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1 Introduction

Theoretical many-body physics deals with systems with a large number of interacting parti-
cles and aims to calculate experimentally measurable observables from microscopic relations.
This is a major challenge, since the dimension of the Hilbert space for any such appropriately
regularised system, and thus the number of states, grows exponentially with the number of
constituents. In general, one has to employ perturbation theory or purely numerical methods.
However, from perturbation theory one can only expect reliable results far enough from phase
transition points and only if the perturbation is small. For numerical approaches one has to
extrapolate to realistic system sizes that are not achievable numerically. Such extrapolations
are generally difficult to justify theoretically and are usually justified with experimental data.

There exists a special class of interacting many-body systems which are exactly solvable
(integrable). Ome of these systems is the one-dimensional spin 1/2 XXZ chain, also known
as Heisenberg-Ising chain, a generalisation of the one-dimensional Heisenberg model. The
Heisenberg model was introduced by Heisenberg in 1928 [22] and describes the (anti-) ferro-
magnetism of magnetic insulators with an effective Hamiltonian. The Hamiltonian describes
the nearest neighbour interaction of localised spins resulting from Coulomb interaction and
the Pauli principle. A is an anisotropy parameter that may capture effects such as dipol-dipol
and spin-orbit interactions. The Hamiltonian of the spin 1/2 XXZ Heisenberg chain with 2L
lattice sites is given by

L
Hxxz=J Y (0107 +0! 0 + Ao 107 —1)) . (1.1)
j=—L+1

Here of, a = z,y, 2, denote the Pauli matrices acting on the j-th site of the chain, and
we assume periodic boundary conditions. The parameter J determines the strength of the
exchange interaction and is taken to be positive in this work. One may introduce a magnetic
field h in z-direction without breaking the integrability of the model by adding a Zeeman-term
to the Hamiltonian,

no L
H:Hxxz—§ Z Uf. (12)

j=—L+1
Examples of materials with one-dimensional substructures that can be described by the XXZ

chain are Cu(py)2Cly or Cu(py)2Bra [45].

The ground-state phase diagram of the XXZ chain depicted in Figure 1.1 was obtained
by Yang and Yang in 1966 [43]. At temperature 7' = 0 the spin 1/2 XXZ chain is separated
into three different quantum phases by second order phase transitions in the A-h-plane [43].
In the ferromagnetic regime the ground state is the fully polarised state and correlations are
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Figure 1.1: Ground-state phase diagram of the spin 1/2 XXZ chain [43]. The phases are
separated by the lower and upper critical fields hy = 4.J sh(y)94(0/e7), where ch(y) = A
and 14 is one of the Jacobi-Theta functions [39], and h, = 4J(1+A). For h < 0, the diagram
is symmetric with respect to the A-axis. A first order phase transition line separates the
ferromagnetic regime at h = 0.

trivial. At h = 0, there is a first order phase transition line in the ferromagnetic regime,
since the orientation of the spins in the fully polarised state changes with the direction of the
magnetic field. In the antiferromagnetic massive regime the ground state is twofold degener-
ate and the energy spectrum is gapped. In the antiferromagnetic massless regime there is a
gapless, continuous energy spectrum. For T' > 0 no phase transitions are present. However,
the characteristics in each regime at T" = 0 transfer to the case T' > 0 such that the regimes
require different analyses at low temperatures.

In 1931, Bethe first calculated the spectrum of the isotropic Heisenberg chain (i.e. A = 1)
with the so-called coordinate Bethe Ansatz [7]. Lieb applied this Ansatz to calculate the
eigenvectors of the transfer matrix of the ice model in 1967 [31], enabling him to calculate
the residual entropy of two-dimensional ice. He observed that the wave functions are the
same as for the XXZ chain [30] that had been obtained by Orbach [32] and studied by Yang
and Yang [41]. Lieb’s result was generalised by Sutherland later in 1967 [36] by introducing
the six-vertex model, from which the ice model can be obtained as a special case.

In the early 1970s, Baxter found that the Bethe Ansatz works for the six vertex model
provided that two transfer matrices for different rows and with different spectral parameters
commute [3]. This is given if the R-matrices of the model satisfy a local commutativity
condition, the so-called Yang-Baxter equation [5,6,40]. He also found that the Hamiltonian
of the XXZ chain is generated from the transfer matrix of the six-vertex model by taking its
logarithmic derivative [4]. The spectrum and the eigenvectors of the XXZ chain can also be
determined using the algebraic Bethe Ansatz [12,34]. This has the advantage over the method
originally used by Bethe that the comparatively simpler expressions for the eigenstates are
also suitable for calculating expectation values and matrix elements of local operators [24,35].
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This was the basis to develop an approach to the calculation of ground state correlation func-
tions based on the Bethe Ansatz, starting with [23,25].

In this work, we use the quantum transfer matrix formalism as introduced in [26,27]. The
quantum transfer matrix is a very useful tool to calculate the thermodynamic properties of the
model. Its spectrum and eigenvectors can be obtained with the algebraic Bethe Ansatz. The
quantum transfer matrix has one eigenvalue of largest modulus, also called the “dominant”
eigenvalue, which has a finite gap to the eigenvalue of next-largest modulus. The dominant
eigenvalue determines the free energy and thus enables the calculation of quantities such as
the magnetisation and susceptibility and all its static correlation functions [19,20]. Although
this method has the advantage that only one state of the quantum transfer matrix has to
be taken into consideration, calculating two-point correlation functions becomes more and
more complex with increasing distances [8,33]. For the calculation of correlation functions at
large distances, the thermal form factor series presented in [10] provides a suitable expression.
This series includes not only the dominant state but also all other eigenstates of the quantum
transfer matrix, which are also referred to as “excited states”, and has the form

(@1Ymar)n = Y AW e & T (1.3)

n

The sum runs over all eigenstates of the quantum transfer matrix, the summands consist
of amplitudes A’Y and correlation lengths &, as well as phases ¢,,. The correlation lengths
and the phases can be determined from the ratio of the eigenvalue of an excited state to the
eigenvalue of the dominant state [26]. The form factor series approach also offers access to
the calculation of dynamical correlation functions [18].

It is possible to reformulate the Bethe Ansatz equations as a non-linear integral equation
and replace solving the Bethe Ansatz equations by solving an equivalent non-linear problem.
This then consists of solving the non-linear integral equation and a finite number of quan-
tisation conditions, sometimes also called “higher-level Bethe Ansatz equations”. With the
help of the solution to the non-linear problem one can give integral expressions for the eigen-
values, and thus also for the free energy and for the correlation lengths [26]. Furthermore, it
is possible to express the amplitudes in terms of the non-linear problem. In order to give an
explicit expression of the series (1.3) all excited states of the quantum transfer matrix have to
be known. In the massive regime, an explicit expression for the form factor series for the lon-
gitudinal two-point function has been obtained at low temperatures in 2021 [2], for which the
knowledge of the excitations of the quantum transfer matrix was important. In particular, the
non-existence of string-type excited states enabled the derivation of the explicit expression. It
is anticipated that in the massless regime a detailed knowledge of the spectrum of the quan-
tum transfer matrix also leads to an explicit expression for correlation functions in the future.

The study of the low-temperature spectrum of the quantum transfer matrix in the massless
regime is the subject of this work. In [15], a rigorous solvability theory of the aforementioned
non-linear integral equation describing the thermodynamics of the XXZ chain has been es-
tablished. The theorems for the unique solvability of the non-linear problem equivalent to the
Bethe Ansatz equations are presented in Chapter 3. An expansion of the solution function of
the non-linear integral equations for low temperatures is presented in Chapter 4. The terms
of this low-temperature expansion are given in terms of solutions to linear integral equa-
tions. The leading order is given by the so-called “dressed energy” . At low temperatures,
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Chapter 1. Introduction

the Bethe roots parametrising the dominant eigenvalue come close to the curve Ree = 0.
The thorough understanding of the behaviour of the dressed energy forms the basis for the
solvability theory and the analysis of the low-temperature spectrum of the quantum transfer
matrix. The behaviour of the dressed energy in the complex plane is the subject of Chapter 5.
The analysis for the cases 0 < A < 1 and —1 < A < 0 is considerably different. In the range
0 < A < 1 all properties required for the construction of the solvability theorems and the
analysis of the spectrum of the quantum transfer matrix can be described mathematically
rigorously. This is so far only possible to a limited extent within the range —1 < A < 0,
as discussed in detail in Chapter 5. In Chapter 6, the low temperature expansion of the
solution to the non-linear integral equation and the properties of the dressed energy are used
to make statements about the excited states of the quantum transfer matrix. In particular,
it is studied whether string-type excitations of the quantum transfer matrix may exist in the
massless regime at low temperatures. For 0 < A < 1 mathematically rigorous statements can
be given, for —1 < A < 0 we provide conjectures supported by numerics. In Chapter 7 we
rigorously identify the dominant eigenvalue and show that the correlation lengths are given
by the spectrum of the free Boson ¢ = 1 conformal field theory in the leading order.

Publications related to this thesis

The results of this work have been published in [14] and [15]. More specifically, Chapters 3,
4, 6 and 7 are published in [15] and the results from Chapter 5 are partly published in [14]
and [15], the results in Section 5.4 are unpublished so far. The proof of Theorem 6.2 is a
simplified variation of the proof of Theorem 6.2 in [15].



2 The quantum transfer matrix
formalism

In this chapter, the algebraic Bethe Ansatz [12] and the quantum transfer matrix formalism
[27], which are fundamental for this work, are briefly outlined. The non-linear problem, which
is equivalent to the Bethe Ansatz equations of the quantum transfer matrix, is introduced in
the second section. In parts, this chapter follows the reasoning and notation of [13,16].

2.1 Algebraic Bethe Ansatz and quantum transfer matrix

The spin 1/2 XXZ chain is a “fundamental Yang-Baxter integrable” model [6]. The object
which underlies the integrability of such models is the so-called “R-matrix” R(\, u) : C? —
End(C? ® C%), which fulfils the “Yang-Baxter equation”

Ria(A, p) Raz(A, v) Ras(p, v) = Rag(p, v) Raz(A, v) Raa(A, ) - (2.1)

The indices of the R-matrices indicate on which spaces they act non-trivially, the arguments of
the R-matrices are called spectral parameters. The R-matrix satisfies the regularity condition

R\ =P, (2.2)
where P denotes the permutation operator, and can be normalised such that it is unitary,
Rio(A\, p)Roy(p, A) = id. (2.3)

The R-matrix of the XXZ spin 1/2 chain is

1
R =| I T (2.4
1
with
sh(}) and c(N) = ShSh(77) (2.5)

b(A) = sh(A +n) A+n)’

With the R-matrix we associate the transfer matrices

£L(0) = tro{Rap(M0) ... Ro—141(X,0)}, (2.6)
t_J_()\) = tra{R,L+17a(0, )\) - RLya(O, /\)} s



Chapter 2. The quantum transfer matriz formalism

where a denotes an auxiliary space. The Hamiltonian of the XXZ chain can be generated
with these transfer matrices,

L
hrtL (O, (0) = —hrt L (O)FL(0) =hr Y OARj—1,5(1.0)

A=0
j=—L+1

hR = x x z z
= Sq 2 (05107 + 0¥ 0% + ch(n) (o 10 — 1)) = Hxxz, (28)
shin) =,

where we set R = PR, hg = 2Jsh(n), ch(n) = A and of,

matrices. With periodic boundary conditions it holds by definition that R L—L+1=R_1 141
and of = 0%, . External fields can be coupled to the Hamiltonian by introducing a twist

a € {z,y,z}, denote the Pauli

O(a) = 2%, (2.9)
a € C, ¢ € EndC? Using the U(1) symmetry of the R-matrix,
[Ri2(A, 1), ©1(a)O2(a)] =0, (2.10)
it follows that
[t (0) (0),0_r11(a)...OL(a)] =0. (2.11)
Setting ¢ = J—;, this allows us to add a Zeeman-term
1 L
H=Hxxz— hS*? with S% — 2j_;+10—;. (2.12)

to Hxxz without affecting the integrability.
In order to calculate the statistical operator, we use the “Trotter formula”

ti (— Q}JL\?T> [ (2?T>}N (2.13)

which follows from (2.8). N is called “Trotter number”. Setting

. h gz
= lim eT?®
N—oo

e

H
T

_ hgz hr \ - hr \1V _
PN,L = eTS [tJ_ (_2]\7T) tJ_ (2JVT>:| and ZN,L = tr—L—i—l,...,L{PN,L} (2.14)

we get the finite Trotter number approximant to the statistical operator

PN,L = gN’L (2.15)
N,L
We define the “staggered and twisted inhomogeneous monodromy matrix”
Ta()\|oz) = ea(ﬁ“ RQI—NG(VQN, /\)Ram()\, VQN_l) e R%la(VQ, )\)Rai()\, Vl) s (2.16)

v = (=1)*"1hp/(2NT), where we have introduced 2N vertical spaces 1, ...,2N, also called
“auxiliary spaces”. The superscript t; denotes the transposition with respect to the first
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2.1. Algebraic Bethe Ansatz and quantum transfer matriz

space. Since the R-matrix (2.4) fulfils the Yang-Baxter equation (2.1), the monodromy
matrix generates a representation of the Yang-Baxter algebra

R (A, 1) T (N e) T (pler) = Tio(pl ) Tj (M) Rjre (A, o) - (2.17)

Using the monodromy matrix and setting o = h/T, we can rewrite py 1, as

PN,L = trjnﬁ{Tl(O’a) ... TL(O]a)} . (2.18)
In the auxiliary space a = —L + 1, ..., L, the monodromy matrix is a 2 X 2-matrix
_ (AQ) B\
To(Ma) = (C’()\) D(N) ) (2.19)

with operators acting on C292N a5 entries. Its trace
t(Ma) = tro{Ta(Ma)} = A(N) + D(X) (2.20)
is called “quantum transfer matrix”. Due to the commutativity

[t(Al@), t(ule)] =0, (2.21)

which is a consequence of (2.17), the eigenvectors |¢,,) are independent of the spectral param-
eter. Assume that the quantum transfer matrix has a unique maximal eigenvalue Ag(0|a) in
the vicinity A = 0, which is real, positive and non-degenerate and that there is always a gap of
finite size between the dominant and the next largest eigenvalue. [17,27,37]. This eigenvalue
is called the “dominant eigenvalue” and the corresponding eigenvector |¢p) the “dominant
state”. The other eigenvalues are either real or appear in complex conjugated pairs and are
also referred to as “excited states” of the quantum transfer matrix. The numbering of the
eigenvalues is chosen such that they are ordered by size,

Ao(0]a) > A1 (0]a)| = [A2(0]a)| > ... . (2.22)

We can use this property to find a simple expression for the free energy per lattice site in the
thermodynamic limit,

1 1
J(T,h) = =T lim lim - InZyp =T lim lim —In fter o lt(010)*}}

L—oo N—oo 2 L—oo N—oo

22N 1
. 2L .
= —Tng%ongnooln{ Z A2E(0a) } = =T lim InAg(0ler). (2.23)
In the last step we used (2.22) and assumed the commutativity of the limits L — oo and
N — oco. This commutativity has not been rigorously justified yet for all temperatures. How-
ever, (2.23) has been used to study the thermodynamics of integrable models, in particular
for the XXZ chain [26,27] and the results match those obtained with other methods. Re-
cently, the commutativity was proven for sufficiently high but finite temperatures [17]. The
authors expect the result to be generalisable to all quantum integrable models associated
with a fundamental R-matrix.



Chapter 2. The quantum transfer matriz formalism

Under the assumption that the limits commute, we can express correlation functions by

@W . FFy L gim tr—L+1,...7L{efH/Tx§1)...x,(f_j“)}
e g T,h - L—oco tr_L_;’_l’.“,L{e—H/T}
iy (ol r{T©0la)x VYt {T(0]a)a "IV} [yo) -
o A§T(0]a) (olto)

where xﬁff) denote local operators at site m [19]. In particular, by inserting the identity

B ) (0l
= e (2.25)

we can perform the “form factor expansion” for two-point correlation functions of the oper-
ators « and y in the Trotter limit [10]

- 2%1 (tho| tr{T'(0]a)x} [¢hn) (¢om| tr{T'(0]c)y} [tho) <An(0|a)

(= Jim 3 T e oo Tl (Raler) 220

Defining amplitudes by
(Yol tr{T'(Ola)x} [¢n) (o] tr{T (0la)y} |¢b0)

A = A (0I) A (0f0) (Volto) (i (220
and correlation lengths &, > 0 by
QZESB — e e Ti9n (2.28)
with phases ¢,, € R, one can rewrite (2.26) as [10]
22N _1 .
(1Ymi1)Tn = Jim ;) AZY o & Timon (2.29)

This series is also called “thermal form factor series”. The thermal form factor series for
dynamical two-point correlation functions is [18]

22N _q iJtsh(n) iJtsh(n) N
o ~Ltig, (An(TF o) Ao(——F o)
Z1Ym+41(8))rp = lim eftes(@) AYe €n+¢"< - - )
< + ( )> Noo nZ:() A0<1Jt§\l]1(n)’a) An(—lJtJ\S]h(T])’a)
(2.30)

where z is such that ©(a)zO(—a) = e**®) g,

The eigenvalues A, (A|«) and the eigenstates |¢,,) of the quantum transfer matrix can be
obtained with the algebraic Bethe Ansatz. For this, consider the pseudo vacuum

o[-



2.2. Auziliary functions and non-linear integral equations

The action of the operators A(\) and D()) from (2.19) onto this pseudo vacuum is

N
AN [0) = /2 [T blvas — A)[0) = a(A) [0) | (2.32)
j=1
N
D(A)[0) = /2 T[] b(A = va;-1) [0) = d(A) [0} . (2.33)
j=1

For a set {u} = {uj}%l C C define the function

M
QA{up) = T shr — ). (2.34)
j=1

If this set satisfies the Bethe-Ansatz equations

d(pg) Quj +nlfu}) _
) Qg =) — I (2.35)

the eigenstates and eigenvalues of the quantum transfer matrix can be determined with the
elements of this set. The elements j; are then called “Bethe roots”.

My

The system of equations (2.35) has multiple solutions {u(™} = {ugn)}jzl, which are

numbered with index n. With each set {u(™}, an eigenstate of the quantum transfer matrix
can be generated using the operator B(\),

[n) = B(u)) ... B(u§"™) [0) . (2.36)
C(\) determines the bra
(ul = (01 C(u™) ... C(H5]). (2.37)

The corresponding eigenvalue is given by

QA —nl{p™})
QA{u™})

QA+ nl{p™})

An(la) = a(d) QU (1))

+d(\)

(2.38)

with

My
Q™) = T] sh(r = ™). (2.39)

Jj=1

The numbering of the eigenvalues is chosen as in (2.22).

2.2 Auxiliary functions and non-linear integral equations

By introducing an auxiliary function

_ AN QA+ nl{n})

a(\[{ , 9.40
D = ) QO =) (2:40)

the Bethe Ansatz equations (2.35) can be rewritten as
L+ aWu™) =0,  j=1,...,M,. (2.41)



Chapter 2. The quantum transfer matriz formalism

However, equation (2.41) is not only solved by the Bethe roots {ug-n) }j]\/inl, there exist 2N
other zeros of 1+ a,,(A) which are not Bethe roots. These arise because the auxiliary function

is a ratio of polynomials in €}, each having degree 2N + M,,.

In this work, we analyse the antiferromagnetic massless regime of the XXZ chain, restrict-
ing ourselves to the range —1 < A < 1 and positive magnetic fields h > 0. We choose the
parametrisation

n=-—iy with ~ye€(0,7), (2.42)

where we remind that A = ch(n).
Using the residue theorem and partial integration, the auxiliary function a,(\) can be
rewritten as an integral equation [27]. For this purpose, a simple closed contour %, is defined,

which, for each state n, includes only the Bethe roots and the N-fold pole at —hr/(2NT),
but no other zeros of 1+ a,,(A) or other poles. Furthermore set

s, = sign(m — 27v) and Ym = min(y, ™ — 7). (2.43)
Then, the “monodromy condition”
dw
— OyIn(1+a,(w)) =M, — N = —s, (2.44)
¢, 27l

holds, where s, is the so-called “(pseudo-) spin of the n-th excited state”. Set

hih+ 2 — he yeph(\— 10 4+ IR
mN()\):h—NTln<S ( "2 Q,iVT)S ( ii+2}ffT)> (2.45)
and define the kernel function
s . . sin(27)
K(\) = =L (cth(\ — iyy,) — cth(A +iv,)) = 2.46
(W) = 5 (thX = iym) —ethA + ) = o S T 1) (246)

which is an im periodic function with poles at A = +iy mod iw. Assume that %, is such that
A & i, is outside of %), to ensure that the poles of K are not in %,. Then we obtain the
identity

du sh(iy — A + ,u))
— In{——F—~ In(1 n
[gn 27i n ( sh(iy+ X —p OuIn(1 + an(p))

Mo [ h(iy — A+ A h(iy — A — A8 A- D
=>» In (S (W Z ) — Nln (S iy 2NT)> zlnan()\)+M—iﬂsn
J

sh(iy + A\ + 5ak-)

— s n (Sh(A—%—W)

Sh(h— 2+ 17)) + /d“K(A — 1) Lngg, (1 + an)(p) . (2.47)

Here, the second line is obtained using the residue theorem and identifying with the definition

(2.40) and the third line by partial integration and with (2.44). Thus we find an integral
equation for a, () [16, 28],

Ina,(A) = —s, In (Sh(A — ?7)) LGS Y / dwK () — w) Ling, (1 + an)(w)
Cn

(2.48)

10



2.2. Auziliary functions and non-linear integral equations

Above, we have set the logarithm for a contour ¢ and A € ¥

Lng (1 + a,)(\) = /w dw % +In(1 + ap(5)). (2.49)

s denotes a point on the contour . The contour €, runs from » to \ along the contour
¢ . This definition ensures that the function Lng, (1+ a,)()) is holomorphic and no jumps of
2mi occur along the curve %,,. The “In” on the right-hand side denotes the principal branch
of the logarithm.

With this formulation, the contour %, contains the information on the states and therefore
differs for all states of the quantum transfer matrix. Another possibility is to fix a reference
contour and consider all states relative to it.

For the low-temperature analysis throughout this work it will be more convenient to
introduce the auxiliary function @(\) by

sy _ A+ ) QA —ivl{A})
arh+3) QU+ 1A

. i i N
(—1): 1]\—/[[ sh(%fy—/\vt/\j) . <sh()\+;—2f}\,’?r)sh(%27+)\+2}jv’})> .
sh(iy + A = \j) sh(A 4+ 2 4+ ey sh(D — A+l

jZI (2.50)

@(A) is a meromorphic function and the by —iy/2 shifted Bethe roots {\} = {Aj}%l are a

subset of zeros of 1 + e_%“. Introduce

1 ((sh(iv+A)
60\ = iln (Sh(i,yi/\)) . for Im A| < v, (2.51)
—msg +1iln (:EEI/\W:X) for v, < [ImA| < %,

where “In” denotes the principal branch of the logarithm. () is an im-periodic holomorphic
function on C\ U,_ 4 {R" +iv,, +inZ} with cuts along {R* £ iv,, +irZ}. We introduce the
+ boundary value 64 () = lim,_,g+ 6(X + ie) which is needed only at the cuts. Note that

0'(A)
2T

= K()). (2.52)

Let © C C be a bounded and simply connected domain which contains +hr/2NT —ivy/2.
For two elements z1,z9 € D with Rez; = Rezg it shall hold that [Im(z1 — 22)| < Ym.-
Furthermore 4 shall be piecewise continuous on 09. This contour can be used to rewrite
(2.50) as a non-linear integral equation. Let 8 = {Aj}jj‘il denote the set of by —iy/2 shifted

Bethe roots, Y the set of the shifted Bethe roots outside D and X the set of zeros of 1 —I—e_%ﬁ
which are not Bethe roots inside D, more precisely

PN N hr iy
X= {a;a}‘ail where Z, € D\ {iZNT - 2} , (2.53)
Y= {z}a}ljﬁl where ), € {z € (C‘ - g <Imz < g} \D, (2.54)

11



Chapter 2. The quantum transfer matriz formalism

such that

W) =0 for a=1,...,|%|, (2.55)
WJa) — 0 for azl,...,|y|. (2.56)

1+4+e”
1+e”

S-S

The latter equations are also referred to as “higher level Bethe Ansatz equations” or quan-
tisation conditions, the elements of X are called “hole” roots, the elements of Y are called
“particle” roots. Since we will only consider the shifted Bethe roots in the analysis to come,
we will refer to 8 = {)\j}jj\il as the Bethe roots from now on.

e~ 7% is a meromorphic function with poles at —hgr/(2NT) —iy/2 and at the so-called
“singular roots” defined by

- . VA . ..
Yo = {ysg;a}ngl‘ where  Jsgiq = Ja — iS2vm € D . (2.57)

For @(\) the monodromy condition

du m) - N .
o SN TR S 2.58
/az) 2miT 1 4 e~ 1K) o= W= 1%l + 12 (2.58)

holds. By rewriting

sh(iy — A+ p) sh(iy — A+ p) sh(iy — A+ p) sh(iy + A —p)
11 sh( £ A= 1) 11 11 11

- hiiv + A — - sh(iv + A — L Sh(iy — A
sh(iy+ A —p) s (v +X—p) et iy — A+ p)
(2.59)

nes pe{B\Y Uk

in (2.50) and taking the singular roots into account we find the non-linear integral equation
a(A) =rwn(\) —imsT —iT > 04 (A —p) + mby (X — 3)
Mey@ysg@:%

- T/ dp K(A — i) Lngp (1 + e~ T) (1) . (2.60)
0D
Here and in the following we use for two sets A, B and some function f the notation

S =D fw+ D fw) Y fw) =D fw) = > fw) (2.61)

HEABB HEA neB neEASB HEA neB

and similarly

I =11 TL 50, I o = uead®) (2.62)

HEADB HEA uEB HwEASB HuEB f(ﬂ)

Remark. By defining X and Y as sets, it is implicitly assumed that the zeros of 1+ e 7% are
simple. In general, the zeros may appear with multiplicities k;, k, and one defines

o hr iy

%—{(z,kx)azeﬂ\{iQNT 2},]{;,;6[\1}, (2.63)
. — T

y:{(x,kgc)yeC\D, —§<Imz§§, kyeN}, (2.64)

12



2.2. Auziliary functions and non-linear integral equations

such that
R(1+e TN =0 for p=0,... k-1 and O (14+e 7"V} 2o,
A=z A=z
(2.65)
& (1+e V)| =0 for p=0... k1 and O (1+e TV)| 20
A=y A=y
(2.66)

for any (z,k.) € X, (y, k) € Y. (2.57)-(2.62) should then be adjusted accordingly. This
can be done in a simple way by interpreting X, Y as defined in (2.53), (2.54) as well as B
not as sets, but as collections of parameters, where each parameter is repeated due to its
multiplicity. A more precise notation of (2.61) and (2.62) for this case is given in Appendix
A of [15].

It was shown in [15] that for solutions which give rise to eigenstates of the quantum
transfer matrix all multiplicities k,,, k,, are equal to one. Thus in this thesis only these
solutions will be considered, and the reader shall be referred to [15] for the more general case.

The analysis of the Bethe Ansatz equations (2.35) is now replaced by solving an equivalent
non-linear problem, namely by finding a function @ solving the non-linear integral equation
(2.60) along with the sets X and Y satisfying the higher level Bethe Ansatz equations (2.55),
(2.56). It is possible to express all physically relevant observables in terms of the solutions

A

(2, %,Y) to the non-linear problem. For instance, we can rewrite the eigenvalue (2.38) as

o Loy i A+ 2|8
ANB) = a(N)(1 + e*%“@*f”)w : (2.67)
QA —3[8)
The latter equation can be rewritten as
s h , .
InA(Na, X, Y) = oT + Z ipo(pe — ) +impo (3¢ — A)
#Ey@ysg@:%
dp —La
— [ o=pole—A) Lngp(1 +e7%) () (2.68)
oD 2
where
sh(F + )
A)=iln 2 2.69
po(A) =i (sh(lg—/\)> (2.69)

With this expression for the eigenvalue, the free energy (2.23) and the correlation lengths
(2.28) can be expressed in terms of the solutions (@, X, ) to the non-linear problem. This is
also true for the amplitudes (2.27) [10].

The benefits of considering the non-linear problem instead of the original system of Bethe
Ansatz equations become apparent when studying the infinite Trotter number limit, as the
number of higher level Bethe Ansatz equations remains finite even for infinite Trotter number.
Consider toy in the Trotter limit,

2.J sin?
lim roy(\) =h— Jsin(7)

N-00 sh(A + 3)sh(A — Z) = eold). (2.70)

13



Chapter 2. The quantum transfer matriz formalism

A
\/

(o] (o]
oo 8y
2
Figure 2.1: Sketch of the Bethe roots 8 (e) and other zeros of 1 tem T (o) of the dominant
state and the integration contour 3o in the complex plane. The “x” mark the Fermi points.
For low temperatures, the Bethe roots move toward the Fermi points, for high temperatures
they move towards iy/2. The other zeros move analogously, for low temperatures they move

towards the (by —iv shifted) Fermi points, for high temperatures they move towards iy/2
and —3iy/2.

g is called “bare energy”. Taking the limit N — oo in (2.60) leads to the replacement of
wn(A) by €g(A) in the non-linear integral equation, and thus we obtain a new non-linear
integral equation

u(A) =eo(A) —imsT —iT > 04 (A—p) + mby (A — 3)
/Izey@ysge:{

—T/ duK(A—u)LnaD(l—i—e_%“)(u) (2.71)
0D

with the formal replacement &, < x4, Jo < Yo in the non-linear problem described above.
If the solutions converge, (4, ff,y) — (u,X,Y) for N — oo, one can easily take the Trotter
limit of the eigenvalue (2.68). However, rigorously establishing this convergence is non-trivial.
A rigorous proof is given in [15].

For the numerical analysis, fixing one contour for all states is very convenient. A reason-
able choice for the fixed contour is the contour of the dominant state, namellyAthe contour that
contains all Bethe roots of the dominant state but no other zeros of 1+e~7“. The behaviour
of the Bethe roots of the dominant state has been analysed for the limits 7" — 0% [10],
T — oo [17], A = 0 [18] and by numerics for small Trotter number [21], and based on
these analyses one can choose a contour Gyom. Furthermore, one can identify s = 0 for the
dominant state. For h > 0, the Bethe roots of the dominant state are located in the strip
—3 < ImX < 0, the other zeros of 1+ e~T% are located in the strips 0 < Im A < 7 and
—377 <ImA < —3 as depicted in Figure 2.1. In the infinite Trotter number limit, —%’ is an

14



2.2. Auziliary functions and non-linear integral equations

[ ]
(+)
(Kdom A‘,/—xgu—\ R'e>>‘ %d om m Re>>‘
[ ]

Figure 2.2: Sketch of a configuration of Bethe roots B (e) and other zeros of 1 + e T (o)
for two states with s = 0 on the lhs and s # 0 on the rhs with the contours €gom and Gres.
qq(f) solves u(A) = 0. For s = 0, the particle is a particle with respect to both contours,
however for s # 0 the Bethe root encircled in grey is a particle with respect to gom but not

with respect to 6.

accumulation point of the Bethe roots, % and —?’iT'Y are accumulation points of the other ze-
ros. For low temperatures, the Bethe roots and the zeros move towards the so-called “Fermi
points” located on the real axis, resp. towards the by —iy shifted Fermi points, for high
temperatures the roots move towards the accumulation points. This allows one to choose a
straight contour for the dominant state,

Caom = [-R—F —ie, R— 7 —ie]U[R— 2 —ie, RJU[R,~R|U[-R,~R — 7 —i¢] (2.72)

for some € > 0 small enough and R > 0 large enough. In order to solve the non-linear problem
numerically, introduce the functions [27]

“9 and B(N) = er ™ | (2.73)

by

b(\) = e TUO-

In absolute values, the function b is, for low temperatures, small on the lower part of the
contour %om and the function b is small on the upper part of €jom. By sending the left
and right part of $gom to oo, i.e. sending R — oo, the integral along these parts do not
contribute, since the integration kernel K vanishes. One can then rewrite the coupled system
of integral equations with integrals along the real axis and bring them to a form which is
suitable for numerical calculation by using Fourier transformation and the convolution the-
orem [27]. The solutions to the non-linear integral equations are obtained by an iteration
algorithm. For excited states, one simultaneously solves the non-linear integral equation and
the higher-level Bethe Ansatz equations.

The definition of holes and particles depends on the definition of the reference contour.
In this work we start by defining a reference contour %;ef which, as we will see a posteriori,
is equivalent to the straight contour %yom for T low enough. Then we will deform %er to
another contour %, which has better properties for our analysis, cf. Properties 4.1. Holes
and particles will be defined with respect to %, in the subsequent analysis. In particular,
%, has the property of passing through the two zeros q&i) of u(A) = 0. Following the curve
Rewu(A) = 0 for the dominant state and excited states in the sector s = 0, there is no Bethe
root or other zero of 1 + e_%“ on the curve between qq&i) and the real axis and thus the
definition of holes and particles remains the same for €om and %,. However, this can change
when s # 0. For T low enough, there might be some Bethe root or zero of 1 +e~ 7% between
q&i) and the real axis along the curve Reu(\) = 0, as illustrated in Figure 2.2. This can be
understood through the first order in the low-T" expansion of u, cf. Corollary 4.5. In order
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Chapter 2. The quantum transfer matriz formalism

to obtain a numerical solution to the non-linear problem with holes and particles defined
with respect to %, one has to adapt the hole and particle term similarly to (2.59) and then
proceed to formulate the functions b and b with the contour %yom.

16



3 Solvability of the non-linear
problem

In order to analyse the existence and uniqueness of solutions to the non-linear problem
for temperatures low enough, we first introduce multiple linear integral equations that are
essential for describing the non-linear integral equation for low temperatures. Using one of the
functions defined by a linear integral equation, the dressed energy, we fix a specific integration
contour % and formulate the non-linear problem in terms of %ef. Furthermore, we give
the hypotheses we assume for the sets of hole and particle parameters in this analysis. Then,
we are able to present the theorems about the existence of unique solutions to the non-linear
integral equation without the higher level Bethe Ansatz equations holding as constraints (off-
shell), and about the unique solvability of the non-linear problem under the validity of the
higher level Bethe Ansatz equations (on-shell).

3.1 Linear integral equations

In this section we introduce several functions which are solutions to a linear integral equation
of the form

Q
FOIQ) = folA) - / KO — ) f(ulQ), (3.1)

where fo(\) € C%([-Q, Q]), the space of continuous functions on [—Q, Q)], is referred to as
driving term. The existence and uniqueness of a solution to (3.1) follows from the conver-
gence of the Neumann series of the corresponding integral operator, which is discussed in
Proposition 5.2.

Introduce the linear integral equation

Q
CNQ) = co(N) - / KA — m)e(ulQ). (3.2)

where the driving term is the bare energy g defined in (2.70), which is even and monotonically
increasing on RT. Its minimum on R is therefore at A = 0,

mineo()) = £0(0) = h— 4J(1+A), (3.3)

where we remind that A = cos(y). In the limit A — oo the bare energy converges to h,

lim eg(A) = h. (3.4)

A—00
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Chapter 3. Solvability of the non-linear problem

The condition £¢(0) = 0 determines the upper critical field
he=4J(1+ A). (3.5)

For 0 < h < h, there exists a unique solution Qr > 0 of the equation £(Q|Q) = 0 (Theo-
rem 5.6). Qp is called the “Fermi rapidity” or “Fermi point”. We define the dressed energy
by

e(A) = (AQF). (3.6)

In the following, we denote f(A|QFr) = f(A). fo(A) is called the “bare” and f(\) the “dressed”
quantity. Introduce the dressed charge

Qr
zy=1- [ KO 2 (e), (3.7)
the dressed phase
_ QF
oo =01 K)ol (3.5)

with 6 from (2.51), the dressed momentum

Qr
p0) =) - [ duy

o, 2 (A= w)p' (1) (3.9)

where py was defined in (2.69), and the root density

p(\) = - | KO (). (3.10)
2rsh(A — F)sh(A+F)  J-qr

The resolvent is given by
Qr
RO ) = KA — 1) — / dv K(A— v)R(v, 1) . (3.11)
-Qr
In the following analysis we need another set of solutions to linear integral equations with
a different integration contour. This integration contour % is defined by

% = {AEC‘—;T <ImA<0 and Res()\):()}. (3.12)

The solution to the integral equations subordinate to the integration contour %: is denoted
with an index c. Define e.(A) as the solution to the integral equation

ec(A) =ep(A) — lim du K\ — p)ec(p — i), (3.13)
a—0" Jg.
and similarly
2N =1- [ QKO- w2z, (3.14)
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3.2. Working hypotheses

Figure 3.1: Sketch of the integration contour ‘K; ‘5; coincides with %, with the exception
of a vicinity around the point —iy/2, where it corresponds to an arc of the disk D_ i, T
2 b

o) = [ k= wotos . (3.15)
and
pe) =) = Jim [ SO0 =i+ ), (316)

and the resolvent

R\ p)=KM\—p)— [g dv K(\v)Rc(v, 1) . (3.17)

Note that e(A) = e.(A) if [Im A| < 3, as proven in Lemma 5.12. Furthermore, we define one
last linear integral equation

Wy() =wy(3) = [ dp K= Wil (3.18)

€

with %, as introduced in Figure 3.1 and toy defined in (2.45). Wy is the finite Trotter number
analogue of the dressed energy e.. In the Trotter limit N — oo it holds that Wy (\) — ()
uniformly on

{)\ € (C‘\Im)\| < ;} \ U Dyiy,e forany e>0, (3.19)
o=+

where we define discs by
Dsyr = {2z €Cl|lz— 20| <7}. (3.20)

The linear integral equations are analysed in detail in Chapter 5.

3.2 Working hypotheses

In the analysis to come, we restrict the discussion to the regime

0<A<l = 0<7§% (3.21)
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Chapter 3. Solvability of the non-linear problem

—bp + ity S +it'" —bp 0 57

[ ]

L (R)
riY i

_— 0 Sy it — 6p it 4 57

®

Figure 3.2: Definition of the contours I' used to define the reference contour %,ct. Note

that t(Li) > (0 and tg%i) < 0.

(L/R)
o

if not explicitly stated otherwise. While some of the results can be obtained also for —1 <
A < 0, there are still several technical results missing. This comprises some properties of the
dressed energy in the complex plane, which is discussed in more detail in Section 5.4.

We now give a more precise definition of the reference contour of the non-linear integral
equation. In order to do so, first note that for 0 < v < 7 the dressed energy ¢ is a double
covering map on

u ={zec/- 7 <m < Th {orer <o) (322)

and the maps 7,/ = a‘WL/R'S : U re — €(Urp,e) With

‘LIL;EZ{ZE(L(gRez<00rRez:OandO<Imz<g}, (3.23)

(L[R;e = {Z € U.

Rez >0 or Rez =0 and —;r<1mz<0} (3.24)

are biholomorphisms subordinate to the double covering map. This will be proven in Propo-
sition 5.9. Then we define the reference contour by

— R — L _
Gret = €3 (F((sT)> Uer! (F((sT)) Uy Uyt (3.25)
where ng/ ) are defined as depicted in Figure 3.2 with
op =—MTIT (3.26)

and M > 0. Fix ¢q > 0 small enough and define the arcs v as depicted in Figure 3.3 such

that
(=) (=) ond

. 7(_) is given by the counterclockwise oriented arc of 9D iy e\ joining y, ' to y
2 b

e ~(1) is given by the counterclockwise oriented arc of D i, 4T joining yfr) to yg).
2 b
y(Li/}% are defined by

y ) = e7 (26 +iRT) N Oy and Y = el (k60 +iR7) N D o (327)
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—QF QF

Ce
Cgref

)

Figure 3.3: Sketch of the integration contours 4. and Ges.

. ' () () . -
and since D_ T C U, they are well defined. y, /R determine t /R 3 introduced in Fig-

ure 3.2 by t(Li;}% = s(y(Li/g,L)

Now, we consider the non-linear problem (2.53)-(2.60) subordinate to the reference con-
tour Gref, i.e. we choose D = Int Grer, 0D = %rer. Understanding the higher level Bethe
Ansatz equations as subsidiary conditions, we can analyse the non-linear problem on- or off-
shell, meaning that the higher level Bethe Ansatz equations (2.55) and (2.56) are constraints
that shall be satisfied (on-shell) or not (off-shell). We introduce X, Y by

h .
X= {xa}gil where x, € Int Grer \ {iZNRT - 1;} , (3.28)
h( m "\ Tz
Y={y,},oq where y,€ {z € (C‘ —5 < Imz < 2} \ Int Grer (3.29)
and
Yoo = {Vagal i where  yy, € Int Goeg + iy (3.30)

We shall impose several hypotheses for these parameter sets. In order to do so, first define
a metric on C/inZ,

dir(2,2') = inf |2 — 2/ —irn]. (3.31)
reL

Hypothesis 3.1. Assume that the sets X, Y are such that
(i) there exists ¢ > 0 such that diz (Y — viy, £Qr) > ¢, with v € {£},
(ii) there exists ¢t > 0 large enough such that diz(Y — viy, Gret) > CrotT with v € {£},
(i) there exists csep > 0 such that XN ﬁ_i%JWT =0,Yn Ei‘g,csepT =0,YN ﬁ_?ﬁT-y’csepT =0,
(iv) there exists ¢ioc > 0 such that diz(X, £QF) > toc and diz(Y, £QF) > Cloc.

Hypothesis 3.2. For the sets %, Y subject to quantisation conditions of the form (2.55) and
(2.56), we shall relax Hypothesis 3.1 (iv) and additionally impose
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Chapter 3. Solvability of the non-linear problem

—Qr +i(y —¢) Qr +i(y —¢)

-Qr Qr M

Figure 3.4: Sketch of the curve 4. and the strip M.

(v) there exists ¢rep > 0 such that

dir(2,2') > cepT  forall z# 2 with 2,2 e€X or z7el, (3.32)

(vi) the roots are simple *,

(vii) there exists € > 0 small enough such that X 057%74 =0, ¥n ﬁi%,eT = 0 and
yn 573%7671 = 0.
(v) is sometimes referred to as the repulsion principle.
Furthermore, introduce the functional space
Ex = { 1 € OM), 1) S 0, Ifllzmiag < T2} (33
EM—o0

where M is given in Figure 3.4, &(M) denotes the space of holomorphic functions on M,
C is some not too small T-independent constant, and T is treated as a small parameter
such that T'Cp¢ < 1. The space Epq with distance

dey (f,9) = IIf = gllLeomy (3.34)

is a complete metric space [15].

*This means that k, = 1 for all x € X and ky =1 for all y € Y if one defines X and ﬁ not as sets but as
collections of parameters (2.63)-(2.66). The simplicity of the roots is already implied by the definition of X
and Y as sets, but for the sake of completeness this hypothesis is nevertheless listed here.
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3.3. FExistence and uniqueness of solutions to the non-linear problem

3.3 Existence and uniqueness of solutions to the non-linear
problem

In order to give a statement about the existence and uniqueness of solutions, we first need to
introduce several technical notations, starting with the off-shell problem. From now on, we
use the notation

vp=—1 and wvrp=1. (3.35)

Note, that with Hypothesis 3.1 (iv) we have ensured that there are no elements of X and
Y in a vicinity of +Qr. We now construct sets complementary to X and Y which contain
parameters inside Dy, Qp o @ € {L, R}, such that

= U &0 A7 and ¥ = U G0, (3.36)

ae{L,R} ac{L,R}
K= U & ad Y= B (3.37)
ae{L,R} ac{L,R}

where the parameters satisfy

o 1 |

a&y)) = —2riTw, (hg‘;’ + 2) and  a(3y) = 2miTvq (pg,g + 2) , (3.38)
() (@ L @)y _ o (o)

u(xy.,) = —2miTvq ( by, + 5 and  u(ygy) = 2miTva | poy + 2 , (3.39)

with fcéaa), 37(() b)> x(()cg,y(()og) € Uae{r,r} DvaQr a0 and h(()?a),p((fb) € N. This means that the quan-

tisation conditions have to be fulfilled also for the “off-shell” problem in a small vicinity of
the Fermi points. In (3.38), resp. (3.39), the particle and hole roots are defined in a way that
the zeros of G(A), resp. u(\), are located between the particle and hole roots on the curve
Reu(N) = 0, resp. Reu(A) = 0. The definition of particle and hole roots depends on the
choice of the integration contour, as elaborated in Section 2.2. We have defined partlcles as
Bethe roots outside our reference contour and holes as zeros of 1 +e~ T ,resp. 1+e T“ that
are not Bethe roots inside our reference contour. However, the deﬁmtlons (3.38), resp. (3.39),
do not necessarily match with the definition of particle and hole roots with respect to %per.
As shown in Figure 3.5, there may be roots located between Gret and the line Ima(A) = 0,
resp. Imu(\) = 0, and we have to adapt the sets X' and ¥’ to sets X, Y., resp. X, Y/ to
Xlo¢s Yiop, such that they match the definition of particles and holes with respect to @ef.

The definition of particles and holes in (3.38), resp. (3.39), separated by the zero of 4,
resp. u, offers a more intuitive approach to the particle and hole formulation, although the
technical modifications might seem more complicated at first glance. In the further analysis,
and also in the proof of Theorem 3.3 and Theorem 3.4 in [15], we modify the integration
contour such that it passes through the zeros of i, resp. u. Since the quantisation conditions
hold in the vicinity of the Fermi points, we can control the residual contributions arising due
to the deformation.

Theoretically, it would also be possible to define the particle and hole roots in a way that
they are separated by the solutions of @(A) = 2miTp4, such that they match the definition
of particle and hole roots with respect to %o without further modifications. However, this
formulation leads to more complicated expressions and technical problems later on.
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Chapter 3. Solvability of the non-linear problem

We define
X=ve?av,0x0f and X=vaYav,0X0X (3.40)
as well as the function

ur (A[X) = —ims Ze(A) — 271 Y _ de(A,y) - (3.41)

yex
Now, we can introduce the proper space of functions for the analysis to come,
En = {a(N) = Wa (V) + Tur(\R) + FVIf € En} (3.42)
for finite Trotter number and
Em = {u(d) = 2o (N) + Tur(\[X) + F(VIf € End) (3.43)
for infinite Trotter number.
Given any @ € &, we denote the set of zeros of 1+ e~ T that are located in Dy Op cioe

between %ot and the line where Im 4(\) = 0 by 3(@) . For each a € {L, R}, either 3@ng =9
or 5(0‘) Ny = (. So we introduce the sets of non-trivial intersections

5= U 2€3983@n% £0} and 3y= |J {ze€393@n¥ £0}. (3.44)

a€{L,R} a€{L,R}
Then, we define modified sets of local zeros around +Q ¢ by
Lo = {X\3xJU {3\ ¥} and T = {¥\ 3} u{3x\ &} (3.45)
and analogously, omitting the hat, for the infinite Trotter number case. Finally, we introduce
Kot = YOV @Y X%y and X =YY B Yy OXO X,y (3.46)
and the notation

Rrefire = Kpet © {2} and  Xpere = Kot ® {2}°™. (3.47)

Theorem 3.3. Ezistence and uniqueness of solutions to the non-linear integral equation [15].
Let X and Y as defined in (3.28), (3.29) with |X| and |Y| fized satisfy Hypothesis 3.1. Let

p(()?g, hé?g € N such that

Tp$s) =o(1), a=1,...,98" and Thi) =o(1), a=1,...,50" (3.48)

with l)éa), %éa) fized such that

L) (R)

0=—s— ¥ — 05" — 0 — |Yeg| + %] + 50" + 5457, (3.49)

where s € Z is the spin. Then there exist Ty > 0 small enough, n > 0 small enough and

C’/(S() > 0 large enough such that the space éM introduced in (3.42) is well-defined, provided
that

1
Ty>T>0, 0> o and Cp>C. (3.50)
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Cgref

Figure 3.5: A sketched example of parameter sets X' and ¥’. The shaded parameters are
between the line where Im @(\) = 0 and %t and thus have to be removed from X’ and ¥’ to
obtain X;ef and Yyef.

In particular, the system of equations (3.38) is uniquely solvable for any given G € éM. For
this range of parameters, the non-linear integral equation

w(A) = oy (N) —insT —iT Z O0L(N—y) — T/ dp K(A — p) Lng, (1 + e_%ﬁ)(,u)

yexref;u %prEf
(3.51)
subject to the index condition
du ﬁ/(u) o/ N
= — =—5— Y| — Y| — |Y X X 3.52
m=— [ i = M~ Wl M Kl 352

is well-defined on SM and admits a unique solution A\ — ()| A) belonging to éM. Xref;%
appearing in (3.51) is as introduced in (3.46) and (3.47) while X has been defined in (3.40).

For \ uniformly away from +iv/2, the unique solution ﬁ(/\|§§) converges, as N — 00, to
the unique solution w(\|X) of the non-linear integral equation

W) = o) = imsT T 3 0e( =) =T [ KA ) L (1400,

yexref;%
(3.53)
subject to the index condition
dp  u'(p) , /
o = =5 = [¥] = [Yaer| = [Ysg] + X[ + Kreel 3.54
" [gref 2miT 1+e%u(u) s ’ | | ref’ | sg‘ +’ |+| ref’ ( )

on the space of functions éM, as defined in (3.43), on which it is well-defined for the range
of parameters considered. X,ef appearing in (3.53) has been introduced in (3.46) and (3.47),
X has been defined in (3.40).

Proof. The proof is given in section 4 and 5 in [15]. O

Theorem 3.3 provides the existence of a unique solution to the off-shell non-linear problem
for temperatures low enough. Throughout the proof, one uses the properties of the dressed
energy proven in Chapter 5, in particular that it is a double covering map for 0 < v < 7
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Chapter 3. Solvability of the non-linear problem

(Proposition 5.9). This is one of the technical results missing for a generalisation of Theo-
rem 3.3 to the full massless regime 0 < v < 7.

Next, we formulate a theorem about the unique solvability of the on-shell non-linear
problem. Define the sets satisfying the “higher level” Bethe Ansatz equations by

Sl

X=xoi, w=¥) 20 and  @(2]¥)£0  VeeX, (3.55)
V=vyot, with 1+e7WM=0 and a@¥)£0 Wel, (3.56)

with 1+e”

where

Y=Val,cX with %g:{yehm%d

y+ived}. (3.57)

X and Y shall satisfy Hypothesis 3.1 and Hypothesis 3.2, 1]()\|§f') is the unique solution to
(3.51) and (3.52) on the space Exq. Analogously, define the infinite Trotter number counter-
parts of the hole and particle sets X and VY satisfying the higher level Bethe Ansatz equations
with respect to the solution of the non-linear integral problem (3.53) and (3.54) in the infinite
Trotter number case by omitting the hat in the equations above. There exists Ty > 0, n > 0
small enough such that for any 0 < T < Ty and n > 1/NT*

; 1 2] *
By =1Tq + O (NT3> for X ={z.}.", and X = {@,} (3.58)
and
1 _ Y| |m
Ua = Yo + O (NT3> for Y ={y.},-; and Y= {Ga}o_ (3.59)

with a remainder uniform in 7. This follows from Corollary 4.5. In order to consider the
unique solvability of the on-shell non-linear problem, we rewrite the quantisation conditions
in logarithmic form

a@PNY) =2miT (WP + 1) and  a@P|Y) = 2T + 1), (3.60)
a@@PNY) = —2mT(h{® + 1) and  a@P|Y) = 2miT (P + 1), (3.61)

with hga), p((la) € N. Again, the equations for the infinite Trotter number case are obtained
by omitting the hats.

Theorem 3.4. Unique solvability of the quantisation conditions [15].
(i) Assume s € Z, fived integers |X(@)|, | Y @)| with o € {L, R} such that
s+ YD 4| yB| - 120 — |2 =0 (3.62)
and pairwise distinct integers

0<h <<kl 0<p” <<ph (3.63)
that may possibly depend on T such that Th((la) and Tp((la) admit a limit for T — 0%,
Then, there exist Ty > 0, n > 0 small enough such that for any 0 < T < Ty and n >
1/NT* there exists a unique solution (a(\|Y),%,Y) to the non-linear problem (3.51)
and (3.52) with quantisation conditions (3.60) and (3.61) which satisfies Hypothesis 3.1
and Hypothesis 3.2.
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3.3. FExistence and uniqueness of solutions to the non-linear problem

(ii) Any such solution gives rise to a non-zero Bethe eigenstate of the quantum transfer
matriz.

|2(2)|

(iii) Solutions of the non-linear problem subordinate to different choices of integers {h((f‘)}a:1 ,

(@)
{p((f‘)}lly:l " are different.

(iv) An analogous statement holds for the infinite Trotter number case.

Proof. The proof is given in [15], in particular () and (%) are given in Theorem 6.5 in [15]
and () in Proposition 7.2 in [15]. O

27






4 The non-linear integral equation
for low temperatures

In this chapter, we want to bring the non-linear integral equations for finite (3.51) and infinite
(3.53) Trotter number into a form that is more suitable for the low-1" analysis. This form
is also the basis for the proof of the solvability theorem, Theorem 3.3. In order to do so,
we first deform the contour %es to a contour that is more convenient for the low-1" analysis
and rewrite the non-linear integral equation in terms of the new contour. This enables us to
derive the low-temperature expansion of the solution to the non-linear integral equation.

4.1 A contour with better properties

We may rewrite the integrals appearing in the non-linear integral equations (3.51), (3.53) by
partial integration,

—imO() — ) — /,;

Tef

1 du u,(:u)
du K(\ — ) Lne (1 u = ON—p)——1 -
pE (A = p) I (14 e77) (1) /m ST O A )1+e%u<u>

(4.1)

We want to slightly deform the contour %t to €y, a contour adapted to u satisfying Proper-
ties 4.1. In particular, we want to deform the contour %, in the vicinity of the Fermi points,
such that the deformed contour has the desired property of passing through the zeros of w.

Properties 4.1. Properties of the deformed contour 6, [15].

(i) €. passes through two zeros qq(f) of 1 — e~ T which satisfy u(ql(ti)) = 0 and these are
the only two zeros of 1 — e~ T on %.. These zeros are such that +Re u’(q&i)) >c>0
for some ¢ > 0 uniformly in T,1/N small enough.

(i) v € O(Vig,), where Vig, is an open neighbourhood of =Qp containing D+, ¢ for
some € > 0 independent of T and N and such that u : Vig, — Do, with o > 0 and
independent of T and N, is a biholomorphism.

(iii) There exists Jéi) C G such that u(J(_)) = [—0,0] and u(JéH) = [0, 9] for some

§ > 0, which may depend on T but such that § > ~TMInT as T — 0%. [a,b] denotes
the oriented segment run along %, from a to b.

(iv) The complementary set Js = %u\{J(g_)UJéJF)} is such that |Reu(\)| > & for all X € J.
(v) 1+ e~ T¥ has no poles in the bounded domain U, such that OU, = Gret — G-
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Chapter 4. The non-linear integral equation for low temperatures

O
/‘.——/‘f’_\
X AL) C@ﬂu x

Figure 4.1: Sketch of the zeros q&i) of u crossed when deforming €rer to €. x;, ~ are defined

by u(x®) = 2T (k — 1) with k € {1,2} such that p; = pp = 2.

()

(vi) The zeros of 1+ e~ T in the bounded domain U, correspond to the unique solutions
;,(CO‘) in Vyoqp to the equation u(]:](ga)) = 2miT(k — ) where k € I cZ, ac {L, R}
and \]L(f‘)| is bounded uniformly in T and 1/N small enough.

(vii) There exist unique To € Gret, Ta € VooQp with a € {L, R} such that
u(o) =2miT(po — 2 +€0) with pa €Z, eq€[0,1) (4.2)

and po, uniformly bounded in T, 1/N small enough.
Thus, on %, the function u has only two zeros q&i), that separate the contour into a part
where Reu is negative and where Rew is positive. Depending on p,, we may explicitly give
the set ]LELO‘) by

[1,pa] if pa >0,
I = {9 if pa=0, (4.3)
[1+pa,0] if pa <O,

where [a, b] denotes an interval of integers. By the implicit function theorem and since w is
biholomorphic in Vi, we reason that a simply connected curve Re u(\) = 0 exists in Vig,.
On this curve, the solutions of u(\) = 2miT(k — 3) are located. By using +Re u’(q&i)) >
¢ > 0 and the Cauchy Riemann equations we conclude, that the imaginary part Im u(\)
is monotonically increasing counterclockwise along the curve Reu(X) = 0 in Vig,. When
deforming e to %, we add or subtract pole contributions depending on « = R or @ = L

and po > 0 or p, < 0,

dp u'(p) du u' (p)
/(Kref 2miT f(,u)l + o u(n) - [@,}u oriT f(ﬂ)m

Pa 0
Sy (npaewzf<xga>>—npae_w S5 ga>>), w4
a=1

a€{L,R} a=1+pa

where 1 4 is 1 if A is true and 0 otherwise.
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4.2.  An equivalent non-linear integral equation

Figure 4.2: A sketch of the deformed contour %,. Ji, denotes the part of %, running from

+) (=) (=) (+)

q& to qu 7, Jout denotes the complement running from ¢, * to qu °.

Lemma 4.2. [15] Let u(\) satisfy Properties 4.1. Then 1 + e TN has index m = 0

relatively to €,, i.e.
d /
—/ )R (4.5)
G 2miT 1+ eTU(M)

Proof. As depicted in Figure 4.2, denote the part of %, joining qgﬂ to q(f) and on which

Rew is negative by Ji,. The complement is denoted by Jout = €, \ Jin- Then, we can rewrite

_/ dp — W'(p) _/ dp o (1) +/ dp u(p) _/ dp  W(p)
@, 2miT | 4 e7uln) Jiy 2miT g 2T 1 4 e 7uln) Towe 2T 1 4 o7 u(n)

(4.6)
We want to evaluate the integrals separately. Start with
[ 00 = g ()~ u(al)) =0 (7)
where Properties 4.1 (i), namely u(q&i)) =0, is used for the second equality. Next,
/ dp UI(M) _ i ln(l + e%u(u)) “’ -0 (4.8)
g 2miT | 4 e~ 7ulw) 27 ey '

where the antiderivative can be taken in terms of the principal branch of the logarithm due
to Reu(u) < 0 for p € Jiy. Similarly, one obtains

(+)
dp u' (1) 1 1 Tu
B = —In(14er ™) =0, 4.9
/Jout 2miT 1+ e%u(#) 27l 1’1( Te ) qi_) ( )
which entails the claim. .

4.2 An equivalent non-linear integral equation
Introduce the notation
|u[(X\) = sign(Reu(N)) u(N) . (4.10)
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Chapter 4. The non-linear integral equation for low temperatures

Lemma 4.3. [15] Let f be a holomorphic function in an open neighbourhood of €, and have
zero index with respect to 6, such that f% dp f(p) = 0 with F being the antiderivative of f
on Gy. Then, for any (u(\),%,) satisfying Properties 4.1 and having index m with respect to
Gret it holds that

~2mimF () + [ dp ) L (1) ) = /5 dpe £ (1) Lings, (1 + e~ ) (1)
rcf Z
0
— 2mi Ly, eN*ZF ) = Lpene Y, FEP)), (@11)
ae{LR} a=1+pa
where

(+)
“lung dp dp
[ dn s 0+ e o0 = | G L% )

F

—Qr ( )
" /qi_) T 1+ | a1+ e ) (0

C-Qp:Qp denotes any curve joining —Qr to QF such that p — f(p)u(p) is holomorphic in

the domain delimited by the curve Jiy, and [qu ,—QF] UC-Qp:Qr YUIQF, qq(f)}.
Furthermore, it holds that

—Lul(w)) _ 77T2T f(%(j_)) . f(qg_))
/guduf(u)ln(He “)— 6 (u,(qgﬂ)

Proof. First, observe that by using the index condition (3.54) and backwards partial integra-
tion one gets

. —Ly d u’
—2mmF(%)+/ dpe f(p) Lng, (1 477 )(u)z/ ;F(u)(?)(
wref wref 1 + eTu 'u)
dp (1)
= F
[Ku 2miT () 1+ eru®w)

Pa 0
— 2mi Z Vo (]IPQEN* Z F(?((za)) - ]lpae—N* Z F(?ELOC))) ’ (414)

ac{L,R} a=1 a=1+pa

) +0(T3). (4.13)

where the second equality stems from (4.4). Similarly to the first equality one obtains by
partial integration and by using the zero index condition with respect to %,, as ensured by
Lemma 4.2,

/cgu ?F(M)Hu;(gz(u) = /u dp f(p) Lng, (1 + e_%”)(u) : (4.15)

Similarly to (4.6), we split the contour %, into Ji, and Joyut,

dp u'(p)
PRy —
[@ T (k) 1+ eT()

L. / du w(p) / dy W (1)
/Jin T (M)u (H) Jin T (,u) 1 + ei%u(#) Jout T (M) ]. + e%“(#)

= —/in d?uf(/i)u(/ﬁ) -I-/m d#f(u)ln(1+e%u(u)> +/JO td/‘f( 0l ( e TU(M))
(4.16)
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4.2.  An equivalent non-linear integral equation

where the latter equality is obtained by partial integration. The boundary terms arising from
the partial integration vanish due to the condition u(q&i)) = 0. Recall that Re u(>\) < 0on
Jin and that g — f(u)u(p) is holomorphic in the domain limited by J;, and [qu ,—Q rlU
C-Qp:0r YIQF, qq(f)], one obtains (4.12).

In order to prove the second part of the lemma, we make use of Properties 4.1 (iii) and (iv)
and decompose

/ dp ) (14 e 7)Y = Lo 109 1) (4.17)
(z{)ﬂu
Due to the estimates of f and u one may estimate
oo = [ dn (1 e H0) —o(r¥). (118)
Js

()

To estimate [;,, one performs a local change of variables z = u(\) around ¢ ’, and gets

+0
Ii(ni) = / du f(p) ln(l + e*%w(“)) = —/ dv i/ ouil(v) ln(l + eTl) , (4.19)
I =5 u
(=)

where we have taken the change of orientation induced by u around ¢, ’ into account and

(£)

1! denotes the local inverse around ¢, which exists due to Properties 4.1 (ii). Applying

Lemma A.2, one obtains

b 7T fa)

/(g5

Ii(n =+ 6

+0(T?), (4.20)

which entails the claim. O

Lemma 4.3 ensures, that the non-linear integral equation (3.51) may be recast as

A

K) = rox(\) — imsT —iT 3" 0, (A —y) - T/ du K (A — ) Lng, (1 + e~ #) (1K)

yeX &
(4.21)
subject the index condition, comp. Lemma 4.2,
dp — d'(p) o o/
= — =—s5—|Y—|Y|—|Y X X|=0 4.22
me = [ s = e 4] Y] = el + £ 1€ (422

with X =va? DY © xo % as defined in (3.40), where X’, ¥’ can be also set in terms of )
Y.t and the solutions i,(ca)

a(AX) = 2miT(k — 1)

F={ U o\ G b0 {H U 60} (4.23)

€ Vouor> Voagp being a small neighbourhood of v,QF, solving

oe{L,R} ae{L,R}
’Uapa<0 ’chpa>0
A~/ N
V={ U @ o R} 0{tet U 6o} @20
ac{L,R} ae{L,R} “
Uapa>0 'Uapa<0
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Chapter 4. The non-linear integral equation for low temperatures

For the Trotter limit one obtains the non-linear integral equation by omitting the hats in
(4.21) and replacing wy by €,

u(AX) = eg(N) — imsT —iT Z 0r(A—y) — T/ dp K(A — p) Lng, (1 + e_%“)(,u|X) ,

yeX Cu
(4.25)
satisfying
dp  W'(p) , ,
= — =—s—|Y|—|Y|—|Y X X|=0. 4.96
m /?o”u27TiT1—|—e%u(“) s — [Y| —[Y] |Sg‘+’ | + [X'| ( )

As above, X = Y® Y @ Yy © X © X’ according to (3.40), and X', Y are defined as in (4.23),

(4.24) with the replacements )A(;ef — X ?;ef — Y/ ; and i,(f) — ;,ga), x,(f)

ref>’

to w(A[X) = 27iT(k — 3) in a small neighbourhood of v, Q.

being the solutions

4.3 The low-temperature expansion of the auxiliary function

After recasting the non-linear integral equation for 4(\|X) in (4.21), we are in the position
to determine the low-T', large N asymptotic expansion of its solution.

Proposition 4.4. Rewriting the non-linear integral equation as a starting point for the low-T,
large-N asymptotic expansion of its solution [15].

(i) Every solution a(\X) to the non-linear problem (3.51) and (3.52) satisfying Proper-
ties 4.1 solves the non-linear integral equation

A

ANX) = Wy () + Tur (AX) + Refa(|X)](A) . (4.27)

where Wy is given in (3.18) and uy is defined in (3.41). The operator Ry decomposes
as ﬁT = ﬁg}) —i—ﬁg) with

(H —QF

7%;1)[@(*\;1)}(»:_/” d,uRc()\,u)ﬁ(,u!X)—/ dp Re(A, p)i(ufX)  (4.28)

)
and

RO [a(+[X)](\) = —T / dp Re(A, 1) In(1 4 ¢~ 771049 (429)
Ca

Rc(\, i) is the resolvent kernel defined in (3.17).

(ii) Conversely, any solution to (4.27) subject to (3.52) and satisfying Properties 4.1 solves
the non-linear integral equation (3.51) with the range of parameters Xyef as defined in
(3.46).

(iii) The same statements hold for any solution u(A|X) to the non-linear problem for infinite
Trotter number (3.53) and (3.54) when Properties 4.1 are satisfied, if one replaces
Wn < e, with e, as defined in (3.13).
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4.8.  The low-temperature expansion of the auxiliary function

Proof. Use (4.12), where the contour ¢_q,. g, is identified with the contour %. to transform
the non-linear integral equation (4.21). One obtains

(id + K )[a(«[X)](A) = oy (A) = irTs —iT Y 04.(A — y) + Kr[a(«X)](A) (4.30)
yeX
where
(id + K2 )[F()](N) = F(N) + /% dp K(X = p) f(w) (4.31)

and the operator K decomposes as Kr = V(T(l) + 76}2) with

. ay” . ~Qr .
KOOI =~ [ duKO - i) - [ duKO - i) (432)
F 4
and
KD a(+1%))(\) = -T / A K (A — ) In(1 4 Il (4.33)
Ca
Set
W (A\X) = —imsZe(\) — 271 Y de(N,y) (4.34)
yexX

where Z,, ¢. are defined by (3.14), (3.15) with the replacement 4. < %.. By inverting
id + Ky , one can rewrite (4.30) as

(+)

N N a5 N " —-Qr
AONE) = Wx () + Tas V) = [ dp Reh il - [
F q

a

A

dp Re(A, p)a(ulX)

7 / djt Re(h, 1) In(1 4+ e~ FII0E)  (4.35)
4

a

with Rc()\, 1) being the resolvent with respect to the integration contour %.. The operator
id —R. inverts id +K . This is discussed in detail in Section 5.1. One may deform the

contour ‘5; to €. in the action of the inverse id — ﬁc in all functions except Wy, leading to
the replacements i1 (A|X) < u1(A[X) and R.(\, 1) < Re(A, 1), which entails the claims for
a(AX).

The proof is analogous for u(\|X) with the exception that one may directly deform ¢, @
to €. as there are no cuts along [—% + Q}JLV—RT, —% — ;V—RT] of g9(A), as opposed to toy. ]
Corollary 4.5. Low-T, small-1/NT? asymptotic expansion of the solution to the non-linear
integral equation [15]. Any solution to the non-linear problem (3.51) and (3.52) satisfying
Properties 4.1 admits the low-T, small-1/(NT?) asymptotic expansion

| M/2]—1

. A 1
aAX) =ec N+ Y. TRuy(A\X)+0 (NT3 + TLM/2J> (4.36)
k=1
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Chapter 4. The non-linear integral equation for low temperatures

with M as introduced in Properties 4.1 (i), uy as defined by (3.41) and

o R.(\,0QF) A N2 T2
The zeros qéi) admit the expansion
| M/2]—1
¢\ =0Qp + > ¢T* + 0 ( ~7s TLM/2J> (4.38)
k=1

with

4 = U1(0QF|X)
! el(0Qr)

Similarly, any solution u(AX) for the infinite Trotter number problem (3.53) and (3.54)
admits the low-T expansion

(4.39)

[M/2]-1

uAX) =)+ > Tru(x) +0 (T1M/) (4.40)
k=1
and the zeros expand as
[M/2]—-1
X)
(@) = 0Qp + TE Lo (TMP)  with ¢\ = ul(UQF’ 4.41

Moreover, uniformly away from the cuts and singularities of the functions, particularly
on Gref, it holds for the low-T and large-NT expansions that

a(A\R) = u(AK) + 0 ( N;g) (4.42)

with a remainder that is uniform in T — 0T and NT — co.
Proof. We use (4.27) to access the first few terms of the low-T" expansion for @(\|X),
i
A 1 ~ A u
R[N = ~Re0 b ) a5 [ duntie = o)+ 0 ((@r - o))
F

-Qr
- RO [
q

o

du (i —a; )+ 0 ((Qr+a;)?)

1 R . 1 B B R .
= §(QF - qéJr))?RC()\, qéJr))u/(qéJr)’X) _ §(QF + qfl ))ZRC()\,qé ))u/(qé )|X)

+0 (Z Qr — og! )\3> (4.43)
o=+
and
(o)
R0 = T 3 o) o). (440
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4.8.  The low-temperature expansion of the auxiliary function

Altogether
A ~ 7T2T2 Rc )\, (AU) 1 O)\ ~ )¢ o
Re[a(+/K)](A) = o BelAay) | 5 2 oR gl (¢ 1R)(Qr - of)?
=4

o==% ’a/(qu)) o

+o (T‘* + 3 1QF - aqff”!‘”’) . (4.45)
o=%
So far, we have established that

a(AX) = Wy (A) + Tuy (AX) + 0 <T2 + > 1QF - aqgn?) (4.46)
o=%
which, using that Wy () = £.(A\)+O(1/NT) uniformly away from the singularities at +ivy/2,
yields

0= (¢ [X) = eL(0Qr) (¢ — 0Qr) + Tur (6Qr|X)

1 ” -
10 (NT + 12475 |Qr —0d7 |+ 3 1QF — o4 ”) (4.47)
o=+ o=%

from which the expansion for qu) (4.38) follows. After inserting this into (4.45) one arrives

at the claimed low-T" expansion for 4(A|X). The O(1/NT?3) loss of precision on @ in (4.36)
and (4.42) stems from % er being at distance ¢gT from the singularity at —iy/2 such that
Wn(A) = e.(\) + O(1/NT?) uniformly on %;. O

For almost all A € C\ U,z v—+ Duiy/2+irn,y> 1 > 0 the analytic continuation of 4 is
AR = ec(V) + Tur(AR) + T2us(AR) = T " oln (14T O 1, g,
o=%
1
+ 27iT Z Mo Lr—ioyemt g, + O <T3 + > ., (4.48)
o=%

NT

where n)., € Z may depend on A and o.
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5 The dressed energy

In the following chapter, we discuss the properties of the dressed energy introduced in Sec-
tion 3.1 in detail. A dressed energy function was introduced in the context of the Bose gas
with delta function interaction [44]. For the XXZ chain in the critical regime, the dressed
energy in the form (3.2), (3.6) first appeared in the low-temperature limit of the thermo-
dynamic Bethe Ansatz equations in [38]. As we have shown in the previous discussion, the
solution to the non-linear integral equation is given by the dressed energy in leading order in
T and is therefore of utmost importance for the description of the spectrum of the quantum
transfer matrix for low temperatures.

We remind the reader that the definitions for € in (3.2) and . in (3.13) differ in the choice
of the integration contour, which is [-Qr, Qr] for € and 6. (3.12) for .. As we have seen in
Corollary 4.5, the dressed energy describels the auxiliary function u in the lowest order in T
Since the Bethe roots are zeros of 1 + e~ 7", their positions move close to the solutions of

ec(N) =2mT(n+1), (5.1)

i.e. they come close to the curve Ree.(A) = 0. We will discuss the existence of this curve in full
rigour, starting with Ree(\) and later showing that the curves Ree(\) = 0 and Ree.(\) =0
are equal for 0 < vy < /2.

We work with the linear integral equations of the form (3.1) as introduced in Section 3.1
and adapt the notation f(A|Q) for functions satisfying the linear integral equation (3.1) with
arbitrary integration limits @ and f(\) = f(AQ@F) if we choose Q = Qp, where Qp is
the Fermi point as introduced in (3.6). The existence and uniqueness of the Fermi point is
subject of [11]. However, note that the proof in [11] is not complete since it is not valid if
2nJsin(y)/vy < h < he. The complete proof is given in Theorem 5.6.

For an efficient discussion we introduce a slightly different notation for the integration
kernel K in this chapter where its dependence on the parameter v is explicitly expressed,

K(Al) = —— (cth(A — i) — cth(A + 7)) . (5.2)

27i

Since K and ¢( are both im periodic functions, the dressed energy ¢ is also i periodic and
by construction a meromorphic function on a cylinder with cuts,

S,(QF) = {z € (C‘—;r <Imz < and z ¢ [-Qr,QF] :l:i’ym} , (5.3)

il
2
with 7, = min(y, ™ — ) as defined in (2.43).
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Chapter 5. The dressed energy

5.1 Properties of kernel and resolvent

We use the Fourier transform of a function g : C — C in the convention

Flgl(k) = /R A\ g(\) e (5.4)

Lemma 5.1. Properties of the kernel function K [14]. Let v € (0,7).

(i) K(A|y) is a smooth, even and real function for A € R and

lim K(Aly) =0. (5.5)
A—r00

(i) For all X € R, K(A|y) >0 if v € (0,7/2) and K(A|y) <0 if vy € (7/2, 7).

(iii) For X € RT, K(\y) is monotonically decreasing if v € (0,7/2) and monotonically
increasing if v € (7/2, 7).

(v) K(X7v) is meromorphic on S,(Q) with two simple poles at A = iy if v € (0,7/2) or
A=Zi(m—7) if ye (n/2,m).

(v) For z,y € R it holds that

Re K(z +iyly) = 5 (K(z|y —y) + K(z]v +y)) » (5.6)

DN =

implying that Re K (z + iyl|y) is an even function of x for fixred y and an even function
of y for fizred x as well as

Jim Re K(x+iyly) =0. (5.7)

(vi) The kernel satisfies the following simple identities

KA+ 2l =—-KW\35-9), (5.8a)
K(Aly) = K(Aly =), (5.8b)
K\ =) =-K(\ly). (5.8¢)

(vii) The Fourier transform of the kernel is

FIK (I (k) = = 2 (5.9)
sh(%)
Proof. (i), (ii) and (iii) can be quickly verified if we rewrite the kernel in the form
sin(2y
K(\y) = (27) (5.10)

2m(sh?(\) + sin(y)) ’
while (iv) can be read of from definition (5.2). Under complex conjugation it holds that

K(z +1iyly) = K(z —iyly), (5.11)
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5.1. Properties of kernel and resolvent

which implies

LK@ -y + K@ +y) . (5.12)

Re K (x +iy|y) = 5

(K(z +iyly) + K(z —iyly)) =

N | —

where we again used definition (5.2) of the kernel in the last step. (5.7) then follows from
(5.6) and (5.5). The identities (vi) are directly verified with definition (5.2). The Fourier
transform (vii) is calculated using the im-periodicity of the kernel and the residue theorem,
compare with Lemma A.1. O

Note, that if v = 7/2 (= A = 0), the kernel becomes K(A|7/2) = 0, so the dressed
quantities are equal to the bare ones. For this case, the spin chain can be mapped to free
Fermions by a Jordan Wigner transformation and A = 0 is thus called the “free Fermion
point” of the model.

Define the integral operator K : C([—Q,Q]) — C°([—Q,Q]) with integration kernel
K(|) by

Q
ko= [ KO ). (5.13)

The resolvent Rg(\, 1) is defined as the kernel of the integral operator id — RQ, which is the
inverse operator to id + K acting on C°([—Q, Q]). The invertibility of id +K is established in
the following proposition.

Proposition 5.2. Invertibility of id +K [11]. Let v € (0,7). The integral operator id +K
CY([-Q,Q]) — C*([-Q, Q]) with the sup-norm || f|c = max{|f(\)|: A € [-Q, Q]} is invert-

ible and its resolvent Rg(\, p) is represented by the Neumann series
Ro(X, 1)

oo Q
= KOk + 31 [ 2 HK = Vi1 )| Kon — ).

n=1

(5.14)

Proof. In order to prove the invertibility of id +K, we prove the convergence of the Neumann
series

o0

(id+K)'= > (-K)", (5.15)

n=0

which follows from

: I £l
1K = < du\K(A pl) < [ dp|K(uly)|
reco(-0.Q) Nflle Al QQ] R
2y
=PRI = [1- 2 <1 6a6)
The Neumann series for Rg(\, ) follows from id —Rg = 3.5° o (—K)™. O
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Chapter 5. The dressed energy

Corollary 5.3. Properties of the resolvent kernel Rg for finite Q >0 [11,14].
(1) Rg(A, i) is a meromorphic function of X on S,(Q) with simple poles at X = p + iy if
v € (0,7/2) or \=pLi(r—7) ify € (n/2,7), and a smooth function in Q € (0,00).
(1) Rg(A, p) is symmetric in (A, p) and Rgo(\, ) = Ro(—X, —p).
(iii) The integral operators Rg and K commute,

Q

Q
/ dv K(A —v|y)Ro(v,p) = /Q dv Ro(A\, v)K (v — ply) . (5.17)

_Q —

Proof. (i) and (ii) follow from the Neumann series (5.14) of Rg and from using the properties
of K from Lemma 5.1 (i) and (iv). The smoothness of Rqg in @ € (0,00) follows, since each
summand of the Neumann series is a smooth function of Q. (iii) follows from the invertibility
of id+K. (id+K)(id—Rg) = id < id = (id+K)"'(id—Rg)™' = (id—Rg)(id +K) =
KRg = RoK. This implies (5.17). O

The relation (id +K)(id —Rg) = id implies that the resolvent fulfils the integral equation
Q
Ro(p)+ [ KO v o) = KO~ ). (5.18)
Writing (3.1) as

fo(A) = (i[d+K) f(AQ) (5.19)

and applying (id —R) from the left hand side allows us to rewrite the function f(\|Q) by
means of the resolvent kernel

. Q
FNQ) = (id—Rg) fo(N) = folA) — / d Ro(\ 1) fol1). (5.20)

This implies
Q Q
[ duk =60 = [ duRoOunfotw). (5.21)
-Q -Q

For (Q — oo, the Neumann series (5.14) only depends on the difference A — p and (5.18)
becomes

RO= k) + [ v K= v R = ) = KO = ). (522
This is a convolution type integral equation which can be solved exactly by Fourier transfor-
mation, as pointed out in Lemma 5.4.
Lemma 5.4. Properties of the resolvent kernel R for Q = oo [42].
(i) R has the Fourier integral representation

dk  sh(k(5 —7)) elkA

R 27 2ch(5) sh(E(m — )

R(\ly) = , (5.23)

which is valid for Im A <y if v € (0,7/2) and |ImA| <7 —~ if y € (7/2, 7).
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5.1. Properties of kernel and resolvent

(ii) For~y € (0,27/3), R can be written in the representation

s K(l—z'/y/wﬁ/) ~ 7/2 € (O7g)a zf’yE (07g)a
R<)“7): Y h(Z(\ ’ V= s . w27
27(7[-_7) R C(;( _y)) 1_7/71- e(faﬂ-)a Zf7€(§7?)7
(5.24)
which is valid for Im \| < v/2.
(iii) For ~v € (0,27/3), R is even on R and
lim R(A\|y) =0. (5.25)
A—00

(iv) For~ € (0,7/2), R(Alv) > 0 for A\ € R and monotonically decreasing on RT.
(v) For~ € (7/2,27/3), R(A|y) <0 for A € R and monotonically increasing on RT.

Proof. (i) follows from Fourier transforming (5.22), applying the convolution theorem, using
the Fourier transformed kernel (5.9) and

1+ FK](k) = (5.26)

To prove (ii), we rescale k — k(1 — y/7) in the integral (5.23) and use the Fourier transfor-
mation

Flgl(k) = W’Y_W’y ch(Q(%_kw)) where g(\) = M (5.27)

(iii), (iv) and (v) are a direct consequence of the integral representation (5.24) and the
properties of the kernel K from Lemma 5.1 (ii) and (iii). 1/ch in the integrand of (5.24)
determines the behaviour of R(\) together with the sign of K(-|7), where for v € (0,7/2) =
7€ (0,7/2) = K(A|J) > 0 for A € R, and for v € (7/2,27/3) = 7 € (7/2,7) = K(\]7) <
0. O

Recast the linear integral equation (3.1) as

FOIQ) = F0NQ)+ | KO- i) (@)~ [ auK O =i Q). 629)

Acting with the inverse operator id — R on id + K, understood as an integral operator on
Cg (R), the space of continuous functions on R that are bounded at infinity, we get

SNQ) = o)+ [ RO~ ) f(01Q) (529)

with

FroN) = fo(X) — /R ap RO~ i) fol). (5.30)

This is sometimes referred to as “change of integration contour trick” [11]. In particular, we
obtain for the resolvent Rg

Ro(\ i) = RO = pl) + [ g W EO DRG0, (5.31)
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Chapter 5. The dressed energy

Understanding the integral operators R and ]%Q as acting on CP(R\ [-Q,Q]), R is the
resolvent of the operator id +Rq, so (id —R)(id+Rg) = id. We get another representation
of f(A|Q) by means of Ry,

FOIQ) = f )+ [ duRo(A ) fucli). (532)
R\[-Q,Q)
For £(A\|Q), we find
__hm 2nJsin(y)
Eoo(A) = =) ych(%’\) (5.33)
and for p(A|Q)
poo(\) = 27(211(“) (5.34)

Lemma 5.5. Bounds of the resolvent kernel [11].

(i) The resolvent kernels Rg and R satisfy the following bounds uniformly in (X, u) € R?:

Ro(A,p) > RA—ply) >0 if v€(0,7/2), (5.35)
RA—puly) < Ro(A\,p) <0 if ve(n/2,m). (5.36)

(ii) For \,p >0, it holds that

RoO i) — Rg(h—#) >0 if 7€ (0,7/2). (5.7)
Ro(A\ i) — Ro(A\,—p) <0 if e (n/2,m). (5.38)

Proof. (i) For the bounds in (5.35), note that R(A—p|y) > 0 was already proven in Lemma 5.4
(iv). For the first inequality in (5.35), we use the integral equation (5.31) and, understanding
the integral operator R as acting on CO(R\ [—Q,Q)]), express Rg in terms of a Neumann
series

Ro(A\ p) = (id—R)™'R(\ — ply) = > R"R(A — ply)
n=0

=R<A—uw>+2/m g T EA = HR Vi) | RO — ).
(5.39)

The convergence of the series is proven with the same argument as in (5.16) and using that,

for v € (0,7/2),
™

FIRHEN(0) =1 — " <1. 5.40

RO = 1= 5= (5.40)

With R(A — uly) > 0, it follows that all terms of the Neumann series are positive, which

entails the claim. For (5.36), Rg(A, i) < 0 can be read of the Neumann series (5.14). Since

K(Aly) < 0if v € (7/2,7) (Lemma 5.1 (ii)), this series consists only of negative terms.

Using (5.31) and Lemma 5.4 (v), which gives that R(Aly) < 0 if v € (7/2,7), we obtain

Ro(A, 1) > R(A = ply).
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5.2. Existence and uniqueness of the Fermi point

(ii) To prove (5.38), use that K (A|y) < 0 for vy € (7/2,7) and that K (A|y) is monotonically
increasing for A > 0 (Lemma 5.1 (ii), (iii)) to show that K (A — puly) — K(A + ply) < 0. With
the Neumann series (5.14), we obtain

Ro(A, 1) — Ro(A, —p)

00 Q
=KW\ —ply) =KX+ ply)+ > (—1)"/0 d"v (KA = wily) = KA+ 11]v))
n=1

n—1
X | I KW = vims1lv) = K (vm + Vm+1|7)1 (K (vn — ply) — K(vn + ply)) < 0.
m=1

(5.41)

Similarly, we can prove (5.37) by expressing Rg (A, 1) — Rg(A, —p|y) in terms of the Neumann
series (5.39) and observing that R(\ — ply) — R(A + p|y) > 0 for v € (0,7/2), using the
positivity and monotonicity of R(A) from Lemma 5.4 (iv). O

5.2 Existence and uniqueness of the Fermi point

By expressing the bare energy ¢ defined in (2.70) using the notation (5.2) as
eo(A) = h —4nJ sin(y) K (\|v/2), (5.42)

we can read off the behaviour immediately from the properties of K (Lemma 5.1) which
have been presented in Section 5.1. Since it is symmetric, has a minimum at A = 0, is
monotonically increasing on R and converges to h for A — oo, we conclude that it has a
unique and positive zero )y in the parameter regime 0 < h < h.. The bare energy and its
positive zero give important bounds in the following theorem.

Theorem 5.6. Ezistence and uniqueness of the Fermi point [11,14]. Let v € (0, ).
(i) e(A\|Q) is a smooth function of (A\,Q) € R X (0,00) that is even in .

(i) Define

g 2mdsin(y)
EN)=nh 77011(7%) (5.43)
Then, for A € R and v € (0,7/2), (A Q) is subject to the bounds
eo(N) <e(NQ) for 0<Q <Qo, (5.44a)
e(A\@) <&N) for @Q>0. (5.44b)
For e R and v € (7/2,7), e(A|Q) satisfies the bounds
(V) > (@) for 0<Q<Qo, (5.450)
e(NQ) > E(N\) for Q>0. (5.45Db)

(iii) For any h € (0, h.) there exists a unique solution Qr to the equation e(Q|Q) = 0. This
solution Q is called “Fermi point” or “Fermi rapidity”.
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(iv) For v € (0,m/2), the Fermi rapidity is bounded by

Qr < Qo (5.46)
and, if a positive zero Q with &(Q) =0 (& h < 2nJsin(y)/v) exists, by
Q< Qr. (5.47)
For ~ € (1/2,7), a zero Q exists for all h € (0, h.) and QF satisfies the bounds
Q>Qr>Qo. (5.48)

(v) The function h : (0,h.) — RT, h — Qp is a smooth and monotonically decreasing
function with limp,_,0 QpF = oo and limy_,,, Qr = 0 for v € (0, 7).

Proof. (i) The smoothness in @ follows from the smoothness of Rg in @) € (0, 00), proven in
Corollary 5.3 (i). The evenness in A follows from the evenness of £y in A.

(ii) Let v € (0,7/2). The lower bound follows from using Rg(A, 1) > 0 (Lemma 5.5 (i))
(5.20) with fo = &0,

Q
Q) =) - [ i Ra( (). (5.49)

and go(A) < 0 if A € (—Qo, Qo) gives, with the restriction 0 < @ < Qo, that eo(p) < 0 in
the integral (5.49). This provides the lower bound (5.44a). For the upper bound, we use the
dressed charge (3.7) and the root density (3.10) with arbitrary () to rewrite

(NQ) = hZ(A|Q) — 4mT sin(7)p(AIQ) (5.50)

Using (5.20) and Rg(A, i) > 0 again, we get the upper bound for the dressed charge

Q
Z(\Q) =1 —/ dpuRo(A\ p) < 1. (5.51)
-Q
For the root density we can estimate a lower bound when writing it in the form (5.32),
PR = peN)+ [ duBg(pne(i) > p(3) >0, (5.52)
R\[-Q.,Q]

where once again, Rg(A, ) > 0 was used and (5.34) = poo(A) > 0. Altogether, this yields
e(AQ) < h —A4AnJ sin(y)poo(A) = E(N). (5.53)

Now let v € (w/2,m). Then, it follows from Lemma 5.5 (i) that Rg(A, 1) < 0 and with similar
arguments as for v € (0, 7/2) we now get £9(\) as upper and £(\) as lower bound.

(iii) Let v € (0,7/2). Taking the derivative dye(\|Q) in the form (5.32), using partial
integration and the evenness of €(A\|Q) and e (), we get

Ae(MQ) = £ (V) + (QIQ) [ROA — Qly) — RO+ Q)] + / du RO — )0 (1l Q)
R\[-Q,Q]

— £l (V) +2(QIQ) [Ro(M Q) — Ro(A —Q)] + /Q du [Rg(\, 1) — Ro(A, —p)] e (1)

(5.54)
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5.2. Existence and uniqueness of the Fermi point

For the derivative dge(A|Q) we obtain

9oe(ANQ) = —e(QIQ) [Ro(A, @) + Ro(A, —Q)] (5.55)
which yields
de(Q|Q)

5 = 2QQRQ - Q) + @+ [ dn [Ro(@p) ~ Rol@ ~)h(m).
Q

(5.56)

Because of (5.37) and e/ _(\) > 0 for A\ > 0, the integral and £/_(Q) are positive. Consequently,
every zero of @ — £(Q|Q) belongs to an open set on which the function is increasing. Since
Q — £(Q|Q) is a continuous function, it has at most one zero. £(0(0) = €¢(0) = h — h,
and limg_,00 £(Q|Q) = lim) 00 €xc(A) = 2(7}:7% > 0 imply that if and only if 0 < h < h,
Q — ¢(Q|Q) has a unique, positive zero Qp.

Let v € (m/2,7). In a similar way as before, we obtain from £(\|Q) in the form (3.1)

Q
Ae(NQ) = £h(N) + £(QIQ) [K(A — Q) — K(A + Q)] - / du KA — 1)0,=(ulQ)

Q
=ep(A) +e(QIQ) [Re(X, Q) — Ro(\, —Q)] — /0 dp [Ro(A, 1) — Ro(X, —p)leo(p) - (5.57)

For the derivative dge(A|Q) we get (5.55), the same result as previously. Combining this
yields

de(Q[Q)

d@
Use £4(A) > 0 for A > 0 and (5.38) which implies that the bracket in the integral is negative
and therefore, again, every zero of Q — £(Q|Q) belongs to an open set on which the function
is increasing. With similar reasoning as above, we find that @ — ¢(Q|Q) has a unique positive
zero Qp if and only if 0 < h < h.

(iv) The bounds follow from the monotonicity of £ and g and (ii).

(v) The smoothness of h — Qp follows from the implicit function theorem. The mono-
tonicity follows from implicit differentiation, using (5.50) and (5.54), (5.56) or (5.57), (5.58)
respectively,

Q
= —26(QIQ)RQ(Q, —Q) + £(Q) /0 du [Ro(Q, 1) — Ro(Q, —m)] eg(p) - (5.58)

dQr _ Z(Qr)

dh — €(Qr)
where we used ¢'(Qr) > 0, which follows from (5.54), (5.57), and Z(Qp) > 0. For v €
(m/2, ), the latter follows from writing Z in the resolvent form (5.20) and using Rg(A, 1) < 0,
for v € (0,7/2) it follows from writing Z in the form (5.32) with Zo, = 3y > 0 and using
Ro(A\, p) > 0. For v € (0,7/2), the limit limy o0 Qr = oo follows from (5.47), the limit
limp_,p. QF = 0 from (5.46). For v € (w/2,w), the limit lim, o Qr = oo follows from
Qr > Qo, (5.48), the limit limy_,,, QF = 0 from the integral equation for € in the form
(5.49). From Lemma 5.5 (i) we know that Rg(\, p) < 0if v € (7/2,7), and by definition it
holds that ¢(0) = 0 for h = h.. Since gg()) is even and monotonically increasing on A € RT,
we know that eg(\)|p=p, > 0. Therefore we get

<0, (5.59)

Q
“M@) = + [ du|Ro(A o) < 0. (5.60)

and in order to fulfil e(Qr|Qr = 0 the only possibility is Qr = 0. O

) ’h:hc
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1.751
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Figure 5.1: Exemplary plot of the function Qr(h) for J = 1, v = 1.2 with critical magnetic
field h. ~ 5.45. It holds that lim;_,0 Qr = oo and limy_,,, Qp = 0.

5.3 The dressed energy in the complex plane for 0 < A <1
We proceed to analyse the dressed energy in the complex plane, more precisely on S, (QF).
The analysis for A € (0,1) (v € (0,7/2)) is considerably different from the case A € (—1,0)
(v(€ 7/2,7)). For A € (0,1) we obtain a complete picture of the behaviour and properties
of the dressed energy which we prove mathematically rigorously.

Theorem 5.7. The dressed energy in the complex plane [14]. Let v € (0,7/2).

(i) For all X\ € S, (QF), the function A — Ree(X) is even in x = Re X and y = Im \.

(ii) For 0 <y < /2, the function x — Ree(x + iy) is monotonically increasing for x > 0
and has, for every y, a single simple zero z(y).

(iii) For y € (0,v/2), z(y) defines a smooth function which behaves at the boundaries as
z(0) = QF and fory — (v/2)— as

z(y) ~ f‘fsmm (7 - y> (5.61a)

with

_# ﬁ ~ K N ) e an szyi/Q
C—l_,y/ﬂ{er/quK(l_,y/W’v) (u)}>0 d 5 a /) (5.61b)

(iv) Within the strip |y| < v/2, Ree(\) is subject to the bounds

Reegp(A) < Ree(A) < Reé(N). (5.62)

48



5.3. The dressed energy in the complex plane for 0 < A <1

0.6 1 —— h =0.6h,
— h =0.9h,.
— h=h,
0.4
0.2
<
= 0.0
—0.2 A
—0.4 1
—0.6 -
T T T T
—-0.4 -0.2 0.0 0.2 0.4
Re A

Figure 5.2: The curve Ree(\) = 0 for J = 1, v = 1.3 with various values of the magnetic
field in units of h. &~ 5.07. As stated in Theorem 5.7, Ree(A) = 0 describes a simple closed
curve inside the strip [Im \| < /2 which is symmetric with respect to the real and imaginary
axis. For h close to the critical field, the curve narrows more and more to an hourglass shape,
until at h = h, it forms a cusp which signals the transition to the fully polarized massive
regime.

(v) For A € Sy (QF) with |y| > v/2, Ree(X) is strictly positive with the bounds

™ 1/m us
Ree(A) > h for 575 (2 - 7) <yl < 5 (5.63a)
h ™ 1/(m
Ree(N) > B for v <ly| < 575 (2 - 7) , (5.63b)
. [h hy Y
Reeg(A) > min {2, M} for 5 < ly| <. (5.63¢)

(vi) For all X € Sy(QF), the function A\ — Ime(X) is odd in x = Re X and y = Im \.
(vii) Along the curve x(y), Ime is monotonically increasing,

dIme(z(y) + iy)
dy

>0. (5.64)

At the boundaries, Ime(x(0)) = 0 and for y — (v/2)—

2¢J sin(y)

=y (5.65)

Ime(z(y) +iy) ~

Proof. In the following proof, we will fix A =z + iy, x,y € R.
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— y=20.0
— y=20.05
— y=0.1
— y=0.15
— y =02
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y=0.3
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‘5/ y = 0.55
=61 : y =106
: y = 0.64

g —

—8 - T T ; . .

Figure 5.3: Ree(x + iy) for various values of y with J =1, v = 1.3, h = 0.4h, ~ 2.03. The
function x — Ree(x + iy) is symmetric in z, monotonically increasing (decreasing) for > 0
(x < 0) and converges to h for z — $o0.

Proof of (i)

The evenness of Ree(x + iy) in z and y is follows from the integral equation for £(\) in the
form (3.1),

Qr
Ree(x +iy) = Reeg(r +1iy) — Re / dp K (x +iy|y)e ()
-QF
Qr
= h—dmsin()Re (K (r i)~ [ duRe (G +iy —~ u)e(u)
=h = 2nJsin(y)(K(z|y —y) + K(z]y +y))
QrF
- ;/ dp (K(z — ply —y) + K(z — ply +y))e(p) , (5.66)
—-QF

where in the last step (5.6) was used. Since the kernel K is even in z and e(u) is even in
u € R, the expression above is clearly even.

Proof of (ii)

In order to prove the monotonicity of Ree(z + iy), consider the integral equation for () in
the resolvent form,

) = e (N) + /R oy RO = )0 (5.67)
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with €0(\) as in (5.33). Then, if z > 0 and —7/2 < y < /2, the real part of 1/ch(w)\/7),
which appears in Ree(A) and Re R()), is

1 Ch(”—f)cos(%)
. (Ch(?)>  ch®(T2) cos?(TX) + sh?(Z2) sin?(TX) > 0. (5.68)

Its derivative is

sh(™2) cos( =¥ ) (ch?(™2) 4 sin?(¥
| >: + sh(Z2) ( (ch®(3) +sin*(2) (560

O;Re | ——— -z Yl
R (Ch(:)‘) ’Y(Ch2(ﬂ)cos L)+Sh2(ﬂx)sin2(%y))2

v 8!
We conclude, using K (u|%) > 0 for 4 € R and v € (0,7/2), that the real part of the resolvent
R()) is even, positive and monotonically decreasing for z > 0 and

2 i 1
OrRees(N) = — XI5 g o (L) g, (5.70)
v Ch(T)
Observe, that for x, u > 0
Re R(A — p]y) = Re R(A + uly) > 0, (5.71)

which follows from the monotonicity of Re R(A). Altogether, recalling that u € (Qr, ) =
e(p) > 0, we obtain after partial integration

O;Ree(N\) = Reel (N —I—/ duRe [RON — ply) — RO+ p|y)]e'(u) > 0. (5.72)
F

This proves, that Ree(x + iy) is monotonically increasing for x > 0 and y € (—7/2,v/2). In

order to show that the function  — Ree(x + iy) has a zero, we examine its behaviour at

x =0 and z — co. For z — oo, consider Ree(x + iy) in the form (5.66). Since € is bounded

on [—Qr,Qr], and limy_,oc Re K (A — uly) =0 for all u € [-QF, QF], we conclude

Jim Re e(A) = Jim Re eo(A) =h. (5.73)
For the behaviour at = 0, we compute the second derivative
9zRec(N)],_o = Reel(iy) — / duRe [R' (1 —iyly) + R (u + iyly)]e’ (1) - (5.74)
F

The first term in the integral is negative, since, for yu € (Qp, o), the resolvent is monotoni-
cally decreasing. The second term is positive since, for p € (Qp,00), () is monotonically
increasing. For Ree’ (iy) we get the explicit result

. ) 23 Jsin(y) 1+ sin®(7Y)
Ree? (iy) = €7 (iy) = 3 cos3(7ry)7 >0 (5.75)

This yields 92Re ()| _, > 0 and since Ree()) is harmonic, it follows that 9;Re e(iy) < 0.

Because ¢ is an even function in = and y, we get '(0) = 0 and therefore d,Ree(iy)| _, = 0 and

OyRee(iy) <0 ony € (0,7/2). Using the evenness of € again, we conclude that yyr—> Ree(iy)
has a unique maximum at y = 0 on y € (—v/2,7/2) and therefore Ree(iy) < €(0) < 0 for all
y € (=7/2,7/2).

Together with (5.73) and the monotonicity, we can conclude, that x — Ree(x + iy) has,
for every y € (0,7/2), a unique positive zero.
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Chapter 5. The dressed energy

Ree(A) =0
— Res()(/\) =0
0.2 -
—— Reé(\) =0
0.1 1
<
= 00 - .
= Q| QF Qo
—0.1 1
—0.2 1
T T T T T T
-0.3 —0.2 —0.1 0.0 0.1 0.2 0.3

Re A

Figure 5.4: The curves Re&(\) = 0, Ree(\) = 0, Reegg(A) = 0 for J = 1, v = 0.55 and
h = 0.4h. ~ 2.96. The curve Ree(\) = 0 is enclosed by Re&(\) = 0 and Reegp(A) = 0.

Proof of (iii)

The function (0,7/2) — R*, y +— x(y) is smooth due to the implicit function theorem.
z(0) = Qr follows by the definition of the Fermi point Qr. For A — (iy/2)_, we approach
a pole of €(\). Consider () in the resolvent form (5.67) and expand the right hand side in
the vicinity of A\ =ivy/2,
hm 2iJ sin(7) . ) iy
=) 2(m =) T b " y—>1(1'yr?2)— /R\[QF,QF] A Rliy = piy)elu) + O </\ 2> ’
(5.76)

This expansion allows us to take the real part to zero and obtain an equation for z(y), which
we can solve to leading order for y — (v/2)_, yielding (5.61a). The form of the constant c is
obtained by inserting the representation (5.24) for the resolvent into the integral and using
the Plemelj formula to calculate the boundary value.

Proof of (iv)

For the lower bound, we use the integral representation

Qr

Res(\) = Reco(\) — /  dnRe(Rg(\ m)ea(n). (5.77)

For p € (—Qp,QF) we obtain from (5.44a) that £9(p) < 0. Using that Re R(A|y) > 0, we
can recast (5.31) for y € (—v/2,7/2) and z,u € R as

Re Ro(A, 1)

=ReR(A — puly) + / dvRe (R(A —v|y))Rg(v, u) > Re R(A— ply) > 0. (5.78)
R\[-QF,QF]
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5.3. The dressed energy in the complex plane for 0 < A <1

The integral is positive, since Rg(v, ) > 0 for v, u € R. Ree(X) > Reeg(A) then follows from
(5.77).
For the upper bound consider

Ree(A) = hRe Z(\) — 4w J sin(y) Re p(A) . (5.79)
With Re Rg(A, ) > 0 it follows that

QrF
ReZ(\) = 1 —/ duRe Ro(\ ) < 1. (5.80)
-QF

For the real part of the root density, one finds

Rep(\) = Repue(V) + [ djiRe (ROA— pl))p() > Repuo(N) >0 (5.81)
R\[-QF.QF]

where Re R(A — pu]y) > 0 for z, p € R, y € (—v/2,7/2) and p(p) > poo(pt) > 0, which follows

from (5.52), was used to estimate the integral. (5.80) and (5.81) allow us to estimate

Ree(A\) < h —4nJ sin(y) Re poo (A) = Re&(N), (5.82)

which is the upper bound.

The functions Re eg(z+1iy) and Re é(x+1y) are explicit functions, which are even in x and
y, a property already used several times throughout the proof. We can formulate Theorem 5.7
(ii) also for 2 — Reeg(x + iy) and, if a positive zero Q of & (& h < 2wJsin(y)/y) exists,
for © — Reé(x + iy). This provides us two smooth curves, which enclose the curve z(y),
as solution to Ree(x(y) + iy) = 0, in the strip |y| < 7/2. An example of this is shown in
Figure 5.4.

If h > 27 Jsin(y)/~, a positive zero Q € Rt of & does not exist, however, there exists a
Qim € (0,iy/2) C iR*, for which &(Qim) = 0, and for y € (Qim + (7/2 — Qim)/2,7/2), we can
formulate Theorem 5.7 (ii) for  — Reé&(x + iy), which, using the symmetry of &, gives us
two smooth curves as depicted in Figure 5.5.

Proof of (5.63a)

In order to prove (v), we prove each boundary (5.63a)-(5.63c) step by step, as each strip of
S,(QF) requires a different analysis.

For (5.63a) we want to derive another integral equation for (), starting from () in
the form (3.1). We consider y > /2, the estimates for y < —v/2 follow by the symmetry of
e(A).

For this, note the following properties of e(A\) on 0 < y < 7/2.

(i) e(A\) has a simple pole at iy/2 with residue

res,_in = 2iJ sin(v), (5.83)

(ii) e(A) jumps across the cut at [-Qr, QF] + iy (compare Lemma 5.8 (i)), where

ex(A) —e—(N) =e(A—1iy) (5.84)
(iii) and
Rel/i\lgoo Ree(A) =h. (5.85)
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Ree(A) =0
— Reé'()(/\) =0
0.2 .
—— Reé(\) =0
0.1 1
<
= 00
= —Qo)) —Qr
—0.1 1
—0.2 1
T T T T
—0.15 —0.10 —0.05 0.00 0.05 0.10 0.15

Re A

Figure 5.5: The curves Re&(\) = 0, Ree(A) = 0, Regp(A) = 0 with J = 1, v = 0.55,
h =0.9he ~ 6.67 and h > 27J sin(y)/v = 5.97. A real, positive zero of & does not exist, and
Re&(\) = 0 is split into two separate curves cutting the imaginary axis at £Qin.

We want to study e(\) on the by in/2 shifted real axis, and therefore set Im A = /2 for now.
Deform the integration contour [-Qr, Qr| as depicted in Figure 5.6. With this contour, we
can rewrite the integral

QF
/ A KOsl
——eO— i)~ ()K= b2 + [ du KO l)e(n)
Rtz
QF

- / dp K(X — ply)e(p) — / dp K(A = p —iyly)e(p)
R\[-QF,QF] —-Qr

=—eo(A —1y) — 4nJsin(y) K (A — iv/2[)
[ KO- e - [ dpu KO~ pl)e(n).  (5.86)
R+F R\[-Qr,QF]

Observe that
e0(A) +eo(A —iy) +4nJ sin(y) K (A —iy/2|y) = 2h. (5.87)

We insert the integral (5.86) into the integral equation (3.1) for £(\), simplify with (5.87)
and obtain

W =2h- [ auKO -+ [ QKO- pi)e(). (5.89)
R+F R\[-Qr,QF]

Setting A\ = z + ir/2 and
w(z) =e(z+1im/2) (5.89)
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2] A

\
\

A
\J

A
®

~Qr 0 Qr

Figure 5.6: Deformation of the original integration contour, which runs along the real axis
from —Qr to @p. The vertical parts on the right and left hand side are moved to +oo.

it follows with the identities of the kernel from Lemma 5.1 (vi), that
w(z) =2h — / dw K (z — w|m/2 — v)e(w) / dw K (z — w|y)w(w) . (5.90)
R\[_QFzQF} R

This equation can be solved for w(z) by employing Fourier transformation and the convolution
theorem. For A € R introduce

eb(A) = e(MIrer\[-Qr.Qr] - (5.91)

B Amh o (k) B FIK(*|5 —7)](k) . _ 27h o (k) _ -
T FRCRI® 1RGO e :]5(’;;)

where we used the Fourier transform of the kernel (5.9), (k) denotes the Dirac delta distri-
bution, and set

FK (x5 —)I(k) _ sh()

FDI(k) = 7 FFIKGIE)  sh(Re) (5.93)
An inverse Fourier transformation gives
D(z) = — K< : ‘”—@) (5.94)
1—~/m 1—~/m|2
with 4 = 1:’4 2/7r as in (5.24). Altogether, we find the representation
1 _
wl(2) = - _h7 e T /R ooy K (lz_ ,Y;”ﬂ . 7) c(w), (5.95)

valid in the strip v < [ImA| < 7/2. 4 — 4 is a monotonically increasing bijection of
the interval (0,7/2), and therefore v + 5 — 4 is a monotonically decreasing bijection of
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Chapter 5. The dressed energy

the same interval. The kernel of the integral (5.95) as a function of z — w has poles at

+i(§ —~) mod i(m — ). The kernel is furthermore, with Lemma 5.1 (ii), positive, and for

w € R\ [-Qr,Qr], e(w) is also positive. In order to estimate a lower bound, we rewrite

w(z) in terms of the resolvent kernel R. Insert (5.22) with v < & —4 for the kernel in (5.95),
zZ—w

Rew(z) = 1 _hfy/ﬂ — 1 —17/77 /R\[QF,QF] dwRe (R (1—7/77 g - ’y)) g(w)

_U—W /RdvRe (R (mf g - :Y)> /R\[QF,QF] vkt (1”__71/‘;‘7; B &> e
(5.96)

We want to analyse the monotonic behaviour of Rew(z). Set x = Rez = ReXand b =Imz =
Im A —7/2 =y —x/2. For the z-derivative, we obtain
RS

0:Rew(z) = ! / dwRe {R (z—w g - 1) - R <1Z_+71;7T
F
2]
5 Y
s

1y ) 1—y/n
- U—}W/o dwite [R (1Z—_v7w 7 7) - h (1Z—+vl/uw
2_7)] £(v). (5.97)

oo —_—
x/ dv Re {K( w-v 7T—a>—K<w+v
- 1—~/m|2 1—~/m
Here, the first integral in (5.96) was partially integrated once, the second twice. The bound-
ary terms vanish, since e(Qp) = 0 and the real parts of R and K vanish for x — 4o0.
Furthermore, the evenness of £ was used. Now write R(z/(1 —~/m)|r/2 — ) in the represen-

tation (5.24), valid for [b| < $(5 —7), i.e. T — 3(5 —v) <y < Z, and with (5.68) and (5.69)
we get that Re R(z/(1 — v/m)|w/2 — %) > 0 and monotonically increasing on x > 0 implying
Re {R (Z—w

that
m™ z4+w
a1 (o
for x > 0, w > 0. The same is true for the kernel function K. Since &'(w) > 0 for w > 0, we
conclude that 9,Rew(z) < 0 for > 0, which implies that the function x — Rew(x +iy) is

monotonically decreasing on RT. Because of (5.85), we know that lim,_, Rew(z) = h. As
w(z) is even in z, we get the boundary

g - ’y)] >0 (5.98)

Rew(z) > h >0, (5.99)

which yields (5.63a).

Proof of (5.63Db)

To prove (5.63b), we continue to work with w(z) as derived in (5.95). We keep the notation
r=Rez=Reland b=Imz=ImA—7/2 =y —7/2,so with y € (y,7/2 — (7/2 —7)/2)
follows Imz = b € (y — 7/2, (v — 7/2)/2). Note that b < 0. Since the representation (5.24)
of R(z/(1 —~/m)|r/2 — ) is not valid for this range of b, we take a different approach and
analyse the integral in (5.95) directly. Using (5.6), we rewrite the real part of the kernel as

z—w |7 1 T —w T —w

27 =3 K () 2 (5

1—~/m

ReK(

’y_)] (5.100)
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5.3. The dressed energy in the complex plane for 0 < A <1

where

b
11—/’

Y+ = g —-7=* (5.101)

We evaluate the range of 71 in order to obtain the sign and monotonic behaviour of the two
kernel functions using Lemma 5.1 (ii) and (iii), and get

0<”y+<%, Vg <o <T. (5.102)
This leads us to a case distinction where y_ € (0,7/2) or v € (7/2,7).
First, consider v_ € (0,7/2). Taking the z-derivative of Rew(z), integrating partially
and using the monotonicity of the kernels and &'(w) > 0 for w > 0, we conclude that

1—~/m

1—~/m
so  — Rew(z + ib) is monotonically decreasing, and since lim,_,», Rew(z) = h and w(z) is
even, we get the boundary Rew(z) > h.
For the second case, y_ € (7/2,7), K(x/(1 —v/m)|y-) < 0 for x € R, and therefore we
can estimate
’Y+)

1 (o)

%) | <o,
(5.103)

h 1 T —w

Rew(z) > 1—~/m  2(1—~/n) /R\[—QF,QF] dutte [K (1—’Y/7T

e(w).  (5.104)

We can further estimate the integral

S dwRe |K (22 |5

201 =7/m) Jr\[-Qr,Qr] L—y/m|'"
h / < T —w
- dwRe K (2=
2(1 =7/7) Jr\[-Qr,QF) L—ry/m

> o o dwre K (7

_ —;L/Rdw Re K (w]s) = —%?‘[ReK(*M)](O) =—

e(w)

>

)

hy hb

2(m =) = v
(5.105)

With this lower bound for the integral and using b € (v — 7/2,(y — 7/2)/2) we can find a
lower bound for Rew(z),

h hy hb h hy

Rew(z) > 1—7/7_2(7T—7)+7T—7 1=/ 2r—7y)  r—n

Thus we obtain (5.63b).
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Chapter 5. The dressed energy

Proof of (5.63¢)
Last we prove (5.63c). For this, consider () in the resolvent form (5.67). Define

. K(=2717)
Ri(Aly) = W_W)/Rdych(:()\—y))’

which is different from R(A|y) for In A = y € (7/2,v). An analytic continuation of (5.24)
yields

(5.107)

R = Ri(Al) + _17/7TK (Al — i]//: M : (5.108)

where it was used that 1/ch(wA/v) has a pole at iy/2. Note, that

hr  2mJsin(y) Re 1 S hm 50 (5.109)

2(r — ) B! ch() = 2(m =)

Reex(N) =

for y € (7/2,7). Inserting (5.108) into (5.67), we obtain

Res() = Recw(V) + [ ooy dBe RSO )

"1 —]L’Y/7r /R\[—QF,QFl dite {K (W‘ﬁ)] ). (5-110)

In order to estimate a lower bound for Ree(\), we have to estimate both integrals. We begin
with the first integral,

/ duRe [Rr(A — ul7)e(w)
R\[-QFr,QF]

>n [ duRe[Ri(A = ) > h [ duRe[Rih— ulo)

~ i L () e [ s

)
h 1 v N h - _ h1- 2%
=i LK (T ) = 5T e = -5 T
5.111)

For the second integral, rewrite

ek (TR =3 I (R

17__7%)] . (5.112)

1 —yv/ ﬂ) R (136—_77%

Note that, for v/2 <y < 7,

Ty ~ Y
<<
1—~/m 7 1—~/m

Recalling that 0 < 4 < 7/2, we observe that the first kernel on the right hand side of (5.112)
is positive. If y/(1 —v/7) < w/2, (5.113) implies that the second kernel is also positive, and

0< < 27. (5.113)
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Figure 5.7: The imaginary part Ime()\) along the curve Ree(A) = 0 in a symmetric log-
arithmic color scale with J = 1, v = 0.55, h = 0.4h. ~ 2.96. In counter-clockwise direc-
tion, the imaginary part is monotonically increasing along the curve. A change of sign of
Ime()) takes place at the poles A = =+iv/2 since limpy y—++/2 Re Am0+ Im (A) = £o00 and
limyy, -4 /2,Re A0~ Im (A) = Foo. Around the poles, a small range of the curve Ree(\) = 0
has to be left out, as the infinitely large imaginary parts cannot be represented by the color

scale.

the entire integral is positive. In the other case, we estimate similarly to (5.105)

1 _17/77 /R\[QF,QF] dntie [K <Alﬁ’7/l7z/2’ﬁ>] <)

>](0):h hy b by

2 w—v 2 Tm—v

> gf [ReK(*

1—~/m

Altogether, we obtain

which proves (5.63c).

Proof of (vi)

(vi) follows from the evenness of K (A|y) and from

Im K (x + iy|ly) = —Im K (x — iy|7y).

(5.114)

(5.115)

(5.116)
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Chapter 5. The dressed energy

Proof of (vii)

We denote Ree = u, Ime = v and set ReA =2 > 0, ImA =y € (0,7/2) and consider X as
a function of y, A(y) = z(y) +iy. The curve u(A) = 0 exists in the strip |y| < /2 and by
implicit differentiation, we obtain

dx Uy
— = A1
oo, (5117)

where u,, u, denote the partial derivatives with respect to x, y. From (ii) follows u, > 0.
Using the Cauchy Riemann equations,

Uy = Uy, Uy = —Vg, (5.118)
the derivative of the imaginary part is then

dv dz U u?
d—y:vxd—y:—vzi+vy:i+ux>0. (5.119)

Using the symmetry of ¢, we entail the claim. (5.65) follows from inserting (5.61a) into the
Laurent expansion of .

O

Lemma 5.8. The dressed energy € around its cuts [15].

(i) For the boundary values of € below and above its cuts at (—Qp,Qr) £ iy it holds that
for x € (—Qr,QF)

er(x4iy)—e_(x+iy) =e(x) and ep(z—iy) —e_(xz —iy) = —e(z). (5.120)

At the endpoints A = £Qp + viy with v = %, these boundary values exhibit O((\ F
Qr —viy) In(A F QF — vivy)) behaviour.

(ii) The maps [-Qr,Qr] = R, x — Imey(z +1iv) are strictly increasing.

(iii) The oriented curves

It ={zeClz=ci(z+1iv), z € [£Qr, FQr]} (5.121)
form a Jordan curve ' =T UT'_ C C, implying that the domain Int " is connected.

Proof. (i) Recast the linear integral equation (3.1) for ¢ as

QF
) = eo(N) - / I th(h— = ) e() — (A — i)

—Qp 27

QrF
. / Dt — o+ ) ) — e\ + 1)

—Qr 27
eA—iy)  (sh(A—Qp —iy)\  e(A+iy) (sh(A—Qr+iy)
T (sh(A T Or - m) T (sh()\ T Or w)) '

(5.122)
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Figure 5.8: Cuts of the dressed energy at (—Qp, @) =+iy and behaviour of the phase around
the branch points.

For pn € [-Qp,QF], the integrands are now holomorphic in A. Let A\ = = + iy with x €
[—QF,QF]. Then a Taylor expansion around u = z yields

[e() — (A —iy)] eth(A — p — iy) = [e(p) — e(z)] cth(z — p)
= —(@)(p—x)cth(p —2) + O(p—1x), (5.123)

which is a regular expression. A similar expression can be obtained for A = x — iy.

The behaviour of the boundary values below and above the cuts, e4(\), can be observed
by analysing the In functions. Again, set A = z + iy with z € (-Qr,QF) (= 2+ Qr > 0
and z — Qp < 0) and

sh(z — Q) , sh(2Qr)
W)= T X g ) = ) S, 5.124
ful) sh(z + Qp) Ju(@) sh®(z + Q) (5:124)
Thus f,(z) is a monotonic function in x, and since limx_@; = 0 and lim__, of = —%

the function x — f,(z) is a bijection from (—Qp,Qr) to (—o00,0). The interval (—oc,0)
is the branch cut of the principal branch of the logarithm. Similarly, setting A = z — i,
x € (—Qp,Qr) we can define fi(x),

sh(z + QF) _ sh(2Qp)
sh(z — Qp) sh?(z — Q)

which is monotonically decreasing and has boundary values lim Lo = 00 and lim et T
F F
0. Thus, z — fi(x) is a bijection from (—Qr,QF) to (0, —c0).
Using the definition of the principal branch, we obtain that
e(x) sh(Qr — :E))]

e+(z +1y) = “continuous part” + 2mi {iiw i <Sh(QF +)

filz) = >0, filz)= <0 (5.125)

(5.126)

and thus

er(z+iy) —e_(z+iy) =¢(z). (5.127)
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A
A
\)

-QrF QF

Figure 5.9: Deformation of the integration contour from —Qr to @ along the real axis to
obtain (5.132). The left and right hand side move to 00 and a > 0 small enough.

For e4(x —iy) we get

g4 (x — iy) = “continuous part” + 62(7? [$i7r +1In (Zlﬁggii_g)] (5.128)
and
er(r—iy) —e_(z —1iy) = —e(x). (5.129)

From (5.122), (5.126) and (5.128), using ¢(£QF) = 0, we can read off the singular be-
haviour of the boundary functions at the branch points,

6i(A)|/\‘>UQF‘H’Y ~AN=0QF —iy)In(A —0Qr —iv), (5.130)
ng(A)\HUQF_17 ~(AN=0Qr +iy)In(A —0Qp +iv), (5.131)

where o = &+.

(ii) From (5.120) and using that for € [Qp, QF] = e(x) € R follows Ime (x +iy) =
Ime_(x+iy). Thus it is sufficient to consider e_(x +1iv). Recall that £(\) is meromorphic on
S,(QF), defined in (5.3). We consider the range 0 < Im A < v, where £()) has a simple pole
at iy/2 with res, _ n = 2iJ sin(y). We introduce a > 0 small enough, deform the integration

contour of €(A) in the form (3.1) as depicted in Figure 5.9 and obtain

e(A) = eo(A) +4mJ sin(y) K(A —iv/2|y) + /R\[Q o dp K (A — ply)e(p)

- / dp K\ — p— iy +ia)e(p + iy —ia) . (5.132)

—0o0

Setting A = x + iy — i, € R, and using (5.87), yields

e(x + iy — i) +/ dp K(xz — p)e(p + iy —ia)
—00
:2h—60(x—ia)+/ dp K(x — p+ iy —ialy)e(p) . (5.133)
R\[-QF,QF]
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5.3. The dressed energy in the complex plane for 0 < A <1

Defining
n(x) =Ime_(z +1iv) (5.134)
and sending o — 07, we obtain
n(z) + / dp K (z — p)n(p) = ][ dp G(z — pe(p), (5.135)
—00 R\[-QF,QF]

with

G(z) = lim ImK(x +iy—ia) = lim —Im K (z — iy + ia)

a—0t a—0t

L lcth(z — 2i) + cth(z + 2iy) — 2P cth(z)] . (5.136)

7

where P denotes the principal value. (5.135) can be solved by means of the convolution
theorem,

n(z) = f dppo(z — we(p) (5.137)
R\[-QFr,QF]
with
FHl() = e (5.138)

The denominator can be obtained from (5.26) and for the Fourier transform of G we compute

k(5 — 7 — ) sh(ky)

FIGI(k) = lim, () (5.139)
Thus altogether
- sh(k(5 — v —a)sh()
Flol(k) = lim 21 B, 2 (5.140)

In order to evaluate the inverse Fourier transform, we use the identity

—ikx 1 1
/ ke = (5.141)
R

2mx

_io+ 8mi sh(k(%_”) 2(m =) +emn

and get
e 7 7 = 2
W@ =y Lhm(x “o) T ) sy 61
Reducing this to a common denominator yields
vo(z) = f(z)g(x) (5.143)
with
flx) =~ - COS(’Z:%) g(x) = thiz=) (5.144)

sh(;™ (z +1v)) sh(;755 (2 — 1))’ Al =)
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T =Qr — T_

0.4 A

0.2 1

Ime

5.50 5.75 6.00 6.25 6.50 6.75 7.00 7.25
Ree

Figure 5.10: The Jordan curve I' = T'y UT'_, as defined in (5.121), in the complex plane
for J =1, v = 1.3, h = 0.65h. ~ 3.30. 4 is evaluated by e4(z +1iy) = e(z + iy £ i) with
§ = 107*. Since the cut at [~Qp,Qr] + iy is in the regime where Ree()\) > 0, compare
Theorem 5.7, T is located in the right half plane. From Theorem 5.7 also follows that Im ()
is odd in Re A = Im e (x +1y)|,_, = 0 and with (5.120) we obtain that the distance between
the curves I'y and I'_ for = 0 is |¢(0)| = —(0).

For these functions it holds that f(z) = f(—z) and g(z) = —g(—=z), implying that 1o (z) is
odd. Moreover, for z € RT, f(z) <0, g(z) > 0, f'(x) > 0, ¢’(x) < 0. This leads to

Yo(x) = f(z)g(z) + f(z)g'(x) >0 (5.145)
for x € R\ {0}. Using that (i) > 0 for u € R\ [-Qr, Qr], we conclude that

V@ = [ dpu (o — p)e() > 0 (5.146)
R\[-QF,QF]

for z € [-Qp,QF], which entails the claim. Note that the integral representation for 7 is
well defined at © = £Qp as e(£Qr) = 0.

(iii) The strict increase property (ii) ensures that each of the curves I'y. does not intersect
with itself. From e(£Qp) = 0 follows with (5.120) that the curves v+ meet at © = £Qp.
Assume that the curves intersect away from these points. Then there exists z1,x2 € [QF, QF]
such that ey (x; +1y) = e_(x1 +1y). From Ime, (21 + iy) = Ime_ (21 + i7y) follows 21 = z2
by using the strict increase property. But then the real part of (5.120), Reey(z1 + iy) —
Ree_(z2 + i) = e(x1) < 0 leads to a contradiction. Therefore the curve I' =I'; UT'_ must

be a Jordan curve.
O

Proposition 5.9. The dressed energy is a double covering map on U, [15]. Let T be as
introduced in Lemma 5.8.
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A

R+ 7
. E .
—QF + iy QF +1ivy
- — — - - - - - - - - - - — °
-QF Qr
a -
- - — — — — — — — - @ 777777777 °
—QF — Iy Qr — iy
R

\

Figure 5.11: The integration contour I'y, for J,(z).

(i) For every z € C\ IntI' the map Sy(Qr) = C, X = () — z has exactly two zeros,
counted with multiplicities. These zeros are double if z = £(0) or z = () and simple
otherwise.

(ii) Us = S4(Qr) \ {0, 5} is a double cover of () = C\ {Tnt T U {=(0), ()} }.

(iii) Define

WL75 - {Z S W&‘

Rez<00rRez:OandO<Imz<g}, (5.147)

Ug.. = {Z € U;

i

Rez >0 or Rez =0 and 72T<Imz<0}. (5.148)

Then the maps 1,/ = 6|WL/R- : Up re — €(Up Rr,e) are biholomorphisms.

Proof. (i) Define the integration contour I', as depicted in Figure 5.11 and consider the
integral

[ dp ()
%(Z)_/ra%dm—zv’ (5.149)

which is well defined for o > 0 small enough provided that |Re z| is large enough. Observe that
e(R+T) C [-M, M] for some M > 0 and that the values of ¢ around the [—Qp, Qp]+1v stay
close to the curve I" and are bounded. The same is true around [-Qr, Q] — iy by symmetry
of €. Thus, for @ > 0 small enough and |Re z| large enough we can compute J,(z) by means
of the residue theorem,

Ja(z) =#{NentTyle(A) =2z} —2, (5.150)

where the —2 stems from the two simple poles of € at +iy/2 and # counts the number of
elements in the set, in this case the number of zeros of €(A) —z counted with their multiplicities.
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Figure 5.12: The domain U, divided into Ur.. and Ug,. (lhs). The infinite toothpaste
tube Up,e (rhs), the cut from —Qp + iy to —Qp — iy and the points 0, 5 do not belong to
U

Since ¢ has differentiable O((A F QF — viy) In(A F QF — vivy)), v = £, behaviour at the
endpoints +Q r + viy and smooth boundary values on (—Qp, Qr) £ iy, we may rewrite the
integral (5.149) in the limit o« — 0% as

j+(z):/Qqu ilp+in)  l(pti) ei(p—iy) l(p—1) ]
¢ —qp2mi |ep(ptiv) -2 e-(p—iy)—2z erlp—iy)—2z e-(p—iy)—=
:/QFd/{l Slutin) Lt | o0

—Qp T |ep(ptiv) -z e (p—iy)—=z

where €4 (¢ +1v) = e (—p — i) was used, which follows since ¢ is even. For Re z < —R with
N > 0 large enough we may take this integral explicitly,

1 {ln(6+(u +iy) — Z)}QF —0. (5.152)

Jo+(2) = mi In(e—(p+1iv) —2)] g,

Here we have used that ¢4 (£Qp + i7) = e_(£Qp + iy) which follows from (5.120) and
e(£QF) = 0. Since z — Jy+ is analytic on the connected domain C \ Int T, it follows that
it vanishes on this domain. With (5.150) follows that A — £(\) — z has exactly two zeros
for any z € C\ IntT', counted with multiplicities. If \g € S,(QF) is a solution to (\) = z
then also —)\¢ and im — Ay are solutions to this equation, since € is even and im periodic.
Thus, if A9 # {0, T}, the solutions appear in pairs of simple zeros {\g, —Ag} if Im \g # 5
and {Ag,im — Ao} if Im A\g = 5 while the parity and im periodicity imply that 0, T are double
Z€eros.

(ii) follows from (i) which implies that every z € £(U.) has exactly two preimages in U..

(iii) follows since U, U URr,e = U. and under the inversion ¢ : A — —\ it holds that
UL, = Ug,e, implying that the restricted maps are bijections. O

If we identify the points on the lines Im A = :l:%r modulo im and the points of the intervals
(0,%), (—%,0) modulo point reflections, Uy, and Ug,. are smooth manifolds. This results
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in rolling U. into a cylinder of infinite length and then glueing the intervals (0, ), (—Z,0)

together. As a result Ur.. and Ug.. look like infinite toothpaste tubes with a cut, compare
Figure 5.12.

5.4 The dressed energy in the complex plane for -1 < A <0

For A € (—1,0), we establish a theorem similar to Theorem 5.7. However, we cannot transfer
all properties from the dressed energy in the regime A € (0,1) in full mathematical rigour.
Note, that the cuts of the dressed energy are now at [-Qr, Qr| i(m — 7).

Lemma 5.10. Monotonicity of the bare energy g in the complex plane for v € (w/2, 7).

(i) For 0 <y < (m—~)/2, the function x — Reeo(x + iy) is monotonically increasing for
x> 0.

(ii) For v/2 < y < m/2, the function x — Reeo(x + iy) is monotonically decreasing for
x >0 and Reeo(x + iy) > h.

(iii) Fory € (0,7/2)\ {~/2}, the function y — eo(iy) is monotonically decreasing.

Proof. (i), (ii) Rewrite the real part of the bare energy as

g—y>+K<x

and analyse the sign of the two kernels on the right hand side. Since v/2 -y € (—7/2,7/2),

Reeo(z +1iy) = h — 2nJ sin(v/2) [K (x 5

Ty yﬂ (5.153)

y>g:>K<x;—y><0, (5.154a)
y<;:»K<xg—y>>0, (5.154b)

and for v/2 4y € (n/4,7)

g+y<g©y>(ﬁ—7)/2jK<x3+y><0, (5.155a)
Y ™ Y
2+y>2<:>y<(7r—7)/2:>K<x2+y>>0. (5.155b)

From v > 7/2 follows (7w — )/2 > 7/2 and therefore, for y € (v/2,7/2), both kernels have
a negative sign and we obtain that Reeg(z + iy) > h. With the monotonic behaviour of the
kernels we obtain that the function z — Reeg(z + iy) is monotonically decreasing for = > 0.
For y < (m — )/2, both kernels have a positive sign and the function = — Reeg(x + iy) is
monotonically increasing.

(iii) follows from

Oyeo(iy) = 2J sin(7y)0y [ctg (y — ;) — ctg (y + ;)] = _4Jsir?;n(2y(7—) Z’l)ns(if;(o;(—i)g) <0.

(5.156)

O]
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Chapter 5. The dressed energy

Theorem 5.11. The dressed energy in the complex plane for v € (w/2,).
(i) For all A\ € Sy(QF), the function X — Ree(X) is even in x = Re X and y = Im \.
(i) Within the strip 0 < |y| < min{y — ,m — v}, Ree(\) is subject to the bounds
Reé(A) < Ree(A) < Reegp(N). (5.157)
(iii) For 0 <y < (m —~)/2, the function xz — Ree(x + iy) is monotonically increasing for
x > 0 and has, for everyy, a single simple zero x(y).

(iv) For (m —)/2 <y < /2, the function  — Ree(x + iy) has, for every y, at least one
simple zero x(y). *

(v) For A € S, (QF) with |y| > v/2, Ree(X) is strictly positive with the bounds

Ree(A\) >h  for max {7? -, g} < |yl < g (5.158)
and, if v/2 <m—~,
h Y
Ree(N) > 3 for 5 < ly| <m—7. (5.159)

Proof. Fix A=z +1iy, z,y € R

Proof of (i)

The evenness of Ree(z + iy) in x and y follows, analogously to Theorem 5.7 (i), from the
integral equation (3.1) for £(\) and the evenness of the kernel K.

Proof of (ii)

For the upper bound, choose y > 0 and rewrite (3.1) using the properties of the kernel from
Lemma 5.1,

Qr
Ree(w + iy) = Reco(w + iy) + ;/Q At [K (2 — plr — 7 — ) + K (2 — plm —y + p)le(u)
’ (5.160)

Consider the integration kernels. From 7 —~ € (0,7/2) follows 1 — v —y € (—7/2,7/2).
Thus

T—y—y>0sy<nm—v=K@x—pur—vy—y) >0, (5.161a)
T—y—y<0&sy>nm—v=K(x—pulr—vy—y) <0. (5.161b)

For the other kernel we get 7 — v +y € (0,7),

7r—’y+y<g<:>y<’y—g:>K(x—u|7T—’y+y)>0, (5.162a)
T ™
7r—’y+y>§<:>y>7—§:>K(x—u|7T—'y+y)<0. (5.162b)

*Numerics suggests that there is also only a single simple zero in this strip. However, this is not yet
mathematically rigorously proven.
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With the definitions
7=min{7—gm—v}, %:maX{v—;rm—v}, (5.163)

we conclude that both kernels in (5.160) have a positive sign if y < v_, while for y > 4 both
kernels have a negative sign, which, using () < 0 for p € [-Qp, QF], results in

Ree(z +1iy) < Reeo(z +iy) if 0<y<n_, (5.164)

Ree(x +iy) > Reeg(z +1iy) > h if 7+ <y< %, (5.165)

where Reeg(x + iy) > h follows from Lemma 5.10.
For the lower bound in the strip 0 < y < 7_, consider the real part of the Neumann series
of the resolvent kernel Rg, (A, 1), A =z +1iy, p € R, and use (5.161a) and (5.162a),

0 Qr
Re Rop (A p) = Re K(A — pufy) + 3 (—1)" / AR (KO-l
n=1 —WF

X

n—1
I1 K - umm)] K(vn — )
m=1

o Qr
—ReK(\ - plr =)~ (1" [ | Re(K (= wifr—7)
n=1 —WF

n—1
X H K (v — Vm—l-l”)’)] K(vn — ply)
m=1
<0. (5.166)
Hence, we find the lower bounds
QrF
Re Z(\) = 1 — / duRe Ro, () > 1, (5.167)
—-QF
Rep(3) = Repue(V) + [ diRe Rop (\ i)pooit) < Repuo(d),  (5.168)

for the real parts of the dressed charge and root density. Thus
Ree(A) = hRe Z(\) — 4w J sin(y)Re p(A) > h — 4w J sin(y)Re poo(A) = Re&(N),  (5.169)

which entails the claim.

Proof of (iii)

Let y € (0, (m —)/2). Then, for x > 0, we obtain by partial integration

OzRee(x +iy) = 0,Reegp(z + iy)
1 19
+ 2/ dp Z [K(x — plmr —v+oy) — K(z+ plr —v+oy)|e'(p) >0. (5.170)
0 o=%

Here, we used the monotonicity of Reeg and K (x|t —~ £ y) and &'(u) > 0 for u > 0. Using
that for 0 < y < v/2, eo(iy) is a continuous, monotonically decreasing function and Ree(\) <
Reep(N) it follows that Ree(iy) < Reep(iy) < €0(0) < 0 and with lim,_,., Ree(A) = h we
conclude that = — Ree(x + iy) has a unique positive zero for every y € (0, (7 — 7)/2).
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Proof of (iv)

In order to show that in the strip (7 —v)/2 < y < /2 the function z — Ree(z +iy) has, for
every y, at least one zero, we will prove that Ree(iy) < 0 and use that lim,_,, Ree(z +iy) =
lim,_,~ Reep(x +1iy) = h > 0. The latter follows from the boundedness of € on [—Qp, QF],
and since lim,_,oo Re K(A — p|y) =0 for all p € [-Qp, QF].

In order to prove that Ree(iy) < 0 we use that £(0) < 0 and show that the function
y — Ree(iy) is monotonically decreasing. Consider the integral

Qr Qr
- / dp OyRe K (iy — ply)e(p) = —/ dpe [0pIm K (iy — ply)] e(p)
-QF —QF
QF QF
= /0 dp [Im K (iy — ply) — Im K (iy + p|)]e' (1) = 2/0 dpTm K (iy — ply)e' (1) < 0.

(5.171)
In the first step, we used 9yRe K (iy — p|y) = Re (-0, K (iy — p|y)) = 0, dm K (iy — plvy), for

the second step partial integration was performed. For the third and fourth step, rewrite the
imaginary part as

sinh(2x) sin(2v) sin(2y)
m[cos(2(y — y)) — ch(22)] [cos(2(y +y)) — ch(22)]
It can be easily seen that Im K (x +iy|y) = —Im K (x — iy|y), and for y € (0,7/2), y # 7 — 1,
v € (m/2, ) follows

Im K (z + iy|ly) = — (5.172)

>0 ifxz>0,

(5.173)
<0 ifzx<O,

Im K (z + iy|y) = {
which leads to the integral (5.171) being negative. Therefore, with Lemma 5.10 (iii), it holds
that

QF
OyRee(iy) = 0yeo(iy) — /Q dpOyRe K (iy — ply)e(p) < 0. (5.174)
—WF

e(iy) jumps at y = i(m — ), where

er(i(m — 7)) —e-(i(r — 7)) = —(0), (5.175)

but due to the monotonicity e_(i(m — 7)) < €(0) and thus it follows that e, (i(m — 7)) =
e_(i(m — 7)) —€(0) < 0. We can conclude that Ree(iy) < 0 for y € (0,v/2), which entails
the claim.

In this strip, the function z — Ree(x + iy) is not necessarily monotonic in x as the
monotonicity is only rigorously proven for 0 < y < (7 —~)/2. If y > (7 — 7)/2 one of
the kernels in (5.153) changes its sign and may become, for some y, large enough such that
x +— Reeg(z + iy) is not monotonic anymore. Similarly, the real part of the integral is not
monotonic for some y > y_ large enough. Figure 5.13 shows a plot of the behaviour of
these functions for different y. In the previous paragraphs, it was proven that both the real
part of g and the integral are negative for z = 0 and using the monotonic behaviour of the
kernels, one can deduce, that both functions have one maximum and then converge to h and
0 respectively. Therefore both functions have, for every 0 < y < /2 a single simple positive
zero. However, this is not yet mathematically rigorously proven for their sum Ree(z + iy),
although numerics suggest (compare Figure 5.13) that also x — Ree(x + iy) has a single
simple zero.
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Reeo(z + iy) Ree(x +iy)

2.0  —— 2.0
1.5 K

—0.51

—1.0 T T T T T
0.0 0.5 1.0 1.5 2.0 2.5 3.0
xr
Qr . 0.5 1
— [55, duRe K (a + iy — p|y)e(n)
0.00 1 — y=0
0.0 y=03
—0.02 1
y=10.6
004 y=0.85
' —0.51 — y=09
~0.06 1 — y=109
— h
—0.08 T T T T T —-1.0 T T T T T
0.0 0.5 1.0 1.5 2.0 2.5 3.0 0.0 0.5 1.0 1.5 2.0 2.5 3.0

Figure 5.13: The function Ree(x +iy) and its summands for various values of y with J =1,
v = 2.0, h =0.75h, =~ 1.75. The curves which are monotonically increasing in x are coloured
in blue, those which do not behave monotonically in x are colored in red. All curves have a
single simple positive zero z(y).

Proof of (v)

For v; < y < 7/2 we find that the integral in (5.170) is negative due to the behaviour
of the kernels, (5.161b) and (5.162b). Taking the monotonicity of Reeg(x + iy) into ac-
count, Lemma 5.10, we can conclude that Ree(z + iy) is monotonically decreasing for
max{vy,7/2} <y < 7/2, and with lim,_,o, Ree(x +iy) = h the lower bound (5.158) follows.

If v4 < 7/2, there is nothing else to prove. If vy > v/2 = 4 = 7™ — ~, so we consider
the range v/2 < y < m —~. 7/2 < m — v indicates v < 27/3, and for v € (7/2,27/3), the
representation (5.24) of the resolvent is valid for 0 < y < /2. Now, we proceed as in the
proof of (5.63c) and analytically continue (5.24). Again, we obtain

Re(A) = Reco(A) + /R ooy BRI = )

where Reeg () > ﬁ > 0, but now, since v € (7/2,27/3), Re Ry(A — p|y) > 0, so it

remains only to estimate the second integral. As before, we rewrite

fek (W’fy) - % [K <1x—_’y77r‘ 1 —yv/ﬂ) TR (137_—71/;‘ 17—_7%)] - (3177)
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For /2 < y < m — 7 it holds that

Ty ~ Y
0< <y < <. 5.178
1—~/m 7 1—~/m i ( )

Recalling that 7/2 < v < 7, the left kernel is negative and we estimate similarly to (5.105)

ml—aww>A;FQEQHd”}(<1f:§%41—€wﬂ>5“”

: —y’y/w)] (0) = g - Wff/v > —g. (5.179)

In the last step, we used y € (/2,7 —~). For the other kernel, we make a case distinction. If

11;% € (0,7/2), the kernel is positive and thus also the integral with this kernel is positive.
We can then estimate the lower bound

> g?’ [K (*

Ree(x +iy) > —— — (5.180)

In the other case, we estimate

2(1‘17/”) /R\[—QF,QF1 ke <1$—_777r ’ 17—_7%) e(n)

> g?‘ [K <* ‘ 1”_;%)] =t o=y b by g

and get the lower bound

har hoy h
Ree(z +1iy) > — =—, 5.182
@) > 50— " =) 2 (5.182)

which entails the claim. O

5.5 The dressed energy on the curved contour

Above, we have introduced the dressed energy e, as solution to the linear integral equation
(3.13), integrated along the curved contour %. (3.12). e.(\) is an im periodic function and
meromorphic on {z € Clz ¢ ¢, + iy + inZ} with simple poles at +iy/2 + irZ. Thus, for
~v € (0,27/3), we may deform the integration contour %: to [—Qp, Qr] without picking up
the poles or cuts of . at 6. + i7,,, which entails that

ce(N) =e(\) for [Im(N)| < % if 0<ny< g (5.183a)
2
ce(N) =e(\) for — % <Tm(\) <0 if g <y< g (5.183b)

Define the domain

D, = {)\ c C‘|Im)\| <7 and Rez(y) < o} (5.184)

and, denoting the upper (lower) closed half-plane as HF,

DY =D.NHF and DY =D . NH-. (5.185)
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Furthermore, we introduce the short hand notation

W — pW¥ +inz. (5.186)

giim €

Deir = D +inZ and D
Using (5.183a) and (5.183b), we can rewrite the integral equation (3.13) for v € (0,27/3) as

Qr

ce(N) = 2o(A) - /

[ KO e - / K — piy)e(p) (5.187)

o

and by using the residue theorem we can rewrite the latter integral as

ec(A) =e(\) —e(A+iv)1 (A—iy)1 (5.188)

A—iven™) -

ejim

. 3
A+17€D§;Li)7‘_ +

In the following, we will analyse where the zeros of Ree.()) are, based on the continuation
(5.188) and the analysis in Section 5.3, respectively Section 5.4.

Lemma 5.12. Let v € (0,7/2). If A € D..ix, then Ree.(A) < 0 and if X ¢ Deir, then
Ree.(A) > 0, implying that the functions Ree(X\) and Ree.(\) have the same zeros.

Proof. From Theorem 5.7 follows that
Ree(A) >0 if X¢ D, and Ree(A) <0 if AeD.. (5.189)

In order to prove the first part of the statement, we use that for A € D. follows that
gc(A) = e(N), and with (5.189) follows Ree.(A) < 0 for A € D..

In order to prove the second part of the statement we have to discuss several cases, de-

pending on whether A +ivy € Z)g).

() A ¢ DY and A+ iy ¢ DV,
In this case, using (5.188), it follows that £.(\) = €()), and the claim follows from Theo-
rem 5.7.

(i) A ¢ DY and A — iy ¢ DY but A + iy € DY,
Using (5.188), we get that in this case

Reec(A) = Ree(A) —Ree(A +iy) >0, (5.190)
since Ree(A) >0 as A ¢ DY and Ree(A+1iy) <0as A+iy e oM.

(iii) A ¢ DY and A +iy ¢ DY but A — iy € DY,
In this regime, (5.188) takes the form

Reec(A) = Ree(N) + Ree(X — 1), (5.191)

and since Ree(\ + iy) < 0, the sign cannot be read off immediately as in (ii). Since A —

iy € Z)a(“, we use the representation (5.67) for Ree(A — iy). From A — iy € DY follows

ImA € (v/2,7), and we can therefore use the representation (5.110) for Ree(\) from the
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proof of (5.63c). This yields

Reec(A) = Reeoo(N) + Reeoo(A — i) + / duRe Rr(A — ply)e(w)
R\[-Qr.QF]

+ / dpRe Rp(A — iy — ply)e(p)
R\[-QF,QF]

1 / A—p—iy/2].
+ duRe [K ('fy)] e(p
1 =9/7 Jr\~@r.Qr] 1=~/ (»)
h A— i —iv/2
=" 4+ T / duRe [K (W’aﬂg(ﬂ), (5.192)
T=7 T =7 JR\-Qr.Qr] 1=~/

where we used that ch(%()\ —iy)) = — ch(%), and therefore, with the definition (5.107) of
Rr, ReRr(A — p —iy|y) = —Re Rr(A — p|y). Analogously to the proof of (5.63c), we get
that the last integral in (5.192) is either positive or has the lower bound % — ﬂh%,y, compare
to (5.114). Hence

o b h h
LS 30y, (5.193)

R A
esc()>ﬂ_7 2 m—7 2

(iv) A ¢ DY and A iy e DV,
This is a combination of cases (ii) and (iii). Here

3h
Reec(A) = Ree(A) — Ree(A +1ivy) + Ree(A —iy) > Ree(A) + Ree(A —iy) > > > 0.
(5.194)
Using the im periodicity of € and €., one obtains the statements for D . L]

Second, we consider the case v € (w/2,27/3). In this case, the statements in Section 5.4
which are mathematically provable are not as strict as in the previous case v € (0,7/2), and
the same is true for .(\). However, we can derive some conjectures from numerics, which are
outlined in Conjecture 5.14. Lemma 5.13 contains the mathematically provable statements.

Lemma 5.13. Let v € (7/2,27/3) and denote A = x + iy.

(i) For —(m—7)/2 <y <(m—7)/2 and \ ¢ oV +i(m —7y) the function x — Ree.(z +1y)
is monotonically increasing for x > 0 and has, for every y, single simple zero x(y).

(ii) For —v/2 <y < —(m —7)/2 the function x — Ree.(x + iy) has, for every y, at least
one simple positive zero z(y).

(iii) For A € D\ {DY +i(r —7)} = Ree.()) < 0.
(iv) For v/2 < |Im\| < (m —7), Ree.(A) is strictly positive.

(v) The curve Ree(\) = 0 and the cut €. + i(m — ) of ec(\) cross each other at Im A =
(m—=7)/2.

(vi) For A € {z € Int(@éi) +i(m =) Imz < v/2} the function X — e.(X\) is antisymmetric
in Im A around the by i(m — ) /2 shifted real azxis and symmetric in Re \.

(vii) For A € {z € Int(Z)é“ +i(m — ) Imz = (7 —~)/2} it holds that Ree.(\) = 0.
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5.5. The dressed energy on the curved contour

— Ree.(\) =0
. +i(m— 1)
—_— Gty
@ —i(m—7)
(m—7)/2

0.5 4

x  Poles of e.()\)

—1.0 1

—1.54

—0.6 —0.4 —0.2 0.0 0.2 0.4 0.6
Re A

Figure 5.14: Cuts of the dressed energy e, (orange, green) and the curve Ree.(\) = 0
(blue) for J =1, v =2 and h = 0.65h. ~ 1.52. The encircled + indicate the sign of Ree.())

in the respective domain.

Conjecture 5.14. Let v € (7/2,27/3) and denote A = x + iy.

(i) For —v/2 <y <~/2 and \ ¢ oM 4+ i(m — ) the function x — Ree.(z + iy) has, for
every y, a single simple positive zero z(y).

(ii) For /2 < |Im A < w/2, Ree(N) is strictly positive.

(iii) Define

D, = {z e Int(DM +i(m — *y))‘lmz € <7r - 3%, T ; 7)} , (5.195)
D, = {z e Int(DW +i(m — 'y))‘lmz c (”;7 ;)} . (5.196)

For A € Dy, respectively A € D, the function x — Ree.(z + iy) has, for every y, a
single simple positive zero xz;(y), respectively x,(y).

(iv) Let A =x +1iy € D;. Then for |z| < z;(y) = Reec(z +iy) = 0.

(v) Let N =z +iy € D,. Then for |z| < x,(y) = Ree.(z +1iy) S 0.

Proof of Lemma 5.13. (i)-(iii) follow from Theorem 5.11 since in this regime it holds that
ec(A) =e(N).
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Chapter 5. The dressed energy

(iv) If —(m —~) < Im A\ < —v/2 we infer from (5.188) that €(A\) = e.(\) and the claim
follows from Theorem 5.11. For v/2 < Im A < (7 —+) we conclude from (5.188) that we need
to consider three different cases,

ceN)=e(0) A DY ti(r—~), (5.197a)
M) =eN)+er—iy)  ifxe{DP +im -\ {DW +iy}, (5.197b)
M) =eN)+eA—iy) —e(A—i(r—7)) ifrxe DY +i(r—7). (5.197¢)

For (5.197a) the claim follows immediately from Theorem 5.11. In case (5.197b) we use the
representation (5.176) for Ree()\), and proceed similarly as in (5.192)

.y hm 1 )\—,u—iy/Q‘N)]
Ree(N) + Ree(A W)_77—7+1—7/7T/ﬂ§\[—QF,QF]dMRe {K(l—v/ﬁ )l e(p)

+min{—h,—}w} - hmin{ﬂ_w,m} >0. (5.198)
27 2(m—7) T—7y T—r

In case (5.197¢) observe that —Ree(A —i(m — 7)) > 0 and the claim follows with (5.198).

(v) On the cut 4. + i(m — 7) it holds that Ree(A — i(m — 7)) = 0. By symmetry,
A =z +1i(m — 7)/2 solves the equation Ree(\) = Ree(\ —i(m —7)).

(vi) follows from

(@ +iy+i(m —v)/2) =e(x + iy +i(r —7)/2) + ec(z + iy —i(m —7)/2)
= —¢c(z—iy+i(mr—~)/2) (5.199)

where we used that £(\) is odd in Im A.

(vii) follows since
Reec(z +i(m—7)/2) =Ree(z +i(m —v)/2) + Ree(x —i(m —7)/2) =0. (5.200)
O

For v € (3, ) the representation of e.(A) (5.188) is not valid since on the one hand the

cuts of () at [-Qp, QF] £ i(m — ) are located within the strip Im A € (—3, ) and on the

other hand the cut of e.(\) at € + i(m — ) moves into DM This can be easily seen in
Figure 5.14.
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6 Analysis of the quantisation con-
ditions

In Section 6.1 and Section 6.2 we choose 0 < v < w/2. We start by reformulating the non-
linear problem with quantisation conditions given in Section 2.2 adapted to a contour %3
such that Properties 4.1 are satisfied. This formulation is used to determine the possible sets
of parameters X and Y for finite, respectively X and Y for infinite Trotter number that solve
the quantisation conditions and are compatible with Hypothesis 3.1 and Hypothesis 3.2.

6.1 The solution to the non-linear integral equation in a fac-
torised form

For the analysis of the quantisation conditions for low temperatures in the following, we use
a from G slightly deformed contour € associated with @(A|Y), as in Section 4.3. €, and
a(\|Y) shall satisfy Properties 4.1 and %, shall have a distance of at most O(T) from @t
Furthermore, we require that %; has a width of at most O(—T InT") around % except around
—i7/2, which is a property that stems from the definition of %ef (3.25).

It is sufficient to assume that the contour %; satisfies these properties without knowing it
explicitly for the analysis of the quantisation conditions. However, such an integration con-
tour exists and can be explicitly constructed. This is necessary to prove Theorem 3.3, namely
the existence and uniqueness of solutions of the non-linear integral equation (3.51). The ex-
plicit construction is done in Section 4.2 of [15] as part of the proof of the aforementioned
theorem. As for the construction of @er in (3.25), it requires knowledge of the properties of
the dressed energy, in particular that the dressed energy is a double covering map on U,
which is the statement of Proposition 5.9.

Let @(A|Y) be the unique solution to the non-linear integral equation

1

AOT) = won ()~ inT =T Y 0: 0~ 9) =T [ dpK(A = ) L (14 F9) D),

2

yeY v

(6.1)
where @(\|]Y) and %; satisfy Properties 4.1. @(A|Y) is subject to the monodromy condition

N / du @' (ulY)
@, 2miT | 4 oga(ul¥)

= =5 — Y| - Y| + ] (6.2)
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Chapter 6. Analysis of the quantisation conditions

One defines
Y=YVol,oX, (6.3)
and X, Y and ﬁs,g are given by
x= {:@a}fil where %, € Int %, (6.4)
yZ{Qa}lﬁl where Qae{zEC‘—g<Imz§g}\In‘c‘€ﬁ (6.5)
and
ysg = {@sg;a}‘cisgl' where  Jsgiq = o — iy € Int 65 . (6.6)

X and Y shall satisfy Hypothesis 3.1 and Hypothesis 3.2 and the elements in X and Y shall
fulfil the quantisation conditions

=

14+e 18Y) — 0 and ' (24]Y) #0 for a=1,...,|%X|, (6.7)
14+e 7™ — 0 and @/(Ga]¥)£0 for a=1,...,|Y|. (6.8)

Furthermore, introduce the shifted singular roots
ﬁsg = {y € y!y —iye ysg} , (6.9)
such that Y may be partitioned into two disjoint sets
V=Y UY,. (6.10)

The elements of Y, are called “regular roots”. One obtains the non-linear problem for the
infinite Trotter number case by exchanging wy < ¢¢ in (6.1) and omitting the hat in (6.1)-
(6.8). There exists Ty > T > 0 and n > 1/NT* such that for Ty low enough and 1 small
enough it holds that

" 1 . 1

for the roots. This follows from Corollary 4.5.

In order to analyse the quantisation conditions and in particular the elements of X and
\J subject to the quantisation conditions in the low-7', small-1/NT* limit, it is convenient to
rewrite the solution to the non-linear integral equation in a factorised form. To do so, first
introduce the auxiliary function

BIT) = (W (V) = <) + unreNT) + 2 Rr [T, (6.12)

with Ry as defined in Proposition 4.4 and

Ul;reg(MY) = _17['520(/\) — 2mi Z ch;reg()\a y) ) (613)
yeY
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6.1. The solution to the non-linear integral equation in a factorised form

Ge;reg is defined by

Peireg(As 1) = _/ dv K(A — v)¢e(v, p) (6.14)
such that ¢c(A, u) decomposes as @e(A, 1) = dereg(A, 1) + 5=0(A — 1). Peireg is sMOOth 0N
C\{%.tiv+inZ} x C\{6-+R~ £iy+inZ}, it has jump discontinuities on the complement of
this set and logarithmic singularities at the endpoints of the discontinuity curves component-
wise. With the analysis in Section 4.3 we obtain

BAY) = urree(A[Y) + O(T), (6.15)

where the control remainder is uniform in 1 /N T?, in A uniformly away from =+iy/2 + inZ
and with respect to the elements of X and Y. Using (4.27) and (4.48) we may rewrite the
auxiliary function as

_ —La(—in§) ) A€ Pq 0
e~ HIOM) _ o 4ee ] shiv+y—A)  _si) | (L+e ) (6.16)
- N 19y LAt o '
soy ShY =y + ) (1 + e—%umww)) MEDy i
with
_@Y;m =Y +inZ and % =IntE, (6.17)

We want to consider the factorisation explicitly depending on whether A + iy is in -@Y;iw or
not. As the case where both A+1ivy € -@Y;in and A—iy € ‘@Y;iﬂ is excluded by definition, there
remain three cases to distinguish.

For A such that A £iy ¢ Zg; , one obtains

e FIOD = o—Fee [ T sh(iy +y — A) I sh(iy +y — A)sh(y — A
sh(

ysh(iw—y+k) iy —y—+ A)sh(2iy + A —y)

ye YEYsg

sh(iy +A—2) ) _sn1)
_— - . 1
8 (g{sh(i’y—i-x—/\)) ¢ (6.18)

For A —ivy € @Yiw one finds that

o— HAOT) _ keSO I sh(iy +y — A)sh(2iy +y — )
+ sh(iy —y+ A)sh(A—y)

yeS

<11 sh?(iy +y — N sh(iy +y — N)

sh?(iy —y 4+ A) sh(2iy + A — y)

yejsg

sh(iy + A — x) sh(\ — x) —6O ) LaO—in|¥
. | 4 oRa—in|D)
. Hsh(iw—l—a:—)\)sh(Qi’y—Fm—)\) ¢ ( e )’

zeX
(6.19)
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Chapter 6. Analysis of the quantisation conditions

where we set
e N =N Fech—iy)  and  BINT) = dAT) + N -1y[T).  (6:20)
In the last case, A +ivy € .@ -, we find

o FIOD = o3 [ T sh(iy +y —A) I sh(iy +y — A)sh(y — A)
- osh(iy —y+A) + sh(iy —y+ A)sh2iy+ X —y)
yeyr yeysg
i — —d(\[Y)
" HSh(W—i_)\ x) . e (62
gy sh(iv+x—X) ] 14 e 7eO+Y)
with
o RAOFT) _ o= hec(Mtiv) I sh(y — A) I sh(y — A)sh(y — A —iv)
- sh(2iy —y+ ) + sh(2iy + A —y)sh(Biy + A —y)
yeyr yeysg
sh(2iy + A —2) ) _sapiy)
. (ge sh(z — \) ) ¢ ’

(6.22)

Now, consider the product of regular roots and observe that the function A — e —ra(A+in|¥)
admits a zero at any regular root y € @ —i7y. For these roots, the quantisation conditions
do not differ from the case A +iy € 9 i such that one only obtains functionally different
quantisation conditions for shifted smgular roots.

6.2 Structure of solutions to the quantisation equations

Throughout the rest of this chapter, we take v/ to be irrational. This assumption guarantees
that the domains do not intersect and allows us to introduce maximal roots. If we take T
small enough, the domain ‘@Yiﬂ' satisfies

Dsriw M Dsr +i07} =10 forany  pe[-P,P]\ {0} (6.23)
with fixed P € N. For T, 1/NT* small enough the stronger property
(%, P +ipy) > c>0 for p € [1, P] (6.24)

holds.
Subject of this section is the analysis of the structure of the elements in %, Y. In order
to state the result, we first give the definition of a thermal r-string.

Definition 6.1. Forr € N* a point y € C is called the top of a thermal r-string if it satisfies
Rest(:;)(y) <0 for k=1,....,7r—1 and Resﬁ;)(y) =0 (6.25)
in which

Z gc(A —isy). (6.26)

ec(A) is the dressed energy as defined in (3.13). If r = 1, it is additionally imposed that
0<Imy < /2.
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6.2. Structure of solutions to the quantisation equations

Now, we are in the position to formulate the main result of this section.

Theorem 6.2. Structure of solutions to the quantisation equations [15]. Let Y be as defined
in (6.3)-(6.8) and such that |Y| is bounded in T, 1/NT* small enough. Then there exist Ty
and n small enough such that, for all Ty > T > 0 and n > 1/NT*, the elements of X, Y
satisfy

Reec(Z,) = o(1) for a=1,...,|%, (6.27)
Reeo(fa) =o0(1)  for a=1,...,|Y], (6.28)

when T, 1/NT* — 0F. In particular, there are no singular roots and no thermal r-strings
with r > 1.

For infinite Trotter number, an analogous result holds associated with w(\|Y) and the
corresponding set of quantisation conditions.

This theorem states that the roots in X and Y admit a regular structure and that all
solutions to the quantisation conditions are located in some neighbourhood around the curve
Ree.(A) = 0, i.e. around the curve Ree(\) = 0 since Ree. and Ree have the same zeros
(Lemma 5.12).

The idea of the proof is as follows. We will first show that the roots g, € Y necessarily
group in thermal r-strings (Lemma 6.4). To do so, we need to introduce the concept of
(weakly) maximal roots (Definition 6.3). We observe that each string can contain at most
one singular root (Lemma 6.4) and that the (weakly) maximal root is always a regular root
(Lemma 6.5). Using the quantisation conditions in the factorised form, we analyse all possi-
ble solutions and construct string-type solutions with » = 2 in the process by multiplying the
quantisation conditions for the string components. The top y of these strings has to satisfy

the inequalities Ree.(y) < 0 and Re 5((;2) (y) = o(1) (compare (6.25)), otherwise we continue

with the construction of a string of length » = 3 whose top has to satisfy Ree.(y) < 0,
Re E(;_Q) (y) < 0 and Re Eg;_g) (y) = o(1). However, in Lemma 6.6 we show that, based on the

c

properties of the dressed energy established in Chapter 5, for A € C such that Ree.(\) <0
it holds that Ree!

c;_2)(/\) > 0 and therefore these inequalities cannot be met.

The proof presented in this work is a simplified variation of the proof in [15]. In [15],
we construct general strings of length r which can be categorised into three different classes:
strings that consist only of regular roots, strings that end on a singular root and strings that
contain one singular root inside. However, the argument used to disprove the existence of
strings of length r > 1 is the same as in this work, namely that there can be no 2-strings
due to the properties of the dressed energy and thus the series of inequalities for longer
strings cannot be satisfied. Although it may seem more complicated to construct strings of
arbitrary length r first, this classification provides a basis for the analysis of strings in the
range —1 < A < 0 in the future.

Definition 6.3. (Weakly) mazimal roots. Let Y be defined as in (6.5), let | Y| be uniformly
bounded in T, 1/NT4 — 0" and choose some ¢ > 0. A root y € 32 = y} IJJ]Sg 1s called
mazximal if

(i) y € Y, is such that

dir(y +i7,y) > <T forall o €Y, (6.29)
din(y +2i7,y) ><T for all y € Yig, (6.30)
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(ii) y € 9sg is such that
dir(y +iv,9y") > T forall 3 € Y, . (6.31)

A root y € Y=Y ﬁsg is called weakly mazimal if (i) and (ii) hold except for a single
root y' € Y. For this root, the following lower bounds hold:

(i) Forye Y

die(y +iv,y) > T if y €, (6.32)
die(y + 217, 9) > T if y € Ysg, (6.33)

(ii) fory € J]sg
die(y +im,y) > T if y e, (6.34)

with ey = o(1) as T — 0T.

Lemma 6.4. Decomposition of Y [15]. Let Y be defined as in (6.5), let |Y| be uniformly
bounded in T, 1/NT* — 0% and choose some ¢ > 0 small enough such that

Cre C|y| ~
¢ < min P — where Cy :min{dm(ip’y,())‘p:1,...,1—Hy]}

Mt
(6.35)
and with ¢.cp from Hypothesis 3.2 (v).
Then, the set Y admits the decomposition
A~ p A A~ A ALy
Y=UYY with YO ={y};2y and YInYE) =0 if s#5, (6.36)

1

s

in which each Y) contains at most one shifted singular root from jsg. For the roots in Y *)
it holds that

(1) Yo,s is a mazximal root,

(ii) for £ =0, ..., ks — 1 and uniformly in T, 1/NT* — 0%, it holds that
dir (9,6, Vo415 +1ing,57) < T, (6.37)
with ngs =1 if ny s € yr and ngs =2 if ngs € ﬁsg;
(iii) for anyy € Y and y € Y\ Y it holds that
dir (y, ' +1imyy) > T, (6.38)
where my, =1 z'fyeyr and my = 2 ifyeﬁsg.
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6.2. Structure of solutions to the quantisation equations

Proof. The first part of the proof is dedicated to proving the existence of maximal roots,

which is done by contradiction. We distinguish the two cases Msg = and ysg # 0.

Starting with the first case ysg =0, 1mply1ng Y= yr, we assume that maximal roots do
not exist. As a consequence, for any y € M there exists 3/ € Y such that diy (y+iv,y) <<T.
Thus, ple some yo € Y and then y; € Y such that dir(yo + i7,y1) < <T. Assume there
exists ¢} € Y such that it holds that dir(yo + iv,y}) < <T. Then

dir (y1,91) < diz(y1,90 +17) + dir(yo + 17, 1) < 26T < ¢repT, (6.39)

which contradicts the repulsion of roots, Hypothesis 3.2 (v), and one concludes that y; is
unique. One then continues to build a chain of regular roots yj, .. . Y9 such that dir(ys +

v, yst1) < T for s =0,..., ]y | — 1. These roots are always pairwise distinct. This becomes
clear, when one picks two distinct roots ya, yp, a,b € [0,|Y]], a # b, assumes a < b by
symmetry, and sets b = a + k with £ > 0. We find the bound

di7r (ym ya—i-k) > ‘diw (yaa Ya + lk’)/) - di7r (ya + ik’)/, ya—&—k)’ (640)
and furthermore
k
diw(ya + ik’% ya+k) < Z diw(ya—i-s—l + i(k +1- 5)77 Ya+s T i(k - 8)7)
s=1

k
= Z diﬂ(ya,a—f—s—l + 17’ya+s) < kT < ’ykT' (6‘41)
s=1

Finally, we obtain
dir (Yo, Yo + k) > min {din (0,ipy), p=1,..., ||} > Cpy (6.42)
Altogether, we conclude
dix (Ya» Yatk) = C —|Y|sT > <T, (6.43)

ensuring that all roots are indeed pairwise distinct. However, in this way we have created
a sequence of |y | + 1 pairwise different elements from Y, which is in contradiction to the
cardinality || of Y.

For the second case, assume that J}Sg # (). We start by picking some g € ysg and then
find by construction y; € Y, such that diz (yo +iv,y1) < ¢T. With an analogous argument as
in the first case, we reason that y; is unique. Then, we continue the chain with yo, ..., y; € y}
such that diz(ys +iv,yst1) < T for s =0,...,k—1. By the non-existence of maximal roots,
there either exists a y € Y, for which dix (yx + 17, y) < T holds, or there exists y’ € y;g such
that dir(yx + 2i7,9") < <T. In the latter case, it would hold that

k—1

dir(yo + (24 k)iv, ) < din(y + 217,9) + D din(ys + 2+ k — 8)iv, Yss1 + (L + k — 5)i7)
s=0

< (k+1)T. (6.44)
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By definition of ﬁsg, it holds that yo,y’ € ¢+ iy and thus
dir(yo + (2 + k)17, ) = din(Dgy, + (B + )iy, Dy, +17) > € (6.45)

which follows from (6.24), and is a contradiction to (6.44), so there may be only one singular
root g in the chain.

We then pick yx41 € Y, such that dir (yx + 17, yk+1) < ¢T and hereby extending the chain
by another regular root and continues in this way, until we have built a chain g, ... Y9 such

that dix (ys+i7v, ys+1) < ¢T'. As before, we then show that the roots are pairwise distinct which
is in contradiction to the cardinality |Y|. Altogether, we infer the existence of maximal roots.

Next, we continue to prove (ii) and (iii). The maximal root is either a shifted singular or

a regular root, and we start by assuming that yg € ﬂsg, There are two possibilities,
(i) there exists 3/ € Y, such that dir(yo, 9 + 2iv) < <T or
(ii) for all y € Y it holds that dix(yo,y + 2iy) > <7

In the second case, we set Y = {y} and (6.38) holds. This reasoning is repeated until
there are no maximal shifted singular roots left.

In the first case, set y; = 3’ such that dix(yo,y1 + 2i7) < ¢T holds. Similarly to the proof
of part (i) of the lemma, we prove that y; is unique. Again, there are two possibilities to
continue,

(i) there exists 3 € Y, such that dir(y1, 9 +iv) < <T or
(ii) for all y € Y it holds that dir(y1,y + i) > <T.

In the second case, we set Yy = {vo,y1} and start again with another maximal shifted
singular root. In the first case, we repeat the reasoning until we eventually end up in case

(ii).

Assume, we have built a chain with yy € y;g and y1,...,y; € Y. of pairwise distinct roots,
such that
dir(yo,y1 +217) < <T and  diz(ys,Ys+1 +17) < T for s=1,...,k—1. (6.46)

Again, we arrive at the two different cases
(i) there exists 3’ € Y, such that diz(yp,y +iv) < <T or
(i) for all y € Y it holds that dix(ys, y + iv) > <7

In the first case, we continue to build the chain with regular roots. In the second case, we
set YU = {yo,...,yx}. It holds that

for all yeﬁ\ﬁ(l)
for all yeﬂ\y(l)

i (Yo, y + 2i7) > <T, (6.47)

d
dir(ys,y +iv) ><T for s=1,...,k, (6.48)

where the first inequality follows from the uniqueness of the root y; and the second inequality
follows, for s =1,...,k — 1, from the chain of bounds

diw(?]s: y+ i’}/) > diw(ys-l—l +iv,y+ 17) - dm(ys, Ys+1 + i’)/) > Crepff —c¢T' ><T, (649)
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6.2. Structure of solutions to the quantisation equations

where the repulsion of roots, Hypothesis 3.2 (v), was used. For s = k the uniqueness follows
from (ii). We then repeat the reasoning for Y \ Y™ until there are no maximal shifted
singular roots left. At some point, the process has to terminate since |Y| is finite and we

obtain chains Y(&) = {W,s}]gim s=1,...,p such that yo, € y;g maximal and v s € Y. for
¢=1,... ks satisfy (6.37) and (6.38).

It remains to consider the chains where the maximal root is regular. For this case,
consider the set Y/ = Y \ Ué’/:l Y. Pick a maximal root yo € y}, and build, analogously
to the previous case, a chain {yo,...,yx} = Y@+ containing at most one shifted singular
root such that

dir (Ye, yo41 +ingp41y) < T for £=0,...,k—1, (6.50)
dix (Ys, ¥ + ngpi1iy) > T forall ye YN\NYPHY for ¢=0,... k (6.51)

with ng 1 = 1if yp € y} and ngy4q = 2if yp € ﬁsg. This process is repeated until there
are no maximal regular roots left in Y, leading to the claim. O

Lemma 6.5. Mazimal or weakly maximal roots cannot be shifted singular roots [1 5]. There
exist Ty, n small enough such that for 0 < T < Ty and n > 1/NT4 a root yy € .V which is
mazximal or weakly maximal, is necessarily a regular root, yg € Y..

Proof. The statement of the lemma is proven by contradiction. Assume that the (weakly)

maximal root is a shifted singular root yg € ysg. Then, using the factorised form of ﬂ()\|§{)
(6.19), the quantisation condition (6.8) for yo takes the form

—1l=eT

L&) () I sh(iy +y — yo) sh(2iy +y — vo)

- h(iy — h —
s sh(iy —y + yo) sh(yo — y)

< 1T _sh®(iy +y — yo) sh(2iv +y — o) I sh(iy +yo — 2)sh(A — z)
5 sh?(iy — y + yo) sh(2iy + yo — ¥) sh(iy + 2 — yo) sh(2iy + = — o)
YyEYsg
(6.52)

where
DY) =L )+ T () (6.53)

According to Hypothesis 3.2 (vii), Yo ¢ Diy . mod im, implying that yo € {24 +iv}\ D 1
mod ir. From the definition of %5 and Lemma 5.12 follows that

€

d({% +in}\Dy mz,@g;i,) >C>0 (6.54)
27

with € > 0 small enough and for some constant C' uniform in 7" and 1/NT* small enough and
thus d(yo, Deiin) > C. De..ir is defined as in (5.186). Lemma 5.12 also establishes that
Reec(yo) > co >0 since yo € {Zg +iv} \Dl, .- (6.55)
It results from yo — iy € %4 \ D .7 mod ir that Reec(yo —iy) = O(~T'InT) and thus,
2°¢

for T and 1/NT* small enough, we conclude that Re s((:;) (yo) > 3co/4 > 0. Taken that
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uniformly on {{@Y +iv}\ Di%ﬁ} U {@Y \ D,%,e} we have the estimate Wy —e. = O(1/NT),
we conclude that

Re&$7) (1ol V) > c0/2 > 0. (6.56)

With this lower bound, we have established that the factor in (6.52) containing 85_)(y0|§{)
is, for T and 1/NT* small enough, exponentially small. In order for (6.52) to have solutions,
this exponentially small term thus has to be compensated by some pole of the expression.
All possible cases are now discussed one by one.

e There exists y € ﬁsg such that, for some ¢ > 0,
yo=y—iv+0(€T) or y=y—2y+0(T). (6.57)
However, both cases cannot be fulfilled due to the spacing properties (6.24) of Z.
Because yo,y € Ysg, it holds that yo,y € Py + iy, which would imply that
O(e™ ™) = din(yo,y — 1) = d(Zgyr + 17 D) (6.58)
or
O(e™7) = dir(yo,y — 2i7) > d(Zyy, + 17, Doy — 17) - (6.59)
This however, is in contradiction to (6.24) for T small enough.
e There exists y € ﬁr such that, for some ¢ > 0
Yo=y+0(€T) o y=y—iy+0(eT). (6.60)

The first equation is in contradiction to the repulsion of roots, Hypothesis 3.2 (v). The
second case implies di, (yo+iv,y) = O(e_%), which is in contradiction to the maximality
or weak maximality of yo, namely that diz(yo+iv,y) > ¢T for some ¢ > 0 small enough
in the case where yo is a maximal root or, in case yo is a weakly maximal root, for
all but at most one y € Y, for which it holds that diz(yo + iv,y) > e~ T with some
cr = 0(1).
o There exists z € X such that, for some ¢ > 0,
Yo = &+ 2y + O(e™T) or Yo = +iy+O0(e ). (6.61)
Knowing that x € Z; and yo € %, the first case would imply that d(Zs,., , Z.. +iv) =
O(e™T), which cannot be true due to (6.24). However, a deeper analysis is required to
reject the second case.

im?

Assume there exists z; € X such that ; = Yo — iy + Yo, with 9y = O(ef%) for some
¢ > 0. In order to write down the quantisation condition for z;, we start from (6.18) and
obtain

1= @D | ] sh(iy +y — 1) 11 sh(iy +y — 21) sh(y — z1)

' sh(iy +z1 —y) sh(iy + x1 — y) sh(2iy + z1 — )

ye, ye ﬁsg\{?JO}

sh(iv + yo — z1) sh(yo — 1) (H sh(iy + 1 — x>> (6.62)

sh(iy + z1 — yo) sh(2iy + 21 — o) i sh(ivy+z — 1)
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6.2. Structure of solutions to the quantisation equations

with
ENY) = e.(\) + TO([Y). (6.63)

In the second line of (6.62), the term sh(iy + x1 — yo) becomes exponentially small, and
has to be compensated by another term. First however, we establish that this is the only
exponentially small term in the denominator of (6.62).

o Assume there exists y € Y, such that
r1=y—iy+0(eT). (6.64)

It follows that y = yo + O(e_%), which is in contradiction to the repulsion of roots,
Hypothesis 3.2 (v).

o Assume there exists y € ysg \ {vo0} such that
=y —iy+0(e"T) or 1=y —2iy4+0(eT). (6.65)

In the first case it follows that y = yo + O(e™T ), which is again a contradiction to the
repulsion principle. For the second case, it follows that yo = y — iy + O(e™ T ) but since
Y, Yo € Dy, + 17 one arrives at

c

O(e™7) = dir(y0,y — 17) = APy + 17 D) (6.66)
which contradicts (6.24).

Last, we consider the product over the hole roots X. The curve €, = 09y is a curve of with
at most of O(—TInT') around %, except around —iy/2, which is avoided at distance c¢47.
Thus, the product over hole roots is bounded from below and above by constants uniformly
inT, 1/NT*.

This proves, that sh(iy+ 21 — yo) is the only exponentially small term in the denominator
of (6.62). (6.62) can only be satisfied, if the exponentially large term 1/sh(iy 4+ z1 — yo) is
compensated by a zero of the expression.

Due to the properties of % and since = ¢ D_
have the lower bound

2 ¢, as declared in Hypothesis 3.1 (vii), we

13

Re&(x1|Y) < —CTInT (6.67)

for some constant C' > 0 only depending on \.’% | and \ﬁ | but not on T, provided that 1/NT*
small enough. Thus, the prefactor e~ ree@l®) cannot compensate the exponentially large
term 1/sh(iy + z1 — yo). Next, we analyse the other factors for possible zeros, that could

compensate the exponentially large term.
o Assume there exists y € Y, such that
T =y+iy+0(e 7). (6.68)

In this case, there is no direct contradiction and it requires a deeper analysis. Set
y = x1—iy+0; with ¥ = O(e”T) and recall 2, = yo—iy+0o, leading to y = yo—2iy+10
with ¥ = Yy + 191 = O(e” 7). By virtue of the repulsion property Hypothesis 3.2 (v),
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such y may exist. By virtue of Lemma A.3, there exist constants C, C>0anddeN,
which only depend on |X| and || such that

sh(iy +y — 1)
sh(iy +z1 —v)

1
0

ot < <or~?  viz. CTTY< <cr (6.69)

and, for some ¢ = o(1),

C=1pd o= F < | o= (celo)+ecluo—in) SHEY +Y = 90) | _ npa (6.70)
= sh(iv+z1—y) | —
i.e.
~1md T V2| g
el F < |2 < T, (6.71)
0

where d > 0. Above, it is used that e.(yo —iy) = O(=T'InT) since yo —i7y € -@Y\D—i%,e-
From the inequality (6.69) and from ¥ = 99 + 1 we infer that

) v
2l<or (6.72)
Yo

for some constant C' > 0. However, (6.71) implies that
v J
22| > ceT, (6.73)
Jo

where ¢, ¢/ > 0, which is in contradiction to (6.72) for T — 0%, and thus there cannot
exist y € Y, such that (6.68) holds.

o Assume there exists y € Ysg \ {y0} such that

1 =y+0(eT) or  a=y+iy+O(eT). (6.74)

The first case implies that yo = y; +1iy + O(e_%), but since yg,y1 € ysg, it follows that
Y0, Y1 € Py, +iy which cannot be true since it would imply that dir (%, +iv, Z5.,, +
2iv) = O(e”T) which is in contradiction to the spacing property (6.24). Likewise, the
second case is in contradiction to (6.24), as it leads to yo = y + 2iy + O(e” T ) which
implies dir(Zy.;, + 217, Py, + 317) = O(e™T).

Altogether, we can conclude that a maximal or weakly maximal root cannot be a shifted

singular root. As the existence of maximal root has been established in Lemma 6.4, we
conclude that a maximal or weakly maximal root has to be a regular root. O

In order to prove that the condition (6.25) cannot be fulfilled for r > 2 we will show in
the following lemma that, if A is such that Re 5(;_1)()\) = Reec(\) is negative, it follows that

C

Re 6(;_2)()\) is positive.

C

First, similarly to 52;) in (6.26), we introduce the functions 5((];3()\) and K ,gf)()\) by

k—1
K0 =Y K\ —isy) = 1 (cth(\ — iky) + cth(\ — i(k — 1)) — cth(\ + iy) — cth())) |
s=0

2mi
(6.75)
k—1
ehi (\) = Y- eo(A — isy) = kh — 20 sin(y) (eth( +i3) — cth(A = i(k — 1)7)) . (6.76)
s=0
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6.2. Structure of solutions to the quantisation equations

We remind the definitions of D., DY and DY in (5.184)-(5.186). Similarly to rewriting

g;im

gc(A) in terms of () in (5.188), we can rewrite 5&2;)()\) by using the residue theorem as

6;;)()\) = 55;)()\) —e(A+ ifY)]lA—&-i-yeZ)(Ji) - 6()\)]1)\62)(“

ejim eiim

+e(—i(k—1)y)1 A — k)1, (6.77)

&;im

A—i(k—1)yeD), +e(

with 62_) being defined as in (6.26) with e, < ¢.

Lemma 6.6. About the real part of 52;_2)()\) [15]. Let v € (0,7/2). If X\ € Deiir it holds that
Res(;)()\) > 0.

C

Proof. For k = 2, the representation (6.77) takes the form

el (V) =) — e+, 0 — =W, 0

eiim eiim

+e(A—inl, p te(A—2iy)1

o (6.78)

)\—2i’y€Z)u~> ’

&;im

Since 0 < v < /2, it holds that if A € D..ijx = A+iy ¢ A € D..ir. Due to the ir-periodicity
of ¢, it is sufficient to consider A € D.. We distinguish two cases.

(i) A e oY
In this case, we can easily check that A — 2iy ¢ Z)g;, as Im\ — 2iy € (—2v,-37/2) C
(—m, —3v/2). Thus, we obtain

Re 5((;2)()\) = Re 5(7)()\) =Ree(A) + Ree(A —iv). (6.79)
We proceed analogously to the proof of Lemma 5.12, case (iii). For e(\), we choose the

representation (5.67), and for (A — iy) one uses the analytic continuation of the resolvent
kernel,

R(Aly) = Ri(Aly) + 7 _17/7TK (Al J_r ;7//: "y) : (6.80)

with R7(Alv) given in (5.107). Using the ivy-anti-periodicity of B;(A|y) and ch(ZA), we obtain

hm T

+ / dpRe [K (A_M_W/Q"yﬂ e(p), (6.81)
=7 7Y JR-Qr.ar] L=n/m

which is the same expression as in (5.192), leading to the estimate

Re 5(;_2)()\) =

C

Rec(5 () > % > 0. (6.82)

(i) A € DY,
Here, it holds that Im A — 2y € (—577,—27) and it depends on the value of ~, whether
A —2iy € DY

g;im:
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(a) v < Z*. Tt follows that —%' > —n and thus A\ — 2iy ¢ DY therefore the expression

for Re 52;2)()\) reduces to

ElTI"

Ree(;)(A) = Ree(A - i). (6.83)
The positivity follows from A — iy ¢ D..ir and Lemma 5.12.

(b) v > 2. There are two possible cases

()

‘ ) E(j;r ’ (6.84)
e(A—iy) +e(A—2iy) if A-2iye D .
In the first case, as in case (ii)(a), we conclude that Re 5((: 2)()\) > 0. In the second case,
we proceed as in case (i), where the representation (5.67) is used for £(A—2ivy) as A—2iy €

b

cirs and the analytic continuation of the resolvent kernel for the representatlon of

e(A —1iy). With the same arguments as before, we arrive at Re 623()\) > 30 5.

The estimations in the cases considered entail the claim of the lemma. O

Proof of Theorem 6.2

Proof. (6.27) follows as a consequence of the properties of Z.

In order to prove (6.28), we construct a sequence that would become a 2-string for 7' — 0T,
and then show that the necessary condition for strings of length » > 2 cannot be fulfilled.
Pick a maximal root g, € Y ®) which must be, by virtue of Lemma 6.5, a regular root and
call it yo from now on. The quantisation condition for such a root is given by

) sh(iy +4 —40) sh(iy +y — yo) sh(y — o)
11 IT &

(o) SR Y F i — y + yo) sh(2y + o —
yed\{yo} (v =y + o) "y ¥ —y +yo) sh(2iy + yo — y)

sh(iv+ 90 —2) ) _é(om)
y (g{sh(irwx_yo) e . (6.85)

Now consider the exponential function containing e.(yo). There are three different possibilities
here,

(i) Reec(yo) > ¢ >0,
(ii) Reec(yo) = o(1),
(iii) Reec(yo) < —c <0,

with some ¢ > 0. In the first case, the term in (6.85) becomes exponentially small for T — 0T
and needs to be compensated by one of the other terms in the product. This would mean
that one of the following three cases were true:

o There exists y € Y, \ {yo} such that y = yo + iy + O(e~T). This contradicts the
maximality of yg.
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6.2. Structure of solutions to the quantisation equations

e There exists y € y;g such that y = yo + iy 4+ O(e™T) or y = yo + 2iy + O(e™T).
Consider the first scenario. By point (i) and (ii) of Hypothesis 3.1 it holds that dir(y —
iy, +QF) > ¢ and diz(y — iy, Gref) > cref]. Furthermore, it holds that y — iy € Int Get
and dix (y—i7, yo) = O(e™T). However, the contour €, is displaced from %e by an O(T')
scale close to =Qr and by order O(¢T') with some ¢ > 0, where ¢ < ¢,f, away from some
T-independent neighbourhood of £Qp. This yields that, since dir(yo, xQr) > ¢/2,
Yo € Y which cannot be true by construction.

The second scenario contradicts the maximality of yo.

o There exists € X such that 2 = yo — iy + O(e” 7). By Hypothesis 3.1 (i), the shifted
singular roots are located in Int et \ Uy—+ DoQp.c + 17 + inZ and regular roots belong
to the exterior of

{Int Gref \ U DoQpc + i'y—i—iﬂZ} U {Int Gref \ U DoQp.c —|—i7rZ} , (6.86)
o=+ o=+

while z € Int €ref \ Uy—4 Do@p - This leads to the chain of upper bounds
O(e™7) = dir(yo — iy, )

> min {diw (yO - i’)/ucgref \ U DUQF,C))diﬂ(yO - 17’ U DUQF,C)} > crefjjv (687)
o=+ o=+
where Hypothesis 3.1 (i) and (ii) were used for the last bound. Clearly, (6.87) is a
contradiction.

Therefore, for T small enough, Ree.(yo) > ¢ > 0 cannot be true.

In case (ii), there is nothing else to do and yy converges to a thermal 1-string. One may
then iterate the analysis for the remaining roots in Y \{vo}. If k, = 0, following the notation
of Lemma 6.4, it holds that Y@ = {yo} and we restart the analysis with the subset Yy -1),
If k, > 0, there exists a unique y’ € Y® such that diz(y0,y" +17) < <T, and in the notation
of Lemma 6.4 one identifies y’ = y; ,. Using the properties of the roots from Lemma 6.4 and
Hypothesis 3.2 (vii) along with Ree.(yo) = o(1), implying that for some € > 0 it holds that
—o(1) < Imyg < 3 — ¢, one infers from the quantisation condition for yo (6.85) that

cr? < ’e—%ac(yo) sh(iv+y —yo)| < C'T71 (6.88)

for some constants C,d > 0. Since Ree.(yo) = o(1) it follows that | sh(iy + v — yo)| > e TeT
with ¢ = o(1). Using the spacing bounds from Lemma 6.4, it is evident that ¢ is a weakly
maximal root. One may then restart the reasoning above with the weakly maximal root and
is again faced with three possibilities,

(a) Reec(y) >c>0,
(b) Reec(y') =o(1),
(¢) Reec(y) < —c<0.

(a) is forbidden, since the exponentially small term occurring in the quantisation condi-
tion cannot be compensated by another term of the product. This can be shown analo-
gously to case (i) for the maximal root. The second case cannot be true since, as stated
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above, Reec(yo) = o(1) implies —o(1) < Imyp < 3 — ¢, and if Ree.(y') = o(1) this implies
—o(1) < Imy" < 3 — ¢, which is in contradiction to dix(yo,y" + iy) < <T for 0 < v < 7.
Knowing from Lemma 5.12 that Ree.(y') < —c < 0 is only possible if ¢’ € D..ix, case (c) can
be rejected with similar reasoning.

In case (iii), the term containing .(yo) becomes exponentially large and has to be compen-
sated by another term on the right hand side, which approaches zero exponentlally fast. One
way to compensate this term is to have 2 € X such that z = yg+iy+O(e”T). The quantisa-
tion condition for x is given by inserting z into (6.18). However, this equation then contains
an exponentially small factor sh(iy + yo — x), which cannot be compensated by e_%gc(””), as
the latter decays to zero algebraically in 7. This exponentially small contribution can thus
be only cancelled if x approaches a pole of the expressmn with exponential precision. Assume
there exists y € Y, such that y=x+iy+ O(e T) Using Hypothesis 3.1 (i) it follows that

— iy ¢ D4Qp.c. Using the fact that 1+ e~ 7Y has 1o roots in Grof — Gy, it follows that
x E Int Gret \ Uyt Doy c/2- Hence, taken that y —iy € C\ {{Int Get + inZ} Uyt DoQp e}
one obtains

O(e™T) =dir(y — 17, 2) > d(@, Grer \ | Dogpes2)- (6.89)
o==%

The definition of %,.s ensures that

d(ﬁ:a(gref\ U DO'QF,e’) >cT (690)
o=+

for some € > 0 and ¢ > 0 small enough and independent of N and T provided that 1/NT* is
small enough. For a more detailed consideration, we refer the reader to [15], Proposition 4.4
and 4.6. (6.89) is in contradiction to (6.90) for T', 1/NT* low enough. Another possibility to

compensate the exponentially large term is the existence of y € ﬂsg such that y = x + iy +
O(e™T) or y = x + 2iy + O(e™T). The first case yields yo = y — 2iy which is a contradiction
to the maximality of g, and the second case yields

c

O(e™T) = din(y — 2y, 2) > d(Zy, Py — 1) - (6.91)

This contradicts (6.24) for 7" small enough. Thus, the quantisation equation for the hole root
cannot be satisfied if 2 = yo + iy + O(e™T).

The exponentially large driving term in (6.85) could also be compensated, if there existed

some y € ysg such that y = yg + O(e_%). However, this is in contradiction to the repulsion
of roots, Hypothesis 3.2 (v).

Altogether, this means that the only possibility to compensate the exponentially large
term in (6.85) is the existence of y € Y, U ysg such that y = yo — iy + O(e™T).
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In the next step we consider the product of the subsidiary conditions for yo and y;. y;
could be a regular or a shifted singular root. If y; € ¥, \ {yo}, we obtain

1

1 sh(iv +y — ys) sh(iy +ys — )
1= (ec(yo)+ee(yr)) PR A PR S
¢ 1 1 sh(iv —y +ys) 11 sh(iy +z — ys)

s=0 | \wed\{vo.u1} eX
sh(iy +y — ys) sh(y — ys) —&(yo[T)—d (1 [T
X , : e %o ulY) - (6.92
g sh(iy — y + ys) sh(2iy + ys — y) (6.92)
YCIsg

Again, we check the exponential function containing e.(yo) + €c(y1), and arrive at the three
cases

(i) Reec(yo) + Reec(y1) > ¢ >0,
(ii) Reec(yo) + Reec(y1) = o(1),
(iii) Reec(yo) + Reec(yr) < —c < 0.

First, we want to reject (i). In this case the exponentially small term in the product cannot
be compensated by another term of the product, which is obtained with similar reasoning as
above and by using the repulsion property, Hypothesis 3.2 (v). If (ii) were true, yo and y;
would form a sequence that converges to a 2-string for T' — 07. If (iii) were true, we would
continue iteratively until either we would arrive at a condition similar to (ii) and thus obtain
an r-string or the chain terminates due to the finiteness of Y(). This provides us with a set
of inequalities that must hold for the existence of the r-strings.

However, Lemma 5.12 states that, for 0 < v < 7, Reec(A) < 0if X € D, and
Reec(A) > 0 if X ¢ De..ir, so necessarily the top of the string yo has to satisfy yo € Deir
in order to form a string with length » > 1. But, using Lemma 6.6, for yo € D..ir follows

Re E(;_Q) (yo) > 0, which implies that conditions (ii) and (iii) cannot be met for T' and 1/NT*

C
small enough.

Ify € ﬁsg we obtain, with y2 = y; — i7,
2 . s
1= e*%(Ec(y0)+€c(y1)+€c(y2)) H H ZEEYY +vy —T_ ys% (H BEE%’Y 1 Yo — x;)
- iy — s - sh(ivy+x —
=0 | \yesuoy - oYY ! vo

xeX
<« 11 _sh®(iy +y —y)shRiv+y—y1)  sh(iv +y — o) sh(y — yo)
sh?(iy +y1 — y)sh(2iy +y1 —y) sh(iy 4+ yo — y) sh(2iy +yo — )

yedes\{y1}
< o= Dol V)= by [H)—b(yal¥) (6.93)

and we distinguish the cases
(i) Reec(yo) + Reec(y1) + Reec(y2) > ¢ >0,
(ii) Reec(yo) +Reec(y1) + Reec(y2) = o(1),
(iii) Reec(yo) + Reec(y1) + Reee(y2) < —c < 0.
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For the first scenario, the quantisation equation (6.93) has an exponentially small prefactor

that has to be compensated by some pole of the expression.

94

« There exists y € % \ {yo} such that y — iy = ys + O(e™T) for s € {1,2}. However,

this leads to y = ys_1 + O(e_%), which is a contradiction to the repulsion of roots,
Hypothesis 3.2 (v).

o There exists y € ﬂsg such that y —iy = y3+0(ef%) or y—2iy = y5+0(ef%) for s = 1.

For the first scenario we obtain
O(e™7) > dir(y1,y — 1) > din(Zg + 17, ) » (6.94)

a contradiction to (6.24).

In the second scenario, the reasoning is similar and we find the upper bound
O(e™T) > dix(yr — Iy + 217,y — 17) > din(Zy + 21, Z5) (6.95)

which again contradicts the spacing property (6.24).

« There exists = € X such that z+iy = y;+0(e”T) for s € {1,2}. For s = 2 this implies

that  + 2iy = y; + O(e”T) which leads to
O(e™T) > dir(Pyg + 2iv, P4 + 1), (6.96)

contradicting the spacing property (6.24).

The possibility « + iy = y1 + O(e*%) cannot be immediately excluded. One proceeds
similarly to the proof of Lemma 6.5. Consider the quantisation equation for the hole
root x obtained from (6.18). The equation for = then contains an exponentially small
term, sh(iy 4+ y — y1), in the denominator. Analogously to the proof of Lemma 6.5, we
prove that this term cannot be compensated by shifted singular roots in the numerator.
Thus assume there exists y € Y, such that y=x—1i + g with o = O(ef%) implying
that y = y1 — 2iy + 93, with 93 = O(e_%). It follows that x = y; — iy 4+ ¢¥1, where
%1 = 99 + 3. Using Lemma A.3, there exist C' > 0 and d € N such that

sh(iv+y —x)

citr <
sh(iy +z — y1)

<CT™ (6.97)

and

ok oo eelyy) SH21Y +y — yk)
sh(iy +x — yk)

CrlTremTer < <CcT . (6.98)

Thus, for some other constant C' > 0,

~ ~ ~ 2 ~
Cird < % <CT1  and  O-'Tdeter < |om T Spmosew) B3| apa.
1 1
(6.99)
Using 93 = 99 + 91, the first inequality implies
J v
073 <cr . (6.100)
1

However, this is in contradiction to the second equality for T,1/NT* — 0% due to
Reec(yo) + Reec(y1) + Reec(y2) > ¢ > 0.



6.3. Conjecture for —1 < A <0

For case (ii) and (iii), note that, as y2 € Z \ D_%E mod i, it holds that Ree.(y2) =
O(—TInT). From the condition Ree.(yo) < ¢ < 0 follows, using Lemma 5.12, that yo € Dxir.
However, applying Lemma 6.6, it holds that Re 5((;2) (yo) > 0. Combining these arguments,
we conclude that

Reec(yo) + Reec(y1) + Reee(yz) > >0 (6.101)

for some &> 0 and T, 1/NT* low enough. Hence, conditions (ii) and (iii) cannot be fulfilled
for T and 1/NT*.

This allows us to conclude that strings of length » > 2 cannot exist. Combining this
with the statement that maximal roots are always regular, we have also proved y;g = 0.
This entails the claim of the theorem, namely that the elements of the solution set Y to the
quantisation conditions are of the form (6.27) and (6.28). O

6.3 Conjecture for —1 < A <0

Based on the analysis of the previous section, we formulate a conjecture for the case 7/2 <
v <.

Conjecture 6.7. Let 1/2 <y < =, s € Z and 0(A|Y) the solution to the non-linear integral
equation (6.1) and the monodromy condition (6.2). Y=Vea ﬁsg O X shall be defined as
n (6.3)-(6.6) and X and Y shall satisfy Hypothesis 3.1 and Hypothesis 5.2 and fulfil s =
|X| = Y| — |Ysg|, where |X|, |Y| and |Ysg| are bounded for T, 1/NT* small. 1 =11 < ...<r,
denote the possible string lengths.

Then, there exist Ty, n small enough such that, for all Ty > T > 0 and n > 1/NT* the
elements of% and Y may be represented as

={on,.om)  and Y= {00 }Zzl (6.102)
in which
Reeo(#q) =0(1)  for a=1,...,|%]|, (6.103)
for T,1/NT* — 0%, and
g = gUs) iy +0(e™T), £=1,...m—1, (6.104)

with ¢ > 0 and y( k) satisfies

(1

Reel)(9\%)) < —cop, for =1, —1 and Recl)(@8))=o(1)  (6.105)

a; CTk a,
for T,1/NT* — 07, for some constants cg,, >0 and with 52)()\) as defined in (6.26).

For the range w/2 < ~v < 2w /3, it holds that v, < 2, namely that strings that could appear
in this regime have a length of at most 2.
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Some parts of the proof of the above conjecture already exist, as they are transferable
from the case v € (0,7/2). In particular, this includes the construction of the strings and the
corresponding preliminary work, Lemma 6.4 and Lemma 6.5. The construction of the strings
is analogous to the methodology in the proof of Theorem 6.2. This general construction
can be found in [15], Lemma 6.9-6.11. Three different types of strings are obtained: Strings
consisting of regular roots, strings consisting of regular roots and ending on a singular root
and strings consisting of regular roots and containing a singular root inside.

Other parts of the proof are still missing, mainly the proof of the existence and uniqueness
of solutions to the non-linear integral equation (3.51). One of the main ingredients missing
to prove a theorem such as Theorem 3.3 for v € (7/2,7) is a full characterisation of the map
€, in particular whether € is a double covering map or not, as in Proposition 5.9.

However, with knowledge of the properties of € and €. in Section 5.4 and Section 5.5,
we can already make statements about the satisfiability of the string condition in the case

v € (m/2,27/3).

With a few observations one can conclude that the condition necessary for the existence
of strings (6.25) can be fulfilled for strings of length » = 2. Rewrite the analytic continuation

(6.77) of 8(;_2)(/\) as

C

e ) =) + e +i(m =) — e —ilr =)L, pw =V, 0

ejim ejim

+e(A+i(mr—))1 W +Fe(A+2i(r —~))1

g;im

risitr_ep®  (6:106)

e;im

Ai(r—v)eD

where D) is defined as in (5.184)-(5.186). Observe, that (A + i(m — 7)) has poles at

e;im

A1 =i(—7 4+ 3v/2), Ay =iy/2. For v € (7/2,27/3) one obtains
)2 <~ + 372 < 0, (6.107)

implying this pole is located in Z)éi). We remind that for Re A — oo = Ree(\) — h and thus

Re z-:g;_Q) (\) = 2h for Re A\ = +00. Using the change of sign at the pole, Re e(\ £i0+i(m—7)) =
+o0, we conclude that there must exist zeros of the function Re 5&?2)()\) for A\ € Z)Sl)7r and
Im\ e (—y/2,—m+37/2). Set \ € Z)é‘Ll)Tr and Im A € (—v/2, —m + 37/2). Then, Res((:;)()\) is

Reel;) (A) = 2Ree(A +i(r — 7)) . (6.108)

Theorem 5.11 (iii) and (iv) in combination with the implicit function theorem suggest that, for

/2 <y < 27/3, Ree(A+i(m—7)) = 0 forms at least one smooth and simply connected curve.

In particular, the function 27— Re 52?2) (:Ué_) +iy) has, for every y in some restricted range

y € (9o, —7r—|—377), —3 < 1o, at least one simple positive zero :c(_)(y). This is a mathematically
rigorous argument implying that the condition

Reel)(\) = Ree.(A) <0, and Reel, () =0 (6.109)
can be satisfied for 7/2 < vy < 27/3.

Numerics suggests that there exists only one unique simple zero a:(_)(y), which is illus-
trated in Figure 6.1 and Figure 6.2. Furthermore, it suggests that there are no other zeros
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-1.0= _%

; -0.88
- ] / § \ 0.77
: -0.65

-0.54

-0.42

— -0.31
— 019~ 7+ % - 0.05
0.09~ —7 + % +0.05

0.06
0.22
0.38
0.53
— 0.69

10.0 1

Re aig) (z+1iy)

— 10=1

-0.4 -0.2 0.0 0.2 0.4 2

Figure 6.1: Resgg)(x + iy) for various values of y with J =1, v = 2, h = 0.65h, ~ 1.51.

The function « — Re EE;;)

zeros in the range —3 <o <y < —m+ 37'7 (blue). The zeros are simple and unique on R™
and R™.

(x + iy) is strictly positive in the range —m + 377 <y <3 (red) has

of Re 5272)()\) in D..ir, in particular that Re z-:g;_z)()\) <0 for A e Z)éil)w and “below” the curve
m(_)(y) and Re 5£;_2)()\) > 0 for A € D,.ir and “above” the curve $(_)(y), as depicted in Fig-
ure 6.2.

For v € (7/2,27/3), the strings are constructed similarly to the case v € (0,7/2). From
(6.92) follows, that the top of a 2-string has to satisfy

e (V) =2imn for nez. (6.110)

Numerically, the tops of the strings can be determined by finding the intersection of the
curves Ree(;)()\) = 0 and Ime(;)()\) = 27n, as depicted in Figure 6.2. Note that n = 0

C C

is not possible, since Ime(\ + i(m — 7)) = 0 is, due to the properties of the kernel K, only
possible if Im A+ (7 — ) = 0 - a condition that cannot be satisfied for Im A € (=3, —7 + 377)

For the next step, we check if the string condition (6.25) can hold for the top of a string
of length 3, namely
Reeq(\) <0, Reely)(\) <0 and Reel;'(A)=0. (6.111)

C

)

(—v/2, —m + 3/2). Using the representation (6.77) in order to rewrite Re 52;_3)

gets

Based on the previous analysis, this condition can only be met for A € D7 and Im A\ €

with €, one

Reels (A) = Ree(A — iv) + Ree(A — 2iy) + Ree(A — 3iy)1 (6.112)

)\—31762)(“

g;im
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1.5 1 —— Ree.(A) =0
—— Rec,) (N =0
n=-—1
n=-2
n=-3
— n=1
— n=2
n=3
~ x  Poles of e.(\)
s m  Poleof £5())
(m—=7)/2
—= (r—7)
....... +2

2

—1.5 1

Figure 6.2: Numerical results for possible string tops for strings with length 2 with J =1,
v =2, h =0.65h, ~ 1.51. In order to satisfy the string condition, one must find Re 5;)()\) =
)
2 (

0 where Ree.(A) < 0. The encircled £+ denote the sign of Ree.(\) (blue) and Re sgf A)
(red) in the respective domain. The possible string tops are located at the intersections of

the curves Re 5((3;_2)()\) =0 and Im 5(;_2)()\) = 27n.

C

for \ € Z)E(QT and Im A € (—v/2, —m 4+ 37/2). It can be easily inferred that the first term is
negative, the second term is positive and the third term is either zero or negative. None of the

terms has poles in the considered regime. With the methods previously used to estimate the

sign of a sum of € with shifted arguments, it is not possible to estimate the sign of Re 5£;_3) (N).

However, numerical calculations suggest that Re 5,(:;}’)()\) is positive for A € Z)éﬂr and

ImA € (—v/2,—m + 3v/2), as depicted in Figure 6.3. This in turn implies that for v €
(m/2,27/3) the string condition may only be fulfilled for strings of length 2.
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6.0 1
5.5
=
+
=
0y
5.0
[aed
4.5 1 \ m \
4.0 1
—20  -15 10  —05 0.0 0.5 1.0 1.5 2.0

Figure 6.3: Ree:((:;_?))

J=1,v=2, h =0.65h, =~ 1.51. This is the only range in which Ree

(x + iy) for various values of y in the range —2

2

(=)

C

-1.0= _%

-0.94
-0.89

-0.83

0.77

0.71

-0.66

-0.6

-0.54

-0.48

-0.43

-0.37

-0.31

-0.26

0.2
014=-n+%

— 3h

;2

<y<—7r-|—37“with

(z +1iy) may become

negative. Since Re el (x + iy) is strictly positive in this domain, the string condition (6.25)

3
is not satisfied for strings of length > 3.
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7 Low-temperature behaviour of
physical observables

In the previous chapter we have established that string-type excitations and singular roots
do not occur for 0 < A < 1 and that the solutions to the higher level Bethe Ansatz equations
come close to the curve Reeg(A) = 0. In this chapter, we derive a low-T expansion up to
quadratic order in 1" for these solutions. Based on their low-temperature behaviour, we
classify these roots in close and far roots. We analyse the eigenvalues for low temperatures,
which determine the correlation lengths (2.28) and identify the configuration belonging to
the eigenvalue of largest modulus. The results are compared with results from the conformal
field theory for free massless Bosons with central charge ¢ = 1.

7.1 Low-temperature behaviour of particle and hole roots

In this section, the first three terms of the low-T expansion of the particle and hole roots in
the infinite Trotter number limit, y, € Y and z, € X, are obtained. The function u(A|Y) and
the sets X, Y are as defined in Section 6.1. Both types of roots are located in a neighbourhood
of the curve Ree(\) = 0. Since ¢ is a double covering map on U, = S, (Qr) \ {0, 7}, as it is

stated in Proposition 5.9, it is convenient to split the curve into two parts Fga),

I = {2 e Uy.c|Ree(z) =0}, (7.1)

where Ur.. and Upr,. are given in (5.147) and (5.148). The hole and particle roots satisfying

the quantisation conditions (6.7) and (6.8) and are located close to FgL), respectively T

are divided into a left and right part such that ¥ = X&) U X(® and ¥ = ¥ B U Y with

x@ = {x(a)}\x<a)| and Y@ = {y,(lo‘)}w(a)l for a€{L,R}. (7.2)

a a=1 a=1

The hole and particle roots xﬁf‘> and yt(la) close to I’gL

rem 6.2) are solutions to

) (R)

, respectively I's ™, (compare Theo-

wEP|Y) = 2miT (WP + 1) and  w(ylP|Y) = —2miT(pP + 1), (7.3)
respectively to

w@PY) = —2mT(h® + 1) and  w(@P|Y) = 2T + 1), (7.4)
with A, pl® € N.
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0.6 1 _ FgR) (R) pgR) =9
() s
— (R) (R) _
0.41 : 2 Py =1
(R)
(L) R P = 0
021 Y1, xyﬁ)
0 _ g
~< P
= 00
— th) 0
L) "
—0.24 "1 ] th) 1
L L
041  ay’) o) W~ g
(L)
—0.61 hs” =1

075 —050 —025 000 025 050  0.75
Re A

Figure 7.1: An example of a particle-hole configuration with J =1, v =2, h = 2 = 0.39h,,

T = 0.2. The hole roots xga) and particle roots yéa) are numerically obtained by solving (7.3)

(a) (@)

and (7.4) with quantum numbers hs"’ and pg

The hole and particle roots admit the low-T" asymptotic expansions

xga) ~ Z :cgalz,Tk and yga) ~ Z y((l?‘k)Tk : (7.5)

k>0 k>0

The coefficients can be computed order by order by inserting these expansions into the quan-
tisation conditions (7.3) and (7.4) and by using the low-1" expansion (4.40) of u(A]Y). For
the leading term one obtains

2% = e (~va2niT(h® + 1)) and  ylY = e (wa2niT (R + 1)), (7.6)
where vy, = —1 and vgp = +1 and ¢, = 6’11@-5 : Unye = €(Uae) as introduced in Proposi-

tion 5.9. A Taylor expansion yields the first order terms

() ()

ui(x,.0|Y U 0lY

xéal) = —71( a’?a’) 0) and yf;.ll) = —l(ya’?i) 0) (7.7)
7 &' (40) 7 &' (Ya0)

where

¥o= { WL UGS e (S v @B o)
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7.1.  Low-temperature behaviour of particle and hole roots

In the second order we obtain

x(ag) — (wg?g) (J:‘(a))Q . ( a0|Y0)x al) _ u2($g?0)|Y0)
Tl flagy) T ek
1 |x(8)] |y (8]
BRI (Z @O, ur (=¥ + (f)y(ﬁ)ul(zw»yéﬁ)) .
€'(To0) pefL,ry \ b=1 ° m1 Y=Yo, 2=2(%)
(7.9)

UDIY0) (o w2yl Yo)
- @y Jal =T )
g(ya;O)

gl(ya(;xO)
B3 |y 8|
— X | T @ euCad + X 0,0 uCv)
2 (ya;O) Be{L,R} \ b=1 b b—1 b

Y=Y, z:y((l%) .
(7.10)

For low temperatures we distinguish two different types of roots. The so-called “far” roots
are roots with quantum numbers hff‘), pfﬁ) scaling with T" such that Th((la) and Tpfla) approach
some fixed real number in the low-T limit. For T — 0%, these far roots condense densely

(a)

on the curve Ree(\) = 0. The so-called “close” roots are those with quantum numbers hq *,
p((za) not scaling with 7" and thus they collapse into the Fermi points £@Q ¢ in the low-T" limit.

We denote the close roots with indices + and the far roots with fL, fR such that

D — xUD g x5 and x® = xUR) g x4 (7.11)
Yy — y() g y (=) and YW = y(R) g yH) (7.12)

where

(@) e
@) =gl and Y@ ={yln"  for  ae{—,+ fL,fR}. (7.13)

n,g *) and n](, ) denote the cardinalities of the sets X(® and Y for a € {—,+, L, fR}. For
the close roots, the leading order term (7.6) reduces to v,Qp. For the close roots one can

expand the leading order terms xéog and y((l%) in T and find a more explicit low-T" expansion

2miT 1w (vaQp|Y™)
(@) — LS A CY 1 7awF 70 T? 14
Lq VaQF & (VaQF) (h +5 9 + Va omi +0(T7), (7.14)

2711T 1 u1 (V@ |Y(far))
(o) — Pl = 0 O(T? 7.15

with
(far)
Yo = Yol )1 Qpy ) =4Qp (7.16)
Introduce the difference of close particle and hole roots

o) = O'(’I”LI(,U) - nELU)) with o ==+. (7.17)
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(R)

n zgg) :z;%) + ngﬁ') 27 up to 1lst order in T’ x Qr
® yi%) y%) + Tyﬁ) yim up to 1st order in T’
T from 0.001 to 0.2 T from 0 to 0.002

0-08 1 0.00154 %5

/ b

0.06 <
. 600104 2

O ,
0.04 4 . goo :
o e | o
0.02 - L) | 0.0005 :
N
/<

= 0.00 0.0000 *
—0:021 0.0005 :
g ® ED ' -

_004 T | - O -=
- 2000104 =

—0.06 -

N

~0.08 - —0.0015q_sm s |
T T T T T — 6 + 5
0.651 0.652 0.653 0.654 0.655 0.656 067 9OF @r Qr

Re A 0=>5-10"

Figure 7.2: The low-T asymptotic expansion (7.5) in leading and next-leading order and

the explicit low-T" expansion (7.14), (7.15) for a configuration with one hole (M) and one
particle (o) for varying temperature with pgR) =0, th) =0,v=13,h=2~0.3%.J=1.
On the left hand side, T goes from 0.001 to 0.2 in 20 linear steps, on the right hand side T’
takes on values from 0 to 0.002 in 20 linear steps. The darker the colour of the data points,

the lower the temperature.

In the upcoming analysis it is useful to gather the “macroscopic” data in the set

Y — YU ¢ y U0 o x00) 200 0 (Qr}* " @ {-Qp}*~"",  (7.18)

and one can see that

uy(A]Y) = wy (A Y®)) + 0(T). (7.19)

7.2 The eigenvalues for low temperatures

The form factor representations (2.26) and (2.30) of two-point correlation functions are com-
posed of amplitudes and eigenvalue ratios of the form

(An(‘]ts]i\?(v))/&o(— JtSj\l;(W)))

AO( Jt s]i\rfl('y) ) An( 7Jtsin('y))

N

lim 1}n(0)7 lim
N—oo AO(O)

(7.20)

N—oo

N

In this section we want to analyse these eigenvalue ratios for low temperatures and compare
them with the results from conformal field theory.
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Recall the equation for the eigenvalue expressed in terms of the non-linear problem (2.68).
One may rewrite this equations in terms of the solution (u(*|Y),X,Y) of the non-linear
problem with respect to the contour €; as introduced in Section 6.1 by

In A(\a(x]Y), X, Y) = oT + Z ipo( — ) +impg (3 — A)

peY B0k

d _Lla A
| S pba = N g, (14 D) (7.2)
% T

a

with the bare momentum py as given in (2.69). In order to do so, we first rewrite (2.67) with
respect to the contour % and then deforms %rer to ,, which is allowed since € satisfies
Properties 4.1.

For the infinite Trotter number limit of an eigenvalue associated with (a(x|Y), X, Y) it
holds that

dim AOfa(+[¥), %,7) = AOlu(+[¥), X, ¥) = err P (V) (7.22)
—00
where
dx _1,
P(Y)= Y poly) — 51 Po(A) L, (1 +e7 %) (A]Y) (7.23)
= Cu 1

where we remind that Y,, = Y @ {5}®". Furthermore, it holds that

A Jtsiny | Y 17 N _
lim ( ( A ‘UA(*‘ ) & )> = ¢lte(¥) (7.24)
N=roo \ A(—=F2a(+|Y), X, )
with
dx _1,
8¥)= Y- o)~ [ e Lng (1 + ¢ FIONY). (7.25)

er;{

g¢ is the bare energy as defined in (2.70).

We want to analyse the low-T limit of £ and &. In order to do so, we first establish
Proposition 7.1. Let ¢’ be a function which is meromorphic in an open neighbourhood of %,
and define the function f. as the unique solution to the linear integral equation

felN) =¢'(N) = lim [ dpK(\— p) fo(p+ia) (7.26)

a—0" Jg.

fe(A) = g(A) — lim ;LM O\ — p) fe(p +ic) . (7.27)

g is an im-periodic, meromorphic function on C\ I'g;cyt where I'g.cyy denotes the cuts of g in
C. g shall have at most one single pole at —ig in the neighbourhood of %,,. 6 is an im periodic
and odd function on C\ I'g.cyt, and thus one may continue f. to an ir-periodic, meromorphic
function on C\ I'y,.cut-
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Proposition 7.1. Low-T expansion of an auziliary quantity [15]. Let €,, X, Y and u(A|Y)
be as introduced in Section 6.1 for infinite Trotter number and g’ and g as defined in (7.26)
and (7.27). Then, the quantity

dA _1,
6() = 3 alo) - | gm0+ e ) (7.25)
admits the low-T expansion
G(¥) = 76-1+ Go(¥) + TGi(¥) + O(T?), (729
with
d
Go1 == lim | el +ia)g (ot o), (7.30)
Z fc fc QF) fc(_QF)) (7'31)
yeY
and
_ o fe(oQr) 2 2
G (Y) = O;_L il (0Qp) ((ul(aQF]Y)) + 3) : (7.32)

Proof. First, we apply Lemma 4.3 to recast G(Y) as

. dp . . /
- — Y) — _aB Y
yezyg(y) Jm | 57 9 (i +ia)u(p +ialY) /Q ) 5 9 (Wu(ulY)

QF duy dp 1
_ _ o = |ul(ulY)
/qu) 579 ()u(p|Y) /gu 519 (1) ln(l +e' T ) . (7.33)

()

Expanding the integrands around the zeros ¢ ’ of u(A]Y), we obtain
(+)
= 0 [0 S )
Qr 7“ qu
1 1
(=) (=) — = (¢D) (+)
= =g(@ ) (@O1Y) (af +QF) g ) (a1Y) () - Q)
o((Qr+a))") +0((Qr — D))

=Ty e (oQel) + O(T*), (730

()

where the low-T" expansion (4.41) of ¢ ' is used for the second equality. Furthermore, it
follows from (4.13) that

e L) _ _T7? <~ 09 (0QF) 2
/%ﬂ ig( )ln<1+e p )_ . 24meg(an)+O(T)' (7.35)
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For the remaining integral in (7.34), insert the low-T expansion (4.40) of u(A]Y) up to the
second order in 7" and G_; takes the form claimed in (7.30). We find

1 T

o 2
Gi(Y)=— > 7 (0Qr) <(U1(UQF’Y))2 + 3>

47i i€

><< (UQF)*O}EEI %R (1,0Qr)g ’(M+ia)> , (7.36)

where the right term is equal to f.(cQr) and Gi(Y) takes the form claimed in (7.32). It
remains to consider

) du

=Y g(y) — lim 279 "+ ia)ua (p]Y) . (7.37)
yey a—0" Jg 471

To transform the integral, write the dressed charge and the dressed phase in terms of the

resolvent, namely

0(x — p)

Z.(\) = (id—R)[1](\)  and qﬁc(/\,u):(id—}?c)[ o

} ) (7.38)

where id — R, is the inverse integral operator to id +K<gs and thus

[, et = =3 g tia R

0(x —y)
d +i0)(id —R,) | ——=
y@{/ o (u-+ ia)(id - )| 2 ()
=—%alg(r]1 duf p+ o) — ZJSS /Egﬁfé(u)@(ﬂ—y)
—§<fc<QF> — Fol=Q) + D (9(y) — felw) - (7.30)
yeY

To obtain the second equality, we use the fact that the resolvent kernel is a symmetric function
and thus the action of the resolvent can be moved onto ¢’ in the integrand. The last equality
is obtained by explicitly evaluating the integral on the left hand side and inserting (7.27)
for the integral on the right hand side. Altogether, this entails that G(Y) takes the low-T
expansion claimed in the proposition. O

Using Proposition 7.1 with ¢ = pp and f. = p., we get the low-T" expansion of P(Y),
namely

1 [9r d
PY) = - /_QF 2—:166 )+ yzé;pc pc (Qr) = pe(—QF))
T Z _oPe(0Qr) ((ul(aQF\Y))Z + ”2) +O(T?), (7.40)
4riel ( UQF) 3 ’ ‘

where the integration contour %; has been deformed to [-Qp, QF] for the first term which
we define as %7’_1. We proceed to rewrite the other terms. Recall the separation of X and
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Y into close and far roots, (7.11) and (7.12). Then

ST pely) =0l pe(—Qr) + P Qr) = 1Y pe(—Qr) — 0\ Q)
yey(*)@y@r)
ox(Hex)

= (Dp(Qr) — (T p(—Qr) (7.41)

and thus, using that p. is odd,

> pe(y) pc (QF) = pe(=QF))

yeY
= Y pely) F () D) 4 8)p(Qr) = Po(YE)) . (7.42)
yey L) gy (fR)
ox(L)ox(fR)
Define
2
EZ > (a+i), (7.43)

o==% qcHl(o)

where H denotes the set of close root quantum numbers,

nlo)
H= |JHY  with H<0>:{p§;f>} U{h S (7.44)

and vp is the Fermi velocity defined by

ec(QF)
pé(QF) '

For the O(T')-term, use (7.19) and the (anti-)symmetry of €. and p. to rewrite

opl(o 2
> e, (wmw»z + 3>
o=+ c

Ly <u1<aQFw<far>> (01 (0 QEI¥ ) — 7)) + 32>+w1(H). (7.46)

" Arivp =

We set the first term on the right-hand side of (7.46) to #;(Y(@)). Thus, P(Y) admits the

low-T' expansion
P(Y) = %50_1 + Po(YE) 4T (Py (YD) 4 o (H) ) + O(T?). (7.47)
Similarly, we find the low-T" expansion of &(Y),
E(Y) = 781+ H(Y) + T (& (Y1) + 6 () +O(T?), (7.45)

108



7.2. The eigenvalues for low temperatures

with
Qr g
H /
_ = — —_— .4
g1= [ greenhn, (7.49)
HEEN= Y ), (7.50)
yey L gy (fR)
ox(fL)ox(fR)
(far) - (far) (far)y s9(o)
& (Y) = Mi;ul(cf@pw ) (w1 (0Qp| Y™ — 4mie@)) (7.51)
gl(H):27riZa Z (a—l—%). (7.52)
o=t qcH()

The result (7.47) allows us to identify the root configuration Y that gives rise to the
eigenvalue of largest modulus. To do so, we determine the configuration minimising the
imaginary parts of Z(Y®")) and P (Y)) 4w (H). We do this in two steps. First we find
the configuration of far roots that minimises Im Z,(Y")) and then we fix the configuration
of close roots by minimising Im [Py (Y0)) 4 oy (H)].

Proposition 7.2. The configuration Y minimising Im P(Y) [15]. Im Po(Y0)) is minimal
for

YD) — yUR) — xUL) — xUR) — ¢ (7.53)
i.e. when there are no far roots. If (7.53) holds, Tm [P (Y)) 4 oy (H)] is minimal for
+) — ng_) = ngf) =0 and  s=0, (7.54)

) =g

i.e. when there are no close roots and the spin is zero. For this minimising configuration it
thus holds that Y = () and

_ 1y 2
PO) = =P Ty +O(T%). (7.55)

Proof. To simplify the minimisation, it is convenient to rewrite (7.47). First note that the

configuration minimising Im coy (H) is the fully packed one, meaning that p,(f) =a—1 for

a=1,... ,nz(,g) and h,(f) =a—1fora=1,... ,ngf) such that (7.44) takes the form
_ () : () _ ny” )
Huin = (J Hig  with  Hygy = {a—1},2, U{a—1}2, . (7.56)
o=+

For the fully packed configuration, we can rewrite (7.43) as
iT
Hmin = (7))2 (7)y2 . .
w1 ( ) vr ;:i ((np ) +(ny, ) ) (7.57)

Next, we explicitly rewrite u; (A|Y®")) using the definition of Y% from (7.18),

ur (A = —irs Z,(A) — 27l ge(X, Qp) + 2mil T (N, Q)
— 2mi > de(Ny). (7.58)

yey (L gy (/R)
ox(L)ox(fR)
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We use the monodromy condition
(F) — ) = xUD)| 4 | xUR)| — |y UL — | yUR)| — g (7.59)

and the identities [29]

Z(Qr) =1+ ¢(QF,Qr) — ¢(Qr, —QF), (7.60)
1
700 1+ ¢.(Qr,Qr) + ¢:(Qr, —Qr) (7.61)
as well as the symmetry
¢C()\7 M) = _¢C(_)\? —,U,) (762)
and obtain
uy (o] Y)Y = () (y(tan)y 4 or (g(a) — () Z(Qp) + 22?;)) , (7.63)
c F
where
uDYE) = 2 3" (¢e(Qr,y) — 0e(Qr, Qr) — 1) (7.64)
yey (L gy (fR)
ox(L) ox(fR)
uD YR = —2mi 3T (6e(—Qr.y) — ¢e(—Qr, QF)) - (7.65)
yey L) gy (fR)
ox(L)ox(fR)

With (7.63) we can reorganise the O(T) term in (7.47) as

P (Y)Y 4 oy (H) = 22, (YD) 4 11 (H) (7.66)
with
i (o) (Y(far)) os u(@) (\y(far))
y(far)y — ™ W) 9y gy ]
P ) VE a:z:i 2mi ¢ (Qr) + Z(QF) 27i ’ (7.67)
and
IT, (H) = 2mif 1 + Z2(Qp) ()2 + L + Z n@ple)) 4 @1 (H) — @1 (Hunin)
vp \ 12 7° AZ2QrF) =Pt o
(7.68)
The low-T" expansion of P(Y) is now in the form
1 (far) (far) 9
P(Y) = 7P+ Po(Y) T (21(Y™) + 1y (H)) + O(T?). (7.69)

For [Im A| < 3 it holds that p.(A\) = p(A) and
Imp(A) >0 for O<Im)\<g and Imp(A) <0 for —g<1m)\<0. (7.70)

Thus, the terms occurring in the sum in (7.42) are all positive and the configuration that
minimises & (Y(far)) is the one in which there are no far roots, as stated in the proposition.
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For such a configuration Y reduces to Y1) = {Qp}*” & {-Qp}*~*" and furthermore
2, (Y1) = 0 such that, for T' low enough,

Im (P(Y) — ;P_1> > Im (P(Ymin) — ;P_l)

ZHQR)E + oo Z2 + Z ) +0(T?%). (1.71)
Here Y i, denotes the configuration of hole and particle roots X and Y minimising the right
hand side of (7.71), namely a configuration without far roots and with “fully packed” close
roots corresponding to the quantum numbers (7.56).

The terms in the brackets on the right hand side of (7.71) are all positive, and the right
hand side is minimal for £(-) = 0, s = 0 and nj(f)nga)
condition (7.59) reduces to £(+) —¢(=) = —s implying that £(*) = 0 and thus nj(; ) = ngli) =0.
Thus, the configuration minimising Im P (Y) in the low-7" limit is Y = (), as stated in the
proposition, and P(0) is given by (7.55). O

= 0. Without far roots, the monodromy

With Proposition 7.2 we have identified the eigenvalue A(0]u(*|0),0,0) of largest modu-
lus in the class of eigenvalues corresponding to configurations satisfying Hypothesis 3.1 and
Hypothesis 3.2. As a short-hand notation, we write A(0|u(x|0),0,0) = A(0[0).

For a conformal field theory with central charge ¢, the low-temperature expansion of the
free energy per lattice site for one-dimensional quantum systems is [1]

f=eo— %TQ +O(T%), (7.72)

where eg is the ground state energy per lattice site. Inserting A(0|() into the formula for the
free energy (2.23) and using (7.22) with (7.55), we observe that the eigenvalue belonging to
the root configuration Y = () yields exactly the same prefactor in quadratic order in T if we
identify the central charge with ¢ = 1. This is a strong indication that A(0|0) is, indeed, the
true dominant eigenvalue of the quantum transfer matrix.

Free massless Bosons are also described by a conformal field theory with ¢ = 1 and thus
belong to the same universality class as the spin 1/2 XXZ chain in the critical regime. This
means, that the low-energy quantitative behaviour of the models close to the critical point
T = 0 is the same.

Consider a particle-hole configuration Yj, with corresponding eigenvalue f\()\ﬁ?k) with
5 = 0, for which the limit

A(0Y
lm 2 Jim In 2Ok (7.73)
T—0+ T'N=oo  A(0|0)
exists. It follows the proof of Proposition 7.2 that n(a) = nﬁla) and n(+) + n,(g ) = ng ) + ngl )

and, as we furthermore infer from the proof of the minimisation problem, these configurations
give rise to the leading contributions for low temperatures. For this class of excitations we
obtain

A(0]Y1) 2
im In— = oT 7.74
im0 7o) UZ: ag{;@ ( ) +O0(T7) (7.74)
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where H(%) is defined in (7.44) denotes the set of close root quantum numbers. Furthermore,
using (7.48), it holds that

N ( (Jtsm | )
A(Jtsm ‘ )A

A Jtsm(’y)
?( . |®)> ~2rT Y0 Y (a+})+O(T?). (7.75)

‘Yk) o=t cH(o)

In the term > cm (a+ %) we can identify the spectrum of free Bosons. Indeed, the
eigenvalues of the energetic mode operators in the free Boson ¢ = 1 conformal field theory
are of the form »_ cp) (a + %) [9]. The spectrum of the free Bosons is thus reproduced in
the spectrum of the quantum transfer matrix at low temperatures.

Reminding the definition of the correlation lengths (2.28), we can see that the correlation
lengths diverge in the zero temperature limit. While for T" > 0 the correlation functions
decay exponentially, for 7' = 0 the behaviour changes and they decay algebraically, which is
the expected behaviour for gapless one dimensional systems at the critical point T = 0. For
low temperatures the asymptotics of the correlation functions is determined by particle hole
excitations close to the Fermi points.
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8 Summary and Outlook

In this work, we studied the spectrum of the quantum transfer matrix of the spin 1/2
Heisenberg-Ising chain in the critical regime —1 < A < 1 that can be obtained from the
solutions to the Bethe Ansatz equations. Given the restriction that a few (weak) hypotheses
apply, we were able to construct the spectrum of the quantum transfer matrix for low tem-
peratures in a mathematically rigorous way.

To do so, we considered the non-linear problem which is equivalent to the Bethe Ansatz
equations in a form suitable for the low-temperature analysis, consisting of solving a non-
linear integral equation and a finite set of higher level Bethe Ansatz equations which is
different for each eigenstate of the quantum transfer matrix. We derived an asymptotic
expansion of the solution to the non-linear integral equation for low temperature and large
Trotter number. In this expansion the solution to the non-linear integral equation is in the
leading order given by the dressed energy, which solves a linear integral equation of Fredholm
type. The dressed energy appeared in two slightly different definitions, which differ in the
choice of the integration contour. With ¢ we denoted the dressed energy for which the
integration is along the real axis, with ¢, the one integrated along the curve Ree = 0. The
latter is the one describing the solution to the non-linear integral equation in leading order
in T'. €, can be obtained from ¢ by analytical continuation. In some regions of the complex
plane, such as along the real axis, the functions are equal.

The study of the dressed energy is a central part of this work and knowledge of its
behaviour in the complex plane is essential for the analysis of the spectrum of the quantum
transfer matrix. In the analysis of the dressed energy we distinguished the cases 0 < A < 1
and —1 < A < 0. We completed the proof of the existence and uniqueness of the Fermi
points +Qp in [11] for the full range of the magnetic field 0 < h < h. and for both 0 < A < 1
and —1 < A < 0. We proved that =Qp — do0 for h — 0 and +Qp — 0 for h — he.

For the range 0 < A < 1 we could rigorously prove all properties of the dressed energy
in the complex plane needed in the analysis with methods of real analysis. We showed
that Ree(A) = 0 forms a simply connected curve in the complex strip [Im A| < 7/2 which
goes through the Fermi points £Qp and =+iy/2. The imaginary part of the dressed energy
is monotonically increasing counterclockwise along this curve and is divergent at +ivy/2.
For Ree. we obtained the same zeros as for Ree. Furthermore, we established that the
dressed energy ¢ is a double covering map of the strip {z € C| — 7/2 < Imz < 7/2, z ¢
[—QFr,Qr| £iy Az ¢ {0,ir/2}}. This enabled us to define a controllable integration contour
%ret for the non-linear integral equation and is one of the main ingredients for the proof of
the existence and uniqueness of solutions to the non-linear problem in [15].

For —1 < A < 0 the methods previously used do not allow us to derive equally rigorous
properties for the dressed energy. Some of the properties mentioned above, such as the exis-
tence of a simply connected curve Ree(A) = 0, could only be proved for narrower strips, since
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certain monotonicity properties of the dressed energy are no longer given. A difficulty in the
analysis was raised by the cuts of €. and €, which are for A < 0, resp. for A < —1/2 located in
the strip [Im A\| < /2. In those cases in which the properties could not be rigorously proven,
the analysis was supported with numerics. Consequently, the double covering property could
not be transferred to the regime —1 < A < 0.

Using the low-temperature expansion of the solution to the non-linear integral equation in
a factorised form and with properly adapted integration contour, which is a slight deformation
of %ref, we studied the possible solutions to the higher level Bethe Ansatz equations for
0 < A < 1. First, we introduced the concept of (weakly) maximal roots and then showed that
the roots in Y necessarily group in thermal r-strings whose top is such a (weakly) maximal
root. In the process of constructing all possible solutions to the quantisation conditions,
the factor e~ 75 in the factorised solutions to the non-linear integral equation played an
important role. Depending on the sign of the real part of €. one must compensate the
exponentially small or large term by another term in the product, leading to the hypothetical
existence of r-strings. For the r-strings, we encountered a series of r inequalities that must
be satisfied by the real part of the dressed energy. However, these inequalities cannot be
satisfied for » = 2 and thus also not for r > 2, proving that string-type excitations of the
quantum transfer matrix cannot exist. Since the maximal roots are regular, this also excludes
the existence of singular roots.

Thus, we have rigorously proved that only solutions for which Ree.(A) = o(1) in the
low-T' limit are possible solutions to the higher level Bethe Ansatz equations. We obtained a
picture in which, in analogy to the Fermi sea, particles and holes arise for the excited states
of the quantum transfer matrix.

These particle-hole excitations were studied for low temperatures and we obtained ex-
pansions up to quadratic order in 7" for the particle and hole rapidities. We distinguished
“close” and “far” roots, where the close roots are those which collapse, in the low-T" limit, to
the Fermi points +Qr and the far roots are those scaling with T" and thus condensing on the
curve Ree.(\) = 0. We considered the eigenvalues of the quantum transfer matrix, which can
be expressed in terms of solutions to the non-linear problem and obtained a low-T" expansion.
We were able to rigorously determine the eigenvalue of largest modulus A(0|()) within the
class of solutions subject to the hypotheses we imposed, which belongs to the state with no
particles and no holes. The dominant eigenvalue of the quantum transfer matrix determines
the free energy of the XXZ chain. In comparison with the result for the free energy from
conformal field theory with central charge ¢ =1 we saw that A(0|()) takes precisely the form
conjectured for the dominant eigenvalue. It is reasonable to assume that we have, indeed,
explicitly constructed the dominant eigenvalue of the quantum transfer matrix.

This analysis rigorously justifies the straightening of integration contours in the numerical
study of the non-linear integral equation, which so far has only been justified empirically from
several limits and numerics for small Trotter numbers.

The ratio of eigenvalues of excited states of the quantum transfer matrix to the leading
eigenvalue determines the correlation lengths. With our techniques we were able to identify
a class of next-leading eigenvalues of the quantum transfer matrix which reproduce the spec-
trum of the ¢ = 1 free Boson conformal field theory for low temperatures. We saw, that for
low temperatures the correlation lengths are determined by the close roots, i.e. by particle-
hole excitations close to the Fermi points. The leading correlation length determines the
asymptotics of the static correlation functions and also for dynamical correlation functions
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in a cone in the spacelike regime [Gohmann, Kozlowski; in preparation].

The knowledge of the spectrum of the quantum transfer matrix is an important step
in the calculation of two-point correlation functions with the thermal form factor series.
The amplitudes in this series can also be expressed in terms of solutions of the non-linear
problem [10]. In the massive regime, the knowledge of the full spectrum of the quantum
transfer matrix enabled the derivation of an explicit expression of the form factor series for
the longitudinal two-point function [2]. It is anticipated that this work will make it possible
to derive an explicit form factor series also for the massless regime in the near future.

It is furthermore of interest to fully generalise the results from this work to the regime
—1 < A < 0. The first step would be to find a different approach for studying the dressed
energy in that regime and deriving expressions that allow a rigorous analysis of the function
in the complex plane.
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A Auxiliary Lemmata

Lemma A.1. Let g : C — C be an (anti-)periodic meromorphic function f(A+ir) = £f(A)
that decreases sufficiently fast for Re A — +o00, and define the contour
€ = Rlim [-R,R|U[R,R+ir|U[R+ir,—R+ir|]U[-R +ir,—R]. (A1)
—r 00
Then it holds that

2mi
dy etk fly) = - Z Res, |e*V f(y) (A.2)
/R 1 Te 1Fehr a€lnt ¢ |: :|
Proof. On the one hand

[ e ) = [y (e 1) = 40 ply i) = (7 e [y pw), (a)

on the other hand

/dy ™ f(y) = 2ri Z Res, [‘kyf )} (A.4)
¢ a€lnt €

O]

Lemma A.2. Let g be a k + 1 times continuously differentiable function on the interval
[—0,0] with § > —MTInT, M > 0 large enough. Then

’ 1 Lk/2)
/ dz g(2) ln(l +e*T|Z|) — Z o721
5 2

— 27172+ 2)g 0 (0) + O(TH),

(A.5)
where ¢ is the Riemann zeta function and |k/2| denotes the integer part of k/2
Proof. Consider the Taylor integral formula
k tr
g =3 9" (0)+ Re(t)  with  [Rx(t)] < Ci [t (A.6)
r=0""
Then
) L 2
/ dz g(z) ln(l —&—e_le‘) :/ dt Tg(Tt) ln( |t‘>
-5 _%
Tr+1 2 6
_Zg ) /Z dttrln l1+e” 't' +/ dz Ry (z ln e Tl I), (A.7)
s §
T
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where, up to O(TM) corrections, the limits of the integration under the sum can be replaced
by 4o0. It holds that

o0 2 [Cdtt"In(1+e7t) if 2N
/ dtt’”ln(1+e*|t‘) _ %) n(l+e™) i rean, (A.8)
—o0 0 re2N+1,
and
/ dtt"In(1+e7") =T(2r + 1)¢(2r +2)(1 - 27172, (A.9)
0

where I' is the well-known Gamma function. For the remainder we estimate

0
[t
-5

< 20, TH2 / At (1 +e7) = O(T*2),  (A10)
0

which entails the claim. O

Lemma A.3. [15] Let k > 0 and yo,...,yp—1 € Y. if k > 0, where yo is a mazimal or
weakly mazimal root with

Yp = Ypt1 +iv+ 6, with 5p:O(e_%dP) and dp >0 for p=0,....k—1. (A.ll)
Let y;, € ysg, Yka1 = Yk — 1y. Assume that there exists x1 € X and Yk+2 € yr such that
Ytz —yp =%, IV tykio— 11 =01 and 2iy+Ykyo — Yk = Vg2, (A.12)

where O, V41, Vgt = O(ef%). Then, there exist constants Cy,Cy > 0 and integers d, dy,
all uniform in T,1/NT* — 0% and only depending on |X| and |Y| such that

Oo-1pds < sh(iy + yr42 — 1)
sh(iy + 21 — yx)

x =

< C,T %, (A.13)

e_% fié c(ys) sh(2iy + Yrt2 — Yr)
sh(iy + 21 — yk)

O\ T e 1T < <C,T %, (A.14)

with ey = o(1) as T — 0T.

Proof. The estimates can be obtained by looking separately at the quantisation conditions
for 1 and yi. By taking the product over the subsidiary conditions defining the roots
Yo, - - -, Yx—1 and the singular root yy, together with yi11 = yx — iy, one obtains

(—1)k = kﬁl o Ew:[Y) I sh(iy +y —ys) I sh(iy +ys — @)
0 sh(iy + ys — v) - sh(iy +x —ys)

yeﬁr;k71 reX

< 11 Csh®(iy +y ) sh@iv+y — ) | T shliv +y — ) sh(y — uy)
sh?(iy + yr, — y) sh(2iy + ye — ) | ;-7 Sh(iy + ys — y) sh(2iy + ys — )

(A.15)

y s
yeysg;k

120



with the notation

Yer1 =Y\ {vo,---,yp1} and ig;k = JZg \ {w}- (A.16)

We may recast this equation in the form

ki1
~Lé(yal®) Sh(Y + Ykt2 — Y1) P ALT
(He sh(iy + 21 — y) H “ (A-17)

with $, given as below. We make use of the relation between the roots yi, yx+2 and z; and

introduce d; = 0 and dx11 = —U4o for convenience. Then

k . .
I 1 sh(iy +y — ys) I sh(iy +y — Yr+1)
sh(iv +ys —y) sh(iv + yr+1 — ¥)

s=0 yeyr;k—l yeyr;k_l

\{yrt2}

sh(y —:c1+29k k sh(y — ys — ds—1) sh(y — Yrro — Ops1)
= 1l A.18)
y sh ¥ — H sh(ys—1 —y — 05— H sh —y—90 (
yETpr iy + o o sh(ys—1 —y 1) yeFns (Y —y — Ok)
\{yk+2}
and
sh(iv+yr —21)  sh(2iy —dy)

_ sl _ she: . A9
sh(iv + Yk+1 — Ykv2)  sh(2iy — Dpi2) (4.19)

Using the structure of the iy-shifts between the roots y,, one obtains

sh(iy +yr — ) sh(iy 4+ ys — =)

o= ]I EGET—— || [ =2
h(iy +x — h(iy +x —

xe%\{ml}s (iv+ z — yk) = 04 e (iv+ = — ys)

(1 sh(2iy + 21 — z + %) 11 shiyZ—k—s) —a1 —2+&) (A.20)

sek{on) sh(z — x1 — %) =00k sh(iv(s — k) +x —x1 — &)

for some & = O(e™T). Last, for some £, = O(e”T), one has

Pi= ]

yeysg;k

- 1l
yeysg;k
k—1

sh?(iy +y —ye)shQiv+y —w) ¢ sh(iv+y — ys) sh(y — ys)
sh?(iy + yp — y) sh(2iy + yx — y) 5 sh(iy +ys — y) sh(2iy + ys — y)

_sh?(iy +y — yi) sh(2iy + y — we)
sh?(iy + yx — y) sh(2iy + y, — y)

< I sh(iv(1+s—k) +y —yp +&)sh(iv(s — k) +y — yx + &)
o shiv(@ —s+k) +yp —y —&)sh(iv(2+k —s) +ypr —y — &)

] . (A.21)

We now find upper and lower bounds for the product terms %Pp, starting with $;. Since
Rex; = Reys + O(e™ T) for s =0,...,k + 2 and since z1 € Int et Uy—y Doy cr for some
¢ > 0 only depending on |.’£\, yy|, one concludes that Reys is bounded in T" for s =0, ..., k+2.
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Thus, for any y € y};k_l such that |Rey| > K for some K > 0 large enough, one gets for
some constant C' > 0 and for s =0,...,k

Sh(h’ + Yy — ys)

< : <Cc L. A.22
sh(iy +ys — y) (4.22)

Thus, it remains to consider regular roots for which |[Rey| < K. In that case, Hypothesis 3.2
(v) implies

C'>|sh(ys—1 —y —6s_1)| > T and C' > |sh(y —ys —6s_1)| > T (A.23)

fors=1,...,kand y € yr;kﬂ with C’, ¢ > 0. Note, that if s = k, one imposes y;, ¢ y};,H.
Similarly for all y € Y;.x—1 \ {yx+2} one obtains

C'>|sh(yx —y —0)| > T and C' > |sh(y — yrio — Ops1)| > T. (A.24)

Since yg is a maximal or weakly maximal root, and since Rey and Reyy are bounded, there
exist C’, ¢ > 0 such that

C'>|sh(iy+yo—y)| > T or C'>|sh(iy+yo—y)| >e T (A.25)

for all y € y};k_l. Here the second bound holds for at most a single y € J}r;k_l. Observe,
that z; =y — iy + Uy together with Hypothesis 3.1 (i) ensures that d(z1,+QF) > ¢/2 for T
small enough. Since

x1 € {Int Gref \ U DoQp,c/2 + in} and y e C\ {{Int Gre +inZ} U2} if ye yr;k;—l ,

o=+
(A.26)
one may estimate
dir(y,z1) > dix <‘€ref\ U Dng,c/27:%> >cT forany ye y};k_l. (A.27)
o=+

Taken that % is exponentially small and assuming that |Rey| < K, one arrives at the
estimates

C' > |sh(y —z1 +9)| > T (A.28)
with C’, ¢ > 0. We conclude, that there exist C; > 0 and d; € N such that
CiT% < |Py| < Ol T erer | (A.29)
For P, we immediately obtain from (A.19) that for some Cy > 0
Cy < 1Po] < 5 (A.30)

In order to find lower and upper bounds for P53, first observe that due to the boundedness of
Rex1, Reys is bounded from above in T for any s. This entails that all arguments appearing
in (A.20) are also bounded from above. We use the spacing property (6.24) and get, given
£€=0(e"7) and for any p#0 and z € X

c

diz(z £ipy, x1) — O(e_%) > d(‘@Y;ir’ -@Y;iw +ipy) —0(e"T) >c, (A.31)
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for some ¢ > 0. This implies that |sh(ipy + (z — z1) + §)| > ¢ for a certain ¢/. For p = 0,
we use Hypothesis 3.2 (v) to show that |sh(x —x; — &)| > ¢TI for some ¢ > 0. As the upper
bounds hold trivially for each factor, we conclude that there exist C3 > 0 and d3 € N such
that

O3 < |P3| < O3 ' T4 (A.32)

Last, we want to bound 4. We use that, given £ = O(e_%), for any p # 0 and = € ysg;k,
one estimates

c

d(Dgir + (0 + Vi, Dy +i17) —O(e7T) 2 ¢ (A.33)

for some ¢ > 0 and T low enough, and therefore | sh(ipy + y + yr + £)| > ¢ for some ¢ > 0.
From the repulsion property Hypothesis 3.2 (v) we get |sh(y —yx +&)| > ¢T'. With the upper
bounds being trivial, this ensures that for some C4 > 0 and d4 € N we find the bounds

Oy T < Pyl <Ot (A.34)
Recast (A.17) as
Sh(i7 + Yra2 = Ynt1) TT —Leoun) ETT 6l T o
- e TeWs) = (—1 e2(s[Y) Pt A.35
it w1 S LR

Since @(yS\Y) is bounded, this along with the bounds for #,, entails (A.14).

In order to derive the bounds (A.13), consider the quantisation condition for 21 € %, that
may be recast in the form

1 = o b ®) ShY + Yrr2 — 1) ﬁ #, (4.36)
sh(ly + 21 — k) 5 '
with
= sh(iy +y — x1) sh(y — yr+2 + Vps1)
Pr= . H sh(iy +z1 —y) - H sh(yk —+y + 19;5 ’ (A-37)
yEM \{yrr2} yeX\{yr+2}
Py — Sy tye —o)shye —o1) _ sh(2iy — dp) shiiy — dy) (A.38)
sh(iv + o1 — yp42) sh(2iy + 21 —yx)  sh(2iy — Igy1) shiy + k)’ '
7= 1 shiivy+y —z)sh(y —21) 1T sh(y — yk+2 + Up41) sh(y — a1)
-+ sh(iy + 21 —y) sh(2iy + 21 —y) sh(ye — y + Ug) sh(2iy + 21 — y)
ye%g;k ye%g;k
(A.39)
and
N h( _
po— ] Srrmoo) (A.40)
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Appendiz A. Auxiliary Lemmata

P, is bounded as previously by splitting the bounds according to |[Rey| > K and |Rey| < K
for some K > 0 large enough and by using the repulsion of roots, Hypothesis 3.2 (v). We
obtain

CiTh < |y < Colrh (A.41)
for Jl e Nand C; > 0. We directly estimate for some Cs > 0 that
Co <|Po] <C5t. (A.42)
For P3 consider Hypothesis 3.2 (v) as well as the lower bounds

|sh(y —z1)| > ¢ and |sh(2iy+x1 —y)| > ¢, (A.43)

for some ¢ > 0and all y € ygg;k since (%, Py +iv) > ¢ and (P, +2ivy, D, +iy) > ¢
for some ¢ > 0. Altogether, for C5 > 0 and ds € N, we find

CsT% < |Ps| < C 7% . (A.44)

For the estimates relative to P4, we use that /2 + ¢ — € > |Im (z — 21)| > 0, leading to the
bounds

Gy < Pi] < Oy (4.40)
We recast (A.36) as
sh(iy + Y42 — 1) 7é(@1[¥) Tp1
i _ ok P A.46
sh(iv + 21 —ww) 2—1_[1 ! ( |

and observe that x1 € %3 \ D_j, /5 as follows from Hypothesis 3.2 (vii). Thus, one has

the estimate Ree.(z1) = O(—T'InT). Along with the boundedness of ®(y,|Y), this entails
(A.13), completing the proof. O
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