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Abstract 

Climate change is one of the greatest challenges of the 21st century, and curbing it requires 

significant efforts from all sectors, including transportation. The city's public transport system is 

a crucial component of the transport sector. Trolleybuses, which have been used as a means of 

public transportation for decades, have gained renewed popularity. Combining the tried-and-true 

trolleybus technology with the state-of-the-art battery technology creates the battery-trolleybuses, 

which offer significant environmental benefits in the fight against fossil fuel pollution in cities.  

The goal of this work is to develop a simulation model that can overcome limitations in accurately 

representing real-world conditions, such as traffic congestion, weather conditions, and passenger 

demand. The proposed simulation model considers various factors that affect the performance of 

trolleybus systems and is designed to be flexible and adaptable to different scenarios. This work 

also investigates the challenges of implementing many innovative features into modern trolleybus 

systems, such as battery-trolleybuses, photovoltaic systems, electric vehicle charging stations, 

and battery storage power stations. 

The simulation model will take into account various factors from both the traffic and electrical 

network parts that can affect the performance of trolleybus systems. The model is based on a 

combination of electrical network simulation and vehicle (traffic network) simulation and is 

designed to be flexible and adaptable to different scenarios. 

To calculate the bus propulsion power and location accurately, it is essential to simulate the bus's 

longitudinal dynamics and its corresponding speed profile. However, calculating a realistic bus 

speed profile that takes into consideration traffic situations and limitations while assuring a 

complete stop at the designated stops is presented with sophisticated modelling techniques. 

The simulation model is a discrete-time model that identifies the trolleybus system state across 

time samples. As the buses move continuously, the topology of the traction network will vary 

with each time step. Thus, a new conductance matrix for the trolleybus traction network is 

determined at each time step. Furthermore, modelling the power consumption of the trolleybus 

system is critical. Thus, voltage rules for the traction network that protect the bus motor and keep 

the traction network stable is considered. Moreover, the presence of unidirectional traction 

substations results in significant voltage rises whenever surplus power is produced. A specific 

approach is implemented to effectively determine the traction network's steady-state. 

Overall, this thesis makes a significant contribution to the fields of transportation and electric 

power engineering by introducing a novel simulation model. This model can help enhance the 

performance and efficiency of current trolleybus systems, support decision-making processes 

for public transportation authorities, and promote the transition towards more sustainable and 

environmentally friendly public transportation systems, specifically battery-trolleybus systems. 
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1 Introduction 

One of the greatest frustrations of the 21st century is climate change; consequently, curbing the 

climate change is considered the most challenging task. Increased atmospheric CO2

concentrations are to blame for global warming and consequently climate change. In Germany, 

the average temperature has increased by 1.6 °C with compare to the pre-industrial period [1]. As 

a leading industrial country, Germany pursues the Energy Transition0F

1 since 2011 [2]. In addition, 

the Climate Action Plan 2050 outlines the basic principles for implementing Germany's long-term 

climate action strategy to achieve a largely greenhouse gas-neutral Germany in 2050. The main 

goals are to cut greenhouse gases (GHG) emissions 40% by 2020, 55% by 2030, 70% by 2040, 

and 80-95% by 2050 as compared to 1990 as the baseline year [3].  

Following the manufacturing and energy industries, the transport sector can and is imposed on 

sustainably contribute to meeting the climate goals. The city's public transport system is an 

important element of the overall transport sector. To this day, most urban transport uses internal 

combustion engines as its principal energy source. The internal combustion engine is easy to 

operate, but it generates polluting emissions due to fuel burning. Pollutant gases contribute 

significantly to global warming and have negative impacts on human health. Transportation emits 

around 19% of the GHG emissions in Germany in 2018 [4].  

Germany's climate strategy includes steps to change the transport sector. These – efforts include 

government-funded subsidies for replacing personal and commercial vehicles by electric vehicles 

and for the development of the essential charging infrastructure [5]. As a result, electric traction 

systems have gained renewed popularity. This entails a well-known focus on trolleybus 

technology, which remains to be constrained by the limitation of the overhead contact wires. As 

a means of public transport, the trolleybus has thrived for decades and continues to thrive in 

several parts of the world as new technological advancements open up new possibilities for its 

expansion [6, 7]. However, combining the well-engineered trolleybuses with state-of-the-art 

battery technology creates the designated battery-trolleybuses, which can operate fully electrical 

for even more ranges wire-free [8].  

The trolleybuses/battery-trolleybuses offer significant environmental benefits in the fight against 

fossil fuel pollution in cities. As oil costs grow, the trolleybuses/battery-trolleybuses become more 

popular as a mode of transportation. 

In conjunction with renewable energies, e-mobility makes it possible to achieve a structural shift 

in the fossil fuel-intensive transport sector and is a fundamental for achieving environmentally 

friendly transport systems [5]. Technically, this involves considerable adaptations to electric 

network infrastructure and control. Electric battery vehicles acquire charging power from a low-

1 In German, famous as: Energiewende 



2 INTRODUCTION

voltage network, meanwhile battery-trolleybuses charge their on-board battery directly from the 

overhead contact wires while they are moving. However, the electric network's original design 

dose not ensure the needed charging infrastructure. 

1.1 Motivation 

Cities, municipalities, and transport operators (in particular) are planned to play an essential role 

in the development of electric mobility in Europe [9]. Based on the associated energy policy and 

climate-related goals, the existing energy supply and transport systems are considered to play an 

essential role in the context of the emerging transformation processes. Even today, fossil fuels are 

used to run most public transport fleets, which adds to CO2 emissions, especially in cities. 

Substituting diesel buses with electric buses in public transport services reduces local CO2

emissions and worldwide GHG emissions, making them climate-friendly and sustainable public 

transport. Electrifying public transport vehicles in cities is possible and has been done effectively 

for decades using trolleybuses. Technological advances in battery and charging technologies 

enable the new electric battery bus to be deployed flexibly and offer a viable alternative to the 

already deployed trolleybus.  

Nevertheless, battery electric buses (BEBs) are unreliable to totally overcome the challenge of 

wire-free driving, primarily due to their limited driving range and the battery's limited operating 

life and energy capacity, which raises further cost-benefit considerations [10]. One of the current 

solutions for this issue, which has high potential, is a hybrid trolleybus, which combines the 

cutting-edge battery storage technology with the tried-and-true trolleybus (TB) technology [11]. 

Many other terms, including: in-motion charging (IMC), electric battery-trolleybus (EBTB), 

battery-trolleybus1F

2 (BTB), and battery-powered trolleybus (BPTB), are used to denote the hybrid 

trolleybus. 

Implementing power-intensive batteries eliminates the auxiliary diesel generator unit equated in 

conventional trolleybuses and provides extended driving range independent of the overhead 

contact wire infrastructure. Compared to conventional trolleybus systems, this could decrease 

investment costs through the targeted partial expansion of the routes to be traversed and enhances 

the flexibility of the route range. In this approach, it is possible for the BTB to recharge the on-

board batteries while marching under the overhead contact wires or at bus stops where quick 

charging outlets are available, which could lead to maximising the utilisation of the existing 

trolleybus system infrastructure. The increased amount of energy used to charge the on-board 

batteries pushes the trolleybus system's capacity to its technological limits. Existing trolleybus 

systems can only tolerate a certain amount of equipment overloads and voltage violations, but the 

infrastructure of a newly designed trolleybus system (battery-trolleybus system) may be designed 

while considering the charging power already in the planning process. The increased network 

2 In German, famous as: Batterie-Oberleitungsbus (BOB) 
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load may trip protection mechanisms and damage operating equipment, compromising the 

trolleybus system's reliability [12]. 

The conventional trolleybus system has the potential to include more innovative features, i.e., 

photovoltaic (PV) systems, electric vehicle charging stations (EVCSs), and battery storage power 

stations (BSPSs), making it even more comprehensive. Include these new features will add more 

strain on the trolleybus system. Decentralised feed-ins may easily exceed consumption demands, 

resulting in severe voltage violations; likewise, power demands may exceed equipment durability, 

especially at feeder cables and traction substations, causing internal overload problems. 

Theoretically, increasing system capacity can solve such difficulties. Thus, the direct current (DC) 

traction network may be enlarged, and the traction transformers improved. Due to its high cost, 

infrastructure expansion is however an expensive adaptation method. Even increasing nominal 

voltage to minimise line load is limited by traction system rules [13]. Using larger overhead 

contact wires exert more mechanical strain on the existing catenary framework, which is 

commonly attached to residential building walls in cities. DC traction network upgrades should 

be minimised [14, 15]. 

The context of this thesis is based on the current efforts regarding the environmentally friendly 

public transport systems transformation and is developed as part of a publicly funded research 

project and developed under joint cooperation with various project partners from the fields of 

academic research, electrical distribution, and the transport system operators. The expert 

knowledge from different sectors as well as the accessibility of a real trolleybus system 

contributed significantly to the practical approach and the overall quality of the obtained results. 

1.2 Related Work 

Germany aims to achieve the highest level of sustainability by 2050 [3], so this work is mainly 

focused on the energy and transport sectors. In this context, the transport sector accounts for 24% 

of worldwide CO2 emissions [16]. European Union regulations force transport operators to 

purchase certain percentages of vehicles that are environmentally friendly, which implies that 

transport operators have to cope with the present and future mobility technologies [17]. For the 

development of future-proof and sustainable trolleybus systems, a complete decarbonisation is 

essential. Especially in the case of existing trolleybus systems, this can be favoured using 

innovative and intelligent technologies. However, a complete fleet replacement is a challenging 

task, since an enhanced system infrastructure could be needed. With existing trolleybus systems, 

the challenge is to optimise the use of the existing infrastructure making sure that a reliable 

operation is maintained. Thus, the steady-state and adaptability of an existing trolleybus system 

must be further analysed based on its present characteristics and associated innovative features. 

The aim of this work is to develop a trolleybus system simulation model (TBSSM) by employing 

novel approaches for traffic and electric network modelling and simulation. An overview of 
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scientific and practical efforts that examine the relevant scope of topics is presented below to 

contextualise the present work. 

The proposed TBSSM, which is developed to analyse the above-mentioned problems, is a novel 

solution approach that has been the focus of numerous past and current efforts in research and 

development. Research on railway traction systems, however, has been the focus of the preceding 

trend [18–23]. Contrarily, trolleybus system modelling has very few concern, as in [24, 25]. 

Whereby, a trolleybus simulation model to analyse urban trolleybus performance is presented. 

Such simulation models never covered renewable energy sources, electric vehicle charging 

infrastructure, storage stations, and battery-trolleybuses since they are not obtained with any 

consideration. There are several publications of simulation models that address this subject as a 

consequence of the growing usage of buses with electric propulsion technology, such as BEB, 

TB, and BTB. Therefore, a TBSSM is crucial to evaluate the buses' energy consumption and 

traction network steady-state. 

To effectively evaluate the impact of TBs and BTBs on a traction network, a realistic model of 

the traffic network with bus daily schedules, trolleybus longitudinal dynamics, and traction 

network infrastructure need to be combined into one comprehensive model. So far, the literatures 

on simultaneous traffic and traction network modelling of trolleybus systems are limited. For 

example, in [26], 125 software for modelling and evaluating electric vehicle effect on power 

networks are identified. Their evaluation comprises 23 traffic simulation tools. Yet, to investigate 

energy consumption and traction network steady-state, no simulation tool can model the traffic 

network, including vehicle dynamics, and electric traction network simultaneously. 

Modelling the energy consumption for a real-world electric vehicle relies on vehicle type, speed 

profile, passenger loading and alighting (in case of electric bus), traffic situation, road topography, 

heating, ventilation and air conditioning (HVAC) operation, and auxiliary power [27–31]. Thus, 

reliable modelling and prediction of real-world traffic, TB and BTB advantages can be quantified. 

In [31–34], historical speed profile data from real-world driving are used to predicted the energy 

consumption. Alternatively, obtaining high-resolution speed profile data for big bus fleets is 

challenging, if not impossible [35]. Broad ranges of energy consumption rate (kWh/km) are 

reported. For example, in [36–38], E’ = 1.2 kWh/km to E’ = 2.9 kWh/km for BEBs. However, 

trolleybuses (with and without on-board battery) kWh/km of consumption are in the range of 

E’ = 1.3 kWh/km to E’ = 2.52 kWh/km [39, 40]. Several factors influence the energy 

consumption, and these broad ranges are attributed to different weather conditions (winter or 

summer), traffic volumes (regular or rush hours), and topography of the roads (flat or hilly).  

A bus simulation model to establish energy consumption and predict optimal charging schemes 

for BEBs is presented in [41], where power consumption is impacted by weather and the type of 

day. The authors of [42] use a simulator tool to calculate BEB energy consumption. However, 

different HVAC operation conditions are not considered. Based on probabilistic speed profiles, 
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an energy demand analysis of electric buses is done in [43]. The heating and air conditioning 

demand are simulated in detail. The authors of [44] use a stochastic driver model based on a 

Markov chain to calculate electric bus torque at various speeds. The preceding simulation models 

do not include a sophisticated longitudinal dynamics model. Furthermore, none of the simulation 

models include additional calculation for a traction network. More researches which include 

vehicle longitudinal dynamics modelling are found in [45–48]. 

However, TBs and BTB modelling are considered in several works. In [49] the Monte Carlo 

method is used to model a trolleybus system, including daily route schedules, velocity profiles, 

and traction network characteristics. Using Matlab/Simulink, the authors of [50] develop a 

simulation model of two trolleybuses running in the same traction network section. The authors 

of [51] study the maximum possible energy saving that is achieved by using battery-trolleybuses.  

Modelling the trolleybus traction network requires a power flow approach that can determine its 

steady-state. Owing to the passive traction network, the unidirectional behaviour of the traction 

substations demands special consideration. After establishing TBs and BTBs energy consumption 

and locations, the steady-state of the traction network may be simulated in order to evaluate any 

trolleybus system expansion. Also, TBs' and BTBs' contact positions with the traction network 

must be evaluated. Therefore, several simulation models have been created to calculate the steady-

state of a traction network. The authors of [52] present a simulation model that determines train 

voltages at any position on a single railway track. Simscape, a MathWorks simulation programme, 

is used to represent the rail track system's mechanical and electrical features.  

In [53], a new approach to simulating traction networks is presented. The suggested approach 

considers vehicle longitudinal dynamics as the traction network. The proposed model mimics the 

effect of voltage drops on vehicle acceleration dispose of any surplus regenerative braking energy. 

Nonetheless, the proposed model relies on reference speed profiles, which must be established in 

advance, and does not consider the traction network as a single mesh network, but rather splits it 

into several sections depending on traction substation feed-in points.  

In [54]. a neural network optimization is used to simulate the power demand of an urban 

trolleybus/battery-trolleybus system. A test ride of a BTB is used to train the neural network. 

More historical data from real-world driving, even considering daily traffic volumes, are planned 

for future work. 

The author of [55] suggests a two-stage approach to solve the power flow problem. The first step 

uses a bisection method to find a scaling parameter, and the second step uses the Newton-Raphson 

method to check if the traction network can be solved. However, the proposed approach includes 

no provision for power regulation based on line voltage drops [56]. Instead, it simply considers 

the unsolvable load flow problem from a mathematical standpoint. 
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Consistently, the concept of modelling a traction network with sustainable features is presented 

in plausible works. The author of [57] studies the effect of using a battery storage power station 

on the traction network voltage profile. In [58], a PV system is presented in a traction network. 

Monte Carlo methods are used to address irradiation and traffic congestion uncertainties. In the 

follow-up work [59], two unique battery storage power station applications for urban mobility are 

presented. The studied applications try to reduce the peak demand of a traction substation or make 

the best use of solar energy by matching production with demand. In [60], PV and Wind systems 

are integrated into the traction network to optimise direct utilisation using a simulation model to 

prove different scaling and positioning situations. 

1.3 Aim and Structure of the work 

The challenges that transport companies are currently confronted with are mainly related to the 

planning of new transport systems and operating models as well as the further development and 

technical upgrading of existing systems so that they are capable of adapting to fully electrified 

transport systems. The primary objective in this thesis is to develop a reliable simulation model 

that can mimic a real-life trolleybus system for the purpose of reliability evaluating in the presence 

of various modifications and other operational needs necessary to the long-term stability. 

Furthermore, all innovative features, such as battery-trolleybuses (BTBs), photovoltaic (PV) 

systems, electric vehicle charging stations (EVCSs), and battery storage power stations (BSPSs) 

are to be included in the proposed simulation model.  

This associative thesis describes the development steps of the TBSSM. For this purpose, the 

historical background and the relevant technical information of trolleybuses are explained in 

Chapter 2. This includes the technical characteristics of TBs and BTBs as well as those of the 

traction network. The principle need for a TBSSM will be clarified afterwards. Furthermore, the 

overall structure of the proposed TBSSM will be presented. Finally, the challenges that could face 

the development of such a simulation model will be pointed out. 

Chapter 3 will handle the process of developing both the traffic network model and the bus model. 

The traffic network model will include the final structure of the travel route that will be used by 

each bus during its daily operation. The model will also include the traffic situation that will affect 

the bus movement. The bus model will consist of the longitudinal dynamic model. Accordingly, 

speed, travel distance, and traction power will be calculated. The model will also incorporate the 

power consumption of the auxiliary systems. In the case of BTB, the on-board battery model will 

be incorporated. 

Chapter 4 will cope with the modelling of the electric network and the innovative features. The 

electric network will be considered as both a traction network and the overlaying medium voltage 

alternating current (MVAC) network. The modelling of the power profiles for the innovative 

features will also be included. However, buses will not have a pre-defined power profile. For that, 
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the calculation process for the power consumption as well as bus location with respect to the 

traction network will be established. 

Chapter 5 will outline the complete simulation model. The step-by-step process to determine the 

traction network steady-state will be elaborately described. The steps to determine the 

conductance matrix of the traction network after each topology change – due to bus movement – 

will be described. Due to the passive behaviour of the traction network, a novel approach that will 

solve this issue will also be described. Moreover, a power control model, which will hold bus 

motor current at the permitted voltage level, will be included in the simulation model. Lastly, a 

sequential AC-DC power flow calculation will be discussed too. 

In Chapter 6, different scenarios will be tested using the TBSSM and real trolleybus system data. 

The results will be discussed and evaluated with real measured logs from the same trolleybus 

system. 

In Chapter 7, four use cases of the TBSSM will be presented. The TBSSM will be used for 

different planning and operation cases. 

Chapter 8 will summarise the work of this thesis. 

Finally, the result of this work is aimed to make it easier to configure the future of existing 

trolleybus system, and consequently, adapts future planning and operation of trolleybus and 

battery-trolleybus systems. 





2 Conversion of a Trolleybus System into a Simulation Model 

Nowadays, trolleybuses (TBs) are often criticised for being inflexible, and their unsightly 

overhead contact wires are widely cited as a determining factor. They do, nevertheless, have a 

distinct advantage over public transport systems that employ buses with internal combustion 

engines. Innovative electric drive technologies, such as the battery-trolleybus (BTB) running on 

a smart trolleybus system, can compensate for the disadvantages of a trolleybus system and may 

introduce a new era of environmentally friendly transport systems. 

2.1 Historical and Technical Overview 

Essentially, the trolleybus as we understand it today is comprised of an electrical motor, a pair of 

overhead live wires, and a couple of rolling or sliding contacts. Over 130 years have passed since 

the first successful journey of the world's first electric trolleybus was successfully accomplished. 

In 1882, Werner von Siemens demonstrated his groundbreaking concept of an electric vehicle 

powered by a fixed source but capable of being directed like conventional road vehicles. The 

vehicle he designed, the Electromote, was completely without rails support and travelled the 

Kurfürstendamm in Berlin. The vehicle was driven by two electric motors with P = 2.2 kW each 

fed by a flexible cable connected to a small eight-wheeled trolley (the contact assembly with the 

wires) running on two stranded copper wires that are supported by wooden poles along the 

roadside. The overhead contact line operated with a DC voltage of U = 550 V. Even though the 

trolleybus is less expensive than rail vehicles, Werner von Siemens decided to halt the test as 

early as mid-June 1882. Most of this was due to poor road conditions, making it impossible for 

the vehicle to move without causing significant disruption. Additionally, there were no rubber 

tyres available for automobiles at the time. For the time being, "trolleybus" technology was 

obsolete. However, the concept survived: In cooperation with Siemens & Halske, the engineer 

Max Schiemann resumed construction and continued developing the Elektromote. The drive 

methods and current collectors were improved because of his efforts. In 1901, the world's first 

trolleybus route was established between Königstein and Bielatal in Dresden, Germany. From 

then on, Schiemann trolleybuses began to be seen on roads [61]. 

The development of the trolleybus may be traced back to its rise and fall periods [62], as shown 

in Figure 2-1. After its discovery in the 1880s, the first actual use of trolleybus technology lasted 

until 1915. Many countries around the world adopted the technology during that period. In 

Germany, 110 trolleybuses were built and used until 1911 [63].  

After World War I, from 1921 to 1926, new pilot projects were carried through to establish 

trolleybus services. Several cities of North America and Europe embraced these services. Even 

though the early vehicles were primitive by today's standards in these projects, they were 

functional and helped with gaining experience and learning lessons [64]. 
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Figure 2-1: Number of opened, decommissioned and existing trolleybus systems worldwide through decades 
[65] [66]. 

In the late 1920s, a more appropriate vehicle was developed, which had a larger and more 

powerful motor, improved brakes, a workable pantograph, and pneumatic tyres. As a result of its 

further development, the trolleybus achieved its excellent deployment during this period, which 

lasted from 1927 to the early 1950s. At the beginning of this period, tram lines began to be viewed 

as obsolescent modes of transportation, and the trolleybuses began to take their place. However, 

the employment of trolleybus technology to transport trams quickly gained great popularity. 

Trolleybuses quickly emerged as the primary mode of public transit in several countries. In 

general, the number of trolleybuses on the road continued to rise, except for World War II from 

1941 to 1945. A trolleybus powered by both electricity and gasoline was officially introduced in 

the early 1930s. On routes that were partly wired, the trolleybus was powered by electricity until 

it reached the end of the catenary. The gasoline engine then assisted the vehicle's operation for 

the remains of the route [6]. 

From the 1950s to the beginning of the 1970s, many problems began to emerge. One of these is 

the development of large diesel buses that accelerated the trolleybus' decline at a rate that almost 

matches its success before the 1950s. The decline continued despite the several upgrading of 

electric and electronic elements in the late 1960s. Power consumption was decreased significantly 

with the use of chopper control, which also ensured smooth speed transitions. Improved power 

connections and regenerative braking were included too. Trolleybus services were discontinued 

in nearly every country, notwithstanding the significant early development work. In particular, 

the procedure was criticised for being rigid and the overhead wires as being ugly. However, 

countries like Switzerland and Germany have modernised their trolleybus systems and 

extensively used them across the region. On 19 June 1952, the city of Solingen decided to end the 

tram service and replace it with a trolleybus system. The cheap operating and fuel expenses and 
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the extended service life of the trolleybuses influenced this choice. It took seven and a half years 

to transition tram lines to trolleybus service. In November 1959, the final tram line was 

decommissioned from operation. In contrast to many other German cities, Solingen has converted 

its entire public transportation system to trolleybuses rather than just minor parts. As of that time, 

it operated the third-largest German trolleybus network, running about 40 kilometres, and even 

led in terms of vehicle count [67]. 

A new era of trolleybus popularity began in the early 1970s. Relative price changes for diesel 

sparked a renewed interest in the trolleybuses. The oil crises of the 1970s, combined with growing 

concern about the environment and air pollution on city streets, resulted in a relatively small 

restored concern for trolleybuses as an alternative transportation system. Accordingly, several 

developing countries, especially those that are reluctant to import expensive oil fuels but can 

produce sufficient electrical energy, have embraced this form of public transportation service. [6]. 

Nevertheless, the number of trolleybus systems has continued to decline. Like the rest of the 

world, Germany's trolleybus era had faded. Almost all of the operating trolleybus systems were 

shut down, so that only three systems in Solingen, Eberswalde, and Esslingen are still in operation 

today [68, 69].  

With the current push to minimise greenhouse-gas (GHG) emissions and improve air quality in 

cities, transportation operators are pressured to compensate their fleets with more zero-emission 

buses, such as the battery-electric bus (BEB) [70, 71]. This bus has the same operating concept 

as a trolleybus, but its electric motor obtains energy from an on-board battery pack and not directly 

from the overhead network. Improvements in battery technology have extended the BEB range 

to 300 km with a fully charged battery. Thus, the BEB has outsold all other types of electric 

vehicles on the market today, making it the best seller [71, 72]. However, the issue of charging 

the bus battery remains challenging. Optimistically, a battery-trolleybus (BTB) could open the 

opportunity for a promising new era of trolleybuses that combine the advantages of a trolleybus 

and battery-electric bus in a single-vehicle. The BTB is the most economical approach for large 

capacity routes when compared to other electric buses [73]. As concluded in [40], 33% to 50% of 

the travelling route must be electrified in order to operate BTBs. For existing trolleybus networks, 

it is possible to utilise existing overhead contact lines correlate with buses, which could be replace 

by BTB, running on a variety of routes. This approach will allow for more efficient use of the 

existing infrastructure. Furthermore, in many circumstances, it may be practical to plan new 

traction systems based on the BTB technology. 

2.2 Sources and Loads 

Generally, the electrical infrastructure of a trolleybus system is composed of three main 

components: power supply sources, loads, and overhead contact wires. The traction substations 

serve as the primary power source, while the TBs operate mostly as the main loads for the system. 
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As one of the most essential components, overhead contact wires (OHCWs) are those that link 

the sources and loads. The connection and impact of each component on the overall trolleybus 

system are therefore vital to model a realistic simulation for a trolleybus system. 

TBs utilise direct current (DC) through the OHCWs to power their electric propulsion and 

auxiliary system. The connection to the OHCW is facilitated by a current collector system (two 

trolley poles and two contact shoes) of about 6 m length mounted above the TB roof, at the rear, 

allowing a lateral movement of up to 4.5 m [74]. Additionally, a combustion engine – serving as 

a generator or a direct propulsion – is equipped to power the TB and enable it to travel 

autonomously; without contacting the OHCW or in the event of supply malfunction. Formerly, 

TBs were propelled by series wound DC traction motors; however, modern TBs are equipped 

with asynchronous motors powered by a three-phase DC to AC inverter [75]. Hence, the motor 

speed is controlled by altering the applied voltage and frequency. The low manufacture cost and 

their advantages, three-phase asynchronous motors with brushless squirrel-cage rotors are widely 

used in the automobile industry. A single, sometimes two, electric motor with a total power 

ranging between 𝑃M = 165 kW and 𝑃M = 320 kW is inducted in TBs, depending on their models 

(𝑙 = 12 m single-decker or 𝑙 = 18 m articulated) [76, 77]. The maximum speed of a TB is usually 

𝑣 = 60 km/h and in some model up to 𝑣 = 80 km/h [74].  

The primary function of the OHCW is to provide energy to the TB fleet through overhead 

suspended contact wires distributed along the TB traffic routes. Sustain poles and anchors on 

buildings along the streets support the longitudinal contact line equipment, i.e., contact wires, 

messenger or catenary wires, droppers, and stitch wires. Grooved contact wire2F

3 (see Figure 2-2), 

which is a copper wire feature grooves on each side of the top section for clamping by clips, is 

preferred as overhead contact wires for the trolleybus system [78]. A cross-sectional area of 

80 mm2, 100 mm2, 107 mm2, 120 mm2, or 150 mm2 is considered (based on European Standard) 

for the overhead contact wires [79].  

Figure 2-2: Groove contact wire (type AC-100) cross section [78]. 

3 Abbreviated Ri (dt. Rillenfahrdraht) 
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TBs, in contrast to trams, do not operate on rails and hence require a two-pole wire system. In 

most cases, the wire fixed on the outside – in direction of travel – is the negative wire, while the 

other is the positive and positioned on the inside. Accordingly, the two-pole overhead wires 

provide the complete path for the current to flow from the traction substation to the TB and back 

again. The TB load current is divided between the overhead contact wires – on both traffic 

directions – by cross-couplings which electrically interconnect these wires at regular intervals 

(see Figure 2-3). Since these couplings are integrated rapidly into the OHCW, particularly over 

long sections, power losses as well as voltage drops are minimised. As shown in Figure 2-4 the 

voltage drop conditions are compared for equivalent total loads between two substations. In 

addition, the graph of Figure 2-4 shows that increasing the number of cross-couplings k between 

traction substation improves the voltage conditions over the OHCWs of a traction network [80]. 

The traction substation supplies the OHCW with feeder cables, which connect the overhead 

contact wires with the traction substation busbar (see Figure 2-3). 

Figure 2-3: Structure of a trolleybus traction network. 
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Figure 2-4: Voltage drop relative to the voltage drop 𝚫𝑼𝐬 which occurring with single end feed and one load 
in the feed section for single end substation (𝒆 = 𝟏), and double end substations (𝒆 = 𝟐) with 
different number of cross-couplings 𝐤 between the substations (SS1 and SS2). The distance from 
SS1 to SS2 is represented as d (compare to [80]). 

The OHCW, in contrast, is not just utilized to provide electricity to the TBs. It is also used to 

distribute energy during brake applications and provide regenerative energy – TB as a power 

source – to other TBs in the same supply segment. The electric motor transforms the TB's kinetic 

energy into electricity while braking. The auxiliary equipment consumes the regenerative energy 

first, and if possible, the OHCW distributes the surplus energy; otherwise, it is converted into heat 

using a brake-resistor, and, thus, all voltage violations – due to this surplus energy – are restricted 

[81]. 

The function of traction substation is to supply electrical energy within voltages conforming with 

the nominal values used for the traction system. As shown in Figure 2-5, the traction substation 

draws energy from the upper stream medium voltage alternating current (MVAC) network. After 

stepping-down the voltage from the MVAC network by the traction transformer, the three-phase 

AC voltage is rectified into the nominal DC voltage of the traction network by the traction power 

rectifier.  

The spacing of traction substations is determined based on calculations of voltage regulation and 

short circuit situation. This decision is made based on the technical performance of the trolleybus 

system. Nevertheless, other factors such as: availability of land, position of junctions and 

crossovers, and road access determine the final choice of the traction substation locations, and 

thus, influence the distance between the traction substations. As rule of thumb, most economical 

distance between traction substations is (2 km to 4 km) for the DC with 𝑈n = 600 V systems and 

(4 km to 6 km) for the DC with 𝑈n = 750 V systems. 
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As shown in Figure 2-3, each traction substation is responsible of suppling at less one feeding 

section. It is noteworthy that a feeding section may be supplied by one or multiple traction 

substation. A section separator is used to isolate adjacent feeding sections in such a way that they 

cannot be bridged by the OHLWs; although, the feeding sections are still connected through the 

direct current busbars of the traction substation. In this manner, regenerative energy can be 

distributed beyond the feeding section to other nearby feeding sections with power demands.  

Figure 2-5: Schematic diagram of a traction substation (Adapted from [80] and [82]). 

2.3 System Regulations 

The electric traction system is powered by a direct current (DC). Concerning the voltage level 

restriction on city roads, a low voltage direct current (LVDC) system with a nominal voltage 

𝑈n = 600 V or 𝑈n = 750 V is regulated according to IEC 60850:2014-11 [13]. For an appropriate 

bus operation, a considerable tolerance between the maximum and minimum voltage values is 

authorised (see Table 2-1). Greater current consumption may arise due to the low voltage level of 

the traction system, resulting in a significant voltage drop at the bus locations, which increases as 

a bus travel farther away from the substations. Nonetheless, the tolerable minimum voltage value 

(𝑈min1 = 0.76 ⋅ 𝑈n) permits the buses with greater feeding distances and minimises the need for 

additional substations. However, with the maximum voltage value (𝑈max1 = 1.2 ⋅ 𝑈n), the 

utilisation range of regenerative power is extended. Within 5 minutes, the maximum certified 

voltage 𝑈max1 may be extended to 𝑈max2 [13]. The system voltage must not exceed the highest 

non-permanent voltage 𝑈max2; accordingly, voltage increase during bus braking is regulated by 
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a squeeze control system, where the surplus energy is converted into heat using a brake-resistor, 

preventing the system voltage from acceding 𝑈max2 [83]. A system with higher nominal voltage 

𝑈n = 750 V is reasonable in terms of supply ranges, short-circuit detectability, and power loss 

reduction. There are no different between the value of the lowest non-permanent voltage (𝑈min2) 

and the lowest permanent voltage (𝑈min1) with in the nominal voltage 𝑈n = 600 V and 

𝑈n = 750 V as shown in Table 2-1; However, the values of 𝑈min2 and 𝑈min1 with higher nominal 

voltage according to IEC 60850:2014 [13]. 

Table 2-1: Nominal voltages and their permissible limits in a trolleybus/battery-trolleybus traction system 
(based on IEC 60850:2014) [13]. 

Nominal voltage (𝑼𝐧) 600 V 750 V 

Lowest non-permanent voltage (𝑼𝐦𝐢𝐧𝟐) 400 V 500 V 

Lowest permanent voltage (𝑼𝐦𝐢𝐧𝟏) 400 V 500 V 

Highest permanent voltage (𝑼𝐦𝐚𝐱𝟏) 720V 900 V 

Highest non-permanent voltage (𝑼𝐦𝐚𝐱𝟐) 800 V 1000 V 

The TB propulsion system is consisting of asynchronous motors which behave as constant power 

loads [84]. The TB motor power 𝑃M is computed as follows: 

𝑃M = 𝐼M ⋅ 𝑈B (2.1)

where 𝐼M is the motor drawn current, and 𝑈B is the bus voltage. The TB accumulates the required 

power (see Equation 2.1) from the OHCW to fulfil propulsion demands. Consequently, a high 

motor current 𝐼M arises with a low voltage level provided by OHCW throw the bus current 

collector. An overcurrent protection mechanism is thus built into the bus, reducing power 

consumption while the bus is in traction mode. The regulation curve of the maximum allowable 

current – drawn by the TBs/BTBs – corresponding to the OHCW voltage is shown in Figure 2-6. 

Figure 2-6: Maximum consumption current against voltage (compare to [56]). 
A: No traction power, only auxiliary current 
B: Traction power with reduced current. 
C: Maximum traction power. 
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Based on voltage levels (see Table 2-1), the TB/BTB consumption current is regulated within 

three regions. The bus voltage 𝑈B in region Ⓐ is less than the lowest non-permanent voltage 

𝑈min2; thus, the current consumed by the bus 𝐼aux is just used to power the auxiliary system, and 

the propulsion system is powered off 𝑃M = 0. The overcurrent protection system is activated in 

region Ⓑ as the bus voltage swings between 𝑈min2 and 𝛼 ⋅ 𝑈n. Accordingly, the motor current is 

restricted, which reduces the motor's maximum power 𝑃M ≤ 𝑃M,max. In region Ⓒ, the bus voltage 

is higher than 𝛼 ⋅ 𝑈n; hence, the bus operates normally with full motor power and a maximum 

current accumulated from the OHCW through the current collector system. The value of 𝑃M in 

Equation 2.1 must not exceed the value of 𝑃M,max which is defined based on the regulation curve 

shown in Figure 2-6 as follows: 

𝑃M,max = 𝛼r ⋅ 𝑃M (2.2)

𝛼r = {

1, 𝑈B > 𝛼 ⋅ 𝑈n
𝑈B−𝑈min2

𝛼⋅𝑈n−𝑈min2
, 𝑈min2 < 𝑈B ≤ 𝛼 ⋅ 𝑈n

0, 𝑈B ≤ 𝑈min2

(2.3)

Where 𝛼r is a reduction factor, 𝑃M is the maximum motor power as indicated by the TB 

specifications, 𝑃M,max is the maximum motor power based on the traction network state (as 

defined by [56]), and 𝛼 is the knee point factor, where 𝛼 = 0.8 is considered for a system with 

nominal voltage 𝑈n = 600 V and 𝑈n = 750 V [56]. 

2.4 Development of a Simulation Model 

Reducing GHG emissions and improving air quality in cities can be made possible with 

implementation of environmentally friendly public transport systems. The primary component 

contributing to this goal is the withdrawal of diesel buses by replacing them with electric buses. 

Although some cities already have a trolleybus system as part of their public transportation 

systems, which makes it even more sustainable to invest in replacing the remaining bus fleet with 

electric buses, specifically battery-trolleybuses, which combine the features of already efficient 

and reliable trolleybus technology with state-of-the-art storage technologies. Nevertheless, 

designing a new battery-trolleybus system should be taken into consideration too [85]. The BTBs, 

like conventional TBs, obtain their power directly from the overhead contact wires (OHCWs). 

Still, additional energy can be stored in their on-board battery even while moving (in-motion 

charging). Thanks to the energy provided by the on-board batteries, BTBs are more adaptable for 

travels beyond the traction network, which previously needed a diesel engine. The utilisation of 

BTBs, however, exposes the existing trolleybus system infrastructure to its technical limitations 

because of the extra energy needed to charge the on-board batteries. Thus, the existing trolleybus 

system is no longer guaranteed to operate reliably due to equipment overloads and voltage drops 

below the lower voltage limit [86]. 
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It is possible to achieve a fully sustainable public transport system by assessing the potential of 

existing trolleybus systems. The conventional trolleybus system could be upgraded to include a 

range of innovative features, making it even more comprehensive. Sustainable power sources, 

i.e., PV systems, can be directly linked to the DC traction network. Accordingly, there will be 

fewer power losses when energy is transferred from PV systems to TBs/BTBs. Integrating PV 

systems directly into the DC traction network allows an efficiency improvement of the PV voltage 

from 𝜂 = 90% to 𝜂 = 96% [87]. Old traction substations can also be replaced with a promising 

concept for a bidirectional traction substation with active front-end converter [87, 88], which will 

allow surplus power produced by renewable sources or regenerative power during bus 

decelerations to be converted into the upper stream AC network. The outdated batteries from the 

BTBs can be as well repurposed to establish battery storage power stations (BSPSs) within the 

trolleybus system. Thus, more flexibility is added to the DC traction network. By using this 

approach, the average battery lifetime can be increased by several years. Additionally, multiple 

electric vehicle charging stations (EVCSs) can be linked to the DC traction network, giving city 

residents easy access to charge their electric vehicles. 

The existing trolleybus system will be stretched to its threshold by these new load scenarios. 

Basically, decentralised feed-ins within the DC traction network may easily surpass the power 

consumption demands, resulting in severe local voltage violations above the allowed voltage 

range. However, the DC traction network may experience power demands that are greater than 

its equipment durability, particularly at feeder cables and traction substations, leading to internal 

overload conditions that cannot be recognised [15]. In theory, there are two methods for resolving 

these issues. Such problems can be solved by increasing the system's capacity. For example, the 

traction transformers can be upgraded to higher capacities, and the DC traction network can be 

expanded. Infrastructure expansion is still a costly adaptation strategy that can only be used to a 

limited extent due to its high cost. Due to the regulations established for traction systems [13], 

increasing the nominal voltage to reduce line current flow is only a restricted choice. Larger cross-

section OHCWs provide a greater mechanical pressure on the existing catenary structure, which 

is often fixed on residential building walls in metropolitan locations. If the DC traction network 

is to be upgraded conventionally, it should be done to a limited degree [89]. Nevertheless, it must 

be remembered that the previously indicated overload situations are only present for short periods 

of time. Therefore, upgrading the trolleybus system with automation technologies and 

establishing a smart trolleybus system (STS) is a more viable option [86]. 

Taking into consideration the above conclusion, a simulation model is required to determine the 

reliability of a system under certain extensions and additional operational requirements that are 

necessary for stable operation. The model should incorporate both technical and operational 

considerations. For the purpose of this work, a trolleybus system simulation model (TBSSM) will 

be developed in order to mimic the regular activities of TBs and BTBs, as well as evaluate the 
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steady-state behaviour of a trolleybus system over a period of time. Consequently, a competitive 

trolleybus system can be adaptably planned and operated. 

According to [86], a TBSSM can be used to contribute to the development of a predictive control 

and optimization algorithm for trolleybus systems. The proposed algorithm makes it possible to 

safely operate a trolleybus system that includes new techniques and network elements, i.e., BTBs, 

PV systems, EVCSs, BSPSs, and bidirectional traction substations, in the right way. Based on the 

features of the traction system and the associated challenges, which could be simulated using the 

TBSSM proposed in this work, the general process of establishing a central network automation 

system is explained [86]. In this context, the traction network steady-state forecast can be 

determined using a TBSSM [85]. The use of grid automation technology has already been proven 

to be an effective method for the practical upgrading of power systems. Accordingly, 

infrastructure expansion can be delayed or completely prevented, and thus, it makes sense to adapt 

these concepts to enable the implementation of the new network elements into the existing 

trolleybus system [86]. 

And furthermore, the steady-state of a traction network over time interval can be predicted by 

implementing a forecasting model with TBSSM [85]. The forecasting model mirrors TB and BTB 

locations, based on their GPS3F

4 information, into TBSSM and matches other available measures 

to their corresponding components in TBSSM. The steady-state of a traction network is forecasted 

for a given time frame and reported to the work of [86].  

Based on [85], TBSSM is a great asset for planning a new battery-trolleybus system. The planning 

approach relies on successive simulation analyses, which are performed using TBSSM. In which, 

BTB energy demands are segmented along the travel route schedule. These simulated segment-

specific energy data can be used to determine the required OHCWs for the new battery-trolleybus 

system. The contiguous segments, which are commuted for each potential solution of this 

optimization problem, are grouped into zones. For each of these zones, the number of traction 

substations needed is determined after considering all technical restrictions. Following successful 

optimization execution, the validation of the resulting battery-trolleybus system will be examined 

using TBSSM to conform the compliance with technical framework criteria and constraints. 

2.5 Structure of the Simulation Model 

A proper simulation model of a trolleybus system requires adequate modelling of the traction 

network infrastructure (traction network) and the public transport roads (traffic network) with bus 

daily schedules as well as buses movements and energy consumptions. The term bus(es) is used, 

in this work, to indicate trolleybus(es)/battery-trolleybus(es) or both. A traction network is 

highlighted by the fact that its loads are in motion. TBs and BTBs, which are connected to traction 

4 Global Positioning System 
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network's OHCW, change locations on a regular basis to fulfil their daily schedule. TBSSM is 

used to recreate in vitro the activity of a real-world trolleybus system. Whereby, mathematical 

equations and diagrams are utilised to explain the relationship between the system components, 

i.e., TBs, BTBs, PV systems, EVCSs, BSPSs, and traction substations. During the simulation 

cycles, the dynamic behaviour of the trolleybus system and its state variables are solved over a 

specified time interval. The simulation time samples set 𝜏s is defined as follows: 

𝜏s = {𝑡ss, (𝑡ss + 𝛿𝑡), (𝑡ss + 2 ⋅ 𝛿𝑡), … , (𝑡ss + (𝑛s − 2) ⋅ 𝛿𝑡), 𝑡se} (2.4)

where 𝑡ss is the start time that correspond to real-world time, 𝛿𝑡 is the time step that represents 

the progress of the simulated trolleybus system over 𝜏s, 𝑡se is the end time, which in the simulation 

cycles are concluded, and 𝑛s is the number of discrete samples in 𝜏s. 

The start (date and time) set 𝑆𝑀sd is defined as follows: 

𝑆𝑀sd = {𝑌sd, 𝑀sd, 𝐷sd, ℎsd, 𝑚sd, 𝑠sd} (2.5)

where 𝑌sd, 𝑀sd, 𝐷sd, ℎsd, 𝑚sd, and 𝑠sd are the start year, month, day, hour, minute, and second, 

respectively. The values of 𝑌sd, 𝑀sd, and 𝐷sd are used to identify the type of day, i.e., workdays, 

weekends, and public holidays. Moreover, the value of 𝑀sd is used to identify the seasons of the 

year. 

The simulation interval set 𝑆𝑀int is defined as follows: 

𝑆𝑀int = {𝐷int, ℎint, 𝑚int, 𝑠int} (2.6)

where 𝐷int, ℎint, 𝑚int, and 𝑠int are the number of days, hours, minutes, and seconds that are 

intended to be simulated, respectively.  

Therefore, simulation starting time 𝑡ss is determined as follows: 

𝑡ss = (3600 ⋅ ℎsd) + (60 ⋅ 𝑚sd) + 𝑠sd (2.7)

and simulation end time 𝑡se is determined as follows: 

𝑡se = 𝑡ss + 𝜏int (2.8)

where 𝜏int the simulation interval in second and is calculated as follows: 

𝜏int = (86400 ⋅ 𝐷int) + (3600 ⋅ ℎint) + (60 ⋅ 𝑚int) + 𝑠sd (2.9)

The number of discrete samples 𝑛s is determined as follows: 

𝑛s =
𝜏int

𝛿𝑡
(2.10)

where 𝛿𝑡 is in second. 

However, the sample elements in 𝜏s do not represent the actual day time yet they are the advancing 

steps correspond to the start time 𝑡ss. The actual day time can be determined as follows: 
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𝜏rw = 𝜏s 𝐦𝐨𝐝 86400 (2.11)

where 𝜏rw is the real-world time set and 1 s ≤ 𝜏rw ≤ 86400 s.  

The TBSSM represents a discrete-time model, where the trolleybus system state is determined at 

each time step. Several models that are characterised by mathematical relationships are used to 

describe the connection between the trolleybus system features. Attribute sets and events are 

included as well in the model structure. A discrete-time model can be used to capture how the 

trolleybus system's features change over time. There are numerous parts of the TBSSM, such as 

the traffic network, that are treated as static entities, even though the trolleybus system is 

considered a dynamic system. Yet, despite the traffic network's static attributes, certain events 

still take place as a result of some dynamic behaviour, so the TBSSM is also a discrete-event 

model. An example of such a dynamic event is the traffic light, where the bus may stop for some 

time or may not. The process is not frequent with time but can happen when a bus arrives at a 

traffic light location. Contrarily, the bus motion that changes its point of contact with the OHCWs 

causes the traction network's topology to change with each time step, making the traction network 

show dynamic behaviour despite the static topology nature of the electric network. The bus model 

also changes frequently with time. Nevertheless, discrete-events can affect the behaviour of the 

bus model and last till the next discrete-event occurrence. For example, the bus weight depends 

on the number of passengers in the bus, which changes when a bus dwells at a bus stop and 

passengers board and alight the bus. 

As shown in Figure 2-7, the TBSSM is divided into four blocks, which are explained in more 

details in the following chapters. There are four primary model blocks, each of which is 

distinguished in the trolleybus system model scheme by a different colour. The blocks are 

arranged in the same order as their corresponding entity appear in the real world. First, on the 

ground, is the road (Traffic Network Model), then the buses (Bus Model), and finally, on the top, 

the traction overhead contact wires (Traction Network Model). 

The light green block (Traffic Network Model) represents the road network topology with traffic 

nodes and traffic branches. Both the traffic node and traffic branch models contain attributes that 

further characterise the road network's features. The model also includes bus schedules and traffic 

situations. The traffic network model defines the routes and events that impact bus movements. 

Chapter 3 – Sections 3.1, 3.2, and 3.3 elaborate on the traffic network model. 
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Figure 2-7: Trolleybus system model scheme. 

The turquoise block (Bus Model) represents the bus model. As shown in Figure 2-7, it overlaps 

the traffic network block. The overlap resembles the dependence of the bus model on the traffic 

model. According to the daily travel route schedules, bus movements are calculated based on their 

mechanical and electrical specifications. The model also includes longitudinal equations of 

motion, which will be used to compute electrical traction power, bus speeds, and travel distances. 

Using the heat balance equation, the required amount of heat and the interior temperature of the 

bus are calculated discretely in time. In addition, basic auxiliary powers are determined. The bus 

position, based on the daily travel route schedule data, indicates whether it is under an overhead 

line, so the on-board batteries of the BTBs can be turned on or off as needed. Chapter 3 – 

Section 3.4 elaborates on the bus model. 

The electric network is represented by the purple block (Electric Network Model). Figure 2-7 

shows that it covers the bus block. The overlap is a visual representation of the link between the 

buses and the traction network. The electrical network includes the DC traction network and may 

optionally incorporate the upstream AC medium voltage network in the calculations. Based on 

traction network and AC network topology, node and branch models are featured. The electric 

network model also includes PV systems, electric vehicle charging stations, and battery storage 

power stations models. The traction network simulation model uses power flow calculations at 

each time sample (see Equation 2.4). Since each bus's location and power consumption fluctuate 

over time, stationary counterparts for moving loads are employed, where the buses are paused at 

each time samples in 𝜏s in order to find the new locations and powers of the buses. The behaviour 

of the traction network needs to be evaluated once regenerative power is identified using the 
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proper power flow approach. The electric network model is described in more detail in Chapter 4 

and Chapter 5. 

The dark blue block (Trolleybus System State) represents the result block of the simulation model 

and includes the traction network steady-state as well as the TB and BTB. From the bus model, 

relevant process data such as position, speed, and interior temperature are stored. Yet, regarding 

the traction network, all node voltages, node powers, and branch current profiles are included in 

the output sets. 

2.6 Implementation Challenges 

When developing a realistic simulation model for trolleybus systems, it is necessary to consider 

the characteristics of the surrounding environment that have the potential to affect the movement 

of the TBs and BTBs. The following are some of the most challenging aspects of modelling the 

bus routes and bus movements: 

 Bus movement progression is affected by traffic volume and the daily schedule. Traffic 

lights and bus stops force frequent stops, and also the bus's speed is limited by road speed 

restrictions and peak times. Accurately representing a bus's daily trips is a challenging 

task, particularly when dealing with the unpredictable nature of traffic and the demands 

of a bus's passengers. This problem will be directed in Sections 3.2 and 3.3. 

 The approach to finding bus propulsion power and bus location is to mimic the bus's 

longitudinal dynamics and its corresponding speed profile. Motion regimes influence the 

speed at which the bus accelerates, steady drives, rolls, and decelerates (see Figure 3-6). 

It is incorrect, though, to use an optimal speed profile to depict the bus's movements on a 

road (between two stop points). Calculating a realistic bus speed profile (see Figure 3-10) 

that takes into consideration traffic situations and limitations while simultaneously 

assuring a complete stop at the intended stopping point is a difficult problem to solve in 

practise. This problem will be addressed in Sections 3.3, 3.4.2, and 3.4.3. 

 An important factor in determining the topology of the traction network is the positions 

of the buses in reference to the OHCWs. However, bus movement is computed with 

respect to the road network and bus schedule. In order to determine and utilise the contact 

points of the buses with the OHCWs in the formulation of the traction network 

conductance matrix, the locations of the buses need to be mirrored on the traction network 

(see Figure 3-3). This problem will be handled in Sections 3.1.1, 3.1.2, and 3.3. 

Correspondingly, the electric network model implies a different method of modelling entirely. 

Listed below are some of the issues that need to be addressed: 

 The TBSSM, as aforementioned, is a discrete-time model that identifies the system state 

across particular time samples (see Equation 2.5). Owing to the buses' continuous 
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movements, the topology of the traction network will vary with each time step. Thus, 

determining a new conductance matrix for the traction network must be taken into 

account at each time step. This problem will be handled in Sections 5.1 and 5.2.2. 

 In trolleybus systems, the presence of unidirectional traction substations results in 

significant voltage rises whenever surplus power is produced. This problem needs a 

specific approach in order to effectively anticipate the traction network's steady-state. 

This problem will be handled in Section 5.2.4. 

 There are voltage rules for the traction structure (see Table 2-1 and Figure 2-4) that 

protect the bus motor and keep the traction network stable. Section 5.2.4 deals with 

voltage rises; however, for the steady-state calculations, voltage drops and their 

associated effect on bus motor current must be considered and correctly implemented. 

This issue will be directed in Section 5.2.5. 



3 Modelling the Traffic Network along with Buses 

One of the most promising approaches to developing realistic trolleybus system simulation model 

(TBSSM) is to mimic the real-world traffic flows of trolleybuses (TBs) as battery-trolleybuses 

(BTBs). The characteristics of the traffic network and the buses as well as the bus movements, 

need to be defined in considerable detail in order to develop appropriate speed and power profiles 

for all traffic situations.  

A traffic network model (TNM) is the initial stage of the TBSSM. It is developed to characterise 

the travelling routes, with respect to traffic conditions and bus daily trip schedule, for trolleybus 

systems. As shown in Figure 3-1, TNM is composed of several models, which are responsible for 

describing the features of the road network. The road network is divided into two primary 

components, namely the traffic nodes and the traffic branches. This contributes to the description 

of how the travel roads are arranged depending on the topology of a road network. Both the traffic 

node and traffic branch models feature a number of attributes that are intended to assist in 

characterising the individuality of the elements that constitute the road network model (RNM). 

The mathematical expressions of the road network elements are described in Section 3.1.  

Figure 3-1: Trolleybus traffic network model scheme which is part of the TBSSM scheme. 

In Section 3.2, the mathematical expressions for the daily timetable model (DTM) are developed 

in considerable detail. Afterwards, the bus daily travelling routes model (BDTRM) is presented 

in Section 3.3. In which, the formation of the road network as a distinct travel route for each bus 

is described. In consideration of this, the RNM, the DTM, and the traffic state model (TSM) are 

utilised in the modelling process of the bus daily travelling routes. 

The objective of the TSM is to define the travelling routes and to characterise the events that have 

the potential to affect how buses travel throughout their daily schedules, e.g., probability of 
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dwelling at bus stops and traffic lights, dwelling time, passenger crowding, and speed limit 

reduction due to road crowds. The mathematical expressions for TSM are impeded in BDTRM. 

3.1 Features of the Road Network 

To accurately model a network, one needs comprehensive data that precisely represent the 

components of the network and the attributes of those components. Within the context of this 

simulation model, the TNM mimic the actual roads that the buses use throughout the course of 

their daily schedule. To that end, the RNM is represented by two basic elements, i.e., traffic node 

and traffic branch. Accordingly, the real-world road network is represented by collection of nodes 

linked by directed edges. Thus, the road network is structured as a directed graph 𝐺 = (𝑉, 𝐸). In 

directed graph 𝐺, the nodes 𝑖 ∈ 𝑉 represent the points of interest in the network, so the edges 

(branches) (𝑖, 𝑗) ∈ 𝐸 indicate that two nodes 𝑖 and 𝑗 are connected by branch (𝑖, 𝑗), with  

(𝑖, 𝑗) ≠ (𝑗, 𝑖) [90, 91]. The TNM has 𝑛t traffic nodes and 𝑚t traffic branches. 

3.1.1 Traffic Nodes 

The traffic nodes represent specific locations in the road network; these nodes customise the 

RNM. In a standard road network, nodes represent the intersection points between roads. For the 

prepuce of this work, RNM must be defined with additional traffic nodes to make it more flexible 

and practical for simulating the bus movements (see Section 3.3). Intersections, turnouts, and bus 

terminus symbolise the primary traffic nodes in RNM; this group of nodes is not enough for 

modelling a correct bus speed-profile. In order to improve the bus speed-profile, more locations 

must be included. Bus stops and traffic lights are examples of important locations as a bus may 

reduce its speed or dwell at them. The road nature as the surface topography of the land effects 

the bus speed-profile as well. Consequently, additional types of traffic nodes must be defined in 

the RNM (see Figure 3-2). 

The traffic nodes map the bus travelling paths (see Section 3.3); their locations predict possible 

changes in bus speed-profile likewise bus travel direction. Due to the individual of the traffic 

nodes, each one of them is represented with its own set of attributes. The traffic node attributes 

consist of several information such as geographic position and position type, e.g., bus stop, traffic 

light, road junction or roundabout. These attributes support tracking the location of traffic nodes 

within the RNM as well as projecting their locations into the real-world geographic position and 

vice versa. The attributes set of the traffic nodes 𝑇𝑁a can be presented as: 

𝑇𝑁a = {𝑇𝑁a1, 𝑇𝑁a2, 𝑇𝑁a3, … 𝑇𝑁a𝑘} (3.1)

where 𝑇𝑁a is the traffic node attribute set which includes several subsets. The number of attributes 

(subsets) for a traffic node is represented by the indicator 𝑘. 
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Figure 3-2: Trolleybus road network structure.  
A: Road network graphic. 
B: Traffic node types. 

Let 𝐼 be an indexing set 𝐼 = {𝑖 ∈ ℕ1|𝑖 ≤ 𝑛t}. If for each element 𝑖 of 𝐼 there is an associated 

object in each subset of 𝑇𝑁a, then the attribute set of a traffic node can be presented as: 

𝑇𝑁a,𝑖 = {𝑇𝑁a1,𝑖, 𝑇𝑁a2,𝑖, 𝑇𝑁a3,𝑖, … 𝑇𝑁a𝑘,𝑖|𝑖 ∈ {1,2,3, … , 𝑛t}} (3.2)

The traffic node attributes are defined as follows: 
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Node-Id 

A unique number is assigned for each traffic node, where 𝑇𝑁a1 =  {𝑡𝑛a1| ℕ1} and |𝑇𝑁a1| = 𝑛t. 

Let 𝑡𝑛a1,𝑖 ∈ 𝑇𝑁a1,𝑖 and 𝑡𝑛a1,𝑗 ∈ 𝑇𝑁a1,𝑗, if 𝑖 ≠ 𝑗 and 𝑇𝑁a1 = ⋃ 𝑇𝑁a1,𝑖
𝑛t
𝑖 , then 𝑇𝑁a1,𝑖 ∩ 𝑇𝑁a1,𝑗 =

 ∅. The node elements of the road network graph 𝐺𝑡𝑛 are denoted by the traffic node Id set 𝑇𝑁a1, 

i.e., 𝑉tn = 𝑇𝑁a1. 

Node Type 

A type that represents the feature of a traffic node in the RNM is described based on its location 

in the real world: depot, bus stop, traffic light, road junction, road curve, or spare node. Except 

for road curves, which are represented by three different numbers dependent on the curve radius, 

each node type is represented by a unique number. If 𝑁type is a set of the traffic node type 

numbers, then 𝑁type =  {𝑛type  ∈ ℕ1| 1 ≤ 𝑛𝑡𝑦𝑝𝑒 ≤ 8} and |𝑁type| = 8. The traffic node type 

spare node represents locations that are useful for the simulation but do not correspond to any of 

the other traffic node types. For example, the road slope may change multiple times between two 

distant traffic nodes, namely, a long traffic branch. The road slopes are correctly represented by 

placing additional nodes across the long traffic branch (see Section 3.3), which will split it into 

several short traffic branches. Moreover, certain traffic nodes of the type spare node are included 

in the RNM to form the connection points between the TNM and the electric network model 

(ENM) (see Section 3.3). 

Node type attribute can be defined as 𝑇𝑁a2 =  {𝑇𝑁a2,1, 𝑇𝑁a2,2, 𝑇𝑁a2,3, … 𝑇𝑁a2,𝑛 }, where 𝑛 = 𝑛t

and ∀𝑖: 𝑇𝑁a2,𝑖 ⊂ 𝑁type. 

Altitude 

For each corresponding traffic node, the elevation above sea level is given in 𝑇𝑁a3 in unit of 

meter 𝑚. Where 𝑇𝑁a3 =  {𝑇𝑁a3,1, 𝑇𝑁a3,2, 𝑇𝑁a3,3, … 𝑇𝑁a3,𝑛}, 𝑛 = 𝑛t, and ∀𝑖: 𝑇𝑁a3,𝑖 ⊂ ℝ. The 

altitude attribute for each traffic node contributes to determining the slope angle between two 

nodes. 

Electric Node-Id 

The TBSSM includes two network models, i.e., the TNM and the ENM. Over time, new bus 

locations are established on the TNM as a result of bus movements. These locations are projected 

onto the ENM using intersection points between the TNM and ENM (see Section 3.3). Since each 

bus location is projected onto the ENM, the traction network conductance matrix is calculated 

sequentially (see Section 5.3.2). The TNM is projected onto the ENM by intersecting all traction 

nodes with selected traffic nodes. Consequently, the traffic node attributes must include the 

adjacent electric node. If 𝑇𝐸𝑁a is the traction node attribute set and 𝑇𝐸𝑁a1 is the node-Id set, then 

𝑇𝑁a4 =  {𝑇𝑁a4,1, 𝑇𝑁a4,2, 𝑇𝑁a4,3, … 𝑇𝑁a4,𝑛}, where 𝑛 = 𝑛t, ∃𝑖: 𝑇𝑁a4,𝑖 ⊂ 𝑇𝐸𝑁a1 ⇔ traction node 

overlap the traffic node 𝑖, and ∃𝑖: 𝑇𝑁a4,𝑖 = ∅ ⇔ no overlapped traction node. 
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Overhead-Line Connection 

In case of an accessible overhead-line, the traffic node is referred to as a connected node, as shown 

in Figure 3-3. The overhead-line connection attribute is 𝑇𝑁a5 =  {𝑇𝑁a5,1, 𝑇𝑁a5,2, 𝑇𝑁a5,3,

… 𝑇𝑁a5,𝑛}, where 𝑛 = 𝑛t, ∃𝑖: 𝑇𝑁a5,𝑖 = {1} ⇔ present of accessible overhead-line, and 

∃𝑖: 𝑇𝑁a4,𝑖 = {0} ⇔ no accessible overhead-line. 

X-Coordinate 

The x-coordinate is a geographic reference that defines the longitude of the geographic point 

associated with a traffic node measured in decimal degrees. Where 𝑇𝑁a6 =  {𝑥|𝑥 ∈ ℝ} and 

|𝑇𝑁a6| = 𝑛t. 

Y-Coordinate 

The y-coordinate attribute specifies the latitude of the geographic point associated with the traffic 

node measured in decimal degrees. Where 𝑇𝑁a7 =  {𝑦|𝑦 ∈ ℝ} and |𝑇𝑁a7| = 𝑛t. 

Each traffic node in the RNM is projected to its location on earth and vice versa. Let 𝑥𝑖 ∈ 𝑇𝑁a6

and 𝑦𝑖 ∈ 𝑇𝑁a7 be the longitude and latitude of the same traffic node, respectively, where 𝑖 is the 

traffic node index. If 𝑖 = {1,2,3, … 𝑛t}, and ∀𝑖(𝑙xy,𝑖 = (𝑥𝑖 , 𝑦𝑖)). Then the geographic coordinate 

set of the traffic nodes is 𝐿xy = {𝑙xy,1, 𝑙xy,2, 𝑙xy,3, … 𝑙xy,𝑛|𝑛 = 𝑛t}.  

Bus Stop Name 

For each traffic node type (bus stop) there is an associated bus stop name. Let  

𝐵𝑆name = {𝐵𝑆name,1, 𝐵𝑆name,2, 𝐵𝑆name,3, … 𝐵𝑆name,𝑛} be the set of bus stop names, then bus 

stop name attribute is 𝑇𝑁a8 =  {𝑇𝑁a8,1, 𝑇𝑁a8,2, 𝑇𝑁a8,3, … 𝑇𝑁a8,𝑛}, where 𝑛 = 𝑛t, ∃𝑖: 𝑇𝑁a8,𝑖 ⊂

𝐵𝑆name  ⇔ 𝑇𝑁a2,𝑖  =  {bus stop}, and ∃𝑖: 𝑇𝑁a8,𝑖 = ∅ ⇔ 𝑇𝑁a2,𝑖  ∶≠  {bus stop}. 

Dwell Probability 

The location of a bus stop has a significant role in determining whether a bus will dwell at that 

stop. In order to fulfil the requirements of this attribute, each bus stop is assigned with a specific 

dwell probability, which is used later in the daily travelling route (see Section 3.3) to determine 

whether a bus dwells at the bus stops that are on its daily trips in the course of a day. Let  

𝑃dwell = {
𝑥

10
|𝑥 ∈ ℕ1 ∧ 5 ≤ 𝑥 ≤ 10} be the set of dwell probabilities, then the dwell probability 

attribute is 𝑇𝑁a9 =  {𝑇𝑁a9,1, 𝑇𝑁a9,2, 𝑇𝑁a9,3, … 𝑇𝑁a9,𝑛}, where 𝑛 = 𝑛t, ∃𝑖: 𝑇𝑁a9,𝑖 ⊂ 𝑃dwell  ⇔

𝑇𝑁a8,𝑖  ≠  ∅, and ∃𝑖: 𝑇𝑁a9,𝑖 = ∅ ⇔ 𝑇𝑁a8,𝑖 = ∅. 

3.1.2 Traffic Branches 

Traffic nodes are distributed all over the road segments of the road network. For every pair of 

traffic nodes, an edge links them, referred to as a traffic branch in this simulation model. Traffic 

branches are unidirectional, which means that the traffic flow only goes in one direction, 

beginning at the start node and terminating at the end node of the traffic branch. Like the traffic 
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nodes, traffic branches are associated with several attributes that are insertional for bus movement 

(see Section 3.3 and 3.4.2) and the traction network state computing (see Section 5.2.2). The 

attributes set of the traffic branches 𝑇𝐵a is:   

𝑇𝐵a = {𝑇𝐵a1, 𝑇𝐵a2, 𝑇𝐵a3, … 𝑇𝐵a𝑘} (3.3)

where 𝑇𝐵a is the traffic branch attribute set which has several subsets. The number of attributes 

(subsets) for a traffic branch is represented by the indicator k.  

If 𝑖 indexes the traction branches in 𝑇𝐵a, then the attribute set of traffic branch 𝑖 can be written 

as: 

𝑇𝐵a,𝑖 = {𝑇𝐵a1,𝑖, 𝑇𝐵a2,𝑖, 𝑇𝐵a3,𝑖, … 𝑇𝐵a𝑘,𝑖|𝑖 ∈ {1,2,3, … , 𝑚t}} (3.4)

The traffic branch attributes are defined as follows: 

From-Node 

This attribute denotes the traffic node at the start of the traffic branch. If 𝑇𝑁a1 is the set of traffic 

node Ids, then traffic branch from-node set is 𝑇𝐵a1 =  {𝑇𝐵a1,1, 𝑇𝐵a1,2, 𝑇𝐵a1,3, … 𝑇𝐵a1,𝑚 }, where 

𝑚 = 𝑚t, and ∀𝑖: 𝑇𝐵a1,𝑖 ⊂ 𝑇𝑁a1. 

To-Node 

This attribute denotes the traffic node at the end of the traffic branch. If 𝑇𝑁a1 is the set of traffic 

node Ids, then traffic branch from node set is 𝑇𝐵a2 =  {𝑇𝐵a2,1, 𝑇𝐵a2,2, 𝑇𝐵a2,3, … 𝑇𝐵a2,𝑚 }, where 

𝑚 = 𝑚t, and ∀𝑖: 𝑇𝐵a2,𝑖 ⊂ 𝑇𝑁a1. 

Electric From-Node 

To improve the simulation performance of the traffic and electric networks, two simulation 

models, TNM and ENM, are introduced. By linking specific traffic nodes to all traction nodes, 

the TNM may be mirrored in the ENM. The TNM has several traffic nodes to highlight the road 

topology and traffic situation, which are essential for simulating bus moves. However, the ENM 

has the least number of traction nodes. Thus, traffic nodes outnumber traction nodes,  

i.e., 𝑛𝑡 > 𝑛𝑡𝑒, while the traffic branches outnumber the traction branches, i.e., 𝑚𝑡 > 𝑚𝑡𝑒.  

The electric from-node attribute of the traffic branch denotes the from-node Id of the overlapped 

traction branch. If 𝑇𝐵a3 and 𝑇𝐸𝐵a1 are traffic branch and traction branch attribute sets, 

respectively, where 𝑇𝐵a3 =  {𝑇𝐵a3,1, 𝑇𝐵a3,2, 𝑇𝐵a3,3, … 𝑇𝐵a3,𝑚 } and 𝑚 = 𝑚t. Thus, ∃𝑖: 𝑇𝐵a3,𝑖 ⊂

𝑇𝐸𝐵a1 ⇔ traction branch overlaps the traffic branch, and ∃𝑖: 𝑇𝐵a3,𝑖 = ∅ ⇔ no overlapped 

traction branch with the traffic branch. 

Electric To-Node 

As for the electric from-node, the electric to-node attribute of the traffic branch denotes the to-

node Id of the overlapped traction branch. If 𝑇𝐵a4 and 𝑇𝐸𝐵a2 are traffic branch and traction 
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branch attribute sets, respectively, where 𝑇𝐵a4 = {𝑇𝐵a4,1, 𝑇𝐵a4,2, 𝑇𝐵a4,3, … 𝑇𝐵a4,𝑚 }, and  

𝑚 = 𝑚t. Thus, ∃𝑖: 𝑇𝐵a4,𝑖 ⊂ 𝑇𝐸𝐵a2 ⇔ traction branch overlaps the traffic branch, and  

∃𝑖: 𝑇𝐵a4,𝑖 = ∅ ⇔ no overlapped traction branch with the traffic branch. 

Figure 3-3 shows a traction branch being mirrored by multiple traffic branches when an OHCW 

is present, where the from-node (5) and to-node (6) of traction branch the (5,6) are defined as the 

electric from- and to-node of the traffic branches (25,26), (26,27), and (27,28), which have the 

indexes 1, 2, and 3, respectively. Whereas, the traffic branches 4, 5, and 6 have no values for the 

electric from- and to-node attributes, since no traction branches (OHCWs) exist over this part of 

the traffic road, i.e., electric from-node = 𝜙 and electric to-node = 𝜙 as well. 

Figure 3-3: Illustration of traffic- and electric network overlap.  
A: Electric traction network from ENM 
B: Road network from TNM 
C: Traction branch (from-/to-node) correspond to traffic branch (from-/to-node). 

Length 

This attribute represents the distance between traffic branch from- and to-node. However, it is 

calculated across the roadway shapes, not from the shortest distance between the end nodes. 

Figure 3-1 shows that the distance between nodes 82 and 83 is not the shortest; instead, it is 

computed from the roadway shape, i.e., a curve road.  

Length attribute is measured in units of metres and denoted as 𝑇𝐵a5 =  {𝑇𝐵a5,1, 𝑇𝐵a5,2, 𝑇𝐵a5,3,

… 𝑇𝐵a5,𝑚 }, where 𝑚 = 𝑚t and ∀𝑖: 𝑇𝐵a5,𝑖 ⊂ ℝ>0.  
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Speed Limit 

It is noteworthy a maximum speed restriction is applied to particular stretch of roads according 

to the surrounding of the road, for example, residential zones 30 km/h, towns or cities 50 km/h, 

and arterial highways 70 km/h and above [92]. Since this speed limit impacts the bus movement 

and its speed profile, the maximum permitted speed for a particular road is included in the 

attributes of the traffic branch which represent that road. If 𝑆max = {10𝑥|𝑥 ∈ ℕ1} is the set of 

maximum speeds in km/h, then 𝑇𝐵a6 =  {𝑇𝐵a6,1, 𝑇𝐵a6,2, 𝑇𝐵a6,3, … 𝑇𝐵a6,𝑚 }, where 𝑚 = 𝑚t and 

∀𝑖: 𝑇𝐵a6,𝑖 ⊂ 𝑆max. 

3.2 Daily Timetable 

Daily bus schedules are represented by timetables that include estimated arrival and departure 

times at bus stops. A bus schedule is divided into several trips, so that every bus starts and ends 

its schedule at the bus depot. The departure trip begins from the depot and continues to the first 

bus stop (of the next trip) at the end of the departure trip. On subsequent inbound and outbound 

trips, the bus proceeds via a series of bus stops according to a predetermined schedule. Towards 

the conclusion of the day's schedule, the final journey from the last bus stop to the depot is 

established. The DTM is necessary to simulate bus movements in the road network; consequently, 

a daily travelling route (see Section 3.3) for the TNM is developed. 

To implement the daily schedule of all buses into the simulation model, a set of all the trips during 

the daily schedule for bus 𝑘 is defined as: 

𝐵trips,𝑘 = {𝐵t,𝑘,1, 𝐵t,𝑘,2, 𝐵t,𝑘,3, … 𝐵t,𝑘,𝑛},

𝑛 = 𝑛bt,𝑘 ∧ 𝑘 ∈ {1,2,3, … , 𝑛bus}
(3.5)

where 𝐵t,𝑘,1 is the departure trip and 𝐵t,𝑘,𝑛 is the arrival trip, 𝑛bt,𝑘 is the total number of trips in 

the daily schedule of bus 𝑘, 𝑛bus is the to total number of buses. If 𝐼 = {1,2,3, … , 𝑛bt,𝑘} and 𝑖 ∈ 𝐼

is an index for 𝐵trips,𝑘 elements, then for ∀𝑖: (2 ≤ 𝑖 ≤ (𝑛bt,𝑘 − 1)) are the inbound and outbound 

trips, consecutively. The minimum number of trips in a daily bus schedule 𝐵trips,𝑘 is four; 

departure, arrival, one inbound and one outbound trip. 

The bus trip set 𝐵t,𝑘,𝑖is defined as: 

𝐵t,𝑘,𝑖 = {𝐵line,𝑘,𝑖, 𝑇start,𝑘,𝑖, 𝐵𝑆start,𝑘,𝑖, 𝑇end,𝑘,𝑖, 𝐵𝑆end,𝑘,𝑖, 𝐵𝑆dis,𝑘,𝑖} (3.6)

where 𝑖 is the trip number, 𝐵line,𝑘,𝑖 is the bus line number, 𝑇start,𝑘,𝑖 is the staring time at the first 

bus stop of the trip, 𝐵𝑆start,𝑘,𝑖 is the name of the first bus stop, 𝑇end,𝑘,𝑖 is the arriving time at the 

last bus stop in the trip, 𝐵𝑆end,𝑘,𝑖 is the name of the last bus stop, and 𝐵𝑆dis,𝑘,𝑖 is the whole trip 

distance. 

Excluding the departure and arrival trips, which are driven directly away and toward the depot, a 

bus dwells at several bus stops along the route between the first and last bus stop of trip 
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𝑖, (2 ≤ 𝑖 ≤ (𝑛bt,𝑘 − 1)). A set of bus stop names, which contains the bus stops encountered 

along a bus trip, is necessary to depict the bus travel route thoroughly. Including the bus line 

number 𝐵line, the name of the first bus stop 𝐵𝑆start, the name of the last bus stop 𝐵𝑆end, and the 

total trip distance 𝐵𝑆dis, the set of bus stop names along a bus trip is: 

𝐵𝑆trip = {𝐵line, 𝐵𝑆start, 𝐵𝑆end, 𝐵𝑆𝑑𝑖𝑠, 𝐵𝑆ts} (3.7)

where 𝐵𝑆ts is a set of bus stop names, sorted so that the element sequence starts with the first bus 

stop name flowed by the series of consecutive bus stop names until the last bus stop name at the 

end of the set. The 𝐵𝑆ts is defined as: 

𝐵𝑆ts = {𝑏𝑠n,1, 𝑏𝑠n,2, 𝑏𝑠n,3, … 𝑏𝑠n,𝑟},

∀𝑖: (𝑏𝑠n,𝑖 ∈ 𝐵𝑆name|𝑖 = {1,2,3, … , 𝑟})
(3.8)

where 𝑟 is the number of bus stops in a trip, e.g., 𝑟 = 2 in the departure and arrival trips, where 

only two bus stops are needed; one is the depot, and the other is either the destination or the 

departing bus stop. 

If 𝑛bst is the total number of the miscellaneous bus stop trips and 𝐵𝑆trip,𝑖 ∶= 𝐵𝑆trip (see 

Equation 3.8) with 𝑖 = {1,2, … , 𝑛bst }, then: 

𝐵𝑆trips = {𝐵𝑆trip,1, 𝐵𝑆trip,2, 𝐵𝑆trip,3, … 𝐵𝑆trip,𝑛}, 𝑛 = 𝑛bst (3.9)

The daily schedule of all buses is defined as: 

𝐷𝑆Buses = {𝐵trips,1, 𝐵trips,2, 𝐵trips,3, … 𝐵trips,𝑛}, 𝑛 = 𝑛𝑏𝑢𝑠 (3.10)

3.3 Daily Travelling Route 

Throughout the day, each bus follows predetermined routes. Accordingly, a combination of the 

bus traffic network and daily schedule data is necessary to successfully mimic these routes, which 

will be later utilised by the bus model in order to simulate the bus movement (see Sections 3.4 

and 4.3.1). BDTRM includes road topography, topology, and traffic data, i.e., road grades, traffic 

light and bus stop locations, road junctions, road curves, and road maximum speed. Furthermore, 

the OHCW data of the electric traction network are included as well.  

The BDTRM of bus 𝑘 is identified as 𝑩TR,𝑘, however, for simplicity, the index 𝑘 will be excluded. 

Thus, 𝑩TR,𝑘 is defined as: 

𝑩TR = [

𝑏𝑡𝑟11

𝑏𝑡𝑟21

𝑏𝑡𝑟12

𝑏𝑡𝑟22
⋯

𝑏𝑡𝑟1𝑚

𝑏𝑡𝑟2𝑚

⋮ ⋱ ⋮
𝑏𝑡𝑟𝑛1 𝑏𝑡𝑟𝑛2 ⋯ 𝑏𝑡𝑟𝑛𝑚

] , 𝑚 = 𝑚r, 𝑛 = 12 (3.11)

Where 𝑩𝑇𝑅 is an 𝑛 × 𝑚 matrix. The number of columns 𝑚r represents the total number of the 

successive traffic nodes that are shaped from the daily travelling route of bus 𝑘, and the twelve 

rows represent the Ids of the successive traffic nodes that represent the bus daily travelling route, 
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traffic branch lengths, day time, road slope angles, road speed limits, bus stopping points, 

dwelling time at stop points, passenger crowding, distance to the next stopping point, electric 

traction branch from-nodes, electric traction branch to-nodes, and electric traction branch lengths, 

respectively. The structure and modelling of 𝑩TR are further described below: 

Route Nodes 

The first row of 𝑩𝑇𝑅 is computed using Equations 3.1, 3.5, and 3.9. The first group of traffic 

nodes is computed based on the first element of Equation 3.5 that is defined in Equation 3.6. 

Matching the element of the first bus trip in Equation 3.6, i.e., 𝐵line,1, 𝐵𝑆start,1, 𝐵𝑆end,1, and 

𝐵𝑆𝑑𝑖𝑠, with the first four elements in (𝐵𝑆trip,𝑖|𝑖 = {1,2,3, … , 𝑛bst}) from Equation 3.9. The index 

𝑖 of the matched result is used to get 𝐵𝑆ts, which is the fifth element of 𝐵𝑆trip,𝑖. After finding the 

corresponded bus stop names of the first trip, Equation 3.1 is used to find the equivalent traffic 

node Id of each bus stop in matched 𝐵𝑆ts. Each element in 𝐵𝑆ts.is compared with the elements 

of 𝑇𝑁a7 (see Equations 3.1). The index of the matched element is used to get the matched traffic 

node Id from 𝑇𝑁a1. With the same cardinality of 𝐵𝑆ts, a new set 𝑇𝑁ts = {𝑡𝑛ts|𝑡𝑛ts ∈ 𝑇𝑁a1} is 

computed. 

If 𝑛bsn = |𝑇𝑁ts| and 𝑗 is the index of 𝑇𝑁ts elements, then 𝐵𝑆SP = {(𝑡𝑛ts,𝑗, 𝑡𝑛ts,𝑘)|𝑡𝑛ts ∈

𝑇𝑁ts, 𝑗 = [𝑛bsn] ∧ 𝑘 = 𝑗 − 1} is a set of paired traffic nodes (𝑡𝑛ts,𝑗 ∶= 𝑏𝑠n,𝑗), whose first traffic 

node represents the (from bus stop) and the second traffic node represents the (to bus stop.). The 

road network is modelled as a directed graph 𝐺tn (see Section 3.1). By including the traffic branch 

lengths 𝑇𝐵a5 as a weight assigned to the graph edges, i.e., traffic branches, 𝐺tn can be denoted as 

𝐺tnw = (𝑉tn, 𝐸tn, 𝑤tn). The weight function 𝑤tn maps the traffic branches 𝐸tn to their lengths, 

𝑤tn: 𝐸tn → 𝑇𝐵a5.  

Whenever a path connects two nodes in a network, a weighted graph can be used to determine the 

shortest route between them [90, 93]. Therefore, the shortest route for each element of 𝐵𝑆sp is 

determined using 𝐺tnw. If 𝑅paths = {𝑅path,1, 𝑅path,2, 𝑅path,3, … 𝑅path,𝑛} is a set of the possible 

paths between bus stops in 𝐵𝑆sp, i.e., (𝑡𝑛ts,𝑗, 𝑡𝑛ts,𝑘), and 𝐷paths = {𝐷path,1, 𝐷path,2, 𝐷path,3,

…  𝐷path,𝑛} is the corresponding distance of 𝑅paths, then the minimum path distance is 

𝐷path,min = min(𝐷paths) and its corresponding route is 𝑅path,min. The elements of 𝑅paths

include the traffic nodes sequence for the path between (𝑡𝑛ts,𝑗, 𝑡𝑛ts,𝑘). If there are 𝑛 route paths 

in 𝑅paths and 𝑟 is the index on each element in 𝑅paths, then each element in 𝑅paths can be defined 

as 𝑅path,𝑟 = {𝑡𝑛rp|𝑡𝑛rp ∈ 𝑇𝑁a1}. Combining all minimum routes in 𝐵𝑆sp, i.e., 

(𝑅path,min,1, 𝑅path,min,2, … , 𝑅path,min,𝑛), will produce the corresponding traffic nodes sequence 

to the first trip 𝐵𝑆ts. In the combination procedure, the final traffic node in 𝑅path,min must be 

removed excluding last route path in 𝐵𝑆sp. Therefore, repetition of traffic nodes – at the end of a 

route path and the beginning of the following route path – is avoided.  

After computing the traffic nodes sequence of the first trip 𝑇𝑁tns,𝑖, 𝑖 = 1, the same process will 

carry on with the remained bus trip in Equation 3.6. The daily route is modelled by combining all 
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traffic node sequences of the bus trips respectively using the prior process to avoid any repetition 

of traffic nodes in the end and start of the trips. Elements of the first row of 𝑩TR can be defined 

as: 

row1(𝑩TR) = (𝑟𝑛𝑙|𝑟𝑛𝑙 ∈ 𝑇𝑁a1), 𝑙 = {1,2,3, … , 𝑚r} (3.12)

Where 𝑟𝑛𝑙 is a traffic node Id and ∀𝑙: (𝑏𝑡𝑟1𝑙 ∶= 𝑟𝑛𝑙). Each consecutive pair in Equation 3.12 

represents a traffic branch, i.e., (𝑟𝑛𝑙 , 𝑟𝑛𝑙+1) ∈ 𝐸tn ⟺ (𝑙 + 1) ≤ 𝑚r. 

Branch Lengths 

As mentioned above, each consecutive pair in Equation 3.12 represents a traffic branch, and 

(𝑟𝑛𝑙−1, 𝑟𝑛𝑙) for 𝑙 = {2,3,4, … , 𝑚r} is the from- and to-node, respectively. If 𝑖 is the index of 

traffic branch in Equation 3.4 and (𝑟𝑛(𝑙−1) ∈ 𝑇𝐵a1,𝑖 ∧  𝑟𝑛𝑙 ∈ 𝑇𝐵a2,𝑖), then the length of traffic 

branch 𝑖 is 𝑡𝑏L,𝑙 = 𝑡𝑏L,𝑖, where 𝑡𝑏L,𝑖  ∈ 𝑇𝐵a5. The length row can be defined as: 

𝑩TR,2𝑙 = {
0 , 𝑙 = 1
𝑡𝑏𝑙 , 2 ≤ 𝑙 ≤ 𝑚r

(3.13)

Where 𝑡𝑏L,𝑙 is the traffic branch length for the consecutive pair (𝑟𝑛𝑙−1, 𝑟𝑛𝑙) from Equation 3.12. 

Day Time 

In Equation 3.6, bus trip start time 𝑇start,𝑖 and end time 𝑇end,𝑖 are defined. After computing the 

traffic nodes sequence 𝑇𝑁tns,𝑖 of trip 𝑖, a time value, corresponding to each traffic node in 𝑇𝑁tns,𝑖, 

is calculated. The first and end time are given, i.e., 𝑇start,𝑖 and 𝑇end,𝑖. If 𝑖 = 1, the start index 

𝑠 = 1, and end index 𝑒 = |𝑇𝑁tns,𝑖| − 1, then 𝑩TR,3𝑠 = 𝑇start,𝑖 and 𝑩TR,3𝑒 = 𝑇end,𝑖. The 

corresponding time for the nodes between 𝑠 and 𝑒 is calculated as follows: 

𝑩TR,3𝑟 = (𝑇start,𝑖 +
(𝑇end,𝑖 − 𝑇start,𝑖)

∑ 𝑩TR,2𝑘
𝑒
𝑘=𝑠

+ 𝑩TR,3𝑟) , 𝑠 ≤ 𝑟 ≤ 𝑒 (3.14)

For the next trip (𝑖 + 1), the start and the end index are recalculated, where 𝑠 = |𝑇𝑁tns,(𝑖−1)| − 1, 

and 𝑒 = |𝑇𝑁tns,𝑖| − 1 but not for last 𝑖 in which 𝑒 = |𝑇𝑁tns,𝑖|. Hereafter, Equation 3.14 will be 

repeated until all appropriate times are obtained. The elements of the day time row are defined as: 

row3(𝑩TR) = (𝑡𝑟dt,𝑙|𝑡𝑟dt,𝑙 ∈ 𝐻), 𝑙 = {1,2,3, … , 𝑚r} (3.15)

where 𝐻 = [00: 00,24: 00). 

Road Slope Angle

The road slope angle is calculated between every consecutive pair in Equation 3.12, i.e., 

(𝑟𝑛𝑙−1, 𝑟𝑛𝑙), where 𝑙 = {2,3,4, … , 𝑚r}. The traffic node altitude can be found by using Equation 

3.2. If 𝑟𝑛𝑙 ∈ 𝑇𝑁a1,𝑖, then for the traffic node 𝑟𝑛𝑙 the attitude is 𝑡𝑛z,𝑙 = 𝑇𝑁a3,𝑖. The row elements 

(road slope angle) can be computed as: 
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𝑩TR,4𝑙 = {

0 , 𝑙 = 1

tan−1
(𝑡𝑛z,(𝑙−1) − 𝑡𝑛z,𝑙)

𝑡𝑏L,𝑙
, 2 ≤ 𝑙 ≤ 𝑚r

(3.16)

Where 𝑡𝑏L,𝑙 is the length of traffic branch (𝑟𝑛𝑙−1, 𝑟𝑛𝑙). 

Road Speed Limit

After defining the traffic branch of every consecutive pair in Equation 3.12, i.e., (𝑟𝑛𝑙−1, 𝑟𝑛𝑙), 

where 𝑙 = {2,3,4, … , 𝑚r}, the maximum permitted speed on these branches can be found by using 

Equation 3.4. If 𝑖 is the index of traffic branch and (𝑟𝑛(𝑙−1) ∈ 𝑇𝐵a1,𝑖 ∧  𝑟𝑛𝑙 ∈ 𝑇𝐵a2,𝑖), then the 

maximum permitted speed on traffic branch 𝑖 is 𝑡𝑏SL,𝑙 = 𝑡𝑏SL,𝑖, where 𝑡𝑏SL,𝑖  ∈ 𝑇𝐵a6. The (road 

speed limit) row can be defined as: 

𝑩TR,5𝑙 = {
0 , 𝑙 = 1
𝑡𝑏SL,𝑙, 2 ≤ 𝑙 ≤ 𝑚r

(3.17)

where 𝑡𝑏SL,𝑙 is the traffic branch speed limit for the consecutive pair (𝑟𝑛𝑙−1, 𝑟𝑛𝑙) from Equation 

3.12. 

Stopping Points 

Each bus stop has a dwell probability (see Section 3.1.1). The dwell probability 𝑃dwell is 

between 0.5 and 1, i.e., 𝑃dwell ∈ [0.5,1]. Dwelling of buses at bus stops are not hold constant to 

the defined values in the dwell probability attribute of the traffic nodes over the course a of day, 

except for traffic nodes that are assigned with a dwell probability of 𝑃dwell = 1. In other words, 

the defined dwell probability attribute is determined according to rush hour situation, and it needs 

to be adjusted for normal operation intervals. On workdays, three rush hour intervals are defined, 

𝑅𝐻1 = [6: 30,9: 00], 𝑅𝐻2 = [12: 00,14: 00], and 𝑅𝐻3 = [16: 00,19: 00], respectively. 

Otherwise, weekends have only two rush hour intervals; thus, 𝑅𝐻1 = 𝜙, 𝑅𝐻2 = [12: 00,14: 00], 

and 𝑅𝐻3 = [16: 00,19: 00], respectively [94, 95]. The rush hours set can be defined as: 

𝑅𝐻 = 𝑅𝐻1 ∩ 𝑅𝐻2 ∩ 𝑅𝐻3 (3.18)

In order to anticipate whether or not a bus may stop at bus stop, traffic light, or road junction, a 

random number 0 ≤ 𝑥r ≤ 1 is generated for each traffic node in Equation 3.12, i.e., 𝑥r,𝑙 ∈ [0,1]. 

Thereafter, identifying whether or not the corresponding traffic node in Equation 3.12 is a 

stopping traffic node is done by utilising Equation 3.2 as follows: 

𝑆𝑃bs = {𝑇𝑁a1,𝑖|1 ≤ 𝑖 ≤ 𝑛t ∧ 𝑇𝑁a2,𝑖 ⊂ {bus stop}} (3.19)

𝑆𝑃tl = {𝑇𝑁a1,𝑖|1 ≤ 𝑖 ≤ 𝑛t ∧ 𝑇𝑁a2,𝑖 ⊂ {traffic light}} (3.20)

𝑆𝑃rj = {𝑇𝑁a1,𝑖|1 ≤ 𝑖 ≤ 𝑛t ∧ 𝑇𝑁a2,𝑖 ⊂ {road junction}} (3.21)

𝑆𝑃 = 𝑆𝑃bs ∩ 𝑆𝑃tl ∩ 𝑆𝑃rj (3.22)
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and 

𝑥sp,𝑙 = {
1, 𝑟𝑛𝑙 ∈ 𝑆𝑃
0, otherwise

, 𝑙 = {1,2,3, … , 𝑚r} (3.23)

where 𝑆𝑃bs, 𝑆𝑃tl, and 𝑆𝑃rj are sets of traffic node Ids which their type attributes are bus stop, 

traffic light, and road junction, respectively, 𝑆𝑃 is a set in which all traffic node Ids in 𝑆𝑃bs, 𝑆𝑃tl, 

and 𝑆𝑃rj are combined, and 𝑥sp,𝑙 is an indicator which identifies possible stopping locations in 

the route nodes defined by Equation 3.12. Dwell probability 𝑥dp,𝑙 for each bus stop in the route 

nodes defined by Equation 3.12 can be determined using Equation 3.2 as follows: 

𝑥dp,𝑙 = {
𝑇𝑁a9,𝑖, 𝑇𝑁a2,𝑖 ⊂ {bus stop}

∅, otherwise
,

𝑙 = {1,2,3, … , 𝑚r}; 𝑖 = {1,2,3, … , 𝑛t}

(3.24)

where 𝑇𝑁a2,𝑖, and 𝑇𝑁a9,𝑖 are the traffic node attributes for node type and dwell probability, 

respectively (see Section 3.1.1).Bus dwelling corresponds to the route node (see Equation 3.12) 

can be determined as follows: 

𝑩TR,6𝑙 =

⎩
⎪
⎪
⎨

⎪
⎪
⎧

1, 𝑥r,𝑙 ≤ 𝑥dp,𝑙 ∧ 𝑟𝑛𝑙 ∈ 𝑆𝑃bs ∧ 𝑡𝑟dt,𝑙 ∈ 𝑅𝐻

1, 𝑥r,𝑙 ≤ (𝑥dp,𝑙 − 0.4) ∧ 𝑟𝑛𝑙 ∈ 𝑆𝑃bs ∧ 𝑡𝑟dt,𝑙 ∉ 𝑅𝐻

1, 𝑥dp,𝑙 = 1 ∧ 𝑟𝑛𝑙 ∈ 𝑆𝑃bs

1, 𝑥r,𝑙 ≤ 0.5 ∧ 𝑟𝑛𝑙 ∈ 𝑆𝑃tl ∧ 𝑡𝑟dt,𝑙 ∈ 𝑅𝐻

1, 𝑥r,𝑙 ≤ 0.3 ∧ 𝑟𝑛𝑙 ∈ 𝑆𝑃tl ∧ 𝑡𝑟dt,𝑙 ∉ 𝑅𝐻

1, 𝑥r,𝑙 ≤ 0.3 ∧ 𝑟𝑛𝑙 ∈ 𝑆𝑃rj

0, otherwise

𝑙 = {1,2,3, … , 𝑚r}

(3.25)

and 

row6(𝑩TR) = (𝑠𝑝𝑙|𝑠𝑝𝑙 ∈ {0,1}), 𝑙 = {1,2,3, … , 𝑚r} (3.26)

where 𝑠𝑝𝑙 is an element in 𝑩TR, and it represents where a bus will dwell during its daily schedule. 

The value of 𝑠𝑝𝑙 is determined as presented in Equation 3.25. Bus dwelling at traffic node of type 

bus stops 𝑟𝑛𝑙 ∈ 𝑆𝑃bs during rush hours 𝑡𝑟dt,𝑙 ∈ 𝑅𝐻 is determined based on defined dwell 

probability 𝑥dp,𝑙 which is compared to a random generated number 𝑥r,𝑙. As a result, 𝑥dp,𝑙 has a 

higher value, bus is more likely to dwell. The dwell probability at bus stops 𝑥dp,𝑙 is heuristically 

found to be reduced (𝑥dp,𝑙 − 0.4) outside the rush hours 𝑡𝑟dt,𝑙 ∉ 𝑅𝐻; however, with a dwell 

probability of one (𝑥dp,𝑙 = 1), bus dwell is inevitable. Similarly, the probability to dwell at traffic 

lights 𝑟𝑛𝑙 ∈ 𝑆𝑃tl is when the value of random number 𝑥r,𝑙 is below 0.5 and 0.3, i.e., 𝑥r,𝑙 ≤ 0.5

and 𝑥r,𝑙 ≤ 0.3, during rush hours 𝑡𝑟dt,𝑙 ∈ 𝑅𝐻 and regular hours 𝑡𝑟dt,𝑙 ∉ 𝑅𝐻, respectively. 

Regardless of day time, it is anticipated that buses have a dwell probability only when 𝑥r,𝑙 ≤ 0.3

for road junctions 𝑟𝑛𝑙 ∈ 𝑆𝑃rj. 
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Dwelling Time 

To model the travel route, dwelling time at each element in the 𝑆𝑃 set  needs to be considered. 

The dwelling time is a random variable whose range depends on several factors. The time spent 

waiting at a traffic light, for instance, is determined by the arrival time of a bus at a traffic light 

after the red light has been triggered. Similarly, dwelling time at a bus stop depends on the number 

of passengers boarding or alighting. Furthermore, no dwelling time will be considered for 

stopping at a road junction in the 𝑩TR matrix.  

Let 𝑊𝑇tl = {𝑤𝑡tl ∈ ℕ|𝑤𝑡tl,min ≤ 𝑤𝑡tl ≤ 𝑤𝑡tl,max}, be a sequence of expected dwelling times at 

traffic lights with minimum and maximum dwelling times 𝑤𝑡tl,min and 𝑤𝑡tl,max, respectively, 

and 𝑊𝑇bs = {𝑤𝑡bs ∈ ℕ|𝑤𝑡bs,min ≤ 𝑤𝑡bs ≤ 𝑤𝑡bs,max}, be a sequence of expected dwelling times 

at bus stops with minimum and maximum dwelling times 𝑤𝑡bs,min and 𝑤𝑡bs,max, respectively. 

However, dwelling time at road junction is always considered to be zero as mentioned above; 

thus, 𝑊𝑇rj = {0}. The dwelling time at a traffic light is chosen at random with uniform probability 

distribution from 𝑊𝑇tl, i.e., 𝑤𝑡tl,r

𝑅
← 𝑊𝑇tl. Furthermore, dwelling time at a bus stop is likewise 

picked at random from 𝑊𝑇bs, but with a temporal constraint, so that there is a high likelihood of 

a long dwelling time during the rush hours and a short dwelling time throughout the rest of the 

day. Accordingly, the dwelling time at a bus stop is 𝑤𝑡bs,r

𝑅
← 𝑊𝑇A(𝑥), which is the random 

process of obtaining 𝑤𝑡bs,r by running algorithm 𝑊𝑇A on input 𝑥. Where 𝑥 is determined as 

follows: 

𝑥 = {
1, 𝑡𝑟dt,𝑙 ∈ 𝑅𝐻

0, otherwise
, 𝑙 = {1,2,3, … , 𝑚r} (3.27)

Using Equations 3.19, 3.20, 3.21, and 3.26, the dwelling time row can be determined as follows: 

𝑩TR,7𝑙 = {

𝑤𝑡tl,r, 𝑠𝑝𝑙 = 1 ∧ 𝑟𝑛𝑙 ∈ 𝑆𝑃tl

𝑤𝑡bs,r, 𝑠𝑝𝑙 = 1 ∧ 𝑟𝑛𝑙 ∈ 𝑆𝑃bs

0 , 𝑠𝑝𝑙 = 1 ∧ 𝑟𝑛𝑙 ∈ 𝑆𝑃rj

, 𝑙 = {1,2,3, … , 𝑚r} (3.28)

Passenger Crowding 

For every trip between two consecutive bus stops, a specified number of passengers on board of 

bus must be considered. Passenger count depends on the time of day and the location of bus stops. 

In this work, only the time influence is considered. For sake of a random distribution, passenger 

crowding may be represented as several discrete levels rather than absolute numbers. Four 

crowding levels are defined as follows: 

𝑃C = {𝑃C1, 𝑃C2, 𝑃C3, 𝑃C4} (3.29)

where 𝑃C is the set of passengers crowding intervals, 𝑃C1, 𝑃C2, 𝑃C3, and 𝑃C4 are the low, low 

medium, high medium, and high crowding intervals, respectively. Each crowding level is 

represented as an interval [𝑥1, 𝑥2], where 𝑥1 indicates the lower number of passengers and 𝑥2
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indicates the higher number of passengers corresponds to each crowding level. Equation 3.29 can 

be written as: 

𝑃C = {[𝑥1,C1, 𝑥2,C1], [𝑥1,C2, 𝑥2,C2], [𝑥1,C3, 𝑥2,C3], [𝑥1,C4, 𝑥2,C4]} (3.30)

The average passenger load over 24 hours is 37% and at peak time between 7:00 and 8:00 is 65% 

[96]. The crowding intervals are defined for a correspond day time: 𝑃C1 at  

𝑡d,C1 = {[22: 00,7: 00)}, 𝑃C2 at 𝑡d,C2 = {[9: 00,12: 00), [14: 00,16: 00), [19: 00,22: 00)}, 𝑃C3

at 𝑡d,C3 = {[12: 00,14: 00)}, and 𝑃C4 at 𝑡d,C4 = {[7: 00,9: 00), [16: 00,19: 00)}. If a random 

integer number is picked from the crowding level intervals (𝑃C1, 𝑃C2, 𝑃C3, and 𝑃C4) and defined 

as: 

𝑅P,𝑐 ∈ {𝑥 ∈ ℕ1|𝑥1,𝑐 ≤ 𝑥 ≤ 𝑥2,𝑐}, 𝑐 = {C1, C2, C3, C4} (3.31)

then the elements of the passenger crowding mass row can be computed based on the day time 

sets (𝑡d,C1, 𝑡d,C2, 𝑡d,C3, and 𝑡d,C4) and their corresponding crowding intervals as follows: 

𝑩TR,8𝑙 =

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧𝑅𝑃,𝐶1,

𝑠𝑝𝑙 = 1 ∧ 𝑟𝑛𝑙 ∈ 𝑆𝑃bs

∧ 𝑡𝑟dt,𝑙 ∈ 𝑡d,C1

𝑅𝑃,𝐶2,
𝑠𝑝𝑙 = 1 ∧ 𝑟𝑛𝑙 ∈ 𝑆𝑃bs

∧ 𝑡𝑟dt,𝑙 ∈ 𝑡d,C2

𝑅𝑃,𝐶3,
𝑠𝑝𝑙 = 1 ∧ 𝑟𝑛𝑙 ∈ 𝑆𝑃bs

∧ 𝑡𝑟dt,𝑙 ∈ 𝑡d,C3

𝑅𝑃,𝐶4,
𝑠𝑝𝑙 = 1 ∧ 𝑟𝑛𝑙 ∈ 𝑆𝑃bs

∧ 𝑡𝑟dt,𝑙 ∈ 𝑡d,C4

, 𝑙 = {1,2,3, … , 𝑚r} (3.32)

where 𝑅𝑃,𝐶1, 𝑅𝑃,𝐶2, 𝑅𝑃,𝐶3, and 𝑅𝑃,𝐶4 are random integer numbers generated randomly (see 

Equation 3.31) from the crowding level intervals, (𝑃C1, 𝑃C2, 𝑃C3, and 𝑃C4), respectively. Based 

on Equation 3.32, all non-bus stops nodes (𝑟𝑛𝑙 ≠ {bus stop}) are not assigned with a passenger 

number. To substitute the missing values between any two consecutive bus stops, the passenger 

number of the previse column is utilised in the subsequent blank columns.  

If 𝑩TR,8𝑙 = {𝑡𝑟p,1, 𝑡𝑟p,2, 𝑡𝑟p,3, … 𝑡𝑟p,𝑛}, and 𝑛 = 𝑚r, then Equation 3.32 can be rewritten as 

follows: 

𝑩TR,8𝑙 =

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧ 𝑅𝑃,𝐶1,

𝑠𝑝𝑙 = 1 ∧ 𝑟𝑛𝑙 ∈ 𝑆𝑃bs

∧ 𝑡𝑟dt,𝑙 ∈ 𝑡d,C1

𝑅𝑃,𝐶2,
𝑠𝑝𝑙 = 1 ∧ 𝑟𝑛𝑙 ∈ 𝑆𝑃bs

∧ 𝑡𝑟dt,𝑙 ∈ 𝑡d,C2

𝑅𝑃,𝐶3,
𝑠𝑝𝑙 = 1 ∧ 𝑟𝑛𝑙 ∈ 𝑆𝑃bs

∧ 𝑡𝑟dt,𝑙 ∈ 𝑡d,C3

𝑅𝑃,𝐶4,
𝑠𝑝𝑙 = 1 ∧ 𝑟𝑛𝑙 ∈ 𝑆𝑃bs

∧ 𝑡𝑟dt,𝑙 ∈ 𝑡d,C4

𝑡𝑟p,𝑙−1, otherweise

,

𝑙 = {1,2,3, … , 𝑚r}

(3.33)
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Stopping Distance

In this row, the interstation distance between two consecutive stop locations (with tag 1 in 𝑩TR,4⋅) 

is commuted as follows: 

𝑩TR,9𝑙 = ∑ 𝑩TR,2𝑘

𝑒

𝑘=𝑠

, 𝑠 ≤ 𝑙 ≤ 𝑒 (3.34)

where 𝑠 and 𝑒 are the indices of the departure and arrival bus stops, respectively. The values of 𝑠

and 𝑒 are updated for every consecutive bus stops. If 𝑙1is the index of departure bus stop and 𝑙2

is the index of arrival bus stop, then 𝑠 = 𝑙1 + 1 and 𝑒 = 𝑙2. 

Electric Traction Branch (From-node) 

Every consecutive pair in Equation 3.12, i.e., (𝑟𝑛𝑙−1, 𝑟𝑛𝑙), represents a traffic branch, where 

𝑙 = {2,3,4, … , 𝑚r}. The electric traction branch (from-node) that is corresponded to a specific 

traffic branch (see Figure 3-3) can be determined using Equation 3.3 and the from- and to-node 

values of the traffic branch, which are in this case (𝑟𝑛𝑙−1, 𝑟𝑛𝑙), as follows: 

𝑡𝑒𝑏fn,𝑙 = {𝑇𝐵a3,𝑖 ⇔ (𝑟𝑛(𝑙−1) = 𝑇𝐵a1,𝑖 ∧ 𝑟𝑛𝑙 = 𝑇𝐵a2,𝑖)|1 ≤ 𝑖

≤ 𝑚t}
(3.35)

and the (electric traction branch (from-node)) row can be defined using Equation 3.35 as follows: 

𝑩TR,10𝑙 = {
0 , 𝑙 = 1
𝑡𝑒𝑏fn,𝑙 , 2 ≤ 𝑙 ≤ 𝑚r

(3.36)

Electric Traction Branch (To-Node)

The electric traction branch (to-node) can be find using the same process used to find the electric 

traction branch (from-node) of traffic branch (𝑟𝑛𝑙−1, 𝑟𝑛𝑙). Therefore, 

𝑡𝑒𝑏tn,𝑙 = {𝑇𝐵a4,𝑖 ⇔ (𝑟𝑛(𝑙−1) = 𝑇𝐵a1,𝑖 ∧ 𝑟𝑛𝑙 = 𝑇𝐵a2,𝑖)|1 ≤ 𝑖

≤ 𝑚t}
(3.37)

and the (electric traction branch (to-node)) row can be defined using Equation 3.37 as follows: 

𝑩TR,11𝑙 = {
0 , 𝑙 = 1
𝑡𝑒𝑏tn,𝑙 , 2 ≤ 𝑙 ≤ 𝑚r

(3.38)

where 𝑡𝑒𝑏tn,𝑙 is the to-node of the electric traction branch that is correspond to traffic branch 

(𝑟𝑛𝑙−1, 𝑟𝑛𝑙), and 𝑡𝑒𝑏tn,𝑙  ∈ 𝑇𝐵a4. 

Electric Traction Branch Length

The elements in 10th row 𝑩TR,10∗ and 11th row 𝑩TR,11∗ are the electric traction branch from- and 

to-nodes, respectively. An electric traction branch can be represented as (𝑡𝑒𝑏fn,𝑙, 𝑡𝑒𝑏tn,𝑙) ⟺

𝑡𝑒𝑏fn,𝑙 ≠ ∅ ∧ 𝑡𝑒𝑏tn,𝑙 ≠ ∅, where 𝑡𝑒𝑏fn,𝑙 ∈ 𝑩TR,10∗ and 𝑡𝑒𝑏tn,𝑙 ∈ 𝑩TR,11∗, and 𝑙 is the column 
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index of 𝑩TR. Using Equation 4.3 and the electric traction branch from- and to-node 

(𝑡𝑒𝑏fn,𝑙 , 𝑡𝑒𝑏tn,𝑙), the electric traction branch length can be determined as follows: 

𝑡𝑒𝑏L,𝑙 = {𝑇𝐸𝐵a3,𝑖 ⇔ (𝑡𝑒𝑏fn,𝑙 = 𝑇𝐸𝐵a1,𝑖 ∧ 𝑡𝑒𝑏tn,𝑙 = 𝑇𝐸𝐵a2,𝑖)|1

≤ 𝑖 ≤ 𝑚et}
(3.39)

and the electric traction branch length row can be defined using Equation 3.40 as follows: 

As mentioned above, the BDTRM contains the road network information that is sorted according 

to bus daily travel routs. A bus starts its daily schedule from the second column in 𝑩TR and finish 

at column 𝑚r. Thus, the data of each column in 𝑩TR represent a travel segment that is utilised by 

the bus model (see Sections 3.4 and 4.3.1) to simulate the continues move of a bus during the 

simulation interval 𝜏s. Equation 3.41 defines a travel segment correspond to column 𝑖 in 𝑩TR. 

3.4 Modelling of the Bus 

Basic information about the bus physical and technical specifications and its travelling routes is 

essential to calculate the speed/load profile that mimics the traffic condition and trolleybus/battery 

trolleybus behaviour in real-world scenarios. The bus speed/load profile is thus simulated using a 

bus model (BM) that accounts for road topography, traffic regulation and bus schedule, which are 

represented by BDTRM, as well as auxiliary loads, and the influence of weather conditions. The 

BM can be computed as follows: 

𝐵𝑀𝑘 = {𝐵sp,𝑖,𝑘, 𝐵state,𝑘 , 𝐵trs,𝑗,𝑘}, 𝑘 ∈ {1,2,3, … , 𝑛bus} (3.42)

where 𝐵𝑀𝑘 is the BM for bus 𝑘, 𝑛bus is the total number of buses, 𝐵sp,𝑖,𝑘 is bus 𝑘 mechanical 

and electrical speciation which will be described in section 3.4.1, 𝐵state,𝑘 is bus 𝑘 state with 

respect to time 𝑡, i.e. bus consumption power, bus battery SOC, and bus location in TNM and 

ENM (see Sections 3.4.2 and 3.4.3), and 𝐵trs,𝑗,𝑘 is the actual travelling route segment (see 

Equation 3.41).  

𝐵TR,12𝑙 = {
0 , 𝑙 = 1
𝑡𝑒𝑏L,𝑙 , 2 ≤ 𝑙 ≤ 𝑚r

(3.40)

𝐵trs,𝑖 = (𝑏𝑡𝑟1,𝑖, 𝑏𝑡𝑟2,𝑖, 𝑏𝑡𝑟3,𝑖, … 𝑏𝑡𝑟12,𝑖), 𝑖 ∈ {1,2,3, … , 𝑚r} (3.41)
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Figure 3-4: TB/BTB model scheme which is part of the TBSSM scheme. The overlapped light green and 
purple parts represent the TNM and ENM, respectively. 

The block diagram of BM is shown in Figure 3-4. Through the BDTRM, which is a combination 

of road topography, traffic regulation, and bus schedules (see Section 3.3), the BM is 

interconnected to the TNM. With regards to BDTRM, the location of the bus is continuously 

updated based on the laws of motion while considering the impacts of mechanical and 

aerodynamic drag on the bus as well as the characteristics of the bus. Numerous motion regimes, 

including acceleration, constant-speed, rolling, and braking, are used to determine bus speed 

profile between two stop points (see Section 3.4.2). Nevertheless, bus speed is impacted by bus 

location (BDTRM), bus physical and technical specifications (see Sections 3.4.1 and 3.4.2), and 

the traction network status (see Section 5.2.5). The corresponding bus speed is determined 

following the calculation of bus longitudinal dynamics, and the updated location in the traffic 

network is simultaneously recorded and used to update the traction network conductance matrix 

(see Section 5.2.2). According to bus location in the traffic network, the battery operation may be 

changed – charging or discharging – depending on the availability of the OHCWs. When bus 

contact with OHCWs changes, the current operating state of the on-board battery is evaluated and 

changed if necessary. Temperature in the passenger compartment is regulated using a thermal 

balance calculation that considers the surrounding environment's temperature. Combining the 

auxiliary powers, which include heating, ventilation, air conditioning (HVAC) power, and basic 

auxiliary power, with the electric traction power – the motor power – defines the total amount of 

consumed power. If the on-board batteries of the bus are being charged, the charging power will 

be included in the total consumed power. Otherwise, the power demands of the bus will be met 

by the energy that has been stored in the on-board batteries. 

3.4.1 Bus Specifications 

To simulate the driving cycle of a TB or a BTB, mechanical and electrical specifications for these 

buses need to be considered. The bus specifications can be represented as following: 
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𝐵sp,𝑖 = {𝑏sp1,𝑖, 𝑏sp2,𝑖, 𝑏sp3,𝑖, … 𝑏sp𝑘,𝑖} (3.43)

where 𝐵sp,𝑖 is the specification set of a given bus maker, such as Premier AT 18, AG 300T, or 

Trolino 18.75 [97], 𝑖 is the bus maker index, and (𝑏sp1,𝑖 to 𝑏sp𝑘,𝑖) are the mechanical and electrical 

specifications of bus maker 𝑖. The elements of set 𝐵sp,𝑖 are defined as shown in Table 3-1. There 

are 31 elements that represent the specifications of bus 𝑖, and, thus, 𝑘 = 31 in Equation 3.43. In 

case the bus variety is not a battery trolleybus, then 𝑏sp19,𝑖 = 𝑏sp20,𝑖 = 𝑏sp21,𝑖 = 𝑏sp22,𝑖 = ∅. 

3.4.2 Bus Speed/Power Profile 

It is necessary to have comprehensive information about both the physical and technical 

specifications of the bus (see Section 3.4.1) in order to mimic its realistic speed/power profile. In 

the following section dynamic models for the longitudinal motion of a bus are presented. 

Longitudinal Dynamics Model 

Bus propulsion system counteracts the effects of aerodynamic and mechanical drags on the bus. 

Figure 3-5 shows the forces impacting a bus moving on an inclining road. Based on Newton's 

second law of motion, the forces acting in the movement of the bus is computed as follows [98–

102]: 

𝐹T = 𝐹in + 𝐹R + 𝐹A + 𝐹S (3.44)

where 𝐹T is the tractive (traction) force, 𝐹in, 𝐹R, 𝐹A, and 𝐹S are the inertia force, rolling resistance 

forces, aerodynamic drag force, and grade (gravitational) force, respectively. 

Figure 3-5: Acting forces on a moving bus (trolleybus/battery trolleybus) [103].  
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Table 3-1: Trolleybus/battery trolleybus mechanical and electrical specifications (elements of Equation 3.43). 

Element Notation Description Unit 

𝑏sp1,𝑖 𝐵type Bus variety - 

𝑏𝑠𝑝2,𝑖 𝑚min Minimum mass (without passengers) kg 

𝑏𝑠𝑝3,𝑖 𝑚max Maximum mass (with full passenger capacity) kg 

𝑏𝑠𝑝4,𝑖 𝜆m Mass factor percent 

𝑏𝑠𝑝5,𝑖 𝐿b Length m 

𝑏𝑠𝑝6,𝑖 𝑊b Width m 

𝑏𝑠𝑝7,𝑖 𝐻m Height m 

𝑏𝑠𝑝8,𝑖 𝑣bs Maximum Speed m/s 

𝑏𝑠𝑝9,𝑖 𝑝𝑛max Maximum passenger capacity - 

𝑏𝑠𝑝10,𝑖 𝑎 Acceleration m/s2 

𝑏𝑠𝑝11,𝑖 𝑎′ Deceleration m/s2 

𝑏𝑠𝑝12,𝑖 𝑐𝑑 Aerodynamic drag coefficient - 

𝑏𝑠𝑝13,𝑖 𝑐r Rolling resistance coefficient - 

𝑏𝑠𝑝14,𝑖 𝜂m Electrical motor efficiency percent 

𝑏𝑠𝑝15,𝑖 𝜂b Regenerative braking efficiency percent 

𝑏𝑠𝑝16,𝑖 𝑃m Motor maximum power W 

𝑏𝑠𝑝17,𝑖 𝑃BH Heating power W 

𝑏𝑠𝑝18,𝑖 𝑃BAC Air-condition power W 

𝑏𝑠𝑝19,𝑖 𝑃V
′ Ventilator power W 

𝑏𝑠𝑝20,𝑖 𝜂ℎ𝑐 Heating/Cooling efficiency percent 

𝑏𝑠𝑝21,𝑖 𝑃𝑏𝑎𝑢𝑥 Basic Auxiliary power W 

𝑏𝑠𝑝22,𝑖 𝜌air Air density  kg/m3 

𝑏𝑠𝑝23,𝑖 𝐶𝑝 Air specific heat capacity  kJ/kgK 

𝑏𝑠𝑝24,𝑖 𝐿𝑔 Window glass thickness  m 

𝑏𝑠𝑝25,𝑖 𝐿𝑐 Chassis thickness  m 

𝑏𝑠𝑝26,𝑖 𝑘𝑔 Glass thermal conductivity  W/m2K 

𝑏𝑠𝑝27,𝑖 𝑘𝑐 Chassis thermal conductivity  W/m2K 

𝑏𝑠𝑝28,𝑖 𝑃𝑏𝑑𝑖𝑠 Battery discharging power W 

𝑏𝑠𝑝29,𝑖 𝑃𝑏𝑐ℎ𝑎 Battery charging power W 

𝑏𝑠𝑝30,𝑖 𝐸𝑠𝑐 Battery effective capacity Wh 

𝑏𝑠𝑝31,𝑖 𝑆𝑂𝐶𝑖𝑛𝑖 Battery initial SOC percent 
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The inertia force 𝐹in is responsible of providing the bus linear acceleration, and can be defined 

from Newton's third law as follows: 

𝐹in = 𝜆m ⋅ 𝑀 ⋅ 𝑎 (3.45)

where 𝜆m ∶= 𝑏sp4,𝑖 (see Equation 3.43) is the factor to take into account the rotational masses, 

𝑀 is the total mass of the bus and calculated as shown in Section 4.3.1 and Equation 4.10, and 𝑎

is the acceleration/deceleration of the bus, 𝑎 ∶= 𝑏sp10,𝑖 for acceleration and 𝑎 = 𝑎′ ≔  𝑏sp11,𝑖 for 

deceleration (see Equation 3.43).  

The rolling resistance forces 𝐹R is primarily influenced by the deformation and abrasion of the 

tires [104]. Moreover, friction in bearings and the gearing system also play their part. Considering 

the rolling resistance coefficient 𝑐r ≔ 𝑏sp13,𝑖 (see Equation 3.43) and the gradient of the road  

𝜃 ∶= 𝑏𝑡𝑟3,𝑖 (see Equation 3.41), the rolling resistance force, which are distributed over the bus 

tyres, is the summation of the rolling resistance forces 𝐹r that are applied on the bus tyres and can 

be mathematically expressed as in Equation 3.46. 

𝐹R = ∑ 𝐹r = 𝑐r ⋅ 𝑀 ⋅ 𝑔 ⋅ cos(𝜃) (3.46)

where 𝑔 is the gravitational acceleration (𝑔 = 9.81 m/s2). The rolling resistance coefficient 𝑐r is 

determined experimentally and is impacted by road and tire conditions, and, thus, the rolling 

resistance depends on the tire's construction and the compounds used in its production. 

The aerodynamic drag force 𝐹A is the force caused by the friction of the bus body moving through 

air. This force is distributed over the bus surface and is influenced by many parameters: bus 

physical body, bus velocity and wind velocity, temperature, altitude, and humidity [105]. The 

aerodynamic drag force is expressed as: 

𝐹A =
1

2
⋅ 𝜌air ⋅ 𝑐𝑑 ⋅ 𝐴𝑓 ⋅ 𝑣(𝑡)2 (3.47)

where 𝜌air is the air density in (kg/m3), 𝑐𝑑 ≔ 𝑏sp12,𝑖 (see Equation 3.43) is the aerodynamic drag 

coefficient, which depends on the bus design, 𝐴𝑓 = (𝑊b ⋅ 𝐻b) (see Equation 3.43) is frontal area 

of the bus in (m2), and 𝑣(𝑡) (see Equation 3.52) is the bus speed in (m/s) at simulation time 𝑡 . In 

this simulation model, the airflow velocity around the bus is assumed to equal the bus speed; 

therefore, the wind speed is neglected. The value of (𝜌air = 1.225 kg/m3) is considered for air 

density 𝜌air in this work which is suitable for most cases, despite its dependence on temperature, 

altitude and humidity [105]. 

The grade force 𝐹S is the force that the bus requires to drive on a slope. It is computed from the 

component bus total mass 𝑀 acting along the slop and can be mathematically expressed as: 

𝐹S = 𝑀 ⋅ 𝑔 ⋅ sin(𝜃) (3.48)
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where 𝑀, 𝑔, and 𝜃 are the bus total mass, gravitational acceleration, and gradient of the road, 

respectively. The bus will gain force when driving downhill (𝐹S < 0 and 𝜃 < 0), and require 

additional force when driving uphill (𝐹S > 0 and 𝜃 > 0). Otherwise, 𝐹S = 0 when 𝜃 = 0.  

The electric traction power of the trolleybus/battery trolleybus can be calculated from the resulting 

traction force 𝐹T and the electrical motor efficiency 𝜂m ≔ 𝑏sp14,𝑖 (Equation 3.43) [106]. 

𝑃TB
′ = 𝐹T ⋅ 𝑣(𝑡′) (3.49)

𝑃TB =
𝑃TB

′

𝜂m

(3.50)

where 𝑃TB
′ , and 𝑃TB are the mechanical and electric traction power, respectively. 𝑣(𝑡′) is bus 

speed at simulation time 𝑡′ (see Equation 3.52), and 𝑡′ is the progress of the simulation time 𝑡

after adding the time step 𝛿𝑡 to it (𝑡′ = 𝑡 + 𝛿𝑡). 

Figure 3-6: Speed/power profile for a bus stop-to-stop driving cycles. 
A) Optimal speed profile. 
B) Optimal motor power profile. 

The motion regime of a bus travelling between two stops is critical since it directly affects the 

amount of energy a bus consumes, so it is essential to be aware of the motion regime at all 

simulated times. Bus stop-to-stop movement can be represented in four different regimes of 

motion: acceleration, constant-speed, rolling, and braking (see Figure 3-6) [107]. A regimes of 

motion variable 𝑀B can be defined as follows: 
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𝑀B = {

1, Acceleration
2, Constant-speed
0, Rolling

−1, Braking

(3.51)

Figure 3-6 (A) shows an optimal bus speed progress between two bus stops with respect to each 

motion regime, while the corresponding motor power (bus traction power) with respect to these 

motion regimes is shown in Figure 3-6 (B). 

In acceleration regime (𝑀B = 1), more traction power is required to increase the bus speed. 

Accordingly, the bus traction force/power must be higher than the resistance force acting against 

the direction of motion (𝐹T(𝑡′) > 0, 𝑃TB(𝑡′) > 0). The bus speed – in acceleration regime – is 

calculated as follows: 

𝑣(𝑡′) = 𝑣(𝑡) + 𝑎 ⋅ 𝛿𝑡; 𝑡′ = 𝑡 + 𝛿𝑡 (3.52)

where 𝑡 is time, 𝛿𝑡 is the time step (change in time), 𝑣(𝑡) is the former bus speed, 𝑣(𝑡′) is the 

new bus speed after 𝛿𝑡, and 𝑎 ≔ 𝑏sp10,𝑖 (see Equation 3.43) is the bus acceleration. At the starting 

of a driving cycle 𝑡 = 0, 𝑣(0) = 0, and 𝑑(0) = 0.  

The displacement 𝛿𝑑(𝑡′) is calculated as follows: 

𝛿𝑑(𝑡′) = 𝑣(𝑡) ⋅ 𝛿𝑡 +
1

2
⋅ 𝑎 ⋅ 𝛿𝑡2; 𝑡′ = 𝑡 + 𝛿𝑡 (3.53)

Thus, the travelled distance – between two consecutive traffic nodes – 𝑑 is: 

𝑑(𝑡′) = 𝑑(𝑡) + 𝛿𝑑(𝑡′); 𝑡′ = 𝑡 + 𝛿𝑡 (3.54)

the travelled distance – between two consecutive stops – 𝑑′ is: 

𝑑′(𝑡′) = 𝑑′(𝑡) + 𝛿𝑑(𝑡′); 𝑡′ = 𝑡 + 𝛿𝑡 (3.55)

and the travelled distance – between two consecutive traction nodes – 𝑑′′ is: 

𝑑′′(𝑡′) = 𝑑′′(𝑡) + 𝛿𝑑(𝑡′); 𝑡′ = 𝑡 + 𝛿𝑡 (3.56)

The three different, above mentioned, travelled distance, i.e., 𝑑(𝑡′), 𝑑′(𝑡′), and 𝑑′′(𝑡′), are used 

to calculate the bus progress with respect to the traffic branches and traction branches. These 

travelled distance are used to determine motion regimes with in a stop-to-stop movement (see 

Section 3.4.3), index 𝑖 in Equation 3.41 (see Section 4.3.1), and traction network topology (see 

Sections 5.1). 

In constant-speed regime (𝑀B = 2), the bus stops accelerating (𝑎 = 0) and keeps its driving speed 

constant. Specifically, the exact amount of traction force/power required to overcome the 

resistance force acting against the direction of motion (𝐹T(𝑡′) > 0, 𝑃TB(𝑡′) > 0) must be applied 

in this regime. The bus speed 𝑣(𝑡′) and displacement 𝛿𝑑(𝑡′) in Equations 3.52 and 3.53, 

respectively, can be computed – in constant-speed regime – as follows: 
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𝑣(𝑡′) = 𝑣(𝑡), 𝑡′ = 𝑡 + 𝛿𝑡 (3.57)

𝛿𝑑(𝑡′) = 𝑣(𝑡) ⋅ 𝛿𝑡, 𝑡′ = 𝑡 + 𝛿𝑡 (3.58)

and traction force 𝐹T in Equation 3.44 as: 

𝐹T = 𝐹R + 𝐹A + 𝐹S (3.59)

After determine the displacement 𝛿𝑑(𝑡′) as shown in Equation 3.58, the travelled distances 𝑑(𝑡′), 

𝑑′(𝑡′), and 𝑑′′(𝑡′) are calculated as defined in Equations 3.54, 3.55, and 3.56, respectively. 

In Rolling regime (𝑀B = 0), the bus speed progressively drops due to resistance force acting 

against the bus movement. While the bus is in rolling regime, no traction power is required to 

propel it forward. Therefore, the bus moves by its momentum and 𝐹T = 0; moreover, the bus 

acceleration 𝑎 is calculated from Equations 3.44 and 3.45 as follows: 

𝑎r = −
(𝐹R + 𝐹A + 𝐹S)

𝜆m ⋅ 𝑀
(3.60)

with a road gradient 𝜃 < 0 (see Equation 3.48), the bus rolling deceleration rate 𝑎r is positive and 

the bus will accelerate, e.g., (𝐹A + 𝐹S) > 𝐹R , otherwise, the bus will deaccelerate and lose speed. 

The new bus speed 𝑣(𝑡′) and displacement 𝛿𝑑(𝑡′) are calculated as in Equations 3.52 and 3.54, 

respectively. Where the calculated deceleration rate 𝑎r (see Equation 3.60) is used to substitute 

𝑎, i.e., 𝑎 ∶= 𝑎r. 

In braking regime (𝑀B = −1), the bus is forced to reduce its speed by reversing the operation 

direction of the traction motor. Consequently, the mechanical energy (𝑃TB
′ (𝑡) < 0) is utilized by 

converting the bus kinetic energy into electrical energy. The bus speed 𝑣(𝑡′), displacement 

𝛿𝑑(𝑡′), and tractive force 𝐹T are calculated – in braking regime – using Equations 3.52, 3.53, and 

3.44, respectively. The deceleration rate 𝑎′ ∶= 𝑏sp11,𝑖 (see Equation 3.43) is used to substitute 𝑎, 

i.e., 𝑎 ∶= 𝑎′ ∶= 𝑏sp11,𝑖. 

The regenerative braking power is computed as follows: 

𝑃TB(𝑡′) = 𝑃b = 𝜂b ⋅ 𝑃TB
′ (𝑡′) (3.61)

where 𝑃b is the regenerative braking power, and 𝜂𝑏 ≔ 𝑏sp15,𝑖 (see Equation 3.43) is the 

regenerative braking efficiency. 

Auxiliaries 

The power consumption of the auxiliary units must be considered in the BM, given the significant 

impact of some of these units on the bus power profile [108]. Heating, ventilation, and air 

conditioning (HVAC) systems, as other non-mechanical units (basic auxiliary units), define the 

auxiliary consumption power of a trolleybus/battery trolleybus.  
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Figure 3-7: Heat loads through the bus passenger compartment. 

The HVAC in the BM is computed using the heat balance equation of the air inside the passenger 

compartment as shown below [109, 110]: 

(𝑇i(𝑡′)−𝑇i(𝑡))

𝛿𝑡
=

(𝑄HVAC(𝑡′)+𝑄P(𝑡′)−𝑄L(𝑡′)−𝑄D(𝑡′)−𝑄V(𝑡′))

𝑉b⋅𝜌air⋅𝐶p
, 𝑡′ = 𝑡 + 𝛿𝑡 (3.62)

where 𝐶p is the air specific heat capacity (𝐶p ∶= 𝑏sp23,𝑖, see Equation 3.43), (𝑉b ⋅ 𝜌air) is the air 

mass inside the bus in (kg) – 𝑉b ≔ (𝑏sp5,𝑖 ⋅ 𝑏sp6,𝑖 ⋅ 𝑏sp7,𝑖) and the air density 𝜌air ≔ 𝑏sp22,𝑖 (see 

Equation 3.43), 𝑇i(𝑡) and 𝑇i(𝑡′) are the temperature inside the bus at the last step time 𝑡 and the 

given time 𝑡′, respectively, 𝛿𝑡 is the simulation time step, 𝑄HVAC(𝑡′) is the added HVAC thermal 

energy at 𝑡′,  𝑄P(𝑡′) is the passengers heat energy at 𝑡′, 𝑄L(𝑡′) is the conductive and convective 

thermal losses energy at 𝑡′, 𝑄D(𝑡′) the energy loss due to the opening of the bus doors at 𝑡′, and 

𝑄V(𝑡′) energy loss due to ventilation at 𝑡′. Figure 3-7 shows all the added heat energy and lost 

energy losses (see Equation 3.62) contributing to the thermal balance inside the passenger 

compartment are represented. The arrow directions are a symbolic for the impact of the heat 

energy on the passenger compartment. 𝑄D and 𝑄L represent the outside thermal energy coming 

from opening the bus doors and the contact with the bus windows and chassis, respectively. A 

small section of the bus side is removed to show the contribution of passengers' heat energy 𝑄P

to the passenger compartment. The HVAC units are located on the roof of the bus, so 𝑄HVAC and 

𝑄V are impacting the passenger compartment through the roof of the bus, as indicated by the 

arrow directions inside the bus.  
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Figure 3-8: Comfort temperature range in the passenger compartment, in compliance with VDV4F

5

recommendation 236 [111]. 

Based on the bus internal temperature 𝑇i and the target comfort temperature 𝑇t setting (see 

Figure 3-8), the HVAC system of the bus runs in either heating-, cooling-, or off-mode, as follows: 

𝑄HVAC(𝑡′) = {

−𝑃BH ⋅ 𝛿𝑡, 𝑇o(𝑡′) < 15° ∧ 𝑀hc(𝑡′) = 1

𝑃BAC ⋅ 𝛿𝑡, 𝑇o(𝑡′) > 22° ∧ 𝑀hc(𝑡′) = 1

0 , 𝑀hc(𝑡′) = 0

(3.63)

𝑀hc(𝑡′) =

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧

1 , {
(𝑇i(𝑡) ≤ 𝑇t,l(𝑡′) ∧ 𝑇o(𝑡′) < 𝑇i(𝑡))

(𝑇i(𝑡) ≥ 𝑇t,u(𝑡′) ∧ 𝑇o(𝑡′) > 𝑇t,u(𝑡′))

0          ,

⎩
⎨

⎧(𝑇i(𝑡) ≥ 𝑇t,u(𝑡′) ∧ 𝑇i(𝑡 − 𝛿𝑡) < 𝑇t,u(𝑡′))

(𝑇i(𝑡) ≤ 𝑇t,l(𝑡′) ∧ 𝑇i(𝑡 − 𝛿𝑡) > 𝑇t,l(𝑡′))  

15° ≤ 𝑇o(𝑡′) ≤ 22°

𝑀hc(𝑡), otherwise

(3.64)

where 𝑃BH ∶= 𝑏sp17,𝑖 and 𝑃BAC ∶= 𝑏sp18,𝑖 are heating power and air-condition power (see 

Equation 3.43), respectively, 𝑇o(𝑡′) is the outside temperature at 𝑡′, 𝛿𝑡 is the time step, and 𝑀hc

is a control variable, which turns on/off the heating and cooling, and is determined as shown in 

Equation 3.64. 𝑀hc(𝑡′) turn off the heating or cooling (𝑀hc(𝑡′) = 0) when the outside 

temperature 𝑇o(𝑡′) is between 15°C and 22°C (see Figure 3-8). Yet 𝑀hc(𝑡′) turn off the heating 

(𝑀hc(𝑡′) = 0) when the bus inside temperature 𝑇i(𝑡) reaches the upper comfort temperature 𝑇t,u

(𝑇i(𝑡) ≥ 𝑇t,u(𝑡′) ∧ 𝑇i(𝑡 − 𝛿𝑡) < 𝑇t,u(𝑡′)) and turns it on (𝑀hc(𝑡′) = 1) when 𝑇i(𝑡) drops below 

the lower comfort temperature 𝑇t,l with an outside temperature 𝑇o(𝑡′) less than 𝑇i(𝑡) (𝑇i(𝑡) ≤

𝑇t,l(𝑡′) ∧ 𝑇o(𝑡′) < 𝑇i(𝑡)), as it turn off the air-condition (𝑀hc(𝑡′) = 0) when 𝑇i(𝑡) drop below the 

5 In German, famous as: Verband Deutscher Verkehrsunternehmen 
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lower comfort temperature 𝑇t,l (𝑇i(𝑡) ≤ 𝑇t,l(𝑡′) ∧ 𝑇i(𝑡 − 𝛿𝑡) > 𝑇t,l(𝑡′)) and turns it on once more 

(𝑀hc(𝑡′) = 1) when 𝑇i(𝑡) reaches the upper comfort temperature 𝑇t,u again (𝑇i(𝑡) ≥ 𝑇t,u(𝑡′) ∧

𝑇o(𝑡′) > 𝑇t,u(𝑡′)). Otherwise, 𝑀hc(𝑡′) hold its revues value from the last time step 𝑀hc(𝑡′) =

𝑀hc(𝑡). The initial value of 𝑀hc, when the bus starts to move from depot, is 𝑀hc(𝑡𝑏0) = 1. 

Figure 3-8 outlines the recommended comfort temperature – lower and upper – curves in the 

passenger compartment, 𝑇t,l and 𝑇t,u, respectively. 𝑇t is the regulated temperature in the passenger 

compartment. Moreover, the heating-, cooling-, and off-region, correspond to the outside 

temperature 𝑇o(𝑡′), are represented in Figure 3-8 as well. The upper and lower comfort 

temperature 𝑇t,u(𝑡′) and 𝑇t,l(𝑡′), respectively, are defined using the upper and lower comfort 

temperature curves 𝑇t,u and 𝑇t,l, respectively, shown in in Figure 3-8 with correspond to the 

outside temperature 𝑇o(𝑡′) at time 𝑡′. 

The outside temperature 𝑇o is determined using real-world temperature measurements collected 

on several days throughout the year (see Figure 11-2Annex 11.2). 𝑇o can be represented as 

follows: 

𝑇o = (𝑇o(𝑡1), 𝑇o(𝑡2), 𝑇o(𝑡3), … , 𝑇o(𝑡𝑛)),

𝑛 = |𝜏rw| ∧ 𝑡𝑖 ∈ 𝜏rw

(3.65)

where 𝜏rw is a set of the real-world times that is utilised in this simulation model (see 

Equation 2.11), and |𝜏rw| is the number of elements in 𝜏rw. 

The passenger heat energy 𝑄P(𝑡′) in Equation 3.62 is calculated as: 

𝑄P(𝑡′) = 𝑞p ⋅ (𝑛p + 1) (3.66)

𝑞p =

⎩
⎪
⎨

⎪
⎧

100 , 𝑇i(𝑡′) < 18
10

3
⋅ 𝑇i(𝑡′) − 80,           15 ≤ 𝑇i(𝑡′) < 24

5 ⋅ 𝑇i(𝑡′) − 40 , 24 ≤ 𝑇i(𝑡′) < 35

25 , 𝑇i(𝑡′) ≥ 35

(3.67)

where 𝑞p denotes the heat gained per passenger (W) based on the interior temperature of the bus 

cabin [112, 113], and 𝑛p ≔ 𝑏𝑡𝑟8,𝑖 (see Equation 3.41) denoted the number of passengers – plus 

one for the bus driver – in the bus cabin.  

Heat transfer between the bus cabin and outside ambient temperature can be computed using the 

thermal resistance and conductance Equations [114, 115]. Thus, the conductive and convective 

thermal losses energy 𝑄L(𝑡′) is computed as follows: 

𝑄L(𝑡′) =
1

𝑅th,tot
⋅ (𝑇i(𝑡′) − 𝑇o(𝑡′)), 𝑡′ = 𝑡 + 𝛿𝑡 (3.68)

𝑅th,tot =
1

𝐴BS ⋅ ℎo
+

𝐿g

𝐴g ⋅ 𝑘g
+

𝐿c

𝐴c ⋅ 𝑘c
+

1

𝐴BS ⋅ ℎi
(3.69)
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where 𝑅th,tot is the total thermal resistance, 𝐴BS, 𝐴g, and 𝐴c are the total surface area, the window 

glass area, and the chassis area of the bus in (m2), respectively. 𝐴BS = (2 ⋅ 𝐿b ⋅ 𝑊b) +

(2 ⋅ 𝐿b ⋅ 𝐻b) + (2 ⋅ 𝐻b ⋅ 𝑊b) is calculated using bus specification length 𝐿b ∶= 𝑏sp5,𝑖, width  

𝑊b ∶= 𝑏sp6,𝑖, and height 𝐻b ∶= 𝑏sp7,𝑖 (see Equation 3.43), accordingly, the window glass area is 

assumed to be third the total surface are 𝐴g ≔
1

3
𝐴BS, and, therefore, the chassis area is  

𝐴c ≔
2

3
𝐴BS. 𝐿g, 𝐿c, 𝑘g, and 𝑘c are the glass thickness, the chassis thickness, glass thermal 

conductivity and chassis thermal conductivity, respectively, and their values are fund in 𝐵sp,𝑖 (see 

Equation 3.43 and Table 3-1).  

The surface convective heat transfer coefficients ℎo and ℎi depend on the air velocity and thus 

are computed using the bus speed (from Equation 3.57) as follows [116]: 

ℎx = 0.6 + 6.64 ⋅ √𝑣(𝑡′), x ∈ {o, i} (3.70)

where ℎo and ℎi are the outside and inside convection coefficients, respectively. 

The energy loss due to opening the bus doors 𝑄D – during dwell time – can be estimated as follows 

[113, 117]: 

𝑄D(𝑡′) = 𝜓door ⋅ 𝒱d ⋅ 𝜌a ⋅ 𝐶p ⋅ (𝑇i(𝑡′) − 𝑇o(𝑡′)) (3.71)

𝜓door = {
1, 𝑣(𝑡′) = 0 ∧ 𝑏𝑡𝑟1,𝑖 ≔ {bus stop}

0, 𝑣(𝑡′) > 0
(3.72)

where 𝒱d is the air infiltration flow rate in (m3/s), based on [117], 𝒱d = 0.4 m3/s is assumed in 

this simulation model, and 𝜓door represents the condition of the bus doors. Accordingly, no 

thermal energy is lost when the bus is moving 𝑄D(𝑡′) = 0 as 𝑣(𝑡′) > 0, however, 𝜓door = 1

when the bus stops at a traffic node 𝑏𝑡𝑟1,𝑖 (see Equations 3.41 and 3.42) that its type is bus stop. 

The energy loss due to ventilation 𝑄V can be calculated as follows [113, 117]: 

𝑄V(𝑡′) = 𝜓v(𝑡′) ⋅ 𝒱v ⋅ 𝜌a ⋅ 𝐶p ⋅ (𝑇i(𝑡′) − 𝑇o(𝑡′)) (3.73)

𝜓v(𝑡′) = {

1, 𝑇i(𝑡) > 𝑇t(𝑡′) ∧ 𝑀hc(𝑡′) = 0

0, {
𝑇i(𝑡) < 𝑇t,l(𝑡′) ∧ 𝑀hc(𝑡′) = 0

𝑀hc(𝑡′) = 1

(3.74)

According to [117], HVAC air flow rate between 𝒱v = 0.05 m3/s and 𝒱v = 0.3 m3/s is measured 

depending on the operation mode of the HVAC system 𝑀hc. A value of 𝒱d = 0.2 m3/s is 

considered for all the ventilation mode in this simulation model. 𝜓v indicates the ventilation 

system functional condition. Accordingly, the ventilation system is switched on (𝜓v(𝑡′) = 1) 

when the bus cabin interior temperature 𝑇i(𝑡) at time 𝑡 (see Figure 3-8) is more than the regulated 

temperature 𝑇t(𝑡′) at time 𝑡′ and the heating system is off (𝑀hc(𝑡′) = 0), contrarily, the ventilation 

system is switched off (𝜓v(𝑡′) = 0) whenever the heating/cooling system is on (𝑀hc(𝑡′) = 1) or 

𝑇i(𝑡) is less than 𝑇t,l(𝑡′) and (𝑀hc(𝑡′) = 0). The regulated temperature 𝑇t(𝑡′) is defined using the 
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regulated temperature 𝑇t curve shown in in Figure 3-8 with correspond to the outside temperature 

𝑇o(𝑡′) at time 𝑡′. 

The bus cabin interior temperature 𝑇i is updated with every time step 𝛿𝑡 using 

Equations 3.62 - 3.83, the old 𝑇i(𝑡) – bus cabin interior temperature from last time step 𝑡 = 𝑡′ −

𝛿𝑡 – is used to find the functional mode of the heating, cooling or ventilation at time 𝑡′ (see 

Equations 3.64 and 3.74). After determining the value of 𝑀hc(𝑡′), the power consumption of the 

HVAC system is: 

𝑃HC(𝑡′) =
1

𝜂hc
∙

|𝑄HVAC(𝑡′)|

𝛿𝑡
(3.75)

where 𝜂hc ≔ 𝑏sp20,𝑖 (Equation 3.43) denotes the thermal to electrical energy ratio. The power 

consumption of the HVAC Ventilator power 𝑃v(𝑡′) is: 

𝑃V(𝑡′) = {
𝑃v

′, 𝑀hc(𝑡′) ∨ 𝜓v(𝑡′) = 1

0, 𝑀hc(𝑡′) ∧ 𝜓v(𝑡′) = 0
(3.76)

where 𝑃v
′ ≔ 𝑏sp19,𝑖 (see Equation 3.43) is the HVAC Ventilator power. The HVAC system total 

power 𝑃HVAC is accordingly calculated as follows: 

𝑃HVAC(𝑡′) = 𝑃HC(𝑡′) + 𝑃V(𝑡′) (3.77)

More consumption power is contributed from other basic auxiliary units, besides the HVAC 

system, such as battery cooling, air compressor, steering pump, and lights [98]. The basic 

auxiliary power 𝑃baux is computed using the bus specifications parameter 𝑏sp21,𝑖 (see 

Equation 3.43) as below: 

𝑃baux(𝑡′) = 𝑏sp21,𝑖 (3.78)

The TB power 𝑃B
′ (𝑡′) – included in BM and presented in the next section – is calculated using: 

traction 𝑃TB(𝑡′), HVAC 𝑃HVAC(𝑡′), and basic auxiliary 𝑃baux(𝑡′) power. Therefore, by using 

Equations 3.50, 3.61, 3.77, and 3.78, these powers can be accumulated as shown in Equation 3.79: 

𝑃B
′ (𝑡′) = 𝑃TB(𝑡′) + 𝑃HVAC(𝑡′) + 𝑃baux(𝑡′) (3.79)

Battery System 

Most of the batteries used in electric vehicles are composed of lithium titanate (LTO), lithium 

iron phosphate (LiFePO4), and nickel-manganese-cobalt (NMC) cells. The high energy densities, 

high charge and discharge currents, and appropriate cycle stability of these batteries have shown 

great value in electro mobility applications [118]. 

For BTB, a battery system is associated with the BM (see Equation 3.43). Accordingly, the 

maximum charging (𝑃bcha ∶= 𝑏sp29,𝑖) and discharging (𝑃bdis ∶= 𝑏sp28,𝑖) powers are included in 

the battery model as well as the effective energy (𝐸sc ∶= 𝑏sp30,𝑖) and the initial state-of-charge 

SOC, i.e., the battery SOC when a BTB the first time states to move (𝑆𝑂𝐶ini ∶= 𝑏sp31,𝑖). In the 
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context of a battery, the term SOC refers to the percentage of its remaining energy to the actual 

rated energies. It shows how much charge is left in the battery, 100% fully charged and 0% 

completely drained. Various estimation approaches can be utilised to determine the SOC. In this 

simulation model, the Coulomb-Counting approach is used to calculate the new SOC. 

Accordingly, the battery's remaining capacity is estimated by measuring the power flowing in and 

out of the battery. The batteries new SOC is calculated as in the following Equation [119–121]: 

𝑆𝑂𝐶(𝑡′) = 𝑆𝑂𝐶(𝑡) − 𝜂c ⋅
1

𝐸sc
⋅ ∫ 𝑃sc(𝑡)𝑑𝑡

𝛿𝑡

0

, 𝑡′ = 𝑡 + 𝛿𝑡 (3.80)

where 𝑆𝑂𝐶(𝑡′) is the new SOC, 𝑆𝑂𝐶(𝑡) indicates the last SOC, 𝜂c is the coulomb efficiency, 

𝐸sc ≔ 𝑏sp30,𝑖 (see Equation 3.43) is the battery effective capacity, and 𝑃sc(𝑡) is the 

charging/discharging power at time 𝑡′ (positive for discharge and negative for charge). 𝑃sc(𝑡) is 

calculated as follows: 

𝑃sc(𝑡) = 𝑃bat
′ (𝑡′) =

⎩
⎪
⎪
⎨

⎪
⎪
⎧ 𝑃B

′ (𝑡′), {
𝑃B

′ (𝑡′) ≤ 𝑃bdis

𝑃B
′ (𝑡′) ≥ −𝑃bcha

𝑃bdis, 𝑃B
′ (𝑡′) > 𝑃bdis

−𝑃bcha, {
𝑃B

′ (𝑡′) ≤ −𝑃bcha

𝜓bat = 0                

0 , {
𝑆𝑂𝐶(𝑡) = 1 ∧ 𝜓bat = 0

𝑆𝑂𝐶(𝑡) = 0 ∧ 𝜓bat = 1

(3.81)

𝜓bat = {

1, 𝑆𝑂𝐶(𝑡) > 0 ∧ 𝑃B
′ (𝑡′) > 0 ∧ 𝑏𝑡𝑟12,𝑖 = ∅

0, {
𝑃B

′ (𝑡′) < 0

𝑆𝑂𝐶(𝑡) < 1 ∧ 𝑏𝑡𝑟12,𝑖 ≠ ∅

(3.82)

where 𝑃bat(𝑡′) is the battery power, 𝑃B
′ (𝑡′) is the TB power (see Equation 3.79),  

(𝑃bdis ∶= 𝑏sp28,𝑖), and (𝑃bcha ∶= 𝑏sp29,𝑖) are battery discharging and charging power as in bus 

specifications, respectively, (see Equation 3.43 and Table 3-1), and 𝜓bat is the battery operating 

mode. As shown in Equation 3.81, the battery power is the same as the TB power 𝑃B
′ (𝑡′) when 

the BTB is driving wire-free (no contact with OHCWs) and the TB power is less than the battery 

discharging power 𝑃B
′ (𝑡′) ≤ 𝑃bdis (bus consuming power) or more than the battery charging 

power 𝑃B
′ (𝑡′) ≥ −𝑃bcha (bus generating power), otherwise, the battery discharges/charge with 

the maximum battery discharge/charge power. 

The battery is in discharging mode (𝜓bat = 1) when the battery 𝑆𝑂𝐶(𝑡) > 0 and 𝑃B
′ (𝑡′) > 0 with 

no available OHCW, where 𝑏𝑡𝑟12,𝑖 (see Equation 3.41) is the length of the electric traction branch, 

and in case of unavailability (no OHCW), its value is set to (∅). However, the battery is in 

charging mode (𝜓bat = 0) when 𝑃B
′ (𝑡′) < 0 or when the battery 𝑆𝑂𝐶(𝑡) < 1 and the bus is under 

the OHCW, i.e., 𝑏𝑡𝑟12,𝑖 ≠ ∅. 

The coulomb efficiency of the battery 𝜂c is determined by experiments, e.g., lithium-ion battery 

has discharge efficiency 𝜂c = 1 and charging efficiency 0.98 ≤ 𝜂c ≤ 1 [122]. When the battery 
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at time 𝑡 is fully charged 𝑆𝑂𝐶(𝑡) = 1 and 𝑃sc(𝑡′) < 0, then the battery SOC will maintain its 

level 𝑆𝑂𝐶(𝑡′) = 1. Similarly, for completely drained battery 𝑆𝑂𝐶(𝑡) = 0 and 𝑃sc(𝑡′) > 0, the 

battery SOC will maintain its level 𝑆𝑂𝐶(𝑡′) = 0. Accordingly, Equation 3.80 can be formulated 

as follows: 

The bus state set 𝐵state (see Equation 3.42) can be defined as follows: 

𝐵state = {𝑏s,1, 𝑏s,2, 𝑏s,3, … 𝑏s,12} (3.84)

The elements of set 𝐵state are defined as shown in Table 3-2 

Table 3-2: Bus state. 

Element Description Equation 

𝑏s,1 Bus regime of motion (𝑀B) (3.51) 

𝑏s,2 Bus Speed (𝑣) (3.52) 

𝑏s,3 Travelled distance between two consecutive traffic nodes (𝑑) (3.54) 

𝑏s,4 Travelled distance between two consecutive bus stops (𝑑′) (3.55) 

𝑏s,5 Travelled distance between two consecutive traction nodes (𝑑′′) (3.56) 

𝑏s,6 Bus traction power (𝑃TB) (3.50) or (3.61) 

𝑏s,7 Bus HVAC power (𝑃HVAC) (3.77) 

𝑏s,8 Bus basic auxiliary power (𝑃baux) (3.78) 

𝑏s,9 Battery power (𝑃bat) (3.81) 

𝑏s,10 Battery SOC (𝑆𝑂𝐶) (3.83) 

𝑏s,11 Heating/Cooling control (𝑀hc) (3.64) 

𝑏s,12 Bus cabin interior temperature (𝑇i) (3.62) 

3.4.3 Stop-to-Stop Movement 

The third part provides a further explanation of the bus stop-to-stop movement and its 

corresponding regimes of motion. With the four possible regimes (acceleration (𝑀B = 1), 

constant-speed (𝑀B = 2), rolling (𝑀B = 0) and braking (𝑀B = −1)), there are four basic cases 

of stop-to-stop movements (see Figure 3-9) [107]. 

𝑆𝑂𝐶(𝑡′) =

⎩
⎨

⎧
1 , 𝑆𝑂𝐶(𝑡) = 1 ∧ 𝑃sc(𝑡′) < 0

0 , 𝑆𝑂𝐶(𝑡) = 0 ∧ 𝑃sc(𝑡′) > 0

𝑆𝑂𝐶(𝑡) − 𝜂c ⋅
∫ 𝑃sc(𝑡)𝑑𝑡

𝛿𝑡

0

𝐸sc
, otherwise

(3.83)
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Figure 3-9: Cases of stop-to-stop movement regimes (adopted from [107]). 

Case A: 

In this case the distance between the two stop locations (bus stop or traffic light) is short, in which, 

the bus speed 𝑣′ = 𝑣(𝑡′) does not reach the maximum permitted speed 𝑣max, where 𝑣max defines 

the maximum speed that is permitted by the road segment (see Equation 3.17) and bus maximum 

speed indicated in the bus specifications (see Equation 3.43). As shown in Figure 3-9 (A), only 



MODELLING THE TRAFFIC NETWORK ALONG WITH BUSES 57 

two regimes of motion are expected, where the bus accelerates (𝑀B = 1) until reaching 𝑣′. The 

bus travels the accelerating distance d𝑎 over the accelerating time interval 𝜏𝑎. Afterwards it 

changes to braking regimes (𝑀B = −1) directly and decelerates until settling at the end stop 

location. Through the braking regimes the bus travels the braking distance db over the braking 

time interval 𝜏b. The total travel distance (stop-to-stop interstation distance) and total time interval 

(stop-to stop travel interval) for case A are D = d𝑎 + db and 𝜏ss = 𝜏𝑎 + 𝜏b, respectively.  

The x-axes in Figure 3-9 represent the time progress, where 𝑡s1 is the time when the bus start to 

move and 𝑡s2 is the time when the bus arrive at the stop location, thus, 𝜏ss = 𝑡s2 − 𝑡s1. The 

intervals remarked under the x-axes represent the time periods and distances that are correspond 

to each distinct regime of motion (𝑀B). 

To check if a bus could reach 𝑣max within an interstation distance between two stops the following 

Equation is utilized [107]. 

𝑣′ = √
2 ⋅ 𝑎 ⋅ |𝑎′| ⋅ D

𝑎 + |𝑎′|
(3.85)

where 𝑎 is the acceleration rate, 𝑎′ is the deceleration rate, and D is the distance between two 

consecutive stops (as calculated in Equation 3.34), i.e., D = 𝑩TR,9𝑙. If the calculated 𝑣′ is less 

than 𝑣max, the stop-to-stop interstation is considered as case A and braking regime (𝑀B = −1) 

starts when the bus speed hits 𝑣′, i.e., 𝑣(𝑡′) = 𝑣′ and 𝑡′ ≥ 𝑡s1 + 𝜏𝑎. The 𝜏𝑎 and 𝜏b are calculated 

as follows [107]: 

𝜏𝑎 =
𝑣

𝑎
(3.86)

and 

𝜏b =
𝑣

|𝑎′|
(3.87)

where the bus speed 𝑣′ can be substituted for the speed 𝑣. 

Case A is utilised in the bus speed profile whenever an interstation distance is rather small. Traffic 

light with red light adjacent to a bus stop, or the other way around, is an example of this case. 

Case B: 

In this case, the bus hits 𝑣max and maintains moving at this speed until braking is required to stop 

at the coming stop station. As shown in Figure 3-9 (B), only three regimes of motion are utilised 

to simulate bus movement between the two stops. Acceleration interval 𝜏𝑎 and braking interval 

𝜏b are determined using Equations 3.86 and 3.87 with 𝑣max substitutes for the speed 𝑣. Yet, 

acceleration distance d𝑎 and braking distance db are determined using Equation 3.53. Stop-to-

stop travel interval 𝜏ss consists in case B of acceleration, constant-speed, and braking intervals, 

i.e., 𝜏𝑎, 𝜏c, and 𝜏b. 𝜏ss can be calculated as follows [107]: 
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𝜏ss =
D

𝑣max
+

𝑣max

2
⋅ (

1

𝑎
+

1

|𝑎′|
) (3.88)

The constant-speed interval 𝜏c can be determined also as follows: 

𝜏c = 𝜏ss − (𝜏𝑎 + 𝜏b) =
D

𝑣max
−

𝑣max

2
⋅ (

1

𝑎
+

1

|𝑎′|
) (3.89)

Thus, the following equation is used to determine when the braking regime (𝑀B = −1) could be 

initiated: 

𝑡′ ≥ (𝑡s1 + 𝜏𝑎 + 𝜏c) (3.90)

As a consequence of a delay in bus schedule, case B is commonly implemented in the bus speed 

profile, where rolling regime (𝑀B = 0) is omitted to avoid the additional delay caused by this 

regime. 

Case C: 

The most efficient driving strategy in terms of energy utilisation is to accelerate (𝑀B = 1) until 

𝑣max, then roll (𝑀B = 0) at the rolling deceleration rate 𝑎r (see Figure 3-9 (C) and Equation 3.60) 

until braking (𝑀B = −1) is required. Three regimes of motion are consisted in case C: 

acceleration, rolling, and braking regimes (see Figure 3-9 (C)). The rolling interval 𝜏r is 

determined as follows [107]: 

𝜏r =
𝑣max − 𝑣r

|𝑎r|
(3.91)

and 

𝑣r = √
(2 ⋅ 𝑎 ⋅ |𝑎′| ⋅ |𝑎r| ⋅ D) − (𝑎′ ⋅ (𝑎 + |𝑎r|) ⋅ 𝑣max

2)

𝑎 ⋅ (|𝑎r| − |𝑎′|)
(3.92)

where 𝑣r is the bus speed before switching from rolling regime (𝑀B = 0) to braking regime 

(𝑀B = −1). After determining the acceleration interval 𝜏𝑎 as shown in Equation 3.88, the time 

when the braking regime (𝑀B = −1) must be applied can be calculated as shown below: 

𝑡′ ≥ (𝑡s1 + 𝜏𝑎 + 𝜏r) (3.93)

The rolling regime is measured unlikely when the determined 𝑣r is too low, in which instance a 

constant-speed regime must be implemented (see Case D). Equation 3.92 may be used to calculate 

𝜏r for a stop-to-stop interstation distance D only if 𝑣r is determined to be acceptable. Case C is 

likely implemented for interstation distances that are relatively longer than interstation distance 

of case A. 
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Case D: 

This case represents the optimal speed profile, where all four regimes of motion are involved (see 

Figure 3-9 (D)). For a long spacing between stops, case D is selected to determine the regimes of 

motion and their corresponding time intervals. The constant-speed time interval 𝜏c for case D can 

be determined as follows [107]: 

𝜏c =
D

𝑣max
−

𝑣max

2
(

1

𝑎
+

1

|𝑎r|
) −

𝑣r
2

2 ⋅ 𝑣max
(

1

|𝑎′|
−

1

|𝑎r|
) (3.94)

Moreover, the acceleration time interval 𝜏𝑎 is determined using Equation 3.86 and the rolling time 

interval 𝜏r is determined using Equation 3.91. The start of the braking regime is calculated as 

follows: 

𝑡′ ≥ (𝑡s1 + 𝜏𝑎 + 𝜏c + 𝜏r) (3.95)

The 𝑣r value is unknown in Equations 3.91 and 3.94. A value for 𝑣r is selected to determine 𝜏c

and 𝜏r. It is then checked to see whether a greater or smaller value of 𝑣r would result in 𝜏ss that 

match with the bus schedule. This process is repeated until an expectable 𝜏ss is achieved. 

Figure 3-10: Realistic bus speed profile for a stop-to-stop movement. 

The previously mentioned cases are simple and straightforward. In order to mimic a realistic bus 

speed profile (see Figure 3-10), it is not possible to use only the equations introduced for case D 

with an exact sequence of acceleration, constant-speed, rolling, and braking regimes; specifically, 

to determine the right time to activate braking regime and achieve exact stop location at the end 

of the stop-to-stop interstation distance D. As presented in Section 3.3, stop-to-stop can be 

consisted of several traffic branches. Thus, the permitted maximum speed 𝑣max is not fixed to a 

single value, it changes based on the permitted maximum speed of the traffic branches (see 

Equation 3.17 and Section 4.3.1 for bus motion continuity), leading to several 𝑣max and random 

sequence of motion regimes. As shown in Figure 3-10, during a stop-to-stop movement a bus may 
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encounter three distinct maximum speeds 𝑣max,1, 𝑣max,2 and 𝑣max,3, which correspond to the 

permitted maximum speed of the traffic branches. 

Approaches and equations described for cases A to D can be used to predict the proper order of 

the motion regimes during a stop-to-stop movement. Acceleration regime (𝑀B = 1) is used 

whenever there is a possibility to increase the bus speed (𝑣(𝑡) < 𝑣max,𝑖, where 𝑖 represents the 

sequence of the maximum speeds between a stop-to-stop movement and as shown in Figure 3-10 

𝑖 = {1,2,3}). The bus retains its speed at 𝑣max,𝑖 and operates in constant-speed regime (𝑀B = 1) 

as long as 𝑣max,𝑖 does not change, e.g., in Figure 3-10 the bus reduces its speed from 𝑣max,1 to 

𝑣max,2 when the permitted maximum speed of the traffic branch is drooped to 𝑣max,2 and 

subsequently accelerates when the permitted maximum speed changes to 𝑣max,3. The remained 

regimes are rolling regime (𝑀B = 0) and braking regime (𝑀B = 0), respectively, which come at 

the end of the regime cycles. However, intermediate braking regimes are essential once 𝑣max,𝑖 is 

dropped and the bus is moving at a speed 𝑣(𝑡) above the new 𝑣max,(𝑖+1). As it is not possible to 

determine when exactly a rolling regime may be started (using Equations 3.91 and 3.92), a 

repetitive check with each time step 𝛿𝑡 is implemented. The value of an acceptable 𝑣r is 

determined by utilising the trip time values (see Equation 3.15). The remaining time interval 𝜏rb

is determined using the time values in Equation 3.15. 𝜏rb is considered to be the time interval for 

both rolling and braking regimes (see Figure 3-9 (D) – Figure 3-10 complicates concerns since it 

introduces a new motion regime 𝑀B = 3 which will be discussed in more detail below). Thus, 

𝜏rb is calculated as follows: 

𝜏rb = 𝜏r + 𝜏b (3.96)

The braking interval can be calculated using Equation 3.87 as follows: 

𝜏b =
𝑣r

|𝑎′|
(3.97)

Substituting Equation 3.91 (after replacing 𝑣max by 𝑣(𝑡)) and Equation 3.97 into Equation 3.96 

and solving for 𝑣r, one obtains: 

𝑣r =
|𝑎′| ⋅ |𝑎r| ⋅ 𝜏rb − |𝑎′| ⋅ 𝑣(𝑡)

|𝑎r| − |𝑎′|
(3.98)

The remaining interstation distance is then compared to the distance that the anticipated rolling 

and braking regimes achieved. Utilising Equation 3.53 to determine the rolling distance dr and 

braking distance db, one obtains: 

dr =
1

2
⋅ |𝑎r| ⋅ 𝜏r

2 (3.99)

db =
1

2
⋅ |𝑎′| ⋅ 𝜏b

2 (3.100)
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and 

(dr + db) ≥ (D − 𝑑′(𝑡)) (3.101)

Switch to rolling regime (for simulation time 𝑡′) is possible only when the condition of 

Equation 3.101 is satisfied. Once the rolling regime has been triggered, further checks are no 

longer necessary. Here it is worth mentioning that checking if a braking regime needs to be 

activated occurs before checking the rolling regime. In fact, braking regime check occurs before 

deciding any motion regime will be activated at 𝑡′. Therefore, braking distance db is determined 

as follows: 

db =
𝑣(𝑡)2

2 ⋅ |𝑎′|
(3.102)

If the value of db satisfies the condition of Equation 3.101 (with dr = 0), then braking regime 

(𝑀B = −1) for simulation time 𝑡′ is activated and no more regime check is required. 

Considering the frequent changes between the motion regimes and the uncertainty regarding the 

start time of the rolling regime, it is possible that a bus dwells before or after the stop destination. 

As shown in Figure 3-10, the bus stops before the stop destination when changing to braking 

regime at 𝑡 (as represented by the first dotted light green line) and it stops after the stop destination 

when changing to braking regime at the next time step 𝑡′ (as represented by the second dotted 

light green line and grey marking for the extended braking regime). Thus, a new motion regime 

𝑀B = 3, which occurs before the last braking regime, is implemented. In other words, the dotted 

light green lines in Figure 3-10 show where the bus could dwell without implementing the new 

motion regime. In 𝑀B = 3, a deceleration rate more than 𝑎′ is applied, which will enable the bus 

to move less than it would when applying the normal deceleration rate of the bus 𝑎′.  

The decision to utilise this regime (𝑀B = 3) is made as follows: As mentioned before, braking 

regime check is implemented with each 𝛿𝑡 and before deciding the motion regime for 𝑡′. This 

check will be repeated with a second check but after proceeding the bus movement with the 

previse motion regime (from simulation time 𝑡). The resulted speed and travelled distance (at 

simulation time 𝑡′ and deceleration rate 𝑎′) are defined as 𝑣t and dt
′, respectively (see Figure 3-10). 

After utilising 𝑣𝑡 and dt
′ into Equations 3.102 and 3.101, one obtains: 

db =
𝑣t

2

2 ⋅ |𝑎′|
(3.103)

db > (D − dt
′) (3.104)

where D is the total travel distance (stop-to-stop interstation distance) and D = 𝑩TR,9𝑙 (as 

calculated in Equation 3.34). The total travel distance D is represented in Figure 3-10 under the 

x-axis, narrowed between the starting stop at time 𝑡s1 and the destination stop at time 𝑡s2. The 

travelled distance dt
′ (at simulation time 𝑡′ and deceleration rate 𝑎′) is also shown in Figure 3-10 

under the x-axis.  
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If the condition of Equation 3.104 is satisfied (Equation 3.101 (with dr = 0) is not satisfied), the 

motion regime (𝑀B = 3) will be activated for 𝑡′. This type of regime may occur before the last 

braking regime (during a stop-to-stop driving) and lasts for only one time step 𝛿𝑡. The 

deceleration rate 𝑎m3 for this regime is calculated using object displacement equation (based on 

Equation 3.53) as follows: 

𝑎m3 =
2 ⋅ 𝑑m3 − 𝑣(𝑡) ⋅ 𝛿𝑡

𝛿𝑡2
(3.105)

where 

𝑑m3 = D − 𝑑′(𝑡) − db (3.106)

db =
𝑣m3

2

2 ⋅ |𝑎′|
(3.107)

𝑣m3 = max({(|𝑎′| ⋅ 𝑥)|𝑥 ∈ ℕ1 ∧ (|𝑎′| ⋅ 𝑥) < 𝑣t}) (3.108)

and 𝑣m3 is the bus speed at the end of motion regime (𝑀B = 3). 

The bus speed 𝑣(𝑡′) and displacement 𝛿𝑑(𝑡′) are calculated as in Equations 3.52 and 3.54, 

respectively. Where 𝑎m3 is substitute for 𝑎. 

As summary, the implemented approaches to model the motion regimes of a stop-to-stop bus 

move can be described as follows. Accelerating and constant-speed regimes are standard and 

determined based on 𝑣max,𝑖 value. With each time step 𝛿𝑡 a check for a required braking regime 

is implemented as well as another braking regime checking is performed after assuming that the 

bus has moved (for one time step) with its current motion regime. Moreover, a check for an 

acceptable rolling regime (after passing the braking regime tests) is applied as well. Regime 

(𝑀B = 3) is utilised only when correcting bus dwelling location (at the destination stop) is 

required.



4 Modelling the AC/DC-Network 

To simulate a trolleybus system, the traffic network model (TNM) and bus model (BM) (see 

Chapter 3) must work with a suitable electric network model (ENM). To this end, this section 

describes the modelling of the electric network. Following that, modelling the power profiles of 

the traction network sources and loads are presented. Figure 4-1 represents the block diagram of 

ENM and indeed the relationships between its elements. The process as the determination of the 

admittance matrix, conductance matrix, traction substation power and voltage, and the electric 

network steady-state are presented in Chapter 5. 

The ENM is divided into two segments. The first segment is the DC network, which consists of 

the trolleybus traction network. The term traction network will be used to denote the DC segment 

of ENM. The AC network, which powers the traction network, is the second segment of ENM. 

Since the trolleybus system can be operated at 𝑈n = 600 V or 𝑈n = 750 V (see Section 2.3), the 

traction network is classified as a low voltage direct current (LVDC) network. Hence, the AC 

network operates at a higher voltage level and is classified as a medium voltage (MV) network 

(1 kV < 𝑈n,MV < 52 kV) according to IEC 60071 [123, 124]. 

Figure 4-1: Trolleybus electric network model scheme which is part of the TBSSM scheme. The faded 
turquoise part represents the TB/BTB model and the arrows between the overlapped models show 
the direction of data exchanges. 
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The admittance matrix, sources, and loads of the AC network are determined using the AC nodes 

and AC branches models (see Section 4.2). However, the conductance matrix of the traction 

network is determined using the traction nodes and traction branches (see Section 5.2.2). A new 

conductance matrix will be created with each simulation time step 𝛿𝑡 (see Section 5.2.2), 

considering the bus's changing locations in the road network and therefor in the traction network 

(see Section 5.1). 

Figure 4-1 also shows that the ENM has the photovoltaic (PV) system, the electric vehicle 

charging station (EVCS), and the battery storage power station (BSPS) models. These are the new 

innovative features which are intended to be integrated into the conventional trolleybus system 

(see Sections 1.1 and 2.4). The link between the AC network and the traction network is via the 

traction substations, whose model is presented in Section 4.1.4. The total power of the operational 

buses as their corresponding locations are determined (see Section 4.3.1) using the bus model 

presented in Section 3.4 and subsequently reformatted (see Section 5.1) to be used in the traction 

network steady-state calculation (see Chapter 5).  

4.1 Modelling the Traction network 

As shown in Figure 4-1, the traction network, which is part of the electric network block model, 

consist of two block models, i.e., the traction nodes and the traction branches. Later (see Section 

5.2.2), the conductance matrix of the traction network is computed using these two models. 

4.1.1 Traction network Topology 

The overhead contact wires (OHCWs) are distributed over the road network, with the exception 

of some areas where no OHCWs are available to provide the required traction power, compelling 

the bus to use an auxiliary power source – auxiliary combustion engine or on-board battery – to 

power the electric motor, allowing it to travel autonomously. The traction network symbolises 

the trolleybus system's OHCWs, feeder cables, power sources, and loads as the equipment used 

to connect the various sections of the system together (see Figure 2-3). In comparison to traffic 

nodes, traction nodes have a much lower node count (see Section 6.1.1). When modelling the 

traction network, the primary consideration is to limit the number of nodes in the traction node 

model as much as possible. This is accomplished by modelling the traction network separately 

rather than a compact model that includes traffic and traction nodes in one model. Consequently, 

the conductance matrix (see Section 5.2.2) will be compact, which reduces the computational 

efforts. The traction network is modelled as a directional graph 𝐺 = (𝑉, 𝐸). Wherein, the nodes 

𝑖 ∈ 𝑉 represent the traction nodes of the traction network, so the edges (branches) (𝑖, 𝑗) ∈ 𝐸

indicate that two nodes 𝑖 and 𝑗 are connected by branch (𝑖, 𝑗) forming the traction branches, with 

(𝑖, 𝑗) ≠ (𝑗, 𝑖). The traction network has 𝑛et traction nodes and 𝑚et traction branches “pairs of 

traction nodes” [125]. 
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4.1.2 Traction nodes 

The traction nodes represent incident points in the traction network. Source and load connections, 

disconnectors, change in line characteristics, junctions, and terminals are considered as traction 

nodes. Even though trolleybuses (TBs) and battery-trolleybuses (BTBs) can be symbolised as 

loads (see Section4.3.1 4.1.6), they are not represented as traction nodes in the basic traction 

network – due to their dynamic nature – and are added to the basic traction network after their 

locations are calculated as described in sections 4.3.1 and 5.1. Thus, the basic traction network 

topology can be represented as shown in Figure 4-2 (A), in which the traction branches are 

considered as two lines (for the positive and negative wires) and the traction nodes outline the 

incident points in the traction network (see Figure 4-2 (B)). Like traffic nodes, each traction node 

has its individual attributes. The traction node attributes consist of information regarding their 

position and type. The node position helps to track the traction nodes based on the zone or feeding 

section consisting of them; further, geographic coordinates project their locations into the real-

world and vice versa.  

The attributes set of the traction nodes 𝑇𝐸𝑁a is defined as shown in Equation 4.1:  

𝑇𝐸𝑁a,𝑖 = {𝑇𝐸𝑁a1,𝑖, 𝑇𝐸𝑁a2,𝑖, 𝑇𝐸𝑁a3,𝑖, … 𝑇𝐸𝑁a𝑘,𝑖} (4.1)

where 𝑘 indicates the number of attributes consisted with the traction node, 𝑖 is the traffic nodes 

index and 𝑖 ∈ 𝐼. The indexing set 𝐼 is recognized as 𝐼 = {𝑖 ∈ ℕ1|𝑖 ≤ 𝑛et}.  

Each element of 𝑇𝐸𝑁a,𝑖 represents a traction node attribute, the set elements are defined as 

follows: 

Node-Id 

For each traction node, a unique number is assigned. The node-Id set can be denoting as  

𝑇𝐸𝑁a1 =  {𝑡𝑒𝑛a1| ℕ1} with |𝑇𝐸𝑁a1| = 𝑛et. Let 𝑡𝑒𝑛a1,𝑖 ∈ 𝑇𝐸𝑁a1,𝑖 (𝑖 ∈ 𝐼) and 𝑡𝑒𝑛a1,𝑗 ∈ 𝑇𝐸𝑁a1,𝑗

(𝑗 ∈ 𝐼), if 𝑖 ≠ 𝑗 and 𝑇𝐸𝑁a1 = ⋃ 𝑇𝐸𝑁a1,𝑖
𝑛et
𝑖 . then 𝑇𝐸𝑁a1,𝑖 ∩ 𝑇𝐸𝑁a1,𝑗 =  ∅. 

Node Type 

Each traction node has unique characteristics. Essentially, traction nodes can be classified as 

either active or passive. The active traction nodes indicate points in the traction network where 

power exchanges occur, i.e., power is provided from the active traction nodes into the traction 

network and vice versa. Traction substations, PVs, EVCSs, and BSPSs are all examples of active 

nodes. Afterwards, TBs and BTBs are incorporated in the basic traction network (see 

Sections 4.3.1 and 5.1), in which they are also considered as active nodes.  
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Figure 4-2: Trolleybus traction network structure.  
A: Basic traction network topology. 
B: Traction node types. 

The passive traction nodes are points with no power exchanges; nevertheless, these nodes are 

essential to model the traction network topology. Any other points with no power exchanges are 

considered as passive nodes. In this simulation model the following traction node types are 

considered for the traction network: traction substation, PV, EVCS, BSPS, feed connection, cross-

coupling, switch, crossing, disconnector, and spare node (see Figure 4-2 (B)). Technically, the 
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type spare node does not represent a physical element in the traction network. Indeed, providing 

spare nodes at some points in the traction network helps to eliminate redundant notation for 

traction branches. Moreover, traffic node locations, such as bus stops, that are essential to be 

included in the traction network, could also be represented as spare nodes (see Figure 4-2).  

If each traction node type is represented with a unique number and 𝑛type,et is the number of all 

traction node types, then a type description set 𝑇𝐸𝑁type can be defined as follows: 

𝑇𝐸𝑁type = {(𝑡𝑒𝑛D, 𝑡𝑒𝑛T)𝑖|1 ≤ 𝑖 ≤ 𝑛type,et} (4.2)

Each element in 𝑇𝐸𝑁type is a pair consist of an identification number 𝑡𝑒𝑛D and a corresponding 

name for the traction node type 𝑡𝑒𝑛T. The traction node type set can be defined as 𝑇𝐸𝑁type,D =

{𝑡𝑒𝑛D ∈ ℕ1|1 ≤ 𝑡𝑒𝑛D ≤ 𝑛type,et}; Accordingly, the node type attribute set for the traction nodes 

is modelled as 𝑇𝐸𝑁a2 =  {𝑇𝐸𝑁a2,1, 𝑇𝐸𝑁a2,2, 𝑇𝐸𝑁a2,3, … 𝑇𝐸𝑁a2,n}, where 𝑛 = 𝑛et and 

∀𝑖: 𝑇𝐸𝑁a2,𝑖 ⊂ 𝑇𝐸𝑁type,D. 

Zone 

Based on the disconnector state – closed or opened – the traction network could be divided into 

several zones. As shown in Figure 4-2 (A), two zones (encircled by the red dash line) are given 

for the shown traction network since disconnector {34} is opened. A number of traction nodes 

are associated with each zone (see Section 5.2.2). The zone attribute set can be defined as 

𝑇𝐸𝑁a3 =  {𝑇𝐸𝑁a3,1, 𝑇𝐸𝑁a3,2, 𝑇𝐸𝑁a3,3, … 𝑇𝐸𝑁a3,𝑛}, where 𝑛 = 𝑛et, 𝑖 ∈ {1,2,3, … , 𝑛et} and 

∀𝑖: (0 ≤ 𝑇𝐸𝑁a3,𝑖 ≤ 𝑛z). The number of zones 𝑛z is computed based on the disconnector settings. 

Zone attributes of traction nodes with opened disconnectors are defined as 𝑇𝐸𝑁a3,𝑖 = 0, since 

they are not represented in either of the zones where they are located in between. 

The number of traction nodes correspond to a zone is denoted as 𝑛et,𝑧, where z ∈ {1, … , 𝑛z}. If 

there are any opened disconnector in the traction network, i.e., ∃𝑖: (𝑇𝐸𝑁a3,𝑖 = 0), the sum of the 

zone nodes 𝑛et,z is less than the total traction nodes number 𝑛et, i.e., ∑ 𝑛et,𝑧 < 𝑛et
𝑍n
𝑧=1 . 

Section 

As shown in Figure 4-2, a feeding section represents the traction network parts that are located 

between section separators or between a section separator and a line end. Section separators exist 

whenever two feed connections exist (see Figure 2-4). In Figure 4-2 (A) the section separators are 

the space between the close-up feed connections, i.e., {2} and {3} as well as {31} and {32}. Four 

sections (encircled by the black dash line) are given in Figure 4-2 (A). It is noteworthy that an 

opened disconnector divides the section. The section attributes of the traction nodes are defined 

as 𝑇𝐸𝑁a4 =  {𝑇𝐸𝑁a4,1, 𝑇𝐸𝑁a4,2, 𝑇𝐸𝑁a4,3, … 𝑇𝐸𝑁a4,𝑛}, where 𝑛 = 𝑛et. If 𝑆n is the number of 

sections in the traction network, and 𝑖 = {1,2,3, … , 𝑛et}, then ∀𝑖: (0 ≤ 𝑇𝐸𝑁a4,𝑖 ≤ 𝑆n).  

Traction substations can be connected to several sections (see Figure 4-2), making them share all 

the sections to which they are connected. Thus, section attributes for traction nodes of type 
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traction substations will be identified with zero, i.e., when 𝑇𝐸𝑁a2,𝑖 ={traction substation}, then 

𝑇𝐸𝑁a4,𝑖 = 0. 

X-Coordinate 

The x-coordinate is a geographic reference that defines the longitude – in decimal degrees – of a 

traction node. The x-coordinate is measured in decimal degrees. The x-coordinate attribute is 

defined as 𝑇𝐸𝑁a5 = {𝑥|𝑥 ∈ ℝ}, where the set cardinality is |𝑇𝐸𝑁a5| = 𝑛et. 

Y-Coordinate 

The y-coordinate is a geographic reference that defines the latitude – in decimal degrees – of a 

traction node. The y-coordinate is measured in decimal degrees. The y-coordinate attribute is 

defined as 𝑇𝐸𝑁a6 = {𝑦|𝑦 ∈ ℝ}, where the set cardinality is |𝑇𝐸𝑁a6| = 𝑛et. 

4.1.3 Traction branches 

Each pair of traction nodes forms an edge denoted as traction branch. The traction network model 

considers the traction branches to be directional, although electric edges are known to be 

bidirectional. A directional traction branch implies that swapping the Id of the terminal traction 

nodes (from- and to-node) will refer to a different traction branch. As shown in Figure 4-2, 

traction branch (33,31) is not the same as traction branch (31,33), i.e., 𝑡𝑒𝑏33,31 ≢ 𝑡𝑒𝑏31,33. Each 

traction branch is associated with several attributes. 

𝑇𝐸𝐵a,𝑖 is the attributes set of traction branch 𝑖 which can be defined as follows: 

𝑇𝐸𝐵a,𝑖 = {𝑇𝐸𝐵a1,𝑖, 𝑇𝐸𝐵a2,𝑖, 𝑇𝐸𝐵a3,𝑖, … 𝑇𝐸𝐵a𝑘,𝑖} (4.3)

where 𝑘 indicates the number of attributes consisted with the traction branch, 𝑖 is the traffic nodes 

index and 𝑖 ∈ 𝐼. The indexing set 𝐼 is recognized as 𝐼 = {𝑖 ∈ ℕ1|𝑖 ≤ 𝑚et}.  

Each element of 𝑇𝐸𝐵a,𝑖 represents an attribute associated with traction branch 𝑖, the elements of 

𝑇𝐸𝐵a,𝑖 are defined as follows: 

From-Node 

A traction branch represents a segment of the traction network, and it is denoted by two traction 

nodes. The first traction node is represented by the from-node. If 𝑇𝐸𝑁a1 is the set of traction node 

Ids, then 𝑇𝐸𝐵a1 = {𝑇𝐸𝐵a1,1, 𝑇𝐸𝐵a1,2, 𝑇𝐸𝐵a1,3, … 𝑇𝐸𝐵a1,𝑚} is the traction branch from-node set 

with 𝑚 = 𝑚𝑒𝑡. If 𝑖 = {1,2, … , 𝑚𝑒𝑡}, then ∀𝑖: 𝑇𝐸𝐵a1,𝑖 ⊂ 𝑇𝐸𝑁a1. 

To-Node 

The second traction node that denotes the traction branch is the to-node. If 𝑇𝐸𝑁a1 is the set of 

traction node Ids, then the traction branch to-node set is 𝑇𝐸𝐵a2 = {𝑇𝐸𝐵a2,1, 𝑇𝐸𝐵a2,2, 𝑇𝐸𝐵a2,3,

… 𝑇𝐸𝐵a2,𝑚}, where 𝑚 = 𝑚𝑒𝑡. If 𝑖 = {1,2, … , 𝑚𝑒𝑡}, then ∀𝑖: 𝑇𝐸𝐵a2,𝑖 ⊂ 𝑇𝐸𝑁a1. 
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Length 

This attribute represents the distance between the traction branch ends (from- and to-node) which 

are distributed over the path of the traffic roads. The traction branch length is calculated based on 

the segment shapes, e.g., as in Figure 4-2 traction branch (01,05), (06,07), (04,02), and (41,42). 

The length attribute is measured in meters (m) and defined as 𝑇𝐸𝐵a3 =

{𝑇𝐸𝐵a3,1, 𝑇𝐸𝐵a3,2, 𝑇𝐸𝐵a3,3, … 𝑇𝐸𝐵a3,𝑚}, where 𝑚 = 𝑚𝑒𝑡 and ∀𝑖: 𝑇𝐸𝐵a3,𝑖 ⊂ ℝ>0 with 𝑖 =

{1,2, … , 𝑚𝑒𝑡}. 

Resistance 

The electrical resistance per unit length 𝑅′ of the overhead contact wires and the feeder cables are 

defined in this attribute. The resistance of the traction branch is identified based on the overhead 

contact wire or the feeder cable conductor type. Measured in (Ω/km), the set of the traction branch 

resistances per unit length 𝑅′ is defined as 𝑇𝐸𝐵a4 = {𝑇𝐸𝐵a4,1, 𝑇𝐸𝐵a4,2, 𝑇𝐸𝐵a4,3, … 𝑇𝐸𝐵a4,𝑚}, 

where 𝑚 = 𝑚𝑒𝑡 and ∀𝑖: 𝑇𝐸𝐵a4,𝑖 ⊂ ℝ>0 with 𝑖 = {1,2, … , 𝑚𝑒𝑡}. 

Ampacity 

This feature represents the maximum continuous current, measured in amperes (A), that an 

overhead contact wire or a feeder cable can carry under normal operating conditions without 

exceeding its temperature rating. The ampacity values of the overhead contact wires and the 

feeder cables are assigned to their corresponding traction branches. The attribute set of the traction 

branch ampacities is defined as 𝑇𝐸𝐵a5 = {𝑇𝐸𝐵a5,1, 𝑇𝐸𝐵a5,2, 𝑇𝐸𝐵a5,3, … 𝑇𝐸𝐵a5,𝑚}, where 𝑚 =

𝑚𝑒𝑡 and ∀𝑖: 𝑇𝐸𝐵a5,𝑖 ⊂ ℕ1 with 𝑖 = {1,2, … , 𝑚𝑒𝑡}.  

Zone 

As previously mentioned in the zones attribute of the traction nodes, the traction network is 

divided into zones based on the disconnector state, i.e., closed or opened. The zone of a traction 

branch is established depending on the zone of its from- and to-node. The zone attribute of the 

traction branches is defined as 𝑇𝐸𝐵a6 = {𝑇𝐸𝐵a6,1, 𝑇𝐸𝐵a6,2, 𝑇𝐸𝐵a6,3, … 𝑇𝐸𝐵a6,𝑚}, where 𝑚 =

𝑚𝑒𝑡.  

If 𝑖 = {1,2, … , 𝑚𝑒𝑡}, then 𝑇𝐸𝐵a1,𝑖 and 𝑇𝐸𝐵a2,𝑖 are the from- and to-node of traction branch 𝑖, 

respectively. Based on Equation 4.1, let 𝑇𝐸𝑁z,1 and 𝑇𝐸𝑁z,2 represents the zones of 𝑇𝐸𝐵a1,𝑖 and 

𝑇𝐸𝐵a2,𝑖, respectively, where 𝑇𝐸𝑁z,1 ∧ 𝑇𝐸𝑁z,2 ∈ 𝑇𝐸𝑁a3, then ∃𝑖: 𝑇𝐸𝐵a6,𝑖 = 𝑇𝐸𝑁z,1 ⟺

𝑇𝐸𝑁z,1 = 𝑇𝐸𝑁z,2, otherwise, ∃𝑖: 𝑇𝐸𝐵a6,𝑖 = 0. 

If 𝑛z is the number of zones in the traction network, then the number of traction branches 

correspond to a zone is denoted as 𝑚et,𝑧, where z ∈ {1, … , 𝑛z}. 

Section 

Traction network can be divided into several sections depending on the number of traction 

substations and the associated section separators as well as disconnector state. Thus, several 
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groups of traction branches are identified with a specific section number. The section attribute set 

of the traction branches is defined as 𝑇𝐸𝐵a7 = {𝑇𝐸𝐵a7,1, 𝑇𝐸𝐵a7,2, 𝑇𝐸𝐵a7,3, … 𝑇𝐸𝐵a7,𝑚}, where 

𝑚 = 𝑚𝑒𝑡.  

If 𝑖 = {1,2, … , 𝑚𝑒𝑡}, then 𝑇𝐸𝐵a1,𝑖 and 𝑇𝐸𝐵a2,𝑖 are the from- and to-node of traction branch 𝑖, 

respectively. Based on Equation 4.1, let 𝑇𝐸𝑁s,1 and 𝑇𝐸𝑁s,2 represent the sections of 𝑇𝐸𝐵a1,𝑖 and 

𝑇𝐸𝐵a2,𝑖, respectively, where 𝑇𝐸𝑁z,1 ∧ 𝑇𝐸𝑁z,2 ∈ 𝑇𝐸𝑁a3, then ∀𝑖: 𝑇𝐸𝐵a7,𝑖 = {𝑇𝐸𝑁s,1 ∪ 𝑇𝐸𝑁s,2}\

{0}. 

4.1.4 Traction Substation 

The traction substations are the primary energy sources of the traction network (see Figure 2-4 

and Figure 2-5). They are divided into two essential parts: the traction transformer, which steps 

down the voltage level from medium voltage to low voltage, and the traction power rectifier, 

which converts the down stepped AC voltage into DC. The conventional traction substation is 

known to be unidirectional. Therefore, the traction network is a passive network with just one 

direction of power flow, namely from the MVAC network to the LVDC network.  

Trolleybus systems might benefit from a promising concept: bidirectional traction substation with 

active front-end converter [87, 88], which will allow any surplus power produced by other energy 

sources (see Section 4.1.5) to be transferred into the upper stream AC network (MVAC). The 

traction substation model 𝑇𝑃𝑆𝑖 can be defined as follows: 

𝑇𝑃𝑆𝑖 = {𝑡𝑝𝑠1,𝑖, 𝑡𝑝𝑠2,𝑖, 𝑡𝑝𝑠3,𝑖 , … 𝑡𝑝𝑠5,𝑖}, 𝑖 = {1,2,3, … , 𝑛tps} (4.4)

where 𝑖 is the index of the traction substation, 𝑛tps is the total number of traction substation, and 

𝑡𝑝𝑠1,𝑖 to 𝑡𝑝𝑠5,𝑖 are the traction node Id (𝑡𝑝𝑠1,𝑖 ∈ 𝑇𝐸𝑁a1), AC node Id (𝑡𝑝𝑠2,𝑖 ∈ 𝐸𝑁a1) – will be 

defined in Section 4.2, rectifier type (unidirectional = 0 or bidirectional = 1), count of the 

connected traction transformers, and capacity (in kVA) of traction substation 𝑖, respectively.  

As illustrated in the electric network block diagram (see Figure 4-1), both the traction network 

and AC network models share the existences of traction substations in their model; consequently, 

two node Ids are assigned to each traction substation depending on the numbering scheme 

employed by each model. It is essential to know both node Ids of the traction substation in order 

to execute the DC-AC power flow (see Section 5.3). As each network – traction network an AC 

network – are modelled to be calculated with a separate power flow method (see Sections 5.2.3 

and 5.3.1) and in order to simplify the connection between the AC network and the traction 

network, in this work, the total internal resistance of the traction substation is neglected. 



MODELLING THE AC/DC-NETWORK 71 

4.1.5 Other Energy Sources 

Traction substations are the primary energy suppliers of the traction network. Yet, TBs and BTBs 

in braking mode are considered energy sources too, since the regenerative power can be used by 

the same bus to supply its auxiliary units and the surplus power could be used by nearby buses if 

the voltage limit 𝑈max1 is not exceeded. Furthermore, additional components which are intended 

to be included in the traction network, e.g., PVs and BSPSs, can be considered as additional 

energy sources (see Sections 4.3.2 and 4.3.4). As the TBs, BTBs, and BSPSs function both as 

energy sources and loads. By discharging its power, BSPS work as an energy source that intended 

to support the traction network by suppressing the traction network voltage from falling below 

the low voltage level.  

4.1.6 Loads 

The basic loads in the traction network are TBs and the BTBs – in braking mode they supposedly 

act as energy sources (see Section 4.3.1). In case electric vehicle charging stations EVCSs are 

included in the traction network they are considered as loads as well (see Section 4.3.3). The last 

possible load could be represented by the presence of BSPSs in the traction network. Each of the 

pre-mentioned loads has its unique characteristic and behaviour. For instance, TBs and BTBs 

frequently change their location within the traction network while concurrently loading the 

traction network precisely when switching between acceleration and bricking regimes; likewise, 

charging the on-board battery of BTBs may increase the load on the traction network and result 

in a significant voltage drop or overload. Thus, the anticipation of TB and BTB loadings on the 

traction network is a crucial process requiring extensive temporal and spatial information; 

moreover, the randomness of bus driver behaviours, passengers boarding and alighting, and traffic 

jams increase the errors when forecasting buses movement and power consumption over an 

extended timeframe. [85] deals with the anticipated forecast errors by projecting bus locations in 

real world into the simulation and predicts their movement and power consumption in a short 

timeframe. Once the simulation of the bus movements is completed, a new forecast is initiated 

after capturing the actual locations of the buses from the real world and simulating their 

movements again. A forecast stock is established as a result of this approach, which will prevent 

any accumulative errors from developing. 

EVCS has more predictable load behaviour when comperes to TB and BTB. During the time 

when an EVCS is utilized, its position in the traction network as well as the power it provides for 

the plugged-in electric vehicles are fixed. The charging power may shift somewhat over time, 

depending on the electric vehicle type and charge duration, although not as much as in the TB 

and BTB. 

The last type of load in the traction network is the BSPS. As mentioned in the last section, BSPS 

can be considered as energy source when discharging. Nevertheless, when the batteries of the 

BSPS are being charged the BSPS is represented as a load. Unlike the other mentioned loads, 
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BSPS is a light-load as it charges when there is a light-load or no-load in the section where it is 

connected. Similarly, BSPS charges when the buses regenerate power or a PV system is feeding 

into the BSPS traction network section. 

4.2 Modelling the AC-Network 

The second segment of the electric network is the AC network, which supplies the traction 

network with power. The AC network is considered to operate at a medium voltage (MV) level. 

Figure 4-1 shows the block diagram model of the AC network; accordingly, the AC network is 

modelled based on its topology, represented by the AC nodes and AC branches, and the power 

profiles of the sources and loads at the MV level. The traction substations represent the connection 

points between the AC- and traction network. As shown in Figure 4-3, the traction network can 

be supplied by several traction substations which are distributed over different MV feeders.  

The modelling of the AC network is based on the simulation model that was developed and used 

by [126, 127]. A solid data base of feeders' components, supplies, and demands are required to 

model a realistic AC network. In addition to data on all AC network feeders (see Figure 4-3), 

substantial data on all local AC network terminals such as linked low-voltage networks and their 

customers' data, spot loads, distributed generation, and photovoltaic systems are necessary for the 

initial stage of the AC network modelling. Switching and circuit breaker state are also included. 

The AC network model is determined in two parts after combining and processing all AC network 

information. More details on the input data and the process of the modelling of a medium voltage 

network can be found in [126, 127]. 

The first part of the AC network model consists of the static network parameters which represents 

the network topology in the form of AC nodes and AC branches. Equations 4.5 and 4.6 define the 

attribute sets of the AC nodes (𝐸𝑁a,𝑖) and AC branches (𝐸𝐵a,𝑗), respectively. 

𝐸𝑁a,𝑖 = {𝐸𝑁a1,𝑖, 𝐸𝑁a2,𝑖, 𝐸𝑁a3,𝑖}, 𝑖 = {1,2,3, … , 𝑛en} (4.5)

where 𝑖 is the index of an AC node, 𝑛en the total number of AC nodes, and 𝐸𝑁a1,𝑖 to 𝐸𝑁a3,𝑖 are 

the node Id, node type, and zone attribute, respectively. And 

𝐸𝐵a,𝑗 = {𝐸𝐵a1,𝑗 , 𝐸𝐵a2,𝑗, … 𝐸𝐵a9,𝑗}, 𝑗 = {1,2,3, … , 𝑚eb} (4.6)

where 𝑗 is the index of an AC branch, 𝑛eb the total number of AC branches, and 𝐸𝐵a1,𝑗 to 𝐸𝐵a9,𝑗

are the from-node (𝐸𝐵a1,𝑗 ∈ 𝐸𝑁a1), to-node (𝐸𝐵a2,𝑗 ∈ 𝐸𝑁a1), length, resistance, reactance, 

conductance capacitance, ampacity, and zone attribute, respectively 
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Figure 4-3: Medium voltage AC network structure. 

The second part represents the dynamic parameters of the AC network. In this stage, it is necessary 

to provide the production and consumption power to model the AC network accurately. The 

attribute set of the AC network terminals 𝐸𝐹a,𝑘 is defined as follows: 

𝐸𝐹a,𝑘 = {𝐸𝐹a1,𝑘, 𝐸𝐹a2,𝑘 , 𝐸𝐹a3,𝑘, 𝐸𝐹a4,𝑘}, 𝑘 = {1,2,3, … , 𝑛ef} (4.7)

where 𝑘 is the index of an AC network terminal, 𝑛ef the total number of terminals, and 𝐸𝐹a1,𝑘 to 

𝐸𝐵a4,𝑘 are the AC node Id (𝐸𝐹a1,𝑘 ∈ 𝐸𝑁a1), terminal type (HV/MV transformer, distributed 
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generation, PV system, spot load, MV/LV transformer, or traction substation), rated power, and 

utilization attribute, respectively.  

Based on Equation 4.7, power profiles are developed for distributed generations and photovoltaic 

systems. Furthermore, consumer power profiles are developed for spot loads connected at the 

MV level and distributed loads linked in the low-voltage network. Realistic power profiles are 

simulated for every active AC node (terminal) in the AC network model, except the traction 

substation where the power is determined from the traction network (see Sections 5.2 and 5.3). 

The set of power profiles 𝑃ac of the active AC nodes are defined as: 

𝑃ac,𝑟 = (𝑝ac,𝑟(𝑡1), 𝑝ac,𝑟(𝑡2), 𝑝ac,𝑟(𝑡3), … 𝑝ac,𝑟(𝑡𝑛)) , 𝑛 = 𝑛ss (4.8)

with 

𝑟 = {𝑟1, 𝑟2, 𝑟3, … 𝑟𝑛}, 𝑛 = 𝑛𝑎 (4.9)

where the simulation is set to start at 𝑡1 and end at 𝑡𝑛 with a time step 𝛿𝑡. The index 𝑟 is 

represented by the active AC node Ids, i.e., 𝑟 ⊂ 𝐸𝐹a1. The total number of active AC nodes is 

identified as 𝑛𝑎. 

4.3 Modelling the Traction Sources and Loads Power Profiles 

4.3.1 Trolleybus and Battery-Trolleybus 

The TB and BTB total consumption powers and locations are calculated respectively with each 

time step 𝛿𝑡 using the bus model (BM) and the bus daily travelling routes model (BDTRM) 

defined in Equation 3.42 and 3.11, respectively. With each time step 𝛿𝑡 buses move using the 

information in the daily travelling route (see Equation 3.11), and the concepts described in 

Section 3.4.2. The actual travelling route segment (see Equation 3.41) is denoted in 𝐵𝑀𝑘 as 𝐵trs,𝑗

(see Equation 3.42). 𝐵trs,𝑗 describes the traffic branch in which the location of bus 𝑘 in the road 

network at time 𝑡 is identified. To calculate the movement and power consumption of bus 𝑘, the 

specification model 𝐵sp,𝑖 (see Equations 3.42 and 3.43) of bus 𝑘 and the actual travelling route 

segment 𝐵trs,𝑗 are required. The static data of bus 𝑘 are defined by 𝐵sp,𝑖, while the dynamic data 

of the road network and bus 𝑘 are defined by 𝐵trs,𝑗, e.g., road slope angle 𝜃 = 𝑏𝑡𝑟4,𝑗, road speed 

limit 𝑏𝑡𝑟5,𝑗, and passenger crowding 𝑛p =  𝑏𝑡𝑟8,𝑗. Moreover, the actual travelling route segment 

𝐵trs,𝑗 contains information about the actual travelling route segment length 𝑏𝑡𝑟2,𝑗 (traffic branch 

length), stopping distance 𝑏𝑡𝑟9,𝑗, dwelling time 𝑏𝑡𝑟7,𝑗, traction branch (from-node and to-node) 

𝑏𝑡𝑟10,𝑗 and 𝑏𝑡𝑟11,𝑗, respectively, and traction branch length 𝑏𝑡𝑟12,𝑗. 

At the beginning of the simulation (𝑡 = 𝑡𝑠𝑠), the actual travelling route segment 𝐵trs,𝑗 is 

corresponded to the second column of daily travelling route matrix 𝑩TR, i.e., 𝑗 = 2. When the 

simulation time 𝑡′, where 𝑡′ = 𝑡 + 𝛿𝑡, reaches the departure time of bus 𝑘, i.e., 𝑡′ ≥ 𝑏𝑡𝑟3,𝑗, the 

motion regime 𝑀B (see Equation 3.51) will be changed to acceleration regime (𝑀B = 1). The 
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motion regime value is saved in bus state set 𝐵state (see Equation 3.84), where 𝑏s,1 = 𝑀B. The 

total mass 𝑀 of bus 𝑘 is calculated as follows: 

𝑀 = 𝑚min + ((𝑛p + 1) ⋅ 𝑎𝑤p) (4.10)

where 𝑚min ∶= 𝑏sp2,𝑖 is the mass of bus 𝑘 without passengers, (𝑛p + 1) is the number of 

passengers – plus one for the bus driver – in bus 𝑘, and 𝑎𝑤p is the average passenger weight. A 

weight between 65 kg and 75 kg is advised to be considered as the average passenger weight 

[128] or it is possible to use the bus specifications model 𝐵sp,𝑖 to calculate the average passenger 

weight by dividing the substation of the bus minimum mass 𝑚min ∶= 𝑏sp2,𝑖 from the bus 

maximum mass 𝑚max ∶= 𝑏sp3,𝑖 by bus maximum passenger capacity 𝑝𝑛max ∶= 𝑏sp9,𝑖 (as 

specified by the manufacturer) plus the driver, as follows: 

𝑎𝑤p =
(𝑏sp3,𝑖 − 𝑏sp2,𝑖)

(𝑏sp9,𝑖 + 1)
(4.11)

After calculating the new speed 𝑣(𝑡′) and the change in distance 𝛿𝑑(𝑡′) for bus 𝑘, its electrical 

traction power 𝑃TB(𝑡′) is calculated (see Section 3.4.2). The auxiliary powers (𝑃HVAC(𝑡′) and 

𝑃baux(𝑡′)) for bus 𝑘, i.e., HVAC, and the basic auxiliary power, are calculated as shown in 

Equations 3.62-3.78. If bus 𝑘 variety is battery-trolleybus (𝑏sp1,𝑖 = True), then bus 𝑘 battery 

power 𝑃bat(𝑡′) and battery state of charge 𝑆𝑂𝐶(𝑡′) are calculated using Equations 3.80-3.83. The 

three travelled distances 𝑑(𝑡′), 𝑑′(𝑡′), and 𝑑′′(𝑡′) (see Equation 3.54-3.56) are also updated. All 

previously mentioned variables, including motion regime, are stored in bus 𝑘 state set 𝐵state (see 

Equation 3.84 and Table 3-2). Based on the bus state set 𝐵state of the operational buses, a bus 

profile matrix 𝑩profile is computed for each time step 𝛿𝑡. 

With each 𝛿𝑡, a new 𝐵state for bus 𝑘 is computed. The motion regime 𝑀B changes as shown in 

Section 3.4.3 until bus 𝑘 reaches the next stopping traffic node. Several travelling route segments 

𝐵trs,𝑗 are changed as bus 𝑘 travels between two consecutive bus stops. If 𝐵trs,𝑗 defines the values 

of column 𝑗 in the daily travelling route matrix 𝑩TR, then the new actual travelling route segment 

𝐵trs,𝑗 will define the values of column (𝑗 + 1) in 𝑩TR. When the travelled distance between two 

consecutive traffic nodes 𝑑 equals or surpasses the length of the traffic branch represented by the 

actual travelling route segment, the change of 𝐵trs,𝑗 is implemented. The previously specified 

condition is defined as follows: 

𝑑(𝑡′) ≥ 𝑏𝑡𝑟2,𝑗 (4.12)

The value of 𝑑(𝑡) is adjusted as follows: 

𝑑(𝑡) = 𝑑(𝑡 − 𝛿𝑡) − 𝑏𝑡𝑟2,𝑗 (4.13)

The value of 𝑑′(𝑡) is adjusted to zero (𝑑′(𝑡) = 0) when bus 𝑘 stops (𝑣(𝑡) = 0) and  

(𝑑′(𝑡 − 𝛿𝑡) = 𝑏𝑡𝑟9,𝑗). Based on the dwelling time 𝑏𝑡𝑟7,𝑗, the position of bus 𝑘 will remain 

unchanged, and thus no change in 𝑣(𝑡′) and 𝛿𝑑(𝑡′) are given. During the dwelling time  
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𝑃TB(𝑡′) = 0 but 𝑃HVAC(𝑡′), 𝑃baux(𝑡′), 𝑃bat(𝑡′), and 𝑆𝑂𝐶(𝑡′) are computed as described in 

Section 3.4.2. The value of 𝑏𝑡𝑟7,𝑗 will be decreased by 𝛿𝑡, with each new time step, until it reaches 

or decreases below zero. When 𝑏𝑡𝑟7,𝑗 ≤ 0, the actual travelling route segment is switched with 

the new segment as described above. The motion regime 𝑀B will be changed to acceleration mode 

(𝑀B = 1), and bus 𝑘 will resume the moving operation until it reaches the next stopping traffic 

node. Moving/stopping sequence will continue until the conclusion of bus 𝑘 time schedule, i.e., 

the time at which bus 𝑘 is scheduled to arrive at its depot (𝑡′ >  𝑏𝑡𝑟7,𝑗 and 𝑗 = 𝑚r), or the 

simulation time 𝑡 has reach its end (𝑡 = 𝑡𝑠𝑒). 

The third travel distance 𝑑′′(𝑡′) denotes the distance travelled by bus 𝑘 from the from-node 

𝑏𝑡𝑟10,𝑗 of the traction branch. When 𝑑′′(𝑡′) reaches or exceeds the length of the traction branch, 

which is defined in the actual travelling route segment 𝐵trs,𝑗, as shown below: 

𝑑′′(𝑡′) ≥ 𝑏𝑡𝑟12,𝑗 (4.14)

the value of 𝑑′′(𝑡) is adjusted as follows: 

𝑑′′(𝑡) = 𝑑′′(𝑡 − 𝛿𝑡) − 𝑏𝑡𝑟12,𝑗 (4.15)

The maximum speed of bus 𝑘 is regulated by three factors, the first two factors are represented 

by the bus specification maximum speed 𝑏𝑠𝑝8,𝑖 and the street speed limit defined in the actual 

travelling route segment 𝐵trs,𝑗, i.e., 𝑏𝑡𝑟5,𝑗. The third regulation factor is based on the limitations 

of the electric propulsion system. To prevent voltage drops from damaging the propulsion motor 

as recommended by IEC 62313:2009-04 [56], the overcurrent protection system reduces the 

propulsion motor's maximum power 𝑃M,max (see Equation 2.30) to match the traction voltage 

level (see Section 5.2.5). The limitation of the electric propulsion system will restrict the bus 

speed; thus, 𝑏𝑣,max is bus 𝑘 maximum permitted speed correspond to 𝑃M,max.  

Equation 4.16 is used to determine the maximum speed limit 𝑣max(𝑡′) for bus 𝑘. 

𝑣max(𝑡′) = min(𝑏𝑠𝑝8,𝑖, 𝑏𝑡𝑟5,𝑗 , 𝑏𝑣,max) (4.16)

The buses that are currently operational are defined by their daily schedules. As shown in 

Equation 3.42, 𝑘 is the index of trolleybuses and battery-trolleybuses operating in the trolleybus 

system, where 𝑘 ∈ {1,2,3, … , 𝑛bus}, and 𝑛bus is the total number of the operating buses in the 

trolleybus system. Based on the index 𝑘, a set of departure time (from bus depot) for each bus can 

be defined as follows: 

𝐵dt = (𝑡db,1, 𝑡db,2, 𝑡db,3, … , 𝑡db,𝑛), 𝑛 = 𝑛bus (4.17)

and a set of arrival time (at bus depot) for each bus can be defined as follows: 

𝐵at = (𝑡ab,1, 𝑡ab,2, 𝑡ab,3, … , 𝑡ab,𝑛), 𝑛 = 𝑛bus (4.18)

𝑡db,𝑘 and 𝑡ab,𝑘 represent the departure and arrival times of bus 𝑘. Using Equations 4.17 and 4.18, 

the indices of the operational buses at 𝑡′ are computed as follows: 
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where 𝐾OB is the set of the operational bus indices (𝑘) at time 𝑡′

After determining the bus state 𝐵state for each operational bus, a bus profile matrix 𝑩profile is 

established (which is discussed in more detail in Section 5.1). The bus profile matrix 𝑩profile

include the indices of the operational buses and their corresponding information of the traction 

branch (from- and to-node), the total power, and the bus location to the traction branch. 

4.3.2 Photovoltaic System 

To simulate the power produced by a PV system, specific details as location, date, elevation, 

orientation, and installed capacity must be considered [129]. The PV specifications can be 

represented as following: 

𝑃𝑉sp,𝑖 = (𝑝𝑣sp1,𝑖, 𝑝𝑣sp2,𝑖, 𝑝𝑣sp3,𝑖, … , 𝑝𝑣sp5,𝑖), 1 ≤ 𝑖 ≤ 𝑛pv (4.20)

where 𝑝𝑣sp1,𝑖 is a number corresponding to the node-Id attribute of the traction nodes, 

i.e., 𝑝𝑣sp1,𝑖 ∈ 𝑇𝐸𝑁a1, the set elements from 𝑝𝑣sp2,𝑖 to 𝑝𝑣sp5,𝑖 are the installed power (in kW), the 

latitude (in decimal degrees), the altitude (in meters), and the azimuth (in degrees) of the PV 

system, respectively, and 𝑛pv is the number of PV systems connected to the traction network. 

Figure 4-4 shows an ideal PV power profile computed from the global radiation of the sun using 

the PV specifications (see Equation 4.20) and the simulation corresponding real world time 𝜏rw

(see Equation 2.11). The ideal power profile 𝑃PV,𝑖
′  for each PV system (1 ≤ 𝑖 ≤ 𝑛pv) can be 

represented as follows: 

𝑃PV,𝑖
′ = (𝑝pv1,𝑖

′ , 𝑝pv2,𝑖
′ , 𝑝pv3,𝑖

′ , … , 𝑝pv𝑛,𝑖
′ ), 𝑛 = 𝑛s (4.21)

where 𝑛s is the number of discrete samples in 𝜏s (see Equation 2.4), and 𝑝pv,1
′  to 𝑝pv,𝑛

′  are the 

ideal power produced by the PV system corresponded to each step along the total simulation time 

samples. 

By applying a probability function to pre-measured data including cloud coverage information, 

the ideal power profile of the PV system is converted to a real-world power profile. An actual PV 

system was used to record the cloud indicator data, and several days over each month were taken 

into consideration. The cloud indicator data set 𝑃𝑉cloud,𝑖 is defined as: 

𝑃𝑉cloud,𝑖 = (𝑝𝑣c1,𝑖, 𝑝𝑣c2,𝑖, 𝑝𝑣c2,𝑖, … 𝑝𝑣c𝑠,𝑖), 1 ≤ 𝑖 ≤ 𝑛cloud (4.22)

where 𝑛cloud is the number of the total recorded data sets (𝑛cloud ≥ 12), 𝑝𝑣c1,𝑖 and 𝑝𝑣c2,𝑖 are the 

date of the day and month of the recorded cloud indicator data, respectively, and 𝑝𝑣c2,𝑖 to 𝑝𝑣c𝑠,𝑖

are the cloud indicator data assigned a value with in the interval [0,1]. Where zero indicates a 

cloudless sky and one a completely cloudy sky. The indicator 𝑠 depends on the number of samples 

per day plus two (for 𝑝𝑣c1,𝑖 and 𝑝𝑣c2,𝑖), e.g., for a one-minute sampling (𝑠 =1442). As shown in 

Figure 4-4, a realistic power profile (associated with an ideal power profile) for a simulation 

𝐾OB = {𝑘|𝑡db,𝑘 ≤ 𝑡′ ≤ 𝑡ab,𝑘} (4.19)



78 MODELLING THE AC/DC-NETWORK

period of one day (𝑛s =86400 with 𝛿𝑡 =1 sec) is computed using Equation 4.21 and 4.22 and 

expressed as follows: 

where 𝑃PV,𝑖 is the realistic power profile of PV system 𝑖, which is produced over the course of 

simulation time (from starting time 𝑡1 = 𝑡ss =1 to ending time 𝑡𝑛 = 𝑡se = 86400). In Figure 4-4, 

𝑡1 =00:00 and 𝑡𝑛 =24:00. 

Figure 4-4: Generated power profiles of a photovoltaic system in the ideal case and when subjected to cloud 
coverage impact over one day. 

4.3.3 Electric Vehicle Charging Station 

Using electric vehicle parking profiles in terms of arrival and departure times, based on its battery 

state of charge –initial SOC– upon arrival, makes it possible to model the power profile of EVCSs 

throughout the course of the simulation time. Since representative battery SOCs are employed in 

the charging process, the time of the individual charging cycles and charging power might vary. 

Accordingly, the maximum charging power of the corresponding charging station is calculated 

based on the estimated initial SOC of the electric vehicle and the location of the charging station. 

The EVCS specifications can be represented as following: 

𝐶𝑆sp,𝑖 = (𝑐𝑠sp1,𝑖, 𝑐𝑠sp2,𝑖, 𝑐𝑠sp3,𝑖, 𝑐𝑠sp4,𝑖), 1 ≤ 𝑖 ≤ 𝑛cs (4.24)

where 𝐶𝑆sp,𝑖 is the specification set of EVCS 𝑖, 𝑛cs is the number of EVCSs connected to the 

traction network, and 𝑐𝑠sp1,𝑖 to 𝑐𝑠sp4,𝑖 are the traction node Id, 𝑐𝑠sp1,𝑖 ∈ 𝑇𝐸𝑁a1, maximum 

𝑃PV,𝑖 = (𝑝pv,𝑖(𝑡1), 𝑝pv,𝑖(𝑡2), 𝑝pv,𝑖(𝑡3), … 𝑝pv,𝑖(𝑡𝑛)) , 𝑛 = 𝑛s (4.23)
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charging power (in kW), number of charging ports, location, and occupancy rate (in percent). In 

this model, the charging station location is considered one of three potential types: Residential 

area, shopping centre, and city centre. Consequently, the operating time of a charging station is 

determined. For example, a charging station close to a shopping centre is anticipated to be highly 

occupied from 09:00 to 22:00, however a charging station in a residential area is usually occupied 

from 16:00 to 08:00. Furthermore, the day type (weekday, weekend, or holiday) effects the 

operating time of a charging station [130–132].  

The power profile of the EVCS is calculated using the data from Equation 4.24 and an estimated 

initial SOC based on a probability distribution of the daily driving distance of the charged electric 

vehicle [130, 133–136]. Equation 4.25 shows the expected power profile of electric vehicle 

charging station 𝑖 over the course of the simulation time samples set 𝜏s (see Equation 2.4). 

𝑃CS,𝑖 = (𝑝cs,𝑖(𝑡1), 𝑝cs,𝑖(𝑡2), 𝑝cs,𝑖(𝑡3), … 𝑝cs,𝑖(𝑡𝑛)) , 𝑛 = 𝑛s (4.25)

4.3.4 Battery Storage Power Station 

BSPS can be operated as both energy source and load (see Section 4.1.5 and 4.1.6). The mode of 

operation for a BSPS is defined based on several factors. In this work, the BSPS is modelled with 

three possible settings. The factors that are implemented based on these settings are the SOC of 

the BSPS combined with the traction network state. Moreover, a pre-defined operating mode 

based on a forecasting of the traction network state or energy market can be used to identify the 

BSPS settings during the simulation time samples set 𝜏s (see Equation 2.4). The BSPS 

specifications 𝑆𝐵sp,𝑖 can be represented as following: 

𝑆𝐵sp,𝑖 = (𝑠𝑏sp1,𝑖, 𝑠𝑏sp2,𝑖, 𝑠𝑏sp3,𝑖, … , 𝑠𝑏sp6,𝑖), 1 ≤ 𝑖 ≤ 𝑛sb (4.26)

where 𝑛sb is the total number of the BSPS connected to the traction network, and 𝑠𝑏sp1,𝑖 to 𝑠𝑏sp6,𝑖

are the traction node Id, 𝑠𝑏sp1,𝑖 ∈ 𝑇𝐸𝑁a1, battery discharging power (in W), battery charging 

power (in W), battery effective capacity (in Wh), battery initial SOC (in percent), and BSPS 

operation setting (𝑠𝑏sp6,𝑖 ∈ {1,2,3}), respectively. BSPS is modelled in a manner comparable to 

the battery system of the BTB (see Section 3.4.2). Accordingly, the battery SOC of the BSPS is 

calculated as in Equation 3.80. The power of the BSPS 𝑃sb,𝑖 for each 𝑡′ is calculated as follows: 

𝑃SB,𝑖(𝑡′) = {

𝑠𝑏sp2,𝑖, 𝜓sb,𝑖(𝑡′) = 1

−(𝛼c ⋅ 𝑠𝑏sp3,𝑖), 𝜓sb,𝑖(𝑡′) = −1

0, 𝜓sb,𝑖(𝑡′) = 0

(4.27)

𝜓sb,𝑖(𝑡′) = {

−1, charging
1, discharging
0, off

(4.28)

The charge rate 𝛼c represent the decreases in charging capability corresponding to the battery 

SOC of the BSPS [137]. The influence of temperature on the performance of the BSPS is not 

taken into consideration in this work. 𝜓sb,𝑖(𝑡′) represents the operating mode of BSPS, which is 
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determined based on the defined setting 𝑠𝑏sp6,𝑖. The operating modes are considered for the BSPS 

model. Thus, only one mode can be used (as defined in 𝑠𝑏sp6,𝑖) in order to compute the 

performance of the BSPS.  

The first operating mode (𝑠𝑏sp6,𝑖 = 1) is solely dependent on the battery SOC of the BSPS, with 

the battery discharging – when the battery initial SOC (at the simulation start time 𝑡ss) is greater 

than zero (𝑠𝑏sp5,𝑖 > 0) – until its SOC drops to zero, and then charging until its SOC rises to one. 

𝜓sb,𝑖(𝑡′) cycles between discharging and charging to the end of the simulation time 𝑡se. Equation 

4.28 can be computed with the first setting (𝑠𝑏sp6,𝑖 = 1) as follows: 

𝜓sb,𝑖(𝑡′) =

⎩
⎪
⎨

⎪
⎧−1, {

𝑆𝑂𝐶sb,𝑖(𝑡) = 0

𝜓sb,𝑖(𝑡) = −1

1, {
𝑆𝑂𝐶sb,𝑖(𝑡) > 0

𝜓sb,𝑖(𝑡) = 1

, 𝑡′ = 𝑡 + 𝛿𝑡 (4.29)

where 𝑡 is the time of the last step, 𝛿𝑡 is the time step, and 𝑡′is the time of the current step.  

In the second operating mode (𝑠𝑏sp6,𝑖 = 2), 𝜓sb,𝑖(𝑡′) is determined based on the voltage level at 

the BSPS traction node (see Section 5.2.3). To manage the operating mode of the BSPS with 

𝑠𝑏sp6,𝑖 = 2, two voltage levels are defined. The batteries of BSPS begin to charge when voltage 

𝑈t,𝑘(𝑡) at the connecting point of the BSPS exceeds the defined upper voltage level 𝑈sb,up, and 

discharge when their voltage 𝑈t,𝑘(𝑡) falls below the defined lower voltage level 𝑈sb,low. For 

𝑠𝑏sp6,𝑖 = 2, Equation 4.28 can be computed as follows: 

𝜓sb,𝑖(𝑡′) = {

−1, 𝑈t,𝑘(𝑡) > 𝑈sb,up

1, 𝑈t,𝑘(𝑡) < 𝑈sb,low

0, otherwise

(4.30)

Equation 4.30 could be more refined by incorporating the battery SOC level 𝑆𝑂𝐶sb,𝑖(𝑡′). 

Consequently, battery drain due to extensive discharging sessions is avoided since the charging 

margin is extended by decreasing 𝑈sb,up when the battery SOC drops to a precise value 𝑆𝑂𝐶sb,c. 

In the third and last operating mode (𝑠𝑏sp6,𝑖 = 3) 𝜓sb,𝑖(𝑡′) value is determined from a pre-defined 

operating mode. A forecast of the traction network state is used to set the operating mode 𝜓sb,𝑖(𝑡′)

of the BSPSs over the simulation time or for a specific timeframe. Equation 4.28 can be replaced 

with the pre-defined operating modes Ψsb,𝑖 as follows: 

Ψsb,𝑖 = (𝜓sb,𝑖(𝑡)|𝑡 ∈ 𝜏s ∧ 𝑡∀: 𝜓sb,𝑖 ∈ {−1,0,1}), |Ψsb,𝑖| = 𝑛s (4.31)

where 𝜏s is the set of simulation time samples (see Equation 2.4) and 𝑛s is the number of discrete 

samples in 𝜏s. 

As previously stated, operating modes for a specified timeframe might be created and utilised for 

BSPS (see [86]). The framed operating mode Ψsb,𝑖
′  is defined as follows: 

Ψsb,𝑖
′ = (𝜓sb,𝑖

′ (𝑡)|𝑡 ∈ 𝜏sb,𝑖 ∧ 𝑡∀: 𝜓sb,𝑖
′ ∈ {−1,0,1}), |Ψsb,𝑖

′ | = |𝜏sb,𝑖| (4.32)
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𝜏sb,𝑖 = {𝑡0, (𝑡0 + 𝛿𝑡), (𝑡0 + 2 ⋅ 𝛿𝑡), … , (𝑡ss + (𝑛 − 2) ⋅ 𝛿𝑡), 𝑡e} (4.33)

𝑛 =
𝑡𝑒 − 𝑡0

𝛿𝑡
(4.34)

where 𝜏sb,𝑖 is the set of the timeframe time sequence, 𝑡0 is the starting of the timeframe, 𝛿𝑡 is 

the time step, 𝑡e is the end of the timeframe, and 𝑛 is the number of elements in 𝜏sb,𝑖 and Ψsb,𝑖
′ . 

The operating modes Ψsb,𝑖
′  will override the value of 𝜓sb,𝑖(𝑡′) in Equations 4.30 and 4.31 when 

𝑡′ ∈ 𝜏sb,𝑖, i.e., 𝜓sb,𝑖(𝑡′) ∶= 𝜓sb,𝑖
′ (𝑡) ⇔ 𝑡′ = 𝑡 ∧ 𝑡 ∈ 𝜏sb,𝑖. 





5 Modelling the Trolleybus System 

The mathematical model of the electric trolleybus system is essential for studying and analysing 

the trolleybus system in its present condition, as for any plans to expand the system in the future. 

Precisely, a conductance matrix is used to represent the traction network topology, which is 

restricted to the trolleybuses (TBs) and battery-trolleybuses (BTBs) movement. 

Figure 5-1: Trolleybus system model scheme. 

The trolleybus system model shown in Figure 5-1 is a formation of three essential models, namely 

the traffic network model (TNM), the bus model (BS), and the electric network model (ENM). 
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The fourth block represents the calculated states for both traction network and buses (the AC 

network state is not included in the meant block). TNM and BS are elaborately described in 

Chapter 3, while ENM is presented in Chapter 4. The ENM is linked to the TNM by the BM, 

which projects all bus locations and powers from the road network to the traction network. When 

a bus moves under the overhead contact wires (OHCWs), the corresponding traction branch is 

adjusted. Consequently, the traction network gains an additional traction node for each bus. 

However, when many buses move within the same traction branch, several segments will be 

developed from the involved traction branch (see Section 5.2.2). With each simulation time 

step 𝛿𝑡, the conductance matrix of the basic traction network is modified as a consequence of the 

bus movements (see Section 5.2.2). The steady-state of the trolleybus system may be calculated 

using either DC power flow or AC-DC power flow once the conductance matrix is modified (see 

Sections 5.2 and 5.3). 

Finally, all node voltages, branch currents, and consequent powers of all traction substations, 

buses, and additional network sources and loads are determined and recorded. Furthermore, TB 

and BTB states, as indicated by their consumed power, location, speed, passenger crowding, 

outside temperature, and passenger compartment temperature, are all been recorded for further 

analysis and evaluation. 

5.1 Applying Bus Movements to the DC Traction Network 

After determining the bus state 𝐵state for each operational bus as presented in Section 4.3.1, a bus 

profile matrix 𝑩profile is established as expressed below:  

𝑩profile =

⎣
⎢
⎢
⎢
⎢
⎢
⎡

𝑏p,11 𝑏p,12 𝑏p,13 ⋯ 𝑏p,15

𝑏p,21 𝑏p,22 𝑏p,23 ⋯ 𝑏p,25

𝑏p,31

𝑏p,41

⋮
𝑏p,𝑚1

𝑏p,11

𝑏p,42

⋮
𝑏p,𝑚2

𝑏p,33 ⋯ 𝑏p,35

𝑏p,43 ⋯ 𝑏p,45

⋮
𝑏p,𝑚3

⋮
…

⋮
𝑏p,𝑚5⎦

⎥
⎥
⎥
⎥
⎥
⎤

, 𝑚 = |𝐾OB| (5.1)

where |𝐾OB| is the number of the operational buses (𝐾OB is defined in Equation 4.19), and 𝑏p,𝑖𝑗

represents the elements of 𝑩profile. The first column of 𝑩profile denotes the operational bus 

indices, i.e., column1(𝑩profile) = 𝑏p,𝑖1 = 𝐾OB with 𝑖 = {1,2, … , |𝐾OB|}. The second and third 

column of 𝑩profile denote the traction branch (from- and to-node) where the corresponding bus 

in 𝑏p,𝑖1 are operating, respectively.  

The fourth column of 𝑩profile denotes the total power 𝑃T,𝑘 of the corresponding bus in 𝑏p,𝑖1. 

The fourth column 𝑏p,𝑖4 is calculated as follows: 

𝑃T,𝑘 = 𝑏s,6 + 𝑏s,7 + 𝑏s,8 + 𝑏s,9 (5.2)
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and 

𝑏p,𝑖4 = 𝑃T,𝑘 ⟺ 𝑏p,𝑖1 = 𝑘 (5.3)

The variables (𝑏s,6 to 𝑏s,9) of Equation 5.2 are defined in Table 3-2.  

The fifth column of 𝑩profile represents the ratio between travelled distance 𝑏s,5 – correspond to 

each bus in 𝑏p,𝑖1 – and the traction branch length 𝑏𝑡𝑟12,𝑗. The following equations are used to 

compute the element of the fifth column. 

𝑏p,𝑘 =
𝑏s,5

𝑏𝑡𝑟12,𝑗
⋅ 100% (5.4)

and  

𝑏p,𝑖5 = 𝑏p,𝑘 ⟺ 𝑏p,𝑖1 = 𝑘 (5.5)

with each time step 𝛿𝑡, a new bus profile matrix 𝑩profile is computed. The number of rows in 

𝑩profile depends on the number of the operational buses at 𝑡′. 

5.2 Traction Network Steady-State Calculation 

Resolving the steady-states of a traction network is critical in planning or determining the future 

growth of a trolleybus system as well as optimising the system's actual performance. The 

developed model of the traction network, which defines the interconnection of its various 

components (see Section 4.1), is utilized in order to determine the mathematical relations between 

the traction network components. 

The node voltage and loop current approaches are often used to analyse power systems. Whereby, 

both approaches use simultaneous equations. Node equations are becoming more often used in 

power system analysis. To model the node equation of the traction network as shown in Equation 

5.6, Kirchoff's current law is used [138]:  

𝑰t,𝑧 = 𝑮t,𝑧 ⋅ 𝑼t,𝑧 (5.6)

Here 𝑰𝐭,𝒛 is the nodal injection current, 𝑼𝐭,𝒛 is the nodal voltage, and 𝑮𝐭,𝒛 is the nodal conductance 

matrix of traction network zone (TNZ). Each zone (see Section 4.1.2) in the traction network is 

modelled with its equivalent nodal equations, which reduce the number of nodes in the nodal 

equations to the number of nodes 𝑛et,𝑧 in a zone. The vector form of Equation 5.6 can be defined 

as shown below: 

The current injection into node 𝑖 (see Equation 5.7) is calculated as follows: 

[

𝐼𝑧,1

𝐼𝑧,2

⋮
𝐼𝑧,𝑛

] =

⎣
⎢
⎢
⎡
𝐺𝑧,11 𝐺𝑧,12 ⋯ 𝐺𝑧,1𝑛

𝐺𝑧,21 𝐺𝑧,22 ⋯ 𝐺𝑧,2𝑛

⋮ ⋮ ⋱ ⋮
𝐺𝑧,𝑛1 𝐺𝑧,𝑛2 ⋯ 𝐺𝑧,𝑛𝑛⎦

⎥
⎥
⎤

⋅ [

𝑈𝑧,1

𝑈𝑧,2

⋮
𝑈𝑧,𝑛

] , 𝑛 = 𝑛et,𝑧 (5.7)
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𝐼𝑧,𝑖 = ∑ 𝐺𝑧,𝑖𝑗

𝑛

𝑗=1

⋅ 𝑈𝑧,𝑗 , 𝑛 = 𝑛et,𝑧 (5.8)

As shown in Equation 5.9, node voltage and injected node power can be used to express the 

injected current into node 𝑖. 

𝐼𝑧,𝑖 =
𝑃𝑧,𝑖

𝑈𝑧,𝑖
(5.9)

where 𝑃𝑧,𝑖 is the power injected into node 𝑖. The following expression is obtained from Equations 

5.8 and 5.9 . 

𝑃𝑧,𝑖 = 𝑈𝑧,𝑖 ⋅ ∑ 𝐺𝑧,𝑖𝑗

𝑛

𝑗=1

⋅ 𝑈𝑧,𝑗 , 𝑛 = 𝑛et,𝑧 (5.10)

The general algorithm used to obtain the instantaneous steady-state solution of the DC traction 

network based on the location and total power of TBs and BTBs is described in the following 

subsections. Other power sources and loads, such as photovoltaics (PVs), electric vehicle 

charging stations (EVCSs), and battery storage power stations (BSPSs), are also evaluated in the 

simulation process.  

5.2.1 Simulation Process 

After modelling the bus specification (see Section 3.4.1), bus daily travelling path (see 

Section 3.3), traction network (see Sections 4.1.2 and 4.1.3), and the traction source and load 

power profiles (see Section 4.3), the process to calculate the traction network steady-state is 

accomplished as shown in Figure 5-2. 

To avoid processing a large number of nodes and reduce computational effort, it is necessary to 

repeat the simulation process for each TNZ. In order to do this, a renumbering scheme for the 

node Ids is implemented for each zone. Based on Equation 4.1, 𝑇𝐸𝑁a1,𝑖 is the standard node Id 

and 𝑇𝐸𝑁a3,𝑖 is its corresponding zone. Using 𝑇𝐸𝑁a1 and 𝑇𝐸𝑁a3, new groups of node Ids based 

on zone can be established. The groups of node Ids are defined as in Equations 5.11 and 5.12. 

Each group is presented with two sets; the first set has the new node Ids 𝑁zn,𝑧, while the second 

set has their corresponding standard node Ids 𝑁zs,𝑧. 
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Figure 5-2: Sequence of the traction network steady-state calculation. 
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𝑁Z = {𝑁Z,𝑧|𝑧 = (1,2, … , 𝑛z)} (5.11)

𝑁Z,𝑧 = {𝑁zn,𝑧, 𝑁zs,𝑧}, 𝑧 = (1,2, … , 𝑛z) (5.12)

The number of nodes in zone 𝑧 is denoted as 𝑛et,𝑧, therefore, the set of new node Ids can be 

defined as 𝑁zn,𝑧 = {1,2,3, … , 𝑛et,𝑧}. On the other hand, 𝑁zs,𝑧 ⊂ 𝑇𝐸𝑁a1. 

At the beginning, simulation time counter 𝑡 is set to 𝑡ss, which corresponds to the comparable day 

time as indicated in Equation 2.1. The initial nodal voltages correspond to each zone is set as 

𝑈t = {𝑼t,1, 𝑼t,2, 𝑼t,3, … 𝑼t,𝑧}, where 

𝑼t,𝑧 = [

𝑈𝑧,1

𝑈𝑧,2

⋮
𝑈𝑧,𝑛

] , 𝑛 = 𝑛et,𝑧 (5.13)

𝑈𝑧,𝑧𝑛 = 𝑈n, 𝑧𝑛 = 𝑁zn,𝑧 (5.14)

The basic conductance matrices 𝐺t for each TNZ is initialised using the basic traction nodes and 

traction branches model, where 𝐺t = {𝑮t,1, 𝑮t,2, … 𝑮t,𝑧}. For more information on how the 

conductance matrix is determined see Section 5.2.2. Equations 4.20, 4.23, 4.24, and 4.25 are used 

to determine the power values for any available PVs and EVCSs in the traction network. Using 

the new zone node Id and the simulation time counter 𝑡, the powers 𝑃PV,𝑖(𝑡) and 𝑃CS,𝑖(𝑡) are then 

sorted into their corresponding zone node power vector.  

The node power vector of the complete traction network at time 𝑡 can be defined as: 

𝑷t =

⎣
⎢
⎢
⎡
𝑝t,1(𝑡)

𝑝t,2(𝑡)

⋮
𝑝t,𝑛(𝑡)⎦

⎥
⎥
⎤

, 𝑛 = 𝑛et (5.15)

where 𝑝t,1(𝑡) to 𝑝t,𝑛(𝑡) denote the injected power at traction nodes (1 to 𝑛et), respectively. On 

the other hand, the set of zone power vector can be defined as 𝑃t = {𝑷t,1, 𝑷t,2, … 𝑷t,𝑧}. Using the 

new node Ids 𝑁zn,𝑧 defined in Equation 5.12, the node power vector of zone 𝑧 is: 

𝑷t,𝑧 = [

𝑃𝑧,1

𝑃𝑧,2

⋮
𝑃𝑧,𝑛

] , 𝑛 = 𝑛et,𝑧 (5.16)

where 𝑃𝑧,1 to 𝑃𝑧,𝑛 denote the injected power at traction nodes (1 to 𝑛et,𝑧), respectively, in zone 𝑧

and 𝑷t,𝑧 ⊂ 𝑷t. 

If 𝑃PV,𝐼𝑝𝑣𝑧(𝑡) represents the output powers of PV systems 𝐼𝑝𝑣𝑧, where 𝐼𝑝𝑣𝑧 indicate the traction 

node Ids of the PV systems in zone 𝑧, i.e., 𝐼𝑝𝑣𝑧 = {𝑇𝐸𝑁a1,𝑖 ⟺ 𝑇𝐸𝑁a2,𝑖 ∶= {PV} ∧ 𝑇𝐸𝑁a3,𝑖 =

𝑧|1 ≤ 𝑖 ≤ 𝑛𝑒𝑡} (see Section 4.1.2), and 𝐼𝑝𝑣𝑧𝑛 represent the new node Ids corresponding to PV 

systems 𝐼𝑝𝑣𝑧 (see Equation 5.12), then 𝑷t,𝑧 is updated with the PV powers as follows: 
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𝑃𝑧,𝐼𝑝𝑣𝑧𝑛 = 𝑃PV,𝐼𝑝𝑣𝑧(𝑡) (5.17)

Same for EVCSs, the node Ids of EVCSs in zone 𝑧 are defined as in the following equation  

𝐼𝑐𝑠𝑧 = {𝑇𝐸𝑁a1,𝑖 ⟺ 𝑇𝐸𝑁a2,𝑖 ∶= {EVCS} ∧ 𝑇𝐸𝑁a3,𝑖 = 𝑧|1 ≤ 𝑖 ≤ 𝑛𝑒𝑡} (see Section 4.1.2) and 

their corresponding new node Ids are defend as 𝐼𝑐𝑠𝑧𝑛 (see Equation 5.1). The EVCS node powers 

are computed into 𝑷t,𝑧 as follows: 

𝑃𝑧,𝐼𝑐𝑠𝑧𝑛 = 𝑃CS,𝐼𝑐𝑠𝑧(𝑡) (5.18)

According to IEC 62313:2009-04 [56] and as illustrated in Figure 2-6, the TBs and BTBs motor 

powers must be regulated as defined in Equation 2.2. Using the bus specifications' model (see 

Equation 3.43) and the bus voltage values 𝑈z,𝐼𝑏𝑧𝑛, the maximum permitted motor power for each 

bus is calculated (as shown in Figure 5-2 using bus power control system block – to which Section 

5.2.5 provides further detail). 𝐼𝑏𝑧𝑛 represent buses corresponding new node Ids in zone 𝑧 and is 

described further below. The nominal voltage 𝑈n is utilised as the starting voltage of the traction 

nodes at the start of the simulation (𝑡 = 𝑡ss). After calculating the traction network steady-state 

for each new time step 𝛿𝑡, the nodal voltage of each zone 𝑈t is adjusted, and the maximum 

permitted motor power of the buses are recalculated. 

Using the bus daily travelling routes model (BDTRM) (see Equation 3.11) and bus model (BM) 

(see Equation 3.42), the powers and locations of the operational buses at time 𝑡 are calculated as 

described in Section 4.3.1. With each time step 𝛿𝑡, a new bus profile matrix 𝑩profile is computed 

(see Equation 5.1). The number of rows in 𝑩profile depends on the number of the operational 

buses at time 𝑡. After computing the bus movements, the calculation of BSPS powers takes place. 

Based on the operating setting of the BSPSs, the power and SOC of the BSPSs are calculated as 

described in Section 4.3.4. 

By using the data computed in 𝑩profile, the conductance matrix 𝑮t,𝑧 is updated (see Section 5.2.2). 

Suppose one or several buses operate in a TNZ, as stated in 𝑩profile. In that case, the operational 

buses will be defined with new traction nodes which divide the traction branches, they are 

positioned on, into two traction branches or more, depending on the number of buses on a traction 

branch. After computing the power of the operational buses and BSPSs, the node power vector 

𝑷t,𝑧 of each zone in the traction network is updated with these powers after referencing the 

operational buses and BSPSs to their corresponding zone. If 𝐼𝑏𝑧 define the indices of the 

operational buses in zone 𝑧, then 𝐼𝑏𝑧𝑛 represent their corresponding new node Ids in zone 𝑧, and 

can be computed as follows: 

𝐼𝑏𝑧𝑛 = {(1, … , |𝐼𝑏𝑧|) + 𝑛et,𝑧} (5.19)

where 

𝐼𝑏𝑧 ⊂ {column1(𝑩profile)} (5.20)



90 MODELLING THE TROLLEYBUS SYSTEM

The traction node Ids of BSPSs in zone 𝑧 are defined as 𝐼𝑠𝑏𝑧 = {𝑇𝐸𝑁a1,𝑖 ⟺ 𝑇𝐸𝑁a2,𝑖

∶= {BSPS} ∧ 𝑇𝐸𝑁a3,𝑖 = 𝑧|1 ≤ 𝑖 ≤ 𝑛𝑒𝑡} (see Section 4.1.2), and 𝐼𝑠𝑏𝑧𝑛 represent the new node Ids 

corresponding to BSPSs 𝐼𝑠𝑏𝑧 (see Equation 5.12). If 𝑃B,𝐼𝑏𝑧(𝑡) and 𝑃SB,𝐼𝑐𝑠𝑧(𝑡) are the powers of 

the operational buses and BSPSs in zone 𝑧, respectively, then the elements of the node power 

vector 𝑷t,𝑧 are updated as follows: 

𝑃𝑧,𝐼𝑏𝑧𝑛 = −𝑃B,𝐼𝑏𝑧(𝑡) (5.21)

𝑃𝑧,𝐼𝑐𝑠𝑧𝑛 = 𝑃SB,𝐼𝑐𝑠𝑧(𝑡) (5.22)

Calculating the steady-state of each TNZ using the DC power flow (see Section 5.2.3) will start 

once the nodal voltage vector, the node power vector, and the conductance matrix are formed for 

all TNZs. If the DC power flow converges, the resulted bus voltages (𝑈B,𝐼𝑏𝑧 ∶= 𝑈𝑧,𝐼𝑏𝑧𝑛
′ ) will be 

evaluated for voltage violations. With any unsuccessful DC power flow or voltage violation, a 

bus power control system (see Section 5.2.5) will be initiated. If no voltage violation occurs, the 

calculated powers of the traction substations 𝑃𝑧,𝐼𝑡𝑠𝑛
′  are evaluated for any feedback powers. Only 

zones with unidirectional traction substations 𝑍uni will be subjected to the evaluation. TNZs 

supplied by unidirectional traction substations will be resolved using an adapted DC power flow 

algorithm that can cope with feedback power (see Section 5.2.4). Once all anticipated violations 

have been resolved, the nodal voltages of zone 𝑧 (see Equation 5.13) will be adjusted as follows: 

𝑼t,𝑧 = [𝑈𝑧,𝑧𝑛
′ ], 𝑧𝑛 = 𝑁zn,𝑧 (5.23)

where 𝑈𝑧,𝑧𝑛
′  is the DC power flow solution of the nodal voltage for zone 𝑧, and 𝑧𝑛 is the set of 

new traction node Ids 𝑁zn,𝑧 for zone 𝑧 (see Equation 5.12).  

The DC power flow calculation process will be repeated for the following TNZ until the steady-

states of all TNZs are established. After correctly identifying the steady-state of the traction 

network at time 𝑡, the zone index 𝑧 is reset to its original configuration. The computed steady-

state of the traction network at time 𝑡, characterised by the traction node powers 𝑷t
′, the traction 

node voltages 𝑼t
′, and the traction branch currents 𝑰t,b

′ , is saved as follows: 

𝑷t
′ =

⎣
⎢
⎢
⎢
⎢
⎢
⎡

𝑝t,1
′ (𝑡)

⋮
𝑝t,𝑛

′ (𝑡)
− − −

𝑝t,𝑛+1
′ (𝑡)

⋮
𝑝t,𝑛+𝑚

′ (𝑡)⎦
⎥
⎥
⎥
⎥
⎥
⎤

(5.24)

𝑼t
′ =

⎣
⎢
⎢
⎢
⎢
⎢
⎡

𝑢t,1
′ (𝑡)

⋮
𝑢t,𝑛

′ (𝑡)
− − −

𝑢t,𝑛+1
′ (𝑡)

⋮
𝑢t,𝑛+𝑚

′ (𝑡)⎦
⎥
⎥
⎥
⎥
⎥
⎤

(5.25)
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𝑰t,b
′ =

⎣
⎢
⎢
⎢
⎢
⎢
⎡

𝑖11
′ ⋯ 𝑖1𝑛

′ 𝑖1(𝑛+1)
′ ⋯ 𝑖1(𝑛+𝑚)

′

⋮ ⋱ ⋮ ⋮ ⋱ ⋮
𝑖𝑛1

′ … 𝑖𝑛𝑛
′ 𝑖𝑛(𝑛+1)

′ ⋯ 𝑖𝑛(𝑛+𝑚)
′

𝑖(𝑛+1)1
′ ⋯ 𝑖(𝑛+1)𝑛

′ 𝑖(𝑛+1)(𝑛+1)
′ ⋯ 𝑖(𝑛+𝑚)(𝑛+𝑚)

′

⋮ ⋱ ⋮ ⋮ ⋱ ⋮
𝑖(𝑛+𝑚)1

′ ⋯ 𝑖(𝑛+𝑚)𝑛
′ 𝑖(𝑛+𝑚)(𝑛+1)

′ ⋯ 𝑖(𝑛+𝑚)(𝑛+𝑚)
′

⎦
⎥
⎥
⎥
⎥
⎥
⎤

(5.26)

and  

𝑖𝑖𝑗
′ = {

(𝑢t,𝑖
′ (𝑡) − 𝑢t,𝑗

′ (𝑡))

𝑅𝑖𝑗
, 𝐴𝑖𝑗 = 1

0, 𝐴𝑖𝑗 = 0

(5.27)

The arrays in Equations 5.24 and 5.25 are divided into two parts. The upper part represents the 

traction nodes, indexed from 1 to (𝑛 ∶= 𝑛et) as defined in Equation 4.1, while the lower part 

represents the TBs and BTBs, indexed by adding the bus indices (1 to (𝑚 ∶= 𝑛bus)) to the total 

number of traction nodes 𝑛et. The indices of the matrix in Equation 5.26 have the same definition 

as of Equations 5.24 and 5.25, where the bus indices are represented on the right end and down 

end of the matrix after the traction node indices. The matrix in Equation 5.26 is divided into four 

parts: The first part (upper left) represents the current flows between the basic traction nodes 

(1 to 𝑛 where 𝑛 ∶= 𝑛et), the second and third parts (upper right and lower left, respectively) 

represent the current flows between the basic traction nodes (1 to 𝑛 where 𝑛 ∶= 𝑛et) and the bus 

nodes (𝑛 + 1 to 𝑛 + 𝑚 where 𝑛 ∶= 𝑛et and 𝑚 ∶= 𝑛bus), and the fourth part (lower right) 

represents the current flows between bus nodes (𝑛 + 1 to 𝑛 + 𝑚 where 𝑛 ∶= 𝑛et and 𝑚 ∶= 𝑛bus). 

The elements of Equation 5.26 are computed as shown in Equation 5.27, where 𝑖 and 𝑗 denote the 

from- and to-node of the traction branches, respectively, and 𝐴𝑖𝑗 denotes the elements of the 

traction network adjacency matrix 𝑨 at time 𝑡. Elements of 𝑨 indicate whether or not adjacent 

pairs of traction nodes (𝑖,𝑗) form a traction branch. If 𝐴𝑖𝑗 = 1, traction branches exist between 𝑖

and 𝑗, and thus there are no traction branches when 𝐴𝑖𝑗 = 0. 

After determining the steady-state of the traction network at time 𝑡, the simulation process will 

proceed with the following time step 𝛿𝑡 until the simulation time 𝑡 reaches its conclusion at 𝑡es. 

At that point, the simulation process will terminate. 

5.2.2 Determination of Conductance Matrix 

The trolleybus system has a significant number of sparse nodes, i.e., the traffic nodes and the 

traction nodes. The number of nodes required to construct an accurate nodal conductance matrix 

could be minimised using sparsity techniques to improve the computational effort. The node 

equation, which can be found in Equation 5.6, is used in the evaluation of the traction network 

steady-state. A nodal conductance matrix is a mathematical abstraction of a DC electric network 

topology and parameters; hence it may be interpreted as the mathematical representation of a 
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traction network, more specific, TNZ. If there are 𝑛 traction nodes in a TNZ, the nodal 

conductance matrix 𝑮t,𝑧 of the traction zone 𝑧 can be defined as: 

𝑮t,𝑧 = [

𝑔𝑧,11 𝑔𝑧,12 ⋯ 𝑔𝑧,1𝑛

𝑔𝑧,21 𝑔𝑧,22 ⋯ 𝑔𝑧,2𝑛

⋮ ⋮ ⋱ ⋮
𝑔𝑧,𝑛1 𝑔𝑧,𝑛2 ⋯ 𝑔𝑧,𝑛𝑛

] , 𝑛 = 𝑛et,𝑧 (5.28)

The conductance matrix can be simply created once the traction network topology (see 

Section 4.1) is determined. If 𝑖 and 𝑗 represent two traction nodes in zone 𝑧  (𝑖 ∧ 𝑗 ∈

{1,2,3, … , 𝑛et,𝑧}), then the diagonal element 𝑔𝑧,𝑖𝑖 represents the nodal self-conductance that can 

be computed as follows: 

𝑔𝑧,𝑖𝑖 = − ∑ 𝑔𝑧,𝑖𝑗

𝑛

𝑗=1
𝑗≠𝑖

, 𝑛 = 𝑛et,𝑧 (5.29)

while the off-diagonal element 𝑔𝑧,𝑖𝑗 represents the mutual conductance between nodes 𝑖 and 𝑗

(traction branch (𝑖,𝑗)). Traction branches are represented only by their ohmic resistance. In DC 

networks the shunt capacitance and reactance of the overhead lines are absent. In general, DC 

system is a two wires system and logically has no transformer. Based on Equation 4.3, the traction 

branches are organised into groups and given new traction node Ids. These new Id numbers 

depend on the traction zones that are indicated in 𝑇𝐸𝐵a6 (see Section 4.1.3). 

𝐵𝑟t = {𝐵𝑟t,1, 𝐵𝑟t,2, 𝐵𝑟t,3, … 𝐵𝑟t,𝑧} (5.30)

The elements of Equation 5.30 represent the traction branches for each zone in the traction 

network. After renumbering the traction nodes – corresponding to each traction zone, 𝐵𝑟t,𝑧 can 

be recognized as an (𝑛 × 𝑚) matrix. The first and second columns of 𝐵𝑟t,𝑧 represent the standard 

traction node Ids of the traction branch (from- and to-node), yet the third and fourth columns of 

𝐵𝑟t,𝑧 are the new traction node Ids correspond to the traction zone (see Equations 5.11 and 5.12). 

The fifth and sixth columns are the length in (m) and electrical resistance per unit length 

𝑅′ in (Ω/m) of the traction branch, respectively. 

𝐵𝑟t,𝑧 =

⎣
⎢
⎢
⎡
𝑁of,𝑧,1 𝑁ot,𝑧,1 𝑁nf,𝑧,1 𝑁nt,𝑧,1 𝑙b,𝑧,1 𝑟b,𝑧,1

𝑁of,𝑧,2 𝑁ot,𝑧,2 𝑁nf,𝑧,2 𝑁nt,𝑧,2 𝑙b,𝑧,2 𝑟b,𝑧,2

⋮ ⋮ ⋮ ⋮ ⋮ ⋮
𝑁of,𝑧,𝑛 𝑁ot,𝑧,𝑛 𝑁nf,𝑧,𝑛 𝑁nt,𝑧,𝑛 𝑙b,𝑧,𝑛 𝑟b𝑧,𝑛 ⎦

⎥
⎥
⎤

,

𝑛 = 𝑛tn,𝑧

(5.31)

Using the matrix of Equation 5.31, the off-diagonal element of Equation 5.28 can be calculated 

as follows: 

𝑅𝑧,𝑖𝑗 = 𝑙b,𝑧,𝑘 × 𝑟b,𝑧,𝑘

𝑖 = 𝑁nf,𝑧,𝑘

𝑗 = 𝑁nt,𝑧,𝑘

, 𝑘 = {1,2,3, … , 𝑛tn,𝑧}} (5.32)
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𝑔𝑧,𝑖𝑗 =
−1

𝑅𝑧,𝑖𝑗
(5.33)

The conductance matrix 𝑮t,𝑧 is constructed without considering TBs and BTBs locations in the 

traction network; owing to the changes in the traction network topology over time as these buses 

move. Hence, the dynamic behaviour of the buses results in a significant variance when it comes 

to the calculations for the steady-state of the traction network. Alternating network topology are 

comparable to contrasting new conductance matrix, which must be considered with each power 

flow calculation. 

At any sample in 𝜏s (see Equation 2.4), each TB and BTB is related to a specific location on the 

bus route. Bus locations under the OHCWs are listed as stated in Equation 5.1 After rearranging 

the buses to their corresponding zone by comparing the second and third columns of 𝐵profile (see 

Equation 5.1) to the first and second columns of 𝐵𝑟t,𝑧 (see Equation 5.31), 𝐵profile is redefined as 

follows: 

𝐵profile
′ = {𝐵pro,1, 𝐵pro,2, 𝐵pro,3, … 𝐵pro,𝑧} (5.34)

and 

𝐵pro,𝑧 =

⎣
⎢
⎢
⎢
⎡

𝑏p,𝑧,11 𝑏p,𝑧,12 𝑏p,𝑧,13 ⋯ 𝑏p,𝑧,15

𝑏p,𝑧,21 𝑏p,𝑧,22 𝑏p,𝑧,23 ⋯ 𝑏p,𝑧,25

⋮
𝑏p,𝑧,𝑚1

⋮
𝑏p,𝑧,𝑚2

⋮
𝑏p,𝑧,𝑚3

⋯
⋯

⋮
𝑏p,𝑧,𝑚5⎦

⎥
⎥
⎥
⎤

, 𝑚 = 𝑛op,𝑧 (5.35)

where 𝑛op,𝑧 is number of operational buses in zone 𝑧. 

A new Id will be assigned to each bus and elements of Equation 5.1 are updated as follows: 

𝑁Z,𝑧
′ = {𝑁zn,𝑧

′ , 𝑁zs,𝑧
′ } (5.36)

The set of new node Ids is defined as 𝑁zn,𝑧
′ = {1,2,3, … , 𝑛et,𝑧

′ }, where 𝑛et,𝑧
′ = 𝑛et,𝑧 + 𝑛op,𝑧. Yet, 

𝑁zs,𝑧
′  represent zone 𝑧 standard traction node Ids and operational bus indices (see Equation 5.1). 

Bus new node Ids and bus indices are listed at the end of 𝑁zn,𝑧
′  and 𝑁zs,𝑧

′ , respectively. 

A new matrix 𝐵𝑟t,𝑧
′  is computed from Equation 5.31 and Equation 5.35, where the element of 

𝐵𝑟t,𝑧 are updated based on the new nodes that are founded in-between the existing traction 

branches. These new nodes represent bus locations in the traction zone 𝑧. Due to the fact that the 

presence of buses in between traction branch (𝑖,𝑗) will only impact the self and mutual 

conductance of traction nodes 𝑖 and 𝑗, the new conductance matrix can be determined for the new 

state by adjusting the original conductance matrix 𝑮t,𝑧. Since 𝐵𝑟t,𝑧
′  is constricted based on 𝐵𝑟t,𝑧

and 𝐵pro,𝑧, the rows of 𝐵𝑟t,𝑧
′  will present the new network topology taking into account buses 

existence. Initially, all traction branches that do not include buses in 𝐵𝑟t,𝑧 will be included in 𝐵𝑟t,𝑧
′ . 

The first and second columns of 𝐵𝑟t,𝑧 will be compared to the second and third columns of 𝐵pro,𝑧



94 MODELLING THE TROLLEYBUS SYSTEM

in order to select all traction branches that do not include buses in 𝐵𝑟t,𝑧 and a new matrix 𝐵𝑟t,𝑧
′  is 

thus formed. Furthermore, new traction branches will be added into 𝐵𝑟t,𝑧
′  as follows: 

One bus in-between a traction branch (two traction branches are constructed) 

1. Identify the terminals (traction nodes) of the new traction branches. The first constructed 

traction branch has the same from-node Id as the original traction branch 𝑏p,𝑧,𝑖2 and its 

to-node Id will be indicated by the bus index 𝑏p,𝑧,𝑖1. The second constructed traction 

branch will have the bus index 𝑏p,𝑧,𝑖1 as its from-node Id and the original traction branch 

to-node Id 𝑏p,𝑧,𝑖3 will be its to-node. 

2. Using Equation 5.36, the new traction node Ids, which correspond to traction zone 𝑧, will 

be included in 𝐵𝑟t,𝑧
′  to represent zone traction node Ids for the new constructed traction 

branches. 

3. The lengths of the constructed traction branches will be calculated using 𝑏p,𝑧,𝑖5 and the 

length of the original traction branch. If 𝑜 is the row index of the original traction branch, 

when 𝑏p,𝑧,𝑜1 = 𝑏p,𝑧,𝑖2 ∧ 𝑏p,𝑧,𝑜2 = 𝑏p,𝑧,𝑖3, then 𝑙b,𝑧,𝑜 is the length of the original traction 

branch. Yet, let 𝑐 be the row index of the new constructed branch, then the length of the 

first constructed traction branch is equal to (𝑙b,𝑧,𝑐 = 𝑙b,𝑧,𝑜 ⋅ 𝑏p,𝑧,𝑖5), while the length of the 

second constructed traction branch is equal to (𝑙b,𝑧,𝑐 = 𝑙b,𝑧,𝑜 ⋅ (1 − 𝑏p,𝑧,𝑖5)). 

4. The electrical resistance per length unit 𝑅′ of the newly constructed traction branches is 

identical to that of the original traction branch. It is possible to utilise the same approach 

that was conducted in step three to find out the electrical resistance of the initial traction 

branch, i.e., when 𝑏p,𝑧,𝑜1 = 𝑏p,𝑧,𝑖2 ∧ 𝑏p,𝑧,𝑜2 = 𝑏p,𝑧,𝑖3 then 𝑟b,𝑧,𝑜 is the electrical resistance 

of the original traction branch. 

Several buses in-between a traction branch (three or more traction branches are 

constructed) 

1. Buses sharing the same traction branch will be sorted based on the values of 𝑏p,𝑧,𝑖5, where 

𝑖 ∈ 𝐼bs and 𝐼bs represents the row of indices (based on matrix 𝐵pro,𝑧) of buses that share 

the same traction branch. The first bus in the sequence is that with the smallest 𝑏p,𝑧,𝑖5

value; afterwards, it will be followed by the bus that has the next higher 𝑏p,𝑧,𝑖5 value, and 

the sequence will continue until the bus with the highest 𝑏p,𝑧,𝑖5 value comes at last. 𝐼bs

will be reordered as 𝐼bs
′ = (𝑖bs,1, 𝑖bs,2, … , 𝑖bs,𝑛), where 𝑖bs,1 denotes the index of the bus 

that has the lowest 𝑏p,𝑧,𝑖5 value and 𝑖bs,𝑛 denotes the index of the bus that has the highest 

𝑏p,𝑧,𝑖5 value. The number of the new constructed traction branches is determined as 

(|𝐼bs| + 1). 

2. Terminals (traction nodes) of the new traction branches will be defined based on the bus 

sequence or rather 𝐼bs
′ . The original traction branch from- and to-node Ids will denote the 

from-node Id of the first constructed traction branch and the to-node Id of the last new 

constructed traction branch, respectively. The bus index 𝑏p,𝑧,𝑖1 of the first bus in the 
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sequence (𝑖 ∶= 𝑖bs,1) will be used as the to-node Id of the first constructed traction branch 

as well as the from-node Id of the next adjacent traction branch, which is in this case the 

second constructed traction branch. In the same way, the index of next bus in the sequence 

will be used as the to-node Id of the constructed traction branch that has the same 

sequence order as the bus and the from-node Id next adjacent traction branch. The 

procedure will be proceeded until all bus indices are implemented as terminals of the new 

traction branches. The last bus index 𝑏p,𝑧,𝑖1, where 𝑖 ∶= 𝑖bs,𝑛, will be utilised as the from-

node of the last constructed traction branch. 

3. Using Equation 5.36, the new traction node Ids, which correspond to traction zone 𝑧, will 

be used to identify the terminals of the newly constructed traction branches. 

4. The length of the original traction branch is utilised using the same approach that was 

conducted in step three (One bus in-between a traction branch). With 𝑙b,𝑧,𝑜 defining the 

length of the original traction branch, the length of the first constructed traction branch is 

calculated as (𝑙b,𝑧,𝑐 = 𝑙b,𝑧,𝑜 ⋅ 𝑏p,𝑧,𝑖5) and 𝑖 ∶= 𝑖bs,1, while the length of the last constructed 

traction branch is calculated as (𝑙b,𝑧,𝑐 = 𝑙b,𝑧,𝑜 ⋅ (1 − 𝑏p,𝑧,𝑖5)) and 𝑖 ∶= 𝑖bs,𝑛. The lengths 

of the other constructed traction branch are calculated as (𝑙b,𝑧,𝑐 = 𝑙b,𝑧,𝑜 ⋅ (𝑏p,𝑧,𝑖5 −

𝑏p,𝑧,𝑗5)) with 𝑖 = (𝑖bs,2, … , 𝑖bs,𝑛) and 𝑗 = (𝑖bs,1, … , 𝑖bs,(𝑛−1)). For example, the length of 

the second constructed traction branch is calculated with 𝑖 = 𝑖bs,2 and 𝑗 = 𝑖bs,1, for the 

third 𝑖 = 𝑖bs,3 and 𝑗 = 𝑖bs,2, and so forth. 

5. As in step four (One bus in-between a traction branch), The electrical resistance per length 

unit 𝑅′ of the newly constructed traction branches is identical to that of the original 

traction branch. Thus, when 𝑏p,𝑧,𝑜1 = 𝑏p,𝑧,𝑖2 ∧ 𝑏p,𝑧,𝑜2 = 𝑏p,𝑧,𝑖3 then 𝑟b,𝑧,𝑜 is the electrical 

resistance of the original traction branch. 

After eliminating all traction branches that include buses and adding the new traction branches, 

𝐵𝑟t,𝑧
′  can be recognised as follows: 

𝐵𝑟t,𝑧
′ =

⎣
⎢
⎢
⎢
⎢
⎢
⎡

𝑁of,𝑧,1
′ 𝑁ot,𝑧,1

′ 𝑁nf,𝑧,1
′ 𝑁nt,𝑧,1

′ 𝑙b,𝑧,1
′ 𝑟b,𝑧,1

′

𝑁of,𝑧,2
′ 𝑁ot,𝑧,2

′ 𝑁nf,𝑧,2
′ 𝑁nt,𝑧,2

′ 𝑙b,𝑧,2
′ 𝑟b,𝑧,2

′

⋮ ⋮ ⋮ ⋮ ⋮ ⋮
𝑁of,𝑧,𝑚

′

⋮
𝑁of,𝑧,𝑙

′

𝑁ot,𝑧,𝑚
′

⋮
𝑁ot,𝑧,𝑙

′

𝑁nf,𝑧,𝑚
′

⋮
𝑁nf,𝑧,𝑙

′

𝑁nt,𝑧,𝑚
′

⋮
𝑁nt,𝑧,𝑙

′

𝑙b,𝑧,𝑚
′

⋮
𝑙b,𝑧,𝑙

′

𝑟b𝑧,𝑚
′

⋮
𝑟b𝑧,𝑙

′
⎦
⎥
⎥
⎥
⎥
⎥
⎤

(5.37)

where 𝑚 is the number of traction branches in zone 𝑧 after eliminating all traction branches that 

include buses, and 𝑙 is the number of traction branches in zone 𝑧, which do not have active buses, 

plus the new constructed traction branches. 
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5.2.3 DC Power Flow 

The steady-state solution of an electrical power network is commonly computed using a power 

flow calculation. Because of the non-linear formulation of the power flow equations, an iterative 

solution is required [139–149]. The popular DC power flow, that is utilised in standard AC power 

system calculations, is a linearisation of the non-linear AC power flow equations [150] and is 

unlike the DC power flow utilised in DC system calculations. Although it is possible to implement 

AC power flow methods to DC power systems, there are significant distinctions to consider. 

Analytical approaches like Gauss-Seidel (GS), Newton-Raphson (NR), or Backward-Forward 

(BF) sweeps are often used to solve DC power flow problems [151–160]. The DC power flow

equations are non-linear, non-affine, and non-convex. Furthermore, the state variables are volts 

rather than angles, which are missing in DC networks. 

This section explains how the DC power flow equations are developed and utilized to determine 

the steady-state operating conditions of the traction network. Generally, the primary purpose of a 

power flow approach is to identify the node voltages and the flow of power through system 

branches with given injected and consumed powers of every single node. 

The mathematical formulation of a DC traction network may be simplified due to the absence of 

reactive power and voltage angle. As shown in Equation 5.10, two variables, i.e., injected 

power (𝑃) and node voltage (𝑈), are required to identify the traction network steady-state. 

Equivalently, one of Equation 5.1 variables should be specified for each traction node to solve 

the power flow equation and determine the other variable. There are three types of traction nodes 

that are grouped according to the variable (𝑃 or 𝑈) they provide, namely: constant voltage, 

constant power, and passive nodes. Constant voltage nodes denote the traction-substations, which 

serve as the primary power supply for the traction network. However, the traction-substations are 

expected to maintain traction network nominal voltage 𝑈n and provide enough power to ensure 

the system stability; thus, the voltage (𝑈) values are specified for constant voltage nodes. 

Conversely, the power (𝑃) values are specified for constant power nodes, and therefore, 

trolleybuses and battery-trolleybuses, as well as PVs, EVCSs, and BSPSs, are examples of 

constant power nodes. In this context, any node that does not provide or absorb power is 

considered a passive node. 

Each TNZ is modelled as a set of nodes 𝑁tn = 𝑁zn,𝑧 = {1,2,3, … , 𝑛et,𝑧} (see Equation 5.12), 

which is separated into three subsets, i.e., 𝑁tn = {𝑃𝐶, 𝑃𝐴, 𝑉𝐶}, based on the type of the traction 

node, i.e., constant voltage (𝑉𝐶), constant power (𝑃𝐶), and passive node (𝑃𝐴). In order to compute 

a reliable DC power flow calculation, it is essential to have at least one constant voltage node 

(|𝑉𝐶| ≥ 1) and one constant power node (|𝑃𝐶| ≥ 1) [151]. 

To solve Equation 5.10, a simplified version of the standard Newton-Raphson (NR) power flow 

calculation is adapted to be utilised for DC networks. Instead of commonly applied power 

mismatches, the utilised method uses non-linear current mismatch equations to reduce overall 
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equation complexity. With identical convergence properties, the Simplified Newton-Raphson

(SNR) approach takes less time to execute then the standard NR method, which saves computation 

time[161]. 

The non-linear mismatch current equation for traction node 𝑘, based on Equations 5.9 and 5.10 

as well as the Tellegent's theorem [162], can be expressed as follows: 

∆𝐼𝑧,𝑘 =
𝑃𝑧,𝑘

𝑈𝑧,𝑘
− ∑ 𝐺𝑧,𝑘𝑖

𝑛

𝑖=1

⋅ 𝑈𝑧,𝑖 = 0, 𝑛 = 𝑛et,𝑧 (5.38)

or in vector form 

∆𝑰𝑧 = 𝑷t,𝑧 ⊘ 𝑼t,𝑧 − 𝑮t,𝑧 ⋅ 𝑼t,𝑧 (5.39)

where 𝑷t,𝑧 is the vector power, 𝑼t,𝑧 is the vector voltage, 𝑮t,𝑧 is the conductance matrix, and ∆𝑰𝑧

is the calculated mismatch current, all of which represent traction network zone 𝑧. 

When all of the unknown node voltages 𝑼t,𝑧 are successfully gained, the mismatches will be equal 

to zero, ∆𝐼𝑧,𝑘 = 0. Equation 5.38 must be expanded using Taylor series in order to determine a 

set of voltage solutions using the NR method [161]. 

∆𝐼𝑧,𝑘 = ∑
𝜕∆𝐼𝑧,𝑘

𝜕𝑈𝑧,𝑖
⋅ ∆𝑈𝑧,𝑖

𝑛

𝑖=1
𝑖≠𝑉𝐶

, 𝑛 = 𝑛et,𝑧 (5.40)

As the constant voltage nodes 𝑉𝐶 control the traction network voltage and the constant power 

nodes 𝑃𝐶 control the injected power, a compact matrix form used to update the mismatches 

current can be expressed as in Equation 5.41.  

To simplify notation, the TNZ slack nodes (constant voltage nodes 𝑉𝐶) are excluded, while the 

constant power and passive nodes, i.e., 𝑃𝑃 = 𝑃𝐶 ∪ 𝑃𝐴, are the defined mismatches currents. 

Thus, the vector form of Equation 5.40 can be defined as shown below: 

[∆𝐼𝑧,𝑃𝑃] = [𝐽][∆𝑈𝑧,𝑃𝑃] (5.41)

The Jacobian matrix [𝐽] from Equation 5.41 (same from Equation 5.40) may thus be constructed 

in a way identical to that of the normal NR approach, and their elements can be defined as follows: 

𝜕𝛿𝐼𝑧,𝑘

𝜕𝑈𝑧,𝑖
= {

𝐺𝑧,𝑘𝑖 , 𝑘 ≠ 𝑖

𝐺𝑧,𝑖𝑖 +
𝑃𝑧,𝑘

𝑈𝑧,𝑘
2 , 𝑘 = 𝑖

(5.42)

or in vector form 

[𝐽] = 𝑮𝑧,pp (5.43)

diag([𝐽]) = diag(𝑮𝑧,pp) + ([𝑃𝑧,𝑃𝑃] ⊘ ([𝑈𝑧,𝑃𝑃] ⊙ [𝑈𝑧,𝑃𝑃])) (5.44)
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where 𝑮𝑧,pp is zone 𝑧 conductance matrix after removing the TNZ slack nodes (𝑉𝐶) from 𝑮t,𝑧, 

i.e., 𝑮𝑧,pp ⊂ 𝑮t,𝑧. And the same for the other vectors that include only TNZ nodes 𝑃𝑃, i.e., 

[𝑃𝑧,𝑃𝑃] ⊂ 𝑷t,𝑧, [∆𝐼𝑧,𝑃𝑃] ⊂ ∆𝑰𝑧, and [𝑈𝑧,𝑃𝑃] ⊂ 𝑼t,𝑧. 

Figure 5-3: Sequence of DC power flow with (Simplified Newton-Raphson). 

Equation 5.41 is repeatedly solved for ∆𝑈𝑧,𝑃𝑃, as shown in Equation 5.45. The voltage solution is 

successfully fulfilled if the norm of computed current mismatches ∆𝐼𝑧,𝑃𝑃 is less than the specified 

mismatch tolerance 𝜀, i.e., ‖∆𝐼𝑧,𝑃𝑃‖ < 𝜀. If this is not the case, the voltage solution at the current 

iteration 𝑟 must be adjusted for the following iteration 𝑟 + 1, as seen in Figure 5-3 

[∆𝑈𝑧,𝑃𝑃] = [𝐽]−1[∆𝐼𝑧,𝑃𝑃] (5.45)

[𝑈𝑧,𝑃𝑃]
𝑟+1

= [𝑈𝑧,𝑃𝑃]
𝑟

+ [∆𝑈𝑧,𝑃𝑃]
𝑟

(5.46)
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The TNZ node power vector 𝑷t,𝑧 is calculated at the end after updating zone 𝑧 voltage vector 𝑼t,𝑧

with the computed voltages [𝑈𝑧,𝑃𝑃]
𝑟+1

. The TNZ slack nodes (𝑉𝐶) have constant voltage and are 

not subject to the update. 

5.2.4 DC Power Flow with Unidirectional Traction Substations5F

6

An adapted power flow method is proposed to compute traction network steady-state as well as 

buses behaviour during surplus power present in the TNZ. Traction substations are unidirectional; 

therefore, they prevent the surplus power produced by PV systems and decelerating buses from 

being transmitted to the AC network (see Section 4.1.4), the power flow is thus only in one 

direction that is from the medium voltage AC network to the low voltage (traction) DC network. 

Suppose the surplus power is not utilised by other moving buses, EVCSs, or BSPSs that are either 

too far away from the surplus power source (PV systems and decelerating buses) or have low 

power demands. In that case, the TNZ voltage rises at the source location. Following 

IEC 60850:2014-11 standard [13], the buses are protected by a squeeze control system ensuring 

that the traction network voltage remains within the permissible range (see Table 2-1) during bus 

decelerating by forcing the remaining power to dissipate in brake-resistor. Similarly, an active 

power controller in PV system is responsible for determining the amount of injected power [164]. 

When a PV voltage exceeds 𝑈max1, the injected power of the PV system is dropped by a 

percentage level (active power curtailment) until the voltage value is reduced below the highest 

permanent voltage 𝑈max1 (see Table 2-1). 

Throughout this section, the proposed algorithm steps are thoroughly explained. When the 

traction network has any unidirectional traction substation, standard power flow approaches fail 

to represent the actual steady-state of the TNZ. Given the presence of an active PV system or 

decelerating buses, and the fact that there is low power demand in the traction network, the 

traction substations will thus be calculated with negative power inputs (power flows from the 

traction DC network to the medium voltage AC network). To deal with this problem, a three-

block process is developed to determine the actual traction network steady-state when there is 

surplus power in a TNZ. 

In block one as shown in Figure 5-4, a power flow (see Section 5.2.3) is initiated after defining 

all inputs (constant voltage nodes 𝑉𝐶′, constant power and passive nodes 𝑃𝑃′, node powers 𝑷in, 

and node voltages 𝑼in) of the traction network zone that is being calculated. The node voltages 

𝑼in are set to the system nominal voltage 𝑈n. All traction substation nodes are denoted as constant 

voltage nodes 𝑉𝐶′ = 𝑉𝐶 (slack nodes), while the other nodes are denoted as 𝑃𝑃′, which indicates 

the constant power and the passive nodes (𝑃𝑃′ = 𝑃𝐶 ∪ 𝑃𝐴). The node power array 𝑷in denotes 

injected and absorbed power for 𝑃𝑃′. Power flow calculations are evaluated to ensure that all 

traction substation nodes 𝑉𝐶′ have positive power values. If a negative power is identified, the 

6 The work of this section is published in [163] by the author of this thesis 
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corresponding traction substation with negative power (∀𝑖 ∈ 𝑉𝐶′: 𝑃cal,𝑖 < 0) will be modified as 

passive node and its power is set to zero, as shown below: 

𝑃𝑃′(new) = 𝑃𝑃′ ∪ {𝑖|∀𝑖 ∈ 𝑉𝐶′: 𝑃cal,𝑖 < 0} (5.47)

𝑉𝐶′(new) = 𝑉𝐶′\{𝑖|∀𝑖 ∈ 𝑉𝐶′: 𝑃cal,𝑖 < 0} (5.48)

where 𝑃𝑃′(new) and 𝑉𝐶′(new) represent the new constant power and passive nodes, and constant 

voltage nodes, respectively. The values of 𝑃𝑃′ and 𝑉𝐶′ are subsequently replaced by the new 

node sets 𝑃𝑃′(new) and 𝑉𝐶′(new) values. 

When all traction substations are eliminated 𝑉𝐶′ = ∅, the simulation will proceed into block two. 

Otherwise, new 𝑉𝐶′ and 𝑃𝑃′are defined, i.e., 𝑃𝑃′ = 𝑃𝑃′(new) and 𝑉𝐶′ = 𝑉𝐶′(new), and a new 

power flow is sequentially executed. When there is no more traction substation with negative 

calculated powers (∀𝑖 ∈ 𝑉𝐶′: 𝑃cal,𝑖 < 0), the cycle of block one is ended. The calculated voltages 

at 𝑃𝑃′ are evaluated for any violations (∀𝑖 ∈ 𝑃𝑃′: 𝑈cal,𝑖 ≥ 𝑈max1). If all voltages are under the 

highest permanent voltage 𝑈max1 (see Table 2-1), the approach concludes, and the TNZ steady-

state is determined; otherwise, block three will begin its cycle. 

Given the possibility of eliminating all constant voltage nodes 𝑉𝐶′ = ∅ throughout block one

cycle, the power flow calculation (see Section 5.2.3) cannot converge properly since no slack 

node is identified. It is essential to solve the problem with the approach shown in block two. Since 

all traction substations are being converted to constant power nodes 𝑃𝑃′, new constant voltage 

nodes (slack nodes) must be established, as previously stated.  

It is possible to utilise decelerating bus and PV system nodes as the new constant voltage nodes 

𝑉𝐶′. Their initial voltage value will be set to 𝑈max1 (see Table 2-1). As shown in Figure 5-4, 

redefining the system nodes and determining their initial values are executed at the beginning of 

block two and is computed as follows: 

𝑉𝐶′ = {𝑖|∀𝑖 ∈ 𝑃𝑃′: 𝑃in,𝑖 > 0}, 𝑘 = |𝑉𝐶′| (5.49)

𝑃𝑃′(new) = 𝑃𝑃′\𝑉𝐶′ (5.50)

and 

[𝑈in,𝑖] = 𝑈max1 (5.51)

𝑷in
′ = 𝑷in (5.52)

[𝑃in,𝑖
′ ] = 0, 𝑖 = 𝑉𝐶′ (5.53)

The value of 𝑃𝑃′ is subsequently replaced by the new node set 𝑃𝑃′(new) value, i.e., 𝑃𝑃′ =

𝑃𝑃′(new), and 𝑘 is the count of the new constant voltage nodes 𝑉𝐶′. 



MODELLING THE TROLLEYBUS SYSTEM 101 

Figure 5-4: Sequence of DC power flow with unidirectional traction substations. 
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This approach makes it possible to calculate voltage rises when there are surplus power and 

unidirectional traction substations in a TNZ. With the new defined 𝑉𝐶′ (see Equation 5.49), a new 

power flow is executed. The calculated power (𝑃cal,𝑖 ⇔ 𝑖 ∈ 𝑉𝐶′) is evaluated; whenever, 

a negative or zero power is computed the corresponding constant voltage node (𝑖 ∈ 𝑉𝐶′) will be 

modified as passive node and its power is set to zero, as defined in Equations 5.47 and 5.48. 𝑉𝐶′

is subjected to a second check to ensure that no calculated powers (𝑃cal,𝑖 ⇔ 𝑖 ∈ 𝑉𝐶′) are more 

than their actual injected powers (𝑃cal,𝑖 ≤ 𝑃in,𝑖 ⇔ 𝑖 ∈ 𝑉𝐶′). In cases of high demand, 𝑉𝐶′ with 

greater demand is reset back as 𝑃𝑃′ and retains the initial injected power, as shown below: 

[𝑃in,𝑖
′ ] = 𝑃in,𝑖, ∀𝑖 ∈ 𝑉𝐶′: 𝑃cal,𝑖 ≥ 𝑃in,𝑖 (5.54)

and 

𝑃𝑃′(new) = 𝑃𝑃′ ∪ {𝑖|∀𝑖 ∈ 𝑉𝐶′: 𝑃cal,𝑖 ≥ 𝑃in,𝑖} (5.55)

𝑉𝐶′(new) = 𝑉𝐶′\{𝑖|∀𝑖 ∈ 𝑉𝐶′: 𝑃cal,𝑖 ≥ 𝑃in,𝑖} (5.56)

The values of 𝑃𝑃′ and 𝑉𝐶′ are subsequently replaced by the new node sets 𝑃𝑃′(new) and 𝑉𝐶′(new)

values, i.e., 𝑃𝑃′ = 𝑃𝑃′(new) and 𝑉𝐶′ = 𝑉𝐶′(new). In the event of a forced change in node types 

(𝑉𝐶′ to 𝑃𝑃′) and |𝑉𝐶′| ≠ 𝑘, block two cycle will be repeated with 𝑘 been updated with the count 

of the new constant voltage nodes (𝑘 = |𝑉𝐶′|); otherwise, the final power results 𝑷cal is compared 

with the original power array 𝑷in, and as shown in Equation 5.57 the difference between them 

𝑷loss denotes the wasted powers. 

𝑷loss = 𝑷in − 𝑷cal (5.57)

After the outcome of block one cycle, the calculated voltages at 𝑃𝑃′ are evaluated for any 

violations. When a voltage violation is discovered, block three will be started. Voltage rise at 

decelerating bus or PV system nodes may occur after eliminating traction substations with 

negative calculated powers (∀𝑖 ∈ 𝑉𝐶′: 𝑃cal,𝑖 < 0). At the beginning of block three, constant 

power nodes with calculated voltages exceeding 𝑈max1 (see Table 2-1) will be converted into 

constant voltage nodes and added to the residual 𝑉𝐶′ set. 

𝑉𝐶′′ = {𝑖|∀𝑖 ∈ 𝑃𝑃′: 𝑈cal,𝑖 > 𝑈max1} (5.58)

𝑉𝐶′(new) = 𝑉𝐶′ ∪ 𝑉𝐶′′, 𝑘 = |𝑉𝐶′| (5.59)

𝑃𝑃′(new) = 𝑃𝑃′\𝑉𝐶′′ (5.60)

and 

𝑷in
′ = 𝑷in (5.61)

[𝑈in,𝑖] = 𝑈max1, 𝑖 = 𝑉𝐶′′ (5.62)

[𝑃in,𝑖
′ ] = 0, 𝑖 = 𝑉𝐶′′ (5.63)
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The value of 𝑃𝑃′ is subsequently replaced by the new node set 𝑃𝑃′(new) value, i.e., 𝑃𝑃′ =

𝑃𝑃′(new), i.e., 𝑃𝑃′ = 𝑃𝑃′(new) and 𝑉𝐶′ = 𝑉𝐶′(new), and 𝑘 is the count of the new constant 

voltage nodes 𝑉𝐶′. 

The adjustment procedure for the node types' sets is defined by Equations 5.58-5.60. As stated in 

Equations 5.62 and 5.63, the voltage of the added 𝑉𝐶′′ is set to 𝑈max1 and their power is set to 

zero. As shown in Figure 5-4, after defining the new 𝑉𝐶′ and 𝑃𝑃′ as well as the input voltage and 

power arrays, new power flow is initiated. The calculated power (𝑃cal,𝑖 ⇔ 𝑖 ∈ 𝑉𝐶′) is evaluated; 

anytime a negative or zero power is computed, the associated constant voltage node (𝑖 ∈ 𝑉𝐶′) 

will be modified as a passive node as described in Equations 5.47 and 5.48. As shown in 

Equation 5.63, the powers of the modified nodes have already been set to zero. The cycle of block 

three is repeated until no change in node types (𝑉𝐶′ to 𝑃𝑃′) is detected. Finally, wasted powers 

𝑷loss are calculated as defined in Equation 5.57. 

Using the proposed algorithm, it is now possible to calculate the amount of burnt energy that is 

dissipated into the brake-resistor, as well as the amount of curtailed energy that is reduced by 

active power controllers in PV systems. Moreover, it is now possible to determine the voltage of 

the traction network up to the maximum voltage level 𝑈max1 when no regeneration power is 

returned to the AC network.  

5.2.5 Bus Power Control System6F

7

To model the bus power control system, three different approaches have been implemented. With 

regard to the integrated overcurrent protection mechanism introduced in [83], the management of 

voltage drop is handled by reducing the consumed power when bus is in traction mode (see 

Section 2.3). Based on the functionality of this mechanism, all buses are modelled to maintain the 

consumption current in accordance with the voltage limits specified in IEC 62313:2009-04 [56]. 

The first approach is handled by using 𝑼t,𝑧 (computed node voltages at time 𝑡) and Equation 2.2. 

The power control system will regulate the trolleybuses and battery-trolleybuses maximum 

permeated motor powers (see Figure 5-5). Based on the bus voltage, a reduction factor 𝛼r (see 

Equation 2.3) is used to regulate the bus motor power consumption. The set 𝐼𝑏 represents the 

operating buses indices, and the set 𝑖𝑖 represent the indices of buses with voltage 𝑈b ≤ 𝛼 ⋅ 𝑈n, 

where 𝑈n is the traction network nominal voltage, and 𝛼 is the knee point factor (see Section 2.3). 

However, power flow convergence issues are caused by the substantial fluctuations in bus power 

consumption and location shifting. The solution of the traction network steady-state may not be 

achievable in certain circumstances, particularly those in which the power demands of some buses 

are very large.  

7 The work of this section is published in [165] by the author of this research 
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Figure 5-5: Bus power control system flow chart. 

The second approach take place following a non-convergent DC power flow (see Figure 5-5) 

where the bus with the greatest power divergence as compared to its power value from previous 

time step (𝑡 − 1) is selected and a set 𝑗𝑗 based on the selected bus is formed. For reducing the 

power consumption of the selected buses, a reduction factor 𝛼c = 0.01 ⋅ 𝑃𝑧,𝑖𝑖(𝑡) is implemented. 

With each power reduction applied on the selected buses, a new DC power flow calculation is 

executed. If the reduced power of a selected bus drops under the lower operating limit no more 



MODELLING THE TROLLEYBUS SYSTEM 105 

power reduction will be applied on that bus and its index is removed from the set of operating 

buses (𝐼𝑏(𝑛𝑒𝑤) = 𝐼𝑏\𝑖). Otherwise, the reduction process will be repeated until the DC power 

flow converge. When the reduced powers of all selected buses drop under the lower operating 

limit, the next bus with highest power divergence is selected and added to the set of selected 

buses 𝑖𝑖. This process is also repeated until a convergent state is reached.  

As previously mentioned, power consumptions or locations of certain buses may shift 

significantly in between simulation time steps. In this scenario, the simulation model may 

compute some buses with a voltage lower than 𝑈min2, which is not permitted by system regulation 

and is effectively avoided in real life by the overcurrent protection mechanism incorporated in 

bus. The third approach is developed to cope with any uncounted voltage violations. After a 

successful DC power flow, as well as after a power reduction approach, bus voltages will be 

compared for any voltage violations (see Figure 5-5). Buses that have violated the voltage will be 

identified and their power progressively reduced until the bus voltage is increased above the 

𝑈min2 threshold.  

Finally, indices and new power values of buses that had a power reduction, granting a DC power 

flow converge or rather voltage adjustment, are saved and will be utilised to recalculate bus 

locations and the traction network steady-state, respectively (see Figure 5-2). 

5.3 AC Network State Calculation 

The voltage value of a traction substation (on the AC side of the substation) is affected by both 

the amount of the injected power into the traction network and the AC network steady-state, which 

implies that a various voltage – not fixed to the traction network nominal voltage 𝑈n – could 

appear on the DC side of the traction substation. Thus, each traction substation on the traction 

network could have a different voltage value. This voltage difference between the traction 

substation will modify the load distribution on the traction network as well as the voltages at load 

and supply nodes, i.e., trolleybuses, battery-trolleybuses, PV systems, EVCSs, and BSPSs.  

All of these considerations lead to the conclusion that when the medium voltage AC network is 

considered in the electric model, the determining of the traction network steady-state will be more 

realistic. 

5.3.1 AC Power Flow 

The AC power flow method models the nonlinear relation between power injections, power 

demands, as well as node voltages and angles, with regard to the network topology. The 

mathematical description of the AC network can be formulated using several methods; however, 

nodal voltage method, which is based on Kirchhoff's current law, is generally utilised for power 

system analyses. The topology can be described by the 𝑁 × 𝑁 nodal admittance matrix 𝒀ac that 

is computed, as in Equation 5.64, from the incidence matrix 𝑲 and the diagonal matrix constituted 
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by the primitive admittance matrix 𝒀ac,B. The diagonal elements of the matrix 𝒀ac,B represents the 

self-admittances and off-diagonal elements of the matrix 𝒀ac,B represents the mutual admittances of 

the AC branches [126].  

𝒀ac = 𝑲 ⋅ 𝒀ac,B ⋅ 𝑲T (5.64)

It is possible to identify an electric network's topology just by using an incidence matrix. Incident 

matrix 𝑲 is independent of the particular values of the branch parameters and has only three 

possible values, i.e., if 𝑘𝑖𝑗 is an element in 𝑲 then 𝑘𝑖𝑗 ⊂ {−1,0,1}. The numbers of rows in the 

incidence matrix correspond to network node numbers, while the numbers of columns correspond 

to its branch numbers. Branch current directed away and toward a node are represented by  

𝑘𝑖𝑗 = 1 and 𝑘𝑖𝑗 = −1, respectively. Otherwise, 𝑘𝑖𝑗 = 0 indicates no contact between the node 

and branch The row numbers of the non-zero elements (𝑘𝑖𝑗 = 1 and 𝑘𝑖𝑗 = −1) in each column 

(only two in each column) represent the ending node numbers of the relevant branch [138]. 

The nodal voltage vector 𝑼ac and the nodal current vector 𝑰ac form a set of nodal equations that 

can represent an electric AC network (see Figure 4-3) steady-state as follows: 

𝑰ac = 𝒀ac ⋅ 𝑼ac (5.65)

It is possible to determine the power flow in an AC- network, which is represented by a non-linear 

set of equations, by using an iterative solution. The Newton-Raphson and Gauss-Seidel methods, 

for example, are practical approaches for the power flow calculation. In this simulation model, 

the Newton-Raphson method is used to calculate power flow in AC network due to its excellent 

convergence capabilities as well as the low number of iteration cycles [126]. In steady-state 

operation, node voltages are dependent on the balance between the combined powers being 

injected into an AC node (active 𝑷ac,inj and reactive 𝑸ac,inj power) and calculated powers at the 

same node (active 𝑷ac,calc and reactive 𝑸ac,calc power). 

𝑷ac,inj − 𝑷ac,calc = ∆𝑷ac = 0 (5.66)

𝑸ac,inj − 𝑸ac,calc = ∆𝑸ac = 0 (5.67)

Following a Taylor development, the Newton-Raphson method is used to solve Equations 5.66 

and 5.67 iteratively for a given voltage reference at the slack node and other node powers 𝑷ac,inj

and 𝑸ac,inj. The nodal voltage 𝑼ac is divided into the voltage magnitude |𝑼ac| and the voltage 

angles 𝜹 for this purpose. With each iteration step 𝑘, the power equations are linearised and 

approximated to the solution until the convergence limit is reached. As shown in Equation 5.68, 

The solution is calculated with each iteration step 𝑘 by linearising the power equations until the 

convergence limit is reached. 

[
∆𝑷ac

(𝑘)

∆𝑸ac
(𝑘)

] = 𝑱(𝑘) ⋅ [
∆|𝑼ac|(𝑘+1)

∆𝜹(𝑘+1)
] (5.68)
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𝑱 =

⎣
⎢
⎢
⎢
⎡
𝜕∆𝑷ac

𝜕∆𝜹

𝜕∆𝑷ac

𝜕∆|𝑼ac|

𝜕∆𝑸ac

𝜕∆𝜹

𝜕∆𝑸ac

𝜕∆|𝑼ac|⎦
⎥
⎥
⎥
⎤

(5.69)

A new Jacobi matrix 𝑱, is computed with each iteration step 𝑘. In order to calculate the power 

flow during that operational point, an approximation approach is utilised with the help of a 

sensitivity matrix, which is defined as the inverse of the Jacobi matrix 𝑱−1. However, the inversion 

of large matrices is time consuming. Particularly in medium-voltage grids, where the number of 

nodes might exceed several hundred, this results in a significant amount of computing work, 

which grows exponentially with the size of the electric network [126]. 

The AC network model thus receives the voltage at the slack node (MV busbar voltage at the 

HV/MV transformer 𝑈n,ac) and the active and reactive powers (𝑷ac,sch and 𝑸ac,sch) as input 

variables 𝒗. The output variables 𝒓 of the AC network are the node voltages and branch currents 

(𝑼ac and 𝑰ac,B), where the voltage values at the traction substation nodes are the focus of the AC 

power flow task (see Figure 5-6).  

Figure 5-6: AC medium-voltage network schematic representation (linearisation approximated by a 
proportional element). (Adapted from [126]) 

5.3.2 AC-DC Power Flow 

For traction system modelling, a unified AC-DC power flow has been the primary goal of many 

studies [166–171]. However, the inclusion of a heavily mashed traction network model, as well 

as the incorporation of unidirectional traction substations in the traction network, present a 

difficulty with the previously mentioned unified AC-DC power flow approaches.  

Here, an approach for sequential AC-DC power flow is explained, in which the complete electric 

network is simulated at the same time and the features of the traction network are maintained. As 

shown in Figure 4-3, the traction substations are the primary parts that are shared by both AC 

network and DC traction networks. Traction substations play a critical part in the development of 

a sequential AC-DC power flow. A traction substation, as previously stated in Section 4.1.4, 

consists of traction transformer as well as rectifier. Traction substation is subjected to internal 

voltage drop that is caused by three core elements: rectifier resistance, traction transformer 

resistance, and traction transformer reactance [172]. In this work, the DC traction network is 

modelled and simulated separately from the AC network, and to simplify the calculation and the 

connection between the two networks, the total internal resistance of the traction substation is 
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excluded. The basic relationship between the AC input voltage and the DC output voltage of the 

traction substation can be defined as: 

𝑈t,𝑝 =
𝑈ac,𝑟

𝑁tps,𝑟
(5.70)

where 𝑁tps =
𝑁p

𝑁s
 is the traction transformer turns ratio with number of turns 𝑁p on the primary 

side and number of turns 𝑁s on the secondary side, 𝑟 = {𝑡𝑝𝑠2} (see Equation 4.4) is the set of 

traction substation node Ids (AC side), and 𝑝 = {𝑡𝑝𝑠1} (see Equation 4.4) is the set of traction 

substation node Ids (DC traction side).  

Figure 5-7: Sequence of sequential AC-DC power flow. 

It is necessary to maintain a constant balance between input and output powers of the traction 

substations in order to establish a relationship between the AC and DC traction networks at any 

given time. When losses are not taken into account, the traction substation active AC power equals 

the DC power as follows: 
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𝑃ac,𝑟 = 𝑃t,𝑝 (5.71)

Following the calculation of the powers of TBs, BTBs, PV systems, EVCSs, and BSPSs, the 

steady-state of the traction network is computed as described in Section 5.2. Active powers at AC 

side of the traction substations are computed using Equation 5.71 depending on the outcomes of 

the DC power flow calculation (see Figure 5-7). After that, the calculation of the AC power flow 

can be performed (see Section 5.3.1). As a consequence of the AC power flow results, the new 

voltage values for each traction substation, which is calculated using Equation 5.70 are utilised 

with the new DC power flow.  

AC and DC power flows are iterated (see Figure 5-7) until the norm of computed power 

mismatches ‖∆𝑃t,𝑝‖, i.e., ∆𝑃t,𝑝 = (𝑃t,𝑝)
𝑘

− (𝑃t,𝑝)
𝑘+1

, is less than the specified mismatch 

tolerance.𝜀. As soon as an optimal solution for the traction network is determined, the simulation 

process continues although it reaches its conclusion. 





6 Evaluation and Validation of the Simulation Model 

Solingen's trolleybus system serves as the guide to this work. To this day, Solingen is known for 

owning Germany's largest trolleybus system. As of 2016, 50 electrically propelled trolleybuses 

equipped with auxiliary combustion engines have been operating six bus routes. Since 2018, 

a new, 7th bus route, which is operated by four BOBs, is introduced. The city traction network 

includes 22 unidirectional traction substations that are responsible for powering around 102 km 

of overhead contact wires; additionally, a separate traction substation is added at the new bus 

route terminal to charge BOB's on-board batteries during the dwelling times, although the BOB's 

on-board batteries are also charged during the bus motion under existing overhead contact wires 

(OHCWs). Solingen trolleybus system runs on a DC with 𝑈n = 660 V provided by the 

22 unidirectional traction substations that link the DC network to the upstream AC network 

(𝑈n = 10 kV) [14, 63] 

6.1 Adapting the Input Parameters 

For the objective of this simulation model, the spatial data, technical specifications, and the means 

necessary for the modelling and analysing of a trolleybus system are outlined in the following 

sections. 

6.1.1 GIS Data 

Use of geographical information system (GIS) for modelling mobility and transportation projects 

has received considerable interest in recent years [173–175]. Modelling the trolleybus system 

requires the integration of spatial and non-spatial data, which may be accomplished using GIS 

software such as QGIS (open-source software [176, 177]). By integrating OpenStreetMap [178] 

and Google Maps [179], georeferencing important points in the trolleybus system is thus made 

possible; furthermore, the elevation data of the terrain are determined from the Digital Terrain 

Map Model (DTMM) of the target city (see Figure 11-1). Implementing trolleybus system in 

QGIS is accomplished by creating shapefiles of type point to represent the traffic nodes and the 

traction nodes and of type line to represent the traffic branches and traction branches. Actually, 

the point features in the road network are picked all over the trolleybus and BOB routes realising 

all locations (node types) defined in Section 3.1.1, just as the point features in the traction network 

are picked to denote the traction network topology and realise the node types defined in Section 

4.1.2. Here it is worth mentioning that line features in both traffic- and traction network are 

created between consecutive point features in the traffic- and traction network, respectively.  

The attribute fields of the road network point features are defined based on elements of the traffic 

node set (see Equation 3.2); likewise, attribute fields of the traction network point features are 

defined based on elements of the traction node set (see Equation 4.1). In fact, QGIS build-in tools 
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help with filling the spatial data of the point features. For instance, the altitude field, for road 

network point features, is determined using the DTM of Solingen and the location of the point 

feature (traffic node). However, the x- and y-coordination fields for both traffic- and traction 

network point features are determined based on the coordination system and the location of the 

point feature.  

Equations 3.4 and 4.3 are used to define the attribute fields of the line features (traffic- and traction 

branches) in the road network and traction network, respectively. As utilized for the point features, 

QGIS build-in tools are used to determine the lengths of the line features in both traffic- and 

traction network. 

After being modelled in QGIS, the Solingen trolleybus system can be seen in Figure 6-1 (A) and 

(B), where both traffic- and traction network are shown, respectively. It is remarkable that the 

total number of point and line features in the road network are 3908 and 4022 with total length 

119.65 km, respectively; however, the total number of point and line features in the traction 

network are 377 and 626 thereof 103.27 km of overhead contact wires, respectively. 

Figure 6-1: Overview of Solingen trolleybus road and traction network topology.  
A: Road network. 
B: Traction network. 

As shown in Figure 6-1 (A), the traffic roads enclosed by the dashed turquoise line represent the 

travel routes without OHCWs. Accordingly, these parts from the road network are not represented 

in the traction network shown in Figure 6-1 (B). 
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The attribute fields of the road network point and line features (traffic nodes and traffic branches) 

as well as the traction network point and line features (traction nodes and traction branches) are 

exported into four individual CVS (comma-separated values) files which can be read by the 

simulation model and subsequently defined as Equations 3.2, 3.4, 4.1, and 4.3, respectively. 

6.1.2 Bus Daily Timetable 

Two Excel spreadsheets [180] are used to describe the timetable of Solingen bus lines (681 to 686 

and 695), in which, the daily schedules, with up to 50 trolleybuses and 4 BOBs, and the bus travel 

routes are defined. An illustrative example of the daily schedule as the bus travel route 

information is presented in Annex 11.3. The data, in the first Excel spreadsheet, include the daily 

schedules of all buses that serve the bus lines (681 to 686 and 695). Moreover, three individual 

daily schedules (worksheets) for workdays, Saturday, and Sunday/Holiday are included in the 

excel spreadsheet. However, the data of the daily schedules' file are structured in accordance with 

Equations 3.5, 3.6, and 3.10. The second Excel spreadsheet includes the information of the bus 

travel routes which is structured in accordance with Equations 3.7 and 3.8. 

6.1.3 Trolleybuses and Battery-Trolleybuses 

The Solingen trolleybus system includes three models of trolleybuses and one model of BOB. 

The trolleybus fleet consists of 15 “Berkhof: Premier AT 18”, 15 “Carrosserie Hess: Swisstrolley 

3 / BGT-N 2 C”, and 20 “Van Hool: AG 300 T” articulated buses. All 4 BOBs are “Solaris: 

Trollino 18.75” articulated buses [97]. The technical specifications of Solingen electric bus fleet 

(see Table 11-3 in Annex 11.4) are defined in an Excel spreadsheet. The specifications data realise 

the elements of Equation 3.43.  

6.1.4 Traction Substations 

The number of traction substations that serve the Solingen traction system is 23 (including the 

new added traction substation at the terminal of bus line 695), which is divided between three 

traction zones. As shown in Figure 6-14, the 23 traction substations are divided as follows: 10 

traction substations for the upper part of the network, 12 traction substations for the lower part of 

the network, and one traction substation at the terminal of bus line 695. The specifications of the 

traction substations (see Table 11-4 in Annex 11.5) are defined in an Excel spreadsheet, in which, 

the elements of Equation 4.4 are fulfilled. 

6.1.5 Photovoltaic Systems 

PV systems are not present in the existing trolleybus system of Solingen. The integration of PV 

systems in the DC traction network is under study. 16 pre-exist PV systems, already connected to 

the AC MV network of Solingen, have the potential to be switched into the DC traction network. 

To implement the potential PV systems into the simulation model, elements of Equation 4.20 
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must be defined with the required data (see Table 11-5 in Annex 11.6). To define the required 

specifications for the PV systems, an Excel spreadsheet is used as input tool. 

6.1.6 Electric Vehicle Charging Stations 

The specifications of the EVCSs, which are planned to be implanted in the Solingen trolleybus 

system, are defined in Excel spreadsheet (see Table 11-6 in Annex 11.7) and structured in 

accordance with Equation 4.24. 

6.1.7 Battery Storage Power Stations 

An Excel spreadsheet (see Table 11-7 in Annex 11.8) is therefore needed to define the BSPSs' 

specifications which are planned to be used in the Solingen trolleybus system. These 

specifications are organised according to Equation 4.26.  

6.1.8 General Input Data 

To add more flexibility to the simulation model, an Excel spreadsheet with multiple worksheets 

is utilised. The date and starting time 𝑆𝑀sd, and duration 𝑆𝑀int, as well as the simulation time 

step 𝛿𝑡, are all essential data of the simulation model. These data are included in one of the Excel 

worksheets and will be implemented by the simulation model to form Equations 2.4 to 2.11. 

Other data that could be forced to override the default values or setting of the trolleybus system 

components are contained as general input data. For example, outside temperature 𝑇o, bus interior 

temperature 𝑇i, passenger crowding, and bus variety can be forced into the simulation model. 

Moreover, PV, EVCS, BSPS, and the DC traction network settings are configurable as well. 

6.2 Simulation Model with Various Scenarios 

This section aims to analyse the Solingen trolleybus system using the proposed simulation model; 

furthermore, the simulation result will be illustrated and evaluated. The proposed real-world 

trolleybus simulation model is coded and simulated using MATLAB [181]. The existing 

trolleybus system as well as the understudy new components, i.e., additional BTBs, PVs, EVCSs, 

and BSPSs specifications, are accessible via Excel spreadsheets (see Section 6.1). All input values 

for the Solingen trolleybus system are shown in Annex 11. 

6.2.1 Bus Performance Against Travel Obstacles 

To assess the effect of the traffic situation on the bus model (BM), three simulations with free, 

congested, and normal traffic are considered. The different traffic situations are realised within 

the BDTRM (see Section 3.3). The free traffic situation is modelled by omitting all rush hour 

intervals, which allows buses to operate at the maximum road speed limits as well as minimum 

stopping and dwelling times at traffic lights and bus stops. Conversely, the congested traffic 

situation is modelled by extending the rush hour intervals, which reduces the maximum road 
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speed limits, making the buses drive even slower during their trip. Furthermore, the stopping and 

dwelling times are increased. The third traffic situation (normal traffic) is modelled with the 

standard rush hour intervals at standard probability of dwelling at a traffic lights and bus stops in 

and outside the standard rush hour intervals. Likewise, the dwell time is also computed for the 

normal traffic situation as introduced in Section 3.3. 

As shown in Figure 6-2 (A), which depicts the free traffic situation, buses from all eight bus lines 

(one bus operates on both lines 681 and 682 and the same applies for lines 685 and 686) arrive 

mostly on time or up to two minutes ahead of schedule. Nonetheless, there are cases where the 

bus arrives up to 17 minutes early. Considering this, a long dwell period is established between 

the inbound and outbound trips on the bus schedule. However, due to the congested traffic 

situation, buses swapping between lines 681 and 682 often has delays surpassed 40 minutes (see 

Figure 6-2 (B)). In a normal traffic situation (see Figure 6-2 (C)), there are still some delays, but 

they are no longer than 12 minutes, that is shown for buses swapping between lines 681 and 682. 

In contrast to congested traffic situation, being ahead of schedule occurs several times during the 

normal traffic situation, which on some bus lines exceeded 10 minutes. 

Figure 6-2: Buses punctuality with respect to traffic situation. The simulation parameters are: Three traffic 
situations (free, congested, and normal), no HVAC, and only bus variety 3 (Annex 11.4). 
A: Free traffic. 
B: Congested traffic. 
C: Normal traffic. 

The topography of the travel routes effects the performance of the bus. Also, as shown in 

Figure 6-3, the traction power 𝑃TB increases exponentially as bus speed and road slope increase 

(no deceleration power is considered). In consideration of the simulation results, the bus is 
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restricted to a specific speed on certain road slopes. As soon as the motor's maximum power 𝑃M

is reached, the bus's acceleration is capped at that moment, and it cannot go any faster. According 

to the simulation results, a bus requires around to 𝑃TB = 250 kW of electric power to travel 𝑣 = 65 

km/h on a level road. It's also worth noting that the bus motor operates at its peak power at 𝑣 = 20 

km/h on a 11% slope and 𝑣 = 65 km/h on a 2% slope. 

Figure 6-3: Simulated bus power at different speeds and slopes. The simulation parameters are: free traffic 
situation, no HVAC, and empty buses from all bus variety (Annex 11.4). 

The surface plot of Figure 6-3 is based on several simulation outputs, in which, an empty bus and 

no power for HVAC is considered. Moreover, all simulations are conducted in a free traffic 

situation to avoid any speed limit restrictions. 

6.2.2 Simulating with Innovative Features 

The Solingen trolleybus system will be put under higher stress if innovative features like PV 

systems and EVCSs are integrated into the existing trolleybus system. As mentioned in Section 

6.1.5, 16 pre-exist PV systems (connected to the MVAC network) are being looked at to connect 

directly to Solingen's traction network (see Annex 11.6). Furthermore, 18 EVCS locations are 

implemented in the simulation test (see Annex 11.7). The outside temperature is assumed to be 

between 𝑇o = 15 °C and 𝑇o = 22 °C. Thus, no HVAC power is included. Normal traffic volume 

on a workday is defined for this simulation as well as all four bus variety (see Annex 11.4) are 

included in this simulation test. The duration of the simulation test is 24 hours.  
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Figure 6-4: : Solingen trolleybus system energy profiles with innovative features implemented in the system. 
The simulation parameters are: 16 PV systems (Annex 11.6), 18 EVCSs (Annex 11.7), no HVAC 
power, normal traffic for workday, and all 4 bus variety (Annex 11.4). 
A: Energy shares between system innovative features and the traction substations. 
B: Energy consumption of the implemented EVCSs.  
C: Energy produced by the implemented PV systems. 

The simulation results can be seen in Figure 6-4. The consumed power of the 13 EVCSs is shown 

in Figure 6-4 (B) and the produced power from the 16 PV systems is shown in Figure 6-4 (C). 

Figure 6-4 (A) shows the total simulated power usage, where the light green area represents the 

energy contributed by the 16 PV systems. Thus, the PV systems have shifted the supply power of 

the traction substations and reduced their infeed power. In other terms, without the PV systems, 

more power is produced by the traction substations, so the blue area would be increased with the 

light green area. Over the course of 24 hours, the 18 EVCSs drew in the total energy shown in the 

purple area. Without solar PV systems and EVCSs, the infeed energy from the substations is 

shown as the blue area. The total infeed and consumed energy, as well as the energy lost by PV 

systems due to overvoltage protection, are all shown in Table 6-1. 

Table 6-1: Simulation results of the energy shares of the implemented features and the existing traction 
substation as well as energy lose from PV systems. The simulation parameters are: 16 PV systems 
(Annex 11.6), 18 EVCSs (Annex 11.7), no HVAC power, normal traffic for workday, and with all 4 
bus variety (Annex 11.4). 

Energy kWh 

Substations Infeed 234.15 

PV systems Infeed 47.26 

EVCSs consumption 82.89 

PV system lost 0.29 
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6.2.3 Several Day Simulation 

The total power consumption in a trolleybus system depends on the number of operating buses 

and the power demands. The number of operating buses corresponds to the bus schedules. The 

TBSSM can simulate even for multiple days based on the input values in the simulation interval 

set (see Equations 2.4-2.11).  

Figure 6-5: Total traction substation infeed power of the Solingen trolleybus system generated from a 
simulation of three different day types and compared to real measured logs. The simulation 
parameters are: normal traffic for three day types (workday, weekend, and public holiday), 
normal HVAC operation, and only the 3 TB variety (Annex 11.4). 

As shown in Figure 6-5, three distinct bus schedules are simulated over the course of a three-day 

period. A real-world date, collected and provided by Solingen municipal utilities SWS7F

8, are used 

to compare the simulation results. The simulated and measured data represent the infeed power 

of the 22 traction substations that power the Solingen trolley system (new added traction 

substation at the terminal of bus line 695 is not considered in this simulation test). Simulation 

results were averaged every 15 minutes to match the measured data since the simulation time step 

is 1 second and measurements were recorded every 15 minutes. The difference between the 

measurement date and the simulation results can be attributed to a possible difference between 

the bus timetable at the time of measurement and the bus timetable used in this simulation test, 

since the measurement data does not provide a precise bus timetable at the time of measurement. 

However, the simulation results for three different day types succeed in capturing the different 

power consumption during the different days. 

6.2.4 Simulating Future Scenarios 

It is necessary to do further research and analysis before expanding an existing trolleybus system. 

The TBSSM offers the necessary tools to evaluate the expansion of a trolleybus system with future 

8 In German, famous as: Stadtwerke Solingen 
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scenarios. Solingen's trolleybus system is evaluated in 2020, 2030 and 2050 with three different 

scenarios. The future trolleybus system (in 2030 and 2050) is expected to be expanding with more 

BTBs, bidirectional traction substations, PV systems, and EVCSs. Table 6-2 provides a summary 

of the present state of the trolleybus system and the future adjustments that are planned to be 

implemented in Solingen trolleybus system. 

Table 6-2: Number of the innovative features that are considered in the simulated scenarios. 

Scenario 2020 2030 2050 

Traction Substation 
Unidirectional 22 20 20 

Bidirectional 0 2 2 

Buses 
Trolleybuses 50 32 0 

Battery-Trolleybuses 0 36 100 

Innovateve Features 
EVCSs 0 10 10 

PV systems 0 1 1 

Figure 6 shows the simulation results for the two potential future scenarios with the simulation of 

the existing system in 2020 and with measured data from 2016. The three simulation results as 

well as the measured data from 2016 represent the overall power consumption of the traction 

network. The total power is supplied by 22 traction substation and a single PV system (in 2030 

and 2050 two unidirectional traction substations are replaced by bidirectional traction substations 

and the single PV system is integrated into the system). At this point it is worth mentioning that 

the simulation results as well as the measurement data are for the wintertime. 

Figure 6-6: Total traction substation infeed power of the Solingen trolleybus system from several simulation 
scenarios and real measured data. The simulation parameters are: normal traffic situation, 
normal HVAC operation for wintertime, all buses variety (Annex 11.4) considering Table 6-2, 
traction substation (Annex 11.5) considering Table 6-2, and PV systems from (Annex 11.6) and 
EVCSs from (Annex 11.7) considering Table 6-2. 
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6.3 Quality and Accuracy of the Bus Movement 

Additional assessment for the BM can be accomplished by comparing the power profile and state-

of-charge progression of a BTB that is running on line 695 with those obtained from an actual 

driving test conducted on the same line [34]. Both simulated and test drive SOC progression are 

shown side by side in Figure 6-7 (A). Also, the SOC can be simulated with high accuracy using 

the trolleybus system simulation model and its base model (BM), and hence may be utilised 

reliably. Despite the delay in SOC progression shown by the test drive, which is due to a variety 

of reasons, such as congested traffic, roadworks, and the numerous pauses required to inspect the 

air conditioning system during the test drive. Figure 6-7 (B) shows the simulated SOC progression 

after compensating the waiting interval (increase the dwelling time at that stopping point) into the 

BDTRM. 

Figure 6-7: Comparison of simulated and test drive SOC progression on line 695. The simulation parameters 
are: no HVAC power, normal traffic for workday, and only one full BTB (Annex 11.4). 
A: No delay adjustment (Original test drive). 
B: With delay adjustment. 

The power profiles of the simulation and the test drive are contrasted in Figure 6-8 (A). Between 

the two curves, there is a time and value shift. This is because a second-based measurement 

(𝛿𝑡 = 1 sec) can't be precisely matched. The simulated power profile is highly dependent on the 

topographical conditions, outside temperatures, passenger crowding, and traffic situations. Both 

power profiles have been smoothed using a moving average filter as shown in Figure 6-8 (B). The 

consistency of the simulated and test power profiles indicates that the trolleybus system 

simulation model can be used to determine TB and BTB power consumption as well as their 

instant states and implement them within other special-purpose analyses and applications (see 

Chapter 7).  
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Figure 6-8: Comparison of simulated and test drive power consumption on line 695. The simulation 
parameters are: no HVAC power, normal traffic for workday, and only one full BTB 
(Annex 11.4).  
A: No filter applied. 
B: Smoothed by moving average filter. 

6.4 Quality and Accuracy of the Traffic Network State Calculation 

Energy consumption is measured by energy utilised per unit of output, e.g., travel distance. 

Energy consumption measured in (kWh/km) can be used to compare vehicles with comparable 

capacities and performance of the same type but operated differently (route topography, outside 

temperature, and traffic conditions). Wide energy consumption (kWh/km) ranges are reported by 

several research (see Section 1.2). Nevertheless, the estimation of the energy consumption ranges 

should reflect the high variability of the real-world situations. Therefore, it is essential to produce 

stochastic data for the purpose of studying whether the bus model and its consumption of energy 

are affected by uncertainties in different circumstances, for example, weather and traffic 

conditions.  

Verifying the longitudinal dynamic model and the HVAC system in the bus model (see 

Section 3.4) requires multiple simulations under various weather and traffic scenarios. Buses are 

restricted in their stop-to-stop movements by the BDTRMs, in which the bus schedule and the 

traffic conditions are pre-defined (see Section 3.3). The histograms in Figure 6-9 depict three 

different simulation scenarios for buses with different operating situation. Normal workday traffic 

is considered for all simulation scenarios (pre-generated in BDTRM). Figure 6-9 (A), (B), and 

(C) shows the traction motor energy consumption in (kWh/km) for empty buses, full buses, and 

buses with a random number of passengers on-board, respectively. Traction motor energy 

consumption ranges between 𝐸CB = 1 kWh/km to 𝐸CB = 1.8 kWh/km for empty buses, 

𝐸CB = 1.51 kWh/km to 𝐸CB = 2.5 kWh/km for full buses, and 𝐸CB = 1.11 kWh/km to 
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𝐸CB = 2 kWh/km for buses with a random passenger number. The lower energy consumption is 

seen in both empty and random number of passengers on-board situations. While the highest 

energy consumption is listed with a full bus situation. 

Figure 6-9: Traction motor energy consumption based on three different scenarios. The simulation 
parameters are: normal traffic for workday, normal HVAC operation for several days from 
different seasons, and only bus variety 2 (Annex 11.4) with three different scenarios:.  
A: Empty buses (no passengers on-board). 
B: Full buses (maximum passengers on-board).  
C: Buses with random number of passengers on-board. 

Figure 6-10: Number of passenger on-board a bus as computed in the BDTRSM. The simulation parameters 
are: normal traffic for workday, normal HVAC operation, and only bus variety 2 (Annex 11.4) 
with random number of passengers on-board and operation on line 683. 

Figure 6-10 shows a histogram of the number of passengers on a bus throughout its daily schedule. 

In addition, the actual number of passengers is also presented by the curve. In this model, there 
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are three peak-time periods that are considered. Passengers are more likely to be on the bus during 

peak hours. Otherwise, there are fewer than 20% on board, and that number drops to less than 

10% at dawn.  

Figure 6-11: Auxiliary energy consumption at different temperatures with three different scenarios. The 
simulation parameters are: normal traffic for workday, normal HVAC operation for several 
days from different seasons, and only bus variety 2 (Annex 11.4) with three different scenarios:  
A: Empty buses (no passengers on-board). 
B: Full buses (maximum passengers on-board).  
C: Buses with random number of passengers on-board. 

This passenger model, which is pre-determined in BDTRSM, is unique and corresponds only to 

one specific bus. In other words, each bus has its unique traffic situation which is different from 

the traffic situation of other buses using the same travel road, i.e., operating on the same line. 

Figure 6-11 and Figure 6-12 depict the distribution of the auxiliary energy consumption (HVAC 

system and basic auxiliary) and the total energy consumption by buses at various outdoor 

temperatures, respectively. The central purple mark represents the median of the energy 

consumption, while the box top and bottom edges represent the 75th and 25th percentiles of the 

resulting energy consumption from the several simulations, respectively. The (A), (B), and (C) 

markers in Figure 6-11 and Figure 6-12 depict empty, full, and random bus occupancy, 

respectively.  

As shown in Figure 6-11(A), more auxiliary energy is required in cold temperatures when 

compared to (B) and (C) of the same figure. The reason behind that is the absence of the on-board 

passengers, where no heat energy from passengers is thus contributed to the heating system. On 

the other hand, with high temperatures, less energy is required to cool down the passenger 

compartment when the bus is empty and more energy when it is full (see Figure 6-11 (A) and 

(B)). 
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Figure 6-12: Total energy consumption at different temperatures with three different scenarios. The 
simulation parameters are: normal traffic for workday, normal HVAC operation for several 
days from different seasons, and only bus variety 2 (Annex 11.4) with three different scenarios: 
A: Empty buses (no passengers on-board). 
B: Full buses (maximum passengers on-board).  
C: Buses with random number of passengers on-board. 

Figure 6-13: Simulated passenger compartment temperatures compare to the outside temperature. The 
simulation parameters are: normal traffic for workday, only bus variety 4 (Annex 11.4) with 
random number of passengers on-board, and normal HVAC operation for different days from: 
A: Winter season. 
B: Summer season.  
C: Spring/Autumn season. 

Figure 6-13 depicts the operation of the HVAC system in one of the simulated buses with three 

different outside temperature values. The bus passenger compartment temperature is regulated 
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with respect to the outside temperatures and as defined in the VDV recommendation 236 [111] 

(see Figure 3-8). 

6.5 Quality and Accuracy of the Traction Network State Calculation 

In this section, the results of the steady-state calculation of the traction network are presented. As 

introduced in Chapter 4, the DC traction network is a passive network in which the traction 

substations are unidirectional with only one direction of power flow, i.e., from the medium 

voltage AC network to the DC traction network. Any surplus energy in the DC traction network 

is therefore associated with an increase in voltage. The voltage increase is damped by a squeeze 

control system implemented in the buses, where the surplus energy is converted into heat using a 

brake-resistor, preventing the system voltage from exceeding the maximum permanent voltage 

𝑈max1 as defined in IEC 60850:2014-11 [13]. In order to calculate the steady-state of the traction 

network as well as the buses behaving during the occurrence of surplus energy in the traction 

network, an adapted power flow method is implemented (see Section 5.2.4). 

Figure 6-14: The Solingen traction network zones and the travelled path of two trolleybus.  

In order to show the results of the simulation process (defined in Section 5.2), a path as shown in 

Figure 6-14 is selected and only two buses are simulated. Although TBSSM has the option to 

simulate several bus movements simultaneously, only two buses are simulated travelling on this 

path to keep clear the behaviour of the traction substation to bus movements as well as the voltage 
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state in case of surplus power in the traction network. As shown in Figure 6-14, the Solingen 

traction network is divided into two zones.  

Figure 6-15: Traction network steady-state at selected traction substation and the two trolleybuses driving the 
path of Figure 6-14. 
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The buses start in zone 1 and end in zone 2. The power supply for the bus movements is mainly 

provided by the traction substations close to the bus route, i.e., traction substations 8, 11, 20 

and 13. Traction substations 10, 14 and 16 are expected to make a very small contribution to the 

power supply. However, traction substations 10, 14 and 16 are excluded from the results 

discussion. As shown in Figure 6-15, the power and voltage at traction substations 8, 11, 20 

and 13 are given the purple and light green curves, respectively. In addition, the total power (as 

considered by the traction network), the motor power (as calculated by the bus) and the speed of 

trolleybuses 1 and 2 are given the purple, dotted purple and turquoise curves, respectively. The 

vertical red lines are added to Figure 6-15 to represent the start and end of some critical changes 

for the bus and traction substation states. 

At 04:11 o'clock trolleybus 1 starts to move. As the starting location of trolleybus 1 (as 

trolleybus 2) is in zone 1, no supplied powers are indicated in zone 2 (traction substation 20 and 

13). Traction substation 8 and 11, per contra, supply the buses demand in zone 1. As traction 

substation 8 is the nearest to the bus positions, the highest supplied power is supplied by it. Before 

04:12 o'clock trolleybus 1 deaccelerate (need to dwell at a traffic light) and because it is the only 

bus in zone 1 the regenerated deaccelerating power must be eliminated to keep the system voltage 

under the maximum permeated value (for Solingen's traction network 𝑈max1 = 740 V).  

As shown in Figure 6-15 the traction network considers the trolleybus with no power 𝑃 = 0 W, 

as the auxiliary power of the bus is fulfilled from the regenerated deaccelerating power and all 

the surplus energy is burned using the brake-resistor. The dotted purple curve shows how the 

traction motor power is not considered in the traction network state. The purple curve shows how 

the traction network considers trolleybus 1 power (after using the adapted power flow 

calculation). The first voltage surge in zone 1 is given during this time.  

When trolleybus 2 starts moving the regenerated power by trolleybus 1 is distributed to 

trolleybus 2 as long as trolleybus 2 is consuming power and in fare distance. In the time between 

red lines 1 and 2 as shown in Figure 6-15, trolleybus 1 start to generate power at red line 1 and 

trolleybus 2 consume the generated power until it stops accelerating. The power generated by 

trolleybus 1 is not due to deceleration to stop the bus, but to speed damping to keep the bus speed 

at 𝑣 = 50 km/h while the bus is travelling down slop. At red line 2, trolleybus 2 stops accelerating 

as it starts to drive down slope and thus regenerating power to maintain its speed at 𝑣 = 50 km/h 

(both buses are driving down slop). The regenerated power by trolleybus 2 is immediately burned 

(as given by the dotted purple and purple curve). Simultaneously, the regenerated power from 

trolleybus 1 is burned to remove the voltage surge from zone 1. Between red lines 2 and 3, the 

voltage surge in zone 1 is given at traction substation 8 and 11 by the light green curve. At red 

line 3, trolleybus 1 changes zones and enters zone 2. Thus, the voltage surge is given in zone 2 

since trolleybus 1 is still driving down slope and regenerating power (as shown by the light green 

curve from traction substation 20 and 13 in Figure 6-15). However, the voltage surge continues 
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at zone 1 as long as trolleybus 2 is regenerating power and connected to zone 1 (as shown by the 

light green curve from traction substation 8 and 11 in between red lines 3 and 4 in Figure 6-15). 

At red line 4 both buses are in zone 2 and thus no more supplied powers or voltage segues are 

given by traction substation 8 and 11. 

At red line 5, trolleybus 1 starts to accelerate and observe some of the regenerated power by 

trolleybus 2. As shown in Figure 6-15, the regenerated power by trolleybus 2 is feed into the 

traction network and delivered to trolleybus 1 (dotted purple curve is covered by purple curve). 

With trolleybus 1 continues accelerating, the regenerated power by trolleybus 2 becomes not 

enough to supply trolleybus 1 demands. Thus, traction substation starts to supply power into the 

traction network as soon as the voltage level drops to 𝑈 = 660 V (see Figure 6-15).  

Between red lines 7 and 8 a voltage surge occurs in zone 2 as trolleybus 1 is deaccelerating and 

trolleybus 2 is dwelling. The regenerated power by trolleybus 1 is burned and excluded from the 

traction network steady-state calculation, as given by the dotted purple and purple curve of 

trolleybus 1 in Figure 6-15. As soon as trolleybus 2 starts to accelerate (shortly before red line 8) 

the voltage surge in zone 2 gradually diminishes. Thus, in the time between red lines 8 and 9 no 

dotted purple cure can be seen for trolleybus 1 since all regenerated energy is consumed by 

trolleybus 2. 

In this context, it is worth pointing out that although trolleybuses 1 and 2 follow the same route 

(as shown in Figure 6-14), their speed curves (profiles) are not the same (as shown by the 

turquoise curves of trolleybuses 1 and 2 in Figure 6-15). Therefore, each trolleybus faces a 

different traffic situation. For example, trolleybus 1 stopped for some time at a traffic light 

immediately after leaving the depot, whereas trolleybus 2 did not have to stop at the same traffic 

light. The two speed profiles in Figure 6-15 show how each trolleybus is presented with a unique 

traffic situation. Of course, the traffic situation depends on the type of day, the time of day and 

the location of the bus stop. 

6.6 Assessment of the Simulation Model 

A comprehensive trolleybus system simulation model (TBSSM), in which trolleybuses and 

battery-trolleybuses collect energy from overhead wires to operate according to their daily 

schedules, requires extensive modelling of the buses, the traffic system and the traction system 

infrastructure. Battery-trolleybuses also charge their on-board battery while driving under the 

overhead contact wires or at bus stops where quick-charging stations are available, which 

challenges the reliability of the electric traction network. Besides, the implementation of 

innovative features, i.e., photovoltaic (PV) systems, electric vehicle charging stations (EVCSs) 

and battery storage power stations (BSPSs) in the traction network, increases the load on the 

trolleybus system. To this end, the TBSSM developed in this thesis mimics the regular activities 

of a real-world trolleybus system to assist in the evaluation of the steady-state behaviour of the 
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electric traction network and the operating TBs and BTBs over a period of time. Consequently, a 

comprehensive, environmentally friendly, and competitive trolleybus system can be planned and 

operated in an adaptive manner. 

By focusing on the extensive correlations between its components, the TBSSM is suitable for 

analysing the short- and long-term performance of a trolleybus system. As outlined in Chapters 3, 

4, and 5, the TBSSM consists of four model blocks, namely the traffic network model, the bus 

model, the electrical network model, and the trolleybus system state model. In this way, TBSSM 

made it possible to implement a public transport system simulator together with a reliable power 

system simulator in a single simulation model. Both simulators are important for simulating the 

steady-state behaviour of a trolleybus network. The TBSSM offers the possibility to do the 

following: 

1. The implementation of the road network, which defines the travel routes for the TB and 

BTB fleet. 

2. Characterising the individual elements of the traffic and electrical network with numerous 

features making it convenient to associate them. 

3. Establishing the Bus Daily Travelling Routes Model (BDTRM) from the road topology, 

traffic regulations, and bus timetables. The BDTRM defines the guidelines for each bus's 

routing and includes the following information: 

 The sequence of points (traffic nodes) that the bus passes through during a day.  

 The distance between the successive points (traffic branches). 

 The stopping points (bus stops, traffic lights, and junctions) where the bus will 

dwell. 

 Stop-to-stop distance. 

 Dwelling time. 

 Number of passengers between successive bus stops. 

 Speed limits over the travel roads. 

 Road topography. 

 Time progress correspond to the successive points (traffic nodes). 

 Traction network information (length, from-node, and to-node) correspond to 

travel roads (traffic branches). 

4. Calculating the amount of traction power necessary to propel a bus over four different 

motion regimes (acceleration, constant-speed, rolling, and braking) during a standard 

stop-to-stop driving cycle. In addition, the required power for basic auxiliary and heating 

or cooling are calculated. Battery power is also calculated for BTB. 

5. Determine the topology of the traction network and modifying it with each bus 

movement. 

6. Considering the passive behaviour of the traction network when calculating the steady-

state of the traction network, as well as the TB and BTB states. 
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7. regulating the system voltages and the buses' current consumption as recommended by 

IEC 60850:2014-11 [13] and IEC 62313:2009-04 [56], respectively. 

According to Section 6.2.1, the TBSSM can compute the bus performance in under a variety of 

traffic conditions, which allows different traffic situations to be simulated. The traffic situation is 

unpredictable and impacted by a variety of factors. For example, the type of traffic and the time 

of day affect the traffic situation. Thus, to determine the traffic situation over the course of a day, 

the TBSSM utilises a random function that depends on a predetermined probability variable, as 

well as the type and time of the day, to define the stop-to-stop motion and the allowable maximum 

speed on the roads. According to [85], using TBSSM to forecast the trolleybus steady-state could 

diverge with a longer forecast, and for that reason, the forecasting procedure should be repeated 

as soon as the real steady-state of the trolleybus system is satisfied. In fact, it could be possible to 

use real-time traffic information, depending on availability, from internet sources such as Google 

Maps or TomTom to improve the accuracy of the forecast window. Furthermore, traffic accidents 

that disrupt the traffic flow can be considered in the TBSSM. However, for planning purposes, a 

wide range of power consumption is required to cover all situations that influence the system 

state. As shown in Section 6.2.1 and Figure 6-3, different motor powers are obtained for different 

speeds and road gradients. In addition, different auxiliary powers (HVAC system and basic 

auxiliary) that vary with the outside temperature (see Figure 6-11) are determined and included 

in the total power consumption of the buses (see Figure 6-12). 

The calculation of the motion regimes between a stop-to-stop movement (see Section 3.4.3) 

depends mainly on the distance between successive stops and the speed regulation, which is 

determined by the road speed limit, the traffic situation, and the traction network regulation. 

However, different behavioural profiles of the bus driver, which include different tempos for 

acceleration, rolling and braking regimes, can be implemented to add more diversity to the 

calculation of motion regimes. Incorporating these profiles into the motion regime calculation can 

increase the diversity of motor power consumption. However, driver behaviour is random and 

associated with the traffic situation as well as the driver mode, which makes it impractical to 

determine such profiles and include them in the motion regime calculations. The approach 

developed in TBSSM for determining the motion regimes and their associated motor power 

consumption is adequate to account for the anticipated power consumption diversity. 

The dynamic nature of the traction network, caused by the continuous movement of buses, 

presents a challenge to the calculation and implementation of the traction network conductance 

matrix. Moreover, the existence of unidirectional traction substations makes conventional power 

flow methods inadequate. As can be seen in sections 5.1 and 5.2.2, the TBSSM determines the 

conductance matrix of the traction network, taking into account the change in network topology 

due to bus movements. When determining the steady-state of the traction network, the TBSSM 

implements a modified power flow approach (see section 5.2.4), which allows it to compensate 
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for the unidirectional nature of the traction substations. As shown in Section 6.5, the steady-state 

of the traction network is very well represented, where all voltage surges due to surplus power in 

the traction network are captured and the squeeze control system used by the buses to dump any 

unacceptable voltage rise is conveniently represented by the TBSSM.  

The TBSSM is basically developed to study a trolleybus system. However, it is always an option 

to adapt the TBSSM to simulate a tram system due to the similarity between the two systems. As 

the TBSSM is flexible, different input parameters can be changed. The tram system is even easier 

to calculate in terms of stop-to-stop motion. However, the calculation of the conductance matrix 

needs to be adapted because the trolleybus traction network is operated with a two-wire system, 

whereas the tram traction network is operated with a single wire system, and the tram tracks are 

used for the traction current return. 

By considering the complexity, the advantages of TBSSM and the challenges of evaluating its 

performance remain unmatched. Furthermore, the simulation duration and expansion adaptability 

are also to be considered for the benefit of adopting the TBSSM in planning and operation works 

[85, 86]. The developed TBSSM represents the state of the art in simulation tools. It is a 

development derived from previous experience in the field of traction systems (see Section 1.2). 

The TBSSM represents a unique combination of the traffic network and the electric network of a 

trolleybus system, which opens several new research horizons to be explored. This simulation 

model allows the investigation of cases that cannot be directly considered with standard 

simulation tools [26], it allows the verification of the traffic network parameters, the bus 

specifications, and the detailed behaviour of the corresponding electrical traction network. It also 

provides a basis for planning and analysis of existing and newly developed trolleybus/battery-

trolleybus systems.  





7 Use Cases and Applications of the Simulation Model 

The trolleybus system simulation model (TBSSM) is developed in such a form that it can adapt 

to environmental changes and be easily adjusted to mimic several scenarios within the trolleybus 

system. The TBSSM is constructed upon three fundamental models: the traffic network model 

(TNM), bus model (BM), and electric network model (ENM). It is necessary, however, to fully 

comprehend both the operating buses and the steady-state of the traction network in order to 

properly study and analyse a trolleybus system. A trolleybus system's potential should be 

evaluated before it can be expanded to include more innovative features. Thus, new innovative 

features, such as photovoltaic (PV) systems, electric vehicle charging stations (EVCSs), and 

battery storage power stations (BSPSs), are modelled within the ENM and are therefore 

implemented within the simulation of the trolleybus system. To accomplish these objectives, the 

TBSSM provides a complete solution that simultaneously simulates the movement of the whole 

trolleybus (TB) fleet, including even the battery-trolleybuses (BTBs), and simultaneously updates 

the bus positions within the traction network; the TBSSM can also manage the passive behaviour 

of the traction system. All voltage increases in the traction network are monitored, and any surplus 

power is eliminated. Some examples of potential use cases for the TBSSM will be explained in 

the following sections. 

7.1 Operating and Planning a Trolleybus Systems 

The author of [85] proposes innovative approaches to operate and plan a trolleybus system. In 

the first part of his work, he concentrates on the operating level of an existing trolleybus system. 

Accordingly, predicting how the TBs and BTBs will progress is necessary for forecasting the state 

of the trolleybus network, which is based on the TBSSM proposed in this thesis. The adopted 

TBSSM is set with one-second time step. However, the TBSSM only needs a fraction of a second 

to execute a simulation cycle in order to determine the trolleybus system's steady-state. Therefore, 

after determining the steady-state of the traction network, the TBSSM is paused until a real-life

second has passed. Modifying the TBSSM in this way allows it to simulate a real-time trolleybus 

system. In TBSSM, the steady-state calculation covers the locations and powers of the operating 

TBs and BTBs in accordance with their schedules, as well as the power and voltage of all the 

components included in the traction network. A proposed guiding system utilises the modified 

TBSSM to generate pseudo-measurements, which are later used to generate a 10-minute forecast 

for the trolleybus system. A new TBSSM (unmodified with pause simulation cycle) is started in 

order to simulate the 10-minute forecast. The guiding system then mirrors the bus locations – 

which are given by the pseudo-measurements – into the corresponding locations in the new 

TBSSM. Simultaneously, operating buses' speed and power consumption are computed. The 

trolleybus system specifications, which are implemented in the new TBSSM, are used to figure 
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out where the buses are, how fast they are going, and how much power they consume. Once the 

10-minute forecast, which takes less than 10 minutes to be simulated, is complete, a fresh 10-

minute forecast is newly started based on the actual pseudo-measurements and the same pre-

process will be repeated. The pseudo-measurements and 10-minute forecast data will be utilised 

by the intelligent control system, which is responsible for the reliable operation of the trolleybus 

system (see Section 7.4). 

In the second part of the work, [85] handles two planning situations with very different baseline 

circumstances. Planning to expand an existing trolleybus system therefore necessitates the 

specifications of the existing infrastructure (brown-field scenario). Contrarily, no such 

information is needed when planning a new battery-trolleybus system (green-field scenario). 

Thus, a novel approach to plan a battery-trolleybus system is presented. An important 

consideration in planning a battery-trolleybus route is determining which segments of the route 

should be electrified, such that there are as few overhead contact wires as possible for the battery-

trolleybus system to be reliably operated. Planning can be carried out with the help of the TBSSM, 

which utilises the existing information of the road network, bus daily schedules, construction 

restrictions, and trolleybus system infrastructure. The TBSSM is responsible for simulating the 

energy requirements of the operating buses during their daily schedules. Additionally, the SOC 

for the battery-trolleybuses is considered. The optimization algorithm will use all power demands 

to estimate the minimal overhead contact wires and traction substation needed to operate a reliable 

battery-trolleybus system. The optimised solution is then verified via an evaluation task by 

utilising the TBSSM. The new trolleybus system must satisfy all technical requirements. The 

battery-trolleybus SOC is also considered.  

Two case study are implemented in [85], so that the optimisation algorithm is tested for both 

green-field and brown-field scenario. 

7.2 Integration of Photovoltaic Systems 

To develop a truly sustainable public transportation system, the actual implementation of 

renewable energy technologies into trolleybus networks is crucial. For this reason, this section 

presents an approach to determine the best locations and sizes of photovoltaic systems that are 

intended to operate on a passive DC traction network [182]. According to research, direct 

integration of PV systems into such DC traction network allows an increase in PV system voltage 

efficiency from 𝜂 = 90% to around 𝜂 = 96% while also improving power quality, increasing 

system reliability, and lowering system costs [87]. However, the traction network's passive 

behaviour may result in active power curtailment of the PV systems. For this purpose, the TBSSM 

is used to determine the traction network steady-state.  

The proposed approach for choosing the best location for the PV systems is divided into several 

steps. In the beginning, existing traction substations are eliminated from the traction network 
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(traction network zone), i.e., 𝑃𝐴 = 𝑃𝐴 ∪ 𝑉𝐶 and 𝑉𝐶 = ∅ (see Section 5.2.3). In the next step, 

traction nodes with feed-in accessibility are defined as the new power source of the traction 

network. If 𝑁PVP represent the set of traction nodes with feed-in accessibility, then 

𝑃𝐴 = 𝑃𝐴\𝑁PVP and 𝑉𝐶 = 𝑁PVP. After that, the TBSSM is started with the new defined constant 

voltage (𝑉𝐶) and passive node (𝑃𝐴) set. The feed-in energy of the selected traction nodes set 

𝑁PVP will be computed over the simulation interval 𝜏s. Then, each traction node in 𝑁PVP is 

grouped with the electrically linked traction nodes. The groups of traction nodes can be 

determined by using the traction network model, which is included in TBSSM, and a defined 

distance. For example, all electrically linked traction nodes that are located within the defined 

distance range will be included in these groups. In the last step, the computed feed-in energy of 

𝑁PVP is summed up for each pre-defined group. This is followed by a check to identify the group 

that has the highest feed-in potential. The traction node that represents the selected group will be 

considered for the optimal PV system location. 

Once the optimal locations for the PV systems are identified, maximum efficiency can be reached 

by finding its optimum capacity for the corresponding PV systems. The selected group total feed-

in energy is compared to several power profiles generated for PV systems with varied capacity. 

Then, a utilisation factor for each comparison is calculated. The ideal capacity for the PV systems 

is determined by the best calculated utilisation factor. 

The proposed approach in [183] was verified with a test trolleybus system.  

7.3 Integration of Storage Systems8F

9

This section introduces a method for determining the optimal placement for a battery storage 

power station (BSPS) in a passive DC traction network incorporating photovoltaic systems. A 

passive system is known for no possibility of power transfer into the adjacent systems. To balance 

the power flow within the trolleybus system, a BSPS is proposed to be included into the traction 

network. The TBSM is used to determine the optimal BSPS location that can compensate the 

operating bus demands and PV systems power productions.  

The BSPSs are implemented to utilise the regenerative power produced during bus decelerations 

and thus enhance the traction network stability. Additionally, they are used to minimise the active 

power curtailment of the PV systems and, as a result, enhance the utilisation rate of the PV 

systems. To meet these expectations, BSPSs must be located optimally. Since optimum position 

assessment needs to include not only a single time step but also all conceivable situations and 

circumstances during the trolleybus system's operating time, TBSSM is adopted and considered 

the leading platform. First, the traction network steady-state is obtained and summarised for all 

traction nodes. Accordingly, all nodal voltages and powers are determined, as well as the branch 

9 The work of this section is published in [183] by the author of this thesis 
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currents. It is important to find out what the current values are because buses and PV systems 

have voltage-controlled actuators that prevent the voltage from rising too high. Therefore, 

attention should be paid to branch currents and their limits. The residual currents are found by 

comparing the actual branch current to the maximum current permitted by the respective overhead 

contact wires. Based on the calculated residual currents, a sensitivity analysis is then used to 

determine how much power can be injected into the traction nodes. Finally, the injected power 

sets of the traction nodes are compared and ranked using a simple weighting function to determine 

the node potential coefficient. 

The proposed approach in [183] was verified with a test trolleybus system.  

7.4 Monitoring and Control System 

To transfer a trolleybus system to become a fully sustainable public transportation system, the 

existing trolleybus systems will need to be updated with several new features, such as BTBs, PV 

systems, EVCSs, and BSOSs. The integration of these features is expected to challenge the 

existing trolleybus system's reliability. Excessive loads like BTB come with a significant impact 

on the existing traction network, which was not designed to handle such loads in the first place. 

Because of this, more voltage drops, and current overloads are likely to occur on the traction 

network. To resolve the problems associated with the expanded trolleybus system, the new 

features must be intelligently controlled by a smart network automation system. This can be done 

by using cutting-edge monitoring and control system methods. The author of [86] develops 

innovative algorithms for an intelligent network control system of a trolleybus system. In addition 

to the optimised planning of new battery-trolleybus system according to [85] (see Section 7.1), 

the approach followed in [86] makes it possible to promote the transformation with a reliable 

operation for expanded trolleybus systems. Based on the characteristics of the traction network 

and the corresponding challenges, the overall development process of a core intelligent network 

control system, which is to be used as a supplemental element controlling an developed trolleybus 

system, is explained in detail in [86]. 

A simulation model of existing trolleybus system will advantage the investigation of the impact 

of new battery-trolleybuses as well as the influence of other innovative features. The TBSSM is 

used to simulate the steady-state of the expanding trolleybus system. Furthermore, it will be used 

for the analysis of the traction network and as a development tool for the intelligent network 

control system. 

In this context, the availability of predicted information regarding the traction network steady-

state is essential. The intelligent network control system contains three essential stages, of which 

the network state identification and the network state forecast are part of [85] (see Section 7.1). 

After establishing the TBSSM with the expanding trolleybus system's input characteristics, a wide 

range of scenarios with different configurations can be simulated. The TBSSM can continually 
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identify the steady-state of the traction network with a one-second time step even if the topology 

of the network is constantly changing because of excessive bus movements. In terms of providing 

results, the simulated output, especially the nodal voltages, nodal powers, and branch currents, 

and all incorporated sub-models information are of the highest importance. As a result, the real-

world trolleybus system can be mimicked by the TBSSM after being defined with the appropriate 

specifications, providing a foundation for several scenarios to be analysed. 

A case study for the trolleybus system of Solingen is implemented in [86], so that the developed 

intelligent network control system of a trolleybus system is tested and evaluated. 





8 Summary 

The work in this thesis presented a novel trolleybus system simulation model (TBSSM) that can 

mimic a real-would trolleybus system in its existing configuration and even with other additional 

innovative features, such as battery-trolleybuses (BTB), photovoltaic (PV) systems, electric 

vehicle charging stations (EVCSs), and battery storage power stations (BSPSs), and thus it is a 

solid framework to pave the way to a more sustainable and climate-friendly future across the 

transport sector. Electrification of public transport system, particularly bus transportation, 

necessitates a greater focus on analysis and evaluations. Transport operators are thus confronted 

with the extraordinary challenge of making their current bus fleet sustainable and, as a result, 

decreasing greenhouse gas (GHG) emissions (see Chapter 1). 

Chapter 2 introduced the trolleybus system with a brief overview. From a historical point of view, 

trolleybuses are an outmoded kind of transportation. Despite rising oil costs, greater 

environmental awareness, and concerns about air pollution on city streets, the number of 

trolleybus networks had decreased globally, even in Germany. Optimistically, a battery-trolleybus 

might usher in a new era of trolleybuses that combine the benefits of a trolleybus and a battery-

electric bus (see Section 2.1). In the next section (see Section 2.2), the technological 

underpinnings of the trolleybus system were discussed. These were broken down into the various 

trolleybus vehicle concepts, as well as the traction substation and traction network of trolleybus 

systems. In addition, the voltage system that is used to power a traction network as well as the 

operating regulations for a trolleybus system were described (see Section 2.3)The anticipated 

change of trolleybus systems and, as a result, the introduction of innovative features will also 

need additional evaluation from both the operational and technical points of view. To this end, a 

trolleybus system simulation model (TBSSM) was planned to be developed in order to mimic the 

regular activities of TBs and BTBs, as well as to evaluate the steady-state behaviour of a 

trolleybus system over a period of time. Consequently, a competitive trolleybus system can be 

adaptably planned and operated (see Section 2.4). In the following section, the basic concepts of 

the TBSSM were presented. The three fundamental layers, i.e., the traffic network model, bus 

model, and electric network model, were introduced (see Section 2.5). The last section in Chapter 

2 addressed the challenges that stand against in the development of a traction simulation model 

(see Section 2.6). 

Chapter 3 handled the process of developing both the traffic network model (TNM) and the bus 

model (BM). The road network was divided into two essential elements; the traffic nodes and 

traffic branches (see Section 3.1). The attributes' sets for both traffic nodes and traffic branches 

were described in Sections 3.1.1 and 3.1.2, respectively. Important spatial and geometrical 

information was considered for both road network elements. Later, the implemented attributes 

had significant benefits for the development of the bus daily travelling routes. In Section 3.2, the 
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construction of the bus timetables (schedules) was defined. After utilising the road network as a 

weighted directional graph, the process of developing the bus daily travelling routes model 

(BDTRM) was discussed in Section 3.3. In BDTRM, the basic elements that constructed a bus's 

long travel route for its daily operation were both the bus schedule and road network information. 

Bus dwellings at bus stops or traffic lights as well as the dwelling time were included in the 

BDTRM. Furthermore, the number of passengers on-board the bus was also defined in the model. 

Road topography, traffic restrictions, and even the availability of the taction network were 

implemented in the BDTRM. 

The second part of Chapter 3 was aimed at the modelling steps of the BM. In Section 3.4, the 

mathematical representation and the block diagram of the BM were introduced. After defining 

the mechanical and electrical specifications of the bus (see Section 3.4.1), the mathematical steps 

to compute the bus speed and power profile were presented in Section 3.4.2. Using a bus 

longitudinal dynamic model was the key to calculating the propulsion motor power that is 

required to move the bus. Bus speed and travel distance were also calculated. However, four 

regimes of motion were used to determine bus progress between two consecutive stops. Bus 

power consumption is not limited only to the traction motor. Auxiliary power from both the 

heating, ventilation, and air conditioning (HVAC) system and basic auxiliary were also 

considered in the BM. The on-board battery model for a BTB was specified and included of the 

BM too. More details on the possible sequence of the motion regimes during a stop-to-stop 

movement were discussed in Section 3.4.3. The challenge of modelling a realistic bus speed 

profile was also brought up and handled. 

The electric network model (ENM) was defined in Chapter 4. The traction network model was 

divided based on the traction network topology into traction nodes and traction branches (see 

Sections 4.1.1 and 4.1.2). The traction nodes and traction branches were used to define the traction 

network conductance matrix. The AC network model was defined in Section 4.2. Modelling the 

power profiles of the innovative features as well as TBs'/BTBs' power consumption and locations 

with respect to the traction network was elaborately described in Section 4.3. Calculating buses' 

power consumptions and locations is a repetitive process which is done with each simulation 

cycle. Section 4.3.1 described the process steps for calculating buses' power consumptions and 

locations. The calculation results were used to update the traction network conductance matrix. 

Sections 4.3.2 and 4.3.3 presented both the PV system and EVCS models. Whereby, the 

calculation of the power profile for both models was defined. Furthermore, the BSPS model was 

also introduced (see Section 4.3.4). 

Chapter 5 outlined the complete simulation model. The step-by-step process to determine the 

traction network steady-state was elaborately described. In section 5.2 the mathematical equities 

of the traction network, or rather the traction network zone, were defined. The simulation process 

in general was clarified in Section 5.2.1. Due to the moving behaviour of the buses, the traction 
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network topology changes with each simulation cycle. In Section 5.2.2 the challenging task of 

determining the actual conductance matrix of the traction network zone was simplified. However, 

not only determining the conductance matrix was challenging but also calculating the traction 

power flow in a passive network. The simplified Newton-Raphson (SNR) approach was found to 

be the most practical way to solve a DC power flow problem (see Section 5.2.3). In Section 5.2.4, 

a novel approach of using the SNR power flow method to solve the power flow problem for 

passive traction networks with other power sources, such as regenerative braking power and PV 

systems, was shown. Keeping the bus motor current within the limits that are specified in traction 

network norms required a bus power control system to be implemented into the simulation process 

of the traction network. Section 5.2.5 described the aforementioned problem and the proposed 

control process that could handle it. Lastly, the chapter was finished with a proposed sequential 

AC-DC power flow used to simultaneously perform a sequential power flow for both the AC 

network and the traction network (see Section 5.3). 

In Chapter 6, the trolleybus system of Solingen was presented to evaluate the developed TBSSM. 

The road network and the traction network were implemented using QGIS. The other input 

parameters for Solingen's trolleybus system were also defined and included in the TBSSM (see 

Section 6.1). Finally, the developed TBSSM was used to simulate several scenarios (see Sections 

6.2, 6.3, and 6.4). The results were discussed and compared to real measurements from the studied 

trolleybus system. 

Chapter 7 defined some of the developed TBSSM's use cases. In Section 7.1, the TBSSM was 

used as a forecasting tool that could, after adapting the input location of the operating buses, 

simulate the system state for the next 10 minutes. Furthermore, the simulated energy consumption 

as well as the SOC of the BTBs were utilised for further optimisation of planning processes. In 

Sections 7.2 and 7.3, the TBSSM was used to find the optimal locations to install PV systems and 

BSPSs in an existing trolleybus system, respectively. Finally, the TBSSM was implemented as a 

tool to support the operation of a monitoring and control system (see Section 7.4). 

The presented simulation model of a trolleybus system basically presents an all-in-one simulation 

tool and thus offers a noteworthy potential for operating and planning of a trolleybus system or 

similar public transport systems. The TBSSM is developed to mimic a real-word trolleybus 

system, whereby the movements of all bus fleet are represented discretely with respect to a time 

step and based on each bus specific schedule. The model considers the traffic situation and road 

restrictions. Bus consumption was determined based on the bus longitudinal dynamics model and 

other auxiliary requirements, i.e., HVAC system and the basic auxiliary. Therefore, all the 

modelling challenges, which were discussed in Section 2.6, have been managed, and cleared from 

the simulation model. 
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10List of Symbols and Abbreviations 

10.1 Mathematical Formulas and Symbols 

𝑖, 𝑗, 𝑘, 𝑛, 𝑚, 𝑟, 𝑠, 𝑒 indices 

ℕ1 natural number set 

ℝ real numbers set   

ℤ integral numbers set 

𝑋 set 

𝑿 matrix 

𝑿−1 inverse matrix 

𝑥 variable or set element 

Δ𝑥 change in 𝑥

‖𝑥‖ norm of 𝑥

{ , , … , ⬚} set brackets (set theory) 

{⬚|⬚} or { ⬚ ∶ ⬚ } set of … such that … (set theory) 

(⬚, ⬚) open interval 

(⬚, ⬚] left-open interval 

[⬚, ⬚) right-open interval 

[ , ] closed interval 

𝐦𝐨𝐝 remainder calculation 

𝑑𝑖𝑎𝑔(𝑿) diagonal of matrix 𝑿

⊙ hadamard product of matrices 

⊘ hadamard division of matrices 

|𝑋| size of set 𝑋 (set theory)

⋯ and so forth 

⬚\⬚ throw out (set theory) 

∈ is an element of (set theory) 

∉ is not an element of (set theory) 

⊂ is a subset of (set theory) 

∩ intersect (set theory) 

∪ union (set theory) 

∅ or { } empty set (set theory) 

∀ for all 

∃ there is 

⇔ if and only if 
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∧ and 

∨ or 

∶= is equal by definition to 
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10.2 List of Symbols 

𝐴BS total surface area 

𝐴c chassis area of the bus 

𝐴g window glass area 

𝐴𝑓 frontal area of the bus 

𝐴𝑖𝑗 elements of the traction network adjacency matrix 𝑨

𝑎 bus acceleration rate 

𝑎′ bus deceleration rate 

𝑎r bus rolling deceleration rate 

𝑎𝑤p average passenger weight 

𝐵at set of arrival time (at bus depot)  

𝐵dt set of departure time (from bus depot)  

𝐵line bus line number 

𝐵sp specification set of given bus maker 

𝐵state bus state set 

𝐵t,𝑘,1 bus 𝑘 departure trip 

𝐵t,𝑘,𝑖 bus 𝑘 trips set 

𝐵t,𝑘,𝑛 bus 𝑘 arrival trip 

𝐵trips bus daily trips set 

𝐵trs travel segment 

𝐵𝑀𝑘 bus model for bus 𝑘

𝐵𝑆name bus stop names set 

𝐵𝑆ts bus stop names set 

𝑩profile bus profile matrix 

𝑩TR bus daily travelling route matrix 

𝐵𝑆dis trip distance 

𝐵𝑆end name of the last bus stop 

𝐵𝑆SP paired of traffic nodes set 

𝐵𝑆start name of the first bus stop 

𝐵𝑆trip bus stop names along bus trip set 

𝐵𝑆trips miscellaneous bus stop names along bus trip set 

dr rolling distance 

𝐶p air specific heat capacity 

𝐶𝑆sp EVCS specification set 

𝑐r rolling resistance coefficient 

𝑐𝑑 aerodynamic drag coefficient 
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D distance between two consecutive stops 

𝐷paths corresponding distance of 𝑅paths

𝐷𝑆Buses daily schedule of all buses 

db braking distance 

𝑑(𝑡) travelled distance between two consecutive traffic 
nodes at time (𝑡)

𝑑′(𝑡) travelled distance between two consecutive stops at 
time (𝑡)

𝑑′′(𝑡) the travelled distance between two consecutive 
traction nodes at time (𝑡)

𝐸 edge 

𝐸′ energy consumption rate 

𝐸CB bus energy consumption 

𝐸sc battery effective capacity 

𝐸tn traffic branches 

𝐸𝐵a AC branch attributes set 

𝐸𝐹a,𝑘 AC network terminals attribute set 

𝐸𝑁a AC node attributes set 

𝐹A aerodynamic drag force 

𝐹in inertia force 

𝐹R rolling resistance force 

𝐹r rolling resistance force over bus tire 

𝐹S grade (gravitational) force 

𝐹T tractive (traction) force 

𝐺 graph  

𝐺t nodal conductance matrices set 

𝐺tnw weighted road network graph 

𝐺𝑡𝑛 road network graph 

𝑮t,𝑧 nodal conductance matrix in zone 𝑧

𝑔 gravitational acceleration 

𝑔𝑧,𝑖𝑖 nodal self-conductance in zone 𝑧

𝑔𝑧,𝑖𝑗 mutual conductance between nodes 𝑖 and 𝑗 in zone 𝑧

ℎi inside convection coefficients 

ℎo outside convection coefficients 

𝐼 indexing set 

𝐼𝑏𝑧 indices of the operational buses in zone 𝑧

𝐼𝑏𝑧𝑛 𝐼𝑏𝑧 corresponding new node Ids in zone 𝑧
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𝐼𝑐𝑠𝑧 traction node Ids of EVCSs in zone 𝑧

𝐼𝑝𝑣𝑧 traction node Ids of the PV systems in zone 𝑧

𝐼aux bus auxiliary load current 

𝐼bs row indices (based on matrix 𝐵pro,𝑧) of buses sharing 

the same traction branch

𝐼M bus motor current 

𝐼𝑧,𝑖 current injection into node 𝑖 in zone 𝑧

𝑰ac,B AC branch currents 

𝑰ac nodal current vector 

𝑰t,b
′ calculated steady state traction branch currents 

𝑰𝐭,𝒛 nodal injection current in zone 𝑧

𝑱 Jacobi matrix 

𝑲 incidence matrix 

𝐾OB Set of operational buses 

𝐿xy traffic nodes geographic coordinates set 

𝑙 length 

𝑙b,𝑧,𝑜 length of the original traction branch in zone 𝑧

𝑙xy,𝑖 traffic node 𝑖 geographic coordinate 

𝑀 bus total mass 

𝑀B regimes of motion 

𝑀hc control variable of heating system 

𝑚et number of traction branches 

𝑚max bus maximum mas 

𝑚min bus minimum mass 

𝑚r number of traffic nodes in bus daily travelling route 

𝑚t number of traffic branches 

𝑁tps traction transformer turns ratio 

𝑁type traffic node type numbers set 

𝑁zn,𝑧 set of new traction node Ids in zone 𝑧

𝑛bst total number of the miscellaneous bus stop trips 

𝑛bt number of bus daily trips 

𝑛bus number of buses 

𝑛cloud number of the total recorded cloud data sets 

𝑛cs number of EVCSs 

𝑛eb total number of AC branches 

𝑛ef total number of terminals 
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𝑛en total number of AC nodes 

𝑛et,z summation of the zone nodes 

𝑛et,𝑧
′ number of traction nodes in zone 𝑧 plus 𝑛op,𝑧

𝑛et number of traction nodes 

𝑛op,𝑧 number of operational buses in zone 𝑧

𝑛p number of passengers in the bus cabin

𝑛p passenger crowding 

𝑛s number of discrete samples 

𝑛sb number of the BSPSs 

𝑛ss number of simulation steps 

𝑛t number of traffic nodes 

𝑛tps total number of traction substation 

𝑛type,et number of all traction node types 

𝑛z number of zones 

𝑛𝑎 number of active AC nodes 

𝑛𝑡𝑦𝑝𝑒 number of traffic node types 

𝑜 row index of the original traction branch 

𝑃 power 

𝑃𝑉cloud cloud indicator data set 

𝑃𝐴 passive nodes set 

𝑃𝐶 nodes with constant power set 

𝑃𝑃 constant power and passive nodes set 

𝑃ac,𝑟 traction substation active AC power 

𝑃ac power profiles of active AC nodes 

𝑃B,𝐼𝑏𝑧 powers of the operational buses in zone 𝑧

𝑃b regenerative braking power 

𝑃B
′ bus consumed/produced power 

𝑃bat battery power 

𝑃baux basic auxiliary power 

𝑃C passenger crowding intervals set 

𝑃cal calculated power 

𝑃CS expected power profile of EVCS 

𝑃dwell dwell probabilities set 

𝑃HC heating/cooling power consumption 

𝑃HVAC HVCA system total power consumption 

𝑃M bus motor power
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𝑃PV,𝐼𝑝𝑣𝑧 PV systems power in zone 𝑧

𝑃PV PV system realistic power profile 

𝑃PV
′ PV system ideal power profile 

𝑃SB,𝐼𝑐𝑠𝑧 powers of the BSPSs in zone 𝑧

𝑃SB BSPS power 

𝑃sc battery charging/discharging power 

𝑃T,𝑘 total power of bus 𝑘

𝑃t,𝑝 traction substation DC power 

𝑃t node power vectors set 

𝑃TB electric traction power 

𝑃TB
′ mechanical traction power 

𝑃V
′ ventilator power 

𝑃𝑧,𝐼𝑏𝑧𝑛 updated power of the node power vector 𝑷t,𝑧

𝑃𝑧,𝐼𝑐𝑠𝑧𝑛 EVCS node powers 

𝑃𝑧,𝐼𝑡𝑠𝑛
′ powers of the traction substations in zone 𝑧

𝑃𝑧,𝑖 power injected into node 𝑖 in zone 𝑧

𝑷ac,inj injected active powers 

𝑷loss wasted powers 

𝑷t,𝑧 node power vector in zone 𝑧

𝑷t
′ calculated steady state traction node powers 

𝑝 set of traction substation node Ids (DC traction side) 

𝑄D(𝑡) energy loss due to opening bus doors at time (𝑡)

𝑄HVAC(𝑡) HVAC thermal energy at time (𝑡)

𝑄L(𝑡) conductive and convective thermal losses energy at 
time (𝑡)

𝑄P(𝑡) passengers heat energy at time (𝑡)

𝑄V(𝑡) energy loss from ventilation at time (𝑡)

𝑸ac,inj injected reactive powers 

𝑞p heat gained per passenger

𝑅′ resistance per unit length 

𝑅𝐻 rush hours set 

𝑅paths possible paths between two bus stops set 

𝑅th,tot total thermal resistance 

𝑟 set of traction substation node Ids (AC side) 

𝑆max maximum permitted speeds set 

𝑆n number of sections in the traction network 
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𝑆𝐵sp BSPS specifications set 

𝑆𝑀int simulation interval set 

𝑆𝑀sd simulation start (date and time) set 

𝑆𝑂𝐶sb BSPS battery SOC level 

𝑆𝑂𝐶(𝑡′) new SOC 

𝑆𝑂𝐶(𝑡) last time step SOC 

𝑆𝑃 stopping traffic node Ids set 

𝑆𝑃bs traffic node set of type bus stops 

𝑆𝑃rj traffic node set of type road junction 

𝑆𝑃tl traffic node set of type traffic light 

𝑇end arriving time at the last bus stop 

𝑇i bus internal temperature 

𝑇o outside temperature 

𝑇start staring time at the first bus stop 

𝑇t,u upper comfort temperature 

𝑇t target comfort temperature 

𝑇𝐵a traffic branches attributes set  

𝑇𝐸𝑁a traction nodes attributes set 

𝑇𝐸𝑁type traction node types set 

𝑇𝐵a1…. 𝑇𝐵a6 traffic branches attribute subsets 

𝑇𝐸𝐵a traction branch attributes set 

𝑇𝐸𝐵a1. …. 𝑇𝐸𝐵a7 traction branch attribute subsets 

𝑇𝐸𝑁a1. …. 𝑇𝐸𝑁a6 traction nodes attribute subsets 

𝑇𝑁a traffic node attributes set 

𝑇𝑁a1. …. 𝑇𝑁a9 traffic node attribute subsets 

𝑇𝑃𝑆𝑖 traction substation model 

𝑡 time 

𝑡ab,𝑘 arrival times of bus 𝑘

𝑡db,𝑘 departure times of bus 𝑘

𝑡s1 stop-to-stop start time 

𝑡s2 stop-to-stop end time 

𝑡𝑠𝑒 simulation end time 

𝑡𝑠𝑠 simulation start time 

𝑈 voltage 

𝑈B bus voltage 

𝑈cal calculated voltage 
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𝑈max1 highest permanent voltage 

𝑈max2 highest non-permanent voltage 

𝑈min1 lowest permanent voltage 

𝑈min2 lowest non-permanent voltage 

𝑈n,MV nominal voltage of medium voltage network  

𝑈n nominal traction network voltage 

𝑈sb,low BSPS lower voltage level 

𝑈sb,up BSPS upper voltage level 

𝑈t initial nodal voltages set 

𝑈𝑧,𝑧𝑛
′ DC power flow solution of the nodal voltage in zone 

𝑧

𝑼ac nodal voltage vector 

𝑼t,𝑧 initial nodal voltages in zone 𝑧

𝑼t
′ calculated steady state traction node voltages 

𝑉 vertex 

𝑉𝐶 nodes with constant voltage set 

𝑉b air mass inside bus 

𝑉tn traffic nodes 

𝒱d air infiltration flow rate 

𝑣 velocity 

𝑣(𝑡′) bus speed at time (𝑡′)

𝑣(𝑡) bus speed at time (𝑡) 

𝑣′ bus speed 

𝑣m3 bus speed after utilising 𝑀B = 3

𝑣max maximum permitted speed 

𝑣r bus speed before switching from rolling regime 

𝑊𝑇bs dwelling times at bus stops set 

𝑊𝑇rj dwelling time at road junction set 

𝑊𝑇tl dwelling times at traffic lights set 

𝑤tn traffic branch lengths 

𝒀ac,B diagonal matrix 

𝒀ac nodal admittance matrix 

𝑍uni zones with unidirectional traction substations 

𝑧𝑛 set of new traction node Ids in zone 𝑧
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𝛼 knee point factor 

𝛼r reduction factor 

∆𝐼𝑧,𝑘 mismatch current for traction node 𝑘 in zone 𝑧

𝛿𝑑(𝑡′) change in distance at time (𝑡′)

𝜹 voltage angles 

𝛿𝑡 time step 

𝜂 efficiency 

𝜂c coulomb efficiency 

𝜂hc thermal to electrical energy ratio 

𝜂m electrical motor efficiency 

𝜂𝑏 regenerative braking efficiency 

𝜂𝑏
′ overall braking efficiency 

𝜃 gradient of the road 

𝜌air air density 

𝜏b braking interval 

𝜏c constant-speed interval 

𝜏int simulation interval in second 

𝜏r rolling interval 

𝜏rb time interval for both rolling and braking regimes 

𝜏rw real world time samples set 

𝜏s simulation time samples set 

𝜏ss stop-to-stop travel interval 

𝜏sb timeframe time sequence set 

𝜏𝑎 acceleration interval 

Ψsb BSPS operating modes 

Ψsb
′ BSPS framed operating mode 

𝜓bat battery operating mode 

𝜓door condition of the bus doors 

𝜓v ventilation system functional condition 
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10.3 Abbreviations 

AC alternate current

BDTRM bus daily travelling routes model

BEB battery-electric bus

BF Backward-Forward

BM bus model

BPTB battery-powered trolleybus

BSPS battery storage power station

BTB battery-trolleybus

CO2 carbon dioxide

CSV comma-separated values

DC direct current

DIN ger.: Deutsches Institut für Normung

DTM daily timetable model

DTMM digital terrain map model

EBTB electric battery-trolleybus

e.g. for example

EN European norms

ENM electric network model

EVCS electric vehicle charging station

GHG greenhouse-gas

GIS geographical information system

GPS global positioning system

GS Gauss-Seidel

HVAC heating, ventilation, and air conditioning

IEC international electrotechnical commission

IEEE institute of electrical and electronics engineers

i.e. that is

IMC in-motion charging

LiFePO4 lithium iron phosphate

LTO lithium titanate

LVDC low voltage direct current

MV medium voltage

MVAC medium voltage alternating current

NC normally close

NMC nickel-manganese-cobalt

NO normally open
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NR Newton-Raphson

OHCW overhead contact wire

PV photovoltaic

RNM road network model

SNR simplified Newton-Raphson

SOC state-of-charge

STS smart trolleybus system

TB trolleybus

TBSSM trolleybus system simulation model 

TNM traffic network model

TNZ traction network zone

TSM traffic state model

VDV ger: Verband Deutscher Verkehrsunternehmen



11Annex 

11.1 Solingen Digital Terrain Map 

Figure 11-1: Overview of the entire terrain map of Solingen, including the road network and the trolleybus 
travel routes (with and without overhead contact wires (OHCWs)). 
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11.2 Real-World Outside Temperature Data 

Figure 11-2: Various measured real-world temperatures collected from different years. Each curve in the four 
figures represents the temperature of a random day selected from the measured data within the 
indicated month. 
A) Temperature during three different days from the winter season. 
B) Temperature during three different days from the spring season. 
C) Temperature during three different days from the summer season. 
D) Temperature during three different days from the autumn season. 
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11.3 Bus Daily Timetable (Schedule) 
Table 11-1: A sample from Solingen bus daily timetable referenced to Equations 3.5, 3.6, and 3.10 input 

parameters. 

𝐷𝑆Buses (Equation 3.10) 

Bus Line 
No. 

Trip 
Start 
Time 

First Bus 
Stop 

Trip End 
Time 

Last Bus 
Stop 

Trip 
Distance 

𝐵𝑡𝑟𝑖𝑝𝑠,𝑘 𝐵𝑡,𝑘,𝑖 𝐵𝑙𝑖𝑛𝑒 𝑇𝑠𝑡𝑎𝑟𝑡 𝐵𝑆𝑠𝑡𝑎𝑟 𝑇𝑒𝑛𝑑 𝐵𝑆𝑒𝑛𝑑 𝐵𝑆𝑑𝑖𝑠

𝑘 = 1

𝑖 = 1 Departure 9:01 ELBA 9:05 KLIH 0.960km

𝑖 = 2 684/05 9:05 KLIH 9:24 HASS 4.955km

𝑖 = 3 684/05 9:27 HASS 9:55 WIDD 7.840km

𝑖 = 4 684/05 10:10 WIDD 10:39 HASS 8.060km

⋮

684/05 10:42 HASS 11:10 WIDD 7.840km

684/05 11:25 WIDD 11:54 HASS 8.060km

684/05 11:57 HASS 12:25 WIDD 7.840km

684/05 12:40 WIDD 13:09 HASS 8.060km

684/05 13:12 HASS 13:40 WIDD 7.840km

684/05 13:55 WIDD 14:24 HASS 8.060km

684/05 14:27 HASS 14:55 WIDD 7.840km

684/05 15:10 WIDD 15:39 HASS 8.060km

684/05 15:42 HASS 16:10 WIDD 7.840km

684/05 16:25 WIDD 16:54 HASS 8.060km

684/05 16:57 HASS 17:25 WIDD 7.840km

684/05 17:40 WIDD 18:09 HASS 8.060km

684/05 18:12 HASS 18:31 MANG 5.207km

𝑖 = 𝑛bt,1 Arrive 18:31 MANG 18:36 ELBA 0.494km

𝑘 = 1

𝑖 = 1 Departure 5:43 BHOF 5:46 MANG 0.575km

𝑖 = 2 685/02 5:46 MANG 6:10 AUFD 9.485km

𝑖 = 3 686/02 6:30 AUFD 6:50 GWPL 7.992km

𝑖 = 4 685/02 6:52 GWPL 7:10 AUFD 7.567km

⋮
⋮

⋮
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Table 11-2: A sample the miscellaneous bus stop trips referenced to Equations 3.7, 3.8, and 3.9 input 
parameters. 

𝐵𝑆trips (Equation 3.9) 

Bus 
Line

No. 

First 
Bus 
Stop 

Last 
Bus 
Stop 

Trip 
Distance 

Trip Bus Stops 

𝐵𝑆trip,𝑖 𝐵line 𝐵𝑆start 𝐵𝑆end 𝐵𝑆𝑑𝑖𝑠 𝐵𝑆ts

𝑖 = 1 684 MANG WIDD 6.361km Mangenberg A ⋯ Schule Widdert

𝑖 = 2 684 WIDD HASS 8.060km Schule Widdert ⋯ Hasselstraße

𝑖 = 3 684 WIDD MANG 6.585km Schule Widdert ⋯ Mangenberg B

⋮

685 AUFD GWPL 7.972km Aufderhöhe B ⋯ Graf-Wilhelm-Platz D

685 AUFD MANG 9.702km Aufderhöhe B ⋯ Mangenberg B

685 GWPL AUFD 7.567km Graf-Wilhelm-Platz E ⋯ Aufderhöhe B

685 KLIH AUFD 6.056km Klingenhalle ⋯ Aufderhöhe B

685 MANG AUFD 9.485km Mangenberg A ⋯ Aufderhöhe B

⋮

⋮
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11.4 Buses Specifications 
Table 11-3: Bus specifications data for 4 different buses variety referenced to Equation 3.43 and Table 3-1. 

Set Element 

(Table 3-1) 

Variety 1 

(𝑖 = 1) 

Variety 2 

(𝑖 = 2) 

Variety 3 

(𝑖 = 2) 

Variety 4 

(𝑖 = 4) 

𝑏sp1,𝑖 𝐵type

Berkhof: 

Premier AT 18 

Van Hool: 

AG 300 T 

Carrosserie Hess: 

 Swisstrolley 3 

Solaris: 

Trollino 18.75 

𝑏sp2,𝑖 𝑚min 16,650 16,700 18,000 18,000 

𝑏sp3,𝑖 𝑚max 26,600 26,900 28,000 27,000 

𝑏sp4,𝑖 𝜆m 1.05 1.05 1.05 1.05 

𝑏sp5,𝑖 𝐿b 17.96 17.98 17.976 18.75 

𝑏sp6,𝑖 𝑊b 2.5 2.49 2.55 2.55 

𝑏sp7,𝑖 𝐻m 3.5 3.5 3.5 3.49 

𝑏sp8,𝑖 𝑣bs 70 65 65 70 

𝑏sp9,𝑖 𝑝𝑛max 160 135 131 150 

𝑏sp10,𝑖 𝑎 0.5 0.5 0.5 0.6 

𝑏sp11,𝑖 𝑎′ -0.5 -0.5 -0.5 -0.6 

𝑏sp12,𝑖 𝑐𝑑 0.65 0.65 0.65 0.6 

𝑏sp13,𝑖 𝑐r 0.015 0.015 0.015 0.008 

𝑏sp14,𝑖 𝜂m 0.85 0.85 0.85 0.85 

𝑏sp15,𝑖 𝜂b 0.6 0.6 0.6 0.6 

𝑏sp16,𝑖 𝑃m 172,000 210,000 320,000 320,000 

𝑏sp17,𝑖 𝑃BH 50440 50440 50440 35000 

𝑏sp18,𝑖 𝑃BAC 30240 30240 30240 55000 

𝑏sp19,𝑖 𝑃V
′ 750 750 750 750 

𝑏sp20,𝑖 𝜂hc 2.3 2.3 2.3 2.3 

𝑏sp21,𝑖 𝑃baux 150 150 150 150 

𝑏sp22,𝑖 𝜌air 1.2041 1.2041 1.2041 1.2041 

𝑏sp23,𝑖 𝐶p 1005 1005 1005 1005 

𝑏sp24,𝑖 𝐿g 0.008 0.008 0.008 0.008 

𝑏sp25,𝑖 𝐿c 0.009 0.009 0.009 0.009 

𝑏sp26,𝑖 𝑘g 0.0566 0.0566 0.0566 0.0566 

𝑏sp27,𝑖 𝑘c 0.0738 0.0738 0.0738 0.0738 

𝑏sp28,𝑖 𝑃bdis 300,000 

𝑏sp29,𝑖 𝑃bcha 180,000 

𝑏sp30,𝑖 𝐸sc 45,000 

𝑏sp31,𝑖 𝑆𝑂𝐶ini 1 
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11.5 Traction Substations Specifications 
Table 11-4: Traction substations specifications referenced to Equation 4.4 input parameters. 

𝑇𝑃𝑆 (Equation 4.4) 

Index Traction Node Id AC Node Id Rectifier Type Number of Transformer Capacity (kVA) 

𝑖 𝑡𝑝𝑠1 𝑡𝑝𝑠2 𝑡𝑝𝑠3 𝑡𝑝𝑠4 𝑡𝑝𝑠5

1 1 301 1 1 1000

2 5 870 1 1 1000

3 19 368 1 1 1000

4 21 679 1 1 500

5 23 775 1 1 1000

6 30 757 1 1 1000

7 11 356 1 1 1000

8 177 259 1 1 1000

9 32 729 1 1 1000

10 80 983 1 1 1000

11 37 160 1 2 2000

12 39 179 1 1 1000

13 106 71 1 1 1000

14 135 243 1 1 1000

15 138 118 1 1 1000

16 124 953 1 2 1600

17 144 908 1 1 1000

18 146 - 1 1 1000

19 143 914 1 1 1000

20 71 214 1 1 1000

21 88 569 1 1 1000

22 91 433 1 1 1000

23 350 294 1 1 360
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11.6 Photovoltaic Systems Specifications 
Table 11-5: PV systems specifications referenced to Equation 4.20 input parameters. 

𝑃𝑉sp (Equation 4.20) 

Index 
Traction Node 

Id 
Installed Power 

(kW) 
Latitude 
(degrees) 

Altitude 
(m) 

Azimuth 
(degrees) 

𝑖 𝑝𝑣sp1 𝑝𝑣sp2 𝑝𝑣sp3 𝑝𝑣sp4 𝑝𝑣sp5

1 274 87 51 30 0

2 276 30 51 30 0

3 278 59 51 30 0

4 280 21 51 30 0

5 282 24 51 30 0

6 283 30 51 30 0

7 285 96 51 30 0

8 287 30 51 30 0

9 288 72 51 30 0

10 289 22 51 30 0

11 290 52 51 30 0

12 292 22 51 30 0

13 293 63 51 30 0

14 294 29 51 30 0

15 295 92 51 30 0

16 297 50.56 51 30 0
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11.7 Electric Vehicle Charging Stations Specifications 
Table 11-6: EVCSs specifications referenced to Equation 4.24 input parameters. 

𝐶𝑆sp (Equaion 4.24)

Index 
Traction 
Node Id 

Maximum Charging 
Power (kW) 

No. of Charging 
Ports 

Location 
Occupancy Rate 

(percent) 

𝑖 𝑐𝑠sp1 𝑐𝑠sp2 𝑐𝑠sp3 𝑐𝑠sp4 𝑐𝑠sp5

1 323 22 1 1 90

2 324 22 1 2 90

3 325 22 1 3 90

4 326 22 1 1 90

5 327 22 1 1 80

6 328 22 1 1 60

7 329 22 1 1 90

8 330 22 1 1 90

9 331 22 1 1 70

10 332 22 1 1 100

11 333 22 1 1 60

12 334 22 1 1 70

13 335 22 1 1 90

14 336 22 1 1 90

15 337 22 1 2 90

16 338 22 1 1 90

17 339 22 1 2 90

18 340 22 1 1 90

11.8 Battery Storage Power Stations Specifications 
Table 11-7: BSPSs specifications referenced to Equation 4.26 input parameters. 

𝑆𝐵sp (Equation 4.26)

Index 
Traction 
Node Id 

Discharging 
Power (W) 

Charging 
Power (W) 

Battery 
Effective 

Energy (W/h) 

Initial SOC 
(percent) 

Operating 
Setting 

𝑖 𝑠𝑏sp1 𝑠𝑏sp2 𝑠𝑏sp3 𝑠𝑏sp4 𝑠𝑏sp5 𝑠𝑏sp6

1 301 140000 140000 90000 100 1

2 302 140000 140000 90000 100 1
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