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Introduction

Many phenomena in science and engineering are modeled by complex partial
differential equations (PDEs), which often exhibit nonlinearities and evolve in
infinite-dimensional spaces. Solving these equations analytically is rarely feasible,
making numerical approximation techniques indispensable. These techniques
frequently aim to separate the underlying problem into subproblems which are
easier to solve individually or where established methods and knowledge of
remaining parts can be used. The solutions to these subproblems are then
combined to approximate the solution of the full system. In the context of
operator theory, this approach is referred to as operator splitting which is the
central topic of this thesis.

Operator splitting methods are widely used to reduce the (numerical) solution
of a complex problem to the iterative solution of subproblems, into which the
original problem is split. The reasoning behind such a splitting can vary: it may
stem from the governing physical laws, the geometry of the domain over which
the PDE is posed, the structure of the problem, mathematical considerations,
or a combination of these. See, for instance, [34,45,55,57,58,61,67], [69, Ch.
V], [73,89,90, 106] for more information and a general overview of splitting
methods in various situations. The research forming the core of this thesis has
been published in [37] for Chapter 3, [35] for Chapter 4, and [36] for Chapter 5.

To provide a more concrete idea and historical background of operator
splitting, we start with a well-known method: the Trotter-Lie formula [111].
Given a differential equation of the form

z(t) = (A+ B)x(t), t>0,
x(0) = zo,
it is natural to try to solve the problems with respect to A and B separately.

The problem, already in the matrix case, is that the identity for the matrix

exponential
ot(A+B) _ (tAGtB

only holds if the matrices A and B commute. Therefore, we cannot simply
separate the two parts of the equation in the general case. Nevertheless, Trotter
and Lie discovered that in the limit, the above expression holds, i.e.,

. t4 tB\"
etA+B) — fim (enAenB) ,
n—oo

ix



x INTRODUCTION

enabling to tackle the initial formulation of the problem using an iteration scheme.

This dissertation aims to contribute to this field by developing, analyzing,
and applying novel operator splitting techniques specifically tailored to a range
of infinite-dimensional systems. We will explore both theoretical aspects, such as
convergence analysis and error estimation, and practical considerations, demon-
strating the efficacy of the developed methods through numerical simulations
of relevant physical models. This work seeks to advance the understanding
and utility of operator splitting as a robust and efficient tool for the numerical
solution of complex infinite-dimensional problems.

We begin by presenting preliminary results that are likely familiar to anyone
with a background in functional analysis. These include strongly continuous
and analytic semigroups, inter- and extrapolation spaces associated with an
operator, solution concepts of (inhomogeneous) abstract Cauchy problems and
(maximally) monotone or dissipative operators.

We then proceed to another chapter on more advanced and specialized
preliminaries. We introduce infinite-dimensional linear systems via system nodes,
explain well-posedness and partial flow inverses, and characterize a certain notion
of passivity for such systems. This passivity is strongly linked to the dissipativity
discussed in the first chapter, while the concept of flow inverses proves useful in
establishing well-posedness. Simply put, for a given input-output system, the
flow inverse describes the system with input and output roles reversed. To make
this work as self-contained as possible, we combined results from the literature
and added insightful proofs.

The main part of this thesis can be summarized as follows. In the spirit
of Caesar!, dissertatio est omnis divisa in partes tres, quarum unam considers
semilinear equations, aliam linear systems described by system nodes, tertiam
linear-quadratic optimal control problems.

More precisely, we investigate the following.

In Chapter 3, we consider problems of the form

#(1) = Aa(t) + glt,2(t)), 1€ [0,T]
z(0) = zg

on a scale of Banach spaces. This means that the operator A acts on one Banach
space, whereas the nonlinearity g is defined on another. We do not assume
any inclusion of those spaces but only need them to (continuously) embed into
a common topological vector space. This is especially useful when working
with Lesbegue spaces. Given such a problem, we develop a splitting method
focusing on the nonlinear part of the equation. Of course, this method can
be combined with established splitting methods for the linear part (such as
Trotter-Lie or Strang-Marchuk splitting) or, depending on the problem, one may
exploit knowledge of the linear part to aid in the solution. The method that

IDe Bello Gallico, Liber I.I
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we propose is based on an s-stage Runge-Kutta scheme. Starting with the mild
solution, given by

z(t) =T (t)xo + /0 Tt —71)g(r,z(1))dr,

we first introduce time steps of the form ¢, = nh (with step size h) via

h
) = Talta) + [ Th= )ty + (e, +7)) dr.

Then we use a Lagrange polynomials to interpolate the function in the integral
and get an estimation of the solution at every time step, subject to the recursion

h s
st = T(h))n + / T(h—1) 3 6r)g(tn + 5, Un ) dr.

Here, ¢1,...,cs € [0, 1] are the collocation points of the interpolation and U, ; is
an approximation of the solution at point ¢, + c;h.

Summarizing, we first split up our time interval [0, T| into non-overlapping,
smaller intervals [t,,t,+1], and approximate the solutions on these smaller
intervals at collocation points inbetween the time steps.

We obtain an error estimate for this scheme that depends, among other
factors, on the regularity of g.

Chapter 4 considers purely linear, passive systems, described by system nodes,

ie.,

We assume, that these system nodes are coupled in such a way, that the
closed-loop system is again passive and described by a sytem node.

Operator splitting is particularly suitable for problems composed of subsys-
tems which are coupled in a particular way; although such a coupling may not
be visible immediately. For example, boundary coupled systems or problems
with dynamic boundary conditions, see, e.g., [22,24], as well as delay equations,
have been successfully treated via splitting methods, see, e.g., [9,13], or [12]
for an operator splitting approach in the dissipative situation. It is thus both
interesting and important to study operator splitting methods for a class of
systems that is closed under certain types of couplings. In this chapter, we focus
on infinite-dimensional port-Hamiltonian systems, a class of impedance passive
systems, that is closed under power-conserving interconnection, see [72].

The core idea of our proposed splitting scheme is to separate the system
operators which describe the dynamics of the (sub-)systems, including the time
derivative, from the interconnection operator. Doing so, we end up with an
algebraic equation consisting of the sum of two maximally monotone operators.
As an algorithm to solve this equation, we chose a Peaceman-Rachford type,
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which is well suited for monotone operators. Due to the special structure of the
operators involved, the separated subsystems can then be solved in parallel. We
prove convergence both pointwise and in the L2-norm.

A particularly important application of our result is domain decomposition.
We interpret the dynamics on the decomposed domain as the subsystems, thus
the interconnection is given by trace operators at the intersection of the domains.

In the last chapter, we investigate a linear-quadratic optimal control problem
of the form

T
i Cx(t) — yret (t)|I3 t)||7 dt
i 1€ = w1+ el
subject to &(t) = Ax(t) + Bu(t), z(0) = xo.

It is well known (see, e.g., [81]) that these problems are equivalent to solving the
following system of equations

x(t) Az(t) + BB*A(t), z(0) = o,

At) = —A*A(t) + C*Cx(t) — C*yret(t), AT) =0,

What is important now is, that we have one equation going forward in time (the
first one) and one that goes backwards (the second one). Hence, we can interpret
the problem as a boundary problem in time. Accordingly, we adapt the spatial
domain splitting method from Chapter 4 to a time-domain decomposition. The
core idea (and algorithm) remains the same.

Optimization and optimal control of PDEs play a central role in many
applications [63,110]. After discretization, such equations typically lead to
very high-dimensional optimization problems, in particular in case of time-
dependent problems, such as parabolic or hyperbolic PDEs. To tackle this
high-dimensionality which might prohibit an all-at-once solution, a successful
paradigm is to consider distributed approaches or decomposition methods. While
for purely space-dependent equations, such as elliptic PDEs, the decomposition is
typically performed by means of the spatial domain, for time-dependent problems
a natural approach is to also decompose the time domain.

Broadly speaking, one may classify time domain decomposition methods
of optimal control problems into two subclasses. The first class of methods is
obtained by applying a decomposition to the (forward-in-time) state equation,
which, by means of the adjoint calculus, implies also a decomposition for the
(backwards-in-time) adjoint equation. Hence, we may understand this approach
as a decompose-then-optimize approach. This paradigm clearly has the advantage
that one may leverage well-studied techniques from simulation and directly obtain
a method for optimization. Successful implementations of this approach include
[116], methods based on Parareal [88,113], Schwarz-type decompositions [42]
or [53] for a recent application to neural network training. We refer the reader
also to the survey article [41] which summarizes the last decades in this field of
time-parallel methods. The second class of approaches proceeds in a optimize-
then-decompose-fashion: First, one derives the state and adjoint equation by
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means of a system of coupled forward-backward PDEs, then one performs a
time domain decomposition of the optimality system. This approach provides
the freedom to independently choose the splitting for the backwards adjoint
equation, as it does not result from adjoint calculus applied to the forward
splitting. Compared to the first one, this second paradigm is a relatively new and
very active field of research. Up to now, the main results are limited to parabolic
equations, see [50] for an approach based on PFASST, [43] for a Dirichlet-
Neumann and Neumann-Dirichlet method, or [44] for a Neumann-Neumann type
splitting. For time domain decomposition-based preconditioning of parabolic
problems, we also refer to [6,26] as well as the recent preprint [115].
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Chapter 1

Preliminaries

1.1 Notation and convention

Let X and Y be complex Banach spaces. We denote the norm in X by || - ||x
and the identity mapping in X by Ix.

The symbol X* stands for the anti-dual of X, that is, the space of all
bounded, additive and conjugate homogeneous functionals on X. Hence, the
canonical duality product (-,-)x- x (as well as the inner product (-,-)x if X
is a Hilbert space) is linear in the first argument, and antilinear in the second
argument. Further, note that the Riesz map Jx, mapping x € X to the functional
z — (x,z)x is a linear isometric isomorphism from X to X*. If the spaces are
clear from context, we may skip the subindices. Further, if not stated else,
a Hilbert space is canonically identified with its anti-dual. Note that, in this
case, Jx = Ix. For the sake of simplicity and legibility we omit the distinction
of the Hilbert spaces and their anti-duals in the theoretical part.

The space of bounded linear operators from X to Y is denoted by L(X,Y).
As usual, we abbreviate £(X) = L(X, X).

The adjoint of a densely defined linear operator A: dom(4A) C X — Y
between two Hilbert spaces X and Y is A*: Y* D dom(A*) — X* with

dom(A*)={y e Y*|32 € X" s.t. Vo € dom(A) : (¢, Ax)y = (', 2)x }.

The functional 2/ € X* in the above set is uniquely determined by ¢y’ € dom(A*),
and we set A*y’ = z’. The resolvent set of a closed operator A: dom(A) C

X — X is denoted by p(A) and its spectrum by o(A). We denote the open,
Zy

right half-plane by C; ={A € C| ReA >0}, and | : } stands for the Cartesian
Z7l

product of the spaces Z1,...,2Z,.

We use the notation of the book [1] by Adams and Fournier for Lebesgue
and Sobolev spaces. For function spaces with values in a Hilbert space X, we
indicate the additional mark “; X” after writing the domain. For instance, the
Lebesgue space of p-integrable X-valued functions on the domain Q is LP(£; X),

1



2 CHAPTER 1. PRELIMINARIES

equipped with the norm || - ||, while H! (£2; X) denotes the subspace of weakly
differentiable functions with square integrable first (weak) derivatives. Note that,
throughout this thesis, integration of X-valued functions is understood in the
Bochner sense, see [30].

1.2 One-parameter semigroups

In this section we introduce the theory of one-parameter semigroups, especially
strongly continuous and analytic ones. More information on these topics can be
found in [25,32,95] and [54].

1.2.1 Strongly continuous semigroups

To motivate this concept, consider the so called abstract Cauchy problem (ACP),
described by the evolution equation

#(t) = Az(t), t>0,

x(0) = o, (1.1)
where A: dom(A) C X — X is a (possibly unbounded) linear operator on a
Banach space X and zy € X is a given initial datum.
For linear, bounded operators A € £(X) the (unique) classcial solution, i.e., a
function x € C*(]0, 00); X) satisfying (1.1), is given by the operator exponential
function

x(t) = ettay = i (tﬁ!)nxo.

n=0

For unbounded operators this concept fails, since the exponential series does
not need to converge. A suitable generalization is given by strongly continuous
operator semigroups.

Definition 1.2.1 (Cy-semigroup). A family (7 (¢));>0 C £(X) of operators on
a Banach space X is called Cy-semigroup (or strongly continuous semigroup) on
X if

(i) 7(0) =1,
(il) T(s)T(t) =T(s+1) for all s,t > 0 and
(ii) lim 7 (¢t)x =z for all x € X.
N0
Remark 1.2.2. (i) The first two properties of the definition are called semi-
group property.
(ii) For A € £(X), (e')s>0 is a Co-semigroup.

(iii) The notion Cy stands for Cesaro summable of order zero (also abbreviated
with (C,0) summable), which is exactly limy o 7 (t)z = « for every z € X.
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The following theorem shows a growth bound and explains the strong conti-
nuity of the semigroup.

Theorem 1.2.3. Let (T (t))i>0 be a Co-semigroup on X. Then

(i) There exists constants M > 1 and w € R such that

|7 < Me“" for all t > 0.

(i1) T()z: [0,00) = X is continuous for all x € X.
Proof. See [32, Ch. I, Thm. 5.3 & 5.5]. Q

Definition 1.2.4 (Growth bound). Let (7 (¢)):>0 be a Cop-semigroup. We define
the growth bound of (T (t))t>o by

wo=inf{w e R|[IM >1:||T(t)| < Me*",¢t > 0}.
We call (T(t))tZO
(i) bounded, if there exists M > 1 such that

|T(@)]| <M for all t > 0.

(ii) contractive, if
T <1 forall ¢t >0.

(iii) exponentially stable, if wy < 0.

Definition 1.2.5 (Generator). Let (7 (¢));>0 be a Cop-semigroup. The operator
A: dom(A) C X — X, given by

Az = Jim T =
AN h
T(h)x —

x € dom(A),

dom(A) ={z € X | flblg%) T exists in X},

is called the (infitesimal) generator of the Cy-semigroup.

When speaking of the Banach space dom(A) (or when treating it as such),
we always equip the space with the graph norm of A.

The generator of a Cp-semigroup is a densely defined and closed operator
which uniquely determines the semigroup. Further, the resolvent set of a genera-
tor is nonempty, more precisely p(A) D {A € C|ReA > w > wp}. The resolvent
operator R(\, A) := (A — A)~! can be written as the Laplace transform of the
semigroup, i.e.

RO\, A)a = / T e M (e dt

0
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for every x € X and A € C with Re A > w > wyp, and is bounded in the following
sense

M

RO A < oy

n €N,

for M and w as in Theorem 1.2.3. Conversely, a useful tool to check if a operator
generates a Cp-semigroup, utilizing the properties mentioned above, is the Hille-
Yosida theorem and the Lumer-Phillips theorem, see, e.g., [32, Ch. I, Thm. 3.8
& 3.15]. We shortly recall the general case of the generator theorem proved by
Feller, Miyadera and Phillips.

Theorem 1.2.6. Let A: dom(A) C X — X be a operator on a Banach space
X andw € R, M > 1 constant. Then the following are equivalent.

(i) A generates a Cy-semigroup (T (t))i>0 on X satisfying

T @) < Me“t  fort > 0.

(ii) A is closed, densely defined and for all X € R with A > w one has A € p(A)
and

A =w)RA A" | <M for alln eN.

(i1i) A is closed, densely defined and for all A € C with ReA > w one has
A€ p(A) and

n M
[R(X, A)"[| <

_m fOT’allnGN.

Proof. See, e.g., [32, Ch. II, Thm. 3.§]. a

Coming back to the abstract Cauchy problem (1.1), we have the following
result.

Proposition 1.2.7. Let A: dom(A) C X — X be the generator of a Cy-
semigroup (T (t))i>0. Then

(i) For everyt >0 and x € X, we have fg T(s)xds € dom(A) and
¢
Tt —a= A/ T(s)xds.
0

(i) For every t > 0 we have AT (t) =
T ()ao € CH([0,00); X) N C([0, 00); do
the abstract Cauchy Problem (1.1).

T(t)A on dom(A). Further, x =
m(A)) for each xy € dom(A) solves

Proof. See [32, Ch. II, Lem. 1.3]. a
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1.2.2 Strongly continuous groups

This section is devoted to strongly continuous groups and their generators. A
strongly continuous group (7 (¢)):cr is defined exactly as strongly continuous
semigroups but the semigroup property has to hold for all R instead of R .

Therefore, the generator of a Cp-group on a Banach space X is given by the
operator A: dom(A) C X — X satisfying

1
Az = }lzli% B(T(h)x —2z), x € dom(A4),

with domain

dom(A) ={z € X | }llirrb H(T(h)x — z) exists}.

If A generates a Cy-group (7 (t))ier, we can define 7, (¢) :== T (¢) and T_(¢) =
T(—t) for t > 0. Then (75 (¢))i>0 and (T-(t))i>0 define two Cp-semigroups on
X with generators A and — A, respectively. In analogy with the Hille-Yosida
generator theorem, generators of Cip-groups are characterized as follows.

Theorem 1.2.8. Let A: dom(A) C X — X be an operator on a Banach space
X andw € R, M > 1 constant. Then the following are equivalent.

(i) A generates a strongly continuous group (T (t))icr on X satisfying the
growth estimate

1T < Me!" fort e R.

(i1) A and —A both generate Cy-semigroups (T+(t))i>0 and (T-(t))i>0, Tespec-
tively, satisfying
[T (t)]| < Me®"  fort > 0.

(iii) A is closed, densely defined and for all X € R with |A\| > w one has A € p(A)
and
I (A = w)RON, A" | < M for alln € N.

(iv) A is closed, densely defined and for all A\ € C with |ReA| > w one has

A€ p(A) and
M
RMNA| € o I N.
IROAV < sy oy Jor altn €
Proof. See, e.g., [32, Ch. II, Sec. 3.11]. Q
A special subclass consists of unitary groups, i.e., they satisfy 7 (¢)~! = T (¢)*.

They can be characterized as follows.

Theorem 1.2.9 (Stone). Let A: dom(A) C X — X be a densely defined
operator on a Hilbert space X. Then A generates a unitary group (T (t))ier on
X if and only if A is skew-adjoint, i.e., A* = —A.
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Proof. See, e.g., [32, Ch. II, Thm. 3.24]. a

Next, we briefly recall the Schur complements. They will mainly appear in
proofs to ensure invertibility of operator matrices and provide an explicit formula
for the inverse of such.

Lemma 1.2.10. Let A= (4 B) € L(X xY) such that A € L(X) is invertible.

fhen I A I A'B
0 0 -
A= (CA—I 1) <o D—CA—lB) <o I > (12)

is invertible in L(X xY') if and only if the Schur complement S .= D—CA~'B €
L(Y) is invertible in L(Y') and in this case, the inverse of A is given by
At AT'0+BS™'cA™Y) —AT'BST!
= _sloat st )

Proof. See, e.g., [109, Prop. 1.6.2]. a

A rather simple conclusion of the last two results is the following statement.
We will need it in the proof of Proposition 5.3.1.

Proposition 1.2.11. Let (T (t))¢>0 be a Co-semigroup and to > 0. Then
the operator matriz (_72(It0) 27%150)) is invertible if and only if (T (t))ter is a
Cy-group.

Proof. Since the top left block 21I is invertible it suffices to show, that the Schur
complement S = 27 (ty) + 27 (to) = 2T (to) is invertible.

If (T(t))ier is a Co-group, the inverse of S is explicitly given by 27 (—t() as
T(—t0)T (to) = T (to)T (—to) = T (to — to) = T(0) =1

For the other direction, we get by assumption that there is a time ¢35 > 0
such that 7 (¢o) is invertible. By the semigroup property, we immediately get,
that T(n-tg) = T (to)™ is invertible for all n € N. Further, we can decompose
to = s1 + s2 with 51,80 < tp and obtain via T (ty) = T (s1)7T (s2) that the
semigroup must be injective (and surjective) at time sy (and sp, respectively).
By changing the roles of s; and sy we derive invertibility at all times ¢ € R. O

1.2.3 Inter- and extrapolation spaces

Before we move on with semigroups and their generators, we make a short
excursion to inter- and extrapolation spaces associated to an operator A. For
more information we refer to [32, Ch. II.5] and [112, Ch. 2.10].

Definition 1.2.12 (Inter-/Extrapolation spaces). Let A: dom(4A) C X — X
be a densely defined operator with nonempty resolvent set and X be a Hilbert
space. For \ € p(A) we define the Hilbert space X; by

Xy = (dom(A), [| - | x,),

where
lz]lx, = (Al = A)z||x for all x € dom(A).
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Furthermore, we denote by X_; the completion of X with respect to the norm
lzllx_, = (N = A)"tz||x forall z € X.
Proposition 1.2.13. Let X; and X_1 be defined as above. Then

(i) The norms || - ||x, and | - ||x_,, for different X\ € p(A), are equivalent on
X1 and X_q, respectively. In particular, the spaces are independent of the
choice of A. Moreover, the norms on X1 are equivalent to the graph norm

of A.

(i) The embeddings
Xi—=>X—=>X,

are continuous and dense.

(i) A€ L(X1,X) has a unique extension A_y € L(X,X_1) and for A € p(A)
the resolvent operators

N —-A)tel(X, X)) and M—-A_))telL(X_1,X)
are unitary (if X is the same as used to define || - ||x, and || - ||x_, )

(iv) Let A generate a Co-semigroup (T (t))i>0. Then the restriction of T (t) to
X1 forms a Cy-semigroup (T1(t))t>0 on X1, whose generator is Ay, the
restriction of A to dom(A?). Moreover, there exists a unique extension
T_1(t) of T(t) to a bounded operator on X_1, that forms a Cy-semigroup
(TZ1(t))e=0 on X_1, whose generator A_y is given as above.

Proof. See, e.g., [112, Prop. 2.10.1-2.10.4]. a

Remark 1.2.14. The construction of these spaces can be iterated in both direction,
leading to a sequence of spaces

e Xo a2 X1 o XX g =X g

each with continuous and dense embeddings, also known as the Sobolev tower.
We will see at the end of the next section, that we can further fill the gaps
between the spaces with fractional inter- and extrapolation spaces.

1.2.4 Analytic semigroups

Although analytic semigroups play only a minor role in this thesis and mainly
appear as an example in Chapter 3, they were at the center of the starting point
of the project resulting in the Chapter 3 about semilinear equations. The idea
behind the generalization introduced in Chapter 3 can be well illustrated by this
class of semigroups. Hence, we give a short introduction to these semigroups
and list some known results, mainly taken from the book by Haase [54], or Engel
and Nagel [32, Ch. IT.4a].
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Definition 1.2.15 (Sectoriality). (i) For ¢ € [0, 7] the (open) sector of angle
2¢ is defined by

g . )12 eC\{0} [ Jarg(2)| < ¢}, if 0 >0,

v (0, 00), if o =0.

(ii) A densely defined operator A: dom(A) C X — X is called sectorial of
angle ¢ € [0,7) if 0(A) C S, and for all 1) € (¢, ) there exists a constant
Cy > 0 such that

AR A <Cyp (A€ TN\ Sy),

Remark 1.2.16. (i) Sectorial operators are closed since they have a nonempty
resolvent set and invertible operators are closed.

(ii) For reflexive Banach spaces, the assumption dom(A) = X follows from the
resolvent estimate.

(iii) The literature is not consistent whether to require the spectrum to be in
the left or right half plane. With our choice, we will have that the negative
of certain operators are sectorial, see Theorem 1.2.18.

Definition 1.2.17 (Analytic semigroup). A Cy-semigroup is called analytic semi-
group of angle o € (0,7] if it extends to a family of operators (7(2)).es, ufo} C
L(X) such that

(i) 7(0) =T and T (21 + 22) = T (21)T (22) for all 2, 22 € S,,.
(ii) The map z — 7T (z) is analytic in S,.

)
(iif) lim T(z)z==zforallze X and 0 < < .
Swaz—>0

If additionally,
(iv) ||T(2)| is bounded in S, for every 0 < ¢ < ¢,

we call (7 (£))t>0 a bounded analytic semigroup.
A Cp-semigroup is called (bounded) analytic if it is (bounded) analytic of
some angle ¢ € (0, 7).

Next, we want to characterize the generators of analytic semigroups. It turns
out, that they are precisely the negative of sectorial operators with angle smaller
than 5.

Theorem 1.2.18. Let A: dom(A) C X — X be a linear operator. Then the
following statements are equivalent.

(i) A generates a bounded analytic semigroup (T (t))i>0 on X.

(i1) There exists 0 € (0,%) such that the operators e A generate bounded

Cy-semigroups on X .
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(i3) A generates a bounded Cy-semigroup (T (t))i>0 on X such that ran(T'(t)) C
dom(A) for allt >0, and

sup |[tAT ()] < oo.
>0

(iv) A generates a bounded Cy-semigroup (T (t))t>0 on X, and there exists a
constant C' > 0 such that

IsR(w +is, A)|| < C forallw >0 and 0 # s € R.

(v) —A is sectorial of some angle ¢ € [0, 7).

Moreover, if —A is sectorial of angle ¢ < T, then (T (t))i>0 is analytic of angle
©.
Proof. See [32, Ch. II, Thm. 4.6]. Q

The characterization (iii) of analytic semigroups goes back to Yosida [117].
To state a generalization proved by Komatsu [75, Thm. 12.1 & 12.2], we first
need to define fractional powers of certain operators. For more information on
this topic see, e.g., [95, Ch. 2.6], [75] or [4]. For a bounded operator A with
(—00,0] C p(A), the usual definition of fractional powers is given by the Dunford
integral

a 1 « _ -1
A —%/Fua A,

where the path I' encircles the spectrum o(A) counterclockwise, avoiding the
negative real axis.

As the path may encircle the negative real axis clockwise, we can rewrite
this integral using an expansion for the resolvent, which leads to the following
definition also known as the Balakrishnan formula (see [4]).

Definition 1.2.19 (Fractional power). Let 0 = n+p > 0 with n € N and
p €[0,1). We define D7 as the set of all z € X such that x € dom(A™) and the
error R, (A, z) in the expansion

M+A) e = "tr - A2Ax+ -+ (=D)"A " A e + R, (\, 1)
satisfies

Ry(ha)= oA ifp =0,
T loeY), ifp> 1.

Moreover, for n < Rea < o, we define A%z, x € D7, by

A = (<1)" sin(ra)

o0
/ NPT AN+ A) TP A Mz d .
n 0
It can be shown, that A% has a closed extension to an operator in X, and its
smallest closed extension does not depend on o > Rea. Thus, we define this
smallest extension as the fractional power A (or simply A%).
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Clearly, the assumptions of the previous defintiion are fulfilled for sectorial
operators, i.e., for the negative of generators of bounded analytic semigroups. In
this case, our definition is equivalent to the functional calculus approach in [54].

Now to the more general characterization of analytic semigroups.

Theorem 1.2.20. Let —A be the generator of a bounded Cy-semigroup (T (t))i>o0-
If there exist o € Cy and a constant C' > 0 such that

|ASLT(t) for all t > 0,

H S tRﬁv
then A is sectorial of some angle p < 3.
The following converse of Theorem 1.2.20 holds.

Theorem 1.2.21. Let A be sectorial of angle ¢ < 5 and (T (t))t>0 be the bounded
analytic semigroup generated by —A. For all z € S;j5_, \{0},7 € Xand a € C
we have T (2)x € dom(AS) and there holds

1
© 27

AT (2)z (=N R(\, —A)z d),
where the path T' consists of the two paths from 0 to ocoe™ with 5 <0<
5+ |arg(z)].

Further, for € > 0 there exists a constant Cy . such that

Ca €
|AST (2)|| < |t|R;a’ for all |arg(z)| < § —w —¢.

We close this section by coming back to the inter- and extrapolation spaces.

Definition 1.2.22 (Fractional inter-/extrapolation space). Let the operator
A: dom(A) C X — X generate a bounded analytic semigroup (7 (t))¢>0 with
0 € p(A). Then we define the fractional interpolation spaces X, for 0 < a <1
by
Xo = (dom((=A)%), [| - l|x..),

with

lz)lx., = [(—A)%z|x, forall z € dom((—A)%).
Analogously to the integer case, the fractional extrapolation space X_, denotes
the completion of X with respect to

lzllx_, = [(-A)"“z||x, forallze X.

Remark 1.2.23. (i) It follows by definition that Xy = X and X,—11 coincides
with the spaces in Definition 1.2.12.

(ii) For 0 < 8 < o < 1 we have continuous and dense embeddings

Xi—=Xg = Xg= X=X g=X_,—=X_4.
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1.3 Inhomogeneous abstract Cauchy problems
Consider the Cauchy problem

#(t) = Az(t) + f(t) on [0,T],

o0 —n, (1.3)

where A: dom(A) C X — X generates a Cyp-semigroup (7 (t))>0 on a Hilbert
space X, zg € X and f:[0,T] — X is a function. We start by introducing
different solution concepts to (1.3).

Definition 1.3.1 (Solution concepts). Let (zq, f) € X x L([0,T]; X). We say
that z: [0, T] — X satisfying 2(0) = 2o is a

(i) mild solution of (1.3), if it satisfies the variations of constants formula!
t
x(t) =T (t)zo + / T(t—s)f(s)ds.
0

(ii) strong solution of (1.3), if x € H*([0,T]; X) N L2([0, T}; dom(A)) and the
evolution equation in (1.3) holds almost everywhere in L2([0, T]; X).

(iii) classical solution of (1.3) if = € C([0,T]; X) N C([0, T];dom(A)) and
evolution equation in (1.3) holds in C([0, T]; X).

Remark 1.3.2. (i) It is easy to see that every classical solution is also a strong
one and every strong solution is also mild.

(ii) What we call a strong solution (see [95, Ch. 4.2, Def. 2.8]) is also sometimes
called a strict solution (see [14, Part II, Def. 3.1]).

The following result ensures existence of solutions as defined above by means
of regularity of the data.

Proposition 1.3.3. (i) For (zo, f) € X x L([0,T]; X), z € C([0, T]; X) is
the unique mild solution if and only if it satisfies the integrated differential
equation

x(t) —x(0) = A/O x(s)ds —|—/0 f(s)ds Vit € [0,T].

(ii) If (zo, f) € dom(A) x L2(]0, T]; dom(A)), then the mild solution is a strong
solution.

(iii) If (xo, f) € dom(A) x HY ([0, T]; X), then the mild solution is a classical
solution.

Lalso known as Duhamels formula
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Proof. For the proof of (ii) and (iii), see [14, p. 133, Prop. 3.3]. Uniqueness of

mild solutions can be found, e.g., in [25, Thm. 3.1.7]. We shortly sketch the proof

of equivalence in the first statement as we could not find it in the literature.
Let z(t) = T (t)zo + fg T (t — s)f(s) ds be the unique mild solution. Then,

by Fubini’s theorem and the identity 7 (¢t)x — x = Afg T (s)xds (also showing
that this integral is always in the domain of A), we obtain

mo+A/Otx(s)ds+/0tf(s)ds
:xo—I—A/OtT(s)xods—l—A/Ot/OST(s—r)f(r)drds—l—/otf(s)ds
x0+A/OZT(s)xods+At/Ot/T:_T(sr)f(r)dserr/Otft(s)ds
:xo—i—A/O T(s)xods—i—/o A/O rT(s—r)f(r)dsdr—k/O £(s)ds
:xo+T(t)z0—a:o+/0tT(t—r)f(r)—f(r) dr + Otf(s) s
= T(t)ao + /O T =) dr = 2(0).

Finally, we obtain from z(t), 2o € X and fot f(s)ds € X that Afot z(s)ds € X,

which yields that f(f z(s)ds € dom(A), allowing the calculations above.

For the converse, we note that it suffices to show uniqueness of solutions to
the integrated equation. Assume there are two distinct solutions 1, zo, then
the difference T = x7 — z2 solves the homogeneous integrated equation

z(t) = A/Ota?(s) ds.

The desired result then follows by [33, Ch. II, Prop. 6.4]. Q

Note that for parabolic equations, there is a unique strong solution already
for (x, f) € (dom(A'/?),1.2(0, T; X)), where dom(A'/2) denotes the fractional
interpolation space between X and dom(A) as defined above. This follows from
maximal parabolic regularity, cf. [14, p. 130ff].

We conclude this part with a result for solvability of boundary value problems
required for a result in Chapter 5.

Lemma 1.3.4. Let A: dom(A) C X — X generate a Cy-semigroup (T (t))¢>0,
let Ry € L(X), Ry € L(X). If the operator matriz [Rlﬁ:—t’)} is surjective both
as a mapping from X to X x X and from dom(A) to dom(A) x dom(A), then
for every f € L2([¢,7]; X) and 20,21 € X the boundary value problem

z(t) = Ax(t) + f(t), (fortell,r]), Rox(f)=zp, Riz(r)== (1.4)
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has a continuous (mild) solution. If f € H'([¢,r]; X) and zy, 21 € dom(A), then
the corresponding mild solution is a classical solution.

Proof. We first prove the claim for the mild solution. To this end, by the assumed
surjectivity, there is zg € X such that

Ry _ 20
[RlT(r—l)} To = |:ZI_R1 S Tr=7)f(7) dT:| :

Thus, by construction, for all s € [¢, 7]
x(s) =T (s— Oz + / T(s=7)f(r)dr (1.5)
¢
is a mild solution of the dynamics in (1.4) and satisfies the boundary conditions
RQ.I(E) = ROI0 = 20,

Rix(r) = RyT(r — £)zo + Ry /; T(r—s)f(s)ds = z.

The claim for (zg, f) € dom(A) x H*([¢, r]; X) follows by the same argumentation
using classical solutions. a

1.4 Dissipativity and monotonicity

Next, we want to introduce (maximally) dissipative and monotone operators.
They play a key role in Chapter 4 and Chapter 5. Our main source is the book
by Barbu [5]. We may identify a multivalued operator from X to Y with its
graph, i.e.,

{[y]e($]1y e Ax}.
Conversely, for a subset A C [¥] we define
Av={yeY |[y] € A}, dom():{x€X|A;E7$@}
an(4)= ) Az, —{[2]|[5] € A}

zedom(A)

Hence, we equivalenty speak of subsets of [{ | instead of operators from X to Y.
For A, B C [{] and A € R, we set

M= (551 < 41
A+B={,%]|[5] € A, (2] € B} and
AB ={[7]|[y] € B and [¥] € A for some y € Y'}.

Definition 1.4.1 ((Maximal) Monotonicity and Dissipativity). Let X be a
Hilbert space with inner product (,-). A set R C [X] is called monotone, if

Re(m—u,y—v)ZO, [5]7[3]53
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Further, R C [¥] is called mazimally monotone, if it is monotone and not a
proper subset of a monotone subset of [£]. A (possibly nonlinear) operator
A: dom(A) C X — X is called (mazimally) monotone, if the graph of A4, i.e.,
{[ 4]z € dom(A) }, is (maximally) monotone.

A set R C [{] is called dissipative, if

Re(z,y) <0, [y] € R.

Further, R C [{] is called mazimally dissipative, if it is dissipative and not a
proper subset of a dissipative subset of [{]. A (possibly nonlinear) operator
A: dom(A) C X — X is called (mazimally) dissipative, if the graph of A, i.e.,
{[ Az]| = € dom(A)}, is (maximally) dissipative.

Remark 1.4.2. Let A: dom(A) C X — X be an operator.

(i) If A is linear, then A is (maximally) dissipative if, and only if, —A is
(maximally) monotone.

(ii) A linear operator A: dom(A4) C X — X is dissipative if and only if, for
any A > 0,

[I(AI — A)z||x > A||z||x for all z € dom(A).

(iii) For a dissipative operator A, A\ — A is surjective for some A > 0 if and
only if it is surjective for each A > 0.

(iv) Densely defined and dissipative operators A are always closable. In this
case, the closure A is again dissipative and satisfies ran(A\l — A) = A\ — A,
see [95, Thm. 4.5].

(v) These statements, in the analogous form, remain true when I is replaced
by the duality mapping Jx: X — X* of a reflexive Banach space X.

The following characterization of maximality in this regard is due to Minty
and Browder.

Theorem 1.4.3. Let X be reflexive and strictly convex. Let A C X x X* be a
monotone subset of X x X* and let J: X — X™* be the duality mapping of X.

Then A is mazimally monotone if and only if, for some (and hence any) A > 0,
ran(AJ + A) = X*.

Proof. See [5, Thm. 2.2]. a

Corollary 1.4.4. Let A: dom(A) C H — H be a (possibly nonlinear) mazimally
monotone operator on a Hilbert space H = H*. Then I+ AA s bijective for all
A > 0 and the operators (I1+ AA)~1 and (1 — MA)(I+ XNA)~! are contractive.

Proof. First observe that every Hilbert space is reflexive and strictly convex,
since it is even uniformly convex. Hence, surjectivity follows by Theorem 1.4.3.
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Injectivity follows directly from the definition of monotonicity. Indeed, for
x,y € dom(A) and A > 0 we have

lz = yllF < Re{(I+ AA)x — (I+ M)y, 2 — )i
< T+ Az = T+ AA)y|[mllz = ylla-
which also shows contractivity of (I 4+ AA)~!. For the other operator, we take
=1+ MA)"1z and 7 := (I1+ AA)~ !y and calculate
lz = yll* = [T = AA) T+ AA) " 2 — ([= AA) I+ AA) " y||?
=12 =5+ Mz = Mg|* — ||& - § — (AAZ = AAg)|)”
= 4Re (& — §, AT — Af) > 0. Q
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Chapter 2

Linear Systems

This second chapter is also on preliminaries but outsourced from the first for
the sake of clarity. We want to introduce the notion of system nodes, originally
studied by Smuljan [114] and Salamon [98,99] and later extensively investigated
by Staffans in his monograph [105].

We will focus on specific properties that we need in Chapter 4, but more
information on the first Section can be found in [105] and on the second part
in [104].

2.1 Background on system nodes

Let X, U and Y be Hilbert spaces and denote the canonical projections onto X
and Y in [{¢], respectively, by Py and Py. Let

S: dom(S) C [§] = [¥]

be a linear operator. Its corresponding main operator is given by the operator
A: dom(A) € X — X with dom(A4) = {z € X|[§] € dom(S)} and Ax =
Px S[§] for all x € dom(A). One often sets

A&B = Px S and C&D =Py S

g— A& B
T |C&D|”
The concept of system nodes poses natural assumptions on the operator S, in
order to guarantee favorable properties and a suitable solution concept to the
dynamics specified by the differential equation

BEEH =5 mﬂ , 120 (2.1)

For a comprehensive study of system nodes, we refer to the monograph [105].
At this point, we only note that this class covers well-posed linear systems [105],

so S can be written as

17
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boundary control and observation systems [112] and, of course, linear infinite-
dimensional systems with bounded control and observation [25].

Definition 2.1.1 (System node). A system node on the triple (Y, X, U) of Hilbert
spaces is a (possibly unbounded) linear operator S: dom(S) C [§¥] — [{¥]
satisfying the following conditions:

(i) S is closed.
(ii) PxS: dom(S) C [#] — X is closed.
(iii) For all u € U, there exists some x € X with [ ] € dom(S).

(iv) The main operator A is the generator of a strongly continuous semigroup
T(-): [0,00) = L(X) on X.

If one relaxes the last assumption to the main operator A being densely defined
with nonempty resolvent set, one calls S an operator node.

Remark 2.1.2 (System nodes). Let S = [ A¥5 ] be a system node on (Y, X, U).

(i) It follows from the above definition that C&D € L(dom(A&B),Y), where
dom(A&B) is endowed with the graph norm of A&B. In particular, the
operator C' with Cz := C&DJ[§] fulfills C' € £(dom(A4),Y).

(ii) Since generators of semigroups are densely defined (see [32, Ch. 2, Thm. 1.5]),

dom(S) is dense in [ ] and for given u € U the affine subspace

{r e X|[%] € dom(A&B)}
is dense in X.

(iii) Recapping the first chapter, we know since A is a generator of a Cy-
semigroup, there is @ € p(A) (in the resolvent set of A). The completion of
X with respect to the norm ||z||x_, = ||(al — A)~1z]| is denoted by X_;.
Note that the topology of X_1 does not depend on the particular choice
of @ € p(A) [112, Prop. 2.10.2|. The operator A extends continuously as
A_1: X — X_1; Aand A_; are similar, hence have the same spectrum and
A_1 generates a Cyp-semigroup T_1(-): [0,00) — L£(X_1) on X_;, which
extends 7 (-) (and which is similar to 7(-)), see Section 1.2.3.

(iv) A&B extends to a bounded linear operator [A_; B]: [{] — X_1, which
in fact has such a block structure. Moreover, the domain of A&B (equally:
the domain of S) fulfills

dom(A&B) ={[i] e [§]| A1z + Bue X},

see [105, pp. 3-4].
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(v) For all a € p(A) the norm

- _ 1/2
10210 = (Il = (a1 = A_) " Bul% + [Jull3) "/

is equivalent to the graph norm of S. Moreover, the operator

{1 7(0417,4,1)—13]
0 1

maps dom(.S) bijectively to [don&(A)], see [105, Lem. 4.7.3].
Remark 2.1.2 (v) allows to define the concept of the transfer function.

Definition 2.1.3 (Transfer function). Let S = [ A¥5] be a system node. The
transfer function associated to S is

)

p(A) = LU,Y),

(sI—A_l)_lB} .

SHC&D|: I

Next, we briefly recall suitable solution concepts for the differential equation
(2.1) with S = [ AF¥B ] being a system node.

Definition 2.1.4 (Classical/generalized trajectories). Let S = [ AZ5] be a sys-

tem node on (Y, X,U), and let T > 0.
A classical trajectory for (2.1) on [0, T] is a triple

(z,u,y) € C1([0,T}; X) x C([0, T];U) x C([0, T]; Y)

which for all ¢ € [0, T| satisfies (2.1).
A generalized trajectory for (2.1) on [0,T] is a triple

(z,u,y) € C([0,T]; X) > L*([0, T]; U) x L*([0, T]; Y),

which is a limit of classical trajectories for (2.1) on [0, T] in the topology of
C([0, T]; X) x L*([0, T); U) x L*([0, T]; Y').

If S = [AFB] is a system node on (Y, X, U), then A&B can be regarded as
a system node on ({0}, X,U). Consequently, we may further speak of classical
(generalized) trajectories (z,u) for & = A& B[ ].

The following result ensures the existence of unique classical trajectories with
suitable control functions and initial values.

Proposition 2.1.5 (Existence of classical trajectories [105, Thm. 4.3.9]). Let S
be a system node on (Y, X,U), let T >0, xo € X and u € W3L([0, T};U) with
[&8)} € dom(S). Then there exists a unique classical trajectory (x,u,y) for

(2.1) with z(0) = zo.

We provide some further statements on classical/generalized trajectories.
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Remark 2.1.6 (Classical /generalized trajectories). Let S = [ A5 ] be a system

node on (Y, X,U), and let T > 0.

(i) Assume that (z,u) is a classical trajectory for & = A&B[;]. Then [i] €
C([0, T}; dom(8)).

(ii) (z,u) is a generalized trajectory for & = A&B[;] if, and only if, z €
C([0, T]; X) and

Vtel0,T]: x(t)=T(t)z(0)+ /t T_1(t — 7)Bu(r)dr, (2.2

where the latter has to be interpreted as an integral in the space X_;.

(iii) If (z,u,y) is a generalized trajectory for (2.1), then, clearly, (z,u) is
a generalized trajectory for & = A& B[ ]. In particular, (2.2) holds. The

output evaluation y(t) = C&D [igﬁ” is—at a first glance—mnot necessarily
well-defined for all ¢ € [0, T]. However, it is shown in [105, Lem. 4.7.9]
that the second integral of [ ] is continuous as a mapping from [0, T)
to dom(A&B) = dom(S). As a consequence, the output can—in the
distributional sense—be defined as the second derivative of C& D applied
to the second integral of [ ]. This can be used to show that (z,u,y) is
a generalized trajectory for (2.1) if, and only if, (x,u) is a generalized
trajectory for & = A&B[1], and

y= (m (;;Zc&p/ot(t—r)[;jg;)} dr) e L2([0, T); Y).

Next we recall the important concept of well-posed systems.

Definition 2.1.7 (Well-posed systems). Let S = [é(‘%g] be a system node
on (Y, X,U). The system described by the differential equation (2.1) is called
well-posed, if for some (and hence all) T > 0, there exists some c¢p > 0, such that
the classical (and thus also the generalized) trajectories for (2.1) on [0, T] fulfill

lz®)llx + lyllzoiy) < er(l2(0)llx + lulezqo.mie))-

In the case of a well-posed system u € W2([0, T];U) is sufficient for the
existence of classical trajectories and one also gets y € W2([0, T]; Y) (see [104, p.
208]).

Remark 2.1.8 (Well-posed systems). Let S = [ég‘jg] be a system node on
(Y, X,U) and T > 0. Well-posedness of (2.1) is equivalent to boundedness of the
mappings

Br: L0, T|;U) = X, ¢r: X —L*([0,T];Y),

Dr: L*([0,T};U) = L*([0, T} Y),

where
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o Bru = xz(T), where (z,u,y) is the generalized trajectory for (2.1) on [0, T
with 2(0) = 0,

e Crxy =y, where (z,u,y) is the generalized trajectory for (2.1) on [0, T]
with w = 0 and z(0) = o,

e D1u =y, where (z,u,y) is the generalized trajectory for (2.1) on [0, T]
with z(0) = 0.

In view of Remark 2.1.6 (ii), we have

T
Bru = / T-1(T —7)Bu(r)dr  for all u € L*([0, T}; U).
0

In particular, well-posedness implies that the above integral is an element of
X. Since the domain of the generator of a Cy-semigroup is invariant under the
semigroup operators, for each ¢ > 0 and zy € dom(A) one has T (t)zo € dom(A).
Thus, with C as in Remark 2.1.2 (i), we have that for y = CT (-)xo, x = T (-)zo,
(x,0,y) is a classical trajectory for (2.1) on [0, T] with 2(0) = 7. Well-posedness
implies that the mapping xg — CT (-)xo has an extension to a bounded linear
operator €1: X — L2([0,T];Y), see [105, Thm. 4.7.14].

Lemma 2.1.9. Let S = [A¢B] be a system node on (Y, X,U). Then

A&B 1
Sexe = |C&D 0 (2.3)
I10 0
is a system node on ([ %], X,[$]). Further, if (2.1) is well-posed, then

|:ycx(t () )] = St [ufx(tt()t)] (2:4)

is well-posed as well and vice versa.

It is straightforward to verify that Sey; is a system node. The proof of the
equivalence between well-posedness of (2.1) and (2.4) consists of a straightforward
combination of Remark 2.1.8 with [105, Thm. 4.4.4&4.4.8] and is therefore
omitted.

Next we recap the notion of partial flow inverse from [105, Def. 6.6.6], which
will turn out to be corresponding to a system in which the second part of input
is interchanged with the second part of the output.

A&B
Definition 2.1.10 (Partial flow inverse). A system node S = [[C&Dh} on

[C&D]>
([£],X,[}]) with main operator A, control operator B = [B B] and observation
operator C' = {g} is called partially flow-invertible if there exists a system node

[A&B]"
SN = [[C&D]f\} on ([£],X,[}]) satisfying the following condition.
[ceDlp
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The operator {[(Ié ;Ii D%J maps dom(S) continuously onto dom(S*), its in-
100
verse is [[8&11)]%} and
[[A&B”1 1 007"
S = [[C&D]D 0IoO on dom(S),

00 1] |[Cc&D]p
fA&B 1 [100]"

ST =|[C&D];| |0 T 0 on dom(S7).
10 0 1] |[C&D],

In this case we call S and S partial flow-inverses of each other.
If S is partially flow invertible, then for the transfer function

O =20 22]: o(4) = L)1)

of S and for the transfer function ®° of the system node S
Dya(a) and Di(a)
are invertible for all o € p(A) N p(A7) (the main operator of S*) and we have
5(a) = [Daa(a)]™! (see [105, Thm. 6.6.9&6.6.10]).
Proposition 2.1.11 (Partial flow-invertibility, [105, Thm. 6.6.11]). A system
node S = {[égg]l] on ([£],X,[17]) is partially flow-invertible if and only if

[C&D]2
there exists some o € C such that the following two statements are valid.

) al 00 A&B L X
(i) The operator [ 0 (1)8} - [[C&?D]J maps dom(S) bijectively to {)\;}

(ii) By denoting

1

ol 0 O A&B B M11 M12 M13
0 I of - 0 = Mz May Mp3
0 0 O [C& D], Mz Mz Mss

M1 is injective, has dense range and —Mﬁl generates a strongly continu-
ous semigroup.

The above definition yields that the partial flow inverse of a partially flow-
invertible system node is unique. Although, in the general setting the partial
flow inverse of a system node is only an operator node, our assumptions of
dissipativity guarantee it to be a system node, see Remarks 4.2.1 and 4.2.3.
Hence, we include this property into our definition. The main motivation for
flow-inverses is that they interchange input and output. This is the subject of
the following result, which is a slight reformulation of [105, Thm. 6.6.15].
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Proposition 2.1.12 (Trajectories and flow-inverse). Let S be a flow-invertible
system node on ([£], X, [V]) with partial flow-inverse S (being a system node).
Then (z,[4],[y]) is a classical (generalized) trajectory on [0,T] if and only if
(x,[y).[2]) is a classical (generalized) trajectory for the system associated to the
node S.

2.2 Passive systems

The following result yields a useful characterization of dissipative system nodes
and connects the notion of dissipativity to other related concepts. It can be
found in [104, Thm. 4.2], where also scattering passive and conservative or energy
preserving systems are treated.

Theorem 2.2.1. Let S = [égg] be a system node on (U, X,U). Then the
following statements are equivalent.

(i) S is impedance passive, i.e., the (generalized) trajectories satisfy
lz@®))% = [|z(0)]|% < 2/075 Re(y(t),u(t))y dt  for allt > 0. (2.5)
(ii) For allt > 0, the (generalized) trajectories satisfy
Lle(olz < 2Rey(t). u(t))o. (2.)

(i11) For all 3] € dom(S),
Re (A&B[39], w0) x < Re(C&D[45], uo)y; - (2.7

(iv) For some (and hence all) o € p(A) it holds

A+ A (a+A*)(a—A_1)"'B
B(@— A" L@+ A) B @-A)"(2Rea)(a—A_1)"'B

< 0 c*
—1C D()"+D()
. . . Xd
as an operator inequality in L ([)((]1 ], [ [;1 } )
(v) The system node [7é§g] 18 a dissipative operator in [5], i.e., for all
[20] € dom(S)

Re([u], [_&¢h] [w]) <.

Proof. (i) < (ii): Per definition, the classcial trajectories satisfy (z,u,y) €
CL([0,T]; X) x C([0, T}; U) x C(]0, T}; V) and (2.6) follows by differentiating
(2.5) with respect to t. The other way around, we obtain the result by
integrating (2.6). For generalized trajectories the statement follows by a
density argument.
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(#4) = (4i1): We have for a (generalized) trajectory (z,u) and ¢ > 0
Re(A&B| 1) | 2(0)x = Re(a(t), () x
14d ,
== |t
Sl
< Re(y(t), u(t))v
= Re (C&Dlug ] uo)y -
Choosing t = 0 we get (2.7).
(#i7) = (4i1): Analogously to the last step, using Proposition 2.1.5.
(#91) = (iv): By Item (v) of Remark 2.1.2, for a € p(A)

I (I-A_))"'B
0 I

maps [} | one-to-one onto dom(S). Now substituting [§2] in (2.7) with

[(I) (O“I*AF)AB} [7] for [5] € [7], we get the desired operator matrix
inequality.

(v) = (i4i): Analogously to the last step, we multiply (2.7) from the right with
[(I) (“I*AEl)_lB} and from the left with its adjoint and redo the calculation

from the last step.

(v) &< (it3): This is only a reformulation of the statement.

a
Lemma 2.2.2. Let S = [égg] be an impedance passive system node on
(U,X,U). Then [8‘ 0] — [_égg] has a bounded inverse for all o, 5 € C4. In

particular [_éﬁg] is maximally dissipative.
Proof. We recall the proof from [104, Lem. 4.3].

Equation (2.7) of the last theorem yields, that dissipativity of [7@%?)] implies
the dissipativity of A. Together with the assumption from the definition of a
system node, that A generates a Cy-semigroup we get that A is even maximally
dissipative (as its resolvent set is nonempty), thus generates a contraction
semigroup by Lumer-Phillips theorem.

Again, by Item (v) of Remark 2.1.2, for o € p(A) the operator

(a—A)1 (a—A_ )" 'B
0 I

is bounded with bounded inverse and maps [ | bijectively onto dom(S).
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We calculate for o € p(A) and 5 € C, using Item (iv) of Remark 2.1.2 for the
first row and Item (i) of Remark 2.1.2 and Definition 2.1.3 for the second row,

qog 50&_[_3%%})[(0&—014)—1 <a1_AI,1>—13

I 0
B {C(al — A1 51+§(a)] '
Since —@(a) is bounded and, by Item (iv) from the last theorem, dissipative, it
is maximally dissipative. Hence, SI + ®(«) is invertible for all 8 € C,..
Therefore, the computation above yields, that [O{)I BOI] — [78&%5} has a
bounded inverse for all a, 8 € C,. On the other hand we have using Schur

complements

([5 al-Las])”

_ [(aIfA)—l (aIfA_l)—lB} [ I o (a)} _1

0 I Clal— A=l BI4+D
B [(aIfA)—l (aIfA,l)—lB} T 0
= 0 I —(B1+D(a))"1C(al — A)~ (BT + D(a))~?

_ far=a)y7t —(al—A_)TIB@BI+ D(a) " iC(el - )7L (al - A_)TIBBI+ D(a)) L
- —(B1+ D (a))"1C(a1 — 4)~L (BT + D ()™t :

Choosing o« = 3 we get that Léig] is maximally dissipative. a
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Chapter 3

Semilinear Equations

In this chapter, we establish an operator splitting method also called exponential
integrator for semilinear equations. We start by giving a detailed problem
formulation and then state and prove the main convergence result. After that,
the applicability is showcased at the hand of examples covering different Cl-
semigroups and nonlinearities. While being inspired by the work of Hochbruck
and Ostermann [66], this work contributes to this subject by relaxing the
sectoriality condition. Inspired by the approach of Kato [74], where the L?” — L"-
smoothing of the Stokes semigroup was fundamental, we require the semigroup
operators to act consistently on an interpolation couple or on a scale of Banach
spaces.
The results in this chapter have been published in [37].

3.1 Problem formulation
We investigate the semilinear Cauchy problem
u(t) = Au(t) + g(t,u(t)), w(0) =uo, tel0,T], (3.1)

where [0,T] is a given time interval, A: dom(A) C X — X generates a Cy-
semigroup (7 (t))¢>0 on a Banach space X, up € dom(A4) and ¢g: [0,T] xV — X
is a locally Lipschitz continuous function, where V is a Banach space as well.
The precise conditions on A and g are described below. As A generates a
Co-semigroup, the linear problem 4(t) = Au(t) is well-posed and we suppose
that the solutions can be calculated effectively with high precision (or are
explicitly known). In this chapter we prove convergence estimates for the so-
called exponential splitting methods. This is a particular operator splitting method,
that is, a general procedure for finding (numerical) solutions of complicated
evolution equations by reduction to subproblems, whose solutions are then to
be combined in order to recover the (approximate) solution of the compound
problem. The literature both on the functional and the numerical analysis sides
are extremely extensive, see, e.g., the surveys [18,59,60,90]. The decomposition

27
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of the compound problem can be based on various things, such as: on physical
grounds (say, separating advection and diffusion phenomena, e.g., [70]), by
mathematical-structural reasons (separating linear and nonlinear parts, see
e.g., [64,66,67]; separating the history and present in case of delay equations,
see [9]), etc. The starting point for exponential splitting methods is the definition
of the mild solution of problem (3.1), that is the variation-of-constants formula:

u(t) = T (t)u(0) + /0 Tt —1)g(T,u(r))dr. (3.2)

First, we describe the method introduced by Hochbruck and Ostermann in
[66], [67] in the case when (7 (¢)):>0 is an analytic semigroup, see also [65].
An exponential integrator is a time stepping method and it approximates the
convolution term on the right-hand side by a suitable quadrature rule in a given
time step, where the effect of the linear propagator is not approximated but
inserted precisely. Thus, for given time step h > 0 and t,, == nh with n € N
and nh < T = Nh, the solution u(t,) of the semilinear equation (3.1), given
recursively by

h
w(tny1) = T (h)u(ty) + /o T(h—7)g(t, +7,u(t, +7))dr, (3.3)

is approximated by the s-stage Runge-Kutta approximation u,,, which is subject
to the recursion

h s
wnr = T(h)un + / T(h=7) S 4(7)g(tn + csh, Un ) dr
0 =

(the initial value ug = u(0) is known). Here, s is a positive integer, c¢1,...,cs €
[0, 1] are pairwise distinct and (U, ;)i=1,....s are defined as the solution of the
integral equation

.....

S

Cih
Un.i = T(cih)un, + / T(cih—1) Z Li(1T)g(tn + cjh, U, ;) dr. (3.4)
0

j=1
For n € {0,..., N — 1}, the values U,, ; provide an approximation of the solution
u(ty,+c;h) at internal steps and ¢y, . .., {5 are Lagrange interpolation polynomials
with nodes cih,...,csh € [0,h], thus ijl Li(T)g(tn + cjh, Uy ;) yields an

approximation of g(t, + 7,u(t, + 7)) for 7 € [0,h]. The definition of said
polynomials and some basic results, needed for the proof of the main theorem,
are outsourced to the end of this chapter, see Section 3.4.

We require the following conditions on the semilinear Cauchy problem (3.1).

Assumption 3.1.1 (The linear setting). 1. A: dom(4) C X — X gener-
ates a Cy-semigroup (7 (t))>o on a Banach space X and ug € X.

2. (X, V) is an interpolation couple, that is, also V' is a Banach space, V' and
X are (continuously) embedded in a topological vector space X'.
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We assume moreover that for each ¢t > 0 the linear operator 7 () leaves
V N X invariant and extends to a linear operator 7 (¢) € L(V) N L(X,V)
with M := maxejo, o) {I|T() [ 2x), 1T (Ol vy} < oo

3. W satisfies the same condition, i.e., (WW,V) is an interpolation couple.
(Interesting will be the case W € {X,V}.)

4. There is a continuous, non-increasing function px: (0,00) — [0, 00) with
px € L1(0,T) such that

IT@Ollcxw) < px(t) for every t € (0,7T).

And similarly, there is a continuous, non-increasing function
pw: (0,00) — [0, 00) with py € L'(0,T) such that

1Tl eow,v) < pw(t) for every t € (0,T].

This set of conditions, together with the ones about the nonlinearity (see
Assumption 3.1.3 below), is inspired by T. Kato’s iteration scheme in his operator
theoretic approach to the Navier-Stokes equations, see [74] and Example 3.3.2
below. He used the LP-L" smoothing of the linear Stokes semigroup to “com-
pensate the unboundedness” of the nonlinearity, and thus could apply Banach’s
fixed point theorem, just as it is required by the exponential splitting in the
internal steps, see also [49] for some further information in the abstract setting.
In the setting of Assumption 3.1.1 we clearly have M > 1, and if we set

h h
N2x(h) ::/0 px(T)dr and 2w (h) ::/0 pw () dr,

then 2x, 2w are monotone increasing, continuous functions from [0,T) to
[0, 00) with 2x(0) = 2w (0) = 0. Thus 2x and 2y are so-called K-functions.
Moreover, we abbreviate p := px and {2 := {2x, and set

Co = sup{ B S IT N leixy [0 < nh < T}
k=1

< sup{th(kh) ‘ 0<nh< T} < lpllLio,m < oo.
k=1

The following example is motivated by the framework of the paper [66] by
Hochbruck and Ostermann.

Example 3.1.2 (Bounded analytic semigroups). Let A generate a bounded
analytic Co-semigroup (7 (¢))¢>0 on X and suppose (without loss of generality)
that 0 € p(A). For a fixed a € [0,1) we set V := dom((—A)%), the domain of
the fractional power of —A, and equip it with the norm |jv||y = ||[(=A4)*v] x.
Since the semigroup operators commute with the powers of the generator we
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have |7 (h)|lzcvy = IT(h)| z(x). Moreover, there exists a constant C'4 > 0 such
that for h > 0 we have

[Tl ex,vy < Cah™. (3.5)

(We refer to [23, Ch. 9], [54, Ch. 3], [82, Ch. 4] or Section 1.2.4 for details
concerning fractional powers of sectorial operators.) Thus, for this example
one can choose p(h) = C4h™® and p € L1(0,1). Further, natural choices are
Qh) = L4~ and Cp = C4 T

We remark that the fractional powers for negative generators of not necessarily
analytic Cy-semigroups can be also defined, see, [75] and e.g., [32, Sec. IL.5.c|,
but the validity of an estimate as in (3.5) for some « € (0, 1) implies analyticity
of the semigroup, see Section 1.2.4.

Further examples, also for non-analytic semigroups, are provided in Section
3.3 below.

Assumption 3.1.3 (Properties of the solution). 1. The semilinear
Cauchy problem (3.1) has a unique mild solution w, that is, u: [0, T] - X
and u: (0,T] — V are continuous and u satisfies the integral equation
(3.2).

2. Let r > 0 and g¢: [0, T] x V — X be bounded on the strip
S ={(t,v) € (0, T) x V| lv—u(®)|v <r}

around the solution u and Lipschitz continuous on S, in the second variable,
i.e., there exists a real number L > 0 such that for all ¢ € (0, T] and
(t7 U)’ (t7 w) e S’I"

lg(t,v) = g(t, w)llx < Lllv = w][v- (3.6)

3. The composition f: [0,T] — X, with f(t) = g(¢ u(t)) satisfies f €
W#1([0, T]; W) for a given natural number s > 1. Note that W11([0, T]; W)
equals the set of absolutely continuous functions.

Remark 3.1.4. Note that f € W*1([0, T]; W) is a requirement whose validity
is not easily established in the infinite-dimensional situation. Classical theory,
see, e.g., [95, Thm. 6.1.6], shows that if g is continuously differentiable (and
W =V = X), then there is a (local) classical solution to the semilinear equation
and the regularity condition is fulfilled with s = 1. This abstract smoothness
condition can be relaxed if A generates a (bounded) analytic semigroup (W = X,
V = dom((—A)%)): The Lipschitz continuity of g is sufficient to have Assumption
3.1.3.3 with s = 1, ¢f. Theorem 6.3.1 in [95] and Corollary 6.3.2 afterwards.
More recent results are described, e.g., in Chapter 7 of [82]. The techniques to
verify such regularity conditions (along with the existence of solutions at all)
depend on the (class of the) particular equations. In Section 3.3 we indicate
certain cases.
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Remark 3.1.5. If g: [0,T] x V — X is uniformly Lipschitz continuous and
bounded in the second variable on bounded sets in V, i.e., for each B C V
bounded there is Lg > 0 such that for all ¢ € [0, T] and (v, w) € B one has

l9(t,v) = g(t, w)llx < Lpljv —wllv,

and the solution u: [0, T] — V is bounded, then Assumption 3.1.3.2 is satisfied.

The main result of this chapter reads as follows.

Theorem 3.1.6. Suppose that Assumption 3.1.8 holds and let the initial value
problem (3.1) satisfy Assumption 3.1.1. Then there exist constants C > 0
and hg > 0 that only depend on T,s,¢;,5,,g, the space V and the semigroup
(T(£))e>0, such that for h € (0,hg) and 0 < t, = nh <T, the approzimation u,
is well-defined, that is equation (3.4) has a unique solution U, 1,..., Uy s €V
satisfying (tn, + cjh, Uy, ;) € Sy for j=1,...,s, and its error satisfies

tn = u(ta)lv < C -1 2w (W) F S ILr (0,07)- (3.7)

It is worth formulating the previous error estimate for the two special cases
W e {X,V}: For W =V, we can choose {2y (h) = Mh and (3.7) takes the form

= ulta)llvy < C- B[ F P lLigo,eagvys (3-8)

whereas for W = X one relaxes the condition on f (as the Lebesgue space takes
value in X again, which is usually the “larger” space) and arrives at

e — u(t)ly < € B )l o.13)- (3.9)

Suppose that A generates a bounded analytic semigroup and V' = dom((—A)%)
for some o € (0,1) (see also Section 1.2.4), which is the setting of the paper [66]
by Hochbruck and Ostermann. Then we can take p(h) = ch™® and hence
2(h) = ch*=%, cf. Example 3.1.2.

Thus, the error estimate from Theorem 3.1.6 takes the form

tn = u(tlly < C B2 £ om0 (3.10)
The paper [66] states the estimate (see (22) therein)

[un = u(tn)llv < C-h° sup ||f©]x. (3.11)
s€[0,T]

Note that if « = 0, i.e., X =V, the proof in [66] works also for non-analytic
semigroups and the order of the two bounds in (3.9) and (3.11) coincide. Our
abstract approach does not recover the result from [66] as a special case, but we
can remark the main novelty here: We do not require V' being a subspace of X,
this allows for a larger flexibility. Further, note that [66] considers also s-stage
methods with an additional order condition on the underlying Runge-Kutta
method and the authors prove an improved, (s 4+ 1)-order error estimate under
extra regularity assumptions on the solutions. In this thesis, we do not cover
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such s-stage methods and leave the study of them in the present framework to
future research.

Problems that fit into this setting, beside the case of analytic semigroups,
include non-analytic Ornstein-Uhlenbeck semigroups perturbed by nonlinear
potentials, Navier-Stokes equations in 3D, incompressible 3D flows around
rotation obstacles and wave equations with a nonlinear damping, see Section 3.3.

3.2 Proof of Theorem 3.1.6

This section is devoted to the proof of Theorem 3.1.6. We remark that for s = 1
many of the sums in the following proof are empty, so equal 0, and that the
Lagrange basis polynomial satisfies ¢;1 = 1. Let the initial value problem (3.1)
satisfy Assumptions 3.1.1 and 3.1.3 with constants M, r and L. Further, let
Cy > 0 be given by Lemma 3.4.2, i.e., for all h > 0

[6;(T)| < Cp forallie{l,...,s} and for all 7 € [0, h].

For n € N and h > 0 we define Cy w(n, h) by

h
Craw(n ) = / IO sowy & 1N (o )

< 2w (WIF e qo,e1w)
< Qw () 1F |2 o, 1) -

For the proof of Theorem 3.1.6 the following lemmas are needed. Recall
that Q2w (h), 2(h) — 0 for h — 0, so Cyw(n,h) — 0 for h — 0 uniformly in
n < T/h.

Lemma 3.2.1. Let C' >0, h > 0 with
MG~ Crw (n, 0)+2(h)(sCe + 1) max [lg(ty)llx <r
and $2()CpsL < 1.
Suppose that for fired n € N, u, € V and h € (0,h) with (n+ 1)h < T we have
llun — u(ty)lly < Ch¥=*Ctw(n,h). (3.12)

Then the equation (3.4) has a unique solution U, 1,...,U, s € V satisfying
(tn +cih, U, ) €S, forj=1,...,s.

Proof. The main idea is to show existence of U,, 1,...,Uy s € V by means of
Banach’s fixed point theorem. We equip V* with the maximum norm over the
norms of its s components. For ¢ = 1,... s we define

Y= {v e V||u(t, + cih) —v|v <7},
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and Y}, = th x - x Yy C V. Further, let ®,: Y, — Y}, defined by

(q)h(x175527 cee 71173))1

S

Cih
= T(cih)u, + / T(cih — ) Zﬁj (T)g(tn + cjh, ;) dr.
0

Jj=1

First, we show that ®;(z) € Y}, for x = (z1,...,zs) € 3. Indeed this follows
from the calculation

[(®@n(2))i = ultn + cih)llv

cih s
= | T (c;h)up, + T(cih—1) Zﬂj(r)g(tn +cjh,x;)dr
0 =
Cih
— T (eih)u(ty,) — T(cih —1)g(t, + 1, u(t, +7))dr
0
< Mllun — u(tn)llv + £2(h)(sC; + 1)( max lg(s, )l x

b4 T

%

< MCh*™'Craw(n, h) + 2(h)(sCe + 1) (Jhax, llg(s, y)llx
S,Y .

s

<.

Next, we show that ®; is a strict contraction. Let x = (z1,...,xs),
Z = (%1,...,Z&s) € Y. Since g is Lipschitz continuous on S, we obtain

[®n(x) — @p(T)|ve

= max_[(@4(2): = (@1(@)lv

Cih S
= max T(cih —7) Zﬁj (1) (g(tn +cjh,z;) — g(t, + cjh, i‘])) dr

Jj=1 v

< Q(h)C, tn + Cihy @) — gt + cih, &5
< max ()esjer{rllaxs}\\g(n cih,x;) — gty +cjh, @)l

< 2(h)CesL||x — Z||v-.

yeeny

Thus the statement follows by Banach’s fixed point theorem and the definition
of Yh. a

The following discrete Gronwall inequality will be crucial for the proof of our
main result. We refer to [20] for a more general case.

Lemma 3.2.2 (Discrete Gronwall Inequality). For N € N let ag,...,ay >0,

bo,...,bn >0 and zg, ..., zn € R be given. Suppose that for eachn € {1,...,N}

n—1

Zn S ay, + Z ijj.
J=0
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Then for eachn € {1,...,N}

n—1
< ; i).
o< (s, o) L0+

Proof. Here we recall the proof of the discrete Gronwall inequality from [20]:
For 0 <j <k <N set

k-1
Bk,j = H(l + bi)_l
i=j
and notice that
k—1 1
Bgj+1— Br,j = H (1+b)7" (1 - m) = B, jb;
=741
and fori < j <k
By, jBji = Bi,i-
Let m € {0,...,N} such that z,B,, o = max{z;B;o : j = 0,...,N}, and
a=max{a; : j =0,...,N}. By the assumption we have
m—1 m—1
ZmBm,o < aBp0+ Bmo Z ijj =aBpy0+ Z BmJ‘Bj}ijZj
j=0 §=0
m—1
< aBm,O + ZmBm,O Bmg'bj
j=0
m—1

=aBp,0+ 2mBm,o (Bm.j+1 — Bmj)

j:
= aBm,O + ZmBm,O(Bm,m - Bm,O)
= aBm,O + ZmBm,O - Zm32

m,0°

[}

By rearranging we arrive at
ZmBm70 S a.

Since for each n € {0,..., N} one has z,Bp 0 < zmBm,o < a, the assertion is
proved. a

Proof of Theorem 3.1.6. Since {2(h) — 0 for h — 0, we can choose hy > 0 such
that £2(ho)CysL < 5.

Plainly, there exists a constant Cr > 0 such that for n € N, £ € [t,, tnt1]
and i =1,...,s we have

(tn +cih — 5)571

GO < COph*™t. (3.13)
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We define

Cga = 2sMCyLmax{M, 2(ho)},
Ca,2 = 2max {207 Ls*Cp(2(h) + MCg), MCysCp} ,
C = Cg)g eXp(CGJCQ + CG71).

Let b € (0, hg) with

MO Cp(n.b) + (sCr +1) max lg(s.v)|x 2(0) <.

It suffices to show the following statement by induction over n € N:

For h € (0,h) and n € N with (n + 1)h < T, equation (3.4) has a
unique solution Uy 1,...,Up s € V satisfying (t, + ¢;h, Uy ;) € Sy
forj=1,...,s, and

un — u(ty)|lv < ChSECyw(n, h). (3.14)
If n = 0, then uy = u(tp). Thus the norm estimate of ||ug — u(to)||v is trivial
and the unique existence of Uy 1,...,Uy s € V satisfying (to + ¢jh, Uy ;) € Sy
follows from Lemma 3.2.1.

Next, we assume that the statement holds for 0, ..., n, for some n € N, and
we aim to show the statement for n 4+ 1 with (n +1)h < T. For k=0,...,n let

er = up — u(ty), Ey; = U, —u(ty + c;h)

and recall that t; = kh. We divide the proof in several steps.
Step 1.  'We show

Zgj (T)g(tn + cjh,Unj) — g(tn + 7 u(tn + 7))
j=1

S

= Zﬁj(T)(g(t" + th7 Un,j) - f(tn + th))

j=1
> tntejh tn"'c‘h_g st S
+2_4(7) / ( . 1),) FO©)de.
=1 tn+T :
We can write
D 4T g(tn + cjh, Unj) = gltn + 7 u(tn + 7)) (3.15)
j=1

=>4 (gt + e5hUng) = Fltn -+ €51+ (b +¢sh) = (b +7)
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as Zj‘:l £;(t) =1 (see Lemma 3.4.1). Taylor expansion yields

= f®(t, +7)

Fltn+cih) = fltn+7) = (cjh —7)*

k=1 k!
tn+cjh 1
R o L
" /tn,+r (s —1)! f(6) d¢€.

Recall the following property of Lagrange interpolation polynomials, see (3.30)
in Lemma 3.4.1: For k<s—1

Zﬁj(r)(cjh — )k =o. (3.16)
j=1
Inserting this into the equation (3.15) above finishes Step 1 as

> (P gt + cjh, Un j) — gltn + 7o u(tn + 7))
j=1

S

=Y ()Gt + i1, Un j) = ftn + ;D)

j=1

s s—1 (k) -
+3407) (Z %(qh )
j=1 k=1 ’

tn+cih 1 s—

nt+T (S - 1)'

= Zgj(T)(g(tn + th7 Un,j) - f(tn + th))
j=1

s—1

(k) AE
+ ZWZ/AT)@jh—T)’“

k=1

=0 by (3.16)

S

tn+cih s—1
" (tn 4 cjh — §) (s)
E £i(T dg.

n+T

Step 2. Let Sk+1 and di41, k=0,...,n, be given by

h s
Sk—o—l = A T(h — T) Z&(T)(g(tk + Cih, Ukﬂ') — f(tk + Clh)) dT, (317)

h S ty+cih o £)s—1
Bps1 = /0 T(h=7) ) 4i(7) / et el jogagar. (3.19)
i=1 t

k+T (8_ 1)'
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Then Step 1 implies

€nt+1 = Upt+1 — u(tn+1)

h s
=T(h)e, + /0 T(h—1) Z&(T) (g(tn + cih, Uy i) — f(tn + 7)) d7
h Zis
— T(h)enJr/O T(h—7) (Z G(T)(g(tn + cihyUp i) — ftn + cﬁz))) dr
i=1

h s 4 tn+cih (tn—FCih—f)s_l )
+ [ Tth=n) (z_ju)/ SR ae ) ar

ntT

= T(h)en + gnJrl + §n+1~
Solving the recursion yields

€nt+1 = T(h’)en + Sn-‘rl + 5n+1
= T(h’) (T(h)en—l + Sn + 677,) + Sn-i—l + 6n+1

n

ZT(kh) (Sn+1fk + 6n+17k) ,

k=0

as eg = 0, and hence

NIE

lensilly <> (1T (kR)ons1—kllv + | T (kR)Sns1—kllv)
k=0
= Z(IIT((n — k)h)o1llv + [T ((n — k)R)Sksa[|v)- (3.19)
k=0

We will estimate the norms on the right-hand side in (3.19) separately.

Step 3. We start by bounding the Taylor-remainders for each fixed i. For
k=0,...,nandt=1,...,s we define

cih s tr+cih s—1
I o o , RGN (tg + cih =€) (s)
B [T N0 / A @ acar

k+T (S
(3.20)
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and estimate

| Agillv
Cih S
< / 1Tk =)y 3 165(7)
j=1

trteih s—1
T (b — 9T
‘/tk+7' (sj— 1)! &) dg .

h
Cy (/0 1Tl ow,v) dT) (3.21)
s th+h
>/

Jj=1

(3.13) h
< CgSCth 1 </ ||T(T)||E(W,V) d7'> Hf(s) ”Ll([tk,tk“];W)' (3.22)
0

dr

(tr + cjh — &)
(s—1)!

FEO lw d€

Step 4. We now consider the norm of d;11 (see (3.18)). Similar to Step 3 we
estimate

h
[0k11llv < CesCrh*™? (_/0 N7 (Tl cow,vy dT) 1PN (pstsa i) s

and obtain

Z [T ((n = k)h)bk41llv

k=0
n

ZMCZSCFhS ! (/ 7T (7 HE(WV dT) ||f( )||L1([tk,tk+1] W)
k=0

1
< 5Caah” “Crw(n+1,h). (3.23)
Step 5. We prove
S Bkllv < 25M|lexlv (3.24)
i=1

h
+20ys?Cph*™! (/0 N7 (Tl cow,vy d7> P (g sa )i -
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Thanks to Step 1 we can calculate

Eyi = Uk, — u(tk + Cih)
Cih S

= T(Cih)uk + T(Cih—T)ij(T)g(tk —|—th, Uij)dT

0 =

cih
— (T(Cih)u(tk) + /0 T(cih — 1)g(ty + 1, u(ty + 7)) d7>

= T(czh)ek + Ak,i

h s
+ Tleih = 7)Y 4i(T)(g(te + ¢jh, Uy j)— f (t + ¢;h)) dr,
0 i=1

where Ay ; is given by (3.20). Using the Lipschitz continuity of g on S,, we
obtain

Cih S
|Beilly < Mllecly + / 1Tk =) iy 1))
j=1

Nlg(tr + cjh, Ukj) — gtk + cih,u(ty + cjh)) || x d7 + [ Al

< L:||Ek,jllv by (3.6)

S
< Mllex|lv + 2(ho)CeL Y (| Brjlly + | Akilly -

j=1

Thus, using £2(ho)CysL < 3 we conclude

S S S
1
> Ekilly < sM|exlv + 3 D 1 Ekjlly + D 1Ak
j=1 i=1

V-
i=1
This together with (3.22) implies (3.24).
Step 6. For k = 0,...,n, we now investigate the norm of 0y11 (see (3.17)).

Using (3.24), we obtain

[0k-41llv < 2(R)CeL > || Exillv

i=1

S Q(h)CgL <28M||€k||v

h
+2C5°Cph®™! (/0 1T (D) cow,vy dT) |f(s)||L1([tk,tk+1];W)>v
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and

10k 41llx < MRCCLY || Egillv

i=1

< MhC,L <28M||€k||v

h
+2C;s°Cph®™! (/O N7 ()M 2ow,v) dT) ||f(s)||L1([tk.,tk+1];W)>-

Thus, using || 7((n — k)h)| z(x,v)h < Co we have

> AT (0 = E))dgiallv
k=0

n—1

< |[dpt1llv + Z 7 ((n — k)h)HL(X,V)HSk+1||X
k=0

< Q(h)C,L (28M|6n||v

h
+2C,s*Cph*™! (/0 1T ()l cow,v) dT) |f(s)||L1([tn,tn+1];W)>

n—1

+ MhCL2sM 3 |1 T((n — k)W)l v lex v
k=0

h
+2MCoCyLCys*Cph®™! (/O T ()l zow,vy dT) £ L (0,601w)

n—1

< Can Y_IT((n= k)W) cexaybllenlly + Caallenllv
k=0

1 ,
+ 5Cg,zlf—lcf,w(n +1,h). (3.25)

Step 7. In the final step we estimate e, 11 and complete the proof. Using (3.19),
(3.23) and (3.25) we obtain

llentt HV

n

< D UT((n = B)R)dsally + 1T (0~ k)A)Gsa[lv)
k=0

n—1
< Ca1 Y _IT((n=E)R) e bllexllv + Caalleally
k=0

+ C(;)ghs_lcf)w(n +1, h),
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and Gronwall’s Lemma (see Theorem 3.2.2) implies
lent1llv

< Cep(l+Ca,a) H L+ Caal[T((n = k)R) | cox,vyh)h* ™ Crw (n + 1, h)

?r.

n—

< Cg,2 exp(C’G 1 Z 7 ((n— )h)”L(X,V)h + ngl)hs’le_W(n +1,h)

< Cg,2 eXp(CG)lcQ + ngl)hs‘l()f,w(n +1,h)
< Cw (MRl (0,000

where we used a + 1 < e® in the second inequality.
By Lemma 3.2.1 applied to n+1, for h € (0, ) if (n+1)h < T, equation (3.4)
has a unique solution Up41,1,...,Unt1,s € V with (¢541 +¢jh, Upy1;) € S.. Q

3.3 Examples

We present examples for the situation described in Assumption 3.1.1 and also
for some admissible nonlinearities satisfying Assumption 3.1.3.

Example 3.3.1 (Gaussian heat semigroup). Consider the Gaussian heat semi-
group (T(t))s>0 on L?(R9), for ¢t > 0 given by

T(t)f =0t * f7

2|2
where g¢(z) = (47rt)’d/26*%, x € RY is the Gaussian kernel, satisfying
2

g: € LY(R?). Since the map C; — LY(R?),z +— g.(-) == (4nz)~ = s
holomorphic with ||g.|[1 = (Re2)™%, (T (t)):>o yields a consistent family of ana-
lytic Co-semigroups on the whole LP(R%)-scale, p € [1,00). A short calculation
using the Young convolution inequality yields for 1 < p <7 < oo and f € LP(R?)
that

_a1_1
ITOfllr < et 25D £,

with an absolute constant ¢, , (whose optimal value can be determined, cf. [11]).
As usual, we shall refer to this phenomenon as LP-L"-smoothing. We conclude
that the choices X = LP(R?), V = L"(R%) and

Q(h) = ¢, h1=e

with a = %(% — 1) are admissible choices in Assumption 3.1.1 if 4 (7 -H<1
For similar estimates in case of symmetric, Markov semigroups we refer e.g.,

to [27, Ch. 2].

Example 3.3.2 (Stokes semigroup). Similarly to the foregoing example, LP-L"
smoothing is valid for the Stokes semigroup on the divergence free space L2 (R%)%,
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see [74]. Tts generator is given by A = PA with suitable domain, where P denotes
the Helmholtz projection L? — L2 and as shown by Borchers and Sohr [17], the
semigroup is bounded analytic of angle Z. Thus, X = LE(R%)¢, V = L7 (R%)?
and the {2 from Example 3.3.1 with suitable a are admissible in Assumption
3.1.1.

Example 3.3.3 (Ornstein-Uhlenbeck semigroups). Let @ € R4*? be a positive
semidefinite matrix and B € R%*?. Suppose that the positive semidefinite matrix

¢
Qi = / e?BQe’F" do
0

is invertible for some ¢ > 0 (for this, a sufficient but not necessary assumption is
that @ itself is invertible). Then @, is invertible for all ¢ > 0, see [118, Ch. 1].
Consider the Kolmogorov kernel

k(z) = %
(4m)F det(Qy)}
and for t > 0 the operator S(t) defined by
1
(47)% det(Qy)*

Then by Young’s convolution inequality, we see that S(¢) acts indeed on LP(R?)
for each fixed p € [1,00), it is linear and bounded with

1/0—1
—3(Q; "x,x
e 4( t >7

S(t)f(x) = (ke x f)(e ) = /R e QT f(e Py —y) dy.

_wm)
ISl ewny <e 7 °

Setting S(0) = I, we obtain a Cyp-semigroup on LP(R%), called the Ornstein-
Uhlenbeck semigroup, see, e.g., [86] for details. The Ornstein-Uhlenbeck semi-
group is, in general, not analytic on LP(R?) (see [39] and [91]). Similarly to
Example 3.3.1 for » > p and f € LP(R?) we have for ¢t > 0 that

_t(B), _(B),
IS fllr <em ke x fll- <emm “llkellgll fllps
with 1 + % = % + %. We can calculate
]. q -1
il = [ ety (3.20)
T ) S det(Q)F Jre
-1 : / 3@ v gy
qz(4m) 2 det(Q¢)2 Jre
47)% det(Qy) 2 . .
- d( 7r)2qde (@) — = ¢y det(Qy) 3071 = ¢, det(Q) " EG T,
qz(4m)= det(Q¢)2

If @ is invertible, then we have HQ;% | < Ctz, see, e.g., [83] (but also below).
Since det(Q; ) < C|Q; '||?, we obtain det(Q;) > C’t?, which, when inserted
into (3.26), yields

lkellg < cparqt 277,
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for some constant c, g depending on p,r, Q. This result, for invertible @ is
essentially contained in [62] (or [56] in an even more general situation of evolution
families, see also [48]). It follows that X = LP(RY), V = L"(R?) and

are admissible choices in Assumption 3.1.1 provided r > p, %(% -<L

Now if @ is not necessarily invertible, but for some/all ¢ > 0 the matrix Q;
is non-singular, then there is a minimal integer n > 0 such that

[Q%7BQ%7BQQ%, e B"_lQ%] has rank d,

see, for example, [118, Ch. 1] (if @ is invertible, then n = 1). One can show
1

that in this case [|Q, || < Ctz~" (for t near 0), see, [84, Lemma 3.1] (and,
e.g., [38], [102]), hence

d(2n—1) /1

lhally < et 2 G
ie, X =LP(RY), V =L"(RY) and

2(h) = cproh' ™

W(l — 1) are admissible choices in Assumption 3.1.1 provided
p 7

r > p and r is near to p. Similar results hold for (strongly elliptic) Ornstein-
Uhlenbeck operators on LP(£2),  an exterior domain with smooth boundary,
see [47]. For an overview on Orunstein-Uhlenbeck semigroups, also in other spaces,
see [87].

with o =

Example 3.3.4 (Ornstein-Uhlenbeck semigroups on Sobolev space). Consider
again the Ornstein-Uhlenbeck semigroup S from the foregoing example, given
by S(t)f(z) == (k¢ * f)(e*Bx) for t > 0, f € LP(R?) and = € R%.

We have 9, 5(t) f(x) = (k¢ * 0, f)(e!Pz)e!B | hence S(t) leaves W (R?) invariant,
and is locally uniformly bounded thereon. On the other hand 9,S5(t)f(x) =
(Ozk¢ » f)(etPx)etB, and analogously to Example 3.3.3 one can prove that for
t>071§p§randf€Lp(Rd)

d(2n-1),1_1

10 SE) fllr < ct™ " 2 BT £,
So if n = 1, i.e., in the elliptic case, we obtain that V = Wb (R%) and

2(h) = cproh' ™™

with a0 = %(1% — %) + 1 are admissible choices in Assumption 3.1.1 provided r > p
. 11 _1
and r is near to p (i.e., 5 — ¢ < 3).

Example 3.3.5 (Stokes operator with a drift). Examples 3.3.2 and 3.3.3 can be
combined. The operator A, defined by Au(z) = Au(z) + Mz - Vu(x) — Mu(x)
(with appropriate domain) generates a (in general, non-analytic) Cp-semigroup on
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the divergence free spaces L2(2)¢, 1 < p < r < oo subject to LP-L™-smoothing,
with Q = R%, see [62], 2 a bounded or an exterior domain, see [46]. Thus
X =LP(RY)4, V = L"(R%)? and the 2 from Example 3.3.1 are admissible in
Assumption 3.1.1.

Example 3.3.6. Consider the Stokes-semigroup S generated by
Au(x) = Au(z) + Mz - Vu(x) — Mu(x)

(with appropriate domain) on X = L2(2)¢ (1 < p < 00), where Q = R? or Q is
a bounded or an exterior domain, see [46]. We then have for t >0, 1 <p <r
and f € L2(Q)?

IVS@Flr < et 26075 1],

where 1 < p <7r < 0.
If L =1+7 d<sand ; — 1 <3 then V =L(Q)"n W' (Q)¢ with

Q(h) = cproh' ™

and a = max{£ + %, &£} is an admissible choice in Assumption 3.1.1 and the
nonlinearity g(u) = u - Vu also satisfies the required Lipschitz conditions (see
Example 3.3.10).

Example 3.3.7 (Ornstein-Uhlenbeck semigroups on spaces with invariant
measures). Similar results as in Example 3.3.3 are valid for the Ornstein-
Uhlenbeck semigroup (S(t));>0 on spaces LP(R?, ) with invariant measures
w (cf., e.g., [38], [83]). Note, however that (S(t));>0 is analytic in this case
(provided p > 1), see, e.g., [19], [92], [93] for the statement and further details.

Example 3.3.8 (Interpolation spaces vs. growth function). A special case of
Lunardi’s theorem [85, Thm. 2.5] yields some information, when the “growth
function” 2 can be taken to be of the form 2(h) = ch'~=* for some « € (0, 1).
Let (S(t))i>0 be a Cyp-semigroup on the Banach space X with generator A. Let
V' C X be another Banach space, and suppose that for some constants 8 € (0, 1),
w € R, ¢ > 0 one has

cewt

IS Lx,vy < 5 for all ¢ > 0,

and that for each x € X, the function (0,00) > ¢t +— S(t)x € V is measurable.
Then, for the real interpolation spaces, we have the continuous embedding

(X, dom(A))gp — (X, V)g/s.,p for all 8 € (0,8) and 1 < p < oo.
Example 3.3.9. Let a > 1, p € [, 00) and U C R? be open. Then the map
F:LP(U) = La(U), F(u) = |ul*tu,

is Lipschitz continuous on bounded sets. Furthermore, F' is real continuously
differentiable with derivative

F'(u)v = [u|* v + (. — 1)|u|*3u Re(uv) for w,v € LP(U).
For a proof, see [68, Cor. 9.3].
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Example 3.3.10. The function g: L*(R%)? 0N Wb (R9)4 — LP(R4)? defined by
g(u) = u - Vu is Lipschitz continuous on bounded sets if % = % + % Indeed, for

u,v € L¥(RY)4 N WL (RY)4 we can write by Hélder inequality that
lu-Vu—v-Vo|Lr < |lu-Vu—u-VolLe + ||u- Vv —v- Vo|Le
< C([lul

Lo flu = vllwrr + flu = vlls[|vllwr),
proving the asserted Lipschitz continuity.

Example 3.3.11 (Second order systems). Our main result can be applied to
second order problems via the following technique.
Consider the second order Cauchy problem

w(t) = Aw(t) + g(t,w(t),w(t)), tel0,T], (3.27)
w0)=wy e X, w0)=w €X

on a Banach space X, where A: dom(A) C X — X generates a Cosine function
(Cos(t))ier- The associated Sine function Sin: R — L(X) is given by

Sin(t) ::/0 Cos(s) ds.

We assume that the system (3.27) has a classical solution
w € C*([0, T); L*(2)) N C* ([0, T; Hy(€2)) N C([0, TJ; D(A)).

Sufficient conditions for the existence of solutions can be found in [108].
Choosing u = (), we can rewrite (3.27) as a first order problem

a(t) = Au(t) + g(t, u(t)), u(0) = uo,

where A= (§ §), §(t,u(t) = (g w@ i) ) and uo = (35)-

As stated in [2, Thm. 3.14.11], there exists a Banach space V such that
dom(A) — V < X and such that the part of A in V x X, again denoted
by A, generates a Cy-semigroup given by

[ Cos(t) Sin(t)
T(#) = (ASin(t) COS(t))’ tER.

We will illustrate this procedure with a short example as presented in [68, Ch.
9.

Consider the nonlinear wave equation with Dirichlet boundary conditions on a
nonempty, bounded, open set U C R3, described by the system

W(t) = Apw(t) — aw(t)|w(t)|?, te0,T], (3.28)

w(0) = wo, w(0) = wr,
where wy € dom(Ap),

dom(Ap) = {u e Hy(U) | 3f € L2 (U)Vv € H{(U) : (Vu, Vv)r2 = (f,v)12},
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and wy € H}(U) and « € R are given.
We can reformulate this as the semilinear system

a(t) = Au(t) + F(u(t)), te€[0,T], u(0)=uo

on the Hilbert space X = H}(U) x L2(U) endowed with the norm given by
(1, u2)[[* = [IVus 3 + [luz]|3. Choose ug = (wo, w:) and

A=( 2 1) With dom(4) = dom(Ap) x HA(U),
Ap 0
F(u) = (0, —au [ui |*) = (0, Fy(uy)) for u = (uy,up) € X.
As mentioned in Example 3.3.9, Fy: L6(U) — L?(U) is real continuously differ-
entiable and Lipschitz continuous on bounded sets. Since U C R3, Sobolev’s
embedding yields H{(U) < L6(U), and thus F': X — X has the same properties.

Now Duhamel’s formula or the variation of constants in combination with the
semigroup given above yield that the mild solution of (3.28) satisfies

w(t) = Cos(t)wy + Sin(t)wy + /0 Sin(t — s)Fp(w(s))ds, te€[0,T],

on H}(U). Thus the main Theorem 3.1.6 is applicable with s = 1.

3.4 Lagrange interpolation polynomials

In this section we summarize some useful facts on Lagrange interpolation poly-
nomials.
For fixed s € N and pairwise distinct ¢1,...,¢s € [0,1] denote by ¢;, i =

1,...,s, the Lagrange basis polynomials with nodes ¢y, ...,cs, i.e.
T—c
fj (T) = m .
jl:[l Cj —Cm
mj

If s =1, we set {4 = 1. Thus, we have ¢;(¢;) =1if i = j, and {;(¢c;) = 0if i # j.
Lemma 3.4.1. The Lagrange basis polynomials are of degree s — 1 and satisfy
S
Z&(T) =1 foralTeR, (3.29)
i=1
and for every integer k with 1 <k <s—1
Z&(T)Ci—“ =7 and Z&(T)(ci — )% =0 foralTeR. (3.30)
i=1 i=1

Note, that for s = 1 the foregoing statement is vacuously true.
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Proof. The polynomial Y ;_, ¢;(7) is of degree at most s — 1 and equal 1 at s
points ¢y, ..., cs. So, equation (3.29) follows by the identity theorem.

We show equation (3.30) by induction over k. For k = 1 we can write by (3.29)

r)i= Y G()(e 1) = 3 lilr)ei— 7Y bi(r) = 3 bi(r)ei -
i=1 i=1 =1 =1

Since each /; is of degree s — 1 > 1, the first expression on the right-hand side is
of degree at most s — 1. So ¢ is a polynomial of degree at most s — 1 with the s
Zeroes ci, ..., Cs. By the identity theorem ¢ = 0, i.e.,

S
Zéi(r)c =
i=1
Let k£ < s — 1 and suppose that
S
ZE ,— 1) =0 and Z&(T)CTZT’” if1<m<k.

We need to show that these hold also for m = k 4+ 1. By the binomial theorem
s k+1
k+1 _j ;
— E,L T k+1 g < . )C,I»C+1 J —T J
Z ()(c: Z ZO i )é (=)
J
_ Z g k+1
"kt L >
+ Z&-(T) > ( . >cf+1j(—7)J + (=) ()
i=1 1=1

=1~ 7
by (3.29) we can write
k+1 o ;
= ZE k+1 Z < + )(—T)] Z&(T)Cf“ﬂ + (—T)]H_l
1 J i=1
Jj= 7
by the induction hypothesis we conclude

—Ze ot Z(kﬂ)(—ﬂ%’fﬂ-u(—ﬂk“

Jj=1 J

s k
k1 .
= 0;(T) T 4 Rt ( ) )—1]4- —7)kt1
Z: (T)c; 2 j (=1)) 4+ (=7)
_Zz k-‘rl kl.
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Since k < s — 1, the polynomial p(7) has degree at most s — 1 but s zeros
€1,.-.,Cs. So that the identity theorem again yields that p(7) = 0. By induction
equality (3.30) holds for all k¥ < s — 1. a

Lemma 3.4.2. Let 0 < ¢y < ---<cg < 1. There is a constant Cy such that for
all h > 0 and for the Lagrange basis polynomials {1, . . ., s with nodes c1h, . .., csh
one has

[:(T)]| < C¢ forallie{1,...,s} and for all T € [0, k).
Note that the constant C; depends only on the nodes c1,...cs but not on h.

Proof. The assertion follows directly from the definition, since |7/h —¢p| < 1
for 7 € [0, h] and min{|c,, — ¢;j| : m # j} > 0.



Chapter 4

System Node Splitting

In this chapter, a dynamic iteration scheme for linear infinite-dimensional port-
Hamiltonian systems is proposed. The error of the dynamic iteration is convergent
to 0 and subject to an effective decreasing bound. No stability condition
is required and the method is in particular applicable to port-Hamiltonian
formulations arising from domain decompositions.

The splitting method studied in this chapter is originally due to Peaceman
and Rachford, see [96], who introduced it in the setting of linear operators.
The Peaceman—Rachford splitting was then extended to maximally monotone
operators on Banach spaces by Lions and Mercier [79]. And this framework is
indeed more suitable for the purposes of this chapter, as the occurring operators
here will be only affine linear in general. For error analysis of Peaceman—Rachford
type splittings and variants we refer, e.g., to [71].

Operator splitting based dynamic iteration schemes for finite-dimensional
port-Hamiltonian systems were first studied in [52]. Other papers that study
aspects of operator splittings, such as the Lie or Strang splittings, for finite
dimensional port-Hamiltonian differential equations or differential algebraic
equations are [7], [80], [40], while the work [94] studies higher-order splitting
methods, also in the finite-dimensional situation. The common feature of these
papers, beside the finite-dimensionality, is that they split the operator governing
the dynamics into a conservative and and a dissipative part, which then results
in two subproblems. Here, we make the first steps to extend the study to infinite-
dimensional port-Hamiltonian systems, and our work differs from the previously
mentioned ones substantially: Given a system of finitely many port-Hamiltonian
systems that are coupled in a port-Hamiltonian manner, we propose a splitting
algorithm in which one of the resulting subproblems is given by the collection
of finitely many decoupled equations (which are then totally independent of
each other, thus the idea of parallelization occurs naturally) while the second
resulting subproblem concerns the interaction (coupling) between the finitely
many equations. The method is explained in Section 4.1.

The resulting Peaceman—Rachford—Lions—Mercier type splitting algorithm
yields a convergent approximation, under suitable conditions, but most impor-

49
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tantly, the approximation error will be bounded by a monotonically decreasing
null-sequence, a feature that is connected with the port-Hamiltonian structure
of the problem, see Theorem 4.1.3. Moreover, under suitable assumptions (a
certain variant of output passivity) even the convergence of the outputs can be
proved, see Corollary 4.1.4.

The results in this chapter have been published in the paper [35].

4.1 Description of the dynamic iteration scheme

We consider n € N linear (infinite-dimensional) port-Hamiltonian systems

() z;(t)
zi(t)| =S |vi(t) ], t>0, i=1,...,n, (4.1)
yi(t) ui(t)

iEZ(O) = X0, 1= 17 ,

where z;(t) € X; denotes the state, v;(t) € V; and u;(t) € U; denote inputs and
z;(t) € V; and y;(t) € U; denote outputs of system ¢ at time t. Here, V;, U; and
X, are Hilbert spaces. We define

U1

U]

X1 Vl
X = [ :
We assume that the linear operators S;, i = 1,...,n, are system nodes on the

: ] and U =
v,

, V=

Hilbert space triples ([(‘i ] , X, [[‘2 ]) in the sense of Chapter 2. For the definition
of a system node we refer to Section 2.1.
Further, we assume that the systems are coupled via

y1(t) uy (1)
. ) (4.2)

(1) n(2)

where N, is a bounded linear operator from U to U satisfying Re(u, N.u) <0 for
every u € U. Hence, v = (v1,...,v,) and z = (21, ..., 2,) can be interpreted as
external inputs and outputs that build inputs and outputs of the closed system.

For example, if we consider n = 2, the standard negative feedback u; = s,
ug = —y yields a coupling matrix N, = [(I’ _é].

To avoid confusion, we denote vectors in the Hilbert spaces with the typeface
u,y,Vv,z,...and functions taking values in the corresponding Hilbert spaces with
Uy Y, Uy 2y e e

We aim to develop for given inputs vy, ..., v, and given initial conditions
X10, - - - y Xpo for the closed-loop system (4.1)-(4.2) a dynamic iteration scheme
which allows to solve the linear port-Hamiltonian systems S; separately allowing
for parallel computation.
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Every system node S; on ([[‘2 ] , X4, [V ]) can be written as

using the notation of Chapter 2. Here, A;&B; := Px,S;, [C;&D;]1 = Py, S; and
[C;&D;)2 == Py, S;, where Px,, Py, and Py, are the canonical projections onto
Xi

X;, V; and U; in [[\?}

Let S be the systém node on ([ ], X, [};]) with S; “on the diagonal", i.e. the
operator S is of the form

A&B
S = |:[C&D]1} ,

[C&D]2
where, A&B = diag(A;&B;) and similar for the other operators. Our assump-
tions on the operators read as follows.

Assumption 4.1.1 (on the operators). The linear operator

5= [ty ] ameer< 7] 1

(with A&B = Px S, “gggﬁ} = P[E]S) has the following properties:

A&B
(1) [[C&Dh] is dissipative.
_[C&DJ2

(ii) S is closed. Further, A& B is closed with dom(A&B) = dom(S).

X
\%

(iii) For all [}] € [}7], there exists some x € X with L} € dom(A&B).
(iv) The main operator A: dom(A) C X — X with
dom(A4) = {x € X |(x,0,0) € dom(S) }
amiAx::PXS(g) for all x € dom(A) fulfills

p(A)NC, #£ 0.

We note that the systems (4.1) are port-Hamiltonian in the sense of [97] with
Hamiltonian #;(z) = 3||||? if and only if the corresponding system nodes S;
are impedance passive. Further, as stated in [104, Thm. 4.2], the system node
S; is impedance passive if and only if diag(Ix,, —Iv;, —Iy,)S; is (maximally)
dissipative. Hence, by the above assumption the equations (4.1) form (open-
loop) port-Hamiltonian systems and since the coupling operator N, satisfies
Re(u, Nou) < 0 for every u € U, the interconnected (closed-loop) system, i.e.
(4.1)-(4.2), is again a port-Hamiltonian system.
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Let 7 > 0 be fixed. We abbreviate the solution space H := L?([0,T];[¥]).
For a given function v: [0,7] — V and initial value xo € X we consider the
operator

M: dom(M)C H— H (4.3a)

with

dom(M) = {[%] € H

HE [7[2%13]2} [z] € H and z(0) = Xo}, (4.3b)

B s (50

The precise meaning of & — A&B [z] will be clarified in Section 2.1, when we

discuss system nodes and solution trajectories, see also Remark 4.2.5. Note that
M is not a linear operator unless xo = 0 and v = 0, since it is in general not
defined on a vector space. Further, we define N € £L(L*([0,T];[¥])) by

A 49

We assume that the coupling is such that N is a maximally monotone
operator. Thus, for A > 0 the operator (I — AN)(I+ AN)~! is a contraction, see
also Section 4.2.

The system arising from the coupling of S;, i = 1,...,n via N, (without the
output equation for z) is equivalent to the equation

M3+ N[ =0, (4.5)
see Remark 4.2.5. Now we can formulate our second assumption:

Assumption 4.1.2 (on the solution). For fixed xo € X, T" > 0 and v €
L2([0,T); V) there exists a solution [Z] to the equation (4.5) on [0, T].

Now, (4.5) is equivalent to
(2] = @+ AM)"H I = AN)(IT+AN)HI = AM) [§],

where \ > 0 is arbitrary, see Section 4.2 for the discussion of the inverse mappings
appearing here. We consider an iteration algorithm inspired by ideas of Lions
and Mercier as in [79):

2] = @2 = AN T+ AN T 1= A [ 2] (4.6)

T
u

with [ 2} € dom(M) arbitrary.

The main results of this chapter are the following:
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Theorem 4.1.3. Let Assumptions 4.1.1 and 4.1.2 be fulfilled with [} ] denoting
a solution. For the operators M, N as defined in (4.3) and (4.4) let the sequence

([i:])k be defined as in (4.6).
(i) For the sequence (H:Dk defined by
[Jq‘] — (1+AM)[§Z], keN, A>0,

and the function [} ] := (I+ AM)[%], the sequence (H [g:] - [_{;]HZ) is
- k

monotonically decreasing and
P k
[ -l =[] - 1]

(i) The sequence (z*) converges pointwise to x on [0,T], and also in the
L2-norm.

, forallk €N,
2

2

Corollary 4.1.4. Let additionally to the assumptions of Theorem 4.1.8 the
system be partially strictly output passive with regard to the external output, i.e.,

we suppose that there is € > 0 such that for all [ﬂ € dom(S) the inequality
2
.

holds. Then, in the situation of Theorem 4.1.3, the corresponding external output

—[C&D]>

(PSOP) Req_[éigh} H , H>[X] < —sH[C&Dh H

also converges to z == [C& D]y [z], i.e.

— 0.
2,V

H[C&Dh {w] e

u

Here, || - ||2,v denotes the norm on LQ([07T]; V).

Remark 4.1.5. Using the same argument, we obtain convergence of the internal
outputs (i.e., limg 00 ||y — ¥¥|l2,0 = 0) under the assumption of partial strict
output passivity with regard to the internal output. Then, using (4.2) and the
boundedness of N, we easily see the convergence of the internal inputs uy.

Remark 4.1.6.

(i) The block structure of S allows a parallelized computation of the subsystems
S;.

(ii) In the splitting algorithm (4.6) for the sum of two operators such as (4.5)
one can interpret the variable A\ as a time step. Therefore this algorithm
represents a combination of steps for the first operator alternating ones for
the second. For more information, see [79].
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4.2 Maximal monotonicity of the operator M

In this section we discuss some important properties of the operator M defined
in (4.3). The most important one is its maximal monotonicity, which is recalled
next.

Remark 4.2.1. Let S = [A£8]: dom(S) C [#] — [#] be an operator with the

properties as specified in Assumption 4.1.1 with C&D = Hgggt ]

(i) Dissipativity of [_égg} directly implies that A is dissipative. Using

Remark 1.4.2 together with p(A)NCy # (), A is even maximally dissipative.
By the Lumer—Phillips theorem [32, Ch. 2, Thm. 3.15], we obtain that A
generates a strongly continuous semigroup. Consequently, S is a system
node.

(ii) Tt follows from [104, Lem. 4.3] that [_ézg] is maximally dissipative.

(iii) The transfer function D of § is defined on C.. Moreover, 35(5) is monotone
(and thus maximally monotone as it is a bounded operator) for all s € C
[104, Thm. 4.2]. Further, the system (2.1) is well-posed if, and only if,

{||35(U +w)|| ‘w € R} is bounded for some (and hence each) o > 0 [104,
Thm. 5.1].

(iv) The generalized (and thus also the classical) trajectories of (2.1) fulfill the
dissipation inequality

lz @)% < l2(0)]% + 2/0 Re(u(r), y(r))vdr  Vte[0,T], (4.7)
see [104, Thm. 4.2].

A&B ¥ ¥
Lemma 4.2.2. Assume that S = {[C&Dh} : dom(S) C [\[j} — [5] has the

[C&D]>
properties as specified in Assumptions 4.1.1 and is partially flow-invertible. Then
[A&B]"™ [A&B]"™
the partial flow inverse S = {[C&D}f} fulfills that [—[C&D]{“] is dissipative.
[C&D]H —-[C&DI3

Proof. By Remark 4.2.1 (iv), the generalized trajectories of (2.1) fulfill the

dissipation inequality (4.7). By using Proposition 2.1.12 and the trivial fact that

Re{u(r),y(7)) = Re(y(7),u(r)) for all 7 € [0,T], we see that the generalized

trajectories for the system associated to the node S* again fulfill the dissipation
[A&B]"

inequality. Then [104, Thm. 4.2] yields that [—[C&D]f] is dissipative. a
—[C&D]IS

Remark 4.2.3. A consequence of Lemma 4.2.2 is that partial flow inverses of
system nodes fulfilling Assumptions 4.1.1, again fulfill Assumptions 4.1.1. In
[A&B]"
particular, |:—[C’&D]*1’\:| is maximally dissipative.
—[C&D)
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A&B

Lemma 4.2.4. Assume that S = [[C&Dh] : dom(S) C [%/(] — [%/(} has the
[C&D]2 U U

properties as specified in Assumptions 4.1.1, and let v > 0, § > 0. Then the
system node

010 10}+[ﬂ100}
[C&(D+31)]2 [C&D]2 8 85)1

is partially flow-invertible. Moreover, for the partial flow-inverse Sé}; of Sy.s,

(A—~I)&B A&B
ETANL

X
the compression to the space [5] ~ {{0}}, i.e.,
U

(z,u) = PS7s Lﬂﬂ? P [f)] =[Z],

u

defines a system node g, for which the corresponding differential equation de-
scribes a well-posed system in the sense of Definition 2.1.7.

A&B
Proof. Since [ [OC 09 | } is maximally dissipative as well by Remark 4.2.1 (ii),
- 2

we obtain that
{(5—7)1 0 0} { (A-D)&B } [ (A-dD)&B }
0 10|— 0 = — 0-10
0 00 [C&(D+61))2 [C&(D+61)]2

I 0 O A& B
:|:0(1;I 0}(61—{ 000 })
0 01 —[C&D];

. . .. M1 Mz Mg
has a bounded inverse, which we partition as | Mz Mz M3 |. Moreover, by
M3y M3 Ms3

x A&B X
re([3]. (1= 258, ]) [3]) = 600i3 + i + i)

for all {ﬂ € dom(S), we obtain from the construction of M;;, i,j = 1,2, 3 that

e [3]. (3 324 | [ 2] )0 [T < [E]V{ 18]}

In particular,
1%6<X7 M11X> >0 WweX \ {O},

hence M is injective and has dense range. This together with the boundedness
of My, implies that the inverse of —M;j; is again maximally dissipative, and
the Lumer—Phillips theorem [32, Ch. 2, Thm. 3.15] yields that —Mfll generates
a strongly continuous semigroup on X. Now we can conclude from Proposi-
tion 2.1.11 that S, s possesses a partial flow inverse Sf&;.

It remains to prove the statement about well-posedness. Let D= {g“ g”} be
21 22

the transfer function of S. Then s — 61 + @22(7 + s) is the transfer function of
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the compression of S, 5 as above. On one hand, by Remark 4.2.1 (iii), 3522(7 +5)
is monotone for all s € C,., which gives rise to

16T+ Daa(y + )M < 3 ¥seC,.

On the other hand, since (61 + Dso (v + s))~! is the transfer function of S by
Definition 2.1.10, we can conclude from Remark 4.2.1 (iii) the well-posedness. Q

A&B X X
Let S = [[C&Dh} : dom(S) C {v] — {v} be as in Assumptions 4.1.1, and
[C&D]2 1% 1%
let T >0, v € L2([0,7]; V) and xog € X. We recall the definition of the operator
M: dom(M) C H =L12([0,T};[¥]) = H (4.8a)
with

dom(M) = {[35] cH

- [ den ] [f] e manda@ =x ), (18b)

i— A&B | v
M m = L“} . (4.8¢)

u [C&D)s u
Remark 4.2.5. By [&] — [[égg]z} Lﬂ € L*([0,77;[#]), we mean that there
exist f € L([0,T); X), g € L2(0, T); U) such that | ] fulfills # = ACB 1] + f

and g = [C&D)s [z] in the sense of generalized trajectories in Definition 2.1.4.
These functions indeed fulfill

[4] = M[3].

As the action of M is defined via generalized trajectories, Remark 2.1.6 (ii) yields
that € C([0,T]; X_1), hence the initial condition z(0) = x is well-defined.
Thus, generalized trajectories of the closed-loop system (4.1)-(4.2) are equivalent
to solutions to the equation (4.5).

Our main result of this section is presented in the following.

Theorem 4.2.6. Let S: dom(S) C [)\[ﬂ — ﬁﬂ be as in Assumptions 4.1.1,

and let T >0, v € L2([0,T); V) and xo € X, fulfilling Assumption 4.1.2. Then
the operator M as in (4.8) is closed and mazimally monotone.

Proof. Step 1: We show that M is monotone. Let [t ], [%2] € dom(M). Denote

(] =M[3), i=12

Then [§] = [ {1202 ], [4] = [£172] fulfill 2(0) = 0, and

5] =[eem.] [B] + 150
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x
]
u
f

Consider

st [§] - [8] [3]- @3] |

which is system node on ([{], X,[{]). We then have

§]= 5[]

in the sense of generalized solutions. Since S fulfills Assumptions 4.1.1, it is
straightforward to see that so does Sext. Then the dissipation inequality (see
(4.7) in Remark 4.2.1 (iv)) yields

0 < 5llz(M% = 5l=(D)% - 512(0)%

S/ <[u(T)}’[Z(7)}>[g]dT
:/OTRe [ }’[ggp[g]dT

<
T . .
= [ re{[mmmd) [0 0]) o
= Re ([ ] = [uz]: M{uy] = M2 D2 o,y 27y - (4.9)

Step 2: By Remark 1.4.2 (ii) we only need to show that AI + M is surjective for
any given A > 0. So take A > 0, f € L2([0,T]; X), g € L([0,7]; U). Lemma 4.2.4
implies that

(A—AD&B
=[50

0TI o0
[C&(D+AD)],

is a partially flow-invertible system node on ({g} ., X, [¥])- Denote the partial

flow inverse by

which is again a system node on ([g} , X, [¥]).- Lemma 4.2.4 implies that this

further defines a well-posed subsystem

By Assumption 4.1.2, for fixed v there is a solution (x,,uy,y,). Due to the
well-posedness of the subsystem we can choose & = u — u, as the new input of
the subsystem and again obtain a corresponding (generalized) trajectory. Doing
this for arbitrary inputs yields that for fixed v and for all internal inputs u there
is a corresponding (generalized) trajectory. Then Lemma 2.1.9 yields that

[A&B]" 1
g _ | o1oo
A\ ext [C&D] 0
1000
v v
is a system node on ([‘[j] , X, [}U( }) with the same well-posedness property

X
regarding the subsystem. Hence, there exist x € C([0,T]; X) with 2(0) = xo and
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-0
BRESHEILE

The definition of partial flow inverse yields

B =190 (b ] 3]+ (8]
w] LY b ] Lic&maans g 31

This yields together with g = [C&(D + AI)], [ﬂ

HEESHEH
g u 0
with (0) = x¢. Since the second line of this equation is redundant, this is

equivalent to
(5] =[] [B] + [4):

By definition of M, this means that (AL + M)[] = [/] and with Remark 1.4.2
we obtain the maximal monotonicity of the operator. a

u € L2([0,T); U) with
} : (4.10)

ey

and thus,

4.3 Proof of the main theorems

This section is devoted to the proofs of Theorem 4.1.3 and Corollary 4.1.4.

Proof of Theorem 4.1.3. For k € N consider [Z:} € dom(M) and denote [gi] =
(I4+ M) {ﬁi ] Then, following the proof of [8, Thm. 23| we have

k+1
k+1

+ M

FAM) LI = AN)(I 4+ AN) (I — AM) {zﬁ}

T— AN)(I+AN) " (T = AM)(T+ A0 [/

(L )1
( (1
(= AN)(I+AN) T @0 = (L+ AM))(T+ AM) [ ]
( (L

N)I+AN)~ 1(2[312} - {fi]) (4.11)

g

I-—

and analogously
[5] = M= AN)T+AN) "L 2[2] = [4)).

We denote the scalar product on L%([0,t]; E) by (-, -)¢2.g (for t € [0,T] and
E a Hilbert space), and an analogous notation is used for the norm as well.
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Let [ui], [uz] € dom(M). Similarly to (4.9) in the proof of Theorem 4.2.6, the
dissipativity inequality (4.7) yields

Re ([u] =l ), Ml ] = Mui D), 5 x) 2 sl () — 22()1%

for each t € [0, T].
Denote

sg)-w-] Alf]-1-[2]

then, using the monotonicity of M and N we obtain

Jo 0y =12 L

_ H(pAN)(IHN)*l [(2[£] -4 - (2 [ﬁi} - [H)] j,z,[gg]
Al

< [eafz] -al4] jz,[f}]HAB:} jz[{;]

SRS N

=4z~ 2] iz,[;;]
—ame([7] - [ 2] 0+ A - (4 AM) [gibm[ﬁ

- _4ARe<[Zi] — [jﬂ MG =M {izbm,[g]

< “ofa(t) - (D% < 0. #12)

Hence, || [{; :} =41 12[X] is monotonically decreasing (therefore convergent)
‘ 27
and by rearranging the terms we obtain

‘2

12, ] B HA B:E} ‘j,z,[§]> ’

which shows that z*(t) — x(t) for every ¢ € [0, T]. By dominated convergence
we obtain the convergence also in L2. The inequality

2] -t T’zy[g}SH[gz}—[ﬂH Wk e N

T2,[%]’
follows by the contraction property of (I+ AM)~1L. a

loto) - 01k < 55 ([} [ 1]
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Proof of Corollary 4.1.4. Let [ Z] € dom(M) and v be as in the statement, let

T k
[Z} be a solution of (4.1)-(4.2) and 2* = [C&D]; {ﬁ)k } Consider a (smooth)
u
mollifier (6,)),>0, and for a function F' on [0, T abbreviate the convolution 6, * F'
by F,. Denote the L2-norm over [0, 7] by || - |2,z where the second index denotes

the space where the function take their values, an analogous notation is used for
the scalar product. We have

sy« (11 1)) e (ot [2]),

k
x k x
T K t—A&B | v kg —A&B{ v :|
:Re<5n*[v}—5n*[’%k} . [“j — by wk >
u u —[C&D]z[z] 7[C&D]2[Iv}
u* 2[7]
k
o [esfgl] [l
=Re( [11] - [u] - xz
n 7[C&D]2[ZZII} —[C&D)s U;’:|
k
tn 2[7]
:Re<xn—x§,in—j¢g>2’[§]
k _zk_ _Ik_
Ty Ty i n
_R€<[u7,] - |:uk:|’|:—[é'%c%]2:| ( U;Z — UZ >>
_ 1 T) — k T 2 _1 0) — k 0 2
= 5 lz(T) =2 (DIx = S lleg(0) — a7 (0)
k B3 [ 2]
x n n
et 1] L] (] -[])
n k
Lol L) o)
1 1
= 5llzn(T) = zp (D)% — 3 l20(0) = 2 (0)[%
z xk A&B @, ak
_]R/e<|:v2i|_|"U:;‘|’|:[C'&ZD}I:| (l”2‘|_[1)2‘|>>
Un ulf —[C&D], uF uk X
K 2,[7 ]

1 1
> Sl () = an (D% = 5ll2(0) = 23,0k + ellzy = 25130,

here, in the last step, we used the (PSOP) property. Letting 7 — 0 and using
that z, 2" are continuous, we conclude

re(is)- 2] a1 [2]),

1 1
> S ll2(T) = M) = 5l12(0) = 2" (0) 1% +ellz = 2*[5,v-
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Since x, 2% € dom(M) we have x(0) = xo = 2*(0), so altogether

Hence, (4.12) (for t = T') can be reformulated to

Iz =2 l5v < e (HA B:] E,[{;] B HA B:ﬂ

E[’é])

Again, due to the convergence of HA B : ] from Theorem 4.1.3) we obtain

: 2[7]
the desired convergence of the external outputs. d

4.4 Examples

4.4.1 A coupled wave-heat system

We consider the following one-dimensional coupled wave-heat system with
Coleman—Gurtin thermal law [28]

vt (€, 1) = vee (G 1), ¢ e (—1,0),t>0,
(o) =uee@) + [ gt -sds (e @10
0(0,) = w(0,1), £ 0,
(0.0 = uc(0.)+ [ gleuco.t - 9)ds 10,
v(=1,t) =0, t>0,
w(l,t) =0, t>0,

equipped with initial conditions

U(<7O) :v0(§)7 Ut(Cvo) :¢0(C)7 C € (71’0)5
w(C7O) = wO(C)v U)(C, _3) = 4,00(C7 5)7 e (O’ 1)) s >0,

for suitable functions vy, wo, ¥ and pg. Here the convolution kernel g: [0, 00) —
[0,00) is convex and integrable with unit total mass and of the form

s = [ utran s=0

and p: (0,00) — [0,00) is non-increasing, absolutely continuous and integrable.
Further details of the model and the corresponding analysis can be found in [28].
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The coupled wave-heat system can be decomposed into two impedance passive
system nodes which are coupled in a power conserving manner. More precisely,
the wave part of the system is given by

Utt(C,t) = UCC(Cvt)a C € (_170)at >0,
v(=1,t) =0, v(0,t) =ui(t), wi(t) =v(0,1), t>0,
v(¢,0) = vo(C), (¢, 0) = ¥(C), ¢ € (=1,0).

In [28] it has been shown that the wave part is an impedance passive system

node Sy = [éié‘jgi] on (C,H}(0,1) x L?(—1,0),C), where

H;(0,1) = {v € H*(0,1) | v(~1) = 0}.

v(-,t)
ve (1)
operator [_éifﬁgi] is dissipative, see [104, Thm. 4.2].

The heat part with Coleman—Gurtin thermal law is described by

The state of the system is given by [ ] As S; is impedance passive, the

w (¢, t) = wgg(g,t) + Awg(s)wcg(g,t — s)ds, ¢e(0,1),t>0,
w(l,t) =0, t>0,
() = —we (0, ) — /0 T a(s)we (0,1 — 5) ds, £ 0,
U (t) = w(0,1), £ 0,
w(¢,0) =wo(C), w(C,—s)=wo((,3), C€(0,1),s>0.

The heat part is an impedance passive system system node Sy = [éjggz] on

(C,L%(0,1) x M, C), see [28]. Here M :=L2((0,00); H3(0,1)), where L7 is the
space of all square-integrable functions with respect to the measure u(s)ds and
HL(0,1) :== {w € H*0,1) | w(1) = 0}. The state of the system is given by
w(-,t
s [o wE~,t)—a) do |*

Thus Assumption 4.1.1 is satisfied and as the two systems are coupled via
ur(t) = ya2(t) and us(t) = —y1(¢) the corresponding coupling operator N is
skew-adjoint and thus dissipative. Therefore our dynamic iteration scheme is
applicable and it is possible to solve the heat and wave part independently and
in parallel via suitable methods.

Remark 4.4.1. One could also include external inputs to the system by setting
the value at the boundary equal to a given external input instead of 0.

4.4.2 Wave equation on an L-shaped/decomposable do-
main

We consider a wave equation as in [77] and use our technique to decompose the
domain with a coupling on the connecting boundary. The system is given in the
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following form:

p(§wi(§,t) = div(T(§) grad w(€, t)) — (dwy) (€, 1), £eQ,t>0,
0 = we(§, ) on I'y x [0, 00),

v(&t) =v- (T(&) gradw(E,t)) on I'1 x [0, 00),

2(€,) = wi (&, 1) on Ty x [0, 00),

w(,0) = wo(§), wi(§0) =wi(§) on 2,

where v: 0Q — R? is the unit outward normal vector of an L-shaped domain
Q) C R?, whose boundary is decomposed into two parts I'g and T';.
More precisely, we consider ©,T,I'; C R2, with

Q = int( UQy),

0 =(0,1) x (0,2), Qs =(1,2) x (0,1),

F1:(O,1) X{Q}Caﬂ, Fozaﬂ\fl
As usual, w(&,t) denotes the displacement of the wave at point £ € Q and time
t > 0, v is the input given by a force on the boundary part I'y and z is the output
measured as the velocity at I'y. The physical parameters are included via the
Young’s modulus 7'(-) and the mass density p(-) (not to be confused with the
resolvent set), which are both assumed to be measurable, positive, and they have
bounded inverses. The term with d can be interpreted as an internal damping
which is assumed to be a bounded nonnegative and measurable function on €.

We split the problem into two wave equations, each on the rectangles 2, and
s, which interact at the boundary interface

Fine = {1} X (07 1)
First note that, for the sets
T1o = ({0} % [0,2)) U (0,1) x {0}) U ({1} x (1,2)),
Tao = ((1,2] x {0}) U ({2} x [0,1]) U ([1,2] x {1}),

we have 00 = 691 U@Qg\Fmt as well as 692 FQO UFmt and 691 flO Ufmt Ufl
(see Figure 4.1). Further, the set T190NTa9 = [19NTing = DooNTing = {1} x {0, 1}
is of line measure zero.

Now, by denoting the unit outward normals of {2; and s respectively by 14
and vo, we consider the two systems

p(Owe (&, 1) = div(T(€) grad w(€, t)) — (dwy) (€, 1), £e,t>0,

0 =w(&,t) on I'yp x [0, 00),
0(&t) = v1 - (T(§) grad w(g, 1)) on I'y x [0, 00),
u(&,t) = vy - (T(§) grad w(, t)) on Iipe X [0,00), (4.13)
2(&,t) = we(§, 1) on I'y x [0, 00),
y1(§,t) = we(&,1) on I'iye x [0,00),
w(&,0) =wo(§), we(&,0) =wi(§) on 1,
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Ul r, Tz
LA577770 700005554
yd 7
o To:=T10UTIy
A u{1}x{0,1}
91
uz | y1 - Qy s
i
—72| W
\ Fint

Figure 4.1: Illustration of the partition of ) and its boundaries

p(Ewi (&, 1) = div(T(§) grad w(, 1)) — (dwe) (§,8), £ € Qa8 >0,

0 =w(§,1) on I'yg x [0, 00),
ug(€,t) = we(§,t) on Tjpe X [0,00), (4.14)
U2(&,t) = v - (T(€) grad w(é, 1)) on iy x [0, 00),
w(§,0) = wo(§), wi(§,0) =wi(§) on O,

together with the interface conditions

'171 (fat) = 7§2(€>t)3 UZ(fat) = (E,t)a on Fint X [07 OO) (415)

For reasons which are subject to later explanations, the variables expressing the
normal traces of T'(£) grad w(&, t) are provided with tilde.

Trace spaces. In this paragraph €2 denotes a general bounded Lipschitz domain
in R2. The results here will be applied later to the domains described previously.
To properly introduce the right formulation and spaces for the above systems,
consider the trace operator v: H' () — H'/2(9) which maps z € H'(Q) to its
boundary trace z|sq, where H'/2(9Q) denotes the Sobolev space of fractional
order 1/2 [1]. By the trace theorem [51, Thm. 1.5.1.3], v is bounded and surjective.
Further, H(div,?) is the space of all square integrable functions whose weak
divergence exists and is square integrable. That is, for H}(Q2) = ker 1,

z=dive <= VpeH{(Q): —(grady, z)12(a.c2) = (¢, 2)12(0)-

Defining H=/2(9Q) := H'/2(9Q)* with respect to the pivot space L?(9€), the
normal trace of x € H(div, Q) is well-defined by w = yya € H~1/2(9Q) with

Vz € Hl(Q) : <w,’}/Z>H71/2(39)$H1/2(aQ) = <d1V X, Z>L2(Q) + (x,grad Z>L2(Q;(C2)-
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Green’s formula [107, Ch. 16] yields that, indeed w(£) = v(€) Tx(€) for all £ € 99,
if Q and 2 are smooth. Further, vy : H(div,Q) — H~/2(99Q) is bounded and
surjective [107, Lem. 20.2].

For a relatively open set I' C 0f), we consider

Hp(Q) = {f € H'(Q) | (v/)lr = 0 in L*(I) } .
Further,
1/2

1Y) = { ()l | £ € By (@)}
Hence, the trace operator has a natural restriction to a bounded and surjective
operator ~r: H}m\F(Q) — H(l)/z(F), ie,z € H}m\F(Q) is mapped to its trace
z|r. It can be concluded from the trace theorem that Hé/2(F) is the set of
elements of H'/2(T'), whose extension by zero on 9Q\ T is in H'/2(99). Defining
H-/2(I') == H(l)/2 (I')*, the normal trace of x € H(div, Q) at the relatively open
set I' C 0€) is well-defined by w = vy ra € H;é@ (T") with

Vz € HéQ\F(Q) . <wa'YZ>H*1/2(F),H1/2(F) = <diV xZ, Z>L2(Q) + <.’E, grad Z>L2(Q;(C2).
We further set
Hp(diV, Q) = {Z S H(diV, Q) |'7N,I‘Z = 0} .

System nodes. Next we introduce system nodes Sy, S2 corresponding to each

of the subsystems arising from the split of € into €2; and Q5. In the following,
L% ()

Lg(gli;cz)] with the energy norm

we equip the spaces X; := [

1]

2= / P OO + TOn(&) () e, i=1.2.

i

Note that, by the assumption that p, T are positive-valued with p,2p_1,T ;
L2(;

LQ(fgiég2) } '

As presented previously the (partial) boundary trace of elements in H*((2),
and the (partial) normal trace of elements of H(div, ) typically live in different
spaces which are dual to each other with respect to the pivot space L2(99Q).
Hence, at a first glance, by defining the external and internal inputs and outputs
to be consisting of parts of trace of w;, and parts of the normal trace of T grad w,
we are not led to a system of class depicted in Assumption 4.1.1, since the input
space does not coincide with the output space. Hence, in the following, we
replace the normal traces in the following by their Riesz representatives, that is,

T~ € L>(Q), the energy norm is equivalent to the standard norm in [

~ 1 P 1 ~
v 2 = J 2 Uy = J ul
e 2T T, Y HY? (M) 0

_ -1
v = JHé /2
hence the interface conditions in (4.15) are equivalent to

Uy = —Y2, U2 =Y1-



66 CHAPTER 4. SYSTEM NODE SPLITTING

We note that such input and output transformations are equivalence transforma-
tions by the fact that the Riesz isomorphism is an isometry. In particular, this
transformation does not change the previously described problem of representing
the wave equation on an L-shaped domain as the coupling of two wave equations
on rectangular domains. As a further remark, the action of the Riesz isomor-
phism JHé/z D is given by a convolution with the Riesz potential, a solution of

the fractional Laplace equation on 052, see [29].
In doing so, the system node formulations of (4.13) and (4.14) are, for

‘Tl(t) = [gf;()itw] |91 €eX;= |:L2L(2(§?é:)2):|, 1= 1,2,

given by '
Zl=sli] [E)=sli)

Y1
Hereby, for V =V, = H(l)/2(F0), U=U, =HY2 (Tint), the first system node is
given by
X1
Syt dom(Sy) — {v]

Ui
with
p~'p1 € HE () A Tqy € H(div, Q)
(6] Av=J} -1
dom(S1) = [ a } € [v} = Hé/:(rl)’YN,Flp Q1
=J —1
ANy = JH[l)/2(I‘im)’7N7Fi“tp q1

and
[diV(qu)—dp’lpl ]
g (] grad(p™'p1)
1 - A1, (P p1)
rine (P P1)

Likewise, Uy = H!/2 (T'int), the second system node reads
So: dom(Ss) = [2]

with
-1 Hi () A Tqo € H(div,$y)
d _ {[”2]} X1 |P” P2 € Hp, ({2 2 $h
om{52) { 2 G[Uz] /\uQZVFintholpz
and
[div(qu)—dp71p2}
S [[Z;]] - grad(p™'p2)
w2 ‘1711/2 YN i (T'92)
Hy/ " (Tint)

Remark 4.4.2. The whole presented theory could also be formulated for the case
where the output space is the anti-dual of the input space. Since this is however
technical and involves to replace the identity operators inside the iterations (4.6)
by suitable Riesz isomorphisms, we stick to the more simple case here. We note
that the above formulated “trick” by replacing certain inputs and outputs by
their Riesz representatives is always possible.
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Dissipativity follows from the definition of the trace operators, whereas
the closedness claims follow from closedness of the divergence and gradient
operators together with boundedness of the involved trace operators. Further,
it can be shown that the main operators Ay, As of S; and Ss, resp., fulfill
dom(A;) = dom(A7), dom(As) = dom(A%) and

* [ Di —div(Tg:)—dp 'ps .
AF[D] = [ I ] L =12
This shows that they are both maximally dissipative, whence they generate
a strongly continuous semigroup on X;. Hence, given initial data and existence
of a solution we can apply the presented splitting algorithm with the proven
convergence properties. An additional advantage of this technique in this special
case is that the decomposition into rectangles allows the usage of, say, spectral
type methods to solve the two wave equations over rectangles separately, see,
e.g., [21], [76].

Remark 4.4.3. Of course, nothing prevents to consider more than two rectangles
and couple the corresponding wave equations analogously to the above. Moreover,
the presented coupling is only one possible choice.
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Chapter 5

Linear-Quadratic Optimal
Control

We propose a time domain decomposition approach to optimal control of par-
tial differential equations (PDEs) based on semigroup theoretic methods. We
formulate the optimality system consisting of two coupled forward-backward
PDEs, the state and adjoint equation, involving a sum of dissipative operators,
which enables a Peaceman-Rachford-type fixed-point iteration. The iteration
steps may be understood and implemented as solutions of many decoupled, and
therefore highly parallelizable, time-distributed optimal control problems. We
prove the convergence of the state, the control, and the corresponding adjoint
state in function space. Due to the general framework of Cy-(semi)groups, the
results are particularly well applicable, e.g., to hyperbolic equations, such as
beam or wave equations. We illustrate the convergence and efficiency of the
proposed method by means of two numerical examples subject to a 2D wave
equation and a 3D heat equation.
The results in this chapter have been published in [36].

5.1 Problem formulation

In this section, we state the optimal control problem of interest and provide the
main idea of our splitting method. The results are stated for linear-quadratic
optimal control problems that occur, e.g., in each step of a sequential quadratic
programming (SQP) or active set method for nonlinear problems.

Let X,U,Y be Hilbert spaces. In this work, we consider the optimal control
problem

_ 2 2
eL2r(n(1JnT] U)/ IC Yret () |ly + allu(®)]|7 dt (5.1a)
subject to = Ax(t) + Bu(t), z(0)=x9 (5.1b)

69
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with the following standing assumptions:
(i) A: dom(A) C X — X generates a Cy-semigroup (7 (¢))¢>0 on X,
(i) B € L(U,X), C € L(X,Y),
(i) T > 0 is a fixed time horizon,
(iv) yret € L2([0,T];Y), @ > 0 and z¢ € X.

We briefly recall the solution concepts which we will utilize in this work, see
also Section 1.3. Consider a Cauchy problem

i(t) = Ax(t) + f(t),  2(0) = 0. (5.2)

Recall that we call z € H'([0, T]; X) N L2([0, T]; dom(A)) a strong solution if
it solves (5.2) pointwise almost everywhere. For general evolution equations,
and in particular for problems without a smoothing effect, such as hyperbolic
equations, strong solutions generally only exists for smooth data, that is, when
zo € dom(A) and f € HY([0, T]; X). For f € L1([0,T]; X) and x¢ € X the mild
solution x € C([0,T]; X) is given by the variation of constants formula

x(t) =T (t)zo + /Ot T(t—s)f(s)ds forallt >0,

which, for smooth data, coincides with the strong solution, see Section 1.3. Hence,
in view of the optimal control problem (5.1), the mild and strong solution of
(5.1b) is defined by requiring the validity of the above formulas for f = Bu.

This abstract setting via Cy-semigroups allows for an all-at-once treatment
of a variety of PDEs such as wave equations, beam equations, heat equations or
(linear) equations from fluid dynamics, such as Oseen equations, see [14,32,95]
and the references therein. For a correspondence of semigroups to form methods
often used in variational theory, the interested reader is referred to [3].

In the following, we will without loss of generality set o = 1, which may
be achieved by rescaling the norm in U, i.e., by replacing || - ||y with v/« - ||u.
Moreover, we note that one can include source terms in the dynamics (5.1b)
straightforwardly, or replace the control penalization with a|ju — uet||?; these
possibilities shall be omitted here for the sake of clarity of presentation.

The following result, providing necessary and sufficient optimality conditions
directly, follows from strict convexity of the cost (in the control variable) and
the standard approach in calculus of variations, see e.g., [100, Thm. 2.24] or |78,
Chapters 3&4].

Proposition 5.1.1. The optimal control problem (5.1) has a unique optimal
state-control pair (z,u) € C([0, T); X)x L2([0, T];U). Further, there is an adjoint
state! \ € C([0,T]; X) such that for t € [0,T]

x(t) = Az(t) + Bu(t), z(0) = xo, (5.3a)
At) = —A*\(t) 4+ C*Ca(t) — C*yres (1), A(T) =0, (5.3b)
u(t) = B*A(t), (5.3¢)

Lalso known as costate variable
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where the state equation (5.3a) and the adjoint equation (5.3b) are to be un-
derstood in mild sense and (5.3c) is to be understood in L2. By continuity of \
it follows directly that we can choose u to be continuous, hence equation (5.3¢)
holds pointwise for t € [0,T] in U (identified with U* ).

The system (5.3) provides a coupled forward-backward system of evolution
equations which serves as the basis of many numerical optimal control algorithms
and which will be the basis for our method, too.

Next, we eliminate the control via (5.3¢) to obtain

z(t) = Ax(t)+ BB*A(t), x(0) = o, (5.4a)
At) = —A*A(t) + C*Cz(t) — C*yres(t), MT) =0, (5.4b)

which is again to be understood in the mild sense.

Before providing in Section 5.2 the operator-theoretic description of our
approach, we briefly explain the main idea of the splitting illustrated in Figure 5.1.
The starting point is the necessary and sufficient coupled forward-backward
system (5.4) on the full time horizon [0, T] with initial data for the state, and
terminal data for the adjoint (see top of Figure 5.1). Using continuity of the
solutions, and similarly to a multiple shooting approach [16], we may now split
the time horizon into non-overlapping subintervals

K
0,7 = | Jlte—1,t], with 0=ty <ty <-- <tx1<tx=T (5.5)
k=1

and consider the coupled forward-backward system on the subintervals [t;_1, tx],
ke{l,...,K} given by

j;‘k(t) = Al‘k(t) + BB*)\k(t), xk(tk_1) = Tp.,

)'\k(t) = —A*Ak(t) + C*Cl‘k(t) — C*yref(t), )\k(tk) = M-
To model the continuity conditions, we have to relate the initial value xj ¢ to the
value of the state from the left time interval, as well as the terminal value A, to
the adjoint of the time interval to the right. To this end, we introduce artificial
inputs vk 4, vk, (setting the initial data for the current time interval) and outputs

Wiz, Wk, (providing the boundary conditions to the neighboring intervals) to
the system and get, again for k € {1,..., K} and subinterval [tx_1, tx],

r(t) = Azi(t) + BB* (1), Tr(th—1) = Vk.a,
AR(t) = = AN (t) + C*Cap(t) — C et (1), Ak (th) = v,
Wy,e = Tr(tr),

wex = Ap(tr—1).

By construction, a suitable and continuous interconnection of these systems,
where the outputs of system k serve as inputs for system £k — 1 and k + 1 as
depicted in the bottom of Figure 5.1, yields a solution of (5.4) in the mild sense.
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x(0)
A= —A*A+ C*C(x — Yrer) A
0 T
330(0) ........ Tp_1(t_1) T (ty) e
) = Az, + BB* )\,
‘ A (t—1) Sk = — A" A+ C* o —Yret) A1 (tn) jIAHK(T)
L.......] I i
to=0 tr_1 tr tg =T

Figure 5.1: Hlustration of the underlying decomposition scheme.

To mathematically formalize this idea, we will provide an operator splitting of
the optimality condition: A first operator models the dynamics on each and
every time interval and a second operator encodes the coupling conditions of the
individual parts. In this way, we end up with an algebraic equation in function
space that can be solved using a Peaceman-Rachford-type fixed-point iteration.
The dissipativity of the involved operators, which is at the very heart of the
proposed coupling, enables a succinct convergence analysis in a very general and
highly flexible functional analytic framework.

5.2 A Peaceman-Rachford method for optimality
systems

This section is devoted to the precise mathematical and algorithmic description
of the method. As the main contribution of this section, we will introduce
suitable operators such that the optimality system (5.4) may be equivalently
formulated as a system governed by the sum of two operators. More precisely,
we will show in Proposition 5.2.2, that the optimality system (5.4) is equivalent
to

(M+N)z=g (5.6)

with certain dissipative operators M and N, appropriately chosen g, to be
introduced later on. Based on this algebraic equation, we will briefly recall
the Peaceman-Rachford method. For fixed p > 0 the system (5.6) is formally
equivalent to

(Wl =M)z=(pl+N)z—g and (ul—N)z=(pl+M)z—y,

which, substituting the two lines, and assuming for now that the inverses exist,
yields

z=(ul = M) (I + N)(pl — N) " (ul + M)z— (I + N)(uI = N) ' +1) g] .
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If we set

F(2) = (ul = M)~ [(ul + N)(ul = N)~ (ul + M)
— ((pI+ N)(uI = N)~'+1) g],

we see that we are looking for a fixed-point of the equation, i.e., a z with
z = F(2).

The Peaceman-Rachford method (see, [79,96]) is then given by the fixed-point
iteration

21 = F(2") (i nonnegative integer) (5.7)

for a suitably chosen z°.

Remark 5.2.1. We note that the abstract splitting of the optimality system into
a sum of dissipative operators as in (5.6), which is the first main contribution of
this work, also enables other splitting methods such as the Douglas-Rachford
scheme [31]. However, we stress that for this method, one may only deduce weak
convergence due to the lack of strict convexity of (5.1a) in (x, u), see [10, Theorem
26.11|, while we show strong convergence for the Peaceman-Rachford method in
our second main result of Theorem 5.3.5.

To evaluate F', only solutions of systems corresponding separately to M and
N are necessary. While M + N models a coupled system, i.e., the forward-
backward optimality system (5.4), the decoupled problems corresponding to M
and N may be solved fully in parallel in a blockwise fashion, hence allowing for
an efficient implementation of this method as showcased in Section 5.4.

We will now show how to reformulate the optimality system (5.4) as the sum
of two operators to achieve the splitting (5.6). To this end, for 0 < ¢ < r < oo,
we consider the vector space Afe = L2([¢,r]; X) x X, and for convenience we
write

Al ={f+cde | f€LP([¢,r]; X) and c € X}.

We endow this space with the inner product
(f1 4 c10e, f2 + CQMA@ 5= (1, f2)12(e,m:x) + (c1,¢2) x5

which makes this into a Hilbert space. In an analogous manner, we define the
Hilbert space

oy ={f+co | fe L2([¢,r]; X) and ¢ € X}.

Although both spaces Afz , and Af, ) are isomorphic to L2([¢,r]; X) x X and we
may think of elements in t%ese spaces as source terms and initial resp. terminal
conditions in the forward resp. backward equation.
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Using this notation, and setting [, 7] = [0, T], we may rewrite the boundary
value problem (5.4)(with yef = 0 for simplicity) on the full time-horizon via

&= Ax+ BB*\—xz(0)dy + x0do,
A= —A*X\+C*Cx + A(T)dp — 007,

where for x € H!([0,T]; X) N L?([0, T]);dom(A4)) and A € H!([0,T]; X)N
L2(]0, T]; dom(A*)) these equations are to be understood in .A[ o1 and AT [0,T]>
respectively. Of course, the derivative in these spaces is only with respect to the
first, function part, i.e., the left-hand side has to be understood as & + 06, .

To formulate the decomposition method as sketched in Figure 5.1, we now
consider boundary value problems on the subintervals, where we will write [£, 7]
as a placeholder for [tx_1,tx], & € {1,..., K}. In the formulation, we want to
interpret the initial value of the state at time ¢ and the terminal value of the
adjoint at time r as an input to the equation, while the terminal value of the state
at time 7 and the initial value of the adjoint at ¢ serve as an output (consequently
serving as inputs for the neighboring systems). This will provide an equivalent
formulation of the optimal control problem (5.1), see Proposition 5.2.2. Thus,
we define the unbounded operator

M[Z,T]: dOm(M[gvr]) C Afl,’r] X Afz’r] X X2 — A’fey,r] X Af@,’r‘] X X2
—C*Ca+A+A* A=\(1)8,. 4020,

i t—Az+z(€)6—BB*A—v30
(3)o (TREES)

U —z(r)
with domain of definition
dom (M) = (HX([t,]; X) N L2([£,7]; dom(A)))

x (HY([6,7]; X) N L2([¢, 7]; dom(A*))) x X2, (5.8b)

Here, we use the continuous embeddings H*([(,7]; X) < Aff,r] given by
= x+ x(0)6, and HY([(,r]; X) — A, ) given by z — x + z(r)d,.

While the operator M, ) models the dynamics of the internal intervals, we
require two slightly modified variants that correspond to the first and last time
interval, [0 t1], [tx—1,T]. Define

dOIIl(Mo)CA XA[Ot]XX2*>A[Ot XA[Otl XX2

[0,¢1]

and Mt analogously by

T —C*Cz+ A+ A"\ — A(t1)8y, + vady,
M, AL & — Az + x(t9)d, — BB*A 7
Vg 0
Ux —z(t1)
T —C*Cz + A A*XN — A(tx)ds
A & — Ax 4+ 2(tg-1)0ty_, — BB*A — 0304, _
M- — K—1 K—1
T Vg >‘(th1>

(N 0
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In the definition of My, as there is no interval to the left of [0, 1], the state has
no input corresponding to the initial value. Analogously, in My, the adjoint
state has no output corresponding to the terminal value as there is no interval
to the right of [tx_1,T].

In view of the time domain decomposition (5.5), we set

Z =7y X...xX Zg, where

Zp = Al X A x X2 ke{l,...,K}.

[th—1,tk] [tr—1,tk]

Then, to formulate the optimality conditions on the full time interval, we
introduce the unbounded operator M : dom(M) C Z — Z with

dom(M) := dom(Mis, ¢,7) X ... x dom(Mpg,e, ¢,1)

defined by
My 0 .. 0
0 Miy,e5) O 0
M = , (5.9)
o w0 M 0

tg—2:tK—1]
0 0 M~

where the block partition is along the direct product Z = Z; x ... X Zk.
This operator M, being a block-diagonal operator, hence models the (decoupled)
dynamics on the individual subintervals. We note that later, to ensure surjectivity
of ul — M in the convergence proof of the iteration (5.7), we will consider the
closure of this operator which corresponds to going from strong to mild solutions
(see Section 1.3) in the optimality system as proven later in Proposition 5.3.3.
However, to first provide the main idea, we skip this technicality for now.

The coupling is given by the skew-symmetric operator N € £(Z) defined by

0 N 0 0
-NT 0 N 0000
— 0 —NT LT Tl : ~_ 10 000
N = N with N:= | 0 o (5.10)
0 00 I 0
: .. 0 N
0 - - 0 -=NToO

where the block partition is again along the direct product Z = 77 x ... X Zg.

We now show that the sum of the operators M and N corresponds to the
optimality system (5.4). To this end, we first inspect the k" row of this sum
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applied to z = (z1,...,2x) € dom(M), that is

e )1,

T o
Mo(vﬁz)w(véz), k=1
Vi CPIDN

(e R S )
={-N Vk—1,2 +M[tk—17tk] Vi, +N Vktl,z |0 k=2... K-1

Vig—1,X Uk, Vi+1,2
TK—1 TR
T Ak—1 Ak _
“NT SR M (5, k=K
VK -1, VK,

—C*Cx1+ A+ A"\ — A (t1)de, + v1,208,
1 — Az + ml(to)éto — BB*)\
0

V2,2 — 21 (1)

—C*Cxk + Mo + A" Mo — M (te) ey, + Vi, 20t
T — Azk + Tk (tp—1)0t,_, — BB" Ak — Uk,a0t)_,
Ak (tk—1) — Vk—1,x

V41,2 — Tk (tr)

*C*C.Z'K + }\K —+ A*)\K - )\K(tK)(StK

Tk — Axk + CL‘K(tK71)(5tK71 — BB* )\ — UK7m6tK71

A (tk—1) — VK—1,x
0

To establish a correspondence of a system involving M + N acting on a direct
product of state, adjoint and auxiliary variables and the optimality system (5.4),
we will utilize the concatenation operator C € £(Z,L2([0, T]; X)?) defined by

T TK
)\1 )\K [z

C oo | o <A> (5.11)
U1\ VK,

where x(s) = x(s) for k such that s € [tx—1,tx[ and 2(T) = 2k (T) (likewise for
A). Note that if 21, ...,2x are continuous (or weakly differentiable) and if the
boundary values coincide (i.e., oy (tg+1) = Trr1(tgr1) for all k € {0,..., K —
1}), then the concatenation is also continuous (or weakly differentiable). The
analogous claim also holds true for the adjoint state. We summarize our main
result in the following proposition. We will denote by g, the restriction of
g: [0, T] — X to the interval [¢,r] C [0, T].
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Proposition 5.2.2. Let z € dom(M) solve

* * >k T
—C" Yref|[to,t1] —C" Yref|[t1,t2] —C" Yref|[tx _1,tx]
o $06t0 0 0
(M+N)z= 0 , 0 s 0
0 0 0
(5.12)

in the strong sense.

Then the concatenation (i) = Cz satisfies
(z,A) € H'([0, T]; X) N L*([0, T}; dom(A))
x H'([0, T); X)) N L2([0, T]; dom(A*))

and solves the optimality system (5.4) in the strong sense. Conwversely, if the
pair (x, ) solves the optimality system (5.4) in the strong sense, then there are

UNAQUE Vg 1, -+ -y Vg, N, VA1, - -, UAN € X such that
T[to,t1] Tlltg—1,tK]
2= Alfto,t1] o Atk _1,tx] € dom (M) (5.13)
V1o T VK ,z
V1,\ VK,

solves (5.12).

Proof. Let (5.12) hold. By construction, and in view of the continuity conditions

at the boundaries, the concatenation (%) = Cz satisfies

Z'(tk,ﬂ = l‘(tk) and )\(tk,1> = )\(tk), k= 1, ey K,

ie., (z,\) € H'([0, T]; X)? solves (5.4) in the strong sense.

Conversely, let (z,\) solve (5.4). Then, restricting the adjoint and state
dynamics to the subintervals [to, t1],. .., [tx—1,tk], and introducing the artificial
variables

Vo = T(tr), U = A(tr),

we see that z as defined in (5.13) solves (5.12). Uniqueness is verified straight-
forwardly by eliminating the auxiliary variables
1}177;,...,UK71.,1}17/\,...,UK7)\EXin (512) a

We will show later that the analog of Proposition 5.2.2 naturally holds for
mild solutions. For this purpose the closure of the operator M needs to be
discussed, which is done in the next section.

5.3 Convergence of the iteration

In this part, we prove convergence of the fixed-point iteration (5.7) for the choice
of M and N as given in the previous section. We start by showing that, for
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any p > 0 the inverses in (5.7) are indeed well-defined, due to the maximal
dissipativity of the corresponding operators. For a short survey on (maximally)
dissipative operators, we refer to Section 1.4.

While N is skew-symmetric and bounded by definition, maximal dissipativity
is clear. Thus, we need to show maximal dissipativity of M. To this end, in
view of the blockwise definition of M in (5.9), we will show in the subsequent
Proposition 5.3.1 that (the closure of) the individual diagonal blocks are maxi-
mally dissipative. Then, in Corollary 5.3.2, we will use this to show that this
maximal dissipativity carries over to the full operator M. This property will be
crucial for the convergence of the Peaceman-Rachford iteration (5.7) proven in
Theorem 5.3.5.

For the maximal dissipativity of the operator M, we will require an additional
assumption on the Cy-semigroup generated by A in (5.1), namely we will assume
that it is indeed a Cy-group, see Section 1.2.2.

Recall that, if (7 (¢))er is a Co-group, then for all t € R, T () is invertible
and 7 (t)~! = T(—t). Intuitively speaking, this means that the dynamics are
time-reversible, and this property is satisfied by many hyperbolic equations
such as wave or beam equations, as well as every finite-dimensional system; in
applications to partial differential equations, this property may usually be easily
verified using Stone’s theorem [32, Ch. I, Thm. 3.24] stating the equivalence
of skew-adjointness of the generator A and (7 (¢))ter being a unitary Cp-group.
However, we stress that this assumption does not hold for heat equations due to
their strong smoothing effect. However, we will still illustrate in the numerical
results of Section 5.5.2 that our proposed method performs well for a heat
equation, motivating future work.

In the following result, to ensure surjectivity of the involved operators, we
will utilize the closure of the operator governing the optimality system. We will
later show that this operator theoretic concept corresponds to mild solutions
being a generalization of the strong solutions considered before. Note that mild
solutions, requiring only initial values in X and integrable source terms, are the
natural solution concept for evolution equation without smoothing effect. Again,
we refer the reader to Section 1.3.

Proposition 5.3.1. Let A generate a Cy-group on X. Then the closures M[@,r];
Mg and Mp are densely defined and mazimally dissipative.

Proof. We verify the claimed properties for M[é,rﬁ the proof for the properties
of My and M are completely analogous.

Density of domain. Let f € L2([¢,7]; X) and ¢ € X. Then, by a straightfor-
ward modification of [101, Lemma 2.3], one may construct a sequence (fy,), C
HY([¢,7]; X) such that f,,(¢) = c and f, — f in L2([¢,7]; X), which shows the
density.

For the maximal dissipativity we have to show that M, (and hence also its
closure) is dissipative and ,uI—M[M] is surjective for some p > 0 (see Section 1.4).

Dissipativity. Let W = A&’T] X 'Afé,r] x X2 with inner product (-, )y-. For



5.3. CONVERGENCE OF THE ITERATION 79

(2, A\, vz, vx) € D(Mjy,,1), we compute

z+xz(r)d, z+z(r)d,
Re k—i—?}(f)ée , M[é,r] A—i—;\)(@)éz
U o w

z+2(r)d, —C*CI—F}\—FA*)\—)\(T)JT—‘,-'UA(ST
= Re AFA(£)S, z—Ax+z(€)6y—BB* A—v;0;
Vg ) A(0)
oA —(r)

w

= —IC|I 2(pe,0,v) + Redw, Nra(eax) + Re(m, A ALz e.1:x)
— Re(z(r), \(r)) + Re(a(r), vx) = | B2 e,
+Re (A &) 12 (10,,x) — Re(A, Az)r2(1e,0:x) + Re(A(€), z(0))
— Re(A(0),vy) + Re(vg, A(€)) — Re(vy, z(r))

= *||Cl"||i2([z,r];y) - ”B*)‘”%?([E,T];U) <0,

where the last equality follows from integration by parts, that is,

R€<JZ, A>L2([€,r];X) = Re(x(r), )‘(T)> - Re<ﬂf(£), /\(€)> - Re<)‘7 1.'>L2([€,r];X)'
This implies the dissipativity
Density of ran(ul — My ) in A[Z i % .A[Z i X X2 for some (hence all) pn > 0.
f+cér
Let £ =1 and b := <g+d5tz eWw = A[Tz,r] X ‘A[M] x X2 be arbitrary. Due to
density of HY([¢,7]; X) x dom(A) x HY([(, r]; X) x dom(A*) x dom(A) x dom(A*)
in W, there is

frntcn
(bn) = (g7z+d 6[)

c HY([¢,7]; X) xdom(A) x H' ([¢,7]; X) x dom(A*) x dom(A) x dom(A*)

such that b, — b in W. Due to Lemma 1.3.4 and Proposition 1.2.11, for all
n € N, there is z,, == (Tn, Ay Vans Van)n € [C([¢,7]; dom(A)) N CH([,7]; X)] x
[C([¢, r]; dom(A*))NCL([¢,7]; X)] x X x X that solves the boundary value problem

&p = Azy + (I+ BB* )\, — gn on [£,r],
A= 4 C*C)zyy — A* Ay — fn on [{,r],
2@, (r) + An(r) = ¢ + wy
22, (0) — 2 (£) = dy, — vy,

such that, setting vy, = vn + A (€) and vy, = wy, — (1), one may easily check
that

(I - M[Z}r])zn = bp.

Thus, b, € ran(I — M, ,)) which shows the claim.
Finally, by [32, Ch. I, Thm. 3.14] it follows that ran(ul — Mi.,)) = A[TZ’T] X
.A[h x X2 Q
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We collect the central properties of M and N required for the convergence
proof.

Corollary 5.3.2. Let A generate a Cy-group on X.

(i) The operator M:ﬁom(ﬂ) C Z — Z is mazimally dissipative and satisfies,
for all z € dom(M),

Vi * . x
Re (2, Mz) , = —||C2|F2(0,13,v) — | B* Alf2 (0,50 with (A) =Cz,

where the concatenation operator C is defined in (5.11).
(i) N € L(Z) is skew-symmetric.

Proof. We first prove (i): The maximal dissipativity of M follows directly from
its blockwise definition (5.9) and the maximal dissipativity of the individual
blocks proven in Proposition 5.3.1. The desired equality follows from summing
the dissipation inequality from the first part of the proof of Proposition 5.3.1
over all time intervals.

The second claim (ii) follows directly from the definition of N in (5.10). Q

We briefly analyze the role of the closure that appears in Proposition 5.3.1.
While it is clearly necessary to consider the closure for surjectivity of the iteration
matrix pul — M, it is not immediately obvious if this closure also corresponds to
a boundary problem that may be approached numerically. The following result
provides this relation.

Proposition 5.3.3. Consider My, as defined in (5.8) and its closure M[z,r]-
Abbreviate W = A@,T] X ‘Af&r] x X2. Then the following hold:

(i) HY([¢,7]; X) x dom(A) x HL([(,7]; X) x dom(A*) x dom(A) x dom(A*) C
ran(Mj,,1); in particular, ran(Mi ) is dense in W.

(ii) Mg, is boundedly invertible on its range and for every (f + cdr,g +
dée,v,w) € ran(M ),

M[E,i](f + clr, g+ ddg, v,w) = (T, A, Vg, V2),

where the strong solution (z,\, vz, vx) € dom(Mj, ) is uniquely defined by
the variation of constants formulas

z(t) =Tt —0)d+ / T(t—s)(BB*A(s) —g(s))ds,
. (5.14)
At)=T"(r—t)c+ /t T(s—t)(C*Cx(s) — f(s))ds,

and v, = v —x(r) as well as vy = w — A({).
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111) The operator M71 s ran Mg ) — W can be continuously extended to an
[e,r] [
operator (M[ ]) Z — Z for which the following holds:

(a) For all (f + ¢y, g+ ddg,v,w) € W,
(M[ér) (f + C§Tug+d6Z7U ’lU) (‘rv)\ﬂ)zav)\)

where (z, A, vz, v\) € W is uniquely defined by (5.14), i.e., in particu-
lar, (z,\) € C([¢,r]; X)? is a pair of mild solutions.

(b) (M[Zi])e is a left inverse of My, i.c.,
(M[f T]) Mz =2 Vzedom(Mp,).

(c) (M[ﬁ«])e is a right inverse of M1, i.e., ran (M}

[0,r] )e) C dom(ﬂ[&r] )

and

My (M;L)eb=b VbeW.

[e.r]/e

(d) Let (f +cdp, g+ dog,v,w) € ran(Mi ). Then
(2, A\, vz, 0)) = (MM]) (f + ¢y g+ dbg, v, w)

if and only if (x,B*)\) € C([(,r]; X) x L2([¢,7];U) is the optimal
state-control pair of

min /ch WY+ (2(®), f(O)x + Jullfy dt + (A(r), ©)

u€eL2([4,r]
subject to  &(t) = Az(t) + Bu(t) + g(t), z({)=d
(5.15)

and vy, = v —z(r), vy =w — A(¥).

Proof. (i): We show that H!([¢,7]; X) x dom(A) x H*([(,r]; X) x dom(A*) x
dom(A) x dom(A*) C ran(Mj,)) which implies the density of the latter due to
density of the former. To this end, let (f,d, g,c,v,w) € HY([(,r]; X) x dom(A) x
HY([¢,7]; X) x dom(A*) x dom(A) x dom(A*). By Lemma 1.3.4, there is a unique
mild solution of

t=Ax+ BB*A—g onl[{r], z(0) = d,
A=C*Cz—A*X—f on[(,r], Ar)=c.

If we set v, = v — 2(r) and vy = w — A({) then z = (z,\, v, vx) € dom(Mg, )
satisfies My ,12 = b, so b € ran(Mg ).

(ii): The fact that M, ,) is boundedly invertible on its range follows from the
same argumentation as in [100, Thm. 2.38| by suitably testing the corresponding
optimality system. The fact that the unique solution is given by the variation
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of constants formula may be directly verified by differentiation, after approxi-
mating the data by smooth functions using density of H!([¢,7]; X) x dom(A) x
H'([¢,7]; X) x dom(A*) x dom(A) x dom(A*) in ran(Mj,,|) as shown in (i).
(iii): The continuous extension exists due to (i) and (ii).
(a): By the density proven in (i), we can take (b,), C ran(Mj.,]) such that
b, — b= (f + ¢bpy g + ddg,v,w) in W. Then, by definition of the extension,
z = (M[e r]) b = lim, 0o [elr]bn Set zp, = (Tn, Any Vg n, Van) = M[é }ﬁ}b
which solves (5.14) due to (ii). As z, — z and b, — b in W, and by continuity
of all involved expressions, for all ¢ € [¢, 7] the right-hand side in (5.14) converges
such that the left-hand side also converges, implying that (z,\) € C([(,r]; X)? is
indeed a mild solution satisfying (5.14). Hence, also vy, — v, and vy, — va.
(b): Let z € dom(Mp,,)). Then by definition of the closure, there is (z,) C
dom(My,,1) such that My .z, — b = M[M}z € W. By continuity of the
extension (M[Z,i})e’

(Mg )Moz = (M, rp)e i Mg 2,
= lim (M[e 7n])eM[g’,«]zn = lim z, = z,

n— oo n—roo

where in the second last equality we used that M, 2, € ran(M,,)) and the
property of an extension, that (), 7 i]) M[Zl] on ran(Mig ).

(c): We first show ran ((M[f,r])e) C dom(My,)). Let z € ran (( [;1]) ), that
is, there is b € W such that z = ( [M) b. By definition of the extension,
there is (bn)n C ran(Mp,,) such that (M, . r]) b = limy, 00 [e,lr]bn- Setting
Zp = M[e ]b € dom(Mj,,) for n € N we thus have that z, — 2z and My ,12, =

b, — b € W. Hence, z, € dom(M (t,r])- Further, by the definitions above and
the definition of the closure,

M[e),ﬂ] (M[ZT]) b= M[g 7] nhrn M., bn = hm M[@ T]M[Z ]bn = IIH;O bn =b.

[e.r]
(d): The optimality conditions of (5.15) read

z(t) = Ax(t) + Bu(t) + g(t), xz(f) =d,
At) = —A*A(t) + C*Cax(t) + f(1), Ar) = ¢,
u(t) = B*A(t),

in a mild sense on [£,r] which follows by a straightforward adaption of Proposi-
tion 5.1.1. Setting v, = v —z(r) and vy = w — A(£), we have that (x,\, vz, v)) =
( [M) (f + ¢br,g9 + dbg,v,w) due to (ii). The converse direction follows as
the optimality conditions are also sufficient due to the linear-quadratic nature
of (5.15). Q

We briefly comment on the previous result.
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Remark 5.3.4. Proposition 5.3.3 (iii) (a)-(c) states that there is a natural ex-
tension to also interpret the system (5.12) (originally understood in the strong
sense) in a mild sense, cf. also Section 1.3. This is done via the variation of
constants formulas which is central in semigroup theory. The same also applies
to the optimality system (5.3).

Proposition 5.3.3 (iii) (d) yields an interpretation of the blockwise inverse
occuring for (ul — M) in terms of localized optimality systems. In this way, the
proposed iteration (5.7) may be interpreted as an iterative solution of temporally
localized optimal control problems and hence as a distributed optimization
algorithm.

Note that, for general evolutions equations, existence of strong solutions to
the optimality system is only guaranteed if the data is smooth enough, that
is, 19 € dom(A) and C*y,er € HL([0,T]; X) (see Section 1.3). In contrast, mild
solutions are already given for 7o € X and C*y,er € L1([0, T]; X).

We may now prove our convergence result for the Peaceman-Rachford itera-
tion (5.7). Note that we formulate it for strong solutions, that is, for z €
dom(M) corresponding to solutions (z,)\) € H!([0, T]; X)? of the optimality
systems; however in view of Remark 5.3.4, it naturally extends to mild solutions
(x,\) € C(]0, T]; X)? obtained from solving the optimality system involving the

closure M.

Theorem 5.3.5. Let 2° € dom(M) and p > 0 and let the iterates (z%); C
dom(M) be defined by (5.7). Let by z € dom(M) solve (5.12). Denote the corre-
sponding concatenated state and adjoints of the iterate by ', \', z, A1 [0, T] = X

defined by
in i Ty
(/v) =Cz', (/\) =Cz

and assume that the initial guess (x°,\°) satisfies the initial resp. terminal
condition 2°(0) = x¢ and \°(T) = 0. Then the following hold:

(i) The sequence (||z — 2%||z); converges and is bounded by a monotonically
decreasing sequence.

(i) We have
1CG — )0ty + 1B = A ooy =0 as & = oo

In particular, the cost functional of the iteration converges to the optimal
cost and the control iterates u' := B*\" converge to the optimal control
u = B*)\.

(iii) The state and adjoint state iterates converge uniformly, i.e.,

sup [|z(t) —z'(t)||lx =0 as i— oo,
te[0,T]

sup |IAE) = XN(t)|x =0 as i— oo.
t€[0,T]
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Proof. We start by proving statement (i). Let f := (ul — M)z and for ¢ € N, set
fi= (I — M)zi, Azl =z — 2 Afi=f— fi

In view of the iteration (5.7), we calculate

AfH = (pl = M)(ul = M)~ (pl + N)(ul = N) 7 (pl + M)Az
= (pl+ N)(ul = N)"H(pl + M)(pl — M) ~HAf?
= (ul+ N)(pl = N)~H(2pl — (ul = M))(ul = M)A
= (uI+ N)(pI — N)"H2uAz — AfY). (5.16)

As shown in Corollary 5.3.2, this yields the dissipation equality
Re(Az', MAZ') 7z = —||CAZ" 20117y — 1B*ANE2 (0,110
Thus, we have
IASHHZ = 1AFNZ = [(ul+ N)(ul = N)“H2pdzt = Af|Z — IAf]Z

<2ulz' = AT - IAF
— 42| A2 L - 4pRe(AZ, AfT)
= 42| AZ"||Z — 4uRe(AZ', (ul — M)AZ') 7
=4uRe(Az', MAZY ,
=~ (ICA oy + 1B AN s o 17,01 )
<o. (5.17)

Hence, the sequence (|[Af?||); is monotonically decreasing and therefore conver-
gent. Resubstituting Az® = (ul—M) LA f? yields the first claim (i) due to dissipa-
tivity of M and hence contractivity of the resolvent, that is ||(uI—M) ||z (z) < 1.

We proceed with (ii). Rearranging the terms in the previous inequality further
implies that

1C(x — 2" )||L2 (o,1)v) T IBT(A =X )||L2 ([0,T};U)

< @ (IAfZ = 1Aaf=H%) =0

Substituting v = B*\ and u’ = B*\’ directly yields convergence of the controls
u® — win L2([0, T]; U). Using the converse triangle inequality, we get convergence
of the cost

||Cx||%2([o,T};Y)+|\U||i2([o,T];U) - (||Cxi||i2([o,T];Y)+||ui\|i2([o,T];U)>’ — 0.

We remain to show uniform convergence of state and adjoint state, i.e., (iii).
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To this end, using the convergence of the control iterates and Cauchy Schwarz
inequality, we have on the first time interval [0, #;]

lz(t) — 2 (8)] x
<7 ()l ecx) [lwo — 2°(0) [ x

bdd. =0

t1 )
+ / 1T — 9)Bll . llu(s) — wi(s) o ds

t 1/2 t1 . 1/2
<(/ ||T<s>B|%<U,X>ds) (/ u(s)—u%s)ﬂ%ds) S0

since every semigroup is bounded on bounded time intervals, B € L(U, X) and
due to convergence of the control. Repeating this step iteratively for the other
time intervals [tx_1,tx], K = 2,..., K we get an additional error in the initial
states. Since mild solutions continuously depend on the initial data, we can use
the convergence of the state at time ¢; that we obtained from the previous step
and use the same estimate for the inputs.

Analogously we can estimate the adjoints states via a simple time transfor-
mation ¢ — T — ¢ and obtain

IA(E) = N (®)llx

T
< |ITHT = (A = A(T)llx +/t I7(s = )C*C(x(s) — 2" (s)) | x ds,

where (7*(t));>0 denotes the dual semigroup, generated by A*. Since uniform
convergence of (z); to = implies convergence in L2, we can use the same
computation as above, now proceeding from the last towards the first interval. O

5.4 Implementation aspects and numerical exper-
iments

We briefly describe particularities for an efficient implementation of the Peaceman-
Rachford iteration (5.7)2. We perform a time discretization with an implicit
Euler method and a space discretization with finite elements; the details will be
provided in the particular examples. Correspondingly, after discretization and in
view of (5.9)—(5.10), the iteration (5.7) involves very large and sparse matrices
with block structure. More precisely, in (5.7), each step (given by the evaluation
of the corresponding map F') involves two resolvents, i.e., solution of

(i) the coupling conditions encoded in the skew-symmetric part uI — N,

(ii) the decoupled optimality systems appearing in the block-diagonal of ul— M.

2A Python implementation and the code for all numerical examples can be found under
https://github.com/maschaller/time_splitting
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For (i), we compute a sparse LU factorization for ul — N before starting the
iteration. For (ii), we leverage the block structure of M (see (5.9)) leading to

ul—M, 0 0 0
0 pl=Mpy ) 0 0
0 0 pl=Mi, 107 0
pJI — M = [ta,t3] ,
0 0 0 I M

where the inner blocks are identical due to the autonomous nature of the problem
and when using a uniform time and space discretization, that is,

M[tl,tQ] = M[t27t3] == M[tK—2,tK—1]'

Consequently, we require three solvers for the application of (ul — M)~! corre-
sponding to the (1,1), the (K, K) and the interior blocks. In the subsequent
numerical experiments, these solvers are obtained by means of a sparse LU
factorization using the SCIPY.LINALG.SPARSE module. This choice is due to
the fact that, in view of the splitting into problems on smaller time horizons,
the sub-blocks are relatively small, such that direct methods are very efficient.
Having the blockwise factorization of ul — M at hand, we may then evaluate
the inverse in a fully parallelized fashion. We note that, in view of future work,
also more elaborate (saddle point) solvers for the block-diagonals are applicable,
see [15], in particular in view of the equivalence to (smaller) optimality systems
proven in Proposition 5.3.3. We summarize the method in Algorithm 1.

Algorithm 1 Peaceman-Rachford time domain decomposition

1: Parameters: maxit, tol, #splittings K, u > 0

2: Sparse LU of (uI+ N)

3: Sparse LU of (ul + My,,), (ul 4+ Mp), (ul + M)

4: for i = 1 to maxit do

5. 2"t = F(2) with block-parallel evaluation

6: if ||2iT! — 27| < tol then

7 break

8  end if

9: end for

10: return Approximate optimal triple (z,A\) = Cz, u = B*\.

5.5 Numerical experiments

We illustrate our approach by means of two examples, namely the wave equation
in two space dimensions in Section 5.5.1 and an advection-diffusion equation in
three space dimensions in Section 5.5.2. Therein, we inspect the convergence
behavior with respect to various problem characteristics such as parameters in
the PDE;, the size of the control and observation domain, as well as algorithmic
parameters such as p and the number of decompositions. Further, we analyze the
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runtime and show that an efficient implementation as sketched in the previous
section leads to fast convergence of the method.

5.5.1 2D Wave equation

First, we consider a wave equation on the unit square Q = (0,1)?> C R? in
momentum and strain formulation given by

atp(ta w) = divw Q(tv w) - pp(tv w)
875Q(ta W) = pr(ta W)

for all (t,w) € [0, T]x €. Here, p: [0, T|x — Ris the momentum, ¢: [0, T|xQ —
R? is the vector-valued strain and p > 0 is a scalar friction parameter. As initial
condition we set (p(0),¢(0)) = 1, i.e., the constant one function and as boundary
condition we choose no strain in normal direction, that is,

n(s) " q(t,s) =0

for all (t,s) € [0, T] x 99, where n: 9Q — R? is the outer unit normal of 2 =
(0,1)2. This setting gives rise to a Co-group in the state space X = L?(Q;R) x
L2(Q;R?), where for details we refer to [77,103|. For space discretization, we
apply affine linear scalar and quadratic vector-valued finite elements to discretize
the momentum and strain in space, respectively. For the triangulation, we use a
mesh width of h = 0.1 leading to a total state space dimension of n = 1202. The
time discretization is performed by an implicit Euler method with uniform step
size that be varied in the experiments. To formulate the optimal control problem,
we choose the optimization horizon T = 5 and regularization parameter o = 0.1.
Considering the input-output configuration we include two different settings:

Setting 1. Control and observation of all variables on the full domain and
dissipation, that is,

Op(t, w) = div,, q(t,w) — pp(t, w) + ui (t,w)
Orq(t,w) = Vup(t,w) + uz(t,w)

with cost functional given by

/0 / (), at @) [2s + 0.1 (ur (t, ), ua(t, w)) 2 deo .

More precisely, in view of the abstract formulation (5.1), we set Y = U =
X =L%*(%R) x L2(Q;R?) and C = B = Ix.

Setting 2. Force control and strain observation on a part of the domain and
no dissipation, that is,
Op(t,w) = divy, ¢(t, w) + xa. (W)u(t,w)
8tq(t7 W) = pr(ta W)
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with control domain . = Q \ [0.5,1]? and observation domain 2, =
2\ [0,0.5)? leading to the cost functional

T
[ [ lateenigado+on [ jutto) dwae
o Ja, Q.

For the formulation (5.1), the spaces and operators are thus defined by
U =L%(Q;R), Y = L*(Q,;R?) with input operator Bu = (*¥") and
output operator C (§) = pq, -

In Figure 5.2, we illustrate the convergence behavior in state, adjoint and
control for different values of the iteration parameter p. While the best rate
can be observed for p = 10 in both settings, we note that further increasing this
parameter again leads to slower convergence. It can also clearly be observed
that the method converges relatively monotone, up to some oscillations in the
second half of the iteration.

— u=10

— pu=01 — pu=1

rel. err. control

rel. err. adjoint

rel. err. state

10° A 10° 4
1072 A 1072 1
1073 - 1073 1
1073 A 1072 A
0 100 200 300 0 100 200 300 0 100 200 300
Iterations Iterations Iterations
— u=01 p=1l —— pu=10
rel. err. state rel. err. adjoint rel. err. control
0 4
10 0 100 4
1 10°
10 T 10_1 10—1 4
10724 10-2 -
-2
10—3 4 10 10_3 T
: . J4 10734, . . . : :
0 500 1000 0 500 1000 0 500 1000
Iterations Iterations Iterations

Figure 5.2: Wave equation (Setting 1 above, Setting 2 below): Error over
iterations for K = 5 splittings and L = 21 time discretization points.

In Table 5.1, we show the runtimes and iteration numbers to reach a relative
error of one percent. For both settings, we observe that only two splitting
intervals (K = 2) does not yield a faster runtime (due to the overhead of the
factorizations required). However, already for 5 decompositions of the time
interval, we observe a lower computation time compared to the direct solution.
Note that, due to the splitting into smaller subsystems, the time required for
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the factorizations decreases upon increasing the number of subsystems, and
the time needed for the iteration stays relatively constant due to the parallel
implementation. A drastic speedup may then be observed when increasing the
number of time discretization points L. There, we see that the suggested method
scales very well.

Setting 1 Direct solve | Factorizations | One PR-Iteration | Iter.: rel. err. < 1%
(K,L) = (2,21) 885 137s 0.26s 23 it. (143s)
(K, L) = (5,21) 885 12s 0.1s 32 it. (15.2s)
(K, L) = (10,21) 885 2.7s 0.08s 49 it. (6.6s)
(K,L) = (5,0) 2.9s 0.395 0.025 143 it. (3.255)
(K,L) = (5,11) 22s 2% 0.034s 66 it. (4.42s)
(K,L) = (5,21) 88s 12s 0.1s 32 it. (15.2s)
(K,L) = (5,31) 2465 40s 0.13s 34 it. (44,4s)
Setting 2 Direct solve | Factorizations | One PR-Iteration | Iter.: rel. err. < 1%
(K, L) = (2,21) 92s 129s 0.27s 89 it. (144s)
(K, L) = (5,21) 90s 19s 0.11s 171 it. (38s)
(K, L) = (10,21) 90s 3.1s 0.11s 293 it. (25s)
(K,L) = (5,0) 3.255 0.46s 0.025 571 it. (1.83s)
(K, L) = (5,11) s 3.1s 0.05s 240 it. (15.1s)
(K, L) = (5,21) 90s 19s 0.11s 171 it. (38s)
(K, L) = (5,31) 257s 48s 0.2s 131 it. (74s)

Table 5.1: Wave equation: Runtimes and iteration numbers with x4 = 10 for
varying number of time splittings K and time discretization points L.

5.5.2 3D Heat equation

As a second example, we consider a heat equation in the unit cube Q = (0,1)3
given by

Opa(t,w) = Ava(t,w) + xa. (Wu(t,w)

for all (t,w) € [0, T] x © with control domain . C Q to be specified later. We
choose homogeneous Neumann boundary conditions, i.e.,

0(s)" Vot s) =0

for all (¢,s) € [0,T] x 9Q and where n: 9Q — R? it the outer unit normal of
Q. As initial value we choose again the constant one function xg = 1. The
heat equation gives rise to a Cy-semigroup on X = L2?(Q;R). However, due
to its strong smoothing effect, the dynamics are not time-reversible, such that
the semigroup is not a group, i.e., this example violates the assumptions of
Theorem 5.3.5. However, as we will show below, the proposed algorithm still
performs very well. In particular, we will inspect mesh-independence of the
method, which strongly motivates further analysis for parabolic equations.

We perform time discretization with an implicit Euler method, as well as a
space discretization with linear finite elements. Both, the mesh size h and the
number of time steps L will be varied and specified below. For time horizon, we
choose T = 10, as well as penalization parameter o = 10~!. Again, as for the
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wave equation of the previous subsection, we consider two different input-output
configurations.

Setting 1: Full observation and control, that is 2. = 2 and the cost functional

T
/ / lz(t, w)|* + 0.1|u(t,w)|? dw dt.
o Ja

Thus, concerning the abstract formulation (5.1), this corresponds to ¥ =
U=X =1L%R) and B = C = Ix. In this setting, we use a spatial
discretization with mesh width h = 0.1 leading to a state space dimension
of 1331.

Setting 2: Partial observation and control on non-overlapping parts of the
domain, that is, the control domain Q. = {(w1, w2, ws3) € Q|w; < 0.5} and
the cost functional

T
/ / |:C(t7w)|2dwdt+0.1/ lu(t, w)|? dw dt
0 JQ, Qe

with observation domain Q, = {(w1, w2, ws) € Q|w; > 0.5}. Moreover, we
use a spatial grid with mesh size h ~ 0.077 and 2744 degrees of freedom.

In Figure 5.3, we depict the convergence behavior in state, adjoint and control
for both settings and varying p. Here, we observe that the smallest parameter
is the best choice and again, we observe a relatively monotone convergence
behavior.

The runtime and number of iterations is reported in Table 5.2. We observe
that the iteration number is almost constant in the number of splittings, while the
time per iteration, and in particular the factorization time drastically decreases
due to decreasing dimensions of the sub-blocks.

Setting 1 Direct solve | Factorizations | One PR-Iteration | Iter.: rel. err. < 1%
(K,L) = (2,13) 83s 60s 0.15s 233 it. (94s)
(K,L) = (4,13) 83s 9.7s 0.06s 233 it. (24s)
(K,L) = (6,13) 83s 2.6s 0.045s 233 it. (10s)
(K,L) = (6,13) 83s 2.6s 0.045s 233 it. (10s)
(K,L) = (6,19) 250s 9.2s 0.08s 233 it. (28s)
(K, L) = (6,25) 359s 21s 0.12s 233 it. (49s)
Setting 2 Direct solve | Factorizations | One PR-Iteration | Iter.: rel. err. < 1%
(K,L) = (2,13) 748s 418s 0.5s 43 it. (440s)
(K,L) = (4,13) 748s 41s 0.2s 43it. (50s)
(K,L) = (6,13) 748s 15s 0.15s 53 it. (23s)
(K,L) = (6,13) 748s 15s 0.15s 53 it. (23s)

(K, L) = (6,19) 2493s 45s 0.27s 61 it. (62s)
(K, L) = (6,25) 3585s 107s 0.42s 71 it. (137s)

Table 5.2: Heat example: Runtimes and iteration numbers with g =1 (Setting 1
and Setting 2).

Last, we show in Figure 5.4 the behavior with varying space discretizations.
We observe that for 4 = 1 and pu = 10, the spatial refinement has almost no
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— u=1 u=10 — u=20
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Figure 5.3: Heat equation (Setting 1 above, Setting 2 below): Error over
iterations for (K, L) = (6, 13).

influence, while for g = 20 the convergence speed for the intermediate mesh
width is reduced. This indicates that, indeed, the method also works well for
parabolic equations motivating future research to remove the assumption on A
generating a Cyp-group in Theorem 5.3.5.

5.6 Conclusion

We have proposed a Peaceman-Rachford-based time domain decomposition
method for optimal control of hyperbolic PDEs. To this end, we formulated the
optimality system as a sum of two maximally dissipative operators that may be
interpreted as serial coupling of optimality systems. This allowed us to show
convergence of the corresponding Peaceman-Rachford iteration in function space.
We illustrated the method by means of two numerical examples involving a wave
equation in two space dimensions and a heat equation in three space dimensions.
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—— 343 DOFs —— 1331 DOFs —— 2744 DOFs
u=10 u=20
10° 4 10° A
1004\
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Figure 5.4: Grid (in)dependence for heat equation (Setting 1): Control error

over iterations for K = 6 splitting intervals and L = 13 time discretization
points.
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