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Chapter 1.

Introduction

1.1. Motivation

Many problems in stochastic control and partial differential equations (PDEs) revolve around
the approximation of functions defined on high-dimensional state spaces. In these cases, the
dimension is not only a parameter in the mathematical formulation of the problem, but rather
has a decisive influence in the viability of numerical approximation methods.

Classical deterministic algorithms frequently rely on a discretization of the domain the tar-
get quantity is defined on. A grid with n ∈ N = {1, 2, . . .} points along each coordinate
direction of a space of dimension d ∈ N contains nd points and, hence, the corresponding com-
putational effort and storage requirement may exhibit an exponential growth with respect to
the dimension. Even if a numerical approximation scheme converges for each fixed dimension
it still might become infeasible for high-dimensional problem instances. This rapid decline
in computational feasibility with increasing dimension is commonly associated with the curse
of dimensionality (cf., e.g., Bellman [14], Novak & Woźniakowski [82, Chapter 1], and No-
vak & Ritter [81]). This motivates the development of numerical approximation algorithms
that provide control over both the approximation accuracy and the required computational
complexity.

Monte Carlo methods offer a possible alternative to a grid discretization of the state space.
They explore the domain of the target function by using random samples and can therefore
be free from grid-based discretization, which makes them attractive for application in high-
dimensional settings (see, e.g., Müller-Gronbach et al. [75]). Nevertheless, replacing grid-
based methods with sampling-based variants does not automatically ensure scalability to high
dimensions. This scalability of sampling-based approaches has to be established through a
rigorous analysis of their approximation error and total computational complexity, including
the generation of all random samples appearing in the approximation.

Artificial neural networks (ANNs) provide a flexible class of approximators for functions de-
fined on high-dimensional domains that does not necessarily require a grid-based discretization.
While universal approximation theorems qualitatively demonstrate their expressive power (see,
e.g., Cybenko [29] and Hornik et al. [47]), they do not provide quantitative estimates on how
the required network complexity depends on the approximation accuracy and the input di-
mension by themselves. For high-dimensional applications, quantitative estimates on both
the approximation error and network complexity are necessary (see, e.g., Mhaskar [72]). If
the components of a numerical approximation scheme can be represented or suitably approxi-
mated by neural networks, the structure of the approximation scheme can be used to study the
artificial neural network complexity required to approximate the target function. This enables
a transfer from an algorithmic to a representational perspective. In particular, the focus here
is on representation and approximation results rather than on the analysis of neural network
training algorithms.

In view of these considerations, this thesis investigates Monte Carlo and ANN approxima-
tions for two problem classes emerging from Markov decision processes (MDPs) and PDEs.
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1.2. Two High-Dimensional Problems

This thesis considers two classes of high-dimensional approximation problems. The first prob-
lem concerns the numerical approximation of solutions of functional fixed-point equations
motivated by MDPs. The second problem arises from a class of elliptic PDEs. We now briefly
explain each problem as well as the associated target quantity considered in this thesis.

Markov Decision Processes

MDPs serve as mathematical models for tasks requiring sequential decision making under
uncertainty and as such constitute a class of models in stochastic optimal control (see, e.g.,
[18, 85]). Moreover, they provide the mathematical foundations for reinforcement learning
(see, e.g., [17, 19, 100]). In each time epoch, the system is described by a state and an action
is selected from a set of admissible actions. The evolution to the next state is governed by a
random transition that depends on the current state and the chosen action. Each pair of state
and action is associated with an immediate reward. The overall objective is to sequentially
select the actions in order to maximize the expected accumulated reward.

We consider in this thesis discrete time, discounted, infinite horizon Markov decision pro-
cesses with a finite action set A on a measurable state space X. Initially, the state space X
is allowed to be a general measurable space. In view of high-dimensional approximation, the
main case of interest is the scenario where the state space is X = Rd, d ∈ N. Under optimal
choices of actions, the total discounted accumulated reward obtained from a starting state
x ∈ X is represented by the value V (x), where V : X → R denotes the so-called value function.
Under appropriate conditions, the value function satisfies a fixed-point equation, the so-called
Bellman equation (see, e.g., [14, 18]):

V (x) = max
a∈A

(g(x, a) + δE[V (Xx,a)]), x ∈ X. (1.1)

Here g(x, a) denotes the reward associated to the state and action pair (x, a) ∈ X×A, δ ∈ (0, 1)
is the discount factor, and Xx,a denotes the random next state obtained from choosing action a
in state x. Directly related to the value function V is the so-called Q-function, Q : X×A → R,
given by the relation Q(x, a) = g(x, a) + δE[V (Xx,a)], x ∈ X, a ∈ A. Together with (1.1) this
yields for all x ∈ X that V (x) = maxa∈AQ(x, a) and, hence, Q satisfies the Bellman equation

Q(x, a) = g(x, a) + δE
[
max
b∈A

Q(Xx,a, b)
]
, x ∈ X, a ∈ A. (1.2)

This fixed-point structure motivates the more general analysis of functions u : X → R|A| that
satisfy the functional fixed-point equation

(u(x))(a) = E[f(Xx,a, u(Xx,a))], x ∈ X, a ∈ A, (1.3)

where f : X × R|A| → R. The Bellman equation (1.2) for the Q-function is recovered by a
specific choice of f in terms of g and δ. In particular, for f(x, r) = δmaxa∈A(g(x, a)+ r(a)) it
holds that (x, a) 7→ g(x, a)+(u(x))(a) satisfies (1.2). Discrete time optimal stopping problems
arise as a further specialization by considering the two actions “stop” and “continue”.

The objective to approximate functions u that satisfy the functional fixed-point equation
(1.3) where u is defined on a high-dimensional state space, such as Rd, is challenging due to
the curse of dimensionality. The relevant question therefore is whether these functions can be
numerically approximated to a prescribed approximation accuracy while the computational
effort remains controlled in the dimension of the state space.
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Elliptic Partial Differential Equations on Bounded Domains

The second problem class we study in this thesis concerns the solutions of linear drift-diffusion
elliptic PDEs with constant coefficients on high-dimensional bounded domains of the following
type:

1

2
tr(σσ⊤D2u) + ⟨b,∇u⟩ − ru+ f = 0 on D,

u
∣∣
∂D

= g on ∂D.
(1.4)

Here d ∈ N, D ⊆ Rd is open, bounded, and convex, u : D → R is the unknown, σ ∈ Rd×d,
b ∈ Rd, r ∈ [0,∞) are the coefficients, f : D → R denotes the source, and g : ∂D → R describes
the boundary data. Under suitable assumptions, solutions of the PDE (1.4) admit a stochastic
representation via functions w : D → R,

w(x) = E[h0(τx, x+Bτx)] + E
[∫ τx

0
h1(s, x+Bs) ds

]
, x ∈ D, (1.5)

where h0, h1 : [0,∞)×D → R, B denotes a standard d-dimensional Brownian motion starting
in 0, and τx, x ∈ D, denotes the first exit time of the process x+B from the domain D. The
analysis for this problem class is conducted for expectations of the form (1.5).

The challenge of the numerical approximation of functions of the form (1.5) as target quan-
tities again lies in the dimensionality of the domain D ⊆ Rd. The objective considered here is
to establish a global approximation on the entire, possibly high-dimensional, domain D, with
quantitative error estimates and complexity bounds that depend at most polynomially on the
reciprocal of the approximation accuracy and on the dimension of the domain.

Although both problem classes differ in their origin as well as in the mathematical objects
describing them, they share the core challenge of approximating target functions defined on
high-dimensional spaces. For both approximation tasks, the aim is to establish quantitative
error and complexity results. To achieve this, we employ a common approximation strategy.

1.3. A Common Approximation Strategy

The numerical approximation for both problem classes, as presented here, follows a common
two-stage strategy. In the first stage, problem specific Monte Carlo methods are constructed
to approximate the respective target functions and quantitative error and complexity analyses
for the resulting estimators are conducted. The central aim is to determine how the required
computational effort depends on the prescribed approximation accuracy and on the dimension
of the underlying state space or domain.

For the first problem class related to MDPs, the Monte Carlo approximation is based on
the fixed-point structure of the target function given in (1.3) and incorporates ideas from the
full-history recursive multilevel Picard (MLP) approximation methods (see, e.g., [31, 32, 51,
54]). Estimators for Q-functions of associated MDPs are obtained by suitable choices of the
nonlinearity in (1.3).

For the second problem class, the Monte Carlo approximations are constructed for expec-
tations of the form (1.5), which arise from suitable stochastic representations of solutions of
elliptic PDEs of the type (1.4). More precisely, they are built on the so-called Walk-on-Spheres
algorithm (see [74]), which constitutes a numerically efficient way to approximate exit points
of Brownian motion from the underlying domain.

The concrete construction and the corresponding error analysis of the Monte Carlo estima-
tors for the respective problems differ substantially. Nevertheless, in both cases probabilistic
representations or fixed-point structures are exploited. This leads to probabilistic methods,
for which an error and complexity analysis is carried out explicitly. Besides building a basis
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for the subsequent ANN approximation results, the constructed Monte Carlo methods are
therefore of independent interest.

In the second stage, the constructed Monte Carlo methods are used to derive approximation
results for ANNs. While the Monte Carlo analysis of the functional fixed-point equation (1.3)
is formulated for general measurable state spaces X, subsequent ANN approximation results
specialize to the case of Euclidean state spaces Rd. To this end, ANNs are shown to struc-
turally represent and approximate the respective Monte Carlo estimators while quantitatively
controlling the network complexity. Together with the error and complexity analyses of the
respective Monte Carlo methods, this yields ANN approximations for both problem classes.

1.4. Literature

In this section, we present the major lines of research that the material developed in this thesis
connects to.

The curse of dimensionality as described above constitutes a central difficulty in the numeri-
cal approximation of high-dimensional problems. In this context, a fundamental objective is to
construct approximation methods that are polynomially tractable in the sense that the com-
putational complexity required to achieve a prescribed approximation accuracy grows at most
polynomially in the underlying problem dimension and in the reciprocal of the approximation
accuracy (see, e.g., Novak & Woźniakowski [82, Chapter 1], and Novak & Ritter [81]).

An important class of probabilistic approximation methods developed for this purpose is
given by the above mentioned MLP methods. These approximation schemes have been devel-
oped for certain high-dimensional semilinear PDEs and have been shown to overcome the curse
of dimensionality in the sense of polynomial tractability (see, e.g., [31,32,51,54]). Subsequent
works extended the MLP methodology to more general classes of high-dimensional PDEs (see,
e.g., [6, 7, 36, 48, 49, 52, 53, 79, 80]). Related multilevel Monte Carlo methods have also been
developed for entropy-regularized MDPs (see, e.g., [71]).

The broader approximation strategy employed in this thesis builds on a line of research com-
bining probabilistic numerical approximations with representation and approximation proper-
ties of ANNs to attain tractable approximations in high-dimensional situations. This approach
was first developed for linear parabolic PDEs (see, e.g., [16,40,58]) and subsequently extended
to nonlinear equations, including settings where MLP approximations provide the underlying
numerical approximation scheme (see, e.g., [1,2,28,50,76,77,78])1. Additionally, this strategy
was applied, for example, in stochastic differential games (see, e.g., [86]).

The use of deep neural networks (DNNs) in reinforcement learning for the approxima-
tion of value functions, Q-functions, and optimal strategies has shown substantial empirical
success, including high-dimensional tasks such as game playing, robotics, and control (see,
e.g., [73], [98], [68], and [62]). Motivated by this development, several works investigated
the effectiveness of deep reinforcement learning, i.e., the combination of DNNs and reinforce-
ment learning methods, in high dimensions (see, e.g., [33], [25], and [105]). A comprehensive
theoretical understanding of its performance for high-dimensional problems remains incom-
plete. In related joint work carried out during this PhD project, Grüne et al. [43] considered
high-dimensional deterministic optimal control problems. More specifically, building on the
compositional framework of Kang & Gong [60], we established under suitable assumptions
that optimal controls can be approximated by ANNs without the curse of dimensionality.

Probabilistic methods also play an important role in the numerical approximation of so-
lutions to elliptic boundary value problems. In particular, the Walk-on-Spheres algorithm,
originally introduced by Müller [74] for the Dirichlet problem, provides a Monte Carlo method
for approximating exit locations of Brownian motion from a bounded domain. Subsequently,

1See also [8] for a survey on deep-learning based approximation methods for PDEs.
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Walk-on-Spheres based numerical methods were extended to cover more general elliptic bound-
ary value problems, including equations with drift coefficients (see, e.g., [21, 67, 91, 92, 93,
94]). More recently, Walk-on-Spheres based Monte Carlo approximations have been combined
with ANN representation and approximation to obtain global approximation results for high-
dimensional elliptic PDEs. In particular, the works [39] and [20] demonstrated that ANNs can
approximate solutions of drift-free Poisson problems and that, under suitable assumptions,
the required network complexity grows at most polynomially in the dimension of the domain
and in the reciprocal of the prescribed approximation accuracy. The methodology developed
in [20] constitutes a starting point for the Walk-on-Spheres based constructions considered in
this thesis.

1.5. Contributions of the Dissertation

The contributions of this thesis revolve around the two classes of high-dimensional approxi-
mation problems presented in Section 1.2. The first concerns the approximation of solutions
of functional fixed-point equations of type (1.3) and their applications to Bellman equations
of MDPs, while the other concerns the approximation of functions of the form (1.5) related to
solutions of a class of elliptic PDEs on bounded domains.

For the first problem class, the thesis develops nonlinear Monte Carlo methods, so-called
full-history recursive multilevel fixed-point (MLFP) methods, to approximate functions which
satisfy the functional fixed-point relation (1.3). To be more specific, let A be a nonempty
finite set, let D be a nonempty index set, consider a family of spaces Xd, d ∈ D, for d ∈ D

let fd : Xd × R|A| → R denote the nonlinearity, for d ∈ D let Xd : Xd × Ω → X|A|
d denote a

random field on a probability space (Ω,F ,P), and for d ∈ D let ud : Xd → R|A| satisfy the
functional fixed-point equation (1.3), i.e., (ud(x))(a) = E[fd(Xx,a

d , ud(X
x,a
d ))]. Under suitable

integrability and regularity assumptions, the introduced MLFP estimators Ud,ε : Xd×Ω → R|A|,
d ∈ D, ε ∈ (0, 1], approximate the family (ud)d∈D in the L2-sense that for all d ∈ D, ε ∈ (0, 1]
it holds that

sup
x∈Xd

(
E
[
max
a∈A

∣∣(ud(x))(a)− (Ud,ε(x))(a)
∣∣2])1/2

≤ ε. (1.6)

The complexity of the MLFP approximations is bounded in the following sense. There exists
a constant c ∈ R such that for all d ∈ D, ε ∈ (0, 1] it holds that cost(d, ε) ≤ cRdε

−c,
where for all d ∈ D, x ∈ Xd the number Rd ∈ R is understood as an upper bound for the
computational cost to simulate one realization of the random variable (Xx,a

d )a∈A in X|A|
d and

for every d ∈ D, ε ∈ (0, 1] the number cost(d, ε) ∈ R is understood as an upper bound of the
computational cost required to generate realizations of all random variables (Xy,a

d )a∈A for y ∈
Xd to compute one realization of the MLFP approximation Ud,ε(x) in R|A|. In particular, the
computational complexity of the MLFP scheme grows at most polynomially in the reciprocal
of the approximation accuracy and at most linearly in the computational cost associated to the
generation of X|A|

d -valued random variables. More specifically, in the setting D = N and Xd =
Rd it holds that under the assumption that the computational cost Rd to simulate (Rd)|A|-
valued random variables grows at most polynomially in the dimension d ∈ N the complexity
of the MLFP methods grows at most polynomially in the dimension d and the reciprocal ε−1

of the prescribed approximation accuracy. In this sense the MLFP approximations overcome
the curse of dimensionality.

By the specific choice of the nonlinearity fd to reconstruct the Q-function, the above results
specialize to the approximation of the Q-function of associated discounted infinite time horizon
MDPs with common finite action set A and state space Xd. A further specialization to discrete
time optimal stopping problems arises by considering the actions “stop” and “continue”. For
the precise statements of these results, we refer to Chapter 2 below.
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In the second stage of approximation for the first problem class, the thesis develops ANN
approximation results based on the MLFP methods from stage one. Since the neural networks
we consider in this thesis require a finite dimensional input, we specialize the setup above to
the case D = N and Xd = Rd. Under suitable choices of neural network activation functions
and the additional assumption that the nonlinearities fd : Rd × R|A| → R as well as the
random fields Xd : Rd × Ω → (Rd)|A| can be suitably approximated by ANNs, the solutions
ud : Rd → R|A| of the functional fixed-point equations (1.3) can be approximated in the L2-
sense by ANNs that grow at most polynomially in the dimension d ∈ N and the reciprocal ε−1

of the prescribed approximation accuracy. More precisely, there exists a constant c ∈ R such
that for every d ∈ N, ε ∈ (0, 1], and every probability measure µ : B(Rd) → [0, 1] there exists
a fully connected feedforward network Ψ: Rd → R|A| (for the sake of simplicity, we identify
here the neural network Ψ with its realization function) such that2(∫

Rd∥ud(x)−Ψ(x)∥2µ(dx)
)1/2 ≤ ε (1.7)

and that the number of parameters describing the ANN Ψ is bounded by cdcε−c. Similarly as
for the MLFP method itself, the specialization of the nonlinearity fd as before yields an analo-
gous ANN approximation for the Q-functions of associated MDPs. For the precise formulation
of the results, we refer to Chapter 4.

The Monte Carlo results of Chapter 2 were originally presented in the joint work [9] with
C. Beck, A. Jentzen, and T. Kruse, while the ANN approximation results of Chapter 4 are
based on the joint work [56] with A. Jentzen and T. Kruse.

For the second problem class, the thesis develops Monte Carlo methods and subsequently
ANN approximations for functions of the form (1.5). First, we construct Monte Carlo approxi-
mators W : D×Ω → R based on the Walk-on-Spheres algorithm. Compared to the estimators
in [20], the Monte Carlo methods established in this thesis incorporate additional sampled
random times that appear in stochastic representations of solutions of the PDE (1.4) as a con-
sequence of compensating for the drift and killing coefficients. We conduct an error analysis
in the L∞-sense for the resulting Monte Carlo schemes as approximators for functions of the
form (1.5). In particular, we demonstrate that under suitable assumptions the Monte Carlo
approximator achieves E[supx∈D|w(x)−W(x)|] ≤ ε for a prescribed approximation accuracy
ε ∈ (0, 1) while the complexity parameters of the estimator can be chosen such that they are
bounded by cε−q. Here q ∈ [0,∞) is a constant that does not depend on any variables or
parameters of the problem, and c ∈ [0,∞) is a constant that depends only on the dimension d
of the underlying space, the diameter diam(D) of the domain D, upper bounds and Lipschitz
constants of the functions h0, h1, and constants quantifying suitable approximations of the
distance function dist(·, ∂D) to the boundary of the domain D. Moreover, this dependency
is at most polynomial. In particular, if the above problem quantities are bounded at most
polynomially in the dimension d ∈ N of the domain D, the Monte Carlo scheme overcomes
the curse of dimensionality. The above results reflect the contribution of Chapter 5 below.

In the second approximation stage for this problem class, we establish ANN approximation
results based on the Walk-on-Spheres Monte Carlo methods developed above for functions of
the form (1.5) in the special case h1 ≡ 0, i.e., for functions w : D → R, w(x) = E[h0(τx, x +
Bτx)]. Under suitable assumptions concerning the ANN representation of h0 and the ANN
approximation of the distance function dist(·, ∂D) to the boundary of the domain D, we
prove that w can be approximated in the L∞-sense by an ANN Ψ to a prescribed accuracy
ε ∈ (0, 1) such that the number of parameters of the approximating ANN Ψ is bounded by
c̄ε−q̄. Here q̄ ∈ [0,∞) is a constant that does not depend on any variables or parameters of
the problem, and c̄ ∈ [0,∞) is a constant that depends only on the diameter of the domain,
the dimension of the underlying space, the number of parameters, the Lipschitz constant, and

2For all n ∈ N, x = (x1, . . . , xn) ∈ Rn let ∥x∥ =
[∑n

i=1(xi)
2
]1/2 denote the standard norm.
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an upper bound on [0,∞)×D of the realization of the ANN representing h0, and the number
of parameters and a uniform Lipschitz constant of the ANNs that approximate the distance to
the boundary. Moreover, this dependency is at most polynomial. In particular, under similar
polynomial bounds on the problem quantities, the number of parameters of the approximating
ANN grows at most polynomially in the dimension d and the reciprocal ε−1 of the accuracy
ε. For the precise formulation of the ANN results for the second problem class, we refer to
Chapter 6.

Through the stochastic representation described above, these approximation results yield
corresponding approximation results for solutions of PDEs of the type (1.4). Both the Monte
Carlo analysis of Chapter 5 and the ANN approximation results of Chapter 6 are based on
the joint work [64] with T. Kruse.

1.6. Organization

The remainder of this dissertation is structured as follows. In Part I the numerical approx-
imation for the first problem class, related to MDPs, is conducted. To this end, the MLFP
approximations are developed and analyzed in Chapter 2. Chapter 3 presents the ANN frame-
work and notation that are used subsequently to establish ANN representations and approx-
imations. In Chapter 4 we employ the ANN calculus from Chapter 3 in combination with
the Monte Carlo analysis from Chapter 2 in order to prove ANN approximation results for
functional fixed-point equations of the form Equation (1.3).

Part II establishes the Walk-on-Spheres Monte Carlo and ANN approximations for the sec-
ond problem class considered in this thesis. We develop in Chapter 5 the Walk-on-Spheres
Monte Carlo approximation and the corresponding error and complexity analysis and com-
bine these results in Chapter 6 with the ANN framework from Chapter 3 to obtain ANN
approximation results for the second problem class.

In Chapter 7, we conclude the thesis with a brief summary and an outlook on possible
research directions.
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Part I.

Monte Carlo Methods and Deep
Neural Network Approximations for
High-Dimensional Markov Decision

Processes

This part of the thesis concerns the numerical approximation of solutions to functional fixed-
point equations of the form (1.3), motivated by problems in stochastic optimal control. In
particular, the considered class includes the fixed-point equation (1.2) satisfied by the Q-
function of a discounted, discrete time MDP with infinite time horizon and a finite action set
as a special case. The value function of the associated MDP can in turn be recovered from the
Q-function. Further specializations include discrete time optimal stopping problems. While
the Monte Carlo approximation is formulated for more general state spaces, the approximation
by means of ANNs is conducted on finite dimensional Euclidean spaces.

Methodologically, we first introduce the MLFP approximation scheme and establish quan-
titative error estimates and computational complexity bounds. This analysis is conducted on
general state spaces. We subsequently specialize to Euclidean spaces and establish ANN ap-
proximation results on the basis of the previously constructed MLFP approximation schemes.

Chapter 2 and Chapter 4 are based on the joint works [9] with C. Beck, A. Jentzen, and
T. Kruse and [56] with A. Jentzen and T. Kruse, respectively. The former establishes the
Monte Carlo analysis, while the latter builds on these results to obtain ANN approximation
results. The general ANN terminology and calculus utilized in Chapter 4 of Part I, and later
in Chapter 6 of Part II, is collected in Chapter 3.
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Chapter 2.

Nonlinear Monte Carlo Methods for
Bellman Equations of High-Dimensional
Markov Decision Processes

This chapter is based on the developments originally presented in the joint work [9] with
C. Beck, A. Jentzen, and T. Kruse.

As discussed in the general introduction in Chapter 1, MDPs provide a mathematical frame-
work for problems involving sequential decision making under uncertainty and as such consti-
tute a foundation of many reinforcement learning methods (see, e.g., Bertsekas & Shreve [18],
Powell [84], and Puterman [85]).

The stochastic dynamic programming principle (see, e.g., Bellman [14]) reduces the sequen-
tial decision making problem to the problem of determining an optimal action at the current
state by considering both immediate reward and expected optimal rewards attainable in fu-
ture states. This results in the characterization of the value function of an associated MDP as
the solution of a nonlinear functional fixed-point equation, the Bellman equation (cf. (1.1)).
This dynamic programming principle constitutes the basis of many algorithms in reinforce-
ment learning such as temporal difference learning (see, e.g., Sutton [99]), Q-learning (see, e.g.,
Watkins [103] and Watkins & Dayan [104]), and the SARSA algorithm (see, e.g., Rummery &
Niranjan [88]).

The approximative solution of Bellman equations in high dimensional state spaces is a
notoriously difficult challenge due to the curse of dimensionality (cf., e.g., Bellman [14], Novak
& Woźniakowski [82, Chapter 1], and Novak & Ritter [81]). For certain classes of discounted
discrete time MDPs with continuous state spaces, the phenomenon is shown in lower bounds
on the computational complexity of deterministic numerical approximation methods (cf., e.g.,
Chow & Tsitsiklis [26,27]).

In this chapter, we consider randomized numerical approximation methods. More specifi-
cally, we introduce nonlinear Monte Carlo methods for discounted discrete time MDPs with
infinite time horizon and finite control set that are polynomially tractable in the sense that the
computational effort of the algorithm to approximatively compute the solution of the Bellman
equation grows at most polynomially in the reciprocal ε−1 of the prescribed approximation
accuracy ε ∈ (0, 1] and the dimension d ∈ N of the underlying state space. In particular, the
proposed methods do not suffer from the curse of dimensionality in the numerical approxima-
tion of solutions of Bellman equations.

More formally, we consider MDPs that are specified by a measurable space (X,X ) (typically
(Rd,B(Rd)) with d ∈ N but our framework also covers discrete state spaces), a finite control set
A, a discount factor δ ∈ (0, 1), transition kernels κa : X×X → [0, 1], a ∈ A, and a measurable
and bounded reward function g : X×A → R. The set of strategies A consists of all measurable
functions α : X → A (under appropriate assumptions the restriction to such non-randomized,
stationary strategies is without loss of generality, see, e.g., [18, Chapter 9]). Every α ∈ A
defines a Markov process Xα = (Xα

k )k∈N0 on a filtered probability space (Ω,F , (Fk)k∈N0 ,P)
with state space (X,X ) with the property that for all k ∈ N0, B ∈ X it holds P-a.s. that
P[Xα

k+1 ∈ B|Fk] = κα(Xα
k )(X

α
k , B). The expected gain of a strategy α ∈ A when starting in
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x ∈ X is

J(x, α) = E

[ ∞∑
k=0

δkg(Xα
k , α(X

α
k ))
∣∣∣Xα

0 = x

]
. (2.1)

The value function V : X → R is given by V (x) = supα∈A J(x, α), x ∈ X. The dynamic
programming principle ensures that under appropriate conditions V satisfies for all x ∈ X that

V (x) = max
a∈A

(g(x, a) + δ E[V (Xx,a)]) , (2.2)

where it holds for all x ∈ X, a ∈ A that the random variable Xx,a : Ω → X has distribution
κa(x, ·) (see, e.g., [18, Chapter 9] for a proof). An important subclass of these MDPs is given
by optimal stopping problems in discrete time with infinite time horizon. For such problems
the control set A consists of the two elements “stop” and “continue” and once the control “stop”
is taken the Markov process jumps to a hold state from which it cannot leave and generates
no further gains.

There is a large number of numerical approximation methods for Bellman equations of the
form (2.2) that have been proposed and analyzed in the scientific literature. Deterministic
numerical approximation methods for Bellman equations suffer in general from the curse of
dimensionality. Indeed, Chow & Tsitsiklis [26,27] show for all d ∈ N that in the case where the
state space X is given by the d-dimensional unit cube [0, 1]d deterministic numerical approxi-
mation methods need at least O(ε−2d) computational operations to approximate the solution
of the Bellman equation with precision ε ∈ (0, 1]. Rust [90] shows that under certain as-
sumptions it is possible to overcome this curse of dimensionality by allowing for randomized
algorithms. Rust’s method consists of randomly sampling grid points in the state space and
performing value iteration on this stochastic grid. The method is model-based as it requires
explicit knowledge of the transition density. In the companion paper [89] Rust points out
that convergence of his method might break down in situations where the transition density
has spikes. Also Kristensen et al. [66] report a dramatic rise in the method’s variance as
the state dimension increases. This is theoretically confirmed by Bray [22] who proves that
Rust’s method only overcomes the curse of dimensionality in the special case where the MDP
is equivalent to an MDP where all but a vanishingly small fraction of state variables behave
like history-independent uniform random variables. Variants of Rust’s method for optimal
stopping problems are designed by Broadie & Glasserman in [23] and [24]. The literature on
optimal stopping comprises a variety of further randomized algorithms. We refer, for example,
to [69], [101], and [102] for regression-based algorithms for optimal stopping problems, we refer,
for example, to [87], [4], [44], [30], and [15] for duality-based algorithms for optimal stopping
problems, and we refer, for example to [12], [13], and [38] for deep learning-based algorithms
for optimal stopping problems.

There is a substantial body of research on sampling methods for MDPs in the literature
of reinforcement learning. Most closely related to the present chapter are the works on re-
inforcement learning with a generative model (i.e., a simulator) that is capable of producing
independent realizations of one-step transitions Xx,a for arbitrary actions a ∈ A and states
x ∈ X (see, e.g., [63], [59], [5], [96], [3], [97]). However, much of this literature focuses on
MDPs with finite state spaces, whereas in this chapter we aim at designing methods for more
general state spaces, including continuous and possibly high dimensional spaces such as Rd,
d ∈ N. In this context, we also refer to the recent work [71] which develops a class of multilevel
Monte Carlo approximations for entropy-regularized MDPs that achieve polynomial sample
complexity with complexity bounds independent of the dimension or cardinality of the state
and action spaces.

More specifically, in this chapter we introduce nonlinear Monte Carlo algorithms that over-
come the curse of dimensionality in the approximation of Bellman equations, that require
only very weak regularity assumptions and that are model-free in the sense that they do not
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use explicit knowledge of the transition kernel κ but only need access to a generative model.
Our approach combines ideas from Q-learning and the MLP approximations which have been
proven to overcome the curse of dimensionality in the numerical approximation of certain
semilinear PDEs (see, e.g., [6, 7, 10, 11, 31, 32, 36, 48, 49, 51, 53, 54]). Q-learning is based on the
idea to switch the order of expectation and maximization in (2.2). Formally, the Q-function
satisfies for all x ∈ X, a ∈ A that Q(x, a) = g(x, a) + δ E[V (Xx,a)]. This together with (2.2)
implies for all x ∈ X that V (x) = maxa∈AQ(x, a) and, hence, that for all x ∈ X, a ∈ A it
holds that

Q(x, a) = g(x, a) + δ E
[
max
b∈A

Q(Xx,a, b)

]
. (2.3)

Under appropriate conditions one can show that Q is the unique solution of this fixed-point
equation and that the sequence of fixed-point iterates Qn : X×A → R, n ∈ N0, which satisfies
for all n ∈ N, x ∈ X, a ∈ A that Q0(x, a) = g(x, a) and

Qn(x, a) = g(x, a) + δ E
[
max
b∈A

Qn−1(X
x,a, b)

]
(2.4)

converges to Q. We next employ a central idea of MLP approximations and decompose the
iterates into multilevels to obtain for all n ∈ N0, x ∈ X, a ∈ A that

Qn(x, a) = g(x, a) + δ

[
n−1∑
l=0

E
[(

max
b∈A

Ql(X
x,a, b)

)
− 1N(l)

(
max
b∈A

Ql−1(X
x,a, b)

)]]
. (2.5)

In this telescope expansion, we apply a fundamental idea of Heinrich [45,46] and Giles [37] and
approximate the expected values by Monte Carlo averages with different degrees of accuracy at
different levels l ∈ {1, . . . , n}. The convergence of (Ql)l∈N ensures that for large l ∈ {1, . . . , n}
the difference between Ql and Ql−1 is small and hence we use for large l ∈ {1, . . . , n} less Monte
Carlo samples to approximate the expected value E [(maxb∈AQl(X

x,a, b))− (maxb∈AQl−1(X
x,a, b))]

than for small l ∈ {1, . . . , n}. More specifically, we fix M ∈ N and use Mn−l independent
Monte Carlo samples to approximate the expected value at level l ∈ {1, . . . , n} which leads to
the full-history recursive multilevel fixed-point (MLFP) approximation scheme in (2.7) below.

While the preceding motivation and methodology is formulated for the Q-function of an
MDP, the error and complexity analysis developed in this chapter applies to a more general
class of functional fixed-point equations.

We briefly sketch the contribution of this chapter within this introductory section by present-
ing the following result, Theorem 2.0.1 below, a special case of Theorem 2.3.1, the main result
of this chapter. Below Theorem 2.0.1 we explain in words the statement of Theorem 2.0.1 as
well as the mathematical objects appearing in Theorem 2.0.1.
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Theorem 2.0.1. Let A be a nonempty set, for every d ∈ N let gd : Rd × A → R be (B(Rd)⊗
2A)/B(R)-measurable, assume

sup
d∈N

sup
x∈Rd

sup
a∈A

|gd(x, a)| < ∞, (2.6)

let (Ω,F ,P) be a probability space, let Θ = ∪n∈NZn, for1 every d ∈ N let Fθ
d ⊆ F , θ ∈ Θ, be

independent sub-sigma-algebras of F , for every d ∈ N let Xθ
d = (Xθ,x,a

d (ω))(x,a,ω)∈Rd×A×Ω : Rd×
A × Ω → Rd, θ ∈ Θ, be i.i.d. random fields which satisfy for all d ∈ N, θ ∈ Θ that Xθ

d

is (B(Rd) ⊗ 2A ⊗ Fθ
d)/B(Rd)-measurable, for every d ∈ N let δd ∈ [0, 1), Rd ∈ [0,∞), let

M ∈ N ∩ [supd∈N(4|A|2(1 − δd)
−2),∞], for every d ∈ N let Qθ

d,n : Rd × A × Ω → R, n ∈ N0,
θ ∈ Θ, satisfy for all n ∈ N0, θ ∈ Θ, x ∈ Rd, a ∈ A that

Qθ
d,n(x, a) = gd(x, a)

+

n−1∑
l=0

δd
Mn−l

Mn−l∑
i=1

[(
max
b∈A

Q(θ,l,i)
d,l (X

(θ,l,i),x,a
d , b)

)
− 1N(l)

(
max
b∈A

Q(θ,−l,i)
d,max{l−1,0}(X

(θ,l,i),x,a
d , b)

)]
,

(2.7)

and for every d ∈ N let Cd,n ∈ [0,∞), n ∈ N0, satisfy for all n ∈ N0 that

Cd,n ≤
n−1∑
l=0

Mn−l
(
Rd + |A|Cd,l + |A|Cd,max{l−1,0}1N(l)

)
. (2.8)

Then

(i) it holds for all d ∈ N that there exists a unique bounded (B(Rd)⊗ 2A)/B(R)-measurable
Qd : Rd ×A → R which satisfies for all x ∈ Rd, a ∈ A that

Qd(x, a) = gd(x, a) + δd E
[
max
b∈A

Qd(X
0,x,a
d , b)

]
(2.9)

and

(ii) there exist 𝓃 : (0, 1] → N and c ∈ R such that for all d ∈ N, ε ∈ (0, 1] it holds that
Cd,𝓃(ε) ≤ cRdε

−c and

sup
x∈Rd

(
E
[
max
a∈A

|Qd(x, a)−Q0
d,𝓃(ε)(x, a)|

2

])1/2
≤ ε. (2.10)

Theorem 2.0.1 is an immediate consequence from Corollary 2.3.2 in Section 2.3 below.
Corollary 2.3.2, in turn, follows from Theorem 2.3.1, which is the main result of this chapter. In
the following we add some comments on the mathematical objects appearing in Theorem 2.0.1
above.

In Theorem 2.0.1 we introduce in (2.7) a Monte Carlo-type approximation algorithm for
a sequence of MDPs indexed by the dimension d ∈ N of the state space. To formulate
the proposed Monte Carlo-type approximation algorithm in (2.7) we need, roughly speaking,
sufficiently many independent random variables which are indexed over a sufficiently large
index set. This sufficiently large index set is provided through the set Θ = ∪n∈NZn introduced
in Theorem 2.0.1. The triple (Ω,F ,P) in Theorem 2.0.1 is the probability space on which
the random variables are defined. In Theorem 2.0.1 we consider for every d ∈ N an MDP

1Note that for every finite set B it holds that the number of elements of the power set 2B of B satisfies
|2B | = 2|B|. Moreover, note that for all finite sets B and C it holds that the number of elements of the set
of all functions BC from C to B satisfies |BC | = |B||C|.
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with state space (Rd,B(Rd)). We assume that all elements of the sequence of MDPs have
a common control set A. For every d ∈ N, x ∈ Rd, a ∈ A the one-step transition of the
controlled Markov chain of the MDP with state space (Rd,B(Rd)) is given by the random
variable X0,x,a

d : Ω → Rd. In the language of MDPs for every d ∈ N, a ∈ A the transition
kernel

κd,a : Rd × B(Rd) → [0, 1] (2.11)

is thus determined by the distribution of X0,·,a
d . For every d ∈ N the function gd : Rd×A → R

introduced in the first line of Theorem 2.0.1 is the reward function of the MDP with state
space (Rd,B(Rd)). In Theorem 2.0.1 we assume that the functions gd, d ∈ N, are uniformly
bounded in d ∈ N. For every d ∈ N the real number δd ∈ [0, 1) introduced in Theorem 2.0.1 is
the discount factor of the MDP with state space (Rd,B(Rd)).

Item (i) in Theorem 2.0.1 establishes the essentially well-known result that under the above
assumptions for every d ∈ N the Bellman equation (2.2) for the Q-function associated to the
MDP with state space (Rd,B(Rd)) has a unique solution Qd : Rd ×A → R.

In (2.7) in Theorem 2.0.1 we specify the MLFP approximation scheme which we propose
to approximate the solution of the Bellman equation (2.2). The MLFP approximations Qθ

d,n,
d ∈ N, n ∈ N0, θ ∈ Θ, are indexed by the dimension d ∈ N, by the number n ∈ N0 of
fixed-point iterates, and by a parameter θ ∈ Θ which is different for different appearances of
MLFP approximations in (2.7). As random input sources the MLFP approximation scheme
proposed in (2.7) employs the random variables

Xθ,x,a
d : Ω → Rd (2.12)

for θ ∈ Θ\{0}, d ∈ N, x ∈ Rd, a ∈ A. Note that for every θ ∈ Θ\{0}, d ∈ N, x ∈ Rd, a ∈ A we
have that the random variable Xθ,x,a

d : Ω → Rd which is used as random input source of the
MLFP approximation scheme proposed in (2.7) and the random variable X0,x,a

d : Ω → Rd which
is used to formulate the Bellman equation (2.2) are identically distributed. The parameter
θ ∈ Θ ensures that different appearances of MLFP approximations in (2.7) are independent
and this ensures that (2.7) can be implemented with recursive function calls. The natural
number M ∈ N ∩ [supd∈N(4|A|2(1 − δd)

−2),∞] in Theorem 2.0.1 determines the number of
Monte Carlo samples used in the definition of the MLFP approximation Qθ

d,n, d ∈ N, n ∈
N0, θ ∈ Θ, in (2.7). The assumption that the natural number M is an element of the set
N ∩ [supd∈N(4|A|2(1− δd)

−2),∞] ensures that

sup
d∈N

(4|A|2(1− δd)
−2) < ∞. (2.13)

This implies that the control set A is finite and that the sequence (δd)d∈N ⊆ [0, 1) is bounded
away from 1 in the sense that supd∈N δd < 1. Note that Theorem 2.0.1 also covers the case
where for each dimension d ∈ N there is an individual control set Ad with the property that
supd∈N |Ad| < ∞ by considering A = ∪d∈NAd.

For every d ∈ N, x ∈ Rd, θ ∈ Θ the nonnegative real number Rd ∈ [0,∞) in Theorem 2.0.1
is understood as an upper bound for the computational cost to compute one realization of
the random variable (Xθ,x,a

d )a∈A. The real numbers Cd,n ∈ [0,∞), d ∈ N, n ∈ N0, in (2.8)
in Theorem 2.0.1 model the computational costs of the MLFP approximation scheme in (2.7)
(i.e., the sample complexity). More specifically, for every d ∈ N, n ∈ N0 we have that the real
number Cd,n ∈ [0,∞) represents an upper bound for the number of realizations of the random
variables (Xθ,x,a

d )a∈A for (x, θ) ∈ Rd × Θ required to compute one realization of the random
variable (Q0

d,n(0, a))a∈A.
Item (ii) in Theorem 2.0.1 proves that the solutions of the Bellman equations in (2.2) can

be approximated in the L2-sense by means of the MLFP approximation scheme in (2.7) with a
computational cost which grows at most polynomially in the reciprocal ε−1 of the prescribed
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approximation accuracy ε ∈ (0, 1] and linearly in the computational cost Rd to compute one
realization of any of the random variables Xθ,x

d : Ω → (Rd)A, θ ∈ Θ, x ∈ Rd, where d ∈ N is the
dimension of the state space of the associated MDP. In particular, if the computational cost
to compute one realization of any of the random variables Xθ,x

d : Ω → (Rd)A, θ ∈ Θ, x ∈ Rd,
grows at most polynomially in the dimension d ∈ N of the state space of the associated MDP
(as it is often the case in practical applications), then the MLFP approximation scheme in (2.7)
overcomes the curse of dimensionality for the approximation of the solutions of the Bellman
equations in (2.2). However, we would like to point out that the constant c ∈ R appearing
in item (ii) in Theorem 2.0.1 may become arbitrary large if supd∈N δd is close to 1. Thus the
computational cost of the nonlinear Monte Carlo methods in (2.7) may become impractical
even so the methods in (2.7) provably overcome the curse of dimensionality.

In the following we also add some comments on generalizations and variants of Theorem 2.0.1
presented in this chapter. While Theorem 2.0.1 considers a sequence of MDPs indexed by the
dimension d ∈ N of the Euclidean state spaces (Rd,B(Rd)), Corollary 2.3.2 considers a family
of MDPs with general index set D and general measurable state spaces (Xd,Xd), d ∈ D.
While Theorem 2.0.1 considers MDPs with bounded reward functions, Corollary 2.3.2 allows
for unbounded reward functions. While Theorem 2.0.1 and Corollary 2.3.2 consider Bellman
equations of MDPs, Theorem 2.3.1 considers more general functional fixed-point equations
(we refer to (2.91) in Theorem 2.3.1 for details). Corollary 2.3.3 proves that a variant of the
MLFP approximation scheme (see (2.119) for details) overcomes the curse of dimensionality
for the approximation of the solutions of Bellman equations for optimal stopping problems
(see (2.121) for details).

The structure of this chapter is as follows. In Section 2.1 below we establish existence,
uniqueness, and integrability properties for solutions of functional fixed-point equations. In
Section 2.2 below we introduce MLFP approximations for solutions of functional fixed-point
equations, we study measurability, distributional, and integrability properties for the intro-
duced MLFP approximations and we establish recursive and subsequently non-recursive upper
bounds for the L2-distances between the exact solutions of the considered functional fixed-point
equations and the proposed MLFP approximations. In Section 2.3 we combine the existence,
uniqueness, and regularity properties for solutions of functional fixed-point equations, which
we have established in Section 2.1, with the error analysis for MLFP approximations for
functional fixed-point equations, which we have established in Section 2.2, to obtain a com-
putational complexity analysis for MLFP approximations for functional fixed-point equations
and for Bellman equations of MDPs and optimal stopping problems.

2.1. Existence and Uniqueness of Solutions of Functional
Fixed-Point Equations

In this section we provide in Lemma 2.1.2 an elementary existence and uniqueness result
for functional fixed-point equations formulated using stochastic kernels. In Corollary 2.1.3 we
specialize Lemma 2.1.2 for functional fixed-point equations formulated using random variables.
Lemma 2.1.4 establishes a priori estimates for solutions of functional fixed-point equations. In
the special case where the functional fixed-point equation takes the form of a Bellman equation
associated to an optimal stochastic control problem and the weight function w is constant equal
to one the results of this section are essentially well-known (see, e.g., [85, Theorem 6.2.5]).

Definition 2.1.1. Let (X,X ) and (Y,Y) be nonempty measurable spaces and let κ : X×Y →
[0, 1] satisfy for all M ∈ Y that X ∋ x 7→ κ(x,M) ∈ [0, 1] is X/B([0, 1])-measurable and for all
x ∈ X that Y ∋ M 7→ κ(x,M) ∈ [0, 1] is a probability measure on (Y,Y). Then we say that κ
is a stochastic kernel from (X,X ) to (Y,Y).
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Lemma 2.1.2. Let c, L ∈ [0,∞) with cL < 1, let (X,X ) be a nonempty measurable space, let
A be a nonempty at most countable set, for every a ∈ A let κa : X×X → [0, 1] be a stochastic
kernel from (X,X ) to (X,X ), let Ã =

⊗
a∈A B(R), let f : X × RA → R be (X ⊗ Ã)/B(R)-

measurable, let w : X → (0,∞)A be X/
⊗

a∈A B
(
(0,∞)

)
-measurable, let

W =

{
(u : X → RA) : u is X/Ã-measurable, sup

(x,a)∈X×A

[
|
(
w(x)

)
(a)|−1|

(
u(x)

)
(a)|

]
< ∞

}
,

(2.14)

and assume for all x ∈ X, a ∈ A, r, s ∈ RA that |f(x, r) − f(x, s)| ≤ L supb∈A |r(b) − s(b)|,∫
X supb∈A

(
w(y)

)
(b)κa(x, dy) ≤ c

(
w(x)

)
(a), and sup(t,b)∈X×A[|

(
w(t)

)
(b)|−1

∫
X |f(y, 0)|κb(t, dy)] <

∞. Then there exists a unique v ∈ W which satisfies for all x ∈ X, a ∈ A that∫
X
|f(y, v(y))|κa(x, dy) < ∞ and

(
v(x)

)
(a) =

∫
X
f(y, v(y))κa(x, dy). (2.15)

Proof of Lemma 2.1.2. Throughout this proof let ∥·∥ : W → [0,∞) satisfy for all u ∈ W that
∥u∥ = sup(x,a)∈X×A

|(u(x))(a)|
|(w(x))(a)| . Note that ∥·∥ is a norm on W and (W, ∥·∥) is a Banach space.

The assumption that for all x ∈ X, r, s ∈ RA it holds that |f(x, r)−f(x, s)| ≤ L supa∈A |r(a)−
s(a)| and the assumption that for all x ∈ X, a ∈ A it holds that

∫
X supb∈A

(
w(y)

)
(b)κa(x, dy) ≤

c
(
w(x)

)
(a), yield that for all u ∈ W, x ∈ X, a ∈ A it holds that

1(
w(x)

)
(a)

∣∣∣∣ ∫
X
f(y, u(y))κa(x, dy)

∣∣∣∣
≤ 1(

w(x)
)
(a)

∫
X
|f(y, u(y))− f(y, 0)|κa(x, dy) +

1(
w(x)

)
(a)

∫
X
|f(y, 0)|κa(x, dy)

≤ L(
w(x)

)
(a)

∫
X
sup
b∈A

|
(
u(y)

)
(b)|κa(x, dy) +

1(
w(x)

)
(a)

∫
X
|f(y, 0)|κa(x, dy)

=
L(

w(x)
)
(a)

∫
X
sup
b∈A

{ |
(
u(y)

)
(b)|(

w(y)
)
(b)

(
w(y)

)
(b)

}
κa(x, dy) +

1(
w(x)

)
(a)

∫
X
|f(y, 0)|κa(x, dy)

≤ L∥u∥(
w(x)

)
(a)

∫
X
sup
b∈A

(
w(y)

)
(b)κa(x, dy) +

1(
w(x)

)
(a)

∫
X
|f(y, 0)|κa(x, dy)

≤ cL∥u∥+ 1(
w(x)

)
(a)

∫
X
|f(y, 0)|κa(x, dy). (2.16)

The assumption that sup(x,a)∈X×A

[
|
(
w(x)

)
(a)|−1

∫
X
∣∣f(x, 0)∣∣κa(x, dy)] < ∞ demonstrates

that for all u ∈ W it holds that

sup
(x,a)∈X×A

1(
w(x)

)
(a)

∣∣∣∣ ∫
X
f(y, u(y))κa(x, dy)

∣∣∣∣
≤ cL∥u∥+ sup

(x,a)∈X×A

1(
w(x)

)
(a)

∫
X
|f(y, 0)|κa(x, dy) < ∞. (2.17)

Next, observe that [65, Lemma 14.20] ensures that for all u ∈ W it holds that the map
X ∋ x 7→

[
A ∋ a 7→

∫
X f(y, u(y))κa(x, dy) ∈ R

]
∈ RA is X/Ã-measurable. Let Φ: W → W be

the function which satisfies for all u ∈ W, (x, a) ∈ X×A that

[Φ(u)](x)(a) =

∫
X
f(y, u(y))κa(x, dy). (2.18)

The assumption that for all x ∈ X, r, s ∈ RA it holds that |f(x, r)−f(x, s)| ≤ L supa∈A |r(a)−
s(a)|, the assumption that sup(x,a)∈X×A

[
|
(
w(x)

)
(a)|−1

∫
X
∣∣f(x, 0)∣∣κa(x, dy)] < ∞, and the

17



assumption that for all (x, a) ∈ X×A it holds that
∫
X supb∈A

(
w(y)

)
(b)κa(x, dy) ≤ c

(
w(x)

)
(a),

ensure that for all u, v ∈ W, (x, a) ∈ X×A it holds that

1(
w(x)

)
(a)

∣∣∣[Φ(u)](x)(a)− [Φ(v)](x)(a)
∣∣∣

≤ 1(
w(x)

)
(a)

∫
X

∣∣f(y, u(y))− f(y, v(y))
∣∣κa(x, dy)

≤ L(
w(x)

)
(a)

∫
X
sup
b∈A

|
(
u(y)

)
(b)−

(
v(y)

)
(b)|κa(x, dy)

=
L(

w(x)
)
(a)

∫
X
sup
b∈A

{ |
(
u(y)

)
(b)−

(
v(y)

)
(b)|(

w(y)
)
(b)

(
w(y)

)
(b)

}
κa(x, dy)

≤ L∥u− v∥(
w(x)

)
(a)

∫
X
sup
b∈A

(
w(y)

)
(b)κa(x, dy)

≤ cL∥u− v∥. (2.19)

This in turn proves that for all u, v ∈ W it holds that∥∥Φ(u)− Φ(v)
∥∥ ≤ cL∥u− v∥. (2.20)

The assumption that cL < 1 shows that Φ is a contraction. Hence Banach’s fixed-point
theorem proves that there exists a unique function v ∈ W such that v = Φ(v). The fact that
v ∈ W ensures that for all (x, a) ∈ X×A it holds that

∫
X |f(y, v(y))|κa(x, dy) < ∞. The proof

of Lemma 2.1.2 is thus complete.

Corollary 2.1.3. Let c, L ∈ [0,∞) with cL < 1, let (X,X ) be a nonempty measurable space, let
(Ω,F ,P) be a probability space, let A be a nonempty at most countable set, let Ã =

⊗
a∈A B(R),

let X̃ =
⊗

a∈AX , let X =
(
Xx,a(ω)

)
x∈X, a∈A, ω∈Ω : X × Ω → XA be (X ⊗ F)/X̃ -measurable,

let f : X×RA → R be (X ⊗Ã)/B(R)-measurable, let w : X → (0,∞)A be X/
⊗

a∈A B
(
(0,∞)

)
-

measurable, let

W =

{
(u : X → RA) : u is X/Ã-measurable, sup

(x,a)∈X×A

[
|
(
w(x)

)
(a)|−1|

(
u(x)

)
(a)|

]
< ∞

}
,

(2.21)

assume that for all (x, a) ∈ X×A, r, s ∈ RA it holds that |f(x, r)− f(x, s)| ≤ L supb∈A |r(b)−
s(b)|, E[supb∈A

(
w(Xx,a)

)
(b)] ≤ c

(
w(x)

)
(a), and sup(y,b)∈X×A

[
|
(
w(y)

)
(b)|−1E[|f(Xy,b, 0)|]

]
<

∞. Then there exists a unique function v ∈ W which satisfies for all (x, a) ∈ X×A that

E
[
|f(Xx,a, v(Xx,a))|

]
< ∞ and

(
v(x)

)
(a) = E

[
f(Xx,a, v(Xx,a))

]
. (2.22)

Proof of Corollary 2.1.3. Let κa : X×X → [0, 1], a ∈ A, satisfy for all (x, a) ∈ X×A, M ∈ X ,
that κa(x,M) = P[Xx,a ∈ M ]. The fact that X is (X ⊗ F)/X̃ -measurable ensures that for
all (x, a) ∈ X × A it holds that Xx,a : Ω → X is F/X -measurable. This implies that for all
(x, a) ∈ X × A it holds that X ∋ M 7→ κa(x,M) = P[Xx,a ∈ M ] ∈ [0, 1] is a probability
measure on (X,X ). The fact that X is (X ⊗F)/X̃ -measurable and [65, Theorem 14.16] imply
that for all a ∈ A, M ∈ X it holds that X ∋ x 7→ κa(x,M) = P[Xx,a ∈ M ] is X/B([0, 1])-
measurable. Hence it holds for all a ∈ A that κa is a stochastic kernel form (X,X ) to (X,X ).
The assumption that for all (x, a) ∈ X×A it holds that E

[
supb∈A

(
w(Xx,a)

)
(b)
]
≤ c
(
w(x)

)
(a)

and the assumption that sup(y,b)∈X×A

[
|
(
w(y)

)
(b)|−1E[|f(Xy,b, 0)|]

]
< ∞ prove that for all

(x, a) ∈ X×A it holds that∫
X
sup
b∈A

(
w(y)

)
(b)κa(x, dy) =

∫
X
sup
b∈A

(
w(y)

)
(b)
(
Xx,a(P)

)
(dy) = E

[
sup
b∈A

(
w(Xx,a)

)
(b)
]
≤ c
(
w(x)

)
(a),

(2.23)
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and

sup
(y,b)∈X×A

1(
w(y)

)
(b)

∫
X
|f(t, 0)|κb(y, dt) = sup

(y,b)∈X×A

1(
w(y)

)
(b)

∫
X
|f(t, 0)|

(
Xy,b(P)

)
(dt)

= sup
(y,b)∈X×A

1(
w(y)

)
(b)

E
[
|f(Xy,b, 0)|

]
< ∞. (2.24)

Lemma 2.1.2 implies that there exists a unique function v ∈ W such that for all (x, a) ∈ X×A
it holds that

E
[∣∣f(Xx,a, v(Xx,a)

)∣∣] = ∫
X
|f(y, v(y))|

(
Xx,a(P)

)
(dy) =

∫
X
|f(y, v(y))|κa(x, dy) < ∞, (2.25)

and(
v(x)

)
(a) =

∫
X
f(y, v(y))κa(x, dy) =

∫
X
f(y, v(y))

(
Xx,a(P)

)
(dy) = E

[
f
(
Xx,a, v(Xx,a)

)]
.

(2.26)

The proof of Corollary 2.1.3 is thus complete.

Lemma 2.1.4. Let cf , cw, L ∈ [0,∞) with cwL < 1, let (X,X ) be a nonempty measur-
able space, let (Ω,F ,P) be a probability space, let A be a nonempty at most countable set,
let Ã =

⊗
a∈A B(R), let X̃ =

⊗
a∈AX , let X =

(
Xx,a(ω)

)
x∈X, a∈A, ω∈Ω : X × Ω → XA

be (X ⊗ F)/X̃ -measurable, let f : X × RA → R be (X ⊗ Ã)/B(R)-measurable, let w : X →
(0,∞)A be X/

⊗
a∈A B((0,∞))-measurable, let v : X → RA be X/Ã-measurable, assume that

for all (x, a) ∈ X × A, r, s ∈ RA it holds that |f(x, r) − f(x, s)| ≤ L supb∈A |r(b) − s(b)|,
sup(y,b)∈X×A

[
|
(
w(y)

)
(b)|−1|

(
v(y)

)
(b)|
]
< ∞,

(
E
[
supb∈A

∣∣(w(Xx,a)
)
(b)
∣∣2]) 1

2 ≤ cw
(
w(x)

)
(a),(

E
[
|f(Xx,a, 0)|2

]) 1
2 ≤ cf

(
w(x)

)
(a), and

(
v(x)

)
(a) = E[f(Xx,a, v(Xx,a))]. Then

sup
(x,a)∈X×A

|
(
v(x)

)
(a)|(

w(x)
)
(a)

≤
cf

1− cwL
and sup

(x,a)∈X×A

(
E
[
supb∈A |

(
v(Xx,a)

)
(b)|2

]) 1
2(

w(x)
)
(a)

≤
cfcw

1− cwL
.

(2.27)

Proof of Lemma 2.1.4. Jensen’s inequality, the triangle inequality, and the assumption that
for all x ∈ X, r, s ∈ RA it holds that |f(x, r)− f(x, s)| ≤ L supa∈A |r(a)− s(a)| prove that for
all (x, a) ∈ X×A it holds that

|
(
v(x)

)
(a)|(

w(x)
)
(a)

=

∣∣∣E[f(Xx,a, v(Xx,a))
]∣∣∣(

w(x)
)
(a)

≤
E
[
|f(Xx,a, v(Xx,a))|2

] 1
2(

w(x)
)
(a)

≤ L
E
[
supb∈A |

(
v(Xx,a)

)
(b)|2

] 1
2(

w(x)
)
(a)

+
E
[
|f(Xx,a, 0)|2

] 1
2(

w(x)
)
(a)

≤ L(
w(x)

)
(a)

E
[
sup
b∈A

{ |
(
v(Xx,a)

)
(b)|(

w(Xx,a)
)
(b)

(
w(Xx,a)

)
(b)

}2] 1
2

+ cf

≤ L(
w(x)

)
(a)

sup
(y,b)∈X×A

{ |
(
v(y)

)
(b)|(

w(y)
)
(b)

}
E
[
sup
b∈A

w(Xx,a)(b)2
] 1
2 + cf

≤ cwL sup
(y,b)∈X×A

{ |
(
v(y)

)
(b)|(

w(y)
)
(b)

}
+ cf . (2.28)
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Combining this, the assumption that sup(x,a)∈X×A[|
(
w(x)

)
(a)|−1|

(
v(x)

)
(a)|] < ∞, and the

assumption that cwL < 1 shows that

sup
(x,a)∈X×A

|
(
v(x)

)
(a)|(

w(x)
)
(a)

≤
cf

1− cwL
. (2.29)

This and the assumption that for all (x, a) ∈ X×A it holds that E
[
| supb∈A

(
w(Xx,a)

)
(b)|2

] 1
2 ≤

cw
(
w(x)

)
(a) imply that for all (x, a) ∈ X×A it holds that(

E
[
supb∈A |

(
v(Xx,a)

)
(b)|2

]) 1
2(

w(x)
)
(a)

≤
[

sup
(y,b)∈X×A

|
(
v(y)

)
(b)|(

w(y)
)
(b)

]
E
[
supb∈A

(
w(Xx,a)

)
(b)2

] 1
2(

w(x)
)
(a)

≤
cfcw

1− cwL
.

(2.30)

Taking the supremum over X×A yields

sup
(x,a)∈X×A

(
E
[
supb∈A |

(
v(Xx,a)

)
(b)|2

]) 1
2(

w(x)
)
(a)

≤
cfcw

1− cwL
. (2.31)

The proof of Lemma 2.1.4 is thus complete.

2.2. Full-History Recursive Multilevel Fixed-Point (MLFP)
Approximations

In this section we introduce in Setting 2.2.1 in Subsection 2.2.1 below MLFP approximations
for functional fixed-point equations, we establish in Lemma 2.2.2 in Subsection 2.2.2 below
basic measurability properties for MLFP approximations, we establish in Lemma 2.2.3 in Sub-
section 2.2.2 below basic distributional properties for MLFP approximations, and we establish
in Lemma 2.2.4 and Lemma 2.2.5 in Subsection 2.2.3 below basic integrability properties for
MLFP approximations. In Lemma 2.2.7 in Subsection 2.2.4 below we provide a recursive
variance estimate for MLFP approximations for functional fixed-point equations. Our proof
of Lemma 2.2.7 in Subsection 2.2.4 below is based on the measurability, distibutional, and
integrability properties for MLFP approximations established in Subsection 2.2.2 and Subsec-
tion 2.2.3. In Proposition 2.2.8 in Subsection 2.2.5 below we provide a full error analysis for
MLFP approximations for functional fixed-point equations. Our proof of Proposition 2.2.8
in Subsection 2.2.5 below is based on the idea to combine the recursive variance estimate in
Lemma 2.2.7 in Subsection 2.2.4 below with bias-variance decompositions for the approxima-
tion errors of the proposed MLFP approximation schemes, and the discrete Gronwall-type two
step recursion in [55, Lemma 2.1].

2.2.1. Mathematical Description of MLFP Approximations

Setting 2.2.1. Let M ∈ N, let Θ =
⋃

n∈N Zn, let (X,X ) be a nonempty measurable space, let
(Ω,F ,P) be a probability space, let A be a nonempty set, let Ã =

⊗
a∈A B(R), let ∥·∥∞ : RA →

[0,∞] satisfy for all r ∈ RA that ∥r∥∞ = supa∈A |r(a)|, let X̃ =
⊗

a∈AX , let f : X× RA → R
be (X ⊗ Ã)/B(R)-measurable, let Fθ ⊆ F , θ ∈ Θ, be independent sub-sigma-algebras of F ,
let Xθ =

(
Xθ,x,a(ω)

)
x∈X, a∈A, ω∈Ω : X×Ω → XA, θ ∈ Θ, be i.i.d. random fields, assume for all

θ ∈ Θ that Xθ is (X ⊗ Fθ)/X̃ -measurable, let V θ
n : X×Ω → RA, n ∈ N0, θ ∈ Θ, satisfy for all

n ∈ N0, θ ∈ Θ, x ∈ X, a ∈ A that

(
V θ
n (x)

)
(a) =

n−1∑
l=0

1

Mn−l

Mn−l∑
i=1

[
f
(
X(θ,l,i),x,a, V

(θ,l,i)
l (X(θ,l,i),x,a)

)
− 1N(l)f

(
X(θ,l,i),x,a, V

(θ,−l,i)
max{l−1,0}(X

(θ,l,i),x,a)
)]
. (2.32)

20



2.2.2. Measurability and Distributional Properties for MLFP Approximations

Lemma 2.2.2. Assume Setting 2.2.1. Then

(i) it holds for all n ∈ N0, θ ∈ Θ that V θ
n is (X ⊗ σ(

⋃
η∈Θ F(θ,η)))/Ã-measurable and

(ii) it holds for all n ∈ N0, θ, ϑ ∈ Θ that

X× Ω ∋ (x, ω) 7→
[
A ∋ a 7→ f

(
Xθ,x,a(ω), V ϑ

n (Xθ,x,a(ω), ω)
)
∈ R

]
∈ RA (2.33)

is (X ⊗ σ((
⋃

η∈Θ F(ϑ,η)) ∪ Fθ))/Ã-measurable.

Proof of Lemma 2.2.2. Note that (2.32) implies that for all θ ∈ Θ, x ∈ X, a ∈ A it holds that(
V θ
0 (x)

)
(a) = 0. Hence for all θ ∈ Θ it holds that V θ

0 is (X ⊗ σ(
⋃

η∈Θ F(θ,η)))/Ã-measurable.
Fix n ∈ N and assume for all l ∈ {0, 1, . . . , n− 1}, θ ∈ Θ that V θ

l is (X ⊗ σ(
⋃

η∈Θ F(θ,η)))/Ã-
measurable. Observe that for all l ∈ {0, 1, . . . , n− 1}, θ ∈ Θ it holds that

X× Ω ∋ (x, ω) 7→ (x, V θ
l (x, ω)) ∈ X× RA (2.34)

is (X⊗σ(
⋃

η∈Θ F(θ,η)))/(X⊗Ã)-measurable. Since for all θ ∈ Θ it holds that Xθ is (X⊗Fθ)/X̃ -
measurable it follows that for all θ ∈ Θ, a ∈ A it holds that X×Ω ∋ (x, ω) 7→ Xθ,x,a(ω) ∈ X is
(X⊗Fθ)/X -measurable. This implies that for all θ, ϑ ∈ Θ, a ∈ A it holds that X×Ω ∋ (x, ω) 7→
(Xθ,x,a(ω), ω) ∈ X×Ω is (X ⊗ σ((

⋃
η∈Θ F(ϑ,η))∪ Fθ))/(X ⊗ σ(

⋃
η∈Θ F(ϑ,η)))-measurable. This

and (2.34) ensure that for all l ∈ {0, 1, . . . , n − 1}, θ, ϑ ∈ Θ, a ∈ A it holds that X × Ω ∋
(x, ω) 7→

(
Xθ,x,a(ω), V ϑ

l (Xθ,x,a(ω), ω)
)
∈ X × RA is (X ⊗ σ((

⋃
η∈Θ F(ϑ,η)) ∪ Fθ))/(X ⊗ Ã)-

measurable. Therefore for all l ∈ {0, 1, . . . , n − 1}, θ, ϑ ∈ Θ, a ∈ A it holds that X × Ω ∋
(x, ω) 7→ f

(
Xθ,x,a(ω), V ϑ

l (Xθ,x,a(ω), ω)
)
∈ R is (X ⊗σ((

⋃
η∈Θ F(ϑ,η))∪Fθ))/B(R)-measurable.

This implies that for all l ∈ {0, 1, . . . , n− 1}, θ, ϑ ∈ Θ it holds that

X× Ω ∋ (x, ω) 7→
[
A ∋ a 7→ f

(
Xθ,x,a(ω), V ϑ

l (Xθ,x,a(ω), ω)
)
∈ R

]
∈ RA (2.35)

is (X⊗σ((
⋃

η∈Θ F(ϑ,η))∪Fθ))/Ã-measurable. Note that for all l ∈ {0, 1, . . . , n−1}, i ∈ N, θ ∈ Θ

it holds that σ
(
(
⋃

η∈Θ F(θ,l,i,η))∪F(θ,l,i)
)
⊆ σ

(⋃
η∈Θ F(θ,η)

)
and σ

(
(
⋃

η∈Θ F(θ,−l,i,η))∪F(θ,−l,i)
)
⊆

σ
(⋃

η∈Θ F(θ,η)
)
. This and (2.35) ensure that for all θ ∈ Θ it holds that V θ

n : X × Ω → RA is
(X ⊗σ(

⋃
η∈Θ F(θ,η)))/Ã-measurable. Induction hence proves that for all n ∈ N0, θ ∈ Θ it holds

that V θ
n is (X ⊗ σ(

⋃
η∈Θ F(θ,η)))/Ã-measurable. This establishes item (i). Note that item (i)

and (2.35) imply that for all n ∈ N0, θ, ϑ ∈ Θ it holds that X × Ω ∋ (x, ω) 7→
[
A ∋ a 7→

f
(
Xθ,x,a(ω), V ϑ

n (Xθ,x,a(ω), ω)
)
∈ R

]
∈ RA is (X ⊗ σ((

⋃
η∈Θ F(ϑ,η))∪Fθ))/Ã-measurable. This

demonstrates item (ii). The proof of Lemma 2.2.2 is thus complete.

Lemma 2.2.3. Assume Setting 2.2.1. Then for all n ∈ N0 it holds that V θ
n , θ ∈ Θ, are

identically distributed random fields.

Proof of Lemma 2.2.3. For all θ ∈ Θ, (x, a) ∈ X × A it holds that
(
V θ
0 (x)

)
(a) = 0. There-

fore V θ
0 , θ ∈ Θ, are identically distributed random fields. Fix n ∈ N and assume that for

all l ∈ {0, 1, . . . , n − 1} it holds that V θ
l , θ ∈ Θ, are identically distributed random fields.

Lemma 2.2.2 and [10, Lemma 2.6] ensure for all l ∈ {0, 1, . . . , n − 1}, i ∈ N, θ ∈ Θ that
X × Ω ∋ (x, ω) 7→ (V

(θ,l,i)
l (x, ω), V

(θ,−l,i)
max{l−1,0}(x, ω)) ∈ RA × RA and X × Ω ∋ (x, ω) 7→

(V
(0,l,i)
l (x, ω), V

(0,−l,i)
max{l−1,0}(x, ω)) ∈ RA × RA are identically distributed random fields. This

ensures that for all l ∈ {0, 1, . . . , n − 1}, i ∈ N, θ ∈ Θ it holds that X × Ω ∋ (x, ω) 7→
f(x, V

(θ,l,i)
l (x, ω))−1N(l)f(x, V

(θ,−l,i)
max{l−1,0}(x, ω)) ∈ R and X×Ω ∋ (x, ω) 7→ f(x, V

(0,l,i)
l (x, ω))−

1N(l)f(x, V
(0,−l,i)
max{l−1,0}(x, ω)) ∈ R are identically distributed random fields. Combining this, the
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assumption that for all θ ∈ Θ it holds that Xθ is (X ⊗ Fθ)/X̃ -measurable, and [10, Lemma
2.5] establishes that for all l ∈ {0, 1, . . . , n− 1}, i ∈ N, θ ∈ Θ it holds that

X×A× Ω ∋ (x, a, ω) 7→ f
(
X(θ,l,i),x,a(ω), V

(θ,l,i)
l

(
X(θ,l,i),x,a(ω), ω

))
− 1N(l)f

(
X(θ,l,i),x,a(ω), V

(θ,−l,i)
max{l−1,0}

(
X(θ,l,i),x,a(ω), ω

))
∈ R (2.36)

and

X×A× Ω ∋ (x, a, ω) 7→ f
(
X(0,l,i),x,a(ω), V

(0,l,i)
l

(
X(0,l,i),x,a(ω), ω

))
− 1N(l)f

(
X(0,l,i),x,a(ω), V

(0,−l,i)
max{l−1,0}

(
X(0,l,i),x,a(ω), ω

))
∈ R (2.37)

are identically distributed random fields. This implies that for all l ∈ {0, 1, . . . , n− 1}, i ∈ N,
θ ∈ Θ it holds that

X× Ω ∋ (x, ω) 7→
[
A ∋ a 7→ f

(
X(θ,l,i),x,a(ω), V

(θ,l,i)
l

(
X(θ,l,i),x,a(ω), ω

))
− 1N(l)f

(
X(θ,l,i),x,a(ω), V

(θ,−l,i)
max{l−1,0}

(
X(θ,l,i),x,a(ω), ω

))
∈ R

]
∈ RA

(2.38)

and

X× Ω ∋ (x, ω) 7→
[
A ∋ a 7→ f

(
X(0,l,i),x,a(ω), V

(0,l,i)
l

(
X(0,l,i),x,a(ω), ω

))
− 1N(l)f

(
X(0,l,i),x,a(ω), V

(0,−l,i)
max{l−1,0}

(
X(0,l,i),x,a(ω), ω

))
∈ R

]
∈ RA

(2.39)

are identically distributed random fields. Let gk : (RA)k → RA, k ∈ N, satisfy for all k ∈ N,
r1, . . . , rk ∈ RA that gk(r1, . . . , rk) =

∑k
j=1 rj . Note that for all k ∈ N it holds that gk is

Ã⊗k/Ã-measurable. Let U θ
l,i : X × Ω → RA, l ∈ {0, 1, . . . , n − 1}, i ∈ N, θ ∈ Θ, satisfy for all

l ∈ {0, 1, . . . , n− 1}, i ∈ N, θ ∈ Θ, (x, ω) ∈ X× Ω that

U θ
l,i(x, ω) =

[
A ∋ a 7→ f

(
X(θ,l,i),x,a(ω), V

(θ,l,i)
l

(
X(θ,l,i),x,a(ω), ω

))
− 1N(l)f

(
X(θ,l,i),x,a(ω), V

(θ,−l,i)
max{l−1,0}

(
X(θ,l,i),x,a(ω), ω

))
∈ R

]
. (2.40)

Lemma 2.2.2 demonstrates that for all l ∈ {0, 1, . . . , n− 1}, i ∈ N, θ ∈ Θ it holds that U θ
l,i is

(X ⊗ σ((
⋃

η∈Θ F(θ,l,i,η) ∪ F(θ,−l,i,η)) ∪ F(θ,l,i)))/Ã-measurable. Note that (2.32) ensures for all

(x, ω) ∈ X× Ω, θ ∈ Θ that V θ
n (x, ω) =

∑n−1
l=0

1
Mn−l

∑Mn−l

i=1 U θ
l,i(x, ω). Let M̃ =

∑n
j=1M

j ∈ N,

let Y θ
n : X× Ω → (RA)M̃ , θ ∈ Θ, satisfy for all θ ∈ Θ that

Y θ
n =

( 1

Mn
U θ
0,1,

1

Mn
U θ
0,2, . . . ,

1

Mn
U θ
0,Mn ,

1

Mn−1
U θ
1,1,

1

Mn−1
U θ
1,2, . . . ,

1

Mn−1
U θ
1,Mn−1 , . . .

. . . ,
1

M
U θ
n−1,1,

1

M
U θ
n−1,2, . . . ,

1

M
U θ
n−1,M

)
. (2.41)

Observe that for all (x, ω) ∈ X× Ω, θ ∈ Θ it holds that

g
M̃
(Y θ

n (x, ω)) =
n−1∑
l=0

1

Mn−l

Mn−l∑
i=1

U θ
l,i(x, ω) = V θ

n (x, ω). (2.42)

The fact that for all l ∈ {0, 1, . . . , n−1}, i ∈ N, θ ∈ Θ it holds that U θ
l,i is (X⊗σ((

⋃
η∈Θ F(θ,l,i,η)∪

F(θ,−l,i,η))∪F(θ,l,i)))/Ã-measurable, the assumption that (Fθ)θ∈Θ are independent sigma-algebras,
and [10, Lemma 2.6] prove for all θ ∈ Θ that Y θ

n and Y 0
n are identically distributed random

fields. This implies for all θ ∈ Θ that V θ
n and V 0

n are identically distributed random fields.
Induction and the fact that V θ

0 , θ ∈ Θ, are identically distributed random fields prove that
for all n ∈ N0 it holds that V θ

n , θ ∈ Θ, are identically distributed random fields. The proof of
Lemma 2.2.3 is thus complete.
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2.2.3. Integrability Properties for MLFP Approximations

Lemma 2.2.4. Assume Setting 2.2.1, assume A is finite, let L ∈ [0,∞), let w : X → (0,∞) be
X/B((0,∞))-measurable, assume that for all (x, a) ∈ X×A, r, s ∈ RA it holds that |f(x, r)−
f(x, s)| ≤ Lmaxb∈A |r(b) − s(b)|, and

(
E
[
|f(X0,x,a, 0)|2 + |w(X0,x,a)|2

]) 1
2 ≤ Lw(x). Then it

holds for all n ∈ N0 that supx∈X
(
E
[
maxa∈A

∣∣(V 0
n (x)

)
(a)
∣∣2 ]|w(x)|−2

)
< ∞.

Proof of Lemma 2.2.4. For all (x, a) ∈ X × A, θ ∈ Θ it holds that
(
V θ
0 (x)

)
(a) = 0. Hence it

holds that supx∈X(E
[
∥V 0

0 (x)∥2∞
]
|w(x)|−2) < ∞. Fix n ∈ N and assume for all l ∈ {0, 1, . . . , n−

1} that supx∈X(E
[
∥V 0

l (x)∥2∞
]
|w(x)|−2) < ∞. Note that for all m ∈ N it holds that

sup
x∈X

E
[
∥V 0

m(x)∥2∞
]

|w(x)|2
≤ sup

x∈X

∑
a∈A

E
[
|
(
V 0
m(x)

)
(a)|2

]
|w(x)|2

≤
∑
a∈A

sup
x∈X

E
[
|
(
V 0
m(x)

)
(a)|2

]
|w(x)|2

. (2.43)

Lemma 2.2.3 and Jensen’s inequality prove that for all m ∈ N, (x, a) ∈ X×A, θ ∈ Θ it holds
that

E
[
|
(
V 0
m(x)

)
(a)|2

]
= E

[
|
(
V θ
m(x)

)
(a)|2

]
≤

m−1∑
l=0

m

Mm−l

Mm−l∑
i=1

E
[∣∣f(X(θ,l,i),x,a, V

(θ,l,i)
l (X(θ,l,i),x,a)

)
− 1N(l)f

(
X(θ,l,i),x,a, V

(θ,−l,i)
max{l−1,0}(X

(θ,l,i),x,a)
)∣∣2]

≤
m−1∑
l=0

2m

Mm−l

Mm−l∑
i=1

E
[
|f
(
X(θ,l,i),x,a, V

(θ,l,i)
l (X(θ,l,i),x,a)

)
|2
]

+ E
[
|f
(
X(θ,l,i),x,a, V

(θ,−l,i)
max{l−1,0}(X

(θ,l,i),x,a)
)
|2
]
. (2.44)

The triangle inequality, Jensen’s inequality, the assumption that for all x ∈ X, r, s ∈ RA it holds
that |f(x, r)−f(x, s)| ≤ Lmaxa∈A |r(a)−s(a)|, and the assumption that for all (x, a) ∈ X×A

it holds that
(
E
[
|f(X0,x,a, 0)|2

]) 1
2 ≤ Lw(x) ensure that for all m ∈ N0, (x, a) ∈ X×A, θ, ϑ ∈ Θ

it holds that

E
[
|f
(
Xθ,x,a, V ϑ

m(Xθ,x,a)
)
|2
]
≤ 2E

[
|f
(
Xθ,x,a, V ϑ

m(Xθ,x,a)
)
− f(Xθ,x,a, 0)|2

]
+ 2E

[
|f(Xθ,x,a, 0)|2

]
≤ 2L2E

[
max
b∈A

|
(
V ϑ
m(Xθ,x,a)

)
(b)|2

]
+ 2L2|w(x)|2. (2.45)

Lemma 2.2.3 ensures for all m ∈ N, ϑ ∈ Θ that V ϑ
m and V 0

m are identically distributed.
Combining this and the assumption that A is finite demonstrates that for all m ∈ N, ϑ ∈ Θ it
holds that X×Ω ∋ (x, ω) 7→ ∥V ϑ

m(x,w)∥2∞ ∈ [0,∞) and X×Ω ∋ (x, ω) 7→ ∥V 0
m(x, ω)∥2∞ ∈ [0,∞)

are identically distributed. This, Lemma 2.2.2, the assumption that for all θ ∈ Θ it holds
that Xθ is (X ⊗ Fθ)/X̃ -measurable, the assumption that the sigma-algebras Fθ, θ ∈ Θ, are
independent, and [51, Lemma 2.2] imply that for all m ∈ N0, (x, a) ∈ X × A, θ, ϑ ∈ Θ with
θ ̸∈

⋃
η∈Θ{(ϑ, η)} it holds that

E
[
∥V ϑ

m(Xθ,x,a)∥2∞
]
=

∫
X
E
[
∥V ϑ

m(y)∥2∞
](
Xθ,x,a(P)

)
(dy)

=

∫
X
E
[
∥V 0

m(y)∥2∞
](
X0,x,a(P)

)
(dy). (2.46)

This, (2.45), the assumption that for all (x, a) ∈ X × A it holds that (E
[
|w(X0,x,a)|2

]
)
1
2 ≤

Lw(x), and the assumption that for all l ∈ {0, 1, . . . , n−1} it holds that supx∈X(E
[
∥V 0

l (x)∥2∞
]
|w(x)|−2) <
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∞ prove for all l ∈ {0, 1, . . . , n− 1}, (x, a) ∈ X×A, θ, ϑ ∈ Θ with θ ̸∈
⋃

η∈Θ{(ϑ, η)} that

E
[
|f
(
Xθ,x,a, V ϑ

l (Xθ,x,a)
)
|2
]

|w(x)|2
≤ 2L2

|w(x)|2

∫
X
E
[
∥V 0

l (y)∥2∞
](
X0,x,a(P)

)
(dy) + 2L2

≤ 2L2

(
sup
y∈X

E
[
∥V 0

l (y)∥2∞
]

|w(y)|2

)(E
[
|w(X0,x,a)|2

]
|w(x)|2

)
+ 2L2

≤ 2L4

(
sup
y∈X

E
[
∥V 0

l (y)∥2∞
]

|w(y)|2

)
+ 2L2. (2.47)

This ensures that for all l ∈ {0, 1, . . . , n− 1}, θ, ϑ ∈ Θ with θ ̸∈
⋃

η∈Θ{(ϑ, η)} that

sup
(x,a)∈X×A

E
[
|f
(
Xθ,x,a, V ϑ

l (Xθ,x,a)
)
|2
]

|w(x)|2
≤ 2L4

(
sup
y∈X

E
[
∥V 0

l (y)∥2∞
]

|w(y)|2

)
+ 2L2 < ∞. (2.48)

This and (2.44) demonstrate for all a ∈ A that supx∈X
(
E
[
|
(
V 0
n (x)

)
(a)|2

]
|w(x)|−2

)
< ∞. This,

the assumption that A is finite, and (2.43) show that supx∈X
(
E
[
∥V 0

n (x)∥2∞
]
|w(x)|−2

)
< ∞. In-

duction hence proves that for all n ∈ N0 it holds that supx∈X
(
E
[
maxa∈A |

(
V 0
n (x)

)
(a)|2

]
|w(x)|−2

)
<

∞. The proof of Lemma 2.2.4 is thus complete.

Lemma 2.2.5. Assume Setting 2.2.1, assume A is finite, let L ∈ [0,∞), let w : X → (0,∞) be
X/B((0,∞))-measurable, assume that for all (x, a) ∈ X×A, r, s ∈ RA it holds that |f(x, r)−
f(x, s)| ≤ Lmaxb∈A |r(b)− s(b)|,

(
E
[
|f(X0,x,a, 0)|2 + |w(X0,x,a)|2

]) 1
2 ≤ Lw(x). Then it holds

for all n ∈ N, (x, a) ∈ X×A, θ ∈ Θ that E
[
|f(X0,x,a, V 0

n−1(X
0,x,a))|+ |

(
V θ
n (x)

)
(a)|

]
< ∞ and

E
[(
V θ
n (x)

)
(a)
]
= E

[
f(X0,x,a, V 0

n−1(X
0,x,a))

]
.

Proof of Lemma 2.2.5. The assumption that for all x ∈ X, r, s ∈ RA it holds that |f(x, r) −
f(x, s)| ≤ Lmaxa∈A |r(a)− s(a)|, Lemma 2.2.3, Lemma 2.2.4, the fact that 0 ̸∈

⋃
η∈Θ{(0, η)},

the assumption that
(
E
[
|f(X0,x,a, 0)|2

]) 1
2 ≤ Lw(x), and [51, Lemma 2.2] prove that for all

n ∈ N, (x, a) ∈ X × A, θ ∈ Θ it holds that E
[
|f(X0,x,a, V 0

n−1(X
0,x,a))|2 + |

(
V θ
n (x)

)
(a)|2

]
<

∞. This ensures for all n ∈ N, (x, a) ∈ X × A, θ ∈ Θ that E
[
|f(X0,x,a, V 0

n−1(X
0,x,a))| +

|
(
V θ
n (x)

)
(a)|

]
< ∞. This, Lemma 2.2.2, the assumption that Xθ, θ ∈ Θ, are i.i.d. random

fields, Lemma 2.2.3, and [51, Lemma 2.2] demonstrate that for all n ∈ N0, (x, a) ∈ X × A,
θ, ϑ ∈ Θ with θ ̸∈

⋃
η∈Θ{(ϑ, η)} it holds that

E
[
f
(
Xθ,x,a, V ϑ

n (Xθ,x,a)
)]

= E
[
f
(
X0,x,a, V 0

n (X
0,x,a)

)]
. (2.49)

This establishes for all n ∈ N, (x, a) ∈ X×A, θ ∈ Θ that

E
[(
V θ
n (x)

)
(a)
]
=

n−1∑
l=0

1

Mn−l

Mn−l∑
i=1

E
[
f
(
X(θ,l,i),x,a, V

(θ,l,i)
l (X(θ,l,i),x,a)

)]
− 1N(l)E

[
f
(
X(θ,l,i),x,a, V

(θ,−l,i)
max{l−1,0}(X

(θ,l,i),x,a)
)]

=
n−1∑
l=0

E
[
f
(
X0,x,a, V 0

l (X
0,x,a)

)]
− 1N(l)E

[
f
(
X0,x,a, V 0

max{l−1,0}(X
0,x,a)

)]
= E

[
f
(
X0,x,a, V 0

n−1(X
0,x,a)

)]
. (2.50)

The proof of Lemma 2.2.5 is thus complete.
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2.2.4. Recursive Error Bounds for MLFP Approximations

Lemma 2.2.6. Assume Setting 2.2.1, assume A is finite, let c, L ∈ [0,∞), let w : X → (0,∞)
be X/B((0,∞))-meaurable, let v : X → RA be X/Ã-measurable, assume that for all (x, a) ∈
X×A, r, s ∈ RA it holds that |f(x, r)− f(x, s)| ≤ Lmaxb∈A |r(b)− s(b)|,

(
E
[
|f(X0,x,a, 0)|2 +

∥v(X0,x,a)∥2∞ +
∣∣w(X0,x,a)

∣∣2 ]) 1
2 ≤ cw(x), and

(
v(x)

)
(a) = E[f(X0,x,a, v(X0,x,a))]. Then it

holds for all n ∈ N, (x, a) ∈ X×A, θ ∈ Θ that∣∣(v(x))(a)− E
[(
V θ
n (x)

)
(a)
]∣∣ ≤ L

(
E
[∥∥v(X0,x,a)− V 0

n−1(X
0,x,a)

∥∥2
∞

]) 1
2
. (2.51)

Proof of Lemma 2.2.6. The assumption that for all (x, a) ∈ X × A it holds that
(
v(x)

)
(a) =

E
[
f(X0,x,a, v(X0,x,a))

]
, Lemma 2.2.5, the assumption that for all x ∈ X, r, s ∈ RA it holds that

|f(x, r)− f(x, s)| ≤ Lmaxa∈A |r(a)− s(a)|, Lemma 2.2.4, and the Cauchy-Schwarz inequality
imply that for all n ∈ N, (x, a) ∈ X×A, θ ∈ Θ it holds that∣∣∣v(x)(a)− E

[
V θ
n (x)(a)

]∣∣∣ ≤ E
[∣∣f(X0,x,a, v(X0,x,a)

)
− f

(
X0,x,a, V 0

n−1(X
0,x,a)

)∣∣]
≤ LE

[∥∥v(X0,x,a)− V 0
n−1(X

0,x,a)
∥∥
∞

]
≤ L

(
E
[∥∥v(X0,x,a)− V 0

n−1(X
0,x,a)

∥∥2
∞

]) 1
2
. (2.52)

The proof of Lemma 2.2.6 is thus complete.

Lemma 2.2.7. Assume Setting 2.2.1, assume A is finite, let c, L ∈ [0,∞), let w : X → (0,∞)
be X/B((0,∞))-measurable, let v : X → RA be X/Ã-measurable, assume that for all (x, a) ∈
X×A, r, s ∈ RA it holds that |f(x, r)− f(x, s)| ≤ Lmaxb∈A |r(b)− s(b)|,

(
E
[
|f(X0,x,a, 0)|2 +

∥v(X0,x,a)∥2∞ +
∣∣w(X0,x,a)

∣∣2 ]) 1
2 ≤ cw(x), and

(
v(x)

)
(a) = E

[
f(X0,x,a, v(X0,x,a))

]
. Then it

holds for all n ∈ N, (x, a) ∈ X×A, θ ∈ Θ that(
Var

[(
V θ
n (x)

)
(a)
]) 1

2

≤ 1√
Mn

(
E
[
|f(X0,x,a, 0)|2

]) 1
2
+ 1[2,∞)(n)

L√
M

(
E
[
∥V 0

n−1(X
0,x,a)− v(X0,x,a)∥2∞

]) 1
2

+ 1[2,∞)(n)
L
√
M√

Mn

(
E
[
∥v(X0,x,a)∥2∞

]) 1
2 +

n−2∑
l=1

L(1 +
√
M)√

Mn−l

(
E
[
∥V 0

l (X
0,x,a)− v(X0,x,a)∥2∞

) 1
2 .

(2.53)

Proof of Lemma 2.2.7. Lemma 2.2.4 demonstrates for all n ∈ N, (x, a) ∈ X × A, θ ∈ Θ that
Var

[(
V θ
n (x)

)
(a)
]
< ∞. Lemma 2.2.2 yields that for all l, i ∈ N0, (x, a) ∈ X × A, θ ∈ Θ it

holds that

Ω ∋ ω 7→ f
(
X(θ,l,i),x,a(ω), V

(θ,l,i)
l (X(θ,l,i),x,a(ω), ω)

)
− 1N(l)f

(
X(θ,l,i),x,a(ω), V

(θ,−l,i)
max{l−1,0}(X

(θ,l,i),x,a(ω), ω)
)
∈ R (2.54)

is σ
(
(
⋃

η∈Θ F(θ,l,i,η) ∪ F(θ,−l,i,η)) ∪ F(θ,l,i)
)
/B(R)-measurable. This demonstrates that for all

n ∈ N0, (x, a) ∈ X×A it holds that

Var
[(
V θ
n (x)

)
(a)
]
=

n−1∑
l=0

1

(Mn−l)2

Mn−l∑
i=1

Var
[
f
(
X(θ,l,i),x,a, V

(θ,l,i)
l (X(θ,l,i),x,a)

)
− 1N(l)f

(
X(θ,l,i),x,a, V

(θ,−l,i)
max{l−1,0}(X

(θ,l,i),x,a)
)]
.

(2.55)
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Lemma 2.2.2, Lemma 2.2.3, and [10, Lemma 2.6] ensure that for all l, i ∈ N0, θ ∈ Θ it holds
that

X× Ω ∋ (x, ω) 7→
(
V

(θ,l,i)
l (x, ω), V

(θ,−l,i)
max{l−1,0}(x, ω)

)
∈ RA × RA and

X× Ω ∋ (x, ω) 7→
(
V 0
l (x, ω), V

1
max{l−1,0}(x, ω)

)
∈ RA × RA. (2.56)

are identically distributed random fields. This and the fact that f is (X ⊗Ã)/B(R)-measurable
show that for all l, i ∈ N0, θ ∈ Θ it holds that

X× Ω ∋ (x, ω) 7→ f(x, V
(θ,l,i)
l (x, ω))− 1N(l)f(x, V

(θ,−l,i)
max{l−1,0}(x, ω)) ∈ R and

X× Ω ∋ (x, ω) 7→ f(x, V 0
l (x, ω))− 1N(l)f(x, V

1
max{l−1,0}(x, ω)) ∈ R (2.57)

are identically distributed random fields. This and [10, Lemma 2.5] prove that for all l, i ∈ N0,
θ ∈ Θ it holds that

X×A× Ω ∋ (x, a, ω) 7→ f
(
X(θ,l,i),x,a(ω), V

(θ,l,i)
l (X(θ,l,i),x,a(ω), ω)

)
− 1N(l)f

(
X(θ,l,i),x,a(ω), V

(θ,−l,i)
max{l−1,0}(X

(θ,l,i),x,a(ω), ω)
)
∈ R and

X×A× Ω ∋ (x, a, ω) 7→ f
(
X0,x,a(ω), V 0

l (X
0,x,a(ω), ω)

)
− 1N(l)f

(
X0,x,a(ω), V 1

max{l−1,0}(X
0,x,a(ω), ω)

)
∈ R (2.58)

are identically distributed random fields. This implies for all l, i ∈ N0, (x, a) ∈ X × A, θ ∈ Θ
that

Var
[
f
(
X(θ,l,i),x,a, V

(θ,l,i)
l (X(θ,l,i),x,a)

)
− 1N(l)f

(
X(θ,l,i),x,a, V

(θ,−l,i)
max{l−1,0}(X

(θ,l,i),x,a)
)]

= Var
[
f
(
X0,x,a, V 0

l (X
0,x,a)

)
− 1N(l)f

(
X0,x,a, V 1

max{l−1,0}(X
0,x,a)

)]
. (2.59)

This and (2.55) ensure that for all n ∈ N, (x, a) ∈ X×A, θ ∈ Θ it holds that

Var
[(
V θ
n (x)

)
(a)
]
=

n−1∑
l=0

1

Mn−l
Var

[
f
(
X0,x,a, V 0

l (X
0,x,a)

)
− 1N(l)f

(
X0,x,a, V 1

max{l−1,0}(X
0,x,a)

)]
≤

n−1∑
l=0

1

Mn−l
E
[∣∣f(X0,x,a, V 0

l (X
0,x,a)

)
− 1N(l)f

(
X0,x,a, V 1

max{l−1,0}(X
0,x,a)

)∣∣2].
(2.60)

Combining this, the fact that for all (x, a) ∈ X×A it holds that
(
V 0
0 (x)

)
(a) = 0, and the fact

that for all n ∈ N, r1, r2, . . . , rn ∈ [0,∞) it holds that
√
r1 + r2 + · · ·+ rn ≤ √

r1+
√
r2+ · · ·+√

rn prove that for all n ∈ N, (x, a) ∈ X×A, θ ∈ Θ it holds that(
Var

[(
V θ
n (x)

)
(a)
]) 1

2

≤
n−1∑
l=0

1√
Mn−l

(
E
[∣∣f(X0,x,a, V 0

l (X
0,x,a)

)
− 1N(l)f

(
X0,x,a, V 1

max{l−1,0}(X
0,x,a)

)∣∣2]) 1
2

=
n−1∑
l=1

1√
Mn−l

(
E
[∣∣f(X0,x,a, V 0

l (X
0,x,a)

)
− 1N(l)f

(
X0,x,a, V 1

l−1(X
0,x,a)

)∣∣2]) 1
2

+
1√
Mn

(
E
[
|f(X0,x,a, 0)|2

]) 1
2
. (2.61)

26



The assumption that for all x ∈ X, r, s ∈ RA it holds that |f(x, r)−f(x, s)| ≤ Lmaxa∈A |r(a)−
s(a)| and the triangle inequality imply that for all n ∈ N, (x, a) ∈ X×A, θ ∈ Θ it holds that(
Var

[(
V θ
n (x)

)
(a)
]) 1

2

≤ 1√
Mn

(
E
[
|f(X0,x,a, 0)|2

]) 1
2
+

n−1∑
l=1

L√
Mn−l

(
E
[∥∥V 0

l (X
0,x,a)− V 1

l−1(X
0,x,a)

∥∥2
∞

]) 1
2

≤
n−1∑
l=1

L√
Mn−l

[(
E
[
∥V 0

l (X
0,x,a)− v(X0,x,a)∥2∞

]) 1
2 +

(
E
[
∥v(X0,x,a)− V 1

l−1(X
0,x,a)∥2∞

]) 1
2

]
+

1√
Mn

(
E
[
|f(X0,x,a, 0)|2

]) 1
2
. (2.62)

The fact that for all l ∈ N0, (x, a) ∈ X × A it holds that Ω ∋ ω 7→ V 0
l (X

0,x,a(ω), ω) ∈ RA

and Ω ∋ ω 7→ V 1
l (X

0,x,a(ω), ω) ∈ RA are identically distributed ensures for all l ∈ N0,
(x, a) ∈ X × A that Ω ∋ ω 7→ ∥v(X0,x,a(ω)) − V 0

l (X
0,x,a(ω), ω)∥2∞ ∈ [0,∞) and Ω ∋ ω 7→

∥v(X0,x,a(ω)) − V 1
l (X

0,x,a(ω), ω)∥2∞ ∈ [0,∞) are identically distributed. This and (2.62)
establish that for all n ∈ N, (x, a) ∈ X×A, θ ∈ Θ it holds that(
Var

[(
V θ
n (x)

)
(a)
]) 1

2

≤
n−1∑
l=1

L√
Mn−l

[(
E
[
∥V 0

l (X
0,x,a)− v(X0,x,a)∥2∞

]) 1
2 +

(
E
[
∥v(X0,x,a)− V 0

l−1(X
0,x,a)∥2∞

]) 1
2

]
+

1√
Mn

(
E
[
|f(X0,x,a, 0)|2

]) 1
2

=
1√
Mn

(
E
[
|f(X0,x,a, 0)|2

]) 1
2
+

n−1∑
l=1

L√
Mn−l

(
E
[
∥V 0

l (X
0,x,a)− v(X0,x,a)∥2∞

]) 1
2

+
n−2∑
l=0

L
√
M√

Mn−l

(
E
[
∥V 0

l (X
0,x,a)− v(X0,x,a)∥2∞

]) 1
2

=
1√
Mn

(
E
[
|f(X0,x,a, 0)|2

]) 1
2
+ 1[2,∞)(n)

L√
M

(
E
[
∥V 0

n−1(X
0,x,a)− v(X0,x,a)∥2∞

]) 1
2

+ 1[2,∞)(n)
L
√
M√

Mn

(
E
[
∥v(X0,x,a)∥2∞

]) 1
2 +

n−2∑
l=1

L(1 +
√
M)√

Mn−l

(
E
[
∥V 0

l (X
0,x,a)− v(X0,x,a)∥2∞

) 1
2 .

(2.63)

The proof of Lemma 2.2.7 is thus complete.

2.2.5. Non-Recursive Error Bounds for MLFP Approximations

Proposition 2.2.8. Assume Setting 2.2.1, assume A is finite, let cf , cv, cw, L ∈ [0,∞),
let w : X → (0,∞) be X/B((0,∞))-measurable, let v : X → RA be X/Ã-measurable, let
c = 3

2 max
{

cv
cw
, cvL+ cf ,

|A|cf
cw|A|L+1

}
, assume that for all (x, a) ∈ X×A, r, s ∈ RA it holds that

|f(x, r)−f(x, s)| ≤ Lmaxb∈A |r(b)−s(b)|,
(
E
[
|f(X0,x,a, 0)|2

]) 1
2 ≤ cfw(x),

(
E
[
∥v(X0,x,a)∥2∞

]) 1
2 ≤

cvw(x),
(
E
[∣∣w(X0,x,a)

∣∣2]) 1
2 ≤ cww(x), and

(
v(x)

)
(a) = E

[
f(X0,x,a, v(X0,x,a))

]
. Then it holds

for all n ∈ N, x ∈ X, θ ∈ Θ that(
E
[
∥v(x)− V θ

n (x)∥2∞
]

|w(x)|2

)1/2

≤ c

(
cwL(1+|A|M− 1

2 )+M− 1
2+

√(
cwL(1+|A|M− 1

2 )+M− 1
2

)2
+4cwLM− 1

2 (|A|−1)

2

)n

.

(2.64)
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Proof of Proposition 2.2.8. The triangle inequality, Lemma 2.2.4, and the assumption that A
is finite ensure that for all n ∈ N, x ∈ X, θ ∈ Θ it holds that(

E
[
∥v(x)− V θ

n (x)∥2∞
]) 1

2
=
(
E
[∥∥v(x)− E

[
V θ
n (x)

]
+ E

[
V θ
n (x)

]
− V θ

n (x)
∥∥2
∞

]) 1
2

≤
(
E
[∥∥v(x)− E

[
V θ
n (x)

]∥∥2
∞

]) 1
2
+
(
E
[∥∥V θ

n (x)− E
[
V θ
n (x)

]∥∥2
∞

]) 1
2

≤
∥∥v(x)− E

[
V θ
n (x)

]∥∥
∞ +

∑
a∈A

(
E
[∣∣V θ

n (x)(a)− E
[
V θ
n (x)(a)

]∣∣2]) 1
2

=
∥∥v(x)− E

[
V θ
n (x)

]∥∥
∞ +

∑
a∈A

(
Var[V θ

n (x)(a)]
) 1

2 . (2.65)

The assumption that X0 : X × Ω → XA is (X ⊗ F0)/X̃ -measurable, the assumption that the
sigma-algebras Fθ, θ ∈ Θ, are independent, the assumption that A is finite, Lemma 2.2.2, and
the disintegration theorem [51, Lemma 2.2] prove that for all l ∈ N, (x, a) ∈ X × A it holds
that

E
[
∥V 0

l (X
0,x,a)− v(X0,x,a)∥2∞

]
=

∫
X
E
[
∥V 0

l (y)− v(y)∥2∞
](
X0,x,a(P)

)
(dy)

≤
(
sup
y∈X

E
[
∥V 0

l (y)− v(y)∥2∞
]

|w(y)|2

)
c2w|w(x)|2. (2.66)

This, Lemma 2.2.6, Lemma 2.2.7, and (2.65) imply that for all n ∈ N, x ∈ X it holds that(
E
[
∥v(x)− V 0

n (x)∥2∞
]) 1

2

≤ cww(x)L

(
sup
y∈X

E
[
∥v(y)− V 0

n−1(y)∥2∞
]

|w(y)|2

) 1
2

+
∑
a∈A

[
1√
Mn

(
E
[
|f(X0,x,a, 0)|2

]) 1
2

+ 1[2,∞)(n)
L
√
M√

Mn

(
E
[
∥v(X0,x,a)∥2∞

]) 1
2 + 1[2,∞)(n)

cww(x)L√
M

(
sup
y∈X

E
[
∥v(y)− V 0

n−1(y)∥2∞
]

|w(y)|2

) 1
2

+

n−2∑
l=1

cww(x)L(1 +
√
M)√

Mn−l

(
sup
y∈X

E
[
∥v(y)− V 0

l (y)∥2∞
]

|w(y)|2

) 1
2
]

≤ cww(x)L

(
sup
y∈X

E
[
∥v(y)− V 0

n−1(y)∥2∞
]

|w(y)|2

) 1
2

+
|A|w(x)√

Mn

(
cf + 1[2,∞)(n)cvL

√
M
)

+ 1[2,∞)(n)
cw|A|Lw(x)√

M

(
sup
y∈X

E
[
∥v(y)− V 0

n−1(y)∥2∞
]

|w(y)|2

) 1
2

+ cww(x)|A|L(1 +
√
M)

n−2∑
l=1

1√
Mn−l

(
sup
y∈X

E
[
∥v(y)− V 0

l (y)∥2∞
]

|w(y)|2

) 1
2

.

(2.67)

For all n ∈ N0 let

Fn =

(
sup
x∈X

E
[
∥v(x)− V 0

n (x)∥2∞
]

|w(x)|2

) 1
2

and an = M
n
2 Fn. (2.68)

Lemma 2.2.4 ensures that for all n ∈ N0 it holds that an, Fn ∈ [0,∞). Note that (2.67) shows
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for all n ∈ N ∩ [2,∞) that

Fn ≤ |A|M−n
2
(
cf + cvLM

1
2
)
+ cwL(1 + |A|M− 1

2 )

(
sup
y∈X

E
[
∥v(y)− V 0

n−1(y)∥2∞
]

|w(y)|2

) 1
2

+ cw|A|L(1 +M
1
2 )

n−2∑
l=1

M−n−l
2

(
sup
y∈X

E
[
∥v(y)− V 0

l (y)∥2∞
]

|w(y)|2

) 1
2

= |A|M−n
2
(
cf + cvLM

1
2
)
+ cwL(1 + |A|M− 1

2 )Fn−1 + cw|A|L(1 +M
1
2 )

n−2∑
l=1

M−n−l
2 Fl.

(2.69)

This implies for all n ∈ N ∩ [2,∞) that

an ≤ |A|(cf + cvLM
1
2 ) + cwM

1
2L(1 + |A|M− 1

2 )M
n−1
2 Fn−1 + cw|A|L(1 +M

1
2 )

n−2∑
l=1

M
l
2Fl

= |A|(cf + cvLM
1
2 ) + cwL(M

1
2 + |A|)an−1 + cw|A|L(1 +M

1
2 )

n−2∑
l=1

al. (2.70)

Moreover it holds that

a0 = F0 =

(
sup
y∈X

E
[
∥v(y)∥2∞

]
|w(y)|2

) 1
2

= sup
(y,a)∈X×A

∣∣(v(y))(a)∣∣
|w(y)|

. (2.71)

The assumption that for all (x, a) ∈ X × A it holds that
(
v(x)

)
(a) = E

[
f(X0,x,a, v(X0,x,a))

]
,

Jensen’s inequality, the triangle inequality, the assumption that for all x ∈ X, r, s ∈ RA it holds
that |f(x, r)−f(x, s)| ≤ Lmaxa∈A |r(a)−s(a)|, and the assumption that for all (x, a) ∈ X×A

it holds that
(
E
[
|f(X0,x,a, 0|2

]) 1
2 ≤ cfw(x) and

(
E
[
∥v(X0,x,a)∥2∞

) 1
2 ≤ cvw(x) prove for all

(x, a) ∈ X×A that∣∣(v(x))(a)∣∣
|w(x)|

=
1

w(x)

(∣∣E[f(X0,x,a, v(X0,x,a))
]∣∣2) 1

2 ≤ 1

w(x)

(
E
[∣∣f(X0,x,a, v(X0,x,a))

∣∣2]) 1
2

≤ 1

w(x)

[
L
(
E
[
sup
b∈A

|v(X0,x,a)(b)|2
]) 1

2 +
(
E
[
|f(X0,x,a, 0)|2

]) 1
2

]
≤ cvL+ cf . (2.72)

This and (2.71) ensure that a0 ≤ cvL + cf . Note that (2.67) implies that a1 ≤ M
1
2

(
cwLa0 +

|A|M− 1
2 cf
)
≤ cwLM

1
2 (cvL + cf ) + |A|cf . Moreover (2.70) ensures a2 ≤ |A|(cf + cvLM

1
2 ) +

cwL(M
1
2 + |A|)a1. Let (ξn)n∈N0 , (bn)n∈N0 ⊆ R satisfy for all n ∈ N0 that

b0 = ξ0 = max
{ cv
cw

, cvL+ cf ,
|A|cf

cw|A|L+ 1

}
, b1 = |A|cf − (cw|A|L+ 1)b0,

b2 = |A|LM
1
2 (cv − cwb0), bn+3 = 0, ξ1 = cwLM

1
2 b0 + |A|cf ,

ξn+2 = |A|(cf + cvLM
1
2 ) + cwL(M

1
2 + |A|)ξn+1 + cw|A|L(1 +M

1
2 )

n∑
l=1

ξl. (2.73)

Combining (2.67), (2.70), (2.73), and induction establishes for all n ∈ N0 that an ≤ ξn.
Observe that (2.73) ensures that for all n ∈ N0 it holds that

ξ0 = b0, ξ1 = b1 + (cwL(M
1
2 + |A|) + 1)ξ0,

ξn+2 = bn+2 + (cwL(M
1
2 + |A|) + 1)ξn+1 + cwLM

1
2 (|A| − 1)ξn. (2.74)

29



Let x1, x2 ∈ R satisfy

x1 =
cwL(M

1
2 + |A|) + 1−

√(
cwL(M

1
2 + |A|) + 1

)2
+ 4cwLM

1
2 (|A| − 1)

2
,

x2 =
cwL(M

1
2 + |A|) + 1 +

√(
cwL(M

1
2 + |A|) + 1

)2
+ 4cwLM

1
2 (|A| − 1)

2
. (2.75)

Note that for all i ∈ {1, 2} it holds that x2i =
(
cwL(M

1
2 + |A|) + 1

)
xi + cwLM

1
2 (|A| − 1).

Moreover note that the assumption that A is nonempty yields that cwL(M
1
2 + |A|) + 1 ≥ 1

and cwLM
1
2 (|A| − 1) ≥ 0. This ensures that x2 > 0 ≥ x1. This and (2.75) imply that

|x2| ≥ |x1|. Hence it holds that

|x2|
|x2 − x1|

≤ 1 and
|x1|

|x2 − x1|
≤ 1

2
. (2.76)

This, the fact that |x1| ≤ |x2|, and the triangle inequality prove that for all n ∈ N0 it holds
that

xn+1
2 − xn+1

1

x2 − x1
≤ |x2|n+1

x2 − x1
+

|x1|n+1

x2 − x1
≤ x2

x2 − x1
xn2 +

|x1|
x2 − x1

xn2 ≤ 3

2
xn2 . (2.77)

The discrete Gronwall-type two-step recursion in [55, Lemma 2.1] (applied with κ ↶ cwL(M
1
2+

|A|) + 1, λ ↶ cwLM
1
2 (|A| − 1), (ak)k∈N0 ↶ (ξk)k∈N0 , (bk)k∈N0 ↶ (bk)k∈N0 , x1/2 ↶ x1/2 in the

notation of [55, Lemma 2.1]) demonstrates that for all n ∈ N0 it holds that

ξn =
1

x2 − x1

(
b0(x

n+1
2 − xn+1

1 ) + b1(x
n
2 − xn1 ) + b2(x

max{n−1,0}
2 − x

max{n−1,0}
1 )

)
. (2.78)

Note that (2.73) ensures that b1 ≤ 0 and b2 ≤ 0. This, the fact that x2 > x1, and the fact
that for all n ∈ N0 it holds that an ≤ ξn proves that for all n ∈ N0 it holds that

an ≤ b0
xn+1
2 − xn+1

1

x2 − x1
. (2.79)

Combining this and (2.77) implies that for all n ∈ N0 it holds that

Fn ≤ 3

2
b0
(
M− 1

2x2
)n
. (2.80)

Furthermore, observe that

M− 1
2x2 = M− 1

2

(
cwL(M

1
2 + |A|) + 1 +

√(
cwL(M

1
2 + |A|) + 1

)2
+ 4cwLM

1
2 (|A| − 1)

2

)

=
cwL(1 + |A|M− 1

2 ) +M− 1
2 +

√(
cwL(1 + |A|M− 1

2 ) +M− 1
2

)2
+ 4cwLM

− 1
2 (|A| − 1)

2
.

(2.81)

This, (2.68), and (2.80) prove that for all x ∈ X, n ∈ N it holds that(E
[
∥v(x)− V θ

n (x)∥2∞
]

|w(x)|2

) 1
2

(2.82)

≤ c

(
cwL(1 + |A|M− 1

2 ) +M− 1
2 +

√(
cwL(1 + |A|M− 1

2 ) +M− 1
2

)2
+ 4cwLM

− 1
2 (|A| − 1)

2

)n

.

The proof of Proposition 2.2.8 is thus complete.
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Corollary 2.2.9. Assume Setting 2.2.1, assume A is finite, let cf , cv, cw, L ∈ [0,∞) with
cwL < 1, let M > (1 + cwL(2|A| − 1))2(1 − cwL)

−2, let w : X → (0,∞) be X/B((0,∞))-
measurable, let v : X → RA be X/Ã-measurable, assume for all (x, a) ∈ X× A, r, s ∈ RA that
|f(x, r)−f(x, s)| ≤ Lmaxb∈A |r(b)−s(b)|,

(
E
[
|f(X0,x,a, 0)|2

]) 1
2 ≤ cfw(x),

(
E
[
∥v(X0,x,a)∥2∞

]) 1
2 ≤

cvw(x),
(
E
[∣∣w(X0,x,a)

∣∣2]) 1
2 ≤ cww(x), and

(
v(x)

)
(a) = E

[
f
(
X0,x,a, v(X0,x,a)

)]
. Then it holds

that

lim sup
n→∞

[
sup
x∈X

(
E
[
∥v(x)− V 0

n (x)∥2∞
]

|w(x)|2

) 1
2
]
= 0. (2.83)

Proof of Corollary 2.2.9. Let c ∈ [0,∞) satisfy c = 3
2 max

{
cv
cw
, cvL + cf ,

|A|cf
cw|A|L+1

}
. Proposi-

tion 2.2.8 establishes that for all n ∈ N, x ∈ X it holds that(E
[
∥v(x)− V 0

n (x)∥2∞
]

|w(x)|2

) 1
2

(2.84)

≤ c

(
cwL(1 + |A|M− 1

2 ) +M− 1
2 +

√(
cwL(1 + |A|M− 1

2 ) +M− 1
2

)2
+ 4cwLM

− 1
2 (|A| − 1)

2

)n

.

Observe that the assumption that M > (1 + cwL(2|A| − 1))2(1 − cwL)
−2 implies M− 1

2 <
(1− cwL)(1 + cwL(2|A| − 1))−1. This proves that

cwL(|A| − 1)M− 1
2 <

cwL(|A| − 1)(1− cwL)

1 + cwL(2|A| − 1)

= 1−
(
cwL+ (1− cwL)−

cwL(|A| − 1)(1− cwL)

1 + cwL(2|A| − 1)

)
= 1−

(
cwL+

(
1 + cwL(2|A| − 1)− cwL(|A| − 1)

) 1− cwL

1 + cwL(2|A| − 1)

)
= 1−

(
cwL+

(
1 + cw|A|L

) 1− cwL

1 + cwL(2|A| − 1)

)
< 1−

(
cwL+ (1 + cw|A|L)M− 1

2
)
= 1−

(
cwL(1 + |A|M− 1

2 ) +M− 1
2
)
.

(2.85)

The assumption that A is nonempty ensures that |A| ≤ 2|A| − 1. This and the assumption
that M > (1 + cwL(2|A| − 1))2(1 − cwL)

−2 yield M > (1 + cwL|A|)2(1 − cwL)
−2. Therefore

it holds that cwL(1 + |A|M− 1
2 ) +M− 1

2 = cwL+ (1 + cw|A|L)M− 1
2 < 1 < 2. This and (2.85)

establish that

cwL(1+|A|M− 1
2 )+M− 1

2+

√(
cwL(1+|A|M− 1

2 )+M− 1
2

)2
+4cwLM− 1

2 (|A|−1)

2

<
cwL(1+|A|M− 1

2 )+M− 1
2+

√(
cwL(1+|A|M− 1

2 )+M− 1
2

)2
+4−4

(
cwL(1+|A|M− 1

2 )+M− 1
2

)
2

=
cwL(1+|A|M− 1

2 )+M− 1
2+

√(
2−cwL(1+|A|M− 1

2 )+M− 1
2

)2
2 = 1. (2.86)

Combining (2.84) and (2.86) implies that

lim sup
n→∞

[
sup
x∈X

(E
[
∥v(x)− V 0

n (x)∥2∞
]

|w(x)|2

) 1
2
]
= 0. (2.87)

The proof of Corollary 2.2.9 is thus complete.
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2.3. Computational Complexity Analysis for MLFP
Approximations

In this section we combine the error analysis for the proposed MLFP approximations in Propo-
sition 2.2.8 in Subsection 2.2.5 with a computational cost analysis for the proposed MLFP
approximation schemes to obtain in Theorem 2.3.1 in Subsection 2.3.1 below as the main
result of this chapter a complexity analysis for the proposed MLFP approximation schemes.
Corollary 2.3.2 in Subsection 2.3.2 below specializes Theorem 2.3.1 to the specific situation
of a functional fixed-point equation taking the form of a Bellman equation associated to opti-
mal stochastic control problems. Corollary 2.3.3 in Subsection 2.3.3 below specializes Corol-
lary 2.3.2 to the specific situation of a functional fixed-point equation taking the form of a
Bellman equation associated to optimal stopping problems. Theorem 2.0.1 in the introduction,
in turn, is an immediate consequence of Corollary 2.3.2 in Subsection 2.3.2.

2.3.1. MLFP Approximations for Functional Fixed-Point Equations

Theorem 2.3.1. Let M ∈ N, let Θ =
⋃

n∈N Zn, let A be a finite nonempty set, let κ ∈ [0,∞),
let D be a nonempty set, let λd, Ld,Rd ∈ [0,∞), d ∈ D, let (Ω,F ,P) be a probability space,
let (Xd,Xd), d ∈ D, be nonempty measurable spaces, let ∥·∥∞ : RA → [0,∞) satisfy for all
r ∈ RA that ∥r∥∞ = maxa∈A |r(a)|, for every d ∈ D let wd : Xd → (0,∞) be Xd/B((0,∞))-
measurable, for every d ∈ D let fd : Xd × RA → R be (Xd ⊗ (

⊗
a∈A B(R)))/B(R)-measurable,

for every d ∈ D let Fθ
d ⊆ F , θ ∈ Θ, be independent sub-sigma-algebras of F , for every

d ∈ D let Xθ
d : Xd × Ω → XA

d , θ ∈ Θ, be i.i.d. random fields which satisfy for all d ∈ D,
θ ∈ Θ that Xθ

d is (Xd ⊗ Fθ
d)/(

⊗
a∈AXd)-measurable, assume for all d ∈ D, (x, a) ∈ Xd × A,

r, s ∈ RA that |fd(x, r)− fd(x, s)| ≤ Ldmaxb∈A |r(b)− s(b)|,
(
E
[
|fd(X0,x,a

d , 0)|2
]) 1

2 ≤ κwd(x),(
E
[
|wd(X

0,x,a
d )|2

]) 1
2 ≤ λdwd(x), and supu∈D λuLu < 1, assume

M >
(1 + (supd∈D λdLd)(2|A| − 1))2

(1− (supd∈D λdLd))2
, (2.88)

for every d ∈ D let V θ
n,d : Xd×Ω → RA, n ∈ N0, θ ∈ Θ, satisfy for all n ∈ N0, (x, a) ∈ Xd×A,

θ ∈ Θ that

(
V θ
n,d(x)

)
(a) =

n−1∑
l=0

1

Mn−l

Mn−l∑
i=1

fd
(
X

(θ,l,i),x,a
d , V

(θ,l,i)
l,d (X

(θ,l,i),x,a
d )

)
− 1N(l)fd

(
X

(θ,l,i),x,a
d , V

(θ,−l,i)
max{l−1,0},d(X

(θ,l,i),x,a
d )

)
,

(2.89)

and let Cn,d ∈ [0,∞), n ∈ N0, d ∈ D, satisfy for all n ∈ N0, d ∈ D that

Cn,d ≤
n−1∑
l=0

Mn−l
(
Rd + |A|Cl,d + 1N(l)|A|Cmax{l−1,0},d

)
. (2.90)

Then the following holds:

(i) For every d ∈ D there exists a unique function vd : Xd → RA which is Xd/(
⊗

a∈A B(R))-
measurable and satisfies for all (x, a) ∈ Xd × A that supy∈Xd

∥vd(y)∥∞
wd(y)

< ∞,

E
[
|fd(X0,x,a

d , vd(X
0,x,a
d ))|

]
< ∞, and(
vd(x)

)
(a) = E

[
fd(X

0,x,a
d , vd(X

0,x,a
d ))

]
. (2.91)
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(ii) There exist 𝓃 : (0, 1] → N and c ∈ R such that for all d ∈ D, ε ∈ (0, 1] it holds that
C𝓃(ε),d ≤ cRdε

−c and

sup
x∈Xd

(E
[
∥vd(x)− V 0

𝓃(ε),d(x)∥
2
∞
]

|wd(x)|2

) 1
2

≤ ε. (2.92)

Proof of Theorem 2.3.1. Throughout this proof let α, β, γ ∈ R ∪ {∞} satisfy

α =
1

2
sup
d∈D

[
λdLd(1 + |A|M− 1

2 ) +M− 1
2 +

√(
λdLd(1 + |A|M− 1

2 ) +M− 1
2

)2
+ 4M− 1

2λdLd(|A| − 1)
]
,

β =
ln(3|A|M)

ln(α−1)
, and γ =

3

2
sup
d∈D

(
max

{ κ

1− λdLd
,

|A|κ
λd|A|Ld + 1

})
, (2.93)

for every d ∈ D let Bn,d ∈ [0,∞), n ∈ N0, satisfy for all n ∈ N0 that Bn,d = |A|−nCn,d, and
let 𝓃 : (0, 1] → N ∪ {∞} satisfy for all ε ∈ (0, 1] that 𝓃(ε) = min({n ∈ N : γαn ≤ ε} ∪ {∞}).
The assumption that supd∈D λdLd < 1 ensures that γ ∈ [0,∞). The triangle inequality yields

α =
1

2
sup
d∈D

[
λdLd(1 + |A|M− 1

2 ) +M− 1
2

+

√(
λdLd(1 + |A|M− 1

2 ) +M− 1
2

)2
+ 4M− 1

2λdLd(|A| − 1)
]
,

≤ 1

2

[
(sup
d∈D

λdLd)(1 + |A|M− 1
2 ) +M− 1

2

+

√(
(sup
d∈D

λdLd)(1 + |A|M− 1
2 ) +M− 1

2

)2
+ 4M− 1

2 (sup
d∈D

λdLd)(|A| − 1)

]
. (2.94)

The assumption that M− 1
2 <

1−(supd∈D λdLd)
1+(supd∈D λdLd)(2|A|−1) ensures that

1−
(
(sup
d∈D

λdLd)(1 + |A|M− 1
2 ) +M− 1

2
)
= 1− (sup

d∈D
λdLd)− (1 + |A|(sup

d∈D
λdLd))M

− 1
2

> (1− (sup
d∈D

λdLd))− (1 + |A|(sup
d∈D

λdLd))
1− (supd∈D λdLd)

1 + (supd∈D λdLd)(2|A| − 1)

=
(
1 + (sup

d∈D
λdLd)(2|A| − 1)−

(
|A|(sup

d∈D
λdLd) + 1

)) 1− (supd∈D λdLd)

1 + (supd∈D λdLd)(2|A| − 1)

=
(
(sup
d∈D

λdLd)(|A| − 1)
) 1− (supd∈D λdLd)

1 + (supd∈D λdLd)(2|A| − 1)

> (sup
d∈D

λdLd)(|A| − 1)M− 1
2 . (2.95)

The assumption that A is nonempty implies that |A| ≤ 2|A| − 1. Hence in holds that M >
(1+(supd∈D λdLd)(2|A|−1))2

(1−(supd∈D λdLd))2
≥ (1+|A|(supt∈T λdLd)

2

(1−(supd∈D λdLd))2
. This establishes that

(sup
d∈D

λdLd) + (|A|(sup
d∈D

λdLd) + 1)M− 1
2 < 1. (2.96)
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Combining this, (2.94), and (2.95) demonstrates that

α ≤ 1

2

[
(sup
d∈D

λdLd)(1 + |A|M− 1
2 ) +M− 1

2

+

√(
(sup
d∈D

λdLd)(1 + |A|M− 1
2 ) +M− 1

2

)2
+ 4M− 1

2 (sup
d∈D

λdLd)(|A| − 1)

]
<

1

2

[
(sup
d∈D

λdLd)(1 + |A|M− 1
2 ) +M− 1

2

+

√(
(sup
d∈D

λdLd)(1 + |A|M− 1
2 ) +M− 1

2

)2
+ 4
(
1− (sup

d∈D

(
λdLd)(1 + |A|M− 1

2 ) +M− 1
2

))]
=

1

2

[
(sup
d∈D

λdLd)(1 + |A|M− 1
2 ) +M− 1

2 +

√(
2−

(
(sup
d∈D

λdLd)(1 + |A|M− 1
2 ) +M− 1

2

))2]
= 1. (2.97)

This and (2.93) ensure that α ∈ [M− 1
2 , 1). The assumption that M >

(1+(supd∈D λdLd)(2|A|−1))2

(1−(supd∈D λdLd))2

implies that M > 1. Hence it holds that [M− 1
2 , 1) ̸= ∅. The fact that α ∈ (0, 1) demonstrates

that for all ε ∈ (0, 1] it holds that 𝓃(ε) ∈ N. The fact that α ∈ [M− 1
2 , 1) and the fact

that M > 1 ensure that β ∈ (2,∞). Corollary 2.1.3 yields that for all d ∈ D there exists
a unique function vd : Xd → RA which is Xd/(

⊗
a∈A B(R))-measurable and satisfies for all

d ∈ D, (x, a) ∈ Xd × A that supy∈Xd

∥vd(y)∥∞
wd(y)

< ∞, E
[
|fd(X0,x,a

d vd(X
0,x,a
d ))|

]
< ∞, and

vd(x, a) = E
[
fd(X

0,x,a
d , vd(X

0,x,a
d ))

]
. This proves item (i). Lemma 2.1.4 implies for all d ∈ D,

(x, a) ∈ Xd × A that
(
E
[
∥vd(X0,x,a

d )∥2∞
]) 1

2 ≤ κλd
1−λdLd

wd(x). Proposition 2.2.8 establishes for
all n ∈ N, d ∈ D, x ∈ Xd that(E

[
∥vd(x)− V 0

n,d(x)∥2∞
]

|wd(x)|2

) 1
2

(2.98)

≤ γ

(
λdLd(1+|A|M− 1

2 )+M− 1
2+

√
(λdLd(1+|A|M− 1

2 )+M− 1
2 )2+4λdLdM

− 1
2 (|A|−1)

2

)n

.

This demonstrates for all n ∈ N, d ∈ D that

sup
x∈Xd

(E
[
∥vd(x)− V 0

n,d(x)∥2∞
]

|wd(x)|2

) 1
2

≤ γαn. (2.99)

Next, note that the fact that for all n ∈ N0, d ∈ D it holds that Bn,d = |A|−nCn,d and the
assumption that for all n ∈ N0, d ∈ D it holds that

Cn,d ≤
n−1∑
l=0

Mn−l
(
Rd + |A|Cl,d + 1N(l)|A|Cmax{l−1,0},d

)
(2.100)

imply for all n ∈ N0, d ∈ D that

Bn,d ≤ |A|−n
n−1∑
l=0

Mn−l
(
Rd + |A|Cl,d + 1N(l)|A|Cmax{l−1,0},d

)
=

n−1∑
l=0

Mn−l
(
|A|−nRd + |A|1−n+lBl,d + 1N(l)|A|1−n+max{l−1,0}Bmax{l−1,0},d

)
.

(2.101)

Moreover, observe that the assumption that A is nonempty implies that for all n ∈ N, l ∈
N0 ∩ [0, n− 1] it holds that max

{
|A|−n, |A|1−n+l, |A|1−n+max{l−1,0}} ≤ 1. Combining this, the
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fact that for all d ∈ D it holds that B0,d = |A|0C0,d = 0, and (2.101) assures for all n ∈ N0,
d ∈ D that

Bn,d ≤
n−1∑
l=0

Mn−l
(
Rd +Bl,d + 1N(l)Bmax{l−1,0},d

)
. (2.102)

This and [6, Lemma 3.14] (applied for every d ∈ D with α ↶ Rd +B0,d, β ↶ Rd, M ↶ M ,
(Cn)n∈N0 ↶ (Bn,d)n∈N0 in the notation of [6, Lemma 3.14]) prove that for all n ∈ N, d ∈ D it
holds that

|A|−nCn,d = Bn,d ≤
(
Rd +B0,d +Rd +B0,d

2

)
(3M)n = Rd(3M)n. (2.103)

Hence, it holds for all n ∈ N, d ∈ D that Cn,d = |A|nBn,d ≤ Rd(3|A|M)n. This, (2.99),
and [6, Lemma 3.15] (applied for every d ∈ D with m ↶ 1, α ↶ α, β ↶ 3|A|M , κ1 ↶ γ,
κ2 ↶ Rd,

(cn)n∈N ↶ (Cn,d)n∈N, (en)n∈N ↶

(
sup
x∈Xd

(E
[
∥vd(x)− V 0

n,d(x)∥2∞
]

|wd(x)|2

)1
2

)
n∈N

, (2.104)

N ↶ 𝓃 in the notation of [6, Lemma 3.15]) implies for all d ∈ D, ε ∈ (0, 1] that

sup
x∈Xd

(E
[
∥vd(x)− V 0

𝓃(ε),d(x)∥
2
∞
]

|wd(x)|2

) 1
2

≤ ε and C𝓃(ε),d ≤ 3|A|MRdmax{1, γ}βε−β.

(2.105)

Let c ∈ R satisfy
c = max{β, 3|A|M max{1, γ}β}. (2.106)

Note that (2.105) and (2.106) ensure for all d ∈ D, ε ∈ (0, 1] that C𝓃(ε),d ≤ cRdε
−c. This

establishes item (ii). The proof of Theorem 2.3.1 is thus complete.

2.3.2. MLFP Approximations for Bellman Equations of Optimal Control
Problems

Corollary 2.3.2. Let M ∈ N, κ ∈ [0,∞), Θ =
⋃

n∈N Zn, let A be a finite nonempty set, let
D be a nonempty set, let (Ω,F ,P) be a probability space, let λd, δd,Rd ∈ [0,∞), d ∈ D, let
(Xd,Xd), d ∈ D, be nonempty measurable spaces, for every d ∈ D let wd : Xd → (0,∞) be
Xd/B((0,∞))-measurable, for every d ∈ D let gd : Xd×A → R be (Xd⊗2A)/B(R)-measurable,
for every d ∈ D let Fθ

d ⊆ F , θ ∈ Θ, be independent sub-sigma-algebras of F , for every
d ∈ D let Xθ

d =
(
Xθ,x,a

d (ω)
)
x∈Xd, a∈A, ω∈Ω : Xd × A × Ω → Xd, θ ∈ Θ, be i.i.d. random fields

which satisfy for all d ∈ D, θ ∈ Θ that Xθ
d is (Xd ⊗ 2A ⊗ Fθ

d)/Xd-measurable, assume M >
(1+(supd∈D λdδd)(2|A|−1))2

(1−(supd∈D λdδd))2
, assume for all d ∈ D, (x, a) ∈ Xd×A that maxb∈A |gd(x, b)| ≤ κwd(x),(

E
[ ∣∣∣wd(X

0,x,a
d )

∣∣∣2 ]) 1
2 ≤ λdwd(x), supu∈D λuδu < 1, for every d ∈ D let Qθ

n,d : Xd×A×Ω → R,
θ ∈ Θ, n ∈ N0, satisfy for all n ∈ N0, (x, a) ∈ Xd ×A, θ ∈ Θ that

Qθ
n,d(x, a) = gd(x, a) +

n−1∑
l=0

δd
Mn−l

Mn−l∑
i=1

max
b∈A

{
Q(θ,l,i)

l,d (X
(θ,l,i),x,a
d , b)

}
(2.107)

− 1N(l)max
b∈A

{
Q(θ,−l,i)

max{l−1,0},d(X
(θ,l,i),x,a
d , b)

}
,

and let Cn,d ∈ [0,∞), n ∈ N0, d ∈ D, satisfy for all n ∈ N0, d ∈ D that

Cn,d ≤
n−1∑
l=0

Mn−l
(
Rd + |A|Cl,d + 1N(l)|A|Cmax{l−1,0},d

)
. (2.108)

Then the following holds:
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(i) For every d ∈ D there exists a unique function Qd : Xd×A → R which is (Xd⊗2A)/B(R)-

measurable and satisfies for all (x, a) ∈ Xd ×A that supy∈Xd

max
b∈A

|Qd(y,b)|

wd(y)
< ∞,

E
[∣∣maxb∈AQd(X

0,x,a
d , b)

∣∣] < ∞, and

Qd(x, a) = gd(x, a) + δdE
[
max
b∈A

Qd(X
0,x,a
d , b)

]
. (2.109)

(ii) There exist 𝓃 : (0, 1] → N and c ∈ R such that for all d ∈ D, ε ∈ (0, 1] it holds that
C𝓃(ε),d ≤ cRdε

−c and

sup
x∈Xd

(E
[
maxa∈A |Qd(x, a)−Q0

𝓃(ε),d(x, a)|
2
]

|wd(x)|2

) 1
2

≤ ε. (2.110)

Proof of Corollary 2.3.2. Note that for every d ∈ D it holds that the function Xd × RA ∋
(x, r) 7→ δdmaxa∈A {gd(x, a) + r(a)} ∈ R is (Xd⊗ (

⊗
a∈A B(R)))/B(R)-measurable. Moreover,

for all d ∈ D, x ∈ Xd, r, s ∈ RA it holds that∣∣δdmax
a∈A

{gd(x, a) + r(a)} − δdmax
a∈A

{gd(x, a) + s(a)}
∣∣ ≤ δdmax

a∈A
|r(a)− s(a)| . (2.111)

The assumption that for all d ∈ D, (x, a) ∈ Xd × A it holds that maxb∈A |gd(x, b)| ≤ κwd(x),(
E
[∣∣wd(X

0,x,a
d )

∣∣2]) 1
2 ≤ λdwd(x), and supu∈D λuδu < 1 yields for all d ∈ D, (x, a) ∈ Xd × A

that(
E

[∣∣∣∣δdmax
b∈A

{
gd(X

0,x,a
d , b)

}∣∣∣∣2
]) 1

2

≤ δdκ

(
E
[∣∣∣wd(X

0,x,a
d )

∣∣∣2]) 1
2

≤ δdκλdwd(x) ≤ κwd(x).

(2.112)

For every d ∈ D let Rθ
n,d : Xd×A×Ω → R, θ ∈ Θ, n ∈ N0, satisfy for all n ∈ N0, (x, a) ∈ Xd×A,

θ ∈ Θ that

Rθ
n,d(x, a) =

n−1∑
l=0

δd
Mn−l

Mn−l∑
i=1

max
b∈A

{
gd(X

(θ,l,i),x,a
d , b) +R

(θ,l,i)
l,d

(
X

(θ,l,i),x,a
d , b

)}
− 1N(l)max

b∈A

{
gd(X

(θ,l,i),x,a
d , b) +R

(θ,−l,i)
max{l−1,0},d

(
X

(θ,l,i),x,a
d , b

)}
.

(2.113)

This and Theorem 2.3.1 (applied with M ↶ M , Θ ↶ Θ, A ↶ A, κ ↶ κ, (Ω,F ,P) ↶ (Ω,F ,P),
D ↶ D, (λd)d∈D ↶ (λd)d∈D, (Ld)d∈D ↶ (δd)d∈D, (Rd)d∈D ↶ (Rd)d∈D, (Xd,Xd)d∈D ↶
(Xd,Xd)d∈D, (wd)d∈D ↶ (wd)d∈D, (fd)d∈D ↶ (Xd×RA ∋ (x, r) 7→ δdmaxa∈A {gd(x, a) + r(a)} ∈
R)d∈D, (Fθ

d)d∈D, θ∈Θ ↶ (Fθ
d)d∈D, θ∈Θ, (Xθ

d)d∈D, θ∈Θ ↶ (Xθ
d)d∈D, θ∈Θ, (Cn,d)n∈N0, d∈D ↶ (Cn,d)n∈N0, d∈D,

(V θ
n,d)n∈N0, d∈D, θ∈Θ ↶ (Rθ

n,d)n∈N0, d∈D, θ∈Θ in the notation of Theorem 2.3.1) imply that

(I) for every d ∈ D there exists a unique function Rd : Xd×A → R which is (Xd⊗2A)/B(R)-
measurable and satisfies for all (x, a) ∈ Xd×A that supy∈Xd

maxb∈A |Rd(y,b)|
wd(y)

< ∞,

E
[ ∣∣∣maxb∈A

{
gd(X

0,x,a
d , b) +Rd

(
X0,x,a

d , b
)}∣∣∣ ] < ∞,

Rd(x, a) = δdE
[
max
b∈A

{
gd(X

0,x,a
d , b) +Rd

(
X0,x,a

d , b
)} ]

, (2.114)

and
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(II) there exist 𝓃 : (0, 1] → N and c ∈ R such that for all d ∈ D, ε ∈ (0, 1] it holds that
C𝓃(ε),d ≤ cRdε

−c and

sup
x∈Xd

(E
[
maxa∈A |Rd(x, a)−R0

𝓃(ε),d(x, a)|
2
]

|wd(x)|2

) 1
2

≤ ε. (2.115)

For every d ∈ D let Qd : Xd ×A → R satisfy for all (x, a) ∈ Xd ×A that Qd(x, a) = gd(x, a) +
Rd(x, a). This and item (I) ensure for all d ∈ D, (x, a) ∈ Xd ×A that

Qd(x, a) = gd(x, a) +Rd(x, a) = gd(x, a) + δdE
[
max
b∈A

{
gd(X

0,x,a
d , b) +Rd(X

0,x,a
d , b)

}]
= gd(x, a) + δdE

[
max
b∈A

{
Qd(X

0,x,a
d , b)

}]
. (2.116)

Moreover, note that the assumption that for all d ∈ D, x ∈ Xd it holds that
maxa∈A |gd(x, a)| ≤ κwd(x) and item (I) demonstrate that for all d ∈ D, (x, a) ∈ Xd × A it
holds that supy∈Xd

maxb∈A|Qd(y,b)|
wd(y)

< ∞ and E
[∣∣∣maxb∈A

{
Qd(X

0,x,a
d , b)

}∣∣∣] < ∞. Furthermore,

for every d ∈ D let Sd : Xd ×A → R be (Xd ⊗ 2A)/B(R)-measurable and satisfy for all d ∈ D,
(x, a) ∈ Xd × A that supy∈Xd

maxb∈A|Sd(y,b)|
wd(y)

< ∞, E
[∣∣∣maxb∈A

{
Sd(X

0,x,a
d , b)

}∣∣∣] < ∞, and

Sd(x, a) = gd(x, a) + δdE
[
maxb∈A

{
Sd(X

0,x,a
d , b)

}]
. It holds for all d ∈ D, (x, a) ∈ Xd × A

that

Sd(x, a)− gd(x, a) = δdE
[
max
b∈A

{
Sd(X

0,x,a
d , b)

}]
= δdE

[
max
b∈A

{
gd(X

0,x,a
d , b) + Sd(X

0,x,a
d , b)− gd(X

0,x,a
d , b)

}]
. (2.117)

Item (I) implies that for all d ∈ D it holds that Sd − gd = Rd. This establishes for all d ∈ D
that Sd = Qd. This proves item (i). Note that induction and (2.113) demonstrate that for
all d ∈ D, n ∈ N0, (x, a) ∈ Xd × A, θ ∈ Θ it holds that Qθ

n,d(x, a) = gd(x, a) + Rθ
n,d(x, a).

Combining this and item (II) implies for all d ∈ D, ε ∈ (0, 1] that

sup
x∈Xd

(
E
[
maxa∈A |Qd(x,a)−Q0

𝓃(ε),d
(x,a)|2

]
|wd(x)|2

) 1
2

= sup
x∈Xd

(
E
[
maxa∈A |Rd(x,a)−R0

𝓃(ε),d
(x,a)|2

]
|wd(x)|2

) 1
2

≤ ε.

(2.118)

This proves item (ii). The proof of Corollary 2.3.2 is thus complete.

2.3.3. MLFP Approximations for Bellman Equations of Optimal Stopping
Problems

Corollary 2.3.3. Let M ∈ N, let Θ =
⋃

n∈N Zn, let (Ω,F ,P) be a probability space, let
D be a nonempty set, let δd,Rd ∈ [0,∞), d ∈ D, let (Xd,Xd), d ∈ D, be nonempty Borel
spaces, for every d ∈ D let gd : Xd → R and Gd : Xd → R be Xd/B(R)-measurable, for every
d ∈ D let Fθ

d ⊆ F , θ ∈ Θ, be independent sub-sigma-algebras of F , for every d ∈ D let Xθ
d =

(Xθ,x
d (ω))x∈Xd, ω∈Ω : Xd×Ω → Xd, θ ∈ Θ, be i.i.d. random fields which satisfy for all d ∈ D, θ ∈

Θ that Xθ
d is (Xd ⊗ Fθ

d)/Xd-measurable, assume supd∈D δd < 1, assume M >
(1+3(supd∈D δd))

2

(1−(supd∈D δd))2
,

assume supd∈D
(
supx∈Xd

|gd(x)|+ |Gd(x)|
)
< ∞, for every d ∈ D let Qθ

n,d : Xd × Ω → R,
n ∈ N0, θ ∈ Θ, satisfy for all n ∈ N0, x ∈ Xd, θ ∈ Θ that

Qθ
n,d(x) = gd(x) +

n−1∑
l=0

δd
Mn−l

Mn−l∑
i=1

max
{
Gd

(
X

(θ,l,i),x
d

)
,Q(θ,l,i)

l,d

(
X

(θ,l,i),x
d

)}
(2.119)

− 1N(l)max
{
Gd

(
X

(θ,l,i),x
d

)
,Q(θ,−l,i)

max{l−1,0},d
(
X

(θ,l,i),x
d

)}
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and let Cn,d ∈ [0,∞), n ∈ N0, d ∈ D, satisfy for all n ∈ N0, d ∈ D that

Cn,d ≤
n−1∑
l=0

Mn−l
(
Rd + 2Cl,d + 1N(l)2Cmax{l−1,0},d

)
. (2.120)

Then the following holds:

(i) For every d ∈ D there exists a unique function Qd : Xd → R which is Xd/B(R)-measurable
and satisfies for all x ∈ Xd that supy∈Xd

|Qd(y)| < ∞, and

Qd(x) = gd(x) + δdE
[
max

{
Gd(X

0,x
d ), Qd(X

0,x
d )
}]

. (2.121)

(ii) There exist 𝓃 : (0, 1] → N and c ∈ R such that for all d ∈ D, ε ∈ (0, 1] it holds that
C𝓃(ε),d ≤ cRdε

−c and

sup
x∈Xd

(
E
[∣∣Qd(x)−Q0

𝓃(ε),d(x)
∣∣2]) 1

2 ≤ ε. (2.122)

Proof of Corollary 2.3.3. Let Yd, d ∈ D, be nonempty sets which satisfy that there exists Υ ∈⋂
d∈DYd, and that for all d ∈ D it holds that Yd\{Υ} = Xd, for every d ∈ D let Yd = σYd

(Xd),
for every d ∈ D, θ ∈ Θ let Y θ

d = (Y θ,y,a
d (ω))y∈Yd, a∈{0,1}, ω∈Ω : Yd × {0, 1} ×Ω → Yd satisfy for

all d ∈ D, θ ∈ Θ, (y, a) ∈ Yd × {0, 1}, ω ∈ Ω that

Y θ,y,a
d (ω) =

{
Υ : (y = Υ) ∨ (a = 0),

Xθ,y
d (ω) : (y ̸= Υ) ∧ (a = 1).

(2.123)

Note that for all d ∈ D it holds that Y θ
d , θ ∈ Θ, are i.i.d. random fields and that for every

d ∈ D, θ ∈ Θ it holds that Y θ
d is (Yd ⊗ 2{0,1} ⊗ Fθ

d)/Yd-measurable. For every d ∈ D let
hd : Yd × {0, 1} → R satisfy for all d ∈ D, (y, a) ∈ Yd × {0, 1} that

hd(y, a) =


0 : y = Υ,

gd(y) : y ̸= Υ, a = 1,

Gd(y) : y ̸= Υ, a = 0.

(2.124)

Note that for all d ∈ D it holds that hd is (Yd ⊗ 2{0,1})/B(R)-measurable. Moreover, for all
d ∈ D, (y, a) ∈ Xd × {0, 1} it holds that

|hd(y, a)| ≤ max{|gd(y)|, |Gd(y)|} ≤ sup
u∈D

(
sup
x∈Xd

|gu(x)|+ |Gu(x)|

)
. (2.125)

For every d ∈ D let qθn,d : Yd × {0, 1} × Ω → Yd, θ ∈ Θ, n ∈ N0, satisfy for all n ∈ N0, θ ∈ Θ,
(y, a) ∈ Yd × {0, 1} that

qθn,d(y, a) = hd(y, a) +
n−1∑
l=0

δd
Mn−l

Mn−l∑
i=1

max
b∈{0,1}

{
q
(θ,l,i)
l,d (Y

(θ,l,i),y,a
d , b)

}
(2.126)

− 1N(l) max
b∈{0,1}

{
q
(θ,−l,i)
max{l−1,0},d(Y

(θ,l,i),y,a
d , b)

}
.

Corollary 2.3.2 (applied with A ↶ {0, 1}, κ ↶ supd∈D(supx∈Xd
|gd(x)| + |Gd(x)|), gd ↶ hd,

(Xd,Xd) ↶ (Yd,Yd), Qθ
n,d ↶ qθn,d for d ∈ D in the notation of Corollary 2.3.2) establishes the

following:

38



(I) For every d ∈ D there exists a unique function qd : Yd × {0, 1} → R which is (Yd ⊗
2{0,1})/B(R)-measurable and satisfies for all (y, a) ∈ Yd×{0, 1} that sup(z,b)∈Yd×{0,1} |qd(z, b)|
< ∞ and

qd(y, a) = hd(y, a) + δdE
[

max
b∈{0,1}

qd(Y
0,y,a
d , b)

]
. (2.127)

(II) There exist 𝓃 : (0, 1] → N and c ∈ R such that for all d ∈ D, ε ∈ (0, 1] it holds that
C𝓃(ε),d ≤ cRdε

c and

sup
y∈Yd

(
E
[

max
a∈{0,1}

|qd(y, a)− q0𝓃(ε),d(y, a)|
2
]) 1

2

≤ ε. (2.128)

Note that for all d ∈ D, (y, a) ∈ Yd\{Υ}×{0, 1} it holds that qd(Υ, a) = 0 and qd(y, 0) = Gd(y).
Moreover, for all d ∈ D, y ∈ Yd\{Υ} it holds that

qd(y, 1) = hd(y, 1) + δdE
[
max

{
qd(Y

0,y,1
d , 0), qd(Y

0,y,1
d , 1)

}]
= gd(y) + δdE

[
max

{
Gd(X

0,y
d ), qd(X

0,y
d , 1)

}]
. (2.129)

This and item (I) demonstrate for all d ∈ D that there exists a unique function Qd : Xd → R
which is Xd/B(R)-measurable and satisfies for all x ∈ Xd that supy∈Xd

|Qd(y)| < ∞ and

Qd(x) = gd(x) + δdE
[
max

{
Gd(X

0,x
d ), Qd(X

0,x
d )
}]

. (2.130)

This proves item (i). Furthermore, note that for all d ∈ D, θ ∈ Θ, (y, a) ∈ Yd\{Υ} × {0, 1}
it holds P-a.s. that qθ0,d(Υ, a) = 0, qθ0,d(y, 0) = Gd(y), and qθ0,d(y, 1) = gd(y). This and
induction yield that for all d ∈ D, θ ∈ Θ, n ∈ N0, (y, a) ∈ Yd\{Υ} × {0, 1} it holds P-a.s.
that qθn,d(Υ, a) = 0 and qθn,d(y, 0) = Gd(y). Combining this, (2.123), (2.124), and (2.126)
demonstrates that for all d ∈ D, θ ∈ Θ, n ∈ N0, y ∈ Yd\{Υ} = Xd it holds P-a.s. that

qθn,d(y, 1) = hd(y, 1) +
n−1∑
l=0

δd
Mn−l

Mn−l∑
i=1

max
b∈{0,1}

{
q
(θ,l,i)
l,d (Y

(θ,l,i),y,1
d , b)

}
− 1N(l) max

b∈{0,1}

{
q
(θ,−l,i)
max{l−1,0},d(Y

(θ,l,i),y,1
d , b)

}
= gd(y) +

n−1∑
l=0

δd
Mn−l

Mn−l∑
i=1

max
{
Gd(X

(θ,l,i),y
d ), q

(θ,l,i)
l,d (X

(θ,l,i),y
d , 1)

}
(2.131)

− 1N(l)max
{
Gd(X

(θ,l,i),y
d ), q

(θ,−l,i)
max{l−1,0},d(X

(θ,l,i),y
d , 1)

}
.

This and (2.119) yield that for all d ∈ D, θ ∈ Θ, n ∈ N0, y ∈ Yd\{Υ} = Xd it holds P-a.s. that

qθn,d(y, 1) = Qθ
n,d(y). (2.132)

Combining this and (2.128) implies that for all d ∈ D, ε ∈ (0, 1] it holds that

sup
x∈Xd

(
E
[∣∣Qd(x)−Q0

𝓃(ε),d(x)
∣∣2]) 1

2 ≤ sup
y∈Yd

(
E
[

max
a∈{0,1}

∣∣qd(y, a)− q0𝓃(ε),d(y, a)
∣∣2]) 1

2

≤ ε.

(2.133)

This establishes item (ii). The proof of Corollary 2.3.3 is thus complete.
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The results of this chapter establish Monte Carlo approximations in the form of the MLFP
approximation scheme for the considered functional fixed-point equations and, as a specializa-
tion, provide approximations for the Q-functions of the considered classes of MDPs. In par-
ticular, under suitable assumptions on high-dimensional instances of the MDPs, the MLFP
approximation method achieves a prescribed approximation accuracy with a computational
cost that grows at most polynomially in the reciprocal of the approximation accuracy and in
the dimension of the underlying state space.

Following the general approximation strategy outlined in Section 1.3, the next step concerns
the transfer of these algorithmic results to approximations by means of ANNs. This requires
additional tools. First, the components of the MLFP scheme have to be represented by
ANNs. Second, since the problem inputs of the associated stochastic control problem, i.e.,
the nonlinearity and the one-step transitions, may only be approximated by ANNs, the effect
of these perturbations on the solutions of the corresponding fixed-point equations has to be
controlled. The following chapter introduces the ANN framework and calculus employed
for this purpose. Afterwards, Chapter 4 combines stability results for functional fixed-point
equations with an ANN representation of the MLFP approximation method to establish ANN
approximation results.
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Chapter 3.

Artificial Neural Network (ANN) Calculus

In this chapter, we collect the notation, definitions, and auxiliary results on ANNs that are
used throughout the remainder of this thesis. In particular, we introduce the ANN framework
considered in this thesis and present constructions for the composition, extension, paralleliza-
tion, and linear combination of ANNs. Throughout this thesis, we consider fully connected
feedforward ANNs and follow the framework and notation used, e.g., in Jentzen et al. [57] (see
also, e.g., Grohs et al. [41, Section 2], Grohs et al. [42, Section 3], Ackermann et al. [1, Sec-
tion 2], and the references therein).

The precise formulations of the definitions and statements presented in this chapter are
largely based on Grohs et al. [41, Section 2], Grohs et al. [42, Section 3], and Ackermann et
al. [1, Section 2]. Several definitions and auxiliary results are stated in an adapted form to cover
variants required in the subsequent chapters. Whenever a statement is extended beyond the
cited formulation, a proof of the extension is included. For transparency, we specify below the
correspondence between the definitions and results in this chapter and their respective sources.
Definition 3.1.1 is a slightly extended version of [41, Definition 2.1]. Definitions 3.1.4 and 3.1.5
correspond to [41, Definition 2.2] and [41, Definition 2.3], respectively. Definition 3.2.1 is [41,
Definition 2.5], Lemma 3.2.2 is a version of [41, Proposition 2.6], and Lemma 3.2.3 corresponds
to [41, Lemma 2.8]. Definitions 3.2.5 and 3.2.6 are [41, Definition 2.9] and [41, Definition 2.11],
respectively. Lemma 3.2.7 is a slightly extended version of [41, Lemma 2.13], for which a proof
of the extension is provided. Lemma 3.2.8 is [41, Lemma 2.14], Definition 3.3.1 is a slightly
modified version of [41, Definition 2.17], and Lemma 3.3.2 combines [41, Lemma 2.18, Proposi-
tion 2.19, and Proposition 2.20]. Definition 3.3.3 is [41, Definition 2.22] and Corollary 3.3.4 is
a slightly extended version of [41, Corollary 2.23], where a proof of the extension is provided.
Definition 3.4.1 is based on [1, Definitions 2.13 and 2.15], while Definitions 3.4.2 to 3.4.4
correspond to [1, Definitions 2.16 to 2.18], respectively. Lemma 3.4.5 is [42, Lemma 3.14].
Lemmas 3.4.6 and 3.4.7 are slightly modified versions of [1, Lemma 2.19] and [1, Lemma 2.20],
respectively, where proofs of the modified statements are included.

The framework presented in this chapter will be used both for the ANN approximation of
functional fixed-point equations of the form (1.3) in Chapter 4 of this part and for the ANN
approximation of expectations of the form (1.5) in Chapter 6 in Part II.

3.1. Structured Descriptions of ANNs

Definition 3.1.1 (ANNs). We denote by N the set given by

N =
⋃

L∈N
⋃

l0,l1,...,lL∈N
(×L

k=1(R
lk×lk−1 × Rlk)

)
(3.1)

and we denote by P : N → N, L : N → N, I : N → N, O : N → N, H : N → N0 = N ∪ {0},
D : N → ∪∞

l=2Nl, and Dn : N → N0, n ∈ N0, the functions which satisfy for all L ∈ N,
l0, l1, . . . , lL ∈ N, Φ ∈

(×L
k=1(R

lk×lk−1 × Rlk)
)
, n ∈ N0 that P(Φ) =

∑L
k=1 lk(lk−1 + 1),

L(Φ) = L, I(Φ) = l0, O(Φ) = lL, H(Φ) = L− 1, D(Φ) = (l0, l1, . . . , lL), and

Dn(Φ) =

{
ln : n ≤ L

0 : n > L.
(3.2)
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Definition 3.1.2 (ANN). We say that Φ is an ANN if and only if it holds that Φ ∈ N.

Lemma 3.1.3. For every d ∈ N, x ∈ (x1, . . . , xd) ∈ Rd let x ∈ R satisfy x = maxi∈{1,...,d}|xi|.
Then it holds for all Φ ∈ N that max{L(Φ), D(Φ) } ≤ P(Φ) and P(Φ) ≤ 2L(Φ) D(Φ) 2.

Proof of Lemma 3.1.3. First, note that [1, Lemma 2.4] demonstrates for all Φ ∈ N that
L(Φ) + D(Φ) ≤ P(Φ). Hence, it holds for all Φ ∈ N that max{L(Φ), D(Φ) } ≤ P(Φ).
Moreover, observe that for all L ∈ N, l0, l1, . . . , lL ∈ N, Φ ∈ (×L

k=1(R
lk×lk−1 × Rlk)) it holds

that

P(Φ) =

L∑
k=1

lk(lk−1 + 1) ≤
L∑

k=1

D(Φ) ( D(Φ) + 1) ≤ 2L D(Φ) 2 = 2L(Φ) D(Φ) 2. (3.3)

The proof of Lemma 3.1.3 is thus complete.

Definition 3.1.4 (Multidimensional version). Let d ∈ N, ϕ ∈ C(R,R). Then we denote by
Mϕ,d : Rd → Rd the function which satisfies for all x = (x1, x2, . . . , xd) ∈ Rd that

Mϕ,d(x) =
(
ϕ(x1), ϕ(x2), . . . , ϕ(xd)

)
. (3.4)

Definition 3.1.5 (Realization associated to an ANN). Let ϕ ∈ C(R,R). Then we denote
by Rϕ : N → ∪k,l∈NC(Rk,Rl) the function which satisfies for all L ∈ N, l0, l1, . . . , lL ∈ N,
Φ = ((W1, B1), (W2, B2), . . . , (WL, BL)) ∈

(×L
k=1(R

lk×lk−1 × Rlk)
)
, x0 ∈ Rl0 , x1 ∈ Rl1 , . . . ,

xL−1 ∈ RlL−1 with xk = Mϕ,lk(Wkxk−1 +Bk), k ∈ N0 ∩ [1, L− 1], that

Rϕ(Φ) ∈ C(Rl0 ,RlL), and
(
Rϕ(Φ)

)
(x0) = WLxL−1 +BL. (3.5)

Before we continue with the presentation of ANN constructions for, e.g., composition, par-
allelization, and linear combination of ANNs, we briefly explain in words the mathematical
objects introduced in the present section. The set N denotes the set of all ANNs we consider
as approximators in the remainder of this thesis. For an ANN Φ ∈ N, the tuple of natural
numbers D(Φ) ∈ ∪∞

l=2Nl denotes the layer structure of the ANN Φ. The natural numbers
I(Φ),O(Φ) ∈ N denote the input and output dimensions of the ANN Φ ∈ N. The natu-
ral number L(Φ) corresponds to the depth of the ANN Φ ∈ N while the number D(Φ) ,
where · is defined as in Lemma 3.1.3, denotes the maximum width of the ANN Φ ∈ N.
The natural number P(Φ) ∈ N denotes the number of parameters that describe the ANN
Φ ∈ N. Roughly speaking, this number corresponds to the size of the ANN Φ. For every
ϕ ∈ C(R,R) and d ∈ N the function Mϕ,d : Rd → Rd corresponds to the multidimensional
version of the one dimensional function ϕ. For every ANN Φ ∈ N and ϕ ∈ C(R,R) the func-
tion Rϕ(Φ) ∈ C(RI(Φ),RO(Φ)) denotes the realization function of the ANN Φ with activation
function ϕ.

3.2. Compositions, Affine Linear Transformations, Powers, and
Extensions of ANNs

Definition 3.2.1 (Compositions of ANNs). We denote by • : {(Φ1,Φ2) ∈ N ×N : I(Φ1) =
O(Φ2)} → N the function which satisfies for all K,L ∈ N, k0, k1, . . . , kK , l0, l1, . . . , lL ∈ N,
Φ1 = ((W1, B1), . . . , (WK , BK)) ∈

(×K
j=1(R

kj×kj−1 ×Rkj )
)
, Φ2 = ((𝒲1,ℬ1), . . . , (𝒲L,ℬL)) ∈
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(×L
j=1(R

lj×lj−1 × Rlj )
)

with k0 = I(Φ1) = O(Φ2) = lL that

Φ1 • Φ2 =

(
(W1𝒲1,W1ℬ1 +B1)

)
: K = 1 = L(

(W1𝒲1,W1ℬ1 +B1), (W2, B2), . . . , (WK , BK)
)

: K > 1 = L(
(𝒲1,ℬ1), (𝒲2,ℬ2), . . . (𝒲L−1,ℬL−1), (W1𝒲L,W1ℬL +B1)

)
: K = 1 < L(

(𝒲1,ℬ1), (𝒲2,ℬ2), . . . , (𝒲L−1,ℬL−1), (W1𝒲L,W1ℬL +B1),
(W2, B2), . . . , (WK , BK)

) : K > 1 < L.

(3.6)

Lemma 3.2.2 (Compositions of ANNs). Let K,L ∈ N, k0, k1, . . . , kK , l0, l1, . . . , lL ∈ N, let
Φ1 = ((W1, B1), . . . , (WK , BK)) ∈

(×K
j=1(R

kj×kj−1 ×Rkj )
)
, Φ2 = ((𝒲1,ℬ1), . . . , (𝒲L,ℬL)) ∈(×L

j=1(R
lj×lj−1 × Rlj )

)
satisfy k0 = I(Φ1) = O(Φ2) = lL. Then

(i) it holds that D(Φ1 • Φ2) = (l0, . . . , lL−1, k1, . . . , kK) ∈ NL+K ,

(ii) it holds that L(Φ1 • Φ2) = L(Φ1) + L(Φ2)− 1,

(iii) it holds that H(Φ1 • Φ2) = H(Φ1) +H(Φ2),

(iv) it holds that

P(Φ1 • Φ2) = P(Φ1) + P(Φ2) + k1(lL−1 + 1)− k1(k0 + 1)− lL(lL−1 + 1)

= P(Φ1) + P(Φ2) + k1lL−1 − k1k0 − lLlL−1 − lL

≤ P(Φ1) + P(Φ2) + k1lL−1,

(3.7)

and

(v) it holds for all ϕ ∈ C(R,R) that Rϕ(Φ1 • Φ2) ∈ C(RI(Φ2),RO(Φ1)) and Rϕ(Φ1 • Φ2) =
Rϕ(Φ1) ◦ Rϕ(Φ2).

Lemma 3.2.3 (Associativity of compositions of ANNs). Let Φ1,Φ2,Φ3 ∈ N satisfy that
I(Φ1) = O(Φ2) and I(Φ2) = O(Φ3). Then it holds that

(Φ1 • Φ2) • Φ3 = Φ1 • (Φ2 • Φ3) . (3.8)

Definition 3.2.4 (Identity matrix). Let d ∈ N. Then we denote by Id ∈ Rd×d the identity
matrix in Rd×d.

Definition 3.2.5 (Powers of ANNs). We denote by (·)•n : {Φ ∈ N : I(Φ) = O(Φ)} → N,
n ∈ N0, the functions which satisfy for all n ∈ N0, Φ ∈ N with I(Φ) = O(Φ) that

Φ•n =

{(
IO(Φ), (0, 0, . . . , 0)

)
∈
(
RO(Φ)×O(Φ) × RO(Φ)

)
: n = 0

Φ • (Φ•(n−1)) : n ∈ N.
(3.9)

Definition 3.2.6 (Extensions of ANNs). Let L ∈ N, let Ψ ∈ N with I(Ψ) = O(Ψ). Then
we denote by EL,Ψ : {Φ ∈ N : (L(Φ) ≤ L and O(Φ) = I(Ψ))} → N satisfy for all Φ ∈ N with
L(Φ) ≤ L and I(Ψ) = O(Φ) that EL,Ψ(Φ) = (Ψ•(L−L(Φ))) • Φ.

Lemma 3.2.7 (Certain powers and extensions of ANNs). Let d, l ∈ N, let Ψ ∈ N satisfy
D(Ψ) = (d, l, d) ∈ N3. Then

(i) it holds for all n ∈ N0 that L(Ψ•n) = n+ 1, D(Ψ•n) ∈ Nn+2, and

D(Ψ•n) =

{
(d, d) : n = 0

(d, l, l, . . . , l, d) : n ∈ N,
(3.10)
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(ii) it holds for all Φ ∈ N, L ∈ N ∩ [L(Φ),∞) with O(Φ) = d that L(EL,Ψ(Φ)) = L and

P(EL,Ψ(Φ)) ≤

{
P(Φ) : L(Φ) = L[(
max{1, l

d}
)
P(Φ) + ((L− L(Φ)− 1) l + d) (l + 1)

]
: L(Φ) < L,

(3.11)
and

(iii) it holds for all Φ ∈ N with O(Φ) = d that EL(Φ),Ψ(Φ) = Φ.

Proof of Lemma 3.2.7. First, note that [41, Lemma 2.13] proves items (i) and (ii). Next,
observe that it holds that EL(Φ),Ψ(Φ) = (Ψ•(L(Ψ)−L(Φ))) • Φ = Ψ•0 • Φ. This, the assumption
that O(Φ) = I(Ψ) = d, the fact that Ψ•0 = (Id, (0, 0, . . . , 0)) ∈ Rd×d × Rd, and Lemma 3.2.2
demonstrate that EL(Φ),Ψ(Φ) = Ψ•0 •Φ = Φ. This proves item (iii). The proof of Lemma 3.2.7
is thus complete.

Lemma 3.2.8 (Extensions of ANNs involving identities). Let ϕ ∈ C(R,R), let I ∈ N satisfy
for all x ∈ RI(I) that I(I) = O(I) and

(
Rϕ(I)

)
(x) = x. Then

(i) it holds for all n ∈ N0, x ∈ RI(I) that Rϕ(I•n) ∈ C
(
RI(I),RI(I)) and

(
Rϕ(I•n)

)
(x) = x

and

(ii) it holds for all Φ ∈ N, L ∈ N∩[L(Φ),∞), x ∈ RI(Φ) with I(I) = O(Φ) that Rϕ(EL,I(Φ)) ∈
C(RI(Φ),RO(Φ)) and

(
Rϕ(EL,I)(Φ)

)
(x) =

(
Rϕ(Φ)

)
(x).

3.3. Parallelizations of ANNs

Definition 3.3.1 (Parallelizations of ANNs with the same depth). Let n ∈ N. Then we
denote by Pn : {(Φ1, . . . ,Φn) ∈ Nn : L(Φ1) = L(Φ2) = · · · = L(Φn)} → N the function which
satisfies for all L ∈ N, (l1,0, l1,1, . . . , l1,L), . . . , (ln,0, ln,1, . . . , ln,L) ∈ NL+1,

Φ1 = ((W1,1, B1,1), (W1,2, B1,2), . . . , (W1,L, B1,L)) ∈
(×L

k=1(R
l1,k×l1,k−1 × Rl1,k)

)
,

Φ2 = ((W2,1, B2,1), (W2,2, B2,2), . . . , (W2,L, B2,L)) ∈
(×L

k=1(R
l2,k×l2,k−1 × Rl2,k)

)
,

...

Φn = ((Wn,1, Bn,1), (Wn,2, Bn,2), . . . , (Wn,L, Bn,L)) ∈
(×L

k=1(R
ln,k×ln,k−1 × Rln,k)

)
,

(3.12)

((𝒲1,ℬ1), (𝒲2,ℬ2), . . . , (𝒲L,ℬL)) ∈
(×L

j=1(R
(
∑n

k=1 lk,j)×(
∑n

k=1 lk,j−1) × R(
∑n

k=1 lk,j))
)

with

∀i ∈ N∩ ∈ [1, L] : (𝒲i,ℬi) =




W1,i 0 0 . . . 0
0 W2,i 0 . . . 0
0 0 W3,i . . . 0
...

...
...

. . .
...

0 0 0 . . . Wn,i

 ,


B1,i

B2,i

B3,i
...

Bn,i



 , (3.13)

that

Pn(Φ1,Φ2, . . .Φn) = ((𝒲1,ℬ1), (𝒲2,ℬ2), . . . , (𝒲L,ℬL)). (3.14)

Lemma 3.3.2. Let n,L ∈ N, let (l1,0, l1,1, . . . , l1,L), . . . , (ln,0, ln,1, . . . , ln,L) ∈ NL+1, and let

Φ1 = ((W1,1, B1,1), (W1,2, B1,2), . . . , (W1,L, B1,L)) ∈
(×L

k=1(R
l1,k×l1,k−1 × Rl1,k)

)
,

Φ2 = ((W2,1, B2,1), (W2,2, B2,2), . . . , (W2,L, B2,L)) ∈
(×L

k=1(R
l2,k×l2,k−1 × Rl2,k)

)
,

...

Φn = ((Wn,1, Bn,1), (Wn,2, Bn,2), . . . , (Wn,L, Bn,L)) ∈
(×L

k=1(R
ln,k×ln,k−1 × Rln,k)

)
.

(3.15)

Then
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(i) it holds that

Pn(Φ1, . . . ,Φn) ∈
(×L

j=1(R
(
∑n

k=1 lk,j)×(
∑n

k=1 lk,j−1) × R(
∑n

k=1 lk,j))
)
⊆ N, (3.16)

(ii) it holds that

Rϕ(Pn(Φ1, . . . ,Φn)) ∈ C(R(
∑n

k=1 I(Φk)),R(
∑n

k=1 O(Φk))), (3.17)

(iii) it holds for all x1 ∈ RI(Φ1), x2 ∈ RI(Φ2), . . . , xn ∈ RI(Φn) that(
Rϕ(Pn(Φ1, . . . ,Φn))

)
(x1, x2, . . . , xn)

=
((
Rϕ(Φ1)

)
(x1),

(
Rϕ(Φ2)

)
(x2), . . . ,

(
Rϕ(Φn)

)
(xn)

)
∈ R(

∑n
k=1 O(Φk)), (3.18)

and

(iv) it holds that

D(Pn(Φ1, . . . ,Φn))) =

(
n∑

k=1

lk,0,
n∑

k=1

lk,1, . . . ,
n∑

k=1

lk,L

)
. (3.19)

Definition 3.3.3 (Parallelizations of ANNs with different layer structure). Let n ∈ N, Ψ =
(Ψ1,Ψ2, . . . ,Ψn) ∈ Nn satisfy for all i ∈ N ∩ [1, n] that L(Ψi) = 2, I(Ψi) = O(Ψi). Then we
denote by Pn,Ψ : {(Φ1,Φ2, . . . ,Φn) ∈ Nn : I(Ψi) = O(Φi), i ∈ N ∩ [1, n]} → N the function
which satisfies for all Φ = (Φ1, . . . ,Φn) ∈ Nn with I(Ψi) = O(Φi), i ∈ N ∩ [1, n], that

Pn,Ψ(Φ) = Pn

(
Emaxi∈N∩[1,n] L(Φi),Ψ1

(Φ1), . . . , Emaxi∈N∩[1,n] L(Φi),Ψn
(Φn)

)
. (3.20)

Corollary 3.3.4. Let n ∈ N, ϕ ∈ C(R,R), I = (I1, I2, . . . , In),Φ = (Φ1,Φ2, . . . ,Φn) ∈
Nn satisfy for all i ∈ N ∩ [1, n], x ∈ RO(Φi) that L(Ii) = 2, I(Ii) = O(Ii) = O(Φi), and(
Rϕ(Ii)

)
(x) = x. Then

(i) it holds that Rϕ

(
Pn,I(Φ)

)
∈ C

(
R(

∑n
i=1 I(Φi)),R(

∑n
i=1 O(Φi))

)
and

(ii) it holds for all x1 ∈ RI(Φ1), . . . , xn ∈ RI(Φn) that

(
Rϕ(Pn,I(Φ))

)
(x1, x2, . . . , xn) =


(
Rϕ(Φ1)

)
(x1)(

Rϕ(Φ2)
)
(x2)

...(
Rϕ(Φn)

)
(xn)

 ∈ R(
∑n

i=1 O(Φi)), (3.21)

and

(iii) it holds that

D(Pn,I(Φ)) =

(
n∑

k=1

D0

(
Emaxi∈N∩[1,n] L(Φi),Ψk

(Φk)
)
,

n∑
k=1

D1

(
Emaxi∈N∩[1,n] L(Φi),Ψk

(Φk)
)
, . . .

. . . ,
n∑

k=1

Dmaxi∈N∩[1,n] L(Φi)

(
Emaxi∈N∩[1,n] L(Φi),Ψk

(Φk)
))

.

(3.22)

Proof of Corollary 3.3.4. First, note that [41, Corollary 2.23] proves items (i) and (ii). More-
over, observe that the assumption that for all i ∈ N∩ [1, n] it holds that L(Ii) = 2, the assump-
tion that for all i ∈ N∩ [1, n] it holds that I(Ii) = O(Ii) = O(Φi), and item (ii) in Lemma 3.2.7
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ensure for all k ∈ N ∩ [1, n] it holds that L(Emaxi∈N∩[1,n] L(Φi),Ψk
(Φk)) = maxi∈N∩[1,n] L(Φi).

Combining this, (3.2), (3.20), and item (iv) in Lemma 3.3.2 yields that

D(Pn,I(Φ)) =

(
n∑

k=1

D0

(
Emaxi∈N∩[1,n] L(Φi),Ψk

(Φk)
)
,

n∑
k=1

D1

(
Emaxi∈N∩[1,n] L(Φi),Ψk

(Φk)
)
, . . .

. . . ,
n∑

k=1

Dmaxi∈N∩[1,n] L(Φi)

(
Emaxi∈N∩[1,n] L(Φi),Ψk

(Φk)
))

.

(3.23)

This proves item (iii). The proof of Corollary 3.3.4 is thus complete.

3.4. Linear Combinations of ANNs

Definition 3.4.1. Let m,n ∈ N. Then we denote by Sm,n ∈ Rm×(mn) × Rm, Tm,n ∈
R(mn)×m × Rmn the ANNs given by

Sm,n =
( (

Im Im . . . Im
)
, 0
)

and Tm,n =



Im
Im
...
Im

 , 0

 . (3.24)

Definition 3.4.2 (Sums of ANNs with the same length). Let u ∈ Z, v ∈ Z ∩ [u,∞),
Φu,Φu+1, . . . ,Φv ∈ N satisfy for all i ∈ Z ∩ [u, v] that L(Φi) = L(Φu), I(Φi) = I(Φu),
O(Φi) = O(Φu). Then we denote by ⊕v

i=uΦi the ANN given by

v
⊕
i=u

Φi =
(
SO(Φu),v−u+1 •

[
Pv−u+1(Φu,Φu+1, . . . ,Φv)

]
• TI(Φu),v−u+1

)
∈ N. (3.25)

Definition 3.4.3 (Sums of ANNs with different lengths). Let u ∈ Z, v ∈ Z ∩ [u,∞),
Φu,Φu+1, . . . ,Φv,Ψ ∈ N satisfy for all i ∈ Z ∩ [u, v] that I(Φi) = I(Φu), O(Φi) = I(Ψ) =
O(Ψ), and L(Ψ) = 2. Then denote by ⊞v

i=u,ΨΦi the ANN given by

v
⊞

i=u,Ψ
Φi =

v
⊕
i=u

Emaxj∈Z∩[u,v] L(Φj),Ψ(Φi). (3.26)

Definition 3.4.4 (Scalar multiplications of ANNs). We denote by ⊛ : R×N → N the function
which satisfies for all α ∈ R, Φ ∈ N that

α⊛ Φ =
(
α IO(Φ), 0

)
• Φ. (3.27)

Lemma 3.4.5. Let α ∈ R, Φ ∈ N. Then

(i) it holds that D(α⊛ Φ) = D(Φ),

(ii) it holds that Rϕ(α⊛ Φ) ∈ C(RI(Φ),RO(Φ)), and

(iii) it holds for all x ∈ RI(Φ) that
(
Rϕ(α⊛ Φ)

)
(x) = α

(
Rϕ(Φ)

)
(x).

Lemma 3.4.6 (Linear combinations of ANNs with the same length). Let u ∈ Z, v ∈ Z∩[u,∞),
hu, hu+1, . . . , hv ∈ R, ϕ ∈ C(R,R), Φu,Φu+1, . . . ,Φv,Ψ ∈ N, satisfy for all i ∈ Z ∩ [u, v] that
I(Φi) = I(Φu), O(Φi) = O(Φu), L(Φi) = L(Φu) and Ψ = ⊕v

i=u(hi ⊛ Φi). Then

(i) it holds that

D(Ψ) =
(
I(Φu),

v∑
i=u

D1(Φi), . . . ,
v∑

i=u
DL(Φu)−1(Φi),O(Φu)

)
, (3.28)
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(ii) it holds that Rϕ(Ψ) ∈ C(RI(Φu),RO(Φu)), and

(iii) it holds for all x ∈ RI(Φu) that

(
Rϕ(Ψ)

)
(x) =

v∑
i=u

hi
(
Rϕ(Φi)

)
(x). (3.29)

Proof of Lemma 3.4.6. First, note that Lemma 3.4.5 ensures for all i ∈ Z ∩ [u, v] that D(hi ⊛
Φi) = D(Φi). This, the fact that D(SO(Φu),v−u+1) = ((v−u+1)O(Φu),O(Φu)), the fact that
D(TI(Φu),v−u+1) = (I(Φu), (v − u + 1)I(Φu)), Lemma 3.2.2, and item (iv) in Lemma 3.3.2
yield

D(Ψ) =
(
I(Φu),

v∑
i=u

D1(Φi),
v∑

i=u
D2(Φi), . . . ,

v∑
i=u

DL(Φu)−1(Φi),O(Φu)
)
. (3.30)

This proves item (i). Moreover, observe that Lemma 3.2.2 and item (iii) in Lemma 3.4.5
establish for all x ∈ RI(Φu) that(
Rϕ(Ψ)

)
(x) =

(
Rϕ(SO(Φu),v−u+1) ◦Pv−u+1(hu ⊛ Φu, hu+1 ⊛ Φu+1, . . . , hv ⊛ Φv) ◦ TI(Φu),v−u+1

)
(x)

=
(
Rϕ(SO(Φu),v−u+1) ◦Pv−u+1(hu ⊛ Φu, hu+1 ⊛ Φu+1, . . . , hv ⊛ Φv)

)
(x, x, . . . , x)

=
(
Rϕ(SO(Φu),v−u+1)

)


(
Rϕ(hu ⊛ Φu)

)
(x)(

Rϕ(hu+1 ⊛ Φu+1)
)
(x)

...(
Rϕ(hv ⊛ Φv)

)
(x)

 =
v∑

i=u

hi
(
Rϕ(Φi)

)
(x).

(3.31)

This proves item (ii) and item (iii). The proof of Lemma 3.4.6 is thus complete.

Lemma 3.4.7 (Linear combinations of ANNs with different lengths). Let L ∈ N, ϕ ∈ C(R,R),
u ∈ Z, v ∈ [u,∞) ∪ Z, hu, hu+1, . . . , hv ∈ R, Φu,Φu+1, . . . ,Φv,Ψ, J ∈ N satisfy for all
x ∈ RI(J), i ∈ Z ∩ [u, v] that I(Φi) = I(Φu), O(Φi) = I(J) = O(J), L = maxj∈Z∩[u,v] L(Φj),
L(J) = 2,

(
Rϕ(J)

)
(x) = x, and Ψ = ⊞v

i=u,J(hi ⊛ Φi). Then

(i) it holds that

D(Ψ) =
(
I(Φu),

v∑
i=u

D1(EL,J(Φi)), . . . ,
v∑

i=u
DL−1(EL,J(Φi)),O(Φu)

)
, (3.32)

(ii) it holds that Rϕ(Ψ) ∈ C(RI(Φu),RO(Φu)), and

(iii) it holds for all x ∈ RI(Φu) that

(
Rϕ(Ψ)

)
(x) =

v∑
i=u

hi
(
Rϕ(Φi)

)
(x). (3.33)

Proof of Lemma 3.4.7. First, note that item (i) in Lemma 3.4.5 ensures for all i ∈ Z ∩ [u, v]
that D(hi ⊛ Φi) = D(Φi). Combining this, the assumption that it holds that L(J) = 2, the
assumption that it holds that I(J) = O(J), the assumption that for all x ∈ RI(J) it holds
that (Rϕ(J))(x) = x, and items (i) to (iii) in Lemma 3.2.7 yields for all i ∈ Z ∩ [u, v] that
D(EL,J(hi ⊛ Φi)) = D(EL,J(Φi)). This and item (i) in Lemma 3.4.6 demonstrate that

D(Ψ) = D
(

v
⊞

i=u,J
(hi ⊛ Φi)

)
= D

(
v
⊕
i=u

EL,J(hi ⊛ Φi)

)
=
(
I(EL,J(hu ⊛ Φu)),

∑v
i=uD1(EL,J(hi ⊛ Φi)), . . .

. . . ,
∑v

i=uDL−1(EL,J(hi ⊛ Φi)),O(EL,J(hu ⊛ Φu))
)

=
(
I(Φu),

∑v
i=uD1(hi ⊛ Φi), . . . ,

∑v
i=uDL−1(hi ⊛ Φi),O(Φu)

)
∈ NL+2.

(3.34)
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Hence, it holds that Rϕ(Ψ) ∈ C(RI(Φu),RO(Φu)). This proves items (i) and (ii). Furthermore,
observe that item (iii) in Lemma 3.4.6, item (iii) in Lemma 3.4.5 assures for all x ∈ RI(Φu)

that

(Rϕ(Ψ))(x) =

v∑
i=u

(
Rϕ(hi ⊛ Φi)

)
(x) =

v∑
i=u

hi
(
Rϕ(Φi)

)
(x). (3.35)

This proves item (iii). The proof of Lemma 3.4.7 is thus complete.
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Chapter 4.

Deep Neural Network Approximations for
Bellman Equations of High-Dimensional
Markov Decision Processes

This chapter is based on the joint work [56] with A. Jentzen and T. Kruse. Its structure has
been adapted to this thesis. In particular, the general framework and calculus for ANNs used
in the underlying article are collected separately in Chapter 3 and will be used throughout the
present chapter.

In contrast to the general measurable state spaces that were considered in the analysis of
the MLFP approximations in Chapter 2, the ANN approximation results below are formulated
on finite-dimensional Euclidean state spaces. In particular, we consider families of functional
fixed-point equations of the form (1.3) on Rd, d ∈ N.

Empirically, the use of DNNs for the approximation of value functions, Q-functions, and
control strategies has demonstrated remarkable success in reinforcement learning, including
high-dimensional tasks such as in game playing, robotics, and control (see, e.g., [73], [98], [68],
and [62]). Apart from this widespread empirical success, there are several theoretical analyses
that aim to explain the effectiveness of deep reinforcement learning (see, e.g., [33], [25], and
[105]). Yet, a comprehensive theoretical understanding of deep reinforcement learning is still
incomplete.

This chapter tries to address a specific theoretical aspect concerning approximation in this
broader research area, that is, instead of analyzing neural network training procedures, we
establish conditions under which the solutions of functional fixed-point equations can be ap-
proximated by ANNs with quantitative error and complexity estimates. To this end, the MLFP
approximation scheme developed and analyzed in Chapter 2 as a variant of MLP approxima-
tions tailored to functional fixed-point equations of the form (1.3) is a natural starting point.
By combining MLP approximation schemes with compositional and approximation properties
of ANNs, it has been demonstrated that ANNs can overcome the curse of dimensionality in
the numerical approximation of broad classes of PDEs (see, e.g., [1, 2, 28, 50, 76, 77, 78]). His-
torically, the strategy of combining compositional and approximation properties of DNNs with
Monte Carlo methods to overcome the curse of dimensionality was first developed for linear
PDEs (see, e.g., [16,20,39,40,58]) and subsequently used, for example, for two-player zero-sum
stochastic differential games (see, e.g., [86]).

However, there is an additional difficulty in the present setting. To obtain ANN approxi-
mation results for the solution of a functional fixed-point equation, the nonlinearity and the
one-step transitions may be approximated by ANNs themselves. The resulting MLFP scheme
thus approximates the solution of a perturbed functional fixed-point equation rather than the
solution of the fixed-point equation corresponding to the original problem inputs. Thus, it
is necessary to analyze the effect of the perturbations of the nonlinearity and of the one-step
transitions on the solutions of the corresponding fixed-point equations.

With this in mind, we first present stability results for solutions of functional fixed-point
equations of the form (1.3) where the state spaces are given by Rd, d ∈ N. The resulting
estimates control the difference between two fixed-point solutions in terms of the perturbations
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in their nonlinearities and their transition kernels.
Subsequently, we establish ANN representations of the MLFP scheme under the assumption

that the nonlinearities and one-step transitions entering the MLFP approximations admit
suitable ANN representations. For the resulting ANNs that represent the MLFP scheme we
derive explicit bounds on the number of parameters.

Combining the stability results and the representation of the MLFP scheme via ANNs with
the MLFP error analysis established in Chapter 2 yields the desired approximation results
under suitable assumptions.

To briefly sketch the contribution of this chapter, we now present Theorem 4.0.1, a special
case of Theorem 4.3.1, the main result of this chapter. Below Theorem 4.0.1 we explain in
words the statement of the result as well as the mathematical objects appearing in it.

Theorem 4.0.1. Let ν ∈ {0, 1}, β ∈ [0,∞)\{1}, let ϕ : R → R satisfy for all x ∈ R that
ϕ(x) = ν ln(1 + exp(x)) + (1− ν)max{x, βx}, for every d, d ∈ N let

Nd,d = ∪H∈N ∪(l0,l1,...,lH+1)∈{d}×NH×{d} (×H+1
k=1 (R

lk×lk−1 × Rlk)) ⊆ N, (4.1)

let A be a finite set, let 𝒶 ∈ A, δ ∈ (0, 1), η ∈ (δ,∞), c ∈ [1,∞), let (Ω,F ,P) be a probability
space, for every d ∈ N let gd : Rd → R|A| and ξd : Ω → Rd be measurable, for every d ∈ N, a ∈ A

let t(a)d : R2d → Rd be a measurable function which satisfies supx∈Rd E
[
∥t(a)d (x, ξd)∥

]
< ∞, for

every d ∈ N, ε ∈ (0, 1], a ∈ A let t(a)d,ε ∈ N2d,d satisfy D(t
(a)
d,ε) = D(t

(𝒶)
d,ε ), and for every d ∈ N,

ε ∈ (0, 1] let Gd,ε ∈ Nd,|A| satisfy for all x, y, p ∈ Rd, a ∈ A that

ε∥gd(x)∥+ ∥(Rϕ(Gd,ε))(x)− gd(x)∥+ ∥(Rϕ(t
(a)
d,ε))(x, p)− t

(a)
d (x, p)∥ ≤ εcdc, (4.2)

c−1∥gd(x)− gd(y)∥+ η∥t(a)d (x, p)− t
(a)
d (y, p)∥ ≤ ∥x− y∥, (4.3)

and P(Gd,ε) + P(t
(𝒶)
d,ε ) ≤ cdcε−c. Then there exists c ∈ R such that for every d ∈ N, ε ∈ (0, 1]

and every probability measure µ : B(Rd) → [0, 1] it holds that

(i) there exists a unique bounded measurable Q : Rd → R|A| which satisfies for all x ∈ Rd,
a ∈ A that

(Q(x))(a) = (gd(x))(a) + δ E
[
max
b∈A

(
Q(t

(a)
d (x, ξd))

)
(b)
]

(4.4)

and

(ii) there exists Q ∈ Nd,|A| which satisfies(∫
Rd∥Q(x)− (Rϕ(Q))(x)∥2 µ(dx)

)1/2 ≤ ε and P(Q) ≤ cdcε−c. (4.5)

In the following we briefly explain the mathematical objects appearing in Theorem 4.0.1
above.

The real numbers ν ∈ {0, 1}, β ∈ [0,∞)\{1} specify the choice of activation function
ϕ : R → R. In particular, in the case ν = 1 we have that ϕ is the softplus activation function.
In the case ν = 0 = β we have that ϕ is the rectified linear unit (ReLU) activation function.
In the case ν = 0, β ∈ (0, 1) we have that ϕ is the leaky ReLU activation function with leaky
factor β.

The sets Nd,d ⊆ N, d, d ∈ N, in (4.1) in Theorem 4.0.1 denote the sets of all ANNs we
consider in the approximation of the solutions of the Bellman equations for the Q-function
discussed. Note that for all d, d ∈ N and for every ANN Φ ∈ Nd,d it holds that I(Φ) = d and
O(Φ) = d correspond to the input and output dimensions of the ANN Φ.

The triple (Ω,F ,P) in Theorem 4.0.1 is the probability space on which all appearing random
variables are defined. In Theorem 4.0.1 we consider for every d ∈ N an MDP with state space
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(Rd,B(Rd)). The finite set A denotes the common control set for all elements of the sequence
of MDPs. For every d ∈ N, x ∈ Rd, a ∈ A the one-step transition of the controlled Markov
chain of the MDP with state space (Rd,B(Rd)) by choosing control a in state x is given by

t
(a)
d (x, ξd) : Ω → Rd. (4.6)

For every d ∈ N the function gd : Rd → R|A| in Theorem 4.0.1 denotes the reward function
of the MDP with state space (Rd,B(Rd)). We assume that for all d ∈ N the function gd is
uniformly bounded and that the sequence of these bounds grows at most polynomially in the
state space dimension d ∈ N. The real number δ ∈ (0, 1) is the common discount factor for all
elements of the sequence of MDPs.

The real numbers η ∈ (δ,∞) and c ∈ [1,∞) are constants that we utilize to formulate our
regularity and approximation assumptions in Theorem 4.0.1. We assume there exist ANNs
Gd,ε ∈ Nd,|A|, d ∈ N, ε ∈ (0, 1], such that for every d ∈ N, ε ∈ (0, 1] the realization function
Rϕ(Gd,ε) : Rd → R|A| of the ANN Gd,ε is a suitable approximation of the function gd and
that the number of parameters P(Gd,ε) of the approximating ANN Gd,ε is bounded by cdcε−c.
Furthermore, we assume there exist t

(a)
d,ε ∈ N2d,d, d ∈ N, ε ∈ (0, 1], a ∈ A, such that for every

d ∈ N, ε ∈ (0, 1], a ∈ A the realization function Rϕ(t
(a)
d,ε) : R

2d → Rd of the ANN t
(a)
d,ε is a

suitable approximation of the function t
(a)
d and that the number of parameters P(t

(a)
d,ε) of the

approximating ANN t
(a)
d,ε is bounded by cdcε−c.

Theorem 4.0.1 establishes in item (i) the essentially well-known result that under the above
assumptions it holds that for every d ∈ N the Bellman equation (4.4) for the Q-function
associated to the MDP with state space (Rd,B(Rd)) has a unique solution Q : Rd → R|A|.

Moreover, Theorem 4.0.1 concludes in item (ii) that there exists a constant c ∈ R such that
for every state space dimension d ∈ N, every prescribed approximation accuracy ε ∈ (0, 1],
and every probability measure µ : B(Rd) → [0, 1] we have that there exists an ANN Q ∈ Nd,|A|
such that the realization

Rϕ(Q) : Rd → R|A| (4.7)

of the ANN Q approximates the solution Q : Rd → R|A| of the Bellman equation for the
Q-function in the L2-sense with respect to the probability measure µ on Rd with prescribed
approximation accuracy ε and such that the number of parameters P(Q) of the approximating
ANN Q is bounded by cdcε−c.

The remainder of this chapter is structured as follows. In Section 4.1 below we study stabil-
ity properties of solutions of functional fixed-point equations of the form (1.3). In Section 4.2
we establish ANN representations for MLFP approximations for certain stochastic fixed-point
equations. In Section 4.3 we combine the stability result in Section 4.1 and the ANN rep-
resentations of the MLFP approximation scheme in Section 4.2 to prove Theorem 4.3.1 in
Subsection 4.3.1 and its specializations in Subsection 4.3.2 and Subsection 4.3.3.

4.1. A Stability Result for Solutions of Certain Stochastic
Fixed-Point Equations

In this section, we establish stability properties of solutions of functional fixed-point equations
of the form (1.3) with respect to perturbations in the nonlinearity and in the transition kernel.
In Definitions 4.1.1 to 4.1.3 we introduce the Wasserstein-1 distance as a measure of perturba-
tions of the transition kernels, while in Setting 4.1.4 we recall the function space the considered
solutions of functional fixed-point equations are elements of. In Lemma 4.1.5, we establish a
stability result for perturbations in the nonlinearity of functional fixed-point equations. While
Lemma 4.1.6 establishes Lipschitz properties of solutions of functional fixed-point equations,
Lemma 4.1.7 provides a stability result for perturbations with respect to the transition kernels.
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Finally, Proposition 4.1.8 combines Lemmas 4.1.5 and 4.1.7 to obtain a stability result for so-
lutions of functional fixed-point equations of the form (1.3) encompassing both perturbations
in the nonlinearity and the transition kernel.

Definition 4.1.1 (Couplings). Let d ∈ N, let µ, ν : B(Rd) → [0, 1] be probability measures.
Then we denote by Πd(µ, ν) the set of all couplings of µ and ν given by

Πd(µ, ν) =
{
γ : γ is a probability measure on (Rd×Rd,B(Rd)⊗B(Rd)),

for all A∈B(Rd) it holds that µ(A)=γ(A×Rd) and ν(A)=γ(Rd×A)

}
. (4.8)

Definition 4.1.2 (Wasserstein-1 space). Let d ∈ N. Then we denote by Md the set given by

Md =
{
(µ : B(Rd) → [0, 1]) : µ is a probability measure with

∫
Rd∥x∥µ(dx) < ∞

}
. (4.9)

Definition 4.1.3 (Wasserstein-1 distance). Let d ∈ N. Then we denote by Wd : Md×Md →
[0,∞) the function which satisfies for all µ, ν ∈ Md that

Wd(µ, ν) = inf
π∈Πd(µ,ν)

∫
Rd×Rd

∥x− y∥π(d(x, y)). (4.10)

Setting 4.1.4. Let d ∈ N, let w : Rd → (0,∞) be measurable, let A be a nonempty finite set,
and let

W =

{
(u : Rd → R|A|) : u is measurable, sup

x∈Rd,a∈A

|(u(x))(a)|
|w(x)| < ∞

}
. (4.11)

Lemma 4.1.5. Assume Setting 4.1.4, let c, Li ∈ [0,∞), i ∈ {1, 2}, satisfy for all i ∈ {1, 2}
that cLi < 1, let fi : Rd×R|A| → R, i ∈ {1, 2}, be measurable, assume for all i ∈ {1, 2}, x ∈ Rd,
r, s ∈ R|A| that |fi(x, r) − fi(x, s)| ≤ Limaxa∈A|r(a) − s(a)|, let κ(a) : Rd × B(Rd) → [0, 1],
a ∈ A, be stochastic kernels, assume for all x ∈ Rd, a ∈ A that

∫
Rd |w(y)|κ(a)(x, dy) ≤ cw(x),

assume for all i ∈ {1, 2} that

sup
(x,a)∈Rd×A

|w(x)|−1

∫
Rd

|fi(y, 0)|κ(a)(x,dy) < ∞. (4.12)

Then

(i) there exist unique ui ∈ W, i ∈ {1, 2}, such that for every i ∈ {1, 2}, x ∈ Rd, a ∈ A it
holds that∫

Rd

|fi(y, ui(y))|κ(a)(x, dy) < ∞ and (ui(x))(a) =

∫
Rd

fi(y, ui(y))κ
(a)(x,dy)

(4.13)
and

(ii) it holds that[
sup

(x,a)∈Rd×A

|(u1(x))(a)−(u2(x))(a)|
|w(x)|

]
≤ c

1−c(min{L1,L2})

[
sup

(y,r)∈Rd×R|A|

|f1(y,r)−f2(y,r)|
|w(y)|

]
. (4.14)

Proof of Lemma 4.1.5. First, note that the assumption that w is measurable, the assumption
that for all i ∈ {1, 2} it holds that cLi < 1, the assumption that for all i ∈ {1, 2}, x ∈ Rd,
r, s ∈ R|A| it holds that |fi(x, r)−fi(x, s)| ≤ Limaxa∈A|r(a)−s(a)|, the assumption that for all
x ∈ Rd, a ∈ A it holds that

∫
Rd |w(y)|κ(a)(x,dy) ≤ cw(x), the assumption that for all i ∈ {1, 2}

it holds that sup(x,a)∈Rd×A|w(x)|−1
∫
Rd |fi(y, 0)|κ(a)(x,dy) < ∞, and Lemma 2.1.2 (applied for

every i ∈ {1, 2} with c ↶ c, L ↶ Li, (X,X ) ↶ (Rd,B(Rd)), A ↶ A, (κa)a∈A ↶ (κ(a))a∈A,
f ↶ fi, w ↶ [Rd ∋ x 7→ [A ∋ a 7→ w(x) ∈ (0,∞)] ∈ (0,∞)|A|] in the notation of Lemma 2.1.2)
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establish item (i). Combining this, the assumption that for all x ∈ Rd, r, s ∈ R|A| it holds
that |f1(x, r)− f1(x, s)| ≤ L1maxa∈A|r(a)− s(a)|, the assumption that for all x ∈ Rd, a ∈ A
it holds that

∫
Rd |w(y)|κ(a)(x, dy) ≤ cw(x), and the triangle inequality yields for all x ∈ Rd,

a ∈ A that

|(u1(x))(a)−(u2(x))(a)|
|w(x)| = 1

|w(x)|

∣∣∣∣∫
Rd

f1(y, u1(y))κ
(a)(x,dy)−

∫
Rd

f2(y, u2(y))κ
(a)(x,dy)

∣∣∣∣
= 1

|w(x)|

∣∣∣∣∫
Rd

f1(y, u1(y))− f2(y, u2(y))κ
(a)(x,dy)

∣∣∣∣
≤ 1

|w(x)|

(∫
Rd

|f1(y, u1(y))− f1(y, u2(y))|κ(a)(x, dy)

+

∫
Rd

|f1(y, u2(y))− f2(y, u2(y))|κ(a)(x,dy)
)

≤ 1
|w(x)|

(
L1

∫
Rd

max
b∈A

|(u1(y))(b)− (u2(y))(b)|κ(a)(x, dy)

+

∫
Rd

|f1(y, u2(y))− f2(y, u2(y))|κ(a)(x,dy)
)

≤ L1
|w(x)|

[
sup

(z,c)∈Rd×A

|(u1(z))(c)−(u2(z))(c)|
|w(z)|

] ∫
Rd

|w(y)|κ(a)(x,dy)

+ 1
|w(x)|

[
sup

(z,r)∈Rd×R|A|

|f1(z,r)−f2(z,r)|
|w(z)|

] ∫
Rd

|w(y)|κ(a)(x,dy)

≤ cL1

[
sup

(z,c)∈Rd×A

|(u1(z))(c)−(u2(z))(c)|
|w(z)|

]
+ c

[
sup

(z,r)∈Rd×R|A|

|f1(z,r)−f2(z,r)|
|w(z)|

]
.

(4.15)

Moreover, note that item (i) proves that[
sup

(y,b)∈Rd×A

|(u1(y))(b)−(u2(y))(b)|
|w(y)|

]
< ∞. (4.16)

This and (4.15) imply that

(1− cL1)

[
sup

(x,a)∈Rd×A

|(u1(x))(a)−(u2(x))(a)|
|w(x)|

]
≤ c

[
sup

(y,r)∈Rd×R|A|

|f1(y,r)−f2(y,r)|
|w(y)|

]
. (4.17)

This and the assumption that cL1 < 1 demonstrate that[
sup

(x,a)∈Rd×A

|(u1(x))(a)−(u2(x))(a)|
|w(x)|

]
≤ c

1−cL1

[
sup

(y,r)∈Rd×R|A|

|f1(y,r)−f2(y,r)|
|w(y)|

]
. (4.18)

Symmetry yields[
sup

(x,a)∈Rd×A

|(u1(x))(a)−(u2(x))(a)|
|w(x)|

]
≤ c

1−cL2

[
sup

(y,r)∈Rd×R|A|

|f1(y,r)−f2(y,r)|
|w(y)|

]
. (4.19)

This and (4.18) establish that[
sup

(x,a)∈Rd×A

|(u1(x))(a)−(u2(x))(a)|
|w(x)|

]
≤ c

1−c(min{L1,L2})

[
sup

(y,r)∈Rd×R|A|

|f1(y,r)−f2(y,r)|
|w(y)|

]
. (4.20)

This proves item (ii). The proof of Lemma 4.1.5 is thus complete.
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Lemma 4.1.6. Assume Setting 4.1.4, let η, c, L,K ∈ [0,∞), assume cL < 1 and ηL < 1, let
f : Rd×R|A| → R be measurable, assume for all x, y ∈ Rd, r, s ∈ R|A| that |f(x, r)− f(x, s)| ≤
Lmaxa∈A|r(a)−s(a)| and |f(x, r)−f(y, r)| ≤ K∥x−y∥, let κ(a) : Rd×B(Rd) → [0, 1], a ∈ A,
be stochastic kernels, assume for all x ∈ Rd, a ∈ A that

∫
Rd |w(y)|κ(a)(x,dy) ≤ cw(x) and∫

Rd∥y∥κ(a)(x,dy) < ∞, assume

sup
(x,a)∈Rd×A

|w(x)|−1

∫
Rd

|f(y, 0)|κ(a)(x,dy) < ∞, (4.21)

assume for all x, y ∈ Rd, a ∈ A that Wd(κ
(a)(x, ·), κ(a)(y, ·)) ≤ η∥x− y∥. Then

(i) there exists a unique u ∈ W such that for every x ∈ Rd, a ∈ A it holds that∫
Rd

|f(y, u(y))|κ(a)(x,dy) < ∞ and (u(x))(a) =

∫
Rd

f(y, u(y))κ(a)(x,dy)

(4.22)
and

(ii) it holds for all x, y ∈ Rd, a ∈ A that

|(u(x))(a)− (u(y))(a)| ≤ ηK
1−ηL∥x− y∥. (4.23)

Proof of Lemma 4.1.6. First, observe that the assumption that w is measurable, the assump-
tion that cL < 1, the assumption that for all x ∈ Rd, r, s ∈ R|A| it holds that |f(x, r) −
f(x, s)| ≤ Lmaxa∈A|r(a) − s(a)|, the assumption that for all x ∈ Rd, a ∈ A it holds that∫
Rd |w(y)|κ(a)(x, dy) ≤ cw(x), the assumption that sup(x,a)∈Rd×A|w(x)|−1

∫
Rd |f(y, 0)|κ(a)(x, dy) <

∞, and Lemma 2.1.2 (applied with c ↶ c, L ↶ L, (X,X ) ↶ (Rd,B(Rd)), A ↶ A, (κa)a∈A ↶
(κ(a))a∈A, f ↶ f , w ↶ [Rd ∋ x 7→ [A ∋ a 7→ w(x) ∈ (0,∞)] ∈ (0,∞)|A|] in the no-
tation of Lemma 2.1.2) demonstrates item (i). Throughout the remainder of this proof let
un : Rd → R|A|, n ∈ N0, satisfy for all n ∈ N, x ∈ Rd, a ∈ A that u0 = 0 and

(un(x))(a) =

∫
Rd

f(y, un−1(y))κ
(a)(x,dy). (4.24)

Next, note that the assumption that for all a ∈ A it holds that κ(a) is a stochastic kernel, the as-
sumption that for all x ∈ Rd, r, s ∈ R|A| it holds that |f(x, r)−f(x, s)| ≤ Lmaxa∈A |r(a)−s(a)|,
the assumption that cL ∈ [0, 1), the assumption that for all x ∈ Rd, a ∈ A it holds that∫
Rd |w(y)|κ(a)(x,dy) ≤ cw(x), the assumption that sup(x,a)∈Rd×A|w(x)|−1

∫
Rd |f(y, 0)|κ(a)(x,dy) <

∞, and induction ensure for all n ∈ N0 that un ∈ W. Combining the assumption that for all
x ∈ Rd, r, s ∈ RA it holds that |f(x, r) − f(x, s)| ≤ Lmaxa∈A |r(a) − s(a)| and the assump-
tion that cL ∈ [0, 1) with item (i) yields that limn→∞

(
sup(x,a)∈Rd×A|w(x)|−1|(un(x))(a) −

(u(x))(a)|
)
= 0. We prove by induction that for all n ∈ N0, x, y ∈ Rd, a ∈ A it holds that

|(un(x))(a)− (un(y))(a)| ≤
[
ηK

n−1∑
i=0

(ηL)i
]
∥x− y∥. (4.25)

Note that for all x, y ∈ Rd, a ∈ A it holds that |(u0(x))(a)−(u0(y))(a)| = 0 = [ηK
∑−1

i=0(ηL)
i]∥x−

y∥. This proves (4.25) for the base case n = 0. For the induction step N0 ∋ (n− 1) 99K n ∈ N
fix n ∈ N and assume for all l ∈ N0 ∩ [0, n− 1], x, y ∈ Rd, a ∈ A that

|(ul(x))(a)− (ul(y))(a)| ≤
[
ηK

l−1∑
i=0

(ηL)i
]
∥x− y∥. (4.26)

Moreover, note that for all x, y ∈ Rd, a ∈ A, γ ∈ Πd(κ
(a)(x, ·), κ(a)(y, ·)), B ∈ B(Rd) it holds

that γ(B ×Rd) = κ(a)(x,B) and γ(Rd ×B) = κ(a)(y,B). Combining this, (4.24), the triangle
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inequality, the assumption that for all x, y ∈ Rd, r, s ∈ RA it holds that |f(x, r) − f(x, s)| ≤
Lmaxa∈A|r(a) − s(a)| and |f(x, r) − f(y, r)| ≤ K∥x − y∥, and the induction hypothesis
that for all l ∈ N0 ∩ [0, n − 1], x, y ∈ Rd, a ∈ A it holds that |(ul(x))(a) − (ul(y))(a)| ≤
[ηK

∑l−1
i=0(ηL)

i]∥x− y∥ imply for all x, y ∈ Rd, a ∈ A, γ ∈ Πd(κ
(a)(x, ·), κ(a)(y, ·)) that

|(un(x))(a)− (un(y))(a)| =
∣∣∣∣∫

Rd

f(x, un−1(x))κ
(a)(x, dx)−

∫
Rd

f(y, un−1(y))κ
(a)(y,dy)

∣∣∣∣
=

∣∣∣∣∫
Rd×Rd

f(x, un−1(x))γ(d(x,y))−
∫
Rd×Rd

f(y, un−1(y))γ(d(x,y))

∣∣∣∣
≤
∫
Rd×Rd

|f(x, un−1(x))− f(y, un−1(y))|γ(d(x,y))

≤
∫
Rd×Rd

|f(x, un−1(x))− f(x, un−1(y))|γ(d(x,y))

+

∫
Rd×Rd

|f(x, un−1(y))− f(y, un−1(y))|γ(d(x,y))

≤ L

∫
Rd×Rd

max
b∈A

|(un−1(x))(b)− (un−1(y))(b)|γ(d(x,y))

+K

∫
Rd×Rd

∥x− y∥γ(d(x,y))

≤ L

[
ηK

n−2∑
i=0

(ηL)i
] ∫

Rd×Rd

∥x− y∥γ(d(x,y)) +K

∫
Rd×Rd

∥x− y∥γ(d(x,y))

=

[
K

n−1∑
i=0

(ηL)i
] ∫

Rd×Rd

∥x− y∥γ(d(x,y)). (4.27)

This and the assumption that for all x, y ∈ Rd, a ∈ A it holds that Wd(κ
(a)(x, ·), κ(a)(y, ·)) ≤

η∥x− y∥ assure for all x, y ∈ Rd, a ∈ A that

|(un(x))(a)− (un(y))(a)| ≤
[
K

n−1∑
i=0

(ηL)i
]

inf
γ∈Πd(κ(a)(x,·),κ(a)(y,·))

∫
Rd×Rd

∥x− y∥γ(d(x,y)) (4.28)

=

[
K

n−1∑
i=0

(ηL)i
]
Wd

(
κ(a)(x, ·), κ(a)(y, ·)

)
≤
[
ηK

n−1∑
i=0

(ηL)i
]
∥x− y∥.

This and induction prove (4.25). Furthermore, note that the assumption that ηL ∈ [0, 1)
ensures for all n ∈ N0 that

∑n−1
i=0 (ηL)

i ≤
∑∞

i=0(ηL)
i = 1

1−ηL . This yields that for all n ∈ N0,
x, y ∈ Rd, a ∈ A it holds that

|(un(x))(a)− (un(y))(a)| ≤ ηK
1−ηL∥x− y∥. (4.29)

Combining this with the fact that limn→∞
(
supx∈Rd,a∈A|w(x)|−1|(un(x))(a)− (u(x))(a)|

)
= 0

establishes for all x, y ∈ Rd, a ∈ A that

|(u(x))(a)− (u(y))(a)| = lim
n→∞

|(un(x))(a)− (un(y))(a)| ≤ ηK
1−ηL∥x− y∥. (4.30)

This proves item (ii). The proof of Lemma 4.1.6 is thus complete.

Lemma 4.1.7. Assume Setting 4.1.4, let η, c, L,K ∈ [0,∞), assume cL < 1 and ηL < 1, let
f : Rd×R|A| → R be measurable, assume for all x, y ∈ Rd, r, s ∈ R|A| that |f(x, r)− f(x, s)| ≤
Lmaxa∈A|r(a) − s(a)| and |f(x, r) − f(y, r)| ≤ K∥x − y∥, let κ

(a)
i : Rd × B(Rd) → [0, 1],

i ∈ {1, 2}, a ∈ A, be stochastic kernels, assume for all i ∈ {1, 2}, x ∈ Rd, a ∈ A that∫
Rd |w(y)|κ(a)i (x, dy) ≤ cw(x) and

∫
Rd∥y∥κ(a)i (x, dy) < ∞, assume for all i ∈ {1, 2} that

sup
(x,a)∈Rd×A

|w(x)|−1

∫
Rd

|f(y, 0)|κ(a)i (x,dy) < ∞, (4.31)
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assume for all x, y ∈ Rd, a ∈ A that Wd(κ
(a)
2 (x, ·), κ(a)2 (y, ·)) ≤ η∥x− y∥, Then

(i) there exist unique ui ∈ W, i ∈ {1, 2}, such that for every i ∈ {1, 2}, x ∈ Rd, a ∈ A it
holds that∫

Rd

|f(y, ui(y))|κ(a)i (x,dy) < ∞ and (ui(x))(a) =

∫
Rd

f(y, ui(y))κ
(a)
i (x,dy)

(4.32)
and

(ii) it holds that[
sup

(x,a)∈Rd×A

|(u1(x))(a)−(u2(x))(a)|
|w(x)|

]
≤ K

(1−ηL)(1−cL)

[
sup

(y,b)∈Rd×A

Wd(κ
(b)
1 (y,·),κ(b)

2 (y,·))
|w(y)|

]
. (4.33)

Proof of Lemma 4.1.7. First, note that the assumption that w is measurable, the assump-
tion that cL < 1, the assumption that for all x ∈ Rd, r, s ∈ R|A| it holds that |f(x, r) −
f(x, s)| ≤ Lmaxa∈A|r(a) − s(a)|, the assumption that for all i ∈ {1, 2}, x ∈ Rd, a ∈ A

it holds that
∫
Rd |w(y)|κ(a)i (x,dy) ≤ cw(x), the assumption that for all i ∈ {1, 2} it holds

that sup(x,a)∈Rd×A|w(x)|−1
∫
Rd |f(y, 0)|κ(a)i (x,dy) < ∞, and Lemma 2.1.2 (applied for every

i ∈ {1, 2} with c ↶ c, L ↶ L, (X,X ) ↶ (Rd,B(Rd)), A ↶ A, (κa)a∈A ↶ (κ
(a)
i )a∈A, f ↶ f ,

w ↶ [Rd ∋ x 7→ [A ∋ a 7→ w(x) ∈ (0,∞)] ∈ (0,∞)|A|] in the notation of Lemma 2.1.2) prove
item (i). Next, observe that item (ii) in Lemma 4.1.6 (applied with η ↶ η, c ↶ c, L ↶ L,
K ↶ K, f ↶ f , (κ(a))a∈A ↶ (κ

(a)
2 )a∈A in the notation of Lemma 4.1.6) yields for all x, y ∈ Rd,

a ∈ A that
|(u2(x))(a)− (u2(y))(a)| ≤ ηK

1−ηL∥x− y∥. (4.34)

This, the triangle inequality, and the assumption that for all x, y ∈ Rd, r, s ∈ R|A| it holds that
|f(x, r)− f(x, s)| ≤ Lmaxa∈A|r(a)− s(a)| and |f(x, r)− f(y, r)| ≤ K∥x− y∥ demonstrate for
all x, y ∈ Rd that

|f(x, u2(x))− f(y, u2(y))| ≤ |f(x, u2(x))− f(x, u2(y))|+ |f(x, u2(y))− f(y, u2(y))|
≤ Lmax

a∈A
|(u2(x))(a)− (u2(y))(a)|+K∥x− y∥

≤
(
L ηK

1−ηL +K
)
∥x− y∥ = K

1−ηL∥x− y∥.

(4.35)

Combining this, the fact that for all x ∈ Rd, a ∈ A, γ ∈ Πd(κ
(a)
1 (x, ·), κ(a)2 (x, ·)), B ∈ B(Rd) it

holds that γ(B×Rd) = κ
(a)
1 (x,B) and γ(Rd×B) = κ

(a)
2 (x,B), the triangle inequality, the as-

sumption that for all x ∈ Rd, r, s ∈ R|A| it holds that |f(x, r)−f(x, s)| ≤ Lmaxa∈A|r(a)−s(a)|,
and the assumption that for all i ∈ {1, 2}, x ∈ Rd a ∈ A it holds that

∫
Rd |w(x)|κ(a)i (x,dx) ≤
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cw(x) with item (i) assures for all x ∈ Rd, a ∈ A, γ ∈ Πd(κ
(a)
1 (x, ·), κ(a)2 (x, ·)) that

|(u1(x))(a)−(u2(x))(a)|
|w(x)| = 1

|w(x)|

∣∣∣∣∫
Rd

f(x, u1(x))κ
(a)
1 (x,dx)−

∫
Rd

f(y, u2(y))κ
(a)
2 (x, dy)

∣∣∣∣
= 1

|w(x)|

∣∣∣∣∫
Rd×Rd

f(x, u1(x))− f(y, u2(y))γ(d(x,y))

∣∣∣∣
≤ 1

|w(x)|

∫
Rd×Rd

|f(x, u1(x))− f(y, u2(y))|γ(d(x,y))

≤ 1
|w(x)|

(∫
Rd×Rd

|f(x, u1(x))− f(x, u2(x))|γ(d(x,y))

+

∫
Rd×Rd

|f(x, u2(x))− f(y, u2(y))|γ(d(x,y))
)

≤ 1
|w(x)|

(
L

∫
Rd×Rd

max
b∈A

|(u1(x))(b)− (u2(x)(b)|γ(d(x,y))

+ K
1−ηL

∫
Rd×Rd

∥x− y∥γ(d(x,y))
)

≤ L
|w(x)|

[
sup

(y,b)∈Rd×A

|(u1(y))(b)−(u2(y))(b)|
|w(y)|

] ∫
Rd×Rd

|w(x)|γ(d(x,y))

+ K
(1−ηL)|w(x)|

∫
Rd×Rd

∥x− y∥γ(d(x,y))

≤ cL

[
sup

(y,b)∈Rd×A

|(u1(y))(b)−(u2(y))(b)|
|w(y)|

]
+ K

(1−ηL)|w(x)|

∫
Rd×Rd

∥x− y∥γ(d(x,y)).

(4.36)

Hence, it holds for all x ∈ Rd, a ∈ A that

|(u1(x))(a)−(u2(x))(a)|
|w(x)| − cL

[
sup

(y,b)∈Rd×A

|(u1(y))(b)−(u2(y))(b)|
|w(y)|

]

≤ K
(1−ηL)|w(x)|

(
inf

γ∈Πd(κ
(a)
1 (x,·),κ(a)

2 (x,·))

∫
Rd×Rd

∥x− y∥γ(d(x,y))

)

= K
1−ηL

Wd(κ
(a)
1 (x,·),κ(a)

2 (x,·))
|w(x)| .

(4.37)

Combining this, the assumption that cL < 1, and item (i) shows that[
sup

(x,a)∈Rd×A

|(u1(x))(a)−(u2(x))(a)|
w(x)

]
≤ K

(1−ηL)(1−cL)

[
sup

(y,b)∈Rd×A

Wd(κ
(b)
1 (y,·),κb

2(y,·))
|w(y)|

]
. (4.38)

This proves item (ii). The proof of Lemma 4.1.7 is thus complete.

Proposition 4.1.8. Assume Setting 4.1.4, let η, c,K ∈ [0,∞), let Li ∈ [0,∞), i ∈ {1, 2},
assume for all i ∈ {1, 2} that cLi < 1 and ηL2 < 1, let fi : Rd × R|A| → R, i ∈ {1, 2},
be measurable, assume for all i ∈ {1, 2}, x, y ∈ Rd, r, s ∈ R|A| that |fi(x, r) − fi(x, s)| ≤
Limaxa∈A|r(a) − s(a)| and |f2(x, r) − f2(y, r)| ≤ K∥x − y∥, let κ

(a)
i : Rd × B(Rd) → [0, 1],

i ∈ {1, 2}, a ∈ A, be stochastic kernels, assume for all i ∈ {1, 2}, x ∈ Rd, a ∈ A that∫
Rd |w(y)|κ(a)i (x,dy) ≤ cw(x), assume for all i ∈ {1, 2} that

sup
(x,a)∈Rd×A

|w(x)|−1

∫
Rd

|fi(y, 0)|κ(a)i (x,dy) < ∞, (4.39)

assume for all i ∈ {1, 2} that sup(x,a)∈Rd×A|w(x)|−1
∫
Rd∥y∥κ(a)i (x,dy) < ∞, assume for all

x, y ∈ Rd, a ∈ A that Wd(κ
(a)
2 (x, ·), κ(a)2 (y, ·)) ≤ η∥x− y∥. Then
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(i) there exist unique ui ∈ W, i ∈ {1, 2}, such that for all i ∈ {1, 2}, x ∈ Rd, a ∈ A it holds
that∫

Rd

|fi(y, ui(y))|κ(a)i (x, dy) < ∞ and (ui(x))(a) =

∫
Rd

fi(y, ui(y))κ
(a)
i (x,dy)

(4.40)

and

(ii) it holds that[
sup

(x,a)∈Rd×A

|(u1(x))(a)−(u2(x))(a)|
|w(x)|

]
≤ c

1−c(min{L1,L2))

[
sup

(y,r)∈Rd×R|A|

|f1(y,r)−f2(y,r)|
|w(y)|

]
+ K

(1−ηL2)(1−cL2)

[
sup

(y,b)∈Rd×A

Wd(κ
(b)
1 (y,·),κ(b)

2 (y,·))
|w(y)|

]
.

(4.41)

Proof of Proposition 4.1.8. First, observe that the assumption that w is measurable, the
assumption that for all i ∈ {1, 2} it holds that cLi < 1, the assumption that for all i ∈ {1, 2},
x ∈ Rd, r, s ∈ R|A| it holds that |fi(x, r)− fi(x, s)| ≤ Limaxa∈A|r(a)− s(a)|, the assumption
that for all i ∈ {1, 2}, x ∈ Rd, a ∈ A it holds that

∫
Rd |w(y)|κ(a)i (x, dy) ≤ cw(x), the assumption

that for all i ∈ {1, 2} it holds that sup(x,a)∈Rd×A|w(x)|−1
∫
Rd |fi(y, ui(y))|κ(a)i (x,dy) < ∞, and

Lemma 2.1.2 (applied for every i ∈ {1, 2} with c ↶ c, L ↶ Li, (X,X ) ↶ (Rd,B(Rd)), A ↶ A,
(κa)a∈A ↶ (κ

(a)
i )a∈A, f ↶ fi, w ↶ [Rd ∋ x 7→ [A ∋ a 7→ w(x) ∈ (0,∞)] ∈ (0,∞)|A|] in the

notation of Lemma 2.1.2) establishes item (i). Next, note that the assumption that for all
i ∈ {1, 2} it holds that sup(x,a)∈Rd×A|w(x)|−1

∫
Rd∥y∥κ(a)i (x, dy) < ∞ and the fact that for all

x ∈ Rd it holds that w(x) > 0 imply that for all i ∈ {1, 2}, x ∈ Rd, a ∈ A it holds that∫
Rd

∥y∥κ(a)i (x, dy) = |w(x)|
|w(x)|

∫
Rd

∥y∥κ(a)i (x, dy)

≤ |w(x)|
[

sup
(z,b)∈Rd×A

|w(z)|−1

∫
Rd

∥y∥κ(b)i (z,dy)

]
< ∞.

(4.42)

Moreover, note that Fubini’s theorem, the triangle inequality, and the assumption that for all
x, y ∈ Rd, r ∈ R|A| it holds that |f2(x, r)− f2(y, r)| ≤ K∥x− y∥ ensure for all x ∈ Rd, a ∈ A
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that
1

|w(x)|

∫
Rd

|f2(x, 0)|κ(a)1 (x,dx) = 1
|w(x)|

∫
Rd×Rd

|f2(x, 0)|
(
κ
(a)
1 (x,dx)⊗ κ

(a)
2 (x, dy)

)
≤ 1

|w(x)|

∫
Rd×Rd

|f2(x, 0)− f2(y, 0)|
(
κ
(a)
1 (x,dx)⊗ κ

(a)
2 (x,dy)

)
+ 1

|w(x)|

∫
Rd×Rd

|f2(y, 0)|
(
κ
(a)
1 (x, dx)⊗ κ

(a)
2 (x,dy)

)
≤ K

|w(x)|

∫
Rd×Rd

∥x− y∥
(
κ
(a)
1 (x,dx)⊗ κ

(a)
2 (x, dy)

)
+ 1

|w(x)|

∫
Rd×Rd

|f2(y, 0)|
(
κ
(a)
1 (x, dx)⊗ κ

(a)
2 (x,dy)

)
≤ K

|w(x)|

∫
Rd×Rd

∥x∥
(
κ
(a)
1 (x, dx)⊗ κ

(a)
2 (x,dy)

)
+ K

|w(x)|

∫
Rd×Rd

∥y∥
(
κ
(a)
1 (x,dx)⊗ κ

(a)
2 (x,dy)

)
+ 1

|w(x)|

∫
Rd×Rd

|f2(y, 0)|
(
κ
(a)
1 (x, dx)⊗ κ

(a)
2 (x,dy)

)
= K

|w(x)|

∫
Rd

∥x∥κ(a)1 (x, dx) + K
|w(x)|

∫
Rd

∥y∥κ(a)2 (x,dy)

+ 1
|w(x)|

∫
Rd

|f2(y, 0)|κ(a)2 (x, dy)

≤ K

([
sup

(y,b)∈Rd×A

∫
Rd∥x∥κ

(b)
1 (y,dx)

|w(y)|

]
+

[
sup

(y,b)∈Rd×A

∫
Rd∥y∥κ

(b)
2 (y,dy)

|w(y)|

])

+

[
sup

(y,b)∈Rd×A

∫
Rd |f2(y,0)|κ

(b)
2 (y,dy)

|w(y)|

]
.

(4.43)

This, the assumption that for all i ∈ {1, 2} it holds that sup(y,b)∈Rd×A|w(y)|−1
∫
Rd |fi(y, 0)|κ(b)i (y,dy) <

∞, and the assumption that for all i ∈ {1, 2} it holds that sup(y,b)∈Rd×A|w(y)|−1
∫
Rd∥y∥κ(b)i (y,dy) <

∞, show that sup(y,b)∈Rd×A|w(y)|−1
∫
Rd |f2(y, 0)|κ(b)1 (y,dy) < ∞. Combining this with Lemma 2.1.2

(applied with c ↶ c, L ↶ L2, (X,X ) ↶ (Rd,B(Rd)), A ↶ A, (κa)a∈A ↶ (κ
(a)
1 )a∈A, f ↶ f2,

w ↶ [Rd ∋ x 7→ [A ∋ a 7→ w(x) ∈ (0,∞)] ∈ (0,∞)|A|] in the notation of Lemma 2.1.2)
proves that there exists a unique u ∈ W such that for all x ∈ Rd, a ∈ A it holds that∫
Rd |f2(y, u(y))|κ(a)1 (x,dy) < ∞ and (u(x))(a) =

∫
Rd f2(y, u(y))κ

(a)
1 (x,dy). This, (4.42), the

triangle inequality, item (ii) in Lemma 4.1.5 (applied with c ↶ c, L1 ↶ L1, L2 ↶ L2,
f1 ↶ f1, f2 ↶ f2, (κ(a))a∈A ↶ (κ

(a)
1 )a∈A in the notation of Lemma 4.1.5), and item (ii)

Lemma 4.1.7 (applied with η ↶ η, c ↶ c, L ↶ L2, K ↶ K, f ↶ f2, (κ
(a)
1 )a∈A ↶ (κ

(a)
1 )a∈A,

(κ
(a)
2 )a∈A ↶ (κ

(a)
2 )a∈A in the notation of Lemma 4.1.7) demonstrate that[

sup
(x,a)∈Rd×A

|(u1(x))(a)−(u2(x))(a)|
|w(x)|

]
≤
[

sup
(x,a)∈Rd×A

|(u1(x))(a)−(u(x))(a)|
|w(x)|

]
+

[
sup

(x,a)∈Rd×A

|(u(x))(a)−(u2(x))(a)|
|w(x)|

]
≤ c

1−c(min{L1,L2})

[
sup

(y,r)∈Rd×R|A|

|f1(y,r)−f2(y,r)|
|w(y)|

]
+ K

(1−ηL2)(1−cL2)

[
sup

(y,b)∈Rd×A

Wd(κ
(b)
1 (y,·),κ(b)

2 (y,·))
|w(y)|

]
.

(4.44)

This proves item (ii). The proof of Proposition 4.1.8 is thus complete.
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4.2. Auxiliary ANN Representations and Approximations

In this section, we develop auxiliary representation and approximation results for ANNs. In
Subsection 4.2.1 we establish an ANN representation for the maximum function with leaky
ReLU activation function as well as an ANN approximation of the maximum function with
softplus activation function. To this end, we refer to the related construction in [57, Sec-
tion 4.2.3] for the special case of the ReLU activation function. In Subsection 4.2.2 we develop
representations for MLFP approximations through ANNs with a general activation function.

4.2.1. ANN Representations and Approximations for the Maximum Function

Lemma 4.2.1. Let β ∈ [0,∞)\{1}, let ϕ ∈ C(R,R) satisfy for all x ∈ R that ϕ(x) =
max{x, βx}. Then there exists Φn ∈ N, n ∈ N ∩ [2,∞), such that

(i) it holds for all n ∈ N ∩ [2,∞) that

Rϕ(Φn) ∈

{
C(Rn,Rn/2) : n ∈ {2, 4, . . .}
C(Rn,R(n+1)/2) : n ∈ {3, 5, . . .},

(4.45)

(ii) it holds for all n ∈ N ∩ [2,∞), x = (x1, . . . , xn) ∈ Rn that

(Rϕ(Φn))(x) =

{
(max{x1, x2}, . . . ,max{xn−1, xn}) ∈ Rn/2 : n ∈ {2, 4, . . .}
(max{x1, x2}, . . . ,max{xn−2, xn−1}, xn) ∈ R(n+1)/2 : n ∈ {3, 5, . . .},

(4.46)

(iii) it holds for all n ∈ N ∩ [2,∞) that

D(Φn) =

{
(n, 2n, n2 ) : n ∈ {2, 4, . . .}
(n, 2n, n+1

2 ) : n ∈ {3, 5, . . .},
(4.47)

and

(iv) it holds for all n ∈ N ∩ [2,∞) that L(Φn) = 2.

Proof of Lemma 4.2.1. Throughout this proof let γ, δ ∈ R satisfy γ = |1−β|
(1−β)(1−β2)

and δ = |1−β|
1−β ,

let T ∈ R1×2, w1 ∈ R4×2, w2 ∈ R1×4 satisfy

T =
(
(1 + β)−1 −(1 + β)−1

)
, w1 =


δ −δ

−δ δ
0 δ
0 −δ

 , and

w2 =
(
γ γβ γ(1− β) γ(β − 1)

)
,

(4.48)

let J,M ∈ N satisfy

J =

(((
1

−1

)
,

(
0
0

))
,
(
T, 0

))
and M =

((
w1, 0

)
,
(
w2, 0

))
, (4.49)

let Φn ∈ N, n ∈ N ∩ [2,∞), satisfy for all n ∈ N ∩ [2,∞) that

Φn =

Pn
2
(M,M, . . . ,M) : n ∈ {2, 4, . . .}

Pn+1
2
(M,M, . . . ,M, J) : n ∈ {3, 5, . . .}.

(4.50)
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First, note that [1, Equation (4.99)] ensures for all x ∈ R that max{x, 0} = γβϕ(−δx)+γϕ(δx)
This, (4.48), and (4.49), imply that for all x ∈ R, y = (y1, y2) ∈ R2 it holds that L(J) =
L(M) = 2, D(J) = (1, 2, 1) ∈ N3, D(M) = (2, 4, 1) ∈ N3, Rϕ(J) ∈ C(R,R), Rϕ(M) ∈
C(R2,R),

(
Rϕ(J)

)
(x) = TMϕ,2

((
1

−1

)
x

)
= (1 + β)−1(ϕ(x)− ϕ(−x))

= (1 + β)−1
(
max{x, βx} −max{−x,−βx}

)
= x+βx

1+β = x, and
(4.51)

(
Rϕ(M)

)
(y) = w2Mϕ,4

(
w1

(
y1
y2

))
= w2Mϕ,4




δ −δ
−δ δ
0 δ
0 −δ

(y1y2
)

=
(
γ γβ γ(1− β) γ(β − 1)

)
ϕ(δ(y1 − y2))
ϕ(−δ(y1 − y2))

ϕ(δy2)
ϕ(−δy2)


= γϕ(δ(y1 − y2)) + γβϕ(−δ(y1 − y2)) + γϕ(δy2) + γβϕ(−δy2)

− γβϕ(δy2)− γϕ(−δy2)

= max{y1 − y2, 0}+max{y2, 0} −max{−y2, 0} = max{y1, y2}.

(4.52)

Combining this, (4.50), and Lemma 3.3.2 therefore demonstrates for all n ∈ N ∩ [2,∞), x =
(x1, . . . , xn) ∈ Rn that L(Φn) = 2,

D(Φn) =

{
(n, 2n, n2 ) : n ∈ {2, 4, . . .}
(n, 2n, n+1

2 ) : n ∈ {3, 5, . . .},
(4.53)

Rϕ(Φn) ∈

{
C(Rn,Rn/2) : n ∈ {2, 4, . . .}
C(Rn,R(n+1)/2) : n ∈ {3, 5, . . .},

(4.54)

and

(
Rϕ(Φn)

)
(x) =


(
Rϕ(Pn

2
(M,M, . . . ,M))

)
(x1, x2, . . . , xn) : n ∈ {2, 4, . . .}(

Rϕ(Pn+1
2
(M,M, . . . ,M, J))

)
(x1, x2, . . . , xn) : n ∈ {3, 5, . . .}

=




(
Rϕ(M)

)
(x1, x2)(

Rϕ(M)
)
(x3, x4)

...(
Rϕ(M)

)
(xn−1, xn)

 : n ∈ {2, 4, . . .}



(
Rϕ(M)

)
(x1, x2)(

Rϕ(M)
)
(x3, x4)

...(
Rϕ(M)

)
(xn−2, xn−1)(

Rϕ(J)
)
(xn)


: n ∈ {3, 5, . . .}

=

{(
max{x1, x2}, . . . ,max{xn−1, xn}

)
: n ∈ {2, 4, . . .}(

max{x1, x2}, . . . ,max{xn−2, xn−1}, xn
)

: n ∈ {3, 5, . . .}.

(4.55)

This proves items (i) to (iv). The proof of Lemma 4.2.1 is thus complete.
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Lemma 4.2.2 (Maximum of finite set of real numbers (leaky ReLU ANN)). Let β ∈ [0,∞)\{1},
for every n ∈ N, x = (x1, . . . , xn) ∈ Rn let x ∈ R satisfy x = maxi∈{1,...,n}|xi|, let
⌈·⌉ : R → Z satisfy for all x ∈ R that ⌈x⌉ = min{l ∈ Z : l ≥ x}, let ϕ ∈ C(R,R) satisfy for all
x ∈ R that ϕ(x) = max{x, βx}. Then there exists Ψm ∈ N, m ∈ N, such that

(i) it holds for all m ∈ N that Rϕ(Ψm) ∈ C(Rm,R),

(ii) it holds for all m ∈ N, x = (x1, . . . , xm) ∈ Rm that(
Rϕ(Ψm)

)
(x) = max

i∈[1,m]∩N
xi, (4.56)

and

(iii) it holds for all m ∈ N that

D(Ψm) ≤ 2m and L(Ψm) = ⌈log2(m)⌉+ 1. (4.57)

Proof of Lemma 4.2.2. First, note that Lemma 4.2.1 assures that there exist Φn ∈ N, n ∈
N ∩ [2,∞), such that items (i) to (iv) in Lemma 4.2.1 hold true. Throughout the remainder
of this proof let Ψm ∈ N, m ∈ N, satisfy for all m ∈ N ∩ [3,∞) that Ψ1 = (1, 0) ∈ R1×1 ×R1,
Ψ2 = Φ2, and Ψm = Ψ⌈m

2
⌉ • Φm. The fact that Ψ1 = (1, 0) implies for all x ∈ R that

D(Ψ1) = (1, 1), Rϕ(Ψ1) ∈ C(R,R), (Rϕ(Ψ1))(x) = x, L(Ψ1) = 1 = ⌈log2(1)⌉ + 1, and
D(Ψ1) = 1 ≤ 2. This proves items (i) to (iii) for the case m = 1. Next, we prove items (i)

to (iii) for the case m ∈ N ∩ [2,∞) by induction on m ∈ N ∩ [2,∞). For the base case
m = 2 observe that the fact that Ψ2 = Φ2 and items (i) to (iii) in Lemma 4.2.1 imply for all
x = (x1, x2) ∈ R2 that Rϕ(Ψ2) ∈ C(R2,R),

(
Rϕ(Ψ2)

)
(x1, x2) = max{x1, x2}, D(Ψ2) = 4,

and L(Ψ2) = 2 = ⌈log2(2)⌉+ 1. This proves items (i) to (iii) for the base case m = 2. For the
induction step N ∩ [2,∞) ∋ (m − 1) 99K m ∈ N ∩ [3,∞) let m ∈ N ∩ [3,∞) and assume that
items (i) to (iii) hold true for all l ∈ N ∩ [2,m− 1]. Observe that the fact that for all l ∈ Z it
holds that ⌈

l
2

⌉
=

{
l
2 : l ∈ {2, 4, . . .}
l+1
2 : l ∈ {3, 5, . . .}

(4.58)

and item (iii) in Lemma 4.2.1 demonstrate for all l ∈ N ∩ [2,∞) that

D(Φl) =

{
(l, 2l, l/2) : l ∈ {2, 4, . . .}
(l, 2l, (l+1)/2) : l ∈ {3, 5, . . .}

}
= (l, 2l, ⌈ l

2⌉) ∈ N3. (4.59)

This, the fact that for all k ∈ N∩ [3,∞) it holds that ⌈k2⌉ ∈ N∩ [2,∞), Lemma 3.2.2, and the
induction hypothesis establish that

I(Ψm) = I(Φm) = m, O(Ψm) = O(Ψ⌈m
2
⌉) = 1,

and Rϕ(Ψm) = Rϕ(Ψ⌈m
2
⌉) ◦ Rϕ(Φm) ∈ C(Rm,R).

(4.60)

Moreover, note that Lemma 3.2.2, item (ii) in Lemma 4.2.1, the fact that for all l ∈ N∩[2,∞) it
holds that ⌈ l

2⌉ < l, and the induction hypothesis that for all l ∈ N∩[2,m−1], x = (x1, . . . , xl) ∈
Rl it holds that

(
Rϕ(Ψl)

)
(x) = maxi∈N∩[1,l] xi show for all x = (x1, . . . , xm) ∈ Rm that(

Rϕ(Ψm)
)
(x) =

(
Rϕ(Ψ⌈m

2
⌉) ◦ Rϕ(Φm)

)
(x1, . . . , xm)

=

{
max

{
max{x1, x2}, . . . ,max{xm−1, xm}

}
: m ∈ {4, 6, . . .}

max
{
max{x1, x2}, . . . ,max{xm−2, xm−1}, xm

}
: m ∈ {3, 5, . . .}

= max{x1, . . . , xm}. (4.61)
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In addition, observe that Lemma 3.2.2, (4.50), the fact that for all l ∈ N∩ [2,∞) it holds that
⌈ l
2⌉ < l, and the induction hypothesis assure that

D(Ψm) ≤ max
{

D(Ψ⌈m
2
⌉) , D(Φm)

}
≤ max

{
2⌈m2 ⌉, 2m

}
= 2m. (4.62)

Furthermore, note that the fact that for all l ∈ N∩[2,∞) it holds that ⌈log2(2⌈l/2⌉)⌉ = ⌈log2(l)⌉,
Lemma 3.2.2, item (iv) in Lemma 4.2.1, and the induction hypothesis imply that

L(Ψm) = L(Ψ⌈m
2
⌉) + L(Φm)− 1 = L(Ψ⌈m

2
⌉) + 1 =

(
⌈log2(⌈m/2⌉)⌉+ 1

)
+ 1

=
(
⌈log2(2⌈m/2⌉)⌉

)
+ 1 = ⌈log2(m)⌉+ 1.

(4.63)

Combining this, (4.60), (4.61), and (4.62) completes the induction step. Induction hence
proves items (i) to (iii). The proof of Lemma 4.2.2 is thus complete.

Lemma 4.2.3. Let ϕ ∈ C(R,R) satisfy for all x ∈ R that ϕ(x) = ln(1+exp(x)), let ⌈·⌉ : R → Z
satisfy for all x ∈ R that ⌈x⌉ = min{l ∈ Z : l ≥ x}, and for every n ∈ N, x = (x1, . . . , xn) ∈ Rn

let x ∈ R satisfy x = maxi∈{1,...,n}|xi|. Then there there exists Ψn,δ ∈ N, n ∈ N, δ ∈ (0, 1],
such that

(i) it holds for all n ∈ N, δ ∈ (0, 1] that Rϕ(Ψn,δ) ∈ C(Rn,R),

(ii) it holds for all n ∈ N, δ ∈ (0, 1] that D(Ψn,δ) ≤ ⌈3n2 ⌉ and L(Ψn,δ) = ⌈log2(n)⌉+ 1,

(iii) it holds for all n ∈ N, x = (x1, . . . , xn) ∈ Rn, δ ∈ (0, 1] that

|(Rϕ(Ψn,δ))(x)−max{x1, . . . , xn}| ≤ 3 ln(2)⌈log2(n)⌉δ, (4.64)

and

(iv) it holds for all n ∈ N, x, y ∈ Rn, δ ∈ (0, 1] that

|(Rϕ(Ψn,δ))(x)− (Rϕ(Ψn,δ))(y)| ≤ x− y . (4.65)

Proof of Lemma 4.2.3. For every n ∈ N ∩ [2,∞), x = (x1, . . . , xn) ∈ Rn let mn(x) ∈ R⌈n
2
⌉

satisfy

mn(x) =

{
(max{x1, x2}, . . . ,max{xn−1, xn}) : n ∈ {2, 4, . . .}
(max{x1, x2}, . . . ,max{xn−2, xn−1}, xn) : n ∈ {3, 5, . . .},

(4.66)

let J ∈ N satisfy

J =

(((
1
−1

)
,

(
0
0

))
,
((
1 −1

)
, 0
))

∈
(
R2×1 × R2

)
×
(
R1×2 × R1

)
, (4.67)

let (w
(δ)
1 , w

(δ)
2 , b

(δ)
1 , b

(δ)
2 ) ∈ R3×2 × R1×3 × R3 × R, δ ∈ (0, 1], satisfy for all δ ∈ (0, 1] that

w
(δ)
1 = δ−1

( 1 −1
0 1
0 −1

)
, w

(δ)
2 = δ

(
1 1 −1

)
, b

(δ)
1 = 0, b

(δ)
2 = 0, (4.68)

for every δ ∈ (0, 1] let Mδ ∈ N satisfy that

Mδ =
((
w

(δ)
1 , b

(δ)
1

)
,
(
w

(δ)
2 , b

(δ)
2

))
, (4.69)

let Φn,δ ∈ N, n ∈ N ∩ [2,∞), δ ∈ (0, 1], satisfy for all n ∈ N ∩ [2,∞), δ ∈ (0, 1] that

Φn,δ =

{
Pn

2
(Mδ,Mδ, . . . ,Mδ) : n ∈ {2, 4, . . .}

Pn+1
2
(Mδ,Mδ, . . . ,Mδ, J) : n ∈ {3, 5, . . .},

(4.70)
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and let Ψn,δ ∈ N, n ∈ N, δ ∈ (0, 1], satisfy for all n ∈ N∩ [3,∞), δ ∈ (0, 1] that Ψ1,δ = (1, 0) ∈
R1×1 × R1, Ψ2,δ = Φ2,δ, and Ψn,δ = Ψ⌈n

2
⌉,δ • Φn,δ. First, observe that the fact that for all

δ ∈ (0, 1] it holds that Ψ1,δ = (1, 0) ensures for all x, y ∈ R, δ ∈ (0, 1] that D(Ψ1,δ) = (1, 1),
Rϕ(Ψ1,δ) ∈ C(R,R), (Rϕ(Ψ1,δ))(x) = x, D(Ψ1,δ) = 1 ≤ ⌈32⌉, L(Ψ1,δ) = 1 = ⌈log2(1)⌉ + 1,
|(Rϕ(Ψ1,δ))(x)−x| = 0 = ⌈log2(1)⌉ = 3 ln(2)⌈log2(1)⌉δ, and |(Rϕ(Ψ1,δ))(x)−(Rϕ(Ψ1,δ))(y)| =
|x − y| = x− y . This proves items (i) to (iv) for the case n = 1. Next, note that (4.66)
and the fact that for all x, y, z ∈ R it holds that max{x, y, z} = max{max{x, y}, z} imply that
for all n ∈ N ∩ [2,∞), x = (x1, . . . , xn) ∈ Rn it holds that max(mn(x)) = max{x1, . . . , xn}.
Next, observe that (4.67) and [1, Lemma 3.8] ensure for all x ∈ Rd that Rϕ(J) ∈ C(R,R),
D(J) = (1, 2, 1), and (Rϕ(J))(x) = x. Furthermore, note that for all x1, x2 ∈ R, δ ∈ (0, 1] it
holds that Rϕ(Mδ) ∈ C(R2,R), D(Mδ) = (2, 3, 1), and

(Rϕ(Mδ))(x1, x2) = w
(δ)
2 Mϕ,3

(
w

(δ)
1

(
x1
x2

))

=
(
δ δ −δ

)ϕ(δ−1(x1 − x2))
ϕ(δ−1x2)
ϕ(−δ−1x2)


= δ
(
ϕ(δ−1(x1 − x2)) + ϕ(δ−1x2)− ϕ(−δ−1x2)

)
.

(4.71)

Combining this, the fact that for all x ∈ Rd, δ ∈ (0, 1] it holds that |δϕ(δ−1x)−max{x, 0}| ≤
ln(2)δ, the fact that for all x1, x2 ∈ R it holds that max{x1, x2} = max{x1 − x2, 0} +
max{x2, 0} − max{−x2, 0}, and the triangle inequality implies for all x1, x2 ∈ R, δ ∈ (0, 1]
that

|(Rϕ(Mδ))(x1, x2)−max{x1, x2}| ≤ 3 ln(2)δ. (4.72)

This, (4.66), and (4.70) demonstrate for all n ∈ N ∩ [2,∞), x ∈ Rn, δ ∈ (0, 1] that

(Rϕ(Φn,δ))(x)−mn(x) ≤ 3 ln(2)δ. (4.73)

Moreover, note that (4.71) ensures that for all x1, x2 ∈ R, δ ∈ (0, 1] it holds that

(Rϕ(Mδ))(x1, x2) = δ ln
(
exp(δ−1x1) + exp(δ−1x2)

)
. (4.74)

This yields for every x1, x2 ∈ R, δ ∈ (0, 1] that Rϕ(Mδ) ∈ C1(R2,R) and

∇(Rϕ(Mδ))(x1, x2) =

(
exp(δ−1x1)

exp(δ−1x1)+exp(δ−1x2)
exp(δ−1x2)

exp(δ−1x1)+exp(δ−1x2)

)
. (4.75)

This, the fact that for all x1, x2 ∈ R it holds that exp(x1)
exp(x1)+exp(x2)

∈ (0, 1), and the mean value
theorem demonstrate for all x = (x1, x2), y = (y1, y2) ∈ R2, δ ∈ (0, 1] that

|(Rϕ(Mδ))(x)− (Rϕ(Mδ))(y)|

≤ sup
p1,p2∈R

(∣∣∣∣ exp(p1/δ)

exp(p1/δ) + exp(p2/δ)

∣∣∣∣+ ∣∣∣∣ exp(p2/δ)

exp(p1/δ) + exp(p2/δ)

∣∣∣∣) x− y = x− y .
(4.76)

This, (4.70), and Lemma 3.3.2 establish for all l ∈ N ∩ [2,∞), x, y ∈ Rl, δ ∈ (0, 1] that

(Rϕ(Φl,δ))(x)− (Rϕ(Φl,δ))(y) ≤ x− y . (4.77)

Next, note that the fact that for all δ ∈ (0, 1] it holds that D(Mδ) = (2, 3, 1), the fact that for
all l ∈ Z it holds that ⌈

l
2

⌉
=

{
l
2 : l ∈ {0, 2,−2, 4,−4, . . .}
l+1
2 : l ∈ {1,−1, 3,−3, . . .},

(4.78)
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(4.70), and Lemma 3.3.2 establish for all n ∈ N ∩ [2,∞), δ ∈ (0, 1] that

D(Φn,δ) =

{
(n, 3n2 , n2 ) : n ∈ {2, 4, . . .}
(n, 3n+1

2 , n+1
2 ) : n ∈ {3, 5, . . .}

}
=
(
n,
⌈
3n
2

⌉
,
⌈
n
2

⌉)
. (4.79)

Next, we prove items (i) to (iv) for the case n ∈ N ∩ [2,∞) by induction on n ∈ N ∩ [2,∞).
For the base case n = 2 observe that the fact that for all δ ∈ (0, 1] it holds that Ψ2,δ =
Φ2,δ = Mδ, (4.69), (4.71), (4.72), (4.76), (4.79), and Lemma 3.3.2 demonstrate that for all
x = (x1, x2), y = (y1, y2) ∈ R2, δ ∈ (0, 1] it holds that D(Ψ2,δ) = (2, 3, 1), D(Ψ2,δ) = 3,
L(Ψ2,δ) = 2, Rϕ(Ψ2,δ) ∈ C(R2,R), |(Rϕ(Ψ2,δ))(x)−max{x1, x2}| ≤ 3 ln(2)δ, and

|(Rϕ(Ψ2,δ))(x)− (Rϕ(Ψ2,δ))(y)| ≤ x− y . (4.80)

This proves items (i) to (iv) in the base case n = 2. For the induction step N ∩ [2,∞) ∋
(n − 1) 99K n ∈ N ∩ [3,∞) let n ∈ N ∩ [3,∞) and assume that items (i) to (iv) hold true
for all l ∈ N ∩ [2, n − 1]. First, observe that the fact that for all k ∈ N ∩ [3,∞) it holds
that ⌈k2⌉ ∈ N ∩ [2,∞), the fact that for all l ∈ N ∩ [2,∞) it holds that ⌈ l

2⌉ < l, the fact
that for all l ∈ N ∩ [2,∞) it holds that ⌈log2(2⌈l/2⌉)⌉ = ⌈log2(l)⌉, (4.79), the fact that for all
Λ,Ξ ∈ N with I(Λ) = O(Ξ) it holds that D(Λ • Ξ) ≤ max{ D(Λ) , D(Ξ) }, Lemma 3.2.2,
and the induction hypothesis yield for all δ ∈ (0, 1] that I(Ψn,δ) = I(Φn,δ) = n, O(Ψn,δ) =
O(Ψ⌈n/2⌉,δ) = 1,

D(Ψn,δ) ≤ max
{

D(Ψ⌈n/2⌉,δ) , D(Φn,δ)
}
≤ max

{⌈
3⌈n/2⌉

2

⌉
,
⌈
3n
2

⌉}
≤
⌈
3n
2

⌉
, (4.81)

and L(Ψn,δ) = L
(
Ψ⌈n/2⌉,δ

)
+ L(Φn,δ) − 1 = ⌈log2(⌈n/2⌉)⌉ + 1 + 1 = ⌈log2(⌈n/2⌉) + 1⌉ + 1 =

⌈log2(2⌈n/2⌉)⌉ + 1 = ⌈log2(n)⌉ + 1. Next, note that the fact that for all l ∈ N ∩ [2,∞),
x = (x1, . . . , xl) ∈ Rl it holds that max(ml(x)) = max{x1, . . . , xl}, the fact that for all
l ∈ N ∩ [2,∞) it holds that ⌈log2(2⌈l/2⌉)⌉ = ⌈log2(l)⌉, (4.73), the triangle inequality, and the
induction hypothesis show for all x = (x1, . . . , xn) ∈ Rn, δ ∈ (0, 1] that

|(Rϕ(Ψn,δ))(x1, x2, . . . , xn)−max{x1, x2, . . . , xn}|
≤ |(Rϕ(Ψ⌈n/2⌉,δ))((Rϕ(Φn,δ))(x))− (Rϕ(Ψ⌈n/2⌉,δ))(mn(x))|
+ |(Rϕ(Ψ⌈n/2⌉,δ))(mn(x))−max(mn(x))|

≤ (Rϕ(Φn,δ))(x)−mn(x) + 3⌈log2(⌈n/2⌉)⌉ ln(2)δ
≤ 3 ln(2)δ(1 + ⌈log2(⌈n/2⌉)⌉) = 3⌈log2(n)⌉ ln(2)δ.

(4.82)

Moreover, observe that (4.77) and the induction hypothesis demonstrate for all x, y ∈ Rn,
δ ∈ (0, 1] that

|(Rϕ(Ψn,δ))(x)− (Rϕ(Ψn,δ))(y)|
= |(Rϕ(Ψ⌈n/2⌉,δ))((Rϕ(Φn,δ)(x)))− (Rϕ(Ψ⌈n/2⌉,δ))((Rϕ(Φn,δ)(y)))|
≤ (Rϕ(Φn,δ)(x))− (Rϕ(Φn,δ)(y)) ≤ x− y .

(4.83)

This, (4.81), (4.82), and induction prove items (i) to (iv). The proof of Lemma 4.2.3 is thus
complete.

4.2.2. ANN Representations for MLFP Approximations

Lemma 4.2.4 (ANN representations for MLFP approximations). Let d, d ∈ N, let M ∈
N ∩ [2,∞), let Θ = ∪n∈NZn, let A be a nonempty finite set, let 𝒶 ∈ A, 𝒶 let ϕ ∈ C(R,R),
let J,F ∈ N satisfy D(J) = (1, d, 1), Rϕ(J) = idR, and Rϕ(F) ∈ C(Rd+|A|,R), let Xθ

a ∈ N,
θ ∈ Θ, a ∈ A, satisfy for all θ ∈ Θ, a ∈ A that D(Xθ

a) = D(X0
𝒶) and Rϕ(X

θ
a) ∈ C(Rd,Rd),

65



for every d ∈ N, x ∈ (x1, . . . , xd) ∈ Rd let x ∈ R satisfy x = maxi∈{1,...,d}|xi|, let
c = 2max{ D(F) , D(X0

𝒶) , dd + d|A|}, let Uθ
n : Rd → R|A|, θ ∈ Θ, n ∈ N0, satisfy for all

θ ∈ Θ, n ∈ N0, x ∈ Rd, a ∈ A that

(
Uθ
n(x)

)
(a) =

n−1∑
l=0

1

Mn−l

Mn−l∑
i=1

[(
Rϕ(F)

)((
Rϕ(X

(θ,l,i)
a )

)
(x),U (θ,l,i)

l

((
Rϕ(X

(θ,l,i)
a )

)
(x)
))

− 1N(l)
(
Rϕ(F)

)((
Rϕ(X

(θ,l,i)
a )

)
(x),U (θ,−l,i)

max{l−1,0}
((
Rϕ(X

(θ,l,i)
a )

)
(x)
))]

. (4.84)

Then there exists Φθ
n ∈ N, θ ∈ Θ, n ∈ N0, such that

(i) it holds for all θ ∈ Θ, n ∈ N0 that Rϕ(Φ
θ
n) ∈ C(Rd,R|A|),

(ii) it holds for all θ ∈ Θ, n ∈ N0, x ∈ Rd that
(
Rϕ(Φ

θ
n)
)
(x) = Uθ

n(x) ∈ R|A|,

(iii) it holds for all θ ∈ Θ, n ∈ N0 that D(Φθ
n) = D(Φ0

n),

(iv) it holds for all θ ∈ Θ, n ∈ N0 that

L(Φθ
n) ≤ n

(
L(F) + L(X0

𝒶)− 1
)
+ 1, (4.85)

(v) it holds for all θ ∈ Θ, n ∈ N0 that

D(Φθ
n) ≤ c(4|A|M)n, (4.86)

and

(vi) it holds for all θ ∈ Θ, n ∈ N0 that

P(Φθ
n) ≤ 2

(
n
(
L(F) + L(X0

𝒶)− 1
)
+ 1
)
c2(4|A|M)2n. (4.87)

Proof of Lemma 4.2.4. Throughout this proof let Ik ∈ N, k ∈ N, satisfy for all k ∈ N that

Ik = Pk(J, . . . , J), (4.88)

let J ∈ N2 satisfy J = (Id, I|A|). Next, observe that Lemma 3.3.2 ensures for all k ∈ N,
x ∈ Rk that D(Ik) = (k, kd, k) ∈ N3, L(Ik) = 2, Rϕ(Ik) ∈ C(Rk,Rk), and

(
Rϕ(Ik)

)
(x) = x.

Throughout the remainder of this proof let Λθ,a
n ,Φθ

n,Ξ
θ
n ∈ N, θ ∈ Θ, n ∈ N0, a ∈ A, satisfy

for all θ ∈ Θ, n ∈ N, a ∈ A that

Λθ,a
0 =

((
0 0 · · · 0

)
, 0
)
∈ R1×d × R1, Φθ

0 = P|A|((Λ
θ,a
0 )a∈A) • Td,|A|,

Ξθ
0 = (0, 0) ∈ R(|A|+d)×d × R|A|+d,

(4.89)

Λθ,a
n =

[
n−1
⊞

l=0,J

[
1

Mn−l
⊛

(
Mn−l

⊞
i=1,J

(
F • Ξ(θ,l,i)

l •X(θ,l,i)
a

))]]

⊞ J

[
n−1
⊞

l=0,J

[
−1N(l)

Mn−l
⊛

(
Mn−l

⊞
i=1,J

(
F • Ξ(θ,−l,i)

max{l−1,0} •X
(θ,l,i)
a

))]]
,

(4.90)

Φθ
n = P|A|((Λ

θ,a
n )a∈A) • Td,|A|, (4.91)

Ξθ
n = P2,J

(
Id,Φθ

n

)
• Td,2, (4.92)
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let Ψθ,j,a
n,l ∈ N, θ ∈ Θ, n ∈ N, l ∈ N0 ∩ [0, n− 1], j ∈ {0, 1}, a ∈ A, satisfy for all θ ∈ Θ, n ∈ N,

l ∈ N0 ∩ [0, n− 1], j ∈ {0, 1}, a ∈ A that

Ψθ,j,a
n,l =

Mn−l

⊞
i=1,J

(
F • Ξ(θ,(−1)j l,i)

max{l−j,0} •X
(θ,l,i)
a

)
∈ N, (4.93)

and let Γθ,j,a
n ∈ N, θ ∈ Θ, n ∈ N, j ∈ {0, 1}, a ∈ A, satisfy for all θ ∈ Θ, n ∈ N, j ∈ {0, 1},

a ∈ A that
Γθ,j,a
n =

n−1
⊞

l=0,J

[
(−1)j1N(l+1−j)

Mn−l ⊛Ψθ,j,a
n,l

]
, (4.94)

let Lj
l ∈ N, l ∈ N0 ∩ [0,∞), j ∈ {0, 1}, satisfy for all l ∈ N0 ∩ [0,∞), j ∈ {0, 1} that

Lj
l = L

(
F • Ξ0

max{l−j,0} •X
0
𝒶

)
, (4.95)

let Lj
n ∈ N, n ∈ N, j ∈ {0, 1}, satisfy for all n ∈ N, j ∈ {0, 1} that

Lj
n = max

l∈N0∩[0,n−1]
Lj
l , (4.96)

let Ln ∈ N, n ∈ N, satisfy for all n ∈ N that

Ln = max
j∈{0,1}

Lj
n. (4.97)

Observe that for θ ∈ Θ, n ∈ N, a ∈ A it holds that

Λθ,a
n = Γθ,0,a

n ⊞ J Γ
θ,1,a
n . (4.98)

We prove items (i) to (vi) by induction on n ∈ N0. For the base case n = 0 note that (4.89)
ensures for all θ ∈ Θ, a ∈ A that Λθ,a

0 = (0, 0) ∈ R1×d × R1. This establishes for all θ ∈ Θ,
a ∈ A that D(Λθ,a

0 ) = D(Λ0,𝒶
0 ) = (d, 1). Combining this, the fact that for all j, k ∈ N it

holds that D(Tk,j) = (k, kj), (4.89), Lemma 3.2.2, and Lemma 3.3.2 proves for all θ ∈ Θ that
D(Φθ

0) = D(Φ0
0) = (d, |A|). Hence, item (iii) holds for the base case n = 0. Moreover, note

that (4.89) ensures for all θ ∈ Θ that D(Ξθ
0) = D(Ξ0

0) = (d, d+ |A|). Thus for all θ ∈ Θ, a ∈ A
it holds that

L(Ξθ
0) = L(Φθ

0) = L(Λθ,a
0 ) = 0 ·

(
L(F) + L(X0

𝒶)− 1
)
+ 1. (4.99)

This proves item (iv) for the base case n = 0. The fact that for all θ ∈ Θ it holds that
D(Φθ

0) = (d, |A|) implies for all θ ∈ Θ that D(Φθ
0) = max{d, |A|} ≤ d + |A| ≤ c and

P(Φθ
0) = |A|(d + 1) ≤ c2 ≤ 2c2. This establishes items (v) and (vi) for the base case n = 0.

Furthermore, note that (4.89) implies for all θ ∈ Θ, x ∈ Rd, a ∈ A that Rϕ(Λ
θ,a
0 ) ∈ C(Rd,R)

and
(
Rϕ(Λ

θ,a
0 )
)
(x) = 0. This, (4.89), Lemma 3.2.2, Lemma 3.3.2, and the fact that for all

θ ∈ Θ, x ∈ Rd, a ∈ A it holds that
(
Uθ
0 (x)

)
(a) = 0 demonstrate for all θ ∈ Θ, x ∈ Rd that

Rϕ(Φ
θ
0) ∈ C(Rd,R|A|) and

(
Rϕ(Φ

θ
0)
)
(x) =

(
Rϕ(P|A|((Λ

θ,a
0 )a∈A) • Td,|A|)

)
(x) =

(
Rϕ(P|A|((Λ

θ,a
0 )a∈A))

)

x
x
...
x


=
((

Rϕ(Λ
θ,a
0 )
)
(x)
)
a∈A

= 0 = Uθ
0 (x).

(4.100)

Hence items (i) and (ii) hold true for the base case n = 0. Thus items (i) to (vi) hold for
the base case n = 0. For the induction step N0 ∋ (n − 1) 99K n ∈ N let n ∈ N and assume
that items (i) to (vi) hold for all l ∈ N0 ∩ [0, n − 1]. First, note that (4.92), Lemma 3.2.2,
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Corollary 3.3.4, and the induction hypothesis imply for all θ ∈ Θ, l ∈ N0 ∩ [0, n − 1], x ∈ Rd

that(
Rϕ(Ξ

θ
l )
)
(x) =

(
Rϕ(P2,J,(Id,Φθ

l ) • Td,2)
)
(x) =

(
Rϕ(P2,J,(Id,Φθ

l )) ◦ Rϕ(Td,2)
)
(x)

=
(
Rϕ(P2,J,(Id,Φθ

l ))
)
(x, x) =

((
Rϕ(Id)

)
(x)(

Rϕ(Φ
θ
l )
)
(x)

)
=

(
x

Uθ
l (x)

)
∈ Rd+|A|.

(4.101)

This and Lemma 3.2.2 demonstrate for all θ, ϑ ∈ Θ, l ∈ N0 ∩ [0, n− 1], x ∈ Rd, a ∈ A that(
Rϕ(F • Ξϑ

l •Xθ
a)
)
(x) =

(
Rϕ(F) ◦ Rϕ(Ξ

ϑ
l )
)((

Rϕ(X
θ
a)
)
(x)
)

=
(
Rϕ(F)

)((
Rϕ(X

θ
a)
)
(x),Uϑ

l

((
Rϕ(X

θ
a)
)
(x)
))

.
(4.102)

Moreover, observe that (4.92) and the induction hypothesis establish for all θ ∈ Θ, l ∈ N0 ∩
[0, n − 1] that D(Ξθ

l ) = D(Ξ0
l ). Combining this, Lemma 3.2.2, and the assumption that for

all θ ∈ Θ, a ∈ A it holds that D(Xθ
a) = D(X0

𝒶) proves for all θ, ϑ ∈ Θ, l ∈ N0 ∩ [0, n − 1],
j ∈ {0, 1}, a ∈ A that

D(F • Ξϑ
max{l−j,0} •X

θ
a) = D(F • Ξ0

max{l−j,0} •X
0
𝒶). (4.103)

This implies for all θ, ϑ ∈ Θ, l ∈ N0 ∩ [0, n− 1], j ∈ {0, 1}, a ∈ A that

L
(
F • Ξϑ

max{l−j,0} •X
θ
a

)
= L

(
F • Ξ0

max{l−j,0} •X
0
𝒶

)
= Lj

l . (4.104)

This, Lemma 3.4.7 (applied for every θ ∈ Θ, l ∈ N0 ∩ [0, n− 1], j ∈ {0, 1}, a ∈ A with

u ↶ 1, v ↶ Mn−l, J ↶ J, (hk)k∈Z∩[u,v] ↶ (1)i∈N∩[1,Mn−l],

L ↶ Lj
l , ϕ ↶ ϕ, Ψ ↶ Ψθ,j,a

n,l ,

(Φk)k∈Z∩[u,v] ↶ (F • Ξ(θ,(−1)j l,i)
max{l−j,0} •X

(θ,l,i)
a )i∈N∩[1,Mn−l]

(4.105)

in the notation of Lemma 3.4.7), and item (iii) in Lemma 3.2.7 yield for all θ ∈ Θ, l ∈
N0 ∩ [0, n− 1], j ∈ {0, 1}, x ∈ Rd, a ∈ A that

D(Ψθ,j,a
n,l )

=

(
d,

Mn−l∑
i=1

D1(ELj
l ,J

(F • Ξ(θ,(−1)j l,i)
max{l−j,0} •X

(θ,l,i)
a )),

Mn−l∑
i=1

D2(ELj
l ,J

(F • Ξ(θ,(−1)j l,i)
max{l−j,0} •X

(θ,l,i)
a )), . . .

. . . ,
Mn−l∑
i=1

D
Lj
l−1

(E
Lj
l ,J

(F • Ξ(θ,(−1)j l,i)
max{l−j,0} •X

(θ,l,i)
a )), 1

)
=

(
d,Mn−lD1(F • Ξ0

max{l−j,0} •X
0
𝒶),M

n−lD2(F • Ξ0
max{l−j,0} •X

0
𝒶), . . .

. . . ,Mn−lD
Lj
l−1

(F • Ξ0
max{l−j,0} •X

0
𝒶), 1

)
∈ NLj

l+1

(4.106)

and

(
Rϕ(Ψ

θ,j,a
n,l )

)
(x) =

Mn−l∑
i=1

(
Rϕ

(
F • Ξ(θ,(−1)j l,i)

max{l−j,0} •X
(θ,l,i)
a

))
(x)

=
Mn−l∑
i=1

(
Rϕ(F)

)((
Rϕ(X

(θ,l,i)
a )

)
(x),U (θ,(−1)j l,i)

max{l−j,0}
((
Rϕ(X

(θ,l,i)
a )

)
(x)
))

.

(4.107)
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Furthermore, observe that (4.106) and Lemma 3.4.5 assure for all θ ∈ Θ, l ∈ N0 ∩ [0, n − 1],
j ∈ {0, 1}, a ∈ A that

D
(
(−1)j1N(l+1−j)

Mn−l ⊛Ψθ,j,a
n,l

)
= D(Ψθ,j,a

n,l ) = D(Ψ0,j,𝒶
n,l ). (4.108)

Hence, it holds for all θ ∈ Θ, l ∈ N0 ∩ [0, n − 1], j ∈ {0, 1}, a ∈ A that L(ΨΘ,j,a
n,l ) =

L(Ψ0,j,𝒶
n,l ) = Lj

l . This ensures for all θ ∈ Θ, a ∈ A, j ∈ {0, 1} that maxl∈N0∩[0,n−1] L(Ψ
θ,j,a
n,l ) =

maxl∈N0∩[0,n−1] L
j
l = Lj

n. Moreover, note that this, (4.94), and Lemma 3.4.7 (applied for every
θ ∈ Θ, j ∈ {0, 1}, a ∈ A with

u ↶ 0, v ↶ n− 1, J ↶ J, (hk)k∈Z∩[u,v] ↶
(
(−1)j1N(l+1−j)

Mn−l

)
l∈N0∩[0,n−1]

,

L ↶ Lj
n, ϕ ↶ ϕ, Ψ ↶ Γθ,j,a

n , (Φk)k∈Z∩[u,v] ↶ (Φθ,j,a
n,l )l∈N0∩[0,n−1]

(4.109)

in the notation of Lemma 3.4.7) establish for all θ ∈ Θ, j ∈ {0, 1}, x ∈ Rd, a ∈ A that

D(Γθ,j,a
n ) =

(
d,

n−1∑
l=0

D1(ELj
n,J

(Ψθ,j,a
n,l )),

n−1∑
l=0

D2(ELj
n,J

(Ψθ,j,a
n,l )), . . . ,

n−1∑
l=0

D
Lj
n−1

(E
Lj
n,J

(Ψθ,l,a
n,l )), 1

)
=

(
d,

n−1∑
l=0

D1(ELj
n,J

(Ψ0,j,𝒶
n,l )),

n−1∑
l=0

D2(ELj
n,J

(Ψ0,j,𝒶
n,l )), . . . ,

n−1∑
l=0

D
Lj
n−1

(E
Lj
n,J

(Ψ0,j,𝒶
n,l )), 1

)
= D(Γ0,j,𝒶

n ) ∈ NLj
n+1

(4.110)

and(
Rϕ(Γ

θ,j,a
n )

)
(x) =

n−1∑
l=0

(−1)j1N(l+1−j)
Mn−l

(
Rϕ(Ψ

θ,j,a
n,l )

)
(x)

=

n−1∑
l=0

(−1)j1N(l+1−j)
Mn−l

Mn−l∑
i=1

(
Rϕ(F) ◦ Rϕ(Ξ

(θ,(−1)j l,i)
max{l−j,0}) ◦ Rϕ(X

(θ,l,i)
a )

)
(x).

(4.111)

Note that (4.110) implies for all θ ∈ Θ, a ∈ A that

max{L(Γθ,0,a
n ),L(Γθ,1,a

n )} = max{L(Γ0,0,𝒶
n ),L(Γ0,1,𝒶

n )} = max{L0
n,L

1
n} = Ln. (4.112)

Combining this, (4.94), (4.101), (4.102), (4.110), (4.111), and Lemma 3.4.7 (applied for every
θ ∈ Θ, a ∈ A with u ↶ 1, v ↶ 2, J ↶ J, h1 ↶ 1, h2 ↶ 1, L ↶ Ln, ϕ ↶ ϕ, Φ1 ↶ Γθ,0,a

n ,
Φ2 ↶ Γθ,1,a

n , Ψ ↶ Λθ,a
n in the notation of Lemma 3.4.7) proves for all θ ∈ Θ, a ∈ A that

D(Λθ,a
n ) = D(Γθ,0,a

n ⊞ J Γ
θ,1,a
n )

=

(
d,D1(ELn,J(Γ

θ,0,a
n )) + D1(ELn,J(Γ

θ,1,a
n )),D2(ELn,J(Γ

θ,0,a
n )) + D2(ELn,J(Γ

θ,1,a
n )), . . .

. . . ,DLn−1(ELn,J(Γ
θ,0,a
n )) + DLn−1(ELn,J(Γ

θ,1,a
n )), 1

)
=

(
d,D1(ELn,J(Γ

0,0,𝒶
n )) + D1(ELn,J(Γ

0,1,𝒶
n )),D2(ELn,J(Γ

0,0,𝒶
n )) + D2(ELn,J(Γ

0,1,𝒶
n )), . . .

. . . ,DLn−1(ELn,J(Γ
0,0,𝒶
n )) + DLn−1(ELn,J(Γ

0,1,𝒶
n )), 1

)
= D(Λ0,𝒶

n ) ∈ NLn+1.

(4.113)
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and(
Rϕ(Λ

θ,a
n )
)
(x) =

(
Rϕ(Γ

θ,0,a
n )

)
(x) +

(
Rϕ(Γ

θ,1,a
n )

)
(x)

=

[
n−1∑
l=0

1
Mn−l

(
Rϕ(Ψ

θ,0,a
n,l )

)
(x)

]
+

[
n−1∑
l=0

−1N(l)
Mn−l

(
Rϕ(Ψ

θ,1,a
n,max{l−1,0})

)
(x)

]

=

n−1∑
l=0

1
Mn−l

Mn−l∑
i=1

(
Rϕ(F) ◦ Rϕ(Ξ

(θ,l,i)
l ) ◦ Rϕ(X

(θ,l,i)
a )

)
(x)

−
n−1∑
l=0

1N(l)
Mn−l

Mn−l∑
i=1

(
Rϕ(F) ◦ Rϕ(Ξ

(θ,−l,i)
max{l−1,0}) ◦ Rϕ(X

(θ,l,i)
a )

)
(x)

=
(
Uθ
n(x)

)
(a).

(4.114)

This, (4.113), (4.91), Lemma 3.2.2, Lemma 3.3.2 demonstrate for all θ ∈ Θ, x ∈ Rd that

D(Φθ
n) = D(P|A|((Λ

θ,a
n )a∈A) • Td,|A|)

=
(
d,
∑
a∈A

D1(Λ
θ,a
n ),

∑
a∈A

D2(Λ
θ,a
n ), . . . ,

∑
a∈A

DLn−1(Λ
θ,a
n ),

∑
a∈A

DLn(Λ
θ,a
n )
)

=
(
d, |A|D1(Λ

0,𝒶
n ), |A|D1(Λ

0,𝒶
n ), . . . , |A|DLn−1(Λ

0,𝒶
n ), |A|

)
∈ NLn+1

(4.115)

and

(
Rϕ(Φ

θ
n)
)
(x) =

(
Rϕ(P|A|((Λ

θ,a
n )a∈A) • Td,|A|)

)
(x) =

(
Rϕ

(
P|A|((Λ

θ,a
n )a∈A)

))

x
x
...
x


=
((

Rϕ(Λ
θ,a
n )
)
(x)
)
a∈A

=
((

Uθ
n(x)

)
(a)
)
a∈A

= Uθ
n(x) ∈ R|A|.

(4.116)

This and induction prove items (i) to (iii). Moreover, note that (4.89), (4.92), the fact that for
all j, k ∈ N it holds that L(Tk,j) = 1, Lemma 3.2.2, item (iii) in Lemma 3.2.7, Definition 3.3.3,
Corollary 3.3.4, and the induction hypothesis yield for all θ ∈ Θ, l ∈ N ∩ [1, n− 1], that

L(Ξθ
0) = L(Ξ0

0) = 1 (4.117)

and

L(Ξθ
l ) = L(Ξ0

l ) = L
(
P2,J(Id,Φ0

l ) • Td,2

)
= L

(
P2,J(Id,Φ0

l )
)

= L
(
P2(Emax{L(Id),L(Φ0

l )},Id
(Id), Emax{L(Id),L(Φ0

l )},I|A|
(Φ0

l ))
)

= max{L(Id),L(Φ0
l )} = max{2,L(Φ0

l )}
≤ max{2, l(L(F) + L(X0

𝒶)− 1) + 1} = l
(
L(F) + L(X0

𝒶)− 1
)
+ 1.

(4.118)

This ensures for all θ ∈ Θ, l ∈ N0 ∩ [0, n− 1] that

L(Ξθ
l ) = L(Ξ0

l ) ≤ l
(
L(F) + L(X0

𝒶)− 1
)
+ 1. (4.119)
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This, (4.97), (4.115), and Lemma 3.2.2 establish for all θ ∈ Θ that

L(Φθ
n) = Ln

= max
j∈{0,1}

Lj
n

= max
l∈{0,1,...,n−1},

j∈{0,1}

L(F • Ξ0
max{l−j,0} •X

0
𝒶)

= max
l∈{0,1,...,n−1},

j∈{0,1}

[
L(F) + L(X0

𝒶) + L(Ξ0
max{l−j,0})− 2

]
≤ max

l∈{0,1,...,n−1},
j∈{0,1}

[
L(F) + L(X0

𝒶)− 2 + max{l − j, 0}
(
L(F) + L(X0

𝒶)− 1
)
+ 1
]

= L(F) + L(X0
𝒶)− 2 + (n− 1)

(
L(F) + L(X0

𝒶)− 1
)
+ 1

≤ n
(
L(F) + L(X0

𝒶)− 1
)
+ 1.

(4.120)

This and induction prove item (iv). Next, observe that (4.106), (4.110), (4.113), and item (ii)
in Lemma 3.2.8 demonstrate for all θ ∈ Θ, a ∈ A that

D(Λθ,a
n ) = D(Λ0,𝒶

n ) ≤ D(ELn,J(Γ
0,0,𝒶
n )) + D(ELn,J(Γ

0,1,𝒶
n ))

≤ max
{

D(J) , D(Γ0,0,𝒶
n )

}
+max

{
D(J) , D(Γ0,1,𝒶

n )
}

≤ max

{
d,

n−1∑
l=0

D(EL0
n,J

(Ψ0,0,𝒶
n,l ))

}
+max

{
d,

n−1∑
l=0

D(EL1
n,J

(Ψ0,1,𝒶
n,l ))

}
≤ max

{
d,

n−1∑
l=0

max
{
d, D(Ψ0,0,𝒶

n,l )
}}

+max

{
d,

n−1∑
l=0

max
{
d, D(Ψ0,1,𝒶

n,l )
}}

≤
n−1∑
l=0

max
{
d, D(Ψ0,0,𝒶

n,l )
}
+

n−1∑
l=0

max
{
d, D(Ψ0,1,𝒶

n,l )
}

≤
n−1∑
l=0

max
{
d,Mn−l max

{
d, D(F • Ξ0

l •X0
𝒶)
}}

+
n−1∑
l=0

max
{
d,Mn−l max

{
d, D(F • Ξ0

max{l−1,0} •X
0
𝒶)
}}

≤
n−1∑
l=0

Mn−l max
{
d, D(F • Ξ0

l •X0
𝒶)
}

+
n−1∑
l=0

Mn−l max
{
d, D(F • Ξ0

max{l−1,0} •X
0
𝒶)
}

≤
n−1∑
l=0

Mn−l max
{
d, D(F) , D(X0

𝒶) , D(Ξ0
l )
}

+
n−1∑
l=0

Mn−l max
{
d, D(F) , D(X0

𝒶) , D(Ξ0
max{l−1,0})

}
.

(4.121)

Furthermore, note that the fact that for all j, k ∈ N it holds that D(Tk,j) = (k, jk), (4.89),
(4.92), Lemma 3.2.2, Lemma 3.3.2, and Definition 3.3.3 ensure for all l ∈ N ∩ [1, n − 1] that
D(Ξ0

0) = d+ |A| ≤ dd+ d|A|+ D(Φ0
0) and

D(Ξ0
l ) = D(P2,J(Id,Φ0

l ) • Td,2)

≤ max
{
2d, D(P2,J(Id,Φ0

l ))
}

≤ max
{
2d, D(Emax{L(Id),L(Φ0

l )},Id
(Id)) + D(Emax{L(Id),L(Φ0

l )},I|A|
(Φ0

l ))
}

≤ max
{
2d, dd+max

{
d|A|, D(Φ0

l )
}}

= dd+max
{
d|A|, D(Φ0

l )
}
≤ dd+ d|A|+ D(Φ0

l ) .

(4.122)
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This implies for all l ∈ N0 ∩ [0, n− 1] that D(Ξ0
l ) ≤ dd+ d|A|+ D(Φ0

l ) . Combining this,
(4.121), the assumption that M ≥ 2, and the induction hypothesis yields that

D(Λ0,𝒶
n ) ≤

n−1∑
l=0

Mn−l max
{
d, D(F) , D(X0

𝒶) , D(Ξ0
l )
}

+
n−1∑
l=0

Mn−l max
{
d, D(F) , D(X0

𝒶) , D(Ξ0
max{l−1,0})

}
≤

n−1∑
l=0

Mn−l max
{
d, D(F) , D(X0

𝒶) , dd+ d|A|+ D(Φ0
l )
}

+
n−1∑
l=0

Mn−l max
{
d, D(F) , D(X0

𝒶) , dd+ d|A|+ D(Φ0
max{l−1,0})

}
≤

n−1∑
l=0

Mn−l
[
max

{
D(F) , D(X0

𝒶) , dd+ d|A|
}
+ D(Φ0

l )
]

+
n−1∑
l=0

Mn−l
[
max

{
D(F) , D(X0

𝒶) , dd+ d|A|
}
+ D(Φ0

max{l−1,0})
]

= c

[
n−1∑
l=0

Mn−l

]
+

[
n−1∑
l=0

Mn−l
[
D(Φ0

l ) + D(Φ0
max{l−1,0})

]]
≤ c

[[
n−1∑
l=0

Mn−l

]
+

[
n−1∑
l=0

Mn−l(4|A|M)l
]
+

[
n−1∑
l=0

Mn−l(4|A|M)max{l−1,0}
]]

= c

[
M Mn−1

M−1 +Mn

[
n−1∑
l=0

(4|A|)l
]
+Mn +Mn−1

[
n−1∑
l=1

(4|A|)l−1

]]

≤ c

[
3Mn +Mn (4|A|)n−1

4|A|−1 +Mn−1 (4|A|)n−1−1
4|A|−1

]
= cMn

[
3 + (4|A|)n−1

4|A|−1 + 1
M

(4|A|)n−1−1
4|A|−1

]
≤ cMn

[
(4|A|)n
4|A|−1 + (4|A|)n−1

4|A|−1 + 3(4|A|−1)−2
4|A|−1

]
= c(4|A|M)n

[
1

4|A|−1 + 1
4|A|(4|A|−1) +

3(4|A|−1)−2
(4|A|)n(4|A|−1)

]
≤ c(4|A|M)n

[
4|A|+1

4|A|(4|A|−1) +
3(4|A|−1)−2
4|A|(4|A|−1)

]
= c(4|A|M)n

[
4(4|A|−1)

4|A|(4|A|−1)

]
= c(4|A|M)n 1

|A| .

(4.123)

Combining this and (4.91) demonstrates that

D(Φ0
n) ≤ |A| D(Λ0,𝒶

n ) ≤ c(4|A|M)n. (4.124)

This and induction prove item (v). This, item (iv), and the fact that for all L ∈ N, ζ ∈ N,
l0, l1, . . . , lL ∈ N with D(ζ) = (l0, l1, . . . , lL) ∈ NL+1 it holds that P(ζ) =

∑L
k=1 lk(lk−1 + 1)

establish that

P(Φ0
n) ≤

L(Φ0
n)∑

k=1

D(Φ0
n)
(
D(Φ0

n) + 1
)
≤ 2L(Φ0

n) D(Φ0
n)

2

≤ 2
[
n
(
L(F) + L(X0

𝒶)− 1
)
+ 1
]
c2(4|A|M)2n.

(4.125)

This and induction prove item (vi). Hence, items (i) to (vi) hold true. The proof of Lemma 4.2.4
is thus complete.
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4.3. ANN Approximations for Functional Fixed-Point Equations

In this section, we establish ANN approximation results for solutions of functional fixed-
point equations of the form (1.3). To this end, we combine the representation of the MLFP
scheme by means of ANNS in Section 4.2 to prove in Subsection 4.3.1 the main contribution
of this chapter, Theorem 4.3.1, which establishes ANN approximation results for solutions
of functional fixed-point equations with general activation functions. In Subsection 4.3.2,
we specialize these ANN approximation results to specific activation functions and one-step
transitions. Finally, in Subsection 4.3.3, the results of Subsection 4.3.2 are specialized to the
case of Bellman equations.

4.3.1. ANN Approximations for Functional Fixed-Point Equations with General
Activation Functions

Theorem 4.3.1. Let Θ = ∪n∈NZn, let A be a nonempty finite set, let (Ω,F ,P) be a probability
space, let c ∈ [1,∞), for every d ∈ N let λd, ηd,Kd, Ld ∈ (0,∞), for every d ∈ N, ε ∈ (0, 1] let
ℓd,ε ∈ (0,∞), assume supd∈N λdLd < 1, supd∈N ηdLd < 1, sup(d,ε)∈N×(0,1] λdℓd,ε < 1, for every
d ∈ N let wd : Rd → (0,∞) be measurable, for every d ∈ N, x ∈ (x1, . . . , xd) ∈ Rd let x ∈ R
satisfy x = maxi∈{1,...,d}|xi|, for every d ∈ N let fd : Rd ×R|A| → R be measurable, for every
d ∈ N let κ

(a)
d : Rd × B(Rd) → [0, 1], a ∈ A, be stochastic kernels, let 𝒶 ∈ A, let ω ∈ Ω, let

ϕ ∈ C(R,R), let J ∈ N satisfy Rϕ(J) = idR and L(J) = 2, let (Fd,ε)(d,ε)∈N×(0,1] ⊆ N satisfy
for all d ∈ N, ε ∈ N that Rϕ(Fd,ε) ∈ C(Rd+|A|,R), let Xθ,a

d,ε : Ω → N, θ ∈ Θ, d ∈ N, ε ∈ (0, 1],
a ∈ A, satisfy for all θ ∈ Θ, d ∈ N, ε ∈ (0, 1], a ∈ A, ω ∈ Ω that D(Xθ,a

d,ε(ω)) = D(X0,𝒶
d,ε (ω))

and Rϕ(X
0,𝒶
d,ε (ω)) ∈ C(Rd,Rd), for every d ∈ N, ε ∈ (0, 1] let ρ

(a)
d,ε : R

d × B(Rd) → [0, 1],

a ∈ A, satisfy for all θ ∈ Θ, d ∈ N, ε ∈ (0, 1], x ∈ Rd, a ∈ A, Y ∈ B(Rd) that ρ
(a)
d,ε(x, Y ) =

P
[(
Rϕ(X

θ,a
d,ε)
)
(x) ∈ Y

]
, for every d ∈ N, ε ∈ (0, 1] let (Fθ

d,ε)θ∈Θ be independent sub-σ-algebras
of F , assume for all d ∈ N, ε ∈ (0, 1] that (Rϕ(X

θ,a
d,ε))a∈A : Rd × Ω → (Rd)|A|, θ ∈ Θ,

are i.i.d. random fields, assume for all θ ∈ Θ, d ∈ N, ε ∈ (0, 1] that (Rϕ(X
θ,a
d,ε))a∈A is

(B(Rd)⊗Fθ
d,ε)/B((Rd)|A|)-measurable, assume for all d ∈ N, ε ∈ (0, 1] that max{λd,Kd} ≤ cdc

and

max
{
L(Fd,ε),L(X0,𝒶

d,ε (ω)), D(Fd,ε) , D(X0,𝒶
d,ε (ω))

}
≤ cdcε−c, (4.126)

assume for all d ∈ N, ε ∈ (0, 1], x, y ∈ Rd, r, s ∈ R|A|, a ∈ A that∣∣(Rϕ(Fd,ε)
)
(x, r)− fd(x, r)

∣∣ ≤ εcdc|wd(x)|, Wd

(
ρ
(a)
d,ε(x, ·), κ

(a)
d (x, ·)

)
≤ εcdc|wd(x)|,

(4.127)

|fd(x, r)− fd(x, s)| ≤ Ldmax
b∈A

|r(b)− s(b)|, |fd(x, r)− fd(y, r)| ≤ Kd∥x− y∥,∣∣(Rϕ(Fd,ε)
)
(x, r)−

(
Rϕ(Fd,ε)

)
(x, s)

∣∣ ≤ ℓd,εmax
b∈A

|r(b)− s(b)|, and

Wd

(
κ
(a)
d (x, ·), κ(a)d (y, ·)

)
≤ ηd∥x− y∥,

(4.128)

assume for all d ∈ N, ε ∈ (0, 1], a ∈ A that

sup
x∈Rd

|wd(x)|−1

∫
Rd

∥y∥κ(a)d (x,dy) < ∞ and sup
x∈Rd

|wd(x)|−1

∫
Rd

∥y∥ρ(a)d,ε(x,dy) < ∞,

(4.129)
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assume for all d ∈ N, x ∈ Rd, ε ∈ (0, 1], a ∈ A that(∫
Rd

|wd(y)|2ρ
(a)
d,ε(x,dy)

)1/2
≤ λd|wd(x)|,(∫

Rd

∣∣(Rϕ(Fd,ε)
)
(y, 0)

∣∣2ρ(a)d,ε(x,dy)

)1/2
≤ cdc|wd(x)|,

(4.130)

∫
Rd

|wd(y)|κ
(a)
d (x, dy) ≤ λd|wd(x)|, and sup

z∈Rd,
b∈A

|wd(z)|−1

∫
Rd

|fd(y, 0)|κ
(b)
d (z,dy) < ∞.

(4.131)

Then there exists c ∈ R such that for every d ∈ N, ε ∈ (0, 1] and every probability measure
µ : B(Rd) → [0, 1] with (

∫
Rd |wd(x)|2µ(dx))1/2 ≤ cdc it holds that

(i) there exists a unique measurable u : Rd → R|A| which satisfies for all x ∈ Rd, a ∈ A that
sup(z,b)∈Rd×A|wd(z)|−1|(u(z))(b)| < ∞,

∫
Rd |fd(y, u(y))|κ

(a)
d (x,dy) < ∞, and

(u(x))(a) =

∫
Rd

fd(y, u(y))κ
(a)
d (x,dy) (4.132)

and

(ii) there exists Ψ ∈ N which satisfies that H(Ψ) > 0, P(Ψ) ≤ cdcε−c, Rϕ(Ψ) ∈ C(Rd,R|A|),
and (∫

Rd

∥u(x)− (Rϕ(Ψ))(x)∥2µ(dx)
)1/2

≤ ε. (4.133)

Proof of Theorem 4.3.1. Throughout this proof let d ∈ N satisfy D(J) = (1, d, 1), let K ∈ R
satisfy K = max{c, d(1 + |A|)}, let M ∈ N ∩ [2,∞) satisfy

M >

(
1 + (sup(d,ε)∈N×(0,1] λdℓd,ε)(2|A| − 1)

1− (sup(d,ε)∈N×(0,1] λdℓd,ε)

)2

, (4.134)

let αd,ε, γd,ε ∈ [0,∞), d ∈ N, ε ∈ (0, 1], satisfy for all d ∈ N, ε ∈ (0, 1] that

αd,ε =
λdℓd,ε(1+|A|M−1/2)+M

−1/2+

√(
λdℓd,ε(1+|A|M−1/2)+M−1/2

)2
+4M−1/2λdℓd,ε(|A|−1)

2 and

γd,ε =
3
2 max

{
c

1−λdℓd,ε
, |A|c
|A|λdℓd,ε+1

}
,

(4.135)

let α, γ ∈ [0,∞] satisfy α = sup(d,ε)∈N×(0,1] αd,ε and γ = sup(d,ε)∈N×(0,1] γd,ε, let 𝓃 : (0, 1] → N∪
{+∞} satisfy for all ε ∈ (0, 1] that 𝓃(ε) = min({n ∈ N : γαn ≤ ε}∪{+∞}). First, observe that
the assumption that sup(d,ε)∈N×(0,1] λdℓd,ε < 1 and (4.134) ensure that α ∈ [M−1/2, 1). Next,
note that the assumption that sup(d,ε)∈N×(0,1] λdℓd,ε < 1 and the assumption that c ∈ [1,∞)
imply that γ ∈ [3/2,∞). This and the fact that α ∈ (0, 1) show for all ε ∈ (0, 1] that 𝓃(ε) ∈ N.
Furthermore, let Vθ

d,ε,n : Rd × Ω → R|A|, θ ∈ Θ, d ∈ N, ε ∈ (0, 1], n ∈ N0 satisfy for all θ ∈ Θ,
d ∈ N, ε ∈ (0, 1], n ∈ N0, x ∈ Rd, a ∈ A that(

Vθ
d,ε,n(x)

)
(a)

=
n−1∑
l=0

1
Mn−l

[
Mn−l∑
i=1

[(
Rϕ(Fd,ε)

)((
Rϕ(X

(θ,l,i),a
d,ε )

)
(x),V(θ,l,i)

d,ε,l

((
Rϕ(X

(θ,l,i),a
d,ε )

)
(x)
))

− 1N(l)
(
Rϕ(Fd,ε)

)((
Rϕ(X

(θ,l,i),a
d,ε )

)
(x),V(θ,−l,i)

d,ε,max{l−1,0}
((
Rϕ(X

(θ,l,i),a
d,ε )

)
(x)
))]]

.

(4.136)
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Note that the assumption that for all d ∈ N it holds that λdLd < 1, the assumption that
for all d ∈ N it holds that sup(x,a)∈Rd×A|wd(x)|−1

∫
Rd |fd(y, 0)|κ

(a)
d (x, dy) < ∞, the assumption

that for all d ∈ N, x ∈ Rd, a ∈ A it holds that
∫
Rd |wd(y)|κ

(a)
d (x,dy) ≤ λd|wd(x)|, and

Lemma 2.1.2 (applied for every d ∈ N with c ↶ λd, L ↶ Ld, (X,X ) ↶ (Rd,B(Rd)), A ↶ A,
(κa)a∈A ↶ (κ

(a)
d )a∈A, f ↶ fd, w ↶ [Rd ∋ x 7→ [A ∋ a 7→ wd(x) ∈ (0,∞)] ∈ (0,∞)|A|] in

the notation of Lemma 2.1.2) yield that for every d ∈ N there exists a unique measurable
ud : Rd → R|A| which satisfies for all x ∈ Rd, a ∈ A that sup(z,b)∈Rd×A|wd(z)|−1|(ud(z))(b)| <
∞,

∫
Rd |fd(y, ud(y))|κ

(a)
d (x,dy) < ∞, and

(ud(x))(a) =

∫
Rd

fd(y, ud(y))κ
(a)
d (x,dy). (4.137)

This proves item (i). Next, observe that the assumptions that for all d ∈ N, ε ∈ (0, 1] it
holds that λdℓd,ε < 1, the assumptions that for all d ∈ N, ε ∈ (0, 1], x ∈ Rd, a ∈ A it
holds that

(∫
Rd |wd(y)|2ρ

(a)
d,ε(x,dy)

)1/2 ≤ λd|wd(x)| and
(∫

Rd

∣∣(Rϕ(Fd,ε)
)
(y, 0)

∣∣2ρ(a)d,ε(x,dy)
)1/2 ≤

cdc|wd(x)|, and Lemma 2.1.2 (applied for every d ∈ N, ε ∈ (0, 1] with c ↶ λd, L ↶ ℓd,ε,
(X,X ) ↶ (Rd,B(Rd)), A ↶ A, (κa)a∈A ↶ (ρ

(a)
d,ε)a∈A, f ↶ Rϕ(Fd,ε), w ↶ [Rd ∋ x 7→ [A ∋

a 7→ wd(x) ∈ (0,∞)] ∈ (0,∞)|A|] in the notation of Lemma 2.1.2) imply that for every d ∈ N,
ε ∈ (0, 1] there exists a unique measurable vd,ε : Rd → R|A| which satisfies for all x ∈ Rd, a ∈ A

that sup(z,b)∈Rd×A|wd(z)|−1|(vd,ε(z))(b)| < ∞,
∫
Rd |(Rϕ(Fd,ε))(y, vd,ε(y))|ρ

(a)
d,ε(x,dy) < ∞, and

(vd,ε(x))(a) =

∫
Rd

(Rϕ(Fd,ε))(y, vd,ε(y))ρ
(a)
d,ε(x,dy). (4.138)

This and the assumption that for all θ ∈ Θ, d ∈ N, ε ∈ (0, 1], x ∈ Rd, a ∈ A, Y ∈ B(Rd) it
holds that ρ

(a)
d,ε(x, Y ) = P

[(
Rϕ(X

θ,a
d,ε)
)
(x) ∈ Y

]
ensure for all d ∈ N, ε ∈ (0, 1], x ∈ Rd, a ∈ A

that

(vd,ε(x))(a) =

∫
Rd

(Rϕ(Fd,ε))(y, vd,ε(y))ρ
(a)
d,ε(x,dy)

= E
[(
Rϕ(Fd,ε)

)((
Rϕ(X

0,a
d,ε)
)
(x), vd,ε

((
Rϕ(X

0,a
d,ε)
)
(x)
))]

.

(4.139)

Moreover, observe that the triangle inequality demonstrates for all d, n ∈ N, ε ∈ (0, 1], x ∈ Rd

that(
E
[
max
a∈A

∣∣(ud(x))(a)− (V0
d,ε,n(x)

)
(a)
∣∣2])1/2

≤
(
E
[(

max
a∈A

|(ud(x))(a)− (vd,ε(x))(a)|+max
b∈A

∣∣(vd,ε(x))(b)− (V0
d,ε,n(x)

)
(b)
∣∣)2])1/2

≤
(
E
[
max
a∈A

|(ud(x))(a)− (vd,ε(x))(a)|2
])1/2

+
(
E
[
max
a∈A

∣∣(vd,ε(x))(a)− (V0
d,ε,n(x)

)
(a)
∣∣2])1/2

= max
a∈A

|(ud(x))(a)− (vd,ε(x))(a)|+
(
E
[
max
a∈A

∣∣(vd,ε(x))(a)− (V0
d,ε,n(x)

)
(a)
∣∣2])1/2.

(4.140)

Hence, it holds for all d, n ∈ N, ε ∈ (0, 1], x ∈ Rd that

E
[
max
a∈A

∣∣(ud(x))(a)− (V0
d,ε,n(x)

)
(a)
∣∣2]

≤
(
max
a∈A

|(ud(x))(a)− (vd,ε(x))(a)|+
(
E
[
max
a∈A

∣∣(vd,ε(x))(a)− (V0
d,ε,n(x)

)
(a)
∣∣2])1/2)2

= |wd(x)|2
max

a∈A
|(ud(x))(a)−(vd,ε(x))(a)|

|wd(x)| +

(
E
[
maxa∈A|(vd,ε(x))(a)−(V0

d,ε,n(x))(a)|
2
]

|wd(x)|2

)1/22.
(4.141)
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Furthermore, note that the assumptions that for all d ∈ N, ε ∈ (0, 1], x, y ∈ Rd, r, s ∈ R|A|

it holds that |fd(x, r)− fd(x, s)| ≤ Ldmaxb∈A|r(b)− s(b)|, |fd(x, r)− fd(y, r)| ≤ Kd∥x − y∥,∣∣(Rϕ(Fd,ε)
)
(x, r)−

(
Rϕ(Fd,ε)

)
(x, s)

∣∣ ≤ ℓd,εmaxb∈A|r(b)− s(b)|, and Wd

(
κ
(a)
d (x, ·), κ(a)d (y, ·)

)
≤

ηd∥x − y∥, the assumption that for all d ∈ N, ε ∈ (0, 1], x ∈ Rd, a ∈ A it holds that(∫
Rd

∣∣(Rϕ(Fd,ε)
)
(y, 0)

∣∣2ρ(a)d,ε(x,dy)
)1/2 ≤ cdc|wd(x)|, (4.137), (4.139), and item (ii) in Proposi-

tion 4.1.8 (applied for every d ∈ N, ε ∈ (0, 1] with A ↶ A, η ↶ ηd, c ↶ λd, K ↶ Kd, L1 ↶ ℓd,ε,
L2 ↶ Ld, w ↶ wd, f1 ↶ Rϕ(Fd,ε), f2 ↶ fd, (κ

(a)
1 )a∈A ↶ (ρ

(a)
d,ε)a∈A, (κ(a)2 )a∈A ↶ (κ

(a)
d )a∈A,

u1 ↶ vd,ε, u2 ↶ ud in the notation of Proposition 4.1.8) yield for all d ∈ N, ε ∈ (0, 1] that

sup
(x,a)∈Rd×A

|(vd,ε(x))(a)−(ud(x))(a)|
|wd(x)| ≤ λd

1−λd(min{Ld,ℓd,ε})

[
sup

(y,r)∈Rd×R|A|

|(Rϕ(Fd,ε))(y,r)−fd(y,r)|
|wd(y)|

]

+ Kd
(1−ηdLd)(1−λdLd)

[
sup

(y,b)∈Rd×A

Wd(ρ
(b)
d,ε(y,·),κ

(b)
d (y,·))

|wd(y)|

]
.

(4.142)

Next, note that the assumption that for all d ∈ N, ε ∈ (0, 1] it holds that λdℓd,ε < 1, the as-
sumption that for all d ∈ N, ε ∈ (0, 1], x ∈ Rd, a ∈ A it holds that (

∫
Rd |wd(y)|2ρ

(a)
d,ε(x,dy))

1/2 ≤
λd|wd(x)| and (

∫
Rd |
(
Rϕ(Fd,ε)

)
(y, 0)|2ρ(a)d,ε(x,dy))

1/2 ≤ cdc|wd(x)|, the fact that for all d ∈ N,
ε ∈ (0, 1] it holds that sup(x,a)∈Rd×A|wd(x)|−1|(vd,ε(x))(a)| < ∞, the assumption that for all
d ∈ N, ε ∈ (0, 1], x ∈ Rd, r, s ∈ R|A| it holds that |(Rϕ(Fd,ε))(x, r)− (Rϕ(Fd,ε))(x, s)| ≤
ℓd,εmaxb∈A|r(b)− s(b)|, (4.139), and Lemma 2.1.4 (applied for every d ∈ N, ε ∈ (0, 1] with
cf ↶ cdc, cw ↶ λd, L ↶ ℓd,ε, (X,X ) ↶ (Rd,B(Rd)), (Ω,F ,P) ↶ (Ω,F ,P), A ↶ A,
X ↶ (Rϕ(X

0,a
d,ε))a∈A, f ↶ Rϕ(Fd,ε), w ↶ [Rd ∋ x 7→ [A ∋ a 7→ wd(x) ∈ (0,∞)] ∈ (0,∞)|A|],

v ↶ vd,ε in the notation of Lemma 2.1.4) prove that for all d ∈ N, ε ∈ (0, 1] it holds that

sup
(x,a)∈Rd×A

|(vd,ε(x))(a)|
|wd(x)| ≤ cdc

1−λdℓd,ε
and

sup
(x,a)∈Rd×A

(
E
[
maxb∈A|(vd,ε((Rϕ(X

0,a
d,ε))(x)))(b)|

2
])1/2

|wd(x)| ≤ λdcd
c

1−λdℓd,ε
.

(4.143)

Combining this, the assumption that for all d ∈ N, ε ∈ (0, 1], x ∈ Rd, a ∈ A it holds that
(
∫
Rd |wd(y)|2ρ

(a)
d,ε(x, dy))

1/2 ≤ λd|wd(x)| and (
∫
Rd |
(
Rϕ(Fd,ε)

)
(y, 0)|2ρ(a)d,ε(x,dy))

1/2 ≤ cdc|wd(x)|,
the assumption that for all d ∈ N, ε ∈ (0, 1], x ∈ Rd, r, s ∈ R|A| it holds that

|(Rϕ(Fd,ε))(x, r)− (Rϕ(Fd,ε))(x, s)| ≤ ℓd,εmax
b∈A

|r(b)− s(b)|, (4.144)

(4.139), and Proposition 2.2.8 (applied for every d ∈ N, ε ∈ (0, 1] with M ↶ M , Θ ↶ Θ,
(X,X ) ↶ (Rd,B(Rd)), A ↶ A, w ↶ wd, f ↶ Rϕ(Fd,ε), v ↶ vd,ε, (Fθ)θ∈Θ ↶ (Fθ

d,ε)θ∈Θ,
(Xθ)θ∈Θ ↶ ((Rϕ(X

θ,a
d,ε))a∈A)θ∈Θ, (V θ

n )(θ,n)∈Θ×N0
↶ (Vθ

d,ε,n)(θ,n)∈Θ×N0
, c ↶ γd,ε, cw ↶ λd,

L ↶ ℓd,ε, cf ↶ cdc, cv ↶ λdcd
c

1−λdℓd,ε
in the notation of Proposition 2.2.8) demonstrates for all

d ∈ N, ε ∈ (0, 1], n ∈ N, x ∈ Rd that(
E
[
maxa∈A|(vd,ε(x))(a)− (V0

d,ε,n(x))(a)|2
]

|wd(x)|2

)1/2
≤ dcγd,εα

n
d,ε ≤ dcγαn. (4.145)

This, (4.141), and (4.142), ensure for every d, n ∈ N, ε ∈ (0, 1] and every probability measure
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µ : B(Rd) → [0, 1] with (
∫
Rd |wd(x)|2µ(dx))1/2 ≤ cdc that(∫

Rd

E
[
max
a∈A

∣∣(ud(x))(a)− (V0
d,ε,n(x)

)
(a)
∣∣2]µ(dx))1/2

≤
(
dcγαn + λd

1−λd(min{Ld,ℓd,ε})

[
sup

(y,r)∈Rd×R|A|

|(Rϕ(Fd,ε))(y,r)−fd(y,r)|
|w(y)|

]

+ Kd
(1−ηdLd)(1−λdLd)

[
sup

(y,b)∈Rd×A

Wd

(
ρ
(b)
d,ε(y,·),κ

(b)
d (y,·)

)
|wd(y)|

])(∫
Rd

|wd(x)|2µ(dx)
)1/2

≤
(
dcγαn + λd

1−λd(min{Ld,ℓd,ε})

[
sup

(y,r)∈Rd×R|A|

|(Rϕ(Fd,ε))(y,r)−fd(y,r)|
|w(y)|

]

+ Kd
(1−ηdLd)(1−λdLd)

[
sup

(y,b)∈Rd×A

Wd

(
ρ
(b)
d,ε(y,·),κ

(b)
d (y,·)

)
|wd(y)|

])
cdc.

(4.146)

Combining this, the assumption that c ∈ [1,∞), the assumptions that for all d ∈ N, ε ∈
(0, 1], x ∈ Rd, a ∈ A, r ∈ R|A| it holds that |(Rϕ(Fd,ε))(x, r)− fd(x, r)| ≤ εcdc|wd(x)| and
Wd

(
ρ
(a)
d,ε(x, ·), κ

(a)
d (x, ·)

)
≤ εcdc|wd(x)|, and the assumption that for all d ∈ N it holds that

max{λd,Kd} ≤ cdc establishes for every d ∈ N, δ, ε ∈ (0, 1] and every probability measure
µ : B(Rd) → [0, 1] with (

∫
Rd |wd(x)|2µ(dx))1/2 ≤ cdc that(∫

Rd

E
[
max
a∈A

∣∣(ud(x))(a)− (V0
d,ε,𝓃(δ)(x)

)
(a)
∣∣2]µ(dx))1/2

≤ cdc
(
dcγα𝓃(δ) + λd

1−λd(min{Ld,ℓd,ε})

[
sup

(y,r)∈Rd×R|A|

|(Rϕ(Fd,ε))(y,r)−fd(y,r)|
|w(y)|

]

+ Kd
(1−ηdLd)(1−λdLd)

[
sup

(y,b)∈Rd×A

Wd

(
ρ
(b)
d,ε(y,·),κ

(b)
d (y,·)

)
|wd(y)|

])
≤ cdc

(
dcδ + εc2d2c

1−λd(min{Ld,ℓd,ε}) +
εc2d2c

(1−ηdLd)(1−λdLd)

)
≤ c3d3c

(
δ + ε

1−λd(min{Ld,ℓd,ε}) +
ε

(1−ηdLd)(1−λdLd)

)
.

(4.147)

This and the fact that for all k ∈ N, x = (x1, . . . , xk) ∈ Rk it holds that ∥x∥ ≤ k1/2 maxi∈{1,...,k}|xi|
ensure for every d ∈ N, δ ∈ (0, 1] and every probability measure µ : B(Rd) → [0, 1] with
(
∫
Rd |wd(x)|2µ(dx))1/2 ≤ cdc that(∫

Rd

E
[
∥ud(x)− V0

d,δ,𝓃(δ)(x)∥
2
])1/2

≤ |A|1/2
(∫

Rd

E
[
max
a∈A

∣∣(ud(x))(a)− (V0
d,δ,𝓃(δ)(x)

)
(a)
∣∣2]µ(dx))1/2

≤ δ|A|1/2c3d3c
(
1 + 1

1−λd(min{Ld,ℓd,δ}) +
1

(1−ηdLd)(1−λdLd)

)
≤ δ|A|1/2c3d3c

(
1 +

1

1− λdLd
+

1

(1− ηdLd)(1− λdLd)

)
.

(4.148)

Throughout the remainder of the proof let (δd,ε)(d,ε)∈N×(0,1] ⊆ (0,∞) satisfy for all d ∈ N,
ε ∈ (0, 1] that

δd,ε =
ε

|A|1/2c3d3c

(
1 +

1

(1− λdLd)
+

1

(1− λdLd)(1− ηdLd)

)−1

. (4.149)
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Note that the assumptions that for all d ∈ N it holds that λdLd < 1 and ηdLd < 1, the
assumption that A is nonempty, and the assumption that c ≥ 1 ensure that for all d ∈ N,
ε ∈ (0, 1] it holds that δd,ε ∈ (0, 1]. Combining this with (4.148) demonstrates for every d ∈ N,
ε ∈ (0, 1] and every probability measure µ : B(Rd) → [0, 1] with (

∫
Rd |wd(x)|2µ(dx))1/2 ≤ cdc

that ∫
Rd

E
[∥∥ud(x)− V0

d,δd,ε,𝓃(δd,ε)
(x)
∥∥2]µ(dx)

≤
(
δd,ε|A|

1/2c3d3c
(
1 + 1

1−λdLd
+ 1

(1−ηdLd)(1−λdLd)

))2
≤ ε2.

(4.150)

This and Fubini’s theorem establish for every d ∈ N, ε ∈ (0, 1] and every probability measure
µ : B(Rd) → [0, 1] with (

∫
Rd |wd(x)|2µ(dx))1/2 ≤ cdc that

E
[∫

Rd

∥∥ud(x)− V0
d,δd,ε,𝓃(δd,ε)

(x)
∥∥2µ(dx)]

=

∫
Rd

E
[∥∥ud(x)− V0

d,δd,ε,𝓃(δd,ε)
(x)
∥∥2]µ(dx) ≤ ε2.

(4.151)

Hence, for every d ∈ N, ε ∈ (0, 1] and every probability measure µ : B(Rd) → [0, 1] with
(
∫
Rd |wd(x)|2µ(dx))1/2 ≤ cdc there exists ωd,ε,µ ∈ Ω, which is assumed to be fixed for the

remainder of this proof, such that∫
Rd

∥∥∥ud(x)− Vd,δd,ε,𝓃(δd,ε)(x, ωd,ε,µ)
∥∥∥2µ(dx) ≤ ε2. (4.152)

Next, observe that Lemma 4.2.4 (applied for every d ∈ N, ε ∈ (0, 1], ω ∈ Ω with d ↶ d,
d ↶ d, M ↶ M , Θ ↶ Θ, A ↶ A, 𝒶 ↶ 𝒶, ϕ ↶ ϕ, J ↶ J, F ↶ Fd,ε, (Xθ

a)(θ,a)∈Θ×A ↶
(Xθ,a

d,ε(ω))(θ,a)∈Θ×A, (Uθ
n)(θ,n)∈Θ×N0

↶ (Vθ
d,ε,n(·, ω))(θ,n)∈Θ×N0

in the notation of Lemma 4.2.4)
establishes that for all d ∈ N, ε ∈ (0, 1], ω ∈ Ω there exists Φθ

d,ε,n(ω) ∈ N, θ ∈ Θ, n ∈ N0 such
that

(I) it holds for all θ ∈ Θ, n ∈ N0 that Rϕ(Φ
θ
d,ε,n(ω)) ∈ C(Rd,R|A|),

(II) it holds for all θ ∈ Θ, n ∈ N0, x ∈ Rd that (Rϕ(Φ
θ
d,ε,n(ω)))(x) = Vθ

d,ε,n(x, ω),

(III) it holds for all θ ∈ Θ, n ∈ N0 that D(Φθ
d,ε,n(ω)) = D(Φ0

d,ε,n(ω)),

(IV) it holds for all θ ∈ Θ, n ∈ N0 that L(Φθ
d,ε,n(ω)) ≤ n

(
L(Fd,ε) + L(X0,𝒶

d,ε (ω))− 1
)
+ 1,

(V) it holds for all θ ∈ Θ, n ∈ N0 that

D
(
Φθ
d,ε,n(ω)

)
≤ 2max

{
D(Fd,ε) , D(X0,𝒶

d,ε (ω)) , dd+ d|A|
}
(4|A|M)2n, (4.153)

and

(VI) it holds for all θ ∈ Θ, n ∈ N0 that

P(Φθ
d,ε,n(ω)) ≤ 2

(
n(L(Fd,ε) + L(X0,𝒶

d,ε (ω))− 1) + 1
)

·
(
2max

{
D(Fd,ε) , D(X0,𝒶

d,ε (ω)) , dd+ d|A|
})2

(4|A|M)2n.
(4.154)

For every d ∈ N, ε ∈ (0, 1] and every probability measure µ : B(Rd) → [0, 1] with (
∫
Rd |wd(x)|2µ(dx))1/2 ≤

cdc let Ψd,ε,µ ∈ N satisfy that

Ψd,ε,µ = Φ0
d,δd,ε,𝓃(δd,ε)

(ωd,ε,µ). (4.155)
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Combining this, (4.152), and items (I) and (II) demonstrates for every d ∈ N, ε ∈ (0, 1], y ∈ Rd,
b ∈ A and every probability measure µ : B(Rd) → [0, 1] with (

∫
Rd |wd(x)|2µ(dx))1/2 ≤ cdc that

Rϕ(Ψd,ε,µ) ∈ C(Rd,R|A|),
((
Rϕ(Ψd,ε,µ)

)
(y)
)
(b) =

(
V0
d,δd,ε,𝓃(δd,ε)

(y, ωd,ε,µ)
)
(b), and(∫

Rd

∥ud(x)− (Rϕ(Ψd,ε,µ))(x)∥2µ(dx)
)1/2

≤
(∫

Rd

∥ud(x)− Vd,δd,ε,𝓃(δd,ε)(x, ωd,ε,µ)∥2µ(dx)
)1/2

≤ ε.

(4.156)

This establishes (4.133). Furthermore, note that (4.155), item (VI), the fact that for all
ε ∈ (0, 1] it holds that 𝓃(ε) ∈ N, and the assumption that for all θ ∈ Θ, d ∈ N, ε ∈ (0, 1],
a ∈ A, ω ∈ Ω it holds that D(Xθ,a

d,ε(ω)) = D(X0,𝒶
d,ε (ω)) yield that for every d ∈ N, ε ∈ (0, 1] and

every probability measure µ : B(Rd) → [0, 1] with (
∫
Rd |wd(x)|2µ(dx))1/2 ≤ cdc it holds that

P(Ψd,ε,µ) ≤ 2
(
𝓃(δd,ε)(L(Fd,δd,ε) + L(X0,𝒶

d,δd,ε
(ω))− 1) + 1

)
·
(
2max

{
D(Fd,δd,ε) , D(X0,𝒶

d,δd,ε
(ω)) , dd+ d|A|

})2
(4|A|M)2𝓃(δd,ε)

≤ 8
(
max

{
D(Fd,δd,ε) , D(X0,𝒶

d,δd,ε
(ω)) , dd+ d|A|

})2
·
(
L(Fd,δd,ε) + L(X0,𝒶

d,δd,ε
(ω))

)
𝓃(δd,ε)(4|A|M)2𝓃(δd,ε).

(4.157)

Next, observe that for all d ∈ N it holds that dd+d|A| ≤ (d+d|A|)d ≤ Kd. This, the assumption
that max{c, d} ≥ 1, the assumption that A is nonempty, and the assumption that for all d ∈ N,
ε ∈ (0, 1] it holds that max

{
L(Fd,ε),L(X0,𝒶

d,ε (ω)), D(Fd,ε) , D(X0,𝒶
d,ε (ω))

}
≤ cdcε−c assure

that for all d ∈ N, ε ∈ (0, 1] it holds that(
L(Fd,ε)

)
+ L(X0,𝒶

d,ε (ω))
(
max

{
D(Fd,ε) , D(X0,𝒶

d,ε (ω)) , dd+ d|A|
})2

≤ 2cdcε−c(Kdcε−c)2 ≤ 2K3d3cε−3c.
(4.158)

Moreover, note that [6, Lemma 3.15] (applied with m ↶ 1, α ↶ α, β ↶ (4|A|M)2, κ1 ↶ γ,
κ2 ↶ 1, (cn)n∈N ↶

(
((4|A|M)2)n

)
n∈N, (en)n∈N ↶ (γαn)n∈N, N ↶ 𝓃 in the notation of [6,

Lemma 3.15]) and the fact that γ ∈ [3/2,∞) yield for all ε ∈ (0, 1] that(
(4|A|M)2

)𝓃(ε) ≤ (4|A|M)2max
{
1, γ

2 ln(4|A|M)

ln(1/α)

}
ε
− 2 ln(4|A|M)

ln(1/α)

= (4|A|M)2γ
2 ln(4|A|M)

ln(1/α) ε
− 2 ln(4|A|M)

ln(1/α) .

(4.159)

Furthermore, observe that the fact that for all ε ∈ (0, 1] it holds that 𝓃(ε) = min{n ∈ N :
γαn ≤ ε} implies for all ε ∈ (0, 1] with 𝓃(ε) ∈ N ∩ [2,∞) that γα𝓃(ε)−1 > ε. Hence, it holds
for all ε ∈ (0, 1] with 𝓃(ε) ∈ N ∩ [2,∞) that 𝓃(ε) < ln(ε−1)+ln(γ)

ln(1/α) + 1. This, the fact that
α ∈ (0, 1), and the fact that γ ∈ [3/2,∞) establish that for all ε ∈ (0, 1] it holds that

𝓃(ε) ≤
(
ln(1/α) + ln(γ) + 1

ln(1/α)

)
ε−1. (4.160)

Combining this, (4.157), (4.158), and (4.159) ensures for every d ∈ N, ε ∈ (0, 1] and every
probability measure µ : B(Rd) → [0, 1] with (

∫
Rd |wd(x)|2µ(dx))1/2 ≤ cdc that

P(Ψd,ε,µ) ≤ 16K3d3cδ−3c
d,ε

(
ln(1/α) + ln(γ) + 1

ln(1/α)

)
δ−1
d,ε(4|A|M)2γ

2 ln(4|A|M)
ln(1/α) δ

−2 ln(4|A|M)
ln(1/α)

d,ε

= 256K3(|A|M)2γ
2 ln(4|A|M)

ln(1/α)

(
ln(1/α) + ln(γ) + 1

ln(1/α)

)
d3cδ

−
(
1+3c+

2 ln(4|A|M)
ln(1/α)

)
d,ε .

(4.161)
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Moreover, observe the assumption that supd∈N λdLd < 1, the assumption that supd∈N ηdLd <
1, and (4.149) establish for all d ∈ N, ε ∈ (0, 1] that

δ−1
d,ε ≤ 3|A|1/2c3

(1−supu∈N λuLu)(1−supu∈N ηuLu)
d3cε−1. (4.162)

Combining this with (4.161) demonstrates for every d ∈ N, ε ∈ (0, 1] and every probability
measure µ : B(Rd) → [0, 1] with (

∫
Rd |wd(x)|2µ(dx))1/2 ≤ cdc that

P(Ψd,ε,µ) ≤ 256K3(|A|M)2γ
2 ln(4|A|M)

ln(1/α)

(
ln(1/α) + ln(γ) + 1

ln(1/α)

)

·
(

3|A|1/2c3
(1−supu∈N λuLu)(1−supu∈N ηuLu)

)(1+3c+
2 ln(4|A|M)

ln(1/α)

)
d
3c+3c

(
1+3c+

2 ln(4|A|M)
ln(1/α)

)

· ε
−
(
1+3c+

2 ln(4|A|M)
ln(1/α)

)
.

(4.163)

This proves item (ii). The proof of Theorem 4.3.1 is thus complete.

4.3.2. ANN Approximations for Functional Fixed-Point Equations with Specific
Activation Functions and One-Step Transitions

Lemma 4.3.2. Let d,m ∈ N, let η ∈ [0,∞), let (Ω,F ,P) be a probability space, let ξ : Ω → Rm

be measurable, let ti : Rd × Rm → Rd, i ∈ {1, 2}, be measurable, assume that for all x, y ∈ Rd,
p ∈ Rm it holds that ∥t1(x, p) − t1(y, p)∥ ≤ η∥x − y∥, let κi : Rd × B(Rd) → [0, 1], i ∈ {1, 2},
satisfy for all i ∈ {1, 2}, x ∈ Rd, B ∈ B(Rd) that κi(x,B) = P[ti(x, ξ) ∈ B], and assume for
all i ∈ {1, 2}, x ∈ Rd that E[∥ti(x, ξ)∥] < ∞. Then

(i) it holds for all x ∈ Rd that

Wd(κ1(x, ·), κ2(x, ·)) ≤
∫
Rm

∥t1(x, p)− t2(x, p)∥(P ◦ ξ−1)(dp) (4.164)

and

(ii) it holds for all x, y ∈ Rd that

Wd(κ1(x, ·), κ1(y, ·)) ≤ η∥x− y∥. (4.165)

Proof of Lemma 4.3.2. Let Xi : Rd × Ω → Rd, i ∈ {1, 2}, satisfy for all i ∈ {1, 2}, x ∈ Rd

that Xx
i = ti(x, ξ). Note that the assumption that for all x ∈ Rd, i ∈ {1, 2} it holds that

E[∥ti(x, ξ)∥] < ∞ ensures for all i ∈ {1, 2}, x ∈ Rd that κi(x, ·) ∈ Md. Observe that for all
i ∈ {1, 2}, x ∈ Rd, it holds that Xx

i ∼ κi(x, ·). Furthermore, it holds for all x ∈ Rd that
P ◦ (Xx

1 , X
x
2 )

−1 ∈ Πd(κ1(x, ·), κ2(x, ·)). This demonstrates for all x ∈ Rd that

Wd(κ1(x, ·), κ2(x, ·)) = inf
γ∈Πd(κ1(x,·),κ2(x,·))

∫
Rd×Rd

∥x− y∥γ(d(x,y))

≤
∫
Rd×Rd

∥x− y∥
(
P ◦ (Xx

1 , X
x
2 )

−1
)
(d(x,y))

=

∫
Ω
∥Xx

1 (ω)−Xx
2 (ω)∥P[dω]

=

∫
Ω
∥t1(x, ξ(ω))− t2(x, ξ(ω))∥P[dω]

=

∫
Rm

∥t1(x, p)− t2(x, p)∥
(
P ◦ ξ−1

)
(dp).

(4.166)
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This proves item (i). Moreover, it holds for all x, y ∈ Rd that P◦(Xx
1 , X

y
1 )

−1 ∈ Πd(κ1(x, ·), κ1(y, ·)).
Combining this with the assumption that for all x, y ∈ Rd, p ∈ Rm it holds that ∥t1(x, p) −
t1(y, p)∥ ≤ η∥x− y∥ yields for all x, y ∈ Rd that

Wd(κ1(x, ·), κ1(y, ·)) = inf
γ∈Πd(κ1(x,·),κ1(y,·))

∫
Rd×Rd

∥x− y∥γ(d(x,y))

≤
∫
Rm

∥t1(x, p)− t1(y, p)∥
(
P ◦ ξ−1

)
(dp)

≤ η∥x− y∥.

(4.167)

This proves item (ii). The proof of Lemma 4.3.2 is thus complete.

Corollary 4.3.3. Let A be a nonempty finite set, let (Ω,F ,P) be a probability space, let
c ∈ [1,∞), let ν ∈ {0, 1}, let β ∈ [0,∞)\{1}, for every d ∈ N let λd, ηd,Kd, Ld ∈ (0,∞),
for every d ∈ N, ε ∈ (0, 1] let ℓd,ε ∈ (0,∞), assume supd∈N λdLd < 1, supd∈N ηdLd < 1,
sup(d,ε)∈N×(0,1] λdℓd,ε < 1, for every d ∈ N let wd : Rd → (0,∞) be measurable, for every
d ∈ N, x ∈ (x1, . . . , xd) ∈ Rd let x ∈ R satisfy x = maxi∈{1,...,d}|xi|, for every d ∈ N let
fd : Rd × R|A| → R be measurable, for every d ∈ N, a ∈ A let t

(a)
d : R2d → Rd be measurable,

for every d ∈ N let ξd : Ω → Rd be measurable, let 𝒶 ∈ A, let ϕ : R → R satisfy for all x ∈ R
that ϕ(x) = ν ln(1 + exp(x)) + (1 − ν)max{x, βx}, let (Fd,ε)(d,ε)∈N×(0,1] ⊆ N satisfy for all
d ∈ N, ε ∈ N that Rϕ(Fd,ε) ∈ C(Rd+|A|,R), let (t(a)d,ε)(d,ε,a)∈N×(0,1]×A ⊆ N satisfy for all d ∈ N,

ε ∈ (0, 1], a ∈ A that D(t
(a)
d,ε) = D(t

(𝒶)
d,ε ) and Rϕ(t

(a)
d,ε) ∈ C(R2d,Rd), assume for all d ∈ N,

ε ∈ (0, 1] that max{λd,Kd} ≤ cdc and

max
{
L(Fd,ε),L(t

(𝒶)
d,ε ), D(Fd,ε) , D(t

(𝒶)
d,ε )

}
≤ cdcε−c, (4.168)

assume for all d ∈ N, ε ∈ (0, 1], x, y, p ∈ Rd, r, s ∈ R|A|, a ∈ A that∣∣(Rϕ(Fd,ε)
)
(x, r)− fd(x, r)

∣∣ ≤ εcdc|wd(x)|,∥∥(Rϕ(t
(a)
d,ε)
)
(x, p)− t

(a)
d (x, p)

∥∥ ≤ εcdc|wd(x)|,
(4.169)

|fd(x, r)− fd(x, s)| ≤ Ldmax
b∈A

|r(b)− s(b)|, |fd(x, r)− fd(y, r)| ≤ Kd∥x− y∥,∣∣(Rϕ(Fd,ε)
)
(x, r)−

(
Rϕ(Fd,ε)

)
(x, s)

∣∣ ≤ ℓd,εmax
b∈A

|r(b)− s(b)|, and∥∥t(a)d (x, p)− t
(a)
d (y, p)

∥∥ ≤ ηd∥x− y∥,

(4.170)

assume for all d ∈ N, ε ∈ (0, 1], a ∈ A that

sup
x∈Rd

|wd(x)|−1E
[
∥t(a)d (x, ξd)∥

]
< ∞ and sup

x∈Rd

|wd(x)|−1E
[∥∥(Rϕ(t

(a)
d,ε)
)
(x, ξd)

∥∥] < ∞,

(4.171)

assume for all d ∈ N, x ∈ Rd, ε ∈ (0, 1], a ∈ A that(
E
[∣∣∣wd

((
Rϕ(t

(a)
d,ε)
)
(x, ξd)

)∣∣∣2])1/2 ≤ λd|wd(x)|,(
E
[∣∣∣(Rϕ(Fd,ε)

)((
Rϕ(t

(a)
d,ε)
)
(x, ξd), 0

)∣∣∣2])1/2 ≤ cdc|wd(x)|,
(4.172)

E
[∣∣wd

(
t
(a)
d (x, ξd)

)∣∣] ≤ λd|wd(x)|, and sup
y∈Rd

b∈A

|wd(y)|−1E
[∣∣fd(t(b)d (y, ξd), 0)

∣∣] < ∞. (4.173)

Then there exists c ∈ R such that for every d ∈ N, ε ∈ (0, 1] and every probability measure
µ : B(Rd) → [0, 1] with (

∫
Rd |wd(x)|2µ(dx))1/2 ≤ cdc it holds that
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(i) there exists a unique measurable u : Rd → R|A| which satisfies for all x ∈ Rd, a ∈ A that
sup(z,b)∈Rd×A|wd(z)|−1|(u(z))(b)| < ∞, E

[∣∣fd(t(a)d (x, ξd), u(t
(a)
d (x, ξd))

)∣∣] < ∞, and

(u(x))(a) = E
[
fd
(
t
(a)
d (x, ξd), u(t

(a)
d (x, ξd))

)]
(4.174)

and

(ii) there exists Ψ ∈ N which satisfies H(Ψ) > 0, P(Ψ) ≤ cdcε−c, Rϕ(Ψ) ∈ C(Rd,R|A|), and(∫
Rd

∥u(x)− (Rϕ(Ψ))(x)∥2µ(dx)
)1/2

≤ ε. (4.175)

Proof of Corollary 4.3.3. Throughout this proof let Θ = ∪n∈NZn, for every d ∈ N let ξθd : Ω →
Rd, θ ∈ Θ, be i.i.d. random variables, assume for all d ∈ N, θ ∈ Θ that ξd and ξθd are identically
distributed, for every d ∈ N, θ ∈ Θ let Fθ

d = σ(ξθd), let ω ∈ Ω, let I, J ∈ N satisfy

I =

(((
1
−1

)
,

(
0
0

))
,
((

1 −1
)
, 0
))

∈ (R2×1 × R2)× (R1×2 × R1) and (4.176)

J =

{
I : ν = 1

(1 + β)−1 ⊛ I : ν = 0,
(4.177)

and let Ξθ
d : Ω → N, θ ∈ Θ, d ∈ N, satisfy for every θ ∈ Θ, d ∈ N, ω ∈ Ω that

Ξθ
d(ω) =

((
Id
0

)
,

(
0

ξθd(ω)

))
∈ R2d×d × R2d. (4.178)

First, observe that [1, Lemma 3.5] and [1, Lemma 3.8] ensure for all x ∈ R that D(J) =
(1, 2, 1) ∈ N3 and (Rϕ(J))(x) = x. Next, note that (4.178) shows for all d ∈ N, θ ∈ Θ,
x ∈ Rd, ω ∈ Ω that D(Ξθ

d(ω)) = (d, 2d) = D(Ξ0
d(ω)) ∈ N2, Rϕ(Ξ

θ
d(ω)) ∈ C(Rd,R2d), and(

Rϕ(Ξ
θ
d(ω))

)
(x) = (x, ξθd(ω)). This, the assumption that for all d ∈ N, ε ∈ (0, 1], a ∈ A

it holds that D(t
(a)
d,ε) = D(t

(𝒶)
d,ε ), the assumption that for all d ∈ N, ε ∈ (0, 1] it holds that

max{L(t(a)d,ε), D(t
(a)
d,ε) } ≤ cdcε−c, and Lemma 3.2.2 ensure for all θ ∈ Θ, d ∈ N, ε ∈ (0, 1], x ∈

Rd, a ∈ A, ω ∈ Ω that D(t
(a)
d,ε •Ξ

θ
d(ω)) = D(t

(𝒶)
d,ε •Ξ

0
d(ω)), L(t

(𝒶)
d,ε •Ξ

0
d(ω)) = L(t(𝒶)

d,ε )+L(Ξ0
d(ω))−

1 = L(t(𝒶)
d,ε ), D(t

(𝒶)
d,ε • Ξ0

d(ω)) ≤ max{ D(t𝒶d,ε) , D(Ξ0
d(ω)) } = D(t

(𝒶)
d,ε ) , Rϕ(t

(𝒶)
d,ε •Ξ

0
d(ω)) ∈

C(Rd,Rd), and
(
Rϕ(t

(a)
d,ε • Ξθ

d(ω))
)
(x) =

(
Rϕ(t

(a)
d,ε)
)
(x, ξθd(ω)). Hence, it holds for all θ ∈ Θ,

d ∈ N, (0, 1] ∈ ε that max{L(t(𝒶)
d,ε • Ξ0

d(ω)), D(t
(𝒶)
d,ε • Ξ0

d(ω)) } ≤ cdcε−c. Moreover, observe
that the assumption that for all θ ∈ Θ, d ∈ N it holds that Fθ

d = σ(ξθd) and the assumption that
for all d ∈ N, ε ∈ (0, 1], a ∈ A it holds that Rϕ(t

(𝒶)
d,ε ) ∈ C(R2d,Rd) demonstrate for all θ ∈ Θ,

d ∈ N, ε ∈ (0, 1], a ∈ A that Rd×Ω ∋ (x, ω) 7→
(
Rϕ(t

(a)
d,ε)
)
(x, ξθd(ω)) =

(
Rϕ(t

(a)
d,ε •Ξ

θ
d(ω))

)
(x) ∈

Rd is (B(Rd) ⊗ Fθ
d)/B(Rd)-measurable. This implies for all θ ∈ Θ, d ∈ N, ε ∈ (0, 1] that(

Rϕ(t
(a)
d,ε • Ξθ

d)
)
a∈A : Rd × Ω → (Rd)|A| is (B(Rd) ⊗ Fθ

d)/B((Rd)|A|)-measurable. Next, note
that the assumption that for all d ∈ N it holds that ξθd, θ ∈ Θ, are i.i.d. random variables
assures that for all d ∈ N, ε ∈ (0, 1] it holds that

(
Rϕ(t

(a)
d,ε • Ξ

θ
d)
)
a∈A, θ ∈ Θ, are i.i.d. random

fields. Throughout the remainder of this proof let κ
(a)
d : Rd × B(Rd) → [0, 1], d ∈ N, a ∈ A,

satisfy for all d ∈ N, x ∈ Rd, a ∈ A, B ∈ B(Rd) that κ
(a)
d (x,B) = P[t(a)d (x, ξ0d) ∈ B], let

ρ
(a)
d,ε : R

d × B(Rd) → [0, 1], d ∈ N, ε ∈ (0, 1], a ∈ A, satisfy for all d ∈ N, ε ∈ (0, 1], x ∈ Rd,

a ∈ A, B ∈ B(Rd) that ρ
(a)
d,ε(x,B) = P[

(
Rϕ(t

(a)
d,ε)
)
(x, ξ0d) ∈ B]. Note that for all d ∈ N,

ε ∈ (0, 1], a ∈ A it holds that κ
(a)
d and ρ

(a)
d,ε are stochastic kernels. This and Lemma 4.3.2
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(applied for every d ∈ N, ε ∈ (0, 1], a ∈ A with d ↶ d, m ↶ d, η ↶ ηd, (Ω,F ,P) ↶ (Ω,F ,P),
ξ ↶ ξ0d, t1 ↶ t

(a)
d , t2 ↶ Rϕ(t

(a)
d,ε) in the notation of Lemma 4.3.2) establishes that for all d ∈ N,

x, y ∈ Rd, ε ∈ (0, 1], a ∈ A it holds that Wd(κ
(a)
d (x, ·), κ(a)d (y, ·)) ≤ ηd∥x− y∥ and

Wd(κ
(a)
d (x, ·), ρ(a)d,ε(x, ·)) ≤

∫
Rd

∥t(a)d (x, p)−
(
Rϕ(t

(a)
d,ε)
)
(x, p)∥

(
P ◦ (ξ0d)−1

)
(dp). (4.179)

This and the assumption that for all d ∈ N, ε ∈ (0, 1], x, p ∈ Rd, a ∈ A it holds that
∥t(a)d (x, p) −

(
Rϕ(t

(a)
d,ε)(x, p)

)
∥ ≤ εcdc|wd(x)| implies for all d ∈ N, x ∈ Rd, ε ∈ (0, 1], a ∈ A

that Wd(κ
(a)
d (x, ·), ρ(a)d,ε(x, ·)) ≤ εcdc|wd(x)|. Combining this with Theorem 4.3.1 (applied with

Θ ↶ Θ, A ↶ A, (Ω,F ,P) ↶ (Ω,F ,P), c ↶ c, (λd, ηd,Kd, Ld)d∈N ↶ (λd, ηd,Kd, Ld)d∈N

(ℓd,ε)(d,ε)∈N×(0,1] ↶ (ℓd,ε)(d,ε)∈N×(0,1], (wd)d∈N ↶ (wd)d∈N, (fd)d∈N ↶ (fd)d∈N,

(κ
(a)
d )(d,a)∈N×A ↶ (κ

(a)
d )(d,a)∈N×A, (ρ

(a)
d,ε)(d,a)∈N×(0,1]×A ↶ (ρ

(a)
d,ε)(d,ε,a)∈N×(0,1]×A,

𝒶 ↶ 𝒶, ω ↶ ω, ϕ ↶ ϕ, J ↶ J, (Fd,ε)(d,ε)∈N,(0,1] ↶ (Fd,ε)(d,ε)∈N,(0,1],

(Xθ,a
d,ε)(θ,d,ε,a)∈Θ×N×(0,1]×A ↶ (t

(a)
d,ε • Ξ

θ
d)(θ,d,ε,a)∈Θ×N×(0,1]×A,

(Fθ
d,ε)(θ,d,ε)∈Θ×N×(0,1] ↶ (Fθ

d)(θ,d,ε)∈Θ×N×(0,1] (4.180)

in the notation of Theorem 4.3.1) yields that there exists c ∈ R such that for every d ∈ N,
ε ∈ (0, 1] and every probability measure µ : B(Rd) → [0, 1] with (

∫
Rd |wd(x)|2µ(dx))1/2 ≤ cdc it

holds that

(I) there exists a unique measurable ud : Rd → R|A| which satisfies for all x ∈ Rd, a ∈ A

that sup(z,b)∈Rd×A|wd(z)|−1|(ud(z))(b)| < ∞,
∫
Rd |fd(y, ud(y))|κ

(a)
d (x,dy) < ∞, and

(ud(x))(a) =

∫
Rd

fd(y, ud(y))κ
(a)
d (x,dy) (4.181)

and

(II) there exists Ψd,ε,µ ∈ N which satisfies H(Ψd,ε,µ) > 0, P(Ψd,ε,µ) ≤ cdcε−c, Rϕ(Ψd,ε,µ) ∈
C(Rd,R|A|), and (∫

Rd

∥ud(x)− (Rϕ(Ψd,ε,µ))(x)∥2µ(dx)
)1/2

≤ ε. (4.182)

Note that item (I) shows for all d ∈ N, x ∈ Rd, a ∈ A that E
[∣∣fd(t(a)d (x, ξ0d), ud(t

(a)
d (x, ξ0d))

)∣∣] <
∞ and

(ud(x))(a) = E
[
fd
(
t
(a)
d (x, ξ0d), ud(t

(a)
d (x, ξ0d))

)]
. (4.183)

This and the assumption that for all d ∈ N it holds that ξd and ξ0d are identically distributed
prove item (i). Moreover, observe that item (II) establishes item (ii). The proof of Corol-
lary 4.3.3 is thus complete.

4.3.3. ANN Approximations for Bellman Equations with Specific Activation
Functions and One-Step Transitions

Corollary 4.3.4. Let A be a nonempty finite set, let (Ω,F ,P) be a probability space, let
ν ∈ {0, 1}, let β ∈ [0,∞)\{1}, let λ, η,K,L ∈ (0,∞), assume Lmax{λ, η} < 1, let c ∈
[max{1, λ,K},∞), for every d ∈ N, x ∈ (x1, . . . , xd) ∈ Rd let x ∈ R satisfy x =
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maxi∈{1,...,d}|xi|, for every d ∈ N let wd : Rd → (0,∞) and gd : Rd → R|A| be measur-
able, for every d ∈ N, a ∈ A let t

(a)
d : R2d → Rd be measurable, for every d ∈ N let

ξd : Ω → Rd be measurable, let 𝒶 ∈ A, let ϕ : R → R satisfy for all x ∈ R that ϕ(x) =
ν ln(1 + exp(x)) + (1− ν)max{x, βx}, let (Gd,ε)(d,ε)∈N×(0,1] ⊆ N satisfy for all d ∈ N, ε ∈ N
that Rϕ(Gd,ε) ∈ C(Rd,R|A|), let (t

(a)
d,ε)(d,ε,a)∈N×(0,1]×A ⊆ N satisfy for all d ∈ N, ε ∈ (0, 1],

a ∈ A that D(t
(a)
d,ε) = D(t

(𝒶)
d,ε ) and Rϕ(t

(a)
d,ε) ∈ C(R2d,Rd), assume that infd∈N,x∈Rd wd(x) ≥ ν,

assume for all d ∈ N, ε ∈ (0, 1] that

max
{
L(Gd,ε),L(t

(𝒶)
d,ε ), D(Gd,ε) , D(t

(𝒶)
d,ε )

}
≤ cdcε−c, (4.184)

assume for all d ∈ N, ε ∈ (0, 1], x, y, p ∈ Rd, a ∈ A that∣∣((Rϕ(Gd,ε)
)
(x)
)
(a)− (gd(x))(a)

∣∣ ≤ εcdc|wd(x)|,∥∥(Rϕ(t
(a)
d,ε)
)
(x, p)− t

(a)
d (x, p)

∥∥ ≤ εcdc|wd(x)|, and
(4.185)

max
{
K−1|(gd(x))(a)− (gd(y))(a)|, η−1

∥∥t(a)d (x, p)− t
(a)
d (y, p)

∥∥} ≤ ∥x− y∥, (4.186)

assume for all d ∈ N, ε ∈ (0, 1], a ∈ A that

sup
x∈Rd

|wd(x)|−1E
[
∥t(a)d (x, ξd)∥

]
< ∞ and sup

x∈Rd

|wd(x)|−1E
[∥∥(Rϕ(t

(a)
d,ε)
)
(x, ξd)

∥∥] < ∞,

(4.187)

assume for all d ∈ N, x ∈ Rd, ε ∈ (0, 1], a ∈ A that(
E
[∣∣∣wd

((
Rϕ(t

(a)
d,ε)
)
(x, ξd)

)∣∣∣2])1/2 ≤ λ|wd(x)|,(
E
[
max
b∈A

∣∣∣((Rϕ(Gd,ε)
)((

Rϕ(t
(a)
d,ε)
)
(x, ξd)

))
(b)
∣∣∣2])1/2 ≤ cdc|wd(x)|,

(4.188)

E
[∣∣wd

(
t
(a)
d (x, ξd)

)∣∣] ≤ λ|wd(x)|, and sup
y∈Rd

b∈A

|wd(y)|−1|(gd(y))(b)| < ∞. (4.189)

Then there exists c ∈ R such that for every d ∈ N, ε ∈ (0, 1] and every probability measure
µ : B(Rd) → [0, 1] with (

∫
Rd |wd(x)|2µ(dx))1/2 ≤ cdc it holds that

(i) there exists a unique measurable 𝓆 : Rd → R|A| which satisfies for all x ∈ Rd, a ∈ A that
sup(z,b)∈Rd×A|wd(z)|−1|(𝓆(z))(b)| < ∞, E

[
maxb∈A

∣∣(𝓆(t
(a)
d (x, ξd)))(b)

∣∣] < ∞, and

(𝓆(x))(a) = (gd(x))(a) + LE
[
max
b∈A

(𝓆(t
(a)
d (x, ξd)))(b)

]
(4.190)

and

(ii) there exists Q ∈ N which satisfies H(Q) > 0, P(Q) ≤ cdcε−c, Rϕ(Q) ∈ C(Rd,R|A|),
and (∫

Rd

∥𝓆(x)− (Rϕ(Q))(x)∥2µ(dx)
)1/2

≤ ε. (4.191)

Proof of Corollary 4.3.4. Throughout this proof let 𝒸 = max
{
L(c+3 ln(2)⌈log2(|A|)⌉), c(2|A|+

1)
}
, let I, J ∈ N satisfy

I =

(((
1
−1

)
,

(
0
0

))
,
((

1 −1
)
, 0
))

∈ (R2×1 × R2)× (R1×2 × R1) and (4.192)

J =

{
I : ν = 1

(1 + β)−1 ⊛ I : ν = 0,
(4.193)
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let Ik ∈ N, k ∈ N, satisfy for all k ∈ N that Ik = Pk(J, J, . . . , J), for every d ∈ N let
fd : Rd×R|A| → R satisfy for all x ∈ Rd, r ∈ R|A| that fd(x, r) = Lmaxa∈A((gd(x))(a)+r(a)).
First, observe that [1, Lemma 3.5] and [1, Lemma 3.8] ensure for all x ∈ R that D(J) =
(1, 2, 1) ∈ N3 and (Rϕ(J))(x) = x. Next, note that Lemma 4.2.2 and Lemma 4.2.3 establish
that there exist Mδ ∈ N, δ ∈ (0, 1], such that for all x = (x1, . . . , x|A|), y ∈ R|A|, δ ∈ (0, 1] it
holds that Rϕ(Mδ) ∈ C(R|A|,R), L(Mδ) = ⌈log2(|A|)⌉+ 1, D(Mδ) ≤ 2|A|,

|(Rϕ(Mδ))(x)−max{x1, . . . , x|A|}| ≤ 3 ln(2)⌈log2(|A|)⌉δν, (4.194)

and

|(Rϕ(Mδ))(x)− (Rϕ(Mδ))(y)| ≤ x− y . (4.195)

Throughout the remainder of this proof let (Fd,ε)(d,ε)∈N×(0,1] ⊆ N satisfy for all d ∈ N, ε ∈ (0, 1]
that

Fd,ε = L⊛
(
Mε •S|A|,2 • P2,(I|A|,I|A|)(Gd,ε, I|A|)

)
. (4.196)

Next, observe that the assumption that A is nonempty, the assumption that for all d ∈ N,
ε ∈ (0, 1] it holds that max{L(Gd,ε), D(Gd,ε) } ≤ cdcε−c, (4.194), (4.195), the fact that for all
k ∈ N it holds that D(Ik) = (k, 2k, k), the fact that for all n ∈ N it holds that ⌈log2(n)⌉+1 ≤ n,
Lemma 3.2.2, Lemma 3.2.8, Corollary 3.3.4, and Lemma 3.4.5 assure for all d ∈ N, ε ∈ (0, 1],
x ∈ Rd, r = (r(a))a∈A ∈ R|A| that

I(Fd,ε) = I
(
P2,(I|A|,I|A|)

(
Gd,ε, I|A|

))
= d+ |A|,

O(Fd,ε) = O(Mε) = 1, Rϕ(Fd,ε) ∈ C(Rd+|A|,R),
L(Fd,ε) = L(Mε) + L(S|A|,2) + L(P2,(I|A|,I|A|)

(
Gd,ε, I|A|

)
)− 2

≤ ⌈log2(|A|)⌉+ 1 +max{L(Gd,ε),L(I|A|)} − 1 ≤ |A|+ L(Gd,ε) + 1

≤ (|A|+ 2)cdcε−c ≤ (2|A|+ 1)cdcε−c ≤ 𝒸d𝒸ε−𝒸,

D(Fd,ε) ≤ max
{

D(Mε) , D(S|A|,2) , D(P2,(I|A|,I|A|)(Gd,ε, I|A|))
}

≤ max
{

D(Mε) , 2|A|, 2|A|+ D(Gd,ε)
}

= 2|A|+ D(Gd,ε) ≤ (2|A|+ 1)cdcε−c ≤ 𝒸d𝒸ε−𝒸,

(4.197)

(Rϕ(Fd,ε))(x, r) = L
((

Rϕ(Mε) ◦ Rϕ(S|A|,2) ◦ Rϕ

(
P2,(I|A|,I|A|)(Gd,ε, I|A|)

))
(x, r)

)
= L

((
Rϕ(Mε) ◦ Rϕ(Sd,ε)

)((Rϕ(Gd,ε)
)
(x)

r

))
= L

((
Rϕ(Mε)

)(
(Rϕ(Gd,ε))(x) + r

))
,

(4.198)

and

|(Rϕ(Fd,ε))(x, r)− (Rϕ(Fd,ε))(x, s)| ≤ Lmax
a∈A

|r(a)− s(a)|. (4.199)

Next, observe that for all d ∈ N, x ∈ Rd, r, s ∈ R|A|, ε ∈ (0, 1] it holds that |fd(x, r)−fd(x, s)| ≤
Lmaxa∈A|r(a)−s(a)|. Moreover, note that the assumption that for all d ∈ N, x, y ∈ Rd, a ∈ A
it holds that |(gd(x))(a) − (gd(y))(a)| ≤ K∥x − y∥ implies for all d ∈ N, x, y ∈ Rd, r ∈ R|A|

that

|fd(x, r)− fd(y, r)| ≤ Lmax
a∈A

|(gd(x))(a)− (gd(y))(a)| ≤ KL∥x− y∥. (4.200)

In addition, observe that the assumption that for all d ∈ N, ε ∈ (0, 1], x ∈ Rd, a ∈ A it holds
that

∣∣((Rϕ(Gd,ε)
)
(x)
)
(a) − (gd(x))(a)

∣∣ ≤ εcdc|wd(x)|, (4.194), (4.195), the fact that |A| ≥ 1,

85



the assumption that infd∈N,x∈Rd wd(x) ≥ ν, and the triangle inequality establish for all d ∈ N,
ε ∈ (0, 1], x ∈ Rd, r ∈ R|A| that

|(Rϕ(Fd,ε))(x, r)− fd(x, r)|

≤ L
(∣∣(Rϕ(Mε)

)(
(Rϕ(Gd,ε))(x) + r

)
− (Rϕ(Mε))(gd(x) + r)

∣∣
+ |(Rϕ(Mε))(gd(x) + r)−max

a∈A
((gd(x))(a) + r(a))|

)
≤ L( (Rϕ(Gd,ε))(x)− gd(x) + 3 ln(2)⌈log2(|A|)⌉εν)
≤ εL(cdc|wd(x)|+ 3 ln(2)⌈log2(|A|)⌉|wd(x)|)
≤ εLdc|wd(x)|(c+ 3 ln(2)⌈log2(|A|)⌉) ≤ ε𝒸d𝒸|wd(x)|.

(4.201)

This and Corollary 4.3.3 (applied with

A ↶ A, (Ω,F ,P) ↶ (Ω,F ,P), c ↶ 𝒸, ν ↶ ν, β ↶ β,

(λd, ηd,Kd, Ld)d∈N ↶ (λ, η,KL,L)d∈N, (ℓd,ε)(d,ε)∈N×(0,1] ↶ (L)(d,ε)∈N×(0,1],

(wd)d∈N ↶ (wd)d∈N, (fd)d∈N ↶ (fd)d∈N, (4.202)

(t
(a)
d )(d,a)∈N×A ↶ (t

(a)
d )(d,a)∈N×A, (ξd)d∈N ↶ (ξd)d∈N, 𝒶 ↶ 𝒶, ϕ ↶ ϕ,

(Fd,ε)(d,ε)∈N×(0,1] ↶ (Fd,ε)(d,ε)∈N×(0,1], (t
(a)
d,ε)(d,ε,a)∈N×(0,1]×A ↶ (t

(a)
d,ε)(d,ε,a)∈N×(0,1]×A

in the notation of Corollary 4.3.3) demonstrate that there exists c ∈ R such that for every
d ∈ N, ε ∈ (0, 1] and every probability measure µ : B(Rd) → [0, 1] with (

∫
Rd |wd(x)|2µ(dx))1/2 ≤

𝒸d𝒸 it holds that

(I) there exists a unique measurable ud : Rd → R|A| which satisfies for all x ∈ Rd, a ∈ A
that sup(z,b)∈Rd×A|wd(z)|−1|(ud(z))(b)| < ∞,

E
[
max
b∈A

∣∣(gd(t(a)d (x, ξd))
)
(b) +

(
ud(t

(a)
d (x, ξd))

)
(b)
∣∣] < ∞, (4.203)

and

(ud(x))(a) = LE
[
max
b∈A

((
gd(t

(a)
d (x, ξd))

)
(b) +

(
ud(t

(a)
d (x, ξd))

)
(b)
)]

(4.204)

and

(II) there exists Ψd,ε,µ ∈ N which satisfies H(Ψd,ε,µ) > 0, P(Ψd,ε,µ) ≤ cdcε−c, Rϕ(Ψd,ε,µ) ∈
C(Rd,R|A|), and (∫

Rd

∥ud(x)− (Rϕ(Ψd,ε,µ))(x)∥2µ(dx)
)1/2

≤ ε. (4.205)

Note that the fact that c ≤ 𝒸 implies for every d ∈ N and every probability measure
µ : B(Rd) → [0, 1] with (

∫
Rd |wd(x)|2µ(dx))1/2 ≤ cdc it holds that (

∫
Rd |wd(x)|2µ(dx))1/2 ≤ 𝒸d𝒸.

Throughout the remainder of this proof let 𝓆d : Rd → R|A|, d ∈ N, satisfy for all d ∈ N,
x ∈ Rd, a ∈ A that (𝓆d(x))(a) = (gd(x))(a) + (ud(x))(x), let (δd,ε)(d,ε)∈N×(0,1] ⊆ R sat-
isfy for all d ∈ N, ε ∈ (0, 1] that δd,ε = ε(1 + |A|1/2c2d2c)−1, let K = max{2|A|, c, c},
and for every d ∈ N, ε ∈ (0, 1] and every probability measure µ : B(Rd) → [0, 1] with
(
∫
Rd |wd(x)|2µ(dx))1/2 ≤ cdc let Qd,ε,µ ∈ N satisfy that Qd,ε,µ = Gd,δd,ε ⊞ I|A| Ψd,δd,ε,µ. Ob-

serve that for all d ∈ N, ε ∈ (0, 1] it holds that δd,ε ∈ (0, 1]. Moreover, note that the
assumption that for all d ∈ N it holds that gd is measurable, the assumption that for all
d ∈ N it holds that sup(x,a)∈Rd×A|wd(x)|−1|(gd(x))(a)| < ∞, and item (I) ensure that for all
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d ∈ N, x ∈ Rd, a ∈ A it holds that 𝓆d is measurable, sup(y,b)∈Rd×A|wd(y)|−1|(𝓆d(y))(b)| < ∞,

E
[
maxb∈A

∣∣(𝓆d(t
(a)
d (x, ξd)))(b)

∣∣] < ∞, and

(𝓆d(x))(a) = (gd(x))(a) + (ud(x))(x)

= (gd(x))(a) + LE
[
max
b∈A

((
gd(t

(a)
d (x, ξd))

)
(b) +

(
ud(t

(a)
d (x, ξd))

)
(b)
)]

= (gd(x))(a) + LE
[
max
b∈A

(
𝓆d(t

(a)
d (x, ξd))

)
(b)
]
.

(4.206)

This proves item (i). Furthermore, note that Lemma 3.4.7 establishes for every d ∈ N, ε ∈
(0, 1], x ∈ Rd, a ∈ A and every probability measure µ : B(Rd) → [0, 1] with (

∫
Rd |wd(x)|2µ(dx))1/2 ≤

cdc that I(Qd,ε,µ) = I(Gd,δd,ε) = d, O(Qd,ε,µ) = O(Gd,δd,ε) = |A|, Rϕ(Qd,ε,µ) ∈ C(Rd,R|A|),
and (Rϕ(Qd,ε,µ))(x) =

(
Rϕ(Gd,δd,ε)

)
(x) +

(
Rϕ(Ψd,δd,ε,µ)

)
(x) ∈ R|A|. This, the assumption

that for all d ∈ N, ε ∈ (0, 1], x ∈ Rd, a ∈ A it holds that |(gd(x))(a)− ((Rϕ(Gd,ε))(x))(a)| ≤
εcdc|wd(x)|, the fact that for all k ∈ N, x = (x1, . . . , xk) ∈ Rk it holds that ∥x∥ ≤ k1/2 maxi∈{1,...,k}|xi|,
the triangle inequality, and item (II) yield for every d ∈ N, ε ∈ (0, 1] and every probability
measure µ : B(Rd) → [0, 1] with (

∫
Rd |wd(x)|2µ(dx))1/2 ≤ cdc that(∫

Rd

∥𝓆d(x)− (Rϕ(Qd,ε,µ))(x)∥2µ(dx)
)1/2

=

(∫
Rd

∥∥gd(x)− (Rϕ(Gd,δd,ε))(x) + ud(x)− (Rϕ(Ψd,δd,ε,µ))(x)
∥∥2µ(dx))1/2

≤
(∫

Rd

∥∥gd(x)− (Rϕ(Gd,δd,ε))(x)
∥∥2µ(dx))1/2

+

(∫
Rd

∥∥ud(x)− (Rϕ(Ψd,δd,ε,µ))(x)
∥∥2µ(dx))1/2

≤ δd,ε|A|1/2cdc
(∫

Rd

|wd(x)|2µ(dx)
)1/2

+ δd,ε ≤ δd,ε(1 + |A|1/2c2d2c) ≤ ε.

(4.207)

This proves (4.191). Moreover, observe that the assumption that K = max{2|A|, c, c}, the
assumption that for all d ∈ N, ε ∈ (0, 1] it holds that max{L(Gd,ε), D(Gd,ε) } ≤ cdcε−c, and
item (II) establish for every d ∈ N, ε ∈ (0, 1] and every probability measure µ : B(Rd) → [0, 1]
with (

∫
Rd |wd(x)|2µ(dx))1/2 ≤ cdc that

L(Qd,ε,µ) ≤ max{L(Gd,δd,ε),L(Ψd,δd,ε,µ)} ≤ max{cdcδ−c
d,ε, cd

cδ−c
d,ε} ≤ KdKδ−K

d,ε . (4.208)

and

D(Qd,ε,µ) ≤ D(EL(Qd,ε,µ),I|A|(Gd,δd,ε)) + D(EL(Qd,ε,µ),I|A|(Ψd,δd,ε,µ))

≤ max
{

D(I|A|) , D(Gd,δd,ε)
}
+max

{
D(I|A|) , D(Ψd,δd,ε,µ)

}
≤ max{2|A|, cdcδ−c

d,ε}+max{2|A|, cdcδ−c
d,ε} ≤ 2KdKδ−K

d,ε .

(4.209)

This, the assumption that for all d ∈ N, ε ∈ (0, 1] it holds that δd,ε = ε(1 + |A|1/2c2d2c)−1,
and Lemma 3.1.3 demonstrate for every d ∈ N, ε ∈ (0, 1] and every probability measure
µ : B(Rd) → [0, 1] with (

∫
Rd |wd(x)|2µ(dx))1/2 ≤ cdc that

P(Qd,ε,µ) ≤ 2L(Qd,ε,µ) D(Qd,ε,µ)
2 ≤ 2KdKδ−K

d,ε (2Kd
Kδ−K

d,ε )
2 = 8K3d3K(1 + |A|1/2c2d2c)3Kε−3K

≤ 8K3d3K23K|A|
3
2
Kc6Kd6cKε−3K = 8K+1K3|A|

3
2
Kc6Kd3K(1+2c)ε−3K. (4.210)

This proves item (ii). The proof of Corollary 4.3.4 is thus complete.
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Part II.

Monte Carlo and Deep Neural
Network Approximations of Elliptic

PDEs with Drift and Killing

In this part, we apply the common approximation strategy outlined in the general introduction
in Chapter 1 to elliptic PDEs with drift and killing on bounded domains.

While the Monte Carlo methods and the corresponding error analysis for approximating
expectations of the form (1.5) are presented in Chapter 5, the combination of these results
with the ANN calculus of Chapter 3 is conducted in Chapter 6.

Both Chapter 5 and Chapter 6 are based on the joint work [64] with T. Kruse.
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Chapter 5.

Walk-on-Spheres Monte Carlo Methods for
Elliptic PDEs with Drift and Killing

This chapter is based on Sections 2 to 4 of the joint work [64] with T. Kruse. While Part II
considers the numerical approximation of expectations of the form (1.5) by means of both
Monte Carlo and ANN approximation, this chapter addresses the Monte Carlo approximation
stage.

More precisely, this chapter considers the approximation of functions w : D → R,

w(x) = E[h0(τx, x+Bτx)] + E
[∫ τx

0
h1(s, x+Bs) ds

]
, x ∈ D, (5.1)

where d ∈ N = {1, 2, . . .}, D ⊆ Rd is open, bounded, and convex, h0, h1 : [0,∞) × D → R
are bounded and Lipschitz continuous, (Ω,F ,P) is a probability space on which all appearing
random variables are defined, B = (Bt)t∈[0,∞) : Ω × [0,∞) → Rd is a d-dimensional standard
Brownian motion starting in 0, and τx, x ∈ D, is the first exit time of the process x + B
from D, i.e., τx = inf{t ∈ [0,∞) : x + Bt ∈ ∂D}, x ∈ D. The approximation of expectations
of the form (5.1) is particularly relevant in the numerical solution of PDEs. Indeed, such
representations appear naturally in stochastic representations of solutions of linear elliptic
drift-diffusion PDEs on bounded domains of the following type (cf. (1.4)):

1

2
tr(σσ⊤D2u) + ⟨b,∇u⟩ − ru+ f = 0 on D,

u
∣∣
∂D

= g on ∂D,
(5.2)

where u : D → R is the unknown, σ ∈ Rd×d, b ∈ Rd, r ∈ [0,∞), f : D → R, and g : ∂D → R
(see Section 5.1 for a precise derivation of the relation between (5.1) and (5.2)). The goal
of this chapter is to develop Monte Carlo schemes with error and complexity analyses for
expectations of the form (5.1), with a particular focus on high-dimensional situations.

Probabilistic approximation methods for elliptic boundary problems include in particular the
so-called Walk-on-Spheres algorithm, originally proposed in [74] to approximate the solution
of the Dirichlet problem (i.e., the special case of (5.2) with σ =

√
2 IdRd , b = 0, r = 0, f = 0)

given by

∆u = 0 on D,

u
∣∣
∂D

= g on ∂D,
(5.3)

via Monte Carlo simulation. In particular, it allows to efficiently approximate the exit point of
Brownian motion from a bounded domain. Conceptually the Walk-on-Spheres algorithm works
as follows: At the current position x ∈ D determine the largest sphere around x contained in
D. To obtain the next position, sample uniformly from this sphere. The key observation here
is that this new random position is indeed identically distributed to the location of first exit
of a Brownian motion started in x from said sphere. To obtain an approximation for the exit
point of Brownian motion from the entire domain, this procedure is repeated until the process
is within a prescribed distance to the boundary of the domain. In particular, the number
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of steps required to reach that location is in general random. In this original algorithm the
spheres from which the next point of the process is sampled exhibit maximal radii, i.e., the
radius of the sphere to be sampled from is given by the distance of the current position to the
boundary of the domain. Subsequent developments based on this algorithm cover methods for
more general elliptic boundary value problems (see, e.g., [21, 67,94]).

Recently, there is also a growing interest in Monte Carlo approximations of elliptic PDEs
that include a drift component. Indeed, in the work [91] the Walk-on-Spheres algorithm is
extended to elliptic drift-diffusion equations by utilizing a von Mises-Fisher exit distribution
on the successive spheres. The article [92] introduces Monte Carlo methods for self-adjoint
elliptic PDEs with constant coefficients that estimate the solutions and its derivatives at
multiple points from one ensemble of trajectories. In [93], the authors extend this global
approach to elliptic drift-diffusion equations.

To obtain global approximations for the drift-free Poisson problem (i.e., the special case of
(5.2) with σ = IdRd , b = 0, r = 0)

1

2
∆u+ f = 0 on D,

u
∣∣
∂D

= g on ∂D,
(5.4)

the works [39] and [20] combine Walk-on-Spheres based Monte Carlo estimators with suitable
neural network representations and approximations. In particular, under suitable assumptions
these works construct ANNs that approximate the solution of (5.4) with a complexity that
only grows polynomially in both the inverse of the approximation accuracy1 and the problem
dimension, thereby mitigating the curse of dimensionality.

Two features of the framework developed in [20] are particularly important for the devel-
opments of this chapter. First, it employs a modified version of the Walk-on-Spheres process
utilizing a specific class of modified distance functions as a substitute for the true distance
function in order to determine the radii of the successive spheres from which the successive
positions are sampled. Second, the framework admits a deterministic stopping criterion, inde-
pendent of the starting point of the Walk-on-Spheres process, in place of the random number
of steps used in the classical Walk-on-Spheres algorithm. Both the deterministic stopping rule
and the modified distance functions play an important role in the construction of the ANN
approximations, which will be developed for our setting in Chapter 6. Furthermore, the au-
thors of [20] work under an exterior ball condition on D rather than assuming convexity of
D.

Building on this framework, we analyze in this chapter Monte Carlo estimators for expecta-
tions of the form (5.1) and consequently of solutions of elliptic drift-diffusion equations of the
form (5.2). More precisely, we consider Monte Carlo estimators w̄ : D × Ω → R satisfying for
x ∈ D that

w̄(x) =
1

n

n∑
i=1

[
h0(τ̄

x,i
M , X̄x,i

M ) +
1

d

M∑
k=1

r̄(X̄x,i
k−1)

2h1

(
τ̄x,ik−1 + r̄(X̄x,i

k−1)
2V i

k , X̄
x,i
k−1 + r̄(X̄x,i

k−1)Y
i
k

)]
.

(5.5)

Here, the number n ∈ N denotes the number of sample paths of the Walk-on-Spheres process,
the number M ∈ N denotes the deterministic number of steps the employed Walk-on-Spheres
process undertakes, the function r̄ : D → R determines the radii of the successive spheres in the
generation of the Walk-on-Spheres process and is to be understood as a suitable substitute for
the true distance to the boundary of D. For the sample with index i ∈ {1, . . . , n} the random
variables X̄x,i

0 , . . . , X̄x,i
M denote the M steps of the Walk-on-Spheres process with start in

X̄x,i
0 = x ∈ D. The random variable τ̄x,ik corresponds to the physical time a Brownian motion

1The approximation error is measured in L2(D) in [39] and in L∞(D)in [20].
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started in the position X̄x,i
k−1 needs to hit the boundary of the sphere with radius r̄(X̄x,i

k−1)

around X̄x,i
k−1. The random variable (V i

k , Y
i
k ) corresponds to the time and space occupation of

a Brownian motion with start in 0 inside the unit sphere.
The estimator in (5.5) extends the estimator introduced in [20] by incorporating the sampled

random times τ̄x,iM , x ∈ D, M ∈ N, i ∈ {1, . . . , n}. This additional time dependency appears
in stochastic representations of solutions of (5.2) as a compensation for the drift b and killing
r components (see Proposition 5.1.2 and Remark 5.1.3 and below).

To characterize appearing complexities (e.g., the sample complexity in this chapter, the num-
ber of parameters describing an ANN later in Chapter 6), we adopt the following terminology:
A real number c ∈ R is called an absolute constant, if c does not depend on any variables or
parameters in the problem. Moreover, for quantities Q, q1, . . . , qn ∈ R, where n ∈ N, we say
that Q depends only on q1, . . . , qn if Q is an explicit function of the variables q1, . . . , qn and
Q has no other dependencies. In this case, this dependency is at most polynomial if there
exists an absolute constant c ∈ [0,∞) such that Q ≤ c(1 + |q1| + · · · + |qn|)c. The main
contribution of this chapter establishes an error analysis for Monte Carlo approximations (5.5)
for expectations of the form (5.1) in the L∞-sense (see Theorem 5.3.9 and Corollary 5.3.10
below). In particular, we demonstrate that for a prescribed approximation accuracy ε ∈ (0, 1)
the estimator (5.5) achieves E[supx∈D|w(x) − w̄(x)|] ≤ ε under suitable assumptions on the
modified distance function r̄ as well as with suitable choices of n,M ∈ N. More specifically, n
and M can be chosen such that max{n,M} ≤ cε−q, where q ∈ [0,∞) is an absolute constant
and c ∈ [0,∞) is a constant that depends only on sup(t,x)∈[0,∞)×D|hi(t, x)|, i ∈ {0, 1}, the Lip-
schitz constants of hi, i ∈ {0, 1}, the Lipschitz constant as well as a nondegeneracy constant2

of the modified distance r̄, the diameter diam(D) of the domain, and the dimension d and
this dependency is at most polynomial. In particular, imposing that these problem features
grow at most polynomially with respect to the dimension d the Monte Carlo scheme indeed
overcomes the curse of dimensionality.

The remainder of this chapter is structured as follows. In Section 5.1 below we establish the
connection between functions of the form (5.1) and solutions of the PDE (5.2). In Section 5.2
we introduce the modified Walk-on-Spheres process and some of its important distributional
properties and we present a Walk-on-Spheres-based representation of the expectation (5.1).
In Section 5.3 we present the Monte Carlo estimator based on the Walk-on-Spheres process
established in Section 5.2 and provide our error analysis.

5.1. A Girsanov-Based Feynman-Kac Representation

In this section, we establish the connection between expectations of the form (5.1) and classical
solutions of the PDE (5.2) via suitable stochastic representations.

Unless otherwise specified, let d ∈ N, σ ∈ Rd×d, b ∈ Rd, r ∈ R, D ⊆ Rd, let f : D → R,
g : ∂D → R. In the following remark, we recall sufficient conditions to establish existence and
uniqueness of a classical solution of the PDE (5.2) (see, e.g., [35, Chapter 6, Theorem 6.13], [34,
Chapter 6, Theorem 2.4]).

Remark 5.1.1. Assume σ is invertible, assume r ≥ 0, assume that D ⊆ Rd is open, connected,
bounded, and satisfies an exterior ball condition at every boundary point, assume that f is
uniformly α-Hölder continuous, for some α ∈ (0, 1), and assume that g is continuous on ∂D.
Then there exists a unique u ∈ C0(D) ∩ C2(D) that satisfies (5.2).

The next Proposition 5.1.2 gives rise to a stochastic representation of the solution of (5.2)
that is the base for the Monte Carlo estimates employed in subsequent section. We fix some
more notation. Unless otherwise specified, let (Ω,F ,P) be a probability space, let B : [0,∞)×

2For details, see Definition 5.2.3 and Corollary 5.3.10 below
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Ω → Rd be a standard Brownian motion, and let (Ft)t∈[0,∞) be the completed filtration
generated by B. For every x ∈ D let

τx = inf{t ∈ [0,∞) : x+ σBt ∈ ∂D}. (5.6)

Proposition 5.1.2. Assume that D is open, bounded, and connected, that f and g are con-
tinuous, that σ is invertible, and that r ≥ −1

2∥σ
−1b∥2. Let u ∈ C0(D) ∩ C2(D) be a solution

of (5.2). Then it holds for all x ∈ D that

u(x) = E
[
e−(r+ 1

2
∥σ−1b∥2)τx+⟨σ−1b,Bτx ⟩g(x+ σBτx)

+

∫ τx

0
e−(r+ 1

2
∥σ−1b∥2)s+⟨σ−1b,Bs⟩f(x+ σBs) ds

]
. (5.7)

Proof. Let x ∈ D. Note that Itô’s formula implies for all t ∈ [0,∞) that

de−(r+ 1
2
∥σ−1b∥2)(t∧τx)+⟨σ−1b,Bt∧τx ⟩ = 1{t<τx}e

−(r+ 1
2
∥σ−1b∥2)t+⟨σ−1b,Bt⟩(−r dt+ ⟨σ−1b,dBt⟩

)
(5.8)

and

du(x+ σBt∧τx) = 1{t<τx}
(
⟨∇u(x+ σBt), σ dBt⟩+

1

2
tr(σσ⊤D2u(x+ σBt)) dt

)
. (5.9)

Combining this, the fact that for all t ∈ [0,∞) it holds that Bt∧τx1{t<τx} = Bt1{t<τx}, and
the fact that u solves (5.2) with the product rule entails for all t ∈ [0,∞) that

d
(
e−(r+ 1

2
∥σ−1b∥2)(t∧τx)+⟨σ−1b,Bt∧τx ⟩u(x+ σBt∧τx)

)
= 1{t<τx}e

−(r+ 1
2
∥σ−1b∥2)t+⟨σ−1b,Bt⟩

(
⟨∇u(x+ σBt), σ dBt⟩ − f(x+ σBt) dt

− ⟨b,∇u(x+ σBt)⟩ dt+ ru(x+ σBt) dt− ru(x+ σBt) dt+ ⟨b,∇u(x+ σBt)⟩ dt

+ u(x+ σBt)⟨σ−1b,dBt⟩
)

= 1{t<τx}e
−(r+ 1

2
∥σ−1b∥2)t+⟨σ−1b,Bt⟩

(
⟨σ⊤∇u(x+ σBt) + σ−1bu(x+ σBt),dBt⟩

− f(x+ σBt) dt
)
.

(5.10)

Written as integrals it holds for all t ∈ [0,∞) that

e−(r+ 1
2
∥σ−1b∥2)(t∧τx)+⟨σ−1b,Bt∧τx ⟩u(x+ σBt∧τx)− u(x)

= −
∫ t∧τx

0
e−(r+ 1

2
∥σ−1b∥2)s+⟨σ−1b,Bs⟩f(x+ σBs) ds

+

∫ t∧τx

0
e−(r+ 1

2
∥σ−1b∥2)s+⟨σ−1b,Bs⟩⟨u(x+ σBs)σ

−1b+ σ⊤∇u(x+ σBs), dBs⟩.

(5.11)

Next, let τk, k ∈ N, be a localizing sequence of stopping times for the local martingale∫ ·∧τx
0 e−(r+ 1

2
∥σ−1b∥2)t+⟨σ−1b,Bt⟩⟨u(x + σBt)σ

−1b + σ⊤∇u(x + σBt), dBt⟩. This ensures for all
t ∈ [0,∞), k ∈ N that

u(x) = E
[
e−(r+ 1

2
∥σ−1b∥2)(t∧τk∧τx)+⟨σ−1b,Bt∧τk∧τx ⟩u(x+ σBt∧τk∧τx)

+

∫ t∧τk∧τx

0
e−(r+ 1

2
∥σ−1b∥2)s+⟨σ−1b,Bs⟩f(x+ σBs) ds

]
. (5.12)
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This, the dominated convergence theorem, and the fact that u
∣∣
∂D

= g on ∂D demonstrate
that

u(x) = lim
t→∞
k→∞

E
[
e−(r+ 1

2
∥σ−1b∥2)(t∧τk∧τx)+⟨σ−1b,Bt∧τk∧τx ⟩u(x+ σBt∧τk∧τx)

+

∫ t∧τk∧τx

0
e−(r+ 1

2
∥σ−1b∥2)s+⟨σ−1b,Bs⟩f(x+ σBs) ds

]
= E

[
e−(r+ 1

2
∥σ−1b∥2)τx+⟨σ−1b,Bτx ⟩u(x+ σBτx)

+

∫ τx

0
e−(r+ 1

2
∥σ−1b∥2)s+⟨σ−1b,Bs⟩f(x+ σBs) ds

]
= E

[
e−(r+ 1

2
∥σ−1b∥2)τx+⟨σ−1b,Bτx ⟩g(x+ σBτx)

+

∫ τx

0
e−(r+ 1

2
∥σ−1b∥2)s+⟨σ−1b,Bs⟩f(x+ σBs) ds

]
.

(5.13)

This completes the proof.

In the following remark, we informally derive another stochastic representation of the solu-
tion u of (5.2) based on the Feynman-Kac representation and establish a connection to the
representation (5.7) as well as reason why the representation (5.7) is preferable for our work.

Remark 5.1.3. Let W : [0,∞) × Ω → Rd be a standard Brownian motion on Ω under the
probability measure Q. For every x ∈ Rd let Xx : [0,∞)×Ω → Rd and τ̃x : Ω → [0,∞) satisfy
Xx

t = x + bt + σWt, t ∈ [0,∞), and τ̃x = inf{t ∈ [0,∞)|Xx
t ∈ ∂D}. Then the Feynman-Kac

formula yields under appropriate assumptions for every x ∈ Rd that

u(x) = EQ

[
e−rτ̃xg(Xx

τ̃x) +

∫ τ̃x

0
e−rsf(Xx

s ) ds

]
. (5.14)

In Section 5.2 and following, we employ the Walk-on-Spheres algorithm which is based on the
isotropy of Brownian motion. For this reason, representation (5.7), which employs exit times
of x+ σB, is more convenient than (5.14) which is based on the non-isotropic process Xx.

Note that (5.7) can be derived from (5.14) via Girsanov’s theorem (see, e.g., [95, Ap-
pendix A.1] for a similar derivation). To this end, let K : [0,∞)×Ω → Rd, L : [0,∞)×Ω → R,
and τxK : Ω → [0,∞], x ∈ Rd, satisfy

Kt = Wt + σ−1bt, t ∈ [0,∞),

Lt = e−⟨σ−1b,Wt⟩− 1
2
∥σ−1b∥2t, t ∈ [0,∞),

τxK = inf{t ∈ [0,∞) : x+ σKt ∈ ∂D}, x ∈ Rd.

(5.15)

Note that for all t ∈ [0,∞), x ∈ Rd we have Xx
t = x + σKt, Lt = e−⟨σ−1b,Kt⟩+ 1

2
∥σ−1b∥2t, and

τ̃x = τxK . Then, Girsanov’s theorem (see, e.g., [61, Section 3.5, Theorem 5.1]) implies for every
T ∈ [0,∞) that K is a Brownian motion on (Ω,FT , (Ft)t∈[0,T ], PT ) with dPT

dQ = LT . By a
suitable limiting procedure we obtain a measure P∞ such that K is a Brownian motion under
P∞ and it follows from (5.14) that for all x ∈ Rd it holds that

u(x) = EP∞

[
e
−(r+ 1

2
∥σ−1b∥2)τxK+⟨σ−1b,Kτx

K
⟩
g(x+ σKτxK

)

+

∫ τxK

0
e−(r+ 1

2
∥σ−1b∥2)s+⟨σ−1b,Ks⟩f(x+ σKs) ds

]
. (5.16)

This exactly corresponds to (5.7).
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Remark 5.1.4. Under the assumption that σ is invertible one can transform the elliptic PDE
(5.2) to one with isotropic Laplacian. Indeed, let v ∈ C2(σ−1D) satisfy

1

2
∆v + ⟨σ−1b,∇v⟩ − rv + f(σ·) = 0 on σ−1D

v
∣∣
∂(σ−1D)

= g(σ·) on ∂(σ−1D).
(5.17)

Then the function u(x) = v(σ−1x), x ∈ D, satisfies u ∈ C2(D) and (5.2). For this reason
we focus attention on the case σ = Id in the remainder of this article. A proof for this
transformation in the case b = 0, r = 0 is given in [20, Lemma 2.1].

Remark 5.1.5. In the situation of Proposition 5.1.2 with σ = Id let h0 : [0,∞) × ∂D → R,
h1 : [0,∞)×D → R satisfy for all t ∈ [0,∞), x ∈ ∂D, y ∈ D that

h0(t, x) = e−(r+ 1
2
∥b∥2)t+⟨b,x⟩g(x) and h1(t, y) = e−(r+ 1

2
∥b∥2)t+⟨b,y⟩f(y). (5.18)

Then it holds for all x ∈ D that

u(x) = e−⟨b,x⟩
(
E[h0(τx, x+Bτx)] + E

[∫ τx

0
h1(s, x+Bs) ds

])
. (5.19)

Under the additional assumption that g is extendable to D and that both g and f are Lipschitz
on D, it holds that h0 as in (5.18) is well-defined on [0,∞)×D and h0 and h1 are bounded and
Lipschitz continuous. Hence, the relation between the PDE solution u and the expectation w
as in (5.1) is established as u(x) = e−⟨b,x⟩w(x) for x ∈ D. We remark that this transformation
is also used in [91, Section 2].

5.2. A Modified Walk-on-Spheres Algorithm

In this section, we introduce the modified Walk-on-Spheres algorithm as proposed in [20] and
demonstrate some relevant distributional properties. In particular, we present in Lemma 5.2.7
estimates on the tail probability of the number of steps the Walk-on-Spheres process requires
to reach the boundary of the domain within a certain distance. Moreover, we establish in
Lemma 5.2.9 a representation of functions of the form (5.1) based on the established Walk-
on-Spheres process which subsequently motivates the Monte Carlo estimator considered in
Section 5.3.

The following lemma demonstrates a consequence of the rotational invariance of Brownian
motion.

Lemma 5.2.1. Let τ = inf{t ∈ [0,∞) : ∥Bt∥ ≥ 1}. Then it holds that τ and Bτ are indepen-
dent.

Proof. Throughout this proof let S = {y ∈ Rd : ∥y∥ = 1} and let µ : B(S) → [0, 1] denote
the uniform distribution on (S,B(S)). First, observe that τ and Bτ are measurable path
functionals of the path of B. Next, note that the fact that for all R ∈ SO(d) it holds that
B and RB are identically distributed and the fact that for all R ∈ SO(d), x ∈ Rd it holds
that ∥Rx∥ = ∥x∥ yield for all R ∈ SO(d) that (τ,Bτ ) and (τ,RBτ ) are identically distributed.
Moreover, observe that the fact that [0,∞] is a Polish space ensures that there exists a regular
conditional distribution κ : [0,∞] × B(S) → [0, 1] of Bτ given τ (cf., [65, Section 8.3]). This
implies for all A ∈ B([0,∞]), C ∈ B(S) that

P[τ ∈ A,Bτ ∈ C] = E
[
1{τ∈A}1{Bτ∈C}

]
= E

[
1{τ∈A}E

[
1{Bτ∈C} | τ

]]
=

∫
Ω
E
[
1{Bτ∈C} | τ

]
1{τ∈A} dP =

∫
A
κ(t, C)(P ◦ τ−1)(dt).

(5.20)
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Combining this with the fact that for all R ∈ SO(d) it holds that (τ,Bτ ) and (τ,RBτ ) are
identically distributed demonstrates for all A ∈ B([0,∞]), C ∈ B(S), R ∈ SO(d) that∫

A
κ(t, C)(P ◦ τ−1)(dt) = P[τ ∈ A,Bτ ∈ C] = P[τ ∈ A,RBτ ∈ C]

=

∫
A
κ(t, R⊤C)(P ◦ τ−1)(dt).

(5.21)

This implies that for P ◦ τ−1-a.a. t ∈ [0,∞) it holds that κ(t, ·) is a rotational invariant prob-
ability measure on S. This and the fact that µ is the unique rotationally invariant probability
measure on S (cf., [70, Theorem 3.4]) imply that for P ◦ τ−1-a.a. t ∈ [0,∞) it holds that
κ(t, ·) = µ. This and (5.20) yield for all A ∈ B([0,∞]), C ∈ B(S) that

P[τ ∈ A,Bτ ∈ C] = P[τ ∈ A]µ(C). (5.22)

This shows that τ and Bτ are independent. The proof of Lemma 5.2.1 is thus complete.

Throughout the remainder of this section, assume that D is open and bounded. Let r : Rd →
[0,∞) satisfy for all x ∈ Rd that

r(x) = inf{∥x− y∥ : y ∈ ∂D}. (5.23)

The following lemma is a modification of [39, Lemma 3.2]. The geometric proof given there
can be adapted to yield the following statement. Recall for all x ∈ D that τx = inf{t ∈
[0,∞) : x+Bt ∈ ∂D}.

Lemma 5.2.2. Assume that D is convex. Then it holds for all x ∈ D that

E[τx] ≤ r(x) diam(D). (5.24)

The next definition is [20, Definition 2.7] and describes the class of modified distance functions,
which subsequently determines the radii of the successive spheres on which the Walk-on-
Spheres process is defined.

Definition 5.2.3. Let β ∈ (0, 1], ε ∈ [0,∞), let r̃ : D → [0,∞) be Lipschitz continuous, and
assume for all x, y ∈ D with r(x) ≥ ε that r̃(y) ≤ r(y) and r̃(x) ≥ βr(x). Then r̃ is called
(β, ε)-distance on D.

With this notion of modified distance functions, we now introduce the Walk-on-Spheres pro-
cess. Let β ∈ (0, 1], δ ∈ [0,∞), let r̄ be a (β, δ)-distance on D. Let τxk : Ω → [0,∞), k ∈ N0,
satisfy for all x ∈ D, k ∈ N that τx0 = 0 and

τxk = inf{s ∈ [τxk−1,∞) : ∥Bs −Bτxk−1
∥ ≥ r̄(x+Bτxk−1

)}, (5.25)

let Zj
k : Ω → Rd, j, k ∈ N, be standard normally distributed, let ξjk : Ω → Rd, j, k ∈ N, satisfy

for all j, k ∈ N that ξjk = ∥Zj
k∥

−1Zj
k, let X̄x,j

k : Ω → D, x ∈ D, j ∈ N, k ∈ N0, satisfy for all
x ∈ D, j, k ∈ N that X̄x,j

0 = x and

X̄x,j
k = X̄x,j

k−1 + r̄(X̄x,j
k−1)ξ

j
k, (5.26)

let ζ : Ω → [0,∞) satisfy ζ = inf{t ∈ [0,∞) : ∥Bt∥ ≥ 1}, let ρjk, k, j ∈ N, be i.i.d. copies of ζ,
assume that ρjk, Z

j
k, j, k ∈ N are independent, let τ̄x,jk : Ω → [0,∞), j ∈ N, k ∈ N0 satisfy for

all x ∈ D, j, k ∈ N that τ̄x,j0 = 0 and

τ̄x,jk = τ̄x,jk−1 + r̄2(X̄x,j
k−1)ρ

j
k. (5.27)
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Lemma 5.2.4. For all x ∈ D, k ∈ N0, j ∈ N it holds that (τ̄x,jk , X̄x,j
k ) and (τxk , x + Bτxk

) are
identically distributed.

Proof. First, note that (τ̄x,j0 , X̄x,j
0 ) = (0, x) = (τx0 , x+Bτx0

). Next, observe that by assumption
it holds that τ̄x,j1 = r̄2(x)ρj1 and X̄x,j

1 = x + r̄(x)ξj1 are independent. Moreover, note that
Lemma 5.2.1 proves that τx1 and x+Bτx1

are independent. Combining this, the fact that τx1 and
τ̄x,j1 are identically distributed, and the fact that x+Bτx1

and X̄x,j
1 are identically distributed

yields that (τ̄x,j1 , X̄x,j
1 ) and (τx1 , x+Bτx1

) are identically distributed. This, the strong Markov
property (cf., [61, Chapter 2.6]), and induction complete the proof of Lemma 5.2.4.

For every ε ∈ (0,∞) let
Dε = {x ∈ D : r(x) ≥ ε}. (5.28)

For every ε ∈ (0,∞), x ∈ D, j ∈ N let

kxε = inf{k ∈ N0 : x+Bτxk
/∈ Dε}, (5.29)

k̄x,jε = inf{k ∈ N0 : X̄
x,j
k /∈ Dε}, (5.30)

Lemma 5.2.5. For all ε ∈ (0,∞), x ∈ D it holds that kxε and k̄x,1ε are identically distributed.

Proof. The strong Markov property (cf., [61, Section 2.6]) and the assumption that ρjk, Z
j
k,

j, k ∈ N are independent ensure for all x ∈ D that (X̄x,1
k )k∈N0 and (x+Bτxk

)k∈N0 are identically
distributed. This implies for all ε ∈ (0,∞), x ∈ D that kxε and k̄x,1ε are identically distributed.
This completes the proof of Lemma 5.2.5.

The combination of the next two lemmas quantifies the decay of the tail probabilities of k̄x,1δ the
number of steps the Walk-on-Spheres algorithm needs to reach regions of the domain close to
the boundary. To this end Lemma 5.2.6 provides bounds for the moment generating function
of a Brownian motions first exit from a sphere and Lemma 5.2.7 establishes the estimates of
the tail probabilities of k̄x,1δ . The statements are modifications of [20, Proposition 2.11]. We
provide proofs for the convenience of the reader.

Lemma 5.2.6. Let r ∈ (0,∞), γ ∈ (0, d
r2
) and let τ = inf{t ∈ [0,∞) : ∥Bt∥ = r}, Then it

holds that

1 +
γr2

d
≤ E[eγτ ] ≤ 1

1− γr2

d

. (5.31)

Proof. Throughout this proof let v, w : Rd → R satisfy for all x ∈ Rd that

v(x) =
1

2
− γ∥x∥2

2d
and w(x) = 1− γ∥x∥2

d+ γr2
. (5.32)

Itô’s formula yields for every h ∈ {v, w}, t ∈ [0,∞) that

eγth(Bt) = h(0) +

∫ t

0
eγs(γh(Bs) +

1

2
∆h(Bs)) ds+

∫ t

0
eγs⟨∇h(Bs), dBs⟩. (5.33)

For every h ∈ {v, w} let τhk , k ∈ N, be a localizing sequence of stopping times for the local
martingale

∫ ·
0 e

γs⟨∇h(Bs),dBs⟩ and for every h ∈ {v, w}, k ∈ N let T h
k : Ω → R satisfy

T h
k = k ∧ τ ∧ τhk . Combining the fact that for all h ∈ {v, w}, k ∈ N it holds that T h

k ≤ k ∧ τ ,
the fact that for all h ∈ {v, w} it holds that (τhk )k∈N localizes

∫ ·
0 e

γs⟨∇h(Bs), dBs⟩, and the
optional stopping theorem with (5.33) establishes for all h ∈ {v, w}, k ∈ N that

E
[
eγTkh(BTk

)
]
= h(0) + E

[∫ Tk

0
eγs(γh(Bs) +

1

2
∆h(Bs)) ds

]
. (5.34)
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Furthermore, note that the fact that for every h ∈ {v, w} it holds that P(limk→∞ τhk = ∞) = 1
ensures for every h ∈ {v, w} that P(limk→∞ T h

k = τ) = 1. This and the fact that P(τ < ∞) = 1
(cf. e.g., [61, Section 4.2], [75, Lemma 4.27]) imply for every h ∈ {v, w} that

P
(

lim
k→∞

eγT
h
k h(BTh

k
) = eγτh(Bτ )

)
= 1. (5.35)

Moreover, observe that the facts that γr2 < d and that for all k ∈ N it holds that T v
k ≤ τ

assure for all k ∈ N that eγT
v
k v(BT v

k
) ≥ 0. This, the fact that for all x ∈ Rd it holds that

γv(x) + 1
2∆v(x) = −γ2∥x∥2

2d ≤ 0, the fact that v(Bτ ) =
1
2 −

γr2

2d > 0, the fact that for all k ∈ N
it holds that T v

k ≤ τ , (5.34), (5.35), and Fatou’s lemma demonstrate that

E[eγτ ]
(
1

2
− γr2

2d

)
= E[eγτv(Bτ )] ≤ lim inf

k→∞
E
[
eγT

v
k v(BT v

k
)
]
≤ v(0) =

1

2
. (5.36)

Hence, it holds that

E[eγτ ] ≤ 1

1− γr2

d

. (5.37)

Next, note that the fact that for all x ∈ Rd it holds that w(x) ≤ 1. Combining this with
the fact that it holds for all k ∈ N that Tw

k ≤ τ assures that for all k ∈ N it holds that
eγT

w
k w(BTw

k
) ≤ eγτ . This, the fact that for all x ∈ Rd with ∥x∥ ≤ r it holds that γw(x) +

1
2∆w(x) = γ2(r2−∥x∥2)

d+γr2
≥ 0, the fact that w(Bτ ) = 1 − γr2

d+γr2
> 0, (5.34), (5.35), (5.37), and

the dominated convergence theorem yield that

E[eγτ ]
(
1− γr2

d+ γr2

)
= E[eγτw(Bτ )] = lim

k→∞
E[eγT

w
k w(BTw

k
)] ≥ w(0) = 1. (5.38)

This demonstrates

E[eγτ ] ≥ 1

1− γr2

d+γr2

=
d+ γr2

d
= 1 +

γr2

d
. (5.39)

This and (5.37) establish (5.31). This completes the proof of Lemma 5.2.6.

Lemma 5.2.7. Assume δ > 0. Then it holds for all M ∈ N, x ∈ D that

P
(
k̄x,1δ ≥ M

)
≤ 2
(
1 + β2δ2

2 diam(D)2

)−M
. (5.40)

Proof. Throughout this proof let Tc : Ω → [0,∞], c ∈ (0,∞), satisfy for every c ∈ (0,∞)
that Tc = inf{t ∈ [0,∞) : ∥Bt∥ = c} and let λ(γ) ∈ R, γ ∈ (0, d

diam(D)2
), satisfy for every

γ ∈ (0, d
diam(D)2

) that λ(γ) = log(1 + γ β2δ2

d ). First, observe that the fact that for all x ∈ D,
y ∈ Dδ it holds that r̄(x) ≤ r(x) and r̄(y) ≥ βr(y) ≥ βδ and Lemma 5.2.6 assure for every
γ ∈ (0, d

diam(D)2
), x ∈ Dδ that

E
[
eγTdiam(D)

]
≤ d

d− γ diam(D)2
(5.41)

and

E
[
eγTr̄(x)

]
≥ 1 +

γr̄(x)2

d
≥ 1 + γ

β2δ2

d
= eλ(γ). (5.42)

Throughout the remainder of this proof let Kδ : D
N0 → N0 ∪ {+∞} satisfy for every x =

(x0, x1, . . .) ∈ DN0 that Kδ(x) = inf{n ∈ N0 : r(xn) < δ}. Observe that Kδ is measurable.
Moreover, note that for all x ∈ D, j ∈ N it holds that Kδ(X̄

x,j) = k̄x,jδ . This, Lemma 5.2.5, the
fact that P(kxδ < ∞) = 1, (5.42), the fact that for all x ∈ D it holds that Tdiam(D) ≥ τxkxδ

, the
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monotone convergence theorem, and the law of total expectation yield for all γ ∈ (0, d
diam(D)2

),
x ∈ Dδ that

d
d−γ diam(D)2

≥ E
[
eγTdiam(D)

]
≥ E

[
e
γτx

kx
δ

]
= E

[
e
γτ̄x,1

k̄
x,1
δ

]

= E
[
exp

(
γ
∑k̄x,1δ

i=1 r̄
(
X̄x,1

i−1

)2
ρ1i

)]
= lim

n→∞
E
[
exp

(
γ
∑k̄x,1δ ∧n

i=1 r̄
(
X̄x,1

i−1

)2
ρ1i

)]
= lim

n→∞
E
[
E
[
exp

(
γ
∑k̄x,1δ ∧n

i=1 r̄
(
X̄x,1

i−1

)2
ρ1i

) ∣∣∣ X̄x,1

]]
.

(5.43)

The fact that Kδ(X̄
x,1) is σ(X̄x,1)-measurable and the fact that X̄x,1 and (ρ1n)n∈N are inde-

pendent ensures for every x ∈ Dδ, n ∈ N, γ ∈ (0, d
diam(D)2

) that ϕn,γ(X̄
x,1), where

ϕn,γ(y) = E
[
exp
(
γ
∑Kδ(y)∧n

i=1 r̄(yi−1)
2ρ1i

)]
=

∫
Ω
exp
(
γ
∑Kδ(y)∧n

i=1 r̄(yi−1)
2ρ1i (ω)

)
P(dω), y ∈ DN0 ,

(5.44)

is (a version of) the conditional expectation E[exp(γ
∑k̄x,1δ ∧n

i=1 r̄(X̄x,1
i−1)

2ρ1i ) | X̄x,1]. The fact
that for all y ∈ DN0 , j ∈ {0, 1, . . . ,Kδ(y)} it holds that yj−1 ∈ Dδ, (5.42), (5.44), and the
assumption that (ρ1n)n∈N are independent imply for all y ∈ DN0 , n ∈ N, γ ∈ (0, d

diam(D)2
) that

ϕn,γ(y) =

Kδ(y)∧n∏
i=1

E
[
eγr̄(yi−1)

2ρ1i

]
=

Kδ(y)∧n∏
i=1

E
[
e
γTr̄(yi−1)

]
≥
Kδ(y)∧n∏

i=1

eλ(γ) = eλ(γ)(Kδ(y)∧n). (5.45)

This, (5.43), and the monotone convergence theorem ensure for all x ∈ Dδ, γ ∈ (0, d
diam(D)2

)

that

d
d−γ diam(D)2

≥ lim
n→∞

E
[
E
[
exp

(
γ
∑k̄x,1δ ∧n

i=1 r̄
(
X̄x,1

i−1

)2
ρ1i

) ∣∣∣ X̄x,1

]]
= lim

n→∞
E
[
ϕn,γ(X̄

x,1)
]

≥ lim
n→∞

E
[
eλ(γ)(Kδ(X̄

x,1)∧n)
]
= E

[
eλ(γ)Kδ(X̄

x,1)
]

= E
[
eλ(γ)k̄

x,1
δ

]
= E

[(
1 + γ β2δ2

d

)k̄x,1δ

]
.

(5.46)

Choosing γ = d
2 diam(D)2

demonstrates for all x ∈ Dδ that

E
[(

1 + β2δ2

2 diam(D)2

)k̄x,1δ

]
≤ 2. (5.47)

This and Markov’s inequality yield for all x ∈ Dδ, M ∈ N that

P(k̄x,1δ ≥ M) ≤ 2
(
1 + β2δ2

2 diam(D)2

)−M
. (5.48)

This proves (5.40). This completes the proof of Lemma 5.2.7.

The next lemma provides a probability measure to calculate expectations of integrals of time
dependent functions of Brownian motion based on the time-space occupation behavior of
Brownian motion.
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Lemma 5.2.8. Let U = {x ∈ Rd : ∥x∥ ≤ 1}, and let µ : B([0,∞)×U) → [0,∞) satisfy for all
A ∈ B([0,∞)× U) that µ(A) = dE

[∫ ζ
0 1A(s,Bs) ds

]
. Then

(i) it holds that µ is a probability measure and

(ii) it holds for all measurable f : [0,∞)× U → [−∞,∞] where f is µ-integrable or satisfies
f ≥ 0 that ∫

[0,∞)×U
f(p)µ(dp) = dE

[∫ ζ

0
f(s,Bs) ds

]
. (5.49)

Proof. Throughout this proof let ν : B([0,∞)× U) ∋ A 7→ E
[∫ ζ

0 1A(s,Bs) ds
]
∈ [0,∞]. First,

observe that [83, e.g., Proposition 2.2.21 or 3.1.8] ensures that E[ζ] = 1
d . This proves that ν is a

finite measure with ν([0,∞)×U) = E[ζ] = 1
d . This and the fact that for all A ∈ B([0,∞)×U) it

holds that µ(A) = ν(A)
E[ζ] = dν(A) prove item (i). Next, observe that through approximation by

simple functions it holds for all measurable f : [0,∞)×U → [−∞,∞] where f is µ-integrable
or satisfies f ≥ 0 that∫

[0,∞)×U
f(p)µ(dp) = d

∫
[0,∞)×U

f(p)ν(dp) = dE
[∫ ζ

0
f(s,Bs) ds

]
. (5.50)

This proves item (ii). The proof of Lemma 5.2.8 is thus complete.

In the following lemma, a representation of functions of the form (5.1) via the Walk-on-
Spheres process is provided. In the sense of Remark 5.1.5, this establishes a Walk-on-Spheres
based representation of solutions of the PDE (5.2) (see, e.g., [39, Lemma 3.4] and [20, Corol-
lary 2.10] for similar results).

Lemma 5.2.9. Assume δ = 0, let h0 : [0,∞) × ∂D → R, h1 : [0,∞) ×D → R be measurable
and bounded, let w : D → R satisfy for all x ∈ D that

w(x) = E[h0(τx, x+Bτx)] + E
[∫ τx

0
h1(s, x+Bs) ds

]
, (5.51)

let µ be as in Lemma 5.2.8, let (Vk, Yk) ∼ µ, k ∈ N, be independent, assume that ((Vk, Yk))k∈N
and B are independent. Then it holds for all x ∈ D that

w(x) = E
[
h0(τ

x, x+Bτx)

+
1

d

∞∑
k=1

r̄(x+Bτxk−1
)2h1

(
τxk−1 + r̄(x+Bτxk−1

)2Vk, x+Bτxk−1
+ r̄(x+Bτxk−1

)Yk

)]
. (5.52)

Proof. Throughout this proof let Tc : Ω → [0,∞], c ∈ (0,∞), satisfy for every c ∈ (0,∞) that
Tc = inf{t ∈ [0,∞) : ∥Bt∥ = c}. First, note that the assumption that δ = 0, [20, Remark 2.9],
the assumption that h1 is bounded, and the dominated convergence ensure for all x ∈ D that

E
[∫ τx

0
h1(s, x+Bs) ds

]
= lim

n→∞

n∑
k=1

E

[∫ τxk

τxk−1

h1(s, x+Bs) ds

]
. (5.53)

The strong Markov property (cf., [61, Section 2.6]) and the scaling property imply for all
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x ∈ D, k ∈ N that

E

[∫ τxk

τxk−1

h1(s, x+Bs) ds

]

= E
[∫ τxk−τxk−1

0
h1(τ

x
k−1 + s, x+Bτxk−1+s) ds

]
= E

[
E
[∫ τxk−τxk−1

0
h1(τ

x
k−1 + s, x+Bτxk−1+s) ds | Fτxk−1

]]

= E

E[∫ Tr̄(x+y0)

0
h1(t0 + s, x+ y0 +Bs) ds

]∣∣∣∣
(t0,y0)=(τxk−1,Bτx

k−1
)


= E

E[r̄(x+ y0)
2

∫ T1

0
h1(t0 + r̄(x+ y0)

2s, x+ y0 + r̄(x+ y0)Bs) ds

]∣∣∣∣
(t0,y0)=(τxk−1,Bτx

k−1
)

.
(5.54)

Throughout the remainder of this proof let U = {x ∈ Rd : ∥x∥ ≤ 1}. Furthermore, note that
Lemma 5.2.8 and the assumption that (V1, Y1) ∼ µ demonstrate for all measurable φ : [0,∞)×
U → [−∞,∞] where φ is µ-integrable or satisfies φ ≥ 0 that that

E
[∫ T1

0
φ(s,Bs) ds

]
=

1

d

∫
[0,∞)×U

φ(v, y)µ(d(v, y)) =
1

d
E[φ(V, Y )]. (5.55)

This, the assumption that (Vk, Yk) ∼ µ, k ∈ N, are independent, the assumption that
((Vk, Yk))k∈N and B are independent, (5.53), and (5.54) establish for all x ∈ D that

E
[∫ τx

0
h1(s, x+Bs) ds

]
=

1

d
E

[ ∞∑
k=1

r̄(x+Bτxk−1
)2h1

(
τxk−1 + r̄(x+Bτxk−1

)2Vk, x+Bτxk−1
+ r̄(x+Bτxk−1

)Yk

)]
.

(5.56)

This proves (5.52). The proof of Lemma 5.2.9 is thus complete.

5.3. Error Analysis for the Modified Walk-on-Spheres Algorithm

In this section, we establish an error analysis for the estimator (5.5) as an approximation
of expectations of type (5.1) in the L∞-sense. To this end, we establish in Subsection 5.3.1
bias estimates for the Monte Carlo estimator (5.5). In Subsection 5.3.2 we first present some
preparatory regularity properties of the Walk-on-Spheres process as well as the Monte Carlo
estimator (5.5) and conclude with an overall error estimation in the L∞-sense. The main results
are Theorem 5.3.9 and Corollary 5.3.10. Throughout this section assume D ⊆ Rd to be open,
bounded, and convex, let r : Rd → [0,∞) satisfy for all x ∈ Rd that r(x) = inf{∥x − y∥ : y ∈
∂D}, let β ∈ (0, 1], δ ∈ (0,∞), let r̄ : D → [0,∞) be a (β, δ)-distance on D, let τxk , X̄x,j

k , τ̄x,jk ,
ζ, Zj

l , ξ
j
l , ρ

j
l , x ∈ D, j, l ∈ N, k ∈ N0, be as in Section 5.2, let h, h0, h1 : [0,∞) ×D → R be

measurable and bounded, let µ : B([0,∞)×{x ∈ Rd : ∥x∥ ≤ 1}) → [0, 1] be as in Lemma 5.2.8.
For n ∈ N, S ⊆ Rn, and F : S → R we denote with ∥F∥∞ the supremum norm of F on its
domain S, i.e., ∥F∥∞ = sups∈S |F (s)|.

5.3.1. Bias Estimates

Lemma 5.3.1. Let n,M ∈ N, L1, L2 ∈ (0,∞), assume for all t, s ∈ [0,∞), x, y ∈ D that

|h(t, x)− h(s, y)| ≤ L1|t− s|+ L2∥x− y∥, (5.57)
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let w : D → R satisfy for all x ∈ D that w(x) = E[h(τx, x+Bτx)], and let w̄ = w̄r̄,n,M : D ×
Ω → R satisfy for all x ∈ D that

w̄(x) =
1

n

n∑
i=1

h
(
τ̄x,iM , X̄x,i

M

)
. (5.58)

Then it holds for all x ∈ D that

|w(x)− E[w̄(x)]| ≤ L1 diam(D)δ + L2d
1/2 diam(D)

1/2δ
1/2 + 4∥h∥∞

(
1 + β2δ2

2 diam(D)2

)−M
. (5.59)

Proof. First, observe that Lemma 5.2.4 shows for all x ∈ D that

|w(x)− E[w̄(x)]| =
∣∣∣∣E[h(τx, x+Bτx)]− 1

n

n∑
i=1

E
[
h(τx,iM , X̄x,i

M )
]∣∣∣∣

=
∣∣E[h(τx, x+Bτx)− h(τxM , x+BτxM

)
]∣∣

≤
∣∣∣E[(h(τx, x+Bτx)− h(τxM , x+BτxM

)
)
1{M≥kxδ }

]∣∣∣
+
∣∣∣E[(h(τx, x+Bτx)− h(τxM , x+BτxM

)
)
1{M<kxδ }

]∣∣∣.
(5.60)

Next, note that combining the triangle inequality, the fact that {M < kxδ } ⊆ {M ≤ kxδ }, and
the assumption that h is bounded with Lemma 5.2.7 yields for all x ∈ D that∣∣∣E[(h(τx, x+Bτx)− h(τxM , x+BτxM

)
)
1{M<kxδ }

]∣∣∣
≤ 2∥h∥∞E[1{M<kxδ }] ≤ 4∥h∥∞

(
1 + β2δ2

2 diam(D)2

)−M
.

(5.61)

Additionally, note that the assumption that for all t, s ∈ [0,∞), x, y ∈ D it holds that
|h(t, x) − h(s, y)| ≤ L1|t − s| + L2∥x − y∥, the fact that τx ≥ τxM , Jensen’s inequality, the
strong Markov property, the fact that {M ≥ kxδ } ⊆ {τxM ≥ τxkxδ

} and Lemma 5.2.2, imply for
all x ∈ D that∣∣∣E[(h(τx, x+Bτx)− h(τxM , x+BτxM

)
)
1{M≥kxδ }

]∣∣∣
≤ L1E

[
|τx − τxM |1{M≥kxδ }

]
+ L2E

[
∥Bτx −BτxM

∥1{M≥kxδ }

]
≤ L1E

[
|τx − τxM |1{M≥kxδ }

]
+ L2E

[
∥Bτx −BτxM

∥1{τxM≥τx
kx
δ
}

]
= L1E

[
|τx − τxM |1{M≥kxδ }

]
+ L2E

[
E
[
∥Bτx −BτxM

∥1{τxM≥τx
kx
δ
} | FτxM

]]
= L1E

[
|τx − τxM |1{M≥kxδ }

]
+ L2E

[
E
[
∥Bτx −BτxM

∥ | FτxM

]
1{τxM≥τx

kx
δ
}

]
≤ L1E

[
|τx − τxM |1{M≥kxδ }

]
+ L2d

1/2

(
E
[
E
[
|τx − τxM | | FτxM

]
1{τxM≥τx

kx
δ
}

])1/2

≤ L1E
[
|τx − τxkxδ

|
]
+ L2d

1/2
(
E
[
|τx − τxkxδ

|
])1/2

≤ L1E
[
E
[
τ
x+Bτx

kx
δ | Fτx

kx
δ

]]
+ L2d

1/2

(
E
[
E
[
τ
x+Bτx

kx
δ | Fτx

kx
δ

]])1/2
≤ L1 diam(D)δ + L2d

1/2 diam(D)
1/2δ

1/2.

(5.62)

Combining this with (5.61) proves (5.59).
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Lemma 5.3.2. Let n,M ∈ N, let w : D → R satisfy for all x ∈ D that

w(x) = E
[∫ τx

0
h(s, x+Bs) ds

]
, (5.63)

let (V i
k , Y

i
k ) ∼ µ, i, k ∈ N, be i.i.d., assume (V i

k , Y
i
k ), ρ

i
k, Z

i
k, i, k ∈ N, and B are independent,

and let w̄ = w̄r̄,n,M : D × Ω → R satisfy for all x ∈ D that

w̄(x) =
1

n

n∑
i=1

1

d

M∑
k=1

r̄(X̄x,i
k−1)

2h
(
τ̄x,ik−1 + r̄(X̄x,i

k−1)
2V i

k , X̄
x,i
k−1 + r̄(X̄x,i

k−1)Y
i
k

)
. (5.64)

Then it holds for all x ∈ D that

|w(x)− E[w̄(x)]| ≤ ∥h∥∞ diam(D)

(
2 diam(D)

d

(
1 + β2δ2

2 diam(D)2

)−M
+ δ

)
. (5.65)

Proof. First, observe that Lemmas 5.2.4 and 5.2.8, the techniques presented in the proof of
Lemma 5.2.9, and the assumption that (V 1

k , Y
1
k ), k ∈ N, are i.i.d. and independent from B

establish that for all x ∈ D it holds that

w(x) = E

[∫ τx

τxM

h(s, x+Bs) ds

]
+ E

[∫ τxM

0
h(s, x+Bs) ds

]

= E

[∫ τx

τxM

h(s, x+Bs) ds

]

+
1

d

M∑
k=1

E
[
r̄(x+Bτxk−1

)2h
(
τxk−1 + r̄(x+Bτxk−1

)2V 1
k , x+Bτxk−1

+ r̄(x+Bτxk−1
)Y 1

k

)]
= E

[∫ τx

τxM

h(s, x+Bs) ds

]

+
1

d

M∑
k=1

E
[
r̄(X̄x,1

k−1)
2h
(
τ̄x,1k−1 + r̄(X̄x,1

k−1)
2V 1

k , X̄
x,1
k−1 + r̄(X̄x,1

k−1)Y
1
k

)]
.

(5.66)

Next, note that Lemma 5.2.4 and the assumption that (V i
k , Y

i
k ), i, k ∈ N, are i.i.d. and inde-

pendent from ρik, Z
i
k, i, k ∈ N, and B imply for all x ∈ D that

E[w̄(x)] =
1

nd

n∑
i=1

M∑
k=1

E
[
r̄(X̄x,i

k−1)
2h
(
τ̄x,ik−1 + r̄(X̄x,i

k−1)
2V i

k , X̄
x,i
k−1 + r̄(X̄x,i

k−1)Y
i
k

)]
=

1

d

M∑
k=1

E
[
r̄(X̄x,1

k−1)
2h
(
τ̄x,1k−1 + r̄(X̄x,1

k−1)
2V 1

k , X̄
x,1
k−1 + r̄(X̄x,1

k−1)Y
1
k

)]
.

(5.67)

Combining (5.66), (5.67), and the triangle inequality with the assumption that h is bounded
yields for all x ∈ D that

|w(x)− E[w̄]| =

∣∣∣∣∣E
[∫ τx

τxM

h(s, x+Bs) ds

]∣∣∣∣∣ ≤ ∥h∥∞E[τx − τxM ]. (5.68)

Next, observe that the strong Markov property, [20, Corollary 2.3], and Lemma 5.2.7 demon-
strate for all x ∈ D that

E
[
(τx − τxM )1{M<kxδ }

]
= E

[
E
[
τ
x+Bτx

M | FτxM

]
1{M<kxδ }

]
≤ diam(D)2

d P[kxδ ≥ M ] ≤ 2 diam(D)2

d

(
1 + β2δ2

2 diam(D)2

)−M
.

(5.69)
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Moreover, note that the strong Markov property, the fact that τx ≥ τxM , and Lemma 5.2.2
imply for all x ∈ D that

E
[
(τx − τxM )1{M≥kxδ }

]
≤ E

[
τx − τxkxδ

]
= E

[
E
[
τ
x+Bτx

kx
δ | Fτx

kx
δ

]]
≤ E

[
r

(
x+Bτx

kx
δ

)
diam(D)

]
≤ δ diam(D).

(5.70)

Combining this and (5.69) with (5.68) proves (5.65). The proof of Lemma 5.3.2 is thus com-
plete.

5.3.2. Global L∞-Error Analysis

Lemma 5.3.3. Let n,M ∈ N, let (V i
k , Y

i
k ) ∼ µ, i, k ∈ N, be i.i.d. assume (V i

k , Y
i
k ), ρik, Zi

k,
i, k ∈ N, are independent, and let w̄ = w̄r̄,n,M : D × Ω → R satisfy for all x ∈ D that

w̄(x) =
1

n

n∑
i=1

[
h0(τ̄

x,i
M , X̄x,i

M ) +
1

d

M∑
k=1

r̄(X̄x,i
k−1)

2h1

(
τ̄x,ik−1 + r̄(X̄x,i

k−1)
2V i

k , X̄
x,i
k−1 + r̄(X̄x,i

k−1)Y
i
k

)]
.

(5.71)

Then it holds for all x ∈ D, t ≥ 0 that

P[|w̄(x)− E[w̄(x)]| ≥ t] ≤ 2 exp

(
− nt2

2
(
∥h0∥∞ + M diam(D)2∥h1∥∞

d

)2
)
. (5.72)

Proof. Let w̄i = w̄i,δ,n,M : D × Ω → R, i ∈ N ∩ [1, n], satisfy for all i ∈ N ∩ [1, n], x ∈ D that

w̄i(x) = h0(τ̄
x,i
M , X̄x,i

M ) +
1

d

M∑
k=1

r̄(X̄x,i
k−1)

2h1

(
τ̄x,ik−1 + r̄(X̄x,i

k−1)
2V i

k , X̄
x,i
k−1 + r̄(X̄x,i

k−1)Y
i
k

)
. (5.73)

Observe that for all x ∈ D it holds that (w̄i)i∈N∩[1,n] are independent and w̄(x) = 1
n

∑n
i=1 w̄i(x).

Moreover, note that the assumption that for all x ∈ D it holds that r̄(x) ≤ diam(D) and the
assumption that hi, i ∈ {1, 2}, is bounded ensure for all i ∈ N ∩ [1, n], x ∈ D it holds that

|w̄i(x)| ≤ ∥h0∥∞ +
M diam(D)2∥h1∥∞

d
. (5.74)

This and Hoeffding’s inequality show for all x ∈ D, t ≥ 0 that

P[|w̄(x)− E[w̄(x)]| ≥ t] = P
[∣∣∣∣ n∑

i=1
w̄i(x)− E

[
n∑

i=1
w̄i(x)

]∣∣∣∣ ≥ nt

]
≤ 2 exp

(
− nt2

2
(
∥h0∥∞ + M diam(D)2∥h1∥∞

d

)2
)
.

(5.75)

This proves (5.72). The proof of Lemma 5.3.3 is thus complete.

Lemma 5.3.4. Let L ∈ [0,∞) and assume for all x, y ∈ D that |r̄(x) − r̄(y)| ≤ L∥x − y∥.
Then

(i) it holds for all k ∈ N0, i ∈ N, x, y ∈ D that ∥X̄x,i
k − X̄y,i

k ∥ ≤ (1 + L)k∥x− y∥ and

(ii) it holds for all k ∈ N0, i ∈ N, x, y ∈ D that

|τ̄x,ik − τ̄y,ik | ≤ 2 diam(D)L

[
k∑

j=1
(1 + L)j−1ρij

]
∥x− y∥. (5.76)
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Proof. First, we prove item (i) via induction on k ∈ N0. Note that for all i ∈ N, x, y ∈ D it
holds that ∥Xx,i

0 −Xy,i
0 ∥ = ∥x − y∥. This proves item (i) for the base case k = 0. Let k ∈ N

and assume item (i) holds true for all l ∈ N0 ∩ [0, k − 1]. This, the assumption that for all
x, y ∈ D it holds that |r̄(x)− r̄(y)| ≤ L∥x− y∥, and the triangle inequality show for all i ∈ N,
x, y ∈ D that

∥X̄x,i
k − X̄y,i

k ∥ ≤ ∥X̄x,i
k−1 − X̄y,i

k−1∥+ ∥ξik∥|r̄(X̄
x,i
k−1)− r̄(X̄y,i

k−1)|

≤ (1 + L)∥X̄x,i
k−1 − X̄y,i

k−1∥ ≤ (1 + L)k∥x− y∥.
(5.77)

This proves that item (i) holds true for all k ∈ N0. Next, we prove item (ii) via induction on
k ∈ N0. Observe that for all i ∈ N, x, y ∈ D it holds that |τ̄x,i0 − τ̄y,i0 | = 0. This proves item (ii)
for the base case k = 0. Let k ∈ N and assume item (ii) holds true for all l ∈ N0 ∩ [0, k − 1].
This, the assumption that for all x, y ∈ D it holds that |r̄(x) − r̄(y)| ≤ L∥x − y∥, the fact
that for all x ∈ D it holds that r̄(x) ∈ [0,diam(D)], and item (i) demonstrate for all i ∈ N,
x, y ∈ D that

|τ̄x,ik − τ̄y,ik | ≤ |τ̄x,ik−1 − τ̄y,ik−1|+ |ρik||r̄(X̄
x,i
k−1)

2 − r̄(X̄y,i
k−1)

2|

≤ 2 diam(D)L

[
k−1∑
j=1

(1 + L)j−1ρij

]
∥x− y∥+ 2diam(D)Lρik∥X̄

x,i
k−1 − X̄x,i

k−1∥

≤ 2 diam(D)L

[
(1 + L)k−1ρik +

k−1∑
j=1

(1 + L)j−1ρij

]
∥x− y∥. (5.78)

This proves that item (ii) holds true for all k ∈ N0. The proof of Lemma 5.3.4 is thus
complete.

Lemma 5.3.5. Let (V, Y ) ∼ µ. Then it holds that E[V ] = d+4
2d(d+2) .

Proof of Lemma 5.3.5. First, note that E[ζ] = 1
d (cf. [83, e.g., Proposition 2.2.21 or 3.1.8]).

Next, observe that Itô’s formula yields for all t ∈ [0,∞) that

∥Bt∥4 − 2(d+ 2)

∫ t

0
∥Bs∥2 ds = 4

∫ t

0
⟨Bs,dBs⟩. (5.79)

Let M = (Mt)t∈[0,∞) satisfy for all t ∈ [0,∞) that Mt = 4
∫ t∧ζ
0 ⟨Bs,dBs⟩. This and the fact

that for all t ∈ [0, ζ] it holds that ∥Bs∥ ≤ 1 implies that the local martingale M is indeed a
square integrable martingale. Thus it holds for all t ∈ [0,∞) that

E[∥Bt∧ζ∥4]− 2(2 + d)E
[∫ t∧ζ

0
∥Bs∥2 ds

]
= 0. (5.80)

This, the dominated convergence theorem, and the monotone convergence theorem imply that

1 = 2(2 + d)E
[∫ ζ

0
∥Bs∥2 ds

]
. (5.81)

Similarly, Itô’s product rule establishes for all t ∈ [0,∞) that

t∥Bt∥2 −
dt2

2
−
∫ t

0
∥Bs∥2 ds = 2

∫ t

0
s⟨Bs, dBs⟩. (5.82)

Again this defines a local martingale, which stopped at ζ is a square integrable martingale.
This, the dominated convergence theorem, and the monotone convergence theorem hence
demonstrate that

E[ζ]− d

2
E[ζ2]− E

[∫ ζ

0
∥Bs∥2 ds

]
= 0. (5.83)
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Combining this, the fact that E[ζ] = 1
d , and (5.81) yields E[ζ2] = d+4

d2(d+2)
. This and item (ii)

in Lemma 5.2.8 establish that

E[V ] =

∫
[0,∞)×U

vµ(d(v, y)) = dE
[∫ ζ

0
s ds

]
=

d

2
E[ζ2] =

d+ 4

2d(d+ 2)
. (5.84)

The proof of Lemma 5.3.5 is thus complete.

Lemma 5.3.6. Let n,M ∈ N, let (V i
k , Y

i
k ) ∼ µ, i, k ∈ N, be i.i.d., assume (V i

k , Y
i
k ), ρ

i
k, Z

i
k,

i, k ∈ N, are independent, let L,Li
j ∈ [0,∞), i ∈ {0, 1}, j ∈ {1, 2}, assume for all s, t ∈ [0,∞),

x, y ∈ D, i ∈ {0, 1} that

|hi(s, x)− hi(t, y)| ≤ Li
1|s− t|+ Li

2∥x− y∥ and |r̄(x)− r̄(y)| ≤ L∥x− y∥, (5.85)

let w̄ = w̄r̄,n,M : D × Ω → R satisfy for all x ∈ D that

w̄(x) =
1

n

n∑
i=1

[
h0(τ̄

x,i
M , X̄x,i

M ) +
1

d

M∑
k=1

r̄(X̄x,i
k−1)

2h1

(
τ̄x,ik−1 + r̄(X̄x,i

k−1)
2V i

k , X̄
x,i
k−1 + r̄(X̄x,i

k−1)Y
i
k

)]
.

(5.86)

Then

(i) it holds for all x, y ∈ D that

|E[w̄(x)]− E[w̄(y)]| ≤ ∥x− y∥(1 + L)MM2

(
L0
2 +

2 diam(D)L0
1

d

+ 1
d

(
2 diam(D)∥h1∥∞ + diam(D)2

(
L1
2 +

2 diam(D)L1
1

d

))) (5.87)

(ii) it holds for all x, y ∈ D that

|w̄(x)− w̄(y)| ≤ ∥x− y∥(1 + L)M
(
L0
2 +

2L0
1 diam(D)

n

n∑
i=1

M∑
j=1

ρij +
2M diam(D)∥h1∥∞

d

+
2L1

1 diam(D)3

dn

n∑
i=1

M∑
k=1

[
V i
k +

k−1∑
j=1

ρij

]
+

L1
2M diam(D)2

d

)
.

(5.88)

Proof. First, note that Lemma 5.2.4, the assumption that (V i
k , Y

i
k ), i, k ∈ N are identically

distributed, and the assumption that (V i
k , Y

i
k ), ρ

i
k, Z

i
k, i, k ∈ N, are independent ensure for all

x ∈ D that

E[w̄(x)] = E
[
h0(τ̄

x,1
M , X̄x,1

M )
]

+ 1
d

M∑
k=1

E
[
r̄(X̄x,1

k−1)
2h1

(
τ̄x,1k−1 + r̄(X̄x,1

k−1)
2V 1

k , X̄
x,1
k−1 + r̄(X̄x,1

k−1)Y
1
k

)]
.

(5.89)

This assures for all x, y ∈ D that

|E[w̄(x)]− E[w̄(y)]| ≤ E
[∣∣∣h0(τ̄x,1M , X̄x,1

M )− h0(τ̄
y,1
M , X̄y,1

M )
∣∣∣]

+ 1
d

M∑
k=1

E
[∣∣r̄(X̄x,1

k−1)
2h1

(
τ̄x,1k−1 + r̄(X̄x,1

k−1)
2V 1

k , X̄
x,1
k−1 + r̄(X̄x,1

k−1)Y
1
k

)
− r̄(X̄y,1

k−1)
2h1

(
τ̄y,1k−1 + r̄(X̄y,1

k−1)
2V 1

k , X̄
y,1
k−1 + r̄(X̄y,1

k−1)Y
1
k

)∣∣].
(5.90)
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Next, observe that the assumption that for all i ∈ {0, 1}, s, t ∈ [0,∞), x, y ∈ D it holds
that |hi(s, x)− hi(t, y)| ≤ Li

1|s− t|+ Li
2∥x− y∥ and the fact that for all x ∈ D it holds that

r̄(x) ≤ diam(D) imply for all k ∈ N ∩ [1,M ], x, y ∈ D that∣∣r̄(X̄x,1
k−1)

2h1

(
τ̄x,1k−1 + r̄(X̄x,1

k−1)
2V 1

k , X̄
x,1
k−1 + r̄(X̄x,1

k−1)Y
1
k

)
− r̄(X̄y,1

k−1)
2h1

(
τ̄y,1k−1 + r̄(X̄y,1

k−1)
2V 1

k , X̄
y,1
k−1 + r̄(X̄y,1

k−1)Y
1
k

)∣∣
≤ 2 diam(D)∥h1∥∞|r̄(X̄x,1

k−1)− r̄(X̄y,1
k−1)|

+ diam(D)2
(
L1
1

(
|τ̄x,1k−1 − τ̄y,1k−1|+ |V 1

k ||r̄(X̄
x,1
k−1)

2 − r̄(X̄y,1
k−1)

2|
)

+ L1
2

(
∥X̄x,1

k−1 − X̄y,1
k−1∥+ ∥Y 1

k ∥|r̄(X̄
x,1
k−1)− r̄(X̄y,1

k−1)|
))

.

(5.91)

This, the assumption that for all x, y ∈ D it holds that |r̄(x) − r̄(y)| ≤ L∥x − y∥, the fact
that E[ζ] = 1

d (cf. [83, e.g., Proposition 2.2.21 or 3.1.8]), the assumption that for all i, j ∈ N
it holds that ρji and ζ are identically distributed, item (ii) in Lemma 5.2.8, Lemma 5.3.5, the
fact that for all k ∈ N it holds that k+4

2k(k+2) ≤ 1
k , the fact that for all j, k ∈ N it holds that

∥Y j
k ∥ ≤ 1, and Lemma 5.3.4 establish for all x, y ∈ D that

1
d

M∑
k=1

E
[∣∣r̄(X̄x,1

k−1)
2h1

(
τ̄x,1k−1 + r̄(X̄x,1

k−1)
2V 1

k , X̄
x,1
k−1 + r̄(X̄x,1

k−1)Y
1
k

)
− r̄(X̄y,1

k−1)
2h1

(
τ̄y,1k−1 + r̄(X̄y,1

k−1)
2V 1

k , X̄
y,1
k−1 + r̄(X̄y,1

k−1)Y
1
k

)∣∣]
≤ ∥x− y∥1

d

M∑
k=1

[
(1 + L)k

(
2 diam(D)∥h1∥∞

+ diam(D)2
(
L1
2 + 2L1

1 diam(D)
(
E[V 1

k ] +
k−1∑
j=1

E[ρ1j ]
)))]

≤ ∥x− y∥(1 + L)M M2

d

(
2 diam(D)∥h1∥∞ + diam(D)2

(
L1
2 +

2L1
1 diam(D)

d

))
.

(5.92)

Similarly, it holds for all x, y ∈ D that

E
[∣∣∣h0(τ̄x,1M , X̄x,1

M )− h0(τ̄
y,1
M , X̄y,1

M )
∣∣∣] ≤ ∥x− y∥(1 + L)M

(
L0
2 +

2ML0
1 diam(D)
d

)
. (5.93)

Combining this and (5.92) yields for all x, y ∈ D that

|E[w̄(x)]− E[w̄(y)]| ≤ ∥x− y∥(1 + L)MM2
(
L0
2 +

2L0
1 diam(D)

d

+ 1
d

(
2 diam(D)∥h1∥∞ + diam(D)2

(
L1
2 +

2L1
1 diam(D)

d

))) (5.94)

This proves item (i). Moreover, note that item (ii) is proven analogously. The proof of
Lemma 5.3.6 is thus complete.

Lemma 5.3.7. Let (V, Y ) ∼ µ. Then it holds for all t ∈ [0,∞) that

P[ζ ≥ t] ≤ 2e−
d
2
t and P[V ≥ t] ≤ 4e−

d
2
t. (5.95)

Proof of Lemma 5.3.7. First, observe that Lemma 5.2.6 yields that E[e
d
2
ζ ] ≤ 2. Combining

this with Markov’s inequality demonstrates for all t ∈ [0,∞) that

P[ζ ≥ t] ≤ E[e
d
2
ζ ]e−

d
2
t ≤ 2e−

d
2
t. (5.96)
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Next, observe that item (ii) in Lemma 5.2.8 and Fubini’s theorem establish for all t ≥ 0 that

P[V ≥ t] = E[1[t,∞)(V )] = dE
[∫ ζ

0
1[t,∞)(s) ds

]
= d

∫ ∞

t
P[ζ ≥ s] ds. (5.97)

This and (5.96) show for all t ∈ [0,∞) that

P[V ≥ t] ≤ 2d

∫ ∞

t
e−

d
2
s ds = 4e−

d
s
t. (5.98)

The proof of Lemma 5.3.7 is thus complete.

The next lemma is a modification of [20, Lemma 4.5]. We include a proof for the convenience
of the reader.

Lemma 5.3.8. Let X : Ω → [0,∞) be a random variable, let c1, c2, c3, c4, A ≥ 0, assume
c2, c4 > 0, assume for all t ∈ [0,∞) that P[X ≥ t] ≤ 2

(
ec1−c2((t−A)+)2 + ec3−c4(t−A)+

)
. Then it

holds that

E[X] ≤ A+

√
c1 + log(2) + 1

√
c2

+
c3 + log(2) + 1

c4
. (5.99)

Proof of Lemma 5.3.8. Throughout this proof let λ ∈ R satisfy

λ = A+

√
c1+log(2)√

c2
+ c3+log(2)

c4
. (5.100)

Observe that λ > A. This and the assumption that for all t ∈ [0,∞) it holds that P[X ≥ t] ≤
2(ec1−c2((t−A)+)2 + ec3−c4(t−A)+) ensures that

E[X] =

∫ ∞

0
P[X ≥ t] dt ≤ λ+

∫ ∞

λ
P[X ≥ t] dt

≤ λ+ 2ec1
∫ ∞

λ
e−c2(t−A)2 dt+ 2ec3

∫ ∞

λ
e−c4(t−A) dt.

(5.101)

Next, note that the fact that it holds that λ−A ≥ c3+log(2)
c4

implies that

2ec3
∫ ∞

λ
e−c4(t−A) dt =

2

c4
ec3−c4(λ−A) ≤ 2

c4
e− log(2) =

1

c4
. (5.102)

Moreover, observe that the fact that λ − A ≥
√

c1+log(2)√
c2

and the fact that 2
√
log(2) ≥ 1

establish that

2ec1
∫ ∞

λ
e−c2(t−A)2 dt = 2ec1

∫ ∞

λ−A
e−c2s2 ds ≤ 2ec1

λ−A

∫ ∞

λ−A
se−c2s2 ds

≤ ec1

(λ−A)c2
e−c2(λ−A)2 ≤ e− log(2)

√
c2
√
c1 + log(2)

≤ 1
√
c2
.

(5.103)

Combining this, (5.101), and (5.102) with (5.100) yields

E[X] ≤ λ+
1

√
c2

+
1

c4
= A+

√
c1 + log(2) + 1

√
c2

+
c3 + log(2) + 1

c4
. (5.104)

The proof of Lemma 5.3.8 is thus complete.

The following Theorem demonstrates that the estimator (5.5) approximates functions (5.1)
in the L∞-sense. The proof follows similar arguments as those presented in [20, Proof of
Theorem 2.26].
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Theorem 5.3.9. Let n,M ∈ N, let (V i
k , Y

i
k ) ∼ µ, i, k ∈ N, be i.i.d., assume (V i

k , Y
i
k ), ρik,

Zi
k, i, k ∈ N, and B are independent, let L,Li

j ∈ [0,∞), i ∈ {0, 1}, j ∈ {1, 2}, assume for all
s, t ∈ [0,∞), x, y ∈ D, i ∈ {0, 1} that

|hi(s, x)− hi(t, y)| ≤ Li
1|s− t|+ Li

2∥x− y∥ and |r̄(x)− r̄(y)| ≤ L∥x− y∥, (5.105)

let w : D → R be continuous and satisfy for all x ∈ D that

w(x) = E[h0(τx, x+Bτx)] + E
[∫ τx

0
h1(s, x+Bs) ds

]
, (5.106)

let w̄ = w̄r̄,n,M : D × Ω → R satisfy for all x ∈ D that

w̄(x) =
1

n

n∑
i=1

[
h0(τ̄

x,i
M , X̄x,i

M ) +
1

d

M∑
k=1

r̄(X̄x,i
k−1)

2h1

(
τ̄x,ik−1 + r̄(X̄x,i

k−1)
2V i

k , X̄
x,i
k−1 + r̄(X̄x,i

k−1)Y
i
k

)]
.

(5.107)

Then it holds for all K ∈ N that

E
[
sup
x∈D

|w(x)− w̄(x)|
]

≤ (L0
1 + ∥h1∥∞) diam(D)δ + L0

2d
1/2 diam(D)

1/2δ
1/2

+
(
4∥h0∥∞ + 2 diam(D)2∥h1∥∞

d

)(
1 + β2δ2

2 diam(D)2

)−M

+
(
L0
2 +

2L0
1 diam(D)

d + 1
d

(
2 diam(D)∥h1∥∞ + diam(D)2

(
L1
2 +

2L1
1 diam(D)

d

)))
d
1/2 diam(D)

K

+
(
L0
2 +

2M diam(D)∥h1∥∞+L1
2M diam(D)2

d

)
d
1/2 diam(D)

KM2

+
3
√
2
(√

d(log(K)+2 log(M)+M log(1+L))+log(2)+1
)(

∥h0∥∞+
M diam(D)2∥h1∥∞

d

)
√
n

+
12 diam(D)2(log(n)+log(M)+log(6)+1)(L0

1d+L1
1 diam(D)2M)

d3/2KM
.

(5.108)

Proof. We first note that the supremum supx∈D|w(x) − w̄(x)| is measurable because of the
continuity of w and w̄. Throughout this proof, let K ∈ N be fixed and assume without loss of
generality that D ⊆ [0, diam(D)]d. Let D ⊆ Rd satisfy that

D =
{

i diam(D)
KM2(1+L)M

: i ∈ N0 ∩ [0,KM2(1 + L)M ]
}d

∩D. (5.109)

Note that for all x ∈ D there exist i1, . . . , id ∈ N0 ∩ [0,KM2(1 + L)M ] such that

x ∈
[

i1 diam(D)
KM2(1+L)M

, (i1+1) diam(D)
KM2(1+L)M

)
× · · · ×

[
id diam(D)

KM2(1+L)M
, (id+1) diam(D)

KM2(1+L)M

)
. (5.110)

This implies for all x ∈ D that there exists xD ∈ D such that ∥x − xD∥ ≤ d1/2 diam(D)
KM2(1+L)M

.
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This, Lemma 5.3.1, Lemma 5.3.2, and Lemma 5.3.6 demonstrate

sup
x∈D

|w(x)− w̄(x)|

≤ sup
x∈D

|w(x)− E[w̄(x)]|+ sup
x∈D

|w̄(x)− w̄(xD)|+ sup
x∈D

|E[w̄(x)]− E[w̄(xD)]|

+ sup
y∈D

|w̄(y)− E[w̄(y)]|

≤ (L0
1 + ∥h1∥∞) diam(D)δ + L0

2d
1/2 diam(D)

1/2δ
1/2

+
(
4∥h0∥∞ + 2 diam(D)2∥h1∥∞

d

)(
1 + β2δ2

2 diam(D)2

)−M

+
(
L0
2 +

2L0
1 diam(D)

d + 1
d

(
2 diam(D)∥h1∥∞ + diam(D)2

(
L1
2 +

2L1
1 diam(D)

d

)))
d
1/2 diam(D)

K

+
(
L0
2 +

2M diam(D)∥h1∥∞+L1
2M diam(D)2

d

)
d
1/2 diam(D)

KM2

+

2L0
1 diam(D)

n

n∑
i=1

M∑
j=1

ρij +
2L1

1 diam(D)3

dn

n∑
i=1

M∑
k=1

V i
k +

k−1∑
j=1

ρij

d
1/2 diam(D)

KM2

+ sup
y∈D

|w̄(y)− E[w̄(y)]|

= C(h0, h1, δ, d,D,K,M) + Z,

(5.111)

where C(h0, h1, δ, d,D,K,M) ∈ [0,∞) and Z : Ω → [0,∞) satisfy

C(h0, h1, δ, d,D,K,M)

= (L0
1 + ∥h1∥∞) diam(D)δ + L0

2d
1/2 diam(D)

1/2δ
1/2

+
(
4∥h0∥∞ + 2 diam(D)2∥h1∥∞

d

)(
1 + β2δ2

2 diam(D)2

)−M

+
(
L0
2 +

2L0
1 diam(D)

d + 1
d

(
2 diam(D)∥h1∥∞ + diam(D)2

(
L1
2 +

2L1
1 diam(D)

d

)))
d
1/2 diam(D)

K

+
(
L0
2 +

2M diam(D)∥h1∥∞+L1
2M diam(D)2

d

)
d
1/2 diam(D)

KM2

(5.112)

and

Z =

2L0
1 diam(D)

n

n∑
i=1

M∑
j=1

ρij +
2L1

1 diam(D)3

dn

n∑
i=1

M∑
k=1

V i
k +

k−1∑
j=1

ρij

d
1/2 diam(D)

KM2

+ sup
y∈D

|w̄(y)− E[w̄(y)]|.
(5.113)

Moreover, note that the fact that for all i ∈ N it holds that
∑M

k=1

∑k−1
j=1 ρ

i
k ≤ M

∑M
k=1 ρ

i
j

ensures that

Z ≤ 2 diam(D)2(L0
1d+L1

1 diam(D)2M)

d1/2nKM2

n∑
i=1

M∑
k=1

ρik +
2L1

1 diam(D)4

d1/2nKM2

n∑
i=1

M∑
k=1

V i
k + sup

y∈D
|w̄(y)− E[w̄(y)]|.

(5.114)
Next, observe that the union bound inequality, Lemma 5.3.3, and (5.109) assure for all t ∈
[0,∞) that

P

[
sup
y∈D

|w̄(y)− E[w̄(y)]| ≥ t

3

]
≤
∑
y∈D

2 exp

(
− nt2

18
(
∥h0∥∞+

M diam(D)2∥h1∥∞
d

)2
)

≤ 2 exp

(
d(log(K) + 2 log(M) +M log(1 + L))− nt2

18
(
∥h0∥∞+

M diam(D)2∥h1∥∞
d

)2
)
.

(5.115)
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Moreover, note that Lemma 5.3.7 and the assumption that V i
k , i, k ∈ N, are identically dis-

tributed demonstrate for all t ∈ [0,∞) that

P
[
2L1

1 diam(D)4

d1/2nKM2

n∑
i=1

M∑
k=1

V i
k ≥ t

3

]
≤ nMP

[
V 1
1 ≥ td

1/2KM
6L1

1 diam(D)4

]
≤ 4nM exp

(
− td

3/2KM
12L1

1 diam(D)4

)
.

(5.116)

Furthermore, observe that Lemma 5.3.7 and the assumption that ρik, i, k ∈ N, are identically
distributed imply for all t ∈ [0,∞) that

P
[
2 diam(D)2(L0

1d+L1
1 diam(D)2M)

d1/2nKM2

n∑
i=1

M∑
k=1

ρik ≥ t

3

]
≤ nMP

[
ρ11 ≥ td

1/2KM
6 diam(D)2(L0

1d+L1
1 diam(D)2M)

]
≤ 2nM exp

(
− td

3/2KM
12 diam(D)2(L0

1d+L1
1 diam(D)2M)

)
.

(5.117)

Combining (5.114), (5.115), (5.116), and (5.117) with the union bound inequality establishes
for all t ∈ [0,∞) that

P(Z ≥ t)

≤ 2 exp

(
d(log(K) + 2 log(M) +M log(1 + L))− nt2

18
(
∥h0∥∞+

M diam(D)2∥h1∥∞
d

)2)
+ 4nM exp

(
− td

3/2KM
12L1

1 diam(D)4

)
+ 2nM exp

(
− td

3/2KM
12 diam(D)2(L0

1d+L1
1 diam(D)2M)

)
≤ 2

(
exp

(
d(log(K) + 2 log(M) +M log(1 + L))− nt2

18
(
∥h0∥∞+

M diam(D)2∥h1∥∞
d

)2)
+ exp

(
log(3) + log(n) + log(M)− td

3/2KM
12 diam(D)2(L0

1d+L1
1 diam(D)2M)

))
.

(5.118)

This, (5.111), and Lemma 5.3.8 (applied with X ↶ Z, A ↶ 0,

c1 ↶ d(log(K) + 2 log(M) +M log(1 + L)), c2 ↶ n

18
(
∥h0∥∞+

M diam(D)2∥h1∥∞
d

)2 ,
c3 ↶ log(3) + log(n) + log(M), c4 ↶ d

3/2KM
12 diam(D)2(L0

1d+L1
1 diam(D)2M)

(5.119)

in the notation of Lemma 5.3.8) prove (5.108). The proof of Theorem 5.3.9 is thus complete.

Corollary 5.3.10. Assume the situation of Theorem 5.3.9, let ε ∈ (0, 1), and assume

δ = min
{
1, ε2

9((L0
1+∥h1∥∞) diam(D)+L0

2d
1/2 diam(D)1/2)2

}
,

M = max

1,

 log(6(2∥h0∥∞d+diam(D)∥h1∥∞))−log(d)+log(ε−1)

log

(
1+

β2δ2

2 diam(D)2

)

, and

n = K2 = max
{
1, ⌈9C(h0, h1, d,D,M)2ε−2⌉2

}
,

(5.120)

where C(h0, h1, d,D,M) ∈ [0,∞) satisfies

C(h0, h1, d,D,M)

=
(
L0
2 +

2L0
1 diam(D)

d + 1
d

(
2 diam(D)∥h1∥∞ + diam(D)2

(
L1
2 +

2L1
1 diam(D)

d

)))
d
1/2 diam(D)

+
(
L0
2 +

2M diam(D)∥h1∥∞+L1
2M diam(D)2

d

)
d
1/2 diam(D)

M2

+ 3
√
2
(
1 +

√
d+

√
d(2 log(M) +M log(1 + L)) + log(2)

)(
∥h0∥∞ + M diam(D)2∥h1∥∞

d

)
+

12 diam(D)2(L0
1d+L1

1 diam(D)2M)(log(6)+3+log(M))

d3/2M
.

(5.121)
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Then it holds that E[supx∈D|w(x)− w̄(x)|] ≤ ε and there exist c, q ∈ (0,∞) such that max{n,M} ≤
cdqε−q, where q is an absolute constant and c depends only on L, L0

1, L0
2, L1

1, L1
2, ∥h0∥∞,

∥h1∥∞, β−1, diam(D), and d and this dependency is at most polynomial.

In this chapter, we developed Walk-on-Spheres Monte Carlo approximations for expectations
of the form (5.1) arising as stochastic representations of solutions of elliptic PDEs of the type
(5.2). In particular, we conducted an L∞-type error analysis and established bounds on the
complexity of the resulting estimators. Combining these results with the ANN framework in
Chapter 3, we develop next in Chapter 6 ANN representations and approximations for the oc-
curring processes and Monte Carlo estimators to achieve ANN approximations for expectations
of the form (5.1) for the special case h1 ≡ 0.
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Chapter 6.

Deep Neural Network Approximation of
Elliptic PDEs with Drift and Killing

This chapter is based on Section 5 of the joint work [64] with T. Kruse.
In this chapter, we transfer the Monte Carlo results from Chapter 5 to approximation via

ANNs. For this purpose, we employ the ANN framework presented in Chapter 3 in combination
with the Monte Carlo estimators introduced in Chapter 5 to obtain ANN approximations.
While the Monte Carlo analysis in Chapter 5 was conducted for expectations (5.1) involving
both h0 and h1, we consider in this chapter ANN approximations of functions w : D → R,

w(x) = E[h(τx, x+Bτx)], x ∈ D. (6.1)

This corresponds to the special case of (5.1) with h0 = h and h1 ≡ 0. We refer to Remark 6.2.2
for a discussion on how to include nonzero h1 as well.

The main contribution of this chapter, Theorem 6.2.1, develops an ANN approximation
result for functions of the form (6.1). More precisely, under the assumption that h can be
represented by an ANN and the distance to the boundary dist(·, ∂D) can be suitably approxi-
mated by ANNs, w can be approximated in the L∞-sense with accuracy ε ∈ (0, 1) by an ANN
Ψ such that P(Ψ) ≤ c̄ε−q̄, where q̄ ∈ [0,∞) is an absolute constant and c̄ ∈ [0,∞) depends
only on the number of parameters, the Lipschitz constant, and the least upper bound on
[0,∞)×D of the realization of the ANN representing h, the number of parameters and a uni-
form Lipschitz constant of the ANNs approximating the distance to the boundary, diam(D),
and d. Moreover, this dependency is at most polynomial. In particular, under similar poly-
nomial bounds on the problem quantities as in Chapter 5, the number of parameters P(Ψ) of
the approximating ANN Ψ grows at most polynomially in the dimension d and the reciprocal
ε−1 of the approximation accuracy (see Remark 6.2.2 below).

Through the stochastic representation established in Chapter 5, these approximation results
yield corresponding approximation results for associated elliptic PDEs.

For the remainder of this chapter, we recall the notation and definitions presented in
Chapter 3. We specialize the activation function to the ReLU activation function given by
ϕ : R ∋ x 7→ max{x, 0} ∈ R and subsequently write for every Φ ∈ N the realization function
Rϕ(Φ) of the ANN Φ as R(Φ).

The remainder of this chapter is structured as follows. In Section 6.1, we provide ANN
representation and approximation results for the Walk-on-Spheres process introduced in Sec-
tion 5.2 and for the Monte Carlo estimator studied in Section 5.3. In Section 6.2, we combine
the ANN representations and approximations from Section 6.1 with the error analysis estab-
lished in Section 5.3 to obtain an ANN approximation of functions that satisfy (6.1) in the
L∞-sense.

6.1. ANN Approximations of Modified Walk-on-Spheres
Algorithms

The following lemma is a version of [106, Proposition 3], providing an ANN approximation of
the product function R2 ∋ (x, y) → xy ∈ R on compact intervals.
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Lemma 6.1.1. There exist absolute constants κ1, κ2, κ3 ∈ [0,∞) such that for all c ∈ (0,∞),
ε ∈ (0, 1] there exists Π ∈ N such that

(i) it holds that R(Π) ∈ C(R2,R),

(ii) it holds for all x, y ∈ [−c, c] that |(R(Π))(x, y)− xy| ≤ ε, and

(iii) it holds1 that max{L(Π), D(Π) } ≤ κ1 + κ2 log2
(
1
ε

)
+ κ3(log2(c))

+.

The next two lemmas establish ANN representations and approximations of all processes
appearing in the estimators of Section 5.3. More precisely, Lemma 6.1.2 establishes an ANN
architecture that is used to represent the Walk-on-Spheres process and Lemma 6.1.3 provides
an ANN architecture that is used to approximate the corresponding exit times. The proofs
are consequences of induction as well as composition (see, e.g., Lemma 3.2.2), parallelization
(see, e.g., Lemma 3.3.2 and Definition 3.3.3), and linear combination (see, e.g., Lemmas 3.4.6
and 3.4.7) of ANNs. Additionally, in the proof of Lemma 6.1.3 the ANN approximation of the
product function Lemma 6.1.1 is used. A similar statement for the Walk-on-Spheres process
itself (cf. Lemma 6.1.2) is formulated and proved in [20, Lemma 3.6, Corollary 3.7].

Lemma 6.1.2. Let d ∈ N, let r ∈ N satisfy that R(r) ∈ C(Rd,R) and min{L(r), D(r) } ≥ 2,
let (pk)k∈N ⊆ Rd. Then there exist (Xk)k∈N0 ⊆ N such that

(i) it holds for all k ∈ N, x ∈ D that R(X0),R(Xk) ∈ C(Rd,Rd), (R(X0))(x) = x, and

(R(Xk))(x) = (R(Xk−1))(x) + (R(r))((R(Xk−1))(x))pk, (6.2)

and

(ii) it holds for all k ∈ N that L(X0) = 1, D(X0) = d,

L(Xk) = k(L(r)− 1) + 1, and D(Xk) ≤ 2d+ D(r) . (6.3)

Lemma 6.1.3. Let d ∈ N, let D ⊆ Rd be open, bounded, let r ∈ N satisfy for all x ∈ D that
R(r) ∈ C(Rd,R), min{L(r), D(r) } ≥ 2 and 0 ≤ (R(r))(x) ≤ r(x), let (pk)k∈N ⊆ Rd satisfy
for all k ∈ N that ∥pk∥ = 1, let (vk)k∈N ⊆ [0,∞), and for every x ∈ D let (P x

k )k∈N0 ⊆ Rd,
(T x

k )k∈N0 ⊆ [0,∞) satisfy for every k ∈ N that P x
0 = x, P x

k = P x
k−1 + (R(r))(P x

k−1)pk, T
x
0 = 0

and T x
k = T x

k−1 + ((R(r))(P x
k−1))

2vk. Then there exist (Θε
k)(k,ε)∈N0×(0,1] ⊆ N

(i) it holds for all k ∈ N, ε ∈ (0, 1], x ∈ D that R(Θε
0),R(Θε

k) ∈ C(Rd,R), (R(Θε
0))(x) = 0,

|(R(Θε
k))(x)− T x

k | ≤ ε
k∑

j=1
vj , (6.4)

and

(ii) it holds for all k ∈ N, ε ∈ (0, 1] that L(Θε
0) = 1, D(Θε

0) = d,

L(Θε
k) ≤ κ1 + κ2 log2

(
1
ε

)
+ κ3 log2(diam(D)) + k(L(r)− 1), and (6.5)

D(Θε
k) ≤ max{2, d}+ kmax

{
κ1 + κ2 log2

(
1
ε

)
+ κ3 log2(diam(D)), 2d+ D(r)

}
,

where κ1, κ2, κ3 ∈ [0,∞) are the absolute constants from Lemma 6.1.1.

1For every n ∈ N, x ∈ (x1, . . . , xn) ∈ Rn let x ∈ R satisfy x = maxi∈{1,...,n}|xi| throughout the remainder
of this chapter.
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The following lemma provides an ANN approximation of the Monte Carlo estimator (5.5) in
the case of h1 ≡ 0. Before stating Lemma 6.1.4, we briefly explain some of the mathematical
objects appearing in Lemma 6.1.4. The ANN r ∈ N in Lemma 6.1.4 denotes a function
which determines the radii of the successive spheres on which the Walk-on-Spheres process
takes place. For x ∈ D and index i ∈ {1, . . . , n} the sequence (P x,i

k )k∈N0 ⊆ Rd denotes the
(deterministic) Walk-on-Spheres process, with start in x ∈ D, unit directions (pik)k∈N ⊆ Rd,
and means of determining the radii of the successive spheres through the ANN r. The sequence
(T x,i

k )k∈N0 ⊆ [0,∞) denotes the corresponding exit times of successive spheres of the associated
process (P x,i

k )k∈N0 , where the real number vik ∈ [0,∞) takes on the role of the sampled exit
time of a Brownian motion from the unit sphere.

Lemma 6.1.4. Let d, n,M ∈ N, ε ∈ (0, 1], let D ⊆ Rd be open, bounded, let L ∈ [0,∞),
let h, r ∈ N satisfy for all x ∈ D, s, t ∈ R that R(h) ∈ C(Rd+1,R), R(r) ∈ C(Rd,R),
|(R(h))(s, x) − (R(h))(t, x)| ≤ L|s − t|, min{L(r), D(r) } ≥ 2, and 0 ≤ (R(r))(x) ≤ r(x),
for every i ∈ N ∩ [1, n] let (pik)k∈N,⊆ Rd satisfy for all k ∈ N that ∥pik∥ = 1, for every
i ∈ N ∩ [1, n] let (vik)k∈N ⊆ [0,∞), and for every x ∈ D, i ∈ N ∩ [1, n] let (P x,i

k )k∈N0 ⊆ Rd,
(T x,i

k )k∈N0 ⊆ [0,∞) satisfy for every k ∈ N that P x,i
0 = x, P x,i

k = P x,i
k−1 + (R(r))(P x,i

k−1)p
i
k,

T x,i
0 = 0 and T x,i

k = T x,i
k−1 + ((R(r))(P x,i

k−1))
2vik. Then there exists Φ = Φr,ε

n,M ∈ N such that

(i) it holds for all x ∈ D that R(Φ) ∈ C(Rd,R) and∣∣∣∣(R(Φ))(x)− 1

n

n∑
i=1

(R(h))(T x,i
M , P x,i

M )

∣∣∣∣ ≤ εL

n

n∑
i=1

M∑
k=1

vik (6.6)

and

(ii) it holds that

L(Φ) ≤ L(h) + κ1 + κ2 log2
(
1
ε

)
+ κ3 log2(diam(D)) +M(L(r)− 1) and

D(Φ) ≤ nmax
{

D(h) ,max{2, d}+ 2d+ D(r) (6.7)

+M max
{
κ1 + κ2 log2

(
1
ε

)
+ κ3 log2(diam(D)), 2d+ D(r)

}}
,

where κ1, κ2, κ3 ∈ [0,∞) are the absolute constants from Lemma 6.1.1.

Proof. First, observe that Lemma 6.1.2 (applied for every i ∈ N ∩ [1, n] with d ↶ d, r ↶ r,
(pk)k∈N ↶ (pik)k∈N in the notation of Lemma 6.1.2) and Lemma 6.1.3 (applied for every
i ∈ N ∩ [1, n] with d ↶ d, D ↶ D, r ↶ r, (pk)k∈N ↶ (pik)k∈N, (vk)k∈N ↶ (vik)k∈N,
(P x

k )(x,k)∈D×N0
↶ (P x,i

k )(x,k)∈D×N0
, (T x

k )(x,k)∈D×N0
↶ (T x,i

k )(x,k)∈D×N0
in the notation of

Lemma 6.1.3) demonstrate that there exist (Xi
k)(i,k)∈(N∩[1,n]×N0), (Θ

ε,i
k )(i,k)∈(N∩[1,n])×N0

⊆ N
such that

(I) it holds for all i ∈ N∩[1, n], k ∈ N0, x ∈ D that R(Xi
k) ∈ C(Rd,Rd), R(Θε,i

k ) ∈ C(Rd,R),

(R(Xi
k))(x) = P x,i

k and
∣∣∣(R(Θε,i

k ))(x)− T x
k

∣∣∣ ≤ ε
k∑

j=1
vj , (6.8)

and

(II) it holds for all i ∈ N ∩ [1, n], k ∈ N that D(Xi
k) = D(X1

k), D(Θε,i
k ) = D(Θε,1

k ), L(Xi
0) =

L(Θε,i
0 ) = 1, D(Xi

0) = D(Θε,i
0 ) = d,

L(Xi
k) = k(L(r)− 1) + 1, D(Xi

k) ≤ 2d+ D(r) (6.9)

L(Θε,i
k ) ≤ κ1 + κ2 log2

(
1
ε

)
+ κ3 log2(diam(D)) + k(L(r)− 1), and

D(Θε,i
k ) ≤ max{2, d}+ kmax

{
κ1 + κ2 log2

(
1
ε

)
+ κ3 log2(diam(D)), 2d+ D(r)

}
,

where κ1, κ2, κ3 ∈ [0,∞) are the absolute constants from Lemma 6.1.1.

117



This Lemma 3.2.2, Corollary 3.3.4, and Lemma 3.4.6 establish that there exists Φ ∈ N such
that

(A) it holds for all x ∈ D that R(Φ) ∈ C(Rd,R) and

(R(Φ))(x) =
1

n

n∑
i=1

(R(h))
(
(R(Θε,i

M ))(x), (R(Xi
M ))(x)

)
(6.10)

and

(B) it holds that

L(Φ) ≤ L(h) + κ1 + κ2 log2
(
1
ε

)
+ κ3 log2(diam(D)) +M(L(r)− 1) and

D(Φ) ≤ nmax
{

D(h) ,max{2, d}+ 2d+ D(r) (6.11)

+M max
{
κ1 + κ2 log2

(
1
ε

)
+ κ3 log2(diam(D)), 2d+ D(r)

}}
.

Observe that item (A), item (I), the assumption that for all x ∈ D, s, t ∈ R it holds that
|(R(h))(s, x)− (R(h))(t, x)| ≤ L|s− t|, and the triangle inequality show for all x ∈ D that∣∣∣∣(R(Φ))(x)− 1

n

n∑
i=1

(R(h))(T x,i
M , P x,i

M )

∣∣∣∣ ≤ L

n

n∑
i=1

∣∣∣(R(Θε,i
M ))− T x,i

M

∣∣∣ ≤ εL

n

n∑
i=1

M∑
k=1

vik. (6.12)

Combining this with item (B) proves items (i) and (ii). The proof of Lemma 6.1.4 is thus
complete.

6.2. ANN Approximations for Solutions of Elliptic PDEs

The next theorem is the main result of this section. We establish that under the assumptions
stated below expectations of the form (6.1) can be approximated by ANNs in the L∞-sense,
where the size of the approximating ANNs is bounded by a polynomial quantity depending
on the problem inputs. In Remark 6.2.2, we discuss the implications of Theorem 6.2.1 for
overcoming the curse of dimensionality in the approximation of expectations of the form (6.1)
by ANNs. Moreover, we comment on further generalizations of Theorem 6.2.1.

Theorem 6.2.1. Let d ∈ N, let D ⊆ Rd be open, bounded, and convex, let (Ω,F ,P) be a
probability space, let B : [0,∞)×Ω → Rd be a standard Brownian motion, for every x ∈ D let
τx = inf{t ∈ [0,∞) : x+ Bt ∈ ∂D}, let L1, L2 ∈ (0,∞), let h ∈ N satisfy for all s, t ∈ [0,∞),
x, y ∈ D that R(h) ∈ C(Rd+1,R), sup(u,z)∈[0,∞)×D|(R(h))(u, z)| < ∞, and

|(R(h))(s, x)− (R(h))(t, y)| ≤ L1|s− t|+ L2∥x− y∥, (6.13)

let w : D → R be continuous and satisfy for all x ∈ D that w(x) = E[(R(h))(τx, x + Bτx)],
let η ∈ [0,∞) be an absolute constant, let C ∈ [0,∞), and let (rε)ε∈(0,1) ⊆ N satisfy for all
x, y ∈ D, ε ∈ (0, 1) that R(rε) ∈ C(Rd,R), P(rε) ≤ Cε−η,

|(R(rε))(x)− r(x)| ≤ ε, and |(R(rε))(x)− (R(rε))(y)| ≤ C∥x− y∥. (6.14)

Then there exist an absolute constant q ∈ [0,∞) and a constant c ∈ [0,∞) that depends only
on diam(D), sup(u,z)∈[0,∞)×D|(R(h))(u, z)|, L1, L2, P(h), C, and d and this dependency is at
most polynomial such that for every ε ∈ (0, 1) there exists Ψε ∈ N with R(Ψε) ∈ C(Rd,R),

sup
x∈D

|w(x)− (R(Ψε))(x)| ≤ ε, and P(Ψε) ≤ cε−q. (6.15)
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Proof. Throughout this proof let B = sup(u,z)∈[0,∞)×D|(R(h))(u, z)|, let Zj
k : Ω → Rd, j, k ∈ N,

be standard normally distributed, let ξjk : Ω → Rd, j, k ∈ N, satisfy for all j, k ∈ N that
ξjk = ∥Zj

k∥
−1Zj

k, let ζ : Ω → [0,∞) satisfy ζ = inf{t ∈ [0,∞)|∥Bt∥ ≥ 1}, let ρjk, k, j ∈ N, be
i.i.d. copies of ζ, assume that ρjk, Z

j
k, j, k ∈ N are independent, let (δε)ε∈(0,1) ⊆ (0, 1] satisfy

for all ε ∈ (0, 1) that

δε = min

{
1,

ε2

36(L1 diam(D) + L2 diam(D)1/2d1/2)2

}
, (6.16)

let (Mε)ε∈(0,1) ⊆ N satisfy for all ε ∈ (0, 1) that

Mε = max

1,

 log(24B) + log(ε−1)

log
(
1 + δ2ε

18 diam(D)2

)

, (6.17)

let (γε)ε∈(0,1) ⊆ (0, 1] satisfy for all ε ∈ (0, 1) that

γε = min
{
1, dε

2L1Mε

}
, (6.18)

and let (nε)ε∈(0,1) ⊆ N satisfy for all ε ∈ (0, 1) that

nε = max
{
1,
⌈
36c(d,Mε, h, D,C)2ε−2

⌉2}
, (6.19)

where

c(d,Mε, h, D,C) =

(
L2 +

2L1 diam(D)

d

)
d
1/2 diam(D) + L2

d1/2 diam(D)

M2
ε

+ 3
√
2B
(
1 + d

1/2 +
√
d(2 log(Mε) +Mε log(1 +C)) + log(2)

)
+

12diam(D)2L1(log(6) + 3 + log(Mε))

d1/2Mε
.

(6.20)

Combining [1, Lemma 3.2], Lemma 3.2.2, and (6.14) with [20, Remark 2.8] demonstrates for
all ε ∈ (0, 1) that there exists bε ∈ N such that it holds for all x ∈ Rd that R(bε) ∈ C(Rd,R),
L(bε) = L(r δε

3
) + 1, D(bε) ≤ D(r δε

3
) ,

(R(bε))(x) = ((R(r δε
3
))(x)− ε)+, (6.21)

and that R(bε) is a (13 , δε)-distance (cf., Definition 5.2.3). Subsequently, for ε ∈ (0, 1) we
denote by (X̄x,j,ε

k )(x,k,j)∈D×N0×N the (family of) modified Walk-on-Spheres process and by
(τ̄x,j,εk )(x,k,j)∈D×N0×N the (family of) associated (physical) times generated by the (13 , δε)-
distance R(bε) as well as the random variables ξik, ρ

i
k, i, k ∈ N (cf., Section 5.2). Moreover, for

ε ∈ (0, 1) let w̄ε : D × Ω → R satisfy for all x ∈ D that

w̄ε(x) =
1

nε

nε∑
i=1

(R(h))(τ̄x,i,εMε
, X̄x,i,ε

Mε
). (6.22)

Next, observe that Lemma 6.1.4 (applied for every ω ∈ Ω, ε ∈ (0, 1) with d ↶ d, n ↶ nε, M ↶
Mε, ε ↶ γε, D ↶ D, L ↶ L1, h ↶ h, r ↶ bε, (pik)(i,k)∈(N∩[1,n])×N ↶ (ξik(ω))(i,k)∈(N∩[1,n])×N,
(vik)(i,k)∈(N∩[1,n])×N ↶ (ρik(ω))(i,k)∈(N∩[1,n])×N in the notation of Lemma 6.1.4) demonstrates
that for every ε ∈ (0, 1) there exists Φε : Ω → N such that

119



(I) it holds for all ω ∈ Ω, x ∈ D that R(Φε(ω)) ∈ C(Rd,R) and

|(R(Φε(ω)))(x)− w̄ε(x, ω)| ≤
γεL1

nε

nε∑
i=1

Mε∑
k=1

ρik(ω) (6.23)

and

(II) it holds for all ω ∈ Ω that

L(Φε(ω)) ≤ L(h) + κ1 + κ2 log2

(
1
γε

)
+ κ3 log2(diam(D)) +Mε(L(bε)− 1) and

D(Φε(ω)) ≤ nεmax
{

D(h) ,max{2, d}+ 2d+ D(bε)

+Mεmax
{
κ1 + κ2 log2

(
1
γε

)
+ κ3 log2(diam(D)), 2d+ D(bε)

}}
,

(6.24)

where κ1, κ2, κ3 ∈ [0,∞) are the absolute constants from Lemma 6.1.1.

This, (6.18), the assumption that (ρik), i, k ∈ N, are identically distributed, and the fact that
E[ρ11] = 1

d (see [83, e.g., Proposition 2.2.21 or 3.1.8]) imply that for all ε ∈ (0, 1) it holds that

E
[
sup
x∈D

|(R(Φε))(x)− w̄ε(x)|
]
≤ γεL1Mε

d
=

ε

2
. (6.25)

Next, note that Corollary 5.3.10 (applied for every ε ∈ (0, 1) with ε ↶ ε
2 , h0 ↶ R(h), L0

1 ↶ L1,
L0
2 ↶ L2, h1 ↶ 0, L1

1 ↶ 0, L1
2 ↶ 0, L ↶ L, r̄ ↶ R(bε) in the notation of Corollary 5.3.10)

yields for all ε ∈ (0, 1) that

E
[
sup
x∈D

|w(x)− w̄ε(x)|
]
≤ ε

2
. (6.26)

This, (6.25), and the triangle inequality yield for all ε ∈ (0, 1) that

E
[
sup
x∈D

|w(x)− (R(Φε))(x)|
]
≤ ε. (6.27)

This implies that there exists ωε ∈ Ω, ε ∈ (0, 1), such that for all ε ∈ (0, 1) it holds that

sup
x∈D

|w(x)− (R(Φε(ωε)))(x)| ≤ ε. (6.28)

Next, observe that (6.16) and Jensen’s inequality ensure for all ε ∈ (0, 1) that

δ−1
ε = max

{
1, 36(L1 diam(D) + L2 diam(D)

1/2d
1/2)2ε−2

}
≤ (1 + 72 diam(D)(L2

1 diam(D) + L2
2))dε

−2.
(6.29)

This, (6.17), the fact that for all x ∈ (0,∞) it holds that log(x) ≤ x, and the fact that for all
x ∈ (−1,∞) it holds that log(1 + x) ≥ x

1+x demonstrate for all ε ∈ (0, 1) that

Mε = max

1,

 log(24B) + log(ε−1)

log
(
1 + δ2ε

18 diam(D)2

)

,

≤ 2 + 18(log(24B) + log(ε−1)) diam(D)2δ−2
ε + log(24B) + log(ε−1)

≤ c1(h, D)d2ε−5,

(6.30)

where

c1(h, D) = 3 + log(24B)

+ 18(log(24B) + 1) diam(D)2(1 + 72 diam(D)(L2
1 diam(D) + L2

2))
2

(6.31)
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This, the fact that for all x ∈ (0,∞) it holds that log2(x) ≤ x, and (6.18) imply for all ε ∈ (0, 1)
that

log2(γ
−1
ε ) ≤ γ−1

ε = max
{
1, 2L1Mε

dε

}
≤ (1 + 2L1c1(h, D))dε−6. (6.32)

Furthermore, observe that (6.20) and the fact that for all ε ∈ (0, 1) it holds that d,Mε ∈ N
assure for all ε ∈ (0, 1) that

c(d,Mε, h, D) ≤ c2(h, D,C)M
1/2
ε d

1/2, (6.33)

where

c2(h, D,C) = 2 diam(D)
(
L2 + 6diam(D)L1(1 + log(6))

)
+ 3

√
2B
(
2 +

√
2 + log(2) + log(1 +C)

)
.

(6.34)

This, (6.19), and Jensen’s inequality establish for all ε ∈ (0, 1) that

nε ≤ 1 + (1 + 36c(d,Mε, h, D,C)2ε−2)2 ≤ 3 + 2592c2(h, D,C)4M2
ε d

2ε−4. (6.35)

This and (6.30) show for all ε ∈ (0, 1) that

nε ≤ c3(h, D,C)d6ε−14, (6.36)

where c3(h, D,C) = 3 + 2592c1(h, D)2c2(h, D,C)4. Combining this, (6.28), the assumption
that for all ε ∈ (0, 1) it holds that P(rε) ≤ Cε−η, (6.29), (6.30), (6.32), and Lemma 3.1.3 with
item (II) proves (6.15). The proof of Theorem 6.2.1 is thus complete.

Remark 6.2.2. We conclude this chapter with a few remarks concerning the conclusion of
Theorem 6.2.1 as well as ways to extend the result.

(i) Observe that Theorem 6.2.1 states an explicit polynomial dependency of the constant c
in its conclusion on the problem dimension d. Moreover, additional implicit dependencies
of c on d may arise through the remaining problem parameters appearing in the theorem
such as for example diam(D). Theorem 6.2.1 implies that under the assumptions that
these terms grow at most polynomially in the dimension d ∈ N, i.e., there exists an
absolute constant K ∈ [0,∞) such that for all

T ∈

{
diam(D), sup

(u,z)∈[0,∞)×D

|(R(h))(u, z)|, L1, L2,P(h),C

}
(6.37)

it holds that T ≤ KdK, the overall number of parameters of the approximating ANNs
grows at most polynomially in the dimension d and the reciprocal ε−1 of the approxi-
mation accuracy ε. In this sense, the ANN approximation presented in Theorem 6.2.1
overcomes the curse of dimensionality.

(ii) The assumption that h can be represented directly as an ANN can be weakened to the
assumption that h can be approximated uniformly on [0,∞)×D, where the size of these
approximating ANNs appears in the dependency of the constant c in the conclusion of
Theorem 6.2.1.

(iii) Note that Lemmas 6.1.2 to 6.1.4 can be extended to include nonzero h1 under suitable
assumptions as imposed on h (i.e., h) in the approximation of the Monte Carlo scheme
(5.5). The statement and proof of Theorem 6.2.1 can be extended to this scenario as
well.
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Chapter 7.

Conclusion and Outlook

This thesis investigated two classes of high-dimensional approximation problems, one arising
from MDPs and the other from elliptic PDEs. For both problems, we conducted the common
strategy of establishing problem specific Monte Carlo approximations which are subsequently
utilized as structural bases for ANN approximations.

We developed the MLFP approximation methods for functional fixed-point equations that
are motivated by Bellman equations of MDPs and under suitable assumptions, these methods
achieve prescribed approximation accuracies with computational complexities that grow at
most polynomially in the relevant state space dimension and in the reciprocal of the accu-
racy. Hence, in these situations they overcome the curse of dimensionality. Subsequently, we
combined the resulting Monte Carlo methods with ANN representation and approximation
to establish ANN approximations, for which the size of the approximating ANNs grows at
most polynomially in the dimension of the underlying space as well as in the reciprocal of the
prescribed approximation accuracy.

For the approximation problem motivated by linear elliptic PDEs with drift and killing, we
developed Walk-on-Spheres Monte Carlo methods for stochastic representations of such PDEs
together with error estimates in the L∞-sense and quantitative bounds on the complexity
parameters depending at most polynomially on relevant problem features. In the case in which
the integral in the stochastic representation vanishes, the resulting Monte Carlo methods were
transferred to ANN approximations with a corresponding analysis of the network complexity
of the approximating ANNs.

The results of this thesis lead naturally to several possible research directions. For the first
problem class, these are for instance the consideration of MDPs with more general action
spaces to relax the assumption of a common and finite action set. Furthermore, it would
be interesting to extend and strengthen the error analysis of the MLFP scheme to uniform
bounds or estimates for the tail probabilities of the error. Another direction is to extract
strategies from the MLFP approximations or the corresponding ANN approximations to obtain
approximations of optimal strategies for control problems.

For the second problem class, a natural extension is to consider elliptic PDEs with state-
dependent coefficients. Another direction, which is motivated by the inherent time dependency
in the expectations of the form (1.5), which appeared as a result of the drift and killing
compensation (cf. Proposition 5.1.2 and Remark 5.1.5), is to extend the Walk-on-Spheres
methodology to time-dependent problems, in particular, parabolic PDEs.
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