
an example the two-sided Bernoulli shift that we got to know in Example 2.1.2 (i).

Example 3.2.22. Let X = ({—1,1}Y, A, 1) be the infinite sequence space with the
product o-algebra A and p be the product measure of the Rademacher measures
on {—1,1}. Consider the left shift mapping ¢: X — X defined by (z),,c7 =
(Tm+1)mez- As @ is an invertible measure-preserving mapping, the Koopman
operator T, on L?(X) defines a unitary operator.

Note that ¢ is strongly mixing, and thus, the reversible part L?(X),e, of the JALG-
decomposition is precisely the subspace of the constant functions.

Let us first consider the observables f € L?(X) defined by f((#m)ez) = To- A
straightforward calculation shows (f, 1) = 0, and thus, f € L?(X)aws. Moreover, the
correlation coeflicients satisfy

<f7 T£f> = 6O,k

for all k € Z. As a result, the assumption of Theorem 3.2.11 is satisfied with C' =0
and we conclude that the approximation entropy hap: (T, {f}) is lower bounded by
1. While at the same time the mean ergodic convergence rate satisfies

1 n—1
k
n ZTsof
k=0

for all n € N, by Proposition 4.1.15. Note that the mean ergodic convergence in
this case is also guaranteed by the strong law of large numbers, as the sequence
(TJ; f) Len 1S a sequence of independent and identically distributed random variables

with mean zero.
Next, consider the observable g € L?(X) defined by g((@m)mez) = Domeq 2. Then
g € L*(X) with [|g[lr2 = (3,1 #)1/ A straightforward calculation shows that

(g, 1) = 0, and thus, g € L2(X)aws. Moreover, the correlation coefficients satisfy

o 1 1 /1 1 1n1
0T =3 G =k 2 (o h) =k

2
2

n

3.2 Approximation Entropy

91



92

for all k € Z. As a result, we obtain for any « > 0 that that there is some constant
C > 0 such that

n k
1 ) 1 1 11 1
_ - - o< _
= 221\(9,%9) a2 > ps k(l + log(k))

So the assumption of Theorem 3.2.18 (ii) is satisfied for all &« € (0, 1) and we conclude
that the lower a2-approximation entropy ﬂapr( ,{g}) = o0 for all a € (0,1).

Note that we also obtain from Proposition 4.1.15 that the mean ergodic convergence
rate satisfies

n

S 3w

1
(1—E)(g,Thg) + Ellgll2

1 n—1 2
k
- > Tig
k=0

k=1

ogln 2
< 2 (10 4 rogo) + Jgl? + €) 0

for all n € N. So we might not expect the mean ergodic convergence to be as quick
as for the observable f.

Intuitively, we can say that g contains much more information on the future evolution
of the system than f does. So g is “much more invariant” under the action of T,
than f is, which is reflected in the slower mean ergodic convergence rate and the
higher growth rate of the approximation entropy. This hints towards an interesting
trade-off between mean ergodic convergence rates and approximation entropy growth
rates, which is worth further investigation. Here, we have only explored one direction
of this trade-off, so it would be interesting to study whether faster growth rates of
the approximation entropy really imply faster mean ergodic convergence rates.

By fine tuning and putting more weight on the observations far in the future, one
could try to construct observables with slower mean ergodic convergence rates but
better approximation entropy growth rates. Possible candidates to study are the
members of the family of functions

o
93 {07 1}Z — R, 9,8( xm mGZ Z mﬂ

for 5 > % As proofs of the above type become more complicated for functions of
this family, we declare this to be beyond the scope of this thesis. The above example
suffices to illustrate our point.
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3.2.3 A Spectral-Theoretic Perspective on Approximation
Entropy

In this section, we present details and a slight generalization of [Voi95, Proposi-
tion 7.11] on the relationship between the approximation entropy and the spectral
theory of unitary operators [Con85; EFHN15; Kri86; Voi95].

Let T: H — H be a unitary operator on a complex and separable Hilbert space and
assume that K = C. For z € H we call the unique measure p, : B(T) — R satisfying
the property

x kx: z*k z
@T4) = [ =)

for all k € Z a spectral measure of T'. That such a measure exists follows from
the Bochner-Herglotz theorem (see Proposition 3.2.15). A spectral measure pi,
can be decomposed by means of a Lebesgue decomposition (see [RS80, p. 22-25]
or [EFHN15, Theorem B.25]) into mutually singular measures

Hx = Mz d + Ha,ac + Ha sc,

where ;4 is a discrete measure, p, .. is absolutely continuous with respect to
the Lebesgue measure m on T (in short pi;ac < m), and fiy s is non-atomic and
singular to the Lebesgue measure (in short jigs.Lm). Note that all three parts
are absolutely continuous with respect to u;, and therefore, there exists elements
Td, Tac, Tsc € H such that pi, .« = pg, for * € {d,ac,sc} [EFHN15, Lemma 18.9].
This yields a decomposition of the Hilbert space H = Hq® H,o P Hye into T-invariant
subspaces

Hy:={x € H: p, is discrete}, Hyc:={x € H : pu, K m},
Hy. :={x € H : u, is non-atomic and p, L m}.
The T-invariance follows readily from the fact that ur, = p, for all x € H, as

T is unitary. Furthermore, the decomposition into T-invariant subspaces yields a
decomposition of T" into

T:Td@Tac@Tsc

with T,: H, — H, for all x € {d,ac,sc}.

Remark 3.2.23 (Jacob-de Leeuw—Glicksberg decompsition). (i) The subspace
Hyg is given by the closure of the linear span of all eigenvectors of 7' [EFHN15,
Proposition 18.17].

(ii) If H = Hyey ® H,ys is a Jacob—de Leeuw—Glicksberg decomposition of T' (see
Definition 2.2.6) into a reversible part Hyey and an almost weakly stable part
H,ys, then Hy and Hyey coincide [EFHN15, Corollary 18.18].
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(iii) The space H. = Hy,c & Hg coincides with the almost weakly stable part Hyws
of the Jacob—de Leeuw—Glicksberg decomposition [EFHN15, Corollary 18.18].
The elements © € H. have the property that

1 n—1

im — k p_

Jim = (T a, y)[” =0
k=0

holds for all y € H and all p € [1,00) [EFHN15, Theorem 16.34]. The subspace

H_ is also often referred to as the continuous part of T' [EFHN15, Chapter 18.2].

Next we define the concept of the multiplicity function by following [Kri86, Section 2].
Let 2 := (?(N; C) denote the Hilbert space of complex square-summable sequence
indexed by the natural numbers. Further let v: B(T) — [0,00) be a Borel measure
on T, write N := (T, B(T), v) for the corresponding measure space and denote by
L2(N; £2) the space of all functions f: T — ¢2 such that [1[|f|7, dv < co. The scalar
product (f,g) = [r(f(A),g(N))e2 v(dX) on L*(N; £2) makes it into a Hilbert space.

Now let m: T — Ny U {oo} be a Borel-measurable function with v({m =0}) =0
and set (2 = {x = (Tp)nen € 2 : Vk > n : xp = 0} for all n € Ny U {oo}. We
denote

Hypm={f € L2(N; %) : f(\) € 67271(/\) for v-almost all A € T}.
Then H, ,, is a closed subspace of L2(N; ¢?). Consider the multiplication operator
Tu,m: Hu,m — Hl/,ma (Tl/,mf)(A) A f(>‘)

by the identity function.

The representation theorem for unitary operators states that every unitary operator
T: H — H on a separable Hilbert space is unitarily equivalent to 7T, ,, for some
Borel measure v and some Borel function m as above (see [Con81, Theorem I11.9.18]
or [Con85, Theorem IX.10.20]). Moreover, if o is another Borel measure and m
another Borel function with this property, then v and © have the same null sets (or
equivalently, are mutually absolutely continuous) and v-almost everywhere we have
m = m [Con81, Corollary 11.9.12 b)|. In this case, the measure v is called a mazimal
spectral measure and the function m is called a multiplicity function of T.

The maximal spectral measure v is indeed a spectral measure of T'. To see this
denote by z the constant function in L?(N;/¢2) that maps to the first unit vector
e1 € £2. Since v({m = 0}) = 0, it follows that = € H,,,. Then

<a:,Tf7m:1;>HV’m = /<.’E,Ty7m$>g2 dv = / 2 Fu(dz)
T T
holds for all k£ € Z, from which follows that v = p,. Thus, by unitary equivalence of
T and T, ,,, the statement follows.

Suppose now that T" = T,. and let v be a maximal spectral measure and m be
a multiplicity function of T. Then there exists © € H = H,. such that v = p,.
In particular, v is absolutely continuous with respect to the Lebesgue measure
m on T. Let 3—; € LY(T,B(T), m) be its Radon-Nikodym derivative. Denote by

Ap = {)\ eT: 3—;()\) #+ 0} its set of non-vanishing points, which is uniquely
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defined up to a m-null set and does not depend on the maximal spectral measure v
chosen. Then v and m|a, are mutually absolutely continuous and can therefore be
exchanged in the representation of 7.

The following was proved in [Voi95, Theorem 7.11] for the case in which the multi-
plicity function for the absolutely continuous part Ty, is finite. We present the short
argument showing how the case of a general multiplicity function follows from this,
which can also be found as [HH25, Proposition 5.2].

Proposition 3.2.24. Let T: H — H be a unitary operator on a complexr and
separable Hilbert space and denote by m the multiplicity function of its absolutely
continuous part Ty.. Then

e (T) = / m dm.
ATye
In particular, if Hye = {0}, then hap(T') = 0.

Before providing a proof of Proposition 3.2.24, we illustrate why the restriction
Ar,. is necessary for the integral on the right-hand side in Proposition 3.2.24 to be
well-defined.

Example 3.2.25. Let m be the Lebesgue measure supported on T} = {\ €
T : Re(A) > 0}. The multiplication operator T7': L?(T, B(T),m) — L2(T, B(T), m)
defined by f — id-f has maximal spectral measure m, and thus, both functions
my = It and mg = L7, are multiplicity functions for 7.

Proof of Proposition 3.2.24. As shown in the proof of [Vo0i95, Theorem 7.11] we may
assume that T = T,.. Let m be a multiplicity function of T

If m < oo, then the statement of Proposition 3.2.24 is proved in [Voi95, Theorem 7.11]
by showing that on the additive semigroup C of functions m: T — Ny the functional

p:C—[0,00), m hape(T),

where T' = T}, and v = m| (40}, coincides with the integral [rmdm = [, mdm.

Now consider the general case and let T}, ,,, be a representation of 7' with v = m| ¢, 0y
Consider the closed subspaces

H,, = {fEHy,m : fegi}

for each n € N. Then H,, € Hy41 and J,,cyy Hn = Hym. Moreover, T), = T'|y, has
the multiplicity function m,, = min(m,n) with v being a maximal spectral measure
of T},. Thus, by the first part of the proof

h&PY(T7 Hn) = hapr(Tn) = my, dm.
Ar

Now increasing n — oo, we obtain on the right-hand side of the equation from
the monotone convergence theorem that sup,,cy [ Ap Mndm = i) Ay M dm. On the
left-hand side we have hape (T, Hp) = hapr(73,) and obtain from Proposition 3.2.2
together with Proposition 3.2.3 that sup,,cy hapr(Th) = hapr(Tym) = hape(T). O
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For different constructions of a representation of normal operators using Hahn—
Hellinger theory we refer to [Con85, Theorems IX.10.20 and IX.10.21], [Nad20,
Theorems 1.34 and 1.36] or [Quel0O, Theorems I1.4 and II.11]. Spectral theory of
dynamical systems is surveyed in [KT06]; more specifically to Section 2.1 therein
for more information on dynamical systems with countable Lebesgue part. The
latter is still an active field of research [Lem24| and has been for some time [CFS82,
Part III].

3.3 Interplay between Measure-Theoretic and
Approximation Entropy

In this section we will show that any measure-preserving dynamical system with
positive measure-theoretic entropy has infinite approximation entropy. For this we
will need to introduce the following property from [EFHN15, Section 18.3].

Definition 3.3.1. Let T': H — H be a unitary operator on a separable Hilbert space
H. Then T is said to have countable Lebesgue spectrum if and only if there exists an
orthonormal sequence (), oy of H such that for each n € N the sequence (T*x,,) kez
is an orthonormal basis of the cyclic subspace Z(x,;T) := span{T*z, : k € Z} and

H= é Z(xn; T).
n=1

Remark 3.3.2. The reader familiar with spectral theory might be used to define
countable Lebesgue spectrum of a unitary operator T: H — H in the context of
separable Hilbert spaces by the equivalence of the Lebesgue measure on T to the
spectral measures appearing in the Hahn—Hellinger theorem. This definition is
equivalent to our definition as shown in [EFHN15, Proposition 18.32].

Whenever (X, ¢) is a measure-preserving dynamical system, then the Koopman
operator T, fixes the constant functions. Thus, no Koopman operator can have
countable Lebesgue spectrum without restricting it to certain non-trivial subspaces.
It is thus common to define that (X, @) has countable Lebesgue spectrum if the Koop-
man operator restricted to span{1}+ has countable Lebesgue spectrum [EFHN15,
Section 18.4.2]. More generally, we can study the following notion.

Definition 3.3.3. A unitary operator T: H — H on a Hilbert space H is said to
have a countable Lebesque component if there exists a closed separable subspace
Hy C H with THy = Hy such that T restricted to Hy has countable Lebesgue
spectrum.

We purposefully omit the separability assumption on H, as it is not necessary for
our results. Note that for operators on separable Hilbert spaces, this definition
is equivalent to the notion of countable Lebesgue components given in [HK02,
Section 3.7.j].

We next show that unitary operators with countable Lebesgue components have
infinite approximation entropy. This is [HH25, Proposition 4.4].
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Proposition 3.3.4. Let T: H — H be a unitary operator on a Hilbert space H that
has a countable Lebesgque component. Then hapy(T') = 0o.

Proof. For closed separable subspaces Hy C H with THy = Hy it is straightforward
to observe that hap: (T m,) < hapr(T). We can thus assume without loss of generality
that H is separable and that T has countable Lebesgue spectrum.

Let (zp)nen be the orthonormal sequence from Definition 3.3.1 and set O; =
{z1,...,2;} for each j € N. Then for each n € N the set UZ;& T*© is an orthonormal
system with cardinality j - n and from Corollary 3.2.8 we obtain

n—1
Hapy (U Tkaé) > (- n)(1 - &)

k=0

for every § > 0. Then h,p (T, O;) > j holds for all j € N. Taking the supremum
over all Oj, we obtain hap (1) = oco. O

From [Rok67, Result 14.3] and also [HK02, Theorem 3.7.13] we know the following
proposition in the case of X being a standard Lebesgue space (see Definition 2.1.11).
We will present below how this follows for general invertible measure-preserving
Systems.

Proposition 3.3.5. Let ¢ be an invertible measure-preserving dynamical system
on the probability space X = (X, %, u) with h,(p) > 0. Then T, has a countable
Lebesgue component.

As the literature on ergodic theory usually assumes ¢ to be standard Lebesgue, we
need the next two lemmas so that we can reduce the general case to the standard
Lebesgue case. It allows us to restrict the proof of Proposition 3.3.5 to standard
Lebesgue systems only.

Lemma 3.3.6. Let ¢: X — X be an invertible measure-preserving dynamical system
on the probability space X = (X,¥x,u). Then h,(p) = supy hy (1), where the
supremum is taken over all standard Lebesgue factors 1p: Y =Y onY = (Y, Xy, v)

of .

Proof. “<”: This is a straightforward consequence of the monotonicity of measure-
theoretic entropy under factors. For details see [Wal82, Section 4.4 on p. 89].

“>7: Let a be a finite X x-measurable partition of X. We proceed by choosing a factor
¥ of . Let Sy be the o-algebra generated by the countable set |, e Vi _, ¢ ().
Then it follows from a monotone class argument that

L*(X,Sy,v) = span | {]1,4: Ae\/ wk(a)}, (3.11)

neN k=—n

where v denotes the restriction of p to Xy, let ¢ := ¢ and denote Y = (X, Xy, v).
It follows directly from (3.11) that L2(Y) is separable.

From Proposition 2.1.12 it follows that there exists a measure space Z = (K, B(K),§),
where K is compact metric and & is a probability measure on B(K), a measure-
preserving dynamical system x on Z, and a Markov isomorphism 77 : L2(Z) — L2(Y)

3.3 Interplay between Measure-Theoretic and Approximation Entropy
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that intertwines as Ty, Ty = T1T},. Moreover, the identity operator To: L?(Y) — L?(X)
is a Markov embedding that trivially intertwines as T,,75 = T5T;. In summary, the
operator T := TyTy: L?(Z) — L?(X) is a Markov embedding that intertwines as
T,T = TTy. This shows that x is a standard Lebesgue factor of ¢.

Furthermore, since (Z, x) and (Y,) are factors of each other via Ty and T, ' it
follows from monotonicity that he(k) = h,(3)). Moreover, the measure-theoretic
entropy satisfies h,(p, a) = h, (¢, @) = hy,(¢) by the Kolmogorov-Sinai generator
theorem [Wal82, Theorem 4.17]. This proves the claim. O

Lemma 3.3.7. Let p: X — X be a measure-preserving dynamical system on the
probability space X = (X, Xx,u) and letp: Y — Y be a factor of p on the probability
space Y = (Y, Sy, v). Denote by T, and Ty, the Koopman operators on L*(X) and
L2(Y), respectively. When Ty has a countable Lebesque component, then so does T,,.

Proof. Denote by T: L2(Y) — L?(X) the associated Markov embedding that inter-
twines T, and Ty, as T, T = TT, and Hy C L?(Y) for a closed separable subspace
with Ty Hy = Hy, such that T, restricted to Hy has countable Lebesgue spectrum.
Clearly H; = THy is a closed separable subspace of L?(X) with T,Hy = H;.
Since any Markov embedding is isometric by [EFHN15, Theorem 13.9] it preserves
orthonormality. Hence, T, restricted to H; has a countable Lebesgue spectrum. [

Let ¢: X — X be a measure-preserving system on the probability space X =
(X, %, pt). The main tool in our proof will be the following result by Rohlin and Sinai
that provides us with a o-algebra F that will serve us as a “generator of randomness”.
For this to make sense, we need a notion of something that we do not consider
random. One criterion of randomness can be the presence of measure-theoretic
entropy. Hence, we define the “non-random” part to be

II:={AeX: hy(p,{A, X\ A}) =0},

which we call the Pinsker algebra of ¢ and is in fact a o-algebra. We refer to [Gla03,
Theorem 18.8] for some properties of the Pinsker algebra. Most notably is the fact
that if « is a finite IT-measurable partition, then h,(¢,a) = 0. The Pinsker algebra
captures the “structured part” of a dynamical system. We say that ¢ has completely
positive entropy if I = {0, X }.

The Rohlin-Sinai theorem provides a way to decompose the information in a measure-
preserving dynamical system into “predictable” and “random” parts. The sub-o-
algebra F allows the observer to capture more and more information going forward
in time, while going backward in time we do not gain more information but only
arrive at the structured part.

Lemma 3.3.8 (Rohlin-Sinai theorem). Let ¢: X — X be a measure-preserving
dynamical system on the probability space X = (X, X, u) that is standard Lebesgue.
Then there exists a sub-o-algebra F C X such that

(i) ¢ (F) S F,
(i) Up—o¢"(F) generates ¥ as a o-algebra, and
(iif) MpZy e "(F) =1L
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Proof. Combine [Gla03, Theorem 18.7.2] and [Gla03, Theorem 18.9]. O

Remark 3.3.9. In the situation of the above lemma and if additionally ¢ is invertible
and has positive measure-theoretic entropy h,(¢) > 0, we observe that I C ¢"(F) C
O"THF) C ¥ for all n € Z. Indeed, if we assume that ¢"(F) = ¢""(F) for some
n € Z, then by induction ¢"(F) = ¢""(F) for all n € Z. It follows that Il = ¥,
which contradicts the assumption that ¢ has positive entropy.

If V is a closed subset of the Hilbert space H then we write H &V for the subspace
W := V1t C H. Note that then H = W ®V and W _LV. This notation is useful, as it
leaves no ambiguity in which Hilbert space H we take the orthogonally complemented
subspace V.

Let (X,%, ) be a measure space and A C X is Y-measurable. Then we denote
by (A, 4,pla) the restricted measure space. Note that L2(A, ¥4, u|4) embeds
into L2(X, X, 1) by extension with the value 0 outside of A, and similarly, if ¥’ is
a sub-Y-algebra of ¥ the difference L2(A, ¥4, ula) © L2(A, ¥, u|4) embeds into
L2(X,%,pn) ©L2(X,Y, ). We say that A € ¥ is an atom if for every B € ¥ with
B C A we have u(B) € {0, u(A)}. A measure space (X, X, p) is called atomless if ¥

contains no atoms.

The following is [Rok67, Result 14.1].

Lemma 3.3.10. Let (X, %, 1) be an atomless measure space with measure p: ¥ —
[0,00). Then for any distinct sub-c-algebra F C ¥ we have that L*(X,%, u) ©
L2(X, F, ) is infinite-dimensional.

Proof. Since F # ¥ we observe that L?(X, %, u) © L?(X, F, i) is not trivial, and
hence, there exists 0 # f € L2(X, X, 1) that is orthogonal to L2(X, F,u). For a
Y-measurable version of f consider the set A = {x € X : f(x) # 0} and notice that
1(A) > 0 and notice that the positive measure space (A, X4, pt|4) is also atomless.

By the above discussion it suffices to show that L2(A, X4, u|a) © L2(A, Fa, u|a) is
not finite-dimensional. This is clear if L2(A, Fa, uu|4) is finite-dimensional, as by
the lack of atoms in (A, ¥4, u|4) the space L?(A, X4, u|4) is infinite-dimensional,
and thus, the statement is trivially true. So we may suppose that L2(A, Fa, u|4) is
infinite-dimensional. Then there exists a Fs-measurable partition 8 of A into at
least countable infinite sets, and thus, the set of indicator functions {1p : B € 5}
forms an infinite system of pairwise orthogonal elements in L2(A, Fa, u|4). Notice
that {f-1p : B € 8} is also an infinite system of pairwise orthogonal functions,
as none of the functions f - 1p vanishes. Moreover, for each B € [ we have
f-1p € L2(A, X4, ula) ©L2(A, Fa, pu|a), since for each h € L2(A, Fa, p|a) we have
h-1p € L2(A, Fa,pula), and thus,

(f-1,h)=(f,h-1p)=0.

by the choice of f. This shows that L2(A, XA, ula) © L2(A, Fa,p|a) is infinite-
dimensional and concludes the proof. ]

Theorem 3.3.11. Let ¢: X — X be an invertible measure-preserving system on
the probability space X = (X, X, 1) that is standard Lebesgue. If ¢ has positive
measure-theoretic entropy h, () > 0, then it has a countable Lebesgue component.

3.3 Interplay between Measure-Theoretic and Approximation Entropy
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For reference see [Rok67, Result 14.4] and also [HK02, Theorem 3.7.13].

Proof. Denote by A(X) C X the set of atoms in X with positive measure p. Then by
Poincaré’s recurrence theorem, for each atom A € A(X) there exists k € N such that
(e #(A) N A) = u(A), and thus, u(p*(A)AA) = 0. Hence, the elements in the

sequence of common refinements <\/ ico “I({A, X\ A})) N differ only by p-null
ne

sets from each other, which implies that

hu(p, {A, X\ A}) = k- lim —H \/go ({A,X\A) | =k-0=0

n—oo n -

It follows that A(X) is contained in the Pinsker algebra II of ¢.

Since ¢ maps atoms to atoms, the set A = |J.A(X) is g-invariant. Consequently,
the complement X \ A is also p-invariant. By construction of A there exists an at
most countable Y-measurable partition « into atoms of positive measure.

Denote by v4 the normalization of the non-zero measure p|4. We notice that the
restriction ¢|4 has zero h, ,-entropy. Indeed, for any finite ¥ 4-measurable partition
B of A we have that oV 8 consists of atoms of v4 only, and thus, h,,(p|a,3) <
hy,(¢la, a0V B) =0 by [Gla03, Theorem 18.1.1]. As we assume that h,(p) > 0, it
follows that u(X \ A) > 0.

Thus, let vx\4 denote the normalization of the measure u|x\4 and note that
(X\A, Yx\4 VX\A) is atomless. We show that <p|X\A has positive measure-theoretic
entropy hu . , (¢lx\4). For any ¥-measurable partition 3 we have

BV{A, X\ A}={BNA:BeBYU{B\A:BeB}=HaUpPBx\a

Then 34 and x\4 are partitions of A and X \ A, respectively. Moreover, 34 = BaU
{X\A} and Bx\4 = BX\AU{A} are partition of X with 84V Bx\a = BV{A, X\ 4},
and thus,

hu(p, B) < hu(p, BV A{A, X\ A}) = hu(e, BaV Bx\a) < hu(w, Ba) + hu(p, Bxa)-

Set

n—1 n—1
Bi=\ ¢ "(Ba) and B} = \/ ¢ 7F(Ba)
=0

k=0
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and note that by g-invariance of A and X \ A we have 8% = % U {X \ A}. Thus,
we have

hiu(p, Ba) = = lim “, (\/ o " (Ba ) = —nlgngo% > u(B)log(u(B))

Bepn

— 4 lim T > va(B)(log(va(B)) —log(ca))

n—oo n —
Bepn,

~ Tim (X \ A) log(u(X \ 4))

n—oo N,

= CA - hVA(QO‘Aa 6.4)7

and similarly,
hu(@, Bxva) = x4+ B 4 (@130 45 Bx\a),

where cq = p(A)~! and cx\ 4 = u(X \ A)~! are the normalization constants of the
measures (|4 and pfx\ 4. Thus,

(@, B) < ca - by (@la, Ba) + cxva - b 4 (@lx\as Bxya)

= cx\a - huy 4 (Plx\as Bx\a)-

It follows that Ay, ,(¢[x\4) > 0. So by passing to X \ A, we may thus assume
without loss of generality that A = (), and thus, (X, X, u) is atomless. In particular,
this means that (X, Y/, u) is atomless for any sub-o-algebra ¥/ C 3.

Now consider a sub-c-algebra F C ¥ as in Lemma 3.3.8 and note that Remark 3.3.9
implies

T,L*(X, F,p) = L*(X, ¢ H(F), 1) € L*(X, F, ).

Thus Hy = L*(X, F,p) © T,L*(X, F, ) is infinite-dimensional by Lemma 3.3.10.

Moreover for k € Z\ {0} we have Hy LT, fjHo. Indeed, let x,y € Hy and suppose first
that &k < 0. Then we have T:;x € T£H0 = T:;LQ(X, Fopn)© T£+1L2(X, F,un), and
since L2(X, F,pu) C T£+1L2(X, F,p) it follows that (T*z,y) = 0. For k > 0 this
follows by noticing that <T£:c, y) = (x, quky) = 0, since T}, is unitary.

Since it is easily verified that

HoL(X,I,p) = @ T"H,
kEeZ

it follows from [EFHN15, Proposition 18.32] that the operator T, has countable
Lebesgue spectrum on H © L2(X,II, ). Hence, T, has a countable Lebesgue
component. O

Proof of Proposition 3.3.5: By Lemma 3.3.6 there exists a factor ¢: ¥ — Y on
a standard Lebesgue probability space Y = (Y, Xy, v) with h,(¢)) > 0. Now by
Theorem 3.3.11, we know that the Koopman operator Ty, has a countable Lebesgue
component. As 1) is a factor of ¢ we observe that also T, has a countable Lebesgue
component from Lemma 3.3.7. O

3.3 Interplay between Measure-Theoretic and Approximation Entropy
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The following theorem now follows from Propositions 3.3.4 and 3.3.5 and can be
found as [HH25, Theorem 4.9] by Hauser and the present author.

Theorem 3.3.12. Let (X, ) be an invertible measure-preserving dynamical system
with hy (@) > 0. Then hap(T,) = 00

There exist invertible measure-preserving dynamical systems ¢ with h,(¢) = 0 such
that T, has a countable Lebesgue component (and hence hap:(T,) = c0), as the
following example demonstrates.

Example 3.3.13. Let a € R be irrational. Consider the skew-rotation on the
two-dimensional torus

©: T2 5 T2, (x,y) — ("%, zy),

and equip T with the Lebesgue measure p. The mapping ¢ becomes an invert-
ible measure-preserving system. Moreover, it has a countable Lebesgue compo-
nent [EFHN15, Proposition 18.36]. Hence, hap:(T,) = oo.

However, the measure-theoretic entropy h,(¢) is zero. Indeed, as presented in [Aus88,
Chapter 7] the respective topological dynamical system is distal and minimal and
we observe from [Yanlh, Corollary 6.7] or [Gla03, Corollary 18.21] that it has zero
topological entropy. From the variational principle [Wal82, Theorem 8.6] it follows
that h,(¢) =0.

3.4 Topological Entropy

We can also define the classical notion of topological entropy for continuous mappings
p: K — K on compact Hausdorff spaces and, similar to the measure-theoretic case,
it has an interpretation as a measure of information that is produced along the paths
of dynamical systems.

Let us recall some basic notions. We call a collection « of open sets in K an open
cover of K if Jyc, U = K. We can compare two open covers « and 3 of K by
saying that « is a subcover of B if B C « and « is a refinement of (3 if for each U € «
there exists V € 8 such that U C V. We write @ =< [ in this case. The join or
common refinement of two open covers o V 5 is defined to be

avVpB={UNV:Ue€aV e g}

Note that the constructions are similar to the ones for measurable partitions in
Section 3.1.

For an open cover a of K we define its covering number N(«) to be the minimal
cardinality of a subcover of «, namely

N(«) :== min{|8| : B is subcover of a}.

Note that by compactness of K the covering number is always finite and bounded by
|ar|. We then define the topological entropy of a continuous mapping as follows.

Chapter 3 Entropies of Dynamical Systems



Definition 3.4.1 (topological entropy). Let ¢: K — K be a continuous mapping
on the compact Hausdorff space K. The topological entropy of ¢ is defined to be

n—o0

1 N, -
htop(tp) = sup lim —log N (\/ ¢ k(@)) 7
6% n
k=0
where the supremum is taken over all open covers a of K.

Note that it follows using a similar argument as in the measure-theoretic case involv-
ing Fekete’s lemma that the limit in the above definition exists [Wal82, Theorem 7.1].
We refer to [Wal82, Section 7.1] for more details on topological entropy.

Similarly to the measure-theoretic entropy, the topological entropy has an interpreta-
tion as a measure of information produced along the paths of the dynamical system.
Indeed, when we consider an open cover « of K as states that we can distinguish in
that we can tell for each z € K and U € a whether « € U or not, then the quality
of N(«) tells us how many different states we can distinguish. The cardinality of
|| is not as meaningful in this regard, as for example learning that for two sets
Uy C Uy with Uy, Us € o that o ¢ Us also tells us that ¢ U;. So we don’t actually
learn much by having U; in the covering and can discard it, and thus, obtain a
refinement of the original o. Hence, the covering number N («) captures the number
of distinguishable states more accurately.

If we now observe trajectories of ¢ starting from some x € K, then after n steps
we can tell for each k € {0,...,n — 1} in which element of the cover ¢*(z) lies.
This is equivalent to being able to decide whether z lies in the elements of the

common refinement \/Z;é ¢ *(a). Thus, the covering number N (\/2_1 cp_k(oz))

tells us how many different paths of length n we can distinguish when starting from
different points in K. Hence, the quantity %logN <\/Z;(1) cp_k(a)> captures the
average amount of information that is produced per step along the trajectories of ¢
when we observe the system through the open cover a. Taking the supremum over
all open covers then gives us the maximal amount of information that is produced
per step along the trajectories of .

Recall from Section 2.3 that each topological dynamical system ¢: K — K on a
compact Hausdorff space K has invariant probability measures. We can therefore
compare the topological entropy of ¢ with the measure-theoretic entropy of ¢ with
respect to each invariant probability measure. The following result is classical and
can be found as [Wal82, Theorem 8.6].

Theorem 3.4.2 (variational principle). Let ¢: K — K be a continuous mapping
on the compact metric space K. Then

htOp(SO) = Sup hu(@)a
o

where the supremum is taken over all p-invariant probability measures p on K.

3.4 Topological Entropy
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3.5 Notes

Parts of this chapter are based on the article [HH25]. The presentation of measure-
theoretic entropy follows [Wal82] and [DNP87]. We have adapted their presentation
to deduce the form of measure-theoretic entropy from first principles.

The concept of approximation entropy for unitary operators has been introduced
in [Voi95] and does not appear to have been studied further. Our treatment of
approximation entropy extends the original article by Voiculescu, in that it provides
additional elementary properties and provides further tools for its computation.
We especially extend his treatment by connecting fast mean ergodic convergence
rates to growth of (fractional) approximation entropies in Theorem 3.2.18 (i). This
theorem uses fast convergence rates as a sufficient criterion for positive fractional
approximation entropy. It is open whether there exists a connection in the opposite
direction.

It would be interesting to extend the concept of approximation entropy to more
general operators on Banach spaces. The definition generalizes straightforwardly
by replacing the Hilbert space norm by the Banach space norm. However finding
lower bounds of the approximation entropy seems more challenging in this setting.
One guess would be to replace the eigenvalues of the Gram matrix by s-numbers
or other approximation numbers of the frame operator S for operators on Banach
spaces as introduced in [Pie74]. An extension of approximation entropy to operators
on Banach spaces could then be used to study the dynamics of Koopman operators
on Cp () for completely regular Hausdorff spaces (2.

The connection of positive measure-theoretic entropy to the existence of a countable
Lebesgue component in the Koopman operator has been first established by Rokhlin
in [Rok67]. Our presentation follows Rokhlin’s presentation closely, but we have
added additional details to the proof of Theorem 3.3.11 for clarity. The role of
Lemma 3.3.6 in the proof of Proposition 3.3.5 is solely to extend the result from
standard Lebesgue spaces to general measure-preserving dynamical systems. We
did not find a comparable result in the literature.
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Data-Driven Approximation of
Koopman Operators

The extended Dynamic Mode Decomposition algorithm (see Section 4.4 for an
explanation of the terminology) aims to approximate T, on a closed linear subspace
F C L2(X), which is usually finite-dimensional. More precisely, it seeks to construct
an operator T<p: F — F that minimizes the L2-error

sup [Ty f = Ty fll,- (4.1)
FEF || fllo<1

Let Pr: L?(X) — L2(X) be the orthogonal projection onto F. Since for all f,g € F
the inequality

||PFTgof - TcprQ <lg- Tgof”z-

holds, an exact solution Tso to this optimization problem exists and is given by
the operator TSD = PpT,|r. It has been shown in [KM18, Theorem 2] that, under
some assumptions on a spanning set O of F' (called the dictionary), the extended
Dynamical Mode Decomposition algorithm converges to the linear operator PrT,|r
in the time-series limit.

Note that with limited data the eDMD algorithm will not return TSO exactly but
only an approximation of T - We denote this approximation by T and use it as
an approximation of the original Koopman operator 7, on the subspace F'. An
algorithm that computes the best approximation ﬁp exactly is known as the “analytic
Dynamic Mode Decomposition” [KM18, Section 7].

It is a fundamental epistemological question in approximation theory, whether an
algorithm that tries to approximate an operator on a finite-dimensional subspace can

do so. And if an operator can be approximated, we can ask how well this can be done.

To be more specific, we want to understand how well an approximation 7': F — F
of T, on a subspace F' C L?(X) (not necessarily an approximation from a DMD
algorithm) is capable of predicting trajectories of the Koopman operator Ty,. In
order to study this problem we use T to approximate trajectories f,T,f,... ,Té{ —lf

of the Koopman operator with trajectories of the approximation f, T fr .. ,TK-1 f.

Ideally, we would like the error
2l k
1T%f = T, £,

to be small for all times k in a given finite time horizon {0,..., K —1}. One purpose
of this chapter is to show the limits of such approximations and to discuss conditions
under which such approximations are hard to obtain.

Before presenting negative results, let us reflect on some positive error bounds.

It is fairly simple to provide a rough error bound for trajectory errors. If the
approximation 7' is assumed to be “good enough”, meaning that there is an € > 0

105



106

such that | Tf — T,f| < e||f|| for each f € F and if T is a contraction, we may
conclude from an induction argument that

k—1
IT*f = TEfFI = || D THT = T,) T f || < kel| £
J=0 €F

for all f € F and all k£ € N. For small times this estimate provides bounds on the
prediction error; however, for large k this estimate does not provide any value as
the bound ||T%f — T£f|| < 2||f|| is trivial for every f € F.

Instead of finding a bound that grows linearly in k, we may change perspectives and
ask for conditions on a subspace F' C L2(X) such that for some ¢ > 0 and some time
horizon K € N we have that

IT5f = TEF| < el £l (4.2)

holds for all f € F and all k € {0,..., K — 1}. Note that in this framework the
dynamical system ¢, the desired error bound ¢ and the time horizon K are fixed,
and the only freedom we have is to choose the subspace F' and the approximation
T: F — F. As we can always restrict attention to the case that T is the optimal

approximation T¢ = PrT,|r, the only freedom we have is to choose the subspace
F.

Note that for the optimal solution T' = T, ,» it has been shown in [KM18, Theorem 5]
that for any error bound € > 0 and any finite time horizon K € N such a subspace
exists. If given an orthonormal basis (f,),,cy of L?(X), then this subspace F' can be
chosen to be the linear span of fi,..., fy for some large enough N € N.

One way to describe a limitation on the choice of the subspace F' is to derive a lower
bound on the minimal dimension of F' such that the error bound in (4.2) can be
satisfied. Sections 4.2 and 4.3 will be the culmination of this chapter. There we will
show in Theorem 3.2.11 that for any approximation T: F — F that satisfies the
error (4.2), the dimension of F' needs to grow at least linearly with a rate governed
by an approximation entropy; and in Theorem 4.2.1 we show that the dimension
grows exponentially with a rate governed by the measure-theoretic entropy of the
underlying dynamical system ¢, in case F is a sublattice of L?(X).

Before this, we introduce the extended Dynamical Mode Decomposition algorithm
and describe it in the language of functional analysis in Section 4.1. We first
show that the dictionary does not need to be limited to the span of some set
of given observables but that it can be chosen in a variety of other ways. Then
we use synthesis and reconstruction operators to obtain a description of the best
approximation T(p = PrT,|F using a spanning dictionary. We then show how data
enters the picture in approximating inner products of the form (7., f;, f;) and (fi, f;)
of f;’s in a spanning set of F'. Finally, we discuss convergence rates for ergodic
sampling of data and describe the structure of the optimal approximations in some
special cases.

Section 4.1.1 where we describe how data can be obtained from a measure-preserving
dynamical system using observables, although very basis, is original to this thesis
and has not been presented in the literature before. The description of the Algorithm
in Section 4.1.2 is a reformulation of the extended Dynamic Mode Decomposition
algorithm as presented in [KM18]. Theorem 4.1.12 on the convergence of the eDMD
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algorithm has been proved in [KM18, Theorem 2]|. There some assumptions had to
be used, which we managed to drop. The discussion of ergodic convergence rates in
Section 4.1.3 is a very brief survey of the literature. The main results of this chapter
are Theorems 3.2.11 and 4.2.1, which provide lower bounds on the dimension of
subspaces F' that allow for good approximations of the Koopman operator. Both
results have been published by Hauser and the present author in [HH25].

4.1 The Extended Dynamic Mode Decomposition

In the following, we are going to describe the extended Dynamical Mode Decomposi-
tion in the language of functional analysis. Given a probability space X = (X, X x, u)
and a measure-preserving system ¢: X — X and a finite-dimensional subspace
F C L%(X), we recall that the objective of the algorithm is to find a linear operator
fp: F — F that minimizes the error

Ty f — Ty fll,

for all f € F simultaneously. Let us keep that in mind while we discuss the
ingredients that go into the computation of the approximation. Since the DMD
algorithms fall into the category of data-driven algorithms, we will need some data
that we gather from the underlying dynamical system . The structure of the data
and how the data is gathered and processed will later help us to study the quality
of the approximation.

In Section 4.1.1 we formalize how we gain data from observing a measure-preserving
dynamical system. We discuss two types of sampling: iid and ergodic sampling,
and we introduce the concept of a dictionary O, which will serve as a theoretical
analog of a set of sensors. We continue to describe the subspaces L2(X, 0~ 1(Zy), )
that will serve as the natural information hull, which is characterized by the prop-
erty that we can approximate the Koopman operator on an finite-dimensional
subspace F' C L%(X,071(Zy), 1) by the data provided by the dictionary O (see
Proposition 4.1.2).

Next we develop the extended Dynamic Mode Decomposition algorithm in Sec-
tion 4.1.2 using a functional-analytic, frame-theoretic language. The optimal approx-
imation TZAZP = PrT,|F is represented by a computable surrogate O, = MQOGT, where
M, encodes the action of ¢ on some spanning set of ' and G is the Gram matrix
of the spanning set, which describes the geometric relation between the spanning
vectors. We derive data-driven estimators for M, and G under iid and ergodic
sampling and prove almost-sure convergence (see Theorem 4.1.12).

As the convergence for ergodic sampling in Theorem 4.1.12 is dependent on mean
ergodic convergence rates, we discuss these in Section 4.1.3. While no universal rate
exists for the mean ergodic theorem, we obtain quantitative bounds in special cases:
O(1/n) for coboundaries and an identity that controls Cesaro average errors by the
decay of correlation of a trajectory. We provide references for further reading.

In Section 4.1.4 we identify the explicit form of the optimal approximation T@ = PpT,
in two basic settings: (i) for F = span{l, f} the eDMD estimator reduces to
an ordinary least squares regression f o ¢ = a1 + aof, with coefficients given in
Proposition 4.1.16; (ii) if F' is a finite-dimensional sublattice of L2(X), the optimal

approximation 7;, gives rise to a Markov process (Xy,),,cy, Which describes transition

4.1 The Extended Dynamic Mode Decomposition
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probabilities from A € « to the preimage »~!(B) of some other set B in a -
measurable partition a of X. Reversibility of the Markov chain occurs precisely
when F' is T,,-invariant.

4.1.1 How to Collect Data

We begin by assuming that we have a measure-preserving dynamical system ¢: X —
X on the probability space X = (X, 3, 1) and treat this as a black box. This means
that we do not assume any structure on X apart from it being a probability space
and on ¢ apart from it being measure-preserving. We need the latter assumption to
obtain a bounded Koopman operator T}, on L*(X).

The Available Data We are able to observe a dynamical system using an observable,
which in the broadest sense is a measurable function O: (X,¥x) — (Y, Xy ), where
(Y, ¥y) is a measurable space. We often assume that an observable is of the form

d

0: X = K, e (filz),_,

(4.3)
for a set of measurable “sensors” O := {f;: X - K: i € {1,...,d}} that monitor
the system. We also refer to these sensors as (scalarly-valued) observables. The
collection of all (scalarly-valued) observables available to us is called a dictionary,
denoted by O, and is assumed to be finite.

The data that we have available is of one of two forms:

(i) In independent identically distributed sampling, we assume that we have access
to an independent and identically distributed (iid) sequence of measurable
random variables zg, z1,...: (Q,4,P) — (X, X) such that xg ~ . For a given
realization w € Q, we treat the sequence xo(w),z1(w), - € X as initial states
of the dynamical system. Up to some n we then record the dictionary’s output
at these initial states

O(xo(w)), ..., 0(xp—1(w))

Note that this information does not yet contain any information on the
dynamics of ¢. To obtain some information about ¢ we record the output
of the observable once again but after the initial states have been iterated a
single time step

O(p(wo(w)))s- -+, O(p(zn-1(w))).
These recordings put together serve as a dataset that feeds the algorithm.

One obvious problem with this sampling type is that in applications it is nearly
impossible to reinitialize the system with initial values distributed according
to u. Note that knowledge about p violates the above assumption that X and
@ are treated as a black box in this data-driven algorithm, and thus, u is also
unknown.

(ii) In ergodic sampling, we sample a time-series. We are given an initial point
xg € X, which we treat as part of the black box, that is, we don’t assume any
knowledge of xy except for the values O(zp). Then we record the values of
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the observable after each time step and continue until we reach a predefined
number of time steps. The recorded data is then of the form

O(z0),0(¢(20)),- .-, O(gp"_l(:no)).

As opposed to the iid sampling methods, the ergodic sampling does not need to
reinitialize the system after each recording. In fact, we do not need to actively
initialize the system at all. We simply start recording from the state in which
the system is at the beginning of our recording. By the ergodic assumption,
it becomes irrelevant from which initial point we started recording. We will
show later that this almost surely leads to the desired result.

Predictable Subspaces To complete the description of the problem, it remains to
specify the subspace F' C L2(X) on which the approximation will be defined. Let
us quickly go over sensible restrictions that we impose on F'. Loosely speaking, F
should be related to the observable O in that it does not carry more “information”.
Otherwise the output of the algorithm is not based on the observed data.

What is it that we view as information? Informally, we say that I’ does not provide
more information if we can predict the output of square-integrable functions in F' from
the values of the observable O. More formally, we could say that there is a function
p: Y — K¥ that maps O(x) to (f(2)) jep for every x € X. Unfortunately, there is
an immediate problem with this definition, as the elements in F' are equivalence
classes and cannot be properly evaluated at a point. We can circumvent this with
the following definition.

Definition 4.1.1. Let X = (X, X x, 1) be a probability space, (Y, Xy ) be a measur-
able space, O: X — Y be measurable and F' C L2(X) be a closed subspace. We say
that O predicts F if there exists a family of measurable and square-integrable func-
tions {fi: X — K: i € I'} and a family of measurable mappings {p;: ¥ — K: i € I'}
such that

(i) the span of the equivalence classes of the f;’s in L?(X) is a dense subset of F
and

(ii) for every i € I the diagram

is commutative.

Although from this definition it becomes clear how the space F' does not provide
more information about the system than the observable O, the definition is rather
cumbersome to work with. There is another approach to predictability. In probability
theory this is typically done via sub-c-algebras. Consider the initial o-algebra

071 (Zy) = {07 (4): A€y}

4.1 The Extended Dynamic Mode Decomposition
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of the observable O, which by measurability is a sub-c-algebra of ¥ x. This o-algebra
provides a “resolution” with which we can observe the state space X. The finer such
a resolution is, the more information is provided; the coarser, the less.

By L%(X,071(Zy), 1) we denote the space of all O~!(Zy )-measurable functions in
L2(X). It is easily checked that the space L2(X, O~!(Zy), u) is a closed sublattice
of L2(X) and coincides with the range of the composition operator

To: L2(Y, By, Ouu) = L3(X, Zx, 1), f—foO,

where O,p denotes the pushforward measure of p under the mapping O, i.e., the
measure defined by (O*u) (A) = ,u,(Ofl(A)) for all A € Xy

Proposition 4.1.2. Let X = (X, X x, u) be a probability space, (Y,Xy) be a mea-
surable space, O: X — Y be measurable and F C L?(X) be a closed subspace. Then
O predicts F if and only if F C L2(X,07Y(Zy), ).

The intuition here is the following: Since for each A € Xy, we can decide whether
O(x) € A, we can “predict” the observable 1-1(4). All the observables 1514 for
A € Sy put together span a dense subset of L2(X,0~(Zy), ). We will therefore
call the space L?(X, 071 (Zy), ) the information hull of O.

Proof of Proposition 4.1.2. “=”: Suppose that O predicts F' and let {f; : i € I}
and {p; : i € I} be as in Definition 4.1.1. Since f; = p; o O and f; is square-
integrable for each i € I, it follows that the equivalence class of f; in L2(X) lies in
ran(Tp) = L%(X,071(Zy), u). Since these equivalence classes span a dense subspace
of F it follows that FF C L2(X,0~Y(3y), u).

“<”: Let {f;: X = K: i € I} be a family in L*(X) that spans a dense subspace of F.
Since F C L2(X,07Y(Zy), u) = ran(Tp) there exist p; € L2(Y, Xy, O, ) such that
fi = To(p;) = pi o O. For each i € I, we may pick a ¥ y-measurable representative
fi of f; and a Yy-measurable representative p; of p;. Then we have p-almost surely
that f; = p; 0 O. Let M; € Sx be a set with pu(M;) = 1 on which the equality
holds. Set f; := fl - 1py; and p; = p; - Lo-1(pr,)- Then the families {fi: i €I} and
{pi : i € I} satisty the conditions of Definition 4.1.1. O

Remark 4.1.3. Note that the “<” direction of the proof shows more: If {f; :
i € I} is any family in L?(X) that spans a dense subset of F, then there exist
everywhere defined X x-measurable representatives f;: X — K and Yy -measurable
maps p;: Y — K such that f; = p; 0 O.

Proposition 4.1.2 allows us to find general conditions on which subspaces F' of L2(X)
the extended Dynamic Mode Decomposition can find approximations. Let us go
over some examples of common subspaces.

Example 4.1.4. (i) If O is of the form (4.3) for some finite dictionary O of
square-integrable functions, then F can be chosen to be the span of the
equivalence classes in L?(X) of the observables in O.

(ii) Consider the probability space Y = (Y, ¥y, O.u). Suppose we have a 3y-
measurable partition P of Y (see Definition 3.1.1) and consider the ¥ x-
measurable partition O~1(P) := {O71(4) : A € P}. Since we can decide for
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each set A € P, whether O(z) € A holds, we are able to decide whether x € B
for each B € O~!(P). This allows us to predict the subspace

F =span{lp: B € O }(P)} C L*(X).

This subspace forms a finite-dimensional sublattice of L2(X, O~1(Zy), i) that
contains all functions that are measurable with respect to the o-algebra
generated by O~1(P). We will consider approximations of subspaces of this
type in Section 4.2.

(iii) If we can predict the subspace F' C L?(X), we can always extend F by applying
any lattice operation to functions in F. We may take the maximum or the
minimum of multiple functions, or the modulus, positive or negative part
of a single function. If the product or powers of some functions in F' are
square-integrable, then we may extend F' with these, since both operations
conserve the O~1(Zy )-measurability.

Delay Observability ~Often the subspace F or even the sublattice L2(X, O~1(Zy), )
are not invariant under the Koopman operator Ti,. This allows us to extend the
space of observables by delay observables.

Remark 4.1.5 (Delay observability). Let X = (X, X x, 1) be a probability space,
(Y,3y) be a measurable space, O: X — Y be a measurable observable and let
n € Ny.

(i) If we store the past n observations of O, then we can construct a new observable
On: X 5 Y™ a5 (0(2),0(¢(2)),..,O(¢"(2)),

which we call the n-th delay observable of O. We have that for every n € N
that

LQ(Xa O_I(EY)HM) - LQ(Xa OEI(EY)#) - LQ(Xa OEL(EY%M),

so the space of predictable subspaces F' increases as the delay n increases.

(ii) If O predicts the closed subspace F C L2(X) or equivalently if F C
L2(X,071(Zy), i), then the subspace

n
F, :=span U T, F
k=0

is called the n-th delay subspace of F. It is easily checked that F,, C
L3(X,0,; (3y), u) for every n € N.

4.1.2 A Description of the Algorithm

We begin by describing the algorithm called “extended Dynamic Mode Decomposi-
tion” that yields a candidate for the approximation T;, of T,,.

Let ¢ be a measure-preserving dynamical system on the probability space X =
(X,Xx,n) and let O: X — Y be a measurable observable that predicts the finite-
dimensional subspace F' C L?(X). Let O := {f1,..., f4} be a dictionary of every-
where defined Y x-measurable and square-integrable functions f;: X — K whose
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equivalence classes in L?(X) span F. Then by Definition 4.1.1 there exist Zy-
measurable functions {p1,...,pq} such that f; = p; 0O for all i € {1,...,d}.

Definition 4.1.1 only yields the existence of such p;’s and does not give any instructions
on how to choose them. However, in many situations it is rather obvious how these
functions need to be chosen, as the following continuation of Example 4.1.4 shows.

Example 4.1.6. (i) Continuing Example 4.1.4 (i), consider the observable

d

0: X K%z (file)L,

as defined in (4.3) and let F' be spanned by the equivalence classes in L?(X)
of the functions in @. Then

Pi: Kd — K, (Zj);-lzl — Z;

clearly satisfies f; = p; 0 O.

(ii) Continuing Example 4.1.4 (ii), if P is a finite ¥y -measurable partition of ¥’
and if F = span{lg : B € O~1(P)}, then we may choose O = {lp : B €
O~ (P)} = {lo-1(a): A€ P} and for each A € P choosing pa = 1, yields
that ﬂOfl(A) — PA © 0.

By abuse of notation we will not distinguish between f; and its equivalence class in
L%(X). Whenever we evaluate f; at a point, the reader will know that we refer to
the everywhere defined function.

Since we have recorded data about the output of O, by composition with the p;’s,
we obtain the following data: In case we sample iid, we have

filzo)), .- filen1(w)) and  fi(p(zo())),- .., filp(an-1(w)))  (4.4)

for every ¢ € {1,...,d} and some realization w € 2 of the iid random variables
o, X1, ... 8 — X with zg ~ p. In case we sample ergodically, we obtain

filxo), file(x0)) - -, file"(0)) (4.5)
for all i € {1,...,d} and some initial state 29 € X.

Let us now explore how we can use the data to approximate the least squares
solution T, » = PrT, of problem (4.1). To this end, we will use some theory from
finite-dimensional frame theory. We note that the spanning set O of the subspace F’
is a frame in the sense of [Chr16, Definition 1.1.1 and Corollary 1.1.3]. We call the
operator

S S A e du)j (1.6

1

the analysis operator of the dictionary O and its adjoint

d
C*Z Kd — F, (ai)zc-lzl — Z aifi
i=1
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the synthesis operator of O. The composition

d

S=C"C:F—F, =Y (ff)fi

i=1
is called the frame operator of O and the composition

d d
G:=CC":K' - K%, (a)]_, <Zaz~<fz-, fj>> (4.7)
1=1

j=1

is called the Gram matriz of O. In case O is an orthonormal basis of F' it is simple
to see that S and G become identity operators.

It follows from [Chr16, Theorem 1.1.5] that the frame operator S is a self-adjoint and
invertible operator on F'. By using the inverse of S we can construct a left-inverse
of C' as

d
R=S57'C":K'>F ()~ a8 (4.8)
=1

A more general statement is true: The orthogonal projection Pgr onto F' takes the
form

d

d
Pof =Y (£, S fi =D (f.S7 i) fi

i=1 i=1

for all f € L?(X). The first equality follows from noticing that the sum coincides
with ST1C*Cf = f for all f € F and vanishes on the annihilator F- of F. The
equality between the first and last term is [Chr16, Lemma 5.2.3]. Let us state some
consequences of this observation.

Remark 4.1.7. (i) The optimal solution T},: F' — F of (4.1) is given by

d

d
Tof = PeTylef =Y (Tof, ST ) fi=Y (Tof, f:)S7' 1
=1

i=1
for every f € F.

(ii) The operator R is also a right-inverse on the image of C'. Indeed, let (ai)le €

ran(C). Then there exists f € F such that (f, fi) = a; for all i € {1,...,d}.

Thus,

d
(CoR)(a)iy = (CoS™ o C)((f. )iy = C Y {F. f:)S™' i

=1

d d
= <<Z<f, fl->s—1fi,fj>> = (£, 1)y = (a5)]_y-
j=1

=1
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Having found a way to decompose vectors in F into coefficients in K¢ via the mapping
C and to reconstruct the vectors using their coefficients via the mapping R, we now
aim at finding a representation O: K¢ — K% of T,, such that

Tlp =Ro0O,0C, (4.9)
or equivalently, that the diagram

F—,F

lo o

Kd %2, Kkd

is commutative. We note that the operator O, is not uniquely determined.
Remark 4.1.8. Let 7': F' — F be a linear operator and consider the set
OT) ={0: K5 K: T=RoOoC}.
The operator
[0]: ran(C) — K%/ker(R), x +— Oz + ker(R)

does not depend on the exact O € D(T ) chosen and uniquely determines the set
O(T). In particular, if O is a basis of F it follows that O(T') only contains a
single element. Notice that since R is the left-inverse of C, it follows that ran(C) is
isomorphic to K?/ker(R) as vector spaces.

It is easy to verify that the operator

d

d
Op: K45 K (a)l, — (Z Gi<TgaS_1fi’fj>>
j=1

=1

satisfies the requirement of being in D(T ). Indeed, we have for f € F that

; d
(RoOy0C)f = R<<Ts0 Z(f, f)S7 iy fj>)
i=1 j=1
= R((Tgofa fj>)?:1 (410)

(Tof, f5) S

I
M=~

=1
PrT,f =T,f.

<
Il

Algorithmically this is a problem, as we do not yet have a means to estimate the
values of (T,,S™1fi, f;) for all i,j € {1,...,d}. This only works well if O is a tight
frame.
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Remark 4.1.9. We say that O is a frame for F' if there exist A, B > 0 such that

d
AIFIP < Y KE fl? < BIFIIP

i=1

for all f € F. We call this frame tight if we can choose A = B. In this case it
follows from [Chr16, Corollary 5.1.7] that S = A - id; and therefore, we have for all
i,7 €{1,...,d} that

ISH

Zaz T S™ 1fz>f] Z sofufj

=1 i=1

So it suffices to estimate the coefficients (T, f;, f;) for all i, j € {1,...,d} from data.

We will see in Proposition 4.1.11 how this is done.

If O is not a tight frame, we will need to estimate the coefficients (7,5 i fi). We
recover them by splitting the operator O into two operators. For this let us calculate
the pseudoinverse of the Gram matrix G. Recall that a pseudoinverse of an operator
G: K% — K% is an operator GT: K% — K% such that G o G' is the orthogonal
projection onto ran(G) and G o G is the orthogonal projection onto ran(G'). We
refer to [Chrl6, Proposition 1.6.1] to see that this definition of a pseudoinverse is
equivalent to the classical definition.

Lemma 4.1.10. Let O be a spanning set of F. Then the pseudoinverse Gt of the
Gram matriz G as defined in (4.7) is given by

d
GhKRT =K (b)) = | Do bi(ST ST
J= i=1

Proof. Indeed, since O spans F, we have ran(G) = ran(C); and thus, it follows from
Remark 4.1.7 (ii) that for (bj)?zl € ran(G) we have the identity

d d
(GoGN) (b1, = <<Z ka_lfk,S_lfi>>

k=1

4 d
Z<Zbk5 ' fr, S 1fi> <fi7fj>>

i1

d d d
> bS 1fk,§j<fj,fz>s—1f@->>

k=1 =1
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whereas we obtain from the same calculations and the self-adjointness of .S that for
(bi)?:l € ran(G)* = ran(C)* we have

d d
(GoGN(by)], = <<Z oS! i, fj>>

k=1
d d
_ <Zbk <fk,s—1fj>> =0.
k=1 j=1

Thus, G o G' is the orthogonal projection onto ran(G).

It follows that GT o G is an orthogonal projection onto ran(G') by replacing O with
the canonical dual frame O = {S71f; + i € {1,...,n}} (see [Chrl6, page 124]).
Indeed, denote by S, G and G' the respective operators for the dual frame O. Then,
clearly, G = G' and since

d d

(SeS)f=5Y (f,ST ST fi=> (f,S  fi)fi=Prf=f

i=1 i=1
for all f € F', we have that
d d

d
= Z; bi(f: fi) = G(b)i,
P

=1

d
Glbj)j—y = | D_bi(S7'57 45, 571571 fi)
7=l i=1
for all (bj);.lzl € K?. Thus, it follows from the first part of the proof that GT o G =
G o G is the orthogonal projection onto ran(GT) = ran(G). O

In order to include the action of the dynamical system ¢ we further consider the
operator

d

d
M, K*—KY (e, — <Z ai<T¢fiafj>> :
i=1

=1
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Then we split the operator O, into M, o GT and notice that for each (b; );l L €K

we have

d d
(M, 0 GT)(b;) @<Zbk 1fk751fi>>
=1

k=1

d d
> <Z brS ™" fi Slfi> (T fi, fj>)
k=1 j

i1

k=1

d d
(Z bi (TS~ lfk,fj>> = Otp(bj)?:l'
7j=1

So obtaining the operator O, from data can be reduced to estimating the coeffi-

cients

<T(pf7,7f]> and <flaf]>
for each 7,7 € {1,...,d} from data in order to construct approximations of M, and
G.

Using the data from (4.4) observed through the observables while sampling indepen-
dently identically distributed, the strong law of large numbers justifies the use of

the approximations

d
a; -
My nw: K% — K¢, al i (Z - Zf’ (g (w f](xk(w))>
i=1 Jj=1

d
Gn,w: Kd — Kda (ai)?:l = (Z : Zfl xk f] xk( )))
j=1

=1

for some realization w € 2 of the operators M, and G.

Similarly using the data from (4.5) observed through ergodic sampling, Birkhoff’s
pointwise ergodic theorem (see Proposition 2.2.1) gives justification to use the

approximations

d

d
a;
M‘Pm,zo: Kd - Kda a’L i=1 = (Z - Zfl k+1 13(] (90 (xO)))
=1 j=1

n

d

d
Gn:co K _>Kd al i=1 <Z:Zf7, xO f] (560)))
=1 j

i1

for some initial state zg € X.
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Let us note their convergence in the next lemma.

Proposition 4.1.11. Let ¢ be a measure-preserving dynamical system on the
probability space X = (X, Xx, 11).

(i) Let zg,x1,...: Q2 — X be an independent identically distributed sequence of
random variables with xo ~ pu. Then

lim Mg . = M, and lim G, =G

n—oo n—oo

for P-almost every w € Q. If additionally every observable f € O is bounded,
then there is Qp € A with P(Qg) = 1 such that for all § > 0 we have

lim n*27| My pw — My| =0  and lim n'/27%||G . — G| = 0.

n—oo n—oo
(ii) If ¢ is ergodic, then

lim Mg 500 = My, and lim Gy, =G
n—oo n—oo

for p-almost every xg € X.

Proof. “(i)”: By the strong law of large numbers we have for each i,j € {1,...,d}
that

n—1
m S Ao @) ) = [ o) ade) = (Tufi 1)
k=0 X

So for P-almost every w € ) each entry of M, ., converges to the respective entry
of M, which by finite-dimensionality implies the claimed convergence.

To obtain the convergence rate, suppose that the observables in O are bounded.
Then, since the f;’s are assumed bounded integrable, we have that (f; o ¢) - f; is
square-integrable, and thus, by [MNR12, Satz 3.5] for each i,j € {1,...,d} there
exists Q; ; € A with P(Q; ;) = 1 such that we have

n—1

lim 020N filp(an(@) fi(@e(w) = (Tofis f3)] = 0.

n—00
k=0

for all 6 > 0 and all w € €2; ;. Setting g := e

i i1 S yields P(€) = 1 and for all
w € Qo we have

: — 4
Jim 1Y Mo = Myl =0,

where |- ||z denotes the Frobenius norm. By the equivalence of norms in finite-
dimensions, the statement follows.

The proof for G, — G is analogous.
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“(ii)”:  Since the f;’s are assumed square-integrable, we have that (f; o ¢) - f; is
integrable for all 4, € {1,...,d}. Thus, we obtain from Birkhoff’s pointwise ergodic
theorem (see Theorem 2.2.1) that for each 7,j € {1,...,d} we have

i, -5 5 ) o) = [ Ao I aae) = (s £

for p-almost every xg € Xo. So it follows that M, 5, converges to M, for p-almost
every rg € X. [

We will now see that the compositions

MynwoGlh, —and Mgy oGl
both approximate O, = M, oGT as n — oo in some sense that is to be specified. One
of the difficulties we face in the proof is that the operation of taking the pseudoinverse
is not continuous in general. The following theorem generalizes part of the assertion
of [KM18, Theorem 2| as we may drop the assumption of u-independence of the
observables {f1,..., fa}.

Theorem 4.1.12. Let ¢ be a measure-preserving dynamical system on the probability
space X = (X, Xx, ).

(i) Let xg,x1,...: Q — X be an independent identically distributed sequence of
random variables with xo ~ u. Then

lim (Ro Mgy oG, oC) =1,

n—oo

for P-almost every w € Q.

(ii) If ¢ is ergodic, then

lim (Ro Mgz, 0 G

n—o0 %o

°© C) = Tso
for p-almost every xo € X.

Proof. By means of Proposition 4.1.11 we may treat both cases of sampling simulta-
neously and write G, instead of Gy, or Gy, 2, as well as M, ,, instead of My ., or
M, 1.2, By choosing w or xq outside of the respective null set, we may also assume
that G,, -+ G and M,,,, — M.

We begin by showing that GloGoGH converges to GT o Go Gt = G as n — 0.
Since ran(G o GT o G,) C ran(G o GT) and G o GT is the orthogonal projection onto
ran(G) it follows that rank(G o GT o G,,) < rank(G) for all n € N. Conversely, since
GoGloG, =+ GoGloG =G and the set {K: K% = K?: rank(K) < k} is closed
for all k € N it follows that rank(G o GT o G,,) > rank(G) for large enough n € N. Tt
follows that there exists ng € N such that

rank(G o G' o G,) = rank(G)
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for all n > ng. Since G o GT is an orthogonal projection, we obtain (G o Gt o G, =
Glho(GoGH =Gl o(GN oGt = G}, 0 GoGT for each n € N. Now applying [Ste69,
Theorem 5.2] yields G, 0 G o Gf = (G o GT o G,)' — G1.

Since ran(C') = ran(G) we further obtain the convergence GloC =GloGoGloC —
G' o C. Since also Mg, — M, it follows that

ROM¢7nOGLOC—>ROM¢OGTOC.

The claim now follows from the identities (4.11) and (4.10). O

Remark 4.1.13. (i) Note that in general the mapping that maps a matrix to
its pseudoinverse is not continuous [Rak97, Example 4.1]. The fact that we
obtain convergence of G}, to G relies heavily on the fact that we restrict the
operator to ran(C) = ran(G). The proof makes no statement on the behaviour

of G}, on ran(C)*. Therefore, we cannot guarantee that the sequence (GL)neN

is bounded, as this already implies the convergence of G}, to G' on the entire
space K¢ [Rak97, Theorem 4.3].

When O is a basis of F' this problem vanishes, as then ran(C) = K¢.

(ii) The algorithm heavily simplifies when we know that the O is an orthonormal

basis of F'. In this case we know that G = I and therefore the estimation of

G' via GIL need not take place. We obtain readily from Proposition 4.1.11 that
Jim (RoMypoC) =1,

where M, ,, stands for M, ., or My, ., with w € © and 29 € X outside of
the corresponding exceptional null set.

This frame perspective of the extended Dynamic Mode Decomposition algorithm may
offer new possibilities for approximating G, and therefore, methods of developing
new DMD algorithms, for example by approximating S~! using established methods
for frames (see [Chrl6, Section 23]).

4.1.3 A Discussion on Ergodic Convergence Rates

For ergodic sampling, the convergence rates are more difficult to obtain. Part of
the problem here is that there is no general convergence rate for the mean ergodic
theorem. Nonetheless we can provide convergence rates in special cases.

Proposition 4.1.14. Let ¢ be a measure-preserving dynamical system on the
probability space X = (X, Y x, ). Fiz f € L2(X) and consider the Cesdro averages

n—1
ATI) = 3T
k=0

for each n € N.

(i) Suppose that ¢ is strongly mizing. Then there exists g € L?(X) such that
[ =9—"T,g if and only if there exists C > 0 such that | A,[T](f)|2 < C/n
holds for all n € N.
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(i) Suppose that ¢ is ergodic. Then there exists g € L*°(X) such that f = g —T,g
if and only if there exists a constant C > 0 such that |An[T](f)| < C/n holds
w-almost everywhere for all n € N.

The first statement of Proposition 4.1.14 is [Kac96, Remark 1 in Section 1.1], and
the second is [Kac96, Theorem 19]. The author is not aware whether (i) in the above
proposition holds without assuming that ¢ is strongly mixing or (ii) holds without
assuming that ¢ is ergodic.

The following proposition links the convergence in L?(X)-norm of the Cesaro means
to the decay of correlation coefficients ((x, T%z)) pen- 1t is in particular applicable to
Koopman operators T, of a measure-preserving system ¢ on the probability space
X. Note that this result is related to Theorem 2 in [Kac96].

Proposition 4.1.15. Let T: H — H be an isometry on a Hilbert space H and let
x € H. Then

2

1 n—1 9 n—1 1 9 n—1
EZT% - 52(1—5)1%@,17’@@ —HHxHZ < HZK:E,T%H
k=0 k=0 k=0

Proof. Since T is an isometry, we obtain for all x € H and all n € N that

1 n—1 . 2 1 n—1 . 1 n—1 N
EZT‘T :<nZT$,nZTa:>
k=0 L2 k=0 k=0
1 n—1 1 n—1 n—1
= 5> (Tha, Tha) + > Y (TFa, T'a) + (T'e, TFx))
=0 =0 12k
n—1 1 n—1ln—k—1
==Y P+ =50 Y (The, T ey +(T5 e, TF))
k=0 k=0 =1
1 ) 1 n—1n—k—1 l l
= EH:L‘H —i——QZ ((z, T'x) + (T"z, x))
k=0 =1
2, 4 24 R T
= 2l + 5 (0 DRe(z, T'2) — e

=1
2 Re( >+2,§(1 L) Re(, T'z) — |
= —Re(z,z) + — — 2)Re(z, T"z) — — ||z
n ’ n n ’ n

2~ I I L2
= Z(l — ) Re(z, T"z) — EHxH :
=0
The remaining inequality is trivial. O

The power of this result lies in the statements that we may conclude from it: If
given a convergence rate of the correlation coefficients ((z, T"z)), .y we may deduce

from it a rate for the convergence of the Cesaro means %Zz;é T ka We refer

to [Kac96, Theorem 6] for an example of such a result.
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The convergence rate in the von Neumann’s ergodic theorem can further be described
by the behaviour of the spectral measure around the point 1 of the spectrum of an
invertible operator as is described in [Kac96, Theorem 3] and [ACOS24, Lemma 1].
This thesis will introduce spectral measures in Section 3.2.3.

The convergence rate of the Cesaro means of observables can be characterized by
the containment of observables in certain fractional coboundaries. This has been
shown in [DLO1] and extended for more general coboundaries in [GHT11].

Lastly, suppose there exists a rate (ay),cy With a, > 0 and a, — 0 such that for
each f € L%(X) there exists C; > 0 with

n—1
ISPy

k=0

< Cfan

for all n € N, where P denotes the mean ergodic projection of T, onto fix(T},). Then
the uniform boundedness principle implies that there exists C' > 0 such that

1 n—1
k
n ZTW - P
k=0

Therefore, the convergence of the Cesaro means occurs in the uniform operator
topology. This leads to uniform ergodicity of Tj,, which will be characterized for
lattice homomorphisms and specifically for Koopman operators in Chapter 6.

< Cay.

4.1.4 The Structure of the Optimal Approximation

Let ¢: X — X be a measure-preserving dynamical system on the probability space
X = (X,3,u). In the previous sections we have seen how to approximate the
Koopman operator T,,: L?(X) — L?(X) on a finite-dimensional subspace F' C L?(X)
using data sampled from ¢ and have proved in Theorem 4.1.12 that the approximation
converges to the best approximation of T, given by

A~

T, = PrT,
on the subspace F, where Pr: L?(X) — L?(X) denotes the orthogonal projection
onto F.

In this section we will discuss the structure of this best approximation in the case
where F' is

(i) given by F :=span{1, f} for a single non-constant and real-valued observable
f € L?(X), and

(ii) given by F := L?(X | ) := span{l4 : A € a} for some finite ¥-measurable
partition o of X.

Let us begin with the first case.

Proposition 4.1.16. Let X = (X, X x, 1) be a probability space and let ¢: X — X
be a measure-preserving dynamical system on X. Suppose that f € L*(X) is a
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non-constant and real-valued observable and set F' := span{1, f}. Then the optimal
approximation T, = PrT, of the Koopman operator T, on F' is given by

7 <ga]l><faf>_<T<Pgaf><f7]l> <T<Pg7f>_<gv]l><f>]l>
T — .
& AT T TR TRET:

f

for all g € F. In particular, the matriz representation O, of Tw = Ro0,0C with
respect to the basis (1, f) is given

. 1 aq
O@ o <0 a2>’

<f71>(<fvf>_<T<Pf7f>) and as = <T90f7f>_<f711>2.
If = (f,1) - 113 If = (f,1) - 113

and R and C are the coordinate and reconstruction maps with respect to the basis

(1, f) as defined in (4.6) and (4.8).

where

The extended Dynamic Mode Decomposition algorithms will therefore compute
approximations of the coeflicients a; and a9 from data sampled from . In particular,
we obtain a formula for the predicted value of the observable f along trajectories of
 given its current value by

flp(@) = T f(x) = a1 + az - f(2).

Hence, the extended Dynamic Mode Decomposition algorithm calculates an ordinary
least squares linear regression of the observable f against its time-shifted version
fop. Its error in L2-norm is given by the limit of the R?-number of the regression

A2
Tt = Tofly = [ (Foe—a—aa)* di
and is in fact minimized by Tso f among all affine linear functions of f.

Proof of the Proposition 4.1.16. In order to compute the orthogonal projection onto
F we need to orthogonalize the set {1, f}. Noting that (f — (f,1)-1,1) = 0 we
obtain that the set F' = span{1, f — (f,1)- 1} is an orthogonal basis of F'. Thus,
the orthogonal projection Pp: L?(X) — L2?(X) onto F is given by

{9, ) = (g, ){f, 1)

2 2
If = (£ 1) - 15 If = {f,1) - 15

4.1 The Extended Dynamic Mode Decomposition 123



124

for all g € L2(X). Therefore, we obtain for the optimal approximation T » = PrT,
of the Koopman operator T, on F' that

a <T<ng ]l><f7f>_<T¢gaf><f’ ]1> <T<Pgaf>_<T<Pg,1l><fv ]l>

T g = .1 .
# IF—(F0) 12 T—gnag
— <g7ﬂ><f7f> - <T§Dguf><f7ﬂ> ﬂ+<Tw97f> _ <ga]l><f71> f
If = (£, 1) - 1|3 If = (f.1)- 1|3

for all g € L2(X). Let us evaluate the action of TSD on the basis elements of F' to
obtain the matrix representation O, of T, with respect to the basis (1, f) to obtain

T <f7f>_<]laf><f’ﬂ> <]laf>_<]17]l><f’]l>

T,1 = -1+ .
7 If = (f,1)- 1|3 If = (f,1)- 1|3 I
<]l>f>_<]]-7f>
=1+ L f =
TEESTE

as expected and

; (f; (S f) = (T f, 1), 1) (Tof. f) = (£,1)*

To,f = -1+
N TR T
:<f7ﬂ>(<fvf>_<T¢f7f>)ﬂ+<T90f7f>_<f’ﬂ>2f
Thus, the assertion follows. ]

Let us now turn to the second case, where we approximate the Koopman operator
T, on the subspace F = L?(X | «) for a finite X-measurable partition o of X.

Proposition 4.1.17. Let X = (X, X x, 1) be a probability space and let ¢: X — X
be a measure-preserving dynamical system on X. Suppose that a is a finite X-
measurable partition of X with u(A) > 0 for all A € a and set F = L*(X | a) =
span{l4 : A € a}. Then the optimal approximation TLP = PrT, of the Koopman
operator T, on F is given by

-1
Tolp =Y W da=> e (B)[A)-1a  (4.12)

A€a Aca

for all B € a. In particular, the matriz representation O, of T«p = Ro O, o0C with
respect to the basis (14) g, 15 of a column-stochastic matriz Op = {(pa,B)} g _scqr
where B denotes the line and A the column index, its entries are the transition
probabilities

_wAneT'(B)
bAB = T = p(p I(B) | A),

and R and C are the coordinate and reconstruction maps with respect to the basis
(14) gcq as defined in (4.6) and (4.8). Together with the steady-state (T4) 4c,, given
by ma = p(A) for all A € , this defines a time-homogeneous Markov chain (X)), cx
with values in the finite state space a.
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Note that O, is the transpose of the row-stochastic matrix that is usually used
to denote the transition matrix of a Markov chain. Here, we use the convention
that the columns sum to one in order to be consistent with our previous use of this
notation. Therefore, we denote the fact that 7 is a steady-state of the Markov chain
by O,m = (ZAGa WApAvB)BEa = 7 and treat m as a column vector.

Since we approximate the time-reversing Koopman operator, the Markov chain
answers questions going backwards in time along trajectories of . This allows us to
answer questions like “What is the probability of having started a trajectory of ¢ in
B, if we know that after n time steps the trajectory lies in A?” or formally

P(X,=B|Xo=A4)= Y HM Y Aps1) | Ap),
Aty Ap—1€a k=0

where Ag = A and A_,, := B. As we can only use information about containment
of trajectories of ¢ in sets of a in order to construct the Markov chain, this value
need not coincide with the coefficients p(¢~"(B) | A) of the approximation of the
iterated Koopman operator

P 1= Y MECE ) 1) = S () 1)
Aea Aca

which give a more accurate answer to the question. We may however view the
probability P(X,, = B | Xo = A) as an approximation of u(¢~"(B) | A). More
precisely, since we have

(PFTw)n Ip= Z H M AkJrl | Ak) ]lev
Aoy, Apn—1€a k=0
for all B € a, we may deduce the following error estimate
[P(Xn = B | Xo = A) = u(e™"(B) | A)| < [((PrTp)" Lp —PTJ 1, p(A) 72 - La)|
< |(PrT,)" 1p —PrT) 1p) < T3~ 15 =T 15|

for all n € N.

Proof of the Proposition 4.1.17. Notice that equation (4.12) follows from the fact
that the orthogonal projection Pr: L?(X) — L?(X) onto F = L?(X | a) is given by
the conditional expectation operator (see Lemma 4.2.6). The fact that O, defines a
time-homogeneous Markov chain with steady-state (m4)acq follows from the fact
that O, is a column-stochastic matrix, since

1
> pan =30 ML) S oy ) =1,

Bea Bea Bea
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That (m4)acq is a steady-state follows from the measure-preserving property of ¢,
as

1
> mapan =Y A L =Y wAne(B))

Aca Aca Aca
— ulp I (B)) = u(B) -

for all B € «. O

Remark 4.1.18 (time-reversal). One might wonder why the Markov chain is one
that answers questions going backwards in time along trajectories of . Suppose that
 is invertible. If we were to approximate the forward Perron—Frobenius operator

P, 12(X) 5 L2(X), P,f=fop !

on the subspace F' = L2(X | ) instead, the optimal approximation Peo = PrP,
would be given by

Poiy=3 MEDNB) oSS e(4) | B)- 1
Bea

for all A € a. This would define a time-homogeneous Markov chain (Y},), .y with
values in the finites state space o and transition probabilities

dB,A = W = u(p(A) | B)

for all A,B € a. Note that 7 is also a stationary distribution for (Yy,), cy. The
duality (T, 1p,14) = (1, P, 14) between the operators leads to the relation

pw(A) - pap=u(B) qBa

for all A, B € a. This duality shows that the Markov chains (X,),cy and (Y5)
are time-reversals of each other.

neN

In case T}, (or equivalently P,) leaves the subspace F = L?(X | «) invariant, the
two Markov chains (Xy), oy and (Yy,), oy are time reversals of each other in the
sense that they satisfy pap = ¢p,a for all A, B € a. Indeed, this follows since
©(A), 97 (A) € a for all A € a, and thus, ps g =1 if and only if A = ¢~ (B) and
qB,A = 1 if and only if B = ¢(A) for all A, B € «, and from the measure-preserving
property of . In particular, in this case the transition probabilities are either 0 or 1
and both Markov chains are deterministic.

4.2 Lower Dimension Bound by Measure-Theoretic
Entropy

Consider a measure-preserving system ¢: X — X on the probability space X =
(X, X, ). Measure-theoretic entropy h, (¢, a) of a finite ¥-measurable partition «
with respect to ¢ was introduced by Kolmogorov and Sinai and has since then become
a cornerstone of ergodic theory. We will give a precise definition of this concept in
Section 3.1 and additionally recommend [Wal82] for an excellent exposition. Roughly
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speaking, the measure-theoretical entropy h, (¢, @) of « is a quantification of the
unpredictability present in a measure-preserving system or equivalently a measure
of the information provided by trajectories, when observing at the resolution «. It
is thus natural to ask, whether the presence of measure-theoretical entropy for a
finite X-measurable partition a limits the possibilities of long-term predictions via
DMD algorithms. For this we assume that the subspace F' is of the form

F=L*X|a)=span{l,: A c a}

for some finite -measurable partition « of X, i.e., we choose the dictionary to
consist only of functions that tell us whether the state of the system is currently in
some set A € a. In this case, we can derive a lower bound for the dimension of F,
which depends on the measure-theoretic entropy h,(p, ) of the partition o with
respect to ¢. Note that this choice of a subspace F' is used in the multiplicative
Dynamic Mode Decomposition algorithm (see [BC24, Section 3]) and has been
considered in [SKK16, Sections 3.2 and 4.1]. For the original publication of the
following result we refer to [HH25, Theorem 1.1].

Theorem 4.2.1. Let p: X — X be a measure-preserving system on the probability
space X = (X, X, ), € > 0 and « be a finite X-measurable partition of X. Then
there exist Ky € N and § > 0 that satisfy the following: Whenever for a linear
operator T': L2(X | a) = L2(X | @) and some K > K the assertion

17" f =Tl < olf]
holds for all f € L*(X | a) and k € {0,..., K — 1}, we conclude that

|| > exp(K (hu(p, @) = €)). (4-13)
Here § only depends on the system ¢, the choice of € and the cardinality of c.

Note that the measure-theoretic entropy h,(¢) of a measure-preserving system (X, ¢)
is defined as the supremum over all h,(p, @) ranging over all finite ¥-measurable
partitions «. Thus, from the theorem we observe that whenever the measure-
preserving system (X, ¢) has non-zero measure-theoretic entropy, then care has to
be taken while choosing c. Note that h,(p,a) = 0 if and only if « is measurable
with respect to the Pinsker-o-algebra II introduced in Section 3.3 of ¢ (see [Gla03,
Section 18.1)).

We will now prepare the proof of Theorem 4.2.1. We begin with the incredibly
simple observation that no approximation of an operator on a finite-dimensional
subspace can be better than the best approximation, which is given by the operator
composed with an orthogonal projection.

Lemma 4.2.2. Let T: L2(X) — L%(X) be bounded linear operator and denote by
F C 12(X) a finite-dimensional linear subspace. Let further T: F — F be linear,

Pp be the orthogonal projection onto F' and f € F as well as k € N. If there exists
§ > 0 such that |T*f — Tk f|l, < 8| flly, then also |PRT*f —T* ||y < 8| f]l,-

Proof. Since Pr is an orthogonal projection onto F', the inequality

|PeT"f —T"f|| < lg — T* £

4.2 Lower Dimension Bound by Measure-Theoretic Entropy
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holds for all f,g € F. Hence, setting g :== T%f we obtain
1PFT*f = TFf| < ITF = TCF| < 6] £-

Thus, the statement follows. ]

In L2(X) the orthogonal projections onto the subspace L?(X | a) have a simple
characterization.

For a finite ¥-measurable partition the subspace
L2(X)={ls: Aca}

consists precisely of the functions that are measurable with respect to the finite o-
algebra generated by a. Furthermore, it forms a finite-dimensional unital sublattice of
L2(X). We refer to [Sch74, Proposition I11.11.2] or [EFHN15, Proposition 13.19 b)].

Definition 4.2.3 (conditional expectation). Let X = (X, 3, u) be a probability
space and « a finite X-measurable partition of X. We call an operator P: L2(X) —
L2(X | @) the conditional expectation of «, if

J LS tals du= [ fau

for all f € L?(X) and all A € a (or equivalently all A in the o-algebra generated by
«). We denote the conditional expectation of a by E[- | a] := P.

We refer to [Bil95, Section 34] for a thorough introduction to conditional expectations.
A moment’s thought reveals that a conditional expectation is uniquely defined by
the partition «. Consider the operator

el 200 12 RN
B[ | a): I2(X) — I2(X), fegu(A)Afdu L

and notice that it maps to L?(X). It is easy to check that it is in fact the operator
satisfying Definition 4.2.3.

Recall further the notion of a Markov operator from Definition 2.1.6.

Definition 4.2.4 (Markov projection). Let X = (X, X, 1) be a probability space
and p € [1,00). A Markov operator P: LP(X) — LP(X) is called a Markov projection
if P is a projection, i.e., P? = P.

For the proof of Theorem 4.2.1 we require the following lemma, which is a consequence
of [EFHN15, Lemma 13.16 and Remark 13.21]

Lemma 4.2.5. Let o be a Y-measurable partition of X and let P: L*(X) — L%(X)
be a bounded linear operator. Then the following statements are equivalent.

(a) The operator P is the orthogonal projection onto L*(X | ).
(b) The operator P is a Markov projection onto L?(X | ).

(c) The operator P is the conditional expectation E[- | a].
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In the next two lemmas, we establish a connection between the error of the conditional
expectation and the conditional entropy of two partitions.

Lemma 4.2.6. For any finite YX-measurable partition 5 of X and any measurable
A C X we have

B)u(B\ 4)

IE[L4 | B = Lall, =2 . 1(B)

Bep

Proof. We compute

Efla| 6] - M—Z"A“B SN L1

Bep ( Bep
w(AN B ANB
2 (5 1) v+ ).
Thus,
B B B w(ANB) w(ANB)
|E[la|B]—1a|= BZE:B ((1 B ) lanB +7M(B) 1B\A>
_ w(B\ A) 1(ANB)
> (M oS )
and we observe that
L\~ MANB(B\ A)
B[4 | 6] - Tallb =2 (5) : O

Bep

For the following lemma we adapt and extend an argument given in [Wal82, Lemma
4.15] to our context.

Lemma 4.2.7. Let K € N, p € [1,00) and € > 0. Then there exists § > 0,

such that for any finite Y-measurable partitions « and 8 of X with |a| < k and
supaca |E[La | B] — Lall, <0, we obtain that Hy(a | B) < e.

Proof. Let ¢ = |[1f|,, where ¢ € (1,00] is the Holder conjugate of p. Choose
§ € (0, =) such that —rcdlog(cd) — (1 — ked) log(1 — ked) < e.

Now consider finite Y-measurable partitions « and § of X with |o| < k and
supaca [E[La | B] — 14|, < 6. For A € a we denote by B4 the collection of sets
B € B for which we have

pBNA) 1
wB)

Then \ B4 contains all the sets B such that

pB\NA) _ . pmBNA) 1
1(B) u(B) T2

4.2 Lower Dimension Bound by Measure-Theoretic Entropy

129



130

We thus observe for Ca := Upeg g, (A N B) that

p(Ca) < > u(B\A)+ > u(AnB)

BeBa Bep\Ba
<2y MB\A) (AN B)
v w(B)

Thus Lemma 4.2.6 and the Hélder inequality imply
p(Ca) < E[La | 5] = Lally < cl[E[1a | 5] = Lall, < cb (4.14)

for all A € a. Define the index set A .= {(A,B) : B € 84, A € a} and set C =
Ua,p)en AN B. Then it is straightforward to observe that v := {Ca : A € a} U{C}
is a finite X-measurable partition of X. Notice that oV § C vV 3. Indeed, if A € «
and B € 3\ B4, then

AnB=| |J (AnB)|nBeyVv3s.
BeB\Ba

And if A € o and B € (34, then

yvBs | |J (AnB)|nB=|J{ANB: A€ asuchthat B€ 8z} (4.15)
(A,B)eA

Notice that B is only an element of 3; for at most one A € a. Otherwise, if there
are two Aj, Ay € a such that B € 54, N B4,, then by disjointness of A; and Ay we
obtain
BN (A UA)  p(BNA) L m(BN A) 11
n(B) n(B) u(B) 22

This is a contradiction. Continuing (4.15), it then follows that

'7\/69U{flﬂB:fl€asuchthatBGBA}:AQB.

Hence, the inclusion oV § C vV 8 holds.

Now recall from (4.14) that u(Ca) < ¢d for all A € a. This implies that pu(C) >
1 —]aled > 1 — ked and we observe

H,(v) < —|alcdlog(cd) — (1 — ked) log(1 — ked)
< —kedlog(ed) — (1 — ked) log(1 — Ked)
<e.

Thus, since aV  C vV 3, we obtain from [Wal82, Theorem 4.3] that

Hu(B) + Hu(a | B) = Hu(aV B) = Hu(yV B) < Hu(y) + Hu(B) < Hu(B) + ¢,

which implies H,(a | B) < e. O
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We are now ready to prove the main result of this section.

Proof of Theorem 4.2.1. Let € > 0 and « be the finite Y-measurable partition of X.

Let F := L?(X | a) and denote by Pr the orthogonal projection onto F. It follows
from Lemma 4.2.5 that Pp coincides with the conditional expectation E[- | a]. So
by Lemma 4.2.7 there exists § > 0 such that whenever HPFTf; 1a —T£ L4l < ¢ for
some k € N, we obtain that H, (¢ *(a) | @) < £/2. Also notice that there exists
Ky € N such that

<eg/2

1 K-1
hu(ep ) = 2= Hy ( \V sf’“(a))

k=0

for all K > K.

Let f € F and fix K > K and assume that ||7%f — T;ffH2 < 0] f], holds for all
feFandall ke{0,...,K—1}. From Lemma 4.2.2 we observe that ||PFT£f -
TEfII <6 f|| for all f € F and all k € {0,...,K —1}. In particular, this implies
that ||PFT£ 1a —Tf; 14| < 6 holds for all k € {0,..., Ko} and all A € a. Hence,
Lemma 4.2.7 yields that

H,(p™*(a) | a) < /2

for all k € {0,..., K — 1}. Thus,

K—1 K-1
H,y, (\/ ¢k(a)> < H, (O‘\/ (\/ ¢k(a)>>
k=0 k=1

K-1
smw+m(vw%®
k=1

K-1
< Hu(o)+ ) Hulp (o) | )
k=1

< log(|a]) + L5H=.

Now dividing by K yields

1 N 1
hulip, ) — & < 2 H <k\/0 w"“(@) —&/2 < - log(lal),

and the statement follows. O

4.3 Lower Dimension Bound by Approximation
Entropy

Recall from Section 4.2 that Theorem 4.2.1 applies to finite-dimensional subspaces
of the form L?(X | @) for a finite ¥-measurable partition a of X. It is natural to ask,
whether it can be generalized to arbitrary finite-dimensional subspaces F' of L?(X).
For this we consider the approximation entropy hap:(T,, F') of T, with respect to a
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subspace F' as introduced in Section 3.2, which gives another quantification of the
unpredictability of a measure-preserving system.

The main result that complements Theorem 4.2.1 is the following. Note that this
is [HH25, Theorem 1.2].

Theorem 4.3.1. Let ¢: X — X be an invertible measure-preserving system on
the probability space X = (X, %, ), let F C L2(X) be a finite-dimensional linear
subspace and € > 0. Then there exist Ko € N and § > 0 that satisfy the following:
Whenever for a linear operator T: F — F and some K > K, the assertion

I1T*f = T3 1 < 811 £l
holds for all f € F and all k € {0,..., K — 1}, we conclude that

dim(F) > K (hape(T},, F) — €).

We have shown in Theorem 3.3.12 that whenever ¢ has non-zero measure-theoretic
entropy (and in Proposition 3.3.4 that if T, has a countable Lebesgue component),
then there exist finite-dimensional subspaces F' of L?(X), which allow for arbitrarily
large values of hapr (T, F'). Thus, in Theorem 4.2.1, care has to be taken by choosing
F' in this context.

Let F' C L2(X) be a finite-dimensional subspace and n € N. The n-th delay subspace
for (X, p) is given by

n
F, == span U Tf;F.
k=0

Note that its dimension is upper bounded by n - dim(F’). It follows from Proposi-
tion 3.2.1 (v) that we have hap (T, Fr) = hapr (T, F'). It is thus natural to ask for
a stronger statement of Theorem 4.3.1 by replacing an approximation on F' with one
on F,,. The author did not manage to prove this for Theorem 4.2.1 as there the §
depended on the cardinality of «, and thus, on the dimension of F'. It is possible for
lower bounds by the approximation entropy as the following theorem shows. This
is [HH25, Theorem 3.4].

Theorem 4.3.2. Let ¢: X — X be an invertible measure-preserving system on
the probability space X = (X, %, ), let F C L2(X) be a finite-dimensional linear
subspace and € > 0. Then there exist Ko € N and § > 0 that satisfy the following:
Whenever for some n € N, a linear operator Tn: F, — F,, and K > Ky the assertion

T f = TEfI < 611
holds for all f € F,, and all k € {0,..., K — 1}, we conclude that

dim(F,) > K (hape(Typ, F) — &),

Note that Theorem 4.3.2 is a special case of Theorem 4.3.1 if we set n = 0. It
therefore suffices to prove Theorem 4.3.2.

As the approximation entropy has been defined for unitary operators, it feels natural
to prove Theorem 4.3.2 in a form that holds for all unitary operators. So let
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T: H — H be a unitary operator on a Hilbert space H. For a finite-dimensional
subspace F' C H we analogously say that

n
F,, == span U TFF
k=0

is the n-th delay subspace of F'. Note that the dimension of F;, is upper bounded
by n - dim(F) and that it follows from Proposition 3.2.1 (v) that hap (T, F) =
hape (T, FY,).

Theorem 4.3.3. Let H be a Hilbert space and T: H — H be unitary, let FF C H be
a finite-dimensional linear subspace and € > 0. Then there exists Ko € N and § > 0
such that whenever for some n € N, for a linear operator Tn: F, — F, and K > K
the assertion

Tk — T || < o«
holds for all x € F,, and all k € {0,..., K — 1}, we conclude that

dim(F,) > K (haps(T, F) — €).

Proof. Let O be an orthonormal basis of F'. From Proposition 3.2.3 we observe that
hape (T, F') = hape (T, O). In particular, there exists § > 0, such that hap (T, F') — § <
h(T,O,¢). Furthermore, there exists Ky € N, such that for all K > K we have

K-1
1
hape(T, F) —e < h(T,0,4) — % < ?Hap]r ( U Tko,a) .
k=0

Now consider K > Ky and n € N, such that the assertion
1Tz — T z|| < 6|

holds for all x € F,, and all £k € {0,...,K — 1}. Denote by Pp, the orthogonal
projection onto the n-th delay subspace F,,. From Lemma 4.2.2 we observe that

1Pr, "z — T2 < 62|l = 6
for all z € O and all k € {0,..., K — 1}. In particular, it follows that

K-1
Hopr < U T’“O,&) < dim(F,).

k=0

We observe

K-1
1
Bapr (T, F) — € < — Hapr ( U 7o, 5) < = dim(F,),
K = K

and the statement follows. O
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4.4 Notes

The study of statistical analysis via Dynamic Mode Decomposition algorithms has
gained significant attention in recent years. The foundational work by Schmid [Sch10]
introduced the basis variant of DMD as a powerful tool for analyzing complex
dynamical systems, particularly in fluid dynamics. The fundamental idea of this
algorithm is to assume that we have data

d d
o, T1,...,Tx € RY and yo,y1,...,yx €R

such that there exists a linear operator A: R¢ — R? satisfying vy, = Az, for all
k€{0,...,K}. We can then write Y ~ AX with

X=|lxg -+ x| €

e P =

and find an approximation A € R% of A by solving the least-squares problem
min 4 paxa [|Y — AX||p with respect to the Frobenius norm |- || z. The solution is

RdX(K+1) and

RdX(K—f—l)

given by A =YX, where X' denotes the Moore-Penrose pseudoinverse of X. We
note the similarity of this approach to the description of the algorithm in Section 4.1.2.
Later, the assumed correspondence of data has been replaced by a correspondence
via a possibly nonlinear dynamical system ¢: Q — Q on a subset Q C R?. The
assumption of linear correspondence has then been interpreted as yr = ¢(xy) for
all k € {0,...,K}. In order to interpret this in the context of Koopman operator
theory, the data points z; and y; have been considered as evaluations of observables
at different time instances. More precisely, one obtains the collection of full state
observables given by fi: Q — R given by f;(z) = 2 for i € {1,...,d}, where z(?)
denotes the i-th component of x, that

fi(e(zr)) (T f1) () fi(zy)

falo@r))] (Tt () falw)

for all £ € {0,...,K}. Here A can be found by solving the least-squares prob-
lem as before. This works well if span{fi,..., fs} € L?(£, 1) happens to be an
invariant subspace of the Koopman operator Tj,: L2(€, u) — L?(, 1) associated
with (. In this case, one can interpret A as the matrix representation of the re-
striction Ty |spang 1,....f,} With respect to the basis {f1,..., fa}. In general, however,
span{ fi,..., fq} is not invariant under T;,, and thus, A only approximates the action
of T,, on this subspace.

This observation has led to the development of the extended DMD in [WKR15], where
the observables are chosen from a larger dictionary in order to better approximate
the action of the Koopman operator. The choice of observables is crucial for the
performance of DMD algorithms, and various strategies have been proposed to select
appropriate observables based on the underlying dynamics. The choice of observables
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can be influenced in various ways, one may design the experiment to measure specific
observables, or one may use data-driven techniques to identify relevant observables
from the data itself. Simpler methods include the use of time-delay observables of the
form f o ¢* for some observable f and k € N or by taking products/maxima/minima
of observables to generate a larger dictionary.

For us, the non-invariance of the span of the dictionary was the fundamental
observation that led to the development of lower dimension bounds for DMD
approximations of Koopman operators in this chapter.

The assumption that the data is sampled ergodically or iid has been added in [KM18]
when they first used the strong law of large numbers and Birkhoff’s ergodic theorem
to show convergence of the DMD algorithm to the Koopman operator in the large
data limit.

The utility of DMD algorithms for predicting time-series has led to a variety of
variants of DMD including but not limited to the extended DMD [WKR15], Kernel
DMD [KRW15], Measure-preserving DMD [Col23a], Multiplicative DMD [BC24],
Residual DMD [CAS23] and many more. We refer to [Col23b] for a recent and
extensive overview of the different DMD algorithms and their properties. A similar
frame-theoretic description and asymptotic analysis as given in this chapter of DMD
variants would be interesting.

We further note that the form of the best approximation of the Koopman operator
that has been described in Proposition 4.1.17 has been noted before in [SKK16]
and is used to construct finite-rank approximations of transfer operators by Ulam’s
method.

Typically, the error bounds of DMD algorithms are given as bounds of the one step
error ||T¢ — T,||. The propagated error HTS’ - T:,fH for k > 1 has been considered
in [KM18, Theorem 5] although only asymptotically where the dimension of F' is
increased. In the main results of Section 4.2 and Section 4.3, we take a different
approach to analyze the error by proving necessary conditions in terms of a lower
bound of the dimension of F' that needs to be satisfied in order to achieve a certain
bound for the propagated error. This perspective seems to be new.

The fractional approximation entropies that were introduced at the end of Sec-
tion 3.2.2 could be used in order to obtain fractional (instead of linear) growth rates
of lower bounds for the dimension of DMD approximations of Koopman operators.
We might be able to extend the result of Theorem 4.3.1 or Theorem 4.3.3 in this
way. This has not been explored in this work, but could be an interesting direction
for future research.

4.4 Notes
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Entropy via Banach Lattices

Classical frameworks of dynamical entropy divide into measure-theoretic entropy
and topological entropy for measure-preserving and topological dynamical systems,
respectively. The former measures the expected surprisal of learning that trajec-
tories evolve through measurable partitions, and the latter counts orbits that are
distinguishable under open covers. Despite their roles as quantitative measures
of the complexity of dynamical evolution, these notions arise from different struc-
tural ingredients: measure theory in one case and topological arguments in the
other. This chapter develops a unified entropy formalism based on Banach lattices,
showing that both classical invariants are recoverable as specializations of a single
operator-theoretic construction.

We encode the growth of finite data necessary to understand trajectories not by
partitions or covers, but by finite subsets O of a Banach lattice. We look at
trajectory data UZ;& T*O, where T is the evolution operator, and then quantify
their compressibility or approximability through positive contractive projections
fixing a quasi-interior point. The rank of such a projection then becomes the measure
of complexity. This leads to the notion of Banach lattice entropy, which we introduce
in Definition 5.1.4.

In Section 5.1 we introduce the Banach lattice entropy for Markov operators on
Banach lattices with a quasi-interior point and derive fundamental properties.

Section 5.2 relates the Banach lattice entropy of Koopman operators on LP to
measure-theoretic entropy. Using conditional expectations and the Shannon—
McMillan—Breiman theorem, it is shown that for ergodic measure-preserving
transformations the Banach lattice entropy coincides with Kolmogorov—Sinai entropy
(Theorem 5.2.1, proved via Propositions 5.2.7 and 5.2.10). Subadditivity in the case
p = 2 ensures the existence of the defining limit (Corollary 5.2.6).

In Section 5.3 we treat continuous dynamics on compact Hausdorff spaces. Here,
partitions of unity replace measurable partitions. The Banach lattice entropy of an
invertible Koopman operator agrees with topological entropy (Theorem 5.3.1), with
the two inequalities established in Propositions 5.3.7 and 5.3.8.

The main contributions of this chapter are Definition 5.1.4, Theorem 5.2.1 and
Theorem 5.3.1. They have not been published or submitted for publication yet.

5.1 Abstract Entropy on Banach Lattices

To obtain a common generalization of measure-theoretic and topological entropy, we
introduce an abstract entropy notion on Banach lattices. Positive and contractive
projections on Banach lattices that leave a quasi-interior point invariant play a
central role in the definition of Banach lattice entropy.
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Let E be a Banach lattice and let e € E1 be a quasi-interior point of E, i.e., the
principal ideal

Ioe={x € E:3IN>0:|z| <)}
is dense in E. We assume by normalization that ||e| = 1.

Definition 5.1.1 (Markov operators and projections). Let E be a Banach lattice
and let e € E be a quasi-interior point of E. We call an operator T: £ — F a
Markov operator on (E,e) if T is positive and contractive and satisfies Te = e. A
Markov operator on (F, e) is called a Markov projection on (E, e) if it is a projection.

It is instructive to compare the notion of Markov operators and projections on
LP-spaces introduced in Definition 2.1.6 and 4.2.4 with the abstract notions on
(LP(X),1). Note that a Markov operator on LP(X) is a positive linear operator
T that satisfies T1 = 1 and fX Tf dy = fo dp for all f € 1P(X). The latter
condition is easily seen to be equivalent to 7% 1 = 1.

Remark 5.1.2 (Disambiguation). Let X = (X, X, 1) be a probability space and let
p € [1,00). Then the constant function 1 € LP(X) is a quasi-interior point of the
Banach lattice L?(X). A linear operator T: LP(X) — LP(X) is a Markov operator
on (LP(X), 1) if and only if T" is a Markov operator according to Definition 2.1.6.

In particular, the Markov projections on (LP(X), 1) are exactly the Markov projec-
tions according to Definition 4.2.4.

Proof. “=": It suffices to show that [ Tf du = [y f du for all f € L?(X). Note
that this property is equivalent to the property that 7*1 = 1 for the adjoint
operator T%: L1(X) — L4(X), where ¢ € (1, 00] is the Holder conjugate of p. Since
T is positive and contractive, so is T™.

Let us first prove the statement for p € (1,00). Following an idea in the proof
of [And66, Lemma 1], we obtain from Hélder’s inequality and the fact that 7% is
also contractive that

1:/ ﬂ.lduz/(T]I).]l dp
X X
- [ 1@ de< i, <1

In particular, Holder’s inequality above is an equality. It follows that 1 and T* 1
are linearly dependent. Hence, T* 1 = ¢ 1 for some constant ¢ > 0. Applying the
norm on both sides yields ¢ = |[T* 1[|, = 1 by the above inequality.

Let us now prove the statement for p = 1. Note that 77*: L*>°(X) — L*>°(X) is also
contractive and it follows that |7 1||,, < 1. This implies that 7% 1 < 1. Thus,

0> (LT"1—1Dpixyreox) = (T1-1, Lpix)Lex) =0,

implies that 7" 1 = 1.

“<=": Tt follows from [EFHN15, Proposition 13.6] that every Markov operator on LP
can be extended to one on L!, and from [EFHN15, Theorem 13.2] that its restriction
to LP is a contraction. O
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The definition of a Markov operator on an arbitrary Banach lattice (E, e) allows
us to introduce Markov operators on (L*°(X), 1) and (Cp(€2), 1) as well. On both
spaces, the Markov operators are simply positive contractions leaving the constant
function 1 invariant.

Let us now introduce a special class of Markov operators that will play an important
role in the following.

Definition 5.1.3 (Markov automorphism). Let E be a Banach lattice and let
e € E; be a quasi-interior point of E. We call a Markov operator T on (E,e) a
Markov automorphism on (E,e) if T is bijective and its inverse 7-': E — F is also
a Markov operator on (E,e).

Not every invertible Markov operator is a Markov automorphism, since the inverse
does not need to be positive (see [EFHN15, Section 13.2]). However, one can
show that a Markov operator T on (F,e) is Markov automorphism on (E,e) if
and only if T is a lattice isomorphism [EFHN15, Theorem 13.9, Theorem 13.12
and Corollary 13.14]. The Koopman operator on LP(X) for p € [1,00) induced by
an invertible measure-preserving system ¢: X — X and every Koopman operator
on Cp(2) induced by a homeomorphism ¢: Q — € is a Markov automorphism on

(LP(X), 1) and (C(£2), 1), respectively.

Having established a notion of Markov projections on Banach lattices, we can now
introduce the Banach lattice entropy.

Definition 5.1.4 (Banach lattice entropy). Let E be a Banach lattice, let e € E

be a quasi-interior point of E and let T': ' — FE be a Markov operator on (E,e).

For a finite subset O C E and 0 > 0 we define the d-information Hy (O, d) of O as
the minimum of dim(PFE), where P runs through all Markov projections on (E,e)
satisfying

|Px—z|| <6 forallz e O.

The Banach lattice entropy of T with respect to O and ¢ is defined as

n—1
hbl(T, 0,5) = limsup l log (Hbl (U TkC’), 5)) . (5.1)

n—oo TN k=0
Finally, the Banach lattice entropy of T (with respect to O) is defined as

hoi (T, O) := sup hy,) (T, O, ) and hp(T) == sup hy(T,0O).
5>0 |g|g<E

The author does not know whether this limit superior is in fact a limit. We will

discuss this in Corollary 5.2.6 for Markov operators on LP-spaces with p € [1, c0).

Let us record some basic properties of the Banach lattice entropy. Note the analogy
to Proposition 3.2.1.

Proposition 5.1.5. Let E be a Banach lattice and let e € E be a quasi-interior

point of E and T: E — E be a Markov operator on (E,e). Then the following
assertions hold:

5.1 Abstract Entropy on Banach Lattices
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(i) Let O1,09 C E be finite with O1 € Oy and § > 0. Then Hp(01,0) <
Hy(09,9), and consequently, hy (T, O1,9) < hp (T, O3,0).

(ii) Let O C E be finite and d1, 09 > 0 with 01 < da. Then Hb1(0,51) > Hb1(0,52),
and consequently, hp (T, O,61) > hp (T, O, 7).

(iii) Suppose that T is a Markov automorphism on (E,e). For M,N € N with
M < N, finite O C E and § > 0 we have Hy(O,0) = Hy (Tk(’),é) for all
k €Z and

N
hoi(T, O, 8) = hy, ( U :ﬂ%o,a) :

k=M

(iv) Let 01,02 C E be finite and d,¢ > 0 such that O C B..(O2). Then
hbl(Ta Ola5 + 25) S hbl(Ta 0276)'

(v) If Oy and O2 are finite subsets of E with O1 C span Oq, then
hoi (T, O1) < hii (T, O2).
Proof. “(i)”: This follows immediately from the definition.

“(ii)”: This follows immediately from the definition.

“(iii)”: Fix k € Z. Let P be a Markov projection on (F, e) with ||PT*z — T*z| < §
for all z € O with minimal rank. Set Q := T~¥PT¥. Then, for each z € O we have

1Qz — z|| = | T *PT*x — T7*T" 2| = | PT*2 — T*z| < 6.

Since @ is again a Markov projection on (E,e) with the same rank as P, we obtain
that

Hy(TF0,6) > Hy(0,96).

The reverse inequality follows analogous by interchanging the roles of @ and T*O.

Thus,
N 1 N+n—1 '
ho(T, | ) T%0,6) =limsup—log [ Hy | | J 770,46
gy n—oo TN =M
n+(N—M)
) n+(N—M)+1 1 ,
=1 . 1 H, 7°0,6
TP n nt (N _M)+1 8| on o,
= ho(T, O, 8).

“(iv)”: Let P be a Markov projection on (E,e) with ||PT*zy — T*xs|| < §||22| for
all zo € Oz and all k € {0,...,n — 1}. Then, for each z; € O; there exists x2 € O
with ||x1 — 22| < e, and thus,
|PT* 2y — T*xy|| < ||PT*z) — PT* 2o + ||PT 20 — T*xo|| + || TF 20 — Ty ||
< |lwr — 22| +0 + ||Jz2 — 21| < 6+ 2.

140 Chapter 5 Entropy via Banach Lattices



Hence, we obtain that hy (T, O1,0 + 2¢) < hyp (T, O2,0).

“(v)”: Let x1 € O1. We write 1 =) Az1 o ®2 With Ay, 2, € K and set

202

A = max E Az 20 -
z1€0,
22€02

Let P be a Markov projection on (E, e) with ||PT*zy — T*zs|| < §/A for all 25 € Oy
and all k € {0,...,n —1}. Then

0
HPTkxl —Tkl'l” < Z ’)‘11,$2|||PTkx2 _Tkx2” < Z |)‘21,22|X <o

z2€0> 22€02

Hence, it follows that for all n € N we have
n—1 . n—1 ) 5
Hy, <kaT 01,5> < Hy <kaT 027)\> ;
and the claim follows. O

We remark that not every assertion of Proposition 3.2.1 finds its counterpart in
the above Proposition 5.1.5. In particular, we do not have an analogue of Proposi-
tion 3.2.1 (i), (iv) and (viii). This is due to the fact that the proofs of these items do
not easily transfer to the general setting of Markov projections on Banach lattices.

However, for Markov operators of special pairs (F,e) we can establish further
properties of the Banach lattice entropy, which we will do in the following sections
before we prove the main results.

5.2 Measure-Theoretic Entropy

Consider E = LP(X) for a probability space X = (X, X, u), p € [1,00) and consider
the quasi-interior point e = 1. We recall the definition of measure-theoretic entropy
from Section 3.1 to be
— : 1 n—1
hup) := sup lim —H, (g5 a),
where H,(a) == =3 41, 11(A)log u(A) for a finite ¥-measurable partition a of X
and

n—1
n—1_ .__ —k
©0 a._\/gp Q.
k=0

For measure-preserving systems ¢: X — X we can relate the Banach lattice entropy
of the associated Koopman operator Ti,: LP(X) — LP(X), f +— f o ¢ to the measure-
theoretic entropy of ¢ in the following way.

5.2 Measure-Theoretic Entropy
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Theorem 5.2.1. Let p: X — X be an ergodic measure-preserving system on the
probability space X = (X,3, u), let p € [1,00) and let T,,: LP(X) — LP(X), f — foyp
be the associated Koopman operator. Then

hbl(Tcp) = hu(¢)~

We will divide the proof into two parts, showing the two inequalities separately in
Proposition 5.2.7 and Proposition 5.2.10.

We will first see how the Banach lattice entropy compares with an entropy notion
for automorphisms of von Neumann algebras introduced by Voiculescu in [Voi95].

Remark 5.2.2. In [Voi95, Section 1], Voiculescu introduces an entropy notion for
automorphisms of von Neumann algebras that generalizes the classical measure-
theoretic entropy. We adapt his definition to our situation.

For a probability space X = (X, 3, u), the von Neumann algebra M = L*(X)
is equipped with the normal faithful trace 7: L*(X) — C, f fX f du. An
automorphism « of L*°(X) is called 7-preserving if 7 o a = 7. Every invert-
ible measure-preserving system ¢: X — X induces a 7-preserving automorphism
ap: L®(X) = L2(X), f— foep.

Voiculescu’s entropy ha-(«) of a T-preserving automorphism « of a von Neumann
algebra (M, 1) is defined via approximations of finite subsets of M by finite-
dimensional subalgebras of M. The error is measured in the L?-norm. As the
finite-dimensional subalgebras of M correspond to ranges of finite-rank Markov
projections on (L!(X), 1), it can be seen that for an invertible measure-preserving
system ¢: X — X we have hy(T,) = har (o).

The validity of Theorem 5.2.1 for p = 2 can therefore be seen as a special case
of [Voi95, Proposition 1.7]. However, we provide a proof that is independent of
von Neumann algebra theory and that is valid for Koopman operators on LP for all
p € [1,00).

Let us begin preparing the proof of the main result by discussing the structure of
Markov projections on LP-spaces, which we briefly mentioned in Lemma 4.2.5.

Lemma 5.2.3. Let X = (X, X, 1) be a probability space and p € [1,00) and let
P: 1P(X) — LP(X) be a linear projection. Then the following are equivalent.

(a) The operator P is a Markov projection on (ILP(X), 1).
(b) The operator P extends uniquely to a Markov projection P on (LY(X), 1).

(c) The operator P = ]5|L2(X) is an orthogonal projection satisfying P > 0 and
P1=1.

(d) There exists a sub-o-algebra Xy C Y. such that P is the conditional ex-
pectation operator E[- | Y], i.e., P is a projection onto LP(Xy), where
XO = (Xa 207M|20)7 and

/Pfd,u:/fd,u (5.2)
A A
for all f € LP(X) and all A € %.
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Proof. “(a) < (b)”: It follows from [EFHN15, Proposition 13.6] that P extends
uniquely to a Markov operator P on LY(X). Since P is a projection, so is P.
The restriction of a Markov projection P to LP (X) is then clearly again a Markov
projection.

“(b) & (c)”: This is [EFHN15, Theorem 13.20].

“(b) & (d)”: It follows from [And66, Lemma 4] that every Markov projection on
L!(X) is a conditional expectation operator onto L!(Xg) for a suitable sub-o-algebra
Yo C X. The restriction of such a conditional expectation operator to LP(X) is
then a conditional expectation operator onto LP(Xg). Conversely, the conditional
expectation operator onto LP(Xj) extends to a conditional expectation operator
onto L!(Xy), as (5.2) implies that P is contractive in the L!(X)-norm. Clearly, this
extension is a conditional expectation operator mapping to L'(Xp), and thus, a
Markov projection on L!(X) by the discussion before [And66, Lemma 4]. O

If a Markov projection P: LP(X) — LP(X) has finite-dimensional range, then the
corresponding sub-o-algebra ¥y C 3 from Lemma 5.2.3 (d) is one that is generated
by a finite Yg-measurable partition o of X. In this case, the conditional expectation
operator E[- | o] := P =E[- | ¥] is given by

E[f!a]=g@<Afdu)-ﬂA (53

for all f € LP(X). In particular, the range of P is of the form
ran(P) = LP(Xp) = span{l4 : A € a},

and thus, dim(PLP(X)) = |«].

Using this observation, we can prove the following subadditivity property of the
S-information on L2-spaces.

Proposition 5.2.4. Let X = (X,X,u) be a probability space and consider the
Banach lattice with quasi-interior point (L?(X),1). For each finite Oy, Oy C L2(X),
0 > 0 we have log (Hbl((’)l U Os, (5)) < log (Hbl((’)l, (5)) + log (Hbl((’)g,é)).

Proof. Let P; and P, be Markov projections on (L?(X), 1) with
|Pix — x| <o

for all z € O; and all ¢ € {1,2} and minimal rank. Let ¥; C ¥ be the sub-o-
algebra corresponding to P; according to Lemma 5.2.3 (d) and let a; be a finite
Y;-measurable partition of X generating ;. Consider the partition o '= a1 V ag :=
{A1NAy: A € a1, As € ap} and let Xy C 3 be the sub-o-algebra generated by a.
Further, let P: L?(X) — L?(X) be the conditional expectation operator onto L?(Xg)
that is defined via (5.3), where X = (X, ¥o, tt|s,). Then, by Lemma 5.2.3, P is a
Markov projection on (L?(X), 1) satisfying

dim(PL*(X)) = |a1 V ag| < |aq] - |az| = dim(PL%*(X)) - dim(P,L%*(X)).

5.2 Measure-Theoretic Entropy
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Moreover, we have that PP, = P;P = P for all i € {1,2}, which follows from the
fact that X is finer than both ¥; and 9. Thus, for each x € O; and i € {1,2} we
have

Pr—x=Pxr—Px+ Px—x=Plx— Pz)+ (Pz—2z)= (- P)(Pz—z).

Since Lemma 5.2.3 implies that P is an orthogonal projection, the operator I — P is
also an orthogonal projection, and thus, ||I — P|| < 1 follows. We then obtain that
|Pz —z|| < ||Piz —z|| <6 for all x € O; and all i € {1,2}. This yields that

Hy (01 U 0y, 6) < dim(PL*(X)) < dim(PL*(X)) - dim(P,L*(X))
= Hy(O1,0) - Hy (02,9),

and the claim follows by taking logarithms. O

Remark 5.2.5. For p € [1,00) \ {2} the above proof can be modified by replacing
the bound || — P|[; < 1 by the trivial bound || — P||, < 2. We then obtain the
slightly weaker inequality

Hp1(O1 U O, 6) < Hyp1(01,6/2) - Hpi(O2,6/2)

for all finite sets 01, Oy C LP(X) and all § > 0.

The last proposition allows us to conclude the following. Recall that every Koopman
operator T, on LP(X) associated with an invertible measure-preserving system
¢: X — X is a Markov automorphism on (L”(X), 1).

Corollary 5.2.6. Let X = (X, X, u) be a probability space and consider the Banach
lattice with quasi-interior point (L2(X),1). Let T be a Markov automorphism on
(L2(X),1). Then the limit in (5.1) ewists for each finite O C L2(X) and 6 > 0.

Note that this answers a question that was left open in [Vo0i95, Remark 1.6].

Proof. Define the sequence (a,),,cy via

n—1
a, = Hy (U Tk(’),5>

k=0

for each n € N. Then for m,n € N we have by Proposition 5.2.4 and Proposi-
tion 5.1.5 (iii) that

m+n—1 m—1 m4n—1
am+n=Hbl< U Tk07(5>:Hbl<<U Tk(’))U( U Tk(9>,5)
k=0 k=m

k=0

m—1 n—1
< Hy, (U T’“O,d) - Hy, (U T%,&) = G - Qn.

k=0 k=0

Thus, the sequence (log(an)),, ¢y is subadditive and the claim follows from Fekete’s
lemma [Wal82, Corollary 4.9.1]. O

Let us now prove the first inequality of Theorem 5.2.1.
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Proposition 5.2.7. Let p: X — X be a measure-preserving system on the probability
space X = (X, 3, 1), let p € [1,00) and T, denote the associated Koopman operator
on LP(X). Then

hbl<T<p) > hu(SD)-

The proof is, in essence, similar to that of Theorem 4.2.1. We will repeat it here for
the sake of completeness and refer to the necessary lemmas that we have already
established in Section 4.2.

Proof. Let € > 0 and « be a finite Y-measurable partition of X and fix K € N. For
k= |a| let 6 > 0 be such that the conclusion of Lemma 4.2.7 is satisfied. Let P be
a Markov projection on (LP(X), 1) such that

1P Lk 4y = Loyl = ||PTE 14 T’“]lAH <46

for all A€ o and all k € {0,..., K —1}. We may assume that P has minimal rank
among all such projections, and hence, by a simple approximation argument, we
see that it has finite-rank. So by Lemma 5.2.3 and (5.3) there exists a finite X-
measurable partition 8 of X such that P = E[- | §]. Note that dim(PLP(X)) = ||
By our choice of § we then have H, (¢ *(a) | B) < /2 for all k € {0,..., K — 1},
where ¢ *(a) == {¢F(A) : A € a}. Thus,

K—1 K-1
Hy, <\/ ‘Pk(a)> < H, (Bv <\/ (pk(a)>>
k=0 k=0

K-1
= H,(8) + hy, ( \ ¢ F@)

)
K-1

(9)+ 3 Hy (o700 )

k=0
<log(|8]) + K - ¢

log (Hbl (U T Oa,5>> +K'E,

where O, = {14 : A € a}. Dividing by K and taking the limit superior as K — oo
yields

1 K-1
hu(p, ) = [}gnoo ?HM ( \/ SO_k(O‘))

k=0

K-1
< hmsup—log (Hbl ( U T (’)a,(5>>

K—o0 k=0
= hbl(Ta OO{; 5) +¢€ S hbl(T) +é

Now the statement follows by first noting that this inequality holds for all € > 0 and
then taking the supremum over all finite X-measurable partitions o of X. ]
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By approximating arbitrary finite sets in LP-spaces by simple functions, we can
further reduce the computation of the Banach lattice entropy on LP-spaces to sets
of indicator functions. This adapts [Voi95, Proposition 1.4] to our setting.

Lemma 5.2.8. Let X = (X, X, u) be a probability space, p € [1,00) and consider
the Banach lattice with quasi-interior point (LP(X),1). Let T: LP(X) — LP(X) be a
Markov operator on (LP(X),1). Then

hui(T) = sup hpy (T, {14 : A € a})
[e%
where the supremum is taken over all finite X-measurable partitions o of X .

Proof. Note that it suffices to show the inequality “<” as the other direction follows
directly from the definition of hp(T).

Let O = {f1,...,fm} € LP(X) be finite and 1,92 > 0. For each i € {1,...,m}
there exist finite Y-measurable partitions «; such that the simple function s; =
Y Aca; Nia La satisfies || fi — sif| < d2/2. Consider the common refinement o :=
a1 V -+ V ay,. Then each s; is contained in span{ls : A € «} and thus, by
Proposition 5.1.5 (iv) and (v), we obtain that

hol(T, O, 81 + 89) < hiy(T, 0, 81) < hiy(T, {14 : A € a}),

where O = {s1,...,8m} Taking the supremum over all jo > 0, we obtain from
Proposition 5.1.5 (ii) that

hoi(T,0,61) < sup hp (T, {14 : A € a}).

Now taking the supremum over all §; > 0 and all finite O C LP(X) yields the other
inequality. O

Let X = (X, X, 1) be a probability space and let a be a finite ¥-measurable partition
of X. Recall from Section 3.1 the definition of the information function of o with
respect to p as

Li(e) =T, 0a=—=> l1alog(u(A)).
Aca

The Shannon—-McMillan-Breiman theorem now describes the asymptotic behavior

of the information functions of the partitions gog_la as n tends to infinity.

Lemma 5.2.9 (Shannon-McMillan-Breiman). Let ¢: X — X be an ergodic
measure-preserving system on the probability space X = (X, X, 1) and « be a finite
Y-measurable partition of X. Then for p-almost every x € X we have

lim llu(gpgfla) () = hu(p, a).

n—oo M

The convergence also holds in L(X).

This version of the theorem follows from [Par69, Theorem 2.5 and the discussion in
Section 3.1].
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The following proposition establishes the second inequality between the Banach
lattice entropy and the measure-theoretic entropy from Theorem 5.2.1 and is proved
similarly to [Voi95, Proposition 1.7].

Proposition 5.2.10. Let p: X — X be an ergodic measure-preserving system
on the probability space X = (X, %, 1) and let T, denote the associated Koopman
operator on LP(X). Then

hbl(Tw) < hu(‘P)-

Proof. By Lemma 5.2.8 it suffices to show that for each finite ¥-measurable partition
o we have

hbl(Tgoa Oa) S h}t(907 a)7

where O, := {14 : A € a}. So let a be such a partition and let ¢ > 0. Then by the
Shannon-McMillan—Breiman Theorem 5.2.9 and the Markov inequality there exists
ng € N such that for all n > ng we have

)

dp < e.

o frex [rnteiae - nioo

Bi=
: /
g —
€Jx
n—1 n—1

Fix such an n > ng. Note that I,,(¢y~ ) is constant on each set A € ¢~ " «, and
thus, B is a union of such sets. So let oy C gogfla be such that B = J,,, 4 and

1

ﬁlu(@gila) - hu(% a)

set aig == gog_loz \ ;. Then for every A € ag we have

'— log((A))

n

- hﬂ(@v a) <e.

Rearranging this yields

e (@) t2) < (4} < @ nlhulpia)=2)

for all A € a. From the lower bound we conclude that the number of sets in a9 is
at most e (®0)+e) We define a new partition 8 of X by setting

B = ayU{B},

which satisfies |8] < er(w(¥)+e) 4 1. Let P be the Markov projection on
(LP(X), 1) corresponding to the sub-o-algebra generated by /5 given by (5.3). Then
dim(PLP(X)) = |8] and for each A € o and each k € {0,...,n — 1} we have

p
|PTE 1A —T5 14|15 = /X ‘E[]lq,fk(m | B] — Lﬂm)‘ dp =0,
if p~%(A) € ag and

p
IPTE 1 —Th 14| = /X ]Eu@_km) 18] — ﬂ@_km)] dpu < u(B) <e,
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if *(A) € a;1. Thus, we obtain

n—1
Hy, (U T} 0, el/p) < dim(PL?(X)) < [5]
k=0
S en(hu(@va)'i_g) + ]_

Taking logarithms, dividing by n and taking the limit superior for n — oo yields
hiot(Top, Op,e'/P) < hu(p, o) + €.

Now the claim follows by letting € tend to zero. O

The author currently does not know whether the ergodicity assumption in Proposi-
tion 5.2.10 can be removed, but conjectures that this is the case. Formulations of the
Shannon-McMillan—Breiman theorem for non-ergodic systems exist (see, e.g. [Par69,
Theorem 2.5 or [Kre85, Theorem 9.2.5]), but their limit function is not necessarily
constant; we only know that it is measurable with respect to the sub-o-algebra of
p-invariant sets, or in other words, the limit function is in fix(7,).

Proving Proposition 5.2.10 in the non-ergodic case would thus require constructing
suitable finite partitions that approximate the information function well enough on
each ergodic component. Figuring out the details of this construction might be part
of future research.

5.3 Topological Entropy

Having explored the equivalence of Banach lattice entropy to the measure-theoretic
entropy for Koopman operators on LP(X), our next goal is to establish a similar
relationship between Banach lattice entropy and the topological entropy of topological
dynamical systems on compact spaces.

Throughout this section, we let ¢: K — K be a continuous map on a compact
Hausdorff space K and denote by T, the associated Koopman operator on C(K).
The main result of this section is the following theorem.

Theorem 5.3.1. Let ¢: K — K be an invertible and continuous map on the compact
Hausdorff space K and let T, denote the associated Koopman operator on C(K).
Then

hu (TQD) = htop ((10) .

We will divide the proof of this theorem into Proposition 5.3.8 and Proposition 5.3.7,
which show the two inequalities separately. Note that the invertibility assumption is
only necessary for the inequality “>".

Recall from Section 3.4 that the topological entropy hiop (@) of ¢ is defined via open
covers of K. In order to relate this notion to our operator-theoretic approximation
entropies, we need to approximate open covers by partitions of unity.

Definition 5.3.2. Let K be a compact Hausdorff space.
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(i) A (finite) partition of unity on K is a finite set F C C(K)4+ such that
Zfeff = 1. We denote by

ar={{zeK: f(z)>0}: feF}

its associated open cover of K.

(ii) Let a be an open cover of K. A partition of unity F is said to be subordinate
to the open cover o of K if ar =< a.

(iii) A partition of unity F is called minimal if for every f € F there exists z € K
such that f(z)=1.

Note that, in compact Hausdorff spaces, partitions of unity always exist. Moreover,
for each finite open cover a there exists a partition of unity F that is subordinate
to a. Indeed, this follows from Urysohn’s lemma.

Lemma 5.3.3. Let K be a compact Hausdorff space and « be a finite open cover of
K. Then there exists a minimal partition of unity F on K that is subordinate to «.

Proof. By passing to a minimal subcover we may assume that « is minimal, i.e.,
that no proper subset of « is a cover of K. For each U € « denote by U the
union of all sets in a \ {U}. By Urysohn’s lemma there exists a continuous function
gu: K — [0,1] such that gy =0 on K \ U and gy = 1 on K \ U. Then the function
h =73 e, 9u is strictly positive on K as « is a finite cover of K. Thus, the set

}"::{‘%U:Uea}

is a partition of unity that is subordinate to «. It follows from the minimality of «
that F is minimal. O

Partitions of unity exist for more general spaces. We refer the interested reader
to [Eng89, Theorem 5.1.9] for more information on this topic.

Note that a partition of unity F is minimal if and only if the covering ar fails to be
a cover when we take away a single element. An even stronger characterization is
given in the following lemma.

Lemma 5.3.4. Let K be a compact Hausdorff space and F be a partition of unity
on K. Then F is minimal if and only if for each open covering a with a = ar we
have || > |F]|.

Proof. “=7: Let F be minimal and let o be an open covering with a < ar. Fix
f € F and choose zy € K such that f(zy) = 1. Then for A € o with zy € A it
follows that A D Uy :={x € K : f(x) > 0}, as vy € U, for f # g with g € F. Thus,
different z; belong to different elements of o and hence, |a| > |F|.

“<=": Assume that F is not minimal. Then there exists g € 7 such that 3 ., f is
positive everywhere. Hence, the collection

{{xeK:f(x)>0}:f€]—",f7ég}

is an open covering that is a refinement of ar but has only |F| — 1 elements. [
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The following lemma shows that each finite-dimensional subspace of C(K) that
contains the constant functions has a basis that is a partition of unity.

Lemma 5.3.5. Let K be a compact Hausdorff space and let F C C(K) be a finite-
dimensional subspace that contains the constant functions. Then F has a basis F
that is a partition of unity on K.

Proof. Note that the positive cone F; := F N C(K)4 of F satisfies F = F, — F,.
Indeed, the inclusion “2 ” is clear. For the reverse inclusion take f € F. Then
f+Ifll-1 € Fy, and thus, f = (f+|f]|- 1) — || f||- 1 € F — F}. Hence, the cone
F, linearly spans F. Thus, we can choose a basis B of F' that is contained in Fy
with 1 € B. Consider the function

h=>Yf

feB
1#1

Set F = {L : feB, f# ]l} U {H—L}. Then F is a partition of unity on

Ihllee 1Moo
K and by construction span F = F'. 0

Unfortunately, the proof does not yield minimality of the partition of unity. For
ranges of Markov projections this additional property follows similarly to [JP83,
Theorem 2]. We use this to prove the following proposition on the structure of
Markov projections on (C(K), 1).

Proposition 5.3.6. Let K be a compact Hausdorff space and let (C(K), 1) be the
associated Banach lattice with quasi-interior point. Then an operator P: C(K) —
C(K) is a Markov projection on (C(K), 1) if and only if there exists a minimal
partition of unity F on K and a family of probability measures {yy : f € F} such
that (g, py) = ¢, for all f,g € F and

Ph=" (hus)f (5.4)

ferF

for all h € C(K). In particular, the probability measures have pairwise disjoint
supports with supp(uys) C {x € K : f(x) =1}.

Proof. “=7: By Lemma 5.3.5 there exists a partition of unity F that is a basis of
PC(K). Moreover, there are functionals {pf : f € F} on C(K) such that

Ph=> ps(h)-f

ferF

for all h € C(K). Since P is positive, the functionals are also positive. Moreover,
Pf = f and the fact that F is a basis show that (g, us) = d¢4 for all f,g € F. As
the p1f’s are probability measures and f < 1, the last assertion follows readily.

“<": If P is of the form (5.4), then it is straightforward to verify that P is a Markov

projection on (C(K), 1). O

The following proposition proves the first direction that shows how the Banach
lattice entropy of the Koopman operator T;, is bounded by the topological entropy of
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. This is proved analogously to [Voi95, Proposition 4.8] and is the easier inequality
to show.

Proposition 5.3.7. Let ¢: K — K be a continuous map on a compact Hausdorff
space K and let T, denote the associated Koopman operator on C(K). Then

hit(Tp) < hiop(e)-

Proof. Let O C C(K) be finite and let 6 > 0. Fix n € N. For f € O and z € K we
set

Up={ye K:VfeO:|f(z)-fy) <3}

Let « be a finite subcover of {U, : = € K} (which is an open cover of K) and let 8
be a subcover of minimal cardinality of

n—1

vp o=\ ¢ M),
k=0

where p~%(a) = {¢7*(U) : U € a}. Note that 3 is finite. Let G be a partition of
unity subordinate to 8. Then by Lemma 5.3.4 there exists a point x4, € K for each
g € G such that g(xp,) = d4, for all g,h € G. Consider the linear operator

P:C(K) = C(K),  hw > h(zg)-g.
9eg
Then P is a Markov projection by Proposition 5.3.6. Note that g(x) > 0 for
some x € K and g € G implies that z,z, € U for some common open set U € (.

As this means that there are sets Vp,...,V,_1 € a with z,z, € 0~ *(V},) for all
k €{0,...,n— 1}, it follows that we have for said k and all f € O that

1F (" (@) = (" (xg))| < 6.

Hence, we have for k € {0,...,n— 1}, all f € O and z € K that

(PTEf) (@) = (TE) @) < D g@)|[(TE)(xg) — (TE)(2)]

geg

= Y 9@|(TEf)(g) — (TEF) ()| < 6.
geg
g(z)>0

It follows that
n—1 n—1
Hy, (U T£0,5> < dim(PC(K)) = [B] =N (\/ <P_k(04)> ;
k=0 k=0

where N denotes the covering number from Section 3.4. Applying the logarithm,
dividing by n, passing to the limit (superior) as n — oo and then taking the
supremum over all finite open covers « of K yields hy(Ty, O,9) < hiop(p). Now
taking the supremum over all § and all finite subsets O C C(K) yields the claim. [
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Proposition 5.3.8. Let ¢: K — K be an invertible and continuous map on a
compact Hausdorff space K and let T, denote the associated Koopman operator on

C(K). Then

h) (Tcp) > htOP(SD)-

In [KLO5|] a similar entropy notion called contractive approximation entropy for
continuous maps on compact metric spaces is introduced and shown to coincide with
the topological entropy. We introduce this approximation entropy (for the special
case in which X =Y and v =idx).

Let E be a Banach space and T': F — E be a bounded linear operator. For a finite
set O C E and § > 0 we say that (U1, ¥y, d), where Uy: E — (% and Uy: ¢4 — F
are contractive linear maps and d € N, is §-contractive for O if

W0 f — fll <6
for all f € O. We define the d-contractive information of O as

Heo(0,6) = min{d € N: (¥, Uy, d) is d-contractive for O}.

Now we define similarly as before the contractive approximation entropy of T with
respect to O and 9 as

n—1
hea(T, O, 6) = limsupllog (Hca <U Tk(’),5>> ,

n—oo N 5—0
and the contractive approximation entropy of T as

hea(T) =sup sup he(T,0,9).
§>0 OCE finite

We will use the following fact that is proved in [KLO05, Proposition 3.1] as the main
tool for the proof of Proposition 5.3.8.

Lemma 5.3.9. Let K be a compact Hausdorff space and let p: K — K be an
invertible and continuous map. Denote by T, the associated Koopman operator on

C(K). Then
hca(Tcp) = htOp(SO)'

Proof of Proposition 5.3.8. Let O C C(K) be finite and let 6 > 0. Fix n € N. Let
P: C(K) — C(K) be a Markov projection on minimal rank that satisfies

|PTEf—TEfII <6 (5.5)

for all f € O and all k € {0,...,n — 1}. By Proposition 5.3.6 there exists a minimal
partition of unity G on K and a family of probability measures {p4 : g € G} such
that (h, pg) = dg 4 for all g,h € G and

Ph = Z(hmu9> g

geg
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Denote d := |G| and define the maps
Up: C(K) = loo(G;K), h— ((h, M9>)geg’
and

Uy lo(G;K) — C(K), (cg)geg = ZCQ " g-
9eg

Then by construction || W[, || V2| <1 and P = ¥9¥;. Thus, by equation (5.5) the
triple (¥, Uq,d) is d-contractive for UZ;S) Tf;(’). It follows that

n—1 n—1
Hea <U ThO, 5) < dim(PC(K)) = |G| = Hy <U ThO, 5) .

k=0 k=0

Taking logarithms, dividing by n and passing to the limit (superior) for n — oo
yields

hea(Typ, ©,8) < hiy(T,, O, ).

Now taking the supremum over all 6 > 0 and all finite subsets O C C(K) together
with Lemma 5.3.9 yields

htOP(‘P) = hca(Tw) < hbl(Tw)- O

5.4 Notes

The results presented in this chapter aim to provide a new generalization of measure-
theoretic and topological entropy via an entropy concept that is applicable to both
Koopman operators on LP of measure-preserving systems and Koopman operators
on C(K) of topological dynamical systems.

Other generalizations have been pursued by Giinther Palm in his works [Pal76]
and [Pal77]. This was further studied by Nikita Moriakov in his thesis [Mor16,
Chapter 6]. Palm’s main idea is different from our functional-analytic approach.
The main object for him is a distributive lattice (V, <) with a greatest element 1
and a least element 0 (note the similarities and differences with the definition of
a Boolean algebra in Section 2.1) that is endowed with a measurement function
m: V — [0, 00) satisfying m(0) = 0, m(1) > 0 and m(a V b) = m(b) for all a,b € V
with m(a) = 0. If f: V — V is a lattice homomorphism satisfying m(f(a)) = 0
whenever m(a) = 0, then (V,m, f) is called a dynamical lattice. A finite cover in
this setting is any finite subset e C V' with supa = 1 and a cover « is a refinement
(v 2 B) of a cover S if for every a € a there exists b € 5 such that @ < b. The Palm
entropy is then given in multiple steps by first defining

i) = -3 e (i)

5.4 Notes
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for a finite cover o of V, where M(«) := > ., m(a), and comparing this for all
coarser covers with lower cardinality

H(a) = sup {H*(8) : f = a, || < |al}.

Then we set the entropy of a cover a to be

H(a) = inf{ZfI(ﬁk): n €N, \/ﬁk ta}.
k=1

k=1

The dynamic element comes into play by considering the iterated images of covers
under the lattice homomorphism f and defining the entropy rate as

n—1
h(f) == sup lim lH (\/ fk(a)> ,
k=0

a Moo N

where the supremum is taken over all finite covers a of V.

If p: Q@ — Qis a topological dynamical system on a compact Hausdorff space K, then
take V to be the lattice of open subsets of K and m(a) =1 if a # ) and m(a) =0
otherwise. The lattice homomorphism is given by f(a) = ¢~ (a) for alla € V. In
this case it is simple to see that h(f) = htop(¢), the classical topological entropy of .
If (X, X, 1) is a probability space and ¢: X — X is a measure-preserving dynamical
system, then take V' to be the lattice of measurable subsets of X and m(a) = p(a)
for all @ € V. Then let the lattice homomorphism be given by f(a) = ¢~1(a) for all
a € V. In this case we can show that h(f) = h,(¢), the classical measure-theoretic
entropy of ¢. Palm’s definition of lattice entropy is therefore much closer to the
classical definitions and does not have an approximation element as our definition
does.

Unsurprisingly, the result of Proposition 5.2.7 can be used to abbreviate the proof
of Theorem 4.2.1, by following a similar chain of arguments to those used in the
proof of Theorem 4.3.3. By virtue of Proposition 5.1.5 (iii) one might even be able
to find a variant of Theorem 4.2.1 that works for delay subspaces F), just as in
Theorem 4.3.3. Note that there Ky could be chosen independently of the delay n.
This might be part of future research.

There should be few to no obstacles in generalizing the definition of Banach lattice
entropy to group representations by Markov operators of an amenable group. The
proof of Proposition 5.2.7 should be analogous, and the proof of Proposition 5.2.10 will
require the use of Lindenstrauss’ generalization of the Shannon—-McMillan—Breiman
theorem to amenable group actions [Lin01, Theorem 1.3] or [KL16, Theorem 9.25].
The remaining challenge will be to get rid of the ergodicity assumption. The proof
of Proposition 5.3.7 should be adaptable using Fglner sequences.

In order to generalize the proof of Proposition 5.3.8 we will need a generalization
of the Lemma 5.3.9 to amenable group actions. The current proof of Lemma 5.3.9
given in [KLO05, Proposition 3.1] relies on results in [Vo0i95], which in turn rely on
results in [CNT87]. Following this chain of proofs is challenging and turned out to
be beyond the scope of this work. However, it is possible that a generalization of
Lemma 5.3.9 to amenable group actions exists.
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Note that we have excluded the case p = oo in our treatment of Banach lattice
entropy on the LP-spaces in Section 5.2. The reason for this is that we conjecture
that a similar characterization will not hold for the space L*°(X).
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Uniform Ergodicity for Koopman
Operators

In Chapter 1 we introduced the concept of a topological dynamical system as a
continuous mapping ¢: 2 —  on a completely regular Hausdorff space 2. Its
Koopman operator (see Definition 1.1.6)

T‘P: Cb(Q)%Cb(Q), f»—>fog0

was remarked to be a unital lattice homomorphism, i.e., it satisfies T, 1 = 1 and
T, f| = T,| f| for all f € Cp(£2). Similarly, in Chapter 2 we have extended the concept
of Koopman operators to accommodate measure-preserving maps ¢: X — X on a
probability space X = (X, X, ). For p € [1,00] it is defined to be the composition
mapping (see Definition 2.1.3)

T,: LP(X) = LP(X),  fr foep.

We noted in Remark 2.1.4 that in this case the Koopman operator is also a unital
lattice homomorphism. It is exactly this structure of the Koopman operator that
helps us further characterize the property of being uniformly ergodic. A linear
operator T: ¥ — E on a Banach space F is called uniformly ergodic if the sequence
of Cesaro averages

n—1
1
Ap[T] =~ > o T*
k=0

for n € N converges in operator norm. Then the sequence of Cesaro averages
converges to a projection P: E — E with PE = fix(T) (see, e.g., [EFHNI15,
Theorem 8.5 on p. 138]).

In Section 6.1 we provide equivalent conditions for uniform ergodicity for lattice
homomorphisms on Banach lattices by means of a simple spectral condition. We prove
that this spectral condition, the uniform ergodicity, and the uniform convergence to
a periodic operator are equivalent notions.

In Sections 6.2 and 6.3 we apply these results to Koopman operators of topological
dynamical systems and measure-preserving dynamical systems, respectively. For
Koopman operators of topological dynamical systems, we show that uniform con-
vergence to a periodic operator can be strengthened to eventual periodicity of the
underlying map. For measure-preserving Koopman operators, we show that uniform
convergence is even equivalent to periodicity of the operator.

We close this chapter with Section 6.4, in which we discuss the stronger notions of
quasi-compactness and compactness for lattice homomorphisms, and in particular,
Koopman operators.

The Sections 6.1, 6.2 and 6.3 are based on the author’s article [H6125]. Section 6.4
has been newly developed for this thesis.
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6.1 Uniform Ergodicity of Lattice Homomorphisms

A well-known characterization of uniform ergodicity of linear operators is the follow-
ing from [Dun43, Theorem 3.16]:

Theorem 6.1.1. Let E be a complex Banach space and let T: E — E be a bounded
linear operator with lim,,_, %HT”H = 0. Then T is uniformly ergodic if and only if
one of the following conditions is true:

(i) The point X =1 is in the resolvent set p(T) of T
(ii) The point A =1 is a pole of the resolvent R(-,T).

If the second condition is true, then A =1 is a pole of first order.

An operator T': E — E that satisfies lim,,_,o 2||77| = 0 is called Cesdro bounded.

This condition implies immediately that the spectral radius is bounded by 1, i.e,
r(T) = limy oo || TV < 1.

For both topological and measure-preserving systems, the fixed space fix(T},) of the
Koopman operator T, contains the constant functions. It follows that 1 & p(Ty,)
and therefore the case (i) in Theorem 6.1.1 is never attained. Thus, a uniformly
ergodic Koopman operator always has A = 1 as a pole of the resolvent. It follows
that 1 is a topologically isolated point in o(T,,) if T, is uniformly ergodic. We will
show in Theorem 6.1.2 that this condition is not only necessary but also sufficient
for the uniform ergodicity of Koopman operators. We do so in the more general
context of lattice homomorphisms with spectral radius 1, to which the Koopman
operators belong.

Let E now be a complex Banach lattice and T': E — E be a lattice homomorphism
that has spectral radius r(7") = 1. We investigate the long-term behavior of the
powers (1), in the case 1 is an isolated value of o(1"). We recall that an eigenvalue
A € C of a linear operator T is called semi-simple if ker(A — T') = ker (A —T)")
holds for n = 2, or equivalently, for all n € N. We say that T is periodic if there
exists k € N such that TF = I.

Theorem 6.1.2. Let E be a complex Banach lattice and T: E — E be a lattice
homomorphism that has spectral radius r(T) = 1. Suppose that 1 is an isolated value
in the spectrum o(T'). Then there exists a closed lattice ideal Iy, and a closed
sublattice Fper of E such that E decomposes as

Istat, ® Eper = E
and
(i) Istab, Eper are T-invariant,
(ii) T'g,., is periodic and

(i) limp—oo|[(T1,,)" [ = 0.

Moreover, the peripheral spectrum o(T) N'T consists of a finite union of roots of
unity, every A € o(T) N'T is a semi-simple eigenvalue and the equality

Bpe= P ker(A-T) (6.1)

Aea(T)NT
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holds, i.e., Fper is the direct sum of eigenspaces of T' corresponding to unimodular
etgenvalues of T.

Remark 6.1.3 (JALG-decomposition). The decomposition E = Isa1, @ Eper in
Theorem 6.1.2 is a special case of the Jacobs—de Leeuw—Glicksberg decomposition
from Definition 2.2.6. In fact, we have that Fper = Erey and Igian, = Faws. Note that
in this case Eper is even a lattice ideal of .

Our primary tool in establishing the proof of Theorem 6.1.2 is the observation that
the spectrum of a lattice homomorphism 7' is cyclic (see [Sch74, Theorem V.4.4
on p. 325)), i.e., if A = |\|e? € o(T) for some appropriate phase 6 € [0,27), then
|\ e™*? € o(T) for all k € Z. We employ this observation to describe the structure
of the peripheral spectrum of T'.

Lemma 6.1.4. Let E be a complex Banach lattice and T: E — E be a Banach
lattice homomorphism with r(T) = 1 and suppose that o(T) N'T is a proper subset
of T. Then the peripheral spectrum o(T)NT is a finite union of finite subgroups of
T. In particular, the peripheral spectrum contains at most finitely many points.

Proof. This follows from the cyclicity mentioned before the lemma and the density of
{a": ne€Z}inT for each o € T that is not a root of unity [EFHN15, Theorem 2.36
and Example 2.37]. O

We further require a version of Gelfand’s identity operator theorem. We first present
its classical version. A bounded operator T: E — E on a Banach space FE is called
doubly power-bounded if T is invertible and supcz||T%|| < oco.

Proposition 6.1.5 (Gelfand’s T' = I theorem). Let T': E — E be an invertible
bounded linear operator on a Banach space E. If T is doubly power-bounded and
o(T)={1}, then T = 1I.

For the original proof of the result, we refer to [Gel41]. A more modern proof using
functional calculus is given in [EN0O, Theorem B.17]. A similar version of this
result for a priori uniformly ergodic operators on Banach spaces is given in [LSS15,
Lemma 2.1].

For lattice homomorphisms one can show the following special version of Propo-
sition 6.1.5, which does not require the additional assumption of 7' being doubly
power-bounded.

Proposition 6.1.6 (T = I theorem for Lamperti operators). Let T: E — E be a
lattice homomorphism on the Banach lattice E. If o(T) = {1}, then T = I.

This proposition has been proved in [SWAT7S8, Corollary 2.2] for the class of lattice
homomorphisms and in [Are83, Corollary 3.6] for a more general class called Lamperti
operators.

We are now positioned to prove our main theorem.
Proof of Theorem 6.1.2. 1t follows from the cyclicity of the spectrum, discussed

before Lemma 6.1.4, and from the lemma itself that every point in the peripheral
spectrum o(7T) N'T is isolated in o(7T).
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Hence, there exists a constant p € (0,1) such that every A € o(T) N D satisfies
|A| < p. In other words, the spectral points outside of the peripheral spectrum can
be bounded uniformly away from T. In particular, we have o(T)Np- T = (), and
hence, we may define a bounded operator P: £ — E by

1
P = y{ R\, T) d\,
[Al=p

27

where R(-,T) = (- — T)_1 denotes the resolvent of 7' and the path integral is
integrated counterclockwise. This operator the spectral projection corresponding
to the closed subset {\ € o(T) : |A| < p} of the spectrum of T (see [DS58,
Section VII.3]) and decomposes the space E into two closed subspaces as

E=PE& (I —P)E = Iap ® Eper. (6.2)
Moreover, the image I, = PFE is a closed and T-invariant linear subspace of E
with 7(T)z,,,,) <p <1and 0(T|g,..) = o(T)NT (see [DS58, Theorem VII.3.20]).
Fix e (r (T| Istab),p). To show that I, is an ideal we prove the equality

Igap ={z € E: lim p "|T"z| =0} = 1.
n—oo

“Istapb € I”: The inclusion holds, since we have

T (AP I

—00 stab

by the choice of p.

“I C Igap”: Let x € 1. Then there exists a constant C' > 0 such that [|[T"z| < Cu™
for all n € N. Hence, the Neumann series

R\ T)x =) A(mtirmy

n=0

converges absolutely for all A € C with |A| > . Since p < p < 1, we obtain from
Cauchy’s integral formula that
1

Pr=— R\, T)xzd\
2 Jix=p D

Tz [ nl ]{ 1
nZ:;) n! <2m A=p AT )

Hence, © = Pz € I, follows.

Observe that I is a lattice ideal, since T is a lattice homomorphism. As I = Ig.p
is closed, it follows that the quotient space E/Iy,p is a Banach lattice [Sch74,
Proposition I1.11.4 on p. 137]. Since Ig,p is T-invariant we can define the induced
operator of T on F/I,p by

T/: E/Istab - E/Istaba T+ Istab = TT + ILstap-
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Notice that T)is a lattice homomorphism on E/Ig,p. From (6.2) we obtain that
the mapping

S: E/Isab — Eper, x + Istap — (I — P)x

is an isomorphism of Banach spaces!. Moreover, it follows that T ) =S ~-IT7S, so T,
is conjugate to T'|g,,,. Thus, o(Ty) = o(T|g,,.,) = o(T) NT and it follows that 1 is
an isolated point in o(77).

By Lemma 6.1.4, the peripheral spectrum of T' consists of a finite union of roots
of unity, and thus, there exists an N € N such that 0((T/)N) = {1}. From
Proposition 6.1.6 we obtain that (T/)N is the identity operator on F/I,p. From the
conjugacy it follows that TN acts as the identity on Eper. Thus, Eper is contained
in the fixed space fix (TN ) Since the powers of T' converge strongly to 0 on Iy, it
follows from the decomposition (6.2) that we obtain the equality Epe = fix (TN )
As fixed spaces of lattice homomorphisms are sublattices, it follows that Fpe, is
a sublattice of E. Moreover, since (T| Eper)N is the identity on Fper, the operator
T|g,., is periodic.

The decomposition (6.1) now follows from a standard result from linear algebra, see,
e.g., [Gliil7, Lemma 2.2.3], applied to the polynomial p(X) = X~ — 1. O

Remark 6.1.7. (i) Note that the assumption 7(7') = 1 automatically implies
that 1 € o(T). This follows easily from the cyclicity of the spectrum discussed
before Lemma 6.1.4 and is even true for the more general class of positive
operators on Banach lattices [Mey91, Proposition 4.1.1 i)].

(ii) The fact that Iy, is a closed ideal also follows directly from [Are83, Theo-
rem 4.1] and is proved there for the more general class of Lamperti operators.

Notice that, although I.p is a closed ideal, it does not need to be a band, as the
following example shows.

Example 6.1.8. There exists a Banach lattice ¥ and a Banach lattice homomor-
phism T': E — E with r(T") = 1 that has 1 as an isolated point in its spectrum but
the closed ideal I3, is not a band.

Consider the Banach lattice E := ¢(N) of all convergent sequences in C endowed
with the supremum norm. Define the operator

T:FE—E, a:(an)neNHJLrgoan-l,
where 1 = (1), Since T is a projection it follows that ¢(7") = {0, 1} and that the

conditions of Theorem 6.1.2 are satisfied. Since Epe, = fix(T") = span{1}, we have
Istap = co(N), which is not a band in ¢(N).

Let us state four corollaries of Theorem 6.1.2. In case T is isometric, we arrive at the
following conclusion, which is already known from [DNP87, Proposition W.12].

LAt this stage of the proof we do not know whether Eper is a Banach lattice, so this isomorphism
can only be one of Banach spaces.

6.1 Uniform Ergodicity of Lattice Homomorphisms
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Corollary 6.1.9. Let E be a complex Banach lattice and T: E — E be an isometric
lattice homomorphism with r(T') = 1 that has 1 as an isolated point in its spectrum.
Then T s periodic.

Proof. Tt follows from the isometry of T' that I, = {0}. d

The second corollary connects the assumption that 1 is isolated in o(T") to two
a priori distinct notions on the long-term behavior of (T"), . We call a linear
operator T: E — E uniformly almost periodic if there exists a periodic operator
S: E — E such that

lim || T — S™|| = 0.
n—oo

Corollary 6.1.10. Let E be a complex Banach lattice and T: E — E be a lattice
homomorphism with r(T) = 1. Then the following statements are equivalent.

(a) The point 1 is isolated in the spectrum of T'.
(b) The operator T is uniformly almost periodic.

(¢) The operator T is uniformly ergodic.

The uniform ergodicity for the more general classes of positive operators and Markov
operators was studied by Michael Lin. We refer to [Lin78] and [Lin75], respectively.

Proof of Corollary 6.1.10. “(a) = (b)”: This is Theorem 6.1.2.

“(b) = (c)”: Let N € N be the period of S and define P := limy, o0 = Zz;é Sk,
which exists since S is periodic. As noted in the introduction, the operator P is
then a projection onto fix(S). By (b), it follows that ||A,[T] — A,[S]|| — 0, so
[An[T] = P|| — 0.

“(c) = (a)”: If T is uniformly ergodic, then it follows that lim,_, 1|77 = 0, and
thus, by Theorem 6.1.1 and the fact that 1 € o(T) (cf. Remark 6.1.7(i)), it follows
that 1 is a pole of the resolvent R(-,T), so it is isolated in o(T). O

When we do not require that 7" has spectral radius 1, we obtain the following
characterization of uniform ergodicity for lattice homomorphisms.

Corollary 6.1.11. Let E be a complexr Banach lattice. Then a Banach lattice
homomorphism T: E — E is uniformly ergodic if and only if it is power-bounded
and 1 is either isolated in the spectrum of T or in the resolvent set of T.

Proof. “=": The uniform ergodicity implies that lim, %HT"H = 0, which implies
r(T) < 1. In case r(T") < 1, then the power-boundedness follows immediately and 1
is in the resolvent set of 7. When r(T') = 1, then T is power-bounded and has 1
isolated in the spectrum of T" by Corollary 6.1.10 and Theorem 6.1.2.

“<”: The power-boundedness implies that (7)) < 1. When r(T) < 1, then the
uniform ergodicity is immediate. If (7') = 1, then 1 must be in the spectrum of T by
the cyclicity of the spectrum mentioned before Lemma 6.1.4. Thus, by assumption,
1 is isolated in o(T") and Corollary 6.1.10 implies the uniform ergodicity of 7. [
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We can now give an easy spectral characterization of all periodic lattice homomor-
phisms. Similar results for invertible positive operators can be found in [Zha92,
Theorem 3.1] or [Zha93, Theorem 5.3]. For power-bounded operators on reflexive
Banach spaces a similar result can be found in [Lin20, Corollary 2.7].

Corollary 6.1.12. Let E be a complex Banach lattice and T: E — E be a lattice
homomorphism. Then T is periodic if and only if its spectrum o(T) is a proper
subset of T.

Proof. “=": This is straightforward to see.

“<": We may assume that E # {0}. If the spectrum of T" is a proper subset of T,
then 7(T') = 1 follows. Hence, by Lemma 6.1.4 the spectrum is a finite union of
finite subgroups of T, so 1 is isolated in the peripheral spectrum o(7) N T. As by
assumption the peripheral spectrum coincides with the spectrum, it follows that 1 is
isolated in o(T"). Thus, by Theorem 6.1.2 it suffices to prove that I, = {0}.

Recall that in the proof of Theorem 6.1.2, the ideal I .1, was defined to be the
image of the spectral projection P corresponding to the spectral values that are not
peripheral. By the assumptions on the spectrum we have P = 0 from which the
statement follows. O

6.2 Uniform Ergodicity for Topological Dynamics
We recall that a Banach lattice F is an AM-space if it satisfies
lz vyl = llzl v llyl

for all z,y € E. An element e € E is called a unit if for every z € E there exists
a number A > 0 such that |z| < Ae. An AM-space E with a unit e can always be
equipped with an equivalent norm | - || satisfying ||e|lc = 1, called the gauge norm
of e (see [Sch74, Corollary of Proposition I1.7.2 on p. 102]). The gauge norm of e is
defined by

|||, == inf{A > 0: |z] < Ae}

for all x € E. Therefore, whenever we work with AM-spaces with a unit e we will
tacitly assume that ||e|]| = 1. Note that the renormed space (E, || - ||¢) is again an
AM-space with unit e.

Important examples of AM-spaces are the spaces of bounded and continuous functions
on a topological space. For a topological space X we denote by Cp(X) the space
of all bounded complex-valued continuous functions endowed with the supremum
norm. It is straightforward to see that Cp(X) is an AM-space with the constant
function 1 as a unit.

The next technical lemma brings [Kith21, Proposition 2.3 (I)] to the realm of lattice
operators on AM-spaces that leave a unit fixed and is proved analogously.

Lemma 6.2.1. Let E be a complex AM-space with unit e. Let T: E — E be a

lattice homomorphism with Te =e. Let I C E be a T-invariant and closed lattice
ideal such that ||(T|1)"| converges to 0. Then T|; is nilpotent.

6.2 Uniform Ergodicity for Topological Dynamics
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Proof. By a representation theorem of Kakutani-Bohnenblust-Krein (see [AA02,
Theorem 3.6]) we may assume that E = C(K) for some compact Hausdorff space K
and T maps the constant function 1 to itself.

By [Sch74, Theorem II1.9.1] or Proposition 1.2.31 there exists a continuous function
¢: K — K such that T'= T, with

T,: C(K) — C(K), fe foep.
Moreover, there exists a closed set M C K such that
I=Iy={feCK): Ve eM: f(x)=0}

by [Sch74, Example 1 on p. 157] or Proposition 1.2.27.

We show that there exists an ng € N such that ¢ (K) C M, since then for
every f € I and z € K it follows that 7" f(z) = f(¢"(x)) = 0. This implies the
nilpotency. Assume, for a contradiction, that for every n € N there exists x € K such
that ¢"(z) € K\ M. By Urysohn’s lemma there exists a real-valued, non-negative
f eI with f(¢™(z)) =1 and || f| = 1. Then

T = KT fll = f(e"(2) = 1.

This contradicts the assumptions of the lemma. O

Combining the statement of Lemma 6.2.1 with that of Theorem 6.1.2 we obtain the
following immediate corollary for AM-spaces. We will call a map ¥ of some set into
itself eventually periodic if there exist k,p € N such that

¢k+np — ,¢k

for every n € N.

Corollary 6.2.2. Let E be a complex AM-space with unit e. Let T: E — E be
a Banach lattice homomorphism with Te = e. Suppose that 1 is isolated in o(T).
Then T is eventually periodic.

Proof. Tt follows from the fact that ||T"| = [|[T"e|| = ||e|| for all n € N (see [AA02,
Lemma 3.2]) that 7(T") = 1. Now the statement follows from Theorem 6.1.2 together
with Lemma 6.2.1 applied to T'|r,, - O
Notice that an eventually periodic operator is uniformly almost periodic, so by
Corollary 6.1.10 the converse implication of Corollary 6.2.2 also holds.

Let us look at a simple example illustrating that the condition T'e = e for some unit
e € E in Corollary 6.2.2 can not be dropped.

Example 6.2.3. There exists a complex AM-space F with unit e and a lattice
homomorphism 7': E — E with r(T') = 1, which is not eventually periodic.
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Consider E := R? endowed with the supremum norm and the lattice homomorphism
T: E — FE given by the matrix
1
5 0
— (2
T ( : 1) |

Then o(T) = {%,1}. Moreover, Iy, = {f € E : f(1) = 0}. However, T is not
nilpotent on Ig,1,.

For Koopman operators of continuous dynamical systems on topological spaces
Corollary 6.2.2 reads as follows. Recall from Definition 1.1.2 (i) that a topological
space 0 is called functionally Hausdorff if for every pair of distinct points wy,ws € €2
there exists a continuous function f € C(Q2) such that f(w;) # f(w2). A moment’s
thought reveals that this condition is equivalent to the following: for every pair
of distinct points wy,ws € ) there exists a continuous function f: Q — [0, 1] with
f(w1) =1and f(wz) = 0.

The following result generalizes [Sch71b, Satz 5] to functionally Hausdorff spaces.

Also notice that a full description of the spectrum of lattice homomorphisms on
C(K) for compact and Hausdorff K can be found in [Sch71a, Theorem 2.7].

Theorem 6.2.4. Let 2 be a functionally Hausdorff space and p: Q — € be
continuous and consider the Koopman operator

T<p2 Cb(Q) — Cb(Q), f — f o .

Then the following assertions are equivalent.
(a) The point 1 is isolated in o(T,).
(b) The mapping ¢ is eventually periodic.

(c) The operator Ty, is uniformly ergodic.

Proof. The implications “(b) = (¢)” and “(c) = (a)” immediately follow from
Corollary 6.1.10.

“(a) = (b)”: It follows from Corollary 6.2.2 that T, is eventually periodic. Let
p,k € N be such that T3 = Tk for all n € N. Fix wi € Q and n € N. We show
that @+ (w1) = ¢¥(w1). Indeed, let wy € Q\ {¢*(w1)}. Then, by the functionally
Hausdorff property of €, there exists a continuous function f: Q@ — [0,1] with
F(@F(wn) = 1 and f(wn) = 0. Hence, f(¢*P(wn) = T f(w1) = Tf(wr) =
f(¢¥(w1)) = 1, and thus, @*"P(w;) # wy. Since wy was arbitrary, it follows that
PETP (W) = F(wr). O

The next simple example shows that we cannot dismiss the functionally Hausdorff
condition in Theorem 6.2.4. Recall that a topological space is called Urysohn if every
two distinct points have open neighborhoods with disjoint closures. In particular, a
Urysohn space is Hausdorff.

Example 6.2.5. There exists a Urysohn space {2 and a continuous map ¢: 2 —
such that 1 is isolated in the spectrum of T, and ¢ is not eventually periodic.

6.2 Uniform Ergodicity for Topological Dynamics
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There exists a (countable) Urysohn space Q) on which every continuous and real-
valued function is constant [Hew46, Theorem 2]. Hence, it follows that Cy () =
Cp(;R) @ iCh (% R) only consists of constant functions. Now set Q := QY and
endow ) with the product topology. It is straightforward to see that €2 is also

Urysohn.

Moreover, Cy,(2) also contains only the constant functions. Indeed, let w = (wn), ey
and & = (Wn),cy be elements in Q and for each k € N set w(¥) = (w,(@k))neN € Qto

be

" >
w(k) — Wp, N = k,
wp, n<k.

(k)

Then for each n € N we have wy,’ — wp as k — oo, and thus, w®) — w in
the product topology. Moreover, if f € Cp(Q) we have f(w®) = f(&) for all
k € N, since the function f is constant in each single coordinate, and w®) and &
agree in all but finitely many coordinates. By the continuity of f it follows that
f(w) = limy_yo0 f(w®) = f(@). Since w and & were arbitrary, we conclude that f
is constant.

Now consider the left shift

0: Q—Q, (Wn)pen = (Wnt1)nen

which is continuous and not eventually periodic. However, since Cy,(£2) only contains
constant functions, T, must be the identity operator.

6.3 Uniform Ergodicity of Measure-Preserving
Dynamics

For Koopman operators of measure-preserving dynamical systems on LP-spaces for
p € [1,00) a similar result to Theorem 6.2.4 holds true, albeit one of its assertions is
slightly stronger.

Theorem 6.3.1. Let ¢: X — X be a measure-preserving mapping on the probability
space X = (X, 3, u) and consider for p € [1,00) the Koopman operator

T,: 1P(X) 5 IP°(X), fe foep.
Then the following assertions are equivalent.
(a) The point 1 is isolated in o(T,).
(b) The operator T, is periodic.
(c) The operator Ty, is uniformly ergodic.
Moreover, if the assertions (a) and (c) hold for some p € [1,00), then they hold for

every p € [1,00).

Proof. The implications “(b) = (c¢)” and “(c) = (a)” immediately follow from
Corollary 6.1.10.

Chapter 6 Uniform Ergodicity for Koopman Operators



“(a) = (b)”: Since ¢ is assumed to be measure-preserving, it follows that T, is an
isometry. Hence, Corollary 6.1.9 implies that T, is periodic.

The last statement of the theorem follows from the observation that assertion (b) is
independent of p. O

Remark 6.3.2. An alternative proof of the implication “(a) = (b)” in Theorem 6.3.1
can be given as follows. By Theorem 6.1.2 there exists p € N such that the operator
sequence (Tg”)n e converges in the operator norm topology to a projection (). Since
( is measure-preserving, the constant function 1 is a fixed point of the dual operator
T ; and we obtain Q' 1 = 1. It follows that @ does not vanish on the set of non-zero
positive functions in LP(X), i.e., @Qf = 0 whenever 0 < f € LP(X). Thus, [GG18,
Corollary 5.6] yields that 7% is the identity mapping.

Theorem 6.3.1 admits a more abstract formulation, which holds for a larger class
of Banach lattices than the LP-spaces. Recall that LP-spaces for p € [1,00) are
Banach lattices with an order continuous norm (see Proposition 1.2.11 and Exam-
ple (i) 1.2.12). Moreover, the LP-norm is strictly monotone in the sense that it
satisfies || f[[, < lg]|, for every two 0 < f,g € LP(X) with f < g.

A function ¢¥: A — R on a subset A C E is called strictly monotone if x < y implies
Y(x) < Y(y) for all x,y € A. Moreover, an element h € E, is called quasi-interior
if the principal ideal Iy, defined by

Iy ={zxeE:3C>0:|z| <Ch},

is dense in E with respect to the norm topology.

If X = (X, X, p) is a o-finite measure space and h € LP(X) with p € [1,00), then h
is quasi-interior if and only if h(z) > 0 for p-almost every = € X (see, e.g., [Sch74,
Example 1 in Section II.6 on p. 98]).

Proposition 6.3.3. Let ¥ be a complex Banach lattice with order continuous norm
and let T: E — E be a Banach lattice homomorphism with r(T) = 1. Assume there
exists a strictly monotone function ¥: Ey — R such that (Tx) < ¢(x) for all
x € E4 and that there exists a quasi-interior point h € E4 such that Th = h. If 1
is isolated in o(T), then T is periodic.

Proof. By Theorem 6.1.2 the space E decomposes into a T-invariant and closed
ideal Igap, on which T™ converges uniformly to 0, and a T-invariant and closed
sublattice Eper, on which T is periodic. So it suffices to show that Is.p, = {0}.

Since E has order continuous norm the closed ideal I,y is a projection band (see
Proposition 1.2.11), and hence, there exists a band projection P: E' — E onto Igap.
Since band projections satisfy 0 < P < I, we have Ph < h, and thus, TPh < Th < h.
As TPh € I, this implies TPh = PT Ph < Ph, so Ph is a so-called subfix point
of T.

Set g:==h — Ph >0. Then 0 < Ph—TPh =Tg — g shows that T'g > g. If T'g # g,
then ¢(Tg) > 1(g), which contradicts the assumptions. Hence, we obtain that
Tg = g, and thus, TPh = Ph. Therefore, Ph € Iga1, N Eper, which implies that
Ph = 0. Since h is quasi-interior it follows that P = 0. This shows that Isa, = {0},
as claimed. O

6.3 Uniform Ergodicity of Measure-Preserving Dynamics
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Remark 6.3.4. (i) In Proposition 6.3.3 we may replace the boundedness of T
with respect to the strictly monotone function v by the following weaker
condition: there exists a strictly monotone function ¢ : F;. — R and an
integer n € N such that ¢(T"z) < ¢(z) for all x € E.

Assuming this weaker condition, we can infer from Proposition 6.3.3 that T™ is
periodic, which then implies that 7" must have been periodic in the first place.

(ii) The assumption Th = h is necessary for the statement of Proposition 6.3.3
to be correct. Notice that Example 6.2.3, when E is endowed with the L!-
norm, yields an lattice homomorphism 7: £ — FE with Th < h for every
quasi-interior point h € E, o(T) = {4,1}, ||T| < 1. However, the assertion
of Proposition 6.3.3 does not hold true.

The next two examples show that the existence of a strictly monotone function
Y: By — R with ¢(T'z) < () cannot be dropped in Proposition 6.3.3. First we
use the simple matrix example from [Are83, Example after Theorem 4.1]. There the
same example is used to demonstrate that the spectral projection P onto Ig,}, need
not be positive.

Example 6.3.5. There exists a measure space X, a lattice homomorphism
T: LY(X) — LY(X) with Th = h and 7(T) = 1 that has 1 isolated in o(7T), satisfies
|T|| > 1 and is not periodic.

Indeed, consider the space X = (X, %, ) with X = {0,1}, ¥ = 2% and p being the
counting measure, the constant map ¢ = 0. Notice that ¢ is not measure preserving,
so Theorem 6.3.1 is not applicable. We consider the composition operator

T,: L'(X) — LY(X), f foo.

Identifying L' (X) 2 (R?, || -||,) we can replace T, with a matrix 7, € R2*? given by

- 10

=1 )
is a lattice homomorphisms with o(7') = {0, 1}. Moreover, notice that ||T|| = 2 and
h = (1,1) is a quasi-interior point with Th = h. However, T is not periodic.

Notice that, in the above example, 7" = T for every n > 1, so T is eventually
periodic. This is an artifact of its finite-dimensionality. It is not true in general, as
the next example demonstrates.

Example 6.3.6. There exists a measure space X = (X, X, 1), a lattice homomor-
phism 7: L}(X) — LY(X) with Th = h and »(T) = 1 for some quasi-interior point
h € L(X), that has 1 isolated in ¢(7") and is not (eventually) periodic.

Let X =[0,2], ¥ the Borel-o-algebra on X and let 1 be the Lebesgue measure on
X. Consider the map

2¢, x <1,

p: X = X, T —
x, x2>1.

Notice that ¢ is not measure preserving, so Theorem 6.3.1 is not applicable.
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The Banach lattice E := L!(X) has order continuous norm, contains the constant
function 1 as a quasi-interior point and the map

T: FE— E, fr—= foop.

is a lattice homomorphism with 71 = 1.

Consider the band

I={f-1py: feLYX)}

and notice that I is T-invariant, since for f € I we have Tf(x) = 0 for almost all
T € [%, 2], 80 T" 191 = Ljg,1/on) for all n € N. Moreover, for every f € I we obtain

1 1 2
151 = [ rs@lde = [peaiar = i@l = 50

1
Hence, r(T'|1) < 5.

Since [ is closed and T-invariant, we can consider the quotient operator
T,: E/I — E/I, f+I—=Tf+1.

Then it is straightforward to see that T, acts as the identity operator on E'//I. Hence,
o(Ty) = {1}.
It is a standard result in spectral theory (see, e.g., [EN0O, Proposition VI.2.15]) that
o(T) Co(T|;)Ua(T)). Hence, r(T) = 1 and 1 is isolated in o(7T'). In particular,
Theorem 6.1.2 is applicable. It is straightforward to show that Ig,, = I and
Eper = E/I.

Notice that T 11 9) = Lj/yn 9) for all n € N. This shows that T is not (eventually)
periodic.

Observe that this does not contradict Proposition 6.3.3. The indicator function
[ = 1}; 9] also yields an example of a function satisfying ¢(7" f) > ¥ (f) for every
strictly monotone function ¢ : E, — R and every n € N.

6.4 Quasi-Compactness and Compactness

Unsurprisingly, there are conditions on operators that are even stronger than uni-
form ergodicity. To describe those, we need notions that are common in operator
theory and especially in the theory of composition operators: compactness and the
weaker quasi-compactness. Both have implications on how well an operator can be
approximated.

Definition 6.4.1 (compact and quasi-compact operators). Let T: E — E be a
bounded operator on a Banach space F.

(i) We call T' compact if T B<1(0) is relatively compact in E, where B<;(0) denotes
the closed unit ball in E.

(ii) We say that T is quasi-compact if there exists a compact operator K: £ — E
and an n € N such that [|T" — K| < 1.

6.4 Quasi-Compactness and Compactness
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We denote by K(E) the set of all compact operators on a Banach space E. It is
well-known that IC(E) is a closed two-sided ideal in the Banach algebra L(E) of
all bounded linear operators on E endowed with the operator norm. The Calkin
algebra is defined as the quotient algebra L(E)/IC(E). The essential norm of an

operator T € L(FE) is now defined to be the quotient norm of the equivalence class
of T'in L(E)/K(FE) and is given by

T = inf ||T'— K||.
Tl =  inf 1T = K]
The essential norm is a seminorm on £(E) that vanishes precisely on the compact
operators, so it defines a norm on the Calkin algebra. It follows from a result by
Atkinson [Mur90, Theorem 1.4.16 on p. 28] that the spectrum of the equivalence
class of T" in the Calkin algebra coincides with the essential spectrum

Oess(T) == {A € C: A\ — T is not a Fredholm operator}.

We refer to [AA02, Definition 7.36 on p. 299] for a definition of Fredholm operators.
We call ress(T) = sup{|A| : A € 0ess(T)} the essential spectral radius of T. It now
follows from the result by Atkinson that

. 1/n

ress(T) = Tim [T,

So the essential spectral radius coincides with the spectral radius of the equivalence
class of T" in the Calkin algebra.

Remark 6.4.2 (Disambiguation). It is simple to see that every compact operator
is quasi-compact. Other definitions of quasi-compactness exist in the literature
that do not have this property. Sometimes an operator T: F — E is said to be
quasi-compact if

ress(T) < r(T),

where ress(T) denotes the essential spectral radius of T. Note that the trivial operator
T = 0 is not quasi-compact according to this definition, as ress(7) = r(7°) = 0 in
this case. However, it is compact. If we assume that 7(7') = 1, then both definitions
coincide, as the next lemma shows.

We note one important observation for the long-term behavior of quasi-compact
operators.

Lemma 6.4.3. Let T: E — E be a bounded operator on a Banach space E. Then
the following assertions are equivalent.

(a) The operator T is quasi-compact.

(b) There exists a sequence (Ky,) of compact operators K,,: E — E such that

limy o0 |77 — K| = 0.

neN
(c) The essential spectral radius of T satisfies ress(T) < 1.

Proof. “(b) = (a)”: This is trivial.
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“(a) = (¢)”: Let K: E — E and m € N such that [|[T™ — K|| < 1. Then
| T os < 1, where T' denotes the equivalence class of T" in the Calkin algebra, and
thus, ress(7) < 1.

“(¢) = (b)”: Suppose that res(T) < 1. Then, writing T for the equivalence class
of T' in the Calkin algebra, we have ||7™| oss — 0 as n — oo. Hence, the existence of
a sequence (Kj),cy of compact operators such that lim,, . ||7" — K, || = 0 follows
directly. ]

Let us see in which sense compact and quasi-compact operators can be approximated
by finite-rank operators.

For quasi-compact operators the spectral theorem tells us that in the statement of
Lemma 6.4.3 (b) we may choose the compact operators K, such that they have
finite rank on the spectral subspace associated to the part of the spectrum outside
the unit disk. So it follows that the iterates of a quasi-compact operator can be
approximated by finite-rank operators in the long-term.

For compact operators more can be said, if the underlying Banach space has the
approximation property. We say that a Banach space F has the approximation
property if for every compact set K C E and every € > 0 there exists a finite-
rank operator S: E — E such that ||[Sz — z|| < e, and F has the stronger metric
approzimation property if we can additionally assume that ||S]| < 1.

Note that a Banach space E has the approximation property if and only if for every
Banach space and any compact operator K : F' — E there exists a sequence (Sk) ey
of finite-rank operators Si: F' — E such that limg_,||Sx — K|| = 0 in operator
norm [Jar81, Theorem 18.3.1 on p. 403]. If E has the metric approximation property,
then we may choose the sequence (Sy);.c such that ||Sy| < [ K| for all k£ € N.

Hilbert spaces, LP-spaces with p € [1, 00| over arbitrary measure spaces and Cy,(£2)
for completely regular Hausdorff spaces §2 all have the metric approximation property
by [Jar81, Section 18.5].

As the space of compact operators is closed in the operator norm topology, it follows
only compact operators can be approximated by finite-rank operators.

We will now use Theorem 6.1.2 in order to characterize quasi-compact lattice
homomorphisms with spectral radius 1. For a lattice homomorphism 7" with (7)) = 1
and 1 isolated in o(T'), recall from Theorem 6.1.2 the decomposition

E= Istab S Eper

into T-invariant subspaces on which 7" is uniformly stable and periodic, respectively.
Note that in the next proposition we neither require the power-boundedness of T’
nor do we assume that 1 € o(7T) as both conditions are automatic.

Proposition 6.4.4. Let T: E — FE be a lattice homomorphism on the Banach
lattice E with r(T) = 1. Suppose that T is quasi-compact. Then 1 is isolated in the
spectrum of T' and Eper is finite-dimensional.

Proof. Since T is a lattice homomorphism, it has cyclic spectrum by [Sch74, The-
orem V.4.4 on p. 325]. As r(T) = 1 there exists A € o(T") with |A\] = 1. As then
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{XF: k€ Z)} Co(T) is a subset of the spectrum of T and the spectrum is closed it
follows that 1 € o(T).

Since Lemma 6.4.3 implies ress(7) < 1, it follows from [AA02, Lemma 7.43 on
p. 300] that 1 is an isolated point in o(7"). So Theorem 6.1.2 is applicable and
yields the decomposition F = Iga1, @ Eper. Let P be the projection onto Epe, along
Istan. By periodicity, there exists a p € N such that (T|g,..)" = I. Since T is
quasi-compact, there exists a sequence (Kn)neN of compact operators such that
limy, 00 |7 — Ky || = 0 by Lemma 6.4.3. Thus,

[P = KupP|| = [T™P = Knp P|| < [T — Kpp|| — 0.

Since each K, P is a compact operator for each n € N and K(FE) is closed in the
operator norm topology, it follows that P is compact as well. Hence, Eper = PE is
finite-dimensional. O

Let us note two simple corollaries.

Corollary 6.4.5. Let T: E — E be a lattice homomorphism on the Banach lattice
E with r(T) = 1. If T is quasi-compact, then it is uniformly ergodic.

Proof. This follows easily from Proposition 6.4.4, which guarantees that 1 is isolated
in the spectrum of T', and Theorem 6.1.2. 0

Note that this result is known for quasi-compact operators T': £ — FE on a Banach
space E with lim,, L[|T"| = 0 (see [DNP87, Theorem W.9]).

We call an operator T: E — E eventually finite-rank if there exists n € N such that
T™ is a finite-rank operator.

Corollary 6.4.6. Let T: E — E be a lattice homomorphism on the Banach lattice
E with r(T) = 1. Suppose further that T is quasi-compact.

(i) If E is a unital AM-space with unit e € E and Te = e, then T is eventually
finite-rank.

(ii) If T is an isometry, then E is finite-dimensional.

Proof. “(i)”: This follows from the observation 7’|, is nilpotent by Lemma 6.2.1
and the fact that Ep, is finite-dimensional by the previous Proposition 6.4.4.

“(ii)”:  Since T is an isometry, it follows from Corollary 6.1.9 that 7" is periodic, and
thus, ' = Fper. The claim now follows from Proposition 6.4.4. O

Remark 6.4.7. Note that it follows from [Kre85, Theorem 2.8] that every quasi-
compact isometry T: F — E on a Banach space F is actually periodic and that E
is finite dimensional, so the conclusion of Corollary 6.4.6 (ii) also holds without the
assumption that T is a lattice homomorphism.

For Koopman operators of measure-preserving dynamical systems on LP-spaces for
p € [1,00) we thus obtain the following characterization.

Chapter 6 Uniform Ergodicity for Koopman Operators



Proposition 6.4.8. Let ¢o: X — X be a measure-preserving mapping on the
probability space X = (X, %, u) and consider for p € [1,00) its Koopman operator
T, on LP(X). Then the following assertions are equivalent.

a) The operator T, is quasi-compact.
D o 84 p
(b) The operator T, is compact.
(¢) The space LP(X) is finite-dimensional.

Proof. “(a) = (c)”: This follows from Corollary 6.4.6 (ii), since T, is an isometry.

“(c) = (b)”: If LP(X) is finite-dimensional, then every operator on LP(X) is compact.

“(b) = (a)”: Every compact operator is quasi-compact. O

We may conclude that quasi-compact or compact Koopman operators on LP-spaces
for p € [1,00) are of the following form: the underlying measure space X is purely
atomic with only finitely many atoms, and the mapping ¢ permutes those atoms.

For Koopman operators on Cy(2) for a completely regular Hausdorff space 2 a
similar result holds.

Proposition 6.4.9. Let p: 2 — ) be a continuous mapping on the normal Hausdorff
space Q and consider its Koopman operator T, on Cy(2). Then the following
assertions are equivalent.

(a) The operator Ty, is quasi-compact.
(b) There ezists an n € N such that ©™(§2) is finite.

(c) The operator T, is eventually finite-rank.

Proof. “(a) = (c)”: This follows from Corollary 6.4.6 (i), since Cy,(2) is a unital
AM-space with unit 1 and 7, 1 = 1.

“(c) = (b)”: Suppose that T has finite-rank for some n € N. Then by Tietze’s
extension theorem it follows that Cp(¢™(Q)) € {fo¢": f € Cp()} = T2CL(),

which is finite-dimensional. Hence, it follows that ¢”(€2) is finite, and thus, ¢©"(£2)
is finite as well.

“(b) = (a)”: Since ¢™(Q) is finite for some n € N, it follows that T7Cy(f2) =
Cp(¢™(€)) is finite-dimensional. Hence, T7 is a finite-rank operator, so T, is
quasi-compact. ]

Compact Koopman operators on Cp,(2) have a similar description.

Proposition 6.4.10. Let p: 0 — Q be a continuous mapping on the normal
Hausdorff space Q and consider its Koopman operator T, on Cy(2). Then the
following assertions are equivalent.

(a) The operator Ty, is compact.
(b) The space ©(Q2) is finite.
(c) The operator T, is finite-rank.

6.4 Quasi-Compactness and Compactness
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Proof. “(a) = (b)”: Suppose that T, is compact. We show that Cj,((Q)) is
finite-dimensional. Let (fy),cy be a sequence in Cy, (m) with || fn|l < 1 for
all n € N. Then by Tietze’s extension theorem there exists a sequence (F%,), oy in
Cp () with ||[Fpl, <1 and Fy|yq) 0@ = fn for all n € N. Since T, is compact,
the sequence (T, F,), .y has a convergent subsequence (T,,Fy, ), oy in Cp(€2). But
TpFn, = Fn, o ¢ and thus, (fn,),cy is a convergent subsequence in Cp(p(Q2)).
Hence, the closed unit ball in Cy (m) is compact, which implies that Cy, (m) is

finite-dimensional. This implies that ¢(2) is finite, and thus, ¢ () is finite as well.

“(b) = (c)”: If ¢(Q) is finite, then T,Cp(€2) = Cp(¢(€2)) is finite-dimensional.
Hence, T}, is a finite-rank operator.

“(c) = (a)”: Every finite-rank operator is compact. O

The author is currently unaware whether Proposition 6.4.9 and Proposition 6.4.10
remain true for Koopman operators on C(£2), where Q is only completely regular
Hausdorff but not normal.

It is now instructive and rather simple to provide counterexamples of uniformly
ergodic Koopman operators on Cp(£2) that are not quasi-compact and of quasi-
compact Koopman operators on Cp(2) that are not compact. Also note that the

compactness of Koopman operators on Cy,(£2) does not imply the finite-dimensionality
of Cb(Q>

Example 6.4.11. (i) There exists a completely regular Hausdorff space Q2 and a
continuous mapping ¢:  — 2 such that the Koopman operator T, on Cy(£2)
is uniformly ergodic, but not quasi-compact.

The identity mapping ¢ = idg on any infinite completely regular Hausdorff
space (2 provides such an example. Indeed, T,, = I is uniformly ergodic with
mean ergodic projection P = I, but not quasi-compact by Proposition 6.4.9.

(ii) There exists a completely regular Hausdorff space 2 and a continuous mapping
@: Q — Q such that the Koopman operator T, on Cy(£2) is quasi-compact,
but not compact.

Let n > 2 and set 2 = {0} U ({1,...,n} x N) endowed with the discrete
topology. Consider the continuous mapping

0, w =0,
0: Q—Q, w— <0, w = (1,m) for some m € N,
(k—1,m), w=(k,m)e{2,...,n} xN,

which is illustrated in Figure 6.1. Then ¢"(Q) = {0} but ¢*(Q) is infinite
for all K € {1,...,n — 1}. Hence, by Proposition 6.4.9 the operator T, is
quasi-compact, but by Proposition 6.4.10 it is not compact.

(iii) There exists a completely regular Hausdorff space 2 and a continuous mapping
@: Q — € such that the Koopman operator T, on Cy(2) is compact, but
Cp(Q) is infinite-dimensional.

Setting n = 1 in the above example yields a space 2 of infinite cardinality
such that T, is compact, as ¢(£2) = {0} is finite.
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Figure 6.1: The space Q = {0} U ({1,...,n} x N) with the mapping ¢ from Exam-
ple 6.4.11 (ii).

Remark 6.4.12. Note that Example 6.4.11 (ii) and (iii) rely heavily on the fact
that ¢ is not surjective. In fact, if p(£2) is dense in 2, then T, is an isometry by
Proposition 1.3.5. Thus, if ¢ has a dense image, then T, is quasi-compact if and
only if it is compact if and only if Cy, () is finite-dimensional.

Note that the proof of Proposition 6.4.10 does not employ Corollary 6.4.6. In fact,
one can prove Proposition 6.4.9 without using Proposition 6.4.9 and talking about
essential spectral radii. To this end, notice that the equivalence between (a) and (b)
in Lemma 6.4.3 is proved without the use of the essential spectral radius. Let us
compile an alternative proof.

Alternative proof of Proposition 6.4.9 (a) = (b). By [DNP87, Theorem W.9], it fol-
lows that T, is uniformly ergodic, as lim, o 1|7 ol = 0. Thus, it follows from

Theorem 6.2.4 that there exists kg,p € N such that T£O+pk = T;fo for all £ € Ny.
By Lemma 6.4.3 there exists a sequence (Kp),, oy such that lim, 0| T — Ky = 0.
In particular, this shows that limk_,ooHT;fO — Kpotpkll = 0. As K(F) is closed, it

follows that T\ x, =T, 50 is compact. Now Proposition 6.4.10 implies that ¢*0(Q) is
finite. O

Note that the complexity of the proof vanishes, as we mostly hide it in citing [DNP87,
Theorem W.9].

6.5 Notes

Let us review some known results and how the contents of this chapter improve
upon them:

In [DNP87, Proposition W.12] it is shown that an isometric lattice homomorphism
T is uniformly ergodic if and only if it is periodic. We show that a non-isometric
uniformly ergodic lattice homomorphism can be split into a periodic part and one
that decays exponentially to 0 (see Theorem 6.1.2 and Corollary 6.1.10).

In [Ion63, Corollary 2] and [Foi64, Corollaire 1] it is shown that the spectrum of
the composition operator on L2 of an invertible and aperiodic measure-preserving
system coincides with the complex unit circle. Hence, 1 is not isolated in the
spectrum, and thus, the system cannot be uniformly ergodic. This observation
was later strengthened to almost everywhere pointwise convergence in [Kre78] for
transformations on the unit interval (0,1) endowed with the Lebesgue measure and
composition operators on L? and in [Pet83, Proposition 3.2.3] to ergodic systems on
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non-atomic probability spaces. We show that every measure-preserving dynamical
system for which the Cesaro averages have a uniform convergence rate must be
periodic (see Theorem 6.3.1), thereby complementing the recent results in [CL23,
Appendix].

In [Sch71b, Satz 5] it is proved that topological dynamical systems on compact
Hausdorff spaces that are uniformly ergodic have uniformly bounded orbit lengths.
In Theorem 6.2.4, we generalize this to non-compact spaces and show that, in this
case, the dynamical system is eventually periodic.

The fact that quasi-compactness is a rare property for Koopman operators on L? and
Cp(£2) alike does not mean that quasi-compactness is rare for all types of Koopman
operators. In fact, if restricted to suitable subspaces of Cy(£2), Koopman operators
are often quasi-compact. We provide an example.

Example 6.5.1. Let K be a compact metric space with metric d. Let p: K — K
be a Lipschitz continuous mapping with Lipschitz constant Lip(¢) < 1. Denote by
Lip(K) the space of Lipschitz-continuous functions mapping to K endowed with the
norm

Fllgip = [1fl + sup P80
|| ”Llp H Hoo ryek d(a:,y)
T#yY

for all f € Lip(K). Then the Koopman operator Ty, : Lip(K) — Lip(K) defined by
T,f = foyforall f e Lip(K) is a quasi-compact contraction.

In order to prove the statement of the above example, we will use the following
lemma, which is a generalization of a result by Cassius lonescu Tulcea and Gheorghe
Marinescu in [IM50]. It can be found as [HHO1, Theorem II.5].

Lemma 6.5.2. Let E be a Banach space with norm || - || and unit ball B. Denote by
T: E — E a bounded linear operator. Suppose that there exists a semi-norm || - ||,
on E and constants k € N, 0 <r <r(T), R,M > 0 such that ||Tx|, < M||z|, for
all x € E, the set TB is relatively compact with respect to the semi-norm || - ||, and

T || < r*)|- ||, + Rl|=|] (6.3)
holds for all x € E. Then T is quasi-compact.

Note that the definition of quasi-compactness used in [HH01, Theorem I1.5] is the
one we have touched on in Remark 6.4.2 and coincides with our definition if r(7") = 1,
which is the case in Example 6.5.1.

Proof of Example 6.5.1. The fact that T, is a contraction follows from the estimate

(T ) (=) = (T f)(y)]

||T<pf”Lip = HTsafHoo + sup

x,y;K d(x,y)
Y
(6.4)
. [f(z) = f ()]
< I fllo + Lip(e) xS%pKd(x,y) < ”f”Lip‘
TEY

In particular, 7(T,) < 1. Since T, 1 = 1, it follows that r(7},) = 1.

Chapter 6 Uniform Ergodicity for Koopman Operators



We let E = Lip(K) be endowed with || - ||ip and let || - ||, be the supremum norm,
which is a norm on Lip(K). It is clear that |1, f| < |f| for all f € Lip(K), so we
may choose M = 1. Moreover, the set T,,B is relatively compact with respect to
|- |l by virtue of Arzela—Ascoli’s theorem, since K is compact and the functions in
T, B are uniformly bounded and equicontinuous.

Further, it follows from (6.4) that (6.3) holds for k = 1, r = Lip(¢) < 1 = r(T") and
R = 1. Hence, we obtain from Lemma 6.5.2 that T}, is quasi-compact. O

Lemma 6.5.2 can be applied to a variety of spaces with greater regularity than Cy,(2),
such as spaces of Holder continuous functions or spaces of differentiable functions.
By using [Kre85, Theorem 2.8] we may conclude from the quasi-compactness of
T, that its unimodular spectral points are eigenvalues with a finite-dimensional
eigenspace. We also learn that much of the more complicated dynamics of T;, cannot
be observed this way by restricting to spaces of more regular functions.

We can further use an analogous reasoning as in the above results to find a class of
sufficiently regular functions on which the Koopman operators is uniformly ergodic
(cf. Section 4.1.3).

We should also note that the assumptions of Example 6.5.1 are strong enough to
infer from Banach’s fixed point theorem that ¢ has a unique fixed point zg € K
and that ¢"(x) — z¢ for all z € K as n — co. This implies that T f — f(zo) - 1
for all f € Lip(K) as n — oco. For more general dynamical systems one often needs
to engineer the Banach space E and the semi-norm || - ||, to the needs of the given
problem in order to apply Lemma 6.5.2. For Perron—Frobenius operators this is done
in popular works such as [Bal00] for expanding instead of contracting systems and for
hyperbolic systems. We refer to [Dem18] for an overview of different techniques.
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