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Introduction

Artificial neural networks (NNs) are a class of machine learning methods inspired by
the structure and function of the human brain. They learn decision rules from a finite
set of training data and aim to generalize these rules to correctly separate previously
unseen data points.

The basic building blocks are artificial neurons, which mimic how biological neurons
process input signals and generate outputs. One of the earliest realizations of this idea
was the perceptron, proposed by Rosenblatt in 1958 [92]. For linearly separable data,
the perceptron learning rule provably finds a linear decision boundary [86].

However, despite its groundbreaking nature, Minsky and Papert observed that the per-
ceptron was limited in expressiveness, as it can only model linearly separable problems
[82]. This limitation was addressed by introducing additional layers of neurons, leading
to the development of multilayer perceptrons (MLPs) in 1967 by Ivakhnenko [34,62].
By combining multiple hidden layers with non-linear activation functions, multilayer
perceptrons became universal approximators. In fact, even a single hidden layer suffices
to approximate any continuous function on a compact domain to arbitrary accuracy,
as established by the Universal Approximation Theorem (1989) [25,35,57]. While deep
neural networks, which are composed of many hidden layers, are not required for uni-
versality, they can provide significantly more efficient representations for certain classes
of functions [31,103].

Under the assumption that learnable features are shift-invariant, i.e., that the output
changes consistently with shifts in the input, LeCun et al. developed LeNet, one of the
first convolutional neural networks (CNNs) in the late 1980s and early 1990s [47, 73].
CNNs exploit the spatial structure of data through convolutional filters and pooling
operations and thereby enable hierarchical feature extraction. These properties make
them particularly well suited for image recognition tasks, where local patterns such as
edges and textures are combined to form higher-level features.



1 Introduction

In 2012, Krizhevsky et al. introduced AlexNet [71], which won the ImageNet Large Scale
Visual Recognition Challenge (ILSVRC 2012) [94], a benchmark competition based on
the ImageNet dataset for large-scale image recognition tasks. AlexNet demonstrated
the effectiveness of GPU-accelerated training for deep CNNs. Since then, CNNs have
consistently proven to be highly effective for image recognition tasks [53,79,120].

Deeper neural networks generally provide greater representational capacity and thereby
enabling the modeling of more complex patterns — crucial to advances in computer vision
performance. However, training very deep neural networks was constrained by issues
such as vanishing or exploding gradients. Skip connections introduced with residual
networks, e.g., ResNets, realized as additive mappings, facilitate information flow across
layers and thereby stabilize gradient propagation [53,54]. This development enabled
the training of substantially deeper architectures. In particular, ResNets were the first
neural networks composed of more than 100 layers to be trained successfully. At the
same time, such architectures tend to be large, often containing millions of trainable
parameters, which makes both training and deployment computationally demanding.
Formally, a neural network is constructed by stacking layers, where each layer applies
a linear mapping parameterized by a weight matrix and a bias vector, followed by a
non-linear activation function. When applied successively, these transformations map
an input to an output, which in classification tasks, is often interpreted as a probability
distribution. Training a neural network consists of adjusting its parameters to minimize
a task-specific loss on a finite training dataset using gradient-based optimization. The
theoretical foundations of gradient-based methods in the neural network context were
established by Amari and Yang in 1997 [123]. In practice, efficient gradient computation
was enabled by backpropagation, introduced and popularized in the 1980s [93,117].

The methods developed in this thesis focus exclusively on image classification, a central
task in computer vision. Nonetheless, deep neural networks are also widely applied to
related tasks such as image segmentation and object detection, as well as to other input
domains including point cloud data, language and text.

A central challenge in deep neural networks is balancing capacity, the ability to repre-
sent complex patterns, and complezity, the difficulty of optimization and generalization.
This challenge constitutes a fundamental problem in machine learning, referred to as
the bias-complexity trade-off [100]. Closely related is the issue of overparameteriza-
tion, where neural networks contain more weights than necessary for the task at hand,
resulting in excessive complexity without a proportional benefit in performance. The
tendency to build increasingly complex models has amplified this phenomenon. Over-
parameterization also increases the risk of overfitting, where a model learns the training
data too closely and fails to generalize to unseen data. Moreover, both training and
inference with large models are resource- and time-intensive, making them less suitable
for applications with strict hardware or memory constraints.

Early efforts toward efficiency, such as the design of neural network architectures in
MobileNets [59, 98], enabled competitive performance on edge devices such as mobile



Figure 1.1: Hierarchy of one-dimensional (1D) grids from fine to coarse discretizations.

phones or embedded systems. More recent approaches rely on neural network architec-
ture search [33,77,97], quantization [115] and pruning [56,75]. While these techniques
often produce efficient architectures for inference, their during or post-training nature
incurs substantial computational overhead. This motivates the design of efficient neural
network architectures prior to training, a central challenge addressed in this thesis.

These considerations motivate the study of hierarchical methods, such as multigrid
techniques, which naturally align with the layered structure of CNNs, as a means of
better understanding and efficiently handling neural network structures. In this thesis,
we address the problem of overparameterization from a multigrid perspective, aiming to
exploit redundancies in neural network architectures to reduce complexity and thereby
computational effort while preserving their capacity to represent complex patterns.

Multigrid (MG) methods are efficient hierarchical solvers for large, sparse systems of
(non-)linear equations, which commonly arise from the discretization of partial differ-
ential equations (PDEs) [9,10,45,107]. That is, instead of determining the continuous
solution of a PDE, it is approximated by discretizing the PDE on a finite number of
regularly arranged points, e.g., on a grid.

Each grid point represents an unknown of the resulting system. While direct methods are
generally infeasible for such large-scale systems, classical iterative methods often suffer
from slow convergence. multigrid methods address these limitations by reformulating
the original problem as a hierarchy of grids at different resolutions (cf. Figure 1.1).
On each grid, the system is approximated by an iterative scheme operating at its own
scale, with coarser grids providing a more global perspective. Intuitively, the goal of
multigrid methods is to reduce the residual error in the approximate solution. A useful
perspective is to decompose the error into frequency components: iterative relaxation
methods (smoothers) rapidly reduce high-frequency (oscillatory) error components on
the fine grid but leave behind smooth, low-frequency errors. Crucially, these smooth
errors appear oscillatory when represented on a coarser grid (cf. Figure 1.2), which
makes them easier to eliminate there.

This observation leads to two fundamental, complementary components in multigrid:
(a) Smoothing — iterative relaxation to remove oscillatory errors and

(b) Coarse-grid correction — updating the fine grid solution using information from a
coarser grid.

These two steps are applied recursively across multiple levels in the so-called V-cycle,
where the problem is successively transferred to coarser grids and approximately solved
on the coarsest grid before the solution is interpolated back to the finer grids, with
relaxation applied at each level. Together, these components explain the effectiveness of
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Figure 1.2: One-dimensional example of how error components (blue lines) of different frequen-
cies appear on fine and coarse grids. The fine grid is indicated by small dots and the coarse
grid by large dots. Slowly oscillating components (top row) remain distinct on the coarse
grid, whereas high-frequency components (bottom row) coincide with certain low-frequency
modes (aligned vertically above each other). Relative to the coarse grid, the originally slowly
oscillating components now appear as high-frequency modes. As a result, nine distinct modes
reduce to five distinct modes on the coarse grid.

multigrid methods, achieving optimal complexity with computational cost proportional
to the number of unknowns.

Interestingly, as noted by He et al. [53], multigrid methods exhibit structural analogies
with modern deep learning architectures. Similar to multigrid methods, CNNs operate
across multiple resolution levels, building hierarchical feature representations.

The constant coefficients arising from the discretization of a PDE on a grid are assembled
into the operator A, which acts as a convolutional kernel by locally applying shift-
invariant operations across the grid. Likewise, restricting to a coarse grid in multigrid
closely corresponds to pooling operations in CNNs.

Further research from the multigrid perspective has yielded methods to reduce the num-
ber of weights and computational resources of CNN architectures. He and Xu, for
instance, justified reusing weight tensors across multiple layers in their MgNet frame-
work [50], which can be interpreted as the left leg of a V-cycle, focusing on smoothing
and restriction while omitting coarse-grid correction and prolongation. Moreover, Eliasof
et al. extended the multigrid perspective to the channel dimension, namely multigrid in
channels (MGIC) and thereby sparsified the interaction between channels [32]. These
approaches highlight the potential of multigrid principles to address redundancy and
overparameterization in neural network design, a perspective that is central to this the-
sis. In addition, the multigrid viewpoint provides powerful analytical tools. In this
thesis, we employ local Fourier analysis (LFA) [9,66], a classical technique for study-
ing multigrid convergence, to analyze convolutional operators in neural networks. LFA
replaces multiplication operators by their Fourier symbols, which are easier to handle
analytically while still capturing the essential properties of the underlying operators.

So far, the spectral properties of convolutional operators in neural networks have been
exploited mainly to improve training stability, for example through regularization [42,84,
99,124] or to enhance robustness against adversarial attacks [19,24], where input data
are deliberately perturbed to induce misclassification. These applications underscore



the potential of spectral analysis as a tool to better understand and guide the behavior
of deep CNNss.

In this thesis, we build on these insights to explore multigrid analogies in deep residual
networks to address the trade-off between representational capacity and model complex-
ity. Specifically, we present three main contributions:

(a) In MGiaD: Multigrid in all dimensions [109], we improve efficiency and robustness
along with respect to the resolution and channel dimension in residual networks
by weight sharing [50] and coarsening along both dimensions.

(b) With Poly-MgNet: Polynomial building blocks in residual networks [111], we es-
tablish the use of polynomial building blocks inspired by multigrid smoothers as
a natural extension of MgNet [50]. Thereby, we drastically reduce the number of
weights with only a negligible loss in accuracy. We initialize the polynomial co-
efficients by exploiting the spectrum of the corresponding convolutional mapping.
Our third contribution facilitates an efficient computation of this spectrum.

(¢) In LFA applied to CNNs: Efficient singular value decomposition [110], we employ
LFA to develop a scalable algorithm for the efficient computation of the singular
value and eigenvalue decompositions of convolutional mappings by exploiting their
shift-invariance.

Multigrid in all relevant dimensions. The majority of weights in an neural network
is found in linear mappings. Without further assumptions, these linear maps are rep-
resented by dense (weight) matrices, i.e., fully connected layers, with corresponding
sparsity pattern illustrated in Figure 1.3a. Intuitively, the number of weights depends
on the spatial dimensions of the input and output and quickly becomes intractable as
the input dimension increases. On the other hand, the weight complexity of convolu-
tional layers becomes independent of the input dimensions due to their local action.
The corresponding structure can be represented as blocked, banded matrix, as depicted
in Figure 1.3b. However, the number of weights still scales quadratically with respect
to the number of channels. Unfortunately, no assumption such as translation invari-
ance can be made for the channel dimension. Typically, attempts to manually sparsify
connectivity in CNN layers are met with significant loss in performance. To achieve
improved scaling behavior with respect to all relevant dimensions, i.e., resolution and
channels, while maintaining classification accuracy, we pick up recent developments in
MG-inspired architectures and present a new efficient CNN architecture. By combining
elements introduced in [50] and [32] in a natural, albeit subtle, manner, our architec-
ture can be completely explained using multigrid terminology and thereby achieves a
drastic reduction in the number of weights. Compared to ResNet, MgNet and MGIC,
our approach achieves superior accuracy, under certain conditions.
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(a) Fully connected (b) Convolutional mapping (¢) Fourier block matrix

Figure 1.3: Sparsity patterns of mappings in neural network layers represented in matrix form.
(a) Fully connected layer, (b) convolutional mapping, (c¢) block matrix of a convolutional
mapping after the Fourier transform.

Polynomial building blocks. The solution u of a linear system Au = f can be itera-
tively approximated by
u+ u+ B(f — Au),

where f is the right-hand side, A denotes the system matrix and B ~ A~! serves as
smoothing operator (smoother). The objective of such an iteration is to refine the
solution u while reducing the error. He and Xu [50] observed that this smoothing step
corresponds to a residual block, the fundamental building block of ResNet models, where
both operators A and B are implemented as trainable convolutional operators. This
interpretation justifies reusing the operator A across multiple ResNet-blocks, thereby
reducing the total number of weights. However, the operator B is still realized as a fully
coupled convolution, with distinct weights in each block. To further decrease the weight
count, we also seek to express B in terms of A. Inspired by polynomial smoothers from
multigrid, we replace B ~ p(A) with a polynomial in A. Due to the fact that p(A) has
a low-degree, this operation now only consists of a handful of weights. In particular,
the simplest case is the Richardson iteration [107], where B = wI. Here I denotes the
identity and w is a scalar. Clearly, we do not want to limit ourselves to such simple
cases and explore in this thesis to what extent smoothing iterations using polynomial
approximations are suitable within MgNet. In order to reduce the weight count in MG-
inspired CNNs such as MgNet, we introduce a new building block. Our methods are
inspired by multigrid smoothers, which yield layer modules with a reduced weight count.
We implement these building blocks in MgNet and show that we can drastically reduce
the overall weight count, while almost maintaining classification accuracy. Our studies
yield further insights into the inherent connection between multigrid and ResNets and
demonstrate that the multigrid methodology is useful for the construction of weight-
count-efficient CNNs. To initialize the polynomial coefficients spectral properties of the
system matrix A can be used, facilitating an improved performance with respect to
classification accuracy.

Spectral analysis of convolutional layers. The singular values of convolutional map-
pings capture interesting spectral properties, which can be exploited, for instance, to



initialize the coefficients of polynomial building blocks. A convolutional mapping can
be represented as a large, sparse, banded matrix, whose dimensions scale with the spa-
tial size of the input as well as the number of channels. Consequently, the explicit
computation of singular values quickly becomes infeasible due to memory constraints.

Existing methods [99] overcome this issue by employing the Fast Fourier Transform
(FFT) to transfer the convolutional mapping into the frequency domain, where the
matrix representation decomposes into smaller block matrices (cf. Figure 1.3¢), whose
singular values can be computed independently. For a fixed number of channels, this
FFT-based approach computes the N singular values, where N denotes the number of
spatial locations, with an asymptotic complexity of O(N log N). We further reduce this
computational complexity by a factor of log(/N) to O(N) by exploiting the translation
invariance of convolutional operators, which enables the use of LFA. Originally developed
to study iterative methods, in particular multigrid schemes, LFA is employed here to
efficiently analyze convolutional mappings. For this task, we propose an LFA-based
algorithm and provide a theoretical analysis of its computational complexity, showing
that it is asymptotically optimal with respect to the input dimension. This improvement
not only establishes a theoretically efficient approach but also enhances the scalability
of spectral analysis in large-scale neural network architectures.

Roadmap of the thesis. This thesis is organized into a total of six chapters, struc-
tured as follows. In Chapter 2 and Chapter 3, we introduce the foundations of numerical
linear algebra and machine learning, which form the basis for the methods developed in
this thesis. In Section 2.1 we discuss the eigenvalue decomposition and singular value
decomposition, the latter of which is applied to convolutional mappings in later chap-
ters. We focus on crystalline structures, introducing lattices and crystals and developing
Fourier functions on crystal tori in Section 2.2. Building on these concepts, we define
discrete Fourier transforms in Section 2.3 and develop the idea of LFA, which forms the
foundation for efficient singular value decomposition of convolutional mappings. Finally,
we examine iterative methods in Section 2.4 followed by multigrid methods, which are
used to develop efficient neural network architectures later in this thesis. In Chapter 3,
we summarize theoretical foundations in machine learning relevant to this thesis. In
this chapter we briefly discuss statistical learning theory (Section 3.1), to provide the
theoretical foundation for supervised learning methods. Within the statistical learning
framework, the trade-off between bias and complexity is discussed, which is a funda-
mental problem in machine learning. In this thesis, we address this trade-off from an
multigrid perspective exploiting hierarchical structures to reduce complexity while pre-
serving representational capacity. Next, we explain deep neural networks as well as
their learning algorithms (Section 3.2). Here, the focus is on CNNs, in particular resid-
ual networks, whose specific structure exhibits analogies to multigrid methods. These
structural analogies form the foundation for our methods developed in this thesis. The
notation introduced in these foundational chapters is used consistently throughout.
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We dedicate Chapters 4 and 5 to the presentation and explanation of our methods. In
Chapter 4, we introduce our approaches to address overparameterization in CNNs for
image classification by exploiting structural analogies between residual networks and
multigrid methods. We present two families of CNNs, namely MGiaD and Poly-MgNet,
which share the same theoretical foundations and are therefore discussed together. We
provide their motivation, review related work, present theoretical background and ar-
chitectures, and evaluate their performance experimentally.

In Chapter 5, we present an algorithm for the efficient computation of the singular values
of convolutional mappings using the LFA framework. In particular, we describe our
algorithm, analyze its computational complexity and evaluate its runtime for different
lattice sizes.

Ultimately, we conclude this thesis with a summary of our contributions and an outlook
on future research in Chapter 6.



Fundamentals of Numerical Linear Algebra

The direct calculation of the solution of given large systems of (non-)linear equations
that arise from boundary value problems, is often time-consuming and computationally
expensive. In particular, direct methods typically do not exploit the sparsity of the
system matrix, as the factorization process of direct solvers introduce additional nonzero
elements. To obtain feasible solutions, the solution is approximated by iterative methods,
where an initial guess is successively refined to approximate the solution. Ideally, the
approximated solution converges to the exact solution.

In Section 2.4, we introduce basic iterative solvers, especially the Richardson iteration
and its convergence properties. However, iterative methods still suffer from slow con-
vergence, particularly for large-scale problems. A convergence rate independent of the
system size can be achieved by using multigrid methods (MG methods). Multigrid meth-
ods are based on a hierarchy of grids, where each grid is a coarser representation of the
problem and contributes to the approximate solution [10,107]. In Section 2.5, we study
multigrid methods, where iterative methods act as smoothers.

To analyze the different multigrid components of translation-invariant problems, local
Fourier analysis (LFA) is used [9,64]. It provides a frequency-domain approach to
evaluate and optimize components of iterative and multigrid methods.

Another branch of this work focuses on the singular values of large matrices to gain
insights into the spectral properties of the iteration matrix. Similar to solving linear sys-
tems, the direct calculation of the singular value decomposition (SVD) of large (sparse)
matrices is prohibitively expensive in terms of both floating-point operations (FLOPs)
and memory consumption. Since singular values in the frequency domain are equal to
those in the spatial domain, leveraging the Fast Fourier Transform (FFT) enables the
efficient computation of the singular value decomposition whenever applicable.

LFA is generally used in the construction and analysis of multigrid methods to obtain
a precise approximation of the asymptotic convergence rate [9]. The main idea is to
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leverage the connection between position space and frequency space via the Fourier
transform so that translation-invariant operators, i.e., stencils in the position space, can
be described as so-called symbols. A fundamental concept for applying LFA is the notion
of lattices and crystals. An (ideal) crystal is characterized by the infinite repetition of
a basic structural unit, the unit cell, arranged in a regular pattern defined by a lattice.

The remainder of this section is structured as follows. In Section 2.1, we focus on
matrix decomposition methods, followed by an introduction to crystalline structures in
Section 2.2 as a basis for defining Fourier functions on these structures and subsequently
developing the discrete Fourier transforms on lattices in Section 2.3. Finally, we discuss
basic iterative methods in Section 2.4 and multigrid methods in Section 2.5.

Notation and preliminaries. For the discussion, let A € C™*" be a matrix, i.e., an
m X n array of entries
aij,izl,...,m,jzl,...,n.

The j-th column of A is denoted by a.; = (ay;,azj,...,an,;)" € C™, and the i-th row

of A is accordingly denoted by a;. = (a1, a2, ...,a;,) € C*. For simplicity, we write
a; instead of a,; whenever no ambiguity arises. Unless explicitly needed otherwise, we
write A = [a1|as]...|a,] as a matrix of columns.

This row—column notation is convenient because it allows us to interpret a matrix both
as a collection of column vectors and as a collection of row vectors. In particular, many
matrix decompositions can be written in terms of outer products of column and row
vectors. This representation makes the structure of the matrix more transparent.

A real square matrix A € R™*™ is symmetric if a;; = a;;, that is, its entries below the

diagonal are equal to the entries above the diagonal and A = AT, where AT denotes the
transpose if A. An analogous property hold for a complex matrix A € C™*™ in the sense
that A is Hermaitian if a;; = aj;, i.e., A = A*. Here A* denotes the conjugate transpose
of A. The entries on the diagonal are real and the entries below the diagonal are the
complex conjugates of the corresponding entries above the diagonal. Furthermore, if A
is hermitian, we have 2*Ay = y*Ax for all z,y € C™ and in particular 2*Ax is real for
x € C™. If x* Az > 0 for all nonzero x € C™, then A is symmetric positive definite [105].

2.1 Matrix Decompositions

One of the central results in numerical linear algebra is that any matrix can be decom-
posed into the product of two unitary matrices and a diagonal matrix. This factorization,
known as singular value decomposition, provides a powerful framework for analyzing the
structure and properties of matrices. To motivate its existence, we first turn to the
eigenvalue decomposition of square matrices. The eigenvalue decomposition expresses

10
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a matrix in terms of its eigenvalues and eigenvectors and in the symmetric (Hermi-
tian) case yields an orthonormal basis of eigenvectors, i.e., a unitary diagonalization.
This result forms the theoretical foundation of the singular value decomposition as the
singular values arise as the square roots of the eigenvalues of an associated symmetric
(Hermitian) matrix [39,105].

We begin by reviewing the mathematics of eigenvalues and eigenvectors, then develop a
geometric motivation for the singular value decomposition before turning to its algebraic
formulation, following [105].

2.1.1 Eigenvalue Problems

Eigenvalue decomposition. Let A € C™*™ be a square matrix. The characteristic
polynomial of A is defined as a polynomial of degree m,

pa(A) =det(A,,, — A) with X e C,

where I,,, is the identity matrix.? A scalar A € C is called an eigenvalue of A if and
only if it is a root of the characteristic polynomial, i.e., p4(A) = 0. Associated with each
eigenvalue is at least one nonzero vector v € C™ satisfying

Ay = M. (2.1)

Such a vector is called an eigenvector corresponding to .

The set of eigenvectors belonging to an eigenvalue A, together with the zero vector,
forms a subspace of C™ called the eigenspace E)\ associated with A. Its dimension
dim(FE)) is called the geometric multiplicity of X\. The algebraic multiplicity of X is its
multiplicity as a root of the characteristic polynomial. It holds that 1 < dim(FE)) <
algebraic multiplicity. The set of all eigenvalues \ of A is called the spectrum of A,
denoted by

spec(A) ={A e C|Iy#0: Ay = \y}.

The spectral radius p(A) of A is the largest modulus of its eigenvalues, i.e.,

A) = max || 2.2
p(A) = max [N (22)
If A possesses m linearly independent eigenvectors 71, ..., 7, we may collect them into

a nonsingular? matrix X = [y1|72] ... |Vm]. Let A = diag(A, Aa, ..., \n) be the diagonal
matrix of the corresponding eigenvalues. A matrix A € C™*™ is called diagonalizable if

and only if it can be written as
A=XAX1

"The m x m identity matrix I,, is defined by I, = (8; ;)i"—;, where d; ; is the Kronecker symbol.
2A square matrix A with det(A4) = 0 is called singular.

11
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This factorization is known as the eigenvalue decomposition of A. Equivalently, AX =
X A shows that the j-th column of X is an eigenvector of A with corresponding eigenvalue
given by the j-th diagonal entry of A, i.e., Ay; = )\;v;. The eigenvalue decomposition
can also be interpreted as a change of basis to the eigenbasis of A. For example, consider
the linear system Ay = f. Multiplying from the left by X ! yields AX 'y = X~ !'f. In
this eigenbasis, solving the system reduces to independent scalar equations [96]. Note,
that a matrix A € C™*™ is diagonalizable if and only if, for every eigenvalue A, the
dimension of the eigenspace | dim(E))| equals the algebraic multiplicity of A.

If a matrix A € C™*"™ is normal, i.e., A*A = AA*, then A is unitarily diagonalizable.
In particular, there exists a unitary matrix® @ such that A = QAQ*.

Schur decomposition. Not every matrix is diagonalizable. However, every square
matrix can be reduced to an upper triangular matrix via a unitary similarity transfor-
mation.

In particular, for any A € C™*™ there exists a unitary matrix Q € C™*™ such that

A=QTQ,

where T' € C™*™ is upper triangular with eigenvalues of A as its diagonal entries.
Thus, while diagonalization is not always possible, the Schur decomposition guarantees
that any square matrix is unitarily similar to an upper triangular matrix, making the
cigenvalues immediately visible.*

2.1.2 Singular Value Decomposition

The singular value decomposition is another spectral decomposition that, in contrast
to the eigenvalue decomposition, can also be formulated for rectangular matrices A €
Cm>m_ It is applicable to real and complex matrices alike. Its geometric motivation
arises from the fact that the image of the unit sphere in the Euclidean norm® under the
linear mapping induced by A € C™*™ is a hyperellipsoid. More precisely, if S C C"
denotes the unit sphere, then AS C C™ is a hyperellipsoid E. The singular values o
of A correspond to the lengths of the semi-axes of E, oriented along the left singular

vectors up,Us, ..., Uy. By collecting the right singular vectors as the columns of a
unitary matrix V' = [v1]va] ... |v,] € C™*™ and the left singular vectors as the columns
of a unitary matrix U = [u|ug| ... |u,] € C™™, and the singular values o; as diagonal

entries of a diagonal matrix ¥ € R™*", the singular value decomposition of A is

A=UXV".

3Q € C™*™ is unitary if Q7! = Q™.
4The proof proceeds by induction and can be found in [105, Theorem 24.9].
®The Euclidean norm (or 2-norm) of a vector v = (vy,va,...,v,) € R" is defined as [|v||s =

VU2 +ud 4. v2.

12
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AS
> A - >
. . . . . 1 2
Figure 2.1: Geometric interpretation of the singular value decomposition of A = 0 92| The

action of A maps the unit circle to an ellipse whose semi-axes have lengths given by the singular
values o1 and o9 with directions determined by the left singular vectors u; and ws.

Here, V* denotes the conjugate transpose of V. The singular values o; are conventionally
ordered non-increasingly, i.e., o1 > 09 > ... > 0, > 0 with r = min(m, n). The number
of positive singular values equals the rank of A, i.e., rank(A).

As illustrated in Figure 2.1, the left singular vectors u; are mutually orthogonal. To-
gether, they form an orthonormal basis of the codomain of A. Similarly, the right
singular vectors v; from an orthonormal basis of the domain of A. Thus, multiplication
by V* transforms an input vector into a basis aligned with the directions along which
A exhibits minimal or maximal stretching, as determined by the singular values ;. In
this basis, each singular value o; scales its associated direction.

The first r columns of U form an orthonormal basis for the image of A. They describe
how the action of A maps scaled input directions into new directions in the output space.
The fundamental relation between the orthonormal bases® U and V' is Av; = oju; with
1 < j < r. It is important to note that every matrix has a singular value decomposition”
whereas the class of matrices that can be factorized by an eigenvalue decomposition is
limited to non-defective matrices [105].%

Given a rectangular matrix A € C™*", we can compute its reduced singular value decom-
position A = USV*. For m > n, the diagonal matrix > € R™" contains the singular
values. Both U € C™™ and V € C™™ have orthonormal columns. If required, the
full singular value decomposition can be obtained by padding S with m — n zero rows

6This does not hold for the reduced representation.

"The theorem and its proof can be found in [105, Theorem 4.1].

8 An eigenvalue whose algebraic multiplicity exceeds its geometric multiplicity is a defective eigenvalue.
A matrix is called defective if it contains one or more defective eigenvalues [105].
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by v

Figure 2.2: Illustration of the singular value decomposition for m > n. The full singular
value decomposition includes both shaded and unshaded purple regions, whereas the reduced
singular value decomposition comprises only the shaded purple regions corresponding to the
nonzero singular values.

at the bottom to form ¥ € R™ " and extending U to a full unitary matrix by adding
(m — n) orthonormal columns on the the right, as illustrated in Figure 2.2. For m <n
the situation is analogous with the dimensions adjusted accordingly.

2.2 Crystalline Structures

In order to provide a mathematically concise framework for the later discussion of DF'T's
and the convolution theorem, we introduce the concepts of crystalline structures and
quotient spaces in this section. An (ideal) crystal is characterized by the infinite repeti-
tion of a basic structure element, the unit cell, arranged in a regular pattern determined
by a lattice. This section is based on [66,69].

2.2.1 Lattices and Crystals

Consider linearly independent vectors A = [ai|as]. .. |a,] € R"*". The set of points
L:{x:ZuiaieR”:,ul,...,,unGZ}
i=1

defines an n-dimensional lattice generated by A. The vectors ay,as, ..., a, are referred
to as the primitive vectors and together they form the lattice basis A € R™*". In matrix
notation, we write the lattice I compactly as

LA ={ae=A-p: peZ} .= AZ".

Observe that (L(A), +) forms an abelian group. That is, IL(.A) is closed under addition,
so that for any =,y € L(A) we also have x + y € L(A). Moreover, the zero vector 0
belongs to L(A) and for every x € L(A) the additive inverse element —z € L(.A) exists.
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bl . jel (] /)j\ . o
[ o . ; o .
al X .
=(A) 3 o U, e @ « o
as B o
[ ol . ) ol .
(a) Unit cell Z(A) of lattice L(.A) (b) Crystal L*(A)

Figure 2.3: (a) Two-dimensional lattice L(A) with lattice basis A = [a1 a2] and unit cell Z(.A)
(shaded in purple). (b) A crystal L¥(A) consists of copies of A, each translated by the lattice
shifts u; and usg, specifying the relative positions within the unit cell (shaded in purple).

With the lattice L(A) defined, we now introduce the notion of a unit cell. A unit cell
=(A) C R" is a connected set such that its translates by the lattice vectors of L(.A)
form a partition of R™:

U (z+€&:ces(A)=R" (2.3)

Specifically, the union over all lattice elements tiles R™ without overlap or gaps. A
canonical choice of a unit cell is given by

EA) =A0,1)"={y=A-p:9€0,1)"}.

Although there exists various possible primitive cells, this natural and simple choice is
the parallelotope spanned by the primitive vectors ai, as,...,a,. Figure 2.3a illustrates
a two-dimensional lattice with its corresponding unit cell.

Sublattices. Let L(.A) and LL(B) be two lattices. We call I.(B) a sublattice of IL(.A),
i.e., L(B) CL(A) if and only if Z := A™'B € Z"*".

Assume first that L(B) C L(.A). The j-th primitive vector of B is given by Be;, where
e; denotes the j-th unit vector in R". Since Be; € L(B) C L(.A), we can express Be; as
an integer linear combination of the primitive vectors of A. That is, there exists z; € Z"
such that Be; = Az;. Equivalently, A~ 'Be; = z; € Z". Since this holds for all j we
obtain Z := A™'B = [z1]29] ... |2, € Z™".

Conversely, suppose Z = A™'B € Z"™". Let x € L(B). Then there exists y € Z" such
that © = By and it follows that

r=By=AA"'By=AZy.

Since Zy € Z", we conclude that x € L(A). Hence, L(B) C L(A) [69]. Figure 2.4a
depicts a lattice and a corresponding sublattice. A sublattice L(B) C L(A) with B =

15



2 Fundamentals of Numerical Linear Algebra

a) Sublattice L(B) of L(A) generated by the basis  (b) Periodicity of the crystal torus TY% ., illus-
A,B

vectors [61, 6] with the corresponding unit cells trated by blue stars

=(A) shaded in purple and Z(B) shaded in green

Figure 2.4: Sublattice L(B) C L(A) and periodicity of the corresponding crystal torus TY s.

A - Z is called aligned with L(A) if and only if

Z = diag(:uh:u% s Mun)
In particular, for the lattice bases L(A) and L(B) it is

6p=ag-puy for £=1,2,...,n.

Crystals. A crystal structure generalizes a lattice by allowing the infinite repetition of
a fixed structure element attached to each lattice point. In the following, we restrict
our discussion to primitive cells of the lattice, without loss of generality.

Let L(A) be a lattice and u = [ug, us,...,u,] € Z(A)” the structure element consisting
of v € N points located within the unit cell Z(.A). The associated crystal is given by
the point set
LA ={e=A-p+u:pez" {=1,...,v}

Specifically, each lattice point = € IL(\A) is shifted by the vectors u,, such that L*(.A) is
the union of v translated copies of the lattice, with each point of the structure element
uy repeated at every lattice point, as depicted in Figure 2.3b. Note that every lattice can
be regarded as a crystal if the corresponding structure element consists of a single point.

A crystal L°(B) is a subcrystal of L*(\A) satisfying L°(B) C L*(A).

To focus on finite-dimensional periodic structures and to deepen the understanding
of the relationships between lattices and their sublattices, we introduce lattice tori as

quotient groups.

Quotient spaces and lattice tori. Let L(.A),L(B) C R™ be lattices such that L(B) C
L(A). Since (L(A),+) forms a group, (IL(B),+) constitutes a subgroup of (L(A),+),
and the quotient group

Ts(A) = L(A) /1,(5)
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is well defined. The lattice torus Tp(A) represents the periodicity of the lattice L(.A)
with respect to the sublattice L(B), capturing the finite pattern that repeats throughout
the space. While the lattice LL(A) defines the periodic arrangement of points in space,
a crystal refines the periodicity by specifying the relative positions u within each unit
cell. Accordingly, given a crystal L*(.A), the corresponding crystal torus is defined by

‘o= LA [1(B).

An element of T 5 is an equivalence class [z]z with representative x € IL“(A). Specifi-
cally, for [7]s, [yls € TY s we have [z]s = [y]p if and only if + —y € L(B). Recall that
L(B) C L(A), so there exists a matrix Z € Z™*" such that B = A - Z. Furthermore,
lu| denotes the number of degrees of freedom in each unit cell of L*(A). Then, for the
crystal torus T 5 the number of degrees of freedom is given by |det(Z)| - [u[. This
construction can be interpreted as a periodic box of the infinite crystal.

To illustrate this concept, consider a two-dimensional lattice IL(A) with A € Z?*? and
the lattice torus T 4 3, where

— . _ A 3 2 2x2
B=A-Z=A L 3}62 )

The corresponding quotient space, shown in Figure 2.4b, consists of |T 4 5| = |det(Z)| =7
elements.

From a geometric perspective, the lattice torus is obtained by identifying opposite
boundaries of a domain having the size of a single unit cell of the sublattice L(B),
resulting in periodic boundary conditions in all dimensions.

The dual lattice. Let L(.A) be a lattice. We define its dual lattice L(A)* as

LA ={keR": (z,k) € Z for all zx € L(A)},

where (z, k) = 2Tk denotes the Euclidean inner product. The lattice basis of L(.A)* is
given by AT ie., L(A)* = L(A™T). Furthermore, the dual of the dual lattice is the
lattice itself. The elements of the dual lattice L(.A)* are also referred to as wave vectors.

The concept of sublattices naturally extends to dual lattices. For two lattices L(.A) and
L(B) with L(B) C L(.A) the corresponding dual lattices satisfy

L(A)* C L(B)".

Since L(B) C LL(.A), there exists an integer matrix Z € Z"™*" such that B = A - Z. Due
to the fact that A and B are nonsingular we find

BT=A"7T = A T=B"T7"T
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Consequently, L(A)* = L(A™") = L(B~"Z") C L(B~") = L(B)*. Furthermore, if T 4
is the crystal torus associated with the lattice-sublattice pair L(B) C L(.A), then its
dual crystal torus T7 5 is given by

T5 = <]L(A) /]L(B)>* — L(B)* /]L(A)*~

The number of elements in the dual lattice torus equals the number of elements the of
the original lattice torus:

| det(B)]

T = B | det(A~T)]
AT Tdet(A))]

= |det(Z)| = Tdet(B™)| ~ T 5l

2.2.2 Function Spaces on Crystals

Building on the concepts of lattices and crystalline structures, we now lay the foundation
for DFTs on crystalline structures by defining the corresponding function space.

Function spaces. The function space of a crystal torus T 5 is defined by

'8( uA,B) - {f = (flwwaf\tt\) : Ti\,l’)’ — C‘u‘}’ (24)

which is equipped with the inner product

(.0 = iy 0 (7)ol (2.5)
| A7B| xETY
A,B
where the Euclidean inner product on CM is given by (f(z), g(z))s := t'l filx)gi(x).

For each lattice point z, the component f;(x) corresponds to the values associated with
the translated lattice point x + u;. Furthermore, for k& € T7 5 the wave functions
1k P2ks - - - Plulk form an orthonormal basis of £(TY ;). They are defined by

eQTri(k,;L’)

e ={ 5 5T

else .

This orthonormal basis decomposes into subspaces indexed by the wave vectors k as
LT 5) = Brerr, , SPA{P1ks P2k -1 Plul.k}-

The orthogonality of the basis functions reduces to the orthogonality of the underlying
scalar exponential functions, since the basis functions differ only in the position of their
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nonzero component. Let op(z) = ™% and g(x) = > 2} Using the inner product
defined in Equation (2.5), we obtain

(0@),9@) = = 3 p@)g@) = e 3 ekl (o)

Tl & Tool 2

1 2mi(k—k',x)
i &) 2.7
’Tu € ( )

5l z€TY 4

For k = k' we find ¢*"*=¥2) = 1 in Equation (2.7). For k # k' there exists 2/ € TY 5
such that e*™*=*.=" £ 1 Since TY 4 is a group, the map « — x + 2’ is bijective, and
we can rewrite the sum accordingly, which yields

1 627ri<k—lc’,ac+ac’) _ 627ri(k—k’,ac’) 1 627ri(k—k’,;t>
u T
T2 5l e T2 5l veTS
1 2rilk—k' ,z+") 2ri{k—kK ,x’) 1 2mi{k—k',x)
e ’ —e ' — e ’ =0

u u
T 5] 2€TY T 5] 2ETY
1

2ri(k—k' x+a’) (1 . e27ri(k:—k',a:’>) =0

u
Tl 52 ——

Since e?m(k=k7") - 1 it follows that m D weT e?rilk=k\z+a’) — (. Combining both

cases we conclude that

1 627ri<k—k',m> — ]'7 k= kla
0, k+K.

u
Tl &2

2.2.3 Fourier Functions on Lattice and Crystal Tori

This section is mainly based on [65].

For function spaces on crystals, the orthonormal wave functions can be identified with
Fourier basis functions, also referred to as Fourier modes. A Fourier function is a
complex-valued function that assigns to each position x € R™ and a wave vector k € R”
the complex exponential determined by their inner product, i.e.,

¢ :R"xR" — C with (z,k)+— 2™, (2.8)

In particular, a variation in x rotates the exponential in the complex plane, whereas
larger values of k produce a faster oscillation and hence corresponding to higher fre-
quencies. Furthermore, the Fourier function is multiplicative in both arguments and is
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trivial on the integer lattice. Moreover, it lies on the unit circle in the complex plane,
since it has a unit-moduls, i.e. |¢(x,k)| = 1. More formally, Fourier functions satisfy
the following properties

(i) ¢(z,k) =1 for all (z,k) € R™ x R" with (z,k) € Z
(iii) |@(z, k)| =1 for all (z, k) € R™ x R™.

These properties underlie the periodicity and orthogonality of Fourier functions on a
lattice.

According to the interpretation of k as a wave vector, a Fourier mode can be viewed as

a wave function

o R" — C with 2 — 2™k,

Its value at position z depends on the fixed wave vector k.

Fourier functions on a lattice. The Fourier function can be restricted in the spatial
dimension to a lattice L(.A) C R", which results in

¢ :L(A) xR" — C with (2,k) — ™),
For each fixed wave vector k, this defines a wave function
or = 200 with 2 e L(A).

Every Fourier function on LL(.A) is uniquely represented by a wave vector k contained
in the unit cell Z2(A™T) of the dual lattice L(A)*. Accordingly,

o L(A) x E(AT) — C with (z, k) —s 2o,
Equivalently, any £ € R™ admits a unique representation
k=k+AT¢, with ¢ € 2"
For x € L(A), i.e., z = Au with p € Z" one obtains by periodicity:

QO(,CE, k) :627Ti<k7x> — 627ri<]%+A7TC,Au>

_ eZﬂi(fc,Au) . @2m(ATTC Ap)
2mi(k, A 2mi(C, ) 2
—2milk, Ap) | 2mi(C ) o(x, k).

=1

Consequently, two Fourier functions defined on R™ are indistinguishable on IL(.A) when-
ever their wave vectors differ by an element of the dual lattice L(.A)*. This effect,
known as aliasing, reflects the periodicity induced in the frequency domain by sampling
the spatial domain, so that wave vectors are effectively identified modulo L(.A)*.
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Figure 2.5: Fourier modes on R with different wave vectors. Unit cell boundaries are indicated
by vertical bars, while lattice points are marked by black dots. The Fourier modes within one
unit cell are highlighted by solid lines and periodically extended by dashed lines. At the top,
the wavelength equals the size of the unit cell, corresponding to the lowest nonzero Fourier
mode. At the bottom, multiple wavelengths fit into one unit cell, corresponding to higher-
frequency Fourier modes.

Fourier functions on a torus. Let L(B) C LL(A) be a lattice-sublattice pair and restrict
the spatial domain of the Fourier function to the finite box =(8B). This gives

¢ :Z(B) x R" — C with (i,k) —s 2™ k2,
The box Z(B) defines the period for the periodic boundary conditions by
o(Z, k) =@+ B-n,k) for all n € Z".
Consequently, at least one full oscillation of every admissible wave must fit into the
box, providing a lower bound on the nonzero wavelength as depicted in Figure 2.5. By

periodicity, every Fourier function restricted to Z(B) can be identified by a wave vector
k from the dual lattice L(B)*. Accordingly, the set of Fourier functions on the torus is

@:Z(B) x L(B™T) — C with (#,k) — e*mkd),

Finally, the partition property of the unit cell (cf. Equation (2.3)) ensures that restrict-
ing to Z(B) together with periodic boundary conditions faithfully represents functions
on the torus T 4 5. Consequently, two Fourier functions on R" restrict to the same func-
tion on the torus T 4 5 if and only if their wave vectors differ by an element of the dual
lattice L(B)*.
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position x frequency k

l/a 0
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x € Tag
B 1/
k€ Ty “ ’ ' { "

Figure 2.6: Illustration of position and frequency domains under restriction in the one-
dimensional case (based on [65]). Consider a one-dimensional lattice-sublattice pair L(6) C
L(a) C R. Without restricting either variable, i.e., z,k € R, both domains are continuous.
Discretizing the position domain to the lattice = € L(a) results in periodicity of the frequency
domain with unit cell Z(1/«). Conversely, discretizing the frequency domain to the lattice
k € L(1/s) yields periodicity of the position domain with unit cell Z(6). Restricting the posi-
tion domain to the lattice torus x € T 4 5 makes the position domain discrete with respect to
the lattice L(a), while imposing periodicity with respect to the sublattice L(6). Accordingly,
the frequency domain becomes discrete on the dual lattice }L(é) due to the periodicity of the
position domain and remains periodic with respect to the dual sublattice L(1/s).

Fourier functions on a lattice torus. Let L(B) C L(A) C R" be a lattice-sublattice
pair. The corresponding lattice torus is T 4 5 whose elements are equivalence classes

zlg={z+B-(|¢eZ"} with xeL(A).

For convenience, we identify each class x|z with its canonical representative & € [z|z N
Z(B). Since the Fourier functions must be well-defined on the torus, their values cannot
depend on the particular representative chosen for the equivalence class [z]z. We there-
fore adopt the convention (with slight abuse of notation) that [z]s is identified with its
canonical representative z, and use equivalence classes and their representatives inter-
changeably. This is consistent, since each Fourier mode ¢y, is B-periodic and the elements
of T 45 can be identified by any chosen representative & so that p(xz + B - () = ¢i(x)
with ¢ € Z". Figure 2.6 summarizes the periodicity of Fourier functions restricted in
position and/or frequency space. Restricting the frequencies to the dual lattice torus
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T* 5 gives rise to the admissible Fourier modes

¢ :TasxT)p— C with ([z]s, [k]4-1)—> eQm(k’@,
where & € 2] NE(B) and k € [k]4-r NZ(A"T) denote the canonical representatives.
The periodicity constraint induced by the sublattice cut-off implies that the minimal
wavelength of nonzero modes is bounded by the spacing induced by T7 5. The corre-
sponding Fourier modes are normalized by

1
0; : Typ — C with & +— —op(z), m=|T = |T% 5l 2.9
P Tas \/ﬁ@k( ) Tasl = T4zl (2.9)
The normalized Fourier modes form an orthonormal basis of £(T 45) with respect to
(-,-). Accordingly, the Fourier transform on the lattice torus is represented by the
unitary Fourier matrix

F= [{5,}1 @12:2 @k'rn} e cmm,

Fourier functions on a crystal torus. Let L(B) C L(A) C R", where B = A-Z
for some Z € Z™", and let m = |det(Z)|. The corresponding crystal torus is T
with structure element u = [uy,ug,...,u,] € Z(A)”. Recall that a crystal torus can be
viewed as a collection of v lattice tori T 4 s each shifted by one of the structure elements
u € Z(A) for £ =1,2,...,v. The Fourier functions on the shifted components ']I‘%B are
defined as independent copies of lattice Fourier modes:

ng" Ty — C with 2 +— e2milh-ur) epford=1,2,...,v (2.10)

where = € T 4 3, ke T’ 5 and e, is the £-th unit vector in C.

The relative positioning of the structure element u, within the unit cell Z(.4) manifests
as a phase adjustment factor. Indeed, each Fourier function can be decomposed into a
lattice mode ¢; and a crystal dependent phase shift, i.e.,

(pzf () = 2mith®) . g2ritkudz o for (=1 W (2.11)
®j, phase adjustment

Collecting these Fourier functions yields the complex v X v matrix
= [gpzl, gpzz’, . ,gpg” = diag(e%w}’”l)?’, 62”@’“”2’, . ,62”@’“”2) i (2).
The orthonormal basis of £(T% ) is given by the set of scaled wave functions

-~ 1 k
. -@22f0r€€{1’27,,.71/}7 keTiLB'
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For any ordering ki, ks, ..., ky of the m canonical representatives in T 5, the wave

functions can be expressed as the product of the regular Fourier functions in T 4 5z and
2ritkue) - Collecting these functions for all
(Cllm)(l/m‘

the corresponding phase adjustment factor e
k € T ;5 yields a block-structured matrix F* €

In the following, we focus on translation-invariant operators and therefore omit the
distinction between lattice element x and its canonical representative & in the quotient
space. The same convention applies for the dual lattice torus, i.e., we identify k£ with k.

2.3 Discrete Fourier Transforms

Fourier functions on lattice tori encode spatial periodicity together with internal phase
relations induced by the crystal structure. So far, we have constructed them as a natural
orthonormal basis for functions defined on a finite periodic lattice with internal structure,
i.e., a crystal torus. To make this basis functional for spectral analysis, we require a
transform that represents arbitrary functions in terms of their Fourier coefficients.

The discrete Fourier transform (DFT) provides precisely this mechanism. It expresses a
function on the crystal torus as a linear combination of discrete Fourier basis functions
and thereby establishes an explicit mapping between position space and frequency space.

Built on this, the Fast Fourier Transform exploits the underlying lattice hierarchy to
compute Fourier coefficients with reduced computational complexity. We introduce the
FFT for crystal structures in Section 2.3.1.

At the same time, the DFT reveals structural simplifications of operators. In particu-
lar, multiplication operators become diagonal or, in the presence of structure elements,
block-diagonal when expressed in the Fourier basis. This property is central to local
Fourier analysis, where applying the DFT to these operators yields so-called symbols.
We study LFA in Section 2.3.2. Throughout this section, we follow [65, 66, 69].

The discrete Fourier transform on lattice and crystal tori. Consider the finite-
dimensional vector space £(T 45) = Cldet)l associated with the lattice-sublattice pair
L(B) C L(A) € R", where B = A - Z for some Z € Z™". The number of elements
within a torus T 45 is denoted by m = |T 45| = |det(Z)|. The DFT on £(T45) is a
bijective linear mapping

F L(Tap) — £(T 5)

defined for g € £(T 4 ) by

gr = F(9)(k) = (g, o) = Z e k),

‘AB CEGTAB
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2.3 Discrete Fourier Transforms

where k € T 5 and ¢y is the associated Fourier basis function, cf. Equation (2.9).
Collecting the orthonormal Fourier basis functions as columns yields the unitary matrix

F= [Solﬂ Phy Spkmi| e Ccmm
For completeness, note that the inverse Fourier transform is given by
FH9)=F-g for g§eL(Typ),

so that forward and inverse DFT differ only in the sign of the complex exponential
appearing in the basis functions.

For vector-valued functions g = (g1, ..., gu) € £(TY ), the DFT extends naturally by
acting componentwise. Each component satisfies g, € £(T 4 ), and

Fg:=(Fgi,-.., Fgu)-

In particular, the |u| shifted copies of the lattice torus associated with the structure ele-
ment U = [y, Uy, ..., Uy give rise to the diagonal phase adjustment, cf. Equation (2.11).

2.3.1 Fast Discrete Fourier Transforms

The DFT is commonly implemented via FF'T. By employing a divide-and-conquer strat-
egy the FFT reduces the computational complexity from O(m?) to O(mlog(m)) by re-
cursively decomposing the transform into a sequence of smaller DFTs; which can then
be combined efficiently to yield the full result [43]. On lattice tori, the presence of inter-
mediate sublattices provides a natural framework for such factorization. In particular,
let L(Z) C L(B) C L(A) C R™ be a hierarchy of lattices with corresponding dual lat-
tices L(A™T) CL(B~T) CL(Z-T) C R". The lattice L.(Z) defines the domain cut-off,
i.e., the underlying problem is Z-periodic with respect to L(Z). For L(Z) C LL(A) is
Z=A-7 with Z € Z"" and the corresponding lattice torus is

Taz =LA [1(z) = L) /L®) /L(2)- (2.12)

That is, the intermediate lattice L(B) partitions the torus T 4 z into disjoint blocks of
size |T 4 5|. Every spatial representative z € T 4 z decomposes into an in-block repre-
sentative y € L(B)/L(z) and an across-block component z € L(A)/L(8) such that x = y + z.
Similarly, each frequency representative k& € L(Z7")/L(4-T) can be decomposed into an
across frequency £ € LB~ ")/1(4-T) and an in-block frequency a € L(Z™")/LB-T), such that
k = {+ a. In this way, the lattice hierarchy itself encodes the in—block and across—block
components that drive the factorization of the Fourier transform. With this decompo-
sition, the Fourier modes factorize as

2ri(k,x) _ e27ri(€+a,y+z>

p(z,k)=e =y, ) - p(y,a) - p(z,0) - p(z,a).
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Fory=B-pand = B~' v with yu,v € Z" and v* i € Z we obtain

2mi(l,y) eZWi(B-p,,B*Td/) — 627ri<,u,,1/> — 627riVT,u -1

p(y, () =e =
Furthermore, this decomposition consists of FFTs on L(B) /L(Z) given by ¢(y,a) (in-
block transforms) and IL(.A)/IL(B), given by ¢(z,¢) (across-block transforms), followed
by phase adjustments ¢(z,a). These twiddle factors [37] reflect that the transform on
Tp z has degrees of freedom spread across the lattice rather than confined to a unit cell.

2.3.2 Local Fourier Analysis

We now turn to the application of the DFT to multiplication operators on crystal tori.
Such operators are translationally invariant with respect to the underlying lattice and
can be interpreted as convolution-like operators. Expressed in the Fourier basis, they
diagonalize or, in the presence of a structure element, block-diagonalize, which makes
their spectral properties directly accessible. Note this fundamental property also un-
derlies the application of the FFT to multiplication operators. However, LFA exploits
this property more directly by working with Fourier symbols, which are inherently free
of phase adjustments.

Lattice and crystal operators. Let L(Z) C L(A) C R” be a lattice-sublattice pair
such that Z = A - Z with Z € Z"*™. A lattice operator is a linear mapping

A ’S(TA,Z) — Q(T_A,g),
acting on scalar functions in the function space £(T 4 z), cf. Equation (2.4).

The crystal torus T ; with structure element u = (U, ..., up] represents a finite peri-
odic structure with |u| degrees of freedom per lattice site. A crystal function is then a
vector-valued function f = (fi,..., flu), with f; € £(T 4 z).

A crystal operator maps vector-valued functions to vector-valued functions. More gen-
erally, for domain a torus Tih z and a co-domain torus T¢ 7, we define

A= (Ar,.. o Ag) 8T 2) — £(TY 2),
where each component operator is a linear map

AJ£<T?4,Z)—>£(TZ,Z>7 fHA]<f):Aj(flaf277f\D|>7 ]Zlva‘c’

In particular, each output component of the crystal function in the co-domain is obtained
by applying the operator A; to all components fi, ..., fj of the domain function.
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2.3 Discrete Fourier Transforms

Multiplication operators. Let A : £(T% ;) — £(T% ;) be a crystal operator. We

call A a multiplication operator if there exist multiplication matrices My € Cl*PRl with
0 € T,z such that for each z € Ty z and f = (fi,..., fip)" € £(T% z) we find

> Ms- flz+0). (2.13)

0€T 4, =

Operators of this type are convolution-like (stencil operators’) and are characterized
by the translation invariance with respect to the underlying lattice. For each primitive
vector a € IL(\A) the translation operator is defined as

T, : &(Taz) — £(Taz),sothat T, f(z) = f(x +a).

Since any lattice vector a = Y, jeay with j, € Z is a linear combination of primi-
tive vectors, it follows that T, can be expressed as composition of translations by the
primitive vectors, i.e., T, = T7'0T720---oT7". A multiplication operator A is translation-
invariant with respect to A if A commutes with every translation by a primitive vector,
ie., AT, —T,A =0 for all primitive vectors a € L(A).

Indeed, let A be such an operator with multiplication matrices M; € CI*PRI. Then for
any f € £(T% ;) and x € T4z we apply

(T.Af)(x) = (Af)(@+a)= > M- flx+a+9)

6€TAZ

and

(AT f)(x) = Y Ms(Tuf)(x+06)= > Mf(z+a-+9).

5€T 4.2 6€T a2

Consequently, T, A = AT, for all a € L(A).

Convolutional theorem. An A-translationally invariant operator as defined in Equa-
tion (2.13) can be interpreted as a discrete cross-correlation, a structure frequently used
in machine learning applications in place of classical convolution. Equivalently, it acts
via discrete convolution

(A = > M- f(x—0),

SET(A,Z)

with convolutional kernel Ms € Cl*PI indexed by the lattice displacements ¢ € LL(A).
The role of convolutions and cross-correlation in artificial neural networks is discussed
in detail in Section 3.2.4.

9Stencil operators compute each output value as a weighted sum of neighboring input values, using a
fixed pattern that is typically applied uniformly across the domain.
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In the crystal case, let ; be a vector-valued function associated with a fixed wave vector
or(z) = e2™kr) 4y with v e CPl and k € T =

that is, ¢y is a linear combination of scalar Fourier modes associated with wave vector
k. Applying the multiplication operator A yields

(A(Plc Z M - ‘Pk:(x + 5) Z M - 27r1 k,d) 627ri<k,:c) ‘0.
N—_——
5€T 4,z €T 4,2z k()

We thus define the matrix-valued symbol of A as
Z M - 27r1k:§ G(CHXID|

(SETAZ

Hence, for each wave vector k € T7 z, the subspace
£ = {627ri(k,z> -U|U = C|D|}

is invariant under A and the operator acts on this subspace by multiplication by A;. At
each wave vector k, the operator acts as

(Api)(@) = | D Ms- 80 | () = Agpn(@).

EGT.AZ

01 02

According to Equation (2.10), for each frequency k the sets F3, = [gpk o - gokw] and

F = [gpg 0L ... go,i'“‘} form an orthonormal basis of all Fourier modes associated with

the domain and co-domain respectively. With this notation, the action of the operator
at frequency k can be written as

AF? = FC A, (2.14)

Since each k indexes a different diagonal block, we say that A is (block-)diagonalized by
the DFT. For the lattice case, i.e., 0 = ¢ = 1, the multiplication operator corresponds
to a pointwise multiplication in the frequency domain and Equation (2.14) reduces to

Ay = Appr

and since each Fourier mode is already an eigenfunction, the scalar-valued symbol A, €
C is an eigenvalue,cf. Equation (2.1).

The spectrum of A on the torus can be given by the union of the spectra of its symbols

specz(A) = U spec(Ag).

keTy 2
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2.4 Iterative Methods

2.4 lterative Methods

In this section, we provide an overview of classical iterative methods for solving sparse
linear systems arising from discretizing partial differential equations (PDE). We begin
by reviewing boundary value problems to motivate the approximation of a continuous
problem by a system of equations. This is followed by an introduction to classical
iterative methods with a particular focus on the Richardson iteration. This section is
mainly based on [96,105].

2.4.1 Boundary Value Problems

The following discussion is mainly based on [10] and [96]. Boundary value problems
are fundamental in the mathematical modelling of physical phenomena, including heat
distribution, fluid dynamics, and electrostatics. To motivate the application of iterative
methods, we first consider the following two-dimensional boundary value problem as a
foundational example [10]. Consider the unit square domain Q = (0,1)* together with
the boundary value problem®’

TUpg — Uyy = f<I7y) for (x7y) €
with Dirichlet boundary condition on the boundary 052
u(z,y) =0 for (x,y) € .

To discretize the domain €2, each spatial dimension, x and y, is partitioned into N equally
sized subintervals. This yields a uniform, equidistant grid with mesh size h, = h, = %
and M = (N — 1)? interior grid points (unknowns) defined as

(i, y;) = (ihg, jhy), i, =12...,N—1
The resulting computational grid is denoted by €2, and illustrated in Figure 2.7.

Finite-difference discretization. Applying the finite difference method!!, at each grid
point the differential equation is approximated by the second-order difference scheme

—Ui—1j + 2U 5 — i1 | —Uij—1 + 22U 5 — Uy .
Loy ZRL T I (o g = fGhaghy)  (215)
T Y
fori,j =1,..., N —1. The homogeneous boundary condition reads u; o = u; y = ug; =

uy,; = 0. Stacking the unknowns in lexicographic order (first ¢, then j) yields

_ T
u = (ul,l, e, U N-1,U21,- -, U2 N=1y -, UN—-1,1; - - - ,UN,LN,I)

10This boundary value problem is known as the Poisson equation on the unit square.
" The derivatives in the PDE are replaced by difference approximations [10].
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Figure 2.7: Uniform discretization of the unit square Q = (0,1)? into N subintervals in each
coordinate direction, resulting in the mesh size h, = hy, = 1/N. Interior grid points are shown
as black dots, while boundary grid points are shown as white dots.
and likewise f, Equation (2.15) can be represented as a linear system

Au=f (2.16)

where, with h := h, = h,, A is the block-tridiagonal matrix

B I 4 -1
-1 B -I ~1 4 -1
SR with B = e
-1 B -I -1 4 -1
-1 B -1 4

Since only neighboring grid points interact, A is often represented as a 5-point stencil
A=—=1| -1 4 -1 ]. (2.17)

This stencil compactly encodes the coupling between a grid point and its four direct
neighbors in the two-dimensional case.

Discretized operators on the lattice torus. The discretized operator can be formu-
lated on a lattice by neglecting boundary conditions, since placing the problem on a
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lattice torus imposes periodic boundary conditions. The local structure of the operator
“in the bulk” remains entirely unaffected by this modification.

In particular, the value at each grid point on the lattice torus is obtained as a fixed
linear combination of its neighboring values, independent of its global position. Conse-
quently, the discretized operator is a convolution operator. This viewpoint highlights
the translation-invariant structure of the operator, which extends naturally to higher-
dimensional lattices.

A discretized unit square with periodic boundary conditions can be represented by the
lattice torus T 4 z with lattice bases

10 1 1110
Z:|:01:|, A:E[alag]zﬁ{()l}

On this lattice torus we define the discretized operator Ay : £(T4z) — £(T4z) by

(Anf)(@) =D MY f(x+0), z€Taz,
SeN

where N' = {0, +ay, +as} denotes the set of lattice shifts with the five-point stencil.
Explicitly, M\ = 4 and M = M) = M = M) = —1.

The representation of the discretized operator as a linear combination of shift operators
highlights its local structure, since each grid point depends only on its nearest neighbors.
While this locality leads to sparse system matrices, the direct solution of the resulting lin-
ear system, Equation (2.16), remains computationally expensive for large problem sizes.
For example, Gaussian elimination requires O(M?3) arithmetic operations. In addition,
for large systems, i.e., M > 10* memory requirements quickly become prohibitive [105].
This motivates the use of iterative methods. Instead of solving the problem in one finite
sequence of operations, iterative methods exploit the local stencil structure to generate
successive approximations that ideally converge to the true solution.

2.4.2 Classical Iterative Methods

In this section, we introduce classical iterative methods, following [96], for solving large
sparse systems of linear equations Au = f, cf. Equation (2.16), where A € C™*" is the
system matrix and f € C" denotes the right-hand side and u is the unique solution.
Given an initial guess u(®) € C”, an iterative method produces a sequence of iterates
w4, .. which ideally converges to the exact solution u. A stationary linear iterative
method is defined by the iteration rule

u =4 4 B(f — Aul),
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where B € C™" typically serves as an approximation to A~!. The method is called
stationary since the update rule does not depend on the iteration index 7. In the 7-th
iteration, the iteration error is defined by

e =y —ul.

That is, the iteration converges to u, i.e., u{” — wu if and only if e(™ — 0. However,
both the exact solution u and the true error e(”) are generally inaccessible. Instead, one

monitors the residual
P = f— Au(T),

as a computational measure of how well the current iterate u(” approximates the exact
solution. Residual and error are related through the residual equation

Ae™ = (1), (2.18)

Thus, given an iterate u(™, 7 > 0, the residual 7(7) can be computed and solving the
residual equation for e(™ would yield the exact correction

A =7 o oM = A71p(M),

Since this is typically unfeasible, one instead computes an approximate error é(7 =
Br(™ ~ (™ which then is used to improve the iterate

WD = (™ L B = (M) 4 s (2.19)

Most stationary iterative methods are based on this residual correction principle.

Convergence of iterative methods. The residual at iteration 7 can be written as
P = (I — AB)r"™) = (I — AB)™r(©.
Since the error satisfies Equation (2.18), we equivalently obtain the error propagator
e = (I —BA) .
An iterative method converges to a solution u for any initial guess if and only if

lim ™ =0 <= lim (I — BA)e® =0 <= lim (I — BA)" = 0. (2.20)

T—00 T—00 T—00

Thus, convergence is entirely determined by the powers of the iteration matrix [ —
BA. Furthermore, the iteration matrix I — BA can be viewed as a degree-one matrix
polynomial in BA'2. More generally, after 7 iterations the error satisfies

e(T) - (I - BA)TQ(O) = pT<BA)€(O)7 (221)

12 An entirely analogous argument applies to the residual with the iteration matrix I — AB.
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where p, is a polynomial of degree 7 with p,(0) = 1. We refer to p, as the error
polynomial. Let \; € spec(BA) be an eigenvalue of BA with corresponding eigenvector
v, i.e., BAy; = Aj7y;. Then

pr(Nj) = (1 —=XN)" and (I —BA) ™y =p-(N)v (2.22)

Hence, the convergence behavior of the iteration is determined by the values of the error
polynomial at the eigenvalues of BA. Moreover, factorizing the error polynomial yields

T

pr(BA) = [[(T - %BA) with p.(G)=0, &eC.

i=1 !
Using Equation (2.22), we obtain
T A]
p-(BA)y; = p.(N)y = | ] - ?) V-
i=1 !
Writing the initial error as a linear combination of the eigenvectors yields
e = chyj, with ¢; € C.
J

Hence, the error after 7 iterations is

el = Z (ﬁl (1 - %)) s

which is small, if the roots (; reflect the distribution of the eigenvalues of BA correctly.
The error decay in each direction +; is controlled by the scalar factor

T A )
pr(Aj) = I I ( —ZJ)
Thus, convergence is guaranteed if

max (N < 1,
)\Espec(BA)|p ( )|
and the convergence rate is dictated by how small this maximum can be made. More
fundamentally, recall from Equation (2.20) that convergence requires lim,_,, (™ = 0.
Thus, all eigenvalues A\; of BA must lie strictly inside the open unit disk centered at 1.
Equivalently the spectral radius of the iteration matrix must satisfy

p(I — BA) < 1.

Figure 2.8 displays error polynomials of different degrees 7, illustrating that for eigen-
values inside the unit disk the error components decay, while for eigenvalues outside the
unit disk, the error components grow without bound.
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...... T = T =
=23 -- 7 =10
--- unit square —— unit circle

Figure 2.8: Error polynomials p,(z) = (1 — z)" for 7 € {1,2, 3,10} evaluated on the real axis.
The root of multiplicity 7 is located at z = 1 and marked by X. At z = 0, we always have
pr(0) = 1, whereas at z = 2, the values alternate between —1 and 1.

Error bounds. For any consistent matrix norm, the error is bounded by
1PN < NI = BAY|H[e@]] < ([T = BA[[™ [|e”]].

In particular, if ||[I — BA|| < 1, the error decays at least geometrically, i.e., e — 0 as
7 — o00. This condition is stronger than necessary, but it already guarantees convergence
and provides an explicit estimate on the asymptotic reduction factor.

Equivalently, using the error polynomial p, from Equation (2.21)
11 < Hp(BA)|[{[e™]].
If BA = XAX™!is diagonalizable, then
e < [|1XT =) X [ [e|] < m(X)max|L — X |7[[e@]],
J

where x(X) = || X]|||X Y| denotes the (relative) condition number of X.

Note that the eigenvalues do not completely determine convergence since a poorly con-
ditioned eigenbasis X can lead to transient growth of the error. In this case, some com-
ponents of e(”) can initially increase in norm before eventually decaying, even though
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the asymptotic convergence condition p(I — BA) < 1 is satisfied.'® In contrast, if BA
is normal, i.e., it is unitarily diagonalizable, then x(X) = 1 in the 2-norm. The error
bound simplifies to

1] < max|1 = A;[7[[e®]]2,

and, more generally, for any polynomial p

BA)||; = M.
IP(BA)[l2 = | max Ip()

(2.23)

Thus, for normal matrices, the spectral radius completely characterizes convergence,
since no hidden growth can occur.

Richardson iteration. A particularly simple stationary iterative scheme results from
choosing B = wl, with relazation parameter w > 0, yielding the Richardson iteration

u™ = o oo(f — Au).

In this case, the iteration matrix reduces to I — wA.

The corresponding error polynomial p,(z) = (1 — wz)" is of degree 7 and has a root
at z = % of multiplicity 7. Assume that A is diagonalizable with real spectrum in
[Amins Amax), SO that the eigenvalues satisfy 0 < Apin < A < Apax. Since the iteration
matrix is [ —wA, convergence depends on the eigenvalues of A. In particular, Richardson
iteration converges if and only if there exists w > 0 such that p(I —wA) < 1. Formally,
we require

2
1 —w)j| <1 for Aj€ [Amin, Amax] =0 < w < )

)\max

According to Equation (2.23), the worst case reduction factor after one step is

= ma. 1 —wh;l.
q )‘je[kmin?()‘max} | J |

Since [[e™|| < ¢7|[e?]|, a smaller reduction factor results in faster convergence. In
order to find a parameter w that minimizes the maximum deviation of 1 — w\ over the
interval of eigenvalues, we solve the minimax problem

min ~ max |1 — w);|.
w>0 Ajep\mirn)\max]

Thus, we require
11T — @wAmin| = |1 — WAmax]-

3Here, “poorly conditioned” means that the eigenvectors of BA are nearly linearly dependent, so
that the eigenbasis matrix X has a large condition number x(X) = || X||[|X~!|| > 1, resulting in
numerical instability in the eigendecomposition.
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|1 - W)‘min|
--= |1 — wApax]

1 Wopt 1

max )\min

Figure 2.9: |1 —wApin| and |1 —wApax| as functions of the relaxation parameter w. The optimal
parameter wqpg is located at the intersection of the two functions.

Solving this yields the optimal relaxation parameter

2
w B
opt )\min + /\max

Figure 2.9 illustrates |1 —wApin| and |1 —wA x| as functions of w, and their intersection
corresponds to wepy.

The corresponding optimal asymptotic convergence factor for Richardson iteration is

)\max - )\min k—1 . )\max
Jopt = ‘1 - Wopt)\min’ = ‘1 - Wopt)\max’ - )\maX T >\min = K+ 17 with xk = /\min .

However, in practice the optimal w can be difficult to use. Instead, we find an upper
bound on the spectral radius, i.e., p(A) < ¢.'* Then a sufficient condition for conver-
gence is 0 < w < 2/¢c. A common choice is w = 1/¢ since it satisfies /¢ < 1/p4) < 2/p(4).

Smoothing property of Richardson iteration. For the eigenpairs Ay; = A;7; the error
propagator with relaxation parameter w is

el™ = Z(l — wA;)7 ;.
J

If only an upper bound ( &~ M.« on the spectrum is available, a common choice is
w = 1/¢c. Each eigencomponent is then reduced by the factor (1 —*i/¢c)". The slowest
decaying component corresponds to the smallest eigenvalue A.;,. The corresponding

14For instance using the power iteration method.
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reduction factor per step is 1 — Amin/¢, which is close to 1 whenever |Amin/¢c| < 1. Using
the Taylor expansion log(1 — x) &~ —x for small x, we obtain after 7 steps

)\min )\min )\min
(1-— )" = exp <7‘ -log(1 — )) A exp <—7’ ) .

¢ ¢ ¢
Hence, reducing this component by a constant factor requires approximately
TR ¢
/\min

iterations. Since ( ~ Apax, this gives 7 ~ Amax/x_;, = k(A). This ratio effectively acts as
condition number of the spectrum since convergence is slow if this ratio is large.

2.5 Multigrid Methods

In Section 2.4, we have seen that iterative methods exhibit smoothing properties by
quickly reducing error components in the directions of eigenvectors associated with large
eigenvalues. These correspond to high-frequency components of the error. Conversely,
low-frequency components associated with small eigenvalues are only weakly damped.
Multigrid methods address this deficiency by complementing a smoother S, typically a
basic iterative method, with a coarse-grid correction that eliminates the low-frequency
error components which remain after smoothing. The key idea is that error components
that appear as low-frequency on the fine grid become high-frequency on a coarser grid
and therefore can be reduced effectively there. We first formulate multigrid on lattice
tori and then present the coarse-grid correction from a matrix perspective. Then we
introduce the multigrid V-cylce by generalizing the two-grid algorithm to multiple grids.
This section is mainly based on [65,96,107].

Aliasing of error components on different scales. In this setting, two-dimensional
grids can be naturally represented by a lattice-sublattice pair. The fine grid is repre-
sented by a lattice L(.A) with lattice basis A € R**2. The coarse grid corresponds to the
sublattice L(2-.4) C LL(.A), containing, for example, only every second grid point of the
fine grid L.(.A). In practice, the problem typically is restricted to a finite computational
grid. Rather than considering the infinite lattice IL(A), we restrict the problem to the

finite quotient space
Tz = L(A) / L(Z),

where L(Z) C L(.A) is the sublattice with primitive vectors 33 = N-a; and 3o = N-as, S0
that the finite torus has N points in each lattice direction and is periodic with period N.

On this torus, the error can be expanded into Fourier modes ¢, = e2™*) for z € IL(A)
and k € L(A)*, where L(A)* is the dual of LL(A), cf. Section 2.2.3. Since the fine grid
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Figure 2.10: One-dimensional illustration of the scale separation of error components. The
coarse grid is represented by large dots. Slowly oscillatory components remain distinguishable
on the coarser scale, whereas highly oscillatory (high-frequency) components become indistin-
guishable due to aliasing.

is represented by the finite torus T 4 z, only finitely many modes occur, indexed by the
wave vectors elements of the dual torus

keTy,=LEZ"") /L(AfT).

As discussed in Section 2.2.3 Fourier modes on the lattice torus can naturally be sepa-
rated into low- and high frequencies. Low-frequency (smooth) modes vary slowly across
the fine grid and are concentrated near the origin of the frequency domain. High-
frequency (oscillatory) modes oscillate rapidly between neighboring grid points, cf. Fig-
ure 2.5. Restricting the fine grid L(A) to a coarse grid, e.g., L(2 - A), induces the dual
lattice hierarchy IL(2 - A1) C L(A)*. In this setting, the frequency domain is “folded”
along this dual sublattice. In particular, two fine grid frequencies that differ by an
element of the coarse dual lattice become indistinguishable on the coarse grid, cf. Sec-
tion 2.2.3. As a result, the low-frequency components on the fine grid are mapped into
relatively higher frequencies with respect to the coarser grid. This effect is illustrated
in Figure 2.10 for different frequencies in R.

2.5.1 Coarse-Grid Correction

The central idea of multigrid is to solve the problem on a hierarchy of grids, each
of which represents the same underlying problem. Such a hierarchy may arise either
by discretizing the original problem on progressively coarser grids or by constructing
coarse-grid operators using the Galerkin condition. Regardless of how the hierarchy is
constructed, operating on different scales requires transfer operators between the fine
and coarse grids. Transfer operators for restriction and prolongation, respectively, are
linear mappings between function spaces on different grids. Both operators are linear
transferring operators that either reduce or increase spatial resolution, while preserving
the underlying lattice structure.

Transfer operations. Let L(Z) C L(B) C L(A) be a hierarchy of lattices. The coarse
grid is represented by the lattice torus Tg z. The transfer to the coarse grid is given by
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a linear mapping, acting on the function space of the coarse grid torus Tp z,
R:&(T% ) — £(Tys). (2.24)

Here, the structure element a = (0,ay,as2,a; + az2) = T 45 consists of the four repre-
sentatives of the lattice torus T 4. They determine the contributions of the fine-grid
points to each coarse-grid point. A simple choice is the injection operator, which sam-
ples every second grid point. In this case the lattice basis of the coarse grid is given by
B = 2- A as illustrated in the one-dimensional example in Figure 2.10. A more common
choice is the full weighting operator that averages neighboring lattice points, over a
9-point neighborhood!. In the setting of lattice operators, the restricting operator is a
multiplication operator
_ (9)
(Rf)(x) =D My f(z +0)

SeN

with nonzero multipliers Mg) e R>Tasl and § e N = {0, =61, —065,—6; — 65}. Here
B =616 =2-[a;|az]. The corresponding nonzero multipliers are given by

ey 011 111
Mg“):oEO—] M}f’:[l———}

—(6 h i 1 —6 1 1
M](% (61+62)) — 1000 Z:| M](% l2): |:0 0 5 Z:| )

Figure 2.11 illustrates such a weighted restriction.

The transfer from the coarse to the fine grid is performed by the prolongation operator

P g(Tys) — (T4 2).

For symmetric matrices A, the prolongation operator is commonly chosen as P = R'
and the corresponding multiplication operator reads

(Pf)(@) =D MY f(z+9).

SeEN

The multiplication matrices for the prolongation arise as M ](35) = (M }({6))T. The prolon-
gation is illustrated in Figure 2.12. With the transfer operators defined, we can define
a suitable coarse-grid operator using the Galerkin condition

A, &(Tsz) — &(Tpz) with A. = RAP.

159_point stencils are a common choice, but larger stencils, such as 25-point or 49-point are also possible.
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Figure 2.11: Illustration of a weighted restriction from a fine lattice (small dots) to a coarse
lattice (large dots). Circled fine-grid points within a shaded coarse-grid unit cell act as struc-
ture elements. Solid arrows show their contributions to the coarse-grid point, weighted by
Mg)) (upper right), MI(%_[;Q) (lower right), M}(%_ﬁl) (upper left) and Ml({_ﬁl_b) (lower left).

Figure 2.12: Prolongation from a coarse grid (large dots) to a fine grid (small dots). Solid
arrows indicate the contributions of coarse-grid points to a fine-grid point. Dashed arrows
show the contribution of the circled coarse-grid point, whose corresponding unit cell is shaded.
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2.5 Multigrid Methods

This operator represents the fine-grid operator A consistently on the coarse grid. In
particular, the residual equation is solved on the coarse grid

Ace.=r. withr.=Rr=R(f — Au(T)).

Here é. is the coarse grid error approximation, which is interpolated back to the fine
grid via prolongation é = Pé..

Collecting these steps yields the coarse-grid correction operator for the fine grid residuals:
K:=1-PA'RA=1—1ly4, (2.25)

where I14 denotes a projection onto a lower-dimensional coarse-grid space and is there-
fore not invertible. Consequently, K has a non-trivial null space, that is, there exist
nonzero vectors e # 0 such that K Ae = 0. This means that some error components, par-
ticularly high-frequency ones, remain unaffected by the coarse-grid correction scheme.
Moreover, (Galerkin) coarse-grid correction is an A-orthogonal projection, satisfying
|1 = Ta(P)|[a = 1.

Consequently, coarse-grid correction alone cannot eliminate all error components. In
particular, high-frequency components remain essentially unchanged. Therefore, multi-
grid combines coarse-grid correction with smoothing to reduce all error components.

2.5.2 Two-Grid Method

As discussed above, coarse grid-correction alone cannot eliminate the high-frequency
components of the error. To efficiently damp these error components a few iterations of a
relaxation scheme, e.g., the Richardson iteration introduced in Section 2.4.2, are applied
before and after the coarse-grid correction. The corresponding smoothing propagators
are denoted by S"re and S"rot, where v, and 1,05 denote the numbers of pre- and
post-smoothing steps respectively.

A two-grid cycle consists of pre-smoothing, followed by coarse-grid correction and a sub-
sequent post-smoothing, as summarized in Algorithm 1. The two-grid cycle is repeated
until a prescribed stopping criterion is satisfied.

Algorithm 1 Two-grid-cycle (4, f,u(®)

1: ulere) = Svere( A, f,u(®) > Vpre Pre-smoothing steps
2: 7, = R(f — Aulvere)) > restrict residual
3 e = Ac_lrc > solve on coarse grid
4: @ = ulre) 4 Pe, > prolongate and update
5: ulost) = Sveost( A f 1) > Vpost Soothing steps
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2 Fundamentals of Numerical Linear Algebra

The two-grid method defines a linear iterative scheme. Its error propagator combines
smoothing and coarse-grid correction operators. Specifically, the error propagator is

E — SVpost KSVpre

with coarse-grid operator from Equation (2.25). The corresponding iteration on the
approximate solution u(") is given by

™) = o PAZIR(f — Au')
= (I — PAC'RAW) + PAZ'Rf
= Ku + PAZ'RY.

Since both smoothing operators S*rr, S*rest and the coarse-grid correction operator
K are linear and consistent error propagators, their product F is again a linear error
propagator [69].

Each component of the two-grid cycle targets a different part of the error spectrum. The
smoothing operators effectively damp the high-frequency error components, whereas the
coarse-grid correction reduces the remaining low-frequency components. This relies on
the approximation property, namely, that the low-frequency error components on the
fine grid can be represented accurately on the coarse grid and therefore corrected there.
If the smoother, transfer operators and the approximation property satisfy suitable
assumptions, their complementary action yields

p(E) <1,

which guarantees convergence of the two-grid method.

2.5.3 From Two-Grid to Multigrid Methods

To obtain a multigrid method, the principle of the two-grid construction is applied
recursively. In particular the exact coarse grid solve in line 3 of Algorithm 1 is replaced
by another two-grid cycle acting on the next coarser grid [107]. A multigrid method
with L-levels is characterized by a lattice hierarchy

L(B.) CL(B;_1) C ... C L(A)

where LL(By) denotes the coarsest grid and L(A) the lattice with the finest grid. On
level ¢, let A, denote the system matrix and I, the corresponding identity operator,
and Sy the smoothing operator. The corresponding smoothing iterations are denoted
by & and S respectively. Transfer operators between levels [ and ¢ + 1 are Rﬁ“
and P} 1, respectively. The multigrid error propagator is defined recursively by

Ey=0 and E,=8/"K,S,™ for (=1,...,L,
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Figure 2.13: Structure of multigrid V-cycle iterations with two (a) and three (b) grid levels.
Grid spacing reflects the coarseness of the corresponding level. Circular nodes denote smooth-
ing operations and rectangular nodes correspond to exact coarse-grid solves. Downward lines
(\) indicate restriction and upward lines (/) indicate prolongation of the coarse-grid solution.

where the coarse-grid correction operator is given by
Ke=1,— Pf-&-l L1 — Eoya] AZJhRgHAz-

Substituting the recursive coarse-grid correction K, into the two-grid error propagator
yields the multigrid error propagator E,. The resulting recursive algorithm is known as
multigrid V-cycle. Multigrid V-cycles with two and three grid levels are illustrated in
Figure 2.13. Variants such as W-cycles or F-cycles can be obtained by revisiting coarse-
grid levels multiple times; but are not covered in this thesis (see e.g., [107] for details).
To illustrate the recursive construction, we consider the two finest levels, £ = 0,1. For
readability, we denote operators on the coarse grid £ = 1 by the subscript ¢, i.e., A, = Aq,
I.=1I,,E.= E;, R= Ryl and P = P). On the coarse grid, the error equation becomes

Ace. = R(f — Au).

Since the coarse-grid solve is itself replaced by another two-grid cycle, the coarse-grid
correction is given by

e = (I. — E)A'R(f — Au).
Consequently, the updated fine-grid iterate is u < u + Pe. and therefore

u=u-+ Pec
=u+ P([c - Ec)Ac_lR(f B AU)
= (I - P(I. — E)A;'RA)u + P(I. — E)AZ'RY.

Thus, the coarse-grid correction operator on the fine grid is
K=1-P(l,— E)A;'RA,
and the corresponding two-level multigrid error propagator is given by £ = S*pest K S¥pre,

While we have written out the update formulas explicitly for the two finest levels, these
constructions naturally extend to any number of grid levels, as shown in Algorithm 2.
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2.5.4 Full Approximation Scheme

So far, we have considered only linear problems. However, nonlinearities arise naturally,
particularly when drawing analogies between multigrid methods and convolutional neu-
ral networks, where nonlinearities are intrinsic.

Both components of the multigrid method, smoothing and coarse-grid correction, can be
generalized to nonlinear problems. Since an error equation is generally not available for
nonlinear problems, the coarse-grid problem is formulated for the full approximation.

The key idea of the full approximation scheme (FAS) is that the coarse-grid solution is
not initialized with zero, as in the linear case, but with the restricted fine grid approx-
imation. Consequently, the coarse level inherits a consistent approximation, providing
the starting point for the nonlinear correction. Thus, after ¥ smoothing steps we set

0 Y/ v
Ug+)1 = Rflué g

As a consequence the coarse-grid residual equation is modified to
Appr(ueyr) = Apr (R ue) + Ry (fo — Aguy),

which incorporates the nonlinear structure of the problem. The corresponding fine grid
correction then reads
ﬂg = Uy + P;Jrl(uh_l - R§+1U5).

In contrast to the linear case, where the coarse-grid problem is formulated for the error
equation, FAS formulates the coarse-grid problem directly for the full approximation on
the coarse level. A multigrid-V-cycle with FAS is given by Algorithm 2.

Algorithm 2 FAS V-Cycle(Ay, fr, u)”)
1: if / = L then

2: Uy = Ae_l fo > exact coarse-grid solve
3: else

4: ugypre) =S¥ (Ay, fo, uéo)) > Vpre Pre-smoothing steps
5: re = Ry (fr — Aguéy‘“e)) > restrict residual
6: ug?r)l ) > restrict iterate
7 forr =711 + Ag+1ug(_)i_)1 > adjust coarse problem
8: w1 = FAS V-cycle(Api1, fria, uﬁ)l) > recursive coarse-grid solve
9: Uy = uéupre) + Pl (wpr — ugi)l) > prolongate and update
10: ugyp‘m) = St (Ay, fo,u,) D> Vpost SIMOOthing steps
11: end if

44



Fundamentals of Machine Learning

Machine learning (ML) methods are statistical algorithms used to identify patterns
and relationships in data to establish decision rules. These rules can be used to label
unknown, previously unseen data points. In this context, learning refers to the process of
optimizing the model parameters. This iterative process typically involves minimizing an
objective function, often called the loss function, that measures the model’s performance.
Based on this objective, the model parameters are adjusted to improve the model’s
performance. Prior to optimization, the parameter space is typically restricted to a
predefined set of models, known as the hypothesis space. This chapter introduces the
key concepts of supervised learning, including the definition of the hypothesis space and
the characterization of loss functions.

In Section 3.1 we introduce the general concept of a statistical learning framework,
which provides a theoretical foundation for understanding supervised learning methods
and for analyzing generalization to new, previously unseen data points. In Section 3.2
we present a specific class of machine learning methods: deep neural networks (NNs).

3.1 Supervised Learning

The core idea of supervised learning is to extract information from a given set of labeled
data points, the training set, about the underlying distribution in order to generalize
to unlabeled data points. The objective is to minimize the error the machine learning
method makes while predicting the labels of new data points. This leads to the learning
paradigm of empirical risk minimization, discussed in Section 3.1.1. The ability to
generalize depends on the complexity of the chosen hypothesis class, which represents
an inductive bias introduced before training. Larger hypothesis classes allow for more
flexibility but also increase the risk of overfitting to the training set. Conversely, a small
hypothesis class might limit the ability to capture complex features of the underlying
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data distribution. This relationship is known as bias-complexity trade-off and discussed
in Section 3.1.2. This section follows [100] and [40].

3.1.1 Empirical Risk Minimization

We begin by introducing the statistical learning framework, including definitions of the
learner’s input, its resulting output and measures of success. This provides a distilled
version of the underlying theory, focusing on illustrating the core principles of statistical
learning. We then discuss the empirical risk minimizer, introduce the notion of bias and
a core idea of generalization. After that, we elaborate on how training on finite datasets
leads to fundamental trade-offs and limitations of this theoretical point of view.

The statistical learning framework. Given an arbitrary set A, which denotes the
input domain, the goal is to estimate a function ¢ that approximates a perfect but
unknown labeling function p. The true labeling function p assigns each instance from the
input domain z; € X a corresponding label y; € ) from the label set ), which contains
all possible labels.! In formal terms, this can be expressed as o : X — ). The instances
z; € X, are typically represented by a d-dimensional vector of features, i.e., attributes
of the domain instances and drawn from an unknown probability distribution over X.
For classification tasks, the label set ) is typically finite. Let S = {(z;,y:)}.y ~ D
be a finite dataset of ¢ independently and identically distributed (i.i.d.) instances and
corresponding labels drawn from a distribution D over X x Y, y; = o(2;). D is also
referred to as data-generating distribution. We write P, , to denote the corresponding
product probability measure on (X x ))'. Based on S the goal is to estimate 1, such
that the difference between 1(z;) and p(z;) is minimal. The probability that the function
1 does not predict the correct label on a random instance x ~ D, i.e., o(z) # ¥(2) is
the generalization error defined by

Lo(8) = B () # 0(2)] = D({z: 6(2) # o()}); (3.)
Lp (1) is also called the risk or true error of ¢ and can thus be viewed as the loss of
the learner.

A function £ : X x Y — Ry is referred to as 0-1 loss, as it takes value “0” for correctly
predicted labels for instances f € X ~ D and “1” for wrong predictions and can be
written as

_J 1 ite(z) #e(z) | _
Lpo(¢) = { 0 if(z) = olz) [~ H¥EIFE)
Taking the expectation over D yields the expected 0-1 loss
Lo-1 = E..p[L(¥(2), 0(2))] = Ecnn[Lipe) e}

From now, the labeling function p is fixed and the loss function is denoted by Lp , = Lp.

IThis use of y is unrelated to the spatial coordinates (x,y) introduced in Section 2.4.1.
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The empirical risk minimizer. For a training set S, the empirical risk (or empirical
error) of a prediction rule 1 is defined as the average loss over the training instances:

1 t
Ls(v) =+ D L (3.2)
=1

A predictor ¢ that minimizes the empirical loss Lg(¢) is called an empirical risk mini-
mizer(ERM) and the corresponding learning principle is known as empirical risk mini-
mization .

Given the hypothesis class H, i.e., the set of all candidate functions, the objective is
to find a function ¢ : X — Y from H that minimizes the empirical risk Lg(¢)) from
Equation (3.2). The empirical risk minimizer over H, denoted by ERMjy, returns a
function ¢ € ‘H with minimal error over a given training set S, specifically

ERMy(S) € argmin Lg(1)). (3.3)
JeH

For the following discussion, we assume that the hypothesis class H is finite. As a result

g = argmin Lg(1)) (3.4)
YeH

is the ERMy applied to S.

Realizability assumption. To introduce some fundamentals, we first assume that there
exists a hypothesis ¥* € H that perfectly fits the underlying data distribution, i.e.,
Lp(*) = 0. This assumption simplifies the following discussion. Later, we relax
the assumption, since generally the data may not be perfectly representable by the
hypothesis class H. Ultimately, our goal is to analyze how well the ERM performs on
the true risk. Furthermore, under the realizability assumption, the hypothesis 1* agrees
with the true labeling function, i.e., ¥*(z;) = o(z;) for every training sample z;.

PAC learnability. The ERM allows us to select a hypothesis that performs best on
the training data. However, a low empirical error does not necessarily imply a low
generalization error. To this end we aim to find probabilistic guarantees on how well
a hypothesis learned from the finite training set S generalizes on previously unseen
samples drawn from D. Specifically, we seek conditions under which the learner reliably
finds a hypothesis with small error after seeing a feasible number of training samples.

A hypothesis v is approzimately correct if its error Lp (1)) is bounded by some error rate
e > 0,i.e., Lp(v)) < e. If alearning algorithm returns Lp (1)) < € with at least probability
(1 —0), then the algorithm is said to be confident. Here, 6 € (0,1) is a confidence
parameter. Specifically, if Lp(1)) < € the algorithm returns an approximately correct
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hypothesis. On the other hand, if Lp()) > €, the learning algorithm is considered to
have failed. Assuming the realizability assumption holds and if there exist a function

ty :(0,1) x (0,1) — N with (¢,0) — tx(¢,0),

such that ¢ > t4, a hypothesis class H is said to be Probably Approximately Correct
(PAC) learnable under the following conditions. For every €, > 0, any distribution
D and any p € H, the learning algorithm returns a hypothesis ¢ confidently and ¢y
is a threshold to the sample complexity. If the actual sample size is too small i.e.,
t < ty, there may be too few samples to learn representative features. As a result,
the predictor ¥ can adapt perfectly to the samples in the training set while exhibiting
poor generalization to unseen data points, making 1 prone to overfitting. Conversely,
if £ > ty, the ERM finds, with high probability, a hypothesis whose true risk is close
the best achievable in H. However, if £p(?) remains high regardless of the amount of
data, this indicates a limitation of the hypothesis class H, resulting in underfitting. For
a finite hypothesis class H the sample complexity can be bounded by minimal samples
ty that are required to achieve a desired accuracy and confidence:

log('%')w

€

ty(€,0) < { (3.5)
Consequently, the number of training samples needed to guarantee generalization de-
pends on the complexity of the hypothesis class H. To derive the upper bound on the
sample complexity defined in Equation (3.5), we estimate the probability over training
samples S|, = (z1,...,2) ~ D', such that the hypothesis 15, learned from S ~ D, has
a generalization error greater than e. Specifically, we seek an upper bound on

Pg.pt [ﬁp,g(@bs) > E] .

The set of hypotheses with generalization error exceeding e is referred to as the set of
“bad” hypotheses

Hp={Y e H:Lp(¢) > €}
Conversely, hypotheses not contained in Hpg are referred to as “good” hypotheses. A
hypothesis ) € H selected by the ERM solely based on S, despite Lp (1)) > ¢, is called
a misleading hypothesis. The set M C X' denotes the set of training samples for which
a misleading hypothesis exists

M ={S|, : 3¢ € Hp such that Ls(¢)) = 0}.

That is, M contains those samples S|, for which a bad hypothesis 1) € Hp exists, that
behaves identically to a good hypothesis evaluated on S|,, i.e., achieves zero empirical
error. Under the realizability assumption, the event of Lp(1)s) > € can only occur if the
empirical loss Lg(1)) = 0 is zero for a bad hypothesis ¢ € Hp. Consequently, M can be
expressed as the union over all bad hypotheses:

M= {8l £s(v) = 0}.

YEHRB
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This allows us to upper bound to the probability that the learning algorithm returns
a hypothesis with true error exceeding e by the probability that the sample, drawn
i.i.d. from D!, is misleading, i.e.,

P(S]. : Lp(is) > €) <PM) =P (Upenp{S5l: : Ls(¢) = 0}). (3.6)

Applying the union bound? as follows:

P({S]. : Lo(ys) > e}) < > P{SI.: Ls(v) = 0}). (3.7)

YeEHRB

Fix a particular hypothesis 1) € Hg. The probability that it achieves zero training error
on an i.i.d. drawn sample is

PH{S|. : Ls(v) = 0} = P{S], : ¢(z1) = o(z:) Vi}]
= HP({%’ c(zi) = 0(2i)})-

For each element z; of the training set it holds that

Pl (2:) = 0(2)] e Plp(2) # vl =1 = Lpo(¥) <1 —¢,

and since ¢ € Hp, i.e., Lp,(¢) > €, the probability that a bad hypothesis correctly
predicts the label of a single sample is at most 1 — ¢, i.e.,

Pl(z) =yl <1—e

Since the samples are assumed to be independent, the probability that 1 correctly
predicts samples in S satisfies

PlLs(y)) =0] < (1 —e)' <e ™.

Combining this result with Equation (3.7) yields that the probability of drawing a sample
on which the predictor g fails is bounded by

P[LD(¢S> > 6] < |,HB|6_Et < |H| e €t
To ensure that this failure is no greater than §, we require that

[H| - e " < 6.

1 H|
t>-1 — .
> e ()

2The union bound states that for two sets A and B and a distribution D, D(AU B) < D(A) + D(B).
Equality only holds if AN B = 0.

Solving for t yields
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The sample complexity is defined as the smallest integer t4 satisfying these requirements.
Consequently, for any sample size t > t4(€,0) we find

PLp(¥) <] >1-4§

and thus H is PAC-learnable with desired accuracy and confidence. In practice, how-
ever, the realizability assumption does not hold. We therefore let D(z,y) = D(2)D.(y)
denote the true joint probability distribution over inputs z and labels y, with marginal
distribution D(z) of the inputs z € X and D,(y) = D(y|z) the conditional distribution
of y given z.

The generalization loss (cf. Equation (3.1)) is then defined as

def
Lp() = P ypl(2) # yl.
A hypothesis class H is agnostic PAC learnable if the learning algorithm returns a
hypothesis ¢ satisfying, with probability of at least 1 — 9,

L < minLp()’ . 3.8
p(¥) < minLp(¥) +e (3.8)
Thus, agnostic PAC learnability guarantees an approximation to the optimal loss achiev-
able with the given hypotheses class H, even when no perfect hypothesis exist.

3.1.2 The Bias-Complexity Trade-off

A key insight of PAC learning is that the sample complexity, i.e., the number of train-
ing samples required to guarantee generalization, depends on the complexity of the
hypothesis class H. By restricting the learner to a specific hypothesis class H, we in-
troduce an inductive bias. Even if the true labeling function does not belong to H,
the learner is bound to choose a hypothesis from the predefined hypothesis class. The
complexity of the hypothesis class determines the learner’s capacity, i.e., its ability to
fit diverse training data. Specifically, a hypothesis class with high capacity can approx-
imate complex functions very well but is also more sensitive to noise in the training
data. This increases the risk of “over-adapting”, a phenomenon referred to as overfit-
ting. Conversely, a hypothesis class with insufficient capacity may fail to capture the
underlying patterns, resulting in underfitting. This trade-off between the ability of the
hypothesis to learn from the training set and its ability to generalize to unseen data is
known as the bias-complezity trade-off and is also commonly referred to as bias-variance
trade-off. Furthermore, the No Free Lunch Theorem states that there is no universal
hypothesis class or learning algorithm that achieves a better generalization error across
all problems. In practical applications the bias-complexity trade-off can be influenced
by explicitly constraining the complexity of the hypothesis space. This idea is known
as regqularization. It introduces a preference for simpler solutions, often reducing model
variability and thereby the risk of overfitting.
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Complexity of the hypothesis space. The principle of Occams’ razor states, that
among multiple hypothesis classes capable of approximating the true labeling function,
the “simplest” class is usually preferable. In the context of this thesis, the simplicity
of a hypothesis class is typically understood as its capacity, which can be informally
measured by the number of degrees of freedom it allows.

When the hypothesis class H is too simple, the hypothesis returned by the ERM may
exhibit high bias, as it fails to capture relevant patterns from the data, leading to under-
fitting. In this case, even the best ERM g € H cannot represent the underlying data
distribution. The fitted hypothesis shown on the left of Figure 3.1 illustrates underfit-
ting in a binary classification setting, where the learned hypothesis fails to adequately
separate the two classes.

Conversely, if the hypothesis class H is too complex, the chosen prediction hypothesis
may have low bias but becomes highly sensitive to the training data, including its noise.
The ERM may then return a predictor ¢g € H that predicts the labels of the training set
S perfectly, achieving zero empirical risk. However, this hypothesis is likely to overfit,
i.e., it fails to generalize to previously unseen data points. This case is shown in the
middle of Figure 3.1, where the hypothesis perfectly fits the data points, but fails to
capture the true decision boundary.

Therefore, the objective is to find a favorable trade-off between bias and complexity
through an appropriate choice of the hypothesis class H [40, 100]. The hypotheses
depicted on the right in Figure 3.1 represents a well-fitted hypothesis that achieves low
training error while maintaining good generalization and thereby avoiding underfitting
and overfitting. The simplest way to restrict the hypothesis space is to limit the number
of possible predictors within the hypothesis space H. In general, this is not a trivial task.
For binary classification tasks, the Vapnik-Chervonenkis dimension (VC dimension) is
commonly used. The VC dimension of a hypothesis class H, denoted by VCdim(H), is
defined as the largest subset V C X', for which there exists a labeling function ¢ € Hy,
such that the empirical error is zero, i.e., £,(1)) = 0. This concept is known as shattering.
If Hy contains all possible binary labelings of V', there exists a predictor that perfectly
separates the data points. Furthermore, for Hy : V — {0, 1} the number of predictors
in the restricted subset is upper bounded by |Hy| = 2¥I. The VCdim(H) of a finite
hypothesis set H satisfies VCdim(H) < log,(|H]|).

The Natarajan dimension is a combinatorial measure of a hypothesis space, that gen-
eralizes the VC dimension for multiclass problems with C classes; see [100] for more
details.
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Figure 3.1: Illustration of hypotheses with varying complexities fitted to a toy dataset: under-
fitting (left), overfitting (middle), and a well-fitted hypothesis (right).

Error decomposition in ERM learning. For the hypothesis g € H returned by
ERMy, trained on S, the true error Lp can be decomposed as

Cotvs) = mip £o(6) +  £o(vs) - miy Lo(v))

PYeEH
N 7 N _y
V vV
€app €est

where

® €, is the approzimation error, that measures the inductive bias caused by the
restriction to a specific hypothesis class. It is possible that even the best hypothesis
in H does not yield a good approximation of the target function.

e c. is the estimation error, that measures the difference between the approximation
error and the error returned by the ERM predictor and thus measures the error
caused by estimating the best function.

This error decomposition illustrates the bias-complexity trade-off: choosing a larger
hypothesis class typically reduces the approximation error e,,, but increases the risk
of overfitting and therefore the estimation error e.ps. Reducing the complexity of the
hypothesis class reduces the estimation error but increases the approximation error
which might result in underfitting.

The No Free Lunch Theorem. Agnostic PAC learnability guarantees that it is possi-
ble to find prediction rules that correctly classify most data points with a certain proba-
bility. However, this does not imply the existence of a universal learner, that is, a learner
capable of solving any task without prior knowledge. According to Wolpert, no learner
is universally dominant over any other [118]. Formally, Wolpert introduced the No Free
Lunch Theorem, which states that, averaged over all possible data-generating distribu-
tions, all learning algorithms have the same expected performance. Consequently, there
is no universally optimal learning algorithm. Instead, the goal is to identify the learning
algorithm that is best suited to the underlying data distribution by making reasonable
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3.2 Deep Neural Networks

assumptions about the underlying data distribution of the task at hand, thereby en-
abling effective incorporation of prior knowledge. Furthermore, [100] showed that, for
a learning algorithm trained on a binary classification task, even if there exists a hy-
pothesis that perfectly represents the distribution of the underlying data, the learning
algorithm may fail unless there are enough training samples or the hypothesis class is
appropriately chosen.

3.2 Deep Neural Networks

(Artificial) neural networks (NNs) form a class of parameterized machine learning meth-
ods. With parameters § € © C RY, choosing a specific neural network model architecture
corresponds to restricting the hypothesis class H to a set of parameterized functions,
where each function is parameterized by a fixed number of trainable weights.

During the learning process these weights are adapted to minimize a loss function over
the training data, thereby selecting the best function within the restricted hypothesis
class ‘H to approximate the true labeling function. This review is based on [100].

In line with the historical development of neural networks we begin by introducing
multilayer perceptrons as the foundational class of feedforward neural networks. We
then discuss convolutional neural networks (CNNs), which exploit the spatial structure
in the input data through local connectivity and weight sharing. For this section, we
follow [40]. Finally, we introduce residual neural networks (ResNets), based on [53], a
specific CNN architecture designed to mitigate the vanishing gradient problem through
identity skip connections.

While residual convolutional neural networks remain powerful for image classification
tasks or as backbones for object detection and segmentation tasks, recent advances
have incorporated self-attention mechanisms such as Transformer architectures [29,112].
However, such architectures are beyond the scope of this thesis.

3.2.1 Feedforward Neural Networks

A neural network computes its output by applying a series of transformations to the
input data. In the feedforward (inference) phase, the input is successively multiplied
with weight matrices and passed through non-linear activation functions. In essence, a
neural network is a composition of linear transformations and pointwise non-linearities,
enabling it to model complex, non-linear relationships.

The simplest form of a neural network is the single-layer perceptron. It models a binary
classification problem where the input z = (21,...,2,) € X C R" is mapped to an
output y € {0, 1} using a parameterized function ¢y : X — {0,1}. The parameters
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Figure 3.2: Schematic of a single-layer perceptron. The inputs z € R™ are weighted and
summed, together with a bias term, to form the pre-activation a. Applying the step activation
function yields the output 0 = ¢step(a).

0 = (w,b) comprise a weight vector w € R™ and a bias term b € R. This perceptron
computes the weighted sum of the input values z; with a bias b, i.e.,

n
a= E wizi —b=wlz—b
i=1

which is then passed through a non-linear activation function ¢gep : R — R, defined as

1 ifa >0
0 otherwise.

buanl) = {

This step function acts as a threshold on the output of the affine transformation. Thus,
the output of the perceptron is given by

0= ¢9(Z> = ¢a = ¢step(sz - b)a

which returns 1 if the weighted sum of the input exceeds the bias, and 0 otherwise. Fig-
ure 3.2 illustrates a single perceptron with a step activation function. The computational
complexity for a single-layer perceptron is O(n) since it takes one dot product of length
n to compute the output a of the affine transformation. Rosenblatt [92] showed that for
linearly separable data, single-layer perceptrons can solve binary classification problems.
However, single-layer perceptrons fail on tasks with non-linear decision boundaries.

Multilayer perceptron. To solve non-linearly separable problems, a single-layer per-
ceptron can be extended by stacking multiple perceptrons, resulting in a multilayer
perceptron. A multilayer perceptron typically consists of three types of layers: an input
layer, one or more hidden layers, and an output layer. Each layer is represented by a
parameterized mapping

Y5 RM s R,
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3.2 Deep Neural Networks

where ¢ € {1,..., L} denotes the layer index for a total of L € N layers. The input
layer wél) : X — R™ receives the input features and passes them to the subsequent
hidden layers ¢§2), . ,wéLfl). Each hidden layer consists of neurons that apply an
affine transformation followed by a pointwise non-linear activation function, enabling
the multilayer perceptron to capture increasingly abstract representations of the input.
The final output layer 1/19 produces the multilayer perceptron’s output, which may be
a scalar, a vector, or a probability distribution, depending on the task.

A multilayer perceptron can be viewed as an acyclic directed graph G = (V, E') where
V' is a set of nodes, representing the neurons, and E a set of directed edges, connecting
the nodes. Each layer corresponds to a subset V;, C V and every neuron in V,_ is
connected to every neuron in V;, making the layers fully connected (fc). Each edge is
assigned a weight w : £ — R, which determines the strength of the connection and is
adjusted during the training process. The total number of weights determines the model
complexity with respect to learnable parameters. The depth of a multilayer perceptron
refers to the total number of layers L, while the width is defined by the maximal number
ne of neurons in the /-th layer.

Formally, for each neuron j € {1,...,n,} in layer ¢, the pre-activation is given by

0 = (@O)Tz 4 B0

where w; is the weight vector and b; € R the bias.
Stacking the weight vectors row-wise yields the weight matrix W = ((wgé)), ce (wffé))),
so that for an output z € R™-1 of the previous layer, the linear transformation becomes

a© = WO, 1 p) ¢ R,

The computational complexity of such a layer is O(ny_1 - ny), since n, dot products of
length ny,_; must be computed. To model non-linear relationships, the affine transfor-
mation is followed by a non-linear activation function ¢ that is applied elementwise.
Each layer is associated with its own set of parameters 6, = (W b)) and activation
function ¢, and we define for every layer £:

¥y = go(WOz +59) = ¢,(a?).

The parameters of the entire network are given by 6 = (6y,...,6r). The resulting full
multilayer perceptron defines the forward pass as the composition of L layer mappings

Yy : R™ — R"E
2 (z) = 0 0w Voo uy.
An example of such a forward pass is illustrated in Figure 3.3.

The Universal Approximation Theorem states that, under mild conditions on the acti-
vation function, neural networks with at least one hidden layer of sufficient width can
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3 Fundamentals of Machine Learning

Figure 3.3: Schematic of an multilayer perceptron with depth 2, ny neurons per layer, and
explicit bias terms. The input, hidden and output layers are shown in distinct colors. The
connections contributing to the computation of the first neuron in each layer are highlighted.

approximate any continuous function on a compact domain to arbitrary accuracy [25,57].
This foundational result justifies the use of multilayer perceptrons to model highly non-
linear relationships in real-world data.

Activation functions. To enable the multilayer perceptron to learn complex and non-
linear patterns and obtain universal approximation properties, each (hidden) layer is
associated with a non-linear activation function ¢ : R — R, which is typically applied
elementwise to the output of layer /.

One commonly used activation function is the logistic function, which is also referred
to as the sigmoid function in the context of deep learning:

B 1
1 4ea

¢sigmoid<a> € (Oa ]-)

While ¢ggmoia has the desirable property of being differentiable, it saturates when the
input a is either very large or very small. The derivatives corresponding to these re-
gions approach zero and consequently the gradients become very small. The nested
composition of the layers causes even smaller gradients to be multiplied repeatedly.
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(a) ¢rerU (b) ¢reaky ReLU, slope a = 0.2 (€) dsigmoid

Figure 3.4: Visualization of different activation functions.

Consequently, this effect compounds and results in vanishing gradients. The calcula-
tion of gradients and their role in training NNs and the issue of vanishing gradients are
discussed in Section 3.2.2 in more detail.

To address the vanishing gradient problem associated with sigmoid activation functions,
the rectified linear unit (ReLU) activation function is commonly used, defined as

¢reru(a) = max(0,a) = ~ ] 0 otherwise. (3:9)

a+|a|_{a ifa>0
2

The variable a denotes the input to the activation function and is therefore referred to as
pre-activation. It is typically the output of the affine transformation of the current layer.
Explicitly, ¢reru is a piecewise linear function that is 0 if ¢ < 0 and equals the input a if
a is positive. The popularity of ReLLU is due to its computational efficiency, since it only
requires a comparison and a maximum operation. The application of ¢re,y in multilayer
perceptrons also preserves properties which simplify optimization with gradient-based
methods and are beneficial to the generalization of the multilayer perceptron [40].

The fact that negative values are set to zero bears the risk of dying ReLLU. For the
values on the negative half-axis the gradient is zero, so that the corresponding weights
are not adjusted in the training process and remain “dead”, which can cause a loss in
the capacity of the multilayer perceptron. Allowing a small non-zero slope preserves
activity in the neurons and ensures that the weights continue to be adjusted. This
so-called leaky ReLU is given by

a ifa>0

£ -a otherwise, (3.10)

¢leakyReLU(a) = maX(ﬁ - a, CL) = {
where 0 < 8 < 1 is a fixed parameter controlling the slope. The drawback of this variant
is that negative activations are no longer suppressed completely, which may reduce
the sparsity induced by ReLLU. These common activation functions are illustrated in
Figure 3.4. Further generalizations of ¢ functions or other activation functions are not
discussed in this work.

The final output of a multilayer perceptron for classification tasks is probabilities esti-
mates of class labels y € Y for an input z € X. To that end, the output a™) of the
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output layer is transformed by a softmaz function
exp(a;)

Zj exp(a;)

to normalize a™) into a probability distribution. To obtain the final class prediction, a

decision rule is applied to the output of the softmax layer Equation (3.11). This final
decision rule is typically based on the maximum a-posteriori principle

softmax(a;) = €0,1], i=1,...,n (3.11)

g = argmax y(2), .
y'ey
Multilayer perceptrons perform well when the input data space X is low-dimensional.
However, they are affected by the curse of dimensionality, a phenomenon that occurs
when dealing with high-dimensional data. In practical pattern recognition applications,
the input space is composed of numerous variables, which complicates the distinction
between classes [5].

3.2.2 Minimization of Loss Functions

The goal of learning is to find a parameterized hypothesis ¢y € H that minimizes
the true loss Lp(v) = E..p[L(¢, z)] over the data-generating distribution D, where
0 € © C R" denotes the trainable parameters. However, in practice the true distribution
D is unknown. Instead, the empirical risk Lg(1)) computed on a training set S is used
to proxy the true risk.

Gradient descent is an iterative optimization method used to minimize the empirical
risk. Given a parameterized hypothesis 1y, in every optimization step the parameters 6
are updated in the direction of the negative gradient of the loss function. Since the full
data-generating distribution D is inaccessible, the gradient of the true loss VLp (1),
cannot be computed directly.

Instead, stochastic gradient descent (SGD) approximates the gradient using randomly
sampled (mini-) batches of the training data to update the parameters towards a noisy
but unbiased direction.

Throughout this section, we assume that 1y is sufficiently smooth, i.e., differentiable
with respect to its parameters 6. To formalize this, we consider a parameterized family
of functions

Vv :Ox X —) with 6€6 CR",
where 6 denotes the parameter vector. For a fixed input z € X, we regard (0, z) as
a function of 0, i.e., ¥y := ¥(0,z) : R* — Y. In the context of stochastic gradient
descent we are interested in evaluating the gradients with respect to . When the input
is implicitly fixed, we may write ¥ (6) as shorthand for (0, z).

We begin by introducing gradient descent, then generalize it to the stochastic setting,
and ultimately describe the learning process using stochastic gradient descent.
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3.2 Deep Neural Networks

Gradient Descent. In this section we introduce the gradient descent algorithm. Let
1 : R™ — R be a differentiable convex function. The gradient of ¢(6) at a parameter
vector € € R™ is defined as the vector of partial derivatives:

C[ave)  avO)]
a0, 80, |

Vip(0)

We initialize the parameter vector with an initial guess ) and choose a positive step
size p > 0, referred to as the learning rate. Typically, the learning rate is decreased
during training [26]. In each iteration 7 = 1,..., M the gradient is evaluated and the
parameters are updated by stepping in the direction of the steepest descent, which is
defined as

O+ = 9" — 7 (6. (3.12)

Extensions, such as momentum methods with parameter § € [0,1) can be used to
mitigate stagnation and accelerate convergence [90]. The gradient V() points in
the direction of the greatest increase of ¥ near 6. Since the goal is to minimize the
function, i.e., to find at least a local minimum, the algorithm updates the parameters
by subtracting the gradient, thereby reducing the function value at each step. After M
iterations, the gradient descent algorithm returns the final iterate §(+1.

The gradient of the empirical risk over a training set S = (21, ..., 2) is given by
1 t
VLs(0) =+ 2 VoL (g, %) (3.13)

Note that, for quadratic problems, a steepest gradient descent step (cf. Equation (3.12))
has the form of a Richardson iteration (cf. Equation (2.19)). For quadratic objective
functions, the negative gradient coincides with the residual, so both methods update the
current iterate along the residual direction. However, while the optimal step length u
in gradient descent may vary between iterations, the classical Richardson iteration uses
a fixed relaxation parameter [96].

Stochastic Gradient Descent. The stochastic gradient descent algorithm extends the
gradient descent algorithm to settings where the training set S is large and computing
the full gradient at each iteration is computationally unfeasible.

In many practical applications, good generalization requires a large training set S with
t = |S|. To avoid memory bottlenecks, stochastic gradient descent approximates the full
gradient using only a mini-batch, i.e., a uniformly drawn subset B C S of size t’ < t.

Formally, instead of computing the complete gradient of the empirical risk as in Equa-
tion (3.13), stochastic gradient descent computes an unbiased estimate of the gradient
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using the mini-batch B:

1_< ,
v = PVZE(W,%) with 2z € B. (3.14)

zi=1

At each iteration 7, we sample a mini-batch B(") C S, such that the gradient depends
on both the current parameters (™ and the current batch. The vector v(7) is a random
vector whose conditional expectation given the current parameters equals the full gra-
dient of the empirical risk, i.e., E[v(M]|0(7)] = V,L5(). Replacing the full gradient in
Equation (3.12) by the stochastic estimator (Equation (3.14)) yields the SGD update

Hr ) — ) _ L ),

The stochastic gradient descent algorithm to minimize a function v (6) is summarized
in Algorithm 3.

Algorithm 3 Minimize () with SGD
Require: 1 € Roy, M € N, initial parameters §()
cforT=1,2,...,M do
Sample B ~ U(S)

1

2

3 Compute v randomly, s.t. E[v(M]0(7)] = V,Ls(0™)
L 0D = ) — ()
)

6

. end for
. return #M+1)

3.2.3 Parameter Estimation

In the context of supervised learning with deep neural networks, choosing the best
hypothesis vy € Hy = {10y : 0 € O} corresponds to learning the model parameters
0. These parameters are typically learned by maximizing the likelihood of the observed
data under the model’s predictive distribution. This principle is referred to as mazimum
likelthood estimation. Since the empirical risk induced by certain loss functions, such as
the 0-1 loss in classification, is generally not differentiable, surrogate objective functions
are commonly employed in practice.

Maximum likelihood estimation. Given a dataset S of ¢ i.i.d. samples, a hypothesis
1y induces a predictor

~

Y(2)y, = argmaxe(y|z),
yey
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3.2 Deep Neural Networks

with the optimal parameters 6 estimated by mazimum likelihood estimation. Formally,
for a single observation (z,y) we want to solve
0 = argmax ¢y (y|2),
0co
by maximum likelihood estimation. Let S = {(z;,v;)}!_, be the training set of ¢ i.i.d. ex-
amples. The set of input features is denoted by S|, = {z1,...,2} € X and the corre-

sponding labels are given by S|, = {y1,..., %} € Y. Under the ii.d. assumption, the
likelihood of the observed labels given the inputs and model parameters 6 is

Yo(Sly, S12) = H@De(yilzi), (3.15)

where 1y(y|2) is the model’s predicted conditional probability.

Negative log-likelihood. Maximizing Equation (3.15) is equivalent to minimizing the
negative log-likelihood

Ls(g) = —log (H %(yilzi)) = — Zlog(@be(yilzi)).

Thus, taking the negative logarithm transforms the maximum likelihood estimation
problem into

6=a argmin Z log(va(yil2i)))-

0cO

As the true probability distribution D is unknown, the expected conditional loss

Lp(Yg) = Bz y)~nl—log(vo(y|2))] (3.16)

cannot be evaluated directly. Instead, it is approximated using the training set.

Connection to cross-entropy and Kullback-Leibler divergence. We can interpret the
term —log(v¥)(y|2)) as the log-loss under a model probability distribution My(z,y) ~
D(z,y). Here D(z,y) = D(z)D.(y) denotes the true joint probability distribution over
inputs z and labels y. D(z) is the marginal distribution of the input z € X and
D.(y) = D(y|z) is the conditional distribution of y given z. Analogously we write
the model’s joint distribution My(z,y) = D(z)My_.(y), where My .(y) = p(y|z) is the
corresponding conditional distribution given z. Since D(z) uis independent of the model
parameters, the model only estimates the conditional label distribution. For a fixed z,
the expected conditional loss (cf. Equation (3.16)) can be written in the terms of the
expected cross-entropy (CE)

E(z,y)ND[_ log(% (y|2))] = EZND[CE(DZ||M9,Z)]7
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where

CE(D:|[My.z) = Eyep. [ log(Mo.-(y))]- (3.17)

Here indicates that cross-entropy is viewed as a function that takes two probability
distributions as its arguments, following the convention used in information theory.

CCH)?

Furthermore, the conditional entropy of the true label distribution is

H(D.) = Ey~p.[—1og(D:(y))],
which quantifies the uncertainty of the true label distribution at a fixed input z.

The (conditional) Kullback-Leibler (KL) divergence between the true conditional distri-
bution D, and the model’s conditional distribution My , is

KL M) = By, o5 (=]
=E,p. [log(D,(y)) — log(My.(y))]
= Eyp.[—log(Mo:(y))] — Eyp. [~ 10g(D:(y))]

The KL divergence therefore depends only on the conditional distributions and is inde-
pendent of the marginal distribution of the input.

Averaging over all z ~ D, the KL divergence is given by

KL<DHMG> = EZND [CE(Dz|’M0,z) - H(Dz)]

= E(. y)~p[—10g(Mo,.(y))] — E(2y)~p[—1og(D.(y))]
= CE(D||My) — H(D).

Thus, minimizing the expected cross-entropy defined in Equation (3.17) is equivalent to
minimizing the KL divergence, since H(D) is constant with respect to parameters 6.

Backpropagation. Gradient-based methods such as stochastic gradient descent are
motivated by the optimization of convex functions. Although the loss surfaces of neu-
ral networks are generally non-convex, their simplicity and the availability of efficient
gradient computations make gradient-based methods well-suited for training neural net-
works. In practice, these methods typically converge to a good approximate minimizer
of the empirical risk, even though finding the ERM is, in general, NP-hard [6,100].

In the learning process of a multilayer perceptron the gradients for stochastic gradient
descent are calculated using the backpropagation algorithm [93]. In each iteration 7, the
weights w, are adjusted based on the current loss £(7,y). The gradient is computed
with respect to each weight separately by calculating the respective partial derivatives.
When calculating the gradients for the weight matrix W the weights in other layers
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remain fixed. To formalize this, consider a subnetwork defined by layers V,,...,V, as a
function of neurons in layer £. Its associated loss function is £ : R™ — R.

Recall that the input to layer ¢ is the output of the previous layer o~V € R™-1,
After applying the affine transformation and non-linear activation ¢, we have the pre-
activation a) = W®o(*=1 and the output 0¥ = ¢(a'?). Thus, the loss restricted to
the subnetwork starting at V, can be written as a function of W®:

g(f)(W(é)) = LO(pO(aD)) = LO (WOl 1 b(f)))_ (3.18)

For simplicity, we omit the bias term in the following derivation. To vectorize the
weight matrix, the rows of W are concatenated as a column vector w® € R 17,
That allows us to treat the loss of the subnetwork Equation (3.18) as a scalar function
of a vector. We also define a block-diagonal matrix O~ € R*(e-110) whose diagonal
block entries are copies of (o¢~1)":

6 0 e (O(é—'l))T

This allows us to rewrite the affine transformation as a® = W®el=1) = Q1,0
Applying the chain rule to ¢ yields the nested composition w® — a® — o —
LE (6. Therefore, the Jacobian matrix® .J is given by

T (919) = Ty (L) o0 (09) Ty (a®?)
Substituting each term, we get
J. (g(f)) - 6(5)diag(¢’(a(£)))0(5*1),

where J ) (L?)) = 60 .= V o LY € R>*™, Expanding the Jacobian row-wise yields

Jun(9®) = [699 (@) (0 D), .. 006/ () (o)

(7] ne

In words: the j-th neuron in layer ¢ contributes a gradient term proportional to its error
signal 55-@, scaled by the derivative of its activation function ¢’ (ag-é ) and multiplied by
the activations of the previous layer o1, Equivalently, for the j-th neuron in layer ¢,
the gradient with respect to its incoming weight vector V[/j(e) is given by

¢ O\ (0—
ijmg(e) _ 5]( )¢/(6L§ ))O(e 1)
and the gradient of the subnetwork loss with respect to W) e Rmexm-1 g

Vo g® = (5(@) o ¢I(a<z))(0w—1>)T) ,

3The Jacobian matrix contains the values of the first-order partial derivatives.
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where ® denotes elementwise multiplication.

Now, the gradient of the loss £ at 0, i.e., 6 = J ) (L®) is calculated recursively
for every layer £. For the last layer L the loss is given by £ = L£(7,y) and the
corresponding gradient is

0 = Ju (L) = ¢(9).

For each hidden layer ¢ € {1,...,L — 1}, the loss of the corresponding subnetwork
starting at V;, can be expressed as a function of the /-th output:

E(Z)(O(f)) — £(4+1)(¢(W(€)0(€)))_
Applying the chain rule yields the recursive relation:

0 = Ty (L9) = Ty (L) Ty (0 T 0 (alH).

Here JO(Z) denotes the Jacobian with respect to the output o¥. Since al**1) = W®®
and oD = ¢(al*1)), this simplifies to

5(6) — 5(€+1)diag(¢'(a(”1)))W(Z).

The forward pass and the subsequent backpropagation for a single sample (z,y) € S
in a multilayer perceptron represented by a layered graph (V, E) with weight matrices
W® are summarized in Algorithm 4.

3.2.4 Convolutional Neural Networks

CNNs [73] are a specialized class of feedforward neural networks, designed to process
data with grid-like topologies such as images, which can be represented as a two-
dimensional grid of pixels. In a standard multilayer perceptron, every node of layer
¢ is connected to every node of layer ¢+ 1. In contrast, CNNs exploit the spatial struc-
ture of the data by introducing local connectivity: each neuron in a convolutional layer
interacts only with a local receptive field of the previous layer. This sparsity reduces
the number of parameters while preserving the topology of the input. A CNN consists
of various types of layers. Similar to multilayer perceptrons, CNNs begin with an in-
put layer that receives raw image data, and end with an output layer, typically a fully
connected layer followed by an argmax decision rule. However, the hidden layers are
typically convolutional layers, based on discrete convolution operators, which process
the data spatially. A convolution applies a kernel (or filter) that slides across the input,
aggregating local information. A kernel is defined by its parameters (weights), while the
convolutional layer usually includes a bias. The resulting feature map serves as the in-
put to the subsequent layer. The total number of independent parameters is determined
by the spatial and channel dimensions of the kernel, determines the effective degrees of
freedom. Note that for certain types of convolutions, the degrees of freedom can be
strictly less than the raw weight count.
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Algorithm 4 Backpropagation((z,y), {W®¥}L |, (V. E), ¢)

1: Input: data point z, weight matrices {IW 1} activation ¢,
2 W = (D), of0)

3: forward pass:

4: 00 = 2

5. for /=1,....L do

6: fori=1,...,n, do

7. az(f)zzne 1VV” § -1)

o= o)

9: end for

10: end for

—_
—_

50 = /(5)

12: backward pass:

13: for{=L—-1,L—2,...,1do

14: fori=1,...,n, do

15: 52(5) _ Z”Z+1 VV” 6](f+1)¢/( (Z+1))
16: end for

17: end for

: return partial derivatives 5§£)¢’ (agé )o; =1 for each edge (v; (e 1), z(e) )EE

—_
o

Convolutional layers are also equipped with non-linear activation functions, most com-
monly ReLLU, which enables non-linear transformations. They are often combined with
normalization operations, e.g., batch normalization, to mitigate the internal covariate
shift, i.e., the change in the distribution of activations across mini-batches or between
layers, thereby improving stability and robustness [61].

Typically, a stack of convolutional layers is followed by a pooling layer that downsamples
the feature maps, reducing spatial resolution while retaining salient information. Pool-
ing can be viewed as a special case of a convolutional operation [11,129]. A key property
of CNNs is translation (shift) equivariance, arising in convolution layers through param-
eter sharing [20]. In particular, if the input shifts, the output shifts by the same amount.
Convolutional operators act as multiplication operators in the Fourier domain (cf. Sec-
tion 2.3.2) and thus naturally exhibit this property as they commute with translations.

Similar to multilayer perceptrons, universal approximation results hold for CNNs in
general. By combining convolutional layers with non-linear activations CNNs are able
to approximate continuous functions [128].

The following discussion is based on [5,30,40].

The convolution operation. The idea of extracting particular features, such as edges,
corners or textures, from image data, has long been a fundamental approach in computer
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(a) Original gray scaled image (b) 3 x 3 Laplacian filter (¢) 5 x 5 Laplacian filter

Figure 3.5: Edge detection using a Laplacian filter (cf. Equation (2.17)) without normalization.

vision. Handcrafted filters like Laplacian operators are applied to the image to detect
spatial variation, typically enhancing textures or the edges of objects as exemplarily
demonstrated in Figure 3.5. In the context of CNNs, the characteristic operation is
based on the mathematical operation. Instead of using predefined filters, the parameters
are learned in order to extract the most relevant features for a given task.

An image can be represented as a three-dimensional tensor f € R"*"*¢ with spatial
width m and height n and channel dimension ¢. The channel dimension for images
specifies the color channels, i.e., a color image has ¢ = 3 channels for red, green and
blue, grayscale images are only composed of one color channel, i.e., ¢ = 1. In order to
simplify notation we start by considering a single channel, i.e., ¢ = 1. Let f € R™*™
be a two-dimensional input image and A € R%1*%2 he a convolutional kernel, where
Sz, Sz, € N. In practice, kernels are often chosen to be centered and square. To ensure
a unique center of the kernel, the kernel size s = s,, = s,, is typically chosen to be
odd, ie., s € 2N 4+ 1. Common choices include s € {1,3,5,7,11}. The discrete two-
dimensional convolutional operator is then defined by

[y
[y

S—

(A% f)(21,22) = Flar +i, 20+ ) - A, j). (3.19)

i=0 j

Ss—

Il
o
I
o

This corresponds to computing a dot product between the kernel and a local image patch
by summing up the element-wise products. The procedure is depicted in Figure 3.6 for
a two-dimensional convolution. Applying this computation locally and uniformly across
the image produces the output feature map. After applying a non-linear activation func-
tion, the numerical values of the resulting feature map are called activations. However, in
practice, both terms are often used interchangeably. Strictly speaking, Equation (3.19)
defines the cross-correlation, which is commonly referred to as convolution in the deep
learning literature.

As already discussed in Section 2.3.2, convolutions can naturally be formulated in terms
of lattices. Let A := I, € Z*** C Z? denote the lattice basis generating the two-
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Figure 3.6: Two-dimensional convolution of a 7 x 7 input f with a 3 x 3 kernel, using a single
input channel and producing a single output channel.

dimensional lattice
L(A) = AZ* ={v=A-p:pcZ? C7%

In the discrete setting, we consider a finite subset I. C Z2 of this lattice, which determines
the spatial grid of the input. Let f € R™*™ denote a single-channel input and A €
R®=1%%22 3 convolution kernel.

Typically, the kernel dimensions s,, X s,, are chosen to be odd to ensure symmetry
around the center. The filter neighborhood N is then defined as

N ={(01,0) € Z*[0r € {=[F], ... [FH] L  e {= 122, 5213}

For example, a 3 x 3 kernel covers the neighborhood centered at a position x and spans
all relative positions § € {—1,0,1}?, as illustrated in Figure 3.7.

In practice, multiple two-dimensional filters are applied to the input, allowing the CNN
to capture different local features simultaneously. Suppose the input tensor to a con-
volution, given by f € R™*™*¢%n_has ¢, input channels, e.g., the three color channels
of an image. This input is mapped to ¢,y output channels by convolution. The corre-
sponding kernel is a four-dimensional tensor A € R¢n*Cout xSz XSz2 - groanized according
to the channel dimensions ¢;, and ¢y, and the spatial dimension s,, and s,, of the
two-dimensional filters. Each slice A. ;.. corresponds to the set of filters producing the
j-th output from all input channels.

Assuming a unit distance between two orthogonal adjacent spatial entries, the input
tensor can be represented as a function defined on a lattice torus

T =1y 3/ )
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Figure 3.7: Extent of the neighborhood N of a 3 x 3 convolution operator A centered at x
(green dot). Purple dots indicate the coordinates of the neighborhood .

The rows and columns are identified modulo m and n, respectively, so that shifts beyond
the boundaries wrap around. As introduced in Section 2.2, the structure element c;,
reflects the presence of ¢;, co-located channel degrees of freedom at each spatial location
of the input. Furthermore, ¢;, denotes the position of the channel degrees of freedom
while ¢, = [¢,] is their number. A similar structure can be defined for the output of a

convolutional layer by
Cout Cout 1 O m 0
Tm =L ({o 1})/]1"({0 nb'

A linear mapping between T} and Ties is a crystal operator

A (T, ) — £(Tyrw), (3.20)

acting on the function spaces £ defined on each lattice torus. Collecting the weights of
A associated with every relative position 6 € N yields multiplication matrices MXS) €
Reeutxcn — Ag discussed in Section 2.3.2, using these multiplication matrices, the action
of the crystal operator A (cf. Equation (3.20)) can be expressed as a multiplication
operator acting on the input f as follows:

(Ax f)(@) = MY - f(z+96). (3.21)

seN

This operator can be interpreted as a multi-channel convolution evaluated at x € LL(A)
defined by the mapping
A - RanXcin Rm’xn’Xcout

where the convolution is evaluated using wrap-around at the spatial boundaries. This
corresponds to the implicit assumption that the input is periodic in both spatial direc-
tions, ensuring that the convolution is well-defined at the edges of the input. Extending
the input beyond its boundary by prescribed values is referred to as padding. Conceptu-
ally, padding plays a role analogous to boundary conditions in boundary value problems
(cf. Section 2.4.1) and different padding modes are depicted in Figure 3.8.
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In practice, padding is commonly employed to preserve the spatial dimensions of the
input and to retain information near the boundaries. This is achieved by enlarging
the input by p = (p,,,p,,) pixels. While Equation (3.21) prescribes periodic padding,
this assumption does not apply to all practical implementations of convolutions. The
implications of periodic extension and its practical alternatives are discussed below.

The convolutional operation can be interpreted as a sliding window mechanism, where
the kernel moves across the spatial extent of the input. The number of pixels by which
the kernel shifts along each input dimension before computing the next output is referred
to as the stride, denoted by t = (tu,,ts,) € N2. In most applications the stride is set
to ty, = ts, = 1. Given a stride t = (t,,, ts,) and padding p = (p,,,P,,), the spatial
dimensions m’ and n’ of the output feature map are computed as

|

m — Sg; + 2p1'1 + tay / n— Sz, + 2p:v2 + tay
m' = | " ] n' = | "

1 2
A convolution with stride t > 1 is called strided convolution. This form of spatial
subsampling alters the shift-equivariance property of the convolutional operator. This
difficulty can be resolved by rewriting the operation with respect to the underlying
shift-equivariance, which corresponds to an implicit increase in the number of chan-
nels. In this way, the strided convolution can be reformulated as a standard convolution
as in Equation (3.21) but with respect to a sublattice. Specifically, instead of eval-
uating the convolution at every point z of the original lattice generated by A, the
output is evaluated on the corresponding sublattice (cf. Section 2.2.1), generated by
A-Z=A-t-I, =t A with equal stride t,; = t,;o = t and t € N. This opera-
tion combines convolutional filtering and subsampling and thereby reduces the output
dimensions while preserving learned features at regularly spaced intervals. A dilated
convolution is characterized by a patchy kernel, i.e., the relative positions around the
kernel center are shifted by a factor d. We define the dilated convolution %4 as

(Asg f)(z) =Y MY flz+6-4).

seN

Dilated convolutions thereby increase the receptive field without explicitly increasing
the filter size, i.e., no extra weights are required [16,125]. Both, the strided and dilated
convolution affect the receptive field. Without sufficient padding, the convolution oper-
ators considered so far reduce the spatial dimension of the input. Note that convolutions
are typically implemented with an additional bias b € Rt which is omitted here to
simplify the notation.

Boundary conditions. For convolutions on crystalline structures we assume periodic
padding. That is, the input is extended periodically by repeating its values, so that each
index is interpreted modulo the corresponding dimension of the input shape. However,
in the context of CNNs zero padding is commonly used, i.e., by enlarging the input with
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Figure 3.8: Different padding modes for p = (1,1). Colors indicate repeated values.

zeros, which corresponds to Dirichlet boundary conditions in boundary value problems.
Other values besides zeros are possible for constant padding. Another option is to
repeat the values directly located at the border, which is known as replication padding.
Alternatively, the input can be mirrored at the boundary, which is known as refiection
padding [50]. The padding modes are illustrated in Figure 3.8.

Matrix representation. The discrete convolution can also be expressed in matrix form.
By unrolling the input and output arrays into vectors in row-major order, i.e., left to
right and top to bottom, the convolution is represented by a sparse matrix. Its sparsity
pattern is depicted in Figure 3.9. The nonzero entries of this matrix are given by the
trainable kernel weights w; ;, where 7 and j index the corresponding row and column of
the convolution kernel, respectively [30].

Weight count. Assume a square kernel of size s with ¢, and ¢y, channels, and an
appropriate padding scheme to preserve the spatial resolution. The number of learnable
weights in the convolutional layer is independent of the input feature map dimension but
depends only on the channel dimensions and the kernel size s and is given by s ¢iy - Cout,
i.e., the weight tensor scales as O(s? - ¢y * Cous). These corresponding convolutional
matrices are sparse in the spatial (resolution) dimension, since the kernel covers only a
local receptive field, but is dense in the channel dimension, meaning that every input
channel contributes to every output channel. Consequently, the weight count scales
quadratically with the number of channels. A large number of weights increases the risk
of overfitting, motivating the development of alternative convolutional variants such as
grouped or separable convolutions.

Grouped convolutions and separable convolutions. An effective way to reduce the
number of weights in a convolutional layer is to partition the input channels into G
groups of size g,. This technique is referred to as grouped convolutions [71]. In this
setting, the convolution is applied independently to each group g € {1,..., G}, using its
own set of filters Ag € R85 where g, = <. By restricting each kernel to operate
only on its group, the connectivity within the convolution is limited. Consequently, the
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m-n - Cout

m-n- Cp

Figure 3.9: Matrix representation of the convolution of a 3 x 3 kernel with an m x n input.

corresponding multiplication matrix M9 for each § € N' becomes sparse. In particular,
Mﬁf) is block-diagonal with G blocks, i.e.;

MY o 0
o — | Y M’S‘? | e R (3.22)
0 0 - MP
where each diagonal block M € R&:*&s encodes the convolution restricted to one group

of channels. The Convolutlonal mapping is then glven by
Z flz+9).
deN

Figure 3.10 illustrates the connectivity patterns induced by convolutions with different
group sizes, highlighting how the degree of sparsity depends on the choice of G. The
weight count of a grouped convolution is O(s? - GnCest),

A special case of grouped convolution is the depth-wise convolution, corresponding

to g, = 1, where each input channel is convolved with its own dedicated 2D ker-
nel [59]. In this case, each multiplication matrix M, (0 ) = wg is diagonal, i.e., M, I
diag(w%é), wéé), . wcm) Obviously, the connectivity pattern is maximally restrictive as

no channel interactlon takes place. A common strategy to mitigate this limitation is
channel shuffling [126]. In this approach, the output channels of a convolutional layer
are reshaped, transposed, and flattened before being passed to the next layer, thereby
enabling interactions between different channels in subsequent convolutions.

Another approach to address this issue is the use of depth-wise separable convolutions.
In this setting, the depth-wise convolution that operates across the spatial dimensions
is followed by a pointwise convolution that mixes information across channels. The
pointwise convolution is represented by a weight matrix D € R%uwt*“n_ corresponding to
1 x 1 kernels that linearly project the output of the depth-wise convolution into a new
channel space. Formally, the depth-wise separable convolution can be expressed as

(Ax f) (ZM $+5)>;

seN
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Figure 3.10: Connectivity patterns of convolution operations in matrix representation: stan-
dard convolution with g, = cin (left), grouped convolution with g, = %ﬂ (middle), and depth-
wise convolution with g, = 1 (right).

where the depth-wise convolution ) s,/ MXS) - f(xz+6) is applied independently to each
input channel, while the subsequent pointwise operator D performs a linear projec-
tion onto ¢y, output channels. This decomposition reduces the number of weights to
O(8Cin+ Cin* Cout ), while largely preserving the representational capacity of the standard
convolution [21].

Pooling layers. Pooling operations are a special case of convolutional mapping that
downsamples feature representations from layer ¢ to the subsequent layer ¢+ 1, typically
applied after a sequence of standard convolutions. The restriction operation R acts
independently on each channel and the corresponding mapping is defined by

(+1 . mpmygXngXxc Myy1 XNy XC
RZ . R —> R + + 9

where ny X my and ngy; X myy; are the spatial resolutions at layers ¢ and ¢ + 1 respec-
tively. Analogous to restriction operations in multigrid (cf. Equation (2.24)), pooling
transfers information from a fine grid to a coarser grid, enabling a hierarchical feature
representation.

Similar to the convolution operation, the pooling window (or kernel) slides across the
spatial dimensions of the input according to a specified stride. At each location z € L,
the kernel aggregates information from the overlapping patch either by computing the
mean or the maximum, i.e., compressing spatial information by summarizing the local
neighborhood and thereby removing redundant information. Unlike convolutional layers,
however, pooling layers are parameter-free, i.e., the kernel does not contain weights that
are learnable weights. According to regular convolutions pooling windows are square
with values r = (r,,,r,,) € (2N+1)? i.e., alocal centered neighborhood. For a pooling

window of size ry, X rg,, the dimensions of the output feature map is ney; = 24+ and
1
_ My4a
mg_;’_l — r$2 .

Although overlapping pooling windows, i.e., t < r are possible (cf. Section 2.5), we
focus on block-wise pooling operations, i.e., non-overlapping pooling windows. Recall
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Ravg

Figure 3.11: Schematic of average pooling on a crystal torus with structure elements represent-
ing the channel degrees of freedom (green dots). On the left, diamonds denote the fine-grid
points. The highlighted diamonds indicate the fine-grid points that are averaged to obtain the
corresponding coarse-grid point (large dot). This averaging is performed independently for
each channel degree of freedom within the shaded coarse-grid unit cell.

from Section 2.5.1 that for a single channel ¢ = 1, the coarse torus has structure element
¢ = (0) and the pooling is a linear restriction

R: £(T¢ ) — £(T¢ )

MNo41,Me41 Mg41,Me41

where a 2 g/, 1 0y, » indexes the fine grid points in the unit cell Z(Tmgne/Ton, 1y, )1
(abbreviated as Z), that are averaged to the corresponding coarse grid point.* For mul-

tiple channels, i.e., ¢ > 1, the fine and coarse lattice tori Tfné,ne and T, ., ., carry
structure elements ¢ = (¢1,...,¢.) and ¢ = (cq, ..., ¢.). The pre-image structure element

is obtained by combining each channel degree of freedom ¢ with the corresponding fine
grid neighborhood indexed by a

f={¢;+alj=1,...,c, and a €{0,as,as, a1 +az}},
so that the restriction reads

R:£(T! ) — £(T¢ ).

MNe41,Me+1 Mg41,Me4+1

This restriction is shift-invariant with respect to the coarse grid. For average pooling,
such a restriction acts as a multiplication operator, equivalent to a convolution with a
constant kernel over the unit cell = with kernel values 1/jq) and a € = thus preserving an
aggregated representation of the activation. The corresponding operator is

(Rusf) () = ﬁ > e+ a)

for all z € Ty, | n,,,- Figure 3.11 illustrates the average pooling operation on the lattice
torus for a 2 x 2 pooling window.

‘For a 2 x 2 window a = (0,a1,as, a1 + a2) with [a; | as] € Iy (cf. Section 2.5).
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Figure 3.12: Example of max pooling and average pooling for a single channel and a 2 x 2
pooling window (r = 2) applied to a 6 x 6 feature map. Each colored 2 x 2 block of the input
feature map corresponds to a unit cell of the coarse torus.

In max pooling, the pooling operator returns the largest value in the local neighborhood

(Rumaxf)(x) = max f(x + a),

ae=

which highlights local dominant features. Both pooling types, depicted in Figure 3.12,
reduce sensitivity to small translations of the input and thereby improving robustness of
the learned representation. This property is particularly relevant in image classification,
where the objective is to detect the presence of a specific object regardless of their exact
position in the image. Pooling therefore introduces an implicit prior that the functions
learned by the network should be less dependent on precise locations of features [40].

Transposed convolutions. The transposed convolution, commonly referred to as de-
convolution, is frequently used to upsample feature maps within CNNs. Although, in
general A" # A~! the transpose A" is again a linear operator. Analogous to the
prolongation operation introduced in Section 2.5, the transposed convolution to Equa-
tion (3.21) for some input g € R™*"*cu evaluated at position x € Z? is given by

(A" % g)(x) = > M- gz —9),
SeEN

where the multiplication matrices MST) = (MXS) )T € Rem*cut contain the transposed
kernel weights. In this sense, the transposed convolutions is analogous to prolongation
in multigrid methods, acting as the adjoint of the convolution operator and commonly
used for learnable upsampling of feature maps.
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Vanishing gradient problem. The backpropagation algorithm introduced in Section
3.2.3 enables efficient training of multilayer perceptrons and CNNs. However, deep neu-
ral networks tend to suffer from vanishing or exploding gradients. This problem arises
as the gradients are propagated backward through many layers, repeated application of
the chain rule may cause their magnitude to decrease (or increase) exponentially. Con-
sequently, the gradients in the early layers may become extremely small, slowing down
the learning process or even preventing effective learning, thereby limiting the ability
of the neural network to learn. Activation functions such as the sigmoid, whose deriva-
tives are bounded between 0 and 1, further worsen the problem of vanishing gradients.
This issue can be mitigated by using ReLLU activation functions. Nevertheless, training
very deep neural networks remained challenging, since it was still unstable and prone
to degradation of performance as the number of layers increased. The introduction of
skip connections in residual networks, together with careful initialization of the weight
matrices, helps preserve stronger gradients during backpropagation.

3.2.5 Residual Neural Networks

The residual network (ResNet) architecture was introduced by He et al. in 2015, directly
addresses the vanishing gradient problem [53]. Assuming that a subsequent combination
of non-linear layers ¢ (f) can approximate complex functions o(f), it can equivalently
approximate the corresponding residual mapping

O(f) = olf) = f = olf) = (f) + [.

A residual block (ResNet-block) is composed of a multiple convolutions mappings, typ-
ically combined with non-linearities and batch normalization. Its output is defined by

o=¢(f{WOY) + f, fori=1,2,...

where {W®} denotes the collection of learnable weight matrices of the convolutional
layers in the residual block. Formally, each W corresponds to the weights of the i-th
convolution within the block. Thus, ¥(f, {W®}) represents the composite mapping
of all layers in the block applied to the input f. Specifically, a ResNet-block with two
successive layers is a composition of two convolutional mappings A = W® and B = W®
with a ReLU activation function ¢ = ¢reru given by ¥(f) = Bo ¢ o A(f). The identity
shortcut is an elementwise addition, followed by a second activation function ¢. An
example of such a two-layer ResNet-block is depicted in Figure 3.13. Note, that the
convolutional mappings A and B have the same number of input and output channels
with padding p = 1, ensuring that f and ¢ (f) have identical dimensions. For different
numbers of input and output channels, an additional mapping is applied to the shortcut
connection to ensure matching dimensions.
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Figure 3.13: ResNet-block with two convolutional layers.

ResNet18. The focus in this thesis is on the ResNetl8 architecture. The original
ResNet18 is composed of 18 layers in total, an initial convolutional layer with 64 out-
put channels, followed by 8 ResNet-blocks organized into four resolution levels. Each
ResNet-block consists of two convolutional layers, as depicted in Figure 3.13. The two
ResNet-blocks within a resolution level have the same number of input and output
channels and preserve spatial dimensions. Specifically, the four resolution levels use
64, 128,256 and 512 channels, respectively. The ResNet-blocks are preceded by a 7 x 7
max-pooling and are followed by an average pooling layer. The pooled feature represen-
tation is then passed to a fully connected layer with 1,000 output neurons, followed by
a softmax classification layer. The ResNet18 architecture is illustrated in Figure 3.14.

3.2.6 Initialization of Convolutional Layers

Poor initialization can result in vanishing or exploding gradients, slow convergence or
yield suboptimal solutions. He et al. (2015) proposed an initialization method to improve
the robustness of training deep CNNs with ReLU activation functions [52]. In this
scheme, the weights of convolutional layers are drawn from Gaussian distributions [71].
However, with fixed standard deviation, CNNs with more than 8 layers can fail to
converge, since in very deep networks improper scaling of the initial weights can still
lead to unstable gradients.

Variance-preserving initialization. Let o = ¢(W x f + b) denote a CNN layer with
weight kernel W € R ¢x5%s bias b € R" and ReLU activation function. The variance of
its output depends on the variance of the weight kernel W and the input f. If the initial
variance is too large, the activations can grow throughout the forward pass, increasing
the risk of exploding gradients. Two commonly used initialization schemes address
this problem by scaling the weight variance according to the number of connections.
Assuming linear activations in CNNs, Glorot and Bengio (2010) proposed a properly
scaled uniform distribution for initialization, i.e., the Xawvier initialization

o (- \/ 6 \/ 6
Nin + Nout ’ Nin + Nout

with ny, = ¢ - s? denoting the effective input and ng. = h - s? output connections for
layer ¢ and U denotes the uniform distribution [38]. These assumptions are violated
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Figure 3.14: ResNet18 architecture. The four resolution levels are distinguished by different
patterns, while colors indicate the four convolutional layers within each resolution level. The
weight tensors of the convolutions within each resolution level have dimensions ¢ X ¢ x 3 x 3,
where ¢ € {64,128,256,512} denotes the number of channels. Non-linear activation functions

are omitted for clarity.

for ReLLU activation functions, since ReLU only passes non-negative outputs and thus
discards half of the input signal. This is compensated by Kaiming-He initialization

WO ~ Glo i
,nin

where G denotes the normal distribution. See [52] for details.
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Improving the Accuracy-Weight Trade-off

The following content is based closely on our previously published works [109] and [111].
Parts of the text are reproduced verbatim. In this chapter we unify the presentation of
both approaches and begin with a joint introduction in Section 4.1. Although we aim
to avoid unnecessary overlap with the concepts reviewed in Chapters 2 and 3, we briefly
revisit selected points to provide context and motivation for our approaches.

4.1 Introduction

Deep CNNs are powerful models for image classification tasks [52,71,94]. ResNets, in
particular, have become popular due to their ability to overcome the vanishing gradi-
ent problem [53]. CNN architectures comprise 10-100 million of learnable parameters,
i.e., weights. Despite their high classification accuracy, these networks have a tendency
to be heavily overparameterized, making a reduction in the number of weights clearly
desirable. However, this reduction can introduce an unwanted bias. As discussed in Sec-
tion 3.1, this trade-off, known as “bias-complexity trade-off”, constitutes a fundamental
problem in machine learning [100].

In this work, we address this challenge by introducing CNN architectures, that achieve
a more favorable bias-complexity trade-off, in terms of an accuracy-weight trade-off, by
exploiting multigrid-inspired ideas.

In Section 2.5 and Section 3.2.5, we reviewed multigrid methods and ResNet architec-
tures, respectively, highlighting shared building blocks, most notably convolutions and
pooling operations. This analogy was already pointed out by He et al. in 2016 [53].
Building on these insights, He and Xu proposed the MgNet framework, which integrates
multigrid schemes into the design of ResNets [50]. They showed that a significant num-
ber of weights can be saved by appropriate weight sharing [50]. Moreover, Eliasof et al.
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(a) Fully connected (b) Convolution (¢) Grouped convolution

Figure 4.1: Sparsity patterns of neural network layers in matrix representation. (a) fully
connected layer; (b) channel coupling of a regular convolution; and (c) channel coupling of a
grouped convolution. The weights are colored according to the convolutional 3 x 3 kernel in
the second row.

demonstrated that a hierarchical structure in the channel dimension can improve the
weight complexity [32].

Utilizing these findings we introduce two families of CNN architectures, that exploit
multigrid-ResNet analogies to achieve a beneficial accuracy-weight trade-off:

1. MGiaD [109] establishes multigrid structures in all relevant dimensions, i.e., in
the resolution dimension as well as in the channel dimension. Appropriate weight
sharing and a hierarchical structure in the channel dimension improve the weight
complexity to linear scaling.

2. Poly-MgNet [111] extends the MgNet framework by incorporating polynomial
smoother-inspired building blocks, resembling the error-propagation polynomials
in classical multigrid methods. These models drastically reduce the weight com-
plexity while incurring only negligible loss in expressive capacity.

For context, we shortly review some fundamentals already covered in detail in Section 3.2
and Section 2.5. The complexity of the number of weights in a neural network layer
can be considered as a function of the channels and the spatial extent of the input
and output of the layers. Consider spatial dimensions m,n, m’,n’ of input and output
feature maps, respectively, and let ¢, ¢ be the corresponding channel dimensions. As
noted in Section 3.2.1, a fully connected layer contains O((m-n-c)-(m'-n'-’)) weights,
which quickly becomes intractable for growing spatial dimensions [100] (cf. Figure 4.1a).
In contrast, a convolutional layer (cf. Section 3.2.4) with a stencil of size s x s’ requires
only O(s - s - c¢- ), independent of the spatial dimensions. Nevertheless, the weight
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Figure 4.2: Weight sharing in ResNet- and MgNet-blocks. (a) Two consecutive ResNet-blocks
without weight sharing; (b) MgNet-blocks with shared weight tensor A, corresponding to
a non-stationary iterative scheme; (¢) MgNet-blocks with shared weight tensors A, and By,
corresponding to stationary iterative scheme; and (d) MgNet-blocks with a polynomial building
block By = p(Ay), corresponding to a polynomial iterative scheme, where the only learnable

parameters are the scalar coefficients aéT) and aéﬂrl) .

count scales quadratically with respect to the number of channels. The sparsity pattern
of the corresponding matrix is illustrated Figure 1.3b.

While convolutions achieve significant weight savings, their local receptive filed come
at the expense of slow information propagation. More efficient information exchange
across layers is achieved by skip connections as employed in ResNets, cf. Section 3.2.5.

Multigrid methods, introduced in Section 2.5 as solvers for large sparse systems arising
from discretizing PDEs, combine local relaxation with a coarse-grid correction to enable
efficient long-range information exchange. Building on this principle, He and Xu intro-
duced MgNet, where residual layers play the role of smoothers and pooling operations
act as coarse-grid restrictions. In the multigrid setting, the discretized operators remain
fixed between consecutive coarsening or pooling operations, justifying weight sharing
across multiple residual layers and thereby reducing the overall weight count. The reuse
of weight tensors within ResNet-blocks on one resolution level is depicted in Figure 4.2.

The remainder of this chapter is structured as follows. We begin by complementing this
introduction with separate overviews of our approaches in Section 4.1.1 and Section 4.1.2.
We then discuss related works in a unified manner in Section 4.2 and the analogies
between residual learning and multigrid methods are presented in Section 4.3. Building
on these theoretical foundations, we present technical details, experimental setups and
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results for MGiaD in Section 4.4, while we provide the corresponding discussion for
Poly-MgNet in Section 4.5. Each of these sections concludes with a summary.

4.1.1 Improved Scaling with Respect to all Relevant Dimensions

Although weight sharing induced by MgNet cuts down the number of weights in a
ResNet-block, the weight count scales quadratically with respect to the number of
channels. Unfortunately, no assumption analogous to shift-invariance in the spatial
dimension can be made for the channel dimension and any attempt to manually spar-
sify its connectivity, i.e., by blocking or dropping connections, is typically met with
significant performance degradation. Attempts to automatically reduce CNN weight
count while preserving predictive performance include pruning [46, 55,75, 116], neural
architecture search [2,41], and the development of resource-efficient architectural com-
ponents [58,59,122,126]. A multigrid perspective on this sparsification problem is taken
by [32], where the limited exchange of information between channels is addressed by in-
troducing another hierarchical structure, termed multigrid in channels (MGIC). In this
way, a linear scaling of the weight count can be achieved. Picking up on these recent de-
velopments we present an efficient ResNet-type architecture of multigrid-inspired CNNs
that exhibit improved scaling behavior with respect to all relevant dimensions compared
to recent architectures. Our architecture combines elements introduced in [50] and [32]
in a natural, albeit subtle manner and can be fully explained by multigrid terminol-
ogy. The resulting architecture substantially reduces overparameterization, yielding a
considerably smaller weight count than comparable residual architectures.

In our experiments, we compare our architecture to ResNet, MgNet and MGIC on
several datasets and achieve superior performance in terms of accuracy. For example,
compared with ResNet18 on CIFAR-10, we reduce the weight count by a factor of 10
while sacrificing only up to 0.5 percentage points (pp) in accuracy. Even after reducing
the weight count by a massive factor of 28, the loss in accuracy remains below 1 pp.
The development of our method is presented in Section 4.4.2, followed by experimental
results in Section 4.4.3 and concluding remarks in Section 4.4.4.

4.1.2 Building Blocks Inspired by Polynomial Smoothers
A typical ResNet-block consists of two convolutional mappings, denoted by A and B,

gated by a residual connection. Let Au = f be a system of linear equations. In multigrid
smoothing applies an operator B to the residual f — Au, i.e.,

u<—u+ B(f — Au),

in order to update the solution w, i.e., by iteratively reducing the residual, cf. Sec-
tion 2.4.2. This operation has the property of smoothing the error associated with
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the current approximation u. In MgNet, B is chosen as a learnable convolution op-
erator, but here we consider a cheaper alternative that reuses the convolution A in
its definition. Again motivated by the residual propagator polynomial preconditioner
(cf. Equation (2.19)), we consider polynomials p(A) for B with only a handful of learn-
able parameters, thereby reducing the number of learnable parameters by almost 50%.

In Section 2.4.2 we analyzed the Richardson iteration [107], which is a particularly
simple instance of this idea. In this case, B = wl, where [ is the identity matrix and w
is a scalar parameter. However, we aim to consider more general polynomials.

In this work, we explore the extent to which smoothing iterations based on polyno-
mial approximations are suitable within MgNet, as depicted in Figure 4.2. Specifically,
instead of learning an independent convolutional operator B, we represent it as a poly-
nomial in the shared operator A, requiring only a small number of coefficients to be
learned. To this end, we introduce a new building block in multigrid-inspired CNNs such
as MgNet, yielding a further reduction in the weight count. These methods are inspired
by multigrid smoothers (cf. Section 2.4.2), namely block, polynomial and Richardson
smoothers, yielding layer modules of reduced weight counts. Incorporating this building
block into MgNet resulted in a significant reduction of the total weight count while in-
curring only a minor loss in classification accuracy. Our approach yields further insight
into the inherent connection between multigrid and ResNets and demonstrates that
multigrid methodology is useful for the construction of weight-count-efficient CNNs.

We first explain the construction of our layer inspired by multigrid smoothers in Sec-
tion 4.5.1, followed by the experimental results in Section 4.5.2. Finally, we conclude
this section in Section 4.5.3.

4.2 Related Work

In this section, we provide an overview of related works for both approaches, which can
be classified into four categories, ordered roughly from remotely to closely related. A
fifth category discusses related exclusively to the Poly-MgNet approach.

4.2.1 Reducing the Number of Channels

Existing methods for reducing the weight count and existing methods for reducing the
computational complexity of CNNs overlap considerably. One way to reduce the com-
putational complexity is a reduction of the number of channels in convolutional layers.
Consider the simplified case in which the number of input channels ¢ equals the number
of output channels of a given convolutional layer with filter size s x s. Such a layer
contains s? - ¢ weights. Thus, a reduction of ¢ results in a clear reduction of the num-
ber of weights. In [83] it was shown experimentally that there is redundancy in CNNs,
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allowing connections between channels to be removed after the CNN has been trained.
This process is known as CNN pruning [46,49, 55, 75]. At the same time pruning and
other sparsity-enhancing methods [13,47] also reduce the model complexity in terms of
the number of weights. While these approaches first train a CNN to convergence before
pruning it, in [36] the CNN is pruned periodically during training. In [74] a saliency
criterion to identify structurally important connections is proposed, which allows for
pruning before training. Like the latter approach, we reduce the weight count before
training. Unlike pruning-based methods, however, our approach is based on the inher-
ent similarity of multigrid and ResNet. It derives weight-count-efficient layer modules
directly from multigrid methodology, thereby providing an explanation for more weight
count efficient layer modules. A related line of research is neural architecture search [12],
whose goal is to search the space of architectures close to optimal ones with respect to
specified optimization criteria. If the focus is on computational efficiency, tuning the
channel hyperparameters is one possible approach [41], resulting in a reduced weight
count. Whereas these approaches rely on optimization procedures to reduce the num-
ber of weights, our approach derives weight-count-efficient architectures directly from
multigrid methodology, providing a principled explanation for the resulting efficiency.

4.2.2 Modified Layers

Another line of research focuses on the specific design of convolutional layers. Compared
to the aforementioned approaches, the constructions outlined in this section rely on
manually designed architectural modifications and conventional techniques to improve
computational efficiency. As in the previous category, there is a close connection between
computational efficiency and reducing the weight count. One approach to reduce the
number of weights is the use of grouped convolutions [71,122], where the channels are
grouped into g decoupled subsets, each convolved with its own set of filters, thereby
reducing the weight count to s2 - (¢/g)>. This decoupled structure impedes the exchange
of information across channels. To overcome this limitation, ShuffleNet [126] combines
grouped convolutions with channel shuffling. Another approach that also reduces the
number of floating-point operations uses so-called depthwise separable convolutions [58,
59,98], a key component or the MobileNet architecture. Here, a depthwise convolution,
i.e., a grouped convolution with g = ¢, is followed by a pointwise 1 x 1 convolution to
create a linear combination of the output of the former. This reduces the weight count
to 524 2c, effectively replacing each kernel slice of size ¢? with a rank-one approximation.

4.2.3 Multigrid-Inspired Architectures

In scientific computing, multigrid methods are algorithms based on hierarchical dis-
cretizations that efficiently solve systems of (non-)linear partial differential equations
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(PDEs) [10, 64, 106, 107]. Some works utilize CNNs to solve PDEs [104], e.g., by es-
timating optimal preconditioners [44] or prolongation and restriction operators [67].
Another line of research focuses on architectures based on common computational com-
ponents as well as similarities between CNNs and multigrid methods [53]. In [68] an
architecture consisting of pyramid layers of convolutional layers at different scales, with
each pyramid processing coarse- and fine-grid representations in parallel, is proposed.
This multigrid architecture improves accuracy while remaining weight-count efficient.
As already pointed out, He and Xu [50] introduced the MgNet framework, which finds a
justification for sharing weight tensors across consecutive ResNet blocks with the same
spatial resolution. By exploiting multigrid concepts in the spatial dimensions, compared
to ResNets with the same number of layers, MgNet models have fewer weights while
maintaining classification accuracy. An alternating stack of MgNet blocks and pooling
layers can be viewed as the left leg of a multigrid V-cycle. Another hierarchical struc-
ture, however, is proposed in the channel dimension in [32]. The resulting architecture,
termed multigrid-in-channels (MGIC), is built on grouped convolutions and coarsening
via channel pooling. By introducing multigrid concepts in the channel dimensions, this
approach improves the scaling of the number of weights with the number of channels
from quadratic to linear. In our approach [109] we take a unified multigrid perspective
in both the spatial and channel dimension. The introduced architecture, called multi-
grid in all dimensions (MGiaD), improves the trade-off between the number of weights
and accuracy via full approximation schemes in the spatial and channel dimensions,
including MgNet’s weight sharing. Similar to these approaches, we exploit the inherent
similarities between CNNs and multigrid to further reduce the weight count in [111].
Our focus in this work is on casting multigrid smoothers into CNN layer modules, an
idea that has not been explored in previous work.

4.2.4 Polynomial Neural Networks

Polynomial neural networks are neural networks that represent their output as a poly-
nomial of the input. This approach was first explored using the group method of data
handling [87]. It determines the structure of a polynomial model through a combinato-
rial search and selects the best solution based on an external criterion, e.g., least squares.
While these methods belong to self-organizing neural networks, another category models
the network output as a higher-order polynomial of the input [22,23,101]. Our goal is
to use polynomials as building blocks within CNNs rather than modeling the network
itself as a polynomial approximator.
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4.3 Residual Learning and Multigrid Methods

Multigrid consists of two complementary components, the smoother and the coarse-grid
correction. In a recursive fashion, the coarse-grid correction is performed by restricting
to a coarser grid, followed by smoothing on the next coarser scale and another coarse-
grid correction. This structure is already reflected in typical CNNs, which alternate
between convolutions and pooling operations. In both multigrid methods and their
CNN counterparts, the smoothing operation requires considerable computational effort.
A suitable choice of smoother is crucial for the efficiency of a multigrid method, and we
will see that the underlying principles can be exploited for CNNs. In this section, we
revisit smoothing and coarsening and unify the multigrid and CNN perspectives.

4.3.1 Reuvisiting ResNet and Multigrid

Given a data-feature relation A(u) = f, the right-hand side f represents the data space
and u the features. In CNNs, A is learnable and A(u) = f can be optimized [50]. The
mappings between data f € R™*"*¢ and features v € R™*"*" are given by

A R™mxh L Rmxmxe - guch that A(u) = f
B R™m%e oy R™ %R quch that u ~ B(f),

where m and n characterize the spatial resolution dimensions of the input, while ¢ and h
determine the number of input and output channels, respectively. Note that the number
of input and output channels can differ. A can be considered a feature-to-data map, while
B is applied to elements of the data space and is also referred to as a feature extractor. In
multigrid, the property u &~ B(f) is beneficial to the convergence of the method, which
will be explained in the following. In the context of CNNs, convolutional mappings are
usually combined with non-linear activation functions. For a clear presentation of the
similarities between CNNs and multigrid, the non-linearities are omitted for now. Recall
that a non-stationary iterative scheme is given by

w < u+ BO(f — Au) for 7 =1,2, ... (4.1)

where B is an appropriate feature extractor.

Note that the feature extractor B(™ depends on 7, yet Equation (4.1) can be turned
into a stationary scheme with a fixed B, i.e., a shared weight tensor. On the other hand,
interpreting A as a data-feature mapping motivates a fixed A, i.e., also a shared weight
tensor. As shown in [50], the structure of Equation (4.1) with activation functions added
resembles a ResNet-block. Explicitly, let u* denote the exact solution and (™) = u* —u(")
the error at iteration 7. Then, the error is propagated according to

) — ) _ B 4 — (1 — BO) 4)e).
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The operator (I — B A) represents a ResNet-block, with I the identity mapping and
—B™ A the residual mapping (cf. Figure 4.2a). The main difference between MgNet
and ResNet is the sharing of one or more weight tensors. The weight count of two such
distinct blocks is given by 4 - (s?-c¢-h). In MgNet, for the non-stationary case, i.e., only
A is shared, the weight count is reduced to 3 - (s? - ¢+ h). For the stationary case, i.e.,
when both A and B are shared, the weight count for two blocks is only 2 - (s* - ¢ h).
The pseudoinverse of A is generally a dense matrix, which would have to be represented
by a fully connected weight layer, conflicting with the required convolutional structure
of the feature extractors B (respectively B). Even with an optimal choice of B,
the convergence of the iteration in Equation (4.1) is inevitably slow due to the local
structure of the operator. However, convolutional operators B(™) are computationally
inexpensive. A few iterations have a smoothing effect on features, and the resulting
error can be accurately represented at a coarser resolution.

4.3.2 Resolution Coarsening

The restriction of the (residual) data to coarser scales, performed by mappings

Ri#»l . ngxnqu — ng+1 XMy XCpqq

yields a hierarchy of resolution levels £ = 1,..., L. On each level ¢, the smoothing iter-
ation (Equation (4.1)) can be applied using level-specific mappings A, and Bl@, where
initially uéo) = 0. Note that the feature extractors can also be stationary. Analogous to
restriction in multigrid, the spatial resolution in CNNs is reduced by pooling operations
with a stride greater than 1. In CNNs, the number of channels is usually increased in the
process. Corresponding to the coarsening leg of a standard multigrid V-cycle [107], the
combination of v smoothing iterations on each resolution level ¢ and L — 1 restrictions
yields Algorithm 5.

Algorithm 5 \-MgNet(f)
1: Initialization: u; =0
2: for/=1,...,L do

3: forr=1,...,vdo

4: Up = Uy + BéT)(fz — Ay(ur))
5: end for

6: if / < L then

T gy =0

8: frer = ROV (fo — Ae(we)

9: end if

10: end for
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Figure 4.3: Data-feature relations A, and By on resolution level ¢, followed by transfer to the
coarser resolution level ¢ + 1, with Rﬁ“ restricting the residual data and Hﬁ“ projecting the
feature approximation. The residual rp = f; — Ayuy is computed by applying Ay to the features
up, after which the feature extractor By is applied to ry.

4.3.3 Full Approximation Scheme (FAS) for Resolution Coarsening

So far, non-linear activation functions, potential non-linear poolings, and normalization
operations, which are characteristic of CNNs, have been disregarded. However, if we
now take activation functions into account, we obtain a non-linear structure for CNNs.
As noted in Section 2.5, non-linearity in multigrid problems yields multiple possible
solutions, so that the initial solution not only determines the solution but also has a
crucial influence on the convergence rate. Consequently, choosing an initial guess u,f,i)l
at the coarser scale based on the current feature approximation wuy is likely to improve
upon ué(jr)l = 0. Therefore, the feature approximations of non-linear problems are also

projected to the coarser scale by a mapping
Hg-I—l c RIMeXTeXCe | R4 X1 X Cpp1 (4‘2)

to initialize the solution ué(jr)l = Hﬁ“ug’). Given this non-trivial initial solution on level

(+1, the restricted residual data f,, 1 requires an adjustment by A, (uﬁ)l) Accordingly,

in Algorithm 5, lines 7 and 8 are changed to

) _ 174 ()
1= Hjlue

forr = REFN(fo = Ag(ul)) + AE+1(U’§3—)1)

u

In the CNN context, the projection operation in Equation (4.2) corresponds to another
pooling operation, but it has no exact counterpart in the general ResNet architecture.
Figure 4.3 summarizes the relevant mappings, including the role of B, as feature extrac-
tor and A; as data-feature mapping, as well as the restriction and projection between
resolution levels.
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Figure 4.4: Connectivity patterns of convolution operations in matrix representation: regular
convolution with g, = ¢, (left); g, = cin/g (middle); depthwise, i.e., g, = 1 (right).

4.4 Multigrid in all Dimensions (MGiaD)

We start this section by establishing channel coarsening in Section 4.4.1 and then com-
bining it with resolution coarsening in MgNet [50] to obtain multigrid in all dimensions
in Section 4.4.2.

4.4.1 Channel Coarsening

While the convolutional and hierarchical structure of CNNs allows for an efficient treat-
ment of the resolution dimensions, with linear scaling of the weight count with respect
to these dimensions, the situation is completely different with respect to the channel
dimension. Here, typically no restriction is imposed on the connectivity structure, i.e.,
the convolutional maps are dense with respect to the coupling of input and output chan-
nels. Clearly, the full coupling of channels enables efficient exchange of information but
poses the problem of quadratic scaling in the weight count and could lead to a poor
accuracy-weight trade-off due to redundancies. Assuming that the number of channels
cannot be reduced, a decrease in the weight count is only possible by addressing their
connectivity. Unfortunately, one cannot profit from an invariance assumption analogous
to that underlying convolutional connections in the resolution dimensions. Thus, any
reduction in the channel connectivity is of an ad hoc nature. The most straightforward
way to limit the connectivity is to group channels into g groups such that information
is exchanged only within each group (cf. Section 3.2.4). The corresponding connectiv-
ity pattern is depicted in Figure 4.4. Such a strategy reduces the weight count from
O(s*-c-h) to O(s*-eh/g) [T1]. While replacing Ay, By, or both by grouped convolutions
of group size g, with g, < ¢, significantly reduces the weight count, the lack of interac-
tion between channels also decreases the accuracy (cf. Figure 4.5). To facilitate efficient
channel interaction, a grouped restriction mapping was introduced in [32],

RZ:I . ngxngxq,,{ — ngxnéxc&,{+1 (43)
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Figure 4.5: Accuracy-weight trade-off on CIFAR-10 for different ResNet, MgNet, MGIC and
MGiaD models. For MGiaD, the group size g, € {4, 8} is fixed while the number of channels
ci varies.

with ¢p .11 = cx/2, halving the number of channels, e.g., as depicted for two in-channel
levels in Figure 4.6. Analogous to a multigrid V-cycle (cf.Algorithm 1) [107], another
grouped mapping R

PZH-H . ngxngxc&n_‘_l — ngxngxczm (44)

is defined to refine the number of channels. This prolongation map interpolates fea-
tures Uy ,11 from a coarse in-channel level to a fine in-channel level, starting from the
coarsest in-channel level, which uses a dense CNN-block, e.g., a ResNet-block [32]. As
in multigrid, such a coarse-level update on « is given by

o~ ~ A,{ ~
Up = Up + Pg’,i+1 (ué,nJrl)-

Using this multigrid strategy for the channel dimension allows for a significant reduction
in the number of weights without sacrificing much accuracy [32].

4.4.2 Multigrid in Resolution and Channel Dimensions

To obtain an architecture that ultimately scales linearly in the weight count with re-
spect to all problem dimensions (resolution and channels), we connect the ideas of
MgNet and FAS and introduce an multigrid smoothing-in-channels (SiC) block. Our
SiC-block, depicted in Figure 4.6, uses Equation (4.3) and Equation (4.4) to build an
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Figure 4.6: SiC-block on one resolution level with two in-channel levels. The convolutions A
and B are grouped with group size g, = 4, as indicated by the colors. On each in-channel
level, A and B are shared between pre-smoothing (left) and post-smoothing (right). Operators
on the second, coarser level are different from those on the first level, but also shared. The
transfer operators II and R halve the number of channels while the prolongation mapping P
doubles the number of channels. Indices are omitted to simplify notation.
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Figure 4.7: Structure of SiC-blocks on resolution levels ¢ and £+ 1.

in-channel hierarchy, incorporating the smoothing iteration from Equation (4.1) with
weights shared within the in-channel level k. To be more precise, we replace the maps
Ay and BéT) in Algorithm 5 by an in-channel V-cycle as follows. The convolutions A,
and BéT), which are fully connected with respect to the channel dimension, are replaced
by grouped convolutions 121\571 and ééfl), respectively. In addition, we introduce grouped
convolutions ggﬁ and Eﬁ) fork =1,2,..., Ky, as well as restrictions Fzg:l and interpo-
lations Pf,’i 41 fork =1,2,..., K, — 1. Here, the number of levels K is chosen such that

A\g K, and B@ ki, are fully connected with respect to the channel dimension. The overall
structure of the resulting method is sketched in Figure 4.7. On each in-channel level x,
the convolutions Ag x and B ) are arranged as in Equation (4.1), i.e., as a convolutional
in-channel smoothing 1terat10n. Analogous to an FAS-type projection Hf“ in MgNet,
we introduce an in-channel FAS projection map

~
K+l | mpmeXngXcy My XNy XCq oyl
;7 R — R .
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Clearly, both }A%';:l and ﬁ’;:l must also be grouped mappings to obtain linear scaling of
the weight count with respect to the channel dimension. Our final multigrid smoothing-
in-channels algorithm (SiC) is summarized in Algorithm 6.

Algorithm 6 (MG) Smoothing in channels SiC(f,, u)

1. for7=1,... 7. do

2 Uy = Uy + B\,(J)(f,i — A\K(u,i)) > pre-smoothing
3: end for

4: if k # K then

5: U1 = 1TFH (u,,)

6 for1 = RN (fo — Alug)) + Awgr (i)

7 Upy1 = SiC/(\an, Upy1)

8: U = Ui + P (Uns1)
9: end if

10: for 7 =1, ..., Mpost dO
11: Uy = Uy + B,(@T)(f,i — Au(uy)) > post-smoothing
12: end for

The weight count thus scales linearly rather than quadratically with respect to the
channel dimension, compared with the fully connected structure in ResNet or MgNet.
Replacing the smoothing iteration in MgNet by SiC-blocks finally yields an MG-like
architecture whose weight count scales linearly with respect to all dimensions. The
resulting method, termed multigrid in all dimensions (MGiaD), is given in Algorithm 7.

Algorithm 7 MG in all dimensions MGiAD( fy)
1: Initialization: u; =0
2: for /=1,...,L do
3: Up = SiC(fg, Ug)

4 if / < L then

ot Upy1 = H?H (Ug)

6: fevr = Ry (fo — Au(ug)) + Appr ()
7 end if

8: end for

4.4.3 Experimental Setup and Evaluation

We evaluate our approach on improving the accuracy-weight trade-off for classification
tasks on several popular datasets such as CIFAR-10, CIFAR-100 [70], Fashion-MNIST
[121], Tiny ImageNet [72] and ImageNet [71]. We report the number of weights, as well
as the train and test accuracies with standard deviation (std), obtained from three runs
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with random seeds. Since the standard deviation of the train accuracy is less than 0.01,
it is omitted in the following.

Training setup. Our models are implemented in PyTorch [88]. Unless otherwise stated,
we train the models with a batch size of 128 for 400 epochs using an SGD-optimizer with
a momentum of 0.9 and a weight decay of 107*. In accordance with ResNet [53], we use
batch normalization followed by a ReLU activation function after every convolutional

layer. The initial learning rate is set to 0.05 and we use a cosine-annealing learning rate
schedule [80].

Evaluation of ResNet and MgNet on CIFAR-10. The CIFAR-10 dataset contains
60k color images of size 32 x 32 across 10 classes. We compare our MGiaD approach
to ResNet18, ResNet20, and the corresponding MgNet architectures. The ResNet18
architecture is composed of four resolution levels with [64, 128,256, 512] channels and
two ResNet-blocks on each resolution level. According to [50], we reduce the number
of channels on the last resolution level from 512 to 256 in MgNet. ResNet20, a ResNet
version specifically designed for CIFAR-10, is composed of three resolution levels with
three ResNet-blocks on each level and [16, 32, 64] channels. The parameters of the MgNet
architectures are chosen accordingly in all cases. We include tests of MgNet with only A
shared, referred to as MgNet?, and with both A and B shared, referred to as MgNet*B.
In our experiments, we observe that sharing convolutions within the ResNet-blocks
significantly reduces the weight count of the models at the cost of a minor decrease in
performance. For example, ResNet18 has 11,174k weights and achieves 96.26% accuracy,
while the corresponding MgNet®B i.e., with both A and B shared, achieves an accuracy
of 96% with 2,751k weights. The smaller ResNet20 has 270k weights and achieves an
accuracy of 92.44%, while the corresponding MgNet*® has 101k weights and achieves
an accuracy of 91.26%. Based on these findings, as well as those of He and Xu [51],
we opt to share A and B by default when reporting results for MGiaD. In all tests, we
choose learnable depthwise pooling operations Il and R in both MgNet and MGiaD.

Grouped convolutions in MgNet. To justify the use of a hierarchical structure in
the channel dimension, we discuss replacing fully coupled convolutions by grouped con-
volutions in the ResNet-type architecture MgNet. The reduced number of connections
between the grouped blocks limits the interaction between channels. While this achieves
a significant reduction in the weight count, we observe in Figure 4.5 that the perfor-
mance drops significantly. These findings can be attributed to the reduced exchange of
information across channels.

Table 4.1 reports the influence of the group size g, on the number of weights and the
accuracy. Compared to ResNet18 and MgNet, both with fully coupled convolutions,
smaller group sizes g, in A and B result in a drastic reduction in the weight count,
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. accuracy (%) + std

Model g, | # weights (k) test | tram
ResNetl8 | ¢ 11,174 | 96.26 (0.16) | 98.14
MgNet*B | ¢ 2,751 | 96.00 (0.27) | 97.60
64 831 | 93.88 (0.15) | 95.50

32 425 | 92.05 (0.28) | 92.86

16 223 | 89.74 (0.59) | 88.08

8 121 | 87.02 (0.76) | 82.32

Table 4.1: Results of MgNet with four resolution levels and different group sizes g, in convo-
lutions A and B, with ResNet18 included as a reference on CIFAR-10. The group size for a
fully coupled convolution equals the number of channels ¢. The model with the highest overall
accuracy is highlighted with a purple background.

but also in the accuracy of MgNet. A model using convolutions with a rather large
group size g, = 32 has 425k weights but achieves an accuracy of only 92%. The highest
accuracy among the MgNet models with grouped A and B is achieved with g, = 64,
resulting in 831k weights. These results indicate that a naive sparsification of the channel
dimension without a hierarchical structure is insufficient and that a more sophisticated
sparsification scheme in the channel dimension is required, as provided by our MGiaD
architecture.

Evaluation of MGiaD on CIFAR-10. To identify the parameters that play a role in
the accuracy-weight trade-off, we perform a large-scale parameter study on CIFAR-10.
We start by studying the influence of the group size g, and the size of the coarsest level
cx within the channel multigrid subcycle, followed by an analysis of channel scaling and
post-smoothing.

Fully coupled channels and group sizes in MGiaD. In Table 4.2 we study the in-
fluence of the coarsest level cx and g, in combination. These results clearly indicate
that the size of the fully connected coarsest level of the multigrid subcycle has a signif-
icant influence on the performance of the resulting network, while the group size of the
grouped convolutions A and B has a much smaller impact. However, a small group size
strongly affects the weight count.

With a group size of 8 and cx = 64, the weight count of MGiaD is reduced by a factor
of 24 with a small drop in accuracy of 1.7 pp, compared to ResNet18. Moreover, at
g, = 4 and cx = 64 we obtain an architecture with a weight count reduced by a factor
of 30 compared to ResNet18, at a cost of only 1.6 pp in accuracy. Even compared to
the weight-efficient MgNet® B, this architecture yields comparable performance at a 7x
reduction in weight count. The more weight-efficient ResNet20 comes with only 270k
weights. For MGiaD with g, = 8 and cx = 32, we obtain a model with a similar weight
count and substantially improved accuracy. For g, = 4 and cx = 16, we obtain roughly
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4.4 Multigrid in all Dimensions (MGiaD)

, . | accuracy (%) =+ std

Model | g, | A | cx | #weights (k) | test | tram
ResNet20 | - | -| - 270 | 92.44 (0.16) | 93.54
MgNetAB | - | - | - 101 | 91.26 (0.09) | 90.88
ResNet18 | -| -| - 11,174 96.26 (0.16) | 98.14
MgNetAB | - | - | - 2,751 | 96.00 (0.27) | 97.60
MGiaD 411 4 138 | 90.63 (0.16) 88.72
8 139 | 90.82 (0.14) 88.93

16 148 | 91.81 (0.35) 90.41

32 193 | 93.01 (0.22) | 93.13

64 303 | 94.62 (0.10) | 95.83

s|1] 8 236 | 92.48 (0.37) | 92.46

16 240 | 92.62 (0.16) 92.69

32 276 | 93.66 (0.25) 94.29

64 458 | 94.58 (0.25) 96.11

16| 1| 16 424 | 94.13 (0.15) 95.29

32 441 | 94.31 (0.14) 95.70

64 586 | 94.72 (0.35) 96.44

32| 1] 32 773 | 94.97 (0.37) | 96.65

64 845 | 95.20 (0.20) 96.81

|64 ] 1] 64 | 1,361 | 95.47 (0.07) | 97.23

Table 4.2: Influence of the number of channels on the coarsest level cx and the group size g,
on accuracy and weight count for MGiaD on CIFAR-10. The model with the highest overall
accuracy is highlighted with a purple background.

half the number of weights of ResNet20, while being on par accuracy-wise. All results
are summarized in Figure 4.5. These findings show that our MGiaD is very efficient
with fewer weights than its residual counterpart.

Channel scaling in MGiaD. In the previous experiments, we showed that a group size
of 4 or 8 with c¢x = 64 fully connected channels on the coarsest in-channel level reduces
the weight count while maintaining accuracy. To utilize the freed-up capacity in terms
of weight count, we introduce a channel scaling parameter A, which is used to scale the
initial number of channels at each resolution. In general, a higher overall number of
channels leads to a deeper hierarchy, more parameters, and improved performance, as
depicted in Figure 4.5.

We report results for A € {1,2,3} in Table 4.3. Increasing the number of channels
naturally increases the number of weights, which generally has a beneficial effect on
accuracy. For a group size of 8 and A\ = 3, the resulting model achieves almost 96%
accuracy, with 1,269k weights, corresponding to approximately half the weight count of
MgNet and a one eighth that of the ResNet18. This shows that, as long as the overall
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4 Improving the Accuracy-Weight Trade-off

. . | accuracy (%) + std

Model | g, | A | #weights (k) Toat [ram
ResNet18 - 11,174 | 96.26 (0.16) | 98.14
MgNet B ; 2,751 | 96.00 (0.27) | 97.60
MGiaD 411 393 | 94.62 (0.10) | 95.83
2 533 | 95.02 (0.21) | 96.32

3 1,020 | 95.64 (0.09) | 97.21

s |1 458 | 94.58 (0.25) | 96.11

2 703 | 94.89 (0.06) | 95.77

3 1,269 | 95.95 (0.12) | 97.44

Table 4.3: Influence of the number of initial channels, scaled by A € {1,2,3}, on accuracy
and weight count for MGiaD with c¢x = 64 and g, € {4,8}. ResNet and MgNet results are
included for comparison.

. accuracy (%) =+ std

Model | g, | 7post | #weights (k) p— ‘ tram
MGiaD | 4 | 1 1,020 | 95.64 (0.09) | 97.21
4] 2 1,035 | 95.83 (0.13) | 97.25

4 3 1,051 | 95.53 (0.17) | 97.32

MGiaD | 8 1 1,269 | 95.95 (0.12) | 97.44
8 2 1,276 | 95.70 (0.26) | 97.35

8 3 1,300 | 95.90 (0.23) | 97.31

Table 4.4: Influence of post-smoothing 1,0t in MGiaD with a channel scaling factor of A = 3,
cx = 64 and g, € {4,8} on CIFAR-10.

cost with respect to the channel dimension is linear, as in MGiaD, trading channel
connectivity for channel dimension is beneficial.

Post-smoothing in MGiaD. Another way to improve performance is the reuse of
A and B in the channel multigrid subcycle in a fashion akin to post-smoothing in
multigrid [107], where such a process is known to reduce the time and computational
work to solve the problem. Correspondingly, we add multiple post-smoothing steps 7post
to the channel hierarchy. As the weight tensors are shared on within one in-channel
level, only weights for new additional normalization layers are added to the total. We
report results for slightly more complex MGiaD models with g, = 8 and g, = 4 and
A = 3 for varying numbers of post-smoothing iterations 7,0 in Table 4.4. Consistent
with the observations made in Table 4.3, Table 4.2 and Figure 4.5, a larger group size
improves the accuracy, while the effect of the number of post-smoothing iterations is
ambiguous. We compile all results for CIFAR-10 in terms of weight count versus test
accuracy in Figure 4.5, which also includes results for the MGIC method by Eliasof et
al. [32]. We obtain favorable accuracy-weight trade offs using g, = 4 and varying values
of cx and A\. However, diminishing returns begin to set in at around 500k weights and

96



4.4 Multigrid in all Dimensions (MGiaD)

. . accuracy (%) + std

Model A | g, | #weights (k) | GFLOPs best | train
ResNetl8 | - | - 11,174 1.12 | 96.26 (0.16) 98.14
MgNettB | - | - 2,751 1.40 | 96.00 (0.27) 97.60
MGiaD 3| 4 1,020 1.14 | 95.64 (0.09) 97.21
308 1,270 1.34 | 95.95 (0.12) | 97.44

Table 4.5: Computational costs in terms of GFLOPs and weight counts for ResNet18, MgNet,
and best-performing MGiaD models on CIFAR-10. We report MGiaD models with group sizes
g, = 4 and 8, which are built with cx = 64 fully coupled channels and A = 3.

the best result we achieve uses g, = 8 combined with A = 3. Due to the reduced number
of channels through the multigrid hierarchy and shared weight tensors, the number of
weights is drastically reduced. However, our MGiaD models require a similar number
of FLOPs to achieve the same performance as ResNet and MgNet (cf. Table 4.5).

Evaluation on FashionMNIST. FashionMNIST contains 70k 32 x 32 grayscale images
in 10 classes. The initial learning rate is set to 0.05 and multiplied by 0.1 every 25
epochs. In all our experiments, we observe strong overfitting, as reflected by the results
reported in Table 4.6. However, MGiaD still improves the accuracy-weight trade-off.
In particular, compared to ResNetl8, MGiaD with cx = g, = 64 achieves the same
accuracy with a weight count reduced by a factor of 8. Additionally, the weight count
for MGiaD can be cut by another factor of 3 while sacrificing only 0.1 pp in accuracy. To
reduce overfitting, we decrease the number of resolution levels from 4 to 3 for experiments
with cx = 16. The resulting architectures are compared to ResNet20, which also consists
of 3 resolution levels. We indeed observe a mild decrease in overfitting along with a
reduction in weight count by a factor of 2.7.

Evaluation on CIFAR-100. CIFAR-100 contains 100 classes with 600 images each and
otherwise has the same specifications as CIFAR-10. For CIFAR-10 and FashionMNIST,
we observed in the previous experiments, that a large number of fully connected channels
has a significant influence on the accuracy.Thus, we choose cx = 64. In Table 4.7 we
study the influence of the group size g, and the number of channels, varied through
the channel multiplier A, on the accuracy. Similar to CIFAR-10, we observe that a
higher weight count generally leads to a better accuracy. However, unlike for CIFAR-
10, where the group size has only a minor impact, a large group size is essential for high
accuracy on CIFAR-100. For example, a model with g, = 8 and 481k weights achieves
an accuracy of almost 70%, whereas its counterpart with g, = 64 achieves over 72% with
a substantially higher weight count of more than 1,300k. Consistent with our CIFAR-
10 results, channel scaling successfully utilizes the freed-up capacity. Multiplying the
number of channels by A = 3 results in the best overall accuracy. The resulting model
has less than half the weight count of ResNet18 while improving its accuracy by 0.4 pp.
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4 Improving the Accuracy-Weight Trade-off

. . | accuracy (%) + std

Model ¢k | g, | #weights (k) ftest | train
ResNet18 -l - 11,003 | 93.84 (0.17) 100
MgNet®® | - | - 2,747 | 93.84 (0.16) | 100
MGiaD | 64| 4 380 | 9345 (0.12) | 100
64 1,357 | 93.84 (0.10) 100

321 4 189 | 93.32 (0.06) 100

32 437 | 93.71 (0.49) | 100

16| 4 144 | 93.28 (0.08) | 100

16 420 | 93.40 (0.21) 100

ResNet20 | - | - 270 | 93.02 (0.31) | 100
MgNetdB | - | - 101 | 93.29 (0.15) | 100
MGiaD 16 | 4 28 | 92.85 (0.06) | 97.07
8 37 | 93.35 (0.09) | 97.63

16 551 93.29 (0.15) | 98.48

Table 4.6: Influence of the number of fully coupled channels cx and the group size g, on
accuracy and weight count for models trained on FashionMNIST. The highest accuracy in
each comparison is marked in bold, and the best MGiAD model is highlighted in purple.

Evaluation on Tiny ImageNet. Tiny ImageNet consists of 100k 64 x 64 color images
in 200 equally sized classes. Based on our previous findings, we do not tune cg for this
dataset specifically, i.e., we keep cx = 64. In Table 4.7 we study accuracy and weight
count as a function of both the group size g, € {64,64} and the channel scaling A. We
compare the resulting models with ResNet18 and the corresponding MgNet. Consistent
with our observations on CIFAR-100, a higher weight count generally leads to higher
accuracy. With a group size of g, = 64, MGiaD reduces the weight count by a factor of
8 compared to ResNet and a factor of 2 compared to MgNet, while improving upon the
accuracy of both architectures by at least 0.5 pp to 60.36%. Scaling the inital number
of channels by A = 3 leads to an accuracy gain of 3 pp over ResNet18 while requiring
2.3 times fewer weights.

Evaluation on ImageNet. The ImageNet database contains color images with a res-
olution of 224 x 224 across 1,000 semantic classes. As for Tiny ImageNet, we fix the
number of fully coupled channels on the coarsest level to cx = 64 and study the influ-
ence of the group size g, € {8,64} in combination with A € {1,2,3}. We compare the
resulting models with ResNet18 and MgNet. All models are trained with a batch size
of 512, except for MGiaD with A = 3, for which the batch size is reduced to 256 due to
memory limitations. Note that this limitation could be remedied by an optimized imple-
mentation. Our results are reported in Table 4.7. In accordance with previous results on
the other datasets, a higher weight count results in higher accuracy. Again, we find that
channel scaling is a powerful tool to improve accuracy by utilizing the capacity freed up
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4.4 Multigrid in all Dimensions (MGiaD)

Dataset H CIFAR-100 H Tiny ImageNet H ImageNet

accuracy (%) (£ std)
test ‘ train

accuracy (%) (£ std)
test ‘ train

o,
Model ‘ A ‘ g H #weights (k) #weights (k) #weights (k) accuracyte(sf)‘ (itsltdi)l

ResNet18 | - | - 11,220 | 75.42 (0.13) |  99.98 11,271 | 59.67 (0.66) | 91.29 11,690 | 71.89 (0.04) | 75.26
MgNetAB 2,774 | 7442 (0.28) |  99.98 2,799 | 60.12 (0.25) | 87.77 3,013 | 67.83 (0.10) | 64.87
MGiaD | 1] 8 481 | 69.91 (0.37) | 99.25 508 | 56.23 (0.50) | 85.37 721 | 59.61 (0.14) | 5812
64 1,384 | 72.53 (0.45) | 99.97 1411 | 60.36 (0.54) | 70.99 1,625 | 66.38 (0.36) | 63.35

2] 8 745 | 71.48 (0.48) | 99.91 801 | 58.33 (0.09) | 64.35 1,226 | 64.82 (0.20) | 60.40

64 3,067 | 75.12 (0.71) | 99.98 3,123 | 62.24 (0.99) | 81.17 3,549 | 7212 (0.12) | 69.67

3] 8 1,338 | 72.75 (0.62) | 99.97 1422 | 59.87 (0.13) | 70.49 2,060 | 68.23 (0.13) | 64.09

64 4,822 | 75.85 (0.14) |  99.98 4,906 | 62.68 (0.75) | 84.71 5544 | 74.39 (0.24) | 7250

Table 4.7: Influence of the overall number of channels, scaled by A, on accuracy and weight
count for CIFAR-100, Tiny ImageNet and ImageNet. For MGiaD, we set cx = 64 and we
study group sizes 64 and 8. For each dataset, the highest accuracy in each comparison is
marked in bold, and the best MGiaD model is highlighted in purple.

by the multigrid hierarchy in the channel dimension. For example, an MGiaD model
with g, = 64 and A = 2 improves the accuracy by 0.23 pp while reducing the weight
count by a factor of 3 compared to ResNet18. with g, = 8 and A = 3, MGiaD reduces
the weight count by approximately one third compared to MgNet while improving the
accuracy by 0.4 pp. This demonstrates that our MGiaD architecture yields an improved
accuracy-weight trade-off and reduces overparameterization on ImageNet.

4.4.4 Conclusion

In this work, we introduced a neural network architecture that utilizes the concept of
multigrid in spatial and channel dimensions. Our experiments suggest that, although
the reduction in weight count introduces an additional architectural bias, this bias does
not seem to affect the overall performance of the network in most cases, in particular
if the network is overparameterized. In problems requiring only limited capacity, e.g.,
CIFAR-10, the proposed architecture substantially reduces the weight count while al-
most maintaining performance in terms of accuracy. These observations generalize to
larger problems such as Tiny ImageNet and ImageNet. For ImageNet, we even find
architectures with an accuracy superior to ResNet18 and MgNet while requiring fewer
weights. Our approach offers another way to address overparameterization in neural
networks and achieves improved scaling behavior with respect to the depth and width
hyperparameters. The follow-up study investigates how the smoother B can be replaced
by a polynomial in A to additionally reduce the weight count.
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4 Improving the Accuracy-Weight Trade-off

4.5 Poly-MgNet: Polynomial Building Blocks in
Multigrid-Inspired ResNets

In this section we develop polynomial building blocks inspired by multigrid smoothers.
We explain the method in Section 4.5.1 and present an extensive parameter study in
Section 4.5.2.

4.5.1 Polynomial (Smoothers) in Residual Blocks

Thus far the iterative scheme, Equation (4.5), was either considered to be stationary or
non-stationary with matrices B or B, respectively. Even though B is a rough and
computationally inexpensive approximation of A~!, in order to achieve a reduction of
the residual we can further reduce the number of learnable weights and increase the
interpretability of B by replacing it by a polynomial (smoother) py(A) ~ A~! of degree
d € Ny, i.e., the residual block then reads

w e u+ pa(A)(f — A(u)). (4.5)
Here, p, is a polynomial

pa(4) = 3 oid’, (4.6)

with (learnable) coefficients «;. In the case of polynomial smoothers (B = py(A)), the
non-stationary case is considered, i.e., only the weight tensor A is shared. Furthermore,
these models are denoted by MgNet??.

In order to ease the following discussion note that under the assumption that A is
diagonalizable, i.e., A = XAX ™! with a matrix X containing the eigenvectors of A as
its columns and a diagonal matrix A of eigenvalues, we find

pa(A) =D A =X (Z aiAi> X (4.7)

Thus, the action of the polynomial on a matrix A is determined solely by the evalua-
tion of the scalar polynomial pg, with coefficients «;, on the eigenvalues of A. As this
alleviates notation, we consider py both as a scalar polynomial and as a matrix-valued
polynomial, using the same notation. Moreover, let A = spec(A) henceforth.
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4.5 Poly-MgNet: Polynomial Building Blocks in Multigrid-Inspired ResNets

Residual blocks as polynomials. Recall that the residual propagates according to
rD = f — Ay = (1 — ABT)r™, (4.8)
Let B = p4(A) be a polynomial feature extractor. Then
rH = (I — Apg(A)r™ = qaa (A)r™,

where the factor (I — Apg(A)) itself is a polynomial g4.1(A) of degree d + 1. Hence,
using Equation (4.6), we find

d
qa+1(A) =1 — Apy(A) =1 — Z a; AT,
i=0

and see that g4, is normalized with a constant coefficient equal to 1, i.e., ¢z41(0) = 1,
which implies that residual components belonging to kernel modes of A are unaffected
by such a polynomial correction approach.! Leveraging the normalization of gy, we
obtain its decomposition into a product of linear factors as

d+1

a1 (4) = [ JU = ) with gaa(@) =0 and G € .

i=1 g

That is, instead of learning the coefficients «a;, we can equivalently learn the roots of
the polynomial gz1. While it is not immediately clear how the «o; need to be chosen to
ensure py(A) ~ A~! to obtain a reduction of the residual, the roots of the polynomial
gs+1 have an immediate interpretation with respect to the reduction of the residual.
Again assuming that A is diagonalizable and taking into account that polynomials tend
to be small only close to their roots, we write 7(7) = 3" ;7% as a linear combination of
the eigenvectors of A and find

d+1 s
s =TT (1= ) s (19)
joi=1 v

which is small if the roots (; conjugated capture the distribution of the eigenvalues of
A correctly. To be more specific it is clear that roots close to the boundaries of the
spectrum of A, A C C, are required in order to prevent catastrophic overcorrection of
the respective eigencomponents of the residual [96] (cf.Figure 4.8).

Yet, the aim of minimizing the residual is consistent with keeping the polynomial small
on the spectrum. To that end, eigenvalues located at the spectrum’s boundary are cho-
sen as roots for the polynomial. Obviously, AT # A, and since A is real, its complex
eigenvalues occur in complex-conjugate pairs. This can be used to construct a polyno-
mial in linear-factor representation, covering the extent of the real axis, as examplarily
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4 Improving the Accuracy-Weight Trade-off

Figure 4.8: Schematic illustration of polynomials of type g2 (two blocks) with different choices
of roots from a representative real spectrum.

illustrated in Figure 4.8, and quadratic factors, covering the extent of the imaginary
axis and avoiding complex arithmetic within the CNN at the same time.?

For a complex-conjugate pair z and z, the residual propagation in Equation (4.8) yields
(r+1) 1 Lo —a @
r =(1- EA)(l - %A)T’ = Gar17"",

where ¢4, itself is a quadratic polynomial of degree d + 1 with roots z = a + ib and
its complex-conjugate counterpart z, where i denotes the imaginary unit. Thus, the
resulting polynomial comprises m linear polynomials ¢; and n quadratic polynomials ¢;

i=1

mion(A) = [J @A) - [[G(4), with m+2n=d+13 (4.10)
j=1

The second observation revolves around the fact that the decomposition of ¢4, into a
product of linear factors can be viewed as a sequence of linear residual blocks, i.e., one
residual block with B = pg(A) is equivalent to d + 1 residual blocks with B(™) = 1/c..
The quadratic factors can also be viewed as a sequence of pairs of linear residual blocks,
i.e., two residual blocks with B = §aq are equivalent to B = 1/, and B"+Y = 1/3,
respectively. The focus of our work is on the polynomial perspective of a residual block,
described by the residual polynomial q. The iteration can be rewritten as

u™ =) 4 ( 2a I ! A) (™),

a2 + b2 _a2+b2

For ease of notation, from now on, the degree of a polynomial ¢4 is d. Consequently, the
corresponding polynomial p has degree d — 1. Furthermore, combining Equation (4.5)
with Equation (4.10) results in a polynomial version of MgNet, referred to as Poly-
MgNet, which is outlined in Algorithm 8.

!Clearly, such modes are also unaffected in a general residual block with a (full) parameter matrix B.

2For example, the ReLU activation function nn. ReLU from the PyTorch library does not support
complex values, (cf. issues #47052, #46642).

3Remark: the symbols m and n, when used as polynomial degrees should not be confused with
the input dimension m x n. In particular, the polynomial degrees, are independent of the input
dimension.
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4.5 Poly-MgNet: Polynomial Building Blocks in Multigrid-Inspired ResNets

Algorithm 8 Poly-\-MgNet( f, {Céi)}?:fgn)

1: Initialization: ugo) =0
2: for/=1,...,L do
3: for r=0,.... m—1do

4: ug Y =+ C<r—1+1>(fe — Ag(u"))

5: end for ‘

6: for j=1,...,ndo

7 zZ = Cém—i_zj_l) eC

8: a=R(z),b=3z)

9: rémﬂfl) = fo - Auémﬂ*l) |
10: uémﬂ) = uémﬂ_l) + agibQ (2a — A)rémﬂ_l)
11: end for
12: if / < L then
13: Upp1 = Hﬁ“uémm)

14: fern =R (fo— AE(UEWM))) + Apyr(uggr)
15: end if
16: end for

Based on observations from our experiments, we limit the polynomial consisting of linear
factors, i.e., ¢; in Equation (4.10), to m = 2. To cover the extent of the spectrum on
the real axis, we choose the real part (R) of eigenvalues with smallest and largest real
parts for the polynomial roots, i.e., () = min R(A) and (¥ = max R(A) as polynomial
coefficients (™) = /¢, Models with polynomial building blocks with polynomial de-
gree d = m = 2 are denoted by MgNet?. For degrees d > 4, the roots for the quadratic
polynomials ¢; are chosen as follows. For a single quadratic factor ¢, z = argmax(S(A))
is the eigenvalue with largest imaginary part (J), and z is its complex-conjugate coun-
terpart. For polynomials of higher degree we continue to choose roots located at the
boundary of the spectrum to obtain small polynomial values. The roots calculated for
a polynomial of degree d = 4 are deployed in the resulting polynomial ¢4(A), which is
subsequently evaluated on the spectrum. Consequently, the spectrum is a plane spanned
by the roots, as exemplified shown in Figure 4.9. The eigenvalue with the largest imag-
inary part and its complex-conjugate counterpart are then chosen as additional roots
for gg(A). This recursive procedure of spanning the spectrum on the roots to determine
new maxima can be repeated as needed, as summarized in Algorithm 9. The resulting
models are denoted by Poly-MgNet%.

Another observation is that enhancing the impact of the real-valued coefficients by
constructing a quadratic version of ¢ in Equation (4.10), such that

rD = (I — aA?)r™ = §y(A%)r™

has a beneficial effect on accuracy. Omitting iteration indices, a polynomial G(A?%)
with coefficient o has roots at +1//a. Following the idea of keeping the polynomial
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Figure 4.9: Surface representation of the spectrum A for the corresponding matrix A €
RO4x64x3x3  The z-axis represents the real part, while the y-axis represents the imaginary
part. The z-axis illustrates the magnitude of the polynomial |g4(A)|, which has roots at the
eigenvalues with minimum and maximum real parts, as well as the complex-conjugate pair
containing the eigenvalue with the maximal imaginary part. This visualization allows for an
intuitive identification of the maximum |g4(A)| over the spectrum.

Algorithm 9 Roots (@ for polynomials d > 6
: Initialization:

for d =6,8,... do
d—2
das = T2 — 4 4)

¢=1) = argmax(|gq_o(A)])
g(d) = ((d-1)
end for

,_.
e
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4.5 Poly-MgNet: Polynomial Building Blocks in Multigrid-Inspired ResNets

small on the spectrum, we choose the coefficient o = 1/¢2 with ¢, = max(] max(%(A))],
| min(R(A))|) to ensure that the root is at or beyond the boundary of the spectrum.
Note that the degree of the overall polynomial g4 is now d = 2m + 2n. Consequently,
Equation (4.10) is rewritten as

Gomyan(A) = H@i(AQ) : de(A)a (4.11)
i=1 j=1

and models that include the reinforced real part polynomial g are denoted by Poly-
MgNet94. The following discussion refers to ¢y, although it can be applied without
restriction to gg.

To ReLU or not to ReLU. Thus far, we have ignored the fact that standard ResNet-
blocks are typically built with rectified linear unit (ReLU) activation functions ¢ =
max(0, z) (cf. Section 3.2.1). In ResNet, as depicted in Figure 4.2, every convolution A
and B is followed by ReLLU, which also applies to MgNet, independent of shared oper-
ations. Furthermore, this setting is applied in the special case B = py_1(A), especially
for d = 1. The iterative scheme with ReLLU functions is given by

W — 4 4 (g1 (A) 6(f — Au™) (4.12)

However, our polynomial view of residual blocks conflicts with the fact that the max-
function typically cannot be a term of a polynomial. Nevertheless, ReLLU has a major
influence on the expressiveness of CNNs which prompts us to review ReLLU placements
in our polynomial residual blocks. To pursue the original idea of ReLLU-free polynomials,
a single ReLLU is applied on every resolution level, namely before resolution coarsening,
such that the initial solution is given by

)y =105 (u)”), (4.13)

where v = m + n blocks denotes a polynomial degree d = m + 2n. In our experiments,
we found that in this setting our models are not able to capture sufficient non-linearity
in the data, resulting in a loss in accuracy. To regain expressive capacity of our poly-
nomial models to represent non-linear relationships in the data, we placed ReLU after
calculating the residual

uT = 40 +pa-1(A) o (f — AU(T))7 (4.14)

which proved to be beneficial to the model performance. Furthermore, the combination
of Equation (4.13) and Equation (4.14) proved the most beneficial for accuracy. The
introduced options are summarized in Table 4.8.

Another question of interest is the placement of batch normalization (bn) operations
within the polynomials. While their role is not fully understood, we found that different
placements affect the classification accuracy of the model. Although bn is typically
applied before ReLLU, this ordering is not required. In the following section, we analyze
various bn and ReLLU configurations in MgNet?% to identify the most effective setup.
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| oul” dpai(A) or

Equation (4.12) X X

Equation (4.13) X

Equation (4.14) X
Equation (4.13) + Equation (4.14) X X

Table 4.8: Overview of possible placements of the ReLLU function ¢ in a polynomial block.

4.5.2 Experimental Setup and Evaluation

We study the effect of our polynomial building blocks g4(A) on the accuracy-weight
trade-off by evaluating the corresponding models on CIFAR-10. We report the weight
count and mean train and test accuracy with standard deviation (std.) over three runs.
Although Poly-MgNet is robust to different coefficient initializations (cf. Table 4.9), we
initialize the coefficients of our models based on the spectra of the convolution operators
to align with our underlying intuition.

Experimental setup. Our models are implemented in PyTorch [88]. We train our
models in batches of 128 for 400 epochs and use stochastic gradient descent with a
momentum of 0.9 and a weight decay of 10~*. The initial learning rate is set to 0.05,
which is adapted by a cosine-annealing scheduler [80].

Weight count of residual blocks. As the weight tensor A is shared across the poly-
nomial blocks in our approach, the only learnable parameter is the single polynomial
coefficient agﬂ = 1/¢{7 | associated with each block. A polynomial of degree d only incurs
d weights, and thus, it is essentially free, with respect to the weight count, to increase
the degree. More specifically, let v be the number of polynomial building blocks on one
resolution level ¢ and let the size of the weight tensor be given by s? x ¢2, then the weight
count of different types of residual blocks and polynomial settings is given as follows:

e ResNetl8: (s? x ¢?)-2-v,
e MgNet?: (s2 x c?)- (1 +v),
e MgNet?B: (52 x ¢2) - 2,

e MgNet?%: (s? x ¢?) + v.

A regular ResNet18 block is built from two residual blocks on four resolution levels with
(64,128,256, 512] channels. The overall weight count of ResNet18 is 11.2 million (M).
The corresponding MgNetP has the same number of resolution levels, but according
to [50], the number of channels on the fourth resolution layer is reduced to 256. This
setting results in 2.7M weights overall. Poly-MgNet% with the same number of resolution
levels has 1.3M weights.
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Dataset  polynomial initialization ‘ accuracy (%) =+ std

CIFAR-10 % U Amin, Amax) 94.89 (0.16)
Xavier 94.76 (0.16)

9a U(Amins Amax) 95.28 (0.19)

Xavier 95.32 (0.13)

Table 4.9: Influence of coefficient initialization for the models Poly-MgNet? and Poly-MgNet94.
The coefficients are drawn either uniformly from the interval spanned by the spectrum A, i.e.

from U(Amins Amax), or from U(—t,t) with ¢t = 6 The latter corresponds to Xavier

Cin+Cout
uniform initialization, a standard approach for initializing convolutional weight tensors [38].

ReLU placement. We examine different placements of activation functions and batch
normalization for the polynomials ¢» (Equation (4.10)), g4, g6 and gs (Equation (4.11))
on CIFAR-10 to determine suitable configurations. Table 4.8 summarizes the ReLLU
combinations we determined as the most relevant.

The impact of these combinations on accuracy of Poly-MgNet? is shown in Table 4.10.
Recall that go corresponds to ¢, in Equation (4.10), comprising two linear factors with
real-valued roots. We observe that placing ReLU and bn at the same positions as in
MgNetAB, where both A and B are followed by ReLU and bn, results in lower accuracy
than MgNet®®. Furthermore, the naive approach with a single ReL.U and no additional
bn (Equation (4.13)), on one resolution level, is not robust (cf. Table 4.10). One of the
three experimental runs fails to learn, resulting in a low accuracy with a high standard
deviation. It is well known that polynomials suffer from instabilities with increasing
degree. In our experiments, we observed that higher polynomial degrees (greater than
eight) often led to instabilities. Polynomials of moderate degree mostly achieved superior
accuracy. In contrast, the same ReLU placement paired with bn applied after the
calculation of the residual achieves the highest accuracy (cf. Table 4.10). Furthermore,
we study the ReLLU placement in Poly-MgNet%, which is based on polynomials that are
quadratic in the real-valued term. Note that g, = g4 (Equation (4.11)). This emphasis
on the real-valued part increases the accuracy by 0.4 pp.

Selected results for the ReLU placement in models with polynomials gg and gg are
summarized in Table 4.11. Recall that polynomials g4 for d > 2 and g4 for d > 4 are
composed of a real-valued part and an imaginary-valued part with respect to their roots
(cf. Equation (4.10)). Specifically, the composition of gg is given by gs = §1(A?)- go(A?)-
¢1(A). For the g-terms, the placement of ReLU and bn follows the optimal configuration
of g4 shown in Table 4.10. We observe for both Poly-MgNet% and Poly-MgNet9 that
applying ReLLU and bn after the residual update is essential for high accuracy.

Channel scaling. Having identified feasible placements for ReLU and bn, we investi-
gate the influence of the capacity in terms of weights on accuracy of our Poly-MgNet
models. To this end, we introduce a channel scaling parameter A to scale the number
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/ ) ) accuracy (%)
Model bn  ¢u,” bn  ¢pii(A) bn ¢r fest (£ std) ‘ train
MgNet™” | 95.94 (0.27) | 97.60
Poly-MgNet® | x  x 65.27 (0.40) | 64.61

X X X x| 93.04 (0.19) | 94.00

X X X x| 94.38 (0.35) | 96.54

X x x 94.89 (0.16) | 97.03

X x x 94.71 (0.21) | 94.71

Poly-MgNet% | x X 94.65 (0.33) | 96.70
X X X x| 95.28 (0.19) | 97.23

X X X x| 95.02 (0.18) | 97.13

X X X x| 95.04 (0.09) | 97.11

X X X 95.00 (0.18) | 97.11

Table 4.10: Influence of ReLLU and bn placement (cf. Table 4.8) on accuracy for Poly-MgNet?
and Poly-MgNet94 trained on CIFAR-10. The best accuracy for each model is highlighted in
bold. In the blocks corresponding to Equation (4.12) each ReLU is followed by bn (first row).
For Poly-MgNet?, we consider the naive placement of one ReLLU before resolution coarsening,
i.e. after the polynomial ¢s (cf. Equation (4.13)). We contrast this with an additional bn after
ReLU with bn after the residual r (rows 2, 3). For Poly-MgNet94, we limit the shown results
to the configurations with the highest accuracy.

of weights in Poly-MgNet according to the weight count of ResNet and MgNet. Con-
versely, we scale the channels of ResNet and MgNet to meet the capacity of Poly-MgNet.
Specifically, the initial number of channels* is multiplied by a scaling parameter A < 1 to
reduce the overall weight count to a target of 1.3M weights, corresponding to the average
weight count of polynomial MgNet models. The results are shown in Figure 4.10. A
regular ResNet18 has over 11M weights and achieves an accuracy of over 96%. Limiting
the total weight count to 1.3M, representing a reduction by a factor of more than 8§,
results in an accuracy drop of about 2 pp. In contrast, the standard MgNet®P with
2.7TM weights already achieves a reduction by a factor of 4 compared to ResNet18 while
maintaining competitive accuracy. Despite the lower weight count, MgNet®P achieves
an accuracy of 96%. Reducing the weight count of MgNet to 1.3M results in a loss in
accuracy of 0.6 pp. These findings highlight that, compared to ResNet, the weight count
can be drastically reduced without significantly affecting accuracy.

4The initial numbers of channels at the four resolution levels are [64,128,256,512] for ResNet18 and
(64,128, 256, 256] for MgNet.
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/ ) accuracy (%)
Model bn ¢u” bn ¢paa(4) bn or test (£ std) ‘ train
Poly-MgNet9 X X x x| 95.25 (0.41) | 97.29
X x x x| 95.55 (0.07) | 97.34
X X x x| 95.23 (0.13) | 97.17
Poly-MgNet? X x x x| 95.33(0.33) | 97.35
x % X x| 95.60 (0.34) | 97.40

Table 4.11: ReLLU and bn placement in Poly-MgNet9 and Poly-MgNet9s.
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X 055 o T
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@ Poly-MgNet?”
010 --@- Poly-MgNet#
—@-- Poly-MgNet”
0.8 1.6 3 10

Number of weights [M]

Figure 4.10: Accuracy-weight trade-off of ResNet and MgNet models on CIFAR-10: influence
of the overall capacity of residual networks on classification accuracy. The number of channels
in the residual blocks of ResNet and MgNetA’B is scaled by factors of 1/v2 and 1/v8. In contrast,
the number of channels of Poly-MgNet4% are scaled by multiplying by /2 and /8.

Our initial Poly-MgNet uses around 1.3M weights. With this capacity, Poly-MgNet?
achieves an accuracy of 94.89%. Compared to ResNet18, with over 11M weights, this
represents a reduction in weight count by a factor of over 8.5 while sacrificing less than
1.5 pp of accuracy. Poly-MgNet% and Poly-MgNet% achieve accuracies of over 95.5%
with an initial capacity of approximately 1.4M weights, slightly improving on MgNet* B
by 0.13 pp at the same capacity. By increasing the number of channels for MgNet®®B and
Poly-MgNet with building blocks g4 and gg, all models achieve approximately 96.60%,
thereby drastically improving the accuracy-weight trade-off compared to ResNet18.
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4.5.3 Conclusion

In this work, we introduced Poly-MgNet, which complements MgNet with a new neu-
ral network building block inspired by polynomial multigrid smoothers. We conducted
comprehensive numerical studies, including baseline comparisons and several ablations.
Compared to MgNet, we found more favorable trade-offs between the number of weights
in Poly-MgNet and the achieved accuracy. Our ablation studies show that the incorpo-
ration of multiple batch normalizations and ReLLU activation functions within a single
building block is crucial for achieving high accuracy, despite the counterintuitive use of
non-linearities in polynomials. Additionally, we observed that quadratic polynomials
provide notable benefits in terms of accuracy. We make our code for reproducing all
experiments publicly available under https://github.com/vanbetteray/Poly-MgNet.
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Efficient SVD by Local Fourier Analysis

This chapter is mostly taken word by word from our publication [110].

5.1 Introduction

Deep convolutional neural networks are powerful methods for image recognition tasks
[53,71,73,94]. Many recent deep learning architectures continue to employ convolu-
tional mappings as fundamental components [28,85,114,119,120], which perform linear
transformations of the input to extract relevant features [73]. The spectral properties
of convolutional mappings have diverse applications. For instance, the spectral norm is
used for regularization to improve generalizability [42,99,124] or robustness to adver-
sarial attacks [19,24]. Furthermore, the singular value decomposition can be used for
low-rank approximation to enable model compression [1,4,18,60,63,127] or to study
interpretability in CNNs [89]. Pseudoinvertible neural networks are designed to learn
both a task and its inverse [60]. Notably, the pseudoinverse can be computed directly
via singular value decomposition.

As seen in Section 3.2.4, the weight tensor corresponding to a convolutional mapping is a
four-dimensional tensor. Its dimensions correspond to the numbers of input and output
channels and the filter height and width. During the convolution, each two-dimensional
filter slides across the input feature map. At each position, the operation computes the
sum of element-wise multiplications between the filter and the corresponding overlapping
region of the input, producing the output feature map.

Considering an input with spatial dimensions m x n and c¢;,, Couy denoting the number
of input and output channels, respectively, the convolution mapping is given by

A . Rmxnxcin N Rmxnxcout ) (51>
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m N - Cout
[‘H
I

m -1 - Cout

|
m-n- Cp m-n- Cny

(a) Matrix form of an m x n input convolved (b) Matrix composed of m - n blocks of size
with a 3 x 3 kernel Cout X Cin

Figure 5.1: Sparsity patterns of matrices corresponding to a convolutional mapping (a) in
matrix-vector multiplication form; and (b) after the Fourier transform.

The corresponding two-dimensional matrix is sparse with dimension (m - n - ¢y,) X (m -
N - Couy) With sparsity pattern according to Figure 5.1a. It is clear that the size of this
matrix grows rapidly as the number of channels and/or the input size increases, whereas
applying the singular value decomposition to large matrices is time and memory con-
suming. Assuming a square input size and equal number of channels, i.e., ¢ := ¢, = Cout
and n = m, the computational complexity for the brute-force approach is O(n%¢?) [99].
The focus of this work is on an efficient approach to reduce the computational complex-
ity of computing the singular value decomposition of large matrices corresponding to
convolutional weight tensors. The view of a convolution as a doubly circulant matrix
allows for the use of the (discrete) Fourier transform. By applying the 2D Fast Fourier
Transform (FFT), studied in Section 2.3.1, the computational complexity can be reduced
to O(n*c*(c +logn)) [99]. In contrast, our approach takes into account that convolu-
tional mappings are translation invariant. This allows us to apply local Fourier analysis
(LFA) [66]. LFA, see Section 2.3.2, is primarily used in the study of iterative methods
for solving PDEs, especially multigrid methods. Structural analogies between CNNs
and multigrid have been analyzed by [32,50, 53,109, 111]. We utilize the convolution
theorem, which allows convolutional operators to be block-diagonalized by the Fourier
transform, see Section 2.3.2. In our approach, we employ complex Fourier exponentials
as ansatz functions for the basis change in the frequency domain. This allows us to carry
out the analysis in the frequency domain, where the action of convolutional operators on
different frequency components, i.e., Fourier modes, can be analyzed independently. In
particular, the orthogonality of the Fourier basis functions ensures that a convolution in
the spatial domain corresponds to a pointwise multiplication in the frequency domain.
Consequently, the convolutional mapping based on a four-dimensional weight tensor is
transformed into a collection of matrix-vector multiplications, one for each frequency, as
discussed in Figure 5.1b. Each block corresponds to a specific frequency component and
has dimensions cyut X ¢y, coupling only across channels. The operator remains block
diagonal along the spatial dimensions n and m. This block structure allows for indepen-
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dent computation of the singular value decomposition of smaller matrices, which reduces
the computational complexity to O(n?c?), compared to the FFT-based approach which
requires O(n?c*(c + logn)).

To preserve the spatial dimension of the input after the application of the convolution
and effectively process the edge pixels of the input image, the input is typically padded
with zeros around the border. In the context of PDEs, zero padding corresponds to
Dirichlet boundary conditions (cf. Section 2.4). While zero padding is the standard for
image recognition tasks, the application of LFA as well as the FFT assumes periodic
boundary conditions for the convolution. This raises the question of how boundary con-
ditions influence the accuracy of the computed spectrum of the convolutional mapping.

The contribution of this chapter can be summarized as follows.

e We propose an algorithm for efficient computation of singular values of convolu-
tional mappings by exploiting the translation invariance of convolutional operators,
which allows for the application of LFA.

o We provide a theoretical analysis of our algorithm’s runtime and validate its effi-
ciency through numerical experiments.

e We study the influence of Dirichlet and periodic boundary conditions and analyze
and compare the resulting spectra.

Our method can improve the efficiency and scalability whenever a given task requires
the computation of a singular value decomposition (SVD) of convolutional mappings.

The remainder of this chapter is structured as follows. Section 5.2 reviews related
work, including methods for determining spectra, approximating the largest singular
values and selected applications. Building on foundations introduced in Section 2.3
and Section 3.2.4, in Section 5.3 we briefly review the convolution theorem and the
singular value decomposition. Subsequently, we present our algorithm and analyze its
computational complexity. In Section 5.4, we validate and study our proposed method
through numerical experiments and discuss the results. Finally, we conclude this chapter
by summarizing our contributions and findings in Section 5.5.

5.2 Related Work

In this section, we review related work that analyze the spectral properties of convo-
lutions. These works can be broadly categorized into 1) exact computation of the full
spectrum, 2) approximation of the (largest) singular values, and 3) applications. For the
sake of readability, let m = n and ¢ := ¢, = ¢y throughout the section. Furthermore,
we assume square kernels of extent s x s.
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Exact computation of the full SVD. An approach to calculate the complete spectrum
is introduced in [99]. They characterize the singular values of a convolutional layer using
c* FFTs followed by n? singular value decompositions. The FFTs require O(n?logn)
FLOPs, while the singular value decomposition requires O(c?), resulting in an overall
computational complexity of O(n?c?(c+logn)). This approach is closely related to ours,
which is based on the calculation of the so-called symbol, requiring n?-O(1). Compared
to [99], our approach reduces the computational complexity of calculating the singular
values by a factor O(logn) to O(n?c?).

Approximation of the largest singular value. Yoshida and Miyato [124] reshape the
weight tensor into a dense ¢ x ¢- s? matrix and use a power iteration method to approx-
imate the spectral norm, i.e., the largest singular value. However, the reshaped matrix
yields only c- s? singular values, whereas the corresponding linear transformation of the
convolution has ¢ - n? singular values. Nevertheless, they utilize the operator norm as
a regularizer, demonstrating that the approximation obtained by their representation is
sufficient for the given purpose, despite being a loose upper bound, see also [24,108]. An
efficient method to compute the L' and L> norms of convolutional layers was proposed
in [42] to approximate their spectral norm. In case of convergence, their method com-
putes the exact spectral norm of a convolutional layer. However, this does not provide
insight into the full spectrum of the layer.

Application domains. The ability to compute the singular value decomposition of
convolutions paves the way for multiple applications. For instance, singular values can
be utilized for the regularization of CNNs to improve generalizability. Regularizers
based on the spectral norm, which equals the largest singular value, are studied in [42,
84,99, 124] and more recently in [95,102]. The spectral norm was also utilized in [19,24]
to improve robustness to adversarial attacks. Instead of focusing only on the largest
singular value, other domains require access to a broader portion of the spectrum. The
singular value decomposition can be used for low-rank approximations to enable model
compression. Extensive studies on low-rank approximation in neural networks have been
conducted by [4,27,63,127]. These methods have been further developed to compress
word embedding layers [1,18,60]. The application of the singular value decomposition
in CNN interpretability is studied in [89]. Furthermore, in [111], the minimal and
maximal singular values are utilized for the initialization of polynomial CNN blocks.
Recently, a class of pseudoinvertible neural networks designed to learn both a task and
its inverse was introduced in [8]. They leverage the inverse operation as a method for
image generation, formulating the pseudoinverse B = AT(AAT)*1 of a convolution A as
a transposed convolution. Rather than computing the exact inverse, they restructure
CNN layers in order to approximate it. Alternatively, the exact pseudoinverse can be
computed using an efficient singular value decomposition.
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Figure 5.2: (a) Lattice L(.A) with basis A = [a; az] and (b) a crystal L*(A) consisting of copies
of the lattice L(.A), shifted by u,,..., u,.

(a) Sublattice with primitive vectors ¢; and co (b) Crystal torus

Figure 5.3: (a) Sublattice L(C) C L(A) with C = A - [1 3

3 2} and (b) periodicity of the corre-

sponding crystal torus TuA,C'
5.3 SVD of Convolutional Mappings by LFA

In this section, we present our approach to efficiently compute the singular value de-
composition using LFA. Our method is based on crystalline structures introduced in
Section 2.2. An (ideal) crystal is characterized by the infinite repetition of a basic struc-
tural unit, the unit cell, arranged in a regular pattern defined by a lattice (cf. Figure 5.2).
In the presence of a structure element u € Z(A) we consider a crystal. The concepts
of the sublattice and the crystal torus are depicted in Figure 5.3.

Although our experiments in this work focus on rectangular grids defined by images,
crystalline structures can come in other shapes, e.g., octagonal, which allows for a
generalization of our method.

In particular, in Section 2.2 we reviewed the concepts of lattice and crystal structures and
introduced the LFA framework in Section 2.3. In Section 3.2.4 we explored convolutional
mappings in the context of crystalline structures. Based on these foundations, we present
our algorithm and establish its asymptotic computational complexity, showing that it
is optimal with respect to the input dimension. To provide some context, we begin
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with a short review of the convolution theorem and the singular value decomposition of
multiplication operators defined on crystal tori.

Spectral decomposition of multiplication operators. Recall from Section 2.3.2 that
crystal structures allow us to define wave functions o, = e*"*® with 2 € T, ,, and
frequencies k € T}, ,, as elements of the dual lattice. The extension to the crystal case
is straightforward and a canonical basis of wave functions can be chosen. Applying a
convolution A to these wave functions immediately yields

(A x pp)(z) = ( Z M, - o2mitky) ) o2mithz)
yeN

In particular, we find a set of ¢, or co Fourier basis functions for each frequency
k € Ty ., collected as columns of matrices F;» and Fj>**, respectively (cf. Section 2.3.2).

n,m?

Equivalently, the above statement can be written as
AF» = F Ay,

Since Fj™ and Fp* have orthonormal columns, we can calculate the singular value
decomposition of A by first computing the decomposition

Ay = U X Vi
for each k € Ty, ,,. Then,
l/jk = FZO“tUk and XA/k = F;“Vk

have orthonormal columns and serve as the left and right singular vectors of A, with
corresponding singular values contained in ¥;. Collecting the contributions from all
frequencies k € T z, we find

U= P G|, 2= P =] and v'=| P V.

keTy 2 ke?l‘j‘yz keTy 2

yielding the full singular value decomposition of the crystal operator A = UXV*. Most
importantly, the set of all singular values of the convolution can be computed without
forming the global singular vectors Uy and V.

The singular value decomposition of multiplication operators can be interpreted as a
two-step diagonalization process:

1. Block-diagonalization by LFA
2. Diagonalization by SVD

Computing the singular values in this fashion alleviates the dependence of this compu-
tation on the spatial dimensions n and m, thus drastically reducing the computational
complexity. This process is summarized in Algorithm 10.
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Algorithm 10 SVD with LFA(A, m,n)

1: Init X:{O,}li,... 1}Y {O,mm,...,mT_l},K:XXY
2: fori=1,...,ndo

3: for j = 1 ,m do

4: k= KJ

5 B :Z e2milk,y)

6: UJ, i V” = SVD(BM)

7: end for

8: end for

Method ‘ spatial input dimension | channel dimension ‘ time complexity

explicit n=m C = Cin = Cout O(n°c?)
FFT n=m €= Cin = Cout O(n%c*(c +logn))
LFA (ours) n=m € = Cin = Cout O(n?c?)
n#m € = Cip = Cout O(nmc?)
Cin = Cout (@) (nmC-Q Cout)
Cin < Cout O(nmeinc?y,)

Table 5.1: Time complexity of Algorithm 10 for computing the SVD using our proposed LFA-
based approach, compared with the FFT-based approach [99] and the explicit matrix repre-
sentation of the convolution mapping.

Computational complexity. The time complexity of our singular value decomposition
with LFA, as described in Algorithm 10, will be analyzed in the following. Algorithm 10
comprises two nested for-loops with O(n) and O(m) iterations, respectively, see lines 2
and 3, followed by the computation of the Fourier symbol in line 5 with time complexity
O(1). The time complexity of the SVD in line 6 depends on the channel dimensions, since
B; ; € Cénxcut For an equal number of input and output channels ¢, the time complexity
of the singular value decomposition for dense matrices is O(c?) [105]. In summary, the
overall computational complexity is O(n?c?) if n = m. The time complexities for unequal
numbers of input and output channels are specified in Table 5.1.

Boundary conditions. Recall from Section 2.3 that LFA used to compute the singular
values of the convolution operators implicitly assumes periodic boundary conditions (cf.
Figure 5.4). In many applications, however, these convolutions are formulated with
Dirichlet boundary conditions, corresponding to zero padding. In Section 5.4, we take a
closer look at the distribution of singular values for both types of boundary conditions
to gauge their impact.
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Figure 5.4: Effect of boundary conditions for increasing input sizes (n = 4, 8, 32; left to right).
The number of input and output channels is fixed to 16.

Strided and dilated convolutions. Thus far, we have assumed dense convolutional
kernels with a stride of one. However, CNNs also employ dilated or strided convolu-
tions, both of which can be dealt within our framework. As introduced in Section 3.2.4,
in dilated convolutions, the kernel is expanded by inserting many zeros between ele-
ments. Since the stride remains one, the underlying shift-invariance is preserved and
the derivation remains unchanged. Strided convolutions, on the other hand, keep the
kernels unchanged but increase the stride, thereby modifying the shift-invariance of the
convolution operator. This difficulty can be resolved by rewriting the kernel matrices
with respect to this shift-invariance, which implicitly increases the number of channels,
along the lines of [66]. In this way, our analysis extends naturally to both dilated and
strided convolutions.

5.4 Numerical Results

In this section, we present and discuss numerical results. We start by analyzing the
dependence of our approach on the given boundary conditions in order to study the ap-
plicability of our approach to CNNs, which are typically implemented with zero padding,
i.e., Dirichlet boundary conditions. The computational complexity of our algorithm was
already studied in Section 5.3. In this section, we complement our theoretical analy-
sis with experiments evaluating the computational efficiency of our method in terms
of wall-clock runtime for computing the singular value decomposition. Unless stated
otherwise, we focus on the case of square matrices. Note that the corresponding (un-
rolled) matrices have full rank, so that the number of non-zero singular values equals
the number of rows and columns. Finally, we discuss how the memory layout affects
computational runtime.

Boundary conditions. LFA requires periodic boundary conditions. However, in prac-
tice convolutions are typically padded with zeros, which, from a PDE perspective, cor-
responds to Dirichlet boundary conditions. In the following, we relax the assumption of
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n| 4 8 16 32
W | 0.0874 0.0440 0.0238 0.0117

Table 5.2: Wasserstein distances (W) between spectra computed with Dirichlet and periodic
boundary conditions.

periodic boundary conditions and study how boundary conditions affect the spectrum.
We compare the singular values computed by our LFA-based method, which assumes
periodic boundary conditions, with those obtained from a baseline approach that explic-
itly constructs the sparse matrix corresponding to the convolution with zero padding
and computes its singular values using NumPy [48].

Figure 5.4 depicts the singular values for three weight tensors, each with 16 input and
output channels, over a range of input sizes n. As expected, the number of singular
values increases quadratically with the input size. We observe that for small input sizes
n, the choice of boundary conditions noticeably affects the approximation quality of
our method. However, this effect diminishes as the number of singular values increases,
which is expected since the boundary has less influence in larger lattices. Consequently,
for larger lattice sizes, our method provides accurate approximations of the singular
values for convolutions with zero padding. This observation is supported by computing
the Wasserstein distance between singular values obtained with zero padding (gPirichlet)
and periodic padding (gPeriodic),

The Wasserstein distance provides a measure of dissimilarity between two probability
distributions (or finite sets of values). Intuitively, it quantifies the minimal work required
to transform one set into the other. For sorted sets, the Wasserstein distance is

2

1 n-c

o periodic Dirichlet

W—nQ,CE |0 —0; .
i=1

As shown in Table 5.2, the influence of boundary conditions on the spectrum decreases
in terms of the Wasserstein distance as the dimension of the problem grows. Thus, for
higher dimensions, the contribution of boundary effects becomes negligible relative to
the bulk of the system, and Fourier-based approaches for computing the singular value
decomposition become increasingly accurate.

Runtime analysis. To demonstrate the computational efficiency of our algorithm, we
compare its execution runtime, in seconds (s), for computing singular values using our
algorithm with both an explicit approach and the FFT-based method proposed in [99].
We use an Intel(R) Xeon(R) Gold 6242 CPU @2.80G H z, with all 16 cores available dur-
ing the calculation. We start the timing before the transformation of the weight tensor
with the FFT and LFA, respectively, and stop after the calculation of the singular val-
ues. Our implementation operates on PyTorch convolutional weight tensors, which are
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Figure 5.5: Runtimes in seconds (s) for computing singular values with varying input sizes.
The evaluated matrices are square, with both input and output channel dimensions fixed at 16.
(a) includes explicit SVD computation; (b) shows Fourier-based approaches for large inputs.

stored in a channel-first format. To ensure correct alignment of the spatial dimensions,
the weight tensors must therefore be transposed prior to applying the FFT. The com-
putational cost of this transposition, in terms of runtime, is independent of the input
dimension and is negligible at less than 8 x 107% seconds. For both approaches, we utilize
the svd function from NumPy’s linalg module with the option compute_uv = False.

In Figure 5.5a, we first analyze the execution time required for calculating all singular
values using the Fourier-based approaches, and compare these results with the naive
explicit method, which constructs the convolutional operator as a sparse matrix and
computes its singular values directly. The largest matrix we decomposed by explicitly
unfolding the convolutional mapping was 65,536 x 65,536, corresponding to a convo-
lutional operator with 16 input and output channels applied to an input of dimension
n = 64. Beyond that, memory capacity quickly becomes a limiting factor. Figure 5.5a
shows that the runtime for the explicit approach grows rapidly with increasing n. For
example, the computation of the singular values of a 1,024 x 1,024 matrix takes 0.30
seconds, while it takes over 400 seconds to compute the singular values for a matrix of
size 16,384 x 16,384. For very small values of n, i.e., n = 4 and n = 8, the FFT-based
approach is the fastest. However, as n increases, its runtime grows more quickly than
that of our LFA-based approach. Consequently, for n > 16, the computation of the sin-
gular values is faster with our LFA-based approach than with the FFT. With n = 256,
we observe that the FFT-based approach requires 2.51 s, while our LFA-based approach
requires 2.30 s, resulting in a speed-up factor of 1.09 (cf. Table 5.3).
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5.4 Numerical Results

n  no. of singular values | method runtime (s) #rF1/sips

256 1,048,576 | FFT 2.51

LFA 2.30 1.09
512 4,194,304 | FFT 9.96

LFA 8.49 1.17
1,024 16,777,216 | FFT 38.00

LFA 33.01 1.15
2,048 67,108,864 | FFT 149.96

LFA 130.20 1.15
4,096 268,435,456 | FFT 596.44

LFA 520.21 1.15
8,192 1,073,741,824 | FFT 2535.28

LFA 2077.44 1.22
16,384 4,204,967,296 | FFT 10, 864.97

LFA 7,521.93 1.44

Table 5.3: Ratio srrr/sppa of runtimes for computing the singular value decomposition using
FFT- and LFA-based approaches. sppr denotes the overall runtime for the FFT-based ap-
proach and sppa that of our LFA-based approach.

This trend continues as the input size n increases further, which is also shown in Fig-
ure 5.5b. Here we compare the runtime of our LFA-based approach to the runtime of
the FFT-based approach for n > 256. Especially for very large n, the gap in runtime be-
tween our LFA-based approach and the FFT-based approach becomes more pronounced.
In the case of n = 16,384, the computation of the singular value decomposition involves
over 4 billion singular values. Their computation requires approximately 181 minutes
with the FFT-based approach, whereas our LFA-based method completes in about 125
minutes, yielding a speed-up factor of 1.44 (cf. Table 5.3). This corresponds to a 31%
reduction in runtime compared to the FFT-based approach. This improvement is visu-
alized in Figure 5.5b. Overall, as expected from our theoretical runtime analysis, the
speed-up factor increases with n.

Memory layout effects. Our proposed method to efficiently compute the singular
values of a weight tensor convolved with some input feature map consists of two steps:

1. Transformation by LFA (or FFT)
2. Computation of the singular values

Both Fourier-based approaches, the FFT and LFA, produce n? block matrices of di-
mension ¢ X ¢, each treated separately by the singular value decomposition routine.
Given the identical dimensions and data types of the transformed tensors, one would
intuitively expect the singular value decomposition to require roughly the same overall
computational effort for both LFA and FFT. However, in practice, we observed that
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n  no. of singular values method (F) ‘ SF S3VD Stotal
16,384 4,294,967,296 FFT 1,966.89 8,898.08 10,864.97
LFA 1,595.02 5,926.91  7,521.93

8,192 1,073,741,824 FFT 317.95 2217.33  2,535.28
LFA 8248 199497 2,077.45

4,096 268,435,456 FFT 69.11 527.33 596.44
LFA 20.57 499.64 520.21

2,048 67,108,864 FFT 18.19  131.77 149.96
LFA 4.97 125.23 130.20

1,024 16,777,216  FFT 486 33.14 38.00
LFA 1.28 31.74 33.02

Table 5.4: Runtime for computing the singular values for different values of n. The total
runtime (Stota1) consists of the transformation time (sx) and the time required to compute the
singular value decomposition (sgyp).

the computation time required for the singular value decomposition differs between the
two methods, as shown in Table 5.4. We found that the memory layouts of the ten-
sors obtained after transformation with FFT and LFA differ. In general, Python stores
data in row-major format.! In earlier experiments, we found that ensuring a row-major
memory layout prior to the FFT yields a faster total runtime for n < 8,192, while doing
so prior to LFA yields a faster total runtime for n < 8,192. This memory layout con-
version is independent of the input dimension and is negligible for the total runtime.?
Additionally, the memory layout is maintained during the transformation part of the
LFA in our implementation. However, this does not hold for NumPy’s FFT routine,
which does not return a row-major memory layout, even if the input is ensured to be
row-major. Table 5.4 reports an overview of the runtimes for the two steps involved in
efficiently computing the singular value decomposition: the transformation time (sz)
and the computation time of the singular value decomposition (ssyp), which together
sum up to the total computation time (Syotal)-

As already pointed out, the runtimes for computing the singular value decomposition
differ for the same input dimensions for both approaches. Furthermore, Table 5.5 shows
that the row-major memory layout in our LFA-based approach not only improves the
runtime for the transformation by LFA but also reduces the computation time of the
subsequent singular value decomposition. To ensure that the computation of the sin-
gular value decomposition is equally fast for both approaches, we converted the tensors
obtained after the FFT into row-major memory layout. For comparison, we include
experiments for our LFA-based approach where the data is only converted to row-major

!Other orders, such as column-major format, are also possible but are not relevant in this work.
2The results reported in this work correspond to the fastest runtimes achieved for both methods (LFA
and FFT), regardless of the memory layout.

122



5.5 Conclusion

n ‘/—_-method ‘ row—major SF Scopy SSVD Stotal
8,192 FFT v 317.95 - 2,217.33  2,535.28
FFT v 333.18 558.88 1,986.25 2,878.31
LFA v 82.48 - 1,994.97 2,077.44
LFA X 87.37 1,021.24 1,987.23 3,095.83
4,096 FFT v 68.96 - 527.62 596.58
FFT v 67.44 63.48 497.35 628.28
LFA v 20.57 - 499.64 520.21
LFA X 22.59  148.56 497.01 668.16
2,048 FFT v 17.88 - 131.73 149.61
FFT v 18.16 13.81 125.61 157.58
LFA v 4.97 - 125.23 130.20
LFA X 5.73 30.89 125.47 162.10
1,024 FFT v 4.87 - 33.07 37.94
FFT v 4.87 3.07 31.89 39.84
LFA v 1.28 - 31.74 33.01
LFA X 1.43 7.00 31.76 40.19

Table 5.5: Effect of row-major layout on the runtimes sz, ssyp and Siotal. Inputs to the
transformation F stored in row-major layout are marked with v', and those stored in other
layouts with x. Note that the FFT does not preserve row-major layout. The time required to
convert to row-major layout is reported under scopy. A dash (—) indicates that no conversion
was performed.

after the LFA, rather than beforehand. The results are presented in Table 5.5. Consis-
tent with the observations made in Table 5.4, a row-major memory layout enables more
efficient computation of the singular value decomposition. According to Table 5.5, for
n < 8,192, it is possible to convert the memory layout of the transformed tensors such
that after the FFT and the LFA, the respective subsequent singular value decomposi-
tions require approximately the same runtime. Although computing the singular value
decomposition in row-major memory layout is faster than in the layout produced by
the FFT, the overhead of converting to row-major layout outweighs the benefit, making
it more efficient to compute the singular value decomposition directly on the layout
obtained by the FFT. This effect is amplified for large n. Consequently, our approach
not only enables faster transformations by LFA but also preserves a memory layout that
facilitates efficient computation of the singular value decomposition.

5.5 Conclusion

In this work, we presented an efficient algorithm for computing the singular values of
convolutional operators corresponding to large sparse matrices. Unlike previous ap-
proaches, our LFA-based method exploits the translation invariance of convolutional
operators to achieve asymptotically optimal scaling of the computational effort with
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5 Efficient SVD by Local Fourier Analysis

the spatial resolution n. We provided a theoretical analysis supporting this result.
Compared to a previous FFT-based approach, our method improves the computational
complexity by a factor of log(n), which we corroborate with runtime studies. We ver-
ified that computation time for the singular value decomposition increases sublinearly
as the input size n grows. We also demonstrated that our LFA-based implementa-
tion yields a memory layout that ia advantageous for the subsequent singular value
decomposition, further reducing runtime. We make our code publicly available at
https://github.com/vanbetteray/conv_svd_by_1lfa. It is worth noting that, unlike
the FFT, LFA is embarrassingly parallel.
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Discussion & Qutlook

In this thesis, we investigated how multigrid methods can inform the design and analysis
of deep CNNs for image classification. By transferring concepts originally developed for
numerical solvers into the setting of residual architectures, we demonstrated how such
perspectives can improve efficiency, yield structural insights, and provide a foundation
for the systematic development of CNN components. In the following, we summarize
our contributions presented in Chapter 4 and Chapter 5 and outline directions for future
research and potential applications, complementing the chapter-specific conclusions.

Contributions and conclusion. In this thesis, we have seen that discretizing PDEs
yields operators that act as convolution-like multiplication operators, the same struc-
tures that form the core building blocks in CNNs. Solving the resulting system of (non-)
linear equations typically involves iterative schemes, where the iteration matrix depends
on the fixed system matrix. The corresponding error propagator is structurally equiva-
lent to a ResNet-block and repeated iterations naturally parallel the stacking of multiple
ResNet-blocks. This analogy has motivated multigrid-inspired CNN designs, for exam-
ple by exploiting the fixed system matrix to justify weight sharing across blocks or by
transferring multigrid structures into the channel domain. Although such approaches
already achieve linear scaling with respect to the channel dimension, the full multigrid
perspective has not yet been exploited.

To address this gap, we introduced a hierarchical building block that mirrors a multigrid
V-cycle across channels. To mitigate the quadratic growth of parameters with respect
to the number of channels, we successively reduce the channel dimension and apply
ResNet-like blocks with shared weights and grouped convolutions on each in-channel
level. On the coarsest in-channel level, fully coupled convolutions act as direct solvers,
after which the learned information is prolongated back to the original channel dimen-
sion. At each level, the same blocks serve as pre-smoothers in the restriction phase and as
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6 Discussion & Outlook

post-smoothers in the prolongation phase, yielding a weight-efficient multigrid-inspired
mechanism for structured learning across channels (Section 4.4).

The analogy between residual blocks and iterative schemes also allows for more refined
interpretations of ResNet-blocks. In particular, a ResNet block can be viewed as a
step of a Richardson iteration, which reveals that only a single convolutional operator,
corresponding to the system matrix, is required. From this perspective, the second con-
volution does not contribute additional expressive power. By replacing it by a scalar
parameter, the computational cost is significantly reduced while preserving the itera-
tive structure. Moreover, the interpretation of residual blocks as residual propagator
polynomials provide new insights into initialization strategies. In iterative methods, the
convergence behavior is determined by the spectral properties of the iteration matrix,
with singular values near the spectral boundary playing a decisive role. Translating
this principle to CNNs, where initialization is key for convergence during training, we
proposed initializing the polynomial coefficients in accordance with singular values close
to the boundary. This ensures that the residual propagation dynamics reflect favorable
convergence properties from the beginning, leading to more stable training compared
with standard heuristic initialization (Section 4.5).

However, the explicit calculation of the spectrum of convolutional mappings is typically
unfeasible. To address this issue, we developed an efficient algorithm for computing the
singular value decomposition of convolutional mappings. We employed LFA, a frame-
work originally developed for multigrid analysis. Under periodic boundary conditions,
image data can be viewed as a function defined on the lattice points of a crystal torus,
where Fourier functions diagonalize convolution operators. This yields a block-diagonal
structure from which the singular value decomposition can be computed independently
on smaller blocks. Existing approaches obtain this diagonalization and subsequent singu-
lar value decomposition in O(N log N) by employing FFT, where N denotes the number
of lattice points for fixed channel dimensions. FFT-based methods numerically evalu-
ate the full discrete Fourier transform using divide-and-conquer strategies. Note that
this complexity additionally includes the computation required for the singular value
decomposition. In contrast, we reduce the computational complexity of computing the
full spectrum by a factor of log N. In particular, LFA exploits the fact that convolutions
on the lattice tori are shift-invariant and become multiplication operators in the Fourier
basis. The block-diagonal structure emerges naturally in the form of the operator’s
Fourier symbols, allowing the singular value decomposition to be computed in O(N).
While periodic boundary conditions are not standard in deep learning applications, we
showed that their influence diminishes rapidly as the domain size increases (Chapter 5).

Future research. In this thesis, our focus was on the design of weight-efficient ResNet-
like architectures for image classification tasks. Both proposed methods follow the struc-
ture of a ResNet-18 with four different resolution levels, corresponding to the left leg
of a multigrid V-cycle. A natural next step is to extend this design into a full V-cycle,
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possibly followed by another left leg, thereby increasing representational capacity with-
out substantially increasing complexity. Such an extension may lead to more robust
classifiers and the deployment of memory-light models on leaner hardware.

Beyond classification, ResNets are commonly adopted as backbones for tasks such as
semantic segmentation [17] or object detection [7,91]. Our architectures, developed
in Chapter 4, are well positioned to serve as efficient backbones in these contexts. In
particular, the hierarchical channel structure of our in-channel building block resem-
bles encoder-decoder designs, which are commonly used in segmentation and detection,
where multi-scale representations are crucial. In addition, the polynomial-based build-
ing blocks can reduce computational cost for deeper backbones, thereby improving the
efficiency of models that are otherwise expensive to train.

The improved accuracy—efficiency trade-off also suggests that our architectures are well
suited for semi-supervised learning [3,14], where only a small set of labeled examples is
available. In such settings, models must extract reliable features from limited supervision
while scaling efficiently to large amounts of unlabeled data. The weight sharing and
hierarchical structure of our designs naturally support this by reducing overfitting risk
and lower training cost and encourage consistent feature representations across scales.

Recent advances in vision increasingly employ attention-based architectures such as
Transformers [29,112], which capture both local and global dependencies through self-
attention but at the cost of substantial training overhead. Multigrid-inspired approaches
have also been used to provide insights by operating across scales [15,76,78], combining
operations on fine scales with global updates. On the other hand, empirical studies have
shown that many attention heads in Transformers exhibit substantial redundancy, sug-
gesting that the architecture is overparameterized [81,113]. Sharing weights across heads
therefore could reduce the weight count and memory footprint, potentially improving
inference efficiency without significantly decreasing representational power.

Finally, our algorithm for computing the spectrum of convolutional mappings presented
in Chapter 5 could be explored for pseudoinverse-based reconstruction method as a
lightweight, training-free approach to image reconstruction or generation.

Our code is publicly available to enable reproducible benchmarking, facilitate further
research and support adoption by the research community.
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The following abbreviations and notations are used across all chapters:

Abbreviations

CE cross-entropy

CNN convolutional neural network
DFT discrete Fourier transform
ERM empirical risk minimization
EVD eigenvalue decomposition
FAS full approximation scheme
FFT fast Fourier transform
FLOPs floating point operations
iid. independently and identically distributed
KL divergence Kullback-Leibler divergence
LFA local Fourier analysis

MG multigrid

MGiaD Multigrid in all Dimensions
MGIC Multigrid in Channels

ML machine learning

NN neural network

PAC learnability probably approximately correct learnability
PDE partial differential equation
PP percentage points

ReLU rectified linear unit

SGD stochastic gradient descent
SiC Smoothing in Channels

SVD singular value decomposition
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Appendix

Al based tool usage affected parts of the thesis | comments
DeepLTranslate! | translation of throughout the thesis mainly used to find
sentences and words phrasings ahd synonyms
in the appropriate contex
DeepLWrite? language improvement | throughout the thesis
of sentences
ChatGPT5? writing improvement throughout the thesis usage as review tool

of sentences and

to refine passages written

paragraphs by myself
generation of tikz code | Figure 1.2 generated code served as a
for figures or figure Figure 2.7 basis, all figures were modified
modules Figure 2.8 and adjusted by hand
Figure 2.6
Figure 3.2
Figure 3.3
literature review Chapter 2 usage as search engine to request
Chapter 3 addition literature to specific
Chapter 6 topics to ensure completeness
bibliography searching for peer-reviewed

sources and identifiers, e.g., doi

ChatGPT-5.6 sol®

writing improvement
of sentences and
paragraphs

throughout the thesis

usage as review tool
to refine passages written
by myself

https://www.deepl.com/de/translator
’https://www.deepl.com/de/write
3https://chatgpt.com/
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