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Chapter 1

Introduction

Many-body quantum systems, combined with the principles of statistical mechanics, form
a cornerstone of modern physics. They provide a robust structure for understanding
the connection between microscopic behavior of particles with macroscopic observables.
This powerful framework provides insights for understanding quantum materials, quan-
tum devices, and exotic states of matter such as superconductors and quantum mag-
nets. The methods of statistical mechanics are particularly valuable for many-body quan-
tum systems, where interactions and quantum coherence lead to nontrivial phenomena.
These include thermalization, phase transitions, and quantum transport properties. One-
dimensional quantum systems are of great importance due to the significant role of quan-
tum correlations and the limited phase space available for particle interactions. This
leads to behaviors fundamentally distinct from their classical counterparts, especially due
to quantum correlations and integrability. Quantum fluctuations dominate, leading to
long-range correlations and non-standard transport regimes. One remarkable aspect of
one-dimensional systems is their capacity to achieve exact solutions due to integrability.
In this context, integrable models shed light on the underlying physics, allowing exact
calculations of thermodynamic and dynamic properties.

Integrability is a fundamental aspect of certain quantum systems, characterized by
the presence of an infinite number of conserved charges. These charges constrain the dy-
namics, preventing conventional thermalization and enabling exact solutions to problems
that are otherwise difficult to solve. One of the most studied integrable models is the
Heisenberg spin-1/2 XXZ chain, which describes interacting spins on a one-dimensional
lattice with anisotropic coupling. This model is particularly important due to its ability to
capture essential features of quantum magnetism in low dimensions. Its exact solvability
arises from the Bethe Ansatz, a method that allows one to construct the exact eigenstates
and eigenvalues of the system. The Thermodynamic Bethe Ansatz (TBA) extends these
methods to finite temperatures, enabling the computation of thermodynamic quantities
and certain correlation functions. Integrable systems, such as the XXZ chain, provide
fertile ground for exploring non-equilibrium dynamics and transport, as they contain rich
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structures even far from equilibrium.

Transport phenomena provide crucial insights into the dynamics of quantum systems.
Properties such as thermal and spin conductivity reveal how conserved quantities, such
as energy and spin, are transported within the system. In one-dimensional systems, the
study of transport is particularly interesting due to the constraints imposed by the sys-
tem’s low dimensionality and integrability properties. Linear response theory serves as a
powerful tool to study transport properties. By analyzing how a system responds to small
external perturbations, one can derive key quantities like the Drude weight. The Drude
weight measures the presence of a ballistic transport regime, where particles or conserved
quantities propagate without scattering. In integrable systems, transport is often dom-
inated by the conserved charges, leading to behaviours such as infinite conductivity at
zero temperature.

The spin Drude weight is important for describing spin transport in quantum systems,
including the XXZ chain. Unlike the thermal current, which is conserved in the XXZ
model, the spin current is not generally conserved, making its behaviour more complex
and interesting.

The foundational works by Zotos and by Fujimoto and Kawakami developed system-
atic methods for computing the spin Drude weight in the XXZ model. Their approach
combined linear response theory with the Bethe Ansatz, utilizing the curvature of energy
eigenvalues with respect to an applied magnetic flux. This method, a finite-temperature
generalization of the Kohn formula, links transport properties to thermodynamic quanti-
ties. This results continue to serve as a critical reference point in the study of transport
in integrable systems, encouraging additional studies on the influence of quasi-local con-
served charges on transport phenomena.

The Mazur bound provides a lower limit for the Drude weight, connecting it to the
overlap between the conserved charges and the current operator. In integrable systems, the
existence of an infinite number of conserved charges strengthens the Mazur bound, thereby
ensuring a finite Drude weight that persists at finite temperatures. Recent developments
have identified quasi-local charges in the XXZ model, which extend the traditional notion
of conserved quantities. These charges, though not strictly local, contribute significantly
to transport properties, refining our understanding of the dynamics in integrable systems.
The inclusion of quasi-local charges is essential for accurately describing the spin Drude
weight, especially in regimes where traditional local conserved quantities fail to account
for any transport contributions.

The XXZ model serves as a prototypical system for studying spin transport in one
dimension. The complicated dependence of the spin Drude weight on temperature and
anisotropy reflects the underlying integrable structure of the model. Using methods such
as the generalized Gibbs ensemble and extended TBA equations, significant progress has
been made in quantifying the spin Drude weight across different regimes. In the critical
regime, where the system remains gapless, spin transport is ballistic, and the Drude weight



is finite. In contrast, in the massive regime or at the isotropic point, the system exhibits
diffusive or insulating behaviour, with the Drude weight vanishing at finite temperatures.
These results highlight the complexity of transport phenomena in integrable systems and
the necessity of advanced mathematical tools to fully understand them.

This thesis aims to deepen the understanding of spin transport in the XX7 model
by focusing on the spin Drude weight. The main objectives are to derive exact results
for the spin Drude weight using the Bethe Ansatz and quasi-local charges and to ex-
plore the temperature and anisotropy dependence of the Drude weight in various regimes.
Through these investigations, the thesis seeks to contribute to the broader understanding
of integrable systems and their transport properties.

This thesis is organized in the following manner:

Chapter

This chapter introduces the foundational concepts necessary for understanding the
rest of the thesis. It covers Zotos’ approach for calculating the Drude weight, the
derivation of the Mazur inequality, and Kohn’s formula. These concepts address
specific applications relevant to the analysis of spin transport in integrable systems.

Chapter

Here, we analyze the spin transport properties of the spin-1/2 XXZ Heisenberg
model. Using the Mazur inequality, we compute the spin Drude weight and investi-
gate the role of non-local conserved charges, focusing on their overlap with the spin
current operator and their contribution to transport phenomena.

Chapter

This chapter addresses controversies in spin Drude weight calculations for the XXZ
chain. We combine the thermodynamic Bethe Ansatz with Y-system relations to
derive nonlinear integral equations for the Drude weight. These results are com-
pared with Zotos’ findings, with an additional focus on system size dependence and
anisotropy effects.






Chapter 2

Transport in one-dimensional
integrable systems

In this chapter, our goal is to establish the fundamental concepts that form the basis for
the following chapters of this thesis. While the individual notions we present have been
extensively discussed in the existing literature, our approach here is thought to address
specific applications that are directly relevant to our research.

The one-dimensional spin-1/2 XXZ Heisenberg model will be the central model stud-
ied in this thesis. We will start by introducing it and its properties. We will then move on
to linear response theory, which describes how a quantum system reacts to a small per-
turbation. The main result is given by the Kubo formula which establishes how physical
quantites can be obtained from correlation functions of a system in equilibrium. Next, we
will discuss the transport properties of the XXZ Heisenberg model, focusing on the spin
and thermal currents. Finally, we will introduce the concept of spin conductivity and how
it is determined from linear response theory. We will also derive Kohn’s formula which
will be employed for analyzing the Drude weight in Chapter 4.

An important tool for understanding transport properties is the Mazur bound. The
Mazur inequality provides a lower bound on the long-time average of the time-dependent
autocorrelation function of observables, in terms of equilibrium correlation functions in-
volving conserved quantities. We will show the derivation of the Mazur inequality and its
implications for the Drude weight. These results will then be used in Chapter 3.

Zotos’ research on spin transport in the antiferromagnetic Heisenberg model offered im-
portant insights into the Drude weight using the Bethe ansatz method. He demonstrated
that the Drude weight, which presents the ideal conductivity at zero frequency, decreases
monotonically with temperature for 0 < A < 1, approaching its zero-temperature value
following a power-law behavior. We will discuss the main results of Zotos” work and show
its implications for the spin Drude weight in the XXZ model.
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2.1 XXZ Spin 1/2-Heisenberg spin chain

As a starting point, we consider the one-dimensional spin-1/2 XXZ Heisenberg model |1,
2]. This is a strongly correlated model with nearest-neighbor interactions. The system is
integrable by the Bethe ansatz means [3, |4} 5] and the properties of its ground state and
elementary excitations have been extensively studied. The Hamiltonian is expressed as

L
h

Hxxz=J E <2O'j++10'; +20;,,05 + A(oF,07 — 1) + 505-’), (2.1)

=1

where L is the length of the chain, J > 0 represents the coupling constant, and h represents
an external magnetic field. We consider the case with periodic boundary conditions
o =07,

The raising and lowering operators are expressed in terms of Pauli matrices:

1
o; = 5(0;” +ioY), (2.2)

Y I N (I W (A 23

The Pauli matrices o with a = ,y, z play the role of spin operators and act on individual
sites denoted by j. They satisfy the following local commutation relations:

where

08, 0%) = 2i6;;¢ 0} i # ], (2.4)
where €% is the completely antisymmetric tensor.

The complete Hilbert space, in which a physical state resides, is given by H = &), C*.
The dimension of the total Hilbert space grows exponentially with the system size, scaling
as 2%,

The Hamiltonian in equation consists of three main parts. The first two terms,
involving ot and o, are known as hopping terms, responsible for transferring spin up
or spin down to neighboring sites. The third term, proportional to A, describes the
anisotropic interaction between neighboring spins along the z-axis. The last term in
equation corresponds to the Zeeman term, which accounts for the interaction with
an external magnetic field. Notably, it commutes with the Hamiltonian:

[Hxxz,i:O';] = 0. (25)

This reveals that the Hamiltonian possesses U(1) symmetry.
The parameter A, referred to as anisotropy, defines the anisotropic Heisenberg model
when A = 1. Different values of A correspond to distinct physical scenarios:
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o A = ( defines the free fermion or X X model.

A =1 defines the X X X Hamiltonian.

A = —1 is the ferromagnetic isotropic point, marking the transition between the
gapped ferromagnetic phase and the critical regime.

e A < —1 describes the XXZ chain in a ferromagnetic phase, with the ground state
characterized by spins aligned in either the z or —z direction. Excited states are
separated by a gap.

e A > 1 corresponds to an antiferromagnetic phase, characterized by long range order
and degenerate ground states in the thermodynamic limit.

|A| < 1 corresponds to a critical regime where the model possesses a gapless spec-
trum for magnetic fields below saturation.

e A — 0o corresponds to the antiferromagnetic Ising model.
e A — —o0 corresponds to the ferromagnetic Ising model.

The parameter J determines the energy scale of the system and the alignment of spins
in the ground state. In this thesis, our primary focus will be on investigating the critical
regime.

The exponential growth of the Hilbert space dimension with system size 2% for the XXZ
spin-1/2 chain renders direct diagonalization computationally intractable for even moder-
ately sized systems. To overcome this limitation, alternative methods must be employed
to compute the spectrum of the Hamiltonian. Integrability, combined with techniques
such as the Bethe Ansatz, provides a means to circumvent numerical diagonalization in
certain cases.

2.2 Linear response theory

Linear response theory [6] aims to investigate how a system reacts to external influences,
often referred to as “sources”, which could be, for example, electric or magnetic fields.
We start by considering an equilibrium system described by the Hamiltonian Hy(t) and
introducing a small perturbation:

H(t) = Ho(t) + H'(t), (2.6)

where the perturbative part is H'(t) = A(t).A, A(t) represents a real valued function of
time, while A is a Hermitian operator. We can control the perturbation and turn it on or
off at any time. Given the small magnitude of the perturbation, we expect the response
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to be linear. This is why the theory is known as linear response theory. To first order in
the perturbation, the expectation value of an operator takes on the following form:

(0) = (0)y— +9(0(1)) - (2.7)

Here, (O)\—o represents the operator’s behavior in the absence of any perturbation, and
5(O) denotes the macroscopic fluctuation. At equilibrium, the system is described by the
density matrix py satisfying [Ho, po] = 0, and the expectation value is given by (A),_, =
Tr(ppA). For weak interaction, the fluctuation can be expressed by

5(0) = [ et - ), 2.8)
where y(t — t') is the response function. Now, let us examine an operator from different
perspectives. We can express the expectation value of an operator in the Schrodinger,
Heisenberg, and interaction pictures, as shown in Table [2.1]

(O) = Tr(Ops(t)) | Schrodinger picture
(O) = Tr(Og(t)po) | Heisenberg picture
(O) =Tr(O(t)p(t)) | Interaction picture

Table 2.1: Expectation values in different pictures of quantum mechanics.

We can switch between these representations using appropriate relations. In the interac-
tion picture, an operator is given by:

O(t) = et Qe 1o, (2.9)
To switch to the Heisenberg picture, we use the unitary operator U (t):
Ou(t) = UT)O@)U(t). (2.10)
The density operator, after evolving for a time ¢, can be written as:
p(t) = U(t)poU' (t). (2.11)

The time evolution operator is defined as:

U(t) = Texp (—1 /t: H’(t’)dt’) (2.12)

where 7 is the time-ordering operator, which arranges operators with later times to the
left. This operator satisfies the Schrodinger equation:

i0,U(t) = H' (U (1). (2.13)
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Since the perturbation is small, we can use the first-order approximation of the time
evolution operator:

t

Ult)y~1— i/ dt'H'(t). (2.14)
to

Let us compute the following expression:

U )O)U(t) = (1 + i/t: dt’H’(t’)) O(t) (1 — i/t: dt’H’(t’))

~ O(t) +i / LA, O (2.15)

to

t

— O(t) +i / ALA), O,
to

Now, we use this result to compute the expectation value:

(0) = Tt (U U (H)O®) = Tr (poU (HOWU (1)

= (O)y+1 [ (AW, O], M)

to

(2.16)

To connect with the general form of linear response theory, we take the limit ¢y — —o0,
assuming the perturbation was turned on in the distant past. We also introduce the
Heaviside step function 6(t — t') to enforce causality, which ensures that the response at
time ¢ depends only on perturbations at earlier times ¢’ < ¢. This allows us to extend the
upper integration limit to infinity:

+00

(O) = (O)rog+i [ (e —1) (IAX). 00D, ALY (2.17)

—00

Comparing this with (2.7)) and (2.8]), we identify the response function:

X(t =t) =—=i6(t — ') ([O(t), A(t)]) - (2.18)
This result shows that in the linear response regime, we can evaluate physical quantities
from the equilibrium correlation functions. For simplicity, we will omit the subscript
A = 0 from now on in the expectation values. The key result is known in the literature as

the Kubo formula. Taking the Fourier transform of both sides of (2.8)) and applying the
convolution theorem, we obtain:

J (O(w)) = x(w)A(w). (2.19)
The response function in the frequency domain is given by:
(@) = —i / dt 6 ([0(1), A(0)]) (2.20)
0
Here, we have employed the following definitions of the Fourier transform:

dw

fl) = [arese), s = [ SEe ) (2.21)
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2.3 Transport in the XXZ Spin 1/2-Heisenberg spin
chain

Let us now study the transport properties of the XXZ Spin 1/2-Heisenberg model [7]. In
this section, we apply the concepts of linear response theory introduced earlier. A key
quantity of interest is the spin current, which can be derived from the discrete version of
the continuity equation:

Sk = Uk —JR) = 0. (2.22)
This equation reflects the transport of spin magnetization from site k£ to k4 1. Addition-
ally, we use Heisenberg’s equation of motion:

. 1
S = ilH, 507), (2.23)
where we represent spin components as S} = %a}l, with a = z,y, 2. For the local spin
current, we have:
I = _2i‘](02_+1‘7k_ - Uljak_-;-l) (2.24)

and the total spin current is defined as J? = Zé:l Jh-
Another interesting quantity to analyze is the thermal current operator [8, 9], defined as
jt% = Zézl j};h. The local thermal current can be derived similarly from the continuity
equation:

he = (it — i) = ilhy, H], (2.25)

where H = S"1_ by = ho+h >.r_, S. The thermal current can be decomposed into two
parts: the spin current and the energy current:

Ty =Tp+hTL. (2.26)

The energy current can be calculated from ([2.25)) by setting the magnetic field to zero. In
linear response theory, non zero expectation values of these currents arise due to temper-
ature or magnetic field gradients. We can relate these currents to the gradients through

the transport coefficients:
TIh kg, CIY\ (—AT
(jS) _ < i alevil (2.27)

where kg, represents thermal conductivity, and o, denotes spin conductivity. According
to the Onsager relations [10], C!" = T'C%,, where these coefficients link thermal current
to a magnetic field gradient and the spin current to a thermal gradient. The transport
coefficients, within the context of linear response theory, can be computed in terms of
equilibrium correlation functions.
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Now, let us shift our focus to spin conductivity, the central topic of this thesis. A
convenient approach to introduce a spin current is by coupling the Hamiltonian to an
external gauge field, as in Figure This coupling can be achieved by making the
substitutions of [11]:

o; — ei“"j(t)crj_7 ol — e_i“"j(t)ajf (2.28)

into (2.1)), we also take h = 0. Furthermore, we set:

¢(t
proa(®) — o5(t) = A0 (2.20)
This leads to:
- (1) 30)
JZ < fo5e T4 20j+10+e L+ A(0,,07 — 1)> : (2.30)

j=1
When we expand this expression for small ¢(t), we obtain:

H(t) = Hy + %js%(t) + O (¢%(t)). (2.31)
This formula shows how we introduce a small, time-dependent perturbation within the

framework of linear response theory, as in (2.6). Now, we substitute (2.28]) into the total
spin current:

= —21JZ ( LO'k_HOk ei%0$0g+1> (2.32)
and expand it for small ¢(t):
t
a0 =70 - 4K+ 0 (50). (23

where K is the kinetic term of the (2.1). We want to measure J;, so we will calculate

the expectation value of (2.33)) in the presence of the perturbation caused by an external
field.

2.4 Spin conductivity

In this section, we will analyze the spin conductivity of the Heisenberg spin-1/2 XXZ
model using linear response theory. The conductivity relates the current to the electric
field in Ohm’s law:

J(w) x o(w)E(w). (2.34)
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(t)
L
/0’/-7_ \-\b
- -
Ny -+
- R /./s"

Figure 2.1: A ring of radius R with L lattice sites is considered, with periodic boundary
conditions (PBCs) imposed to ensure translational invariance. An external gauge field
generates an Aharonov—Bohm flux (twist) ¢, introducing phase shifts in the system.

Now, let us look at classical electromagnetism. The electric field is related to the scalar
potential Ag(Z) and the vector potential A(Z) by:

E = —VAy(Z) — 8,A(T), (2.35)

where Ag is the electric scalar potential, i.e. the time component of the four-potential

-

A, = (Ap, A). It should not be confused with ¢(t), the Aharonov-Bohm flux (or twist
angle) threading the ring, i.e. the total Peierls phase of (2.28]) rather than a genuine
magnetic flux. In the gauge Ay = 0, the flux ¢(t) = e § A7 - A(Z) is related to the electric

field through the following equations (for a more extensive treatment, see Chapter 1.3 of
the book [12]):

L'96(t) = L' ]{ a7 - 0,A(#).
(2.36)
= —L_lej{df- E(t) = —eaB(t),

where the integral runs around the ring of circumference 2w R. It is useful to consider the
field ¢(t) in Fourier space, after the integration we obtain:
iea
Bw) =~ B(w), (237)
where a = 2rR/L. Now, let us calculate the expectation value of (2.33)) in the presence

of the external field ¢(¢):
()

(Ja(t)) = (Fa(1))” = === (K(£) + 0 (T)(1)) (2.38)

By applying the Fourier transform as in (2.21]) and comparing with (2.34)), we obtain an
expression for the optical conductivity [6]:

o) = oz (—HE + [ ae @ o). @)

(w+ i€ 0
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where the retarded prescription w — w + ie (with ¢ — 07) has been introduced to
ensure convergence. We also assumed that the second term on the left-hand side of
disappears because of the invariance of the XXZ Hamiltonian under parity transformation.
Let us now focus on the integral in . Inserting a complete basis of energy states, we
obtain:

/mme£w»ﬁ®n

0
o= Emb

- / dtc 'y — <<m|Jfln> (n] T ) el =)t (2.40)

0 mn

= (m| J¢' In) (n| T Im) ei(E"‘Em)t> ,

where, E,, are eigenvalues of the Hamiltonian (2.1). We perform the time integral using
the standard regularized result, where the same ie prescription enters the exponent as a
convergence factor:
00 .
. . 1
dt @+ — 2.41
/0 4+ ie (241)
For the first term in the commutator, we have ; = w + E,, — E,,, while for the second
term Qs = w + E,, — E,,. Note that for diagonal terms where FE,, = E,,, both terms have
the same denominator w + ie and thus cancel exactly. Only off-diagonal transitions with
E,, # E, contribute. After relabeling the summation indices m <> n in the second term
and combining, we obtain:

_ 1 : : [(m| T [n) 7 o7 PP e Bmd
<U(°")>_m<_1<K>+1E%nw—Em+En+ie( — )). (2.42)

The partition function is defined as
7 = Tr{e PHxxz} (2.43)

We make use of the following identity, which holds for E,, # E,:

1 1 1 ( 1 1) (2.44)

wticw—E,+E,+ic E,—E, \w—FE,, + E, +ic w+ie

and of the Plemelj identity:

1

w + i€

— —ina) + 7 (1) (2.45)

w
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Following the simplifications, the real part of the spin conductivity is given by

T (m| T2 |n)|? (e EmP  e7Enb
Re (o(w)) = 6£)< )+ Z ‘jH’ ( 7z ))

Em#En

B Z m0(w— En+ E,) | <m| T |n> |2 (eE’”'B eE”B>

(2.46)

L E, —E, 7z  Z

Em#En
The real and imaginary components of the optical conductivity are not independent but
are connected through the Kramers-Kronig relation. Therefore, our primary emphasis is
placed on calculating the real part of conductivity. We can further simplify the equa-
tion by taking into account the free energy per site

f(¢) = —5—L log Z. (2.47)

The second derivative with respect to the twist angle is called the Meissner fraction [13],
and it is given by:

0 2 —EnB —EnB8
RS a=L[ a0+ 3 Ll (eZ e )

E’!VL #En

(2.48)

2 ) \2]

This expression is derived from the expansion in linear order in flux of the Hamiltonian

and states. Inserting ([2.48]) into equation ([2.46|) and applying the Fourier transform, we
obtain:

_ewB (o
Re (o(w)) = 8@ @)oo+ 15p— [ Qe (TOZ0). (249

In the thermodynamic limit the quantity in (2.48) vanishes. This occurs because the
influence of the external field ¢(t) is equivalent to a twist of the boundary conditions of the
original Hamiltonian. In the thermodynamic limit, the real part of the spin conductivity

reads
1—ewh

lim Re (o(w)) = lim — /_ "t (700 70(0)) (2.50)

L—o0 L—oco 2wl

Now, let us take a closer look at the current-current correlation function. In the ther-
modynamic limit, it separates into two components: an asymptotic (non-decaying) part,
which yields the Drude weight, and a regular part C7°(t):

T T0)

L—o0 L
o (2.51)
= lim lim —<jﬁ (1) 75 (0)) + CL9(1).

t—o00 L—o0 L
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As anticipated lim;_,o, CI(t) = 0. Finally, we can write the spin conductivity as

: L—e? % g (TP (0)TP0)
Jim Relow)) =——7— / _dee Jim Jim =
: 1— e_wﬁ = iwt ~reg (252)
+ i o [ e
=21 D (W) + Opeg(w),
where we define the Drude weight
D = lim lim £ (T2(H)T2(0)) . (2.53)
t—o00 L—o00 2L s

In the third line of (2.52)), the singular part 2rDé(w) represents the ballistic, dissipa-
tionless contribution, while o,.4(w) characterizes the normal, dissipative transport. The
Drude weight represents the weight of the singular component of conductivity at w = 0.
When the Drude weight is finite (D > 0), it indicates infinite DC conductivity. Typically,
the existence of a Drude weight is linked to conserved quantities, as we will see in the fol-
lowing section, these prevent the current from decaying. Now, we perturbatively expand
the energy up to the order O(¢?(t)) [14]

0 2 m| T n)y 2 1 2
E0) =B =Sl 2 - () 5 HEEEE -2 (2) k. s

Em#En

Taking the second derivative with respect to ¢:

&’E, -2 [(m| T n) 2 1
e,

The connection to the Drude weight becomes apparent by comparing this expression with
the coefficient of the §(w) term in (2.46|). First, we perform a simplification involving the
two exponential terms in (2.46)). Splitting the sum:

m| J° n) |2 o—EmB  o—Enf
3 L E (o 50

mn
Em#En

where S; contains e ## and S, contains e P8 In S, we relabel m « n. Since

| (| T2 Im) [* = [ (m| 0 In) |* and =5~ = —5—5-, We get Sy = —S,. Therefore:

m!JO In> > =P
-

Sy — Sy = —28, = —2 Z (2.57)

Emt B
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We now compute the thermal average of the energy curvature:

—E.B d2 —EnB

L
Ezn: 7  de? :_Z

—2 [(m| TP n) > 1
; B, _E, 12 (n| K |n)

Em#En

Lo Bl P P 1 et
- L Z 7 E,—FE, 2L Z 7 (n| K |n) (2.58)
Em#En "

1 e B2 [ (m| TP |n) |?
=—— [(K)+2 :
O+ ; Z  En-E,
Em#En

This yields Kohn’s formula for the Drude weight:

. L e BB 2E,
D = lim —; 7 g

— — lim [
¢=0 L—oo 2L

2y TE2 Gl )

Bt By,
(2.59)

We observe that the Drude weight is equivalent to the thermal average of the energy
level curvatures with respect to ¢. This expression generalizes Kohn’s formula [15] to the
finite-temperature case.

2.5 Mazur’s inequality

In their papers [16, [17], Mazur and Suzuki highlighted the connection between conserved
charges and the Drude weight. Our approach will follow the lines presented in [7], ad-
ditional related notions can be found in [9, 18] |19, [20]. The spin current in the XXZ
model is protected in the critical regime due to the presence of conserved charges and the
structure of the Drude weight. At zero magnetization, a finite spin Drude weight, indi-
cating dissipationless conductive behaviour at finite temperatures, is only observed when
|A| < 1. In contrast, for |A| > 1, the spin Drude weight vanishes and spin transport is
no longer ballistic. For magnetization different from zero, a finite Drude weight is present
for any T and A. We will begin by analyzing the time average of the current-current
correlator, which is given by:

I = lim L (T2(H)T2(0)) = lim = dtCy;. (2.60)

T—00 T 0 T—00 T 0

Now, let us consider the limit of the following integral:

I e | 0, if (B —E,) #0
lim — dteEm=E)t — iy —— ~ = 1 ( )7
700 T Jg T—00 1T(Em - En)
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Using this result in (2.60]), we get

le= 2 [mlF )] =5~ (2:62)

E‘m En

We consider all the conserved quantities of the system. Let {Q;} be a set of operators
forming a basis for the vector space of conserved charges, satisfying [(Q);,Q;] = 0 and
[H,Q;] = 0. We define a scalar product by:

(AB) = %Tr [e P"AB]. (2.63)

We also choose @); such that they are orthogonal:
(QiQ;) = 0 (Q7) . (2.64)

With these conditions, we can expand any conserved charge as:

>Qi. (2.65)

This implies that we can decompose the current operator into two parts in the energy
eigenbasis: a diagonal part and a part with off-diagonal entries:

jﬁo = Z a;Q; + j (2.66)

Due to the orthogonal basis, we have that (m|J|n) = 0 if E, = E,. Now, let us
reconsider equation ([2.62))

0 0 e Fbm
lo = Z (m| Je’ |n) (nl T3 m) —
EmeE,
B (T2Q:) (T2Q;) e Abm
Z Z (Q?) Q2,>J (m| Qi[n) (n] Q;[m) 7
- En (2.67)

—/3Em
ZZ A Q;> (] Qi [m)

<J0Qz> <J°QJ K/
3 (@) (@7) i Z

ij

In the thermodynamie limit, the time average reduces to the long-time limit. Compar-

ing ) with - we obtain:

0
D= tim Jim 2 (70T00) = lim Y > UL, (265
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Here, we assume that in the thermodynamic limit, the system equilibrates, and the integral
average is substituted by a constant. Sometimes, it is more advantageous to work with
a restricted set of conserved quantities, as it may simplify the numerical or analytical
evaluation of scalar products. This leads to the substitution of the equality with an
inequality, and this procedure is often referred to as the derivation of the lower bounds
for the Drude weight

B EHTRQN P B s 1{TQ) P
D=lmord gy Zimarl gy (2.69)

It can be demonstrated that at zero magnetic field all local conserved charges @); exhibit
even behaviour under spin inversion, whereas the spin current is odd under spin inversion:
C1J2C = —7J?. As a result, the scalar product, as seen in (2.69), satisfies (J2Q;) =0
for all 7, leading to a vanishing Mazur bound. The justification for the existence of a
finite Drude weight comes from the presence of quasi-local conserved charges, which are
odd under the spin transformation, thus preserving the Drude weight from decay.

2.6 Coordinate Bethe Ansatz and Zotos’ Drude weight

One method employed to investigate the spectrum of the XXZ model is the Coordinate
Bethe Ansatz (CBA) [2, 21} 22]. The CBA has also been applied by Zotos 23] to calculate
the spin Drude weight. This computation is achieved by expressing the Drude weight
as the thermal average of energy level curvatures within a Hamiltonian subjected to a
fictitious flux, as illustrated in Equation . We define the reference state as the fully
polarized state with all spins up, characterized by S;T |0) =0forj=1,..., L. Thisresults
in a state with all spins up. A generic state with M flipped (down) spins is then given by

U=>"f(n,...,nu) |n, .. nar) (2.70)
{n}

. L . . . ..
Here, the sum is over ( M) choices of spin configurations, and n; represents the position

on the lattice. Additionally, we use the lowering operator to construct the basis vector
state, denoted as |ni,...,ny) = S, ...5,, |0). The Bethe Ansatz consists in assuming
that the coordinate wave function has the following form:

M! M
f(nl)"'anM) - ZA'P €xp [iZkPjnj] 3 (271)
P j=1

where P represents the permutation of indices of M momenta k. Now, we insert and
into the Schrodinger equation:

H|U)—E W) =0 (2.72)
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with £ = JLA. The following condition for the wave function arises from [2.72}

fna,...on;+1,n;+1,...0nn) + f(na,...,n5,n, ..., nar)

2.73
:2Af(n1,...,nj+1,nj,...,nM). ( )

After some algebra, we obtain the following expression for the amplitude:

Ap = exp [% > 0(kp,. kpl)] , (2.74)

j<i

where é(k, k') is the scattering phase of two magnons which is related to k;. By using the
periodicity condition, where f(ny,...,ny) = f(na,...,n;+L), we obtain the quantization

equation: i
b=, (2.75)
1#j

The logarithmic form of this equation is given by:

M
kN =2nl; =Y 0(kj, k), j=1,...,M, (2.76)
=1

where

Ok, k') = Gk, k') —
Asin i (k — k) (2.77)
cos3(k— k) — Acos3(k— k)

= 2arctan

fj takes integer or half-integer values if M is even or odd. In the critical regime |A| < 1,

we use the parametrization:
sinh(\ +1i3)

sinh(A +13)
~ sinh(A —i2)’

The parameter 7 is chosen such that A = cos(7). Finally, from the quantization condition,
we get the Bethe equations:

ik (2.78)

(Slnh()\ +i3 ) 1d)l—[smh (A —/\l+w)

) =1,..., M. 2.
sinh(\; — sinh(A\; — A\ —17)’ J= e (279)

The factor e'® appears due to the coupling to an external field, as in Equation (2.30]). The
solutions to this equation are arranged into strings of positive parity:

AR 3 i%(nk +1—2k) + O(e™®h) (2.80)
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1-string 2-string 3-string

Im Im * Im
[ ]
_ Re Re . Re

o2

N2

Figure 2.2: Example of strings.

or negative parity:

Ao = i%u + O™, (2.81)

The string solution was used by Takahashi, Suzuki and Gaudin [24} 25| |26] to classify
the complex solutions for the momenta of quasi-particles. Despite numerous studies on
these solutions and their deviations, this topic remains an area of ongoing discussion and
debate. The parameter n; denotes the type of the string and in the case of the simple root
of unity v = n/visny =k, k =1...v — 1. The deviations O(e™°F) decay exponentially
with the system size and the strings in the thermodynamic limit tend to become perfect
strings with zero deviation. Only the centres of strings, denoted as A\®, characterize a

)

given state of the system. They satisfy the Bethe-Gaudin-Takahashi equations:
Ltg (M) =2nll + ) Z O, (A —n;¢L a=1,..., M, (2.82)
k=1 =1

I7 is an integer if M}, is odd and a half-integer if M, is even. Here, M} denotes the number
of strings of type k and parity v;, and it satisfies the equation

> kM= M. (2.83)
k=1
Additionally, ,
t,7 (A) = 2v; arctan ((Cot m%) " tanh )\) (2.84)
and
Min(nj,ng)—1
O\ = £ N+ )2 S O, (2.85)
i=1
To proceed, we introduce the counting function:
7.\ = 1 = 0 )\ Tngb 2.86
)= L0+ 53 e - - 2. 250

klﬁl
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Now, let us consider our system in the thermodynamic limit, where (L > 1). In this
limit, the strings A/, form a continuum, and they can be described by the densities of
string particles p;(\) and hole densities pf(A). The total number of particles and holes in
an interval is determined through the counting function:

Zi(A+dX) — Z;(A) = (pj(N) + p(N)) dA. (2.87)

Now, if we consider d\ as an infinitesimal interval, we can derive the following equation

from (2.86]) and ( -

pi(N) + A (A +ZTgk*pk (2.:88)
where
1 d(N) C1.de(\)
a;(\) = Sy ik(A) = T (2.89)

The equilibrium state is obtained by minimizing the free energy:
f=e—Ts
-3 / (e300 =T (o) + A og () + 1)) .00

- ijm log pj(A) — Tpi(\) log g (M)

subject to the constraint in (2.89). This results in the non-linear integral equations for
ni(A) = p(X)/p;(A), commonly referred to as the TBA (thermodynamic Bethe ansatz)
equations:

log n;(A) = Be;(A Z T * log(1+ (V). (2.91)

The bare energy is given by:
e;(\) = —2Jn sin(%)aj()\). (2.92)
The Drude weight is determined through a finite-size correction analysis, as described

in [23] and [27]. We introduce the following expansion for the rapidities:

(1) 2)
9j 9j
)\ /\0o Jie  JJe 2.
- e (2.93)
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where A%, are the rapidities for a system with system size L. The finite size coefficients g( )

and g](-i), when inserted into the counting function (2.86} -, yield the following equations:

g p; N1+ 1 (\) = T;Lf = " Tx gy o),
k
7PN ) = G0 =3 T b, (2.99)
k

£ = 56PN+ ) + 5 37 Ties (o).
k

The expression for the Drude weight in terms of the finite-size coefficients is given in [27]:

a2 ag de;(\) 024
RN ORI =

Finally, by applying the Dressing formalism and using (2.94)), we find Zotos’ formula

(2.96)

2 2
_ Jsiny Z/ 1 (A 8Bh log 77;(/\)> (% log 1;(\))
Anpy (1+m;(N)* 25 logn; '
A numerical analysis of Zotos’ formula indicates that the Drude weight exhibits discon-

tinuities as a function of A for 7" > 0. This phenomenon becomes particularly evident
when we expand the equation ([2.96|) for 7" — oc.



Chapter 3

Mazur bounds

In this chapter, we explore the spin transport properties of the spin-1/2 XXZ Heisenberg
model. Specifically, we employ the Mazur inequality [16] to calculate the Drude weight. In
an integrable one-dimensional quantum system, an infinite set of local conserved quantities
can prevent a current from fully decaying. To deepen our understanding, we examine one
such set of non-local conserved charges, as identified by Pereira et al. [28], which exhibit
a non-trivial overlap with the current operator.

3.1 Standard XXZ spin-1/2 thermodynamics

In this section, we will provide a summary of the quantum transfer matrix approach
applied to the XXZ spin-1/2 model. The quantities introduced here are fundamental to
address the Drude weight problem. The free energy and various other thermodynamic
properties of the system can be computed from the leading or largest eigenvalue of the
quantum transfer matrix. To calculate the Drude weight, we will introduce analogous
operators whose largest eigenvalue will be connected to the dynamic properties of the
system. A detailed treatment of the quantum transfer matrix approach can be found in
references [29, (30, |31].
The Hamiltonian for the anisotropic Heisenberg anti-ferromagnet is given by

L
Hyxzy = I (0,07 + 0l 0! + Alor_105 1), (3.1)
j=1

where J > 0, A = cosh(n) with n = #Wi, I,m € Z*, 1 < m (ensuring |A| < 1),
and o with o = z,y, z are Pauli matrices. We impose periodic boundary conditions,
namely o, = of for all @ = x,y, 2. The Hamiltonian operator acts on the Vector space
V=@V - @V, where V; € C? represents the local Hilbert space at the i-th point
of the chain.

23
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The associated R-matrix, defined as

1 0 0 0
_ [0 bAp) (A ) O
B =1 g c(A ) b(Ap) 0] (32
0 0 0 1
with b\ ) inh()
sinh(A — sinh(n
b\, p) = A ) = 3.3
satisfies the Yang-Baxter equation [32] in C* @ C? @ C?
Rji(A ) Rj (A, v) Ria(p, v) = R, v) R (X, v) Rji(A, ). (3.4)
The following properties are also satisfied:
R\ M) =P,
(A 2) (3.5)

Ris(A, ) Ra1 (p, A) = id.

The R-matrix function takes spectral parameters A\, u € C as its arguments. The Hamil-
tonian can be generated from the R-matrix through the relation

1

—H .
2.J sinh(n) XX (3.6)

L
> 0\PR(X,0)|5=0 =

j=1

where P represents the permutation operator that acts on the tensor product space C2@C?2.
To proceed, we explicitly define the R-matrix in terms of basis matrices

Rje(\, 1) = R53(ej)aler)?, (3.7)

where the indices j and k correspond to the quantum space (j = 1...L) and auxiliary
space (k= 1...N), respectively. The R-matrix acts on the tensor product space C? @ C2
and is represented in the basis {e], e?, e}, €3}, where e? are the basis matrices of the local
Hilbert space at site j. The matrix element Rgg encodes the interaction between basis
states. The basis vectors are defined as follows:

10 0 1 00 00

The monodromy matrix is constructed using L-operators. Specifically,

T(\) = L\ v) ... Li(\v), (3.9)
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where the L-operator at site j has matrix elements:
(L5 1) = RGN 1) (e))]. (3.10)
The transfer matrix is defined as the trace over the auxiliary space:
t(\) = trT(N). (3.11)

It generates conserved quantities and it can be diagonalized by using the algebraic Bethe

ansatz. From equations (3.4), (3.9), and (3.10]), the following RTT-relation follows:
R (A, 1) T3 (N T () = T () T3 (A) Ry (A, ). (3.12)

The Yang-Baxter equation can then be written as

v

R()" M)(Lj()" V)) ® (Lj(:uv V)) = (Lj(u’ V)) ® (Lj<>‘7 V))R<>‘u M>’ (313)

where
Rgg = Rg?. (3.14)

The Trotter formula allows us to express the density matrix in terms of monodromy
matrices

lim pyg =e "4, (3.15)
N—o00
where
7
px = (H)H(=7))
= Toy_ |T(7) Ty=i(=7) .. To(7)Te( 7)) (3.16)
= Trp_y | 77 (0) .. TE (0)]
and 7 = % The parameter N is referred to as “the Trotter number”. We define two

types of monodromy matrices

T5(A) = R (A, 1) .. Ry (A, ),
TS0 = Rl ) Rua. ) 10

with corresponding transfer matrices:

t(r) = tryT5(7), t(r) = tr;T5(7). (3.18)

7177

In the last line of the equation (3.16)) we introduced the quantum monodromy matrix

TP () = Rig(A\ ) Ri=, (=1, A) - Ryg(A, ) REL (=7, A), (3.19)

J N-1j



26 Chapter 3. Mazur bounds

The transposition ¢! is performed with respect to the first space in which R(\,u) is
embedded. The quantum transfer matrix @7 ()) is then the partial trace over the
auxiliary space:
™
t9TM(N) = Tr; T2 (N). (3.20)

To better understand the quantum transfer matrix, it is helpful to introduce the graphical
representation of integrability objects. We identify an R-matrix element with

R (Op) = A o (3.21)

and its partial transposition with respect to the first space

J

(R)33(1\) = RIS (u ) = 6 —2 o (3.22)

1
Y

Each arrangement of vertices translates into a product of R-matrices, and a connection
is represented by a summation over indices. The density matrix is represented with

L
Tn(r) 7
Ty_1(—7) -7
T N
—T
-

L2 . (3.23)
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The graphical representation of the quantum transfer matrix is illustrated as follows:

| o

ToooT . (3.24)

This diagram shows the configuration on the right-hand side of equation . Note
that this corresponds to the arrangement of vertices in the density matrix in the vertical
direction.

The quantum transfer matrix can be represented using L-matrices. To achieve this,
we introduce two types of L-matrices:

(ea)g<Lj)g()‘7 M) = Raj (/\7 :u)v (ea)g(f{j)g(_ua >‘) = R;}II/(_/J” )‘)’ (325)
or explicitly,
, ~((ej)1 +b(A, p)(e;)s (A, p)(e;)3
Ly = ( O m(e) bAm)(e) + <e<>3> ’
Li(—p\) = ((6]')2&2(,}?(2526”2 (= A

where b(\, ) and ¢(A, ) are defined in (3.3]). It is easy to see that the quantum transfer
matrix in terms of L-matrices is given by

(3.26)

TOTM(N) = Ly(\, 7)Ly_1(—=7,A) ... Lo\, 7) Ly (=7, ) (3.27)

and it acts as a lower triangular matrix on the ground state

m=(g)e(}) e (). (3.28)

The thermodynamic properties of a quantum spin model can be extracted from the par-
tition function
ZL = lim ZN,L = tI‘pL. (329)
N—o00

Let A,(\), where n = 0,1,...,2Y — 1, represent the eigenvalues of t¥T™()), arranged in
the following order:

[N = [A(A)] = [A2(N)] = - = [Aonv 1 (V)] (3.30)
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We can compute the free energy per lattice site as

log Z 1
“Bf = lim lim —22% — ~log tr(t97M(0))E

L—o0o N—oo L

(3.31)

1 2 (00"
— i g - L n ~ 1
= fim Jim 7 log | Ag(0) | 1+ Zn_l (AO(O)) A log Ao (0).

The relations in (3.31) remain valid under the following conditions:

e Assuming the interchangeability of the Trotter limit (N — o) and the thermody-
namic limit (L — 00), a belief supported for most fundamental models at temper-
atures above zero.

e Aslong as the condition |A¢(0)/A,(0)] < 1 holds, there is a gap between the largest
eigenvalue and the subsequent ones.

This significant result suggests that thermodynamic properties can be calculated from the
leading eigenvalue of the quantum transfer matrix.

To compute the largest eigenvalue of the quantum transfer matrix, we employ the
algebraic Bethe ansatz. We interpret the quantum transfer matrix T9TM()\) as a 2 x 2
matrix with operator-valued entries:

M A(N) B(X)
e (/\):(O(/\) D(A))a' (3.32)

The Yang-Baxter equations provide a set of quadratic relations for the entries of T9TM()),
enabling us to compute the eigenvalue of the quantum transfer matrix

tTM(\) = A(\) + D(\) (3.33)

evaluated on the pseudo vacuum state |0),g. Applying the ground state transforms the
monodromy matrix into a lower triangular form

T 065 = (“0) 55)) s (3.39)

where a(\) and d()) are some complex functions dependent on the spectral parameter \.
For a generic set of {);}}<, € C, we define

K

) = [T BOY) 10)6s - (3.35)

J=1
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To diagonalize the transfer matrix, we commute all the B()\;) operators with the A(\)
and D(\) operators:

TN {20 = [AQ) + DV B(M) - B(A) [0)65

(3.36)
where Ag()) is determined from commutation relations and takes the form:
QA —n) QA +n)
Ao(N) = a(N) ———= +d(\) ——— 3.37
and
K
Q(\) = [ [ sinh(x = Ay). (3.38)
j=1
The parameters {\;} must satisfy the Bethe Ansatz equations:

d(A;)Q(N; +n)

for j =1,..., K. Here, a(\) and d()) denote the eigenvalues of the diagonal monodromy
matrix entries acting on the pseudo vacuum state |0) .

3.2 Pseudo-local conserved quantities

In this section, we will develop quasilocal conserved quantities for the spin-1/2 XXZ model
with periodic boundary conditions. Unlike strictly local charges, quasilocal charges have
operator densities that decay exponentially with distance rather than having compact
support. These conserved quantities are expected to have an overlap with the spin current
operator, thereby providing a non-zero Mazur bound for the spin Drude weight. See also,
[33], |28]. At first, we will construct a generator function for the quasilocal conserved
quantities using a two-parameter transfer matrix. Then, we will proceed to extract the
conserved quantities from this operator.

We define the two parameter Lax operator acting in V; ® A, where A is an auxiliary
space with dimension d4. The Lax operator is expressed as:

(o 8) = sinh (¢ +nS%(s)) sinh(n)S % (s)
L. ) ( sinh(n)Sj?s) sinh (go — ngj(s)))j ’ (3.40)

where 59, o = £, z are the spin operators, s € C, and we focus on the case ¢ = X\ — p.
We will work with the cyclic representation of U,[SU(2)], and we specialize to the root
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of unity case, i.e. ¢ = elm with I,m € Z. At the root of unity, the auxiliary space A
becomes finite dimensional with d 4 = m. The spin operators take the form:

[ee]

Sa(s) k) = = (s k) ).
SE) 1) = = > T ). (3.1
Sa) 1) = Y St k-1,

where the auxiliary space index k can be restricted to 0 < k < m — 1 and they satisfy the
algebra

[S7, 8% = £5F,
5+ 5] = Slrsllhn(}??ni’z) (3.42)
The definition of the monodromy matrix is given by
Ta(e,s) = L, 8)Lr-1(p,5) ... Li(p, s) (3.43)
and by tracing over the auxiliary space, the transfer matrix
talp,s) = tra[Talp, s)]. (3.44)

It can be shown that the transfer matrix ¢;(¢), which generates the XXZ7 Hamiltonian,
commutes with the two-parameter transfer matrix

ta(o,s),;(0)] =0  Vg,0€C. (3.45)

This implies that ¢ 4(, s) enriches the set of conserved charges associated with the XXZ
Hamiltonian, generating additional conserved quantities beyond the well-known local
charges (such as the Hamiltonian and momentum). These quantities will later be shown
to exhibit quasi-local structure.

Consider the two parameter Lax operator

Lilp,s)=1) o2A%(p,s) (3.46)
acJ
in terms of operators
A%, s) = —isinh(p) cosh(nS*(s)),
A*(p, s) = —icosh(p) sinh(nS*(s)), (3.47)
A% (p, s) = —isinh(n)ST(s),
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where J = {0, 2, £} and ¢ = 1. The transfer matrix, in this notation is given by

N
talp,s) =18 tr{Aa, ... Aa,Aa, [ 057
j=1

{a;}

N (3.48)
=ity (Al AL AL [0
{aj} J=1
Now we apply the parity operator 73’10]% P = azil_j
L
Pt (o, s)P =i Ztr{AaL oA Aay } Hagﬂrl_j,
a; =1
tou} ! (3.49)

L
— ik Z tr{Aa, Aay - - - Aoy } H o,
j=1

{a;}

where A?, S s the transpose of A,.. Finally we define a two parameter conserved quantity
which is odd under under parity transformatlon

[<907 5) = (_i)L [ptA((pv S)p - tA(QO, S):|

L

. 3.50

= tr{Aa, .. Ao, — AL AL T (3.50)
7=1

{a;}

In order to study the “quasi locality” at T" — oo, we calculate the inner product

(I'(,)1(, 8)) = 2traea{ [T1(2, 5,5)] " = [T, 5,9)] "}, (3.51)

where T’ (¢, s,s) and Ta(¢p, s, s) are transfer matrices in A ® A

Ti(p,s,5) = > Cadi(p,s) ® Au(p,5),

a=0,z,+ (352)
Ty(p,5,5) = > Cadilp s) @ AL(p,53)
a=0,z,+
and .
Co = §tr{aa(0a)T }. (3.53)

The inner product is defined as (ABT) = 2=Ntr{ABT}. The substitution of (3.47) into
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(13.52) leads to

% Z <smh (k+ 1)) sinh(n(r + 1)) [k, ) (k + 1,7 + 1

 sinh (k) sinb(yr) [k + 1,7+ 1) (&, 7] ) (3.54)

m—1

T5(¢,0,0) = Z <]sinh(gp)]2 cosh(nk) cosh(nr)

k,r=0

— | cosh() 2 sinh (k) sinh(nr) ) [k, 7) (k. 7]

[\DI»—t

Z <smh (k+1))sinh(n(r + 1)) |k, 7+ 1) (k+ 1, 7]

+ sinh(nk:) sinh(nr) |k + 1,7) (k,r + 1| )

The transfer matrices exhibit block diagonal structure in subspaces of the tensor-product
basis. When considering T7(p,0,0), the subspaces correspond to fixed values of k =
0,...,m—1, with states given by |r, (r + k)(mod m)). For T5(y, 0,0), the Kronecker states
are |r,(—r+ k)(modm)). The states |r, (r + k) (mod m)) and |r,(—r + k) (mod m))
arise from symmetry constraints in the block diagonal structure of the transfer matri-
ces T} and T5.

To analyze the scaling behavior in as IN approaches infinity, we focus on the
subspace where the transfer matrices have their largest eigenvalue. This corresponds to
the & = 0 subspace for both T} (¢, 0,0) and Tx(, 0, 0), since this sector contains the ground
state |0) and yields the dominant contribution in the thermodynamic limit. Within this
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subspace, we denote |r, £7) as |r) and reduce the transfer matrices accordingly

Tile) = 3 (Isinh(e) cosh(nr) — [ cosh(g) [ sinb(nr)) |r) {r]
- % g (sinhQ(n(r + 1)) |r) (r + 1| + sinh®(nr) |r + 1) (r| )
Ta(p) = | sinh()[*[0) (0] (3.55)

The solution to the eigenvalue equation (07| 7;(¢) = | sinh(y)|? (0| is given by

m—1

(0c] = Y (-1 A 2 (3.56)

and it is normalized such that (0,]0) = 1. By considering a large number of transfer
matrices, we perform a projection of the auxiliary space onto the eigenvectors of 77 and
T2 having an eigenvalue of 1

lim 77" (¢) = |sinh o|** 0) (O],

L—oo
3.57
lim T2 (¢) = | sinh o210} (0] (3:57)

L—oo

Through a further analysis, we find that the transfer matrices 7; and 75 are related by a
similarity transformation. As a result of this connection, we deduce that ||I(¢, s)||* = 0.
This means that I(p,0) is not a quasilocal conserved charge. We seek to prove that the
conserved quantities, defined as

Qlp) == (3.58)

85 s=0
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exhibit quasilocal characteristics. The norm of the (3.58|) can be written as

0? 0?
0 2 TL ~__ 7L
|| (sp) || 2trA®A{ asag 1 (@) } s=0 2tI'A®A{ asag 2 (QO) }

= 2Lraea{ T (O (0) - T AT ()}

s=0

L—2
3.59
£2L Y traea{ TV T T (T (o)) (3.59)
n=0
L—2
—2L Y asa{ @R OT (T ()},
n=0
where
T () 1= s gms )| - (3.60)
We observe that
74710y = 7%V |0y | o0

7,7 10) = 7,7 10).

These equations imply that for large IV, the last two terms of (3.59)) vanish. The other
two contributions are evaluated as follows:

(OLITV10) = Jcosh pf? — 2T ~ L)

)

sin(2mlmep) (3.62)
(017:"10) = [ cosh o[,
Substituting these into (3.59)), we obtain:
2 in(2(m —1)I
L sin(2mlImep)

Then we can conclude that @) is quasilocal for m > 1. Upon further investigation, it
is possible to show that (Ii(y,s)I,(¢,s)) o« L? where I, = 251y, s). Consequently,
quantities with p > 1 do not hold significant relevance for the analysis of the spin Drude
weight. The result provides the denominator in the Mazur bound . In the

following section, we compute the numerator.
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3.3 Mazur inequality at infinite and finite tempera-
ture

Let us now investigate the quantity | (7.Q(p)) |?, which appears as the numerator in the

Mazur bound (2.69). We begin with the following calculations:

(TQ(p)) = 27" Tr{T,Q()}

. 0
=Li) otr{Aar - A, - Al ALY,
{ai}
L
X 2_LT1"{H U?j(afrag_ —oy05)} (3.64)
j=1
L1 0 _
=35 ——tr{[A_(s), A+ (s)](Ao(s))" 7} _,

= Li(sinh ¢)*~? sinh(n).

In the last step, the factors of (Ag)” project the auxiliary space onto |0).

The identification of a quantity that ensures (7,Q(¢)) is non-zero implies, based on
Mazur’s inequality, that the Drude weight remains finite for temperatures above zero.
Now, we have all the necessary ingredients to study the spin Drude weight at T" — oo.
We begin by considering the following definition of the Drude weight:

D(T) = lim Jim o7 2LT (D00 2 37 Z Do (3:65)

where the Mazur bound contribution from the conserved quantity @), is

_ 2150w [
L |Qnl
Note that the inequality becomes an equality when we include a complete basis of pseudo-

local conserved quantities. We can use the equations (3.63]) and (3.64]) to obtain a lower
bound for the Drude weight:

Do (3.66)

Isinh?n  sin(2mlmey)

Do =3 - 3.67
© ™ 24inh? @ sin(2(m — 1)Imyp) ( )
For the special choice of ¢ — ﬂ this lower bound becomes
sin?y m
Dq = — 3.68
@ 2 m-—1’ ( )

which has been reported in the works of Pereira et al. [28] and Prosen [33]. Additionally,
we observe that this lower bound exhibits discontinuous behavior as a function of A.
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Figure 3.1: The behavior of the lower bound Dg(A) for ¢ — % exhibits a discontinuous
nature, which arises from the term —= in (3.68).

Finite temperature. To extend this analysis, we use the definition (3.51))

L0 .
Q) = (- )La [Ptale,s)P —ta(p, s)] (3.69)
and the scalar product is given by

(QP)Q(e)) =W | o+ Ao .y (3.70)

where

0? +
A, = 28388 <t,4(90a S)tA<‘10a 3)> )
82
050s

(3.71)

QlQ = -2 <tir4(90v S)/PtA(Qov S)P> :

In the following sections, we present a finite-temperature formulation for calculating the
Drude weight using the functions 20y, 2y, and (7,Q,), all of which become temperature-
dependent. Finally, we analyze the high-temperature limit to recover the previously
obtained results.
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3.4 Computation of Qlly

s=5=0

The calculation of the function 21, can be carried out by adapting the theory presented
in Section [3.1] Using the definition of the inner product, it can be expressed as:

_2
N ZL Js0s

Ar(N) tryz [e Pt (0, 8)talp, )] (3.72)

This is graphically represented in Figure 3.2, For simplicity, we will omit the lines over
the indices that denote the space 1... N. We are only interested in the value of () in
the point A — 0 and s — 0. In the transfer quantum matrix formalism, the eigenvalue
20, is given by

BOims = 5 bt { O 37
where the quantum transfer matrix include two additional auxiliary spaces
tOTM(N) = try, { T} (V) }. (3.74)
The quantum monodromy matrix is given by
T/9"™M(N\) = Rjoy(A\ = T)RIL (=7 — N) ...
Riay (A—T RSNJ(—T — MNRjan. (A4 o, S)R;LN+2 A+ ¢, 5), (8.75)

where ay, 1 = A; and an,o = Ay. We seek a state that can transform the monodromy
matrix T1@TM()) into a lower triangular form. Such a state is given by:

N4

(Olgs = (+H @ (=) z @ (0] @ {m 1] (3.76)
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L
Tn(r) 7
Ty_1(—7) -7
T N
AA A A A peniy,
1 2 ’

Figure 3.2: The two red lines represent the insertions of t&(w, $)ta(p,s).

with (+| = (1,0) and (—| = (0,1). Let us now examine the effect of these states on the
corresponding R-matrices:

(+] LA = 7) = (+] (é A7) ) ,

sinh(A—7+n)

sinh(A+7) *
<_| Ltl(—T . )\) — <_ Sinh()\aﬂ'*ﬂ) E

(O LM (A + ¢, 5)

(0 sinh(A + @ +nS%(s))  —sinh(n)Sh(—3) )
—sinh(n)S,(—5)  sinh(A +3 —7nS5%(s))

B sinh(A + % +73) *

= (0] ( 0 ’ sinh()\Jr@—E)) '

(m—1 LA+ ¢, s)

~ -1 (sinh()\ + ¢ +15%(s)) sinh(n)S,(s) )

sinh(n)S%(s) sinh(A + ¢ — nS%(s))

B sinh(A + ¢ + s — 1) *
_<m_1|(—1)l< o ! Sinh(Aw—sM))'

(3.77)
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With the symbol “*”, we denote values that are not relevant for our calculations. We
apply the ground state to the entries of the monodromy matrix:

(Olgs AN = a(X) Olgs,  (Olgs DOA) = d(A) (Olgs,  (Olgs B() =0 (3.78)
furthermore, with the use of (3.77)), we obtain

sinh(A+7) \% . ‘
h Y sinh(\ 45 5
sinh()\+7—_n)> sinh(A + ¢ + s — 1) sinh(A + @ + 3),

sinh(A — 7) >
sinh(A — 7+ n)

a() = (=1)'(
(3.79)

ol

d()\) = (—1)l( sinh(A + ¢ — s + 1) sinh(A + 7 — 3).

From the RTT-equations, we derive the following relations for the entries of the mon-
odromy matrix:

(3.80)

Now we apply the reference state to the quantum transfer matrix:

(AHS 97 () = (Ols T CO[AR) + DY)

(3.81)

The second line in this expression corresponds to the desired eigenvalue contribution,
while the third and the fourth lines, involving the sum over j, must vanish for the state
to be an eigenstate.

By imposing that the coefficients of the unwanted terms vanish, i.e., by setting the
third and fourth lines of to zero, we obtain the Bethe Ansatz equations for the
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rapidities {\;}:

psinh(y = M=)
g O ) j=1...K. (3.82)
k#j
The largest eigenvalue A;()\) of t*@TM()) is given by:
_ QA=) QA +m)

To determine the parameter K, we analyze (3.83) at 7' — oo and for s = 0. The
analyticity requirement of the eigenvalue enforces its structure to be:

A1(N) = (=1)esinh(\ — a) sinh(\ — b). (3.84)
Moreover, according to Pereira, et al., we obtain:
A1(0) = 2sinh(p) sinh(Pp). (3.85)

As a result, we conclude that a = —p, b = —, and ¢ = 2(—1)". We now put ([3.83)) into
the following form:

,sinh(A + )

A(N) = (-1 gqA—n)+qX+n)), 3.86
where
K
g(A) = sinh(A + ) [ [ sinh(A = Xy). (3.87)
j=1
By requiring (3.85)) to satisfy (3.86)), we find that the following equation must hold:
2(=1)'q(N) = g(A + 1) + (X = n). (3.88)
The solution to this equation is given by:
q(\) = sinh(m(\ + ¢)). (3.89)

From this, we can deduce that the system contains K = N/2+m — 1 Bethe Ansatz roots
Aj. We define Q(A) = Qr(A)Qs(N) where

N/2

STLs0 A0, Q) = [T s~ m) (3.90)

and pig]s—or=0 = py = —¢ + kn with &k = 1...m — 1. From this, we can obtain Bethe
Ansatz equations for calculating 2(;. These equations will be used to derive nonlinear
integral equations in the form of TBA equations in Sections [3.6] and [3.7]
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L
TN(T) T
Ty_1(—7) -7

r N

XA A A pEerigy

Figure 3.3: The two red lines represent the insertions of tl(@, s)Pta(p,s)P.

3.5 Computation of 2[2’52520
To compute the function 2, we employ a similar approach as for ;. We begin our
calculation by introducing the following definition:

2 0 -
Az(A) = _Z_L@§85tr1'"L e BHE (¢, s)Pta(p, s)P]. (3.91)

Within the framework of the quantum matrix formalism, the operator 2, at A = 0 is
given by the following expression:

2 0? 9
= —— lim —— QTM [\ L
W(0)is0 = - st oy an { (PO (392
Similar to before, the transfer matrix is defined through a trace:
t29TM () = try, { TP (V) }. (3.93)

Then we consider the quantum monodromy matrix, expressed in terms of R-matrices,
defined as

T?*T™(\) = R; ., (A — 7)R"

; i (—T = A)
ijaMﬂ()‘ - T)szlM,j(_T - )\>Rj7@]\/l+1 (/\ + ¢, S)RT <_)‘ + @, S)v

J,aM 42

(3.94)
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where the last two R—matrices correspond to the insertions visible in the Figure (3.3} The
ground state

00gs = (I-) ® [+))* @[0) ® |0) (3.95)

makes the monodromy matrix lower triangular matrix. We apply it on the L-matrices

sinh(A—7) 0
L(A _ 7—) ‘_> — | sinh(A—7+n) |_> ,

* 1
L(—Tt =\ |+) = <i .sinhg\—l-T) ) +),

Sinh(A+7—17) (3.96)
L) 0= (A TEE ),
DR p = (TP )0

Now, we can use these results to compute A(N)|0)5g = a(\)|0)5g and D(A)|0)%¢ =
d(\)[0)Z,¢. Thus, we obtain:

a(A) = (snfgz})l\(i ; 1)77)> N sinh(A + ¢ + s) sinh(=A + @+ 3), o
d()) = (Slirz];(i JTF ?n) ) ® sinh(A + ¢ — s) sinh(—A + 3 — ).
Using the RTT-relations:
ANC() = 5o = CAN) = 530N,
B (3.98)
DONC() = o5 CUDIN) = =)D
and the eigenvalue problem:
TN AT = Aa(A ) AL (3.99)
we can find the largest eigenvalue of t2@TM())
@0 00—
M) = a()F G + ) Z o (3.100)

where

Q) = ﬁ sinh(\ — A)). (3.101)
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The roots \; satisfy the Bethe ansatz equations

d(y) ﬁ sinh(A; — Ax — 7))
a(A;) o sinh(d; — Ag+ 1)’
k#j
To determine the number of Bethe roots K, we consider the largest eigenvalue (3.100) in
the limit as T" — oo and s = O:

j=1...K. (3.102)

QA +m) QA —n)
QM) Q)
and compare it with the expression provided by Pereira et al. Ay(0) = —2|sinh ¢|*>. We

then obtain the following result:

A2(X\) = sinh(\ + ¢) sinh(—\ +P) + sinh(A + ¢) sinh(—\ + @) (3.103)

K K K
2] [ sinh(A = ;) = [ [ sinh(A = X; =) + [ [ sinh(A = \; + n). (3.104)
j=1

j=1 j=1

This equation is satisfied for K = 0. For finite temperature and s, we find that K = %
To compute the largest eigenvalues as given by and , we need to solve the
Bethe-Ansatz equations and . Solving these equations is feasible by use
of the NLIEs for two auxiliary functions and root distribution close to the real axis, we
derive alternative nonlinear integral equations in the form of TBA equations in Sections|3.6

and B.7

3.6 T-, Y-systems

In order to avoid the formidable challenge of directly solving the Bethe-Ansatz equations,
especially when dealing with larger system sizes, we employ the concept of T- and Y-
systems [34]. These systems provide functional relations for the transfer matrices 75, (\)
and certain combinations thereof Y, (\). These T- and Y-systems can be manipulated
and transformed into non-linear integral equations, which can be solved numerically. The
advantage of the non-linear equations lies in their independence from the Bethe ansatz
roots, and their computational complexity does not increase with the system size.

The function T7(A) corresponds to the previously introduced transfer matrix, while
T, (X), where n > 1, represents higher spin transfer matrices. Let us begin by presenting
the standard description of T- and Y-systems, and in the subsequent sections, we will
adapt this description to compute the largest eigenvalues as given in equations and
(3-100). The expressions for the T,,(\) functions are given as:

- n+1 ﬁ o Q(
Ta)i= 2 w0+ 5 k= n = ) e Q0 4@k —n )
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The functions Q(A) and ¥ (\) are defined as:

vz

Q(A) = [ | sinh(A — ),
=1 (3.106)

sinh(A — 7 + g) sinh(A + 7 — g))

w|z

<

(A =

The values of \; satisfy the Bethe-Ansatz equations, or equivalently, 77(A;) = 0. Notably,
the function Q(\) exhibits the periodicity property Q(A + nv) = (—1)™Q()). Note that
To(A) = P (A).

Now, let us return to the definition of the anisotropy A:

A=cosf, =2 (3.107)
T
The functional relations for the 7- and Y-systems hold only for rational values of v. To

express v in terms of its continued fraction expansion, we write:

1
V=1 + — (3.108)

Vs +

Vo—1+ —
Vg
where v; are positive integers. In this chapter, we focus on the “simple root of unity”,
i.e., we set v = 1.
The T-system satisfies

T\ + g)Tn(A - g) = Tt (N Ty (A) + To(A + g(n )T\ — g(n 1) (3.100)
for any A € C and
T,(\) = T,_s(A) + 2(=1) "2 Ty (A + gy). (3.110)

For 1 < j < v — 2, we define the Y-functions:

T2 (N Tia (M)

Y;(0) = To(A+ 30+ D))To(A = 3G + 1))

B T;(A+ T\ - 3)
L+Y;(A) = To(A+ 30 +1)To(A = 3( + 1)) o
K(\) = <—1>mT0TVA_—i(An)u>’
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which satisfy the Y-system

VO + DY = 3) = (14 YL+ Yia (V).
1+Y,1(\) = (1+ K(\)? (3.112)
KO+ DEA= 1) =14 Y,()

for 1 < j <wv —2. For convenience, we set T_1(\) = 0 and Yy(A) = 0.

To compute the Y-functions, we transform the function equations (3.112)) into non-
linear integral equations. To begin, we examine the presence of singularities in the (3.112)
for j = 1. From the left-hand side, we observe that we need to consider the singularities of
Y1(A) within the interval [—2, 2], which is referred to as the “physical strip”. To address

this, we analyze (3.111)) for 7 = 1 and obtain the following expression:

Ve () — sinh(A — 7+ 4)sinh(A + 7 — %) Z
1@%‘smmA+T+gnmmA—7_@
Tg(U)

(sinh(A — 7 + 3p) sinh(A + 7 — 2p))

(3.113)

w|z

The singularities within the physical strip are found within the first parentheses on the
right-hand side, and they can be summarized as follows:

e \.==+7F7 zeros of order %,
o \,=x7+£7 poles of order %

We call the positions of zeroes A, and the positions of poles A,. Let us proceed by defining
Y-functions that are free of singularities:

_ tanh £ (A +7+1) *
Vi(\) = 2 ) v, (3.114)
tanh %()\ — 7+ 5)

which satisfy:

- URSva Ui n Ui
Vid+ DVi(A=2) = i+ DA = ). (3.115)

Here, we used the property of the hyperbolic tangent tanh(\ 4 Fi) tanh(A — §i) = 1.
Now, keeping in mind the following definition of the Fourier transform:

Flf @) (k) = / " fa)e e,

- (3.116)
FA®I@) = 5 [ et
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and the property:
Flfw+ D] k) = 4 F (@) (k) (3.117)

which holds for functions with a physical strip free of singularities, we apply the logarithm
to (3.112)) and the Fourier transform, and we get:

log F [71@ + 3)71@ - g)] — 2cosh(k)F [log Vi(\)] = Fllog(1+Ya(\)].  (3.118)

After using and performing the inverse Fourier transformation, we obtain the non-
linear equation for Y;(A). The same procedure is employed to find Y;(\) with j > 1 and
for K(\). Here, we notice that there are no singularities that produce a driving term.
Finally, we obtain the non-linear integral equations for the Y’s:
v—1

log Y;(A) = p;(N) —i—Zsﬂ xlog(1+Y)[A] forj=1,...,v—2,

=1 (3.119)
log(1+Y,-1(\)) = 2log(1 + K())),

log K(\) = s*log(1+Y,_2)[A]
with the driving term:
N tanh;r—:?(/\—T—i-g)

(A)=09,1—1 . 3.120
ri(A) 9 Ogtanh%(A‘{‘T“_g) ( )
and the kernel:

Sjl()\) = (53‘_17[ + 5j+1,l)8()\). (3121)

If we assume the Trotter limit N — oo to hold, and 7 = /N, we get

B

(N =—0; . . 3.122
pi() J’lnsinh(%()\ng)) ( )

The symbol * denotes convolution, and the function s()\) is defined as:

v

A)=—-——. 3.123
s() 27 cosh(v ) ( )

To calculate the largest eigenvalue, we consider the functional relation:
L+ DT = 3) = T+ mTo(A = n)(1+ Yi(V)). (3.124)

This relation is free of singularities in the physical strip, allowing us to safely take the
logarithm and apply Fourier transforms. As a result, we obtain the following formula:
log T1(A\) =s * glog <sinh(/\ +7+ g) sinh(A — 7 — g)

) ; (3.125)
x sinh(A + 7 — 577) sinh(A — 7 + 5?])) + s« log(1 + Y7)[\].

The non-linear integral equations (3.119) can be solved by numerical means, often using
an iterative approach. Then we can inserte the Y;(\) into (3.125) to compute 77 (A).
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Figure 3.4: The behavior of Y;(\), Y2()), and K () in the case of v = 4 and f = 1.
In general, the Y-functions exhibit asymptotic behavior, where Y;(+o0) = j(j + 2) for
j=v—2 and K(£o0) =v — 1.
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3.7 Modified T-, Y-systems

In order to use the T- and Y-system formalism for the calculation of the eigenvalues
A1 (A) and Ag(N), certain modifications are necessary. Specifically, we introduce modified
T-functions denoted with a tilde on top, as follows:

(A —35)

Here, it is important to note that ¢(\) is not the same function as the one in (3.106)), but

rather an unknown function defined by the relation:
YA+ 1) _ r(A+1)
YA-3) 1A —3)

On the other hand, the functions [(A) and r(\) are known functions that vary from A;(\)

to Ay(N). It is worth mentioning that from (3.126f), we can see that fo()\) = 1.
The equations (3.126]) can also be expressed as:

7o = [0y (3.126)

(3.127)

n+ln—y+1y—1
7.0 =1I II T[> - gm )\ + g(2j —n))
y=1i=l g=l (3.128)
y QA+2(n+1)Q(A—2%(n+1)) |
QA+22y-n-3)Q(A+2(2y—n-1))
This formula can be easily verified using the chain rule for . For instance:

PA+3) A+ vA-3F)  rA+ 3 r(A-3)

dA=3n) A=A =3n)  IA=3)IA—3n)
The functions T,,(\) satisfy the relations (3.109) and (3.110). Now, we want to define

Y;(A) and K (\) starting from T;(\). To create a consistent Y-system instead of K (M),
we introduce two functions called K (\) and K~ (\). This is defined as follows:

(3.129)

T (M)T5-1(N)

Y, = — | —
OBt DO B2y 5+ 1)
vy — TO+PLO-8)
?yzl T()‘ + 3(2’}/ —J + 1))l<>‘ - 3(27 —J + 1)) (3'130)
TV—Q()\)
+ ) = (— t ,
B = = G s - 2)
KO = (-1 g2

L2 = 3 —27))
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where ¢ = & +m — 1 for A;(\) and ¢ = & for Ay(N).
The modified T-functions satisfy the following relation:

= U n
Tj(/\.+ §)Tj(/\ - 5) =
~[ros 2@ =IO @Y =T )+ Ta T g
=TI+ 5@y =+ I = 52y = + D) (1 +Y;00)
and
) = r(h = 5 = 2)I+ 5 (v = 2)Tua(N)
v v 3.132
U TTro - 2w =29+ i T+ L —29) .
The Y-system for 1 < j < v — 2, is given by
VA + DY = 2) = (14 V()L + Vi (V).
1+Y, (AN =1+atVKT\) +a (MK~ (\) +BANKT(NK (N, (3.133)
¥ Ny 7o— ny _
K*(\+ §)K (A — 5) =1+Y, 2(N),
where
oy A+ 2(r=2) o rA=3(v—2)
I YT T e
B(A) =T (A)a~(N).
The functions K (\) and K~ ()\) are related as follows:
=3 =2y)
K*(\) = o3 W (3.135)
This relationship allows us to obtain:
U N, _p O =3 =2y +1))
K+()\+§)K+()\_ 2): - 7’()\"‘%(1/—2’}/—1))(1 YV—Q()\>)7
o A+ 2(v—2y+1)) (3.136)
— n — n r oV — 2%
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Now, we have all the ingredients to formulate the non-linear integral equations. After
applying the procedure explained in the previous section, we obtain the following set of
equations:

v—1
log Y;(A) = pj(A) +dj(A) + Zsjl *log(1+ Y[ forj=1,...,v -2,
=1
log(1+Y,-1(A)) = log(1 +a™ (A)K () +a” (M) E~(A) + B ET(NE (M),

v—2 (Y — )

log KT (A )+ Zlog <i((;\\ %2]((1/ ZZ/—E 11))))> + s xlog(1+Y,—2(N)), (8.137)
v—2 r (y _

log K~ ( )+ Zlog (l((/)\\— §((y — ;}Zf&;) + s xlog(1+Y,—2(X)).

Here, the driving term p;(A) and the kernel s;; remain the same as in the standard case.
The modifications introduce new driving terms d;()), d; (\), and d, ()\), which must be
carefully determined. N

As the next step, we will relate the eigenvalues A;(A) and Ay() to the function 7 ().
To do this, let us provide the explicit expression of Tl()\):

= n, @A +1n) n, @A —n)
YA =lAN—z)———+r(A+ = . 3.138
We observe that the following relation is satisfied:
-1y .
MY = — _ _T, (3.139)
(sinh(A 4+ 7 — 1) sinh(A — 7+ 7)) 2
where
1
I(A 2)
N
= (sinh(/\ — 7)sinh(A + 7 — 77)) * sinh(A + ¢ — s+ n)sinh(A + 5 — ),
0 (3.140)
A4
r(A+ 2)
N
= (sinh(/\ + 7)sinh(A — 7 + 77)) ’ sinh(A + ¢ + s — 1) sinh(A + $ + 3).
For Ay()), the following relation holds:
1 -
As(N) = <711 () (3.141)

(sinh(X +7 — n) sinh(A — 7+ 7)) 2
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and the functions [(\) and r(\) are given by

N

I\ — g) - <sinh()\ — 7)sinh(A+ 7 — n)) ? sinh(A + ¢ + ) sinh(A — B — 3),

(3.142)

2

2

r(A+ g) = (sinh()\ + 7)sinh(A — 7 + 77)) sinh(A + ¢ — s) sinh(A — @ +3).

By using this definition, the analytical structure of the standard 7- and Y-functions is
preserved, but in addition, new poles and zeroes, arising from terms containing ¢ and s,
need to be considered.

The T7(A) can be calculated from Y;(\) by using:

log Ty(\) = s (log(l()\ —)r(A+n)) + log(1 + m(A))). (3.143)

3.8 Calculations of (7,Q(y))

The last piece to compute in order to evaluate a lower bound of the spin Drude weight
is the numerator of the equation (3.66). We insert the definition of Q(y) as in (3.69)) to
obtain:

Q) oo = (110, ((TPEal,5)P) o = (Tetal,5)) o)
= =2(=1)", (Tt 4%, ) o

The simplification in the second line occurs because the spin operator under a parity
transformation changes sign: P7,P = —J..

The operators A; contained in the transfer matrix ¢ 4(y, s) are translation-invariant,
SO /AlflAjA = A;_;. Then we can write:

(3.144)

(Tetalp,s)) = —ALJT (o5 o7 — o7 03 tale, s)) (3.145)
We introduce a modified partition function:

Z(p,5) = try[p(ep, 5)], (3.146)

where the density function p(ep, s) is defined as
plp,s) = e PHEt (i, 5). (3.147)

Then we can recast equation (3.145)) as:

(Fta(2,5)) smo = —2LT {(e2)(e0B), — ((enb(e2d), ) 22




52 Chapter 3. Mazur bounds

where <A>s = trV{p(907 S)A}/Z(Qpa S)'
To address our problem, we define the following quantum monodromy matrix:

QTM . ¢
Rj,aNfl <>‘ - T)RalN,j(_T - A)'RjuA()\ + ¢, 3)
which acts on the reference state
N
0)gs = (+) ®[=))2 ®][0). (3.150)

Similar calculations, as performed for the eigenvalues A;(\) and Ay()), lead to the result
for the largest eigenvalue of (7,Q(p)), which is given by

sinh(A — A\; +n)
sinh(A — ;)

sinh(A — \; — n)

AN =a(d) sinh(A =)

+d(N)

(3.151)

‘Ew\z
T

1

J

where

N4

([ sinh(A—7) ,
a(\) = (sinh()\ e 77)) sinh(A + ¢ + s), 5159

sinh(A+7) 2 .

d(\) = h(A —
) (sinh()\—l—T—n)) sinh(A + ¢ — )

and )\, satisfy the Bethe Ansatz equations.

Let us introduce an external magnetic field, denoted as h, in the z direction. This can
be achieved by applying a twist to the monodromy matrix:

v ()
eo \ ] . (3.153)

e 2T

T(\) = T\

Alternatively, this transformation can be expressed as a(\) — e?ra(\) and d(\) —
e~ard()\).

In the computation of the leading eigenvalue A()), usually a different approach is
employed when compared to the eigenvalues Aj(A) and Ay()\). Initially, we define an
auxiliary function, and then we formulate non-linear integral equations for this function.
This approach enables us to work with a single meromorphic function in the complex
plane instead of dealing directly with the Bethe roots. Subsequently, all quantities of
interest can be expressed in terms of this auxiliary function, denoted as a(\). For a
detailed discussion, please refer to [31} 35] and [36] 37].

We define the auxiliary function as follows:

_(sinh(A — 7)sinh(A 4+ 7 — 1) 2 sinh(A + ¢ —n) QA + 1)
al}) = (sinh()\ + 7)sinh(A — 7 + 77)) sinh(A 4 ¢ 4+ 1) QA — 1)

eT . (3.154)
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It satisfies 1 4+ a(\;) = 0.
The largest eigenvalue can be recast in the following form:
QA —n)
A/\:d)\—<1+a)\>. 3.155
) = ) E G (1 ) (3155)
From the analytic properties of a(A) and 1+ a()), it is possible to demonstrate that A(\)
can be derived from (the integration contour C is depicted in Figure :

h d
log A(\) = log(sinh(A + ¢ — 8)) — —— + / W e(w — A log(1 + a(w))
2T c 2T
h o (3.156)
= log(sinh(A + ¢ + 5)) + o7~ /c 2—m,e(w — A) log(1 4 a(w)).
The dual auxiliary function is defined as a(\) = ﬁ Then, the auxiliary function and

its dual satisfy the following non-linear integral equations:

log a()\)

= —Pe(A) + = +log G a— 5 B (w = A)log(1 + a(w)),

h sinh(A + ¢ + s) +/dw
c

o 5(3) = (3.157)

h sinh(A + ¢ — s) / dw _
_ — [ &K (w - A log(1
fe(d) T8 sinh(A+ ¢ +s)  Je 2mi (w=A)log(1 +a(w)),

where the driving term in the Trotter limit and the kernel are given by:
K(\) = coth(A +n) — coth(A —n), e(A) = coth(A\) — coth(\ + 7). (3.158)

Let us consider the free energy per lattice site in the thermodynamic limit. It can be
derived from the largest eigenvalue through the integral over a(\) or a(\):

f(T) = =T lim log A(0). (3.159)

From the free energy, thermodynamic properties become accessible. In particular, we
are interested in the magnetization per unit length at finite magnetic field A and finite
temperature T, defined as:

_Of(hT) T&log A(N)

m(h,T) = —=—5,— = oh ‘)\:0

__1_/d_w€(w_k) o(w) ‘ (3.160)
2 Je2m 1+a(w) =0
Here, the function o(w) can be calculated from the non-linear integral equation:
do 0
o(w)=Toploga(w) =1— [ —K(0 —w) o () (3.161)
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o2

Im

Figure 3.5: The contour C passes just below +3 and just above —3, encircling the real
axis in a counterclockwise direction.

We also introduce another function, denoted with G/(w, \), which we will use later for the
“dressed function trick”:

(ex)Hen)2), — {(en)h(ex)?), = —sinhy /

This relation can be derived in accordance with the procedure presented in the paper [36].
The linear integral equation for G(w, \) is given by

dw 0,\G(w, \)

—_— . 162
211 1+ a(w) Ix=o (8162)

dé G(6,))
= —w)— [ —K(w—40 . 3.163
Gl ) =er—w) — | Sk w07 2o (3163)
Now, by using dressed function formalism, it is possible to show
dw o(w) dw 0 \G(w, \)
— A— —‘ = ——‘ . 164
/c 27riaA€( w) L4+a(w)lrx=o  Jo2m 1+ a(w) Ir=o (8164)
This leads to: dw 95G(w. \)
w o)\Glw,
h,T)=— ——) 1
Oym(h,T) /c 211 1+ a(w) Ix=o (8.165)
and
((e2)1(e1)3)s — ((en)a(e2)?), = sinhin xm(0, T)|=o. (3.166)

Finally, the scalar product of the spin current and the charge Q(y) can be reconstructed
from the derivatives of the magnetization and the modified partition function:

B . dw O\G(w, \) Z(p, s)
(e oo = a1y sinna, [ SEGAERIED) | (3.167)

= 4LJ(—i) " sinh psinh” [888,\m(0, T) + 0\m(0,T)0s log Z (¢, 3)} ’

’
A=s=0
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where log Z (¢, s) 12 Llog A(0) and Z(p,0)/Z = sinh” ¢.

For numerical computations, it is more convenient to express the integral over the real
line rather than the contour C. This transformation can be achieved by decomposing the
contour integral into two separate terms:

; ;—ZK(A —w)log(1 + a(w)) = — /Z ;—;K()\ — 2)log(1 + a(z + %))

5 (3.168)
+/OO ;i—mK(/\ — x4+ )log(1 + a(z — %)).

To summarize: the scalar product together with the norm ([3.59)) shows that
2(; and %, arise from derivatives of the eigenvalues A; and Ay, which correspond to the
eigenvalue of T} for the two cases '™ and t29™ with differently defined functions I()\)
and r(A), see Section [3.7]

3.9 High temperature limit: 7" — oo

Now, let us investigate the behavior of the system as the temperature approaches 7" — oo.
From equation ((3.154]), we observe that the auxiliary function takes the form:

_ sinh(A+ ¢ + s)
~ sinh(A+ ¢ —s)’

a(A) (3.169)

Using this expression and substituting it into the eqution (3.155)), find that the eigenvalue

A(0) simplifies to:

Q(—n)
Q(0)

Assuming that the partition function scales as Z(p,s) ~ (A(0))Y, we differentiate and
evaluate at s = 0:

A(0) = d(0)

(14 a(0)) = 2sinh ¢ cosh s. (3.170)

Oslog Z(p, s)|s=0 = 2L sinh ¢ sinh s|;,—o = 0. (3.171)

Applying the residue theorem to equation (3.163]) in the limit 7" — oo, we find the
following solution:

K(w—\)
G(w,\) =e(A — _—. 3.172
(12,3) = e(r = w) + T (3172)
By differentiating with respect to A, we obtain:
inh 7 sinh(2w — K(w—\
NG, N = S 1) Ko — ) (3173

sinhwsinh(w —7n) 1+ a(A) la=o
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Comparing this result with equation (3.165)), we obtain the derivative of the magnetiza-
tion:

tanh s
hm(h, T)|y=0 = ———. 3.174
hm( Jao 2sinh2<p ( )
Taking an additional derivative with respect to s, we get:
1
850,\771(0, T)|)\:0 = — 5 - (3175)
sinh” ¢
Finally, we evaluate the scalar product as in equation (3.167) at T" — oo:
(T.Q(,5)) |s—o = 4LJ(—i)* "' sinh 7y sinh™ 2 ¢p. (3.176)
Calculating the squared modulus yields:
1 {(T.Q(,5)) |* = (4LJ)?|sinh n|* sinh’ 2 psinh“ 2 . (3.177)

Extending the scalar product calculation to finite temperature is in principle feasible
using the NLIE framework developed in Sections and 3.7 The scalar product re-
quires derivatives of the eigenvalues A; and As, which are obtained from T;(\) via the
Y-functions through the modified NLIEs. At finite 7', these NLIEs must be solved nu-
merically, and the subsequent differentiation with respect to the parameters ¢ and s adds
considerable computational effort. In the high-temperature limit, by contrast, the NLIEs
reduce to closed-form expressions, making the derivatives straightforward. A system-
atic finite-temperature evaluation of the scalar product therefore remains an objective for
future work.



Chapter 4

Spin Drude Weight

Numerous controversies surround the spin Drude weight for the XXZ chain, with various
analytical or numerical studies producing contradictory results. This has motivated us
to seek an alternative method for its calculation. Our approach involves combining the
thermodynamic Bethe ansatz with the functional relations of the Y-system type, satisfied
by the row-to-row transfer matrices. This combination enables us to evaluate the asymp-
totic behaviour of the spin Drude weight at finite temperatures in relation to the system
size.

The Drude weight, in Kohn’s formula, is related to the thermal expectation value of
the curvature of energy levels. This quantity can be described through the Y-functions
and their specific zeros, denoted as C]'-‘“' . The main effort in our research is the derivation
of suitable non-linear integral equations for the Y-function, which can be solved numeri-
cally. We determine the distribution of zeros that describes thermal equilibrium and use
them to formulate a set of non-linear integral equations. These zeros can be determined
individually or analyzed in terms of their thermodynamic properties. The solution to the
non-linear integral equations allows us to determine the spin Drude weight. We will then
compare our results with those obtained by Zotos (see (2.96)).

We will provide an overview of the results presented in the paper by Kliimper and
Sakai [38]. Additionally, we will explore and expand upon the concepts introduced in
that paper. In particular, we will consider the case of a Hamiltonian with an anisotropy
parameter v that is any rational number greater than or equal to 2. Through numerical
analysis, it becomes evident that the spin Drude weight exhibits a significant dependence
on the system size. We observed that the convergence to the result in the thermodynamic
limit is achieved for a significantly large system size.

o7
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4.1 Introduction

To avoid any confusion in notation, we will revisit the most essential definitions. The
Hamiltonian for the Heisenberg spin-1/2 XXZ chain on the periodic lattice, dependent on
flux ¢, is expressed as follows:

; A
JZ ( o + 10 + eild)/Laljal;rl + EUZUZJA) , (4.1)

where A = cosvy, with v = 7 and ¢ taking real values. We are operating in the critical

regime where v satisfies 0 <~ < 7.

The finite-temperature Drude weight is given by Kohn’s formula, see Section [2.4]
Following [38], we normalise the conductivity as Reo(w) = 7D (w) + 0,¢4(w), so that D
in this chapter is twice the Drude weight defined in :

(4.2)

where p, = e #Fn /3" e7FEm represents the Boltzmann weight for the energy eigenvalue
E,.

To evaluate D, we transform the problem of the (1+1)-dimensional quantum system
into a two-dimensional classical lattice system. This lattice system, corresponding to
the XXZ chain, is the six-vertex model, whose weights are determined by the R-matrix
R(v) € End(V ® V'), where V' is a two-dimensional vector space spanned by the spin-up
state |0) = () and the spin-down state |1) = ({). The non-zero elements of the R-matrix

0
are given by:

2
R ) = BEw) = L2
[2]
R¥2(v) = e‘%m,
12(v) 2] (4.3)
21 _ —iQM
RQI(U) =e L [2]7
Ri(v) = Ryi(v) = 1,
with [v] = %
The R-matrix satisfies the Yang-Baxter equations (YBE):
R23(U)R13(U)R12(U — U) = ng(u — U)R13<U>R23(U), (44)

where Rj;(v) acts on V; @ V. The YBE guarantees that the family of row-to-row transfer
matrices T (v) € End(V®F),

Ti(v) = Try, [RoL(i(v +1)) Ror—1(i(v +1)) - - - Roa (i(v +1))], (4.5)



4.1. Introduction 59

consists of mutually commuting matrices for arbitrary spectral parameters v and v:
[T1(u), T1(v)] = 0. (4.6)

The original quantum system (4.1]) can be expressed as the logarithmic derivative of T3 (v)
with respect to v:

A
HO)= =T Ti(w)  — 2, (4.7

v=—1

where A = @
The diagonalization of the transfer matrix yields eigenvalues, which can be expressed

as follows:

21) . — 21 .
4(v+21) ¥ 4 o(v+ i)—q(v ) e i (4.8)
q(v) q(v)
The transfer matrix 7 (v) is embedded within a larger family of transfer matrices. This
allows us to construct functional relations between different T- functions that describe
the physical system. Let us consider the following definition of T-functions:

Ty(v) = v - 1)

n

o) = S 0224 Ly 4 i(25 — q(v +in)q(v —in)
T-1(v) 2 (v +i(2) 1))q(v—|—i(2j—n—2))q(v—|—i(2j—n)) (4.9)
with .
1 L L
p(v) = (Sliniv) (4.10)
and
g(v) :gsinh%(v—vk), me{0,1,2,...,L/2}. (4.11)

A notable property is that 7_1(v) = 0 and Tp(v) = (v).

We will exclusively consider the case of the largest eigenvalue of the transfer matrix
T1(0), which corresponds to the number of Bethe roots being m = L/2. The parameters
vk are determined by solving the Bethe ansatz equations:

o(vg +1) _ e_i¢q(vk + 2i)

oo =D gl =) (12)

As previously mentioned, rather than solving the Bethe ansatz equations directly, we will
reformulate the problem in terms of the T- and Y-functions.

In the appendix, we provide the formulas for the T- and Y-system at the root of unity.
These will be used later to study the case of v = 5/2. For now, our focus remains on the
case of the “simple root of unity” where v =v, € Z > 2.
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4.2 T- Y-system at the “simple root of unity”

In this section, we aim to establish a consistent T- and Y-system, from which we can derive
non-linear integral equations that are solvable numerically. An extensive treatment of 7T'-
and Y-systems can be found in [39]. The energy spectrum of the XXZ chain is encoded in
the analytical properties of the T- and Y-functions. We start with defining the following
relation for the T-system:

Tt (04 1) T (v — i) = Toyr (0)Tyor(0) + Tyoa (v + i) Ty (v — ). (4.13)

This relation holds for any complex number v € C. It can be verified by substituting (4.9)
into it. Refer to [40] for more details about functional relations of this type. The following
periodicity properties are satisfied:

To1(v) =T, 1(v+2vi), Qv)=(-1)"Q(v+ 2iv). (4.14)

Similarly, we can prove:
T,(v) =T,—2(v) +2(—=1)"Tp(v + iv). (4.15)
The Y-functions are defined in terms of the T-functions through the following relations:

Tj1(v) T4 (v)

Yj(v):To(v+i(j+1))T0(v—i(j+1)) for1<j<uv-—2
Y,1(v) = (—Ume_i?_ToT(Vv ii)y) (4.16)
Y, (v) = (—1)mei”5’T0T&)——2+“’i>V>.

We also set Yp(v) =0 and Y_4(v) = 0.
In order to establish functional relations between the Y-functions, we first note the
relations for 1+ Y, (v):
v+ )T (0 —i)

1+Yj(v):To(v+i(j+1))T0(v—i(j+1)) for 1 <j<v-—2

(V)14 V) = Bl o)

(4.17)

Finally, we see that the Y-functions satisfy the following functional relations, also known
as the Y-system:

Vio+DYy(0—1) = (1+ Y (@)1 + Y (0)  for1<j<v—3
Y, o(v+1)Y, o(v—1) = (1+Y,_3(v) (1 + Y,—1(v)(1 + Y, (v)) for v > 3,
Y, (v +1)Y, (v —1) = e (1 + Y, 5(v)),

Y, (v+1)Y, (v —1) = e (1 +Y,_5(v)).

(4.18)
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— O

OO OO
o O OO
OO OO OO
— =0 = O OO
OO R OO OO
SO OO OO

a 1
Figure 4.1: Dynkin diagram of type D, and the corresponding adjacency matrix Aj.

Analyzing the properties of the system described by equations , we derive a set
of non-linear integral equations for the Y;(v) functions. Our approach closely resembles
the methods discussed in Section [3.6] and a detailed derivation is available in Appendix
A of the paper by Kliimper and Sakai. [38]. These integral equations take the form:

logY;(v) = p;(v) + g;(v) + ZKﬂ *log(1+Y)[v] (1<j<v), (4.19)
=1
the driving term p;(v), is defined as:

ps(v) = (851 + G200) (Lp(v) + /(v = D)) = Djr 561 + g, (4.20)

where -
p(v) = log tanh i (4.21)

And the kernel is given by

B 1
~ 4cosh %U.

Kik(v) = Ajps(v),  s(v) (4.22)

The variable v is set to zero after the calculations. It is important to note that at ¢ = 0,
Y, 1(v) =Y, (v).

The driving term g;(v) encodes information about the excited states. For the ground
state, we have g;(v) = 0.

In general, for an excited state, we have:

gi(0) =>_Ap> pv—¢h), (4.23)

=1
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The parameters ¢ represent the zeros of the T-functions in the physical strip [—1,1].
Thus, we have:
Ti(¢) =0 (1<j<v-1), T,.(¢) =0 (4.24)

Alternatively, in terms of Y-functions:
Vi((F+i)=—-1 (1<k<mj€Zsp 1<j<). (4.25)

The driving term g(v) and the parameters CJ’?’ can be studied through two different ap-
proaches. The first approach involves analyzing their thermodynamic properties as their
number increases. This method explores the behavior of the system close to the thermo-
dynamic limit for a given temperature. The second approach treats the parameters Cj’?
as solutions to Bethe Ansatz (BA)-like equations. This procedure involves examining the
counting function, which provides a way to count the number of solutions and understand
their distribution. By studying the distribution of the parameters ¢ ]’?, we can gain a deeper
understanding of the structure and properties of the solutions.

After computing the Y-function, we can use Equation for j = 1 to obtain an
equation for 7' (v) (as in Appendix A in [38]):

Oy log T (v) = 0, log p(v — 1) — 2miLs * a(v + 1)

+2Wiis(v+gf)+s’*log(l+Y1)(v). (4.26)

k=1

The energy can be evaluated by plugging this result into equation (4.7)):

votl [
E(¢) = Eg+ A i [Z (¢5) +2is xlog(1 +Y;)[-]] , (4.27)
j=1 Lk=1
where the ground state energy is defined as:
Ey = %A AL /_OO a(v)s(v)dv, a(v):= 21/(Coshsf1yr;7— o)’ (4.28)
Now we can calculate the Drude weight from Equation (4.2)):
9 OSu2+l [ My 1
D = Lh—{go 96 ; LZ; s(¢F) + 2_7713/ * log(1 + Y;)[—] (4.29)

This equation provides an alternative to Zotos’ formula for calculating the spin Drude
weight for the XXZ spin 1/2 model. The main challenge lies in the determination of the
parameters ( ]"3 When their number is relatively small, they can be determined numerically
using Equation (4.25)).
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4.3 Thermodynamic properties of Y’s zeros

The number of QJI?’ depends on temperature 7" and the system size L. As these parameters
increase, the number of C]k also grows, making it progressively difficult to extract them
directly from the numerical data. Instead, their behaviour can be effectively described
through their thermodynamic properties.

Let us consider a system at finite temperature with a large system size, L > 1. In
this limit, the parameters C]k condense and can be replaced by densitieﬂ. We define the
density p?((f) in the thermodynamic limit:

¢%) = lim 1 (1<j<v). (4.30)

P3G

Furthermore, we define the total density, which includes both “holes” and “particles”:

h( -k k : If+1 _ IJ]'C
pi(G) +pi(G) = lim ) (4.31)

We also introduce the ratio of densities:

0y (v) = ZE;))) (1<j<u). (4.32)

The quantum numbers [ jk appear when we take the logarithm of (4.25)):

log Y;(¢f +1) = —2milf (If € Z+1/2). (4.33)

Now, by combining equations (4.31]) and (4.33]), we derive:

1 log V(¢! +1) — log Y;(¢k +1)

PhCH) + py(ch) = = Jim

Lo 2miL G =G (4.34)
: 1 :
T g sl
From the right-hand side of (4.19)), we obtain:
O U e (st e L (s SO
A L300 2TiL gj’?“ — ¢k ' '
Additionally, we have:
1
= ———9,p(v). 4.
5(v) = —5—70up(v) (4.36)

In our approach, the objects ¢ are related to so-called “hole solutions” in standard TBA. This is why
we call the density functions for ¢ parameters p".
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By combining the equations (4.19)), (4.34), (4.35]), and (4.36]), we can formulate linear
integral equations for densities as follows:

Ph(©) + pi(v) = 55(v) + Y Ky x pi'[o], (4.37)
=1
where
sj(v) = (61 + 6;20,2)s(v). (4.38)
The energy eigenvalues per site can be defined as
€= ey + A/ v) { P (V) + S,2pp(v) } do, (4.39)

where e,y denotes the ground state energy per site.

The TBA equations, which characterize the equilibrium state, are derived from the
minimization of the free energy f = e —T's under the constraint of [4]. The entropy
per site is given by

=Y / " [(p3(0) + o (0)) Loy (0) + 2(0)

(4.40)
—p;(v)log p;(v) — pff (v) log pj (v)] dv.

The resulting TBA equations assume the form:
logn;(v) = —BAs;(v) + Z K+ log(1 4+ m)[v]. (4.41)

1=1

The density of holes can be expressed in terms of the n;(v) functions:
1 .

ph(o) =~ 0slog(1 +my(0)) (1<) <w) (1.42)

This equation can be verified by substituting it into .

Note that the asymptotic behaviour of the driving term in is e 21"l but the solu-
tions have longer ranged asymptotics. We find for logn;(v) and for ,0;-1(11) the asymptotics
e vl with v > 2.

For a large system size, the non-linear integral equation (NLIE) for Yj(v) can be
replaced by the “thermal” NLIE:

log thh(v) = p;(v) + g]th + Z % log(1+ Y™ [v], (4.43)
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Figure 4.2: Plot of the functions 7;(v) for v = 5. The asymptotic behavior is given by
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with )
g"(w) =LY Aupxpv]. (4.44)

1=1
The thermal Y-functions thh(v) represent quantum eigenstates that characterize thermal
equilibrium ensembles. Just as the general functions Y;(v) characterize arbitrary excited
states through their discrete zeros and analytic structure, the thermal functions thh(v)
play the analogous role for the special class of states that constitute a finite-temperature
statistical ensemble. This situation arises in the thermodynamic limit of large system
size L > 1, where discrete quantum states are well approximated by continuous thermal
distribution functions. This formulation offers a powerful bridge between exact quantum
mechanics and macroscopic thermodynamic behavior, enabling precise computations of
finite-temperature transport properties in integrable quantum systems.
To numerically evaluate thh(v), we follow these steps:

1. Solve equation (4.41)).
2. Construct the driving term (4.44]).
3. Finally, solve the non-linear integral equations (4.43)) through numerical iteration.

In some cases, it is more manageable to consider the functions Y} *(v) and 7;(v) at shifted
imaginary lines. In our calculations, we often use lines v — v + %

It is important to highlight that in our approach, the TBA equations are formulated
using only the analytical properties of the Y-system. In contrast, Zotos’ approach, as
explained in Chapter [2| relies on the string hypothesis.

4.4 Calculation of the g-function from the zeros of
Y -functions

Alternatively, the driving term g;(v) can be computed for small L by numerically finding
the zeros of the Y-functions. This approach provides a direct computational method that
complements the thermodynamic Bethe ansatz formulation. We apply Newton’s method
to the equation ‘

i

Tk
log Y; (v + §)|C]’-“ + 2l = 0. (4.45)
The parameters CJ’-“ can be obtained through numerical iterations over n steps:

[Cﬂn—i—l = K]k]n + [ACJk]m (4-46)

where [C]k]o is the initial guess, [AC]’?]O = 0, and as n becomes large, the approximated

solution converges to the true solution, [C]k Jnsoo = Cjk The iterative process typically
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Figure 4.3: Plot of the functions Y;-th (v + %) for v = 5. Note that they exhibit the same
asymptotic behavior as 7;(v).
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Re

Im

Figure 4.4: An illustration of a modified contour C encircling ¢ Jk +iin a clockwise direction
for the function 1+ Yj(v).

converges within a few steps provided the initial guess is reasonably close to the actual
zero. The increment is given by

log Y;(v + §) + 2nil}
(log (v +3))

Let us now consider the case where the number m; of parameters ¢ Jk is given by integrating
over the densities

A, = (4.47)

¢

mj = L/_Oo pj(v)du, (4.48)

e}

the initial guess [¢ f]o is chosen such that it satisfies the following equation:

/q pj(v)dv:%(k—%> (k=1,2,...,m;). (4.49)

—0o0

This choice ensures that the initial distribution of zeros approximates the thermal density
distribution, providing an optimal starting point for the iterative procedure. The solutions
can then be used to construct the g-functions as described in equation and to
evaluate the Drude weight with high numerical precision for finite-size systems.

4.5 Drude weight analysis

Another way to express the equation (4.44) is by “hiding” the driving term g¢;(v) into a
modified contour such, as shown in figure 4.4

log Y}(v) = py(v) + > Kyt # log(1 + ;™)) (4.50)
=1 J
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here, the convolution integral is defined over the contour C;.
On the other hand, the Drude weight can be written as

— lim _2/ dv s'( v—13¢10g(1+Yth( )

L%a)QW]
¢=0,¥=0 (4.51)
i (9 log Y™ (v))?0y log(1 4 Y™ (v))
e 2_7r1 Z / 1+ Y5 (0)
¢=0,%=0

In the passage from the first to the second line, the dressed function formalism has been
used. For the detailed calculation, one may consult Appendix B of [38]. The main
property for this calculation is the symmetry of the kernel Kj(v) = Kj;(v) = Kjj(—v).
This symmetry allows us to simplify the expression for the Drude weight.

We note that
2

Sju1 + 6j0) (4.52)

2
(8¢, log thh('u)>
$=0,p=0

and Y, (v) = Y®(v). Then the equation for the Drude weight can be written as

D=—

(4.53)

ALI/Q/ q Oy log(1 4 Y, (v))
dri Je ! 1+ Y™h(v)

¢=0,1=0

In the following, as already done above, we carry out derivatives with respect to ¢ and/or
) and finally set these parameters to zero. This is sometimes done implicitly by omitting
the symbols ¢ = 0 and 1) = 0 for brevity. Modifying the integrand as

Oylog(1+Y)  YdylogY — Oylog Y(9 1 (4.54)
1+Y  (14+Y)2  G,logY "\1+Y '

and integrating by parts, we find

o0

ALV | Oy log YR (v) 1

D =
Ami | Oylog Vi (v) 1+ YR (v)|_

dv Oy log Y12 (v)
R oldt e ol R

The factor 1/(1 + Y,®(v)) in the integrand of the above equation has poles at v = (¥ +1i
with residues
1 1 1

Y(CE+i) YOG +1) log V(G + D] [log V(¢ + )] (4.56)

Using Cauchy’s theorem, we modify the integration contour £, [£.4] to the straight line.
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Then performing again an integration by parts, which cancels the surface terms, we obtain

ALV K 1 {Bw log th(v)}
2 Dy log Y (v) ™" | 8, log Y2 (v) p=ck i
2 eS] th
N ALy / v, 1 Oy log Y (v)
i J_ o 1+YM(v) ) 0,logYth(v)
AL /OO » Pl (v) 5 Oy log Y (v 4 1)
2 J_o OplogVih(v+1i) " | 9,log V(v + i)

2 oo th
N ALv / dv@v{ 1 } Oy log Y (v)

D=-

(4.57)

4ri 1+ Y™(w) | 0,logYh(v)

o0

Note that we have implicitly taken ¢ — 0 and ¢» — 0 as explained above. Let us now
integrate by parts the first term

p__ AL ( [ phv)  BylogVih(v+ i>]°°

2 Oy log Yt (v +1) 9, log YR (v + 1)
00 h th :
_ / dvd, { py(v) } Iy log V)" (v + 1))

o Oy log Vi (v +1) | 9,log Vil (v +1)
(4.58)
N ALV? [ Oy log Y1 (c0) /°° dvd 1
471\ Oy log VP (o0) Jo Y11+ Yh(v)

N Dy log VB (—o0) /0 dv@v{ 1 })
Dy Tog VT (—00) J oo " \ TV (0)

In the third and fourth lines of , we have factored out the ratio of the derivatives,
as it remains constant outside the central region, where the other term vanishes. We will
analyze this behavior in more detail in the final part of this section. Furthermore, we
have used and the definition of n;(v) to express the equation in terms of n;(v).

The symmetry properties of the derivatives of log Y, (v) allow us to further simplify the
equation.

D _ALV? n,(v)  Oyplog Vi (v +1)17
 4mi 1+n,(v) Oylog Y (v +1) |

00 (V) Dy log th(v +1)
_ 4,59
| v { (o) } 9,108 Y, M (o 1 1) (4.59)

Oy log Y (00) [° 1
2= - - 7 y§ —————— .
* avlogwoo)/o WO T Y0

Taking into account the asymptotic values of 1, (v) and Y (v), the first and the third
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terms will cancel each other. Thus, we obtain

D =

ALv? ( v—109,logYM(c0) _dylogY,M(oo)rv —1
4mi

v 0,logYh () " 9,logYh(c0) v

_/_oo dv@{ () }GwlogYVth(v—l—i)) (4.60)

L+m,(v) ) 0plog Y (v +1)

ALr /OO 1 ()0, 10g 1, (v) 0, log Vi (v + 1)
1% )T (U () D,dog V(v +1)

If we perform the substitution (valid for large L, see the discussion after (4.69)))
d, logn, (v) Oy log Y1 (v + 1)

o0

w —27iL 4.61
dstoan () = B, TogVin(o + ) (461)

we will get the Drude Weight formula derived by Zotos
— U (av ]-Og 77u<v))2 . (462)

8725 1+nu v))? 0dglogn,(v)

This shows that our approach is consistent with the results obtained by Zotos, provided
that holds. We have both numerical and analytical arguments supporting its valid-
ity. In Figure[4.5] we plotted its right-hand side, which exhibits a formidable overlap with
the left-hand side. The difference between the two sides, given by LHS — RHS ~ ae~¢" for
some positive constants a and ¢, becomes exponentially small as the system size increases,
confirming the validity of the relation in the thermodynamic limit.

In order to provide an analytical justification for , let us analyze our system in
two distinct regions: the asymptotic region (v > v;) and the central region (v < v;). Here,
v; denotes the transition point, which we assume to be v; ~ Zlog L for our calculations

(see note after (4.42))). In both regions, the following equation holds:

8, log thh(v +1) = Oypj(v +1) — 27iL Z/ dz K (v —z)p(x)
- (4.63)

Y™z +1) th
+Z/ dz K U_$)1+Yth(x+ >8 , log V™ (x + 1)

In the central region (v < v;), the last integral becomes negligible. Consequently, we can
simplify the equation as follows:

2miL
dylog Y™ (v + 1) = 2mis(v) + ik

Z/ de K (v — x)0glog(1 + n;(v))
1= e (4.64)
27T1L

1 Oslogn;(v).
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Figure 4.5: Right hand side of the (4.61)) for v = 5.
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Figure 4.6: v-derivatives Y-functions.
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For the v-derivatives, we have
Oy log Y™ (v +1i) = §'(v)

v 0 —QWILP?(I) Yth(I + 1) th (465)
+ Zl/oodegz(v x)<8vlongth(x+i) + 1 +Yth(az+1)>a log Y™ (2 4 1)

Here, the first term in the summation arises from the contributions of the zeros Cjk For
v < v; we can again neglect the second term in the second line and use

—2miLpf(v) ()

= 4.66
Oplog M (v +1) 1+ m;(v) (4.66)
then
Dy log Y™ (v + 1) )+ Z/ deKj(v —x) nj; 2 >6’ 1 log Vi (z + 1) (4.67)
from which follows ]
Oy log thh(v +1) = ———0, log n;(v) (4.68)

BA
as both functions satisfy the same linear integral equation. Now combined with
can be used to show that the equation in holds in the central region.

We now turn to the asymptotic region and provide arguments that also holds
there. Assuming that the integral equations and admit a unique solution,
we demonstrate that imposing leads to the expected solution for d, log thh(v) in

terms of 9, log Y;"(v). We rewrite (4.61)) as

OplogV"(v+1) 1 0,logn;(v)

= 4.
d, log thh<v +1i)  2nLB 0dglogn;(v)’ (4.69)

where the asymptotics of the rhs is a number R independent of the index j Next, we

use - ) for all arguments v and check whether the integral equations (4.63) and -
are satisfied. In fact, for |v| < v, this has already been done. We now look at ([4.65) for

|v| > v. In (4.63) and (4.65) we may drop the driving term, see the note after (4.42).
The rhs of (4.65)) consists of integrals with a quickly decaying kernel; this requires that

not only v but also = be large. Hence, the ratio of 1)- and v-derivatives of log Y*" can be
replaced by R:

Dy log Y (v +1) = R{ — QWiLZ/ dz Kji(v — ) p(x)
- (4.70)

V(x4 1) th .
—i—Z/ de Kj(v x)l—i—Yth(x—i— )8long (x+1)],



74 Chapter 4. Spin Drude Weight
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Figure 4.7: 1-derivatives Y-functions.

and this is R times the rhs of without the driving term. We therefore see that

dy log Y™ from satisfies the integral equation if 9,log Y™ satisfies (4.63).
These considerations demonstrate that holds consistently in both the central

and asymptotic regions, thereby providing analytical support for the numerical results.

4.6 T- Y-system at root of unity

To further reinforce the validity of the relation given in , we will study the 7T- and
Y -systems at the root of unity for the more intricate case of 1, = 2, v, = 2. Following
this, we will compute the Drude weight for this specific scenario and compare it with
Zotos’ result.

In their work , Kuniba, Sakai, and Suzuki derived non-linear integral equations for
the T- and Y-functions for the anisotropy of the form A = cosZ, where v is a rational
number not smaller than 2, as defined in (3.108).

In this section we will present the fundamental formulas for the general case of the
T- and Y-systems, with m/y = [14,. .., ], before progressing to the specific example of
/v = [v1 = 2,5 = 2], which will be discussed in detail in the subsequent section.

The T-functions, as defined in , satisfy the relation

Tyotyar-1(0) = Tyoyo -1 (0) + 2(=1)" Ty, 1(v + i) (4.71)
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valid for 1 < j < m, — 1 and m is the number of BAE roots. The Y-functions can be
expressed in terms of the T-functions as

Tﬁj+1+yT_1(U + iij>Tﬁj+1_yT_1(U + iwjl/)

Y' v) = = N -~ . 9
3(v) Ty—1(v+inj +iwv)T, 1 (v — i + iw;v)
Ts . _1(v+y, +iw )T (v — 1y, +1w;v
1+ Yj(v) = =2+ 1(UW T Mo T >, (4.72)
Ty—1(v +injp +iw;v)T, 1 (v — i + iw,v)
K(v) = (D™ Ty —yo -1 (0 + (20 = 2a1 = Dv)

Tyaflfl(v + iya + i(za — Ra-1 " 1)”)

To derive the non-linear integral equations for the Y-functions, it is essential to establish
the functional equations between Y; and 1+Y;. These are given form,_; <j <m,—2 (1 <
r < a) by

Y30+ ip )5 (0 — i) = (L4 Y1 (0) 21 (14 Yy (0) (4.73)

and for j =m, — 1 (1 <r < o — 1) the functional equations become more intricate:

Yi(v +ipr +ipry1) Y (v — ipr — ipry1) Y (v — ipr +ipry1) Y (v + ipr — ipry1)

= {1+ Yj_1(v +ipr1))(1 + Yio1 (v — iprg1)) 2 (1 + Vi (v + ipy)

X (1+ Y (v —ipr)) (1 + Yj(v+ ipy +ipr41)) (1 + Yj(v — ipr +ipria)), (4.74)
1+ Y, 1(v) =1+ K())?,

K(v+ipa)K (v —ipy) =14 Yy, —2(v).

The equations in (4.71), (4.72)), (4.73)) and (4.74]) are based on Takahashi-Suzuki (TS)
numbers, denoted by n; and 7n;, which are derived from the sequences m;, y;, z;, p;, and
w;. They are constructed from continued fraction expansions. The definitions of these
numbers are given in figure 4.8

4.7 NLIE derivation for vy =2, 1p =2

To compute the Drude weight later, we introduce the flux ¢ into the system. This is
achieved by incorporating a phase into the relations for the Y-functions. We focus on the
specific case where 11 = 2 and v, = 2. The anisotropy is expressed as:

1 ) m
v=u+—==, v=-—.
Vo 2 v

(4.75)

The Takahashi-Suzuki numbers and other sequences needed to derive our equations are
summarized in Table [£.9
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Term | Definition
mj:V1—|—U2+"'+Vj,0§j§01
My mo=0,m =0
0 ) Mha+1
" Yi = Yj—2 + VY-, 1<) <aq
! Yy-1=0,y0=1,y1 =v1, yo = 1 + 111y,
5 2 =2j2+Vizi, 1<j<aq,
! 271:172020)21:17Z2:V27
pj=pj—2—Vjpj-1, 2<j<a+1
pj _ _ _ _
po=v,p1 =1, po = po — V1, Pat1 =0,
n; nj = Y1+ (J —mp)yr, mp <G <My,
77Lj ﬁj = Yr—1 + (] - mr)yM my <.] < Myy1,
w; wj =21+ (G —my)z —1, my <j<mpy.

Figure 4.8: Definition of the T'S-numbers. These numbers are associated with the admis-
sible lengths of string solutions of the BAE. For a detailed physical interpretation, see
Appendix A of [34] or [25].

Term | Definition

m; m():(),m1:2,m2:4ma+1:oo,
Y; 3171:073/0:1;%:273/2:57

Zj Z_1:1720:0,21:].,22:2,

Pj pl:lap2:%7p3:o7

n; ny = 1, N9 = 1

’flj ﬁ1:17ﬁ2:2,ﬁ3:3,

w; w1 = O, wy = —1.

Figure 4.9: TS-numbers for constructing the functional relations of the Y- and T-systems
in the case v = 2, 1, = 2.
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Following the equation (4.72)), the Y-functions are defined in terms of the T-functions
as follows:

B Tr(v)Ty(v)
Y1 (v) To(v + 20)Ty(v — 2i)’
Ti(v = 50)To(v — 51)
Ya(v (o + %)Tl(v _ %) ’ (4.76)
o) = e R,
Vi) = e

and the relations for 1 + Y in terms of the T-functions are given by:

Ti(v+1)Ti(v —1)

1+ Yi(v) =

To(v + 21)To(v — 2i)

To(v+ 3)To(v — 1)
SRR R -
(1 Ya(e))(1 -+ Yifo)) = 2=

The functional equations for the Y-functions are derived using equations (4.73)) and (4.74]),
and are given by:

T e

(1+Y2 +i ) (1+ Ya(v — i) (—i—Y1v+ )( +Y1(U_%)>,

s Yo ) - (o) (o) (o).
Y;;(v—i— 1>Y<v >—e’5¢‘(1+Yz( ))

Vi(v+ 2)1/4(@— 5) =4 (14 Y(v)).

The following relations hold and have been used to formulate the previous equations:

T(v) = To(v) + 2 cos (ggb) Ti(v),

T, (v) = T, (v + 5i),
Q(v) = Q(v + 10i).

(4.79)
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As with the simple root of unity, the thermodynamics of the zeros of the Y-functions
can also, in this case, be described in terms of the density of particles p;(v) and the density
of holes p!(v). These quantities are defined as:

1
h T .
pi(v) +pi(v) = = lim o——0, log V(v +1),
. 1 .
Py (v) + pa(v) = A ﬁa” log Ya(v +1),
h (4.80)
py(v) + ps(v) = lim o—=0,log YVa(v +1)

) 1 .
Phv) + pafe) = Jim 0, log V(v + 1),

Please note that the densities with index 3 are identical to those with index 4. However,
we keep them separate to reflect their relationship with the Y-functions, where Y3(v)
differs from Y, (v) due to the flux ¢.

The densities of particles and holes are further related by linear integral equations:

pr(v) + Pl (V) = s1(v) + s1 % pi o] — 5% P[],
p2(v) + p3(v) = s2.% (P} + p5 + pi)[v], (481)
ps(v) + P (v) = 5% p3[o],
pa(v) + Pl (v) = s2.% p3[],
where the driving terms are defined as:
)= 7 W)= (4.8
S = 4 cosh(5v)’ 2= 2 cosh(mv)’ '

By minimizing the free energy f = e — T's, under the constraint of linear integral equa-
tions (4.81)), we derive TBA equations for n;(v) = p/(v)/p;(v):

logm(v) = —BAs1(v) + 51 log(1 + n1)[v] + 52 * log (1 + n2)[v],

g 12(0) = 52 log(1-+ 1)l + 52+ log(1 + )]+ 50+ log(U + )l
log n3(v) = s % log(1 + n2)[v],

log ny(v) = s2 % log(1 + n2)[v].

This system of equations can be solved numerically, and the results are shown in Fig-
ure [4.10 A relation between the densities of holes and the quantites n;(v) can be estab-
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Figure 4.10: Plot of the functions n;(v), solutions of Eq. (4.83), for parameters vy = 2,
vy = 2, and inverse temperature g = 1.

lished by the following equations:

ph(v) = 05 log(1+ m(v)),

1
ph(v) = 205 log(1 + 12(v)),
1

ph(v) = —0s1og(1+ns(v)),

ph(v) = ;05 los(1 + ns(0),

(4.84)

where the sign can be also understood by looking at the plot of n;(v) in Figure [4.10}
The functional relations (4.78)) can be used to derive the NLIEs for the Y-functions:

L(V) + 1% log(1 + V™) [u] + s # log(1 + Y™ [u],

log Y*(v) = g1(v)

log YR (v) = go(v) + 89 % (—log(1 + V™) + log(1 + Yi®) + log(1 + Y ™) [v], (4.85)
log 5" (v) = g3(v) + 52 % log(1 + Y3™)[v], '
log Y, (v) = ga(v) + s % log(1 + Y3")[v],
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where the driving terms are given by:
g1(v) = 61" (v) + Lp(v) + 8'(v = )0,
92(v) = g3"(v),
5
9 (v) = gi'(v) = 261, (4:86)

91(0) = g (0) + .

We also introduce the fictitious parameter ¢, which is necessary for the calculation of the
Drude weight and will be set to zero at the end of the calculation.

The driving terms for the excited states, generated by the densities of holes in the
Y-functions, can be determined from the following conditions:

OylogYi(v +i) = —27iLp] (v),
0y log Ya(v + 1) = 2miLp, (v), (4.87)
9, log V(v +1) = 2miLp} (v), |
Oy log Yy(v +1i) = 27iLp] (v)
where the p]T(U) — p?(v) + pj(v) are total densities, and
Oy log(1+Yi(v+1)) ~ 0
logYQ(v—iri), (4.88)

(
Oy log(1 4+ Ya(v +1i
(
Oy log(1 4+ Yy(v+1i

( )
( ) ~

Oy log(1 + Ys3(v + 1)) = 0, log Ys3(v + 1),
( )) & Oy log Yi(v +1).

Now we use the difinition of p! (v), -, -, and apply them to the v-derivative of
(4.85]). This produces the followmg equations:

Ougi" (v +1) = —2miL(s1 * p}v] + s2 % pav]),
Ougs (v +1) = —2miL(s2 * (—p} + p3 + pa)[v]), (4.89)
Dy (v + 1) = —2miL(sg * pa[v]), '
Dugs (U +1i) = —27riL(32 * palv )
from which we get:
1"(v) = Lpy = p{[v] + Lpa * po[v],
95" (v) = Lpa * (—p} + p3 + pa)[v], (490)
gh(v) = Lps * pa]v],
() = Lps * palv].



4.8. Numerical analysis of NLIE for vy = 2, v, = 2 &1
We define the function p;(v) and pa(v) as:
7r 7T 1
p1(v) = p(v) = log tanh 7 pa(v) = log tanh 5(2} + 5) (4.91)
which are related to the driving terms s;(v) and sy(v) by:
—1 ) —1 )
s1(v) = 5 o1(v+1),  sa(v) = o P2 (v +1). (4.92)

2T

4.8 Numerical analysis of NLIE for v; =2, 1p =2

The non-linear equations (4.85)) are difficult to treat numerically, as they present a strong
oscillatory behavior. In order to avoid this, we introduce the following transformation:

1 .

log Y- = —log —— = —log Y-
1 .

log Y- = —log —— = —log Y-

0og 3(1}) 0g Yg,(v) 0g 3(71),
1 -

log Y, = —log —— = —logV,

og Yi(v) og Yi(o) og Yy(v)

and from this follow the relations:

log(1 + Y3(v)) = —log Ya(v) + log(1 + ¥3(v)),
log(1 4 Y3(v)) = —log Y3(v) + log(1 + ¥3(v)),
log(1 + Yi(v)) = —log Y4(v) + log(1 + Y3(v)).

In momentum space, we solve the following system of equations:

FllogYi](k) = Fla](k) + Fls1)(k) Fllog(1 + Y1)](k)
+ Flsal(k) F llog (1 ;Y> (k).
Fllog V) (k) = = Flga] (k) + Flsa) (k) Fllog(1 + Y1)] (k)
~ FlsoJ (k) (]—“ llog <1 ;n) log (1 ;Y‘*>

Fllog Yl (k) = —Flgal(k) = Fls2)(k) 10g<1;y2> (k)

2

(k) + F

Fllog Yy)(k) = —Flga] (k) — Flsa] (k) F |log (1 . Y2> (K)-

Y,

J)

(4.93)

(4.94)

(4.95)
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Figure 4.11: Plot of the functions 7, (v—i—%), solutions of Eq. (4.100), for parameters v = 2,
vy = 2, and inverse temperature g = 1.



4.8. Numerical analysis of NLIE for vy = 2, v, = 2 &3

which lead to the following NLIE’s:

log Y1 (v) =hi(v) + 53 * log(1 + Ya)[v] + s1 % log(1 + Y3)[v] + s1 * log(1 + Y3)[u],

log Ya(v) =ha(v) + s3 % log(1 4 Y1)[v] — 251 * log(1 + Y3)[v]
— 53+ log(1 + Y3)[v] — s3 * log(1 + Ya)[v],

log Y3(v) =hs(v) + s1 * log(1 + Y1)[v] — s3 * log(1 + Y2)[v] (4.96)
— 51 % log(1 + 1}3)[0] — s1*log(1 + ?4)[7)]7

log Y4(v) =ha(v) + s1 % log(1 + Y1)[v] — s5  log(1 + Y2)[u]
— 51 % log(1 + Y3)[v] — s1 * log(1 + Ya)[v].

Where the driving terms are defined as:

hi(v) = g1(v) + s3 % go[v] + s1 % g3[v] + s1 * ga[v],
ha(v) = —g2(v) — 251 * go[v] — 53 % g3[v] — s3 % ga[v], (4.97)
h3(v) = —g3(v) — s3 % golv] — 51 % g3[v] — 51 % ga[v], '
ha(v) = —ga(v) — 83 % go[v] — S1 % g3[v] — 51 % ga[V]
and its v-derivative can be written as:
Ovhi(v+1) = —27TZL(81 + s3 % pa[v] 4 s1 * p3[v] + s1 * p4[v]>,
Opha(v + 1) :—27TZL<83*,01 | — 251 % pafv ]—33*p3[v]—53*p4[v]>, (198)
4.98
Ophz(v+1) = —2mL(31 s pl[v] — s3 % polv] — s1 % p3[v] — 51 * p4[v]>,
Ovha(v +1) = —27TZL<81 s ph[v] — s3 % palv] — s1 % p3[v] — 51 * p4[11]>,
where
s1(k) cosh &
k) = = 59(k)(1 + 2s1(k)) = ) 4.
sa(k) = 210 = sall)(1 4 2 (k) = St (4.99)

By introducing these transformations and definitions, we can simplify the numerical
treatment of the non-linear equations and make the problem more manageable. The NLIE
in (4.96)) is, in fact, numerically solvable, and the result can be used to compute the Drude
weight. This “partial particle-hole transformation” can also be applied to the densities in
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Figure 4.12: Plot of the Y-functions for v, =5, v, =2 at 8 =1 and L = 10°.

the TBA equations, resulting in the following equations:

log 71 (1) = —BAs1 (v) + s+ log(1 + n2)[v] + 1 + (log(1 + ng[v]) + log(1 + mi[e])),

logm2(v) = s3 * log(1 + m)[v] — 2s1 * log(1 + m2)[v]
— s+ (Log(L + mafo]) + log(1 + milv]) ).

logm3(v) = s1 # log(1 + m)[v] — 53 log(1 + 72)[] (4.100)
— 51+ (log(1 + na[u]) + log(1 + mi[v]) ).

logna(v) = s1 xlog(1 + m)[v] — s3 * log(1 + n2)[v]
— 51+ (1og(1 +nse]) + log(1 + mifv]) ).

The numerical solution is represented in Figure [4.11}
The v-derivative of the driving term of the Y-functions can then be recast in the form:

Duha (v + i) = —%m@uw+%*£m+a*£m+ﬁ*ﬂm)

Opho(v +1i) = —2miL <33 s phv] — 281 % phlv] — s3 % phlv] — s3 * pff[v]), 101
3vh3(v+l):—27fiL(81*P1 —SS*PQL[U]—Sl*Pg[U]—Sl*PZ[U])a 10
8Ju@}+z):<—%mL<sl*p1 —53*p§@]—sl*pgw]—sl*pgwn.
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Figure 4.13: Plot of the functions of the right hand side and of the left hand side of (4.61])

for index 7 = 1. An almost perfect overlap is observed.

We are now finally able to solve the NLIEs for the Y-functions. The results are shown
in Figures [4.12]

As for the simple root of unity, we compute the derivatives of the Y-functions to
determine the Drude weight and verify the ratio in . Our findings confirm that the
ratio holds: the derivatives of the Y-functions align perfectly with the corresponding ratios
of the derivatives of the n-functions. The numerical results illustrating this agreement are
presented in Figure

The proof of Zotos’ formula based on the T-Y-system for thermodynamic states as
treated in Sections and for anisotropies corresponding to simple and next-simple
roots of unity should hold for all roots of unity. Taking the validity of Zotos’ formula
for arbitrary temperature and root of unity as granted, A. Urichuk et al. [41] presented
already numerical results for the low-temperature spin Drude weight of the Heisenberg
spin-1/2 quantum chain.






Chapter 5

Conclusions

5.1 Conclusion

In this thesis, we have investigated the transport properties of the spin-1/2 XXZ Heisen-
berg model, with a particular focus on the spin Drude weight. Using analytical techniques
such as the thermodynamic Bethe Ansatz (TBA) and the functional relations of the Y-
system, we derived and analyzed non-linear integral equations (NLIEs) to access the
Drude weight. While most research in this direction has focused on the high-temperature
regime, we have built a framework that allows us to compute the Drude weight at finite
temperatures.

We began in Chapter 2 with an overview of fundamental transport phenomena in
integrable systems. First, we presented linear response theory, and then we applied it to
the specific case of spin transport in the spin-1/2 XXZ Heisenberg model. We discussed
the Kubo formula, which relates transport coefficients to equilibrium correlation functions;
the Mazur inequality, which provides a lower bound on the Drude weight; and Kohn’s
formula, which connects the Drude weight to the curvature of the ground-state energy.
These tools form the basis for the subsequent work on computing the spin Drude weight.

In Chapter 3, we focused on the Mazur inequality and its application to the com-
putation of the Drude weight. We examined the contribution of quasi-local conserved
charges, which exhibit a non-trivial overlap with the spin current operator. These charges
were shown to play a crucial role in sustaining ballistic transport in the XXZ model.
Our results underscored the importance of identifying and characterizing such conserved
quantities to gain a comprehensive understanding of the transport behavior in integrable
systems. Our primary achievement in this chapter was the development of a framework
that enables the computation of the lower bound of the Drude weight at finite temper-
atures. To achieve this, we introduced a mixed method based on the quantum transfer
matrix, utilizing both non-linear integral equations (NLIEs) for “root of unity” cases and
NLIEs for auxiliary functions. This approach allowed us to compute all contributions to

87
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the spin Drude weight. While the inclusion of finite temperature increases the complexity
of the NLIEs, they remain numerically tractable.

In Chapter 4, the derivation of the spin Drude weight is based on Kohn’s formula,
which relates the Drude weight to the thermal average of the energy level curvatures with
respect to the flux. Unlike Chapter 3, where the column-to-column formalism was used,
here we employed the row-to-row transfer matrix. We derived the NLIEs such that the
excitations due to temperature and system size are encoded in a driving term. This driving
term is then computed from the TBA-like equations. First, we focused on the case where
the anisotropy parameter can be expressed as a “simple root of unity”, and then we derived
the NLIEs for the specific case of v; = 2 and v, = 2. The Takahashi-Suzuki numbers
and related sequences were instrumental in constructing the functional relations for the
Y- and T-systems. These relations allowed us to reformulate the problem in terms of
non-linear integral equations, which were solved numerically to obtain the Drude weight
at finite temperatures. We also compared our results with Zotos’ findings, validating
our approach and highlighting the robustness of the derived equations in capturing the
transport properties of the XXZ model.

5.2 Future directions

While this work has addressed several key aspects of spin transport in the XXZ model,
there remain many open questions and opportunities for future research. Below, we
outline specific directions for each chapter:

Chapter 3: Mazur inequality and quasi-local conserved charges

e Our framework allowes to compute the lower bound of the Drude weight at fi-
nite temperatures, but the numerical implementation is still very challenging. The
structure of NLIEs depend on the anisotropy and numerically treatable cases are not
many. Future work could focus on developing more efficient numerical techniques
to solve the NLIEs for larger system sizes and higher temperatures. One possible
way is to reformulate the problem in terms of NLIEs for auxiliary functions, which
are not sensitive to the anisotropy parameter.

e In our calculations we used the quasi-local conserved charges which depend on a
parameter ¢. Our formulation is focused on the case where ¢ maximizes the Mazur
bound. However, in order to obtain stronger bound, the integration over ¢ should
be performed. This would require a more detailed analysis of the dependence of the
Drude weight on the parameter ¢.

e In our work we used quasi-local conserved charges identified by T. Prosen in [33].
However, there might be other conserved quasi-local charges which present a non
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trivial overlap with the spin current operator. Future work could focus on identifying
and characterizing these charges, and analyzing their contributions to the Drude
weight.

Chapter 4: Non-linear integral equations and numerical analysis

e We formulated NLIEs that are related to the continued fraction expansion of the
anisotropy. Extending the NLIE framework to encompass more general values of
the anisotropy parameter, and investigating the behavior of the Drude weight across
different regimes, including both the massive and critical phases, would be a valuable
direction for future research.

e In this work, we focused on the case where the twist angle at the boundary is ¢ = 0.
Future studies could explore the effects of varying the twist angle and its influence on
the Drude weight. This would likely require more sophisticated numerical methods,
as for ¢ = 0 the Drude weight depends only on the function Y, whereas for ¢ # 0
it may depend on all Y*"-functions.

e A more rigorous mathematical derivation of Zotos’ formula from our results would be
valuable. This could involve a deeper analysis of the underlying functional relations
and their consequences for the transport properties of the system.

The nature of the discontinuous behavior of the Drude weight with respect to the
anisotropy parameter is still not fully understood. Further research could focus on under-
standing the underlying mechanisms that lead to this behavior and its implications for
the transport properties of the system. Additionally, it would be interesting to connect
the presented results to experimental observations by comparing theoretical predictions
with experimental data.
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