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Abstract
Nonlinear problems are often more challenging to solve than linear ones because they
may involve non-convexity, heterogeneity, and strong nonlinearities. These difficulties
are compounded in modern high-performance computing systems, where algorithms
must efficiently exploit heterogeneous architectures combining CPUs and multiple
GPUs. Developing nonlinear solvers that address both the mathematical and com-
putational challenges is therefore important.

This thesis develops and analyzes multilevel nonlinear methods for the numerical
solution of the Allen–Cahn equation, with an emphasis on matrix-free implementation
on graphics processing units (GPUs). The full approximation scheme (FAS) serves as
the nonlinear multigrid solver, while the nonlinear restricted additive Schwarz method
(NRASM) is used as a smoother in the FAS-NRASM algorithm. I prove that NRASM
satisfies the smoothing condition required by FAS. Numerical results show that, for
the strategy considered, the number of FAS V-cycles required to solve the discretized
Allen–Cahn equation is independent of problem size. Because standard FAS relies on
convexity, this requirement can constrain the time-step size.

To address more nonlinear and non-convex problems, I analyze FAS as a multi-
level optimization algorithm and NRASM as a minimization method. This analysis
motivates the NE-FAS-NRAM algorithm, which uses NRASM as a preconditioner-
smoother. Theoretical analysis and numerical experiments demonstrate that the
method can solve non-convex, highly nonlinear problems and allows time steps ap-
proximately 400 times larger than in the convex case considered. It converges for
a moderate range of random initial guesses, although it may fail for very poor ini-
tial guesses. In GPU experiments on the Allen–Cahn equation, the new algorithm
achieved a reported speed-up of 40,000× in convergence compared with solving the
equation on a CPU using the FAS-NRASM algorithm.
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1. Introduction
As human beings, we have tried to understand different phenomena in the universe.
We are curious to understand how some processes in the human body develop, or
how different things work in nature. This includes the behavior of tiny creatures like
the development of the number of bacteria or some atomic motion to the movement
of huge objects like stars or causes of different phenomena. In order to understand
these different phenomena, what causes a thing to happen, and how one quantity
changes in response to another quantity in time and space, we can rely on mathemat-
ics, finding the natural law governing these complicated phenomena, demonstrated in
some form of equations, usually in some forms of differential equations. These equa-
tions determine the behavior of some phenomena or causes of some events. Partial
differential equations are one of the forms of these equations that occur in different
places, for instance, describing the motion of molecules with other molecules, how wa-
ter flows through a river, how waves transmit through a medium, and so many others.

In order to understand these phenomena in a certain scenario, a specific spatial
and temporal state, we need to solve the governing equation. In many problems, the
conditions imposed by the phenomena are complicated, so that the governing equa-
tion can not be solved analytically, like some nonlinear relationship between different
quantities. In such cases, we often rely on a numerical approximation of the quantity,
which we usually call it solution. The numerical approach needs some methods which
are the procedure for deriving the solution or an approximation of the solution from
the differential equation.

Another component of the procedure is the architecture we rely on to use the nu-
merical methods in solving the differential equations. If the problem is small, it can
be solved with a pen and paper, which rarely happens, or we can rely on computers.
Depending on the difficulty of the problem, which includes how large the problem
is, the accuracy required, the computational power can vary. By advancing technol-
ogy in the computer industry and introducing new devices like Graphical Processing
Units (GPU), we can now look for the solution of more complicated problems and/or
demand more accurate solutions. Then a challenge here is to see how the first com-
ponent, a numerical method which is also called algorithm, works with the second
component, the architecture, of this numerical procedure. This means that studying
current numerical methods with respect to the new architecture of GPUs, trying to
adapt the methods for the new devices or to find new numerical methods suited better
to the architecture.

1



1. Introduction

The primary nonlinear problem tackled in the current project is the Allen-Cahn
equation. The Allen-Cahn equation is one of the governing equations in phase-field
problems. The idea of the phase field method describes the material interfaces dur-
ing phase transitions. The method can be traced back to Rayleigh, Gibbs, and Van
der Waals [Ray64; Van79]. It represents material interfaces as thin layers of finite
thickness over which material properties vary smoothly. Such a thin layer of the
width O(ϵ) is often referred as a diffuse interface. Generally speaking, the phase-
field method was introduced to model solid-liquid phase transition in which surface
tension and non-equilibrium thermodynamics behavior become important at the in-
terface. The phase-field method is not only used in phase transition, but it also has
some other applications like the moving interface problem in multiphase flow, astro-
physics, biology. The moving interface problem belongs to a larger category, which is
geometric moving interface problems in which the motion of the interfaces is governed
by some curvature-dependent geometric law. The most well-known geometric moving
interface problem is mean curvature flow, and among the equations in this category,
the Allen-Cahn equation (Equation (4.3)) is the best known. More details on the
Allen-Cahn equation will be presented in Section (4.1.2). Research has been done
in numerical analysis of the Allen-Cahn equation, including error analysis [GLV11;
LM06; LMP], studying different time schemes [SS17; XT06], and spatial discretiza-
tion schemes [FL15; Che+98; BBH09].

In the present thesis, the main focus is on developing a numerical algorithm to solve
the Allen-Cahn equation. Since the main architecture on which the problem is solved
numerically is GPU, the numerical algorithm should be suitable for GPU architecture.
The main method studied in the following chapters is the subspace correction method.
The main solver for the Allen-Cahn equation as a nonlinear parabolic PDE is nonlinear
multigrid, called full approximation scheme (FAS), which is a successive subspace
correction method. As a multigrid method needs a proper smoother, the nonlinear
restricted additive Schwarz method, as another form of subspace correction method,
i.e., a parallel subspace correction method, is used for this purpose. The question
is whether it is a proper smoother. This is the main topic of Chapter (2). In that
chapter, the subspace correction methods will be presented, and then multigrid and
restricted additive Schwarz method, first linear and then extend it to nonlinear, will be
discussed and finally at the end of the chapter, the smoothing condition for nonlinear
restricted additive Schwarz method is proved (Corrolary (2.11.1)). Chapter (3) is
devoted to the numerical methods and is studied from the implementation point of
view. In Chapter (4), the results of using nonlinear multigrid in solving two nonlinear
equations, one being the Allen-Cahn equation, will be presented. And finally, in
the last chapter, the idea of using nonlinear restricted additive Schwarz method as a
preconditioner-smoother is introduced, studied theoretically and the numerical results
of using the idea in practice will be presented.

2



2. Theoretical aspects of the
numerical method

In this chapter, I focus mainly on the analytical aspects of the algorithm used to solve
nonlinear parabolic partial differential equations, i.e. how to analyze the convergence
of the method used to solve the nonlinear PDE. To build the foundation of the al-
gorithm, I start by explaining subspace correction methods, where I mainly borrow
material from [Xu92; Yse93]. The main solver, later used as a multilevel optimiza-
tion method in Chapter (5), utilized to solve the nonlinear PDE is Full Approxima-
tion Scheme (FAS). This numerical method has different components, smoother and
coarse-grid correction operators. In order to build the foundation for the theoreti-
cal analysis of FAS and its components, I start by studying the linear multigrid and
the main condition necessary to demand from different components of the multigrid,
i.e., the coarse grid correction and smoother, in order to have an efficient numerical
method. Later, I expand these conditions to nonlinear multigrid, FAS, and intro-
duced nonlinear restricted additive Schwarz method as a smoother (in that section I
mainly followed [DH97]). In order to study the nonlinear restricted additive Schwarz
(NRAS) method, here I also start from the linear restricted additive Schwarz method
and go to the nonlinear version. Later I look at nonlinear restricted additive Schwarz
as a smoother in FAS and see if the NRAS method can satisfy the necessary condi-
tion demanded from a proper nonlinear smoother. In Corollary (2.11.1), I prove the
smoothing condition of the NRAS method.

2.1. Nonlinear partial differential equations
Let us assume V and U are two function spaces and n ∶ V → U and u ∈ V. In general,
any PDE, linear or nonlinear, having the following form,

F (Dkn(u),Dk−1n(u), . . . ,Dn(u), n(u), u) = 0 ∀u ∈ V (2.1)

where kth-order PDE and F ∶ Unk ×Unk−1 × ⋅ ⋅ ⋅ ×U ×V→ U′

PDEs in general can belong to different categories depends upon the nonlinearity
as follows [Eva22; RR06]

Definition 2.1

3



2. Theoretical aspects of the numerical method

i) PDE (2.1) is called linear if it has the form

∑
∣α∣≤k

aα(u)Dαn(u) = f(u)

for given functions aα, ∣α∣ ≤ k, and f(u) ∈ U, and if f = 0 it is homogeneous.

ii) PDE (2.1) is called semilinear if it has the form

∑
∣α∣=k

aα(u)Dαn(u) + a0(Dk−1n(u), . . . ,Dn(u), n(u), u) = 0

iii) PDE (2.1) is called quasilinear if it has the form

∑
∣α∣=k

aα(Dk−1n(u), . . . ,Dn(u), n(u), u)Dαn(u) + a0(Dk−1n(u), . . . ,Dn(u), n(u), u) = 0

iv) PDE (2.1) is called fully nonlinear if it depends on nonlinearly to the highest
order derivative,

2.2. Subspace correction
In this section, the main subspace correction methods are briefly discussed. They
are a group of algorithms where domain decomposition and multigrid are the main
algorithms. We will return to each of these methods in the following section. The
central idea behind these algorithms are simple and can be briefly explained in the
following three steps. Defining a normed vector space V (e.g., Hilbert space H1 or
closed subspace H1

0 ) which is equipped with an inner product ⟨., .⟩ inducing the norm
as

∥u∥2 = ⟨u,u⟩

and defining a bilinear form as a ∶ V × V → R, we obtain an energy norm by using
bilinear form a(., .) as

∥u∥2a = a(u,u)

where u ∈ V. Assuming V ⊂ H where H is a Hilbert space and using the Riesz
representative [Kre91], we can find a bounded linear operator A ∶ V → V′ which has
the following relation

(Au, v) = a(u, v), ∀v ∈ V

4



2.2. Subspace correction

If we assume that the linear operator A also has symmetry properties and is positive
definite with respect to the inner product, then the primary goal is to solve a linear
operator equation as

Au∗ = f (2.2)

where f ∈ V′ in which V′ is a dual space of V. Defining Vh ∈ V and using the Galerkin
projection to project the problem into a finite dimension subspace, then having a basis
for the function space Vh, the continuous equation can be reformulated (for instance
by using the finite element method [Bra97]) to discretized form as a linear system of

Au = f (2.3)

where A ∈ Rn×n, is a finite dimension operator (matrix) of the original PDE, f ∈ Rn

and u ∈ Rn. Then the primary goal is to solve the linear system in Equation (2.3)
by using the subspace correction method as an iterative method. It should be noted
that in the theoretical analysis of the methods introduced in this chapter I will look
at the methods in the continuous form. Otherwise it is mentioned explicitly, later in
the following chapters, in implementation the discrete form will be considered. The
general subspace correction method can be formulated as follows:

Algorithm 2.1
Let V be a function space as defined above and u ∈ V. Assume un is given, the new

approximation of u as un+1 computed in three steps as follows

1- Compute residual rn = f −Aun

2- Solve approximately Aen = rn, i.e., by replacing B ≈ A−1

3- Correct current approximation of u by un+1 = un + en

As is clear, finding the proper operator B ∶ V → V′ is the primary goal of subspace
correction methods. The way in which subspace correction treats the problem is to
decompose the space V into subspaces of V as Vi ⊂ V where I = 1,2, . . . , J is an indices
set, then the space V can be written as

V =
J

∑
i=1

Vi

Therefore, for any vector in V, v ∈ V, it can be written as a unique linear combination
of vi ∈ Vi as

v =
J

∑
i=1
vi

In order to project onto subspaces Vi(V′i), we need to have two orthogonal projections.
The first projection operator Qi ∶ V′ → V′i is defined as

(Qiu, vi) = (u, vi) ∀vi ∈ V′i (2.4)

5



2. Theoretical aspects of the numerical method

where u ∈ V′ and the second orthogonal projection operator Pi ∶ V→ Vi is also defined
as

a(Piu, vi) = a(u, vi) ∀vi ∈ Vi (2.5)

where u ∈ V. If u ∈ V is the solution of Equation (2.2), then Piu ∈ Vi is the Ritz
approximation of this equation in the subspace Vi. By including the right-hand side
of Equation (2.2) into the subspace correction and the approximation of ui ∈ Vi, we
can introduce Ritz approximations Ai ∶ Vi → Vi of the operator A with respect to
subspace Vi, then, we can define

(Aiui, vi) = (Aui, vi) ∀ui, vi ∈ Vi (2.6)

We can then easily derive the relation between operators Ai, Pi and Qi by

(AiPiu, vi) = a(Piu, vi) = a(ui, vi) = (Aui, vi) = (QiAu, vi) (2.7)

which results in the following identity,

AiPi = QiA (2.8)

The approximation Piu of the solution u, by using (2.8), satisfies also the following
identity,

AiPiu = Qif (2.9)

Defining ui = Piu and fi = Qif , then on each subspace we solve the following local
problem as follows,

Aiui = fi (2.10)

Having the orthogonal projection operators and definitions, and if ui ∈ Vi and u =
u0 + u1 + ⋅ ⋅ ⋅ + uJ ,, the subspace correction method can be formulated as

ũ← ũ + Pi(u − ũ) (2.11)

with respect to subspace Vi and ũ is the approximation. In iterative methods, we
usually consider the residual of Equation (2.2), then by reformulating the iterative
method, we can rewrite (2.11) as

ũ← ũ +A−1
i Qi(f −Aũ) (2.12)

In a large scale problem, usually computing A−1
i can be too expensive to get a com-

putationally reasonable method, therefore, we usually replace A−1
i with another sym-

metric positive definite operator like Bi ∶ Vi → Vi which represents an accurate enough
approximation of the inverse of Ai but is computationally cheaper to compute. There-
fore, the subspace correction method (2.12) changes to

ũ← ũ +BiQi(f −Aũ) (2.13)
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2.2. Subspace correction

2.2.0.1. Successive subspace correction methods

In this algorithm, the approximation of one subspace is corrected using the most
up-to-date approximation of u. If we start from u0 = uold where uold is the given
approximation of the solution u of Equation (2.2), the correction of the residual in
V1 gives

u1 = u0 +B1Q1(f −Au0)

the new approximation of u2 ∈ V2 by using u1 ∈ V1 we can get

u2 = u1 +B2Q2(f −Au1)

and proceeding further in a successive way for all Vi for i ∈ I. Then we can have a
successive subspace correction algorithm as follows,

Algorithm 2.2
Let u0 ∈ V be given and assume that uk ∈ V has been obtained. Then for i ∈ I, the

index set I = 0,1, . . . , J , uk+1 ∈ V is defined by

uk+i/J = uk+(i−1)/J +BiQi(f −Auk+(i−1)/J)

This algorithm is like the Gauss-Seidel method. We can also look at the impact of
the successive subspace correction method on the error. Let us define

Ti ∶ V→ Vi

Ti = BiQiAi

then by using (2.8) we have Ti = BiAiPi. Note that Ti is symmetric with respect to
a(., .) and non-negative and Ti = Pi if Bi = A−1

i . If u∗ is the exact solution of (2.2),
we can reformulate Algorithm 2.2 as following,

u∗ − uk+i/J = (I − Ti)(u∗ − uk+(i−1)/J) i ∈ I

In studying the convergence rate of an iterative method, we usually study the proper
norm of the error propagation operator. Then let us denote E ∶ V → V as the error
propagation operator, a successive subspace correction is reformulated as

u∗ − uk+1 = EJ(u∗ − uk) (2.14)

where

EJ = (I − TJ)(I − TJ−1) . . . (I − T1) (2.15)

Assume E0 = I to be an identity operator in V, and E = EJ , we can also see that

Ei−1 −Ei = TiEi−1

7
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then we can derive the following equality

I −Ei =
i

∑
j=1
TjEj−1

The algorithm introduced above is non-symmetric. There is also a symmetric version
of the algorithm. In the symmetrized version, Algorithm (2.2) is changed to the
following form,

uk+i/(2J) = uk+(i−1)/(2J) +BiQi(f −Auk+(i−1)/(2J)) for i ∈ 0,1, . . . , J

and

uk+(J+i)/(2J) = uk+(J+i−1)/(2J) +BiQi(f −Auk+(J+i−1)/(2J)) for i ∈ 0,1, . . . , J

and the error propagation operator is changed to the form

Esym
J = (I − T1)(I − T2) . . . (I − TJ)(I − TJ)(I − TJ−1) . . . (I − T1)

We can also see that Esym
J = E∗JEJ where E∗J is the adjoint of Ej with respect to

a(., .).

2.2.0.2. Parallel subspace correction methods

Let uold be a given approximation of Equation (2.2). Calculating the residual based
on the current approximation rold = f −Auold. Then we define the residual equation
as

Ae = rold.

Next, we correct the current approximation by the correction ei, which is computed
by the projected equation (2.2) to the subspace Vi as follows,

Aiei = Qir
old.

As mentioned previously, computing the inverse of Ai is computationally expensive,
we use an approximated operator Bi and the equation to compute the new correction
ẽ ∈ Vi will be as follows,

ẽi = BiQir
old.

Similar to the successive subspace correction method, we compute the correction ẽi

for all subspaces Vi, i ∈ I in parallel based on the previous approximation of uold and
correct the current approximation as follows,

unew = uold +∑
i∈I
ẽi

8



2.2. Subspace correction

Then substituting the equation for computing the residual into the equation of cor-
rection, we will have,

unew = uold +R(f −Auold)

where the operator R ∶ V → V is the parallel subspace correction operator and is
defined as

R = ∑
i∈I
BiQi (2.16)

Algorithm 2.3
Given uold ∈ V applying the parallel subspace correction scheme to obtain new ap-

proximation of the solution we will have

unew = uold +R(f −Auold)

with the operator R = ∑
i∈I
BiQi.

As is clear, in contrast to successive subspace correction, for parallel subspace cor-
rection, the equation on each subspace does not depend on the new correction of the
other subspaces and therefore all the subspaces can work on the local problem inde-
pendently in each iteration of the method. Analogously, parallel subspace correction
is like the Jacobi method, whereas successive subspace correction methods can be
seen as like the Gauss-Seidel method.
Finally, we define at the error propagation of parallel subspace correction as follows,

EJ = ∑
i∈I
I − Ti (2.17)

We will need the error propagation operator later to analyze the convergence of FAS.

2.2.0.3. Multilevel methods

The multilevel algorithm is based on a nested sequence of subspaces as

M1 ⊂M2 ⊂ ⋅ ⋅ ⋅ ⊂MJ = V (2.18)

Similar to the subspace correction methods introduced above, we also define two
orthogonal operators with respect to (., .) and a(., .) such that Q̂k, P̂k ∶MJ →Mk, we
also need to define the local operator as

Âk ∶Mk →Mk

and then using the Ritz representation theorem [Kre91] we have

(Âkuk, νk) = a(uk, νk) ∀uk, νk ∈Mk

The multilevel method is then applied in two steps as we can see in the following
algorithm,

9



2. Theoretical aspects of the numerical method

Algorithm 2.4
Let B̂k ∶ Mk → Mk be the approximation of the inverse of Âk and g ∈ Mk, then

B̂k ∶Mk →Mk is defined as follows,
i) u1 = B̂k−1Q̂k−1g

ii) B̂kg = u1 + R̂k(g − Âku1)
where the operator R̂k ∶Mk →Mk is called a smoother. We will return to this operator
and the necessary properties we demand of it in Section (2.2.1).
The error propagation operator for the multilevel method can also be computed as

Êk = I − B̂kÂk = (I − R̂kÂk)(I − B̂k−1Âk−1P̂k−1) (2.19)
Remark 2.1 The SSC methods and multilevel methods are closely connected. To
see the relationship, we can look at the recurrence relation for I − B̂kÂkP̂k (instead of
I − B̂k−1Âk−1). Multiplying both sides of (2.19) by P̂k and using the equality P̂k−1P̂k =
P̂k−1, we can have

I − B̂kÂkP̂k = (I − R̂kÂkP̂k)(I − B̂k−1Âk−1P̂k−1)

and since P̂J = I, then the successive application of the above identity yields

I − B̂JÂJ = (I − T̂J)(I − T̂J−1) . . . (I − T̂1) (2.20)
where

T̂1 = P̂1, T̂i = R̂iÂiP̂i i ∈ I

2.2.0.4. Convergence theory

In this section, the general abstract theory for the subspace correction methods is
presented. In the convergence analysis of an iterative method, we generally look at
the properties of the error propagation operator E. Defining error as ei = u∗ − ui we
can have the error propagation Ei ∶ Vi → Vi defined above for each subspace correction
method, we can compute ei such that

ei = Eiei−1 (2.21)
In order to study the convergence rate of any iterative method, we look at the bounds
of a proper norm of the error propagation operator E. We will look at the error prop-
agation for parallel and successive subspace correction methods in different ways.
For the successive subspace correction method, we will establish the contraction prop-
erty such that defining 0 < δ < 1

∥EJ∥A = sup
ν∈V

∥EJν∥A
∥ν∥A

≤ δ

where EJ is defined in (2.15). In the parallel subspace correction method, on the
other hand, we look at the estimate of condition number of (2.17).
Then to analyze κ(BA) and ∥EJ∥A we look mainly at two constant parameters defined
in the following assumptions:
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2.2. Subspace correction

Assumption 2.2
Let K0 be the minimum constant such that ∀u ∈ V there exists a decomposition

u = ∑
i∈I
ui ∀ui ∈ Vi such that

∑
i∈I
(B−1

i ui, ui) ≤K0(Au,u) (2.22)

The condition defined above is also the stability condition of the decomposition of
V. We can also look at the condition introduced above in terms of the norm with
respect to a(u,u) and ai(ui, ui) which also refer to the energy of u and ui.

Assumption 2.3
For any S ⊂ {1,2, . . . , J} × {1,2, . . . , J} and ui, νi ∈ V for i ∈ I, then exist a K1 such

that

∑
(i,j)∈S

a(Tiui, Tjνi) ≤K1(∑
i∈I
(Tiui, ui))

1
2

(∑
j∈I
(Tjνj, νj))

1
2

(2.23)

This inequality is called strengthened Cauchy-Schwarz inequality.

These two assumptions, in particular the strengthened Cauchy-Schwarz inequality,
will be used to analyze the upper bound of the additive Schwarz method operator in
(2.2.3.2), which we later need to show if the nonlinear additive Schwarz method is a
proper smoother for the full approximation scheme in (2.2.4).

2.2.1. Multigrid method
2.2.1.1. Introduction to linear multigrid method

In this section, we look at the multilevel V-Cycle multigrid. Consider a nested se-
quence of subspaces as we defined in (2.18). In addition, let a(., .) and (., .)k be
symmetric positive definite bilinear forms on the subspaces Vk for k ∈ I. As we saw in
the subspace correction methods, we also need two linear operators Qmg

k ∶ V′k+1 → V′k
and Pmg

k ∶ Vk+1 → Vk to project functions into coarse subspaces. For u ∈ Vk, these two
operators in the multigrid method are defined as follows,

(Qmg
k u, ν)k = (u, ν)k+1 ∀ν ∈ V′k (2.24)

ak(Pmg
k u, ν) = ak+1(u, ν) ∀ν ∈ Vk (2.25)

Another component of the multigrid method is the smoother operator Rk ∶ Vk → Vk

which is a symmetric operator with respect to the inner product (., .)k and satisfies
u∗k = Rk(u∗; f), we also denote the adjoint of Rk with respect to (., .) by Rt

k. Then
by defining a linear operator Bmg

k ∶ Vk → Vk as an approximation of the inverse of Ak

(we will formulate it in the next section), the multigrid algorithm to solve Equation
(2.2) is as follows,
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2. Theoretical aspects of the numerical method

Algorithm 2.5

1) Smoothing step: By given initial value u0, we can compute ul for l = 1, . . . ,m(k)
by

ul+1 = ul +Rt
k(f −Aku

l). (2.26)

2) Coarse grid correction: Define um(k)+1 = um(k) + qp where the correction, qi for
i = 1, . . . , p, is defined by

qi = Bmg
k−1[Q

mg
k−1(fk −Aku

m(k))]

3) Set Bmg
k g = u2m(k)+1 where ul is defined for l =m(k)+2, . . . ,2m(k)+1 by equation

(2.26)

where m(k) is the number of the smoothing step in level k. Before analyzing the con-
vergence of the multigrid method, it is also worth looking at how these components
should treat different components of error e in order for the multigrid method to work
efficiently.

Let us then decompose the initial error as ek = sk + tk where tk refers to oscillatory
modes of error, i.e., the modes that have high frequency. On the other hand, sk is the
smooth modes of the error which have low frequency modes of the error in subspace
Sk. In the first step, the smoothing operator (step (1) in Algorithm (2.5)) is applied to
the equation. The error after applying the smoothing operator, denoted as ẽk = R(e).
The oscillatory components of the error removed by the smoother operator and then
ẽk has only the smooth component of the initial error ek. The other component of
multigrid is the coarse grid operator C ∶ Sk → Sk.
Let us assume that we decompose the subspace Sk as Sk = S+k⊕S−k . Defining the coarse
grid problem as

ak(δ, ν) = f(ν) − a(uk, ν) ∀ν ∈ S−k (2.27)

Substituting ẽk = u∗k − uk into (2.27), we will have

a(ẽ − δ, ν) = 0 ∀ν ∈ S−k (2.28)

which means that δ is the orthogonal projection of the error from Sk into S−k with
respect to ak(., .) inner product (Galerkin orthogonality). Then we can define the
coarse grid correction operator by

C(ẽ) = ẽ − δ = u∗ − (u + δ) (2.29)

Another way to look at how different components of the error should be treated in
order to have an efficient multigrid method is to look at the null spaces of the coarse
grid correction operator and the smoother operator. The condition necessary to have
an efficient multigrid method is sk ∈ N(C) and tk ∈ N(Rk). A detailed analysis of this
approach can be found in [BHM00].
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2.2. Subspace correction

2.2.1.2. Convergence theory

V-Cycle multigrid is an iterative method to solve Equation (2.1) recursively. We can
define the multigrid operator as follows,

MG ∶ V→ V

ul+1 =MGJ(ul, f)
(2.30)

and then the generalization of the V-Cycle multigrid algorithm, Algorithm (2.5), can
be defined as follows,

Algorithm 2.6
If MG1(ν, f) = A−1

1 f and k ∈ I and ν ∈ Vk and f ∈ V′k, and assuming MGk−1(., .) is
defined, then we define MGk(ν, f) as

1) Smoothing step ν′ = ν +Rt
k(f −Akν)

2) Coarse grid correction ν′′ = ν′ + q where q =MGk−1(0,Qmg
k−1(f −Akν′))

3) Smoothing step ν′′′ = ν′′ +Rt
k(f −Akν′′)

Here, we can also connect the operator Bmg
k in Algorithm (2.5) with MGk(., .). Look-

ing at Step 2 of both algorithms, we can write Bmg
k f =MG(0, f).

Like the successive correction methods we introduced in Section (2.2.0.1), we can also
define the error propagation operator EJ for the V-Cycle multigrid as

EJ(u − ul) = u − ul+1 =MGJ(u, f) −MGJ(ul, f) =MGJ(u − ul,0).

As mentioned in Section (2.2), in order to analyze an iterative method, we look at the
act of the error propagation operator on error. Since multigrid has two main steps,
smoothing and coarse grid correction, we can look at the influences of each step on ek

separately. The steps 1) and 3) of Algorithm (2.6) are the smoothing step. Defining
e′ = u∗ − u′, we can have

e′ = e −Rt
kAk(e)

= (I −Rt
kAk)e

=Kke

where Kk is the error propagation operator for the smoothing step.
Considering the equality (2.7) we can write the coarse grid correction step as

q =MGk−1(0,Qmg
k−1(f −Aku

′))
=MGk−1(0,Qmg

k−1Ak(u∗ − u′))
=MGk−1(0,AkP

mg
k−1(u∗ − u′))

= Pmg
k−1(u∗ − u′) −Ek−1P

mg
k−1(u∗ − u′)

13



2. Theoretical aspects of the numerical method

Then having u′′ = u′ + q and computing e′′ = u∗ − u′′ we can write

e′′ = [(I − Pmg
k−1) −Ek−1P

mg
k−1]e′

and finally, combining two error propagation operators we can have the V-Cycle
multigrid error propagation operator as

EJ =Kk[(I − Pmg
k−1) −Ek−1P

mg
k−1]Kt

k (2.31)

where Kt
k is the adjoint of Kk with respect to a(., .).

Then in order to analyze the convergence of multigrid we look at different compo-
nents in its error propagation operator and demand a condition from each component
of multigrid, i.e., smoothing operator and coarse grid operator. The first assumption
is regularity and approximation property, which describes how different subspaces
(coarse and fine subspaces) interact with each other, and the second assumption is
the smoothing property which essentially describes the necessary relation between the
approximate subspace solver and the finite element equations.

Assumption 2.4

1) The first assumption is regularity and approximation assumption of the
form

a((I − Pmg
k−1)u,u)) ≤ C2

α(
∥Aku∥2k
λk

)
α

a(u,u)1−α ∀u ∈Mk

for 0 < α < 1 and Cα is independent of k. λk is the largest eigenvalue of A.

2) The second assumption is called the smoothing assumption. This condition
we demand from the smoother operator Rk and it should satisfy the following
inequality,

∥u∥2k
λk

≤ CR(Rku,u)k ∀u ∈Mk

Then any proper smoother should satisfy the second assumption. Having these two
assumptions, we can expect convergence from the multigrid method [BH83].

2.2.2. Full Approximation Scheme (FAS)
Let V ⊂H be a real Hilbert space with dual space as V′. Having a nonlinear operator
n ∶ V→ V′ and m ∈ V′, we are interested in computationally approximating the unique
solution of the nonlinear problem,
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find u∗ ∈ V such that

n(u∗)(v) =m(v) ∀ν ∈ V (2.32)

Suppose that we have a sequence of finite-dimensional subspaces Sk such that

S0 ⊂ S1 ⊂ ⋅ ⋅ ⋅ ⊂ Sk ⊂ V

and ⋃k Sk = V
The operator n ∶ V → V′ is the continuous operator, and we can define the local

(level) operator nk ∶ Vk → V′k in the subspace (level) Vk. Defining a ball around u∗

such as B(u∗; r) ⊂ V with B(u∗; r) ⊃ {u ∈ V ∣ ∥u − u∗∥ ≤ σc} we need to make the
following assumptions about the nonlinear operator n(u)

Assumption 2.5

i) n(u) is Fréchet differentiable on B(u∗; r) denoted by Dn(u) ∶ V → V and is a
bounded linear operator

ii) ∀u ∈ B(u∗; r) ∶ (ν,w) ↦ ⟨Dn(u)(v),w⟩ defines a symmetric bilinear form on
V ×V

iii) Dn(u) is coercive, i.e. ∃γ > 0 ∶ ∀u ∈ B ∶ ⟨Dn(u)(v), v⟩ ≥ γ∥ν∥2 ∀ν ∈ V

iv) Dn(u) is Lipschitz continuous, i.e. ∃cn > 0 ∶ ∥Dn(u)(ν) −Dn(u)(w)∥ ≤ cn∥ν −
w∥ ∀ν,w ∈ B(u∗; r)

v) Dn(u) is symmetric, i.e. ⟨Dn(u)(ν),w⟩ = ⟨Dn(u)(w), v⟩ ∀ν,w ∈ B(u∗; r)

vi) Dn(u) is monotone, i.e. ∃cm > 0 ∶ ∥⟨Dn(u)(ν), ν − w⟩ − ⟨Dn(u)(w), ν − w⟩∥ ≤
cm∥ν −w∥2 ∀ν,w ∈ B(u∗; r)

And since Dn(u) is a symmetric positive definite operator, we can define a bilinear
operator bu ∶ V ×V→ V′ such that

bu(ν,w) = ⟨Dn(u)(v),w⟩ ∀ν,w ∈ B(u∗; r) (2.33)

Using the bilinear form b(., .), the energy norm ∥.∥u on V can be defined as ∥ν∥u =
(bu(ν, ν))

1
2 .

Then the following lemma holds for the bilinear form b(., .) and the corresponding
energy norm

Lemma 2.1

1) b(., .) is bounded, i.e. ∃Γ > 0 ∶ ∣bν(u, z)−bw(u, z)∣ ≤ Γ∥ν−w∥y1∥u∥y2∥z∥y3 ∀ν,w, yi ∈
B(u∗; r),∀u, z ∈ V

2) ∥u∥ν ≤ (1 + γ
1
2 Γ∥ν −w∥)∥u∥2w ∀ν,w ∈ B(u∗; r), ∀u ∈ V.
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2. Theoretical aspects of the numerical method

The proof of the lemma can be found in [Reu88]. Since we linearize the nonlinear
operator n(u) by using the Fréchet derivative, it is necessary to look at the bound of
the error of the linearization. Usually we use the Taylor expansion of the operator
n(u) and compare it with the Fréchet derivative of the operator n(u). We can define
an operator dν ∶ V→ V′ such as dν(u) = n(u) − n(ν) − bν(u − v) ∀ν, u ∈ B(u∗; r)

Lemma 2.2
Regarding the definition above, the following holds:

∥dν∥ν ≤ Γ∥ν − u∥2ν

The proof of the lemma can be found in [Reu88]. This is a critical point of using FAS
and we will return to this point later in Section (5.1).

As was mentioned, we need to study two main operators in the multigrid method;
the first operator which is needed to be studied is the smoothing operator. This is
the main focus of the following sections. The convergence of the Full Approximation
Scheme can be studied from different approaches. The first approach introduced in
[BD85] for linear multigrid, and was then used by [Reu88] in FAS. And the second
approach is to use the subspace correction method to analyze the linear multigrid
[BP87; Yse93; Xu92] and later to study FAS [Xie96].

In the first approach, the idea used is to study the characteristics of the relaxation
operator by a number called “generalized condition number” [BD85; BH83] and de-
noted by κ. Originally, it was introduced in [BD85]. The method is initially used to
study the convergence of the preconditioned conjugate gradient method. The con-
dition number is generally computed for the entire subspace Vk. However, in the
analysis of the multigrid method, the generalized condition number is computed with
respect to a certain subspace, i.e., the orthogonal complement of the coarse space
Vk−1. First we need to define a bilinear form lk ∶ Vk ×Vk → R and assume that it is an
approximation of inverse of bilinear b(., .) and also be continuous symmetric positive
definite. Then the generalized condition number can be stated as

Lemma 2.3
For ν ∈ Vk, define Vν

k−1 = {u ∈ Vk∣bν(y, u) = 0∀y ∈ Vk−1}. With lk,r as defined above,
the following holds

∀r > 0,∃κB(u∗;r) ∶ ∀k,∀ν ∈ B(u∗; r),∀u ∈ Vν
k−1 ∶ lk,r ≤ κB(u∗;r)bν(u,u) (2.34)

In the second approach, introduced by Bramble [BP87], as described in Section
(2.2.1.2) in detail, we look at the multigrid as a successive subspace correction method
(2.2.0.1). In order to analyze the nonlinear multigrid method, we need two main
assumptions, similar to the linear multigrid (2.4), but modified for the nonlinear
multigrid. These assumptions in the nonlinear multigrid are as follows,

Assumption 2.6
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i) the first assumption is regularity and approximation assumption of the
form

bu((I − Pk−1)u,u)) ≤ C2
α(
∥Dn(u∗)u∥2k

λk

)
α

bu(u,u)1−α ∀u ∈Mk

for 0 < α < 1 and Cα is independent of k. λk is the largest eigenvalue of Dn(u).

ii) The second assumption is called smoothing assumption which is on smoother
operator Rk and it should satisfy the condition

∥Dn(u∗)u∥2k
λk

≤ CRbu((I −DRk(u∗))u,u)k ∀u ∈Mk (2.35)

Then a proper smoother for FAS should be able to satisfy the smoothing assumption.
One candidate as a smoother for FAS is the nonlinear restricted additive Schwarz
method (NRASM), which is a nonlinear parallel subspace correction method. Then,
as a proper smoother, it should satisfy the smoothing condition. The remainder of this
chapter is devoted to this task. In the next subsection, the linear restricted additive
Schwarz method (RASM) is introduced and then the convergence of the method will
be studied. Following the linear RAS method, the nonlinear version of the RASM
will be introduced, and then the convergence of the NRAS method will be analyzed,
and at the end of this chapter, I will investigate whether the NRAS method satisfies
the smoothing property.

2.2.3. Domain decomposition method
2.2.3.1. Schwarz method

Let us assume V is a function space (Hilbert space as we introduce earlier) with a
proper norm and inner product. Then we want to solve the following problem in the
space V is to find u∗ ∈ V such that

a(u∗, ν) = ⟨f, ν⟩ ∀ν ∈ V (2.36)

here a(., .) as we introduced before is a bilinear form and ⟨., .⟩ is the inner product on
V. We assume that the problem (2.36) is well-posed [RR06]. As we mentioned earlier,
by using the Ritz representation theory, we can find the linear operator A ∶ V → V′

and then by defining a basis for the function space V we have a linear system of

Au = f

Assuming that there exists a set of interpolation operator Ii ∶ Vi → V. Defining the
bilinear form li ∶ Vi ×Vi → R which is the approximation of the bilinear form a(., .) in
the subspace Vi, or l(., .) can also be ai(., .) , then

l(ui, νi) = a(I−1
i ui, I

−1
i νi) for ui, νi ∈ Vi

17



2. Theoretical aspects of the numerical method

We also assume that for ν ∈ Vi li(ν, ν) = 0 implies that ν = 0. Replacing Pi defined in
Section (2.2) with a projection like operator T̃i ∶ V→ V by

li(T̃iu, ν) = a(u, Iiν) ∀ν ∈ Vi (2.37)

since Vi is a finite-dimensional Hilbert space, the operator is well-posed. Now we need
to define a new operator Ti ∶ V→ V such that

Ti = IiT̃i

and deriving the matrix form of the operator Ti as

Ti = RT
i A
−1
i RiA (2.38)

where Ri ∶ Vi → Vi is the discrete form of operator Ii. Ai = RiART
i is the exact local

stiffness matrix in Vi when we consider li(ui, νi) = a(RT
i ui,RT

i νi) for ui, νi ∈ Vi. We
can easily show that the operator Ti is symmetric positive semi-definite with respect
to the bilinear form a(., .).
The operator Ti can be used to construct different operators for Schwarz method by
using different polynomials in Ti, i.e. P(Ti). Then, for instance the additive Schwarz
method can be constructed by using the following polynomial

P(T1, T2, . . . , TJ) = T1 + T2 + ⋅ ⋅ ⋅ + TJ

which, as we can see, is the parallel subspace correction method as introduced in
Section §(2.2.0.2). The other variety of the Schwarz method which is widely used is
the multiplicative Schwarz method in which the polynomial of Ti has the following
form

P(T1, T2, . . . , TJ) = I − (I − T1)(I − T2) . . . (I − TJ)

2.2.3.2. Convergence theory of the additive Schwarz method

In this section, the abstract convergence of the additive Schwarz method is studied.
In order to study the convergence of the additive Schwarz method, we need three
assumptions. The first two assumptions are similar to the assumptions (2.2) and
(2.3). But there is a remark that needs to be emphasized here.

Remark 2.2
In assumption (2.2), the desirable value for K0 is close to one, which means that

the sum of the energies of ui is close to the energy of u. In the following lemma, we
can also see that K0 is the lower bound of the spectrum of T = ∑

i∈I
Ti. This condition

ensures weak continuity of the local bilinear form li(., .).

Lemma 2.4
Define T = ∑

i∈I
Ti and u = ∑

i∈I
Iiui. Then

a(T −1u,u) = min
ui∈Vi

∑
i∈I
li(ui, ui) (2.39)
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2.2. Subspace correction

The complete proof of this lemma can be found in [SBG98]. The assumption (2.3)
for the Schwarz method is also changed as follows,

Assumption 2.7
Define Eij ∈ [0,1] to be the minimal values that satisfies

∣a(Iiui, Ijuj)∣ ≤ Eija(Iiui, Iiui)
1
2a(Ijuj, Ijuj)

1
2 (2.40)

The spectral radius of ρ(E) is a measure of the orthogonality of the subspaces. When
Eij = 0, this means that Vi and Vj are orthogonal. In addition, ρ(E) gives us an upper
bound of the eigenvalues of T .
The third assumption is the local stability condition, which is the other side of the ap-
proximation along with the Assumption (2.2) of bilinear form li(., .). The assumption
also ensures that the local bilinear forms are coercive.

Assumption 2.8
There exists ω ∈ [1,2) such that

a(Iiu, Iiu) ≤ ωli(u,u) ∀u ∈ Vi, i ∈ I

In the case where li(., .) = a(., .), we use the exact subdomain solver, then ω = 1. Hav-
ing all the necessary assumptions, we can find the upper bound of the eigenvalues of
the additive Schwarz method, as we can see in the following lemma which is borrowed
from [SBG98].

Lemma 2.5
The largest eigenvalue of the additive Schwarz method is ωρ(E).

Proof:

a(∑
i∈I
Tiν,∑

i∈I
Tiν) = ∑

i,j∈I
a(Tiν, Tjν)

≤ ∑
i,j∈I

Eija(Tiν, Tiν)
1
2a(Tjν, Tjν)

1
2

≤ ρ(E)∑
i∈I
a(Tiν, Tiν)

≤ ωρ(E)∑
i∈I
a(T̃iν, T̃iν)

= ωρ(E)∑
i∈I
a(ν, Tiν)

= ωρ(E)a(ν,∑
i∈I
Tiν)

≤ ωρ(E)a(ν, ν) 1
2a(∑

i∈I
Tiν,∑

j∈I
Tjν)

1
2
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2. Theoretical aspects of the numerical method

therefore,

a([∑
i∈I
Ti]

1
2ν, ν) = a(∑

i∈I
Tiν,∑

j∈I
Tjν)

≤ ρ(E)2ω2a(ν, ν)

then we can conclude that

a(∑
i∈I
Tiν, ν) ≤ ρ(E)ωa(ν, ν) (2.41)

which means that the largest eigenvalue of the additive Schwarz method is ωρ(E). ◻

2.2.4. Nonlinear additive Schwarz method
As the nonlinear multigrid method needs a nonlinear smoother, then here we look
at the nonlinear version of the restricted additive Schwarz method and investigate
whether it is a proper smoother for the FAS, i.e., if it can satisfy the Assumption
(2.34). In this section, we also need additional assumptions about the nonlinear oper-
ator n(u). We need to assume that n(∶) is a quasilinear problem, as defined in (2.1).
Under certain assumptions [LU68] we can prove that the quasilinear equation (2.32)
has a unique solution u∗ ∈ B(u∗; r) ⊂ V. In this part, in particular with regard to
assumptions and theorems, I follow mainly [DH97].

We also assume that n(u) is Fréchet differentiable in B(u∗; r), denoted by Dn(u∗)
and assume that it is also non-singular.
In addition to aforementioned assumptions, we also need three more assumptions,
later used to prove the uniqueness of the solution and also study the convergence of
the nonlinear restricted additive Schwarz method. Defining the difference quotient
operator Dn ∈ L(V,V) as Dn ∶ V ×V→ V′, we need

Assumption 2.9

• ∀u′, u′′ ∈ V ∃Cd > 0 such that ∥Dn(u′, u′′)∥ ≤ Cd

• Dn(u′) −Dn(u′′) =Dn(u′, u′′)(u′ − u′′)

• ∥Dn(u′, u′′) −Dn(u∗)∥ → 0 as u′′, u′ → u∗

These assumptions are very weak [DH97] and the possible choice for Dn(u′, u′′) can
be

Dn(u′, u′′) = ∫
1

0
Dn(u)(u′ + θ(u′′ − u′))dθ

in which by assuming the continuity of Dn(u) we can easily see that Dn(u′, u′′) is
also continuous. Considering the operator pk ∶ V→ Vk defined in section (2.2) and its
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2.2. Subspace correction

adjoint is denoted as rk ∶ Vk → V. Then the nonlinear subspace iteration will be as
find δκ ∈ Vκ such that

rκn(u − pκδκ) =m ∀κ ∈ I (2.42)

where u is the current approximation such that u ∈ B(u∗; r). In general, the solvability
of (2.32) does not imply the solvability of (2.42) in subspace Vκ, therefore, we need
another assumption which is

rκDn(u)(u∗)pκ ∶ Vκ → Vκ (2.43)

should be invertible. By having the assumptions, we can guarantee the solvability of
the nonlinear problem (2.42) by using the following theorem
Theorem 2.10

Having assumptions 2.9 and 2.43 and B(u∗; r) ⊂ V for small enough r. Then the
subspace problem (2.42) has a unique solution ∀u ∈ B(u∗; r) and all the indices κ ∈ I
(Theorem 1.5 [HR89]).

The complete proof of the theorem can be found in [DH97]. The theorem proves
that, having Newton-like iteration Φ ∶ Vκ×B(u∗; r) → Vκ, then δ(u) is the fixed point
of Φ(δ, u) by using Banach’s fixed point [Cia13]. Having the solution of each subspace
δκ by solving the local problem in (2.42), we can then project δκ to the space V by
using pκ as

δ(u) ∶= ∑
κ∈I
pκδκ(u) (2.44)

and the nonlinear parallel subspace correction iteration method is defined as

Φ(u) ∶= u − αδ(u) (2.45)

where α can be seen as a damping factor (or step length). This factor in the context
of a nonlinear iteration method can be determined by the backtracking algorithm (α
might be chosen to satisfy one of the Wolfe, strong Wolfe or Goldstein conditions
[NW06]). We will talk about it in section (3.3.1). If Φ(δ, u) is a nonlinear subspace
iteration method, we are also interested in studying its convergence rate. In the linear
iteration method, we generally look at the norm of the iterative operator (or the error
propagation operator E) and find its contraction number. On the other hand, in
the nonlinear iteration method we look at the contraction number with respect to the
norm of difference between two successive approximations, i.e. ∥Φ(δn+1, u)−Φ(δn, u)∥.
In the following theorem, we show that the nonlinear additive Schwarz method has
the contraction number γ < 1
Theorem 2.11

By having the assumption (2.9), (2.43) and let γ be the contraction number of the
mapping Φ(u) ∶ V→ V. Then, ∃u ∈ B(u∗; r) ⊂ Vκ such that

∥Φ(u′) −Φ(u′′)∥ ≤ γ < 1 ∀u′′, u′ ∈ B(u∗; r) (2.46)

(Theorem 1.2 [DH97])
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2. Theoretical aspects of the numerical method

The complete proof of the theorem can be found in [DH97]. Theorem (2.11) shows that
definingAκ ∶= rκDn(u)(u∗)pκ and assuming ∑

κ∈I
pκDδκ(u′′, u′) → ∑

κ∈I
rκA−1pκDn(u)(u∗),

then the nonlinear subspace iteration Φ converges in B(u∗; r) with the convergence
rate γ and the convergence rate is the same as the linear subspace iteration applied
to the linearized equations.

So far, the convergence of the nonlinear additive Schwarz method has been proven.
Then we need to analyze the nonlinear restricted additive Schwarz with respect to
the condition that is demanded from the NRAS method to be a proper smoother for
nonlinear multigrid, the second assumption of 2.6. This is the primary result of the
following corollary.

Corollary 2.11.1
Nonlinear restricted additive Schwarz method is a proper smoother for FAS, that

is, it satisfies the smoothing condition (2.34).

Proof:
Let us consider the iterative method as defined in Section (2.3) in [DH97],

uk+1
h = uk

h + ωδ(uk
h),

where

δ(uk
h) = ∑

κ∈I
pκδκ

and δκ is the solution of

rκn(uk
h − pκδκ) = 0

where the subscript h refers to the discretized form of the nonlinear equation as
explained in Chapter (4). Considering Aκ ∶= rκDn(u)(u∗)pκ, and having Assumptions
(2.9), we need to analyze the additive Schwarz method for a linear system

Auh = b

for A ∶= Dn(u)(u∗). Looking at the linear problem, and we can use Theorem (2.5)
to prove the satisfaction of the smoothing condition for the additive Schwarz method
[Xu92]. As a consequence, by considering the Newton’s like method defined in (2.45),
we conclude that the nonlinear additive Schwarz method satisfies the smoothing con-
dition in (2.35). ◻
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3. Numerical methods
In the previous chapter, the algorithm developed to solve the nonlinear problem was
investigated theoretically. As the algorithm should be implemented on GPUs to solve
the problem numerically, the numerical aspects of the algorithm should also be stud-
ied. In this chapter, the main algorithm used to solve nonlinear partial differential
equations will be explained in more detail and from the implementation point of view.
As the primary goal of this project is to solve a nonlinear parabolic PDE on GPU,
the properties of the algorithms with respect to the architecture of GPU will also
be studied, in particular, how the properties of the algorithms take advantage of the
GPU architecture, and also what is the drawback of these algorithms and with respect
to the architecture of the GPU.

In the first section, the architecture of the GPU will be explained in more detail and
how different components of the computing unit and memories work together. Then,
in the three following main sections of this chapter, the Full Approximation Scheme,
as a main nonlinear solver, will be introduced in detail and the main components and
necessary parameters are numerically explored. This means that I will investigate the
nonlinear restricted additive Schwarz method as a nonlinear smoother of FAS, with
globally convergent inexact Newton’s method as a local solver in the NRAS method
and Krylov subspace method (GMRES) as the linear iterative solver to solve Newton’s
equation. And finally, at the end of this chapter, I look at the GPU architecture and
the algorithm to see how the algorithm works with the specific components of the
architecture of a GPU.

3.1. GPU architecture
In the last few years, the Graphic Processing Unit (GPU) became the main accel-
erator in the modern HPC system. They are usually massively parallel processors
that contain hundreds of computing cores. Even if CPU cores are more powerful and
flexible, GPUs can run thousands of threads in parallel and reach at least in theory
Tera FLOPs.

The CUDA programming model utilizes this architecture and is based on a hierar-
chy of abstraction layers (see Figure (3.1)). The basic computing unit in a GPU is a
thread. The next level of computing unit is a thread block, which is a batch of threads
assigned to the same Streaming Multiprocessor (SM). Therefore, the blocks in a SM
can utilize all the resources available in the SM such as registers and shared memory.
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3. Numerical methods

The threads in a block can communicate through shared memory. In a block, threads
are divided into batches, usually 32 threads, which is also called warp. The warp is
the scheduled unit, so the threads in each block are executed in a SM warp-by-warp
in a SIMD (single instruction multiple data). All the threads in one warp should
execute the same instruction at a time, which means if there is an if condition which
forks the threads in a warp into different instruction, these instructions are executed
sequentially and disabling the threads which are not on the same path. This is usually
called branching. The threads in a warp will reconverge after all divergent paths are
completed.

Table 3.1.: Major hardware features of NVIDIA A100.
GPU element Feature A100

SMs
SMs 108
Total num. cores 6912
Clock freq. 1410 MHz

Maximum number of threads
Per SM 2048
Per block per SM 32
Per warp 32

SRAM memory avaiable per SM

32-bit registers 65536
Shared memory 164 KB
L1 cache 192 KB/SM
Memory Bandwidth 1555 GB/sec
(shared+L1) 40 MB

In CUDA, in addition to the units mentioned above, another grouping concept is
also introduced. Cooperative group is an API concept that defining grouping some
threads in a block of threads together (See the Figure (3.3)). It provides partitioning
of a thread block into smaller batches, usually called tile, and synchronization at this
group level. In addition to that, it also provides the potency of clustering blocks of
threads and synchronization of the cluster.

In GPUs, there are also different levels of memory hierarchy. Registers are the
fastest memory components on a GPU, comprising the register file that supplies
data directly into the CUDA cores. A kernel function uses registers to store the
variables private to the thread and accessed frequently. Multiple levels of caches exist
in modern processors. L1 cache is the fastest and closest to processing cores, handling
immediate instructions. L2 cache provides a larger and slightly slower memory pool,
often shared among SMs. Shared memory ensures efficient communication between
processing units. Table (3.1) shows some hardware features of GPU NVIDIA A100.

One of the features that is quite often needed in numerical modeling is global syn-
chronization. In general, in GPUs, the global synchronization can be achieved only
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Figure 3.1.: GPU architecture

SM SM SM SM 

L2 Cache

Constant Memory

Texture Memory

Global Memory

Warp Scheduler

L1 Cache

Figure 3.2.: GPU memory heirarchy

by leaving a kernel. Then, in numerical modeling, kernels should be queued to get
global convergence. Another recent way to get global synchronization is using the
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global synchronization possibility in the cooperative group, in which there is no need
to leave the running kernel. However, in the cooperative launch, it should be ensured
that all the blocks are running concurrently. Then, to avoid a deadlock, the GPU
imposes some constraints on the number of block of threads can be assigned in a SM.
By the availability of this potency in GPUs, we can think of new algorithms which
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Figure 3.3.: multiGPU computing unit and memory hierarchy and the features pro-
vided by CUDA API

can benefit the architecture of the computing units and memory hierarchy, as well as
the features provided by the API. Another important criterion of the computation
in GPUs is to keep the data locally closer to the compute units as long as possible
and avoid global to shared memory communications. In this regard, the use of shared
memory is a critical point, although the use of too much shared memory can lead to
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3.2. Full Approximation Scheme

a lower occupancy. Occupancy is a factor that shows the ratio of active warp in a
SM to the maximum possible warp in a SM. Therefore, there is a trade-off in using
more shared memory and a lower occupancy. Another important factor to consider is
to avoid warp-branching. In GPU, all the threads in a warp should execute the same
command. This means that if there is a branching command (if or case condition),
branches are executed sequentially, which reduces the efficiency of the algorithm in
GPU.

Unfortunately, it is not always possible to consider optimality in all these aspects.
Most of the time, the nature of the problem imposes some strong constraints. In the
current work, the nonlinearity of the problem is an important factor which force us
not be able to get a peak performance on the GPUs.

In the following, the algorithm used to solve nonlinear problems on GPUs is ex-
plained and at the end of this chapter, we can see how the algorithm and GPU
architecture and memory hierarchy work together.

3.2. Full Approximation Scheme

In tackling the nonlinear problem in the Equation (2.32) we usually have two main
approaches, applying global linearization method like using Newton’s method for the
nonlinear problem. In this approach, first, the nonlinear problem is linearized, and
then the linear problem is solved either directly or by linear iterative methods. If
the linearized problem is solved exactly (exact Newton’s method) or iteratively by
using some linear iterative method like the Krylov subspace method (inexact New-
ton’s method) or applying the linear multigrid. This approach, however, has two
main caveats, even though it can benefit from the rich resources on numerical linear
algebra. The first issue is that the linearized problem can generate a dense Jacobian,
which is expensive to solve. The second caveat is that there are strong assumptions
required for the convergence of Newton’s method to be considered, in particular the
assumption to have a globally convergent Newton’s method in particular in non-
convex problems. This assumption will be explained in more detail in the Section
(3.3.1). Another important issue is in the number of inner cycles in Newton’s method
when the inexact Newton’s method is used to have an efficient approach. Finding
a good balance on the inner (linear method) and outer (Newton’s method) iteration
numbers is challenging. The small number of iterations of the inner iterative method
may result in a larger number of Newton iterations, which means that computing a
more global Jacobian, on the other hand, oversolving linearized problem might not
give us a benefit of faster convergence [BHM00; TOS01].

The second approach is to apply directly the multigrid method to the nonlinear
problem [Bra77]. This method is, as we know from the previous chapter, Full Ap-
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proximation Scheme. Consider the nonlinear initial boundary-value problem

n(u, t) =m in Ω (3.1)
u = g on ∂Ω

where n(u, t) ∶ V × [0, T ] → V′ is a nonlinear time-dependent operator (without loss
of generality it can be only a function of u) and Ω ⊂ Rd is a polyhedral domain. As
we define the space V ⊂ H1 which subset of the standard Sobolev space. The weak
formulation of the Equation (3.1) can be defined as

⟨n(u, t), ν⟩ = (m,ν) ∀ν ∈H1(Ω) (3.2)

Suppose Ti are non-overlapping simplies of size, h ∈ (0,1] then Ω ∈ R3 can be
triangulated as Ω = ∪iτi. Then the subspace V can be defined as

V ∶= {ν ∈H1 ∣ ν∣τ ∈ Pl(τi) ∀τi}

where Pl is the space of a linear polynomial of order l. And considering nodal basis
{ϕi}n̂

i=1 where n̂ = dim(Vh) for subspace Vh ⊂ V which should satisfy

ϕi(xl) = δil ∀i, l = 1, . . . , n̂

where {xi ∶ i = 1, . . . , n̂} is the set of all interior nodal points of Vh. Using the nodal
basis for the subspace V, Equation (3.2) changes to solving an algebraic system of

N[u] =m (3.3)

where N[.] ∈ Rn represents a nonlinear discrete operator on Ω, u ∈ Rn and m ∈ Rn

is the discrete form of the right-hand side of the Equation (3.2). Then, for a given
subspace Vk, the discrete problem changed to

Nk[uk] =mk (3.4)

Thus as usual in the multigrid method, the smoothing operator Sk is first applied
to the Equation (3.4) to remove the high-frequency modes of the error. In the case
of the nonlinear multigrid, the proper smoother should be a nonlinear smoother like
Gauss-Seidel-Newton or Jacobi-Newton algorithms [TOS01] in which local lineariza-
tion is used (in Newton-Jacobi or Newton-Gauss-Seidel, the global linearization step
is applied, and then the stationary iterative methods are used). In the current study,
as it was explained theoretically in more detail in the Chapter (2) and later from the
algorithmic perspective in the Section (3.3), the nonlinear restricted additive Schwarz
method, is used as the smoother. After applying a few numbers of the smoothing
iteration and having the approximation of the exact solution u∗k, the next step is ap-
plying the coarse grid correction. In this step, the equation of the defect in subspace
Vk, denoted by dk ∈ Rn, is formed as follows,

dk =N[uk + ek] −N[uk] (3.5)
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=m −N[uk]

where e ∈ Rn is the correction. Then the solution in the coarse space can be written
as u∗k−1 = Ik−1

k uk+ek−1. The restriction operator Ik−1
k can be just an injection operator

or be a more sophisticated operator [BHM00]. Then the formulation of the nonlinear
Equation (3.3) in the coarse space Vk is obtained by solving the Equation (3.5) in the
coarse space as

Nk−1[uk−1 + ek−1] −Nk−1[uk−1] = dk−1 (3.6)

where dk−1 = Ik−1
k dk and uk−1 = Ik−1

k uk. This means that in FAS in contrast to the lin-
ear multigrid two components should be transferred into the coarse space, the current
approximation of the exact solution u∗ and the defect d. After solving or smooth-
ing the problem in the coarse grid, the correction ek−1 = uk−1 − Ik−1

k uk is computed
to interpolate to the fine grid to correct the current approximation uk. We cannot
directly interpolate uk−1 into the fine grid, and that is the coarse grid approximation
of the smooth-out function u∗k −uk, since it introduces the error, probably oscillatory,
of the full solution instead of the error of the correction. Thus, the correction step is

uk ← uk + Ik
k−1(uk−1 − Ik−1

k uk) (3.7)

After correction of the current approximation on the fine space, a few smoothing
iterations are applied to smooth-out any high frequency error introduced to the in-
terpolated correction through the interpolation process from the coarse to the fine
space. The complete V-Cycle FAS is summarized in the following algorithm.

Algorithm 3.1 FAS V-cycle scheme

i) Pre-smoothing: apply ν1 iterations of smoothing operation as

ul
k = Sk(ul−1

k ,mk)

ii) Coarse-grid correction: Set

uν1
k ← uν1

k + Ik
k−1(uk−1 − Ik−1

k uν1
k )

where uν1
k is computed as

uν1
k = Bk−1(uk−1)(Ik−1

k dk +Nk−1[uk−1])

iii) Post-smoothing: apply ν2 iterations of smoothing operation as

ul
k = Sk(ul−1

k ,mk)

where Bk(u), as defined in the Section (2.2), is the approximation of N−1
k . In addition

to V-Cycle FAS, we can also define, like the linear multigrid, different cycles of FAS
such as the W-Cycle FAS and the full multigrid (FMG) FAS [BHM00] (See the Figure
(3.4)).
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Figure 3.4.: V-Cycle, W-Cycle and full multigrid schemes

3.3. Nonlinear restricted additive Schwarz method
The nonlinear restricted additive Schwarz method from the theoretical aspect was
explained in Section (2.2.4). Here, the algorithm and implementation of the method
on multiple subdomains is introduced. Since from the algorithmic point of view the
linear RASM and NRASM are similar, the linear additive Schwarz will be explained
first, and then it will be expanded to the nonlinear problem.

The Schwarz method was first introduced by Schwarz [Sch70] in the 19th century
for solving a continuous problem in a rather complex geometry, and by using the
maximum principle he proved the convergence of the alternating Schwarz method.
By the availability of parallel computing in 1970-80, Lions [Lio+88] introduced the
parallel version of the alternating Schwarz method. In discrete form, the parallel
Schwarz method began to be used as a solver for Poisson’s equation [BGN70] and later
for some more complex geometries [GM83]. As was explained in the Section (2.2), we
can use subspace correction methods in the form of the multiplicative and the additive
fashions. In the discrete form of the Schwarz method, there is the multiplicative
Schwarz method [CM94; SBG98] in which the most updated information from the
other subdomains is used to compute the new approximation of the solution in a
given subdomain, whereas in additive form each subdomain, the local problem is
solved in parallel using the old approximation of the solution [DW90].

Consider the continuous linear problem in Equation (2.2) or the discretized linear
problem in Equation (2.3). We consider ∂Ω as the boundary of Ω. Then, we decom-
pose the domain into subdomains in a non-overlapping way which is denoted by Ω̃i,
then, construct the overlapping domain decomposition by adding overlap δ in such
a way that it does not cut a cell, i.e., δ = ch where h is the size of a cell and c ∈ N.
The extended subdomains with overlap are called Ωi, which contains Ω̃i ⊂ Ωi. This
can be seen in Figure (3.5). The artificial boundary or interface Γi,j is part of the
boundary of the subdomain Ωij = ∂Ωi ∩ Ω̃j. In order to have an iterative method for
a discrete problem, we need to partition the unknowns u into subsets ui by using
restriction matrices Ri which contain zeros except for the positions corresponding to
ui indicated by 1. With the given restriction matrices, the unknowns in each of the
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3.3. Nonlinear restricted additive Schwarz method

Figure 3.5.: Decomposing domain Ω, extending subdomains by overlap of size δ and
adding artificial boundary Γ between subdomains

subdomains are obtained by projection of the global vector u into the subspace Vhi

as Riu. In each subspace, we also need the local matrices Ai; These matrices Ai can
be computed in two ways; one way is first discretizing the continuous PDE and then
by using the restriction matrix Ri, to project the problem into the subspace Vhi as
follows:

Ai ∶=RiART
i , i ∈ I

or first project the continuous form of the problem into the given subspace and then
the local problem can be discretized in each Ωi and compute Ai. Then general formula
of the additive Schwarz method can be as follows,

ul+1 = ul +∑
i=I

RT
i A−1

i Ri(f −Aul) (3.8)

Using the formula above unfortunately results in stagnation in the overlaps and as a
result, a non-convergent algorithm [Gan+08]. To solve the problem, Cai and Sarkis
[CS99] introduced the restricted additive Schwarz method, in which the matrices R̃i

introduced as the projection matrix from the subspace Vhi to the global subspace Vh.
These matrices are generally similar to Ri except the value 1s in overlap replaced
by zeros. The Figure (3.6) illustrates both matrices, Ri and R̃i, in one dimension.
Similar to the additive Schwarz method (Algorithm (3.9)), we can also introduce
the method for the restricted additive Schwarz method by using the new restriction
matrices

ul+1 = ul +∑
i=I

R̃T
i A−1

i Ri(f −Aul) (3.9)
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There is a remark here before going to the nonlinear version of the restricted additive
Schwarz method.

Figure 3.6.: Restriction matrices Ri and R̃i in one dimension

Remark 3.1 As it is desirable to have a matrix-free form in GPU implementation,
we cannot construct the local matrix A−1, therefore, instead of directly solving the local
problem, it is required to have an approximation of A−1, i.e., B to be used in each
subdomain. Then the local problem can be approximated by using iterative methods
like Krylov subspace methods in the linear problem or Newton’s method in nonlinear
PDEs. Then, the question is if using B instead of A−1 has an influence on the
efficiency of the algorithm. The answer is that if the local problem is solved accurately
enough, then the convergence of the outer iteration is not affected [SBG98].

In order to solve (or smooth) the nonlinear problem in the Equation (3.2) by using
the nonlinear restricted additive Schwarz method, similar to the RAS method, we
also need to project the problem into each subdomain by using matrices Ri (or R̃i)
and then the local nonlinear problem should be solved or approximated. Then, the
local nonlinear problem in discrete form will have the equation of

Ni[ui] =mi (3.10)

In order to have a general nonlinear form, let us assume that Fi[ui] =Ni[ui]−mi = 0.
To solve the local nonlinear problem, we can rely on a nonlinear iterative method
like Newton’s iterative method. Then the new approximation of the solution in each
NRAS iteration can be defined as

ul+1 = ul + αR̃isi (3.11)

where si ∈ Rn is the direction computed by the local nonlinear iterative method like
Newton’s method. Since the local direction computed by local solver might not be
the global descent direction, we need to check whether s = ∑

i∈I
R̃isi gives us reasonable
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progress.

Let us assume that instead of root finding of the continuous form of the nonlinear
operator n(u∗) = m, as explained in the Section (5.1), we want to min

u∈V
ψ(u), as

explained in the Section (5.1). To ensure that the algorithm NRAS gives a descent
direction, it satisfies the Wolfe conditions [NW06]. The Wolfe conditions include two
main conditions applied to the inexact line search algorithms. The first condition is
a sufficient decrease in the objective functional ψ(u) and measures the reduction of
the nonlinear residual compared to the linear residual and is defined as follows:

ψ(ul + αlsl) ≤ ψ(ul) + c1α
lDψ(ul)sl (3.12)

for 0 < c1 < 1. However, the condition can be satisfied by choosing a very small αl.
Then, to avoid an unreasonably short step length, we need another condition. This
condition, curvature condition, is the second condition in the Wolfe conditions and is
defined as follows,

Dψ(ul + αlsl)sl ≥ c2α
lDψ(ul)sl (3.13)

for 0 < c2 < 1. Another common way to ensure that the line search algorithms progress
reasonably is to choose αl by using backtracking methods [EW94]. Then the condition
(3.13) can be dispensed and we only need the condition (3.12). The simple strategy
to fulfill the condition (3.12) can be as follows:

Algorithm 3.2 Backtracking

Choose α > 0, ρ ∈ (0,1) and c ∈ (0,1)

repeat until ψ(ul + αsl) ≤ ψ(ul) + cαDψ(ul)sl

α ← ρα

end

αl = α

Then, in this scenario, we need to check the condition at the global level in each
iteration of the NRAS method. This means that at each iteration of the NRASM,
we need to check the condition for the direction s = ∑

i∈I
R̃isi by using Algorithm (3.2).

Finally, the complete globally convergent NRAS algorithm to compute the descent
direction sl can be written as follows,

Algorithm 3.3 Nonlinear restricted additive Schwarz method

i) Compute local direction si by using the algorithm defined in Algorithm (3.4)
until

∥n(ul + R̃isi)∥ ≤ η∥n(ul)∥
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ii) compute αl by the Algorithm (3.2)

iii) sl ← αlsl

The next step in the Algorithm FAS-NRASM is to solve the local nonlinear problem,
this is the main goal of the rest of this chapter, to have the complete nonlinear
algorithm.

3.3.1. Globally convergent inexact Newton method
To solve the nonlinear local problem ni(ui) = mi in a given subdomain Ωi, we need
a nonlinear iterative method. The root finding of the functional ni(ui) can also be
reformulated to the minimization of the problem

min
u∈Vi

ψi(u)

where ψi ∶ Vi → R, and the first order necessary condition [NW06]

ni(u) ∶=Dψi(u) =mi

Then in order to minimize ψi(u) (or find the root of ni(u)) we can use the line
search method or the trust region [NW06]. In both scenarios, we usually look for the
direction si and the step length αi

ul+1
i = ul

i − αisi (3.14)

In line search methods, we fix the direction and look for the step length whereas in
trust region the maximum distance is chosen first and then we seek a direction. Here
we look at the line search method and specifically Newton’s method. In Newton’s
method, we demand that Dn(u) ∈ L(X;Y) be bijective and Lipschitz continuous
[Cia13]. Then, the direction pi = −Dn(ul

i)−1n(ul
i) is the descent direction in Newton’s

method, by which the second-order Taylor series of the functional ψ(u) is minimized,
and the convergence is geometric.

Remark 3.2 There are also different variants of Newton’s method. In the general-
ized Newton’s method, Dn(ul) is replaced by a linear bijective operator A ∈ L(X;Y)
(as defined in the Fréchet derivative) [Cia13]. In the Chord method Dn(u0) is used
in all iterations of Newton’s method [Kel95].

In each step of Newton’s method, the Newton’s equation

Dn(ul)sl = −n(ul) (3.15)

should be solved. If u0 ∈ B(u∗; r) for small r and functional n(u) bijective, then
ul converges superlinearly. Having Lipschitz continuity, quadratic convergence can
be achieved [OR00]. If the Newton’s Equation (3.15) is solved exactly, the method
is called exact Newton’s method, otherwise, by using an iterative method, like the
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Krylov subspace methods, inexact Newton’s method. Newton’s method has a local
convergence, which means that a poor initial guess might lead to slow convergence
or even divergence. In order to have a globally convergent algorithm, a sufficient
condition (3.12) can be used with the inexact Newton’s method. Generally speaking,
in backtracking, the actual reduction and the predicted reduction are compared. If
the actual reduction exceeds the predicted reduction with some constant factor, we
accept the step. Otherwise, the step sl is damped by the damping factor θ. The
sufficient condition is usually reformulated in practice [EW94] as

∥n(ul + αsl)∥ ≈ ∥n(ul) + αDn(ul)sl∥
≤ α∥n(ul) +Dn(ul)sl∥ + (1 − α)∥n(ul)∥
≤ (1 − θ(1 − ηl))∥n(ul)∥ By having inexact Newton condition

In order to have a practical inexact Newton’s method, we need to look at the inexact
Newton condition inequality, which is as follows,

∥n(ul) +Dn(ul)sl∥ ≤ ηl∥n(ul)∥ (3.16)

The inequality looks at the local convergence of the inexact Newton’s method and
controls it by the forcing terms ηl. Then, the next question will be how to choose the
value for ηl. In the inexact Newton’s method if the solution of the Newton equation
produces sl too large, then there is a poor agreement between nonlinear functional
n(u) and its linear approximation. The forcing term can be chosen statically or
dynamically, and the optimal choice can be problem specific [EW96]. The role of
the forcing term is to force the linear residual to be small. If the initial guess u0 is
close to the exact solution u∗, the inexact Newton’s method converges quadratically
[DS83]. However, away from the exact solution, the local linear model may disagree
with the nonlinear operator. Then, it might lead to choosing a small value for ηl

and oversolving the Newton equation. Oversolving may result in little or no progress
toward the solution. There are some numerical experiments on how to choose the
forcing term [Cai+94; BS90; DS83]. Each of these forcing term leads to relatively
different local convergence in nonlinear and linear iteration methods. Choosing a
small value of the forcing term leads to more iterations of the Krylov iteration method
per Newton iteration. On the other hand, large values for ηl results in less work of
the Krylov method and more Newton iterations.

In the end, the globally convergent inexact Newton’s algorithm can be as follows:

Algorithm 3.4 Globally convergent inexact Newton’s method [EW94]

Let u0, ηmax ∈ [0,1), 0 < θmin < θmax < 1 and t ∈ (0,1) be given

Solve iteratively the Newton’s equation (3.15) (for example by Krylov subspace
methods)

For k = 0,∞ do
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Find some ηk ∈ [0, ηmax] and sl such that

∥n(ul) +Dn(ul)sl∥ ≤ ηl∥n(ul)∥ inexcat Newton condition

and While

∥n(ul + sl)∥ ≤ [1 − t(1 − ηl)]∥n(ul)∥ sufficient condition (3.17)

Choose θ ∈ [θmin, θmax]
Update sl ← θsl and ηl ← 1 − θ(1 − ηl)

Set ul+1 = ul + sl

3.3.1.1. Jacobian-Free Newton Krylov method

One of the critical bottlenecks of parallel computation, and in particular for GPU,
is the communication. Compared to the cost in terms of time, communication is
usually much more expensive in high-performance computing and is a bottleneck for
algorithm optimization. This means that the ratio of computation per communication
in an algorithm is a critical factor for the performance of an algorithm. Usually in
numerical computations, matrices have a very large size and then reading matrices
or a part of them are really communicationally expensive, and most of the time
computation units must wait for the fetching data. One way to tackle the problem
is to overlap communication and computation. If the matrices are sparse, there are
some methods to store only nonzero values and reduce the size of data necessary to
be communicated, but we need some metadata to map each array to the original
matrix. Another way is to reduce the data that needs to be transferred. Interestingly,
in most numerical problems, matrices computed with few values. For example, in
discretization of a PDE by using the finite element method, in a structured grid, each
element of a matrix is computed by the values or gradient of the basis function on
the quadrature points, weights on the quadrature points, and the Jacobian in affine
mapping to the reference element, as we can see in following,

aij =
m

∑
q=1
ϕ(j, q) × det(J) ×w(q)

where ϕ is the basis function, q is the quadrature points in the reference element, J is
the Jacobian in the finite element method and w are the weights on each quadrature
points. These parameters will be discussed in more detail in Chapter (4). Another
point in numerical algorithms is that we usually do not explicitly need the matrices,
but we mostly need matrix-vector multiplication. Therefore, instead of generating the
matrix and later multiplying it with a given vector, we can combine matrix generation
and matrix-vector multiplication together.

vi =
l

∑
j=1
aij × uj
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=
l

∑
j=1

m

∑
q=1
ϕ(j, q) × det(J) ×w(q) × ϕ(i, q) × uj

This approach of treating matrix-vector multiplication increases the computational
cost, since for each given vector v ∈ Rn, matrix A ∈ Rn×n should be computed,
but, on the other hand, it reduces the communication cost. For GPU architectures,
this approach is more desirable, since the ratio of computation to communication is
reduced.
In the nonlinear problem, this approach can also be used, with a minor difference.
Looking at the inexact Newton’s method and using the Krylov subspace method like
GMRES [SS86] as inner iterative solver, we can see the same procedure in which the
algorithms need multiplication of the Jacobian of the nonlinear operator n(u), Dn(u),
with a given vector but not forming the Jacobian explicitly. And looking at this
Jacobian-vector multiplication closely (this Jacobian refers to the Frèchet derivative
of the nonlinear operator n(u)), we can easily see that it is just the Gâteaux derivative
(See Appendix). The idea is to approximate Jacobian-vector multiplication by the
directional (Gâteaux) derivative, and it was first introduced to solve ODEs [BH86;
GS83] and later used to solve PDEs [BS90]. Then the matrix-vector multiplication
can be approximated as

Dn(u)v ≈ n(u + ξv) − n(u)
ξ

where ξ is a small perturbation. This formula is the first-order approximation of
Jacobian-vector multiplication. It is also straightforward to construct a second-order
approximation by central difference [KK04]. Then choosing the perturbation parame-
ter ξ is the critical point of the approximation. Since u and v can change significantly
in each iteration of linear and nonlinear iterations, the approximation is very sen-
sitive to the parameter. If ξ is too large, the approximation is poor due to a very
large truncation error. And if the perturbation parameter is very small, it might
end up having singular Jacobian. In general, ξ can be chosen as a static or dynamic
parameter. Some research is done on how to choose the parameter [CJ84; DS96;
PW98; Kel03]. In the current project, the perturbation parameter is chosen using the
following formula [Kel03]

ξ(u, v) ∶= max(∣u
Tv∣, ∥v∥)sign(uTv)
∥v∥ (3.18)

then, Dn(u)v can be computed by using the forward difference directional derivative
as follows,

Dn(u)v ∶=
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

0, v = 0,

∥v∥
n(u + ξ(u, v)h v

∥v∥) − n(u)
ξ(u, v)h , v ≠ 0.

(3.19)
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3.3.2. GMRES
In the inexact Newton’s method, as mentioned above, the linearized problem is solved
iteratively. The Krylov subspace methods are the iterative method widely used to
solve the linearized problem [BS90; Bro87]. Among the Krylov subspace method,
GMRES is the algorithm used most in Newton-Krylov method, since the residual
is minimized in each iteration. The only issue with the GMRES method is that
the storage requirement increases with each iteration. The remedy for increasing
storage in GMRES is to use the restarted version, although the price is deterioration
of the convergence rate. An alternative to GMRES is the Lanczos based methods,
like BiCGSTAB [Van92] or TFQMR [Fre93], but these methods are not robust when
they are used in matrix-free form of the Newton-Krylov method. The number of
iterations of the linear solver in the Newton-Krylov method is higher in the Jacobian-
free implementation, compared to the standard implementation, in particular, by
increasing the size of the problem [MK94]. Since Newton’s method is also local solver
and the size of the local problem in each subdomain is small, standard GMRES
without restarting shows a good performance. GMRES relies on Arnoldi’s method
to generate an orthogonal basis for the Krylov subspace. Arnoldi’s method [SS86]
applied to the residual equation of (3.15) generates a sequence of the approximation
of vm to the solution of the residual satisfying the following condition,

ym ∈Km and (r0 −Dn(ul)ym) ⊥Km

where Krylov subspace Km = span{r0,Dn(ul)r0, . . . ,Dn(ul)m−1r0}. If Vm ∶= [v1, v2, . . . , vm] ∈
Rn×m is the orthogonal basis of the subspace Km, then Arnoldi’s method iteratively
generates the orthogonal basis of the Krylov subspace such that V T

mDn(ul)Vm has an
upper Hessenberg form. Having the Hessenberg matrix, we can change the residual
equation as follows,

∥Dn(ul)ul + n(ul)∥2 = hm+1,m∣eT
mdm∣

where em = (0, . . . ,0,1)T and dm ∈ Rm such that ym = Vmdm. The complete algorithm
of the GMRES can be found in [SS86].

3.3.3. GPU architecture and the FAS-NRAS algorithm
After having all the components of the algorithm FAS-NRAS (Algorithm (3.1)), this
includes Algorithm (3.3) as smoother, Algorithm (3.4) as a local nonlinear solver in
each subdomain of domain decomposition, and GMRES as a linear solver for lin-
earized problem (Newton’s equation (3.15)), we can look at how the algorithm and
hardware of GPU (Figure (3.1)) work together and what possible constraints, the
GPU architecture can impose on the algorithm.
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Let us assume that the finite element method is used to discretize a PDE, as
described briefly in Section (4.2) in the next chapter, there is a hierarchy of the com-
ponents of the algorithm. The smallest component of the algorithm is a Degree of
Freedom (DoF) in a cell. The DoFs in a cell are the next level of the component of the
numerical method. Depending on the order of the polynomial in a cell, there can be a
different number of DoFs in the cells and there can be different orders of polynomial
in each cell. In our experiment, orders of the polynomial in cells are identical. Each
subdomain contains a specific number of cells, which is the third level of the hierarchy
of the numerical method. And the last level of the numerical method is the global
problem.
On the other side, the GPU has a specific memory and computing unit architecture,
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Figure 3.7.: GPU architecture and the Algorithm (3.1)
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as was shown and explained in Section (3.1). Using CUDA and particularly utiliz-
ing the potency in the cooperative group, we can also have two more components
in the computing unit hierarchy. Each block of threads can be partitioned into a
smaller working unit, usually called a tile. This component has its own synchroniza-
tion [HP17], indexing and other functionalities. In developing the algorithm for the
GPU architecture, we can see that there is a one-to-one association between the GPU
architecture and the algorithm, as we can observe in Figure (3.7). A degree of free-
dom can be associated to a thread, a cell to a tile, a block of threads to subdomain,
and finally a GPU to the global domain. In the case of a large problem, a cluster of
subdomains can be solved in a GPU and the global problem can be distributed on
multi-GPUs.

As we can see in the algorithm, in each domain decomposition iteration, all the sub-
domains should solve the local problem in parallel and then update their interfaces
from adjacent subdomain by the new approximation of the solution in the correspond-
ing adjacent subdomain. Here is one of the points where global synchronization is
necessary. In GPU, there are two ways of having global synchronization, one by leav-
ing the running kernel and another one by using global synchronization introduced in
cooperative group. In the current work, the second approach is chosen, since I want
not to leave the kernel in order to avoid the latency of launching new kernel, possible
data transferring between host and device and between global and local memories in
GPU. However, using the global synchronization provided by the cooperative group
has a caveat. Depending upon the size of shared memory and the number of threads
in a block associated to a kernel, the number of threads block in SMs can be changed;
for example, larger shared memory allocation for a kernel usually reduces the number
of block of threads can be allocated in one SM. This means if there is a large problem
we want to solve in GPU, due to constraints imposed by hardware on the number
of block of threads in SMs, the number of subdomains are larger than the number
of blocks of threads and, therefore, blocks of threads need to work on multiple sub-
domains. Then we need to transfer data in shared memory to the global memory
and store them there to have enough memory space for following subdomains; this
eventually leads to more communication between shared memory and global memory,
although it is necessary to mention that in the first approach of the global synchro-
nization, the information needed for the following steps of algorithm in the successor
kernels should transfer to global memory, since shared memory life-cycle depends on
the life-cycle of the kernel to which they are associated, and after leaving the kernel,
the shared memory is also de-allocated automatically. The necessity of having large
shared memory allocation comes from the necessity of storing data in the methods in
the nonlinear solver, which results in growing the size of shared memory.
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In this chapter, the algorithm FAS-NRAS method analyzed theoretically in Chapter
(2) and explained algorithmically in details in Chapter (3) is used in two main non-
linear PDEs, for a zero-order nonlinear Poisson’s equation and Allen-Cahn equation.
First, the PDEs are introduced and briefly their main properties are explained. Then,
the method used to discretize the nonlinear PDEs, the Finite Element Method (FEM),
is explained. In the last two sections, the numerical algorithm (Algorithm (3.1)) is
used to solve the problem. First, by looking at the algorithm as a nonlinear solver
and studying whether the NRAS method is a proper nonlinear smoother in numer-
ical modeling as proven in this work in Corollary (2.11.1). And then, I will look at
the FAS-NRAS method as a multilevel optimization technique and investigate if the
NRAS method can also work as a preconditioner to reduce the nonlinearity of PDEs
and help FAS to work or have a better performance as explained in Equation (5.7).

4.1. Nonlinear equations
4.1.1. Zero-order nonlinear Poisson’s equation
The first nonlinear equation solved iteratively with the nonlinear solver FAS-NRAS
method is zero-order nonlinear Poisson’s equation. The equation is a nonlinear diffu-
sion equation and defined as follows,

−△ u(x, y, z) + γu(x, y, z)eu(x,y,z) = f(x, y, z) in [0,1]3 (4.1)
u(x, y, z) = g(x, y, z) on ∂Ω

It has a diffusive term, a Laplacian operator, and a nonlinear term. In the nonlinear
term, there is a constant parameter γ that can be changed and then the nonlinearity of
the PDE will also be controlled. This is a good example for investigating the influence
of changing the nonlinearity of the equation can influence the behavior of the nonlinear
iterative method. The nonlinear operator in this example has the following form

n(u) = −△ u(x, y, z) + γu(x, y, z)eu(x,y,z) (4.2)

The nonlinear operator has a positive Fréchet derivative, i.e., Dn(u)(u∗) > 0 and
also increasing γ makes the problem more local, since the influence of the Laplacian
operator is reduced.

In order to compute the error, e = u∗ − u, and study how the error changes over
FAS-NRAS iteration, an analytical solution is plugged in the equation above and
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then compute the right-hand side f(u). The analytical solution used in this work is
as follows,

u∗(x, y, z) = (x − x2)(y − y2)(z − z2)

in which the boundary condition will be a homogeneous Dirichlet boundary condition,
g(x, y, z) = 0. Then by plugging the analytical solution into the equation, the right-
hand side will be as follows,

f(u) = 2((x − x2) + (y − y2) + (z − z2)) + γueu

4.1.2. The Allen-Cahn equation
The second example that will be studied using the FAS-NRAS method is the Allen-
Cahn equation [AC79a]. It is an advective-diffusive nonlinear PDE and used to model
different phenomena in the nature, mainly as a phase-field approach to interfacial
evolution problems in material science and biological systems. The phase-field partic-
ularly describes application of diffuse-interface in solidification and dendrite growth
[Bro+84; Fix82; KKL84; KKL85]. In general, phase-field models describe physical
processes in which the system can be locally at different states, e.g., a solid and liquid
state in mixing and melting processes. In mathematical form, it is also similar to the
time-dependent Ginzburg-Landau equation [GL50] which was primarily developed
for diffuse-interface of superconducting phase transitions and compositional cluster-
ing. In phase-field method, there is a labeling function u ∈ V which is assigned to
value 0 (sometimes -1) for one phase or state, and another value, 1, for another state
or phase. The function u changes rapidly but smoothly from 0 to 1 in the interfacial
region with length ϵ. In Figure (4.1), the function u(x, y, z, t) is depicted on a line in
the initial time step and t = 0.2 sec.

The Allen-Cahn equation can generally be formulated as follows,

1
K

∂u

∂t
= △u − 1

ϵ2DW (u) on [−0.5,0.5]3 × [0, T ] T > 0 (4.3)
∂u

∂n
= 0 on ∂Ω

u(x, y, z,0) = u(t = 0)

where K denotes the kinetic coefficient and 0 < ϵ ≪ 1 determines the width of the
interfaces that separate regions in different phases (see Figure (4.1)). The Allen-Cahn
equation can be seen as the L2 gradient flow dynamics for the Ginzburg-Landau free
energy functional Eϵ ∶W 1,2(Ω) → R which is defined as follows,

Eϵ(u) ∶= ∫
Ω
( ϵ2 ∣∇u∣

2 + 1
2W (u))dx
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Figure 4.1.: Function u in phase field problem from the Allen-Cahn equation.

where W (u) ∶ V → R is the double well potential which enforces the phase field
function to be equal to 1 inside the interface and 0 (or −1) outside it.
To derive the Allen-Cahn equation from the Ginzburg-Landau energy function, as
mentioned, we need to get the L2 gradient of the functional as follows,

∂u

∂t
= −∂GEϵ in L2(Ω)

where ∂GEϵ denotes the Gâteaux derivative of Eϵ at u. The Allen-Cahn equation is
an evolution problem and has a time derivative; therefore, in addition to the space
discretization method, which will be explained in the following section, we need a
numerical scheme for the time derivative.
Let us assume that the Allen-Cahn equation is discretized using the finite element
method described in Section (4.2). The simplest time discretization scheme is explicit
Euler method, but it suffers from stability condition and in long time shows poor
performance. Another variation of the Euler scheme is the implicit one, which can be
written as follows,
find un+1

h ∈ Vh such that

1
K
(u

n+1
h − un

h

τ
, νh) + (∇un+1

h ,∇νh) +
1
ϵ2 (DW (u

n+1
h ), νh) = 0 ∀νh ∈ Vh (4.4)

where τ is the time step. Then, the Allen-Cahn equation can be seen as

un+1 = un + τ∂GEϵ(un+1) (4.5)
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which can be reformulated as L2 gradient flow for the energy functional Eϵ as [AC79b]

∂

∂t
Eϵ(u(t)) = (−△ u +

1
ϵ2DW (u), ut)

L2(Ω)
= −∥ut∥L2(Ω) ≤ 0

Defining discrete energy functional En,IM(uh;un
h) for implicit Euler as

En,IM(uh;un
h) ∶= Eϵ(uh) +

1
2τ ∫Ω

(uh − un
h)2dx

We can see the implicit Euler method of minimization of the energy functional
E(uh;un

h) as

un+1
h = argmin

uh∈Vh

En,IM(uh;un
h). (4.6)

Then, the question is if the discrete energy functional derived by using implicit Euler
is convex. It can be proved, by using bifurcation analysis [Zha+24] or studying
the energy functional introduced above [Xu+19] that under the condition of τ <
ϵ2 the functional En,IM(uh;un

h) is convex and the energy minimization in (4.6) is
equivalent to (4.4). We can also use a higher-order time stepping scheme, like Crank-
Nicolson. With the same analogy as above, it can be proved that the discrete energy
functional En,CN(uh;un

h) defined as Formula 4.2 in [Xu+19] under the condition τ ≤
2ϵ2 is strictly convex and the solution un+1

h is the minimum of the discrete energy
functional En,CN(uh;un

h) as follows,

un+1
h = argmin

uh∈Vh

En,CN(uh;un
h)

4.2. Finite element method
The equations introduced above as test cases should be solved numerically. The first
step for numerical simulation is to discretize the continuous PDEs with a discretiza-
tion methods like the finite difference, finite element or finite volume methods. In the
current project, the continuous Galerkin finite element method will be the discretiza-
tion method [GRS07]. In this section, finite element discretization will be explained
briefly. Implementing the Dirichlet boundary condition in finite element discretiza-
tion is not straightforward. In particular, in Section (4.2.4), the treatment of this
kind of boundary condition will be discussed. In the Galerkin’s method, the discrete
problem is defined over the finite dimension subspace Vh ⊂ V. In general, a finite
element has three main components as {K,Pp

K ,ΣK} which are the geometry of the
subdomain K, local ansatz function in K which is the space of polynomials of degree
of p and, a unisolvent linear functional. These three components will be explained in
the following sections.
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4.2. Finite element method

4.2.1. Triangulation
The first step in finite element implementation is the triangulation. If Th (h > 0) be a
partition of the closure Ω̄ of the domain Ω into a finite number of closed d-dimensional
simplex T (d = 3 in current work) with mutually disjoint interiors such that

Ω̄ = ⋃
T ∈Th

T

The element T can be triangles or in the current work 3D parallelepiped (cube).

4.2.2. Finite Element space
Let

Vh ∶= {νh, νh ∈ C(Ω̄) ∩H1
0(Ω), νh∣T ∈ P1(T ) ∀T ∈ Th} (4.7)

denote the space of continuous piecewise linear functions in Th that vanishes on the
boundaries, including the subdomain interfaces Γij and ∂Ω. Let the basis functions
for Vh be denoted by {ϕi}Ñ

i=1 and satisfy the following condition,

ϕi ∈ Vh, ϕi(vj) = δij, i, j = 1, . . . , Ñ

where δij is the Kronecker symbol and vi are mesh vertices. This function is also
called a hat function and obviously has a very small support. Then, having the basis
function for Vh, any function u ∈ Vh can be represented as,

u(v) =
N

∑
i=0
uiϕi(vi) (4.8)

where each parameter ui ∈ R is the unique value of the function u on each vertex
vi. In order to evaluate integral (volume integral) in the reference element tri-Gauss
quadrature points are used.

4.2.3. Discretization
In general, as mentioned in Chapter (2), the weak formulation of any equation in a
described as (2.32). Discretization of the equation using the conforming version of
the Ritz-Galerkin method, which is based on a subspace Vh ⊂ V. In order to solve
a nonlinear problem numerically, we can approach it in two different ways; First,
discretizing the continuous form and then linearizing it, or in the second approach,
first linearizing the nonlinear continuous form, and then discretizing the linearized
continuous form. In the current project, the former approach will be the way to
solve the problem numerically, since in Jacobian-free implementation, Jacobian is not
generated explicitly, and only Jacobian-vector multipication, as explained in Section
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(3.3.1.1), is needed. Then the discrete nonlinear problem is as follows,
find uh ∈ Vh such that,

⟨n(uh), νh⟩ = (m,νh) ∀νh ∈ Vh

Then, using the basis function, we can describeNh = (n(u)ϕi))Ñi=1 andmh = (m(ϕi))Ñi=1.
This discretized form can be used later, and by using Newton’s method in Section
(3.3.1), we can linearize it.

4.2.4. Treatment of boundary conditions
The target PDEs used in the current project to study the FAS-NRAS algorithm as a
solver in the current chapter and in the next chapter as a multilevel optimizer method,
requires two different boundary conditions to be implemented. In each subdomain,
the boundary consists of two adjoint parts, the interfaces Γij and boundaries ∂Ωi.
In the first nonlinear equation, on interfaces Γij and boundaries ∂Ωi the Dirichlet
boundary condition should be considered. In the Allen-Cahn equation, on interfaces,
the Dirichlet boundary condition should be implemented, and on ∂Ωi, the periodic
boundary condition.
Let us assume the Dirichlet boundary conditions on ∂Ωi and Γij are defined as follows,

u(t, x, y, z) = ub, on ∂Ωi

u(t, x, y, z) = uΓ, on Γij

(4.9)

where ub and uΩ are a trace of some u∗ ∈H1(Ω).

In the implementation of the Dirichlet boundary condition, there are generally two
ways to follow; strong implementation and weak implementation [Nit71]. In the strong
implementation of the Dirichlet boundary condition, the finite element approximation
of (2.42) can be written as
find uh ∈ Vh such that

(uh − u∂Ω, νh)L2(∂Ω) = 0 ∀νh ∈ Vh

ah(uh, νh) =m(νh) ∀νh ∈ Vh

where ah(., .) is the weak formulation of the nonlinear problem. On the other hand,
in weak implementation of the Dirichlet boundary condition, we look at the Dirichlet
boundary condition as a constraint imposed on the bilinear form. In this way, the
subspace is defined as

Vh ∶= {νh, νh ∈H1(Ω), νh∣T ∈ P1(T ) ∀T ∈ Th}

Then the bilinear form will also have face integrals, include normal derivatives of u
and ν and a penalty term (Equation (3) in [FS95]). (In general, it is similar to the
implementation of the Dirichlet boundary condition in the discontinuous Galerkin
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4.3. FAS as a nonlinear solver

finite element method (compare Equation (3) in [FS95] with (M11
e )ij on page 53 in

[Riv08]). Then in the bilinear form we will have a penalty term which is added to
have a coercive bilinear form. Choosing a small penalty term usually leads to loss
coercivity, and a large value for the penalty term leads to deterioration of the conver-
gence rate of the iterative method.
Since weak implementation of the Dirichlet boundary condition needs a careful choice
of the penalty term in the bilinear form in order to achieve coercivity in the bilinear
form close to the boundary, in the current work, the Dirichlet boundary condition on
interfaces Γij and on ∂Ω are imposed strongly.

Another boundary condition we need for the examples is periodic boundary con-
dition. In order to implement periodic boundary condition, ghost cells added to at
every side of the domain. Here, the values on the ghost cells are the value of bound-
ary ∂Ω on the other side of the domain. The periodic boundary condition alters by
Dirichlet boundary condition and is implemented in strong form as explained above.

4.3. FAS as a nonlinear solver
The first step in studying the FAS-NRAS method is to use the algorithm as a nonlin-
ear solver for the two nonlinear problems, zero-order nonlinear Poisson’s equation as
a nonlinear elliptic PDE, and the Allen-Cahn equation as a nonlinear parabolic PDE.
As explained in Section (3.3) in Chapter (3), the continuous PDEs are first projected
to subspaces V using the projection operators Pi and Qi as defined in Chapter (2) and
then the projected equation in subspace Vi is discretized using FEM. The subspace Vi

is a proper Sobolev space, as explained in the previous section, which depends upon
the actual boundary ∂Ω and interfaces Γij, and finally form the weak formulation of
the PDE and impose the Dirichlet boundary conditions in the strong form.

Before going into the results of the numerical modeling, a remark should be men-
tioned here. Combining multigrid and domain decomposition, there are two ways of
coarsening the grids. The first approach is to coarsen the grid in each subspace until
the coarsest grid in the subspace, as shown on the left side of Figure (4.2). In this
way, we cannot go to the coarsest space of the global problem, if at certain point
composing the subdomains and decomposing with fewer number of subdomains or
only having one subdomain and coarsening it until getting the coarsest grid of the
problem. If we only coarsen in each subdomain until the coarsest subspace in each
subdomain and avoid the steps of composing, decomposing to the new set of subdo-
mains, we can not remove all the low frequency modes of error, therefore the problem
needs more iteration of V-Cycle FAS to get the convergence and by increasing the
size of the problem, we might need more multigrid iteration. This means that the
number of V-Cycles necessary to get the convergence is not independent of the size of
the problem. On the other hand, the second approach that we can rely on is to keep
the number of degrees of freedom in the subdomains at each level constant, Strategy
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2 on the right side of Figure (4.2). This means that at each level the local problem
should project to the global problem, apply the restriction operator, and project to
the fewer number of subdomains. In this way, we can go to the coarsest subspace of
the global problem and therefore the number of iterations of V-Cycle FAS is expected
to be independent of the size of the problem. However, the caveat is that in the second
approach, the communication increases by the steps of composing and decomposing
in each iteration of V-Cycle FAS. This is really important when the problem is solved
on GPU, and is more critical in multiGPU due to the necessity of communication
between nodes (MPI communication).

Remark 4.1 The first strategy might be confused with the use of FAS as a local solver
in each subdomain. In this scenario, the local problem is solved by a few number of
FAS iterations (V-Cycle, W-Cycle or FMG), and then the values on the interfaces
are updated. Whereas in Strategy 1 in Figure (4.2) at each level of multigrid, NRAS
iterations are applied and in each iteration of the NRAS method the values on the
interfaces are updated. When the smoothing process is done in the current level, the
information is projected to the coarser level, and then the smoothing process (including
solving the local problem and updating information on the interfaces) is carried out,
but on a smaller local problem.

Strategy 1 Strategy 2

Figure 4.2.: Two strategies of combining FAS and NRAS methods. Here, to avoid
confusion by overcrowded figures, circles represent cells in each subdo-
mains not DoFs and lines the interfaces between subdomains, and in the
current work only h-multigrid is used and there is not p-multigrid.

4.3.1. Nonlinear Poisson’s equation
As it was explained in the previous section, FEM is used to discretize continuous
PDEs and generate a discrete form. In the zero-order nonlinear Poisson equation, by
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4.3. FAS as a nonlinear solver

defining the function space as

V ∶= {ν ∈H1
0 ∩H1∣u∣∂Ω = 0 and u∣Γij

= uΓij
} (4.10)

then, by having conforming finite element as Vh ⊂ V, we can define the weak formu-
lation as follows:

⟨n(u), ν⟩ = ⟨f, ν⟩ ∀ν ∈ Vh (4.11)
⟨n(u), ν⟩ = (∇u,∇ν) + γ(ueu, ν)

where n(u) is defined in (4.2). Here, as explained in Section (4.1.1), f is the right-
hand side computed by plugging the analytical solution.
The algorithm was first developed and tested on CPU before analyzing its efficiency
on GPU. In this example, the CPU version is serial, although it is expected that
the algorithm with respect to the number of iterations will be the same in GPU as
well. The detail in GPU implementation will be discussed in the next example, the
Allen-Cahn equation.

The equation is solved for four different problem sizes, from 5 to 8 steps of mesh
refinement. In solving the problem, the first strategy was used and the local problems
are coarsened to the coarsest space in each subdomain, and then the prolongation
process starts. Usually, the size of the overlap in the domain decomposition method
is a critical parameter in the efficiency of the algorithm [QV99; SBG98; TW04]. The
larger overlap helps the information transfer faster, treating the low frequency modes
of error more efficiently, and therefore, the method converges faster [Nat07; GMN02;
DGG09]. But in the algorithm FAS-NRAS having multigrid can also help us to have
a coarse space and therefore the low frequency modes of error removed by the coarse-
grid correction in FAS. The size of the overlap at all levels and in all problems is one
cell in each direction, i.e., δ = h. At each problem size, the size of local problem is kept
the same; this means by increasing the size of problem, the number of subdomains
increases. For example, in 5-step mesh refinement, there are 8 subdomains in each
direction, which means that the number of subdomains in the problem is 512. In the
next step of mesh refinement, there are 4096 subdomains. In this way, in the coarsest
grid, there is a problem of the size of the number of subdomains. At each level,
five number of iterations in the NRAS method is used, and the local problem is also
approximated by using two numbers of iterations in Newton’s method. The linearized
problem is also solved by two number of iterations of GMRES iteration. The number
of V-Cycle FAS necessary to obtain the error of the order of discretization is shown in
Table (4.1). As expected, the number of multigrid necessary to get the convergence
increases by increasing the size of the problem, here at each step of mesh refinement
the number of V-Cycle FAS almost doubles compared with the previous step of mesh
refinement. The reason of this behavior is that in multigird, all the low frequency
modes of error are not eliminated, therefore, it needs more iteration to converge.

The third column in Table (4.1) shows the ratio of the error ∥e∥
∥e0∥

where e0 is the
initial error and e is the error after obtaining the convergence. The ratio of error
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Table 4.1.: Number of FAS V-Cycle necessary to get the error of the order of dis-
cretization in four different size of problem and the ratio of error reduction
in each mesh refinement step

Mesh refinement
steps

Number of
V-Cycles FAS Ratio of ∥e∥L2 time-to-solution (sec)

5 9 0.043 132
6 18 0.012 2025
7 36 0.003 31551
8 76 0.001 524327

reduces by a factor of 4 from one step of mesh refinement to the next. This is an
optimal behavior we expect to see, which shows that the algorithm works as expected
in reducing the error to the order of discretization error.

Another important factor in the evaluation of a numerical method is to study the
behavior of time-to-solution by increasing the size of problem. The optimal behavior
is a linear increase in the computation time with respect to the increase of the size
of problem. In the last column of Table (4.1), the time-to-solution for each problem
size and in Figure (4.3), the empirical time-to-solution and the optimal behavior are
shown. A log-log plot of the time-to-solution against the number of degrees of freedom
yields a complexity of approximately O(N1.33). Thus, the solver exhibits superlinear
scaling with problem size and does not achieve the ideal linear O(N) complexity
expected from an optimally scalable algorithm. This behavior is expectable since
the number of the V-Cycle FAS increases by a factor of 2 by increasing the step of
mesh refinement. The reason of this behavior, as it was explained before, is that by
choosing the strategy 1 in (4.2), I could not go to the coarsest grid, and the number
V-Cycle FAS to get convergence increases by factor of 2 (column 2 of the Table), then
the time-to-solution increases by factor of ≈ 16 instead of 8.

4.3.2. The Allen-Cahn equation
The Allen-Cahn equation (4.3) is a time-dependent parabolic equation. To have a
weak formulation, first the time discretization method is applied, and then the weak
formulation for each time step is derived.
In this current experiment, the double-wall function W (u) in Equation (4.3) is defined
as follows,

W (u) ∶= 1
2u

2 − u3 + 1
2u

4

therefore, we will have

DW (u) ∶= u(1 − u)(1 − 2u)
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4.3. FAS as a nonlinear solver

Figure 4.3.: Time to solution for different sizes of problem.

At first the backward Euler time discretization is used, and we will have the equation
as

n(uk+1) = uk+1 +Kτ(−△ uk+1 + 1
ϵ2DW (u

k+1)) (4.12)

m(uk) = uk

and in using Crank-Nicolson for the discretization of time derivative we will have

n(uk+1) = uk+1 + Kτ2 ( −△u
k+1 + 1

ϵ2DW (u
k+1)) (4.13)

m(uk) = uk + Kτ2 ( −△u
k + 1

ϵ2DW (u
k))

which has second-order accuracy in time [Ise09].
Multiplying n(uk+1) and m(uk) with an ansatz function, we will have the weak for-
mulation as
find uk+1 ∈ Vh such that

⟨n(uk+1), ν⟩ = ⟨m(uk), ν⟩ ∀ν ∈ Vh

for m(uk) ∈ V′h. The Allen-Cahn equation is a time-dependent problem, and therefore,
we need an initial value for the function u(t = 0). The initial value of the function u
at t = 0 can be computed using the following formula,

u(t = 0) ∶= 1
2(1 +

tanh(R0 − ∥r∥)√
2ϵ

)
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where R0 > 0 is the initial radius of the function u, where u(x, y, z,0) = 1 and r is
the distance of a given point (x, y, z) from the center. The profile is instable, and the
radius of the sphere is reduced over time. In the sharp interface, ϵ → 0 the radius of
the sphere can be expressed as follows,

R(t) =
√
R2

0 − 4K(t − t0) (4.14)

Then in order to check whether the numerical method can capture the behavior of
the problem properly, the radius computed numerically will be compared with the
formula above.

In the experiment for numerically solving the Allen-Cahn equation, the parameters
are chosen as follows,

R0 = 0.25
ϵ = 0.04
K = 0.04

In the first example, in this section, for FAS-NRAS as a solver τ is chosen in the
way that the discrete energy functional for backward Euler En,IM(uh;un

h) in Equation
(4.6) and Crank-Nicolson En,CN(uh;un

h) in Equation (4.1) in [Xu+19] are convex. This
means that regarding the value of ϵ = 0.04, the time step in backward-Euler should be
τIM < 1.6×10−3 and in Crank-Nicolson τCN < 3.2×10−3. In order to solve the problem
using the iterative method, we need an initial guess, u(t = 0). The initial guess for
the iterative algorithm, the solution of the previous time step, uk+1

0 = uk. This is a
proper initial guess, since the time step is small.

In solving the Allen-Cahn equation on GPU, the strategy of the implementation
was changed due to the constraints imposed by GPU architectures. In order to use
the global synchronization introduced by cooperative group, the number of thread
blocks in a SM should be calculated by using the function
cudaOccupancyMaxActiveBlocksPerMultiprocessor. Then this function according
to the size of a block of threads and allocated shared memory for the kernel can give
us the number of block of threads in a SM. In the current algorithm, the size of shared
memory is a critical factor which determines the number of block of threads. Since the
methods used in the FAS-NRAS algorithms need to store some local vectors in each
iteration of the V-Cycle FAS, the size of shared memory is relatively large (≈ 65 KB,
NVIDIA A100 has 164 KB), which dictates having only one block of threads allocated
to a SM. And since the total number of SM in NVIDIA A100 is 108 (see Table (3.1)),
each block of threads should work on multiple subdomains. This means that the local
information for each subdomain should be transferred to global memory. This leads to
the conclusion that if the problem is large, there is a need to communicate to global
memory. Therefore, although the first strategy, is more efficient for the reduction
of communication in theory, it cannot be practical for a large problem. As a result,
the second strategy in Figure (4.2) was used to solve the Allen-Cahn equation in GPU.
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Table 4.2.: Number of V-Cycle FAS iterations necessary in each step of mesh refine-
ment to get the convergence for solving the Allen-Cahn equation

Number of mesh refinement steps 5 6 7 8
V-Cycles FAS 4 4 4 4

The first test for solving the Allen-Cahn equation is to see the number of V-Cylce
FAS iterations to solve the nonlinear equation by changing the size of the problem.
Similar to the previous nonlinear problem, the Allen-Cahn equation is solved for the
problem of size of 5 to 8 steps of mesh refinement. The numbers of pre-smoothing
and post-smoothing iterations are also the same, and ν1 = ν2 = 2. In each subdomain,
2 numbers of Newton’s method iteration is used to solve the local nonlinear problem,
and Newton’s equation is also solved with 2 numbers of GMRES. Table (4.2) shows
the number of V-Cycle FAS iterations to obtain the relative tolerance of 10−8, i.e.,
∥F (u)∥L2 < tol∥F (u0)∥L2. As we can see, the number of multigrid iteration stays
constant by increasing size of the problem, and this is the behavior expected from
the multigrid method. And the reason of this behavior, compared to the results in
solving Poisson’s equation in Table (4.1), is that in the current case, we can go to
the coarsest grid and remove the low frequency modes of error, whereas in the former
we can only go to the coarsest grid within subdomain, therefore, some low frequency
modes of error are not treated properly.

Figure 4.4.: Development of the radius of sphere Rt computed analytically and nu-
merically for the Allen-Cahn equation

The Allen-Cahn equation is an evolution equation by which the development of
the state can be obtained over time. The radius of the sphere in the Allen-Cahn
equation shrinks over time until there is only one state (phase) left. The evolution of
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the sphere can be seen in Figure (4.5). As we can see, the numerical result shows very
good agreement with the analytical radius, even after 500 time steps, even considering
the accumulated error over time steps, ∥ra − rn∥inf ≈ 2× 10−3. In order to validate the
numerical result. As mentioned before, the radius of the sphere computed numeri-
cally is compared to the radius computed analytically. The numerical and analytical
evolution of the radius over time can be seen in Figure (4.6). In solving the Allen-

(a)

(b)

(c)

Figure 4.5.: Solution of the Allen-Cahn equation in a 2D slice orthogonal to (1,0,0)
in left column and on the line (0, y,0) in right column at different time
(a) t = 0 sec (b) t = 0.2 sec (c) t = 0.5 sec
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Cahn equation, both backward Euler and Crank-Nicolson methods are used. The
backward Euler is a first-order time scheme. In order to have a higher accuracy in
time, Crank-Nicolson can be used. In Crank-Nicolson, in each time step, there is only
a necessity to evaluate the nonlinear operator on the solution of the previous time
step (n(uk−1)), therefore, it does not increase the cost of computation significantly,
and we can obtain second-order accuracy in time with a reasonable computational
price. In addition, it also gives us a potency to have a convex energy functional for
the larger time step, as described in (4.1.2). In order to study the development of
error e = u − uh, similar to the nonlinear Poisson’s equation, an analytical function is
plugged into the Allen-Cahn equation, and it introduces a source term f(x, y, z) on
the right-hand side of the equation. Then the equation will change as follows,

1
K

∂u

∂t
= △u − 1

ϵ2DW (u) + f(x, y, z) on [−0.5,0.5]3 × [0, T ] T > 0 (4.15)

and the analytical solution used here is

u∗ = (1 − x)2(1 + x)2(1 − y)2(1 + y)2(1 − z)2(1 + z)2e−t

The function is then plugged into the equation above and we can easily compute
f(x, y, z). Using the analytical function changes the boundary condition from a pe-
riodic to a homogenous Dirichlet boundary condition. The source term f(x, y, z)
can also be computed. For this example, four different time steps, τ = 10−3, 5 ×
10−4, 10−4, 5 × 10−5, and four problem sizes with mesh refinement from 5 to 8 are
tested. Figure (4.6) shows how the error behaves in time discretization schemes, the
backward Euler method, upper row, and the Crank-Nicolson method, bottom row,
and with respect to the time step τ , left column, and the sizes of problem, right row.
For backward Euler method in the case 5 steps mesh refinement reduction of time
step does not reduce the error (top-left plot). In order to understand the behavior
of the error, it is useful to study different sources of the error and analyze them sep-
arately. The main source of error in this problem comes from time discretization,
spatial discretization, and error from a numerical method.

etotal ∶= etime discr

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
≤ Ctτn

t

+ espatial discr

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
≤ Chh2

+enumerical (4.16)

where nt = 1 for the backward Euler method, and nt = 2 for the Crank-Nicolson
method. In order to reduce the total error, all the components should be reduced if
they are in the same order or the dominated component(s) should be reduced. That
now explains the behavior of the error in the top-left plot. The error from spatial
discretization is a dominated component, and reduction in total error by reducing the
time-step size is negligible in problem size with 5 steps of mesh refinement. Reducing
spatial step size and time step size together gave us the behavior we expect from
backward Euler method (green line). The same behavior can also be seen in the top-
right for spatial step size reduction, i.e., as time step size is large, reduction in spatial
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Figure 4.6.: ∥e∥L2 for the Allen-Cahn equation in Backward Euler and Crank-Nicolson
time schemes

step size does not show a second-order reduction in the error.

In the Crank-Nicolson method, the behavior of the error with respect to the spatial
step size and time step have also, in general, similar behavior to backward Euler.
But there is a difference between the two cases. The Crank-Nicolson method, as we
know it, is a second-order time discretization scheme. This means that by reducing
in the time step size, the error should be reduced by an order of 2. But this is not
what we can observe in the bottom-left plot of Figure (4.16). The main reason of this
behavior is that in order to see the behavior of reduction of error by second order
with respect to time, we need to make the spatial step size smaller, then the error
stems from spatial discretization has no remarkable influence on the behavior of the
error. However, currently the second term in (4.16) is the dominate term, hence we
cannot see a second-order reduction. On the other hand, in the bottom-right plot,
as the time step is small enough such that this component does not have significant
influence on the total error, we can see the second-order reduction of the error in the
case when τ = 5 × 10−5. However, the behavior of the error changed by reducing the
spatial step size, where the first term in (4.16) again becomes the dominate source
(left part of the red line in τ = 5 × 10−5). So, these results, similar to the previous
results for backward Euler, show how the different components of the error change
the behavior of the total error.
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5. NRASM as a
preconditioner-minimizer for FAS
as a multilevel optimizer

In this chapter, I look at FAS as a multilevel optimization method. By changing
the perspective, there is some valuable information that can be obtained from FAS
and how it works with NRAS, in particular looking at the NRAS method as a right
preconditioner-minimizer. In Equation (5.11), and the following discussion, I try to
explain how using the NRAS method can help FAS to work more efficiently or in
some scenarios even halp to work.

The first part of this chapter, I look at FAS as a multilevel optimization method
and explain it briefly from this perspective. And then I use this perspective to analyze
the multilevel optimization algorithm. I use the result of this analysis to develop a
new algorithm based on FAS and NRASM as a nonlinear iterative method which they
can also work efficiently on non-convex problems, i.e., the Allen-Cahn equation with
bifurcation. I should here emphasize that the new algorithm is still a solver to solve
n(u) =m and not an optimization method to minimize ψ(u).

5.1. FAS as a multilevel optimization method
There has been some research looking at the subspace correction methods, parallel or
successive, for convex optimization problems [TX02]. In this section, we will analyze
FAS as a multilevel optimization method. The first important theorem we need to
have here is to show that we can find a functional that whose Fréchet derivative is the
functional n(u) by which the problem of root finding in Equation (3.1) will change
to a minimization problem. The theorem is as follows,

Theorem 5.1
By using the assumption (2.5) and Theorem (5) in §4.1 [Jeg13] we can verify that

there is a functional ψ ∶ V → R such that Dψ(u) = n(u), this means operator n(u) is
a gradient operator.

Then based on Theorem (5.1) we can find the functional ψ ∶ V→ R such that Dψ(u) =
n(u) −m. This means that solving the problem (2.32) corresponds to the minimiza-
tion of the functional ψ. And in the context of the subspace correction method,
by solving the nonlinear problem nk(uk) = mk in the subspace Vk using the sub-
space correction method, we can minimize the functional ψk ∶ Vk → R such that

57



5. NRASM as a preconditioner-minimizer for FAS as a multilevel optimizer

Dψk(uk) = nk(uk) −mk for uk ∈ Vk. Now the problem can be reformulated to solve
the minimization problem as follows,

find uk ∈ Vk such that
min
uk∈Vk

ψk(uk) (5.1)

where ψk is the objective function. Let us define the nonlinear multilevel optimization
operator as

Fk ∶ Vk ×Vk → Vk

ui+1
k = Fk(mk;ui

k)
(5.2)

where the operator on level k used to approximate the exact solution u∗k of ψ(u)
(and indirectly solve nk(uk) = mk). Then FAS by using the following assumption
is a method to find a descent direction (quadratic formula with a damping factor
α(u∗, u) [HR89] (Theorem 4.5) with respect to the following assumption (Lemma 4.1
in [HR89])
Assumption 5.2

For k ∈ I and ν, x, y ∈ Vk and assuming Dψ(x)(y) ≥ 0 and ζ be such that

0 ≤ ζ ≤ 2δDψk(x)(y)[∫
1

0
D2ψk(x − tζy)(y)(y)dt]−1 for some δ ∈ [0,1] (5.3)

This assumption imposes an upper bound on the Hessian of ψ. This is a critical point
that will be discussed later in this section. In addition to this assumption, there is a
damping factor that acts as a step length in an optimization method similar to the
line search methods. The damping factor introduced here to ensure that the following
condition is satisfied by FAS as a multilevel optimization, which guarantees that FAS
gives a descent direction,

ψ(Fp(m;u)) ≤ ψ(u) (5.4)
which means that Fp(m;u) gives the descent direction. Then the damped nonlinear
multilevel algorithm by using a suitable damping factor α(u∗, u) under the assump-
tions on the relaxation method in each level (Lemma 4.2 [HR89]) and on coarse grid
correction (Lemma 4.3 and 4.4 [HR89]) can converge from any starting point (Theo-
rem 4.5 in [HR89]).

Therefore, FAS under Assumption (2.5) is changed to a multilevel line search
method for convex problems, in which global convergence can be obtained using a
proper damping factor. In order to transform information into different spaces, we
need two operators, the prolongation operator Ih

H ∶ Vk → Vk−1 and the restriction
operator IH

h ∶ Vk−1 → Vk. We can define here the multilevel optimization operator as
follows,

MGO ∶ V→ V

un+1 =MGOJ(ψ(uk), un)
(5.5)

Having these operators, we can define the MG/OPT algorithm as follows,
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5.1. FAS as a multilevel optimization method

Algorithm 5.1 - MGOpt

∗ If on coarsest space, compute ui+1 ← Fp(m;ui) otherwise

1) Partially minimize the problem in level H

2) Compute residual as τ ←DψH(uH) − IH
h Dψh(uh)

3) Apply multilevel recursion uH ←MGOJ(ψ(uk), un, τH)
4) Compute the search direction eh ← Ih

H(uH − IH
h uh)

5) Use the line search to compute uh ← uh + αeh

6) Partially minimize the problem using the local minimizer algorithm

The algorithm above is the V-cycle multilevel MG / OPT, other forms of multigrid
(W-cycle or full multigrid) can also be used [TOS01]. In the new multilevel opti-
mization algorithm introduced above, in Steps 1) and 6) a local minimizer is needed.
Therefore, in the FAS-NRASM algorithm, the nonlinear restricted additive Schwarz
method works as a local minimization method to minimize ψk for a given subspace
Vk. In the algorithm the search direction is computed in the coarse level, and under
the assumption (5.2) and Lemma 4.2-4.4 in [HR89] a search direction is the descent
direction, which guarantees that in each iteration of the multilevel algorithm the
approximation of the solution improves, i.e., assuming 0 < α < 2 we will have

ψ(u + αe) − ψ(u) ≤ 1
2α(Dψ(u), e)

The next topic we should investigate is studying the performance of FAS as a mul-
tilevel approximation method and the factors which have influence on the efficiency
of the FAS-NRASM algorithm. The answer to this question is the main goal of the
rest of this section. Changing the perspective and looking at FAS as a multilevel
optimization method, we can benefit from the rich literature on the optimization of
nonlinear problems and have a better picture of the performance of FAS.
First, let us look at the Fréchet derivative of the nonlinear operator n(u) on the exact
solution, we have if ∃A ∈ L(X;Y) a linear operator satisfies the following identity,

n(u∗) = n(u) +A(u∗ − u) + ∥u∗ − u∥Xδ if lim
u→u∗

δ = 0

where X and Y are two normed vector spaces. Considering u∗ = u + αe and using the
first-order Taylor expansion of the n(u) on u

n(u + αe) = n(u) + αDn(u)e +O(e2,D2n(u)) (5.6)

comparing these two equations, we can realize that A ∶= Dn(u), i.e., replacing the
linear operator A with Dn(u). Looking at FAS to solve Equation (2.32), we can see
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that in each iteration of the FAS algorithm by computing the nonlinear residual (also
called defect in the literature) as r = n(u) −m we will have

r = n(u) −m
= n(u) −m − (n(u∗) −m)
= n(u) − n(u∗)

=Dn(u)(u − u∗) +O((u − u∗)2,D2n(u)) using (5.6)

(5.7)

This means that in each FAS iteration, we compute the nonlinear residual as r =
n(u)−m, restrict it into the coarse space, and then we compute the correction in the
coarse space which is later used to correct the current approximation of u in the finest
space. By denoting p = u−u∗ and looking at the last line of (5.7) and comparing to the
line search methods, we can also realize that in each iteration of FAS we compute the
descent direction in the coarse space, which is computationally less expensive than
fine spaces.

Due to the nonlinearity of the problem, it is not straightforward to use the approach
used in linear multigrid to analyze the performance of the nonlinear multigrid. On
the other hand, looking at the FAS as a multilevel optimization method gives us the
potency of using the strategies usually utilized in the analysis of the optimization
techniques.

In this respect, Nash and Lewis [NL11] introduced four diagnoses by which we can
estimate the performance of FAS as a multilevel optimization method.

1) Nonlinearity Most optimization methods, including FAS as multilevel opti-
mization, are based on the quadratic Taylor series approximation of the non-
linear functional. The Taylor expansion of the functional ψ(u) around u is as
follows,

ψ(u + p) = ψ(u) +Dψ(u)p + 1
2D

2ψ(u)p2 +O(∥p∥3X, ∥D3ψ(u)∥Y) (5.8)

where u is the current approximation of the exact solution u∗ and p is the descent
direction which the multilevel method should compute. Then the difference
between the quadratic approximation and the nonlinear functional ψ(u), i.e., the
fourth term on the right-hand side of the above equality 1

4D
3ψ(u)p3, shows the

nonlinearity of the problem. If the problem has high nonlinearity, the quadratic
Taylor series can not be a good approximation of ψ(u) around u.

2) Consistency In multilevel methods, as multigrid or multilevel optimization, in
addition to get an improvement of the method on fine grid, solving the coarse
problems is computationally cheaper. And there is the temptation to go to
the coarsest possible problem. In linear problems we usually get desirable ad-
vantages from doing so, but in nonlinear problems the scenario might go in a
different direction. Due to nonlinearity of the problem, we can get a benefit from
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5.1. FAS as a multilevel optimization method

the coarser problem if the optimization model in the coarser spaces is a good
approximation of the problem in the fine space. In the multilevel optimization,
we obtain the search direction ph by applying an optimization method to the
coarse problem. Then the question is how good the coarse problem can or should
approximate the search direction. The answer is if the coarse problem approxi-
mate the fine problem properly, the predicted reduction by the coarse problem
should approximate the actual reduction in the fine problem after applying the
line search. If we compute these two reductions as

Rp = ψ(uH,1) − ψ(uH,2) predicted reduction
Ra = ψ(uh,1) − ψ(uh,2) actual reduction

where u.,1 and u.,2 are the solution before and after applying line search. By
using Taylor expansion for both reductions we will have [NL11]

−Rp = pT
HI

H
h Dψh(uh,1) +

1
2p

T
HI

H
h D2ψH(uH,1)pH +O(∥pH∥3X)

and

−Ra = pT
HI

H
h Dψh(uh,1) +

1
2p

T
HI

H
h D2ψh(uh,1)Ih

HeH +O(∥pH∥3X)

then the difference between actual and predicted reduction is

Ra −Rp =
1
2p

T
H[D2ψH(uH,1) − IH

h D2ψh(uh,1)Ih
H]pH +O(∥pH∥3X) (5.9)

The formula has two components. The first two terms show the difference
between the coarse Hessian and restricted fine Hessian. This shows how good
the approximation of convexity properties of the ψ(u) in the coarse space. And
the last term in (5.9) shows the nonlinearity of the problem. If Ra −Rp is very
large, then in contrast to the linear multigrid, the direction computed by coarse
space might not be descent direction, and therefore it is not desirable to go to
the coarse space.

3) Complementarity MG/OPT and multigrid methods have two main compo-
nent, the smoother (or the underlying minimization method on each level) and
the multilevel recursion. As we know in linear multigrid, we demand that the
high frequency modes of error be handled by the smoother and the low frequency
modes of error by the coarse grid correction. This diagnosis is the generaliza-
tion of how the smoother and the coarse grid correction in linear multigrid
method should complement each other. In nonlinear multigrid as a multilevel
optimization method, we look at how the underlying minimization method will
complement the multilevel recursion. Then we demand that the component
resolved by the minimization method at a level should be distinct from the
component treated by the multilevel recursion, and this only possible if these
two components are complementary to each other (more on [NL11]).
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4) Separability To have an efficient multilevel optimization method, the same as
multigrid, we demand the component resolved on the fine space must not be
influenced by the component of the solution on the coarse space. In order to
satisfy this condition, the Hessian must be separable across different levels. If
we can write the Hessian as a block matrix like

G = (Ghh GT
Hh

GHh GHH
)

then this condition demands that the off-diagonal components of the block ma-
trix should be small, GHh ≈ 0. In the context of multigrid this means that the
smoother should work on the high frequency modes of error whereas coarse grid
correction on the low-frequency modes. This means none of the components of
the multilevel algorithm should add components to the error which were already
eliminated by the other component of the algorithm.

There are different challenges in applying these diagnoses in nonlinear multigrid or
multilevel optimization methods, for instance lack of prior knowledge of Hessian or
having constrained optimization which makes the Hessian complicated [NL11]. How-
ever, the main goal of introducing these diagnoses in the current work is to analyze
the role and advantage of using the nonlinear restricted additive Schwarz method in
the context of FAS as a quadratic approximation of the nonlinear functional ψ(u).

As in Steps 1) and 6) of Algorithm (5.1) we need to minimize the problem at a
given level; therefore, we need a proper local minimizer method. Then the NRAS
method works here as a minimization algorithm. It is necessary to see how and when
NRAS works in this context. Here are two important things to investigate. First,
if the subspace problem (2.42) is equivalent to the minimization of ψ(u − pκδκ) at a
given level. The second is if δ = ∑

κ∈I
pκδκ is the global descent direction in a given level.

The local minimization problem in each subspace Vκ will be

find δκ ∈ Vκ such that

ψ(u − pκδκ) = min
δ′∈Vκ

ψ(u − pκδ
′) (5.10)

In this respect, some assumptions are needed. The main assumption, we demand,
is that the nonlinear operator n(u) should be convex in B(u∗; r) and must satisfy
Assumptions (2.9). Hackbusch and Reusken [HR89] introduced a globally convergent
algorithm in which each step is the minimization of the local problem. The algorithm
is as follows,

Algorithm 5.2 NRASM as a local minimization

i) u ∶= ui

ii) if u ∈ B(u∗; r), solve (2.42) and δ = ∑
κ∈I
pκδκ
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5.1. FAS as a multilevel optimization method

iii) if u ∉ B(u∗; r), solve (5.10) and compute δ = ∑
κ∈I
pκδκ and

iv) by using damping factor λ, compute ui+1 = ui + λδ which gives min
u∈Vk

ψ(u − λδ)

In the algorithm, as we also pointed out, we need to choose a proper value for λ. In
order to have a globally convergent algorithm, λ should satisfy Condition (5.4) (One
possible way to choose λ is by using the Wolfe condition or backtracking).

So far, we saw that in order to have FAS as an efficient multilevel optimization, we
need two critical assumptions, Assumption (5.2) and diagnosis 1 on the nonlinearity
of n(u) on u. In Chapter (2), it was shown that the NRAS method is a proper
smoother for FAS, and in this chapter, a suitable local minimizer. In addition to
these two properties, NRASM can also be used in another manner to relax the two
assumptions mentioned above. As explained, the nonlinearity of the problem is a
critical diagnosis, which consistency also depends on it (cf (5.9)). This means that if
the problem has a high nonlinearity, FAS might not work well or not work at all. If
we look carefully at the Taylor expansion of the nonlinear operator n(u) around the
current approximation u and considering the third term on the right-hand side we
will have

n(u∗) = n(u) +Dn(u)(u∗ − u) + 1
2D

2n(u)(u∗ − u)2 +O(∥D3n(u)∥Y, ∥(u∗ − u)3∥X)

(5.11)

Comparing this approximation with (5.6) and (5.7), we can see that D2n(u)(u∗ −u)2
tells us how nonlinear n(u) in the current approximation is. This term has two main
components, the second derivative of the operator n(u) and the difference between
the current approximation and the exact solution. If the third term on the right-hand
side is large, we will have a poor approximation of n at u. Then the approximation
in (5.6) can be improved by two ways; reducing the third term in (5.11) by reducing
either (u∗ − u) or D2n(u), resulting in a reduction of the nonlinearity of the problem
(as we can see the second derivative of n(u) is also evaluated on the current approx-
imation, it is difficult to have prior knowledge of the behavior of the third term in
(5.11)). The second way is to have a higher order approximation in FAS. However,
computing the second derivative of n(u) is usually expensive. Therefore, we usually
use an approximation of the term D2n(u)(u∗ − u)2 [YD06].

In the current project, we aim for the first remedy and look for a way to reduce the
second component of the third term, i.e., (u∗ − u) by providing a better initial guess
u0 ∈ B(u∗; r0) for small enough r0 for FAS. One way to obtain a better initial guess
is to use a right preconditioner. If we define a right preconditioner operator as

G ∶ V→ V

u ∶= G(u)
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5. NRASM as a preconditioner-minimizer for FAS as a multilevel optimizer

which can be used before starting the FAS iteration and provides a proper initial
guess for the FAS algorithm. This is similar to Nonlinear Elimination (NE) method
[LKK18; Liu+22; CL11]. The method NE was generally introduced to improve the
performance of the inexact Newton’s method by providing a better initial guess and
removing the “bad components” which are associated with high nonlinearity. The
idea is to decompose the domain into subdomains, restrict the nonlinear operator to
the subspace Vi as

ni(u) = Rin(u)

and iterate on the local problem ni(u) =mi until, by providing a better approximation
of the solution, the nonlinearity of the problem reduces, and we have more homoge-
neous nonlinearity in problems with heterogeneous nonlinearity (such as turbulent
flow or fracture). Then in order to evaluate the nonlinearity, we need to compute or
approximate the nonlinear term. The nonlinear term D2n(u)(u∗ − u)2 is expensive
to compute, therefore we can look at the following inequality in the subdomains for
a constant ρ

∥ni(u)∥ ≤ ρ∥n(u)∥ (5.12)

and in any subdomain, if the inequality is not satisfied, a few NRAS iterations are
then applied to obtain the condition in the inequality. Another adaptive way to
approximate nonlinearity is also introduced in [Liu+22] in which in the subdomains
where we have a highly nonlinear problem do some nonlinear additive Schwarz method
iterations until the nonlinearity is below a desired value. This provides a better ini-
tial guess u for the FAS algorithm. This can also be useful when we have a very
heterogeneous or high nonlinearity in a domain where the nonlinearity is due to large
D2n(u) and then NE can help to isolate some part of the problem with high nonlin-
earity, the bad component, and apply the NRAS iteration to reduce the nonlinearity.
Then the first and second diagnosis can be satisfied. Then we can redefine Algorithm
(3.1) by adding NE to reduce the nonlinearity of the problem. Finally, the algorithm
NE-NRASM-FAS can be defined as follows,

Algorithm 5.3 - NE-FAS-NRAS

i) NE iteration: check the condition (5.12) in subdomains and apply NRAS method
on subdomains which does not satisfy the condition

ii) FAS Iteration: apply FAS Algorithm (3.1)

There is a remark that needs to be mentioned here.

Remark 5.1 First, the pre-smoothing step in the first iteration of the FAS algorithm
might not be necessary to apply, since in the NE iteration the current approximation
is smoothed. However, the post-smoothing step is still necessary to remove the high-
frequency mode of error introduced during the prolongation process.
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The numerical results of applying Algorithm (5.3) is presented in the following sec-
tion.

5.2. Result
In order to test Algorithm (5.3) in practice, here I mainly focus on the Allen-Cahn
equation. As explained in Section (4.1.2), the energy functional in the implicit Euler
method EIM(.; .) is convex if the condition τ < ϵ2 is satisfied, otherwise the discrete
form of the energy functional is non-convex. The main idea here is to make the prob-
lem more difficult to be solved using the FAS-NRAS method until the point where
even applying the NE algorithm as a preconditioner, the FAS cannot converge to the
solution. For this purpose, two main parameters are changed to observe the behavior
of the algorithm; first, the time step τ increases to reasonable large values in order to
make the energy functional non-convex, and the second parameter is changed here so
that instead of using the solution in the previous time step as an initial guess for the
FAS algorithm, some random numbers rand(0, n̂) are used. The rand(0, n̂) means
that a random number between 0 and n̂, it can be seen for rand(0,100) in Figure
(5.1). In both scenarios, the values τ and the range of random numbers increase to the
point where the NE-FAS-NRAS method fails to converge. In the following, different
combinations of the values for these two parameters will be studied, and some results
are presented that can be useful to understand the behavior of the NE-FAS-NRAS
algorithm. Just a quick remark that by using the solution in the previous time step,
the norm of the initial nonlinear residual is ∥F (u0)∥ ≈ 10−6 (F (u) = n(u)−m) and we
consider it as a reference nonlinear residual, denoted by ∥F̃ (u0)∥, to which the norm
of nonlinear residuals in the following experiments are compared. This is important
since by changing any of the parameters above, the order can increase remarkably,
and then observing the development of each component of Algorithm (5.3) can help
to understand the behavior of the nonlinear multilevel optimization technique.

In the experiments, νNE iterations of the nonlinear elimination method is used as
right preconditioner is used before going to the second step of the NE-FAS-NRAS
algorithm, the V-Cycle FAS with ν1 number of pre-smoothing and ν2 number of post-
smoothing . In all tests, the relative tol for iterative methods in the NE-FAS-NRAS
algorithm can be seen in Table (5.1). As a remark, since the NRAS method can be

Table 5.1.: relative tol in the iterative methods in NE-FAS-NRAS algorithm
GMRES Newton NRASM FAS

10−12 10−10 10−9 10−8

used as a minimizer in multilevel optimization or smoother in the nonlinear multigrid,
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we can use it interchangeably in this experiment.

Figure 5.1.: Random initial guess rand(0,100) on a 2D slice (1,0,0) in middle of the
cube on the left and on the line (0, y,0) on the right

Before increasing the time step to the value that makes the energy functional EIM

become non-convex, the impact of increasing the range of random numbers is studied.
The results can be seen in Figure (5.2). By increasing the range of initial guess val-
ues, the initial ∥F (u0)∥ increases and in order to get convergence with V-Cycle FAS,
we need a few preconditioner steps and then apply V-Cycle FAS to converge to the
solution. In the case with rand(0,10), the order of ∥F (u0)∥ increases by 3 orders of
magnitude compared to the case where the solution of the previous time step is used
as the initial guess, and then we need to use νNE = 5 number of preconditioning, and
finally with ν1 = ν1 = 2 pre- and post-smoothing, after 3 iterations of V-Cycle FAS
the convergence is achieved. Increasing the range of random number to rand(0,100),
the norm of the nonlinear residual again increases by 3 orders of magnitude compared
to the previous test case, and the number of preconditioner iterations necessary to
get the convergence in FAS increases to νNE = 8, and then with the same number
of pre- and post-smoothing steps as previous, the method converges in 3 iterations
of V-Cycle FAS. In the case rand(0,1000), the scenario changes. Since the initial
∥F (u0)∥ is 1010 times larger than ∥F̃ (u0)∥, we can see in the plot (c) in Figure (5.2)
even with νNE = 500 the norm of residual reduces to ∥F (u0)∥ = 702 and the further
reduction cannot be obtained by applying more iterations of the preconditioner, and
starting FAS iteration, the nonlinear residual increases sharply and the FAS algorithm
diverges.

In the next step, τ is increased to make the discrete energy functional EIM and
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the problem non-convex. In each step, τ increases by a factor of 10, which means
τ = 0.01,0.1 and in the last step τ = 0.4. The larger time steps are not reasonable
since the truncated error in time discretization is large, in particular for a first-order
method like implicit Euler. And in each time step, the same initial guesses as above
are used.

Increasing the time step to τ = 0.01, with an initial guess of rand(0,100), the norm
of nonlinear residual increases by order of 109 (see Figure (5.3)) and to get the conver-
gence, we need νNE = 8 preconditioning step and ν1 = ν2 = 2 pre- and post-smoothing
steps. Increasing the initial guess to rand(0,1000), ∥F (u0)∥ increases by a factor of
1012 compared to ∥F̃ (u0)∥, and similar to the previous time step with the same range
of random numbers, the nonlinear residual diverges even with νNE = 500 iteration of
the NRAS method as a preconditioner. These two cases (τ = 0.001,0.01 with initial
guess rand(0,1000)) show that if initial guess is far from the solution, which makes
the second term on the right-hand side of Equation (5.7) very large, i.e., the nonlin-
earity becomes very large, and then even with NE method, FAS cannot converge to
the solution, which is in agreement with the first and second diagnoses introduced in
the previous section.

Then in order to study how large the time step can be to get the convergence for
the Allen-Cahn equation as a non-convex problem, the time step increases by a factor
of 10 (τ = 0.1) and the three ranges of the random numbers are used as before. With
an initial guess of random number rand(0,10) with νNE = 8, ν1 = ν2 = 3, 4 iteration
of V-Cycle FAS is enough to obtain the convergence (in this case ∥F (u0)∥ = 0.9).
Increasing the range of random numbers to rand(0,100) the norm of initial nonlinear
residual increases to ≈ 103 and then there is a necessity of having more preconditioner
iterations. This necessity can be seen in Figure (5.4). With only νNE = 10 iterations
of the NRAS method as a preconditioner, the reduction of the nonlinear residual stalls
(plot (a) on the left). Increasing the number of preconditioner iterations to 20, conver-
gence can be achieved by 3 iterations of V-Cycle FAS with ν1 = ν2 = 5 smoothing steps.

And finally, in the last step, the time step increases to τ = 0.4 and the experiment is
repeated with the same random numbers. In cases with random numbers rand(0,100)
and rand(0,1000), we cannot obtain convergence. The main reason for this behavior
is that the initial guess is far away from the solution, which makes the ∥F (u0)∥ very
large (for example in rand(0,1000), the norm on the initial nonlinear residual is 12
orders of magnitude larger than the reference value. For example, in the case with
an initial guess of rand(0,100) even having νNE = 500, ∥F (u)∥ stalls around 0.7 and
does not decrease further. But with a random number with a smaller range we can
get the convergence (Plots (a) and (b)). Therefore, it shows the robustness of the
algorithm NE-FAS-NRAS by which even by very large time step size (≈ 400 larger
than time step size with convex energy functional) and initial guesses far from the
solution, the method can converge to the correct solution.

In addition to studying the reduction of the norm of the nonlinear residual, look-
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(a) (b)

(c)

Figure 5.2.: Reduction of ∥F (u)∥ by applying NRASM (red) as NE and V-Cycle
FAS (blue) for τ = 10−3; (a) rand(0,10) with νNE = 5 ν1 = ν2 = 2 (b)
rand(0,100) with νNE = 8 ν1 = ν2 = 2 (c) rand(0,1000) νNE = 500
ν1 = ν2 = 10

(a) (b)

Figure 5.3.: Reduction of ∥F (u)∥ by applying NRASM (red) as NE and V-Cycle
FAS (blue) for τ = 10−2; (a) rand(0,100) with νNE = 8 ν1 = ν2 = 2
(b) rand(0,1000) νNE = 500 ν1 = ν2 = 10
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(a) (b)

Figure 5.4.: Reduction of ∥F (u)∥ by applying NRASM (red) as NE and V-Cycle FAS
(blue) in τ = 10−1; (a) νNE = 10, ν1 = ν2 = 5 (b) νNE = 20, ν1 = ν2 = 5 with
initial guess rand(0,100)

ing at the behavior of the solution can also be insightful. Figure (5.6) shows the
progress of the solution for the scenario with the time step size τ = 0.1 and initial
guess of a random number rand(0,100) and how u evolves in the different stages of
the algorithm. The initial guess can be seen in plot (a). After applying 20 steps of
the NRAS method as a preconditioner, the solution in a slice in the middle of the
domain shows the values of the solution u, which is now much smoother. The change
in the solution is more visible in the plot (c), which is on the line (0, y,0), although u
has some fluctuation after applying preconditioner, compared to the solution in the
initial guess, is smoother and the amplitude of fluctuations is also reduced. Then in
the first V-Cycle FAS (plot (d)), there is still fluctuation in the left-bottom, but u
has the general form of the solution. And finally, after 3 iterations of the V-Cycle
FAS, u converges to the correct solution.

It is also useful to look at how the nonlinear residual evolves in the different steps
of the NE-FAS-NRAS algorithm. This is what we can see in Figure (5.7). In partic-
ular, comparing the scenarios of the convergent and non-convergent experiments can
give us a useful picture of the behavior of the NRAS as a preconditioner and FAS as
the main solver/optimization technique. The time step and the range of a random
number are the same as the previous case (τ = 0.1 and rand(0,100)). Similar to
the solution, we first look at the initial nonlinear residual (plot (a) in Figure (5.7)).
As expected, F (u0) is random and extremely heterogeneous. Then we look at the
nonlinear residual after 10 iterations of the NRAS method as a preconditioner (plot
(b)) where the numerical simulation does not get convergence and the simulation
with a convergent result (plot (c)) in FAS with νNE = 20. In the convergent scenario,
F (u0) reduces from the order 100 to 10−2 whereas in the non-convergent simulation,
of one orders of magnitude larger. Looking at the nonlinear residual on a line in the
middle of the cube ((0, y,0)), it shows that the NRAS method as a preconditioner
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5. NRASM as a preconditioner-minimizer for FAS as a multilevel optimizer

(a) (b)

(c)

Figure 5.5.: Reduction of ∥F (u)∥ by applying NRASM (red) as NE and V-Cycle FAS
(blue) in τ = 4×10−1; (a) with initial guess rand(0,1) νNE = 20, ν1 = ν2 = 3
(b) with initial guess rand(0,10) νNE = 25, ν1 = ν2 = 5 with initial guess
rand(0,100) νNE = 250, ν1 = ν2 = 20

reduces F (u) and makes the nonlinear residual more homogeneous. This is what is
expected from the nonlinear elimination method as a right preconditioner [Liu+22].
Even though with νNE = 10 the nonlinear residual is smaller and more homogeneous,
it is still not a proper starting point to apply the FAS algorithm. And after making
the nonlinear residual small enough and properly homogeneous (after νNE = 20) FAS
can work. This is what was explained in the first and second diagnosis in Section
(5.1). By applying the NRAS method as a right preconditioner, the second term
on the right-hand side of identity (5.7) shrinks and, therefore, the nonlinearity of
the problem is reduced and, as a result, FAS can work as a multilevel optimization
method. In the end, in plot (e) in Figure (5.7), the reduction of the nonlinear residual
can be observed by applying three iterations of V-Cycle FAS.

All the results have been presented so far are with 5 steps mesh refinement. It is
also useful to look at a larger problem size and the behavior of the NE-FAS-NRAS
algorithm for a larger problem. To test the algorithm in this problem size, the two
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largest time step sizes are considered (τ = 10−1,4 × 10−1) and rand(0,1) as an initial
guess. As we can see in Figure (5.8), for τ = 10−1 we need to have νNE = 8 precon-
ditioner steps and with ν1 = ν2 = 3 pre- and post-smoothing steps. Following by 3
iterations of V-Cycle FAS, the convergence is obtained. This is a similar behavior
observed with the problem size of 5 steps of mesh refinement. In the larger time step,
τ = 4 × 10−1, the number of preconditioner increases to 20 and again with the same
number of pre- and post-smoothing, the convergence is obtained after 5 iterations of
V-Cycle FAS. Compared with the same scenario but with 5 steps of mesh refinement,
in case τ = 10−1, we need the same number of iterations of V-Cycle FAS and for
τ = 4 × 10−1, we need one more iteration of V-Cycle, which is not unexpected, since
the initial nonlinear residual for starting the V-Cycle iteration in problem with 6 steps
of mesh refinement is one order of magnitude larger than the problem with 5 steps
of mesh refinement. Therefore, it is fair to conclude that the number of nonlinear
multigrid is independent of the size of the problems.

As explained in Section (4.3.2), in order to evaluate the accuracy of the numerical
method in solving the Allen-Cahn equation, the evolution of the radius of the sphere
in the solution u is compared with the analytical formula (4.14). The radius of the
sphere for four time steps τ = 10−3,10−2,10−1,4 × 10−1 of the problem size of 5 steps
of mesh refinement on the left, and two time step sizes τ = 10−1,4 × 10−1 for 6 steps
of mesh refinement on the right, can be seen in Figure (5.9). In 5 steps of mesh
refinement, in all time steps except τ = 4× 10−1 the random initial guess rand(0,100)
is used. The red-color font in the legend of the figure denotes non-convexity of the
energy functional EIM . The lines corresponding to τ = 10−3 and 10−2 follow the same
path and are very close. Increasing the time step to τ = 10−1 changes the behavior of
the curve, at the beginning, the radius opposite to the previous cases shrinks faster
than the analytical radius, but then around t = 1.1 the behavior changes and becomes
slower. And in the case with time step τ = 4 × 10−1 the radius deviates further, and
it moves faster than the analytical radius. One reason for this deviation can be the
error stems from the large truncation error in time discretization due to the larger
time step to τ = 4 × 10−1 (the truncation error has the order of O(τ 1), as explained
in Equation (4.16) in the previous chapter). But in general in all the time steps, the
behavior of the radius of the sphere are reasonable, and the deviation are acceptable.
In the case with larger problem size on the right, the initial guess for both test cases
are rand(0,1). The numerical results in these cases have also good agreements with
the radius computed by analytical formula. And similar to previous problem size,
in the larger time step size, we have more deviation from the analytical result. This
shows that using the NRAS method as a preconditioner-smoother (or preconditioner-
minimizer) can help FAS work in a non-convex problem with poor initial guess in the
Allen-Cahn equation.

Here, it is also useful to mention the execution time to the final solution by using
Algorithm (5.3). Using NRASM as a preconditioner-smoother with the largest time
step size (τ = 0.4), the execution time to compute the final solution of the Allen-
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5. NRASM as a preconditioner-minimizer for FAS as a multilevel optimizer

Cahn equation in the current experiment is reduced by factor ≈ 250 compared to
the experiment in Chapter (4). Although the time step size is 400 times larger, it
is necessary to apply NRASM as a preconditioner; as a result, only a speed-up of a
factor of ≈ 250 can be achieved. Solving the problem on a GPU (A100 in Table (3.1))
compared to a CPU (Intel Core i7-10510U CPU @ 1.80GHz and RAM) , a speed-up
can also be achieved by a factor of ≈ 160.
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(a) (b)

(c)

(d) (e)

Figure 5.6.: (a) Initial guess rand(0,100) with νNE = 20, ν1 = ν2 = 5 (b) After applying
20 iteration of NRASM (c) Initial value and preconditioned values, plot
over a line in (0, y,0) (d) After first V-Cycle FAS (e) The solution after
convergence by 3 iterations of V-Cycle FAS
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(a) (b)

(c)

(d) (e)

Figure 5.7.: (a) Initial F (u0) rand(0,100) with (b) After applying 10 iteration of
NRASM as NE method(c) After applying 20 iteration of NRASM as NE
(d) initial F (u0), and after applying νNE = 10 and νNE = 20 on line
(0, y,0) (e) F (u) after 3 number of V-Cycle FAS iteration pre- and post-
smoothing ν1 = ν2 = 5
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(a) (b)

Figure 5.8.: Reduction of ∥F (u)∥ for 6 steps of mesh refinement by applying NRASM
(red) as NE and V-Cycle FAS (blue) with initial guess rand(0,1); (a)
τ = 10−1 and νNE = 8, ν1 = ν2 = 3, τ = 4 × 10−1 and νNE = 20, ν1 = ν2 = 3

Figure 5.9.: development of the radius of sphere over time ; (blue) convex energy func-
tional, (red) non-convex energy functional EIM(., .), in τ = 0.4, random
number is rand(0,1) for the rest rand(0,100); left with 5 steps mesh
refinement, right 6 steps mesh refinement
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6. Conclusion
In this thesis, a numerical algorithm was developed to solve the Allen-Cahn equation
as a nonlinear parabolic PDE. The algorithms used to solve the equation are two
forms of subspace correction methods, full approximation scheme, a successive sub-
space correction method, as the main solver and nonlinear restricted additive Schwarz
method, a parallel successive subspace correction method, as a smoother for FAS. The
first challenge in the algorithm is whether the NRAS method is a proper smoother
for FAS, i.e. whether it satisfies the smoothing condition in the nonlinear multigrid
method. This question was answered at the end of Chapter (2) and it is proved that
NRASM is a proper smoother for FAS. As mentioned, the main goal of the thesis is
to solve the Allen-Cahn equation numerically on GPU. In this regard, in the second
chapter, numerical methods (FAS and NRASM) were explained in more detail from
implementation point of view, and also local nonlinear solver, globally convergent
inexact Newton’s method, and linear solver, GMRES were discussed. In GPU having
a matrix-free implementation is more desirable; therefore, these methods were ex-
plained for having matrix-free form on GPU. The result of applying the algorithm to
the Allen-Cahn equation, in Chapter (4), shows that using Strategy 2, in Figure (4.2),
the number of iterations of V-Cycle FAS is independent of the size of the problem
to solve the Allen-Cahn equation. This also demonstrates that the NRAS method is
a proper smoother for FAS and complements the other component of FAS, i.e., the
coarse grid correction operator. All the results in Chapter (4) are based on the fact
that FAS works on a convex problem; therefore, the discretized Allen-Cahn equation
should be convex. This fact imposes constraints on size of time step in both back-
ward Euler and Crank-Nicolson, which are used in the current project as time schemes.

Looking at FAS as a multilevel optimization method provides a new perspective to
analyze the nonlinear multigrid. In this respect, in addition to the convexity condition
in the discretized problem, the nonlinearity of the equation is also another critical
factor that should be considered when FAS is used as the main numerical solver.
Combining FAS and NRASM gives another potency to relax the necessary of convexity
of the problem solved by FAS and also the problem can have higher nonlinearity. Using
NRASM as a preconditioner-smoother in the algorithm NE-FAS-NRAM, the problem
with higher nonlinearity and also non-convexity can be solved iteratively, this is what
was shown, analytically and numerically, in Chapter (5). Therefore, the size of the
time step in solving the Allen-Cahn equation can be much larger (≈ 400 larger than
the case of a convex discretized Genzberg-Landau energy functional). And also by
using random numbers with as an initial guess, it can be observed that the algorithm
NE-FAS-NRAM can handle higher nonlinearity. Although in solving the Allen-Cahn
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equation, the NE-FAS-NRAM algorithm fails to converge for very poor initial guesses,
such as random numbers rand(0,1000), it is very robust for some moderate range of
random numbers but for large time steps.
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A. Appendix - Brief on functional
analysis

Definition A.1 We denote by Lp(Ω) the class of all measurable functions ϕ, defined
on Ω ⊂ Rn, such that

∫
Ω
∣ϕ∣pds < ∞

defined by the norm

∥ϕ∥Lp(Ω) ∶= (∫
Ω
∣ϕ∣pds)

1
p

for 1 ≤ p ≤ ∞. L2(Ω) is a separable Hilbert space with inner product as

⟨ϕ,ψ⟩L2(Ω) ∶= ∫
Ω
ϕψds

Definition A.2 Sobolev spaces are vector subspaces of Lp(Ω). For m ∈ N and 1 ≤
p ≤ ∞, we can define a function ∥.∥W m,p(Ω) such as

∥ϕ∥W m,p(Ω) ∶= (∫
Ω
∑

0≤∣a∣≤m
∣Daϕ∣p)

1
p

where

Daϕ ∶= ∂ ∣a∣

∂a1x1 . . . ∂anxn

ϕ

for a ∶= (a1, a2, . . . an).

Definition A.3 Assume X and Y are two vector space and a mapping T ∶ X → Y
is a linear operator from X into Y , or a linear functional or linear form if Y = R, if

T (αx + βy) = αT (x) + βT (y) ∀x, y ∈X and α,β ∈ R

Assume X is a real, reflexive Banach space and X ′ is a dual space of X. And let
T ∶X →X ′ is a mapping.

Definition A.4 A mapping T ∶X →X ′ is continuous if ∀u, ν ∈X such that

∣∣T (u) − T (ν)∣∣X′ → 0 as ∣∣u − ν∣∣X → 0.
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A. Appendix - Brief on functional analysis

Definition A.5 We say that a mapping T ∶X →X ′ is bounded if it maps bounded
sets in X to bounded set in X ′.

Definition A.6 A mapping T ∶X →X ′ is monotone if

⟨T (u) − T (ν), u − ν⟩ ≥ 0 ∀u, ν ∈X

Definition A.7 Let X and Y be two normed vector spaces, L(X;Y ) be a vector
spaces formed by all continuous linear mappings from X into Y and equipped with the
norm defined by

∣∣A∣∣L(X;Y ) ∶= sup
x∈X∖{0}

∣∣Ax∣∣Y
∣∣x∣∣X

∀A ∈ L(X;Y )

Definition A.8 if Ω in an open subset of the space X, the mapping g ∶ Ω ⊂ X → Y
is differentiable at a point u ∈ Ω ⊂X if there exists an element A in the space L(X;Y )
such that

lim
∣∣h∣∣X→0

∣∣g(u + h) − g(u) −A(h)∣∣Y
∣∣h∣∣X

→ 0

if A ∈ L(X;Y ) is unique and the mapping g ∶ Ω ⊂ X → Y is continuous .i.e., if r0 < 0
and B(a; r0) ⊂ Ω

∣∣g(u + h) − g(u)∣∣ ≤ ∣∣A(h) + δ(h)∣∣ ∣∣h∣∣ ∀∣∣h∣∣ < r < r0

the linear map A ∈ L(X;Y ) defined in this fashion is called Fréchet derivative of
mapping f at the point u and A(h) is called the Fréchet differential denoted by
Dg(u) ∈ L(X;Y ) of g(u) at point u [Cia13].

Definition A.9 The mapping g ∶ Ω ⊂X → Y at point u ∈ Ω and a vector nonzero v ∈
X and I(θ) ⊂ R is an open interval, assume the function θ ∈ I(θ) ⊂ R→ g(u+ θv) ∈ Y
is differentiable at θ = 0. Then g is said to have Gâteaux derivative at u ∈ Ω in
direction of v and defined by

∂Gg ∶= lim
θ→0
θ≠0

g(u + θv) − g(u)
θ

Remark A.1 It should be emphasized that Gâteaux differentiability does not imply
differentiability, but Fréchet differentiability implies Gâteaux differentiability in all
directions h ∈X but does not imply the converse.
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