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Kurzfassung

Diese Dissertation ist der Untersuchung der risikosensitiven stochastischen Kontrolle und der groflen
Abweichungen einer bestimmten Klasse affiner stochastischer Modelle gewidmet. Dabei handelt es
sich um Prozesse, deren charakteristische Funktion eine exponentiell affine Form besitzt. Die Arbeit
gliedert sich in zwei Hauptteile. Im ersten Teil betrachten wir subkritische Verzweigungsprozesse
mit Immigration im stetigen Zustandsraum (CBI-Prozesse), die einen Spezialfall affiner Prozesse
darstellen. Insbesondere untersuchen wir Grenzwertsitze fiir den zeitlich gemittelten Prozess

1 t
(/ de3> ’
t Jo >0

wobei X* der subkritische CBI-Prozess mit Anfangswert > 0 ist. Insbesondere zeigen wir ein
Prinzip der groBen Abweichungen (LDP) unter der Annahme, dass die mit dem CBI-Prozess X
verbundenen Verzweigungs- und Immigrations-Lévy-Malle endliche exponentielle Momente fiir
grof3e Spriinge besitzen. Dariiber hinaus geben wir einen halb-expliziten Ausdruck fiir die zugehdrige
gute Ratefunktion des LDP in Abhingigkeit von den Verzweigungs- und Immigrationsmechanismen
an, die den CBI-Prozess X~ charakterisieren.

Im zweiten Teil der Dissertation untersuchen wir ein stochastisches Optimierungsproblem der
risikosensitiven Vermogensverwaltung (RSAM). Konkret betrachten wir das RSAM-Problem, eine
optimale Anlagestrategie h fiir einen risikoaversen Investor iiber einen endlichen Zeithorizont
zu bestimmen. Es wird angenommen, dass sich dieser Investor in einem Finanzmarkt befindet,
der durch ein a-CIR-Faktormodell beschrieben wird einen affinen Prozess, der das klassische
Cox—Ingersoll-Ross-(CIR)-Modell erweitert, indem er einen Sprungteil einfiihrt, der durch «-stabile
Lévy-Prozesse mit Index o € (1,2) getrieben wird. Wir erhalten eine halb-explizite Darstellung
der optimalen Anlagestrategie, die den Wohlstand des Investors maximiert, und beweisen deren
Optimalitit.






Abstract

This thesis is devoted to the study of risk-sensitive stochastic control and large deviations of
certain class of affine stochastic models. These are processes with exponential affine form of their
characteristic function. The work is structured into two main parts. In the first part, we consider
subcritical continuous-state branching processes with immigration (CBI processes), which are a
special case of affine processes. Specifically, we investigate limit theorems for the time-averaged

process
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where X is the subcritical CBI process with initial condition 2 > 0. In particular, we establish a
large deviation principle (LDP) under the assumption that the branching and immigration Lévy
measures associated with the CBI process X have finite exponential moments for big jumps.
Furthermore, we provide a semi-explicit expression for the corresponding good rate function,
associated to the LDP, in terms of the branching and immigration mechanisms characterizing the
CBI process X,

In the second part of the thesis, we study a risk-sensitive asset management (RSAM) stochastic
optimal control problem. Specifically, we consider the RSAM problem of finding an optimal
investment strategy h for a risk-averse investor over a finite time horizon. This investor is assumed
to reside in a financial market driven by an «-CIR factor model, an affine process that extends the
standard Cox—Ingersoll-Ross (CIR) model by incorporating a jump part driven by a-stable Lévy
processes with index v € (1,2). We obtain a semi-explicit representation of the optimal investment
strategy maximizing the wealth of the investor and we prove its optimality.
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cHAPTER 1

Introduction

1.1 Basic Notation
Throughout this thesis, we will use the following standard notation and conventions.

e We will denote by
A° the interior of a set A.
A the closure of a set A.
A° the complement of a set A.
DA = A\ A° the boundary of a set A.
B(R) the Borel o-algebra on R.
d,, the Dirac measure concentrated at the point x.

c? (R) the set of R-valued functions that are twice continuously differentiable.

e We adopt the following acronyms
LLN for “Law of Large Numbers”.
CLT for “Central Limit Theorem”.
a.s. for “almost surely”.
w.r.t. for “with respect to”.
e.g., for “for example”.

i.e., for “that is”.

1.2 Structure of the thesis

The main focus of this thesis is to study risk-sensitive stochastic control and large deviations for
a class of affine processes. Let us first recall the notion of affine processes. The theory of affine
processes was first introduced by D. Duffie and R. Kan [15] in 1996 and was subsequently developed
further by D. Duffie, D. Filipovi¢ and W. Schachermayer [14] in 2003. The latter provided the
definition and a complete characterization of finite-dimensional affine processes. Affine processes
belong to the class of time-homogeneous Markov processes on the state space D = R’' x R", for
m,n € N. Roughly speaking, a Markov process with initial state x € D is called affine if, for each
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t € R,, the logarithm of the characteristic function of its transition distribution p,(z, -) is affine
with respect to the initial state x € D (see (2.4) below).

Among affine processes, we are interested in continuous-state branching processes with im-
migration (shortened as CBI), which are affine processes with state space R, := [0,00). Such
processes were first introduced by M. Jifina [29] in 1958, and further studied and developed by
J. Lamperti [36], M. L. Silverstein [47], S. Watanabe [48], and recently by Z. Li [38, 39]. CBI
processes were first introduced as probabilistic models describing the evolution of large populations
over continuous time, incorporating immigration, and were later adopted in finance and many other
fields. CBI processes are characterized by two functions that describe the branching mechanism and
the immigration mechanism. In mathematical terms, a CBI process (X;);~o on R, with branching
mechanism R and immigration mechanisms F, is a time-homogeneous Markov process whose
transition probability kernel p;(x, dz) satisfies, for z, ¢ > 0, the following

E [eiAXt} - / e Mp(x,dz) = exp{—av(t,\) — / F(u(s, A))ds}, A =0, (1.1
) 0

where v(t, \) solves the generalized Riccati equation

0
5;0(6A) = —R(u(t,A)), v(0,A) = X,

while the functions R and F" are of Lévy-Khinchine form

2 00
R(u) = fu+ Zu? S| dz),
(w) = Bu+ L +/O (e +uz)u(dz)

F(u) =bu+ /000(1 —e ") (dz),

with b0 € R,,8 € R, pu,v are two Lévy measures supported on (0,00) and satisfying the
integrability condition [;°(z A 1)v(dz) + [3°(2 A 2°)u(dz) < co. Moreover, the domains of the
functions R and F' contain at least the positive real line (0, co).

The existence and uniqueness of CBI processes have been established in [31]. D. A. Dawson
and Z. Li [12] have shown that each CBI is realized as a strong solution of the following stochastic
integral equation:

Xf_er/(b BX,) ds+/a\/7dB

/ / L(ds,dz) + / / / N u(ds,dz,du), Xg=12>0as., (1.2)

where (B;);> is a standard Brownian motion, N, (ds, dz) is a Poisson random measure on (0, 00)?
with intensity dsv(dz), and Nﬂ(ds, dz,du) = N,(ds,dz,du) — dtu(dz)du, with N, (ds, dz, du)
a Poisson random measure on (0, 00)3 with intensity dsp(dz)du. The Brownian motion and the
Poisson random measures are assumed to be independent of each other. N, (ds, dz) the Poisson
random measure represents the immigration jumps of the population. The last term, involving the
compensated Poisson random measure, accounts for the population branching.

CBI processes are classified according to the parameter 3, which appears in the branching
mechanism R. This classification comprises three regimes: subcritical (5 > 0), critical (3 = 0),
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and supercritical (8 < 0). These regimes describe whether the process will, on average, decrease,
remain constant, or increase over time. In this thesis, our focus will be on the subcritical case.

Several well-known models belong to the class of CBI models. The most elementary and
popular CBI process is the Cox-Ingersoll-Ross model (shortened as CIR), proposed by Cox et al.
[8] in 1985 to model the short-term interest rate. We remark that the a-CIR processes belongs to
the class of CBI processes, obtained by adding to the CIR processes a jump part driven by «-stable
Lévy processes with index o € (1, 2]. This process will be of special interest in the second part of
this thesis, which will be discussed in more details below.

In the first part of this thesis (Chapter 2), we present the results established in [1], a joint
work with M. Friesen, P. Kuchling, and B. Riidiger. Here, we provide a more detailed and
comprehensive exposition of those findings, including additional explanations. We deal with limit
theorems for CBI processes, including a law of large numbers, and central limit theorems with
a particular focus on the large deviations. These topics have been an object of recent interest.
We mention, for instance, the work in this direction of Lingjiong Zhu [50]. There, some limit
theorems were considered for a class of CBI processes with constant Lévy measures v = ¢,,d, and
p = ¢,0, called CIR processes with Hawkes jumps. These processes are a natural generalization
of the classical CIR process, where the noise term consists of both a diffusion component and an
additional jump component. We aim to extend the results in [50] by considering CBI processes on
the state space R | with more general Lévy measures v and . with finite exponential moments. For
a subcritical CBI process X, with initial state 2 > 0, we aim to establish limit theorems for the

time-averaged CBI process (% fot X7 ds) o In particular, we obtain a large deviation principle
t

under the condition that the branching and immigration Lévy measures have finite exponential
moments for the big jumps. Moreover, we obtain a semi-explicit expression for the rate function
in terms of the branching and immigration mechanisms characterizing every CBI process. Our
method of establishing the large deviation principle is based on analyzing the solutions and the
long-time behavior of the generalized Riccati equation

%A(t, A) = —R(A(tA) + A, A0,\) =0, X €R,

characterizing the Laplace transform of the time-averaged CBI process (% f(f des) 0
In the second part of this thesis (Chapter 3), we focus on a risk-sensitive stochastic optimal
control problem arising in financial decision making. The content of this part is the result of a joint
work with P. Jin, B. Riidiger and C. Trabelsi [2], and is intended for a forthcoming publication.
Risk-sensitive control was first introduced by Jacobson in 1973 [25] and further developed by
Peter Whittle in 1990 [49]. This belongs to the general framework of stochastic control (see e.g.
[19]) considering the decision maker’s degree of risk aversion. The literature on risk-sensitive
control theory application in financial decision making is rich. We refer, for instance, to the work of
Bielecki, Pliska & Sheu [5] (see, also [4, 9, 10, 22, 23]).

Our objective is to investigate a risk-sensitive asset management (RSAM) problem over a fi-
nite time horizon in a financial market driven by an a-CIR factor model. In this context, we consider
an investor whose wealth process X h— (X th ")¢>0 is governed by the stochastic differential equation
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(SDE)
ax) ds? st n

=(1-h)—5 +h—, Xy =1,
X (= h) T I

where 2 > 0 is the initial wealth of the investor, h = (h;);>( is a control process describing the
investment strategy. Here, S O and S* are the prices of two assets governed by the system of SDEs

0

B —r(vdt, S =1,
tl

B = u(Y)dt + \YidW,, Sy 20,
t

where r and 4 are two affine functions. The process and Y = (Y});> in the system above is called
the factor model and is given as the solution of the following SDE

dY, = a(b — Y;)dt + 0+/Y,dB, + az/ Y2 N(dt,dz), Y, > 0. (1.3)
0

where B = (B,);> is a standard Brownian motion and N (dt, dz) is a Poisson random measure on
(0, 00)? with intensity dtv(dz), while v(dz) is the corresponding Lévy measure given by

v(dz) = Caz_(1+a)]1{z>0}dz, a € (1,2),

for C,, > 0, an a-dependent constant. The Brownian motion and the compensated Poisson random
measure are assumed to be independent of each other.

We let 7' € (0,00) and 6 € (0,00) and consider the following risk-sensitized optimal asset
management problem: maximize the criterion

h 1 h
Er = ) logE [exp (—GIOg XT')} .
Here, the parameter # > 0 represents the investor’s degree of risk aversion. A Taylor expansion of
E;i around 6 = 0 evidences the vital role played by the risk sensitivity parameter ¢

0
El = Ellog XJ] — 5 Varllog XM+ 0(0%.

This expansion shows that maximizing E;i can be interpreted as maximizing E[log X, ;ﬁ] subject to
a penalty for variance. In other words, this optimization problem can be interpreted as finding an
optimal investment strategy h that maximizes the wealth X " of the investor and minimizing the risk.

Our risk-sensitive stochastic optimal control problem is inspired by the earlier work H. Hata & J.
Sekine [23] and also Bielecki, Pliska & Sheu [5].

Notice that by taking o, = 0 in (1.3), the factor model Y is reduced to the CIR factor model. In
this case, a risk-sensitive stochastic control problem on an infinite horizon has been investigated by
Bielecki, Pliska & Sheu [5].

In [23], the authors considered a factor model to be the Wishart autoregressive (WAR) jump-
diffusion process, which is a positive-definite matrix-valued process. In 1-dimension, the WAR
process with jumps reduces to the CIR process with jumps, where the Lévy measure v(dz) char-
acterizing the (intensity) of the jumps, has finite first moment. The Lévy measure characterizing
our factor model is assumed not to have a finite first moment for the small jumps. In other words,
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fol zv(dz) = oo. This makes the problem substantially more challenging, especially in proving a
verification theorem.

We approach our RSAM problem by employing a change of measure (via a Girsanov theorem), we
show that our RSAM problem reduces to solving a certain stochastic control problem. This control
problem can then be approached by employing dynamic programming and solving the associated
HIB equation. We provide a formal derivation of the HIB equation for our problem. Then, we show
the existence of a solution to the HIB equation. In particular, we show that there exists a solution of
a certain semi-explicit form. Finally, we prove a verification theorem by showing that the obtained
solution to the HIB equation solves the original RSAM problem.






CHAPTER 2

A large deviations principle for time
averages of continuous-state branching
processes with immigration

This chapter is devoted to the study of ergodicity and its deviation for the time averages of
continuous-state branching processes with immigration (CBI processes). Throughout this chapter,
we assume that (Q, F, (F,);>0, P) is a filtered probability space that satisfies the usual conditions,
that is, (Q, F, P) is complete, the filtration (F1)e>0 is right-continuous and J contains all P-null
sets in F .

2.1 Affine processes

We proceed to recall the definition of affine processes (with closed state space X C R) through
their characteristic functions. Let

U:={ e C: ReA<0}.

Definition 2.1.1. [18] Let (0, F, (F;) >0, P) be a filtered probability space. A time-homogeneous
Markov process X = (X;)i<p is called affine (with closed state space X C R) if the Fi-conditional
characteristic function of XT is exponentially affine in X;, for all t < T. That is, there exist
C-valued functions v(t, \) and ¢(t, \) defined on R x U satisfying v(0,\) = X and $(0, \) = 0,

respectively, such that
(i) v(-, A) and ¢(-, \) are differentiable for each A € U,
(ii) the derivatives %v(t, A) and %qﬁ(t, A) are jointly continuous, and

(iii) forall0 <t < T and A € U, it holds that

E [M7]F] = exp {X,0(T — £, X) + 6(T ~1,1)}. @

The subsequent definition defines affine processes (with state space R, ) through their Laplace
transforms

' Ais a null set of F if there exists B € JF such that A C B and P(B) = 0.
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Definition 2.1.2. Let X = (X;);>( be a Markov process with state space R, starting in x > 0 and
denote its transition probability kernel by

pt(iL',A) = P$(Xt € A)7 L= 07 Ae B(R—F),

then X is affine if there exist R-valued functions v(t, \) and ¢(t, \) as defined in Definition 2.1.1
such that for all t > 0 and X\ > 0, the following affine-transformation formula

E, {eﬂ\Xt] = /R+ efAzpt(x, dz) = exp{—zv(t,\) — o(t,\)}

holds.

The next result of Dawson and Li [11] is about the existence of regular affine processes. First, we
recall the definition of a set of admissible parameters. These parameters ensure that, for X an affine
process on R, , the process remains well-defined and preserves the affine structure of its Laplace
transform.

Definition 2.1.3 (Set of admissible parameters, [[11], Definition 6.1]). A set of parameters
(b, B,0,v, 1) is called admissible if:

(i) b,oc € R, B € R are constants,

(ii) v(dz) is a o-finite measure on R supported by (0, c0) such that
[e.9]
v({0}) =0, and / (z A 1)v(dz) < oo,
0
(iii) p(dz) is a o-finite measure on R supported by (0, c0) such that

4({0}) = 0, and /Ooo(z A =2 u(dz) < oo.

Theorem 2.1.4 ([11]). Suppose that (b, 3,0, v, p) is a set of admissible parameters. For u € R

set
2 00
R(u) = Bu + %u2 +/ (e — 1+ zu)u(dz), (2.2)
0
and -
Plu) = bu+ / (1— e " (d2). 23)
0

Then, there is a unique regular 2 affine semigroup (p;)>o determined by

/ T ey, dz) = exp {—v(t, ) — 9(1 N}, A2 0, 9
0

where v(t, \) solves the generalized Riccati equation

)
S0(tX) = —R(0(t, ), v(0,1) = A 2.5)

? See Definition B.0.1 in Appendix B.
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and

d(t,\) = /0 tF(v(s,)\))ds, $(0,\) = 0. (2.6)

Remark 2.1.5. The functions R and F', given by (2.2) and (2.3), respectively, are (real) analytic on
(0, 00).

Remark 2.1.6. In the previous theorems, the domains of R and F were chosen as the positive
half-line. However, if the Lévy measures p and v have finite exponential moments, then the domains
of R and F' can also be extended to the negative real line. This will be discussed in Subsection 2.4.3.

Definition 2.1.7 ([12, 39]). Affine processes on R with transition semigroup (p;);>o given by
(2.4) are called CBI processes with branching and immigration mechanisms R and F defined by
(2.2) and (2.3), respectively.

2.2 Stochastic representation of CBI processes

Let (Q2, F, (F;):>0, P) be the filtered probability defined at the beginning of this chapter. In such a
space, the following are defined:

* a one-dimensional (F;);>¢-Brownian motion B = (B;);>,
* an (F;);>o-Poisson random measure N, (dt, dz) on (0, o0)? with intensity dtv(dz),

* an (F;);>(-Poisson random measure N,,(dt, dz, du) on (0, 00)” with intensity dtp(dz)du.

We assume that (B;);>0, V,, and N, are independent of each other, and consider the stochastic
integral equation

Xf—x—i—/t( - BX, ds—f—/a\/»dB

/ / (ds, dz) / / / u(ds,dz,du), Xg =220, 2.7

where x is the initial value of the process (X’ )+>0 and is constant, b, > 0, 3 € R are constants, and
N, u(ds,dz,du) = N, (dt,dz,du) — dtu(dz)du denotes the corresponding compensated Poisson
random measure. The existence and uniqueness of a strong solution to the stochastic integral
equation (2.7) were first established in Dawson and Li in 2006 [[11], Theorem 5.1 and 5.2]. One
can also look at the work of Z. Li [[39], Theorem 8.1 and 8.2] for more similar results. Proposition
2.1 in [21] shows that the CBI process X* satisfying (2.7) remains always non-negative if its
initial value X, is non-negative, namely, if (X;'),> satisfies (2.7) and P(Xy > 0) = 1, then
P (X} > 0forall t > 0) = 1. Moreover, the polarity 3 of zero of the CBI process X* has been
studied by Foucart and Uribe Bravo in [20]. In fact, let # > 0 such that R(u) > 0 for all u > 6.
Corollary 6 in [20] shows that the state O is polar if and only if

/9 ~ exp [ /0 ZEZ; du] Rzz) dz = oo, 2.8)

where R and F' are given by (2.2) and (2.3), respectively.

? The state 0 is said to be polar, i.e., the point 0 is an inaccessible boundary if P (3t > 0: X7 =0) =0
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Remark 2.2.1. In a special case where the function I given by (2.3) is equal to zero, the process
X is called a continuous-time, continuous-state branching process (CB-process). Furthermore, we
have, for each t, A > 0,

E [e_’\Xf} =exp{—zv(t,\)},
where v(t, \) solves (2.5).

In the following, we fix the initial condition = > 0 and, for the sake of notation, write X, instead
of X;'.

Recall that a CBI process X is said to be conservative if it does not explode, that is, for all
t > 0,P(X,; < oo) =1 (see, E. Kyprianou [35]). Moreover, according to Kawazu & Watanabe
[[32], Theorem 1.2], a CBI process with branching mechanism R and immigration mechanism F’ is
conservative if and only if

1
——__df = oo. 2.9
A+m@n€ > )

In our setting, the function R given by (2.2) satisfies condition (2.9). Therefore, the CBI process X
satisfying (2.7) is conservative.

Remark 2.2.2. Note that each conservative CBI process X with admissible parameters (b, 3, 0, v, 1)
is characterized by its infinitesimal generator A, which takes the form

Af(z) = (b— Bx)f'(z) + %U%f”(m) + /000 [f(x+2) = f(x)|v(dz)

+x%wvu+@—f@%wf@ﬂmwxfeC%RJ

We now show that the solution X of the stochastic differential equation (2.7) is affine. To this
end, we use an argument similar to that in the proof of [[18], Theorem 10.1].

Lemma 2.2.3. Let X = (X,);>0 be the CBI process with admissible parameters (b, 3,0, v, 1)
satisfying the SDE (2.7). Then, X is affine, i.e., for all 0 < t < T the F,-conditional Laplace
transform of X is of the form

E [e‘AXTyft} = exp {~X0(T —t,\) — 6(T —t,\)}, A >0, (2.10)

for v and ¢ defined as in Theorem 2.1.4.

Proof. Let us first define the process M = (M;);> as follows:
M, = exp{—X (T —t,\) — (T —t,\)},0<t <T.

By Itd’s formula, we find, foreach ¢t <T'
T T
My = M, + / 0,6(T — £, ) + Ou(T — t, )X, dt — / (b— BX,)o(T — 1, \)dt
t t
T o2 [T )
_U/ JXw(T — t, \)dB, + 2/ X,o(T — ¢, \)%dt
t t

T %s)
+ / / (e TN _ )N, (dt, dz)
t 0

10
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/// (e =T _ )N, (dt, dz, du)

/// (e~ (Tt 1)+zv(T—t,)\)}dtu(dZ)du
- M, + '

T
/[F(( —tN) — R(U(T—t,)\))Xt]dt—/O (b— BX (T — t, \)dt

—cr/ Xp(T —t)\)dBt+/ Xo(T —t,\)%dt

/ / (e—zv (T—t,)\) Ny(dt, dz) —|-/O /0 (e (T—t\) Dt (d-)
/ / /OXS —zv(T—tA) )Nu(dt,dz,du)

+ / / [e_zv =t gy 2u(T —t, )\)} Xdtu(dz),
t 0

where R and F' are given by (2.2) and (2.3) respectively. Finally, we get
T T froo A 5
My =M, —c / VXu(T —t,\)dB; + / / (e T=tN _ )N, (dt, dz)
0 0o Jo

T proo X, 5
+ / / / (7T )N, (dt, dz, du)
o Jo Jo
= M, + Martingale part.
Hence, M is a martingale, and for all t < T
Ele 7| 7] = E[My | F] = M, = exp {~X;0(T = t,)) = ¢(T =, \)}. O

Lemma 2.2.4. The unique non-negative solution X of the SDE (2.7) satisfies
t
Xt:xe_ﬁt—kb/e Alt- )ds—i-a/ Alt=s) /X .dB,
0 0

t [ee)
+ / / 2e PN (ds, dz)
/ / / B N, (ds, dz, du). 2.11)

Proof. Applying It&’s formula to the process (6’6 tXt)tZO (see, e.g., [[24], Theorem 5.1]), we obtain,
for Xy ==z

Lo )
Bt N _ Y Bs Y Bs _
X, — X, /088(6 Xs)ds—i—/o oo (€7 X) (b~ BX,)ds
/a (¥ X,)o\/X.dB, + = / a(BSX)ons

Ox?

+ / / eBS(XS_ +z) - eBSXS_) N, (ds, dz)
0 JO

11



Chapter 2 A large deviations principle for time averages of continuous-state branching processes

with immigration
// /g_ X, +2) )N (ds,dz,du)

// /& ﬁsX +2)— X, — ze ) (ds,dz,du)

=8 / P X ds + / e’ (b— BX,)ds + o / ¢’ /X dB,
0 0 0

t proo t poo pX,_ _
+/ / zeﬁsNu(ds,dz) +/ / / ze'BSNM(ds,dz,du).
0 JO 0 J0O 0

t t
X, =xze P+ / e P)4s + o / e =%, /X dB,
0

Thus,

t poo pX,_ 5
+/ / ze_ﬁ(t_s)NM(ds, dz,du). O
0 J0O 0

As our focus in this chapter is to investigate the limit theorems for the time-averaged CBI process
Yac _ T
= (Y )>0 defined as

1 t
:/ X.ds, (2.12)
t Jo

where X is the CBI process starting in > 0 with admissible parameters (b, 3, o, 11, V), moments
play a crucial role in establishing these limit theorems. To simplify the notation, throughout the
remainder of this chapter, we let (Y;);> stand for (Y;"),>o.

2.3 Moments of the CBI process

In this section, we study the moments of the CBI process X satisfying (2.7), with admissible
parameters (b, 3, o, u, V). We assume that the Lévy measures v and p satisfy appropriate first and
second moment conditions for big jumps. Under these assumptions, we derive the first and moment
of the CBI process X and establish an upper bound for its second moment.

Proposition 2.3.1 ([1]). [First moment of the CBI process] Let X = (Xt)tzo be the CBI process
with parameters (b, 3,0, u,v) satisfying (2.7), with initial state x > 0, and such that the Lévy

measure v satisfies
oo
/ zv(dz) < 0o
1

E[X,] = ze P+ m(1 — e, (2.13)

m = ; <b+ /000 zy(dz)> (2.14)

Then, for all t,z > 0, we have

where m is given by

12



2.3 Moments of the CBI process

and, forall 0 < s <,
E[X,|X,] = X.e P79 4 m(1 — e P9, (2.15)

Proof. To prove this, we will adopt the proof method outlined in [[35], Chapter 12]. As illustrated
in Lemma 2.2.3, the CBI process satisfying (2.7) is, in fact, affine, and it is characterized by the
affine transformation

Ele ] = exp{—av(t,\) — ¢(t,\)}, A >0, (2.16)

where v(t, A) and ¢(t, \) are defined by (2.5) and (2.6), respectively. Then, by differentiating (2.16)
in A, we find that

E [Xte_)‘X*] - <xaa)\v(t, )+ %qb(t, )\)) exp {—zv(t, \) — G(t, A)} .

Hence, by taking the limits as A | 0, we obtain
E[X,] = 2-2-0(t,0) + /t 9 (5,00 F'(v(s,0))ds 2.17)
tl — I\ ) 0 I\ ) ) ’ .

Now, by differentiating (2.5) in A in both sides, we find that, for all A > 0,

o 0 0 0
aav(ﬁ A) = &5”(

It can be shown that standard techniques for first order differential equations lead to the following

t,A) = —R’(v(t,A))(%v(t,A).

t
gv(t, A) = kexp <—/ R (v(s, )\))ds> ) (2.18)
1)) 0

where k is a constant. Setting ¢ = 0 in (2.18), we find £ = 1. Now, since, for each fixed
t > 0,limy o v(t,\) = O (this is due to the conservative property of the CBI process X), it is
straightforward to deduce from (2.17) in conjunction with (2.18) that,

/ t /
E[X,] = ze ' © —|—/ e *FOF (0)ds
0

=z ; (1 - e*ﬁt) <b + /O h zu(dz)>

=ze P4+ m1—e . (2.19)

The conditional first moment (2.15) can be simply deduced from the time-homogeneity and the
Markov property of the CBI process X, i.e.,

E[X;|o(X,, s <s)] =E[X;|X,] = X,e 7079 4 ; (1 - e‘ﬂ“"*’)) <b + /OOO zu(dz)>

=X, P9 1y (1 — e_’B(t_S)) . O

13



Chapter 2 A large deviations principle for time averages of continuous-state branching processes
with immigration

According to the first moment of the CBI process X (2.13), the probability of blowing up of the
CBI process depends on the behavior of the function R at the point 0. This leads to the following
classification of the CBI process X.

Definition 2.3.2 ([20]). The CBI process X with parameters (b, 3,0, i, v), © > 0, satisfying (2.7),
is classified according to the value of R/(O) = [ into one of the following regimes

(i) subcritical, if B > 0, i.e., as t — o0, E[X;] = m
(ii) critical, if 3 =0, i.e., as t — oo, E[X,;] — 400 and
(iii) supercritical, if 5 < 0, i.e., as t — 00, E[X,] — oc.

In this thesis, we are interested in the subcritical case, that is, 8 > 0, as our starting point, and we
continue in this vein with the following proposition.

Proposition 2.3.3 ([1]). Let X = (X;);>( be the subcritical CBI process with parameters
(b, 8,0, p,v), satisfying (2.7) and such that v satisfies

/1 T d) < .

Then

sup E[X;] < max {z,m} < oo, (2.20)
>0

where m is given by (2.14). If, moreover,

/ 2u(dz) —I—/ 2p(dz) < oo,
1 1

then
supE[XtQ] < 00. (2.21)
>0

Proof. From (2.13), it can be seen that, since 5 > 0, a convex combination yields
0<E[X,]= ze P 4 m (1 - eiﬁt) < max{z,m}.

To prove the second statement, we employ the explicit formula for the CBI process X, as given by
(2.11), in conjunction with the definition of m in (2.14). This yields, for some generic constant
C > 0, that

E[XtZ]§C<xe_6t+m<1—e_ﬁt>)2+CIE 2

t
o / e P9 /X dB,
0
t 00 N 2
// ze_ﬁ(t_s)Ny(ds,dz) ]
0 Jo

t poo pXs_ 5 2
/ / / ze_ﬁ(t_S)NM(ds, dz,du)
0oJo Jo

=C (xeiﬁt +m <1 - eiﬁt))Q +CE {02 /t ezﬁ(ts)Xsds]
0

+CE

+CE

14



2.4 Long-term asymptotics of the time-averaged subcritical CBI-process

+CE [ / t / - 22626(t5)dsu(dz)}

+CE U / / TR S)ds,u(dz)du]
<C+C/ ds+C/ / A=) dsu(dz)
+C /O /O e PUIR(X, |dsp(dz)

<C (1 + /Ooo 22u(dz) + /UOO z%(dz)> < 00,

and the statement follows. O

2.4 Long-term asymptotics of the time-averaged subcritical
CBl-process

After investigating the first and second moments of the CBI process (X );~(, We are now in a position
to examine the limit theorems for the time-averaged CBI process (Y;)t>(; as defined in (2.12), with
a specific emphasis on establishing a large deviation principle and deri_ving a semi-explicit formula
for the good rate function in terms of the functions R and F!, respectively. Numerous authors
have investigated the long-term behavior of CBI processes. Pinsky [42], for example, posited the
existence of a limit distribution (invariant measure) for conservative subcritical CBI processes,
provided that the big jumps of the Lévy measure v satisfy the following integrability condition

/100 log(z)r(dz) < oo

Theorem 2.4.1 ([[40, 42], Corollary 2 and 3.21]). Let X = (X;);>( be the subcritical CBI process
with admissible parameters (b, B, o, i, v) satisfying (2.7), then X has a unique invariant measure,
denoted by m and that X; = 7 weakly as t — oo if and only if

A
F
/0 REZ; du < 0o, for some A\ > 0

or equivalently

/OO log(z)r(dz) < . (2.22)
1

In light of the ergodic theorem as presented by Nikola Sandri¢ [[45], Theorem 1.1] (see also
[[30], Theorem 9.8, p. 161]) and under the condition that

/OOO ym(dy) < oo

/00 zv(dz) < oo, (2.23)
1

or

we find that the time-averaged subcritical CBI-process (Y}),>( converges in L' to the space averages,

15
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with immigration

ie.,
t

1 o0
lim Y; = lim — [ X ds= / ym(dy) = lim E[X,] = m, (2.24)
0 t—00

t—o00 t—oo ¢ Jq

where m is given by (2.14).

We proceed by strengthening the convergence (2.24) to convergence in L?. That is, under a
second moment condition on the Lévy measures i and v, we prove the law of large numbers (LLN)
.2
in L~

2.4.1 Law of large numbers in L’

Theorem 2.4.2 (Law of large numbers in L2 [1]). Let X = (Xt)i>0 be the subcritical CBI process
with admissible parameters (b, B, o, v, u) and initial value x > 0, satisfying (2.7). Suppose that
v, i have finite second moments for the big jumps of the process, i.e.,

/00 2u(dz) + /OO 22p(dz) < oo. (2.25)
1 1

1 t
’/ X.ds—m
t Jo

Then

lim E [th - mﬂ — lim E
t—o00 t—00

2
] =0, (2.26)

where m is given by (2.14).

Proof. We have
1 [t 1 1
/ X, ds—m = 5E
t Jo t

Using (2.13) we have

(2) = 2;n/otlE[Xs]ds: 27:/; <1’6_6S+m<1—6_65))d8

2 t om? [t _
:m/655d3+2m2—m/655d8
0 t Jo

E

t
2 _ 2m> _
:ﬂ<1—6 ’Bt>+2m2—£(1—e Bt)
176 176
2mx 2m2t
< pom? - 2 2% o2
176 3

To complete the proof of the assertion, it is sufficient to show that (1) 2% 2, Using Fubini’s

theorem, the Markov property, the law of total expectation, and the first conditional moment (2.15),
we obtain for 0 < u < s <t

1 t 2 2
1= Lg (/ Xsd3> o 2/ E[X,X,]duds
¢ 0 Fubini’s theorem ¢ {O0<u<s<t}

2
= ) E(X, E[X.|X,]|dud
Markov property t2 /{0<u<s<t} [ u [ S| u” uas

16



2.4 Long-term asymptotics of the time-averaged subcritical CBI-process

o) ;/{0<u<s<t} E [Xu {Xuefﬁ(sfu) +m(1— 67’8(87“))H duds

- 22/ e PEIE[X2) duds
" J{o<u<s<t}

2
m / X, ]duds
O<u<s<t}

(%)

- 2721 / E[X,]e ?¢ " duds.
0<u<s<t}

By applying (2.21) and letting C' = sup,,> E[X?] < oo, we find that

(x) < 22/ e P gup E[X2]duds
t” J{o<u<s<t} u>0

9 t, s
:S/e ﬁ</ eﬁ“du>ds
t” Jo 0

2) tl_ —Bs
YN
t” Jo g

20 oo

Bt

IN

Further, we find that

(**):2’”/ </ B 4 m(1 — 5“))du> ds
:22’”‘2””/;</ 5du>ds+ m’ //duds— (/Oseﬁudu>ds
:215?;/0 (1—e‘ﬂs>ds+m2+£;/o (1—e‘5s)ds

and, by using (2.20), we find that

2m (' [ e
(x % %) < —gn / e P~ sup B[X, | duds
t™ Jo Jo u>0
2m Y AT
< — max{x, m} / e duds
t 0 Jo

17
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2
< 6—7: max{z,m} = 0.

Finally, we obtain

1/ ? oo
<t/ Xsds—m) ] =)= @) +m* =X m?—2m* +m?=0.
0

Thus, the claim is proved. O

Proceeding in this vein, we now study the typical fluctuation of the time-averaged CBI process
Y as defined in (2.12) around its limit m as given in (2.14). More precisely, we prove the central
limit theorem (CLT).

2.4.2 Central limit theorem

Theorem 2.4.3 (Central limit theorem [1]). Let (X,),;>( be the subcritical CBI process with
admissible parameters (b, 5, o, v, u) and initial value x > 0. Suppose that (2.25) holds. Then

1 nt
\/ﬁ <n/ XSdS — mt) = th, te [0, ].]
0

in law, where W, is standard Brownian motion and p is given by

o 1 (o9}
Pt = ;nQ <02 —|—/0 z2u(dz)> + 52/0 22v(dz).

Lemma 2.4.4 ([1]). Let (Xt)tzo be the subcritical CBI process with admissible parameters
(b, 8,0, v, 1) and initial value x > 0. Suppose that (2.25) is satisfied. Then

// L(ds,dz) — OO2:21/(dz) (2.27)
t—oo fy

/ / / ; ,(ds, dz, du) m Oozzu(dz), (2.28)

t—o0 0

and

in probability, with m given by (2.14).

Proof. To prove the convergence of the Poisson integral against the Poisson measure N,,, we fix
€ (0,1) and n € N. We then show that
5] =0.

tlggOPH // (ds, dz) — /Oooz%(dz) >

To obtain this, we then incorporate the scaled Poisson integral ; 1 fo " 22N, ,(ds, dz) and the Lévy
integral [z u(dz) by addition and subtraction to get

H // N, (ds,dz) — /OOQ(dz) }
H // 2N, dsdz—//zN (ds, dz)

> 5/3}
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2.4 Long-term asymptotics of the time-averaged subcritical CBI-process

+IP’[1 N, (ds, dz) — /0 " 2u(dz) >5/3}
HP[/ /OOZZV(dz) >5/3}

IP)Hi// 2N, (ds, d2) >5/3] +IP’[ 2 (d2) >5/3]
+]P>H N, (ds,dz) — / 2*v(dz) >5/3}

[ f [ maeaa] + 2o [ [ e
52 (t/o/o zle,(ds,dz)—/O z2u(dz)>2]
AL dzds+§/°°w<dz e (4 [ i) |

Fubini, It?lsometry E/ dZ 2 2 |:/ / ds dz :|
= § / / / v(dz)ds
€ Jn

zg/nooz V(dz)-i-gt/ Audz) = S/OOOZQIL[MO)( v (dz)+€9t/nz4y(dz).

Letting first ¢ — oo and then n — oo proves the first assertion (2.27). For the second assertion, we
will use a similar argument as before. We fix £ € (0,1) and n € N and then we show that

tlLIgOP H / / / o ds dz,du) m/ 5] =0. (2.29)
In fact, we have
H / / / N (ds, dz, du) // 22X, dsp(dz)| > ]

Ry T

H /// (ds, dz, du) //zX _dsu(d2)
IPH / / z2Xs_dsu(dz) >e/3}

Ekt /0 /0 /0 zzn{ugxs_}Nuwadz,du)—% /0 I zzxs_dsmdz))Q]
+ %E E /O t /n h zQXS_dsu(dz)]

> 6/3]
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/ / / [z Il{u<X ydspu(dz) du+/ / ldsu(dz)
[< // / 2 Lgucx, 1 Nu(ds, dz du)>

_ S/Ooz u(dz) <1 ) Au(dz) (1/0 E[Xs]ds>.

(*) (+)

As t — o0, it follows from (2.24) that % fg E[X,_]ds — m, and (xx) — 0. Moreover, letting again
t — oo and then n — oo, it folows that (%) — 0, and thus

H // /s_ (ds, dz, du) —// 22X, dsu(dz)
Now to get (2.29), we write

H // / (ds, dz, du) m/ zudz)>5}

_IP’H // / dsdzdu// 2X,_dsu(dz)
// 22X, dsp(dz) m/ >5]
H // / (ds, dz, du) — // 22X dsu(dz)| >

H@H [ iy [ utas| ]

<P H // /S_ (ds, dz, du) // 2X,_dsu(dz)| >

i [(t/o /O zQXS_ds,u(dz)—m/o z2u(d2)> ]

where by using Theorem 2.4.2, the last term tends to zero as ¢ — 0, and the assertion (2.28) follows
O

>e}—>0

.
]

immediately.
We are now ready to prove the central limit theorem 2.4.3.

Proof of Theorem 2.4.3. By employing Equation (2.7), for X, = x > 0, we can derive the following
stochastic process

M, =X, — /( — BX,) ds—// zdsv(dz), (2.30)

20



2.4 Long-term asymptotics of the time-averaged subcritical CBI-process

_a/\ﬁdB+// 2N, (ds, dz) // /9_ (ds, dz, du).

M = (M;);>( is a square-integrable martingale w.r.t. the filtration (F;);>, this is because the
Brownian motion (5;);>, the Poisson integrals against Nl, and N, respectively, are all square-
integrable martingales w.r.t. (.7-}),520 (see, e.g., [[3], Chapter 4]). Now, upon dividing (2.30) by
and rearranging the terms, we arrive at the following

t o)
/ X ds — tl <b + / ZI/(dZ)> _1 (=X + Xo+ My). (2.31)
0 B 0 B

=m

First, scaling (2.31) by n and then multiplying by y/n, we obtain the following:

(/de mt) mf( Xy + Xo+ M) .

Next, we examine the limiting distribution of the processes X,,; and M,,; as n — oc.
From the first part of Proposition 2.3.3, we have for all n € N

E[X,;] <supE[X,,;] < max{z,m} < oo,
t>0

so it follows that E[X ;] is uniformly bounded and

e
NG

E[X,;] — 0as n — oo,

and hence
Xt

p f
Now, it remains to show that the process (2/17"%%20 converges in distribution to pW,. As can
be observed from the above representation of M;, and according to [[46], Theorem 11.4.7], the
) satisfies

quadratic variation of the process ( NG

[?%]—&[Mm] ey ] [ e

[ / " / / N szds dz du)}

"— de+— / (ds, dz)
nﬂ

nt o] s—
— / / ZzNu(dS, dz,du).
0 0 0

Moreover, when applying Lemma 2.4.4 and convergence in L! (2.24) for (Y});>0, we obtain, for
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fixed ¢ > 0
e (3 ) o)
[ o [ s~ >
[n,@ /nt/ 2N ( ds,dz)—ﬁ/ 2u(d2) >§]
Y A S

As n — 00, it becomes clear that

1 p,(m( o > L [
71752 [M,,] =t <52 <0 +/0 z ,u(dz)) + 52/0 z u(dz)) . (2.32)

We finally employ Theorem B.0.5 stated in the Appendix, to conclude that

1 nt
vn </ X ds — mt> = pW,
nJo

in law where W, is a standard Brownian motion and p is defined by

PP = (’B”Q (02 + /OOO zQ,u(dz)> +/312/000 zQy(dz)> . O

We now examine the atypical (or unusual) fluctuations of the time-averaged CBI process,
Y, around the limit m as defined in (2.14). These are typically characterized in terms of large
deviations for the family of random variables (Y});>( as t — oo.

2.4.3 Large deviation principle

In this section, we apply one of the main theorems in the theory of large deviations, namely the
Girtner-Ellis theorem. It provides conditions under which a sequence of random variables satisfies
a Large Deviation Principle (LDP) (see Definition A.0.4 in the Appendix A), even when the
underlying variables are not i.i.d., unlike Cramér’s theorem [[13], Theorem 2.2.3]. To make this
thesis self-contained, we recall the Gértner-Ellis theorem.

Theorem 2.4.5 (Giirtner-Ellis theorem, Theorem 2.3.6, p.44 [13]). Let (Z,;);>( be a sequence of
R-valued random variables, where the logarithmic moment-generating function of Z, is defined as

A(€) == logE [eﬁzt}  EcR.

Assume that, for each £ € R, the limit

A(E) = Jim - A,(16)
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2.4 Long-term asymptotics of the time-averaged subcritical CBI-process

exists as an extended real number. Further, 0 € DR, where
Dy = {€ € R: A(€) < oo},
and let A* to be the Fenchel-Legendre transform of A(€) defined as

A (z) =sup{éx — A(&)}, z € R. (2.33)
£eR

Then,

(a) For any Borel set A € B(R),
1
— inf A*(z) < liminf - logP[Z, € A]
z€A°NE t=oo 1

1
< lim sup . log P[Z; € A]

t—o00

S - lnf, A*(ZL'),
z€A

where £ is the set of exposed points 4 of A" whose exposing hyperplane belongs to D}y.

(b) If A(§) is an essentially smooth > lower semicontinuous function, then the classical large
deviation principle holds with the good rate function N*(x), that is, for any A € B(R)

x |
— inf A™(z) <liminf —logP[Z, € A]
zeA° t—oo ¢

1
< limsup - logP[Z; € A]
t—oo T
< —inf A"(z).
z€A

We now proceed to examine the existence of the moment-generating function of the time-averaged
CBI process Y;, defined in (2.12).

Moment-generating function of the time-averaged subcritical CBI process

For fixed ¢ > 0, we define the logarithmic moment-generating function of the integrated CBI
process Y; by

A(€) = log (B[] ) = log (B [eﬁ(%fot Xsdﬂ) , £ER, (2.34)
and we set, for each £ € R,
0= i b = i B (2[0). s

Remark 2.4.6 ([1]). Note that A,(§) € (—o0, 0] whenever & < 0. However, if E [egyt} = +oo for
some & > 0, then also Ay(§) = +o0.

* See Definition A.0.6 in the Appendix A
> See Definition A.0.7 in the Appendix A

23



Chapter 2 A large deviations principle for time averages of continuous-state branching processes
with immigration

We now proceed to show that, for each £ € R, A(£) given by (2.35) exists as an extended real
number and that 0 € Dy, where

Dp:={¢€R:A(&) < 0}.

Remark 2.4.7 ([14, 33]). Note that for (X);> a CBI process (which is again affine) with parameters
(b, 8,0, v, 1) starting at x > 0, it follows from [[14], Chapter 11] that for each A\ > 0, the integrated
CBI process is again an affine process, that is, the following affine-transformation

Eje= 5 Xeds) _ o {—g;A(t, A) - /0 "F(AGs, )\))ds} (2.36)

holds, where A(t, \) solves the following generalized Riccati equation

0

aA(t, A) = —R(A(t,\) + A, A(0,A) =0.

Additionally, M. Keller-Ressel and E. Mayerhofer [33] built upon the work of Duffie, Filipovi¢ and
Schachermayer [14] by investigating the maximal domain of the moment-generating function of
affine processes. They showed that the affine-transformation formula (2.36) holds, for each \ € R,
up to a certain moment explosion time, given by,

T, (X\) :=sup {t >0:E {e_)‘fotxsds} < oo} .

We will start by characterizing the function A, (¢-), given by (2.34) in terms of solutions to the
generalized Riccati equation

%A(t, A) = —R(A(t,\) + A, A(0,\) =0, A €R, (2.37)

where R is given by (2.2). We will then study the limit of the scaled moment-generating function A
defined by (2.35). To do so, we ultimately wish to find solutions to the generalized Riccati equation
(2.37). To this end, strong moment conditions on the big jumps of the Lévy measures p and v will
be carried out. Such conditions are necessary to analyze large fluctuations and will provide insight
into the behavior of the solution to (2.37). Let us introduce the following.

YR 1= Sup {7 >0: / eFu(dz) < oo} ,
1

and

Yp i= sup {7 >0: / ev(dz) < oo} )
1

Remark 2.4.8 ([1]). Note that the Lévy measures | and v have finite exponential moments in the
sense that

/00 e“(v(dz) + p(dz)) < oo for some ¢ > 0 (2.38)
1

if and only if yg,vF > 0.

Remark 2.4.9. For vg,vr > 0, the functions R and F are (real) analytic on (—vg,o0) and
(=, 00), respectively.
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Lemma 2.4.10 ([1]). Assume that
oo
/ zz,u(dz) < 00,
1
then the function R given by (2.2) is strictly convex if and only if
[e.e]
0<R'0)=0c"+ / 2 u(dz). (2.39)
0

Proof. By employing the differentiation under the integral sign theorem, it can be seen that R is
strictly convex if and only if

R'(u) = o* —i—/ 22e7 " u(dz) > 0, Yu € (—yg, 00).
0

But this holds as soon as o > 0 or when the Lévy measure y is not concentrated on {0}, which is
equivalent to (2.39). ]

As we go deeper into the analysis of the branching function R, we present the following lemma,
which shows that I? has a unique global minimum.

Lemma 2.4.11 ([1]). Let R be the function given by (2.2) satisfying the convexity condition
(2.39) with 8 > 0 and yg > 0. Then, R has a unique global minimum, denoted by u,. such that
u. € [—vg,0) for yp < 00, and u,, € (—00,0) for yp = +00.

Proof. Note that by employing the Leibniz integral rule for differentiation under the integral sign,
we obtain the following

R(u) = B+ c*u+ /000 2(1—e "*)u(dz).

Next, we set -
D(v) :=c’v + / (2" — 2)p(dz), (2.40)
0
and consider the equation
o (v) = B. (2.41)

Then (2.41) implies R'(—v) = 0, and a possible minimum of R is the solution to the equation
(2.41). We now consider the two following cases:

(i) If 8 < ®(yg) € (0,00]. In this case, Equation (2.40) has a solution v, € (0,vg). v, is
also a possible minimum of R. Furthermore, since & is strictly increasing, this is because
@' (v) = R"(—v) > 0 forall v € [0, ~v5), the solution v, to (2.40) is unique. Consequently,
we set u, := —v,, then due to the strict convexity of R, u, € [—7yg, 0) is the unique global
minimum of R.

(i) If B > ®(yz). In this case, since ®'(v) = R"(—v) > 0 for all v € (—o0,vR), we have
R'(~v) =B~ ¢(v) > B~ ®(yr) 2 0.

Therefore, R is strictly increasing and its minimum is attained at u, = —yp.

® this follows from the strict convexity of R, see (2.39)
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We now show the last assertion, that is R(u,.) < 0. Since u, € [—7g, 0) is the global minimum of
R, we have R(u,.) < R(0) = 0. Assuming that R(u,.) = 0, then we may conclude from the strict
convexity of R that R(5 - 0+ su,) < $R(0) + £ R(u,) = 0, and therefore R(1u.) < 0 = R(u,).
This contradicts the fact that u,, is the global minimum. Thus, we have shown that R(u,.) < 0. [

In the following, we set

and it is thus evident that A € (—00,0).

Remark 2.4.12 ([1]). Note that Ag serves as a pivotal parameter, acting as a critical threshold that
dictates the existence of solutions y to the equation

—R(u)+A=0,

or equivalently
R(u) — A =0. (2.42)

Specifically, if A\ > Ag, then Equation (2.42) has a unique solution. However, if \ is below Ag, then
Equation (2.42) does not have a solution. This will be elaborated on in the following proposition.

Proposition 2.4.13 ([1]). Let yg > 0. Then, for all A\ > Apg, there exists a unique continuous
function y : [\, +00) = [u,, +00) such that

R(y(A) —A =0, (2.43)

with y(Ar) = u.. This function is continuously differentiable over the interval (g, +00) and
satisfies

(2.44)
Furthermore, for A < \p, Equation (2.42) has no solutions.

Proof. We will first consider the case where A < Ag. In this case, since u, is the global minimum
of R, we have, for all u € (—yp, ),

R(u)—)\:R(u)—)\R+()\R—)\)ZR(uc)—)\R+(AR—)\):)\R—)\>O.

Thus, it follows that Equation (2.42) has no solution. Let us now consider the case where A > Ap.
Since A\p < 0, we will examine the following three cases: A € [Ag,0), A = 0and X € (0, +00).

(i) If X € [Ag,0). In this case, since R(0) = 0, we have R(0) — A = —\ > 0 and R(u,) — A =
Ar — A < 0. This shows that equation (2.42) has a solution, denoted by y(\), such that
y(A) € [u,0).

(ii) If A = 0. In this case, we may simply take y(0) = 0.

(iii) If A € (0,400). In this case, we have R(0) — A = —\ < 0 and, for 5 > 0, R(u) > S|u| so
that lim,,_, ., R(u) = 4o0c. This shows that equation (2.42) has a solution y(\) € (0, c0).

Ultimately, the uniqueness of the solution y(\) is a consequence of the strict convexity of the
branching function R. The remainder of this proof focuses on proving that y(\) is a strictly
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increasing, continuously differentiable function over the interval (Ag, +00). to this end, we define
the function
f(ua )‘) = R(U) - )‘7 ('LL, )‘) € (_fYRv +OO) X ()‘Ra +OO)

Observe that f(y(\),\) = 0. Moreover, since y(\) > u,, then, we have W = R'(y(\) #

0% and by the implicit function theorem [[34], Theorem 1.3.1] the function y(\) is continuously

differentiable with
) Bf(%(i)A) 1
v = -0y = o : (2.45)
GAIN "~ R (y())

To show that y(\) is strictly increasing on (Ag, 4+00), note that since for 8 > 0, R(u) > S|ul so
that lim,,_,. R(u) = 400 and R is strictly convex on (—vp, +00), it needs to be increasing in a
neighborhood of (), i.e., R'(y()\)) > 0 and it follows from (2.45) that 3/'()\) > 0. O

Remark 2.4.14 ([1]). Since y is a strictly increasing function on [Ag, +00) with y(0) = 0 and
y(AR) = u,. < 0, then, by the intermediate value theorem, there exists a unique solution \p < 0 of
equation

y(Ap) = —vp, (2.46)

whenever u, < —yp < 0. Furthermore, if —yp < u, < 0, then (2.46) has no solution and we
define \p = —oo. Finally, we set

A, = max{A\p, Ag} < 0.
Then
y<)‘c) = y(max {)‘F7 )\R})

> max {y(Ap),y(Ag)}
= max {—p, u.} = max{—yp, —Vg}.

Since R and F are analytic (—yg,0) and (—yp = y(Ap), 00), respectively ° and that y(A) >
y(A.) for X > A, it follows that the functions R(y(\)) and F(y(\)) are continuously differentiable
on > A.

Asymptotic analysis of generalized Riccati equation

In this section, we examine the existence, uniqueness, and long-time behavior of solutions of
Equation (2.37). The solutions to Equation (2.37) can be characterized as follows:

Lemma 2.4.15 (Existence and uniqueness [1]). (a) Foreach A € [\, 00), Equation (2.37) admits
a unique global solution A(t, \), satisfying

0<A(t,A) <y(A), forA>0
A(t,\) =0, for A =0
y(A) < A(t,\) <0, for A€ [Ag,0).

7 since y(A) is a solution of (2.42) for all A > Ag.
$if y(A) = u,, then 2LEXN = R(y ) = 0.
? This is due to Lemma 2.4.9
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(b) For each \ < Ag, Equation (2.37) has a unique solution up to time T (\) given by

TR 1

This solution satisfies

—vr < A(t,A\) <0, for tel0,T(N).

Moreover, yp < oo implies T'(\) < oo.

Proof. Since the function R is analytic on (—7p, 00), then it is in particular twice continuously
differentiable and locally Lipschitz continuous. Therefore, Equation (2.37) has of at most one
solution A(¢, \) to Equation (2.37).

(1) For A = 0, we have %A(t, 0) = —R(A(t,0)), with initial condition A(0,0) = 0. This yields

the explicit solution A(¢,0) = 0 = y(0) for all ¢ > 0.

(2) For A\ € [Ag, ) \ {0}. In this case, the existence of a solution of (2.37) can be obtained by

28

separation of variables. Any solution of (2.37) can be identified by the following relation

A(t,\) 1

where we have set . J
U

If we show that H is invertible, it follows that the solution A(t, \) to Equation (2.37) is unique
and is given by A(t,\) = H *(¢t) for all ¢ > 0.

(i) For A > 0. In this case, we have, y(\) > 0. Moreover, we have, for u € [0,y())),
R'(u) = B+ c*u +/ 2(1—e "*)u(dz) >0,
0

and — R is strictly decreasing on [0, y(\)). Thus, it follows that —R(u) + X > —R(y(X\))+
A = 0. Moreover, the function H (z) as defined in (2.49) is a well-defined and strictly
increasing on [0, y(\)). Hence, it has an inverse H ' : [0,7%) — [0,y()\)) with

y(N) du

T" = — € (0,00]. 2.50
This shows that Equation (2.37) admits a unique solution A(¢, \) with 0 < A(t, A) < y(A).
To prove that this solution is global, we need to show that 7" = 4-cc. To this end, note that,
from Proposition 2.4.13, —R(y(\)) + A = 0 but R'(y(\)) # Osince y(\) > y(Ag) = u,
for A > 0 > Ag. Hence, y(}) is a simple zero of —R(y())) + A = 0, and we can write
—R(u) — R(y(\)) = —R(u) + A = (y(\) — w)R(u) for some C'-function R in the
neighborhood of y(\) (see e.g. [[37], Lemma 1.3, p. 174]). Thus, T" = +o0.

(ii) For A € [Ag,0). In this case, we have, y(A) < 0. Moreover, with the same argument with

the same argument as before, we have, foru € (y(A),0], —R(u)+ A < —R(y(\))+A = 0.
This shows that H is a well-defined and strictly decreasing function on (y()), 0]. Hence, it
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hasaninverse H ' : [0,T%) — (y(\), 0], with T is given by (2.50), and satisfies T* = oc.
Therefore, Equation (2.37) has a unique global solution A(¢, A) with y(\) < A(¢, ) < 0.

(3) Finally, we consider the case A < Ag. In this case, since u,, is the global maximum of — R, then
we have, forall u € R, —R(u) + A < —R(u.) + Ag + (A = Agr) = A — Ap < 0 and hence H
given by (2.49) is a well-defined and strictly decreasing function on (—~vg, 0], and it has inverse
H™':[0,T(\)) = (=g, 0] with

TR du
) :/0 “R(u)+ X

This shows that Equation (2.37) has a solution A(¢, A) with —vg < A(t, ) < 0. Moreover,
since R is locally Lipschitz continuous, then by the continuation and the Picard-Lindelof
theorems (see, e.g., [7]), A(t, ) is the unique solution to (2.37). O

The following lemma illustrates the long-term behavior of the solution to the generalized Ricatti
equation (2.37).

Lemma 2.4.16 (Long-time behavior of A(t, A) [1]). (a) For each A > \g, we have

tliglo A(t, N) =y(N). (2.51)

(b) For each A < Ap, we have
li A(t,\) = — 2.52
t/}%r(l)\) ( ) ) TR» ( )

where T'(\) is given by (2.47).

Proof. (a) For the case A > A, we will consider the cases A € [Ap,0),A =0, and A > 0:

» If A € [AR,0). Suppose that (2.51) does not hold. Then there exists ¢ > 0 and a sequence
() )nen satisfying ¢, oo asn 7 oo and y(\) + e < A(t,,A) < 0. Therefore, we
obtain, using the fact that H in (2.48) is decreasing on (y(\), 0], that

Atn,N) 1 y(A\)+e 1
t, = — du < — du < .
n /0 “R(u) + A “—/0 “Rw) + AT

Letting n — oo yields a contradiction. Thus (2.51) holds.
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Graph of —=R+AwhenAg=A<0 (A= —18)
[
— -R+A

® zeros of -R+A

40

Uc Ao(A)

T T T T T T T T
-30 -25 -20 -15 -10 -5 Y(/{\ 5 10
u

—20 3

—40 4

60 o

80 o

-100 -

Figure 2.1: Ilustration of the behavior of A(¢, A) when A € [Ag,0).

* If A = 0, we have, from Lemma 2.4.15 (a), A(¢,0) = y(0) = 0. Therefore

Jim A(t,0) = y(0) = 0.

Graph of =R+ A when A =0 R
|

— -R+A
®  zeros of -R+A
Ye Ao(A)

o 2 20 1 o B A) o

~100 o

125 4

77777

Figure 2.2: llustration of the behavior of A(¢, A) when A = 0.

e If A > 0. Suppose that (2.51) does not hold, then employing Lemma 2.4.15 (a), there
exists € > 0 and a sequence (t,,),cy satisfying ¢, /* coand 0 < A(t,, ) < y(A) —e.
Therefore, by using the fact that H given by (2.48) is increasing on [0, y(\)), we obtain

that
A(tn,A) 1 p y(A)—e 1 p
t, = — du< — du< .
/0 “R(uw) A" /0 “Ruw) AT
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Now, letting n — oo yields a contradiction. Thus (2.51) holds.

Graph of =R+ A when A >0 (A=30)

100 4

-R+A
zeros of -R+A

77777

77777

Figure 2.3: Illustration of the behavior of A(¢, A) when A > 0.

(b) For the case A < Ar. We will consider first the case 7z = oo and then the case v € (0, 00):

* If yp = oo and T'(\) = oo holds. In this case, we have, for all u € R, —R(u) + A =
—R(u) + A+ (A — Ag) < A — Ag < 0. Hence, we get

A(t,\) = /Ot (—R(A(s,N\))+A)ds < /Ot()\—)\R)ds = (A=Ap)t = —cc ast = T(\) = oo.

e If yp = oo and T'(\) < oo holds. In this case, suppose that (2.52) does not hold. i.e.,
there exists K € (—o0,0) and a sequence (f,),en satisfying ¢, T'(\) such that
A(t,\) > K for all n € N. Hence, using the fact that H given by (2.49) is decreasing on
(—7R, 0] and the definition of T'(\) for vz = oo, we obtain

Al(t,,\) 1 K 1
P o gu< | g
n /0 —R(u)+)\u_/0 “Rw) + A
o0 1 o0 1
- = - —= 4
/0 “R(u) + A" /K “R(uw) + A"

& 1
=T\ — /K mdu.

Now, letting n * oo gives | ;O %du = (0 which yields a contradiction since

—R(u) + XA < 0 for all u € R. Thus (2.52) holds.
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Graph of =R+ A when A <Az (A= —60)

— -R+A

Figure 2.4: Ilustration of the behavior of A(¢, A\) when A < Ap and v = 0.

e If v € (0,00). In this case, since —R(u) + A < —R(u,) + Ap + (A — Ag) < A — Ap,
one can see that from (2.47) that

T(A S/ du = < o0.
W= ) D™ T e

Now, suppose first that (2.52) does not hold, then employing Lemma 2.4.15 (b), there exists
e > 0 and a sequence (%, ),ecn satisfying t,,  T'(\) such that —yp +€ < A(¢,\) < 0.
Hence, since —R(u) + A < 0 for (=g, 0],

At \) 1 i —Yrte 1 p
t, = —————du < —
/0 “Ruw) 2 /0 “R(uw) A"

TR 1 J TR 1 d
_/0 “R(u) £ A “_/7 “R(uw) A

R—E

T\ / L
+ —_du.
—vn R+ A

Now, letting n — oo gives f__J;JFE mdu = 0 which yields a contradiction since
—R(u) + A < 0. Thus (2.52) holds. O

The following result shows that, for each A € R, the integrated CBI process fg X,ds is an affine
process as stated in [[33], Theorem 2.14, Proposition 3.3]. This result will help us characterize the
logarithmic moment-generating function A; given by (2.34) in terms of solutions to the generalized
Riccati equation (2.37).

Proposition 2.4.17 ([1]). Let (X;);> be the subcritical CBI process with parameters (b, 3, o, v, 1),
x > 0 satisfying (2.7), and yg > 0. Then, the following assertions hold:

(a) For each \ € [\g, o), the affine transformation formula holds for t > 0:

. t
B[] = exp (e ) - [ FlaGs D). .59
0
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where A(-, \) is the unique solution of the generalized Riccati equation (2.37), F' is given by
(2.3), and the left-hand side is finite if and only if the right-hand side is finite.

(b) For each A\ < \g, Formula (2.53) holds for t € [0,T(\)] with the left-hand side being finite if
and only if the right-hand side is finite. Fort > T'(\), we have

E [e*A I Xsds} = to0. (2.54)

Proof. (a) Let A € [Ag,00). In this case, we first consider the case A > 0 and then the case
PYS [)\R, 0)

e If A > 0. In this case, the assertion is an immediate consequence of [[14], Chapter 11,
p-1033-1038]. Furthermore, it follows from Lemma 2.4.15 that A(¢, \) > 0 for all £ > 0,
and hence both sides in (2.53) are finite.

* If A € [AR,0). In this case, we have from Lemma 2.4.15 that Equation (2.37) has a unique
global solution A(t, \) € (y(A)),0] for all £ > 0. Consequently, the assertion follows
from Lemma 2.4.15 and [[33], Theorem 2.14 (a)].

(b) Now, we consider the case A < Ap. In this case, we see from Lemma 2.4.15 that Equation
(2.37) admits a unique solution A(¢, ) up to time 7'(\) given by (2.47). Therefore, it can be
inferred from Remark 2.4.7 and [[33], Theorem 2.14 (b)] that the affine transformation formula
(2.53) holds on [0, T'(\)]. For t > T'(\), it follows from Lemma 2.4.15 that Equation (2.37)
has no solution. Hence, from Remark 2.4.7 together with [[33], Proposition 3.3]

t
E [e_’\ Jo Xsds} = +o0. O
Note that, for each £ € R, by setting A = —&, we may use Proposition 2.4.17 to characterize the
limit of the scaled log moment-generating function A(§) as defined in (2.35).
Proposition 2.4.18 ([1]). For each & € R, we have
A(f) _ —F(y(—f)), lff € (_OO7€C]7
+00, ife>&,

where {, = =\, = —max {\p, A\g} = min{—Ap, —Ag} > 0 and F(y(—¢.)) > —oo. Further-
more, 0 € Dy = (—0,&,).

Proof. We first set A = —¢ and A\, = —&, then we consider the two following cases: Firstly, when
A < A, with F'=0and F # 0, and secondly, when A > A..

(1) If A < A, and F' # 0, where F is given by (2.2). In this case, we first assume that A\p > Ap so
that A\, = max {\p, A\g} = Ay and this case is restricted then to the case A < A with F' # 0.
If T(\) < oo, then Proposition 2.4.17, yields for t > T'(\) that

Ay(—tA) =1logE {e_’\fg Xsds} = +o00.

Hence A(§) = A(—)) = +o0. Moreover, according to Lemma 2.4.15, if T'(\) = +o0, then
we have yp = 400, and it follows from Lemma 2.4.16 that

lim A(t,\) = —yp = —o0,

t—4o00
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2

34

and, using L"Hopital’s rule, we find that

LAY DAL

t—00 t t—00

= tliglo —R(A(t,\)) + A = —o0.

From the definition of F' given in (2.2), if b = 0, then we let a > 0 such that v([a, c0)) > 0.
Since A < A\, = Ag, we have, —R(u) + A < —R(u,) + A = —Agp + A < Oforall u € R, then
it follows from Equation (2.37) that A is decreasing. Hence, since F’ is increasing, we obtain

1/(:F(A(s,/\))ds: 1/O§F(A(s,)\))ds+1/;F(A(s,)\))ds
< 1/OtF(A(O, )\))ds+;/;F(A(;,)\))ds
= F(0) + 3F(A(, )
S DA ) + gulla, 001 —e 4B oo
Therefore,

t
AE) = A(=A) = Tim — (-m(t, A) —/ F(A(s,A))ds) — 0.
t—o0 0

If we assume that A\ > A\p, then A\, = max{\p, \gp} = A and this case is restricted then
to A < Ap with F' # 0. For A < Ap < Ap, it follows as before from Proposition 2.4.17,
that for ¢ > T'(\) we have A;(—t\) = +oo. Hence A(§) = A(—)) = +00. We now assume
that A\p < A < Ap, then noting that y(Ar) = —v (see Remark 2.4.14) and that the function
A — y(A) is strictly increasing (see Proposition 2.4.13), and, from Lemma 2.4.15 together with
Lemma 2.4.16, so that

Jim A(t,A) =y(A) <y(Ar) = —r,

we find ty > 0 such that A(t, \) < —vp holds for all ¢ > t,. Hence F(A(t,\)) = —oc.
Therefore, the claim is proved by Proposition 2.4.17.

For £ > ¢, and F' = 0, we again set ¢ = —\. Then, we have A < A.. In this case, A(—\) is
given by

A(-X) = Jim TA,(~1)) = lim % (—wA(t, N).

t—oo t

If T(\) < oo, we have by Proposition 2.4.17 (2) that, for t > T'(\), A,(—t\) = 400 and hence
A(€) = A(—X) = +o0. If T(A) = +o0, then, from Lemma 2.4.15, we have vz = +00 and

from Lemma 2.4.16 lim,_, ., A(¢,\) = —o0, and hence we obtain by L’Hopital’s rule
AN 9 L _
S, t A &A(t’ N = A —R(A®EA) + A = —oo.

Therefore,
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(3) For & <€,. Setting again £ = —\. Then, we have A > .. In this case, note that for A, = Ap
or A\, = Apg, both of which imply that A > Ag, and from Proposition 2.4.17 we get

1 t
A(E) = A(—A) = Tim © (—:pA(t, A — / F(A(s,A))ds) ,
t—oo ¢ 0
where A(t, A) is given as a solution of (2.37) and fg F(A(s, \))ds is finite for each ¢t > 0.

Moreover, as established in Lemma 2.4.16 (for A > A\p)

Jim A(A) = y(N),

and it follows that Al
lim M =0. (2.55)

t—o00 t

and

AE) = A(=2) = Tim <— /(:F(A(S,A))ds> .

t—oo t

If —F(y(\)) < 400, then, by the monotone convergence theorem, it follows that

AE) = A(-A) = lim + <_ /0 F(A(s,A))ds) _ _Fy(\) € R.

If —F(y(\)) = 4o0. In this case, we necessarily have, from Remark 2.4.14, A\ = A\, = Ap (so
that y(\) = y(Ap) = —yp) as well as [~ €""*v(dz) = +o0 (so that F(—yp) = —00). Now,
take € > 0 arbitrary. Since, by Lemma 2.4.16, lim,_,., A(s, ) = y(\) = y(Ap) = —yp, we
find some ¢y > 0 such that A(s, A) < y(\) + € for s > . Hence, because F' is increasing, we
obtain for ¢ > ¢,

1/t 1 [t 1/t
E / F(AGs, \)ds = = [ (A, \)ds + 2 [ F(A(s, \)ds
tJo t Jo tJy,
1 t
< t/ F(y(\) +e)ds
to
t—t
=3 CF(—yr +e)
< t_tto / (1— e~ C1PH9%),(42)
1
- t_to/ v(dz) — t_tO/ Py (dz).
t ) t N
<oo

Letting t — oo shows that

1 t o0 o) _
lim inf t/ F(A(s,\))ds < / v(dz) — / P97y (dz), forall € > 0.
0 1

t—o00 1
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Now letting € ™\, 0 shows that

t 00 00
lim inf% F(A(s,\))ds < / v(dz) — / e u(dz) = —c0.
1 1

t—o00 0
N——

<o

Therefore,
t

o1
tliI?OZ ; F(A(s,\))ds = —oc.
This, combined with (2.55) proves that
t
A(€) = A(=)) = lim 1 (—xA(t, A) —/ F(A(s, A))ds) =400 = —F(y(\)).
0

t—oo t

Finally, set A\, = —¢, we have —F(y(—¢€.)) = —F(y(\.)) < oo, and hence F(y(—¢.)) > —oc.
This is a consequence of Remark 2.4.14, since y(\.) > max {—vp, —yg} and F is increasing so
that F(y(—¢,)) = F(y(\.)) > —oo. Moreover, we have Dy = (—o0,&.], Dy = (—00,&,) and
since £, = —\, > 0 then 0 € Dj. O

In light of the previous proposition, we have established the existence of the limit of the scaled
logarithmic moment-generating function A for all £ € R within the interval (—oo, 00|, and we
further showed that 0 € DY. Ifit can be shown that A is an essentially smooth, lower semicontinuous
function, then the “classical” large deviation principle 10 will hold with a good rate function A*
defined as the Fenchel-Legendre transform of A. This will be provided at a later stage. The
following propositions highlight the fundamental properties of A.

Lemma 2.4.19. The function A : R — (—o0, 00| is convex.

Proof. For each £ € R, we have
A(¢) = lim 1A (t¢) = lim 1log {egth} .
t—oo T t t—oo T
Applying Holder’s inequality we obtain, for &;,&, € R, 6 € [0, 1]
A0 + (1= 0)16y) = log [/ T HI-0%Y]

~ log -<et£1Yt>0 (€t52yt)(1—9)]

< log -IE (etélYf,)g E (etﬁ?yt) (19)}

= OA(t61) + (1 — 0) A4 (tS5)-
Therefore, it follows that A (¢-) and their limit are convex as well. O

Proposition 2.4.20. Assume that F' # 0, and

i L W) +00, (2.56)
€€,

' see Definition A.0.4 in the Appendix
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where R and F given by (2.2) and (2.3), respectively. Then, the convex function A is essentially
smooth, that is the following assertions hold:

(1) D} = (—0,&,) is nonempty.

(2) A is differentiable throughout Dy with

(3) Ais steep, i.e., for any sequence {&,,}, .y C D{ converging to a boundary point of Dy, namely
., we have
lim ‘A/(fn)‘ = +o0.

n—oo
Proof. (1) The first assertion follows from Proposition 2.4.18, since 0 € Dy.

(2) From Proposition 2.4.18, we already know that A(§) = —F'(y(—¢)) < oo for & < .. As stated
in Lemma 2.4.9, the function F’ is analytic on (—7p, c0), and thus differentiable on (—vp, 00).
Moreover, Proposition 2.4.13 shows that the function y is strictly increasing, continuously
differentiable on (Ag, 00), with y(—§) > y(—¢.) > max{—yp, —yg} > —7p for & < &.
Therefore, A is differentiable on (—o0, £,) with

N(€) = (“Fy(—€))) = —F'(y(~&))(y(—6)Y = m @.57)

(3) For the steepness of A, we take the only boundary point of Dy, namely &, let (£,,),en C Dy
with §,, /£, as n — oo, then it follows from (2.57) together with assumption (2.56) that

Fl(y(—
lim ‘A’({n)‘ = lim ‘/(3/(7571))‘ = +00.
n—oo oo [ R (y(=¢,,))]
Consequently, A is essentially smooth. O

Proposition 2.4.21. A : R — (—o0, 00| is lower semicontinuous.

Proof. We consider the different parts of the domain of A separately. In each case, let (§,,),cny C R
be a sequence such that §,, — £ as n — co. We aim to show that

liminf A(,) > A(€).
n—oo
 For £ > &, we can see from Proposition 2.4.18 that A() = +oc and A(§,,) = 400 for n
large enough.

* For & < &, we have again, by Proposition 2.4.18, A(§) = —F(y(—¢£)). As we have shown
in Proposition 2.4.20, A is differentiable on (—o0, {,). Hence, it is continuous and therefore
also lower semicontinuous.

* For £ = £, note that
- if ¢, > &, for all n € N, then we have that A(§,,) = 400 > A(E.) = A(§).
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- If ¢, < ¢ foralln € N, we have A(§,) = —F(y(—¢,)) and A(§) = —F(y(=§)).

Since y is continuous and so y(—¢&,) — y(A) = y(=¢&) = u, < 0 and F is
continuous on [u,., 00) with —F(y(—¢.)) = —F(u,) € [0, oc], then we conclude that
lim,,_, . —F(y(=¢&,)) = —F(y(=¢)), and hmTHoo A(&,) = A(¢) and the assertion
holds. O

In the following, we define the Fenchel-Legendre transform of A, denoted by A™ as follows

A*(z) = sup {€z — A()} = sup {€z + F(y(=¢))}, (2.58)
£ER <€,

with Dy- = {z € R: A"(2) < 00}.

Lemma 2.4.22. A* is a convex good rate function, that is, A* is convex, non-negative and lower
semicontinuous with compact level sets.

Proof. The convexity of A* follows from its definition, since for any 6 € [0, 1], 21, 25 € R, we have

ON"(21) + (1 = O)A"(25) = sup {€z — A(§)} +sup {(1 — 0)&z, — (1 = O)A()}
EER £€R

>sup {(0z + (1 = 0)z)¢ — A(§)}
£eR

=A"(0z; + (1 — 0)2y).
For the non-negativity, since A(0) = —F(y(0)) = —F(0) = 0, then

A*(z) =sup {2 — A(&)} > 02— A(0) =0
£eR

In order to show that A* is lower semicontinuous, fix a sequence (z,),, C R that converges to 2.
Then, for every £ € R

hm_i)nf N (z,) > lim_i>nf [€z, — A(&)] = &2 — A(§),
and it follows that
liminf A*(2,) > sup [£2 — A(€)] = A™(2).

Zp—Z ¢eR

Now for A™ to be a good rate function, it only remains to show that its level sets defined, for r > 0,
by
Ly(r):={z€eR:A"(z) <r}, (2.59)

are compact. Since A* is a lower semicontinuous function, it follows from Lemma A.0.1 that its
level sets L)« are closed. Thus, it only remains to show that L ,+(r) are bounded. To illustrate
this, we essentially follow the proof outlined in [[13], Lemma 2.3.9]. Since 0 € D} = (—o0,&,),
there exists a closed ball, namely B(0, ¢) C (—o0, &,) for some € > 0. Moreover, since the convex
function A is continuous on (—o0, £,.), it follows that

M:= sup A(§)= sup —F(y(=£)) < oo.
£eB(0,e) £€B(0,¢)
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Thus
A*(2) =sup{€z — A(§)} > sup {2 —A(§)}
£eR £eB(0,¢)
> sup &z— sup A(€) =¢€|z| — M.
£€B(0,¢) £€B(0,¢)

In particular, lim |, A*(z) = oo, and A" is coercive. Therefore, it follows that the level sets
L, ~(r) are compact and A" is a good rate function. O

Having established the necessary preliminaries, we will now state the large deviation principle
for the subcritical time-averaged process Y given by (2.12).

Theorem 2.4.23 (Large deviation principle [1]). Let X = (X});>( be the subcritical CBI process
starting at x > 0 with parameters (b, 3,0, v, u) and satisfying the convexity condition (2.39),
Yr, Y € (0,00], and F' # 0. Then the time-averaged CBI process (Y;);> defined by (2.12)
satisfies for each Borel set A C R,

1
— inf  A™(2) < liminf -~ logP(Y, € A) (2.60)
2€A°N(0,a) t—oo ¢

< lim sup % logP(Y, € A) < — inf A"(2),

t—o00 z€EA

where A°, A are the interior and the closure of the set A, respectively, A" is a good rate function
given by
A(z) = sup {&x + F(y(=9))}, Yz R,

and o € [m, 0| is determined by

o — sup L WD)
e<e, R (y(=¢))’

where m is given by (2.14). Moreover, A*(m) = 0 and A" (x) > 0 for z > 0 with x # m.

(2.61)

Proof. According to Proposition 2.4.18, we know that A exists as an extended real number.
Furthermore, 0 € D} and according to the Lemmas 2.4.19 and 2.4.22, A is convex and A" is a
convex good rate function. Applying the Gértner-Ellis Theorem 2.4.5, yields

* o]
— inf A%(z) <liminf —logP(Y; € A)

2€A°NE t—oo t
1 *
<limsup —logP(Y; € A) < — inf A™(2),
t—oo z€A

where £ is the set of exposed points of A* whose exposing hyperplane belongs to Dy = (—o0, £,).
In general, it is not always easy to identify the set of exposed points &, but instead, we find a real
number « determined by

P FuO) PO 1 TN
L RW(e) " Ru0) RO ﬁ(b+/o (d )) >0,
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such that the set (0, v) is a subset of £. We will now show that (0, a) C & so that

— inf  A"(2) < — inf A'(2), (2.62)
2€A°N(0,0) 2€A°NE

and hence (2.60) holds. We let z € (0, ) and then we show that z € £. From Proposition 2.4.20,

we have that the function 7 — A'(n) = % > 0 is continuous throughout D} = (—o0,&,)
(because R and F are analytic on (—yp, o0) and (—vp, 00), respectively). Furthermore, we have
/
- b
lim A'(n) = lim /(y( n)) = =0
n e - Riy(=m))  +o9

Thus, by the intermediate value theorem, we find some 7 € (—o0, £,.) such that z = A(7}). Applying
[[13], Lemma 2.3.9.(b)], we obtain

A*(2) = iz = A)

and z € £. Thus, both (2.62) and (2.60) hold.

Propositions 2.4.20 and 2.4.21 show that A is essentially smooth and lower semicontinuous.
Therefore, by the Girtner—Ellis theorem 2.4.5, the “restricted” large deviation principle holds with
the good rate function A* defined in (2.58). It remains to show that A*(m) = 0 and A*(z) > 0 for
x > 0 with  # m. For fixed x € R, define

pu(§) = Ex — A(§) = &x + F(y(=¢))

and note that, by Proposition 2.4.13, £ — y(—¢) is strictly decreasing and continuous on (—o0, £,.).
Hence, it has an inverse & : (y,,00) — (—00,&,), where y,. = y(—¢§,) = max {u., —yr} < 0, and

¢ (y) = N (2.63)

Now we define the function

Ue(y) = 0. (E(y)) = W)z + F(y(€(y))) = £z + Fly(y~ ' (v)) = £y)z + Fly),

and hence, we have

A (z) = sup 1, (y) = sup ¢, (£(y)) = sup {E(y)z + F(y)}.
Y>Ye Y>Ye Y>Ye

Using (2.63) and (2.44), we obtain

W) = €Wt F(y) = —————+F'(y) = —R (y(~£@)e+F'(y) = —R )+ F (),

and 9%y (y) = —R"(y)z + F"(y).
Given that F' # 0, and assume that the Lévy measure v # 0, then we have for each x > 0

W) = — <02 4 /0 h z2e_yz,u,(dz)) v — ( /0 h ZQe_yzu(dz))

<0
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o0
< —/ 22e YV u(dz) < 0.
0
Therefore, 1),, is strictly concave for each x > 0. Since y(0) = 0 and thus £(0) = 0, we find that

o0
¥, (0) = —R'(0)m + F'(0) = —Bm + <b +/ zu(dz)> =0, (2.64)
0
where m is given by (2.14). Therefore, y = 0 is a global maximum for ¢,,, which proves that

Y=Y,

On the other hand, for x > 0 with x # m, we have

A (z) = sup ¥, (y) > ¥,(0) = £(0)z + F(0) = 0.
Y2Ye

Upon replacing m with z in (2.64), it is easy to see that ¢, (0) # 0. Therefore, necessarily
¥, (y) > 0 holds for y (y > 0 or y < 0) close enough to zero. For such a value of y, we obtain
A" (x) > 9, (y) > 0. This proves the assertion. Finally, if we consider the case where v = 0 and
use the assumption that ' # 0, we necessarily have b > 0. Moreover,

e For z > 0, we have
(o)
Vi(y) = — <02 +/ z26_yz,u(dz)> z <0,
0
where this follows from the convexity of R (see (2.39)), and thus 1), is strictly concave with
Y, (0) = —R'(0)m + F'(0) = —fm +b =0,

with m = % > 0 (see (2.14)). Thus, y = 0 is a global maximum for ),,, which proves

A*(m) = 4,,(0) = 0. For x # m, we may proceed with the same argument as in the case
v #0toget A"(x) > 0.

* For z = 0 (here also = # m since m > 0), we have

A(0) = sup ¢y(y) = sup F(y) = sup by = +oo.
Y>Ye Y>Ye Y>Ye

This completes the proof. 0

2
Remark 2.4.24 ([1]). According to Theorem 2.4.2, we have Y, L—> m as t — oo which implies
that for each Borel set A C [0, 00) with m ¢ 0A we have P|Y; € A] — 0,,(A) as t — oo, where
d,,, is the Dirac measure concentrated at the point m. In particular, the good rate function A* given
by (2.58) should be 0 at m.

By comparing Theorem 2.4.23 with the classical large deviation principle (See Theorem A.0.4
in Appendix A), in our case, the lower bound in the inequalities (2.60) contains the intersection
A° N (0, ). Consequently, in the case o = +00, then A° N (0, +oc) = A°, and the classical large
deviation principle holds. This will be further clarified in the following Corollary.
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Corollary 2.4.25 ([1]). Let X = (X,;);>9 be the subcritical CBI process with parameters
(b, B, 0, v, 1) determined from (2.7) and satisfying the convexity condition (2.39), g, Vg € (0, 00),
and F # 0. If the steepness assumption (2.56) holds, then the time-averaged CBI process (Yy;);>q
defined by (2.12) satisfies the classical large deviation principle with good rate function A~ that is,
for each Borel set A C R,

* o1
— inf A%(2) <liminf - logP(Y, € A)
2cA° t—oo t

1 *
<limsup —logP(Y; € A) < — inf A™(2) (2.65)
t—soo T z€A

holds.

Proof. According to Proposition 2.4.20, the function A given by (2.35) is essentially smooth.
Moreover, Proposition 2.4.21 states that A is a lower semicontinuous function. Given Theorem
2.4.23 and the Gartner-Ellis Theorem 2.4.5, we may conclude that the classical large deviation
principle holds. O

The previous theorem 2.4.23 concerns the LDP for the time-averaged process Y when the
immigration mechanism F' 2 0, ensures m > 0. The following lemma provides additional insight
into the large deviation principle discussed above.

Lemma 2.4.26 ([1]). Let F be the function given by (2.3). Assume that F' = 0, then m = 0, where
m is given by (2.14). Furthermore, for any Borel set A C R, the inequality (2.60) becomes

o]
—o00 < hg(l)glf;logIP’(Y; € A)

< lim sup ! logP(Y; € A) < —€.inf(A).

t—o00 t

Proof. If FF =0, then b = v = 0 and hence it follows from (2.14) that m = 0 and from (2.61) that
a = 0. Moreover, it follows from Proposition 2.4.18 that

~fo,  fore<e,
M8 = {—I—oo, foré > ¢,

Finally, it follows that the left bound in (2.60) becomes — inf(()) = —oo. For the right bound in
(2.60), we note, from (2.58), that

A*(z) = sup &2 = €,z
£<E,

Hence, it follows that for each Borel set A C R,

lim sup % logP (Y, € A) < —£,inf(A) = —£, inf(A). O

t—o00

Remark 2.4.27. It is important to note that the fact that A*(m) = 0 indicates that the deviation of
the process Y from the mean m is a rare event.

In the following remark, we examine the case in which the branching mechanism R, as defined
by (2.2), is not strictly convex, that is, when condition (2.39) is not satisfied.
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Remark 2.4.28. If the convexity condition (2.39) does not hold, then, R”(O) =0,ando=pu=20
but the classical large deviation principle still holds. Indeed, in this case, X is the unique strong
solution of the stochastic integral equation

t t oo
Xt=X0+/ (b—ﬁXs)ds—}—/ / zN,(ds,dz), Xg=x >0,
0 0 J0

where b > 0, 8 € R are constants, and v is o-finite Lévy measure on [0, 00) with v({0}) = 0, and
satisfying the integrability condition

/00(1 A z)v(dz) < oo.
0

X is called the pure-jump Ornstein-Uhlenbeck process, which is again an affine process, also a
CBl-process on R, and its Laplace transform representation is given, for A > 0, by

E {e_/\Xt] = exp {—xv(t,)\) - /OtF(v(s,)\))ds} ,

where v solves the differential equation

du(t, \)

ot —R(v(t,A)), v(0,A) =A.

R and F are given by
R(u) = pu,

F(u) = bu+ /000 (1 - e_"z) v(dz).

Moreover, since we are concerned with subcritical CBI processes, we fix 3 > 0. Now, suppose that
v > 0, that is, v has finite exponential moments, and F' # 0. Then, it follows from Proposition
2.4.13 that y(\) = %for all \. Furthermore, it follows from Remark 2.4.14 that A\ = —B~yp, and
from the definition of £, that £, = min {oo, Bvr} = Byr € (0,00]. As a consequence, it follows

from (2.58) that
A" (z) = sup {fz +F <_£>} = sup {gz +F <_§> } . (2.66)
e<e. p £<Br p

In particular, the main theorem on the large deviation principle 2.4.23 still holds with A* in (2.66)

being the good rate function. However, for the classical large deviation principle to hold, we require
F'(=¢/B) _ F'(=vr)
B 5 B

= 400 whenever

that the steepness assumption (2.56) holds, that is, limg ¢

vr < o0o. Finally, the case F' = 0 is excluded here since X; = ze t which is deterministic.

Remark 2.4.29. Regarding the steepness condition (2.56), we observe that this condition is certainly
satisfied if yp = yp = +00, that is, the Lévy measures p and v have finite exponential moments of
all orders. In all other cases, depending on L, v, it can happen that the steepness condition (2.56)
either holds or fails to hold. The following examples illustrate this.

Example 2.4.30 (Pure jump Ornstein-Uhlenbeck process [1]). Let 5 > 0,0 = 0 and p = 0.
Then, the subcritical CBI process X is the unique non-negative solution of the following stochastic
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integral equation

X, = X0+/(b BX,) d8+// L(ds,dz), Xog=22>0
and is called a pure-jump Ornstein-Uhlenbeck process with
R(u) = Bu
and -
F(u) =bu +/0 (1—e "“)u(dz).

In this case, it follows from the definition of g that v = +00, and from Proposition 2.4.13 we
have y(X\) = 2. Finally, we let

—z
e

V(dZ) = 217_"_77

Lig,0)(2)dz, m € R.
Then, from the definition of vr we can see that v = 1, also from Remark 2.4.14, we can see that

Ap = —0, and it follows that —§, = A\, = max {\g, A\p} = —f (since \r = —00). Moreover, the
steepness condition (2.56) becomes

M:l X ez N _b 1™
2 TR (y(=o)| ﬁ(”/l - RETRS B+/6’/1 2

and hence condition (2.56) holds, that is floo 2 "z = +o0, ifand only if n < 1.

Example 2.4.31 (Jump-diffusion CIR process [1]). Let 5 > 0,4 = 0 and 0 > 0. Then, the
subcritical CBI process X is the unique non-negative solution of the following stochastic integral
equation

Xt:XO+/( — BX, d5+/0\/ X .dB, +// L(ds,dz), Xg=22>0

and is called a pure-diffusion CIR (shorted as JCIR) process with
o2
R(u) = Bu + EuZ, (2.67)
and

F(u) =bu+ /000(1 —e “v(dz).

Let F' # 0 with the Lévy measure v satisfying vp € (0, 00]. Since = 0, then v = 0o. Moreover,
from the definition of R in (2.67), we can see that R is strictly convex, and R has a global minimum

2
u, given by u, = — B, < 0. In this case, Agr = R(u,) = —Qﬁ—g < 0. Furthermore, it follows from
g loa
Proposition 2.4.13 that By(\) + %Q(y()\))z —A=0and
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with y(Ag) = u.. Moreover, it follows from Remark 2.4.14, that

—o0, if0< & <qp
>‘F: 2 2 2 7
o (&-v) - L fo<w<s
e 20 o
Hence )
-7, if0< % <7p
Ao =max{Ap, Ag} =4 27 2 2 T
%(02_7F) — 57 f0<yp < 5.
and
2
y(—15), if0< % <vp

y()‘c): 2 2 2 .
y<"2(%—'yp> - ‘;) if0<yp <2

.
(e

Finally, for0 < 5 < ~p, the steepness condition (2.56) holds due to R (y(—&,)) = R'(y(\.)) = 0.

o

For0 < vp < % we have
g

iy PO L F(=)  Fly€) _ Fl(—p)
R (Y(=E) /6 Bra’y(=E)  BHa’y(=&) B-op

and condition (2.56) is satisfied whenever the Lévy measure v satisfies

/ 2" u(dz) = +o0. (2.68)
0

Let us consider two examples of measures v.
e Let v be the Lévy measure given by
e TF*

v(dz) = ZTnl(l,oo) (2)dz,

with v € (0,00) andn € R. For0 < yp < %, we can see that the JCIR process satisfies
g

the large deviation principle, but, for % > Yf, one can see, from (2.68), that the JCIR
g
process satisfies the large deviation principle if and only if

o
/ 27 "dz = +o0,
1

* Let v be the Lévy measure given by

thatisn < 1.

_P
(&

v(dz) = ﬁﬂ(o,oo) (2)dz,
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where p > 1 and n < 2. In this case, we can see from the definition of v that vp = +00
whenever n < 1. Hence, it follows from (2.68) that the JCIR process satisfies the large
deviation principle.
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CHAPTER 3

Risk-Sensitive Asset Management under an
a-CIR Factor Model

In this chapter, we study a risk-sensitive asset management (RSAM) control problem with a finite
time horizon. This chapter is structured as follows. We begin by introducing the market model in
Section 3.1, followed by the formulation of the RSAM control problem in Section 3.2. In Section
3.3, we formally derive the Hamilton-Jacobi-Bellman (HJB) equation associated with our RSAM
problem. In Section 3.4, we establish the existence of solutions to the HJB equation formulated in
the previous section. The main result, Theorem 3.5.1, is presented and proved in detail in Section
3.5. We show, via a verification theorem, that the solution to the HJB equation, together with the
candidate optimal control, derived in Section 3.3, indeed solves the RSAM control problem.

3.1 Market model with «-CIR Factor

Let (Q2, F, (F;)i>0,P) be a filtered probability space that satisfies the usual conditions, that is,
(92, F,P) is complete, the filtration (F;);> is right-continuous and J{, contains all the P-null sets
in F. Let B := (B;);>0 and 8 := (;);>0 be two one-dimensional (F;);>q-Brownian motions

independent of each other, and Z = (Z,),~( be a spectrally positive ! a-stable compensated Lévy
process with parameter o € (1,2), independent of (B, 3) with corresponding Lévy measure given
by

v(dz) = Caz_(1+o‘)]l{z>0}dz, a€(1,2), (3.1)

where C,, := (I'(—a)) ', with I" denoting the gamma function. Note that the normalization
constant C, is chosen in such a way that the Laplace transform of Z has the simple form given in
the following lemma.

Lemma 3.1.1. For A > 0, the Laplace transform of the process Z is given by
E [e_AZt} = exp (1A, £ > 0, € (1,2). (3.2)

Proof. Forallt > 0,a € (1,2), we have

B[] e {e [T (- 1402) via)

"A Lévy process is classified as spectrally positive if it exhibits only positive jumps.
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= exp {tC’a/ (ef)‘z -1+ )\z> z(Ha)dz}
0

where, for a € (1,2),

> —Az 1 A" @
/0 (e —1+)\z)zl+adz:a(a_l)f’(2—o¢):)\ I'(—a).

Indeed

< 1 00 z 3 1
/ (e -1+ Az2)adz = / < —Me™Y — 1)dy> e d?
0 z 0 0 2

)\a
2 ) = AT(a),
where in the last equality, we used the property of the Gamma function I'(—«a) = ggi_ff;
Consequently, (3.2) holds. 0

Let N (dt, dz) be a Poisson random measure on (0, c0)” with intensity dtv(dz), where v(dz) is
given in (3.1).By the Lévy-It6 representation, Z takes the form

t t
Z, =t +/ / zN (ds,dz) + / / zN(ds,dz), t >0, Zy =0, (3.3)
0 J{<1y 0 Jiz>1

1
~v:=-E [/ / zN(ds,dz)] ,
0 J{z>1}
2

and N(ds,dz) := N(ds,dz) — dsv(dz) is the compensated Poisson random measure on (0, 00).

where
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3.1 Market model with «-CIR Factor

Since lelzl zv(dz) = C, fIZ\Zl 2~ %dz < oo, for each a € (1, 2), then the Lévy-Itd representation
of Z simplifies to

t
Z, —/ / zN(ds,dz), t >0 (3.4)
0o Jr,

In the following, let p € [—1, 1] be a constant. Since B and ( are two independent Brownian
motions, then, following [[27], Definition 1.4.3.1, p.34], we can define a new Brownian motion
W = (W})>0 as follows:

W, = pB,+1/1-pB,, t >0,

which satisfies (B, W), = pt, for each t > 0. The two Brownian motions B and IV are said to be
correlated with a correlation p.

We consider a continuous-time financial market comprising of two assets, e.g., a customary
bank account and a stock. The price process of the customary bank account .S 0.— (SiJ )t>0 and the
price process of the stock S L= (St1 )i>0 are assumed to be governed by the system of stochastic
differential equations (SDEs)

0
G =, sg=1,
5 1 (3.5)
STlt = p(Yy)dt + WY dWy, Sy >0,
which depends on an R-valued affine process, called -a factor process- satisfying
dY, = a(b—Y,)dt + o/ Y dB; + JZYl_/adZt, Yo_=Yy=y>0as. (3.6)

with a,b, \,0,0, > 0, € (1,2), and, for y € R,

r(y) =19+ ry, ro € R,ry e Ry
uy) =r(y) +\’ys, 6 €R

Remark 3.1.2. The existence of a unique nonnegative strong solution to (3.6) follows from Fu and
Li [[21], Corollary 6.3]. Moreover, we call the process defined by (3.6) the a-CIR process with
parameters (a,b, 0,07, &) and denote it by a-CIR(a, b, 0,07, ). Such processes are commonly
employed to model the evolution of interest rates (see, e.g., [28]). Furthermore, the existence and
uniqueness of solutions to the system of SDEs (3.5) follows from [[26], Theorem 4.61, p.59].

Note that, by the Lévy-It6 representation of Z in (3.4), we can write the SDE (3.6) describing the
dynamics of the factor process Y as follows:

o
dY; = a(b—-Y,)dt + o/ Y,dB; + GZ/ Ytl_/azN(dt, dz), Yo_ =Yy > 0. (3.7)
0
Proposition 3.1.3 ([2]). The unique solutionY” = (Y}),;> of (3.7) is a CBI process (see Chapter 2)
with branching mechanism R given by

1
R(u) = au+ =o”

5 u’ + ogu®, (3.8)

and immigration rate
F(u) = abu.
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Proof. Let f € C* (R, ). By applying Itd’s formula, we obtain

t t
F) =Yy + / a(b - m;yfm)ds to /0 \/Eijf(Y;)st

0
0,2 t 82 t poo 1o 5
G | gt [T [0 ol )] s a2)
t proo
w70 gy = ) = eyl v, s
=Yy + /t Af(Y,)ds + local martingale,
0

where

2 00

Af(y) = alb—y)f'(y) + %yf”(y) + /

oz~ £) - ogm 1 )] (a2,

(3.9)
Performing the change of variables z = aZzyl/ %in (3.9), we obtain
/ 2 1 [0 o ~ ~ 8 ~
AF) = alb =) @)+ Gur" W)+ w03 [ [+ - 1) - 2510 vias)
(3.10)

Since the infinitesimal generator of Y is of the form (3.10), then according to [[41], Theorem 9.40,
p. 260] (see also [[28], Proposition 3.1]), Y is a CBI process with branching mechanism R given by
_ 1 2 2 a o —uz ~ ~
R(u) = au + 50U + oy (e7™ =1+ wuz)r(dz)
0

and immigration rate F'(u) = abu. Now, using the explicit form of the Lévy measure v in (3.1), we
can show that R is given by (3.8). This follows at once from the fact that, for all « € (1, 2), we have

> —uz =~ 1 ~ u” . u

where C, = (I'(—a)) ", Indeed,

o _ 1 ) z 1
e " —1+uz dz = / < —u(e”"™ -1 dy) ———dZ
/o ( )E(HO‘) 0 0 ( ) Flte
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3.2 Risk-Sensitive Asset Management (RSAM)

2 00 00
= u/ (/ y_ady) e “dx
a Jo x
2 00
> 1
= u/ |: yl—a:| e—u:cdx
a Jo l-« .
u2 e 1
— — —de
ala—1) /0 v v
U <z l-a_—z
= - d
ala—1) /0 (u) c @

(o4 [e'e}
U l-a —z
= — z e “dz
ala—1) /0

a
U

= mf(? - a).

This shows (3.11) and concludes the proof. O

3.2 Risk-Sensitive Asset Management (RSAM)

In this section, we consider a self-financing investor in response to an investment strategy (a control
process) h = (h;);>o whose wealth process XM= (Xth‘)tzo is governed by the SDE

ax) sy ds!
X" (1= he) sy gl o

where © > 0 is the initial wealth of the investor. h; is a R-valued control process with the
interpretation that the fraction h, represents the proportion of the current portfolio value invested in
the asset Stl , while the fraction 1 — h; represents the proportion invested in the asset S,? . The asset
price processes 5% and S are given as solutions to the system of SDEs in (3.5).

LetT € (0,00) and 6 € (0, 00) be given, and define the risk-sensitized expected value of the log of
the portfolio value in response to an investment strategy h. by

Bl = 7% log (E [exp (—Hlog X{};)D - 7% log (E [(X%)*e]) , (3.13)

where [E(+) is the expectation w.r.t. the probability measure PP. Here, 6 is called the risk-sensitive
parameter and represents the degree of risk aversion of the investor.

RSAM problem with a finite time horizon: We are interested in finding an optimal control h that
maximizes the criterion E; Let us set the value function

Tp(6) := sup {—;log (E [(XQ)‘GD}, 0 € (0,00), (3.14)

h.€eAr

where A7 is a set of all admissible investment strategies h. over the investment period [0, 7'] (to be
defined later in Section 3.5).

Remark 3.2.1. The RSAM problem can be formulated as finding a control process h = (}Al)te[(),T] €

A that maximizes the criterion E:}; in (3.13). A control process h that satisfies E;Lw =T7(0) is
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Chapter 3 Risk-Sensitive Asset Management under an a-CIR Factor Model

called optimal.
Remark 3.2.2 ([2]). A Taylor expansion of E; in (3.13) around 6 = 0 shows the vital role played
by the risk sensitivity parameter 0:

E; = E[log X;] - gVar[log X;] +0(6%). (3.15)

This shows that the criterion amounts to maximizing E(log X;E) subject to a penalty term, where
this penalty term is proportional to 0. In other words, the investor’s aim is to maximize their wealth
while controlling the fluctuations of their portfolio. The special case of 8 = 0 is called the risk-null
case.

Proof of (3.15). A Taylor expansion of (Xg )79 about 6 = 0 up to order 2 gives

_ 6>
(X;ﬁ) b _1_ HlogX;l; + ?(logX;l;)Q + 0(93),

and )
_ 0
E [(X;‘;) 9} = 1 - 0Elog X' + E(log X7)° + 0(6°).
Again a Taylor expansion of log(1 + z) = = — %xQ + O(z*) about # = 0 up to order 2 for

z = —0Elog X + L E(log X)? + 0(6%) gives

1 0
E;i _ -3 log(1 +z) = HE[log X;ﬁ] — iE[(log X7h~)2]

—_

h 0 hoz)’
- <_E[log Xp]+ E[(log X7) }>

\V)

— E[log X 1] — gE[(log X7

1 e 0 h. hyo 0 h.\212 3
+ 5 <0E[(log X7 — EE[log X7 |E[(log X7 )" + ZE[(log X)) +0(067)
6

= E[log X;f] - §Var[log X;i} +0(6%). O
To approach the RSAM problem (3.14), we adopt the dynamic programming method (see, e.g., [9,
10, 19, 23], which will be discussed in Section 3.3. In the remainder of this section, we reformulate
our RSAM problem into a more amenable form. Specifically, we proceed as follows: first, we derive
an explicit representation of the wealth process X, next, we perform a change of measure using
Girsanov theorem, and finally, we rewrite the RSAM problem (3.14) under the new probability

measure.

Let

T
Ly = {(ft)tZO : progressively measurable and/ ffY;dt <ocas. forall 0 < T < oo} .
0

The dynamics of the wealth process (3.12), together with the dynamics of the two assets 5% and S*
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3.2 Risk-Sensitive Asset Management (RSAM)

(3.5) can be rewritten as

dXh.
o = W Bt + by (p()de £ AT, )
t

— (r(Yt) n ht)\2Yt6> dt + My /Y,dW,, X =2, t e 0,7, (3.16)

Lemma 3.2.3 ([2]). Equation (3.16) has the following explicit solution

t 1 t
X" =zexp {/ |:7"(Yu) + h \Y,6 — 2>\2Yuhi] du + )\/ hu\/Yuqu} ,t€0,T).
0 0
(3.17)

Proof. Using It6’s formula, we can see that
h h ! 2 1o (' 2 !
log X, =log X’ +/ {T(Yu) + hy A Yté] du — 5)\ / Y, hy,du+ )\/ hu/ Y, dW,
0 0 0

t 1 t
=+ / [r(Yu) + h NY6 — 2A2Yuhi} ds + A / ho /Yo dW,.
0 0

Consequently, (3.17) follows. 0

Corollary 3.2.4 ([2]). For each 6 > 0, we have

T
(X270 = 2% exp {—9/0 10y,, hu)du} o), (3.18)
where )

I(y, h) == r(y) + hA*6y — S+ O)N*hy, (3.19)

and . .

1

M) = exp {—GA / /Y, dW, — 592% / hﬁYudu} . (3.20)

0 0
Proof. Follows by a straightforward computation. 0

Lemma 3.2.5 ([2]). Let h. € L5 and assume that
T
E [ / (p0m) )2hZYudu] < 0,
0

then the process (Mt(eh‘))te[oﬂ in (3.20) is a martingale. In particular, E[Mt(eh‘)] = E[Méeh‘)] =
1.
Proof. Let
t 1 t
0, =— / OAh, /Y, dW, — 5 / 0>\’ R2Y,, du.
0 0

and f(z) = €” so that f'(z) = ¢” and f"(z) = €. Then, by Itd’s formula [[24], Theorem 5.1, p.
66-67] we have

1 1
AM") = 4f(©,) = e® (—Ah\/Y;dW, — SO NHYidt) 4 S 0N 1Yt
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= —OAM " by /Y, AW,
Integrating both sides of the previous equation, we see that

t
M) — o) /0 ONMM by /Y d W, M) =1, (3.21)

Therefore, because 1t6 integrals are martingales [[46], Theorem 4.3.1, p.134], Mt(eh') is a martingale.
O

Remark 3.2.6. Note that the process M (Oh.)

Brownian motions B and (3 as follows:

MO =1 — / oM, /Y, <deu + m dﬁu> )
0

0O — _gANh /T (des n mdﬁs> , (3.22)

We define the set A' as

in (3.21) can be also expressed in terms of the

and

Al = {h, € Ly: M™ = (M), isa martingale} . (3.23)

The next step involves a change of measure. This step is important in reducing the risk-sensitive
control problem to a classical stochastic control problem.

Change of measure: For h. € A', we define a new probability measure P on (Q, Fr) via
the Radon-Nikodym derivative (see, Theorem C.0.1 in the Appendix) given by

dP

| = M) e 0,1, (3.24)

Fi

and we let IE[] denote the expectation w.r.t the probability measure P. From (3.18), we see that the
criterion E;i in (3.13) is given by

T
E; =logx — élog (E [exp (—9/ (Y, hu)du>]) .
0

Consequently, (3.14) becomes

T
I'r(6) =logz + sup {—1 log (fE [exp <—9/ 1Yy, hu)du>}) } . (3.25)
h.€Ar 0 0

Next, we formulate the dynamics of the factor process Y, given in (3.7) under the new probability
measure P, applying the Girsanov-Meyer theorem, which we now recall.

Theorem 3.2.7 (see, e.g.,[[43], Theorem 39, p.134]). Let P and P be equivalent 2, andlet 7, = % 7

> Two probability measures P and P on the same measurable space (92, F) are said to be equivalent, if for any
Ae F,P(A)=0<P(A) =0.
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3.2 Risk-Sensitive Asset Management (RSAM)

Let X be a classical semimartingale I under P with decomposition X = L + A. Then X is also a
classical semimartingale under P and has a decomposition X = L'+ AY, where

t
1
LI=1L —/dZ,LS
¢ =Ly oZ[ ]

S

is a P local martingale, and Al=X-L'isalP finite variation process.

(6h.)

Proposition 3.2.8 ([2]). Letr M, = % 7 then the process B = (B,);> defined by
, >

B, = / PONR /Y du,

is a P-Brownian motion. Moreover, fix A € B(R..), then N([0,t] x A) is a P-Poisson process with
intensity v(A)dt.

Proof. According to the Girsanov-Meyer theorem, the process B = (Bt)tzo defined by

t
B, =B, - /0 ngl%»d <M(9h,)’B>u,
is a P-martingale. Setting H,, = O\h,\/Y,,,
<M(9h'),B> - < MO g w, B>
/ ~M" H.d(W,B),
= [ Hopas,

since (W, B), = ps. Therefore,

t
= 1 oh.)
B:B—/— M) H, pdu
R A V1 2

u

t
= B, +/ H,pdu
0
t
= B, +/ pOh, /Y, du.
0

Consequently, since <B, B > = (B, B),, then by Lévy’s Theorem (see Theorem C.0.2 in the
t -
Appendix), we conclude that B is a standard Brownian motion under P. Now, fix A € B(R +), then
again by the Girsanov-Meyer theorem
LN, M),
Myh')

=0

N®I)([0,4 x A) == N([0,1] x A) — / = N([0,#] x A)
0

} X; = L; + A;, where L is a local martingale and A is a process of finite variation (see, e.g., [43], p. 129)
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is a I@—martingale. Moreover, it follows from the Watanabe’s chafacterization (see, e.g., [[27],
Proposition 8.3.3.1]) that N([0,¢] x A) is a Poisson process under P with intensity v(A)dt. O

Applying Proposition 3.2.8 to the factor process Y in (3.7), it follows that under the probability
measure P, the dynamics of the factor process Y are given by

dY, = a(b —Y,)dt + 0+/Y,(dB, — O\ph,\/Y,dt) + az/ 2YMON(dt, dz)
0
= (Y, ly)dt + 0\/Y,dB, + 0 / VYN (dt, d2), (3.26)
0

where we define
f(y,h) :==ab— (a+ 0cAph)y. (3.27)

In summary, we have shown that the RSAM problem (3.14) is equivalent to the stochastic control
problem of maximizing

T
—%Iogﬁ [exp{—G/ l(Yu,hu)duH , 0€(0,00), (3.28)
0

over all admissible controls A. and for the controlled process Y satisfying (3.26). In other words,
the value function I'2(0) in (3.14) can be rewritten as

Ir(0) = sup {—;logf[*l [exp{—ﬁ/oTl(Yu,hu)duH}, 6 € (0, 00).

h.€ A

In order to solve this problem and obtain an optimal investment strategy, we will use the dynamic
programming approach by solving a Hamilton-Jacobi-Bellman equation (HJB) associated with our
problem (see, e.g., [19]). This will be the focus of the next section.

3.3 Formal derivation of the HJB equation for the RGAM
problem

In this section, we formally derive the Hamilton-Jacobi-Bellman (HJB) equation associated with
the RSAM problem (3.28). Before proceeding, let us briefly revisit the concept of stochastic
control for (controlled) Markov processes. Following mainly W. H. Fleming and H. M. Soner
[[19], Chapter III], we shall describe in a formal way the principle of dynamic programming, the
corresponding dynamic programming equation, and a criterion for finding optimal controls.

3.3.1 Stochastic Control

In this subsection, we briefly recall the dynamic programming approach and the formal derivation
of the dynamic programming (or HIB) equation.

Fort < s < T, let X(s) be a controlled * Markov process with initial state X (£) = z € R
and an associated controlled Markov generator £, where v is the control process. Let J be the

* that is X (s) is influenced by another real-valued stochastic process (s), called a control process.
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performance criterion of a stochastic control problem to be optimized, which is defined as

J(t,v5u) =E; {/tTL(S,X(s),u(S))dS + gZ)(XT)} , (3.29)

where we denote by E, ,[-] the expectation with initial condition (¢, ). Here, L(s, z,u) is called the
running cost function and ¢(x) the terminal cost function. L and ¢ are assumed to be continuous,
together with further (integrability) assumptions to ensure that the criteria .J is well defined.

The starting point for dynamic programming is to regard (for example) the infimum of the quantity
J in (3.29) as a function V' (¢, ) of the initial data:

t.x) = inf J(t,: 3.30
V(t,x) ulgcJ(,a:,u.), (3.30)

where C' is the set of all controls. The function V in (3.30) is called the value function. The
method of dynamic programming uses the value function as a tool in the analysis of optimal control
problems.

The next step is to use Bellman’s dynamic programming principle (DPP). This states that for § > 0
suchthatt <t +6 <T,

)
V(t,z) = JIE%E” {/t L(s, X(s),u(s))ds+ V(t+9, X(t+ 5))} : (3.31)

We use this heuristic argument to formally obtain the dynamic programming equation. Assume that
V' is smooth enough and let the control process be constant u(s) = v fort < s <t + §. Then, the
DPP (3.31) yields

V(t,o) <Ey, {/t+5 L(s, X (s), v)ds + V(i + 6, X (t + 5))} |

Subtracting V' (¢, z) from both sides and dividing by § gives

t+0
0< %Et,x [/t L(s, X (s), U)d5:| + %Et,x V(t+6,X(t+9)) —V(tx).

Applying Fubini’s theorem and letting ¢ | 0, we obtain

1

t+d 1 t+48
SEt’x [/ L(S,X(s),v)ds] = 5/ E; . [L(s, X(s),v)]ds — L(t, z,v), (3.32)
t t

and

t+4

%Em V(t+0,X(t+9))—V(t,x)] = %Et,x [ AV (s, X (s))ds

1 t+0
—5 [ LAV X())ds — AV (1,a),
t

where A" is the differential operator given by A"V = 9,V + L"V, with £" the infinitesimal
controlled generator associated to the Markov process X. Consequently, for all v € R, we obtain

0 < AV (t,z)+ L(t,z,v). (3.33)
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On the other hand, if ™ is an optimal Markov policy, that is, the optimal control process u* is given
by u*(s) = u”" (s, X ), then, under sufficiently regular conditions, the DPP (3.31) takes the form

t46
V(t,x) =E,;, {/t L(s, X" (s),u" (s, X"(8)))ds + V(t + 8 X" (t + 5))} ,

where X ™ is the Markov process generated by ££. Here, u" is also called a feedback control policy.
A similar argument as before gives the following

0 =AY V(t,2) + L(t,z,u*(t, 2)). (3.34)
Combining (3.33) and (3.34) gives the dynamic programming equation

0 = inf [A"V(t,z) + L(t,z,v)],
veER

for (t,x) € [0,T] x R, with terminal data
V(T,z) = ¢(x).

The above formal argument suggests that an optimal Markov control policy u* (s, X *(s)) should
satisfy
u*(s, X"(s)) € argmin [A"V (t,x) + L(t, z,v)]

where
argmin f(v) = {v* € R: f(v) < f(v), Yo € R}.

Now, let us consider the criterion J to be of the following exponential form

T
J(t,z;u) =K, , [exp (—9/ l(s,X(s),u(s))ds)] ,
t
for any 6 > 0, where [ is the running cost function. The problem of maximizing

1

S logE, . [exp <—9 /t Tz(s,X(s),u(s»dsﬂ ,

is called a risk-sensitive stochastic control problem, where 6 represents the risk-sensitivity parameter
of a decision maker. Let V' be the associated value function given by

V(t.a) = sup —% logE,, [exp (—9 /t s X(s), u(s))dsﬂ .

The associated dynamic programming equation is (formally) obtained by considering the value
function

o(t,x) = inf By, [exp (-9 /t TZ(S,X(S),U(S))dsﬂ ,

then, according to [[19], Section VIL.8], the dynamic programming equation associated with ® (¢, =)
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3.3 Formal derivation of the HJB equation for the RSAM problem

is given by
0= nf [0,0(t,x) + L7G(t, ) — OU(t, @, v)$(t, )],

with terminal condition ¢(7', z) = 1, where £" is the generator of the controlled Markov process
X. Consequently, by applying the following logarithmic transformation V' (¢, ) = —% log ¢(t, ),
a straightforward calculation yields the dynamic programming equation associated with V' (¢, z).

3.3.2 Deriving the Hamilton—Jacobi—Bellman (HJB) equation

We now formally derive the HIB equation associated to our RSAM problem (3.28). Let 0 <t <
T < oo, and consider the value function

1 . T
V(t,y) = sup —élogEtjy [exp {—0/ Z(Kg,hs)ds}] ,
h.€A; 1 t

where we denote by Ety[] the expectation under the probability measure P with initial condition
(t,y), and

A%}T = {h,]l[t,T] th € Al}.

Then, the HIB equation associated with V' (¢, y) is given by
I 9 o 0 o 2
—0,V = 50 yo,V — 30V (0,V)" + sup {f(y,h)0,V +1(y,h)}
€

o 1 -
i ya%/o {_9 (efa[v(t,erz)fV(t,y)} _ 1) _ g@yv} v(dz), V(T,y) =0, (3.35)

where the functions [ and f are given by (3.19) and (3.27), respectively, and v(dZ) is given by (3.1).

In the following, we provide a justification for the formal derivation of the HIB (3.35). We
begin by considering the value function

T
$(t,y) = inf E, [exp{—@ / l(Y;,hs)dsH. (3.36)
t

h.E.At,T

Let0<t<t4+0<T < o0, fort <s <t+ 9, forasmall positive §. The dynamic programming
equation associated with (3.36) is then obtained by the following heuristic derivation. Assume that
o(t,y) € CH2([0,T] x R, ) and take a constant control b, = h, fort < s <t + 0. Applying Itd’s
formula to the process ¢(t + 6, Y, 5), we obtain

0

t+6 o N t+5 ~
ot +6.Yigs) = 0lt) + [ (G £ Vs + [ G ot Vo /VadB,

¢
t+6 poo 1 _
[ [t 200yl — o5, Rds. o)
t 0
where £ is the differential operator given by

£"9(ty) = Fu, D), 9(t.9) + 30 9020(t.9)
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+ [ {ottt o) = tt9) — 2o 0,0(0.0)} i),
The HIB equation associated to ¢(¢,y) is then given by
_ h _
0= inf (9 +£" —0U(y.h)) 6(t,y), (T.y) =1,
or equivalently
1 .
—0,0(t,y) = 502y8§¢>(t7y) + jnf {£(y, )0y o(t.y) — 0l(y, h)b(t. y) }

+ / {qﬁ(t, y+ 209" — d(t,y) — z05y" 8,6t y)} v(dz), ¢(T,y) = 1.
0

oV (t.y)

Setting ¢(t,y) =€ , we obtain

_ 0 _ 02 -
00,V (ty)e "V = —Zo*yapvty)e VY + Sty 0,V (1y) e VY

3 _ _GV(Sﬂy) _ _GV(Svy)
+}fé£{ 0.f(y, h)0,V (s, y)e 0l(y, h)e }

oo /o
n / {e—OV(t,y+ngy1 ) V) _ L, e (_eayv(t,y)e—HV(t,y)) } o(d).
0

Dividing by He_W(t’y), and performing a change of variables z := zaZyl/o‘, we obtain (3.35).

It is convenient to transform Equation (3.35) into a simpler form. We first make the term

sup { f(y, h)0,V (t,y) +1(y, h)}
heR

in (3.35) more explicit, where f and [ are given by (3.27) and (3.19). By a straightforward
computation, the maximizer h must satisfy

—0aApyd,V (t,y) + Moy — (1+ 9)/\2hy =0.

In other words, the maximizer of the HIB equation (3.35) is given by

* 1 Oop

Now, by setting h* (¢, y) in (3.35), we obtain the following lemma.

Lemma 3.3.1 ([2]). The HJB equation (3.35) can be rewritten as

1
—0V(ty) = y50° RV (t,y) —y (8,V (t.)" H
+ 0,V (t,y) (ab— Ky) + Ay + 7,

n ya%/o {_2 (6—9[V(t,y+2)—v(t,y)] _ 1) _ 28yV(t,y)} v(dz), (3.38)
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3.4 Existence of a classical C'1'? solution

where we define

o> 9p2
H=—/1[1-—
2 ( 1+9> (>0,

K =

a+1+0)\05p,
Ampy 2L g2 (>0)
T g =5

where, 0,a,0,A > 0,71 > 0,0 € R.

3.4 Existence of a classical C"? solution

In this section, we discuss the first main result of this chapter. We show that the HIB equation
(3.35) or equivalently (3.38) has a classical C*? solution. With the help of Lemma 3.3.1, it is
straightforward to see the following:

Theorem 3.4.1 (Solution of the HIB equation, [2]). The HJB equation (3.38) has a solution of the
Sform

V(t,y)=P)y+G(t), t € 0,17, (3.39)
where P : [0,T] — R, and G : [0,T] — R solve the following system of ordinary differential
equations (ODEs):

%P(t) = H(P(t))> + KP(t) — A+ 0% /0 h {; (8—9”“5 - 1) + 5P(t)} v(dz), P(T) =0
%G(t) = —abP(t) —ry, G(T) =0, (3.40)

where we use the same notation as in Lemma 3.3.1.
Proof. Substituting V (t,y) = P(t)y + G(t) into the HIB equation (3.38) yields

_1p(t)y _ iG(t) = —y(P(t)’ H

: + P(t) (ab — Ky) + Ay + g
+yoy /OOO {—; <e_9P(t)5 — 1) - EP(t)} v(dz).

Thus, V (¢, y) = P(t)y + G(t) solves (3.38) as soon as (3.40) holds. The existence of solutions to
the system of ODEs (3.40) is proved separately in Lemma 3.4.3. O

Remark 3.4.2 ([2]). Note that the system of ODEs (3.40) is formulated with terminal conditions.
Such a system can be equivalently rewritten as an initial value problem by performing a change
of variables in time. Specifically, let P(t) = P(T —t) and G(t) = G(T —t), forall 0 < t < T.
Then, the system of ODEs (3.40) becomes

%P(t) — CH(P()? — KP(t)+ A— 03 /0 h {1 (P07 1) + 215(15)} V(dZ), P(0) =0

61



Chapter 3 Risk-Sensitive Asset Management under an a-CIR Factor Model

Moreover, the integral term in (3.41) can be simplified as follows

I= /O h {; (P07 1) 4 2]5(15)} v(d3)

- {é (77 1) 2P (t)} Oz 1z = 0* 1 (P(1)", e (1.2).

Indeed, by applying the change of variables u = P (t), we obtain

e 1) +ubu gy
(1) +uf

8
—
|~
Qe
2I
Q
[ |
« 8
—~
—_
|
®
>
N
SN—
S
I\

21— e ")z

Therefore, the system of ODEs can be finally rewritten as

CZP( t) = —H(P(t))" = KP(t) + A — K,(P(t))*, P(0) =0
%G(t} = abP(t) + 1y, G(0) =0, (3.42)

where K, = 030" (> 0).

Lemma 3.4.3 ([2]). Foreacht > 0, € (1,2), there exists a unique solution to the system of ODEs

CZP( t) = —H(P(t))” = KP(t) + A~ K,(P(t))*, P(0)=0
Zfa( t) = abP(t) + g, G(0) = 0. (3.43)
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3.4 Existence of a classical C'1'? solution

Proof. 1t is enough to show the existence of a unique nonnegative solution P(t) to the system of
ODE:s (3.43). Define the function

Fu) —Hu® — Ku+ A— Ku®, uw> 0.
u) =
—Hu® — Ku+ A— K, (—u)®*, u<0.

Then Fis C'' on (—00, 00), then locally Lipschitz on R. By the Picard—Lindel6f theorem [7], there
exists t; > 0 such that the ODE

%P(t) =F (P(t)) , P(0)=0 (3.44)

has a unique solution P(t) on [0, ;). The maximal lifetime of the solution is

T* := liminf {t . P(t) > n} < 0.

n—oo
We show that T* = co. To this end, we derive an upper bound for P (t), t < T". Indeed, we have

%P(t) < -KP(t)+ A

Applying Gronwall lemma (see, e.g., [[17], Proposition 2.2]) yields

t
P(t) < e ®'P(0) 4 / Ae” BIHEs g
0

t
:Ae_Kt/ X3 ds
0
A

== (1 _ e—f“) LVt € [0,8).

By the continuation theorem [[7], Theorem 4.1, p. 15]: the solution of (3.43) cannot explode.
Consequently, 7" = co. Next, we show that the solution P(t) is non-negative. Define the function

R i
We have
S P(1) > —H(P(1) ~ KP() ~ Ko(P(1)" = [ (P()), P(0) =0
Consider the ODE
£4(t) = 3(1), 3(0) = 0. (3.45)

Since f(0) = 0, the constant function §(¢) = 0 is an obvious solution of the ODE (3.45). Moreover,
since f is locally Lipschitz on R, then by the comparison theorem (see, e.g., [6]), P(t) > g(t) = 0,
for all £ > 0. This concludes the proof. ]
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3.5 Verification Theorem

We are now ready to state and prove the second main result of this chapter. In Section 3.3,
we obtained, by a formal derivation the HIB equation associated to the RSAM problem (3.14).
Moreover, in Theorem 3.4.1, we showed that the HIB equation (3.38) admits a solution denoted by
V. In the following verification theorem, we prove that the solution V constructs the value function
of our RSAM problem and that the candidate strategy (3.37) evaluated in the solution Vis optimal.
Let

Ap = {h (h¢)iejo,r); bounded, F-progressively measurable}

be the space of all admissible investment strategies.

TheOl’fim 3.5.1 (Verification argument and optimal investment strategy, [2]). The investment strategy
h = (hy)ejo,m) € Ar, defined by

- 1 Oop
oy - ).

is an optimal investment strategy for the RSAM problem (3.14), where P(t) solve the ODE (3.40).
Moreover, A
I'r(6) =logz + V(0,Y)) (3.46)

holds, where V is the solution of the HIB equation (3.38) given by (3.39).

Proof. In this proof, we show a verification argument. Indeed, we show that the solution V of
the HJB equation (3.38) constructs the value function of the RSAM problem (3.14), and that the
candidate investment strategy h is optimal. To this end, we take h. € Ar_, and define the process

) = M) exp [—e {V(t+ 5,Yy) +/ l(Yu,hu)duH , s€0,T—1 (3.47)
0

where [(y, h) is given by (3.19) and the processes Y and M Oh) are given by (3.7) and (3.20),
respectively. Set Y, = y € R,. Write @29“ = M§9h~)G§9h'), where the process Ggeh‘) =
(G(eh'))se[O’T_t] is defined as

G = exp {—e <V<t +5,Y,) + / 1(Y,, hu>du> } — 0,
0

with s
V(s + [ (b
0

By Itd’s formula, we have

dL, = gf/(t +5,Y,) + 3V(t + 8, Y)a(b —Y)

0s y
1 9

+f—V(t+s Y)a Y, + (Y, hy)| ds
2 5y

+ §V<t+ 5,Y,)o\/Y,dB,
Yy
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b [TV s Yo 202 < V4 5Y, ) N(ds,d)
0

—l—/ {V(t—l— s, Y, + zazyl/a) V(t+s,Y,) —zoy Yl/a oy Vit + S,YS)} v(dz)ds.
0

Jy

—0L

Reapplying 1t6’s formula for the process G, = e~ ¢, we obtain

dG, 9(;8; V(t+s,Y,)o/YedB,

. . 1 &>
06, | LVt +5,Y2) + 2V (45, Yalb— YVa) + 25Vt + 5, V)oY, + (Y, hy) | ds
ds oy 2 8y
1 o - 2
+ 502Gs <8yv(t + s, Ys)) o*Y,ds
o —6(V s 20, YY) s o
e <e 0(V(t+s Yo +207Y, /)= V(t+sY, ) _ 1) N(ds, d2)
0
[e ] 1/a > ~
La. {/ ( —0(V(tsYetzo,V )= V(t+sYy)) 1) —I—GZJZKI/O‘(SJV(t—l—S,YS)} V(d2)ds
0
Now, by It6’s product formula [[3], Theorem 4.4.13, p.257], we obtain
do?) — ph) g o) +Gge_hA)dMs(ehA) +d{G(eh.),M(9h4)] .
S
Consequently, by using (3.22), we have
dd, = M) G [ OgV(tan,Ys)a\/stBs
Yy
0 ~ 0 ~ 19% . 2
—0 %V(t +s,Y,) + a—yV(t +s,Y,)a(b—Y,) + ia—yQV(t +5,Y)o Y, + (Y, hy) | ds

—l—%GZ ((983/‘7@ + s, Y5)> 2 o*Y,ds
+/°° (e—e(V(t+s,Y5+zazyj_/‘*)—x7(t+s,ys)) B 1) N(ds, dz)
0
+ { /O h (e OV tsYotzoz¥ )=V (trsy)) 1> + Gzaz}/'sl/a(,ny(t +s, YS)} u(dz)ds}
# MG [0, (B, + 1 o)
+ M) Goh) [9 oA ng V(t—i—s,Ys)ds} ,

and
dq)geh) dggeh)
o ") = L0h)

S—

— 0PIV (t + s,Y,)ds, (3.48)

S
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where we define the process & Oh.) . (ggeh'))sem_t] by

(6h.)
dfieh N <>\hsP + aé?ym + s,Ys)> 4B, ~ Aphoy/Vo 1~ |of2d5,

[oe] 1/ > ~
+/ (e 0[V (t+5Yo 420,V *) =V (t4+s,Y, )] _ 1> N(ds, dz), (()OhA) — 1, (349
0

and write
(Oh)7 J - J -
(LV)(E+s,y) = 9 —V(t+s,y)+ f(y, )8y (t+s,y)+ Uy, h)
1, 0. d 5 9
+50 yanyV(t +5,y) — 59(@‘/@ +5,y))°07y
o0 ~ 1/« > A
+/ {—; (e_g[v(t“’y“”zy )Virsw)] 1) - zazyl/aaa‘/(t + s,y)} v(dz).
0 Y

Performing a change of variables for the last integral term z = zo Zyl/ “, we obtain

J .
V(t+s,y)+ 1y, h)

(6n.)7 _ 9y 9

1, 0. 1.0 - 2 2
~oty——=V(t — ZO(=—V(t
+50 yasz( +5y) =5 (8yV( +5,9))707y
o o 1 —O[V(t—&—s 2) =V (t+s y)] .0 - } ~
+ yo ——le ’ W —1) —Z2—V(t + s, v(dz).
y z/0 { 9< ) 2y ( y) ¢ v(dz)

Next, combining the previous equations (3.47)—(3.49), applying Itd6’s formula to the process
(log @geh»))uem_t] and integrating from 0 to s, we obtain

log &) — log &™) 4 / NG <)\hs,o + U§V(t +u, Yu)> B,

— N T/ L = o8, 0 [ (L7 e+ .Y, )
0
1 S 8 N 2 2
—2/0 [(—9\/17” (Ahup+aayV(t+u,Yu))> + (—GAphu\/Z\/l—MQ) ]du

+/ / —0 V(t+u, Y, + 20,V —V(t +u, Yu)} N(du, dz)

ey «
/ / ( V(t+uY, 420, Y, *)— V(t+uqu)] _1> v(dz)du

=1log &™) 4 / F(u,Y,)dB, —;/ F(u, Y)du+/ g(u,Y,)dB,
0

—1/ (u,Y,) du+// (u,Y,_ ZUZY/) N(du,dz)
1/a
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+// n(u,Yu,,zazYul/ N(du,dz) — // n(u 207" — 1r(dz)du
0 J1

S
—0 / LMVt 4+, Y,)du
0

= log @éah') + log(§§6h‘)) - 9/ (ngah )V)(t +u,Y,)du.
0
Consequently, using (3.47) yields

) — ¢On) oy {—9 <f/(t,y) +/ LV (¢ + u,Yu)du> } : (3.50)
0

Note that (& geh‘)) se[0,T—¢ 18 a martingale for any h. € Ap_; (the proof of this fact is postponed

to Lemma 3.5.2). Also, recall that (Egeh')f/)(t +5,Y,)<0ae., (s,w) €[0,T —t] xQ asV
solves the HJB equation (3.35) so that

T—t
") — sTtexp{ e{v<t,y>+ /0 <L£9h‘>v><t+u,yu>du}}

> ) exp {—9 {f/(t, y) + /s(ﬁfh')f/)(t T, Yu)du}} .

0

Next, we check that, for each h. € Ap_,, (@geh')) se[0,7—¢ 18 @ submartingale under the probability
measure P. Indeed,

E[ e’l)yf} )| 7] exp{ 9(f/(t,y)+/s(,c;9h->v)(t+u,yu)du>}

0

= ") exp {—9 (V(t, y) +/ (LYY (¢t + u, Yu)du>} = 3l0h),
0

Taking expectation in (3.47), then since V(T ,y) = 0, we can see that

exp{—0V (t,y)} <E [@g?f;)} —E [exp (—9 /OTt 1Y, hu)du>]

where [ (-) is the expectation under P given in (3.24). Thus, we have, for any h. € A;_,,

T—t
—%long [exp {—9/ (Y, hu)duH <V(t,y). (3.51)
0

Furthermore, if we define . := (BS)SE[QT_t] € Ar_; by

hy :=h"(t+s,Y}),

where h*(t,y) is obtained as the maximizer of the HJB equation (3.35) and is given by (3.37). Then
we deduce that (E(eh')f/)(t +5,Y,) =0ae., (s,w) € [0,T —t] x Qas V solves the HIB equation
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(3.35) and (¢§0h<>)56[0’T_t] is a martingale for h. € Ap_,. Indeed, from (3.50)

eh)‘}' [(eh)exp{ HVty}' }

= exp{—0V (¢ y)YEIE[, | F.]
— pl0h)

Taking the expectation in (3.47), we obtain

el 07} = 1042 oo {0 [0z ]

which means

. 1 - T—t -
V(t,y) = —glogE [exp {—9/ l(Yu,hu)du}] ) (3.52)
0
Combining (3.51) and (3.52), we deduce that
R 1 N T—t
V(t,y)= sup ——logE [exp {—9/ 1Y, hu)duH . (3.53)
h.€Ar_, 0 0

Now, let us show that the candidate investment strategy

hy == 1+19 (5— GOTPP( )> t€[0,7)]

is an optimal investment strategy. Note that if we set V = V in the expression of h”* (¢, y) given in
(3.37), (%V(t, y) = P(t) is y-independent and we have

W) = g (3 55 V)

1+0 A Oy
1 Oop I
1+QG‘Af“0—W

Consequently, we have

hy = h*(t—FS,Y;) - ilt—i—sv Vs € [OaT_t]'

Now, letting t = 0 in (3.52) and (3.53), we obtain

. 1 - T
V(0,Yy) = sup —élogE {exp{—&/ l(Yu,hu)duH
0

h.€eAr

1. - T .
= —5logE [exp {—9/ (Y, hu)du}] :
0

Consequently, by (3.25), we obtain

% =logz + V(0,Yp). O
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Lemma 3.5.2 ([2]). Let F,g : R, x R x  — R be two functions such that, for each t > 0,
(s,y,w) — F,g(s,y,w) are B([0,t]) x B(R) x F;/B(R)-measurable. Assume that

|F?(s,y,w)| < kolyl,
19 (5, y,w)| < kylyl, (3.54)

Jfor some positive constants kg, k. Then, the process Oh) = (§§Gh‘)) selo,7] satisfying (3.49) is
given by

gg"’” = exp {/S F(u,Y,)dB, — ;/08 FQ(u, Yu)du}

Xexp{ Y,)dB, — 1/ 92(u7Yu)dU}
0
1 1 B
xexp{/ / n(u ,zaZYufa)N(du,dz)
0 0
e 1/ (0, Y202V, )
! {77( 0 Yy zo g0l = (@05 i
0 0

xexp{// n(u,Y,_ zaZY/a N(du,dz) — // 1w Yyo20Y ) 1)1/(dz)du},
o J1

where
0 ~
F(u,Y,) :=—-0/Y, <)\hup + Ua—V(t + u, Yu)> ,
9(u,Y,) == —0Aph, VY, \/ |:0
n(u,Y,, 20,Y,%) = — [V(t—i—u Y, +zaZY1/a) V(t—l—u,Yu)]
Moreover, & Oh) s q martingale.

Proof. Consider Equation (3.49), then applying Itd’s formula to the process (1og(g§‘”‘~)))u20 and
integrating from O to s, we obtain

S 1 S
gg"h') = exp {/ F(u,Y,)dB, — 2/ F?(u, Yu)du}
0 0

L s, [ v
cexpd [ ln(u,Y 20, Y. VN (du, dz)
U |
{/03/01 {n(u, Y, 20, Y. M) — (1Yo zYa SN I 1)}V(d2)du}
{

X exp // n(u, Y, zJZY/ N(du,dz) // 77(“ weozYa') 1)1/(dz)du}.
0o J1

(3.55)

Now, by [[3], Corollary 5.2.2, p. 288], 5(9h') is a local martingale. We want to show that this is, in
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fact, a martingale. By [[3], Theorem 5.2.4, p. 289], the process & Oh) is martingale if and only if
E¢)) =1 forall s > 0. (3.56)

We now proceed to show that this condition is satisfied in several steps:
First, we define the function ¢(y) := |y|, then by It6’s formula we have, for ¢(y) # 0

46(Y,) = Lo(Y,)dt + 0/, 0(Y,)db,
+ /Oo [¢(Ys— + UZZY;_/Q) —o(Ys) N(ds,dz),
0

where L is the differential operator given by

2 oo

£oly) = alb— )6 W) + G 0" W) + [

; [cb(y +ogzy) — dly) — ogzy" ¢ (y) | v(d2).

By performing a change of variables z := o Zzyl/ @

2
Lo(y) = alb—y)e' (y) + %¢"(y)

oty [ [olu+2) = 0(0) - 20/(0)] w(a2)
<ab—ay < ab+ aly| = ab+ ad(y). (3.57)

From these, by taking expectation and using Fubini’s theorem, we can see that
S S a
Elo(Y;)] < ¢(Yp) + ; (ab+ aE [p(Y,))] du + E % Yuafdeu)dBu
rrs 1
+E / / [¢>(YU_ oY YY) - ¢(Yu_)} N(du, dz)}
LJo Jo

+E /0 /10o [¢(Yu, T o I qs(Yu,)} N(du, dz)]

—-E :/Us /100 [gﬁ(YU_ + UZzYulza) — qﬁ(Yu_)} V(dz)du]
= ¢(Yy) +abs+a /OS E[¢(Y,))] du.

We can now apply Gronwall’s inequality to obtain
E[(Y,)] < ¢(Y)e® +b(e®® — 1) < oo, 5 € [0,T].

Next, we check that
¢ g(y,) € LY(P), forall s € [0,T]. (3.58)

This follows from the relation,

) (v,
1+ el o(v,)

cot ¢(YE)) ab —cot
<e (MQS(YO)JFCQ(l—e )) (3.59)
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for some constant ¢, independent of €, and where € > 0 is arbitrary. Then, taking € | 0, and using
Fatou’s lemma, (3.58) is deduced. To see (3.59), we use (3.57) and

oo /o ~
de) = ") {F<s,1@>d35+g<s,mdﬁs+ / <e"<S’Ys—’“ZY5 >—1> N(ds,dz)},
0

where

’) 8

0(s,Ys, 20,V ) = —0P(t + )20, Y. (3.60)

From these, by using Itd’s formula, we obtain
UE™ o)) = €7 { 40X + oF (s, YTy ol
+/<>° ((ﬁ(Y;9 + UZzYl/a) (ﬁ(}/;_)) (en(s’ys’wzysl/a) — 1) V(dz)} ds
0
+5§9"‘>{¢<Y> (5, Y.)dB, + 0 /Y. - O(Y,)B, + (Y, )g(s ,Ys)dﬂs}

o0 a s 20 1/a ~
v [* Lot gt g ) ¥as,a),
0

£on)
Again applying 1t6’s formula to the process (Ghﬁ(y)> , we obtain
1+ fs #(Y5) >0
(6h.) Y
i —5 (ef( ) )= dM; + dA,,
L+ eel™g(v,)

where

(0h
My / o §u A [¢(Y) (v, Y,)dB, +U\F OB, + oY, )(u,Yu)dﬁu]

ol

is a local martingale, and

i oY, e e oY,

h)
qﬁ ~
N(du,dz),
1+€§ (Y —}—O’Z,Zyl/a) n(u,Yy_,z07Y, _ ) 1+ g(Bh ¢ Yu,)

| s (6h.) ) \Fa
= u Y, oF(u,Y, Y, — oY,
= g A0 oFw YV

+/°° (gf)(Y + UZzYl/a) qb(Yu)) (en(u’Y”’ZJZYJ/a) — 1) V(dz)] du
0

2
(P ) 4 ov/Tag o)) + o0 ol Vo) | du

~ / e(e™))
0 (1+e€™g(v,))°
(6h.) S(Y, + 0 Zyl/a) n(u,Y, 20, Y% g(e)h S(Y,,)
/ / L—l—e§ Oh) gy, + 52y oy MYz ) 1 cePg(v,,)

(0h.)

u (6% u, ZO' 1/(!
g (A0 i)

v(dz)du.  (3.61)
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We now check that M" is actually a square-integrable martingale. In fact, performing a change of
variables 7 := z0,Y,"/®, we have

') < s [ [ o+ vaus [ [ omPuaint [ [T ovman)

- K, /0 (E[B(Y,)] + 1)du + /0 CE[6(Y,) ( /0 1 z%(dz)) du + /0 TE(a(Y,) ( /1 h u(d%)) du
Mo o/ ML/

<o <oo

< Q.

for some constant K_. Consequently, M lisa square-integrable martingale.
On the other hand, performing a change of variables z := zo ZYu1 /% and Taylor’s theorem with
integral remainder term, we obtain

A ) 5(9h~) Ao(Y,) + o F(u,Y,)\Y, —a Y,
< u

+o300) [ @+ 2) = 0(1) () < 1) d3)] e

Now, let us consider
I= [T @+ 2) - o) (¢ - 1) wiaz)
0

g/ 2’6’7(“’Ys’2)—1’u(d2).
0

Then, using the explicit form of A as in (3.60) and the mean value theorem, we obtain, for some
Zy € (0,2)

1 ~ oo .
I< </ z )—ep(t +u)e 0Pt (5 0)’ v(dz) + / z ’e"(“yywz) - 1’ V(d%))
0 1

< (/01 Z|0P(t)z| v(d3) + 2 /100 év(c&))

< </01 2u(dz) + /100 Mdi)) ,

for some constant c¢,. Hence,
s (6h.) (6h.) (6h.) (6h)
As S/ abgu agu - qb(Yu) Clgu - ¢(Yu) + ¢y u 9¢(Yu)
o [a+e™o())? (1™ o)) L+ e™o(v,)” (1™ o(v,))?

s s (6h.)
< / ab€?") du + ¢5 / u e‘f(Y“) du,
0 0 1+ e o(v,)

du

for some constants cq, ¢y, c3. Now, taking expectation, using Fubini’s theorem and the fact that a
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positive local martingale is a supermartingale (see, e.g., [27], p.25), we can deduce that

(6h.) (6h s (6h.)
E 2 (ef()YS) < 0 eh) ¥) + b/ du+03/ E §u (Y“) du
L+ e€7 oY) ] 146y (Y, 0o [1+e™o(v)
) (6h.) Y
<7¢( ) +abs—|—c3/ E u f( ) du.
1+ ep(Yp) 0 [1+e€™p(y,)
Applying Gronwall’s inequality yields
(0h.) s
]E’ 58 ef(}/S) S 6038 ( ¢(Y) + ab/ C3udu>
1+ e p(v,) 1+ eg(Yp) 0
Cc3S d)(}/()) ab —C3S8
— °3 —(1 — 3
- <1+€¢(Y0)+C3(1 )
This concludes the proof of (3.59) and therefore (3.58). It remains to verify that E(fgeh‘)) =
1,Vs > 0. To do so, we consider
- g (0h)
55 _T{S(Gh‘)7 ERS [07T]7 0 _]-7
where € > 0 is arbitrary. Applying It6’s formula, we obtain
(P YA, + g(s,Y)
dés = ——> 5~ (F(s,Y,)dB, + g(s,Y,)dB,
(1+egf™)? )
—2 (™)’ 2 )
M oI ((P(s, 7)) + (9(5,Y:))*) ds
so [ ¢Oh) L ((Bh) ( n(sYo 2oz Y)Y (6h.) i
+ / 68— + 58— (6 l/a ) _ é‘s— (eh ) N(ds, dz)
0 14+ 6({29_}1‘)59_}1‘)(6”(87}/ _,zozY, 1Y) 1) 1+ Ggs— .
00 [ (6h (6h.) (S:Ysyzgzysl/a) -1 (6h.) (6h.) T](s,YS,zchYsl/a) 1
[ D™ Sl I G - Gl || PR
0 1+ e(€! (6h.) +§s9h )( n(s,Ys202Ys ") _ 1) 1+ €€y (I+e£™)
_ é%‘) (£ 2 2
= W (F(s,Y,)dBs + g(s, Y)dB,) — W ((F(S,Ys)) + (9(s,Y5)) > ds
00 (6h.) n(s,ys,,zozyj_/“) (6h.) .
+/ - — - N(ds,dz)
0 \ 14 (oo 1 )
oo (6h.) 77(57 S,zUZYsl/a) (6h.) (6h.) s n(s,Ys,207Y, /a) .
+/ 3 o & @ s (e T D) v(dz)ds.
0\ 14 eglM)ens¥ezozye ) 1+ eg" (1+e6)
Consequently,
dé; = dMg — ASds, (3.62)
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where

s glon

s poo [ gOh) nluzoz YY) (6h.) i
+/ / L e G N(du,dz)
o Jo )

]f+¢ﬁ?emwn—ﬂwﬁh 1™

is a local martingale part and ( fos A, du) ¢ is the bounded variation part, which satisfies

( (en))g

S

(14 ec)y?

Oh.)\2 s,Yg, 20 Ysl/a 2
p—. (( ))(77( z )_1)

5 (FG v+ (06 v0?) + [ (d2)

1/
(1—|—6£ (6h.) 178 207Y; ))( +€£(0h )
(3.63)

We now check that M€ is actually a square-integrable martingale. In fact, we have

s (6h.) 2 s (6h.) 2
E[[M ] =E /0 (MF(U,YJ) du| +E /0 ((1—#:559’1‘))29(“73/“0 du

2

s roo (0h.) n(w,Y, ,z0,Y, ) (6h.)
+E // Su € _ b v(dz)du.

1 + EgéehA)eﬁ(u,Kjr,zo'ZK}/a) 1 + €€§L€h,)

Applying a change of variables Z := zo ZYu1 / “, we can see that

MMTL]SE[AS2&@0@M4~+E[;M¢OLM4

€

oy [ EE oy N
+E /O Uz¢(Yu)/0 <(1+€§1(Leh,)en(u,Yu,2))(1_'_ﬁgq(ﬁh‘)) v(dz)du
eh) n(w,Y, %) 2
(e" -1 .
<c/ ))du +E //UZ¢ ( e )u(dz)du
vt xe (/ )
1 189}1))2 ‘—Qp(t—i-u)e_ep(t—’—u)éoz 2
= ))d dz
o ['s HE{/O/O e e

s s ()

for some constants C, C'. Here, we used the explicit the expression of k as in (3.60), the mean
value theorem, for some Z, € (0, Z). Consequently, using the fact that v has finite first moment for
the big jumps and finite second moment for the small jumps, M€ is a square integrable martingale.

Moreover, by applying a change of variable z = zo ZYsl/ %, we can see that the integral term in
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(3.63) can be bounded as follows

y(dz)

/oo (€h))2( (s,Ye,20,Ys %) )2
O (1 MY ) 1y 012

N fo%) ( g@h,))Q(en(S 6,2) B 1)2 3
= YSUZ/ z v(dz)
0o (1+ 6§§9h )en(57Y97Z))( 1+ 65(% )

< o%o(Y, )7(55%'))2 / (e 1)(az)
>0z s (1+€££0h))2 0 )

and
(6h.) (0h.) 9h ) oo V.
(1+ ™) L+ 655 )* Jo
< eel™o(vy) [041 + a%i/ (7o Ye?) & ]
0

for some positive constant c¢,. Using the explicit expression of & as in (3.60) and proceeding as
before using the mean value theorem, we obtain

1 o)
Ae < 5(0h (b( S) |:C4 +0-% </O (en(s,Ys,Z) _ 1)2]/((12) +/1 (en(S,Ys,g) — 1)27/(d2)>:|

1 o)
< ey [04—1—05/0 22u(d2)+4/1 y(dz)]
< "™ o(Yy),

for some positive constants c; and cg. In addition, we can deduce by Fubini’s theorem that

E [/O AZdu} < ¢E /08559"->¢(Yu)du = g /0 E ( fﬁhw(yu)) du < oo.

Taking the expectation in (3.62) and using (3.62), we can see that

€1 _ (€ * € _ 1 3 €
E[¢]] = & E/O A = E/O AS du.

Note that A, — 0 as € | 0. Therefore, letting € | 0 and using the dominated convergence theorem,
we obtain E(ﬁgeh‘)) =1, for each s € [0, T]. This completes the proof. O
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APPENDIX A

Large deviation Principle

Lemma A.0.1 ([13], p. 4, [16], p. 9-10). A function f : R — (—o0, o0] is lower semicontinuous if
it satisfies any of the following equivalent properties:

(1) For all sequences (x,,), C R converging to x € R

liminf f(z,) > f(x).

n—00
(2) f has closed level sets, that is, for all o € R, the level sets defined by
Li(a):={zeR: f(z) < a} (A1)
are closed subsets of R.
Definition A.0.2 ([13], p. 4). A function I : R — [0, 00) is called
(a) a rate function if it is lower-semicontinuous.

(b) a good rate function if its level sets (A.1) are compact.

Remark A.0.3 ([13], p. 4). Note that a good rate function is a rate function for which all level sets
defined as (A.1) are compact. A consequence of a rate function being good is that its infimum is
reached over closed sets.

Definition A.0.4 (Large Deviation Principle [13], p. 5). A family (X,);>o of random variables
satisfies a Large Deviation Principle (LDP) with rate function I if, for all A € B(R),

— inf I(z) <liminf ! logP(X, € A)

zEA° t—oo t

1
<limsup —logP(X; € A) < — inf I(z),

t—o00 TEA
where A and A° denote, respectively, the closure and the interior of the set A.
)4 Y

Definition A.0.5 (Fenchel-Legendre transform [[13], Definition 2.2.2, p. 26]). Let f : R —
(—00, 0|. Then, the Fenchel-Legendre transform of f is defined as

fi(x) == sup{Az — f(N)} (A2)

AER
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Definition A.0.6 ([[13], Definition 2.3.3, p. 44]). y € R is an exposed point of a convex function f
if for some A\ € Rand all x € R\ {y}

Ay — f(y) > Az — f(). (A3)
Moreover, )\ in (A.3) is called an exposing hyperplane.

Definition A.0.7 ([[13], Definition 2.3.5, p. 44] or [44]). A convex function f : R — (—o0, o0] is
called essentially smooth if it satisfies the following three conditions:

(a) D;)c is non-empty;
(b) f is differentiable throughout D;;

(c) fis steep, i.e., for every sequence (,,),cn in D;)c with x,, — \ € 817; holds

lim }f’(wn)‘ = +o00.

n—oo
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APPENDIX B

Affine processes

Definition B.0.1. [[14], Definition 2.5] An affine process is said to be regular if it is stochastically
continuous ], and the derivatives
0

F(\) = =6(t,\) iy and R(A) =

ot ta A) ‘t:O

0
—&U(
exist, for all (t,\) € R, x R, and are continuous at \ = 0.

Definition B.0.2 ([40], p. 66). A Markov process is called a continuous state branching process

with immigration (CBI process) with branching mechanism R and immigration mechanism F' given

by ,
R(u) = pu+ %uQ +/ (7" =1+ zu)pu(dz),
0

and

F(u) =bu+ /000(1 —e "*v(dz),

respectively, if it has a transition semigroup p,(x,dy) that satisfies for x,t > 0 the affine
transformation formula

/R+ e—Azpt(x, dz) = exp <—xv(t, A) — /Ot F(u(s, /\))ds> . A>0.

Theorem B.0.3 ([[40], Theorem 3.20, p. 66]). Suppose that 5 > 0 and R(u) # 0 for w > 0. Then,
p(x, ) converges to a probability measure 7 on [0, 00) as t — 0 if and only if

A
/0 ZEZ; du < 0o, for some X\ > 0 (B.1)

If (B.1) holds, then the Laplace transform of 7 is given by

L.(\) = exp (- /OOO F(v(s,A))ds) A0, (B.2)

Corollary B.0.4 ([[40], Corollary 3.21, p.67]). Suppose that 3 > 0. Then p,(z,-) converges to a

' An affine process is said to be stochastically continuous if and only if v(¢, A) and ¢ (¢, A) from (2.1) are continuous in
t € R, forevery A € R, (if v(¢, A) and ¢(¢, A) are jointly continuous in (¢, X)).
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probability measure w on [0,00) as t — oo if and only if

/100 log(z)v(dz) < 0.

In this case, the Laplace transform of 7 is given by (B.2).

Theorem B.0.5 ([[26], Corollary 3.24, p. 476]). Assume that X is a continuous Gaussian martingale
with characteristics (0, C,0), that each X" is a locally square-integrable martingale (X = 0)
with characteristics (B",C",V"). Set

/R |22 (1o q v (d2) —0. (B.3)

If (B.3) holds, then there is an equivalence between
I X" = X.
2. X", X", 5 ¢, forallt >0
3(X" X", 5 C, forallt >0,

where the processes [ X", X"| and (X", X") are the quadratic covariation and the predictable
quadratic covariation of the pair (X", X"), respectively.
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APPENDIX C

Additional preliminaries

Theorem C.0.1 ([[46], Theorem 1.6.1, p.33]). Let (2, F,IP) be a probability space and let Z be
(an almost surely) nonnegative random variable with E(Z) = 1. For A € F, define

P(A) = /A Z(w)dP(w).

Then P is a probability measure. Furthermore, if X is a nonnegative random variable, then
E[X] = E[XZ],

where E is the expectation under the probability measure P. We say that Z is the Radon-Nikodym
derivative of P with respect to P, and we write

_dP
- dP’

Theorem C.0.2 (Lévy Theorem, [[43], Theorem 39, p. 86]). A stochastic process X = (X;);> is
a standard Brownian motion if and only if it is a continuous local martinagle with (X, X), = t.

Z
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