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1 Introduction

Theoretical many-body physics deals with systems with a large number of interacting parti-
cles and aims to calculate experimentally measurable observables from microscopic relations.
This is a major challenge, since the dimension of the Hilbert space for any such appropriately
regularized system, and thus the number of states, grows rapidly with the number of con-
stituents. In general, one resorts either to perturbation theory, which is reliable only for weak
interactions and away from phase transitions, or to numerical methods, which are limited by
memory and computation time and still require independent analytical results as suitable
benchmarks. Integrable models form an exceptional class of interacting systems for which
many quantities can be obtained in closed form. Among them, one-dimensional quantum
spin chains play an essential role: they model one-dimensional magnets and admit controlled
scaling limits towards quantum field theory (QFT). The present work presents exact methods
for the computation of correlation functions of local operators in such a chain and develops
new approaches to study its conformal scaling limit.

A broad class of integrable models is defined by an R-matrix R((1,{2) € End(V @ V)
acting on two copies of a finite-dimensional vector space V and satisfying the Yang-Baxter
equation [1-3]

R12(C1, G2)R1,3(C1,C3) Ro,3(C2,(3) = Ra3(C2, (3)R1,3(C1, G3) R1,2(C1,5 C2)- (1.1)

Its arguments (1, (2 are called spectral parameters. Together with the L-operator and mon-
odromy operators built from it, equation is the algebraic starting point of our construc-
tions. For a systematic introduction to integrable spin systems we refer to [4,5].

The model studied in this work is the spin-1/2 XXZ chain (anisotropic Heisenberg chain)
[6,/7]. Tt is defined on H, g = ®§~:,€Vj with V; = C2, where [k, ] denotes a set of consecutive
integers. The Hamiltonian on H[_r 1) reads

L+1

L
Hy=J Y {ojos+ololy, +A(cfor, —1)} -5 > o (1.2)
j=—L+1 Jj=—L+1

po| >

Here 07, a = z,y, 2, are Pauli matrices on Vj, J > 0 is the exchange interaction, A is the
anisotropy, and h € R is the strength of an external magnetic field. We use A = (¢ +¢~!)/2
with ¢ = ™. For A = 1 one obtains the isotropic (XXX) Heisenberg chain.

This model has a long-standing history and has been extensively studied and expanded
upon. The XXX chain was treated by H. Bethe as early as 1931, by means of what is now
known as coordinate Bethe ansatz [8]. The anisotropic case was treated later by R. Orbach [7]
and by C. N. Yang and C. P. Yang [9-11]. A parallel line of development came from two-
dimensional statistical mechanics. In 1967, E. Lieb solved the ice model [12] and observed that

its transfer matrix eigenstates coincide with the Bethe states of the XXZ chain [13]. Shortly
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Chapter 1. Introduction

afterwards B. Sutherland [|14] introduced a more general six-vertex model, from which the
ice model can be recovered.

Consider a square lattice with an arrow (incoming or outgoing) on every edge. At each
vertex the ice rule is imposed: the number of incoming arrows equals the number of outgoing
arrows. There are six admissible vertex configurations; reversing all arrows at a vertex yields
an equivalent configuration, so that only three independent Boltzmann weights a, b, and ¢
are required:

S s e s e

Figure 1.1: Six types of vertices

We call the vertical direction of the lattice the Matsubara direction, with rows labelled
m = 1,...,n, and the horizontal direction the Space direction, with columns labelled j =
—L +1,...,L. The partition function Zy, , is the sum, over all admissible arrow configu-
rations, of the product of vertex weights. We impose periodic boundary conditions in both
directions, which places the model on a torus, but take the two thermodynamic limits in turn
rather than simultaneously. Sending L. — oo first, at fixed n, puts the lattice on an infinite
cylinder and already gives rise to the well-defined objects on which our construction rests.
The limit n — oo is taken afterwards when needed. Graphically, we can represent this model
as follows:

N N N N N N N . N

1
/)

L S T T T T 7 T TS

Matsubara

Space

Figure 1.2: Six-vertex model on the cylinder

In a suitable scaling limit on the cylinder the six-vertex model becomes a chiral conformal
field theory [15], whose correlation functions are recovered as scaling limits of lattice quanti-
ties. Constructing these multi-point correlators, on the lattice and in the conformal limit, is
the central goal of this thesis.

More generally, lattice models may themselves be regarded as fully regularized quantum
field theories |16]: the finite number of sites and the finite-dimensional local Hilbert spaces
provide ultraviolet and infrared cut-offs, while scaling limits recover the continuum theory.
The continuum theory relevant here is a two-dimensional conformal field theory (CFT) [17].
As A. M. Polyakov observed |1§], conformal symmetry constrains a critical theory only weakly
in dimension d > 2, where the conformal group is finite-dimensional. In d = 2, however, this
group becomes infinite-dimensional, and the associated Virasoro algebra has a rich represen-
tation theory, developed by V. G. Kac [19] and by B. L. Feigin and D. B. Fuchs [20]. A direct
link to integrability was established by V. B. Bazhanov, S. L. Lukyanov, and A. B. Zamolod-
chikov [2123], who, without passing through the corresponding lattice model, constructed
operator-valued functions 7'(¢) and Q(() satisfying the T'Q relation, and showed that the L-
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operators of conformal field theory obey the Yang—Baxter relation. These operators encode
the local integrals of motion of the integrable structure of conformal field theory [24.25]. In
this work we will identify the scaling limit of the Matsubara transfer matrix and @Q-operator,
constructed on the lattice, with precisely these objects.

Understanding the algebraic structure of CF'T is very important, since many models of
QFT can be realized as perturbations of CFT. The computation of correlation functions in
such deformed theories is, however, notoriously difficult. For example, when using operator
product expansion (OPE) to calculate the ultraviolet asymptotics of a correlation function,
one needs to know both the coefficients of that expansion and the one-point correlation
functions of the local operators in the theory. While the former are purely ultraviolet objects
and can, in principle, be extracted via perturbation theory from the corresponding ultraviolet
CF'T, the one-point functions depend essentially on the infrared structure of the theory, where
perturbative techniques are of no help at all.

We now turn to the correlation functions themselves, whose computation in integrable
spin-1/2 chains has advanced considerably in recent decades. M. Jimbo, K. Miki, T. Miwa,
and A. Nakayashiki [26-28| obtained the first explicit expressions for the density matrix of
a finite subchain of the infinite XXZ chain at zero temperature and zero magnetic field, in
the form of multiple integrals. They were later extended to non-zero field [29] and to finite
temperature [30]. A further simplification followed from the discovery that the multiple
integrals factorize [31] and can be written in exponential form [32}33]. This factorization
splits the construction into two parts: an algebraic part, governed by the symmetry algebra
of the model (for the XXZ chain the quantum affine algebra Uq(sA[Q)) and a physical part,
carried by two transcendental functions that absorb all dependence on the physical data such
as temperature, magnetic field, chain length, etc.

The algebraic part is described most transparently by the fermionic basis. It was shown
in [34] that the density matrix can be expressed through fermionic annihilation operators b
and c acting on the space of quasi-local operators of the chain. The corresponding creation
operators b* and c*, together with a bosonic creation operator t*, were constructed in [35]
and shown to generate a basis of that space [36], the fermionic basis. As explained in [37], the
expectation values of the product of the creation operators take a compact determinant form.
Note that, since the construction uses only U, (sA[g) symmetry, the fermionic basis applies well
beyond the XXZ chain: it has been used to study conformal field theory [15,38-40|, the
sine-Gordon [411|42], and sinh-Gordon [43,44] models.

This thesis serves two purposes. It is, first, a self-contained exposition of the fermionic
basis approach [15/35,37] for a reader who is familiar with quantum integrable systems but
not with every detail of the original papers. Throughout, we unify notation and correct mi-
nor inconsistencies, so that the central formulae form a consistent reference. It is, second,
a research contribution concerning the conformal scaling limit of the six-vertex model: we
present novel formulae that allow us to easily identify the fermionic basis operators with
Virasoro generators modulo integrals of motion, and, at the free-fermion point v = 1/2, com-
pute the three-point functions of the fermionic basis descendants of primary fields completely,
including the action of the integrals of motion. In doing so, we establish a relation between
the fermionic basis approach and the correspondence between ordinary differential equations
and integrable models (ODE/IM correspondence; see [45] for a review). It is expected that
this framework can be generalized to arbitrary values of v, since many general properties of
the relevant ODEs are already well known. At the same time, this connection builds a bridge
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Chapter 1. Introduction

between two well-established methods of studying integrable models and, as a result, may
lead to applications beyond CFT.

The thesis is organized as follows. In we review the representation theory
of quantum groups and introduce two families of L-operators, obtained as images of the
universal R-matrix under the fundamental and the g-oscillator representations, together with
their intertwining relations. In these L-operators are used to build twisted transfer
matrices and the q-operator, from which the fermionic basis on a finite segment of the chain is
constructed. Its action is extended to the infinite chain by reduction properties in
and in the more technical we prove that the fermionic basis operators obey simple
commutation relations. In we show how the fermionic basis yields the correlation
functions of the XXZ chain, expressed through two basic quantities: the ratio p(¢) of dominant
transfer-matrix eigenvalues and the nearest-neighbour correlator w((, €).

The remainder of the thesis applies the fermionic basis to conformal field theory. In
We present an integral representation for w((, £) suited to the thermodynamic limit
[46], give the prescription for taking that limit, and, by comparison with [21-23], show that
the Matsubara transfer matrix and Q-operator pass into the conformal T- and Q-operators,
so that the limit indeed describes a conformal field theory. Thus, we effectively reduce the
computation of conformal correlation functions to a problem of analysis. In we
carry out the corresponding asymptotic analysis of the integral equations and obtain the
three-point function of descendants of primary fields. This method has one limitation: it
determines the correlators only modulo Zamolodchikov’s integrals of motion. Incorporating
their action remains an open problem; partial progress was made in [47], where the reflection
relations [43] were used to fix the structure up to the fourth Virasoro level, but the resulting
integral expressions are cumbersome and do not extend easily to higher levels. This motivates
the approach of where the master function of [46] is used at the free-fermion
point v = 1/2: solving its defining equation determines w((, &) and, through its asymptotic
behaviour, the correlation functions of all fermionic basis descendants, now including the
integrals of motion.



2 Quantum groups and L-operators

This chapter introduces the algebraic structures that underlie the constructions used through-
out this work. Our approach is based on the notion of a quantum group and its represen-
tations. Quantum groups were introduced independently by V. G. Drinfeld [48,/49] and M.
Jimbo [50,/51] and play a central role in the modern theory of quantum integrable systems.

Since the theory of quantum groups is a technically involved subject, it is impossible to
provide a systematic exposition within a single chapter. Instead, we present only the elements
of the theory that are required for our purposes, emphasizing the general philosophy behind
the construction and stating the main results in an explicit form. For an introduction to
representations of the quantum group U,(slz) we refer to [52]. Additional examples and
derivations of L-operators can be found in [53].

In we discuss several aspects of quantum groups and their representations.
We first recall the definition of a quantum group as a quantum deformation of the universal
enveloping algebra of a Kac—-Moody algebra and endow it with the structure of a Hopf algebra,
introducing in particular the universal R-matrix. We then focus on the specific example of the
algebra Uq(sA[g) and describe several of its representations. The corresponding L-operators,
obtained as images of the universal R-matrix under these representations, are given in ,

E25), and (232).

Finally, in we discuss the fusion relations and introduce the fused L-operators
defined in ([2.36)) and (2.37)). These operators will be used in the following chapter to construct
the fermionic basis operators. We also present explicit formulae, (2.41) and (2.45), for the
intertwiner and the quasi-intertwiner of the fused operators.

2.1 Quantum groups and universal R-matrix

2.1.1 General definitions

We begin by recalling some terminology. A generalized Cartan matrix is a square integer
matrix A = (a;j)i j=1,.» such that the diagonal entries satisfy a;; = 2, the off-diagonal entries
satisfy a;; <0 for ¢ # j, and a;; = 0 if and only if a;; = 0.

The matrix A is called symmetrizable if there exist co-prime positive integers di,...,d,
such that the matrix (d;a;;) is symmetric.

A symmetrizable generalized Cartan matrix A is said to be of finite type (respectively,
affine type) if the matrix (d;a;;) is positive definite (respectively, positive semidefinite of rank
n—1).



Chapter 2. Quantum groups and L-operators

In this and the following subsections, we fix ¢ € C* with ¢ # 1. We define the g-analogues
of the numbers, factorials, and binomial coefficients by

- )

[n]q - q— q_l 5 (21 )

(n]y! = [nlyln =14 .- [U4 (2.1b)
n] o Inl! )

[mL gl —m]g! (2.1c)

It is easy to check that in the limit ¢ — 1 the above definitions reduce to the usual numbers,
factorials, and binomial coeflicients.

Let A = (a;;) be a generalized Cartan matrix of finite or affine type. The quantum group
associated with the Lie algebra g(A) is a g-deformation of the universal enveloping algebra
U(g(A)), which will be denoted by U,(g(A)). More precisely, it is a complex associative
algebra with unity generated by 3n generators h;, e;, f; in the finite-type case, or by 3n + 1
generators h;, e;, f;, and d in the affine case, subject to the relations

[hi, hy] = 0,
[hisej] = aijej,  [hi, fj] = —aij fj,
q 7 { q 1 1
€i, Jil = 5% j ) )
[ei, f3] ST T—
& - aij 1—a;;—k k (2.2)
S E0F [ et et <o, -
=0 q%
g g [1— aij 1—a;i—k k
S (-1 [ ] )= (f)* =0,
k=0 ko g

d, e;] = doiei, [d, fi] = —doifi, [d,hi] = 0.

If the generator d is excluded, the resulting algebra will be denoted by Ug(g(A)). Some
readers may recognize in these relations a quantum deformation of the universal enveloping
algebra U(g(A)) of the Kac-Moody algebra g(A).

An alternative way of defining quantum algebras relies on the notion of a Hopf algebra.
Quite generally, a Hopf algebra is a quadruple (A, ¢, A, S), consisting of an algebra 4 and
linear maps called the counit € : A — C, the coproduct A : A — A ® A, and the antipode
S: A — A. The maps € and A are homomorphisms of the algebra A, while S is an anti-
homomorphism, that is, S(ab) = S(b)S(a) for all a,b € A. In addition, they satisfy the
following properties:

(A®id)o A = (id®A) o A,
(e®id) o A =id = (id ®e) 0 A, (2.3)
mo(S®id)oA=ioe=mo (id®S) oA,
where m : A ® A — A is the standard multiplication map and i : C — A is the unit map.
We also assume that S is invertible.

Let H = (A, ¢, A, S) be a Hopf algebra, and let IT be an automorphism of A ® A defined
by the equation

M(a®b) =b®a. (2.4)



2.1. Quantum groups and universal R-matriz

One can show that the map
A =TloA, (2.5)

called the opposite comultiplication, is also a comultiplication in H. The Hopf algebra H is
said to be almost co-commutative if there exists an invertible element R € A ® A such that

A'(a) =RA(@)R™Y, ac A (2.6)
Additionally, an almost co-commutative Hopf algebra H is called quasi-triangular if

(A &® id)R = R173R2,3, (id ®A)R = R173'R172, (2.7&)
(S®id)R = (ideS " hR =R (2.7b)

In the above, we use our notational convention and write R12 = R ® id, R 3 = id ®R, and
so forth. The equations (2.6) and (2.7a)) imply the Yang-Baxter equation

Ri12R13R23 = Ro3R13R12. (2.8)

For this reason, R is called the universal R-matrix.
The algebras U, (g(A)) defined by (2.2)) are Hopf algebras with comultiplication, counit
and antipode given by

Ale))=e;@1+¢"@e;, A(f)=fioqg"+10f;, AMh)=h®1+1@h;, (2.9a)

e(ei) = e(fi) = €(h;) =0, (2.9b)

S(ei) = —¢ e, S(fi) = —fig", S(hi) = —hi. (2.9¢)
It is straightforward to verify that this definition satisfies the Hopf algebra axioms (2.3]).

Somewhat loosely, we will use the terms “quantum group” and “quasi-triangular Hopf
algebra” interchangeably.

2.1.2 Algebra Ué(glg) and its representations

For our purposes, the most important example of the quantum group is Ué (f:[g). Its Cartan
matrix is

(@i j)ij=01 = (_22 _22> . (2.10)

It is generated by the generators e;, f;, h;, @ = 0,1, subject to the relations . The
coproduct, counit and antipode are given by .

The algebra Ué(;[g) has the Borel subalgebra U,b™ generated by e;, h; (i =0,1) and the
opposite Borel subalgebra U,b™ generated by f;, h; (¢ = 0,1). The universal R-matrix has
the important property that

R=RqgMeM2 RecUbt UL . (2.11)

The universal R-matrix can be constructed explicitly with the help of the Khoroshkin-Tolstoy
construction. To keep the present work brief, we do not discuss this construction here.
Instead, we refer to the original work [54] and, for an overview, to [53]. What will be most
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Chapter 2. Quantum groups and L-operators

important for us is the image of the universal R-matrix under representations of Ué(ﬁ/\[g). We
now describe two classes of representations that will be used throughout this work.

Recall that a representation of an algebra A is a pair (7, W) consisting of a vector space
W and a homomorphism

m: A— End(W), =(ab) =n(a)m(b), a,be A (2.12)

Consider first the quantum group U,(sly). Its Cartan matrix consists of the single entry
(@i j)ij=1 = (2). It is customary to denote the generators of Uy(sl2) by E, F, H as in the non-
deformed case. There exists a homomorphism evy : Ué(g[g) — Uy(slz) called the evaluation
homomorphism given by

eve(eo) = CF, eve(fo) =C'E, eve(ho) = —H, (2.13a)
evc(el) =(F, evC(fl) = CilF, eVC(hl) =H. (2.13Db)

This means that if (7, W) is a representation of Uy(slz), the composition 7y = moev, gives rise
to a representation of U, (slz). Of particular importance is the two-dimensional fundamental
representation denoted by (71, V), V = C2, with

W(E) =6, sOF) =0, «W(H)=0? (2.14)

+

* «a = xz,y,z are the standard Pauli matrices, o= = %(oa’ + io¥). We denote

where o
wél) =7 o eve.

Another representation that will play an important role is the g-oscillator representation.
We begin by defining the g-oscillator algebra Osc,, which is an associative algebra with
generators a,a*, ¢= subject to the relations

¢"ag P =q¢'a, ¢Pa*q" =qa’,

2D+2 D

2.15
aa*=1—gq , a‘a=1-¢*P. (2.15)

The representations of Osc, relevant here are 7*) : Osc, — End(W¥), where W* are two
infinite-dimensional modules defined by

wt=Clk), W= P Clk), (2.16)

k>0 k<-1
q"|k) = ¢*|k),alk) = (1 — ¢**)|k — 1),a*[k) = |k + 1). (2.17)

There is a homomorphism of algebras o¢ : Ugbt — Osc, as

¢ o
q9—4q

7_1&, 04(61) = Oc(h[)) = —2D, OC(hl) = 2D, (2.18)

ocl€ey) =
¢(eo) —

_1 )
which defines the representations wéﬁ : U,bT — End(W#) by

7Té+) =7 o o¢, Wéf) =7o ocot, (2.19)
where ¢+ denotes the involution e; — e1_;, h; — hi_; of Uqb+.

8



2.1. Quantum groups and universal R-matriz

2.1.3 L-operators

As mentioned above, the universal R-matrix of the quantum group Ué(f:b) belongs to the
tensor product of its Borel subalgebras, R € U,b" @ Uyb~. Consider the representations

Taux : Ugbt — End(Vaux), Tqua : Ugh™ — End(Viua). (2.20)

It is customary to refer to Vaux as the auxiliary space and to Vg, as the quantum space. The
corresponding L-operator is defined as

LVaux®una = (ﬂ—aux X una)R~ (2.21)

Of particular importance for our purposes are the following L-operators:

Laj(C/6) = (Wél) ® Wél))R € M, ® M, (2.22a)
X (/6 = (nP on )R € Osca @M. (2.22b)

We introduce the following notational convention for indices, which will be used throughout
this work. Lowercase letters a,b, ... label spaces V,,Vj, ..., while uppercase letters A, B, ...
label spaces W;lt, Wét, ..., and the choice between W and W~ is indicated by the corre-
sponding superscript, as in (2.22b)).

Let us give the explicit expressions for these operators. When both representations are
fundamental, we obtain

La,;j(€) = r1(¢)La,; (), (2.23a)
1

= S —
Laj(Q)=| *05 *1.4 . (2.23b)
q¢—q~ ¢t ql—gi¢!

1

This matrix coincides with the standard trigonometric R-matrix of the XXZ spin chain. Its
inverse is given by

L5(¢) = Lag(¢Th). (2.24)

The explicit form of the normalization factor r1(¢) will not be needed in what follows.

()

When the g-oscillator representation T s used in the auxiliary space and the funda-
(1)

mental representation T in the quantum space, we obtain

L} Q) = r2(Q) L ;(0), (2.252)
~ 2 2Da+2 ;
L3 = (1 fcqaz ClaA)‘-’D”j’ (2.25b)

where we abbreviate 7(*)(a,), 7(t)(a%), 7(*)(D4) to aa, a*, and Dy, respectively. The
inverse of the matrix L} j(C ) is given by

(T, = CQqDA"Jz'< Y ) (2.26)

Cajj 1—¢%*Pa
J
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When the g-oscillator representation 77 is used in the auxiliary space and the funda-

(1)

mental representation e in the quantum space, we obtain
L3 5(¢) = ra(Q) L (), (2.27a)

~ 1 ok o
La(0) = <_<a L1 ngq%AH) A (2.27h)

J

The explicit expression for the normalization factor ra(¢) will not be needed either. The
scalar functions r1(¢) and ro(¢) are formal power series in ¢? subject to the relations

_ _apra(dQ) e
TI(C) =q ! 7’2(€) ’ TI(G)Tl(qC) - C — C_l )

Remark. Viewed as matrices with values in the algebra Osc,, the L-operators le j(C) and

ra(Q)ra(q1¢) = (2.28)

1-¢2

LZ’ j (¢) are formally related by
Ly ;(0) =i L} ;(¢)af- (2.29)

However, the two sides of ([2.29) are evaluated using different representations 73, so this
relation should be interpreted with care.

Two g-oscillator representations cannot be used simultaneously to realize another L-
operator as an image of the universal R-matrix, since R € U,b*@U,b~ whereas Wé:t) is defined
only on U,b™ and therefore can only enter the auxiliary factor. Nevertheless, the g-oscillator
representation 7 has the peculiar property that every tensor product 7T8—) ®...® Wé:)
is always irreducible [55]. Moreover, changing the order)of the tensor product gives rise
(_

to isomorphic representations. The same is true for 7 Consequently, there exists an

intertwiner
Rap(C1,G) : We @ W, = Wi @ WL, (2.30)
satisfying
RaB(C1/C)Ly ;(G) L5 ;(C) = L ;(G) L) (1) RaB(C1/G). (2.31)

Due to (2.29), the same R4 p(() intertwines the product L} ;(¢1)Lp ;(¢2) with the one in the
opposite order. Once again, we do not provide a derivation of R4 p(¢) and instead simply
state the result. The intertwiner R4 g(¢) can be written in the form

Ra(C) = Pagh(¢ uap)PatPs, (2.32)

where P4 p denotes the permutation operator, us p = ajﬁlq_zDAaB, and h(C,ua p) is the
unique formal power series in u 4 p satisfying

(1+ Cuag)h(Cuap) = (L + ¢ ruap)h((, ¢*uap), (2.33a)
hCuap) = (14 uap)(l+ g *Cuap)h(g ¢ uap), (2.33b)
h(C,0) = 1. (2.33¢)

Unlike the case of Wi ® Wj;, the tensor products WE; ® WC; and T/VC_2 ® Wg are not
isomorphic. There is, therefore, no operator on Wg & WC_Q of the usual R-matrix type that
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2.2. Fusion relation and triangular structure

intertwines the tensor products and satisfies the Yang—Baxter equation. Instead, we list some
useful identities in after introducing some additional objects.
One of the most important properties of the L-operators is the commutativity

[qﬂ“"(hl) ® g ), Lvaux®vqua} =0 (2:34)

For the representations considered in this section, this implies in particular

[q"3+"5,La,j(C)] =0, (2.35a)
{qj:QDA'i-Uf, Lij(g)} -0, (2.35b)
[QDAJ’DB,RA,B(C)] =0. (2.35¢)

2.2 Fusion relation and triangular structure

Another useful property of the g-oscillator representation, discovered by Bazhanov, Lukyanov,

and Zamolodchikov, is the triangular structure of the tensor products ﬂ'él) ® Wéi). Consider

first Wél) ® 7Té+). It has a submodule isomorphic to 77((;3 o

module is isomorphic to 77((12). We define the fused L-operator L?a A} j(C ) as

and the corresponding quotient

Liyay (O = Fy iLa(QOLY (O Fua, (2.36)

where F, 4 = 1—ajo,. Similarly, we can define the fused L-operator L{_a A} j(C ) by applying
a similarity transform to L{+a A j(C ):

L{_a,A},j(O - JgUfL:{Fa,A}7j(C)J§U?' (2.37)
We have the following result.

Lemma 2.1. The fused L-operators have triangular form:

1 0\ (Lk;(a)q " 0
L (0 = ( A ) ( A or/2 | (2.38a)
{a,A}.j Tl 1) 0 L} (a7'¢)q% " .
a=q~ ' _— ~ (¢~1¢)g~ %7 /?
Lo 0= (1 EE) (Fasa e 0 ) (2.38b)
{a. A}k 0 1), 0 Ly ;(aQ)a% )

Proof. The equation (2.38al) follows from ([2.36]) by direct calculations. Since they are very
technical, but not instructive, we do not present them in the current work. The equation

(2.38b) follows from ([2.38af) and (2.37)). O

There exists an R-matrix intertwining the fused L-operators:

Ria 4y, (6,8} (CI/CQ)LEFG,’A}’J’ (Cl)LE,B}J (¢2)
= Ly, py () L,y ;(C1) Ba,ay, 40,8y (C1/C2)-

It is constructed from the R4 p(¢)-matrix (2.32]) and the L-operators (2.23al), (2.25a)) as

1 1)t +
Rya ay, 16,8y (C) = (Fu,aFb.B) (L}S@(C )) Lap(QORAB(COLA (O Faakbp.  (2.40)

(2.39)

11



Chapter 2. Quantum groups and L-operators

As a matrix acting on the tensor product V, ® V;, the intertwiner Ry, a3 (s, B}(C ) is a block
triangular matrix of the form

Ry 0 0 0

Ry Ry 0 0
Ry ay,6,8)(C) = R 0 Rg 0 . (2.41)

Ry Rios Rsaz Ru

a,b
Its entries are given as follows:
Ry = —C*¢"4Ra(¢)q 77,
o q¢ %« —Du—D _ <’ p 20\qg—D
Ry = ?WRA,B(qC)aAq R Bn = “Rap(a°C)q ",
Ra1 = —qCq*PPapRa (¢ ()qP4 PP, Ryy = —(¢* — ¢*)¢"* Ra (¢ ?¢)¢"7 ", (2.42)
> - ¢ . D
Ry = 1_7q2g2q DBa*BRA,B(C)an DAv Ryo = _1_7q2<2aBRA,B(qC)q Pa DB’
Rys = —CRap(q '¢)aliqg PA+Pr, Ry =q PARap(()g"".

Applying the similarity transformation with oo}, we obtain the intertwiner between the
products L{_a,A}J (Q)L{_@B}’j(@) and L{_b,B},j(CQ)L{_a,A},j (Cl)

Consider now the product of two fused L-operators of different types, L?a’ A} (Cl)Lzb’ Bl (2).
As mentioned before, there is no intertwiner in the usual sense that reverses the order of this
product. However, there exists a substitute object that can be used under the trace. Intro-
duce the notation

Ua(¢) = ¢ali +apg®4, Yap(() = (¢*¢ —asap)d*P2. (2.43)

There exists a 4 X 4 matrix Fy, ay,15,83(¢) such that, for any matrix X, 45 p acting in V,®@V,
and polynomial in ag, Ug 4(¢™1), Y;}L‘(C”), and ¢=2(Pa—Dp)+0i+o7) the following identity
holds:

tr {qiggDBXa,b,A,B((1/€2)QU§DBLE@B}J(CQ)L?&A}J(Cl)}
=t {qmiPr 5 (G/G)o (Xapap(G/G)) (2.44)

a,b,A,B
X "r{a,A},{b,B}(gl/CQ)qiagDBL?—a,A},j(Cl)L{_b,B},j(@)}'

The matrix Fyq 4y (5,5}(¢) is called a quasi-intertwiner and is given by

Fii Fiz O 0
0 Foe O 0
‘F{a,A},{b,B}(C) = F31 fgz f33 0 )

0 Fao 0 Fu

(2.45)
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2.2. Fusion relation and triangular structure

where, using the shorthand notation ¥ =Yy g(¢) and U = Uy g((), we have

Fu=Y 11 -¢Y)(1-¢%Y), Fia=—¢*CY (1 —-(Y)ay,
For = q(1 = @)Y,

_3Y . -
Fa1=-U, Fz= —QC;]i_Q%? Fag =—(1—¢°¢*)q 'Y,
—q (2.46)
1-¢°¢

Fao =

(1)

Faa=—q (1= ¢*¢*(1—q%¢%) r

(1 =g 2¢Y)(1 - ¢ *¢Y)
In (2.44)), o denotes a linear map satisfying o(PQ) = o(P)o(Q) and

o (1= ¢Vgh(¢han)) = Uas(©), (2.47a)
o(Upa(¢™h) = (1 =¢'Yip(0)aa, (2.47b)
o(YpA(C™h) = Vi (0). (2.47¢)
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3 Creation and annihilation operators
in finite intervals

In this chapter, we introduce the fermionic basis and define its action on a finite segment
[k, 1] of the inhomogeneous spin chain. These operators are the main object of study in this
work. They are operator-valued functions of a spectral parameter ( and a twist parameter
@, and they act on operators X|;; supported on the interval [k, [].

The fermionic basis consists of seven operators. The annihilation operators are [ (¢, @),
Cpr (¢, ), B[k,l](Cv a), and by (¢, @). The creation operators are the twisted transfer matrix
t’{kﬂ(g‘,a), together with bf‘kﬂ (¢, @) and ci“kﬂ (¢, ). The barred operators are not indepen-
dent of the unbarred ones; this is established in and . We do not construct an
annihilation operator t[k:,l}(( , ) paired with tf‘k’l](g ,a). Its explicit construction remains an
open problem. For a discussion of its expected properties we refer to [56).

The construction proceeds in three steps. In we use the L-operators from
Chapter 2|to build t’[kk’l] (¢, @), qpry (¢, @), and ki, (¢, ), and we derive the Baxter tg-relation
(3.26)). In [Section 3.2) we describe the analytic structure of th 1 Ak, and kg g, and the
pole decomposition of kyj that underlies the fermionic basis. In we decompose
k) (¢; @) in accordance with its poles. From this decomposition we introduce an additional
operator f[kvl](g‘ ,«) and, using it together with the spin-inverse transform, define the seven
fermionic basis operators listed above. In later chapters we extend these operators to the
infinite chain, establish their reduction and commutation relations, and use them in the
calculation of correlation functions.

Our presentation closely follows the reasoning and notations of [3557}58].

3.1 Twisted transfer matrices

In this section, we consider various L-operators discussed in [Section 2.1.3] and construct
monodromy and twisted transfer matrices. For each choice of L-operator, the definitions
vary slightly.

3.1.1 The operator t}; ;(¢)

When the auxiliary space is V,, the corresponding L-operator is given by (2.23). We define
the monodromy matrix as the product of such L-operators:

Tk (€) = La(C/&) - - - Lak(C/&k) € Mo @ My . (3.1)

Although the monodromy matrix T, ;,1(¢) depends on the inhomogeneity parameters ¢j,
j=k,...,l, we omit them for convenience. The same will be true for every other monodromy
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Chapter 3. Creation and annihilation operators in finite intervals

matrix defined below. The adjoint action of the monodromy matrix 77, 1) (¢) is defined as

T k(¢ @) (X[k,l}) =T [k (C)qng[k,l]T(;[%,l](C)a Xikg) € M) (3.2)

We set Tq (1,)(¢) = Ta,k,(¢,0).
We also use the adjoint action of the L-operator, defined by

Laj(¢/85) (X[k:,l]) = La,j(C/fj)X[k,Z]L;}(C/fj), Xk, € Mo @ Mg ). (3.3)

In the above, we extend the action of the operator X ; to the space M, by setting X[ =
id, ® X[i,y. Therefore, the operator L, ;((/§;) belongs to End(M,) ® End(M;) and acts non-
trivially only on the auxiliary space M, and the quantum space Mj. It is clear that the
adjoint action of the monodromy matrix can be expressed as a composition of adjoint
actions of the L-operators:

To (¢ ) (X[kl) = La1(C/&) - - - Lax(C/Ek) (angX[k,l]) ;o Xy € Mgy (34)

The choice of the normalization factor r1(¢) in (2.23)) is not relevant for the adjoint action.
The twisted transfer matrix tfk 1 (¢, @) is defined as the trace of the adjoint action of the
monodromy matrix over the auxiliary space:

t7, (¢ ) (X[k,l]) = tr { k(G @) ( kl])} Xy € Mipy. (3.5)

3.1.2 The operator q(¢)

When we choose Wi as the auxiliary space, the corresponding L- operators are given by

and - As in , we define the monodromy matrix T Ay[,ﬁl] (¢) as a product of
such L-operators:

T (©) = L (C/&) - L (C/€) € End(Wi) @ My . (3.6)

The adjoint action of the monodromy matrix T;lt [k 1](C ) is defined by

~1
Ti[k7[](<7a) (X[k l]) T i l](C) AX[k 1] ( Ak, l](C)) v Xk € Mgy (3.7)

The adjoint action of Li j(C )-operator is defined by

L% 5(¢/6) (Xiag) = T4 (C/6) X (T5,¢/6)) ) X € End(W3) @ Myy. (38)

As in the previous case, the action of the operator X[ ;j is extended to End(Wj‘t) by setting
Xy = ida ® X[ y- By construction, the operators Li ;(¢/&;) act non-trivially only on the
auxiliary space End(Wf) and the quantum space M;. Clearly,

Ti,[k,l](Ca @) (X[k,l]) =L, (C/&) . LY (C/&) (qi2aDAX[k,l]) , Xk € Mpy- (3.9)

We could once again define a transfer matrix as the trace of the adjoint action of the
monodromy matrix (3.7)), as in (3.5). However, to simplify later formulae, it is convenient to
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3.1. Tuwisted transfer matrices

modify this definition. First, define the spin operator of a segment [k, [] of the inhomogeneous
chain by

1
S[k,l} = 5 Zoj, S[kﬂ S M[k,l]- (3.10)
j=k

The corresponding adjoint spin operator Sy, ; € End(M; ) is defined as
Sk, (X[k,l]) = [S[k,l]aX[k,lﬂ . (3.11)
An operator X is said to have spin s if it is an eigenvector of Sy, ;; with eigenvalue s, i.e.,
Sty (X)) = 5 X (3.12)
This definition implies that if an operator X[kﬂ has spin s, then an[k,l]X[k’l] = anX[k’l],

The qy,(¢, @)-operator is defined as the trace of the adjoint action of the monodromy
matrix over the auxiliary space, modified as follows:

qr (¢, @) (X[k,l}> = tr{ A (6@ a) ¢Stk (q_QS““’”X[k,l})}- (3.13)

3.1.3 The operator ky (¢, a)
Consider now the fused L{ia, A}J(C)—operators given by (2.38al) and (2.38b). As above, we

define the monodromy matrices T{jz’ A},[k,l](C ) as a product of such L-operators:

T{j;,A},[k,l}(O {a ap(C/&) - {a A1k (C/8k)- (3.14)

It follows from [Lemma 2.I]that the fused monodromy matrices are of triangular form. For
example,

+ Ak (€) 0
Tway (@) = (CA ki (€) Dawn(CQ)) (3.15)
where

AA,[k,l](o = Tz[k,l] (QC)TS[‘“”,

- (3.16)
DA’[kvl] (C) = Tz[k,l} (q 1C)qs[k,l] .

The adjoint action of the fused monodromy matrices T{ia A ] is defined by its action on
Xy € My as

TF, ay (6 @) (X)) = k(T (G TS 4y (G 0) (X)) Faa (3.17)

Since the operator F, 4 commutes with X[ ;j, the triangular structure carries over to the
adjoint action as well. For example,

A (¢ ) (Xpr,) 0
TJ’_ ) X — A;[k,l] [ 7} 5 3.18
{a,43, 10 (C a)( W]) <CA,[;€,Z](C,0¢)(XU€,”) D (6 ) (Xiea) ) (3.18)
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Chapter 3. Creation and annihilation operators in finite intervals

where

A k(G a) (X)) = TX,[k,z} (g¢, o) g™ S0 (X 1), (3.19a)
D e (¢ ) (X)) = TX,U«J] (¢ "¢, a)g o (X)) (3.19b)

To obtain the matrix form of the operator ’]I‘{_& AV[k] (¢, @), it is enough to apply the similarity
transform with aﬁfoﬁg I to (3.18).
The adjoint action of the fused L-operators is defined by
-1

LE 1O (X)) = LEay (O X (LEay Q) (3.20)

where the action of the operator Xy is extended to both M, and End(Wf) by Xy =

idg, 4 ® X, ). From (2.37) and (3.17) it follows that

Ty ) (G @) (X[k,l]) = L ay0(C/&) - L ay (C/6k) (qiwgﬂaDAX[k,Z]) - (321

The off-diagonal element C, (¢, ) introduced in (3.18)) plays a central role in our
construction. We use it to define the ky, ; (¢, «)-operator:

ki (¢ o) = tr {(CA,[k,l](Ca a) ¢St (q_QSMX[k,l])} . (3.22)
Since [Fy, 4,0,] =0, it is easy to see that
ki (¢, @) (X[k,l}> = f,l;x {UITa,[k,z](C, Oé)TJAf,[k,l] (¢, )¢Stk (q_QS[’“*” X[m])} (3.23a)

= 11 {0 Ty (G050 (g2 X ) (3.23D)

3.1.4 The tqg-relation

Using (3.17)) and (3.18)), we can derive the Baxter TQ-relation for the operators trk 1 (¢, ) and
qp, (¢, ). Let Xy, € My, be an operator of spin s. Consider the action of Tfa ALk l]((, a)

on ¢~ 250 Xy, 1y, given by (3.17):

ol {Fa_,fll (Ta,[k,l](Ca )T} 1y(C ) (q_gs[k’”X[’fvl]D F“’A}

— ¢t b { (€ )t {T g (€ )0 (47280 X ) } |

= (ot tr {Ta,[k,Z](Ca )q (C, Oé)(X[k,l})}
= Ot (G @)k (¢ ) (Xry)-

On the other hand, taking the trace over the auxiliary space M, of the action of ']I‘?Ea’ AV [kd] (¢, )
on ¢ 25k Xk, given by (3.18)), we obtain

r {AA,[k,l] (¢ o) (g 20Xy, ) +Da g (€, 04)((1725““’”)([1@,1])}
= C_OH_S t/{ {qu—,[k,l] (QCa a)(QC)O‘_S[’“” (q_QS[k’” X[k,l])
+ T oy (@G @) (g1 ¢) (g 250 Xy ) }

= ¢ (apea (96, @) (Xpen) + a6 @) (X))

(3.24)

(3.25)
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Comparing (3.24) and (3.25]), we obtain Baxter’s T'Q-relation for the operators tfkk:,l] (¢, @) and
Qi (€ @):

t. (G )ap (¢ o) = ap (g€, @) + gy (q7'¢ ). (3.26)

3.2 Analytic structure of the twisted transfer matrices

In this section, we state the analytic structure of the twisted transfer matrices tfk l](C ,Q),
q[k, (¢, @), and the operator ky, ;)(¢, ), which will be used in the following section to define
the fermionic basis operators. We have the following lemmas:

Lemma 3.1. Let Xy € My be an operator of spin s. Then the twisted transfer matrices
t’{kyl](c,a) and qp (¢, @) have the following analytic properties:

1. tf‘k,l](g,a) (X[k’l]) is a rational function in (% with poles at (? = ¢*2 ]2" jekl. In
addition, it is reqular at % = oco.
2. C‘a+sq[k7”(c,a) (X[k,”) is a rational function in (* with poles at (? = ]2-, jelkd]. In

addition, (T qp (¢, @) (X[k,l]) is reqular at (? = cc.

Proof. To make the dependence of the operators t[kk l](C, a) and qy (¢, @) on ¢? explicit, we
introduce

1
q ! 42 -1
T —0* 7T z 202 _ 202
Laj(¢%) = ¢"% Laj(C)C77 = P e : (3.27a)
21 9901
1)
a/hj
. P e —2 2D 4+2 _ay Do
LE (¢ =¢ % L (¢ = (C L ) ) g Pa%. (3.27b)
A i

The inverses of these operators as matrices in M, ® M; and M;, respectively, are given by

1
gS—5L ¢°—1
s 2/—2_ 20—-2_
Lo j(¢%) = P IR , (3.284)
2—C2 b3c—2_1
1)
a7.]
. -1 ¢? - (1 a
2 D jo% A
(L5,0) = i <a; - qQDA> E (3.28b)

J

i2c2 -1

)

The operators Jia,j(gZ) and IA/;;(CQ) are rational functions in ¢? with poles at ¢

respectively. They are regular at (> — oo. At the same time, the operators l?j j(Cz) and
. ~1

(Lj j(CQ)) are rational functions in ¢? with poles at (? = 0 and ¢? = 1, respectively. They

are regular at (2 — oo.
We denote by Ta’[k,”(@,oz) and Tjg e l](CQ,a) the operators obtained from T, 1 ;(¢, )

and ’]I‘Z[kﬂ((,a) by replacing ZQJ(C) and Ej?j(() with L, ;(¢?) and IA/Z]»(CZ), respectively.
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Namely,
T k(¢ @) (X[k,l]) = Cg[k’l]G[_k}l]Ta,[k,l](sz Q)CS““’”G[k 1] (X[k l]) ; (3.29a)
TS g (G @) (Xpeay) = CRGRYTE 1 (P )Gy (X)) (3.29b)

where G (X[k,l}) = G (X[M]) G[jcll] is the adjoint action of G = H] kg% i/ The
modified monodromy matrices Ta,[k,l] (¢%, ) and TAI‘:Z’[k’ 1 (¢?, ) are rational functions in ¢? with
poles at (2 = qﬂﬁ? and (2 = 32-, respectively. Additionally, the operator Tjg n ”(C2, ) (X))
has a pole of order at most s at (2 = 0 if s > 0, and is regular at (? = 0 if s < 0. To see this,

consider the adjoint action of IA/j;’ j(§2) on some X; € M;. It can be represented in terms of
the canonical basis

1 1 0 0 1
+ - — Z p— + = : + = + p— +.
T = 2(1—1-0]) (O O)’ S(r7)=0; o (0 O)’ S(cT)=0"T;

T = %(1 —0j) = (8 (1)> , S(r7)=0; o = <(1] 8) , S(c7)=-0".

N 1
It follows from (3:275) and (3:28B), that only L} (¢?)(0}) = L} ;(¢®)o; (L4 ,(¢?))  hasa

pole at ¢? = 0. Generally, one can show by explicit calculatlons that
(1= LY () (X)) = 0(¢C™). (3.31)

This can be generalized to the interval [k, (] in a straightforward way.
From (3.5)) and (3.29a)), we get the following expression for the operator tf‘kyl](c , Q)

trk,l}(g7a)( [kl }) —tY{CSk”G T (C%, )¢ SNGy (XWO}. (3.32)

(3.30)

Using the commutat1v1ty [Lq,;(C),¢% itoa *] = 0, we deduce the first statement of the lemma.
Similarly, from (3.13]) and (3 1' we get the following expression for the operator q, (¢, ):

A, (¢, @) (X[k l]) = (" { [k, l] T [k l](C )Gy, (X[k l])} (3.33)
from which the second statement follows immediately. O

Lemma 3.2. Let X[, ;) be an operator of spin s. Then the operator k[k,l](Ca a) has the following
analytic properties:

1. C_a+s_1k[k:,l} ¢, ) (X[k,l}) is a rational function in (* with poles at * = 32’ qﬁg]?_
2. ¢ Mk (G, a) (X[k,l}) is regular at ¢* = oo.

3. C_a_s_lk[kvl} (¢, ) (X[k,”) is reqular at ¢? =0 if s <0, and has at most a pole of order
sat(?>=0ifs>0.

Proof. Using the modified monodromy matrices Ta,[k7l](<27a) and ']Al‘jg k l](Cz, a) introduced

in (3.29a]) and (3.29b)), we rewrite the operator ki, (¢, ) as
Kk (¢, a) (X[k l])

a+s _ (3.34)
C++1G[ }tr {U T [kl](< 0‘) A[M](C a) [kl] (q QS[k’l]X[k,l})}-
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3.3. The fermionic basis operators

The first two statements of the lemma follow from this representation immediately. The third
statement of the lemma is a direct consequence of the first one. O

It follows from |[Lemma 3.2| that ¢~ 1ky, ; (¢, @) (X[k,l]) ~ (72 for (? — oco. Hence,
k1) (¢, @) admits the following decomposition:

)
ki (¢ @) (XW]) ¢otstl Z Z 2552 ZC g, ( k,l])a (3.35)
J

]keO:i:

where the second sum over j is zero for s < 0. The residua ,0( )( ) and the Laurent coefficients
rj(c) are operators which are defined by (3.35)).

3.3 The fermionic basis operators

3.3.1 The annihilation operators

We are finally ready to define the fermionic basis operators. The idea behind their construc-
tion is to decompose the operator kj;(¢, ) in accordance with its poles 2 = f?,qﬂfj?.
Namely, we write

Kik,(¢, @) (X[k,z])

(3.36)
= (E[k,l](C7 a) + ¢ (96, @) + ey (a7 ¢ a) + fiy (a¢, @) — £ (a7, 04)) (X[k,l}) :
To make it compatible with we demand that for any element Xy, ;) € My ;) with
spin s all the operators €, ;)((, ), i (¢, @), and £}, (¢, @) have the form Ca_sﬂx[k’l] (¢%,a),
where x[k,l](cz, ) is rational in (2 with poles only at the points §J2-, Jj € [k, 1], and oo.
Clearly, the decomposition exists but is not unique. It follows from
that we can add any terms of the form (*~**1p(¢?) where p(¢?) is a polynomial in ¢? of
degree s. To fix this ambiguity, we define the action of the operators ¢ (¢, @), cp g (¢, @),
and fj;, (¢, ) as follows:

d¢?

Cii) () XW = o (C/€ a+ s+ Dkpy (€, @) (XM) , (3.37a)
k(¢ @) (X[Ic,l]>

1 de 3.37b

= lef ;2 P/, a+s+1) (k[k;,z](QS, a) + kg (q_1§,a)> (X[k,l]> , ( )

£r,(¢, @) (X[k,l}) (fsmg(C, a) + £, a)) (X[k,l]) : (3.37c)

where

fsmg(c7 ) (X[k l])

(3.38)

d 2
= 471}{ ;2 P(C/E a+s+1) (*k[k,z}((ﬁ,a) + k[k,l](q_lf,a)) (X[k,l}) .
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Chapter 3. Creation and annihilation operators in finite intervals

The function 9((, «) is defined as

¢“¢*+1

T (3.39)

PG a) =

The integrands in are rational functions of ¢2 with possible poles at £2 = 0, (2,
qt? ]2, qi4§]2 We Choose the contour I in such a way that the poles £ = §2 are inside, and
all the other poles are outside I'.

Now the ambiguity of the decomposition of the operator k[m](C ,a) is contained within
the operator f|;° l](§ ,a). All integrals (3.37) can be evaluated in terms of the residua and

Laurent coefficients (3.35]) of the operator ky, ;(¢, a):

. peer o 48 00()
Cr (¢, @) (X[k,Z]) ¢otett Z —e j2€2 (X[k l}): (3.40a)
s C2 _|_§2 e(ats— l)p(€)( )
Ci (¢, @) (X[k,l]) ¢otett Z Z 2 : ( [k l]) (3.40Db)
j=ke= i
- 42+£2 eq @+ Dpi ()
f[k; l']g<Ca a) (X[k,l]) C et Z Z 452 J (X[kl]) . (3.400)
j=ke= :I: J
Combining , , and , we derive that
(£5% (4, @) = £ (a7 @) (Xppyy) = <“+S“Z CZJ 9 (Xp) (3.41)
where by definition
l (e)
p; (@)
ko(a) = — Z ‘74 5 (3.42)
j=ke=0,£t §J
Hence,
re a+s C_2j"9(a)
£%(C0) (Xpy) = ¢ L)y ey (Xea) (3.43)

JOq

so that all operators introduced in (3.36)) have a unique action on Xy ;) defined by (3.37).
To continue, we need to define the spin inverse transformation. For Xy, ; € My, we
define

l

Ty (Xg) = H X - Ha (3.44)

Consider now x;, (¢, @) € End <M W”). We define the spin inverse transformation ¢(x)(;
as

(X)) (¢, ) = g 'N(a— Spey — 1) 0 Iy © X (€5 =) © T g1 (3.45)

where

N(z)=q"—q" (3.46)
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3.3. The fermionic basis operators

Using this definition, we introduce the operators l_)[k,”(g, a) and by, (¢, ) as

by (¢, @) = o(C) (¢, @), b (¢, ) = ¢(e) (¢, ). (3.47)

The operators ¢ (¢, ), cpy (¢, a), B[hl](ﬁ,a), and by, (¢, «) are called the annihilation
operators and constitute half of the fermionic basis. They are not independent of each other.
In (B.9), we show that €, ;1((, ) is related to cp,;1(¢, @) and by, (¢, «) is related to
by (€, ).

Throughout this work we deal with functions of the form ¢**™ f(¢?), where m is an integer

and f(¢?) is a rational function of ¢?. Such functions have a cut in the complex plane. To
account for this, we use the following convention for the residua of ¢*T™ f(¢?):

et ses (0%

atm d¢?
res (*F £(¢%) A% o

In this notation, the definitions of the operators ¢ (¢, @), ¢ (¢, @), and f, (¢, @) read

dc? dc?

_ ¢
i Cir.1) (G @) (X[kvl]) o T e k(¢ @) (X[k,l]) ek (3.49a)
a1 dc?
L (¢ @) (X[k,l]> @ T3 < S + Cﬂj&j) ik, (¢, @) (X[k,l]> e (3.49b)
ez 1 dc?
gfgﬁmKCmO(X@ﬂ)éz=:2<¢£§Qj—<§2)1qmﬂwa(X@ﬂ)(?- (3.49¢)

Lemma 3.3. Let X ;) € M, ;. The residua of ki (¢, ) at the shifted inhomogeneities
2 = qﬁg? at the right end of the interval [k,l] can be expressed in terms of the residua of

Ak, (€, ):

d<2 B N d<2
oS k(¢ @) (X[k,l]) T (UZ A, (¢ o) (X[k,l])) e (3.50a)
a¢® L d¢?
res k(€ @) (X[k:,l}) T (q[k,l}(C7a) (X[k,l}) o ) I (3.50b)
Proof. Using the definition (3.23b]) of the operator ki ; (¢, @), we write
Kk, (€, ) (X[k:,l])
(3.51)

23



Chapter 3. Creation and annihilation operators in finite intervals

Using (2.25) and (3.18)), we calculate the trace over the space M,:
~1
—q a—S
B5D) = tr{ oo L/ (0. @) )
~1
% (q—zs[k,z]X[M]) (Lil(qg/ﬁl)) }

+ tj{ng,l(q_IC/gl)qalzﬂ(cA,[k,l—l] (q¢, )¢St
(3.52)

X (q*ZS[’“’”X[k,z]) i (Lx,l(QC/&))_l}

q—q =1 ya=Sy
t{C/f £ e LA T (a7 )

X (q_%[k’”X[k,l]) (ng,l(q_IC/fl))_IU;r}.

The first term has a pole at ¢ = ¢~ and the last term has a pole at ¢ = ¢&;. The singularity
at ¢ = ¢~1& in the second term cancels owing to

rala7¢/8) _ 1= ¢*C%/§

= 3.53
r(C/e) | 1-CJe (3:53)
Using , we calculate
d¢?
res k[kl](Ca o) (X)) = =
s (i) ¢ (3.54)

—o tX{ng,l(l)TX,[k,ll] (& ) (€)™ (q_w[k’”X[k’l]) = <(L‘X’l(</€l))_l ng2> }’

which equals the right-hand side of (3.50a)). The relation (3.50b]) follows similarly from the
last term in (3.52)). O

Corollary. The residue of fy, ;)(C, @) at = & is given by a commutator

¢z 1 N dc?
fes (¢ @) (X[k:,l]) el i [Ul Ak (s @) (X[k,u” e (3.55)
and the residue of ¢ ((, ) at ¢ =& is given by an anti-commutator
d¢? 1 n d@
Crfg,l Clr (¢, @) (X[k,l]> T Crgz {al s (€ @) (X[k l])} e (3.56)

3.3.2 The creation operators

We define the creation operators by (¢, @) and cf‘k,l](g, a) by
b (¢, @) (X[k:,l]) = (f[k:,l](QCa o)+ £ (a7 '¢ a) - t7, (€ ) (¢ 04)) (X[k,l]) , (3.57)
C (€5 @) (X ) = —¢(b") (¢, ) (X[k,l]> : (3.58)

The operators trk’l], bf‘k’l], and ka,l} are called the creation operators. The definitions (3.57))
and (3.58) might appear confusing, since we have given no explanation for their somewhat
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3.3. The fermionic basis operators

artificial form. However, in later chapters we will see that these operators enjoy certain
reduction properties that allow us to extend their action to the entire spin chain, and that they
satisfy simple anti-commutation relations between each other and the annihilation operators.
This certainly speaks in favour of the definitions (3.57) and (3.58)). However, we must point
out that at the moment there is no conceptual explanation behind them and one must treat
them as a result of experimental work.

An insight into this problem might be given by the Baxter-type operator D¢. It is defined
by its action on an operator x,;(¢) € End(Mp, y):

Doy (€) = Xy (9€) + Xpea (a7 C) — £, (¢ )X (€)- (3.59)

It follows from the tqg-relation (3.26) that qy (¢, @) lies in the kernel of D¢. Similarly, the
operator b’["kjl}(c,a) is obtained by applying the same D¢ to f; (¢, ). This observation
points to a possible connection between the definitions of the fermionic basis operators and
Baxter’s T'Q-relation, but this connection is not yet fully understood.
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4 Reduction relations and extension to
infinite volume

In this chapter, we extend the action of the fermionic basis operators constructed in
from finite segments to the entire infinite spin chain. This extension is needed for passing to
the scaling limit in order to realize Quantum and Conformal Field theories, where the notion
of locality plays a very important role.

The chapter is organized as follows. In we introduce the notion of quasi-
locality and define the support of a quasi-local operator. Then we introduce the graded space
W of all quasi-local operators on which the extended fermionic basis acts. In we
prove the left reduction and explain the resulting shift of the tail parameter . In[Section 4.3]
we discuss the right reduction. For annihilation operators, the reduction is direct, while for
creation operators the support may grow to the right. We show, however, that this growth
remains finite in both the homogeneous and inhomogeneous cases, so the action of the creation
operators still preserves quasi-locality.

4.1 Space of quasi-local operators

Let Xy € M. Since X[y acts non-trivially only on a finite segment of the spin chain,
we call it a local operator. Let

1 &
Stky=35 > (4.1)
j=—o00
and consider an operator
X =¢?5k DX (4.2)

We call such operators quasi-local operators with tail «. We denote the space of all quasi-
local operators with tail @ by W,. The minimal interval [k, ] such that holds for some
Xk,) € My is called the support of a quasi-local operator.

Spin provides a natural grading on the space W,. Let us denote by W, s the space of
quasi-local operators with tail a and spin s:

Was ={X € W, : SX =sX}, (4.3)
where the operator S is defined by (3.11)). Then

Wa = P Wa,s. (4.4)

SEZ

27



Chapter 4. Reduction relations and extension to infinite volume

The whole space of quasi-local operators will be denoted W:

W= P Was. (4.5)
a€eC,
SEZL

The aim of this chapter is to define the action of the fermionic basis operators on the
space W. Their action, defined on a finite segment of the spin chain, is consistent with the

grading of the space W of quasi-local operators. We say that an operator xj, ; € End (M [k,l])
has spin s if

Sk Xk = 5%y (4.6)
If Xy € Mgy has spin s; and x|y € End(M|; ) has spin sa, the operator x (X[k‘,l])
has spin s; + so. It follows from , , and that
{S[k,uatfk,z]((aa)] =0, [S[k,Z]aQ[k,l] ((,a)} =0, [S[k,l],k[k,l](ﬁva)] =1 (4.7)
As a result, all operators considered in have definite spin:

1 if x = k,f,c,c b

[S[k,l},x[k,Z](C,Oé)] = {_17 fx—b.B.c*. 7 (4.8)

We will show that the action of the extended fermionic basis operators on the space W of
quasi-local operators has the following block structure:

t*(<7 a) Wa—-s,s = Wa—s,s (4.9&)
b*(C7 Oz), C(C7a) :Wa—s—I—l,s—l — Wa—s,37 (4.9b)
C*(Cv a)v b(¢, @) Wa—s—1,5+1 = Wa—ss- (4.90)

4.2 Left reduction

We begin by showing that the action of the fermionic basis operators can be extended to the
left as k — —oo. This can be done with the help of the following lemma.

Lemma 4.1. Let X3 € Myy. Then the operators tf‘k l](C,a) and ky (¢, ) satisfy the
following left reduction properties:

tfk—l,l}((ﬂ) (qaa’i’lX[k,l}) = qaa’i”tfk,z](éha @) (XW]) ; (4.10a)
Kip—1(C @) (q(aﬂ)o’i‘lX[k,z]) = ¢*1kyy (¢, ) (X[k,l]> : (4.10D)

Proof. To prove the identity (4.10a)), we use the definition (3.5)) of the operator tf‘kil l](C , Q)
and the commutation relation (2.35al):

ti—1(C @) (qwi‘lX[k,Z])

=1tr {Ta,[k,l] (¢)La k—l(C/fk—l)qagng’i‘lX[k 1] L;iq(C/fk—ﬂT(;[?l] (C)}
= tl"{ 001 (a4 ¢ 1 Lo -1 (¢ /€r—1) X Ly o1 (C/€p—1) ;[}g’l](C)}
= ¢t tr {Tav[k 0(¢ M“X[k,l]Ta_,[k,l}(C)} = qw’“‘ltfk,l} (¢, @) (X[k,l}) )

(4.11)
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4.3. Right reduction

which proves the claim.
The identity (4.10b)) can be proved by similar arguments. Using the commutation relations

(2.35a) and (2.35b), as well as the expression (3.23a)) of the operator kj;,_; (¢, @), we obtain
kip—1,(¢ @) (q(aﬂ)oi*lX[k,Z])

= CZBIA {U;Ta,[kl,l} (C)qaggTX,[k_u] (C)qzaDAgais[kfl’l]

—1)o? - -
X (Q‘”lk*l’”q(a Y kle[k,z]) (Ti[k_l,l](@) Ta’[}f—l’”(o}

= I {U:Ta,[k,z} () Laj—1(¢/&-1)T 4 oy (QLF o1 (C/&rmr)CO Simirgaoat2abataci,

) ) (4.12)
» (q’QSl’“’”X[k,l]) (ka_l(g/gk,l)) ' (Tz[kvl](éh)) ' L;zlg—1(C/§k1)T;[%€,Z](C)}

=" {Ui T i) (T4 o (OO Sttigooat2aba
1

= qaa’z‘lk[k,z](fa @) (X[k,l]) ;

which proves the claim. The shift of the parameter o in (4.10b|) occurs due to the factor
¢ 2%k in the definition (B.23)) of the operator ki (G ). O

Corollary. Applying the spin flip transformation (3.45)) to (4.10b)), we obtain the following
left reduction relation for the operator ¢(k)pp—1,-

P(k)p—1,(¢; @) (q(a_l)gi’lX[k,l]) = " 10(k) (¢, ) (X[k:,l]) : (4.13)

The fermionic basis operators are constructed from tf‘k’l](g ;) and kp, (¢, ). Thus,
their action can be extended to the left similarly to (4.10a]) and (4.10b). Quite generally, if
x[k,l’l](g , ) is a fermionic basis operator of spin s, it changes the coefficient in front of of_;
by —s. The left reduction, therefore, allows us to define the action of xp,_; (¢, ) on the
semi-infinite interval (—oo,[] by changing o7 _; to 2S(k — 1). For example, we define

t?_oo’” (¢, ) (q2aS(k71)X[k’l]> — q2aS(k71)t>[kk,l](C7 ) (X[M) , (4.14a)
K(_oo (¢, @) (QQ(Q+1)S(k_1)X[k,l]> = qzaS(k_l)k[k,l](Ca @) (X[k,l]) . (4.14b)

4.3 Right reduction

The right reduction of the fermionic basis operators is more complicated than the left reduc-
tion and we devote the rest of the chapter to this problem. Our goal is to show that the
action of a fermionic basis x5 (¢, @) on X ) € Mg ) for & < m <[ can be brought to a
form which is independent of | when the limit [ — oo is taken.

4.3.1 Right reduction for the annihilation operators

In this section we extend the action of the operator ki (¢, @) to the right in the limit | — oo.
This will allow us to extend the action of the annihilation operators €, (¢, @), cp (¢, @),
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Chapter 4. Reduction relations and extension to infinite volume

B[k:,l] (¢, @), and by, (¢, @), defined with the help of the operator ky, (¢, «) in (3.37a)), (3.37b)),
and (3.47)), respectively.

In order to formulate the right reduction relation for the operator ki, (¢, @), we need to
first give some definitions. We define the finite-difference operator A¢ as

Acf(Q) = f(aC) — f(a Q). (4.15)

Additionally, we define the anti-automorphism ¢; on M; as

t,
0,(X;) = oYX 0"

j,  for Xj € Mj. (4.16)

Above t; denotes transposition in the space j. Then, using the definitions (2.23b)), (2.25b),
it can be shown that

0; (Laj(Q) = Laj(aC): 85 (Laj()) = Layla™ Q). (4.17a)
-1

-1
0, (LX,J-(C)) = (LX,j(qC)) , 0 ((Lj;ﬁj(g)) ) =L} (a7 (4.17D)
Lemma 4.2. Let X[y, ) € M, and assume k < m <. Then
k(i (¢, @) (X[k,m}) = kym) () (X[k,m]> + Aevip (¢ a) (X[k:,m]) : (4.18)
where

Vi (6:@) (Xpem) = tr { Va1 QTS gy (G )60 (g2 Xy ) |, (4:192)

-1
Vamt+1,0(C) = —pms1y (CA,[l,m—l—l](C)qs[l’erl] (T;{,[l,mﬂ] (QC)) ) : (4.19b)

Proof. We begin with the definition ((3.23b|) of the operator k[k:,l}(C, «) and split the interval
[k, 1] into [k, m] and [m + 1,1]:

—28 a—S
{U;T{—Z,A},[m-;-l,z](oq ? [’"H’Z]T?a,A},[k,m}(C,a)C et (4.20)

% (q_QS[k’m]X[k,m]> (T{J;’A}’[mJFU](C))_I}

In the above expression, we wish to bring (T{a, A},[m+1,l](< , a)) ! to the front using cyclicity
of the trace in the auxiliary space. Doing so, however, will change the order of the product
of the L-operators in the quantum space. To account for that, we use the anti-automorphism
0; and cyclicity of the trace:

tr{PajXajQas} = tr {FaXaQa ® PjX;Q;} = tr {QuPaXa ® P;Q; X}

4.21
= 0;tr {QaPaXa ® 0;(Q;)0;(P;) X} = 0; tr {0;(Qa.5)0; (Pa)Xa} - 420
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4.3. Right reduction

—1
Setting P = o T} 4y nyq(C@)a 25 metl and Q = (T{a,A},[m+1,l} (¢, a)) in (4.20), we
obtain

Kk (¢, a) (X[k:,m]>

_ -1 —25,,
- Cﬁ{‘g[mﬂ,l] Omt1,0 ((T{tz,A},[m+1,l] (C)) )9[m+1,l} (U;Tf:z,A},[m+1,l}(C)q [ “'”)] (4.22)

-S —-28
X T, 4y foamy (G )G 50 (250 X[km])}
Now we use (4.17a)) in order to compute the action of the anti-automorphism:

—1 _
Om+11 ((T{Z,A},[mﬂ,l] (C)) > = Ty sy (@ C); (4.23a)
-1
Opmt1,1] (T{J;’A}’[mﬂ’l](C)q—2S[m+1,z]) = ¢Sum+1] (T{Z’A}’[Lmﬂ](qg)) . (4.23b)

Note that the multiplication order of the L-operators in (4.23a]) is reversed.
It remains to compute

-1
Otm-+1,0 (T$7A}7[l,m+1] (q~ ') g*ms (T{Z,A},[z,mﬂ](qo) ) : (4.24)

As a matrix in the space V,, the expression inside the brackets in (4.24]) looks as

. —1
Tioay imin (@ L)t ¢?Sm+ (T{JZ,A},[z,mH](QQ)

+ —Sy
_ TA,[l,m+1](C)q (tmt] 0 0'+q25[l’m+1]
Catm+1)(a1C) T,I[l,mﬂ](q_%)qs”’m*” .
—1
) ¢Stm+1) (T;[lvmﬂ](ng)) 0 1 (4.25)
Ca,1,m+1)(qC) g Stm) (TA,[z,mH](C)) .
T.jl_,[l,m—i-l] (C)qs[l'm“] 5A,[l,m+1] (QC) 1
-1 y

* Ca (@ 1) g tm+ (TX,[l,m-i-l}(C)) .

where the symbol * is used to denote an element of the matrix, explicit form of which will

not be needed. The operator C~’A7[l,m+1} (¢) is a lower-left element of (T{J; AL m+1}(g‘)) It
can be written in explicit form as

C~'A,[l,m+1] (C)

— _ -1 -1 (4.26)
= —q et (T 0@7'0) Cagrm Qa0 (T (00))
Substituting (4.26]) into (4.25)), we obtain
-1
@) — —Cp tm41) (4€) g tm+ (Ti[z,m+1}(q2C)) 1 (4.27)
. — -1 . .
* Ca i (@) g m+ (TX,[l,m-i-l}(C)) .
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Substituting (4.27) in (4.22) and using the matrix form of ’]I‘{a AV [k, m](g, a), we

obtain

ki (C, a) (X[k,m])

-1

A { ~Coa s ()¢ (T, (20)) 1
= Ulm+1,]] -1
a4 * Ca 1) (@ 1) g tm+ (T+[l m+1}(§)) .
T from (46, @)g* 5t 0
A,[k,m)] ) a—S[g,1 *QS[k,m]X
X —Q m
( (CA,[k,m}(C?O‘) Tjihm](qilga)q Sl aC (q [k, ]> (4 28)

— tr {Copmy (¢, @)~ Stkomt (g 250m) Xy )}

1
— Al tr {CA,[z,mH](C)qS”’m*” (T:lr,[l,m+1] (qC)) TX,[k,m}(C’O‘)ga_Sw’m]

) )

= Ki,m (¢, @) (X[k;,m]> + AV (€ ) (X[k,m])

which completes the proof. ]

Let us discuss the result of When ki, (¢, ) acts on X, ,,) with & <m <1,
it produces, in addition to the reduced term k[k,m](C , Q) (X[km}), the extra contribution

Acvip (¢, a) (X [k’m}), whose behaviour as | — oo is non-trivial. Nevertheless, this additional

term possesses sufficiently good analytic properties to allow the extension of the annihilation
operators to the right. Indeed, from (3.15)) it follows that

1 -1

q—dq
Cafi,m+1] (C)qsu’m“] (T+[l m+1] (qC)) T e — 5m+1/§0:72+1
4.29)
- L
250 1 mi1] ot [T+
+J %:H C/fj fy/C A j-tmy (4 g Hoj (TA,[j—l,erl](qC)) ’
Using and the fact that 9]-(0;) = —J;f, we compute
~1
VA m+1,0(C) = =01 (CAJl,m—H] (¢)gm+n (TX,[l,m—i-l](qC)) )
I ek B
C/&mt1 — fm+1/§ ml (4.30)
-1 -1
4 T+ . g 2Sm+ri-u (TF . _
; %:JJ C/fj fj/C J A [m+1,j 1](C) ( A,[m+1,5-1] (C))

Plugging (4.30) into (4.19a)) and using [Lemma 3.1} we derive that v ; (¢, @) (X[k’m]> =
¢ 5 f(¢?), where s is the spin of X(k,m) and f(¢?) is a rational function of ¢ whose only
poles are at the inhomogeneities (2 = 32», j =k,...,l. This brings us to the right reduction
properties of the fermionic basis annihilation operators.
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Lemma 4.3. Let X[y, p) € Mg,y and assume k < m <. Then

Cr,g (€, @) (X[k,m}) = Cl,m) (¢, @) (X[k,m]) ; (4.31a)
ey (€ @) (X[k,m}) = Cpp,m) (¢; @) (X[k,m]) : (4.31D)

Proof. The equality (4.31Db)) follows immediately from (3.37a)) and the fact that
Acvig (¢ a) (XV‘“”O is regular inside the contour I'. The equality (4.31a]) follows from

(3-37b)) and the fact that the singularities inside I" in the sum ACV[k,l](QC,OZ) (X[km]) +
Agv[k,l](q_lc, «) (X[kvm]> cancel each other. 0

Corollary. Let X, ) € My, ) and assume k < m < . Then, due to (3.47), , and
(4.31D)),

b (¢, @) (X[k,m}) = b,m (¢, @) (X[k,m]) : (4.32a)
by (¢, @) (X[k:,m}) = b (¢, @) (X[k,m]) : (4.32D)

Corollary. Let X ) € M) and assume k < m <. Then, due to (3.36), (4.18), (4.31a)),
and (4.31Db)),

fir(C ) (X[k,m}) = fjk,m) (C; @) (X[k,m]) + Vi (¢ a) (X[k,m]> : (4.33)

4.3.2 Right reduction for the bosonic creation operator

In the rest of the section, we show how to extend the action of the creation operators on the
entire infinite spin chain. Unlike in the case of annihilation operators, the homogeneous and
inhomogeneous spin chains should be treated separately.

The homogeneous case

Let us define the shift operator 7 : M, — Mgy1,41) as

T (X[k,l}) = Kk,k+1 ce Kl,l+1Pk,k+1 ce Pl,l-I-l (X[k,l}) y (4.34)

where the operator Kj;; exchanges the inhomogeneity parameters & and ¢;, and P(X) =
PXP is the adjoint action of the transposition operator P;; € End (V; ® V;). We can define
the shift operator 7 on W, by

T <q2a5(k_1)X[k’m]> = q2aS(k)T <X[k,m]) (4.35)

It follows from (2.23b)) that for ( = 1 the adjoint action of the L-operator is simply the
transposition operator IP; ;:

Lo (1) =Pg . (4.36)

This means that for Xy, ) € My 5., & < m <[, the operator tf‘k 1 (1, cv) satisfies the following
reduction property:

%tfk,l]<17 @) (Xpoum)) = 077 (X)) (4.37)

33



Chapter 4. Reduction relations and extension to infinite volume

where the factor 1/2 appears due to taking the trace over the auxiliary space. This means
that the operator t’{k ”(1, «) can be defined on the entire spin chain as a shift operator

1
kll)moo Qt[k g(Lo) =7, (4.38)
l—+o0

A rather natural next step is to consider the expansion of the operator t (C ,a) at (2 =1.
The result of such consideration is given in the following lemma.

Lemma 4.4. Let X[, € My, ) and assume k < m <. Then, for a homogeneous spin chain
the operator tfm](g a) has the following expansion at (> = 1:

(¢ @) (X(tm))
l—m—1

=2 3 (= Vrmpii1mti () Tmamat (O (D) (€057 (X)) (4.39)
7=0

+ (=)' tr {ra (e 1 () - g2 m i1 (AL () (0275 (X)) }
where IEM(CQ) is the adjoint action of the operator Ei,j(CQ) defined as

0 (C%) = CTPL (P 2, (4.40a)
15 (C?) = L (P ;¢ = idiy +(¢2 — Dy (¢, (4.40b)

and ]Ij[kﬂ (¢?) is the following product:
ﬁ:[kz,l](CQ) =Ly-1(¢?) ... Liy1x(C3). (4.41)
Proof. It follows from the definition of L’j (¢?), that
56 0) (Xm) = 18 {Loa( @i () D (€ (02787 (X))} (442

As a matrix in V; @ V}, Em-(g 2) has the following form:

1 <22(£12_11) q gZQ 11 0 2
¥ 2y 2 > . (C+D(E -1, o
Li,j(C ) =10 q §C2 11 342 11 0 = ldz',j + 1 qgcg hi,ja (4-43)
0 0 0 1 i
where
0 0 0 O
@ 1 0 1 —q O
h; [ = 720 ¢ 2 o (4.44)
0O 0 0 O i
is a one-dimensional projector, (hglj)) = hz( J) The inverse of LZ ](C ) reads as
¥ -1 Z+1)(*-1),a
(Lij(c») = idi; + qﬂ - )hg,}. (4.45)
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4.3. Right reduction

Using the definition (4.40b) of r; ;(¢?) and (4.43)), (4.45)), we derive the explicit form of the

action of r; ;(¢?) on a matrix Z; ; € M, ;:
1 1 1 1 1 1
() (Zig) = (@ + 1) (Tt 2~ 1) + = (=) Zun)) . (4a0)

Using this representation, one can check that if Z; ; is a local operator such that its action

on the i-th and the j-th sites is proportional to the identity operator or ¢*% 7). the action
of r; j(¢?) on it is zero:

ri;(¢%) (I ® I;) = 0, (4.47a)
ri(¢?) (4T = 0. (4.47D)

We substitute (4.40b)) in (4.42)). This gives under the trace a sum of terms of the form
Lip+1.dp (<2)rjpfl+1vjp71 (<2) s Ty 415 (<2)L[k,m+1](g2) (qang (X[k,m})) ) (4-48)

where j, > jp—1 > ... > j1 > m+ 1. Because of (4.47a)), the only non-vanishing terms of the
form (4.48)) are those where j, = jp,—1 +1,5p—1 = Jp—2+2,...,51 = m+ 1. Finally, if j, # a,
the trace over a can be removed, which gives us the sum in (4.39). If j, = a, we get the last

term in (4.39). O
Lemma 4.5. Let Y, c € Mg @ Me, and assume k < m < j < I Sel Y me1 =
Pemit (Y[k,mw). Then

-1

Tc,[m—‘rl,l} (Y[k,m],c) = Z (CQ — 1)j—mrj+17j(<-2) ce rm+2,m+1(g2)<8m+l (Yv[kvm]vm"'l) (4 49)
j=m '

+ (¢ = 1) ey (CPrri1(¢P) - o man (¢P)¢O (Y[k,m},mﬂ) :

The proof of is similar to the proof of which is why we omit it.
In the homogeneous case, allows us to extend the action of the operator

tfk,l](g «) to the right as [ — oo. The equation (4.39)) says that the p-th Taylor coefficient of

t’["k ”(( , Q) (X [k,m}> stabilizes for [ > m + p, giving rise to a formal power series in ¢(? — 1:
ko) (Xibm)

o0 . . . 4.50
=2 Z(C2 - 1)]rm+j+1,m+j (C2) s rm+2,m+1(C2)L[k,m+1](<2) (ankT (X[k,m})) : ( )
§=0

This defines a family of operators t*(¢, ) : W s = Wa,s:

t*(¢, a) (‘fas(k*l)X[k,l]) = QQQS(kil)tFk,oo)(Caa) (X[k,l}) : (4.51)

This definition is consistent with the left reduction property (4.14a). Thus, the operator
t*({, @) can be written down as a power series

oo

t* (¢, a) = Z(§2 - 1)p_1t;§(a). (4.52)

p=1
Note additionally that the shift operator 7 = %t’{
It follows from (4.50)) that the action of the mode t;() enlarges the support of a quasi-

local operator by at most p. Precisely, if the support of X € W is contained in the interval
[k, m], the support of t(a) (X) is contained in [k, m + p].
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Chapter 4. Reduction relations and extension to infinite volume

The inhomogeneous case

Let us define the operator

d; = Kijit1Piip1Liir1(&/&41), (4.53)

where K; ; stands for the transposition of arguments §; and &;, and P; ; € End(M;) ® End(M;)
is, as usual, the adjoint action of the permutation operator. It follows from the Yang-Baxter
equation for the operators LL; ; that

The same is true for qp (¢, @) and ky (¢, @).
The operator d; is used in the following lemma.

Lemma 4.6. Let X[y, ) € M) and assume k < m < j <l. Then

1

5%,1} (& o) (X[k,m}) =dj_1...dg (qa"zT (X[hm])) . (4.55)

Proof. Tt follows from (3.5 and (4.36) that

%tfk,u (&> ) (X[k,m}> = %tar {Ta,[j+1,z] (&)Pai Ta,k,j-11(&) (angX[k,m])}

= T kj-1(&) (an;X[k,m})
=L;;-1(&/&-1) - - Ljx(&/€k) (an;X[k,m])

4.56
=P ;1L -1(&/6-1) - Proralar1x(€/6) ¢ F Prya g Py 1 (X[k,m]) 0
=Pyl -1(6/6-1) - Prpralnsr (§5/60)a° " Kjorj - Ki g (T (X[k,m]))
=d;j_1...d; (qaazr (X[k,mO) .
That completes the proof of the lemma. O

Lemma 4.6| states that the action of the operator tf‘k ”(C,a) (X[k,m}>, evaluated at the
inhomogeneity parameter §;, k < m < j <, belongs to M| ;, meaning that it is independent

of [ and remains local in the limit [ — oco. Consider the operator qQO‘S(k*l)X[kjj_l]. We can
define the action of t*(;, a)) on this operator as

t(¢5, ) (qQaS(k—l)X[kJ_l]) - k_lffnoo qQaS(k—l)ti‘kﬂ (&, ) (X[k,j_l]) . (4.57)
l—+o00

This definition is consistent with the left reduction property (4.14a)). Since trk,l] (&, ) (X [k7m])
belongs to M, ;), the limit [ — oo in (4.57) is trivial.

4.3.3 Right reduction for fermionic creation operators

Lemma 4.7. Let Xy, ) € Mg ), and assume k < m < 1. Then
bl (G @) (Xiem) = 0 { T 10 (O ) (G @) (Xgemy) } (4.58)
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4.3. Right reduction

where

1 1
gc,[k,m](C: Oé) (X[k,m]) = 7f[k,m] (QC> Oé) + 7f[k,m] (q_1C7 Oé)
2 2 (4.59a)

_Tc,[k,m] (Ca a)f[k,m] (Ca Oé) + U [k,m] (gv CV)) (X[k,m]> )

e n) (G @) (X)) = b {Yoea Tl ay o) (€ )Gt (720 X ), (4.59D)
1
Yoea = —iaﬁaj +otfol —asolo). (4.59¢)

Proof. We use the definition (3.57) of bf‘k’l](g , ) and write down its action on X[, in the

following form:

bl (G @) (X[km]) = b (¢ ) (X[k,m])
+ (f[kvl] (aCs @) + £ (a7 '¢C )~ b7, (€ )fpr (€ Oé)) (X[k,mo

» (4.60)
- (f[k,m] (¢, @) + £ my (a7 € o) = b 11 (€ )y (€ a)) (X[k,m])
= B (€ @) (X ) + T+ T4 T+ 1V,
where the Roman numerals denote combinations of terms

I= (f[k,z](QQ @) = fjg,m) (QC,Oé)) (X[k,m}) = vy (g€, @) (X[k,m]) : (4.61a)
II = (f[k,z] ("¢ ) - f[k,m}(q_1(70‘)> (X[k,m}) = viey(a'¢ a) (X[k,m}) ; (4.61b)

I = =t (¢ o) (£ir,0(C @) — i m) (G @) ) ( Xim
[k,] ([ ] [k,m] )( [ ]) (4.61¢)

= _tfk,l](c’ OZ)V[kJ] (¢, ) (X[kﬂn]) ,
IV =- (tTkJ] (<7 Oé) - tfkgn] (<7 Oé)) f[k,m](Ca a) (X[k,m}) . (461(1)

In (4.614), (4.61b)), (4.61c) we used the reduction property (4.33) of the operator f, (¢, @).

Since

tr {Tc,[m+1,11(0 (gc,[k,m] (¢, a) — uc,[k,m]) (X[k:,m])}

1 1 _
= tCI" {TC,[m-i—l,l] (C) (Qf[k,m] (QC7 Oé) + if[k,m] (q 1Ca Oé)

_Tc,[k’,m} (Cv a)f[k‘,m} (C? Oé)) (X[k‘,m}) }

4.62
= (f[k,m] (¢, @) + f[k,m}(q_lC,Oé)) (X[k,m}) = 6. (C ) (€, ) (X[k,m]) e
= (k) (4G ) + g (671C @) = ) (€ g (€, 0) ) (Xiomy)
— (t10(6 @) = (6 0)) Fig (€ @) (X))
= b}, (¢, @) (X[,m]) 11V,
in order to prove the lemma, it is enough to show that
tr {']rc,[mﬂ,l] (Ot o) (€ ) (X[hm]) } — T[4 1T 4 IIL. (4.63)
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Chapter 4. Reduction relations and extension to infinite volume

The main part of the proof consists of computing III. We use formulae (4.19a) and
(4.19b) for vy, (¢, @) and the trick of changing the order of multiplication by applying the
anti-automorphism 6|, 1 explained in the proof of We obtain

T = —tj, (¢ ) v (€ a) (X[k,m])

= at};‘{Ta,[k,l} (¢ )1, <CA,[l,m+1} (¢)g®tm+u (TX,[Z,erI] (QC)) _1)
X TZ[k,m](Ca a) ¢ Steam) (q72s““’m] X[k,m])}

= i { a0 (Cageomsn (O (T (a0)) )
X Ta ] (G @) Th g (G @) GOtk (q_%[’“"’] X[km]) T;ﬁwﬂ,z}(o}

= agg,{e[m+1,11 (cA,u,mﬂl (gt (T4 (aC)) lTa,ﬁ,mm(qo) (4.64)
X T k,m) (€ Q)TX[/@m](Ca )¢ Stkmi (q72s[k’m] X[k,m]) T<z_,ﬁn+1,l}(o}

= Cﬁ{g[mﬂ,u (Ta,[z,mﬂ](q_lC)CA,[z,mH](C) Stme1) (TA (, m+1](QC)) _,ﬁ,erl](QC))
X T ) (G Q)T g (G )G 0] (=250 X[k,m])}

— Sitm+1] + !
- a 6[m+1 ] a, AT JLmA1] (q C) A,ll,m+1] (C)q ’ Fa,A (T{a,A},[l,m-i—l} (QC))

a—Sik m —2Sk.m
T?a,A},[k,m](Caa)C Llm] (q Lk, ]X[k,m])}
Let us denote
= Fl -1 Si 1 + -1
Za,A,[m—H,l] - Fa,ATa,[l,m—&-I] (q C)CA,[l,m—H](C)q (t,m+ ]Fa,A (T{a,A},[l,erl] (QC)) ) (4'65)
X, o) = Tl 4y, o) (6 )¢ (q_QS[’“'m] X[k,m]) : (4.66)

As a 2-by-2 matrix in the auxiliary space M, we write Tj, ;,,41(¢) in the following form:

_ [ apm11(€)  bpma)(C)
Tom+1)(€) <C[l,m+1}(o dpm+11(Q) ) (4.67)

Then the matrix Z; 4 (41, can be written explicitly as

Za,A,[m+1,l}:<(1) aA> (%mﬂ( Q) bpmin(a” 12‘))) i (©)

p m+1]( ) d[l m+1](
(4.68)
x gSttm+1] (1 _aA> e (TA 1) (2°C ) 0
’ -1
0 1/, CA,[z,m+1](QO g lm+1] (TA,[l,mH](QC))

where O 1 41)(q€) is given by (L26):

~ Sitm+1 -1 Stm41 24\ !
Cat;m+1)(qC) = —g7lm+1] (TA,[l,mH](C)) C 4, 1;m+1)(qC) g7 bm+1] (TA,[l,m+1](q C)) . (4.69)
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4.3. Right reduction

To proceed, we need to compute the matrix Z, 4,41, To this end, we first establish
some identities for the elements of the matrix 77, ; ,,41)(¢). The first set of identities follows
from the relation

e[m—&—l,l} (Ta7[m+l7l] (q_lg)) = T(;’ﬁ,m+1](<)7 (470)
that can be written in the matrix form as

dgms1) (@) —bpmen(aC) atm+1)(€)  bm+1(€)
—C[l,m+1](q_1C) a[z,m+1](q_lf) ctm+11(€Q)  dim1y(€) "

_ (1dpm+1 0
0 dimt) /)

The second set of identities follows from the fusion relation (3.15)), which can be written in
the matrix form as

Loaa) fapmia(©) dpmin(Q)) o+ ofF 2
0 1 C[lm+1](<) d[lm+1](<) . A,[l;m+1] 0 1 )

(4.71)

(4.72)
_ (Thpmen (@) Sltm1 0 ‘
CA,[l,erl}(C) T,I[l7m+1](q_1<)qs[l’m“] "
Combining (4.71]) and -, we obtain
T+ (€)= dums1)(@'C) —bpmiy(@'Q)) (1 —aa
Afbmt] —cpmt(@C)  apmen(eC) ) \O 1) (473)
(T pm e (@@a sy X o 1 ay '
CA,[Z,mH](C) Ty gy (@ Qg tbm+] . o 1)
Finally, we define functions x[ 1] and x[m ey by
Qlm+1,1] (%) b[m+1,l](q_10 Aimt1,(€)  —bpng1,(C)
C[m+1z(q_1C) dim41, z](q_lC) —Cim+1,(C)  @pmt1,(C) (4.74)
= ida 211,09 +x[m+1l] a +$[m+1l} a
In particular, it means that
am+11 (0 O ms1)(©) = bmr1) (@ O epmrn () = +$[l M1 (4.75a)
ditmr11(0 ) ms11(€) = Cama1y (@ Obpms1)(€) = 1= 2y (4.75b)
, m+1](q lf)dzmﬂ](C) dp, m+1](q 1C)C[z m+1](C) [z m+1]’ (4.75¢)
bm+1)(0 Q) ms1)(C) = apms1) (@ Obpm1 (€) = lm+1 (4.75d)

Combining (4.75a) and (4.75b|) with (4.71]), we obtain

—2f 1) = 1 (0 O mr11(€) = apme1 (@ O dpmsny(€)
— 1) (0 OB 1) (©) + b1 (@ O epmr1 Q) (4.76)
= 261 n+11 (0 O epms1)(€) = 2¢m+11 (@ Obpm1)(€),
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Chapter 4. Reduction relations and extension to infinite volume

from which we get

i i) = Cam+11(4 Obrms11(€) = bams11(4 et m1 (€) (4.77)
Using the above identities, we compute every element of the matrix Z, 4 [m,41,;. We start
with (Zg, A mt1,)1,2:

(Za,Afms1,)1,2
=— {a[l,m-&-l](q_lo+aAC[l,m+1}(q_1C)} Cai;m+11(C)aa ( A m1) ) - (4.78)
+ [b[l,m+1] (') + aAd[l,erl](qilC)} Caft;m+1)(C) (TA i m+1](C)) 1
From the element (2,1) of we obtain the identity

C[l,m—&—l](C)TX’[l’erl](C) = C 1,m+1)(Q)- (4.79)
Then
(Za, A [m+1,)1,2
= — apmin(@ Q) +ancpmin(@ O] wmin(OTH i (©an (Th iy (©)  (4.80)
+ [b[z,mﬂ] (') + aAd[l,m—H](q_lC)} Cltm41)(C)-
From the element (2,1) of we obtain the identity
mt1) (@ Q) ms11(€) = apmi) (@ O epmrn (€)- (4.81)
Then
(Za,Apmr1,0)1,2
= —Cmi1 (¢ C) {a[z,mﬂ](O + aAC[l,m—l—l}(C)} TX[LmH](()aA (T:(’U’mﬂ](g‘))_l (4.82)
+ [b[l,m+1} (') + aAd[z,mH](q*lC)} Cit;m+1](€)-
From the element (1,2) of we obtain the identity
 [am1)(C) + aacms1)(Q)] Ty (Oan (453
= [b[l,m-i-l](o +aady miq (O] Ti[l,mﬂ](é“)- .
Then
(Za,apms1)12 = — sy (a ') [b 1m+1)(C) +aady, m+1](0} +
+ [b[z m1(@C) + aadpminy(a” C)} cm+1)(€) (4.84)
= =2y (Q) —aaz 4y (€),

where we used (4.77) and (4.75¢)) in the last line.
Now we consider (Z, 4 [m+1,))2,2- Using (4.79), we obtain

-1
(Zaafme1,0)22 = = ums1) (@ QOCagm1y(()an (TA,[z,m+1](C))
+ dg 1)@ OCA 11 (Q) (TA,[l,m+l](O)

= —Cll,m+1] (q_lé)cu m—&-l](C)TX[l m.,.l](C)aA (Tz[l,m_i_l}(o)il
+ di 1 (@O men (€)-

-1
(4.85)
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4.3. Right reduction

From the element (2,2) of (4.72)) we obtain the identity

-1
I (1 IR (QL VY (5 FN ()

-1
= djmy1)(C) — T:{,[z,mﬂ] (g~ '¢)g 1 (T:{,[l,mﬂ](o)

Then
(Za,afma1)22 = = 1) (@ O dms1)(Q) + dimn) (@O e me1(€)
) (6 OTS gy (€O 1 (T 1(O)
1
= _37[77m+1} (€) + CA,[l,m+1] (qiloqs[l’mﬂ] (TA [l;m+1] (C))

Finally, we need to calculate the element (Z, 4 (m+1,))1,1

-1

(Za,Afm+1,)1,1
= [a[l,erl](qilC) + aAC) m1) (qflC)} Ca m+1] (€)1 (T+[l mt1) (4 C))
- {a[l,m—i—l] (') + aacpmi (q_lC)] Cai,m+1)(Q)aa (TXU’WH»H (C)>_1
X CA,[z,erl](QC)qS“’m*” (T,I[Lm_t,_l](C))

- {b[l,mﬂ}(q_lé) + aAd[l,m—i-l](q_lC)} Ca,i;m+11(C) (Ti[l,mﬂ](C))_l

1

-1

—1
X Oy f1m41)(4)g 1+ (TZ[l,m+1](<)) :

From the element (2,1) of (4.73) we obtain the identity
[a[l,erl](qilC) +aacy i ((flo} Cai;m+1)(C)
= C[l,m+1] (¢~ C) AL, m+1](QC) Sme+],
Applying it to (4.88)) together with (4.79)), we obtain the following:
~1
(Za,afmiri)in = 1)@ OT g (4001 (Tz[l’m+1] (QQC))
+ [aftms1(a71C) +aacy, mﬂ](q 'O ) (OT sy ()
-1
% a4 (T e (©) Caimen(@Q)a®er (T (©))
- [b[l,m—l—l] (¢7'¢) + aad mi1) (q_lC)] cftm+1)(€)
-1
X C sy (9Q)g™m+ (T, 1 (Q)
Now we apply (4.81) to the last two terms of (4.90)):
(Za, A [m+1,1)1,1 = Cllm+1] (q_lC)T:{[z m41] (g¢) g+ (TZ[l7m+1] (QQC))_
+ Cman (@ 10) [ am+1)(€) + aAC[l,m-&-l](()} T:{,[l,mﬂ](o
-1
x a4 (T4 iy (©)) Camen(@Qa®em (T4, ()
- [b[l,m—l—l] (¢7'¢) + aad mi1) (q_lC)] cftm+1)(€)

-1
X CA,[l,erl}(qqu[l’mH] (T.Z,[l,m—i-l](C)) .

(4.86)

(4.87)

(4.88)

(4.89)

(4.90)

(4.91)
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Chapter 4. Reduction relations and extension to infinite volume

Now we apply (4.83) to the second term of (4.91)):

1
(Za, A fm+1,))1.1 = Cllm1] (q_lC)TX’[LmH] (¢¢)g°tm+1 (TX[l,mH} (QQCD
+ cmay (@ '¢) [b[l,m+1] (€) +aady ;miq] (C)}
—1
X O tm41)(g€) g 1+ (TX,[l,erl](C)) (4.92)
- [b[hm-l—l] (') + aAd[l,m-i—l}(q_lC)} cftm+11(C)

-1
X CA,[l,m+1}(CIC)qS“’m+1 (T;{[l m+1](C>) .

Using (4.75¢)) and (4.77)), we obtain

—1
(Za, A fm+1,))1,1 = Clim1] (q_lC)T,I[z,mH](QC)QSW*” (T;{—,[l,m—&—l] (qzC))

(4.93)
- -1
+ (x[zl,mﬂ] + an[l,erl]) Caflm+1] (qé)qs“””*” (Ti[l,m+1] (C)) .

Finally, we can simplify the first term of (4.93). We make a shift ( — ¢C in (4.73]) and
multiply it by (c[lvmﬂ](q_lg),d[l’mH](q_lC)) from the left. Using (4.75b)) and (4.75c), we

obtain

(ctmsn(@™C) dpman(a™Q)) ( [lmH](c) b“7m+1}(<)> <(1) _?A>

—Cm+1(Q) @y me1(€)
1

X Tl[l,m+1}(q2g)q_s[l,m+l] 0 S .
Caym-+1)(4C) T gy @) 0 1),

= (WTmi(©) 1=y (O) —ana], mﬂ]«)) (4.94)
% T+[l m+1] (¢°¢)q St A[l m+1](q N Stmt11ay
Ca,1,m+1)(gC) Caime(g€)aa + TA7[l7m+1](<)qS“*m“] .
= (epmn(@'0) dpman(a™'Q)) Ty ().
The first component of this identity reads
x[;’m_,’_l](C)Ti[hm_i_l}(q2<)q_3[l,m+1l + (1 - x[zl,m-u](o - aAl'[zm+1] (C)) CA,[l,m—i-l](QC) (4.95)
= Cll;m+1] (q_lg)T;;[l,m+1] (QC)
Plugging (4.95)) into (4.93)) and collecting terms, we obtain
- Smt1) (T+ 24\t
(Zafmsra)11 = i1 () + Ca sy (@Q gm0 (T (620) (4.96)

Combining together (4.84), (4.87)), and (4.96)), we obtain the following expression for the
matrix Z, A [1m41]:

T i) (C) =Ty (Q) —aazy 0 45(C)
Za,A’[LmH} — ( L, 11] [, +1]_ (CU +1] +Da7A7[m+17l], (4.97)
[l m+1] a
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4.3. Right reduction

where we have introduced the matrix

Da,A,[m—‘rl,l}
-1
Coa sy (@) a0 (T (60) 0 (4.98)
71 .
0 Cam1) (g~ 1) g1 (Tz[z,mﬂ](o)

a

Since X{a, A},[k,m] 18 lower-triangular, the final result for the term III is

L= tr, {9[m+l,l] (Uéxﬁ,m+1] (€) +oq (Jjﬁ,mﬂ](o + aALE[zmH](O)) X{“’A}’[k’m}}

4.
* atfal {9[m+1,l] (Da,A,[z,mH]) X{a,A},[k,m}} : (499
Computing the second term of we get
[t {9[m+1,11 (Da,A,[l,m+1]) X{a,A},[k,m]}
=tr {9[m+1,11 <C'A,[l,m+1] (g¢)g°tm+1l (TX[l,mH](qQC))_l)
KT8 (0G5 00(@0) 5T (g5 X ) (4.100)

—1
i {9[m+1,11 (CA,[z,m+1] (g71¢) g m+1 (Ti[z,mﬂ] (C)) )
XY oy (@G @) (g1 0) 2 5m) (g~ Xy ) )

= =V (g¢, @) (X[k,m}) —vipgla ¢ a) (X[k,m]) :

which cancels terms I 4 II in the sum (4.63]).
In order to write the final formula without using the anti-automorphism 0y, 1, we
introduce an additional auxiliary space. We have

tr { T 1.0 () ) (G ) (X )}

1 ~
= tr, {TC,[mH,z](C) [—2050; + ool —asolof X{a,A},[k,m]}
; N (4.101)
= atcrA {H[m—l-l,l] (Tc,[l,m+1] (q_ C)ch[l,m+1] (qC))
1 z z Ve
X {—2%0[5 +ofol - aAUZrUEf] X{a,A},[k,m]}
Using (4.74), we write
Teftoms1)(@ QT iy (4€)
_ (At (@71 bpny1(a71¢) Aim1,(C) =1,y (C)
1,007 a1 ¢) —Cmt1,(C)  pny1y(C) (4.102)

<1+x[zm+1,11(§) i1 (©) )
T Q) 1 =af,0y(Q))
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Chapter 4. Reduction relations and extension to infinite volume

and since

tr
C

<1—|—:B[Zm+1,z}(0 l'im+1,l}(6) ) <—§aj of aAaj)
$[7n+1,l](o 1_$fm+1,l}(0 . .

= 05211y (Q) + 0% (T () + 247,14, (O)
we conclude that
th“ {TC,[erl,l] (C)uc,[k,m] (Cv a) (X[k,m]) }
= 5 (O (037 + 07 (i (O + 217 1)(O) ) Koy o - (4109
=T+ II+4III,

which is exactly (4.63]).

This concludes the proof of the lemma. O

The immediate consequence of [Lemma 4.7|is the regularity of bfk l](C , Q) (X [k’m]). In

the homogeneous case it is regular at ( = 1, and in the inhomogeneous case it is regular at
2= 5327 Jj € [k,l]. For the proof it is enough to consider the most general case with distinct
inhomogeneity parameters.

Lemma 4.8. Let X, ) € Mg,y and assume k < m < 1. Then bi‘k’l](g, a) (X[k’m]) is reqular
at P =2, j=Fk,...,L

Proof. Tt follows fromthat since Te. (41, (C); fik,m)(¢¢, @), and £y, ) (¢1¢, a) are
regular at (2 = ]2-, j=k,... 1, it is enough to show that

d¢? d¢?

&8 e fim) (€ @) m) (G, ) (Xm) r = 28 Vel (G 0) (Xim) eE
Without loss of generality, it is enough to consider the case j = m. All other cases can be
obtained from this one by the iterative application of the operators d,;,_1d;,—2 .. ., defined by
(4.53) with the help of the commutativity of d; with the operators considered in this proof.

It follows from (3.55)) that

(4.105)

e Te. tkym) (€5 @) f[km (€5 ) (X [kym

_ 1 + dg?
= _5 Cr=efsm Tc,[k,m] (Cv a) {0m7q[k,m](€a Ol) <X[k,m]>} 9 (4106)

1

=3 Crzeésm {Uzr, Tk, (C; @) Qfpe ) (€5 @) (X[k,m}ﬂ 2

where in the last line we have used the fact that T, (&m, ) contains the permutation
operator Pc,. Next, writing down qy, ;) (§m, @) explicitly and using (3.17)), we obtain

_ 1 + + 1 =St (251 d¢?

B100) = =5 1 [UC P AT,y g (G ) F A5 (7250 X )} ¢

1 10§ —28 d¢?

e 7 { FeaC oan) (G ) B 3¢50t (g2 X ) | T
(4.107)
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4.3. Right reduction

where in the last line we have used the fact that only the element C 4 1, (¢, ) of the matrix
(3-18) has a pole at ¢ = &,,,. To proceed, we write

et [ —aaCy m) (G o) —aaCy (¢ a)aa
FeaAC 4 1m) (G )0, chA—< Ca o) (C, @) Cat o (G )2 C, (4.108)

which allows us to compute the commutator
[02_7 FC,ACA,[k,m} (C? a)ac_Fc_fﬂ
= Ca o) (G, @)% + 07 (C o from) (G 0)an +2aCa g (G @)

Since CA’[k’m](C,a) and a4 commute under the trace, by plugging (4.109)) into (4.107)), we
obtain

(4.109)

1 o - dg?
(£.107) = — res tr{(a +2a,40, )CA ] (€5 @) ¢Stk (q 2S[k’m]X[k,m]>} Yk
(4.110)
On the other hand, it follows from (4.59b|)) that
d¢?
RAIAED (X[k,m]) e
X e (4.111)
a—Sik m —2S1k.m i
:Cr:egsm (;571;1{(_200 apo, )J T{aA} (k,m] (C, )(; [k,m] (q [k, ]X[k,m}>} <2 ,

since the term 0+0 , coming from Y, . 4, does not contribute to the residue. Taking the trace

over V, in (4.111)), we obtain exactly m That proves the statement of the lemma. [J

Now we can define the creation operators b*((, ) acting on the space W, treating the
homogeneous and inhomogeneous cases separately.

Homogeneous case

For a homogeneous spin chain, [Lemma 4.7| shows a resemblance between the operators

[k l](C, a) and tfk l](C,a). Namely, in bf‘kﬂ (¢, ) iX[k’m])’ k < m < [, the dependence on
I comes only from T ,,,41(¢). Applying we see that the limit [ — oo is well
defined for a homogeneous spin chain. Thus, for an operator ¢2(@t1S(k—1) x k1] € Wat1,5-1,
we can define the operator b* (¢, ) : Wa1,s—1 — Was as

b*(C, a)( (a+1)S(k— I)X[ }> q2aS(k 1) [koo (C, )( ) (4.112)

This definition is consistent with the left reduction property (4.10b)). With this definition,
the operator b*((, @) can be written as a power series

b*((,a) = (*TFP i (¢~ 1)p71 b (), (4.113)
p=1

where the multiplier (2t is introduced for future convenience.
We further define an operator ¢*(¢, &) : Wa—1,s41 +— Wa,s by

c*(¢,a) = =p(b")(C, a). (4.114)
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Chapter 4. Reduction relations and extension to infinite volume

With this definition, the operator ¢*({, «) can be written as a power series
* 2—a—S = 2 p—1 *
H(Ga) =Y (2 -1)" ela), (4.115)
p=1

Like in the case of the operator t*((, ), the modes by (a) and cj(a) enlarge the support of
a quasi-local operator to the right by at most p.

We conclude the discussion of the homogeneous case by presenting the complementary
series for the modes of the fermionic annihilation operators:

b(C,a) = (o8 i (2=1) by, (4.116a)
p=0
c(¢,a) = (1S i (- 1)*” cp. (4.116b)
p=0

They can be derived by setting & = 1, j = k,...,[, in (3.35) and computing the integral

(3.37b) (for explicit calculation, see [58]). The right reduction properties (4.31al), (4.32al)
then lead to (4.116a)) and (4.116b|).

Inhomogeneous case
By exactly the same arguments as for the operator t*(¢, ), we can define

b* (€5, ) (q2(a+1)5(k—1)X[k7j_l]) _ kiifnoo q2aS(k—1)bE‘k’l] (&, ) (X[k,j—1]> : (4.117)

=400

The same is true for the operator c*(§;, o):

(&5, ) <q2(a71)5(k71)X[k7j71]> — lim QQO‘S(k*l)CE},l} (&, ) (X[k,jfl}) . (4.118)

li
k——o0,
=400

These definitions are consistent with the left reduction property (4.10a)), (4.10bf). Since
b7y (& @) (X[k,m]) and cf, (&, ) (X[km]) belong to My, ;j, the limits I — oo in ([E117),
(4.118) are trivial.
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5 Commutation relations

In this chapter, we derive the commutation relations of the fermionic basis operators. The
derivations are based on the Yang-Baxter relations and intertwining properties, discussed in
The chapter is technical and rests on a number of straightforward but lengthy
computations. For the reader’s convenience we collect the main results at the outset.

The operator t*((, «) commutes with itself:

[t*(<17a)7t*(c27a)] =0, (51&)

which is a trivial consequence of the Yang-Baxter equation. It also commutes with all
fermionic operators:

[t*(C1, @), b™(C2, )] = [t7(C1, @), €*(C2, )] = O, (5.1b)
[t*(C1, @), b(C2, )] = [t*(C1, @), €(C2, )] = 0. (5.1¢)

This, together with the fact (4.7)) that t*(¢, «) is of spin s = 0, justifies calling it a bosonic
operator. The annihilation operators anti-commute among themselves:

[b(Ch Oé), b(C27 Od)]_g. = [b(clv Od), C(C27 Oé)]+ = [C(Cb Oé), C(C27 Oé)]+ =0, (52)

and the commutation relations of the annihilation and creation operators involve the function

(¢, @), defined in (3:39):

[b(clv a)? C*(€27 Oé)]+ = [C(Cla Ot), b*(C% O‘)}-ﬁ- =0 (538‘)
[b(Clva)ﬂb*(C27a)]+ = _¢(<2/C1704)7 (53b)
[c(C1y a), €™ (C2, )]+ = ¥(G1/C2, ). (5.3¢)

The commutation relations between the creation operators are not derived in this chapter.
At present, there is no direct algebraic proof. An indirect argument, presented in
nonetheless shows that

[b"(C1, @), b (G, @)1 = [b(C1, @), €7 (G, )4 = [€7(C1, ), €7 (G, )4 = 0. (5-4)

Already the commutation relations between the creation and annihilation operators required
a demanding proof. The methods used in this chapter to derive and apply to (5.4
as well: the only obstacle is the complexity of the intermediate calculations. We hope to fill
this gap in future work.

A final preliminary remark concerns the block structure of the action of the fermionic
basis operators on quasi-local operators. All of the commutation relations discussed above
involve two operators acting on some quasi-local operator. Hence, it is necessary to specify
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Chapter 5. Commutation relations

the target space of this action. Everywhere in this chapter we assume it to be W,_, . For
example, the commutation relations ([5.1b]) explicitly read

[t*(Cb Oé), b*(@, Oé)] =
[t™(C1, ), €7 (G2, )]

t*(C1, @)b™ (G2, @) = b (G2, )7 (Cr,  +1) = 0, (5.5a)
t7(C1, @)™ (G, @) — € (G, )7 (Cr, e = 1) = 0. (5.5b)

The presentation in this chapter closely follows [35], [57]. Throughout this chapter, we
consider the homogeneous spin chain. For the inhomogeneous spin chain, the same commuta-
tion relations hold. In|Section 5.1} we prove the commutation relations ({5.1af). In[Section 5.2

we prove the anti-commutation relations ([5.2). In|Section 5.3, we prove the anti-commutation
relations ([5.3)).

This chapter finishes the discussion of the algebraic part of the fermionic basis construc-
tion. In this work we will not prove that the operators t*(¢, «), b*(¢,a), c¢*((, ), b((, «),
and c(¢, «) form a basis. For a homogeneous spin chain, it was shown in [36].

5.1 Commutation relations between t*((, o) and fermionic operators

5.1.1 Fermionic annihilation operators

In (4.15) we defined the g-difference operator A, with respect to variable ¢ as

Acf(Q) = f(a¢) — f(g'0). (5.6)

In this chapter, the notion of a g-exact form will play an important role. We call an operator
of the form gy ;(¢, ) = Achy (¢, @) a g-exact form if hy, (¢, o) = ca+Sllep[k7”(g2), and
p[k,l](CQ) is a rational function in ¢2 with poles only at (? = ]2-, j € [k,1].

In order to derive the first set of commutation relations of the fermionic basis operators,
we need the following technical lemma.

Lemma 5.1. Let Y 1).c € Mp, ) @ M., where the spectral parameter associated with the space

M, is . Assume that k < m <. Then, for a homogeneous spin chain, the following relation
holds up to q-exact forms in & and modulo terms proportional to (¢ — l)l*m:

Kie (& @) tr {Tc,[mﬂ,l} (€) (Y[k,m],c> }

(5.7)
l-m
% tCI' {TC,[m-‘rl,l] (C)k[k},m}UC(ga O‘) <}/[k,m],c) } mod (C2 - 1)
Proof. Consider
Xy = tr {k[k,l]l_lc(§7 ) Te fmy1,5(C) (Y[km}c)} : (5.8)

Using the definition (3.23b)), we write X[z as

Xkt = ch {0;]1‘?673},0(f/OT?b,B},[k,l] (&, a)fa’Slk,erc o

X (q*ZSlk,zr”ch,[erl,z] (C)Y[k,m],c> }

48



5.1.  Commutation relations between t*((, o) and fermionic operators

-1
The cyclicity of the trace over M. can be used to bring (Lfb B &/¢ )) to the front:
B9 = b, {08 L 3y /O, iy oy (6 )0 Smng=5e
P -1
x (g7 250077 gy (O Vi) €% (L4, .o (6/C)) }

B (5.10)
1 A€ (B 10) 07 Ly 6/ STy g g (6,005
X (q 25w =oeT, [m+11](C)Y[k,m],c) }
Introduce the shorthand notation
Zepp = &% (Lfb B},C(f/C ) +L?'b B} (&/Q)E %q™ (5.11)
= &% (L, 5y (€/0) (oh)a %,
It is easy to check that
tr Zep,p = 207 . (5.12)

According to [Lemma 4.5, modulo (¢ — 1)"=™, the dependence of Te fmt1, (Y[k,m},c) in
(5.10) on ¢ disappears. Introduce the shorthand notation

T fmr1, (Y[k,m],c> =Wpy  mod (¢*—1)"™ (5.13)

Then, denoting by = equalities modulo (¢? — 1)"™™, we have
—m

= i {Zen BTy gy g (6 )60 (00 W) |

bt {200 T, oy g (6 )50 (7250 Wiy ) }

The trace over M, in can be restored, since tr.id. = 2. Thus we obtain
_ +rmt- -S 28
S B {Ub T e (6 €0 (20T iy (Vi ) ) } (5.15)
ke (€, a)t { em+1,1] (€) (Y[km]c)} ;
which is the left-hand side of (5.7)).
To obtain the right-hand side of , we start with the expression (5.9) for Xk, and
apply the Yang-Baxter equation to Ly, gy .(£/¢) and T?b,B},[anl,l] (E)Te frmt1,(€):

(5.14)

X

X = 10, {00 Ly (€O Ty 3y e O Ty 5y g (65 0)
XTC,[m-l-l,l](C)ga Stk ~Se (q 25001~ [k,m], c) }
=t {0 T (OTh by s Ly 5y.0(E/)

c¢,b,B

. . - (5.16)
+ a— —Se (,,— o?
XT{{;,B},[;CM} (& a)g™ ok (q et Y[k ml,e
=tr {Tc,[erl,l] (OKkm)ueupm+1, (65 @) (Y[k,m],c) }
? tcl" {Tc,[m—l—l,l](C)k[k,m]l_lc(ga Oé) (}/[k,m],c> } )
which is the right-hand side of ((5.7). This proves the lemma. ]
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Chapter 5. Commutation relations

Remark. The statement and the proof of do not change if Y}, ;) . is a function of
¢? regular at (2 = 1.

[Cemma 5.1l can be used to derive the first set of commutation relations.

Theorem 5.1. The operators c(¢,a), €(¢,a), b(¢,a), and b(¢,a) commute with t*(¢,a):
[C(f, @), t*(€7 a)] =0, [é(f, @), t*(C7 a)] =0, (5.17)
[b(¢, @), t"(¢,a)] =0, [b(§ @),t"(C,a)] = 0. (5.18)

Proof. The operators €(¢,a) and c(¢, a) are constructed from k(¢, o) according to (3.37a),
(3-37b)). Hence, to show , it is enough to show that a similar commutation relation for
the operator k((, «) is true up to g-exact forms. Namely, taking the right reduction property
into account, it is enough to show that

k(& )t (¢ a+1) (X[k,m]) ~¢ t, (¢ )kp g (€ @) (X[k:,m]> mod (¢* — 1)""™. (5.19)

Setting in (5-7) Yikml.e = Te (¢, @) (qai X[k’m]>, we immediately obtain the left-hand side

of (5.19). Up to g-exact forms in & and modulo terms proportional to (¢? — 1)/~ it is equal
to the right-hand side of (5.7]), which in this case reads

0 { T 41, (Rt (€ ) T m) (G @) (0 Xy ) }
= tr {Tc,[m+1,z] (O Ly 1.0 €/ T 5,8y rm (€, @) €4 homi =5 (5.20)
X (q_%[k'm]_”i Te, b,m) (€, ) g7 X[k,m]) }

Applying the Yang-Baxter equation to Ly, gy (§/¢) and ’]T?b B} k] (§)Tj[k m](C), we obtain
520 = CEI“B {Tc,[k,l} (C, a)O—I;FT{b,B},[hm] (E’ a)é’a—S[k,m]_Sc

XL, g o(€/0) (4720 Xy ) }
= {Tc,[k,l}(C7a)U;T{b,B},[k,m] (&, )& St ((23[’””] X[k,m]) }

G0,

=7 (¢ )k (& o) (X[k,m]) ,

which is the right-hand side of (5.19)).
The operators by, (¢, @) and B[k’l]((, «) are related to ¢((, «) and €(¢, «) via the spin flip

transform (3.47). Applying it to (5.17)), we obtain (5.18]). This completes the proof. O

(5.21)

5.1.2 Fermionic creation operators
Theorem 5.2. The operators b*((, ) and c*({, o) commute with t*((,a):
[b*(§, ), t*(¢,a)] =0, [c"(& ), t"((,a)] =0. (5.22)
Proof. Consider the formula (5.7). It is written up to g-exact form in £. Recovering the
g-exact form and setting Y, ) c = T jm] (¢, @ + 1) (X[k,m}), we obtain
k(& )t (¢ a+1) (X[k,m])

(5.23)
= t,(C, @) (Kpam) (€, 0) + Aevip g (€,0)) (X)) mod (¢2 - 1)
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5.2.  Commutation relations between fermionic annihilation operators

Using the definition of by, (( ,a), we obtain

i (& )t (Ca+1) (X[k,m])
= (g (g€ ) + frg (4716 @) = oy (€ g (€)1 (G + 1) (X )
th

(5.24)
=t (¢ ) (f[k,m] (a€s @) + fpom) (a7 1€ @) =t (€, )i ) (€, @)
+ Vi (g€ ) + vyl o) — 0 (& )V (€ a)) (X[k:,m]> :
From one extracts
(V[k,l] (g€, @) +vp(a ¢ a) — t (& ) Vi (€ a)) (X[k,m]> (5.25)

= tr { Tepms 1.0 (O Ueem) (G @) (Xpem) |-

From the reduction relation (4.58]), the statement of the theorem follows immediately. O

5.2 Commutation relations between fermionic annihilation operators

To obtain the anti-commutation relations of the fermionic annihilation operators, we first
establish the anti-commutation relation of ki, (¢, o) with itself.

Lemma 5.2. The operator ki, (¢, ) satisfies the following anti-commutation relation:

k(G )k[k (G2, a0+ 1) + Kk, z](C2, )k (¢, a+1)

(5.26)
= AC1 [kl] (<17C2) )+AC2 kl] (<2aCla ).
Here, the operator m[k B (C &, ) is defined by
[k l] (C17C2a ) (X[k,l]) = b:Elr { b;—g)(CI/CZ) A k] (C:la ) 573},[&1}@270‘) (5 o7 )
4B 27a
X (C1Go) ™ St (q_45[k’l]X[k,l]) }’
-1 2DB+1a* 2DAa* _ ( UAB)a q B
szZ’E)(C) = 3 <q Ad A 2D 1g* o—2D 4 ) (5'27b)
o -1 0 —q~ 7P aj g Ay b
where ua,p = an_QDAaB.
Proof. The proof of this lemma is based on the RTT-relation
R{a,A},{b,B}(Cl/CQ)T?a’A}’[k’l] (CI)TE,’B}’[M](CZ) (5 28)

= TELI;,BH;C,Z] (CQ)T?Q,AM;C,Z] (<1)R{a,A},{b,B}(<l/<2)7

where the Ry, ay (5 py-matrix is given by (2.41) and the transfer matrix T?a,A},[k,l] ((1) was

defined in (3.18)).

There are some cancellations in the right-hand side of (5.26)). Denote

(1,1) (1,2)
MH +) (MA,B ©) MA,B (C)) ' 5.29
b,A,B (€)= 0 M,(42,]§2;) ©) , ( )
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Chapter 5. Commutation relations

Then ((5.27a)) becomes

f]:rl]—’— (C17C27 ) ( })
_ M} ¥ (G/G) MYD(G/0)
—b}f,B{< 7 Mji << /6 >> Taea € 2)
Ap (G2, @) yo=Sika (=450
8 (CB k(G2 @) Dp kg Cz, ) (G162) (q [ ]X[k’”) (5.30)

= 1 {(MEE (Q/@)T] o (@ 0)As, [m](C a)

+ Mf(xl,ﬁ') (/)T 4y (G @)Ch (G2, )

+ M,(f,}?(@/@)?r:,[k,z]@h@)DB,U@,Z](C% 04))(61(2)0‘_8[’“’” (q_4s[k’l]X[k:,l]) }

Now we plug (5 into the right-hand side of ((5.26)) and observe that the term in
mf,jﬁ)( 1(1,@, ) ( 7}) coming from the element Mﬁ&}é) (¢71¢1/¢2) cancels the one in

fljlﬂ(fl@, (1, @) (X[k,l]) coming from the element MEXZ,,J? (262/Cr):

f;ﬁB {M,Exé (q C2C1> T} A (a” Y, @) Ap g (G, ) (g7 i Go) ™Sk (q_4s[k’”X[k,z]>} _—
= { " 2) <qC2) A [k,l](QCz,Q)DB,[k,z](Cl,G)(Cl q2)* St (q74s[’“’” X[k,l])} :
To see that, we use the identity
R33(C1/C2)D a1 (C1)AB [k, (C2) = Ap 1, (C2)D 4, (C1) R33(C1/C2), (5.32)
coming from the RTT-relation (5.28)), as well as the identity
Ris(G1 /o) M) (q;f> - (%), (5.39)

which can be obtained by straightforward calculations. We then find

-1
A L {Mﬁfé) (q 4241) TH kg (¢ ¢, a)Ap (G, a) (g iG> Sk (q_45““’”X[k,z]>}
—1
= tr {Mzgll,g) <q<2C1> DX[]C’[](CMO‘)qa_g[k’l]v]rg,[k,l](qg%a)q_a+S[k’l]
X (g7 1Go) S0 (=150 Xy ) } (5.34)
an (a0 e D gt
= I{I'B MA,B T DA,[k,l](Cl’ Oé)q ABy[ky”(CQv a)
X (C1<2)Q_S[kvl]q_DB (q_4s[k7l]X[k’l]) }
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5.2.  Commutation relations between fermionic annihilation operators

Now we can use the cyclicity of the trace in order to move ¢~ P5 to the front. Since ¢”5
commutes with M) (. D(C ), it cancels ¢~P5. Then we can continue:

(5.34) = b {333 (C1/¢2)R33(C1/Ga) M <q Cfl) D4 o (S )AL 1y (G2, @)

= t’% {R531(<1/C2)M,&2;§) (qgl) Af B[k (G2, @)D X[k7l](C1,a)R33(C1/C2)
(5.35)

X (C1Ga) ™Stk (q74s[k’” X[k,l]) }
qC1
A7 {MAB (C )TX [kz](QCmQ)D§7[k7z](C1aa)

X (G qGo)™ Stk <q745[k’l]X[k,l}) }7

where we once again used the cyclicity property of the trace and replaced the indices A <+ B
under the trace. Similarly, the term in m[k B (qg‘l, (2, ) ( }) coming from the ele-

ment Mﬁi’é) (q¢1/(2) cancels the one in m[k B ( 1, (1, ) (X[M]) coming from the element
Mé{é)(q_lgé /¢1). Having this in mind, we can write down the right-hand side of ([5.26) as

ACl [k‘ l] (C17 <27 ) + ACQ k l] (CQ? <17 )
= {(MA B (QCl/C2)TX7[k7l] (4C1, a)Ap [ (Coy @) g St

+ MA B ((JC1/C2) Ak (q¢1, @)Cp iy (Co, a)q® Sik

- MA B (g1 /)T k) (q7"C1, @)Cp gy (Co, a)g Stk

B MAB (@7 /Q)TH oy (@ ¢ @)D i (Co a)gq TS

+ MA B ((JC2/C1)T+ e (4C2, @A [y (G, @)g o

T MA B (aGa/C)TY e (062, )C iy (Cr, @)™t

B MAB “G/)T (4 ¢, @)Cp iy (G @) g5

/)T (a7 G @)D gy (G @)g ™0 ) (G Go)*

(q—4S[k,l] X[k,l]) }

(5.36)
(q
- M
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Chapter 5. Commutation relations

We continue by rewriting the terms on the left-hand side of (|5.26)):
Kk, (Cry ) Kp g (G2, 0 + 1) (X[k: l})
a—S _
= tr {UJTE AV ((1, )¢ Y q 25k

a,b,A,B
a+1— _
xoy T}, 0.5}k (G2 + 1), o (q 25tk X[k,l])}

G 3D ot T (5.37)
= % a,b,}:l,B {q B T{a A}, 1](C17 @)
X, 5y, gy (G2 @) (C1G2) 50 (g5 X ) |
N ¢2 2Dp =Sk, ( =4Sk,
=G At,l;; {q Ca, 1, (€1, ¥)C 1) (25 @) (C1C2) : (q : X[k,l])}
where we have used a simple identity qu"g = %O’; . Similarly,
Kk, (G2 @)K g (C1y 0 + 1) (X[k,l])
G
=2 tr {q2DAO'+O'Ij_ ?’ILB},[M](CQ, @)
96z ab.A.B (5.38)
X ap gy (G @) (CaGo)* 5 (g~ 500 X ) |
_ g 2D 4 a=Sik,1) (45K
=G . {q Ca,ky (€2, @)Cp g,y (C1y @) (C1C2) 7k (q : X[k:,l])}-
It is useful to rewrite the last equality in a different form. From ([2.42)), we obtain
R11(¢) = —C*¢*PA Rua(Q)g ">, (5.39)
Then,
o {QQDB R (C1/G)Ch 1y (G2, )Coa gy (1, @)
X R11(C1/G2) (Cigo) > Sima (q_45[k’l]X[k,l])}
= 212 tr {Rl_ll(CI/CZ)QQDA(CB,[k,l} (G2, )C g,y (C15 ) (5.40)
X R11(C1/G2) (C1Go) ™ Stk (q_4s[k’”X[k,z])}
_ %9 E3w).
©)
Hence, we obtain the following expression for the left-hand side of ([5.26)):
Kk, (Crs )k (G2 0 + 1) + kg (G2, @)k (G, 0 + 1)
_ G 2Dp
=G ,HB {q (CA,[k,l] (€1, 0)Ch 1y (C2, ) (5.41)

—Ri{ (C1/G)Ch k(G2 )Coa i (G Oé)R11(C1/C2)) (C1G2) ™ Ste (q74s““’”X[k,l})}‘
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5.2.  Commutation relations between fermionic annihilation operators

This expression can be rewritten with the help of the RTT-relation (5.28]). As a result of a
direct calculation, we have

Cak) (€1, @)C gy (G2, ) — Rﬁl(Cl/@)CB,[k,l] (G2, )C g, (C1, ) R11(C1/C2)

= —RZ41(Ql/Cz)R42(C1/CQ)AA,[k,z](Cl,Oé)(CB,[k,z](Cz,Oé)

+ D (G, @)Cop ey (G2, @) Rz (C1/¢2) Ra1(C1/ )

— Ry (C1/G2) Ras(C1/¢2) Rag (G1/C2)Ap o) (G2, @) Coa iy (C15 @) Rt (C1/G2)

+ Ry (G1/C)Dp 1 (G2, ) Coa i (1 @) Ra1 (1 /C2) (5.42)

+ Ry (G1/¢) (343(41/@)3531(Cl/Cz)R31(C1/C2) - R41(C1/C2))
X Ay [ (G, ) AR k1 (C2y )

— Dy g (1, @)D 1oy (Cos ) Ry (G1/C2)

X (343(C1/C2)R§31(Cl/Cz)Rsl(Cl/CQ) - R41(C1/C2)) .

Now, we have to evaluate every term coming from (5.42)) under the trace of (5.41) and
show that they are equal to terms coming from (/5.36)). This can be done with the help of the
following identity:

RN gy g (G @) = a7 P47 g ay 1y (G @) g e P50 (5.43)

which is a direct consequence of (2.35)). For example, consider the first term in ((5.42)):

_ q%l[}%{ P8 R NG /) Raa(Cu/C) A a ey (Cry @) Co gy (G )
X (G1G2) Stk (q745[k»” XW]) }
— _chl bEB {q2D3R4_41(Cl/CQ)Rzm(Cl/CQ)TJ'A_,[k,l](qcha)qafg[k,l] U;TE»BHM (G2, )
X (G1Ga) S (g5 X ) }
1 tr {q2DBR44 (G1/¢2)Raz (1 /C) T o (aCi, @)ay g Dp+307T+ (G2, @)
qC1 b,A,B ATk, b (6,B},[k]] (5.44)
xS DB =397 (¢ ) Stk (q_4s““’” X[k,l})}
B _gi b,:ElI:B {qDB_QRZ‘ll(Cl/@)R‘*?(Cl/@)qDBTX,[k,Z](QCl, a)q%ag U;TEFI:,B},[k,l] (C2, )
x2S 739 (¢1Gp) Sk (q_45[kvll X[M]) }
- —2/33 {qDB—2RZ41(CI/C2)R42(CI/CQ)QDBTX’UCJ](qcbQ)CB7[I€7Z](C27a)

oS (5 X))
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Chapter 5. Commutation relations

Now we compute

¢ —1

A" Rl (ORe(a"" = o= Ralp(Qa s Ra (a0
- Qé (PATPERTN(C ua,B) Pa,paP @k Pa,gh(qC, uaB) P AT PP PP

= QCQC ¢ PATPERTN(C ua )R, qua,p)gPPai(PAtPEgPE (5.45)
= a1 ¢ PP Cua )P P P

— q2<21_1(1 +Cunp)gPralgPe = 2@1_ 1qDB(1 + qCuap)qPPangPs.

Setting ¢ = (1/(2 in (5.45)) and plugging it in ([5.44]), we obtain

A4 = tr {Mé{é)(QCl/Cz)TZ,[k,q (a¢1, @)Cp g (G2, a)g® o1kt

(5.46)
X (4'162)0_8[&1] (q_4SU€J]X[k7”) }
Treating all the other terms of ([5.42)) similarly, we complete the proof. O
Lemma 5.3. The operator mkl (Cl (2, ) is regular at (¥ = (3.
Proof. Assume the opposite and write
1 _
kl] (1, G a) = _CQ/CQF(ChCz,Oé)(Clﬁz)a Stk (5.47)
1/62

where F((1,(2,a) is a rational function of (7, ¢2. The left-hand side of (5.26) is regular at
(% = ¢*¢2. Plugging (5.47) into the right-hand side of (5.26)), we thus obtain the following
equation for the function F'((1, (2, a)

1
—(q71/¢2)?

which ensures the cancellation of singularities. For a generic «, this equation does not have
solutions rational in (3. Since all functions are analytic in «, the function F((s, (2, o) must
vanish identically. O

(F(Gor oy )g™¥500 + F(gCa, G, 0)g"500) =0, (5.48)

has the following commutation relations as a direct corollary.

Theorem 5.3. The operators c((,«) and €(¢, ) anti-commute with each other:
[C(§7 a),c((,a)h =0, [é({,a),c((, a)]+ =0, [é(& O‘)aé(C7a)]+ =0, (5.49)
as well as the operators b(¢,a) and b((, a):
[b(E ). b(¢,a)l, =0, [B(&a).b(a)] =0, [ba)bGa)| =0. (550

Proof. The anti-commutation relations ((5.49)) follow by integrating (5.26|) according to the
definition (3.37). The anti-commutation relations (5.50)) follow from (5.49)) by the spin-inverse
transformation (3.45|). O
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5.2.  Commutation relations between fermionic annihilation operators

In order to derive the commutation relations between the fermionic annihilation operators,
we first have to consider the commutation relation of ky, (¢, o) with ¢ (k). (¢, ).

Lemma 5.4. The operators ky, (¢, a) and ¢(k) .11 (C, ) satisfy the following anti-commutation
relation:

Kk, (C1y o )¢( )kl](C2704+1)+¢( )[kl(C% )k (¢, a—1)

(5.51)
:AC1 [kl] (C17C27 )+AC2 (CQ)Cla )

Here, the operators m (C & a) and m[k, I (C &, a) are defined as

kl] (ClaCQv )
= N(a—Spg) tr { MR (G /G)TS ey (S )T {_b,B},[k,l](@,Oé)}(Cl/(é)a_g[k’” (5.52a)

+¢)(C1/42,04+Skz1)
kl] (G, ¢a) = - Tk [M] (G, - )k (5.52b)

where Jy g is defined in (3.44). The matriz Mb(jq’,;)((:) is given by

MEEHQ) = i (3¢ + 10f + U)oy ) 475 (559
where Ua p(¢) = ¢aly + apq®”
Proof. Let us denote
(G oy 0) = M) (G o) + (GG 0+ Spg)- (5.54)
Since
~Jpp 0 (C2/Cty —a+ Sy Iy = ¥(C1/Cas a0+ Spyy) (5.55)
and
A (/s o+ Spyp) = Ay (G /oy o+ Spg ), (5.56)

the formula ([5.51)) holds if we replace m[k B ((1,@, «) by m m“C B (Cl,@, Q).
Consider the term

ki) (Cry @) @(K) gy (G2 + 1)

a—S —926 —
:a,b,tfx,B{UcTTELa,AL[k,z](Clv )Gy g TN (0 = Sy ) (5.57)

r— —a—14S
X oy Ty, gy ey (S22 + 1)G - (qzs['“’”X[k,l])}'

Using (3.17) and the commutation relations (2.35), it is easy to see that

2k {a A}k, l](Cv a+ 1) = q —2Da T{_a A} [k, (C, ) (558)

q
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Chapter 5. Commutation relations

Using (5.58)), we write

(b-57) = N(a =S + 1)9 Y {O‘J‘rabq_2DBT{+a,A},[k,z](C1’O‘)T{b,B},[k,l](@’ @)

2 abA B (5.59)
X (C1/C) > Stk (X[k,u)}-
Similarly, the second term on the left-hand side of can be written as
= o(k) e (C25 )k g (G100 — 1)
= N =Spy - 1)2 a,b?ﬁ,B{"; oy 47Ty g (G20 )T ay g (610 ) (5.60)

X (C1/Ca) ™ Stw (X[k,l]>}'
To proceed, we quote two useful formulae of [35]:

{q—Q(DA—DB)_‘TgDBXa7b7A7B(Cl/gg)qag T3y (2 T {0y 1 (Cl)}

St N(a—Sp)
CQ ( [k”—l)abAB

a,b,A,B

{q_UEDB_lYB,A(Cz/Q) Xap,a,8(C1/G)q"" (5.61)

X T, 5y, 1) () T, A (Cl)}
and

tr {@PAPRIRDAX 4 5(G /) TPAT, a1 (€O Ty e (G2}

a,b,A,B
G N(a—Spy) .
Cl (Oé S[k 1) + 1) a,b,A,B

{qUIfDA_1YAVB(<1/C2)Xa,b,A,B(<1/CQ)q_UgDA (5‘62)

T{a A}[k,1] ()T {b B}k, l]
where Y4 () is given by (2.44). We apply (5.62) to ) for Xopa,8(C/¢%)=0l0,

(659 = N(a = Spi) a’bgg’B{q”iDA—lYA,B@l/cz)a;ab P PATE, e (S @)

. (5.63)

< T4, By ry (620 @) ( })} (C1/G)" k0.

Similarly, applying (5.61)) to (5.60)), we obtain
(£-60) = N(a = Sp) tx B{q—UfLDB—lyB, 4(G2/G)og oy a7 PP Ty, gy oy (Coo )

e . (5.64)

Ty, (S @) (X[k:,l})} (G1/G) ™ mn.

ow let us work with the right-hand side of (5.51)). Using trivial identities
Now 1 k with th ht-hand side of (5.51). U 1id

A {vaBvAT:,[k,l] (¢ )T, gy 1y (G a)qi(a_s““”)} .
5.65

_ +(%07-D F(io7—D NR— _
= a,gr,B {q (2 b B)YE;,B,AQ (2 b B)Ta TA,[kJ}(Cl’ a>T{b,B},[k,l]<C27a)} ,
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5.2.  Commutation relations between fermionic annihilation operators

where 7 = $(1 £ 07), and

T PPUA ()PP = ¢*UAB(C), (5.66)
we obtain
ACl [k‘ l] (Cla C27 )
= N(a - S[kJ]) b Eer{Mb(jq:_B) (QCI/@)T:’[]CJ] <QC17 Q)T{_b,B},[k;,l](gQ’ a)qa_s[k’l] (5.67)

R AC CQ)TZ[k,l](q_ICbO‘)TEb,B},[k,z](CZ»a) _a+Skl]}(Cl/<2)‘“ S,

Let us work with each term separately. Using (5.53|) and -, we obtain

tr { bA (QCl/Cz) ey (€, a)T {bg},[k,l](@,a)}

b,A,B

, (5.68)
1) —
_btArB{MbAB(Cl/CQ) A (G )T{b,B},[k,z](@vO‘)}
where
1
My} 5(0)
1 102_Dp oZD <1 2,2 z —> —o7 D Loz4D }
e — 2% Ba% A [ — +1 +U p A 2% B
21 {q q 5@ ¢+ Yog +Uap(eC)ay |4 q (5.60)
2,2
— (J'ZDA q C + 1 z 1 _ —O'ZDA
v (2((1262 RO UaB(Qay Ja T2
Similarly, the second term of (5.67) can be written as
(), — _
ML G )T g (0716 )Ty g ()}
, (5.70)
_ ( —
= bgrB{MbA B(C1/G@)Ty [k,l](<1’a)T{b,B},[k,l] (G2, O‘)}
where
—2,2
N(z) _ O'ZDA q C + 1 z 1 _ 7O'ZDA

Hence, plugging (5.68)) and (5.70)) into (5.67) and using (5.63) and (5.64]), we obtain the

following identity to be proved:

y {ngDAX%b,A,B(Cl/ )T P, ay g (G )T,y oy (€2 a)}

a,b,A,B
(5.72)
—02Dp Yy 0F D e
= _a,bFﬁ,B{q @7 Xap,a,8(C1/C2)q7 BT{b,B},[k,l](@’Q)T{Z,A},[k,l](ﬁ,a)},
where
- (2¢%%a +1 1 -
X = Y + _ z 2z .
abAB(C) =Ya (o oy — o <2(C2q2o§ —1)% + g - Uan(Q)ay | (5.73a)
Xaba Q) =Y Al otay
el 1 4 (5.73b)
o (2(C_2q_2"5 — 1)% + 2 1UB7A(§ Yo |.
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To prove ((5.72)), we use the intertwining property (2.44)). It is sufficient to show

f{_a%A}’{b’B}(CI/CQ)U (ya,b,A,B(Cl/CQD Fla,A},16,8}(C1/C2)
= —Xapa,8(C1/C) + (Nog + (x)oy -

The last two terms are irrelevant under the trace due to the lower-triangular structure of
TZ,[k,l] (¢, @) and the upper-triangular structure of ’]TZ’[M](C, «). Let us denote the elements

(5.74)

of the inverse quasi-intertwiner JF {a 1 A}, {b, B}(C ) as

Gii Gi2 0 0
0 G O 0

{a,4}.46,5) (¢) G31 G32 G33 Gz (5.75)
0 G 0 Gu
and the elements of the matrix X,; 4 5 as
X110 0 0
[ X2 X2 Xoz O
0 0 Xis Xu),,
Similarly, we denote
X1 0 X3 0
- | 0 X Xoz X
XapapO=1| 5 ¢ X 0 : (5.77)
0 0 0 Xuf,,

Since we neglect the terms proportional to o, and U;_ , (5.74]) consists of nine identities to
prove. As an example, consider the (1, 1)-element of ([5.74)). We have to show that

Gr1o(X11)Fi1 + Gr1o(X13)Fa1 + G120(X23) F31 = — X131, (5.78)

where, due to ([2.47)),
G = F' Gio = —Fi FiaFas'

2,2 2,2
- o\ q ¢ +1 > o\ q-¢ 1v—1
o(X1)= 2P 1) o(X13) = 221 (1 —C YA,B(C)) ay, (5.79)
2,2 2,2
v ¢+ ¢ +1
T =gy T e )
Hence, using (2.45)), we can rewrite (5.78)) as
—(1= ¢ p(¢)aa =Y p(Q)(1 = ¢Yan(C))aal™, (5.80)
which is a trivial identity. All other elements of (5.74) can be treated similarly. Thus,
is proven. O

yields the following commutation relations.
Theorem 5.4. The operators c(,a) and €((, ) anti-commute with b(¢, ) and b((, a):
[C(Cla Oé), b(<27 Oé)]+ =0, [E(Cl’ O‘)ag(CQa Oé)]+ =0, (581&)
[€(C1,a),b(C, )]+ =0,  [e(G, @), b(C2, )]+ = 0. (5.81b)
Proof. The anti-commutation relations (5.81) follow by integrating (5.51)) according to defi-

nitions ([3.37) and (3.47)). O
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5.3. Commutation relations between fermionic creation and annihilation operators

5.3 Commutation relations between fermionic creation and annihila-
tion operators

In this section, we derive the anti-commutation relations between the fermionic creation and
annihilation operators. These derivations are more involved and considerably lengthier than
those of [Section 5.1] and [Section 5.2; for this reason we present the proofs in abbreviated
form. The interested reader should have no difficulty in supplying the omitted steps.

First, we derive the anti-commutation relation between f};, (¢, o) and ky (€, ).

Lemma 5.5. Up to a q-evact form in §, the operators ky (¢, ) and £, (¢, o) satisfy the
following anti-commutation relation:

£, (G )k (G, + 1) + kg g (Cos @) g (G +1) = m[k J (¢, G, ), (5.82)

where the operator m (Cl, (o, ) is given in ((5.27)).

Proof. It is enough to prove the statement of the lemma in the inhomogeneous case with all
§; distinct. Denote the difference of left- and right-hand sides of (5.82)) as x| ;(¢1, 2, @). In
view of the statement ((5.82)) is equivalent to the vanishing of the integrals

d¢?

Yk (G, a5T) = el X[ (C1, G2, @) (5.83)
r

for two contours I': one going around the inhomogeneity (3 = 52 and the other one gomg
around the shlfted inhomogeneity parameters (5 = qﬂ§2 Con51der Aglx[w](gl,@, a). I
follows from ) that

A Er (G o) = ki (G @) — Ty (Cry @) = ey (91, @) — ey (071, ). (5.84)

It follows from that ¢ (C1, @) and € (1, @) anti-commute with ky (¢2, @) up
to g-exact forms in (5. Therefore, from we obtain

A X (€1, Go, ) Aca H H(CQ,Q, ). (5.85)
Thus,
5 )
Aq Y (G, aT) Aclj{ a2 Xkl (C1, G2, ]{ 2 Ag,m kg (C2:¢,a) =0. (5.86)
2
It follows from ([5.86) that y[i (1, ;') = 0 and, therefore, x, ;(C1, (2, @) ’C: 0. O
2

Corollary. Up to a g-evact form in §, the operators ¢(k) (¢, ) and fiy, (¢, ) satisfy the
following anti-commutation relation:

£ (G )00y 0+ 1)+ 692, ey (Grr 0 = 1) = i3 (o), (5:87)

where the operator mkl (Cl (2, @) is given in ((5.52a)).

Now we are ready to derive the anti-commutation relation between the operators b*({, «)
and c((, ).
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Chapter 5. Commutation relations

Theorem 5.5. The operators b*((, «) and c((, «) anti-commute with each other:

[b*(C1, @), (G2, )] =0, (5.88)
as well as the operators c¢*(¢,a) and b((, a):

[c*(C1, @), b(¢2, )], = 0. (5.89)

Proof. Let kK < m < [. It follows from |[Lemma 4.7] and [Lemma 5.1| that

ki) (G2, )bpy (G + 1) (X[k,m])
= Ky (G2, @) tr {TC,[m-i-l,l] (C1)&e,[km) (C1, 0 + 1) (X[k,m])} (5.90)

z {Tc,[erl,l](Cl)k[k,m}l_lc(C% ) 8e[k;m) (C1, 0 + 1) (X[k,m])} mod (¢f — 1)~

Thus, up to g-exact forms in (3, the following relation holds

(k[k,l] (G2, )bj (G, + 1) 4+ by (Cry @)k g (G, 0 + 1)) (X[k,m])

40 { T (G) e (G, ()} mod (¢ = 1),

(5.91)

where

Xc,[k,m] (Cl s CQ)

(5.92)
= (Kgt e (G2 ) ] (Gt @ F 1) + B ) (Gt Ky (G20 @+ 1)) (Kiimy)

For the proof of the theorem, it is enough to show that X 1 2: 0.
2

The operator g ;m](C1, ) is given by (4.59a)). Using the anti-commutation relations
(5.82)), together with the identity

K mje(€2: ) o fm) (G @+ Dy (G104 1) (X))

(5.93)
= T fjym) (€15 @)K (C25 ) g ) (G, 0 + 1) (X[k,m]) :

which is a direct consequence of the Yang-Baxter relation, we write ([5.92)) as
1 1 _
X (k,m) (€15 C2) = <2m$’:])(QC17 Co,0) + §mflj’,’;})(q Y, ¢, a)

- Te,[k,m]mflj:;:}) (Cl? <27 CY) + uc,[k,m] (Cla a)k[k,m] (C27 o+ 1) (594)

+ Kig,m) (25 @)U ) (C1y 0 + 1)) (X[k,m]) :

Performing similar calculations as in the proofs of |Lemma 5.2| and |Lemma 5.4 we rewrite
the first four terms of (5.94)) as

Xc(}[]z;’m] (gl’ CQ) = a,b?ﬁ,B{Wé’lb)’c’A’B (C1/<2)T?a,A},[k,m] (Cl’ a)Tz_b,B},[k,m] (CQ’ a)

(5.95)
< (G162) St (g X )
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5.3. Commutation relations between fermionic creation and annihilation operators

where
W R Sl S S St S RO
abean(C)= 5 (qQCQ — 7 + e ) My 4 5 (C) (5.96)
- c;,,}lPa,CMb(;’,E)(C)Fa,A + o ¢ HPPPTY
where Y, . 4 is given by . The last term of can be written as
X (€1 2) = a,b?ﬁ,B{Wfb),c,A,B(Cl/ )T, 3y k) (62 T, Ay, i) (G @) o)
5.97

X ((1¢2)® St (q"‘s““m] X[k,m])},
Where W( b) cA 5(C1/¢2) can be computed with the help of the anti-automorphism 6, defined
in , in order to change the order of multiplication:

¢
(1=¢2)A =g?¢2)(1—q72¢?) (5.98)

X 0. ( B} (¢ ¢ ) Yaend” 20, ( By (<—1)>)q2DA+o§.

Applying (2.39) to W bcA B(Cl/Cg) and W bcA 5(C1/C2), we obtain after a lengthy calcula-

tion

R{a,A},{b,B}(C)Wé,lb),c,A,B(C)R{_al,A},{b,B}(C) = _Wfb),c,A,B(o

-1
n qgg(DA+gg/2) (Sa,c,A,B(q ¢) 0 > q‘”f(DA""Ugﬂ) + (x)o, + (*)0-177

W s =~

(5.99)
0 _Sa7c,A,B (QC)

where (%) denotes terms that are irrelevant under the trace and
1 1 oD N
Sa,e,n,B(C) = 11 [2053*3 (qu Wp=lay ot (C + ¢ 2PB 1a% aA))
O'+O'+ (C (q—QDB _ 4-—2) a*BaA - q2D3+1 + (q + q—l)/2) (5100)

+ z —2D -2 * ocZ4+2D
+UcaaC(q B —( )aB a 4,

q

Thus we obtain

X frm)(C15C2) = Ag, grB{Sa,c,A,B(Cl/g2)Tg’[k’m] (G2 )T, Ay o (G0 @)
A (5.101)
X (G12) St (g4 Xy ) } 0,

which proves (5.88)). The anti-commutation relation (5.89) follows from ([5.88)) by the appli-
cation of the spin inverse transformation (3.45). O

Theorem 5.6. The operator b*((1, a) anti-commutes with b((a, &) and b((2, a) in the following
way:

[b*(C1, @), b(C2, )]y = =9 (C1/C, 0 +5), (5.102a)
[6°(C1,@).B(Ga. )] = (1) (/o + ). (5.102b)
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Chapter 5. Commutation relations

A similar set of anti-commutation relations can be written for the operator ¢*((, «):

(€™ (1, ), (s )] =¥ (G2/Cr,a +8), (5.103a)
[c*(C1,@),€(C2, )], = —t7(C1, —) ¥ (¢2/Cr,a +S). (5.103b)

Proof. We begin with (5.102af). Let k& < m < [. Using the reasoning of [Theorem 5.5 we
obtain the following relation

((Zs(k)[k,l](@a a)bjy, (G, = 1) + by (¢, @) o (k) (G2, a0 + 1)) (X[k,m])

5.104
z tcf{ e 1,1 (€1 X, m](Cva?)} mod (¢7 —1)""™, ( )

where
X ey (€15 C2)

= (¢(k)[k,m]l_lc(<27 Q) &e, lfe;m] (€15 & = 1) + e (j.m) (€15 @) (k) [ ) (G2, ¢ +- 1)) (X[k:,m]) :
(5.105)

Using (5.87)), we rewrite (5.105]) as
1 1 0,
Xe ) (C1, G2) = < [km] (gCr,Cor ) + 2mf;:,’n])(q ¢, G )
= T oy (G115 G2 @) + g o) (G, @) A (K) oy (Gor @+ 1) (5.106)

+ (b(k)[k,m} (427 a)“c,[k,m] (Cb o — 1)) (X[k,m}) .

The operator m (Cl (2, ) is given by ([5.52a)) and consists of two terms. We can, therefore,
separate X’ o esm] ((1, (2) into two terms as well:

XC/,[k»m] (€1, ¢) = X:j[r]lfm] (C1,C2) + X [k m] (C1,¢2)- (5.107)

The term Xs ne 1y (C1,C2) i

Slﬁgm] (C1,¢2) = ! (¢(QC1/C2, o+ Spgm) + V(a1 /G, 0+ Spgm))

(5.108)
— 2T ¢ e,y (C1, @)Y (C1 /G2y 0 + S[k,m])) (X[k,m]>
From (3.37b)) and (3.47) it follows that
b[k m] LIc(Cv ) (X[k:,m})
g2 5.109
Ml U/ s 1) (D006, 0) + 60 mela™6. ) (X))

where the contour I' goes around all inhomogeneities, as well as the point ¢%2. Plugging

(5.109) into (5.102al), using (5.104) with Xsmg (Cl, (2) in the right-hand side, we obtain the
statement (5.102a)) of the theorem, as long as

rTi my (G5 CQ) (5.110)
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5.3. Commutation relations between fermionic creation and annihilation operators

Let us prove (5.110). Performing similar calculations as in the proofs of and

after some calculations we write it as
X1k (G, G2)

. i
- a’bg,B{N(a = Sk e a5/ 4y om0 T 5y g (G2 @)

(5.111)
(2
+ N(a = Spm) — 1)Wé,b),c,A,B(Cl/@)TELb,B},[k,m] (G2, )T, 4y o (S5 0‘)}
X ((1/ ) Sthml (X[k;,m]) ;
where
(1) BN RSl S Gk S I, TCo
Wapean(€) =3 <q2C2 —qTa T 2Z_1° M 4.5(©) (5.112)
— F h Pa M (OFan + 0y a7 PAYa5(0)q P4 Yo
and
7o) ¢
Wa c C = — — -
S A e T ) (5.113)
x 0, (—CilL{_byBLC(qilgil)o'b_ya,c,Aqigg‘90 (L{—b7B}7C(€71)>> q72DAioé'
In (5.112)) we introduced the modification of Mé;’;(( )
M) = %@qﬂfm (0 + Uap(Q)ay ) g7, (5.114)

which differs from the original operator M, b(tl;) (¢) by a g-exact form. Under the trace ([5.111]),
the expression ((5.113)) for the operator Wa(Qb) «4.p(C) can be changed into

=(2) N(Q—Sk,m)
Wa,bx:,A,B(C) = N( [ ]

- al q—aéDB-I—QYBjIlLX(C)(CqQ(DA—DB)'i'l)quDB Wéi),c,A,B(C%
@ —Spgm — 1)

(5.115)

where we have used (/5.61]).
Now we can apply the quasi-intertwiner (2.44]) to Wélb) CAB (¢). After a straightforward,
but lengthy calculation, we obtain

g 7 Pro (]:{a,A},{b,B}(C) (q_UgDAWé,lb),c,A,B(qugDA) f{;}A},{b,B}(O) q7D®

— ’
- _WN/((IQZCAB () + q7F(Datoif2) Sae.n,8(4€) / 0 ) geiare (5.116)
T 0 - a,c,A,B(q C) b
+ (%o, + (*)ay
where
/ 1 —o0ZDp 1 —oZ42y—1 Z 2z 3y —1 z _—
Sa,c,A,B(C) = 1— Czq e _5 (q - QCQ @ YB,A) 0,0, — (¢ YB,A(C)aBaagc

—c%ﬂl—C*Haixcna«ﬁai4—§q*<(f¢——mfygh«o)ajai (5.117)

1 _ _ R
4507 (4 ) = 22 4(0) oo |ion.
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Chapter 5. Commutation relations

Similarly to the proof of [Theorem 5.5 the diagonal matrix in (5.116|) under the trace (|5.111))

gives a g-exact form.

The anti-commutation relations ([5.103a}) follow from (5.102af) by the application of the
spin inverse transformation (3.45)). The anti-commutation relations (5.103b]) and ([5.102b))
follow from ([5.103a)) and .

This proves the statement of the theorem. ]

5.4 Commutation relations between fermionic creation operators

The fermionic creation operators are expected to satisfy the anti-commutation relations

[b"(C1, @), b™ (G2, @)1 = [b7(C1, @), €7 (Cy )4 = [€7(Cr, ), €¥ (G2, )] = 0. (5.118)

As mentioned, a direct algebraic proof of these relations is not yet available. In the next
chapter we present a weaker form of these relations, which is sufficient for our purposes.
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6 Correlation functions and fermionic ba-
S1S

In this chapter, we introduce the Matsubara direction and define the generalized partition
function Z", which yields expectation values of the fermionic basis operators. The main re-
sults of this chapter are[T'heorem 6.1|and [Theorem 6.2}, which can be written in a determinant
form .

In we introduce the Matsubara direction and define the Matsubara twisted
transfer matrix T (¢, k) and the Matsubara Qwn(C, k)-operator. Using the spectral prop-
erties of the Bethe vectors in the Matsubara direction, we define the generalized partition
function Z" of a quasi-local operator (6.17). In |[Section 6.2} we compute the expectation
value of the bosonic operator t*((, «). In [Section 6.3, we introduce an important technical
tool of the deformed Abelian integrals. We formulate three lemmas, which are needed for
the computation of the correlation functions of the fermionic operators. This is done in
fion 6.4. In this section we introduce the function w(¢, &; k, ), establish its properties ,
6.96), (6.97), and then determine it explicitly . In addition to this chapter, we provide

Appendix B], which contains a technical proof of
The presentation of this chapter is based on [37].

6.1 The Matsubara direction and the correlation functions

In the previous chapters, we discussed the properties of the six-vertex model in the Space
direction. As discussed in in order to define the generalized partition function,
we also have to consider the Matsubara direction. Quite generally, the Matsubara space hng
is an n-site chain, with sites labelled by boldface indices m = 1,...,n, and is defined as

by = C*1l @ . @ €20t (6.1)

with arbitrary spins sy, and inhomogeneity parameters 1y, associated with each component
of the tensor product. Choosing specific spins and inhomogeneity parameters, one can realize
physically different models in the scaling limit. In what follows, we will be interested in the
CFT limit of the six-vertex model, for which all spins in the Matsubara direction should be
taken to be equal to sy = 1/2 [15]. Having this in mind and in order to avoid discussing
even more complicated topics of the representations of quantum groups, in the present work
we restrict ourselves to the case

bv = ) C*. (6.2)
m=1

We can define the twisted transfer matrices in the Matsubara direction similarly to
fer 3. In the Matsubara direction, we will not need the adjoint action of the transfer matrices.
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Chapter 6. Correlation functions and fermionic basis

Hence, the normalization factors r1(¢) and ry(() entering the expressions (2.23a]) and (2.25al)

become important. We make a slight change of normalization of INLaJ (¢) and introduce f/a,j(( )
as

- 7?2 =

La,j(C) = Wi_ll;a,j(o- (6.3)

Then we define the Matsubara monodromy matrix as a product of renormalized L-operators

Tian(Q) = Lin(¢/ma) Lin1(C/a 1) .. Lia(C/m). (6.4)

The Matsubara twisted transfer matrix Thg((, k) is defined as the trace of the Matsubara
monodromy matrix over the space Vj:

Taa(C. %) = tr (Tyu(C.1), (6.5
Tim(Cor) = Tim(C)g™ . (6.5b)

We denote the eigenvalues of the Matsubara twisted transfer matrix by A((, ). Here and for
later use, we set

Ty =Tem - Tom,  Tim = Tjm(1). (6.6)

Note that in the Matsubara monodromy matrices 7 v are multiplied from left to right
in the Space direction.

We define the Matsubara ()-operator by considering first the monodromy matrix con-
structed from the operators ZZJ.(Q ):

Tia(Q) = LEn(¢/m) Ly (¢/m) - LE, (C/7), (6.7)

and then taking the trace of it
Qua(Gm) = ¢ M {T (G R} (6.82)
Tip(Co ) = Thpg (O™ P4 (6.8b)

The prefactor in (6.8a]) is the same as in (3.13)), with Sy acting as the spin operator on the
Matsubara chain. The Qy,-operator is defined by

QR&(C? ’{) = JMQK/I(C? _5)7 (6'9)

where Jnp is the operator of spin reversal defined in (3.44)) acting on the Matsubara chain.
The twisted Matsubara transfer matrix satisfies the spin symmetry property

TM((» _H) = JMTM(Cv H)v (610)
which implies that the spectra of T ((, k) and T (¢, —k) coincide:
A((, k) = A(C, —kK). (6.11)

The operators T (¢, k) and Qf/[(g“,ka) satisfy the Baxter T'Q-relation similar to (3.26)).
Taking the normalization factors into account, we can write it as

T (¢, 5)Qpa (¢ ) = d(Q)@ni (¢, k) + a(Q)Qpp(g "¢, k), (6.12)
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6.1. The Matsubara direction and the correlation functions

where

PRy H 7"2 (¢71¢/mm) <q2§2 B 1) _ ﬁ <q2§2 B 1>7 (6.13a)

(¢/mm)r2(¢/Tm) \ T,

m m=1 m
1 rz<q</rm> AN
1= nll_:I1 r2(q7'¢/Tm) ( T 1) - nll_:[l ( 2 1) : (6.13b)

In deriving , , we used the functional relations . Both sides of the equation
are polynomials in CQ Which is why we excluded the transcendental normalization
factor from the definitions ) and (6.8) of Tnm(¢, k) and Qii(C, k).

The Matsubara dlrectlon allows us to define the generalized partition function Z* for
operators O € W, 9. We will relax this condition when we study the scaling limit, but for
now we consider quasi-local operators of spin zero. We consider the spin chain of the length
2L in the Space direction with the number of sites running from —L + 1 to L. Then for a
quasi-local operator 25O the generalized partition function Z* is defined as

trv tr_p41,1) {T[iLJrl 1, Mq2(nS[—L+1,L]+O<S[_L+1,o])(’)}

A {q2aS(0)(’)} = lim

(6.14)
l—=00 trm tr[_LH,L] {T[ L+1,0),MY4

2(kS[— 41,01 S Ly, 0])}

This is a standard way of defining a partition function that goes back to the works [2] of
R. J. Baxter on six- and eight-vertex models. The word “generalized” here refers to the
introduction of two parameters £ and «. In terms of the equivalent six-vertex model, the
functional is given by the following partition function on the infinite cylinder, whose
graphic representation is depicted in Figure 6.1.

\}i\}i\ \\l\\l\\l\\l\ 3 \§f | _
L))

Figure 6.1: Graphic representation of the partition function (6.14)). The dashed cut represents
insertion of an operator O.

|0
I
I
I
I
1
| ¢
| ¢
2

im % _ q(a+li)o'z ){( _ qf{a'z

Suppose that the transfer matrix Th(1, <) has a unique eigenvector |k) such that the
corresponding eigenvalue A(1, ) has the maximal absolute value. Similarly, let (k + «| be
the eigenvector of Ty (1, k + «) with the eigenvalue A(1, kK + a) possessing the same property.
We denote by Q* (¢, k) and QT (¢, k + ) the eigenvalues of Qf/[—operators on the same
highest weight vectors |k) and |k + «), respectively. Suppose additionally that

(k + a|k) # 0. (6.15)

Then, by considering in (6.14]) separately the trace over the interval [—I + 1,0] and over [1,1],
we can rewrite the partition function Z* in the reduced form

(k4 a|tr_poq 1 T g2 -rrrateS-) O L k)
gk {anS(O)O} — lim | [ +1,]{ [—i+1,],M } (6.16)

Froo <’€+a‘tr[fl+l,l]{ SRR ¢ A ”””)} )
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Chapter 6. Correlation functions and fermionic basis

For any given quasi-local operator we can proceed further. Indeed, if the support ¢**° 0o =
2esk=1) x [k,m] 13 contained in the interval [k, m] in the Space direction, then

K {q2a5(k—l)X[k’m}}

i (K +altr_p {TFHLZ]’MQQ(HSHH,Z]+aS[71+1,k71])X[hm]} |
= lim

S st al g { T g TS0 ) (6.17)

{5+ @ 00 ) { Ty @50 X g } |5
AL, )k (k + alk) ’

= p(1; K, )"

where we have introduced the function

p(Cik,a) = W (6.18)

In what follows, the function p((;k, ) will play a very important role.

6.2 Correlation functions of the bosonic operator t*((, «)

Theorem 6.1. The generalized partition function of the bosonic creation operator t*((, «) is
given by

2546 (¢,0) (¢500) } = 2p(¢i 5, 0) 2 {500}, (6.19)
where the function p(C; Kk, ) is defined in (6.18]).
Proof. We use the left reduction of t*(¢, ) from
* 2aS(k—1 _ 2aS8(k-1) 1 *
6(Ga) (DX ) = 50 lim 6, (G ) (Xpm) (6.20)

where the limit  — oo is understood as the formal power series (#.50]) in ¢? — 1. This can be
generalized: consider a 2 x 2 matrix K with a non-zero trace. Then the following object

2K tr {KaTa,[k,z} (¢, a) (X[k,m})} (6.21)

tfk,t}((»a;K) = tr

satisfies the reduction property such that
t. (¢ o K) =t n(¢,a)  mod (¢* = 1)!7™ (6.22)

Without loss of generality, let the operator O = X{ ,,,) be localized on the interval [1,m].

Then, inserting (6.20)) into (6.17]), we obtain

7k {t*((,a) (qQaS(O)X[Lm])}

s +altrpgae {T[LZ],MC]%S“*” To (¢ @) (X[Lm})} %) (6.23)
= lim .
=500 A1, k)HK + alk)

To proceed, let us consider ((6.21]) for

Ko = Ton(¢)q™. (6.24)

70



6.3. Deformed Abelian integrals

Since |) is an eigenstate of try, {7y M (¢)g"° } with the eigenvalue A((, k), we obtain

(K +al [1%"(1 {T[l,l],Mq2HS[1’l]Ta,[l,l] (¢ @) (X[l,m])} %)

2

- A(C,m)<'€+a|[15? { 1M T, M (O g™ T 1 (€, @) (X[Lm])}\,@ (6.25)

mod (¢2 — 1)1~

The right-hand side of (6.25) can be further simplified using the Yang-Baxter equation and
the cyclicity property of the trace:

(k+af [1%, {Tu nM@ 0T, M (O™ T 1 (€, ) (X[l,m]>} |%)

A(C, k)
2

- A(C? Ii) <H * a| [11,:5‘,(1 {T[l,l],MTa,M(C)Tm[L” (C)qZHS (4 (K—HX)U (X[Lm})} |/€>
2 z

= AC) (k +a [ltﬁa {Ta,[u] (€) (Ta,M(g)q(n+a)aaT[LlLqunS[l,z] X[l,m})} 1K) (6.26)
2

= A(C? H) <’£ + a‘ [11%‘& {Ta,M(C)q(n+a)géCT[LlLMq2HS[1,l] X[l,m}} |,€>

=2p(¢; Ky ) (K + of [1tl]}r {T[l 1, M S, X[Lm]} |K).

Substituting (6.26]) into (6.23]), we obtain the statement of the theorem. O

6.3 Deformed Abelian integrals

To proceed, we need to introduce a technical tool that will allow us to derive properties of
the expectation values of the fermionic operators and, ultimately, compute them. Introduce
the function ¢(() as the solution of the equation

a(qQ)¢(q¢) = d(¢)¢(Q)- (6.27)

Up to multiplication by a g-periodic function, the solution of this equation is elementary:

1 1 1_“[ 1
d(Q)a(¢) — d(Q)d(qg)  u2y (/= D(¢*C/mh — 1)

(6.28)

Additionally, we define the following integration contours:
« the contour I' encircles (? = 1 in the (*-plane;
« the contour I'y encircles ¢? = 0 in the ¢?-plane;
-2

e the contours I'y, encircle ¢? = 72, and ¢2 = ¢~ 272, in the (>-plane.

All the contours above are oriented in the counter-clockwise direction. The integrals of the
form

f OQT(C ki + a)QH(C, m)p(C) (6.29)
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Chapter 6. Correlation functions and fermionic basis

for m = 0,...,n are called deformed Abelian integrals. In we additionally assume
that (T2 f*(¢) are polynomials in ¢?, which ensures that the integrands are single-valued
functions.

We formulate a set of technical lemmas involving the deformed Abelian integrals In
these lemmas, we will be dealing with the inverse A~! of g-difference operator (4 . If the
function f(¢) has the form

f(¢) = ¢* x (polynomial in ¢?) (6.30)

and if ¢?("*tY) =£ 1 for all integers n, then AEI f(¢) is defined uniquely.
The following identities follow by applying the Baxter T'Q-relation (6.12) and shifting
integration contours.

Lemma 6.1. Let (T f*(¢) be a polynomial in (2. Then, for m = 0,...,n we have

2
§ o (BCRIAT 4 0) = Ak + AT F40)) QT (¢ ke + )@ (Cr)elC)
I'm

ac? (6.31a)
= f Ff*(()a(C)QJF(C,Ha)Qi(q—lg,m)w(g),
dCZ == X —1pt/ —1 +
§ G (MCr+ QAL Q) - MG RAT 70 )@ (G + @)@ W)
" (6.31b)

2
fdc (QQF(C. K+ )Q*(aC. )0

Proof. The equations (|6.31a]) and (6.31b)) can be verified directly with the help of the Baxter
TQ-relation. From (6.12) it follows that the eigenvalues A(C,x) and QT (¢, k) satisfy the
Baxter AQ-relation

A(C R)QT(C R) = d(QQT (¢, k) +alQ)QF (a7 1¢, w)- (6.32)

Applying (6.32) to A(¢, K)QF (¢, k) and A((, k+a)QT (¢, k+a) in the left-hand side of (6.31al),
we obtain

2
¢ df (A RAZ () — MGk + @) A F5(0) QF ¢k + ) QH(C m)e(€)
I'm

d¢? + +/ 1 —1 ¢+

= § G ((A0Q* (.0 +al)Q* (4 ¢.0)) AT F*aOQT(C k + ) (€)
—(d(C)QﬂF(qc,ma)+a<<)@¢<q—1c,m+a>) AT HORTCR)(Q)

74 A FH(aO)QF (G + o) (a(a0)e(a0)Q* (4. %) + alQ)p(Q)Q* (a7 C. )

(6.33)

—AZFEORE(C ) (ala)p(a0) QT (aC, 5 + @) + aOp(OQT (a7 ¢ v+ a)))

where we used (6.27)) to obtain the last equality. The first and the last terms in (6.33) cancel
each other, which can be seen by performing the change of variables ¢ — ¢~ in the first
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6.3. Deformed Abelian integrals

term. Performing the same change in the third term, we obtain

2
_ ?{ dé (AT FE@0) — AT F(070) QF (x4 ) Q5 (a7, mal)p (<)
d<2 (6.34)
74 OQF(C, ki + )QE(q ¢, 1)p(0),

which proves the first statement of the lemma. Identity (6.31b)) can be proved in the same
way. O

Lemma 6.2. Let (Tf*(¢) be a polynomial in (2. Define a q-deformed exact form to be an
expression

E(f5(¢))
= AGR)AT (FHOMCE R) + A R+ @) AT (FHOAC & + @)

— MG R)AT (FF(@OAC K+ @) = Ak + o)A (g OMgT¢ R) (6.35)
+a(q¢)d(¢) f+(g¢) — d(g™")a(¢) f*(g71¢).
Then form =0,...,n we have
2
dfz B(F(0)) QF (G + )@5(C,m)p(O) = 0. (6:30

Proof. In consider only the contribution from the first four terms of (6.35)) and apply
_

74 2 (A RAZ (FHOAG ) = Ak + AT (£ Mg ¢+ )

FAG K+ AT (FEQOAC A + ) = AGRIAT (S (40)A (e, & + a)))
x Q*(c, k4 @)@ R)p(Q) (6.:37)

2
74 & (PN ) — FHOAG k +a)

x a(Q)QT (¢, k +a)Q (g7 '¢, K)p(C).
Using the Baxter AQ-relation (6.32)) and shifting the integration contours, we obtain

S 1t 1\ (=2
E30) - f & (710 (A ORF(C M) + ala™ ORF (¢, K)) Q7 (¢ n +a)
I'm

—15(0) (AQQ (a¢, m) + aOQF (¢, 7)) Q¥ (a7 ¢ w + ) a(Q)p(<)
2
— § G (P 0dla 9aORT (¢ k + @) plC) (6.38)

I'm

~H(Qd(Oa@)QT (¢, 5+ )Q*(C k)2 (0))
2
- ¢ o (4™ 0a(Q) (a7 = d(Qa(a) F(a0)) QF (ke + )QE(C R(C),

<2
I'm
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Chapter 6. Correlation functions and fermionic basis

which is exactly the contribution of the last two terms of (6.35)) to (6.36]) with the opposite

sign. 0
Lemma 6.3. Consider the following function in two variables:
(¢, &) =77(¢,6) — 17 (£,0), (6.39)
where
r(GO) =T (GG R ), (60 =16 G~k —a), (6.40)

¢, & K, ) dtself is given by

) (B(C/8 @) (MG, 7) = A€ 1))

A+ AT (W(C/€ @) (MG K+ a) = A&,k + )

— AGRAT (¥ <q</5, a) (Mg, ki + ) = A&, 5 +a))) (6.41)
— AGr+ )AL (0g'¢/8 a) (Ma7'¢m) = Al r+a)) )

+ (a(q) —a(é)) (/¢ @) = (d(g~'¢) = d(€)a(Q)v(q'¢/¢ a).

and the function r*

(8
(¢, &y ) = A(C,
_|_

I

Then

2 2
74 G GO0 (G R+ QTR R + Q€ RO =0 (642

Proof. In - the operator Agl acts on terms which have the form

(¢/€)* x (polynomial in ¢? and ¢2). Therefore, can be proved similarly to
Introduce the shorthand notation

tr (¢, ) = V(¢/€ ) (A(C, k) — A€, k). (6.43)
Then the function 7+ (¢, ) can be written as
r(6,8) = MG /)AL (G, €) + MGk + ) A tra(C,€)
A(¢, w)A 1tn+a(qc €) = A¢r + a)A Mg, €) (6.44)
+ (a(a¢) — a(é)) (Ov(g¢/€ ) = (dg1¢) — d(€))alQ)v (g™ ¢/E a).
Applying to one of the integrals in , we obtain

d¢? | - +
?,ﬂ ()R (¢.r+a)QT (¢, k)e(¢)

d¢? 1 - +(,—1
yf o {0716, ~ hsa(C. )alOQ(Cr + QT (6 CR)P(O)

+((a(g¢) — a(9))d(C)e(a¢/8 @) = (dlg'¢) = d(&))a(¢)vg"¢/€,a)
xQ (¢ +)QH (G k(O ] (6.45)
2
-4 df {((a7¢/& ) (Mg 71¢ k) = A€ 1)) = (C/€ @) (G, 1) — A&, )
I

xa(Q)Q™ (¢, k+ )@t (7', k)p(C)
+((a(g¢) — a(€))d(O)(a¢ /&, @) = (dlg~"'¢) = d(€))a(Q)v(g~ ¢/, @)
xQ(Ck+a)Q (¢ R)(O)} -
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6.3. Deformed Abelian integrals

Moving contours of the integrations by ¢ — ¢¢ or ¢ — ¢~ ¢ and afterwards using (6.27)), we
continue

643 = f { (¢/&, @) (A(C,m) = A K))ala)p(a0)Q™ (4l 5+ 0)Q (¢, 1)

D(¢/& ) (MG, k +a) = A, 5+ @))a(C)p(C)QT (¢, k + )@ (¢7'¢, k)
+(a(¢) — a(€))d(a™ Q)ela Ov(¢/€, Q™ (a7 ¢,k +a)QT (¢7¢, k)

— (d(¢) = d(&))alaQ)p(aC)¥ (¢ /€ @)Q™ (g€, & + )Q™ (4, ﬂ)}
(6.46)

_ f—w (%) gp(g){((A(g, k) — A& 1) QT (¢, R)
Iy

— (d(¢) = d(£) Q7 (4¢, ¥)A()Q (¢, K + )
— (A(Cr+a) — A&,k +@)Q C,HQ)

—(a(Q) —a(©)Q (¢ ¢,k +@)a(OQT (47 ¢, fi)}-

Now we apply the AQ-relation (6.32)) to A((,x)QT (¢, k) and A(¢, Kk + @)Q™ (¢, k + ) and
obtain

d¢?

EOR yfgwc/a o(¢)

x {(a(<>@+<q—1<, %)~ A€ R)QT(C 1) + AOQ (G MAQ (Cr+0)  (gm)
(dOQ (¢t @) — A+ a)Q Gk + ) + alE)Q (g Co + )
< aOQ (6. .

In the integrand of (6.47)), two equal terms with opposite signs cancel each other. Moving
the integration contours in two other terms, we obtain

E1) = f P O{UC/E M ONE k + )@ (€ + @)@ (a0

— d(QOA(E K)Q™ (¢, & + )QT (¢, k) (6.48)
T (@(QdE (g 1/, @) — d(Q)alE)p(al /€, a))Q (¢ 5+ )QH(C, n)}.
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Chapter 6. Correlation functions and fermionic basis

We plug (6.48)) into the double integral (6.42]). Using the AQ-relation (6.32]) for A(&, < +
a)QT (&, k+ ) and A€, K)Q (&, k), we obtain

2 2
yf & § SO0 (G + )@ C QT+ Q€ RO

dﬁ [ dgg{w@/aa)

e e
T T

< (0UOQ (Cn+ 0)QH (a7 Qe+ )@ (Exn)

—d(Q)a(€)Q (a6, & + QT (CRQT(E, Rk +)Q7 (¢, k) (6.49)
+a(Qal&)Q™ (¢ r+@)QT (¢ ¢, R)QM (¢ 6k +a)Q7 (€, 5)

~AQAOQ (ol K+ QT RIQT(E s+ )Q (ar) )

S

+ (alOd©v(a¢/g 00 — dC)ale)vlac/6 o)

X Q7 (¢, k +a)QT (¢ R)QT(E, Kk + )Q (&, ﬂ)}@(()@(&)

In (6.49)), the third and the fourth terms in the last double integral cancel each other. Indeed,
due to (6.27)), we have the following identity:

a(Q)a(§)(Q)e(&) = d(g~'¢)d(q " €)p(a ' O)pla™'€). (6.50)

Using (6.50)) and performing the change of the integration variable { — ¢¢ and £ — ¢¢ in the
third term, we get exactly the fourth term with an opposite sign. Thus, we get

2 2
;4 T SO0 (R QT RIQ € m + Q6 RACRE)

2 2 (6.51)
f . RN GE)

where
(6.6 m.0) =0(¢/60) (alQAOQ (€ w+)Q (a7 W (aE w + )@ (€
~AQUEOQ (oG n + QT CAQTE R+ Qe R)
+ (a(@d(&)w(q—lc/f, a) — d(Q)a(E)w(aC/, a))
% Q™ (o + 0)QH(C QT (E,  + a)Q (€ k).

Since

1/1((; Oé) = _¢(C_1’ _a)v (6538’)
Q (¢, k) = QT (¢, —r), (6.53b)
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6.4. Correlation functions of the fermionic operators

the function s*(¢, &; k, o) satisfies

sT(¢, &Ry a) = 5T(6,¢ =R, —a). (6.54)
That means that the double integral (6.42)) with the function (&, ) can be brought to the
same form as (6.51]). This observation proves the lemma. ]

It follows from (6.40) and (6.41)) that £+ ((, &) is a polynomial in €2 and (=%~ (€,() is
a polynomial in (2, both of degree n. This allows us to define the polynomials pZ by

rH(GE) = Y0 Cp(ETI (60 = Y € ()T (6.55)
m=0 m=0
With the help of these polynomials we define two (n+ 1) x (n + 1) matrices
2 .
Ay = f S IR+ ) QG )0, (6.564)
T
+ d¢® o+ +
Bij = ¢ (CIQTC A+ )QH (G R)p(0): (6.56b)
I

Then the statement (6.42)) of [Lemma 6.3 can be written as

Bt (A7) = At (B7)', (6.57)

where ¢ denotes matrix transposition.

To close this section, let us make a general remark. Suppose (T f(() is a rational function
with poles at ¢ = 7;. Assume additionally that 7; do not overlap the poles ¢(? = 72, and
(% = ¢7272, of the function ¢(¢) and ¢? = 0. In this case, Aglf(C) is not uniquely defined and,
in general, develops infinitely many poles at ¢ = ¢>"n;, n € Z. Nonetheless, the statement of
remains true. Moreover, the direct corollary of this lemma is the fact that the
integrals on the left-hand sides of and do not depend on a particular choice
of the Agl-primitive. For the same reason, the integrals in are well-defined.
Later, we will deal with examples of the functions of the form A~ (¥((/¢, a)P(¢?)) and

AEI (¥(&/¢, a)P(¢?)), where P(¢?) is a polynomial in (2.

6.4 Correlation functions of the fermionic operators

In this section, we compute the generalized partition function Z* of the fermionic creation
operators b*((, «) and ¢*(¢,«). As discussed in Z"{b*(¢,a) (X)} is non-trivial
only when X € Wy41,-1, and Z% {c*((,a) (X)} is non-trivial only when X € W,_11. We
will show that the generalized partition function of the fermionic operators can be computed
inductively by reduction to similar quantities involving annihilation operators b(¢,a) and
¢(¢, «). Namely, we will prove that

1 [ de?

2" {b(C, ) (X)} = o~ ?w(é’ﬁ;ﬁ,a)zn {c(€, ) (X)), X €Watr-1,  (6.58a)
r

2
24 (Ga) (X)) = 5 f Grel6 Gra)Z" (b6.a) ()}, X €Warrs (6550)
r
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Chapter 6. Correlation functions and fermionic basis

We will establish the existence of the function w((,&; k, ) and determine it explicitly. In
view of the spin reversal symmetry which relates (b*, c) with (c*, b), we shall consider only

(6.53a).

Recall that the operator b*((, ) is defined as a formal power series in ¢? — 1. Due to the
right reduction property of the operator bi“kﬂ (¢, @), given by W

b*(¢ @) (¢TVIOXp ) = O tim e {TF 1 (O nm (€ @) (Xm) }s  (6:59)

—00 €

which is similar to the right reduction property (6.20)) of the operator t*(¢,«). This allows
us to apply the techniques of [Theorem 6.1{ to (6.59) and obtain

A R) 27 {b7(¢ ) (V5O X ) |

tr[1,m],c {<’% + O“T[l,m],M(lv K‘)TC,M(C7 H)Qgc,[l,m](ga a) (X[l,m}) ‘K‘>} (660)
AL, k)™(k + a|k) ’

It follows from (4.59al) and 13.40: that up to an overall multiplier (¢, the left-hand side of
is a rational function of ¢(? with poles only at ¢ = ¢™2. Its singular part is given as
follows.

Lemma 6.4. Introduce the function

wsing(ga 5) = *ACd}(g/& a)

! - - (6.61)
+ m(a(f)d(q 15)1/1((1(/5,04) —a(q€)d(&)Y(q 14/5,04)).
Then
2
A(C: H)ZH{ (b*(Ca 04) - i Cii(«dsing(c, f)C(é., a)) (X) } — CaPn(CQ), (662)
r

where X € Waq1,-1, I' encircles €2 =1, and Py(C?) is a polynomial in (? of degree at most
n.

Proof. The operator b*({, ) is defined as a formal power series in ¢? — 1 in . In order
to avoid working with multiple poles at ¢2 = ¢ in the homogeneous chain, we introduce
inhomogeneity parameters {£;} in the Space direction, thus splitting the original multiple
poles into simple poles at (2 = qﬂgf.. Define the inhomogeneous version of the generalized
linear functional Z*:

tr[l m}(’{ + a‘,f[l m] M(é-l) oy Emy K’)X[l m]|"€>
A X b= ) — D ’ , 6.63
o X T A R) (v + alR) (069
where
Thmm(&ts -5 &ms k) = Tim(€1,8) - T (Ems K)- (6.64)
Then the equation can be written as
7k {b* (C) Oé) (qZ(a+1)S(O)X[Lm])}
(6.65)

= Zfimioe {28einm (€ 0) (Kum) |,
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6.4. Correlation functions of the fermionic operators

In order to calculate the residues of (6.65)), we need to show an auxiliary identity. Intro-
duce the shorthand notation for the residue of the qi ,,({, a)-operator:

Uism) = 3235, it m)(G: ) (X)) dg (6.66)
Then the following identity holds:
s { (gc,u,m] (Cs ) + T 1,m) (€ @) fj1m (€ 04)) (X[l,m]) dg}
- Vs - V(i = fir), =4 (OOD
N %[a;;, Unmil+ + (108 — ot U m)s €= —.

Indeed, from the definition (4.59a)) of the operator g, 1 (¢, @) it follows that the operator
on the right-hand side of can be written as

(gc,u,m] (¢ ) + T 1,m) (@)1 m (€ a)) (Xu,m})
= (58m (@60 + 58 (471 0) e 1) €50 ) (Ko

The residues of the first two terms on the right-hand side of (6.68) at ¢? = qﬂf?n are given
by (3.55)). Using (4.59b)), we rewrite the last term as

1) (60) (Xiam) = 5, { Yoo AT a1y (€ @0C 00 (g7 Xy )}
= tr {0/ (Tz,u,mﬁqc,a) Sl —Th (g7 a)g )

x Qo (g2 Xy ) |

—u{ (502 + 2o )CA 1) (G )50 (¢ 20m Xy ) )

=0 (Acq[l,m] (¢, a)) (X[l,m]) - Qaﬁku,m}(C,Oz) (X[l,m])
- UZFE{ {aA(CA,[l,m](CaO‘)Ca_S“’m] (q_QS“’m]X[Lm]) }

In writing we have used (3.18]), (4.59¢) to calculate the trace over the space a and
- % ) to further simplify the expressions. The residues of the first two terms on the

right-hand side of (6.69) at ¢? = ¢2¢2, are given by m , and ( . In order to

calculate the re81dues of the last term on the right-hand side of -, we note that up to a4,
the expression under the trace coincides with the expression under the trace in the definition
(3.22). Thus, in order to calculate its residues we can use In particular, using

the equation (3.54)) and the identity
ohanli, (1) = —riLh,, (1), (6.70)

(6.68)

(6.69)

we obtain

o ac:
a—S8 m 25 m 2
c=§e§5m{/f R U ]Xﬂ’ml)}@}

o (6.71)
= Jes {TntCI[Lm](C,Oé) (X[Lm]) Cg} :
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Chapter 6. Correlation functions and fermionic basis

Similarly,

- - dg¢?
a—Si m 251 m -
o fip (a3 x,) o |

0 (6.72)
= Jres {q[l,m](é,a) (X[l,m]) Tmcg} :

Then using (3.50a), (3.50b)), (6.66), and (6.72)), we obtain

dc2 dc?
res {uc,[l,m](Caa) (X[Lm]) } =—af Lo {(lu,m](ﬁ,a) (X[Lm}) }

(=q¢ém F m ?

L. d¢? . d\ __ (6.73
+ 50-0 Cieﬁsm {q[l,m} (C,Oé) (X[l,m]) CQ} O-’I—"’V_L +o; Ciefsm {q[l,m](<7 Oé) (X[l,m}) ? T, ( )

1
= _U[Lm}o-j—ﬂj; + iU[Lm]O'gO':r—L.
Similarly,
d¢” _ 1
C:£§§§m {uc,[l,m} (C7 Oé) ( [1,m]> CQ } O, TmU[l,m] + 2UcUmU[1,m] (6 7 )

Substituting (6.73]) into (6.68) and using (3.55)), we obtain

dc¢?
et {(gc,[l,m](C s @) + T 1m) (6 @) (€ a)) ( X[Lm]) @}

1 1
=71 [0’{%, U[l,mﬂ — Uptm) 0 7o + §U[1,m}0'502
1
_ + ot
= _Z |:O-m7 U[l,mﬂ_’_ - U[l,m] (0‘0 Tm — Te¢ Gm) )
which is the first line of (6.67)). The second line can be obtained by plugging (6.74]) into (6.68))
and using ((3.55)).

The advantage of writing (6.67)) using the anti-commutator is the fact that the operator
{aﬁg, U[Lm]] . has its support in [1,m — 1]. More precisely,

(6.75)

[a;” U[Lm]] L= {a,flU[l’m]} id,y, . (6.76)
Indeed, for any 2 x 2 matrix Y,
O Yo + Ym0ty = 0 tr Yo + iy tr {0 Vi } (6.77)

For Y, = Upy s the first term of (6.77)) vanishes since

a=S1,m]

%‘ U[l,m] = ,7571;4 {Ei,m(l)TZ,[l,mfl] (é'm’ Oé) m <q—25[1,m] X[Lm]) Zi,m(l)} y (678)

— ~ -1
where Lj’m(() =(1-¢? (Lim(g')) . Using the matrix form ([2.25b]) of these L-operators,

we can check that

L (DL, (1) =0 (6.79)
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6.4. Correlation functions of the fermionic operators

Together with the cyclicity property of the trace, (6.79) verifies (6.76)).
Now we return to the original task of calculating the residues of (6.65) in ¢? = ¢2¢€2,.
We write

2, e {2801, (C @) (X(1)) |
= Zﬁ,m]uc {2 (gc,[l,m] (C> a) + ITc,[l,m] (Ca a>f[1,m] (Cv Oé)) (X[Lm]) } (6'80)
=228} e { (Tetm (G )i m) (€ 0)) (Xptmp) -

The last term on the right-hand side of (6.80) can be computed with the following inhomo-
geneous analogue of

Z[Hl,m}l_lc {Tc,[l,m] (C7 a)X[l,m]} = 2p(€7 K,y a)Z[Iim] {X[l,m]} ) (681)

which can be derived similarly to (6.19). According to (3.40), the only singularities of

fi1,m) (¢, @) are simple poles at 2= 32-, meaning that

g:(ggfm (Zﬁ,m}uc {(Tc,p,m]((, a)f1my (€, a)) (X[l,m]>} dcg“;)
(6.82)
= Tes (P(C; Ky Q) 2| ) {(f[Lm] (¢, a)) (X[Lm])} dCC22> —o.

C:qiSm

For the first term on the right-hand side of ([6.80]) we use (6.67)).

e ATGR)
¢=atm [ 1521 A5, R) (K + alk)
X tr {</€ + a‘T[l,m},M(glv ooy &ms H)TC,M(C7 ’%)gc,[l,m] (Cv Ck) (X[l,m]) "f)}

[1,m],e

_ A_l(qgm, /f)
I A R)(r + alr) (6.83)

X tr {(K/ + a’ﬂl,m],M (517 oo 7§m7 /‘G)Tc,M((ﬁm, /i)

[1,m],c

1
< (=300 Uil = Upm (it = 07) ) 19}

(6.84)

where P, . is the antisymmetrizer. Using the cyclicity property of the trace and the quantum
determinant relation

P%,ch,M(gma ’i)Tc,M(qgma ’i) = a(‘]ém)d(gm)Pn_z,c, (6.85)
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Chapter 6. Correlation functions and fermionic basis

we obtain

A7 (gém; K) o
[T A&, 5) (K + alk) [1m]e

{<H + a|T[1,m],M(€1v s 7£ma K“)TC,M(Q£ma "4‘7)

AN (gm, k) { _
= — tr K=+ a|TH m— vors&m—1,K8)P, T, my K
L A(é}‘,/ﬁl)(:‘ﬂ-i- a],«;) [1,m],c < ’ 1, 1]7M(£1 § 1 ) , M(§ )

(6.86)

X Tc,M (qéma K’) U[l,m] (T,;;

_ A~ (g€, k)
- }71:1 A(fj, R)</ﬁ} + Oé|f£> a(Qfm)d(€m> [lt,rrn] {(K‘ + a’ﬂl,m—l],M(fb s 7§m—17 "<'3>

X % [O‘;;, U[l,m]} +|I{>}.

Since the support of the anti-commutator [0’;2, U[l,mﬂ is in the interval [1,m — 1], we can
Jr

represent the identity operator id,, in the form

Tm,M(gm, "{)

idy, [k) = k). 6.87
%) = R ) (6:87)
Using and (6.76]), we write as
2a(g&m)d(&m) dc?
6.86) = Zf (G ) (X )} 5 | - 6.88
E = K, mitatn, ) &, | Zim Lo (Km) } (6:59)
Substituting (6.88)) into (6.83]), we obtain for
. dc?
Ciggm lz[l,m}uc {Qgc,[l,m](ga Oé) (X[lym})} @]

a\qgom m 2
= (1 — Aém(,qff)/\)zlq(ém,)/i)> gl;egn [Zﬁ,m} {0[1,m](c, @) (X[Lm]>} dC] (6.89)

2
- ] et fenmicco) (xam))} |

=4qSm

= reg lwsing(gagm)

Similarly, we obtain

<:(1]“9§£m [Zﬁ,m]UC {Qgc,[l,m] (Ca a) (X[l,m]>}

_ (1 _ da(ém)d(q " ém) ) d¢?
A

res. lZﬁ’m] {c[l’m} (¢, ) (X[Lm])} CQ] (6.90)

¢=¢
dQQ]
¢

(&m: £)A(a™ Em, K)

= _res, [wsing(C7€m)CK2] IS lZ[ﬁM {C[l,m](C>Oé) (X[l,m])}

¢=q~ Yem <2 m

Writing the equations (6.89) and (6.90|) as contour integrals and specializing to the homoge-
neous case £ = ... =&, = 1 allows us to obtain the equation (6.62)).
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6.4. Correlation functions of the fermionic operators

It remains to show that the polynomial P,(¢?) in the remainder term of (6.62]) has degree
at most n. For s = —1, the function (~k((, @) (X[k,m}) is regular at (? — oo. That is also

the case for f((, ), defined by (3.37c|) and g, [, (¢, @), defined by (4.59a)):

gc,[l,m}((va) (X[l,m]) = 0(1)7 <2 — 00. (691)
This finishes the proof of the lemma. O

Having determined the singular part of the function w(¢, ), we now need to have control
over the unknown polynomial P,(¢?). This is the point where deformed Abelian integrals
come into play. Introduce the operator

D¢F(¢) = F(q¢) + F(g7'¢) — 2p(¢; 5, @) F((). (6.92)

Then the following lemma provides us with the tool for fixing the polynomial part of the
function w(¢,§):

Lemma 6.5. Let X € Wyq1,—1. Then for m =0,...,n the following relations hold:

dc?

F
I'm

2
A, n)Z“{ ((c.0) + 55 f G (DDA B et 0)) () }

2mi ) €2 (6.93)

X Q7 (¢, ks +a)QT (¢ k)p(¢) = 0.

The proof of this lemma is rather technical and is presented in
In (6.93), the g-primitive Aglw(( /€, ), generally speaking, is not defined uniquely. How-

ever, according to the discussion at the end of we can apply to
fT(¢) = D¢(¢/€, o) and rewrite the integral over ¢? in the second term as

2
ngA@’ k) (DeDeA;(C/€,))Q7 (¢, k4 a)QT (¢, k)p(C)
e act (6.94)
= ?Dgw(é/é, @)Q™ (¢, k4 a)(a(Q)Q1 (g7 ¢, k) — d(Q)QT (¢¢, K)) ().
I'm

This means that the result of does not depend on a particular choice of the
g-primitive Aglw(g/g, Q).
Comparing (6.58a)) with (6.62]) and (6.93)), we infer that the function w(¢, &) = w((, &; K, @)

satisfies the following conditions:

1. The combination

CUA(G R) (w(C €) — waing (€, €)) (6.95)
is a polynomial in ¢? of degree n.
2. The function w((, &) satisfies the normalization property

dc?
I
I'm

A(G R (@(C€) + DeDeAT (¢ /€, 0))Q (¢ r + a)QF (¢, k)p(¢) =0 (6.96)

form=0,...,n.
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Chapter 6. Correlation functions and fermionic basis

3. The function w((, &) satisfies the symmetry property
w(<7 5; K, Oé) = w(é_’ C; —R, —Oé). (697)

The last property follows from and the fact that the operators b*({, ) and c*(¢, @)
are related via the spin reversal transformation .

First, we define the function w((,¢), and then prove that it satisfies properties ,
, and . Consider the matrices A* and B* defined in and , re-
spectively. Appendix D of [37] shows that the non-degeneracy condition is equivalent
to

det AT # 0. (6.98)
Assuming , consider the function
. J— 4 t _1 - .
(€8 .0) = g 7 (O) (A 7BV tewm(C Ema), (699)

where v (() are vectors with components

v (Q) = ¢FotH (6.100)

and

weym(C, 5 1, 0) = A(C)lA(“ ((4a(©)d(¢) — A WAE 0 (e 6,)

— (4a(¢)d(€) — A(C, K)A(E, K)) (g~ ¢/€ ) (6.101)
— 29(¢/& ) (A(G R)A(E K+ a) — A& R)A(C K+ a))).

Due to (6.53)), the function wsym (¢, &; K, o) satisfies
Wsym(Caf;Ha a) = Wsym(fag; —H,—Oé). (6'102)

Lemma 6.6. The function w((,&; Kk, «), defined by , satisfies properties (6.95)), ,
and (6.97).

Proof. Since (“A((, k)w(¢, &; K, «) is a sum of two terms and the first one is regular, to verify
property ((6.95]) we have to show that the singularities coming from (~*A((, k)wsym (¢, &; K, )
cancel those coming from (~*A((, k)wsing(C, &; K, o). We write explicitly

C_aA(C7 "i) (wsym(C7 f; R, a) - wsing(Ca €§ R, a))

1

= <" (40O Q) — daT)(aC/€. ) = 2a(€) Q) — ala€) Ao~ /) (g 1

~ 20(¢/£ ) (A RIA(E K +a) = A& WGk +a) ).

From this expression, it can be seen that the singularities at ¢ = ¢¥'¢ and ¢ = £ cancel each
other.
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6.4. Correlation functions of the fermionic operators

To prove property , we consider

S
Im ¢
2
— GO AN B @ G+ @)@ (GO (6.104
d 2
= (BY ) = . GO G+ QRO
where we have used and (6.56D). At the same time, the function r7(¢,€) can be

written as

PAER) § ARG E R 0) — woym((, 6 5, 0)

PG = BW(C/60)) = 7AC A R) (wam(¢.6 w.0) + DDA 0(c/6,0) ). (610
Equations and imply that
TACRIAE R)(@(C, €k, 0) + DeDAg H(C/E,0)) = B((/€,a). (6.106)

From this and the normalization condition follows immediately.
The property (6.97) must be proved only for the first term of , since the second

term already satisfies the desired symmetry (6.102)). Using the relation (6.57)) and the non-
degeneracy condition det A* # 0, we write

(A1) 7B = (B)((A)) 7 = (A7) 7B7)" (6.107)

Multiplying the above expression by (v* (¢ ))t from the left and v~ (§) from the right, we get

(W () (AT) BT (&) = (v (€) (A7) BTt (Q). (6.108)
Substituting into the definition of the function w((,&; kK, «), we get property
(6.97). O

Now we are ready to prove the main result of this section.

Theorem 6.2 (Jimbo-Miwa-Smirnov). The generalized partition function of the fermionic
operators b*(¢,a) and c*((, «) is given by

1 [ de?

2" {b*(C ) (X)} = 5~ ?2”@’5;”’ a)Z"{c(§a) (X)}, X €Watr,-1, (6.109)
I
K * 1 d£2 K
Z"{e (¢ a) (X)} = —5 ?w(f,c;ma)Z {b(&a)(X)}, X €Wa11, (6.109b)
I

where the function w(¢,&; k, a) is given by (6.99).
Proof. Consider first (6.109al). As discussed in the proof of|Lemma 6.3, (T*A((, K)wsym (¢, &; K, )

and (T*A((, k)wsing (€, &; K, a) have the same singularities, see 6.1031 . This means that

(A RW(C & Ry a) = (UM R)wsing (G & Ry a) + Po(¢2,€), (6.110)
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Chapter 6. Correlation functions and fermionic basis

where P/ (¢%,€) is a polynomial in ¢(? of maximal degree n. Using we obtain

1 [de?
A m)Z“{ (560 - 57 f (G et <X>)}
r (6.111)
1 ) _
= Pu(¢?) — %Z”{Pn(CQ,f)C(&a) (X) } = Pa(C?),
where ]Sn(§2) is another polynomial in ¢? of maximal degree n.
It follows from the normalization condition that
d 2
A RIQ €k + )@ (G R)e(0)
m (6.112)

2
o § G 6.6, 0) + DDA (/6 e)]el ) =0

Taking the generalized functional Z* of (6.112]) and using (6.111]), we obtain

dc? . N
AC QG+ 0)Q (G Rp(0
i 2
z{[o" () + 5 dfz DDA Wc/6 e )] ()] (6113)

¢ ~
(RIS R -
I'm
The first term on the left-hand side of (6.113]) equals zero due to That means

f QG+ QRO FalD) =0 (6.114)

Let us write the polynomial ]5n(§2) as the sum

)= Pagc™ (6.115)
j=1
Then the identity (6.114]) implies that
- d¢? ~
ZP ,J]{ Q¢+ @)@ R)p(C)Co A = ZA (6.116)

Since the matrix A" is invertible, (6.116]) means that ]SH(CQ) = 0, which proves ((6.109a)).
The equation (6.109bf) follows from (6.109a)), the definitions (3.47) and (3.58|) of the

fermionic operators b((, ) and ¢*({, ), respectively, and the symmetry property (6.97) of
the function w((, &; K, a). O

As a direct corollary we obtain the weak form of the anti-commutation relations (5.4) for
the fermionic creation operators.
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6.4. Correlation functions of the fermionic operators

Corollary. Under the functional Z%, the operators b*((,a) and ¢*(,«) satisfy the anti-
commutation relations

Z"{[b*(C1, @), €* (G2, )]+ (X))} = 0. (6.117)
Proof. 1t follows from that

z" {b*(cl, a)c* (Co, o + 1) (X)}
2
)2 ]{ dg ]{ w(Cr,m; Ky )w(&, (o5 K, ) Z% {e(n,a)b(§,a+ 1) (X))}, (6.118)
r
as well as
z" {C*(Ca,a) *(C,a— 1) (X)}
2
T (22 jgdé ]{dn (&, Cos ks )w(Cryms Ky @) Z5 {b(&, a)e(n, a0 — 1) (X)}. (6.119)
Using , we obtain the statement of the corollary. O

Corollary. It follows from|Theorem 6.1, |Theorem 6.4 and the commutation relations (5.1b)),
(5.4) that the generalized partition function (6.14) can be written in the determinant form

b* (e () (¢ )(@* ) |
H CzaH a X det( (C{F,CJ-_;H,CV))i,j:L..‘,r-

z" {t*(c?) LB -
(6.120)

This completes the computation of the generalized partition function on the fermionic
basis. Starting from the Matsubara representation of Z*, we expressed its value on
the bosonic operator t*(¢,a) through the function p((;k,«) in and on the
fermionic operators b*(¢,«) and c*((,a) through the single function w((,¢&;k, «) in
Fem 6.2. Together these results yield the determinant representation ([6.120]), which reduces
every correlation function of the fermionic basis to the two scalar functions p and w. In
the following chapter we exploit this representation in the conformal limit: the function
w(¢,&; Kk, ) will be characterized by a non-linear integral equation, from which the scaling
limit of the correlation functions can be extracted.
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7 CFT Limit

In this chapter, we take the fermionic basis construction of into the scaling limit
of the homogeneous six-vertex model on a cylinder. Following [21-23], we relate this lat-
tice model to a chiral conformal field theory on a cylinder and identify the scaling limit of
the Matsubara transfer matrix with the BLZ T- and Q-operators. The chapter culminates
in which conjectures that the scaling limit of the JMS determinant
describes Verma module correlation functions in terms of Zamolodchikov’s integrals of mo-
tion [24] and the fermionic creation operators b* and c*. The Virasoro algebra interpretation
of the fermionic basis is taken up in the next chapter.

In we present an alternative to for the function w((,; k, ), necessary
for taking the limit n — co. We also discuss the interpretation of this description as a result
of a Bogolyubov transformation involving the fermionic creation and annihilation operators.

In [Section 7.2 we generalize the definition (6.14]) of the generalized partition function Z* in

order to consider the expectation values of quasi-local operators of non-zero spin. Finally, in
we discuss the continuum limit of the six-vertex model on a cylinder. This limit
can be taken in both Matsubara and Space directions separately.

The presentation in this chapter is based on [15,[21-23,[56}57].

7.1 The method of non-linear integral equations

For practical calculations in the limit n — oo, it is convenient to transform the Baxter
AQ-relation (6.32)) into a non-linear integral equation. Consider the auxiliary function

d(§)Q™ (4, k)
a(Q)Q (¢7'¢, k)

This is a rational function in ¢2. The equation

a(C, k) = —1 (7.2)

is one form of the famous Bethe ansatz equations. It follows from the AQ-relation that
the solutions of are the zeros of either Q7 ((, k) or A(¢, k). The former set of solutions
is called Bethe roots and will be denoted {\,}*.,. The latter set of solutions is called holes
and will be denoted {u,}},. With these definitions, the auxiliary function a(¢,) can be
written as

a(¢, k) = (7.1)

d(¢) £ ¢*¢% — N2
(I(C) r=1 q72C2 - )\% .

Equation ([7.2)) allows us to characterize the auxiliary functions by means of non-linear
integral equations. For the dominant eigenvalue A((, k), the corresponding eigenstate is in

a(C,k) = q 25 (7.3)
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Chapter 7. CFT Limit

the s = 0 sector. It is characterized by M = n/2 positive Bethe roots. (see, for example,
[2,/59,60]). Let v be a contour in the (%-plane that goes around all Bethe roots {)\r}ffl, while
all holes {yp, }1_; and shifted Bethe roots {qil)\r}:}/jl are outside of the contour 7. Clearly, v
can be chosen to be the Hankel contour. Taking the logarithm of and integrating over
v, we obtain the following integral equation

L di¢) | 1 ]{ ¢ —n?
loga(¢, k) = —2mivk + log () + 5 dlog(1+ a(n, x)) log 2 (7.4)
v
Integrating (7.4) by parts, we obtain the following non-linear integral equation:
d dn?
log a(C, &) = —2mivek + log agg n f H—ZK(C/U) log(1 + a(1, k), (7.5)
v
where
s —2> 1
Together with K (¢) we will consider the function
1

27i

7.1.1 A non-linear integral equation for the function w((,¢)

In this subsection, we present an alternative representation for the function w((, &; k, o), first
found in [56).
For two functions F(n, ) and G(n, &) we define their convolution as

(F*G)(¢.€) = fdm F(Cm)G.E). (78)

where the measure dm(n) is defined as
dn?
n*p(n; £, ) (1 +a(n, k)

In the case when F((,€) or G((, &) has a relative pole ¢? = &2, the contour 7 is taken to go
around this pole as well.
Now we introduce the resolvent R;((, &) of the integral operator,

Ry+ Ko xRy = Ka, (7.10a)

dn?
RalG,€) + anp(Wa)(l+a(n’ﬁ))K<</n, ORa(n,€) = K((/g,0).  (7.10b)

dm(n) = (7.9)

where K, stands for the integral operator with the kernel given by (7.7). Additionally, we
define two functions of two Variables

fr(¢ ) = <w<</£, a),  fr(G,§) =, 9(¢/€ a), (7.11)

where the operator 65 is defined as

oc F(€) = f(a€) — p(C, K, @) F(C)- (7.12)

Following [56], we prove an important theorem.
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7.1.  The method of non-linear integral equations

Theorem 7.1. The function &((,&; Kk, «), defined as

B¢ &k, @) = w(C, & 5, ) + DDEATIY(C/E, ) (7.13)
can be represented as

1

Z&}(C7§;/€7 Ck) - _(fL*fR + fL*Rd*fR)(Cvg) + 655§_A51w(</§7 Oé), (714)

where the convolution * is defined in (7.8) and the functions fr and fr are defined in ((7.11)).

Proof. In order to prove the statement of the theorem, it is sufficient to show that the

function w((,&; K, «), defined by (7.13)), , satisfies the conditions ((6.95)), , and
. Introduce the function Gr((, &) as a solution of the integral equation

GRr((,€) = fr((,§) — (Kax GR)((,6). (7.15)
This allows us to rewrite as
186 h,0) = —(fux Cr)(G,€) + 70 AT/ ). (7.16)

Our first goal is to show that this expression has the correct analytic structure and satisfies
(16.95]).
Let us rewrite (7.15)) using the definitions (7.7)) and ([7.11):

GRr(C.€) = ¥(a™'¢/& a) = p(& K, @) (¢ /€, )

1 dn? 1 _
—%ﬁfHQMmmaxy+“mm>qumaw~wq1qmaﬂGMmo.

(7.17)

The only poles of the integrand on the right-hand side of ([7.17]) that are inside of the contour
~ are the Bethe roots n? € {/\%}?/:21 and n? = €2, coming from the relative pole of the function

GRr((,€). The residue at the latter point can be computed as
_1fW L
2mi ) n? p(n k@) (1 + a(n, k)
_ 1
P&k, a)(1+a(§, k)

[Y(aC/n, ) = (a7 ¢/m )| (=p(& )0/, )

[V(a¢/8 a) —vla'¢/8 ).
(7.18)

Computing the residues of the integrand on the right-hand side of (7.17)) and using (7.18)),
we rewrite ([7.15]) as

V(qC/€ a) | PlgIC/E @)
L+a(é,w)  1+a"l(& k)

GR(C? 5) = p(fv K, a)¢(g/£7 Oé) +

n/2 (7.19)
—2mi Y K(C/ A, @)GR(Ar €) res, dm(n).
r=1 n=Ar

Equation ([7.19) is nothing but the correct way of understanding equation ([7.15)): setting in
(7.19) ¢ = A\, we get the matrix equation for the vector Gr(\,, ). At the same time, ((7.19)
shows that GRr((,€), as a function of (2, has poles only at ¢? = ¢¥2¢2, €2, and ¢T2)\2.
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Chapter 7. CFT Limit

Let us study the analytic structure of the first term of (7.16|). Denote it as

U(G.8) = (o Gr)(G,€) = 5= dmn) [0(a¢/n,0) — plG; 5, 0)(¢/m )] Grl, ©)- (7.90)

v

The only singularities of the integrand on the right-hand side of ((7.20)) inside of the contour
7 are the Bethe roots n? € {A%}?/:QI and the points 7% = ¢2, £2. Thus, (7.20)) can be rewritten

as

n/2
U(C,€) =3 [0/ 0) = p(G K, )9 (C/Ar, )] GR(A, €) yes dm(n)
r=1 A (7.21)

b GR(G6) - U(aC/6 @) = p(G (/).

1
+a(¢, k) 1+a(§,/<;)[

Using this representation, we can study the analytic structure of the function U((,&). When
¢’ e {)\2}7, 1, the poles coming from two terms in (7.21) cancel each other:

2
<2re§\2 U(c¢, 5)(152 = —p(A\r; K, @)GRr(A, §) nZ’YS\? dm(n) + Gr(A\, &) = 0. (7.22)

The same is true for the poles at (2 € {q_2>\%};‘/:21

d¢?
res UGS
o ¢ X (7.23)
= GRr(Ar,¢) n%‘gf\% dm(n) — mGR(/\mf) rei dm(n) =0,

where we have used the fact that a(¢~'A,, k) = 0, which follows from (7.3). The poles at
e {q2/\2} ", which are present in Gr((,&) are cancelled due to the followmg identity:

RN (s e U o)
Tracn S YR R ) Gr) (7.24)

The poles at ¢? = ¢2 coming from two terms in (7.21)) also cancel each other:

a1 I
5V GO = T n T+ aE )

The only non-vanishing poles with non-trivial residues are at the points

p(& Ky a) + p(& K, a) = 0. (7.25)

¢z 1 d¢?
Cm e U687 2 T elpe T+l )GR(C’O ¢? (7.26)
- 1 1 __d(§)a(gd)
+a(gg, k) 1+a1(€,k) A& K)A(gE, k)
and
U0 = res L apeoi o !
<2:‘1 <2 C :‘17252 1 + Cl(C, H) S C2 1 + (63 ) (727)
1 1 1 _ d(g1€)a(§)

+a(g k) 1+alE k) 1+a(6r)  Alg € Rr)AE k)
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7.1.  The method of non-linear integral equations

Similar calculation can be performed for the residues of U((, &) as a function of £. Addi-
tionally, we note that (¢/€)*U((,€) is a rational function of (2 and &2 that behaves as

(C/)°U(C,§) =0(1)  at (,§—0,00. (7.28)
Thus, the function U((, &) can be written as

q ¢
§

U(G,¢) = —AIM@CIC’@)CZ(OG(@ - w(

(¢, k)A ¢ ,a)a(C)d(ﬁ)JrPn(c?,&?)), (7.29)

where P,(¢%,£2) is a polynomial of degree n in both ¢? and ¢2. Using the identity

46767 AT (C/€ @) = DeDe AT (C/€, @)

(7.30)
= —Acp(C/€, @) +2(p(Cs Ky @) — p(&5 1, @) P(C/E @),
we get
w(( &k, ) = —4U(C,€) + 407 8, AT '(¢ /€, @) — DDA P(C/E ) (731)
= —AU(C,€) — Acw(¢/€ @) +2(p(G; k@) — p(& k, @) (C/€, ). ’
Using definition of Wsing((, &; K, @), we obtain
W(Cu 5; R, a) - Wsing(C7 g; R, a)
4 a o
- seret (e) o@ (40 - aa0) .

1
g (q . C,a) 4) (@(0) — a(ad)) + Pal%. )}

+2(p(¢; 8, @) — p(&; K, @) (C/€, @),

which means that the function w((, &; &, @), defined via , , has the correct analytic
structure and satisfies .

Now let us show that satisfies the normalization property , which for the
function @((, ¢; K, ) reads

2
dCiA(c, R)B(C. & 5y )Q(C 4 @)@ (C R)p(C) = 0. (7.33)
I'm

We consider the case m = 1,...,n first. Contours I'y, in (7.33) go around the points (% = 72,
and (2 = ¢~272,, which are the poles of the function (¢) given by (6.28). With the help of

Tm

the AQ-relation, evaluated at these points:

A(Tm, I{)Qi(Tm, K) = a(Tm)Qi(q_le, K), (7.34a)
Mg T, K)QF (¢ i, £) = d(q™ i) Q™ (T, 1), (7.34D)
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we can rewrite the integral ((7.33]) as the sum over the residues:

1 1 d¢?
a(Tm) CQrfiQn @?

+ Mg m, K)D(q T, &6, 0)QT (g Ty £+ @)QT (¢ T, )
1 1 d¢?

U ) ot Q) 2 (739)

- (M&V)(Tm7€a R, Ck) + aj(q_leu ‘ga R, OZ)) Q_ (q_le’ K+ Oé)

([7-33) = A(Tm, £)@(Tm, & £, @) Q™ (T, £ + @)Q™ (T, K)

2
X Q" (7, k) ges, (Z)dé

since both residues in ([7.35)) are equal. Hence, to show ([7.33|) for m = 1,... n, it is sufficient
to show that

sa(¢ & ra)| =0, (7.36)

(=Tm
where
5E1(C) = F(O) + plCs 1, 0) Fa~0). (7.37)

Let us rewrite (7.36) as a condition for the function U((,§). Consider the last term in
(7.16]). Note that

5502 £(C) = £(aC) — p(¢s s a)plg ™" ¢y @) f(g71C) (7.38)
and

AT, £+ @) A(g  m, £ + @)
A(Tm, k) A(q_le, K)

p(Tm; 5, @) p(q ™ T K, @) =

- Qf(qfle’ K+ oé)QJF(Tm7 ,i) Qi(Tm, K + OJ)QJr(q*le’ H) _, (7.39)
B Q_(Tm7 K+ a)Q+(q_le7 ’%) Q- (q_17m7 K+ Oé)Q""(Tm, Kv) -
That means that
SO Q| = (A (m) (7.40)
or
SO0 AT (/e @) _ = O wlmm/€,0) = frlrm, &), (7.41)
This results in the following identity for the function U((,&) to prove:
5C+U(<,g)\c_ = fr(tm,&), form=1,...,n. (7.42)

In order to show ([7.42)), we compute the left-hand side of this identity using the analytic
continuation for the integral over the contour v in ([7.20)):

SEUC€) =07 f dm(nfL(C.Gr(n.€)

(7.43)
= § dm(m) LG r(n.€) + plCik,) f dmln)f1la™' ¢ )G r(. ).
gl v
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7.1.  The method of non-linear integral equations

where the contour ' is a deformation of the contour v that goes around the point 7% = ¢~2¢,
but not n? = ¢2. Then

= § amn)of 1.6 MG, )

L Gr(¢,©) Grla™'¢,€)

+ oG me) <p<<; ra)(L+a(G,R) | (G a)(L+ alg I, n>>)
Gr(¢.€) , plGina)Grla™¢8)

+a(¢, k) 1+a(qg~ ¢, k)

Gr(C, k,0)Gr(qg™ ¢,
— f K ¢/ 0)Galr.€) + {SEEE AT ) (r.44)
8l

_l’_

(= p(Gira)pla G ) f dm()io(a /.00, €

5

GR(Cag) (CaH a)GR( 71(75)
1+a1(( k) 1 + a(g~1¢, k)

+ (1= p(Ci K, )pla™ "¢ Ky ) ]{dm (g ¢/n, )Gr(n,§).

= fR(Cag) -

From it follows that a(¢~'¢, k) — oo and a='(¢,k) — o0, as ( — Tm. This, together
with , proves .

It remains to show the normalization condition for m = 0. In order to rewrite it
as a condition for the function U((, &), we compute the following integral:

d 2
3 § A RQ (o 0)Q (1K) () 6 Ay (/)

! (7.45)

2
- 2%1 7{ (17772“(”)@_(’7’ K+ a@)QF (a1, k)p(m)dg Y(n/E, a),

5

where we have used the result (6.31a)) of [Lemma 6.1l Taking the residue at n? = 0, we obtain

[-45) = lim a()Q™ (n, 5 + a)Q* (g, k)p(n)dg Y(n/¢, @)
- (7.46)

=5 @ = p(&m Q).

Hence, in order to prove the normalization condition ((7.33) for m = 0, it is enough to show
that

Uico = -5 g 1+ o), o
To this end, introduce the function G (¢, £) as a solution of the following integral equation:
GL(C. &) = 16 €) — (Crx Ko)(G,6). (7.48)

It is related to U(C, €) as
U(¢.€) = (G fr) .©). (7.49)
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Additionally, let g7,(£) be the leading term of the expansion of G1({,€) as ¢ — 0:

GL(¢,) = a©) (1+0(?),  E—o. (7.50)

Equation can be used to derive the equation for the function gr,(¢). The limit ¢ — 0
in the equation should be taken with care, since the point n? = ¢? is inside of the
contour v, but the point n> = 0 is outside. Let us denote by 7 a deformation of ~ that
has both points n? = ¢? and n? = 0 outside of it. For such a contour the limit (? — 0 is
straightforward. For any function F(n) = n®F(n?) regular at n? = ¢2 we have

Q)
dm(n)G f dm(n)Gr(¢,n ) 7.51
fm LG mF mNGLEMF) + s (7.51)
¥
It follows from ([7.3) that for the zero spin sector
a(,k) = q >, (F—=0. (7.52)
Thus, the function gy (§) satisfies the following integral equation:
(€)=~ (a" ) - fd ME/& ) (7.59)
gr(€) = — =" —q 1+q25 m(n)gr(n)K(n/E a). :

Equation ([7.53) can be solved explicitly in terms of the ratios of @-functions. Define

Q™ (¢,k+ )
hC k) = =3 =———. 7.54
(om0 =" tcm (o0
Using the Baxter equation T'Q-relation ([6.32) and the identity (7.24)), we can see that
h(Cw‘%a) ACh(Cﬂia a)
h Cu K:7 Q) = - . 755
Cm )= ima) ~ Gra)(1+alC.r) (759
It follows from ([7.55)) that
h(qn, K, ) di®
—(Aph(n, k,a))dm(n) = ( h(n, kK, a) — ————| . 7.56
(Ao, 5, ) dm(n) (( ) - el (7.56)
If the point 7’ is outside of the contour 7,
1 d772 ’
= Am om0 ) = 5 f TG0t o)
27 2771~ n (7.57)
¥ Y )
= _h(n/v K, a) - C(U/)fa,
where the constant C is given by
- o 1 .. o
C = —5 limn%h(n, 5, 0) + 5 lim n"h(n, &, ). (7.58)
If the point 7 is inside of the contour 7,
_hlgn's K, ) "
YA nan,ma) o
5 At 0l ) = ~THRE ) (7.50)

¥
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7.1.  The method of non-linear integral equations

Using (7.57)), we find that the function Ach((, k, o) satisfies the following integral equation

~ §dmn)(Aghn, 5, ) K (n/€, )

v

— = famm)(A,hn. 5, )) (wan/é,0) — (g /g @) (760

2mi
3

= _h(q_lga K, Oé) + h(qga K, Oé) - C(qa - q—a)é-—a.
Comparing (7.53]) and ([7.60|), we find that

€ =~ 12 N e k) (7.61)
IS = T Um0 1 + g2 S '

It remains to compute the limit ¢ — 0 of the function U((,£). Set

U(¢,€) = ¢u(Q) (1+0(H) . (7.62)
Then
U6 = f dmnGLlC.n)fun.€) = f dmGulc.minn.€) + TS
7 5
oo e (7.63)
= ¢ famgntnatng - CEELIEHERD g
:;
In the last line of we have used
Fr(.€) = B C/E @) — pl&sm a)b(CJa) — S (e peimia)). (7.64)

2
Using (7.57) and (7.59), we can further simplify (7.63]):

1 1—gqg2% *q = p(&; K,
T = (- o1 (+ O™~ pléima)Ce ) ) - S A f!ﬁ 2

€/ a ™ — p(& K, a)
2 1 +q2/¢ ’

(7.65)

which is exactly (7.47). That means that the function w((, §; K, «), defined via (7.13]), (7.14]),
satisfies the normalization condition .

Finally, the symmetry condition (6.97)) for the function w((,¢;k, a) follows from ([7.13))
and ([7.14) automatically. This observation completes the proof. O

Corollary. The formulae (7.13|) and (7.14) remain valid if we replace everywhere the function

P(C,a) by

Ca
-1

$1(G0) = (G a) = 5¢° = (7.66)
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Chapter 7. CFT Limit

Proof. From the proof of we conclude that

1 » e
o dm(n)n “Gr(n,§) = prg— (¢ p(& K, ), (7.67)
¥
which allows us to replace ¥((, «) by ¥4 (¢, «) in (7.15) and (7.16)). O

We will use the function ¥4 ({, &) to define the corresponding kernel and, with slight abuse
of notation, denote it with the same letter

K(G0) = 5 At (G, a). (7.68)

An important property of 1, ({, ) is that it decreases for (2 — 0 when 0 < o < 2. This will
be important to us when we consider the scaling limit.

We finish this section by giving an interpretation of the formula . It can be under-
stood as a result of the Bogolyubov transformation for the operators b*((, ) and ¢*(¢, «).
Let us define

1 % 1 d£2 1
2
(¢ a) =c"((,a) — 1 dé D¢DeA: Lip(€/¢, a)b(€, ), (7.69b)

where the operator Dy is defined by (3.59). The equations (7.69al) and (7.69b]) can be written

as

b*(¢,a) = e?b*((, @) —Q, (7.70)
E*(C,a)—e c’((,a)e, (7.71)
where
1 dcz rd
2= G ci? Wb Dag e/ akia), (1)

which ensures that the commutation relations (5.4) for the modified operators b*(¢, a) and
¢*(¢, ) do not change. For these operators, the JMS theorem (6.120)) is still applicable and
it takes the form

z" {t*(d))-‘-t*(CS)E*(Cf)...E* j)é*(g)...E*(g)(th(O))}

(e

v 7.73
= [120(¢s 5, 0) x det(@(C, ¢34, @))ij=1,...0n )
=1

7.2 Screening operators on the lattice

In this section, we introduce an important generalization of the partition function Z*, defined
by (6.14]), which is non-trivial only for operators O of spin zero. For the study of the scaling
limit, it is necessary to relax this condition. Let us consider the trace

(—s) 2kS5+2(a—5)S(0) /(s)
lt\}al[_lt_:‘u] (YM T[—l—&-l,l},Mq o )7 (7.74)
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7.2.  Screening operators on the lattice

where Yl\(/I_ %) is an operator of spin —s. It follows from the ice rule that the operator O(%)
should be of spin s. From this point, we can repeat the arguments of Suppose that
the transfer matrix Tm((, k) has a unique dominant eigenvalue A((, k) with the eigenstate
|k,0) = |k) and the transfer matrix Tv((,x + o — s) has a unique dominant eigenvalue
A(¢,k + a — s,s) with the eigenstate |k + a — s, s). Suppose additionally that

(kO |k + o — s,8) # 0, (7.75)

which is equivalent to the non-degeneracy condition (6.15). The difference of spins of the
vectors |k + a — s, s) and |k, 0) must be equal to s, but here we make an additional technical

assumption that the spin of |k, 0) remains zero.
As discussed at the end of [Chapter 6 the operator ¢2*5(9) can be interpreted as the

“lattice primary field”, and all other operators of zero spin can be constructed by the action
of the creation operators t*(¢,a) and an equal number of creation operators b*(¢,a) and
¢*(¢, «). Since the operator B*(C ,«v) increases the spin by 1, it is natural to assume that the
operators of the form ¢2(@=3)5O)O() s > 0, can be created from ¢2*5(©) with an excess of
operators b*((, o)

PTISO00 = b (). B ()
< B (CHY BRG] . () (D) Lt (¢0) (q2a5<0>) _

However, the JMS theorem (7.73|) is no longer applicable in this case. Indeed, let X €
Wa—s+1,5—1- 1t follows from the definition (3.57)) of the operator b’[kkl](ﬁ ,a) and the decom-
position (3.40c), (3.43) of the operator f;,; (¢, ) that for an operator X of spin s — 1

(7.76)

(D¢ ZC bl (X) + (T Dlg(C0) (X)), X € Warsirom1, (7.77)

where ¢~ O‘b;‘eg(g)(X ) vanishes at zero. In deriving for the contour I'y, it was

important that ¢ *ag*@ ) vanishes at zero (see (B.43])). As a result, for an operator X of spin
s — 1, not enough conditions exist to deﬁne the function @((,§; K, a). B _
This problem can be avoided if in we consider 7; — 0 and replace b*(n1) ... b*(ny)

by bOOS 1- b:oo The operators b* 50,47 - j = 0,...,5s — 1, constitute a finite Grassmann
algebra, which means, in particular, that bOo ]bzo ;=0,7=0,...,5s—1. Then the operator

(G~ O‘b*(Cl ), being moved to the left, vanishes at ((;)?> — 0, effectively reducing to its
regular part:

Bleso1- ioob (¢F) (2%5) = By (NP1 - Blog (¢20) . (7.78)

The rest of the operators B*(Cj), j =1,...,m can be reduced to their regular parts in a
similar way. Since the operators ¢*(({) are not singular for s > 0, we can define the generalized
linear functional Z** as follows

v 41 (le(E T > Sbhe 1 - bheg (q2aS(0)@))
REVaEERN) (Yl\(/I_ )T[—l-i-l,l],Mq2HSboo78_1 ..b%, (q2aS(0))>

s {q2a5(0)0} _ (7.79)

)

The JMS theorem (|7.73)) now holds for the functional ([7.79) under the following change. The
function p((; K, @) changes in the most natural way to
A(C,Iﬂ:—i—@—S,S)

A(¢, k)

p(Ck,a,8) = : (7.80)
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Chapter 7. CFT Limit

while the function @&((,&;k, «, s) is defined by (7.14), replacing p((;k,«) by p((;k, a, s),
keeping a((, k) the same.
(s)

Similarly to the discussion above, we can consider an operator Yy;” that carries the positive
spin s. In this case, the operator ¢*(¢) has the non-trivial behaviour at ¢ = 0:

CaN* Z C 2J~* + CQNreg(C)(X)u X € Wa+s—1,—s+1- (781)

We can repeat the entire procedure using ¢z, ; instead of Bg‘oj In both cases, we are simply
introducing the screening operators on the lattice, which will be important for relating the
XXZ model and the fermionic basis to CFT and the generators of the Virasoro algebra. As
mentioned above, the screening operators l~):o7j anti-commute among themselves. The same

is true for €7, ;. Since these operators do not act non-trivially on any subspace of W, the

question of the commutation relations between lN):;O and ¢Z ;, strictly speaking, does not
make sense.

We conclude this section by discussing an important property of Bethe vectors of spin s.
The dominant eigenvalue A((, k+a—s, s) of the Matsubara transfer matrix Ty (¢, k+a—s) on
the eigenvector |k+a—s, s) is a polynomial in ¢? of degree n. The eigenvalue Q™ ({, k+a—s, s)

of the operator Qy;(¢, k + o — s) on this vector can be written as
Q (G, r+a—s,8) =C"2AC k+a—s,s), (7.82)

where A(C, k + a — s,5) is a polynomial in (? of degree n/2 — s. The Baxter T'Q-relation for
the functions A(¢,k + a — s,s) and A((,k + a — s, s) reads
A k+a—s,8)A(k+a—s,s)

-, ) . (7.83)
=q "d(Q)A(q¢, k +a—s,5) +q" a(Q)A(g ¢,k +a—s,s),

where

1_
W =r+at2—7

7.84
; (7.84)
Formally, +’ is defined modulo 27Z/v. However, the eigenvalues A((,k+a —s,s) and A(¢,k+
a — s,) are multi-valued functions of ' and for them the choice of the branch has to be
specified. The choice in ([7.84) is consistent with the semi-classical limit v — 1. We return
to this point in (|7.98)).

7.3 Scaling limit

We now take the continuum limit of the six-vertex model on a cylinder. The construction
proceeds in several steps. Following we first introduce an additional parameter
k' related to the twist x and the spin s. We then define the scaling limit and show that, in
this limit, x and " can be treated as independent parameters. In the Matsubara direction
we introduce a lattice spacing a and consider

n — oo, a— 0, na = 2w R fixed, (7.85)

where R > 0 is the cylinder radius. Since periodic boundary conditions are imposed in the
Matsubara direction, the product na must be held fixed while a — 0.
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7.8.  Scaling limit

For a homogeneous model, scale invariance emerges in this limit and the theory be-
comes a conformal field theory. To make this statement precise, we compare our results
with the conformal T- and @Q-operators constructed by V. B. Bazhanov, S. L. Lukyanov and
A. B. Zamolodchikov [21H23| by field-theoretic methods, without passing through any lattice
model. We show that the scaling limit of the Matsubara transfer matrix and @Q-operator
coincides with precisely these objects. Note that the eigenvector |x,0) of Tnm((, k) passes into
a highest-weight vector of the Virasoro algebra; by the state-operator correspondence ,
it corresponds to a primary field of the resulting CFT.

Finally, we take the continuum limit in the Space direction. Using the scaled Matsubara
transfer matrix and @Q-operator, we define the scaling limits of p((; K, «, s) and @((,&; kK, a, S)
and state the scaling limit of the JMS theorem , which yields the fermionic basis oper-
ators in the conformal limit. The identification of these operators with Virasoro generators
is taken up in the next chapter.

7.3.1 Continuum limit of the lattice model
We take a and & to be real and restrict our consideration to the region
k| <1, || <1, (7.86)

from which we continue according to the prescription above. In the s = 0 sector, the eigen-
values A((, k,0) and Q™ (¢, K, 0) have the form

n/2
Q (G 0) =TT (1=¢/2), (7.87a)
r=1
MGk 0) =@~ T] (1- /i) (7.370)
h=1

In the domain |k| < 1, the vector |k, 0) is uniquely characterized by the two requirements for
the Bethe roots A2 and the holes ,u%: A2, ,u% €Rand A2 >0 > ,u% (see, for example, [2,(59,60]).

We number the roots in such a way that A? < A3 < ---. In the limit n — oo they are subject
to the Lieb distribution [61]:
)\T+1 Uz 1 -1 1
=14+ — (N + X\ o= ). 7.88
o1 T (a7 ) 40 () (7.88)

We are interested in the Bethe roots which are not very far from ¢? = 0. This corresponds
1
to 1 < r < n. Since A, is small, we can drop the term \? in ([7.88)), obtaining

r

A (ﬂ> (7.89)

n

A similar power law is obeyed by py,.
Let us denote by a the lattice spacing in the Matsubara direction and consider the limit

n — oo, a— 0, na = 27 R is fixed, (7.90)

where R > 0 is the radius of the cylinder in the Matsubara direction. Additionally, we
introduce the notation

a=Ca, (7.91)
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Chapter 7. CFT Limit

where C' is some v-dependent constant needed to compare the scaling limit of the XXZ spin
chain with CFT. The scaling limit of the eigenvalues A((, ,0) and Q@ ((, k, 0) is taken with
the simultaneous rescaling of the spectral parameters:

(sc) _ : —v
A (C’ H) n—}!;lole_)(),A(Ca] 7I</7 0)7
2w R=na
(sc) — : —VK Y — ( =V
QW(¢.w) = lim  @"Q™(¢a",x.0),
2rR=na

(7.92)

It follows from ([7.89) that

(=M, as o —c0. (7.93)
2w

Indeed, plugging ([7.87a)) into (7.92)) and using ((7.89)), we obtain
2RC
log AB9 (¢, k) Zlog (1—¢2< ) ) (7.94)

The leading order in the asymptotic expansion of (7.94) can be computed by rewriting the
sum as a contour integral

ilog (1_ <m) ) / dtlog( e2wj§01)2yg2> : (7.95)

c(1)

log AC((, k) ~ 2mR—C

S

where C(1) is the Hankel contour going around 1. In the upper half-plane, the exponent in
the integrand of ([7.95|) rapidly decays, which is not true for the lower half-plane. To take this
into account, we rewrite the integral (7.95) as follows:

e - o -0 ()" ) - [l
e )
+

(7.96)

e—27rit -1 ’

where o is a real number between 0 and 1 and € is a small real number. Taking (> — —oo

and performing the change of the integration variable u = — (%)21’ C%’ we obtain
2RC RC
(7-96) ~ /dtlog (1—§2< ) ) (—¢?) %/duuau Mog(1+ 1/u)
v
(7.97)
C 1
=27mR . (_C2)Zv
sin o
which is exactly (7.93]).

On the left-hand sides of (7.92) we dropped the dependence of the eigenvalues on the
spin sector. The reason behind it is that the dependence on the spin is now absorbed by the
parameter k. Consider the eigenvalues A((,k+a—s,s) and Q™ (¢, k+a—s, s) corresponding
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7.8.  Scaling limit

to the eigenvector |k + a — s, s) of the spin s. We define the scaling limit A% (¢, k +a — s, 5)
and Q%) (¢, k + a — s,5) in the same way as above, identifying

A(SC)(C, K+a—s,8)= A©) (¢, K, Q(SC)(C, K+a—s,8)= Q(SC)(C, K, (7.98)

where «’ is given by (7.84)). Indeed, the eigenvalues A(¢,x+a —s,s) and Q™ ((,k+a — s, s)
satisfy the same Baxter T'Q)-relation for all values of s. The only difference between
them is the number of Bethe roots: the function A(¢,x + a — s,5s) is a polynomial in ¢? of
degree n/2 — s. But in the limit n — oo this number becomes infinite. On the other hand,
the eigenvalue A% ((, k,0) is a multi-valued function of x and we have to explain the choice
of the branch . At this point we refer to the semi-classical limit ¥ — 1. Notice that
A(0, k,0) = 2 cos(mvk). We require that introducing spin does not take us far from this value.

Choosing ' to be given by (7.84) we get
A0,k + a — s,8) = 2cos (m/ (ﬁ+a+21_7”s>) , (7.99)

which stays close to 2cos(mvk) for all s if v is close to 1. Thus, we can consider x and &’
as arbitrary parameters implying the possibility of continuation from the values . The
right-hand side of is thus understood as such continuation.

In the limit for 1/2 < v < 1 the functions a(¢) and d(¢) which enter the T'Q-relation

(7.83) are

2v
a(¢a’) = (1 — q@¢A)” = (1 —q (%fc> ) — 1, (7.100a)
v\ 1
d(¢a’) = (1 — g~ \a¢2)m = (1 . (%fc> ) —1. (7.100b)

Hence, in the scaling limit, the eigenvalues A(SC)(C , k) and Q) (¢, k) satisfy the T'Q-relation
of the form

A(sc) (C’ Ii)Q(SC) (C’ K;) — Q(SC)(QC’ H) + Q(sc) (q—1<7 ,{)' (7.101)

7.3.2 Conformal limit in the Matsubara direction

Let us show that the limit results in a CFT. Our argument is based on the series of

papers [21], [22], [23], in which it was shown that, for integrable models, it is possible to

build the continuum analogues of Baxter’s T' and Q-operators employing directly the field-

theoretical methods without having to pass through corresponding lattice theory. We briefly

recall some of the important results of these works, rewriting them in our parametrization.
Consider a non-unitary CFT with the central charge

612
1—v2°

As discussed in the spectrum of CFT is described in terms of Verma modules
obtained from a highest-weight state |A) and its Virasoro algebra descendants. In the case
of this particular CFT, the highest-weight states have conformal dimensions

2
p c—1
Ap=<1_y> + (7.103)

c=1 (7.102)
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Chapter 7. CFT Limit

where p is a continuous parameter.
For each Verma module it is possible to define operator-valued entire functions T(CFT) ¢, p)

and Q&CFT) (¢, p) satisfying

T PQET(6p) = QT (a¢.p) + QT (a7 ). (7.104)

An important property of these transfer matrices is that they commute with the local integrals
of motion. Their expressions in terms of the Virasoro algebra generators L, can be found
in [21]. The first local integral of motion is Lo — 55. Hence, all eigenstates of the transfer
matrix T(C¥T)(¢, p) belong to one conformal family. In particular, the primary state is an
eigenvector of the transfer matrix T(CFT) (¢, p). Moreover, in [21] it was shown that all local
integrals of motion are encoded in the transfer matrix T(CFT)(¢, p). The latter is known to be
an entire function of ¢? that has the following asymptotic behaviour for ¢? — oo, (2 ¢ R_q:

log TN (¢, p) ~ RCoCY + 3 Cul™ ™5 Top1, (7.105)

n=1

where C), are known constants and can be found in [22]. They satisfy the property that
Cy >0, C, <0,Yn > 1. (7.106)

That means that the primary state is the eigenvector of T(CFT)(( ,p) with the maximal
absolute value.
Restricting to a given Verma module, it is possible to recast (7.104]) in terms of the

highest-weight eigenvalues of T(CFT)(C ,p) and Q;CFT)(( ,D):
TN (¢, p) AT (¢ p) = 72 ATV (71 p) + €20 AT (g ), (7.107)

where A (CFT) (C, p) = Ci%prFT)(C,p). The asymptotic behaviour of log AfFT)(C,p) for
(%2 — —o0o is given in [22] as

R 1—-v 1 1—-v 1 1
log AFD) NF( )r(— )r v (=), 1
og AL" (¢,p) N 5, (v)7 (=¢7) (7.108)
The T'Q-relation ([7.107) matches (7.101)) if we identify
vk = —2p. (7.109)

Additionally, comparing the asymptotic (7.93) and ([7.108), we deduce that if we set the
constant C' to be
1—v
r ()

v (3)

these two relations coincide as well. Thus, we come to

T (V) (7.110)

VK

AG(¢, 1) = ACFT) (C, _2) . (7.111)

Finally, let us argue that the eigenvector |k,0) of the transfer matrix Tn (¢, k) in the
scaling limit goes to the primary state of the corresponding CFT with conformal dimension

2

AH+1 = 4(1 _ l/)

(k2 —1). (7.112)
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7.8.  Scaling limit

On the lattice, the eigenvector |k) is defined by the requirement that the eigenvalue A(1, k)
is of maximal absolute value. In the scaling limit, it corresponds to the requirement that
T(CFT) (¢ k) is maximal for large ¢? and positive. As discussed, it follows from ,
that the primary state is the eigenvector of T(CFT)(C ,p) with the maximal absolute
value. Setting in (7.103) p = —vrk/2, we obtain exactly (7.112). Thus, in view of the state-
operator correspondence , the boundary conditions at +o0o are described by a primary
field ¢.y(+00). Similarly, considering the left Matsubara transfer matrix, we find that its
ground state corresponds to the primary field of conformal dimension

12

yTER) ()2 = 1). (7.113)

A/{’4»1 =

7.3.3 Continuum limit in the Space direction

The scaling limit in the Space direction can be understood via the JMS theorem ([7.73]). Using
the scaling limits of Q% (¢, k) and Q%) (¢, k'), we obtain the scaling limits of the functions

p(Gs . ) and w(C, & K, 0):

(sc) (. N — . —v,
P (¢ Ry K n_)(l)gl;_)o’p(ga,/ﬁ;,a,s), (7.114)
2t R=na
(sc) . / _ . ~ U U,
4w ((, & Ry R ) nﬁilolgﬁmw(g“a,ga,ﬁ,a,s), (7.115)
2w R=na

where ' is first set to and then continued analytically in «’. The JMS theorem can
be applied for any Bethe state in the Matsubara direction. For the Bethe states close to the
ground state the scaling procedure of the previous subsections applies, and we have argued
that the corresponding vectors span the Verma module of the chiral CF'T. It remains to take
the continuum limit in the Space direction. We keep ja = z finite and define the scaling limit
of the fermionic creation operators by

27%(¢, ) = Lllll)l%] t*(¢a”, a),
26" (¢, a) = lim b*(¢a”, o), (7.116)
29%(¢, ) = CILiE%E*(CdV, Q).

Likewise, we define the scaling limit of the “lattice primary” ¢2*3(®) as the field

D)) (—00) Py (0) = lim **5). (7.117)

a—0

With these definitions, the lattice JMS theorem ([7.73]) yields, in the scaling limit,

255 (@) T B - BTG Y ()1 (0)

p (7.118)

= H PV k1) x det(w)( p G ik, K @))i=t,..r-
i=1

Two facts in this construction are established: the lattice JMS theorem , and the
identification of the Matsubara scaling limit of the transfer matrix and @-operator with the
BLZ operators, done in The remaining, unproven step is the exchange of the
thermodynamic limit with the limit a — 0 in the Space direction in . Granting it,
is the natural interpretation of the conformal limit of the fermionic basis. Since this
exchange of limits is not under control, we state the resulting identification as a conjecture.
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Chapter 7. CFT Limit

Conjecture. The asymptotics of (7.118]) for Cii,C? — 00 describes the expectation values of
descendants of the primary field ¢|)(0) with conformal dimension

2

A, = m((a —1)2-1) (7.119)

inserted on the cylinder with the asymptotic conditions given by the primary fields ¢|,(+0o0)
and q§|ﬁ/>(—oo). The central charge of the chiral CFT under consideration is given by (7.102]).

We first present a qualitative argument in favour of this conjecture. The lattice JMS
theorem expresses expectation values of the operators t*(¢, ), b*(¢, «), and c*({, ).
For a homogeneous chain, the reduction relations , , and show that,
expanded around (2 = 1, these operators are generating functions of quasi-local integrals
of motion. After introducing the lattice spacing a, the expansion point moves to (? =
@~ ?"; in the scaling limit it moves further to (2 — 4o00. The scaled operators
(¢, ), B*(¢, ), and v*(¢, ) are therefore generating functions of modes acting on the
Verma module.

Consider the operator 7*(¢, ). Its lattice counterpart t*(¢, a) close to ¢? = 1 describes
the adjoint action of local integrals of motion of the XXZ model [35]. The same is expected
in the CFT limit. Using , we conclude that for ¢ — oo,

log p©)(¢; K, K) Z v (Ion—1(K) — Ion—1(x")). (7.120)

Together with (A.37), this implies that for ¢ — oo,

7((, ) ~ exp (Z C_2

n=1

"ulcnizn_1> . (7.121)

In [15], it was proved that w® (¢, &; k, k', @) has the following asymptotic expansion for
(2, €2 - oo

251

7w (kK@) (7.122)

WO, €,k ) = 0O (G, ) ) (€ 1) S ¢

i,j=1

Comparing ([7.121]) and (7.122)) with the JMS theorem ([7.118]), we define, in a weak sense,
the operators 83;_4, 75;_ and v3;_; from the mode expansion

log 77 Zsz N (7.123)
1 21
T L= Zlﬂ’g‘j_lCT, (7.124)
9 J:
1 _
JTCa) (7.125)

The expansions ((7.123]), (7.124)), (7.125) reduce the problem of computation of the cor-
relation functions of the fermionic basis descendants of a primary field ¢j,)(0) to that of

asymptotic analysis of the function w(se) (¢,&; K, k', ). In the next chapter, we will calculate

106



7.8.  Scaling limit

the asymptotic expansion of for (2,62 — co. At the moment, we are only able to treat
the case kK = x/, which, in view of , means working modulo integrals of motion. In
we will use the so-called master function approach [46] that will allow us to incor-
porate the action of the integrals of motion at the special free-fermion point corresponding

tov =1/2.
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8 Asymptotic analysis of non-linear in-
tegral equations

In this chapter, we perform the asymptotic analysis of the integral equations and
and compute the correlation functions of the fermionic basis descendants in the chiral CFT on
a cylinder. This allows us to establish the equivalence between the fermionic basis generators
and the Virasoro algebra generators. The Wiener—Hopf method developed below applies only
for k = K’; the case k # £’ is treated in

In we introduce the notion of particle-hole excitations, which is necessary to
express the fermionic basis generators in terms of the Virasoro algebra generators at level 8
and above. In we perform the asymptotic analysis of . In we
perform the asymptotic analysis of .

The presentation of this chapter is based on [15] and includes new results of [39].

8.1 Particle-hole excitations

The JMS theorem is valid not only for the eigenvectors |k, 0), |k + a — s, s) associated
with the maximal eigenvalues in the corresponding spin sectors, but also for eigenvectors
corresponding to the excited states. Here we consider only special excited states, namely,
the so-called particle-hole excitations. We repeat the discussion of and start with
the case of a lattice with an even finite number of sites n in the Matsubara direction. The
auxiliary function

d()Q™(4¢, %, 8)

a((,k,s) = 8.1
T S PR R &
satisfies the Bethe ansatz equations
n
a(Ar, K, 8) = —1, rzl,...,g—s, (8.2)

with § — s zeros A, of Q7 ((, K, s) called Bethe roots. The Bethe ansatz equations can also
be written in the form

loga(\, K, s) = wim,., (8.3)

where m, are pairwise non-coinciding odd integers. The ground state corresponds to s = 0
and the choice m, = 2r — 1. The excited state can be obtained from the ground state when
some “particles” are moved to the positions with negative coordinates. We denote by I1) a
set of positive coordinates corresponding to the positions of moved holes and by [ (=) a set of
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negative coordinates corresponding to the positions of moved particles. We choose these sets
to be ordered as follows:

<. <1 <n, (8.4a)
B I (8.4b)

The Bethe roots corresponding to the particles moved into positions with negative coordinates
—Ir(_) will be denoted A\, ",r = 1,...,k, and A} will denote holes moved to the positions I,g+).
For a generic spin s, the non-linear integral equation (7.5)) can be written as

loga(¢, k,s) = —27iv(k — s) + log (cl(Q) _ | d;;

a(C) K (¢/&)log(1+a(&, k,s)),  (8.5)

~(s,k

where the contour (s, k) goes around all the Bethe roots A, (including the moved ones A,)
in the clockwise direction. The kernel K ((, «) is defined by (7.68):

K(G0) = 5w (o), K(Q) = K(G,0) (5.6

For simplicity, we restrict to the spinless sector s = 0. We can deform the contour (0, k) —
~(0,0) in the integral equation taking into account the contribution of the residues from
the moved Bethe roots A~ and holes \;". Together with this gives rise to the following
set of equations:

o6, =~ 2w +1ox (29 £ 3 (o (31) ~ 0 30) (5.7
r=1

de?
572
7(0,0)
log a(AF, k) = Frild), r=1,...,k,

K (¢/€)log(1 +a(¢, x, s)),

2.9
where ¢(¢) = log %.

8.2 Asymptotics of log(a(sc))

In this section, we derive the asymptotic expansion of the function a®®) (¢, k) using the integral
equation . For simplicity, we consider the ground state case, corresponding to s = 0 and
the absence of particle-hole excitations, following [15]. The general case was considered in [3§]
and can be obtained from the ground state with slight modifications.

It follows from and , that the auxiliary function a((, ) in the scaling limit
for 1/2 < v <1 can be written as

Q") (q¢, k)
QEI) (¢~ ¢, k)

In [22] it was shown that for large » the smallest Bethe root behaves as A2 ~ ¢(v)k?”, where

c(v) =T(v) 2 (;{) , (8.9a)

0=—-vlogr — (1 —v)log(l —v). (8.9b)

a)(¢, k) = (8.8)
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Following [22], we consider the limit (2, k — oo, while keeping

t=rc(v)” 15; (8.10)

fixed. To this end, we perform the change of variables from ( to ¢ and consider the function
F(t,r) = logat) (¢, k). (8.11)
The function (8.11]) satisfies the integral equation (8.7)), which in new variables reads

F(t,k) = —2rmivk + f d—uK(t/u) log(1 + "))y, (8.12)
u

where, using and ( - we wrote

1 [t +1 tg 241
K(t) = — — 8.13
®) 47 <tq2—1 tg72 -1 (8.13)

and the contour C is the result of the change of variables for the contour «(0,0). In view of
(8.9al), the contour C is a Hankel contour around 1 taken in the clockwise direction. It was
shown in [22] that

F(t,k) = — Fy(argt, 6)[t|2 + O(|t|"2), 0<argt <, 510
F(t,k) =F_(argt,s)|t|> + O(|t| %),  —r < argt <0, '
where FL are functions taking positive values in corresponding domains. In other words,
a(SC)(C , ) rapidly decays in the upper half-plane and rapidly grows in the lower half-plane.
To take the growth into account, we apply the trivial identity

log(1+ z) = log(x) + log(1 + 1/x) (8.15)
to log(1 + ef'(®#)) in the lower half-plane of (8.12). This brings us to the following form of

the integral equation for the function F'(¢, k):

Td
/ uK (t/u)F(u, k) = —27ivk

u

1

ele Ood efie Ood (8-16)

/ R () log(1 + P @R)) 4 / LK (t/u) log(1 + e F),

U
1 1
where € is a small positive number.
We seek the solution of (8.16)) in the form of an asymptotic series in x~:
o0

~ KPR (t). (8.17)

Consider first the leading coefficient Fy(t). From ({8.16]) it follows that it satisfies the integral
equation

Folt) — / d;‘ (t/u) Fo(u) = —2miv. (8.18)
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Chapter 8. Asymptotic analysis of non-linear integral equations

The equation (8.18) can be solved by the standard Wiener—Hopf technique. Quite generally,
we denote the Mellin transform of a function f(¢) by

at Tk
fy= [ Sroet sw= [ Sofwe (819
t 27
0 —00
Then the Mellin transform of the function K(t) is
- sinh(2v — 1)k
Kk)y=———"—. 2
(k) sinh 7k (8:20)
It satisfies the factorization property
K(k) = ( ) IS (k)T (8.21a)
F 1—-v)ik)l'(1/2 +ivk) |

(1 +ik)\/2m(1 —v) ’

where 4 is defined in (8.9a)). The function S(k) is holomorphic for Imk < 5-, and for k — oo
it behaves as S(k) = 1+ O(k™!). It follows from the WKB technique that the asymptotic
behaviour at t — oo of the function Fy(t) is

Fo(t) = const.tz + O(t™2)  (t — o). (8.22)

Equation (8.18) admits a unique solution given by

/ it s( _lf T t>1, (8.23)

Rf—flﬂ

1
NI ) (524

where the integration contour is closed in the upper half-plane. Indeed, the right-hand side
of (8.23) gives a continuous function on the half-line (0, c0) if we set Fy(t) =0 for 0 < ¢ < 1.
Then

[ e

1 0

. (8.25)
/d“ K )(t/u)™* / il ——7
I+ 5;)
R———lO
The integral over u is proportional to the Dirac d-function. Then
—if
tlk/dlS 1)———218(l — k
B2 - /2 [ <>l(l+i) (- k)
Rogy 10 (8.26)
K il _if il 71 _if
- / AR (DS (1) ——T / dit's
R—5>—1i0 R———lO
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where in the last line we have used the factorization property . To continue, we note
that the poles of S(—1)~! are at the points | = —in, n = 1,2,... which lie outside of the
integration contour. Hence, the only contribution to the integral on the right-hand side of
comes from the poles | = 0 and [ = —5-. The residue at the last pole is zero and we
are only left with the residue at [ = 0:
res [S(—l)ltil_lf. = —v. (8.27)
1=0 {4+ 5;)

We thus conclude that the function Fy(t), given by (8.23)), satisfies

d“K(t/u)Fo( ) = Fy(t) + 2riv, (8.28)

1
which is exactly (8.18)). Performing these calculations we have shown that the function Fy(t)

for t > 1 can be analytically continued to the sector |argt| < 2(1 — v)7 according to:

Fo(t) = —2riv + / At SR —— .
/- L+ )
R—5-—i0

Now we turn to the higher order terms. We use R(¢, u) to represent the following resolvent
kernel

(8.29)

R(t,u) — / d—:R(t,v)K(v/u) — K(t/u), fort,u> 1. (8.30)
1

As above, the Wiener—Hopf method allows us to find that for ¢ > 1

+00 400
dldm y N i
R(t,u) = / / e PSS )R () (8.31)
The resolvent R(f,u) can be continued analytically as
T ad '
m 1l 1m 1> 2 —1
t,u) = K(t l KK _—. .32
Rt = Ktfw + [ [ 5 S amsOsem RO R ) (5.:32)
It follows from (8.32) that the resolvent R(t,u) can be written as
Tl
R(t,u) = Q—t“S(Z)K(l)R(l,u), (8.33)
T
where
+oo
dm i, —i
Rl u) = /% (m)l—i—m i0
o (8.34)
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The last line shows that R(,e?) is analytic near z = 0.
Plugging (8.30)) into (8.16)) and using ({8.18]), we rewrite equation (8.16)) as

F(t, k) = kFy(t)

[SIeS)

¢ | u du (8.35)
Rt u)1 oF(r) / R, u)log (1 4 e F@m)) |
/ ” w) og( )+ uR(,u)og( +e )
1 1
Motivated by formula ({8.29), we use the following ansatz for the function F(t, x):
+o0
F(t,k) = kFy(t) + / At S K (1) (U (1, k) — k%o(1)), (8.36)
where
=Y kTP, W) = i (8.37)

{4+ 5;)

Thus, in order to find the coefficient F,(t) of the series (8.17)), it is enough to find the
coefficients ¥, (1) for [ > 1

Plugging the series into the integral equation (8.35)), using (8.33)) and changing the

Tz .
integration variable u = ef~, we rewrite (8.35|) as

oot i
W(l, k) — wU(1) { / C R (1.e#) og (HGF(e H))
ico+e

+ / g—:ﬁ(l,(f%)log (1+eF(eﬁ’K)) }

0

Since log(1+e*F (“’”)) decays exponentially for = Imwu > 0, the asymptotics of the right-hand
side of is completely determined by the behaviour of the integrand at x = 0.

In order to develop a systematic expansion, let us first make a general remark. Consider
a Fourier integral

“+o00

G(z) = / e* g(k)dk. (8.39)

—00
We assume that g(k) is the boundary value of a holomorphic function on the lower half plane
Im k£ < 0, satisfying the asymptotic expansion
oo
> gn- (i), k— o0, Imk<O. (8.40)
n=-—ng
Integrating by parts shows that for any N > 0 we have

0 N
1) =2 3 gu6™(a)+2r Y ﬁx’}:l + Ry, (8.41)
n=1 :

n=-—ng
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where Ry = O(2V) as * — 0. Suppose further that G(z) can be continued analytically
around z = 0. Then its Taylor expansion can be computed from the right-hand side of
(8.41)), discarding the d-function terms. The result is summarized in a compact form

+oo
/ e* g(k)dk = 2ni res {eikx g(k‘)} , (8.42)
—0oQ
where taking the residue resy|. ..] corresponds to picking the coefficient in front of k~! in the

expansion at k — oo. This allows us to find the Taylor expansion for the function G(x) at
xz=0.
Applying the above consideration to (8.38), we obtain the Taylor expansion at x = 0:

hz
~ iz e Ir
R (l,efﬁ) = 168 (l n hS(h)> . (8.43)

For the factor log(1 + e¥"(“*)), we proceed as follows. Define the function F(z, k) as

F (e%,ﬁ) = —27(x — F(z,K)). (8.44)

As above, the Taylor expansion of F'(z, k) at x = 0 can be calculated as

F(z,k) =2+ res (e_?iS(h)i\I/(h, /@)) . (8.45)

Note that F(x, k) = O(k~1), since the term proportional to z is cancelled by the term xW(h).
We rewrite the corresponding piece of the integrand as the Taylor series

log (1 + eiF(Ei}iﬁ)) = i M (:Fa)n log (1 + 672”> . (8.46)

|
= n! ox

Substituting (8.46]) and (8.43)) into (8.38)), we arrive at
iV(l, k) —ik¥o(l)

2 X1 [d o O\" o (8.47)
~ Z‘Bn‘/% {rgs F(x,k) <_(9:1:) } log (1 12 )
n= 0 even

Here {...}even denotes an even part in x. To evaluate the integral in (8.47]) we need to develop
the integrand into a Taylor series and apply the formula

—ha
e fr
l+h

S(h)

¢((m—n+2)

@ (8.48)

dx o\" 9 1
m [ TT _ | o m—1+n
J 5% ( 83:) log(1+e )=m!(1-2 )

In summary, the asymptotic expansion (8.37) can be calculated order by order in x>

from the set of equations (8.45)) and (8.47)). The first few terms of the expansion read

: __ 1 11
I\Ij(l’m)_l(l—i-ﬁ)fﬂ—’_%lfli (8.49)
7 i 207 —6v+6) 1
o (z—zy) (z—1 T )(mﬁ... (8.50)

Developing this expansion further, it can be noticed that the coefficients ¥y, (l) have a certain
structure. Since we do not have a rigorous proof of the statement, we formulate it as a
conjecture.
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Conjecture. The coefficients VU, (1) have the structure

n—1 sro

27 —1

U, (1) = H (l — 1(‘7211)) X (polynomial in 1 of degree n — 1). (8.51)
i=1

From the knowledge of log a(®®) (¢, k), it is possible to extract the asymptotic expansion
of log T¢) (¢, k):

log TG (¢, k) ~ mivk +

Vi—v (1 —il)[(1/2 +ivl) ed—miv 2\ ¥
/ Uiy R <M>

R— 3, —i0 (8.52)
O _2n—1
~ Z CnI2n71(’{)C Yo
n=0

where

2n—1
On = —ﬁi' Fl(_ 2v ) (1 . y)nr(y)_Qn’j—l’
v onlp (1 + 12 (2n — 1)) -

Ion_1(k) = -0 <1(2n—1)

2v
and we set by definition I_; = R. Notice that Cy > 0 and C,, < 0 for n > 1, which is in
agreement with (7.106]). This gives an indirect proof of the conjecture (8.51)). Indeed, the
factors in (8.51)) ensure that at the special values [ = %, the asymptotic series (8.37)
truncates. This has to be the case, because according to [22] for n > 1 the functions Is,_1(kK)

are the eigenvalues of the integrals of motion which are polynomials in ¢ and A,. For instance,
the first few eigenvalues obtained from (8.53)) read

, H) n(2n — 1)(21/2)"*1(f,g)znflR*%Jrl7

1 c
Il(K/) = E <A,€ — 24) s (854&)
L) = 21 (k)% — — Ty (k) + —S (8.54b)
AW TR 6R2"! 14403’ '
1 1 c+5 c(be + 28)
I5(k) = —I3(k) 1 (K) — —— I L0 g () = 26T 20) 54
5(0) = Rls(r)N(k) = 35 Ts(k) + 3 n(R) — JeoRs (8.54c)

which is in perfect agreement with the results of [21].

8.2.1 Alternative form for the function ¥((, k)

As discussed at the beginning of the general case involving particle-hole exci-
tations was first considered in [38]. The main downside of the representation presented in
this work is that it requires solving additional equations in order to find the contribution of
the moved Bethe roots. In [39], an alternative representation for the function ¥({, k) was
developed. Its main advantage is the clear dependence of the final answer on the coordinates
of the particle-hole excitations.

It is convenient to introduce the variable p = %, where f is given by , and consider
the “rescaled” versions of (8.21a) and (8.37):

W, (s, p) = i‘l’ <281/i,p> , (8.55)
Sy(h) = S (;;) | (8.56)
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Using this notation, let us consider a special free-fermion point which corresponds to the
value v = 1. For this regime, the function W1 (s,p) was found explicitly in [22] as
2

\P%(s,p) = p;s( (s,p+1/2)+ E(s,p). (8.57)

The function ((s,p) is the Hurwitz zeta function defined formally as

o0

C(s,p) =D (p+n)~"

n=0
The function E(s,p) encodes the dependence of the ¥, (s,p) on the coordinates of particle-
hole excitations and reads explicitly

Lk (O () *
E(s,p):gz (1— > _EZ <1+ 5 ) ; (8.58)
r=1

r=1 2p

where Lgi) are the coordinates (8.4]) of particles or holes.

We would like to deviate from the free-fermion point and generalize the above results to
v= % + € for small e. Consider the Taylor series of W, (s, p) with respect to e:

[e.e]

Wy (s,p) = ZejCj(sap)' (8.59)

=0

The zeroth term corresponds to the free fermion point:

S

Gols,p) = £-C(s,p+1/2) + B(s,p) =

8(sp— 7y T or(s:p) + Els:p); (8.60)

where Cr(s,p) is the regular part with respect to s. Using the asymptotic expansion of the
Hurwitz zeta-function ((s,p + 1/2) as p — oo, we can write it down as
Bop, 1 T(s+1)(s+2)

1 & —2m+1 -2
=— 1 —272m+l 1=
Cr(s,p) S n;lp ( )(2m)!(5)2m ! 24p 5760p3

Here (s)r = s(s+1)...(s+ k — 1) is the Pochhammer symbol and Bs,, are the Bernoulli
numbers. We will also need the expansion of the function S,(h) around the free fermion
point:

S,(h) =1+ i aj(h). (8.61)
j=1

We introduce chiral current fields ®4(h) of one complex variable:
o (h)=3" %”MH, o_(h) =Y anh”, (8.62)
n>0 n<0

where a,, are bosonic modes obeying the canonical commutation relations

[@n, Q] = NOppm. (8.63)
That leads to the following commutation relations for the fields ® (h) and ®_(h'):
1
., (h),®_(1)] = . 8.64
@4 (), B (W) = (5.64)
We define the “vacuum” state |0) as a state annihilated by all operators a,, with positive n:
ap|0) =0, formn >0. (8.65)
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Proposition 1. The function W, (s,p) is given by the formula
W (5. )]0) = exp { s [(S, (1) — () ()]} Fs.p.0)0) (8:66)

where F(s,p, ®_) is a functional of fields ®_:
F(s,p,®-) = (8.67)

[ ——,

Z %r}?s...iestb_(hl)...<I>_(hn) (I+s—=3>hy),C(n+s—>hjp)
n=0 . 1 n
Proof. For simplicity, we consider the ground state case and show that (8.66) is equivalent
to (8.47). The case of particle-hole excitations can be treated similarly and compared to the
results of [3§].

In variables (8.55)) the representation (8.47)) of ¥, (s,p) takes the form

W, (s,p) — p¥Yo(s,p)

B 2i 1 7013: e s | 7 )n( a>" log(1 4 o2y, &09)
o —n! ) 2r Wlsth wp ox 8 ¢ ’
n= 0 even
where the function F(z,p) is given by (8.45)) and in new variables reads
— iha
F(z,p) =2+ irgs {ep S(h)\I/,,(h,p)] . (8.69)
Let us consider the expansion of the function F(z, p) around the free fermion point:
F(z,p) =Y _Fj(z,p)é. (8.70)
§=0
From (8.69) it follows that
— ihz ihe =1 [fiz\™
Fo(z,p) =z + irgs [e v Co(h,p)} =z +ir}c;s [e]; h(hp—l)] = ipmzzzm (l;j) ,
— ihz
Fi(e.p) = irgs [e 5 o1(Wo (1) wr1)

Fa(e,p) = irgs [¢F (a(h)Ga(h,p) + 01 (1)1 (1)

Then the e-expansion of W(h,p) can be obtained by plugging (8.71f) and (8.61)) into (8.68).
In every order in €, one has to calculate the integral of the form

21 Td _ise _ o\t
=y ””{ F Py (-5 } log(l+c2%)  (372)
0

even

for some n’ > 0. In order to evaluate this integral, we introduce the numbers u,, ,,, appearing
in the expansion

0o x]g n 0o
— [Z H} = > Upma™ (8.73)

|
n: k=2 m=2n
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The numbers w,, ,, can be written down as

1 1
tnm =01 2 kel k!
2<k1 <...<kn<m—2(n—1), n
ki+...+kn=m

The most important property of u, ,, relevant to this proof is the following sum:

n+r)!
> <—1>”*k(ku)un,r+nksk = (=1)"(s + 1), (8.74)
0<n<r, )
OSTJ%T_?/:“T

Then the left-hand side of (8.72) can be written as

2 s 1 Ood$ isw 8 n-tn’ —27x
—pZMO/W{ ¥ Fotwn)” (~55) } log(1 + e~27)

even

dz [ sk o n+n/ B
ﬂ_{ k—i—n—i—mpn m—k k+m k'unm <_8$) } log(1+e 271':13)

even

gk
- _9 Z 1—k+n+mpn m—k— 1yunm(m+k’)( 2—m—k—1+n+n)

n>0,
k>0,
m22n

((m+k—n—-—n'+2)
X (27)m+k—n—n’+2 '

In the final line the integral (8.48) was used and k +m —n — n/ was set to be even.

Let us denote m +k —n = r. Since uy,,, = 0 for m < 2n, the sums over k and n in (8.75))
truncate. Using the property (8.74]) of the numbers w,, ,,, we continue the derivation

C(r—n'+2)

o 2 (r+n)! e
B78) = -2 p (-1t Un g (1 =277 1)W

|
>0, k!
k>0,
r>0

e L (r+n)! 1 Cr =1 +2)
= -2 0;; p " 1(_1)n+kerun,r—k+n5k(1—2 T I)W (8.76)
0<h<ron,
r>0
722 r —r— 1 5+1) (172—1"—71/—4—1)
r>0

C(r—n'+2)
(27T)rfn’+2

119



Chapter 8. Asymptotic analysis of non-linear integral equations

We can denote r — n/ + 2 = 2m since it is even. Then

o , , 2
ET)=—2 3 (e (1), (1 — gy S2T)

nm:}_nl+2 (27T)2n1
o \N—n' - —2m+1 / —2m+1 . 2m—2|BQm|
= =2(ip) " (1 + 8)w > p (s+n)om—1(1 —2 (=) ——
s+n o 2
0
/ 2
S YD (L g s)gy o1 - 272 ST (&77)
m=—n/+2 (2m)2m
— (ip)_”/(l +8)wCr(s+n',p) — i(ip)_”/+1(1 +8)p—2
2(- )fn’ 20: 2m—2 72m+1(1 + ) (1 272m+1) C(2m)
—2(ip "% $)om+n/—2(1 — =
2 2"

For n’ > 2 the only term that contributes to the sum in the last line is the one with m = 0.
Otherwise the sum is zero. Therefore, we get to the following result:

221 fdr [ i — 8\t ~
-2y = { F Foten) (-5 } log(1 + ¢~27)
0

even

(8.78)
B (ip)_"/(l + 8)wCr(s+1',p), for n’ =0, 1;
(ip) =™ (1 + 8)wCo(s + 1/, p), for n' > 2.

From this result for n’ = 0 it follows immediately that the ¢’-term of the expansion ([8.68))

is (o(s, p) which is in agreement with |[Proposition 1} The higher orders in € can be constructed
by induction. Let us show how to obtain the term (;(z,p). It follows from (8.68) that

Cl(sap) =
2/ i Tdaf e ne1 ihe a\"
_p<nZ:1n!O 27r{e » nFo(z,p) res [e » U1(h)40(h7p)} <_8x) }even (8.79)

ihx
e p

s th(h)] Fo(z,p)" (_ai)"} ) log(1 + ¢~ 27).

We can shift the summation index in the first sum and then use (8.78) to calculate both
sums. This gives us

>~ 1 Td
X
35 [
0

(h)Cr(—h)

G1(s9) = 165 [o1 ()Golh ) (1 + 5 = W15 — hop)] +res | B s.50)

To bring the answer to the final form we can use the duality property of S(h) which in the
new variables reads

S(NS(—h) =1 = o1(h) + oa(—h) = 0,
Ul(h)al(—h) + Ug(h) + Gg(—h) =0, (8.81)
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Then the last term in the formula (8.80)) can be modified and added to the first one:

Gi(s,p) = res [o1(n)Go(h, p)p~ (1 + 5 = W)CR(L+ s — h,p)| + res [W} —
= res o1 (W)Co(hp)p~ (1 + 5 = h)Cr(1 45— h,p)| + res [‘W} = (8:82)

= res (o1 ()Co(h,p)p™ (1 + 5 = h)Go(1 + 5 h,p)] -

That is exactly the result we obtain from the exponential representation.
To proceed with higher orders of the expansion of W, (s,p), let us introduce a shorthand
notation for the integral (8.68)) in the form of the “contraction”

(9(h), f(z,p))n =
;g;o/dx {res{ j(ﬁlFo(x,p)"f(x,p)} <_aax>”+" }even log(1 4 ~27). (8.83)

Then the formula (8.78]) takes the form

oy = {007 (e e o (881
(ip) ™™ (1 + 8)wCo(s +n',p),  forn' >2.
For (i(s,p) we have
Cl(s,p) = <1,F1(1‘,p)>1 + <O’1(h),1>0 (885)

We apply ([8.81)) to the last term and add to the first one to replace (r(1+s,p) by (o(1+s,p)
as it was done above.

A similar procedure can be applied to (;(s,p). Suppose [Proposition 1|is correct for some

k — 1. Using the “contraction” defined above we write

Ce(s,p) = (1, Fi)1 + (1, F_1F1)o + (1, F_9F2)2 + 21 (1, Fy_oF7) +
- - 1 (8.86)
+ <0’k(h), 1>0 + <Uk,1<h),F1>1 + <<O’k2,F2>1 + 2<0'k27ﬁ%>2) + ...

The very first term is

(1, Fg)1 = r}c;s{(al(h)gk_l(h) + ...+ o1 ()G (h,p)A+s—h)p Hr(1+ s — h,p)].
(8.87)

If it had the function {y(1 + s — h,p) instead of (g(1 4+ s — h,p), the first line would have
given us the exponent , which is the direct consequence of the integral . It can be
shown that the terms coming from the second line of are exactly the missing singular
terms we need to add to to replace Cr(1+ s — h) by (op(1 + s — h,p). Indeed, let us
apply the duality :

(oK, 1)o = res [Zk—f(—hfz Co(—h,p)]

h
e (8.88)
=t [ 2800 )]+ 3 s [ M2 1,
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Chapter 8. Asymptotic analysis of non-linear integral equations

Now in (B8.86]) take the terms which are the “contractions” of ¢;(h) with some powers of F;.
Once again, we will get the function (g in one of such “contractions”:

[Jl(h

~—

<Ui, Fk—i>1 = I‘%S res (O'k_i(hl)C[)(h/,p) + ...+ Ul(h/)Ck—i—l(h/))

n |s+h

(8.89)
x (1—h—n)p Yr(1—h—1,p)l.

The missing singular term is exactly the term proportional to o;(h) coming from ({8.88]). We
write, therefore,

oi(h)ok—i(—h)

<UiaFk—z‘>1+rgS[ o Golhp)
=res rﬁs[gi(hzl (or_i(W)Co (R, p) + ...+ o1 (W) i (W) (1 — h — 1) (8.90)

! ,
X Go(l—h 1)

Now, by the assumption of induction all terms which are a “contraction” of o;(h) with some
powers of F'; sum up into

Z res [gﬁ(h)g‘/’ﬂ(h’p)} ’ (8.91)

i=1 s—h

and these are exactly the singular terms we need to be able to replace (g by (o in (8.87]).
This observation finishes the proof of the O

Let us comment on how can be used to compute the function ¥, (s, p). By definition
(8-65), the field @ (h) annihilates the vacuum vector |0). At the same time, the fields @ (h)
enter the expression only in the exponential operator. Thus, using the commutation
relations , we can perform the normal ordering and compute the residues on the right-
hand side of . As an example, consider a single particle-hole excitation I () = {mo},
I2) = {m;}. Using the procedure described above, we obtain the expansion

p 1 1 (s+1), 5,
(5,) s(s—1) * 24p( (mo +ma) = 1) + 3202 12 (mp —mi)
1 s+1 3 3 1 5 X
0T {5(1/(21/ —11) + 11) (m + mi) + 51— v)s(60(md +mi) +7/2)  (8.92)

50 4+ 1)(20 — 1)(mo + m) (6(mg + ma) — 1) + 12+ 3(1 - ,,)} +...

More terms of this expansion can be found in [3§].

8.3 Asymptotic expansion of W ((, &k, K, ) for k = K/
Having determined the asymptotic expansion for the auxiliary function a(SC)(g , k), we perform
a similar analysis for the function w(®% (¢, &;k, k,a), which will allow us to compute the

expectation values of the fermionic basis descendants of the primary field ¢|)(0) on the
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cylinder with the help of the JMS theorem ([7.118]). In this section we restrict our consideration
to the case k = K/, so that p*°(A|k, k") = 1. In view of (A.37)), this means that we can identify
the fermionic basis operators with the generators of the Virasoro algebra only modulo integrals

of motion (A.33]). We establish the complete relation at the free-fermion point in |[Chapter 9
We start with the representation (7.14)). In the scaling limit, due to (7.114)), it reads

WE(C &5k, k) = (frx fr+ fux Rax fr)(C€) + 0707 AT (C/E ), (8.93)

where the functions f7,((,€) and fr((,€) are defined in ([7.11). The convolution * is defined
in (7.8), and the resolvent Ry is defined in (7.10). In the scaling limit, the convolution %
denotes the integral

e oo e oo

Fraco=| [ - [ |ammrcncne. (3.94)

where ¢ is a point lying between the smallest Bethe root and the largest zero of A(SC)(C LK)

In the case k = K/, the measure dm(n) reads
dn?
dm(n) = . 8.95
") = P+ o) (599
The techniques used in this section mirror the ones used in We begin by
introducing the rescaled variables according to (8.9a)), (8.10)):

t= 1 & _ et e 8.96
=c(v) 5 u=c(v) o (8.96)
and write
11 tg> +1 _ tg=2 +1
K(t,a) = —= | (t¢?)*?E—= — (t¢H)** 22— ). .

(t,0) 2m(m e R i R (5.97)

In the leading order approximation as k — 00, equation ((7.10]) reads
oodv
R(t,u,a) — / SR (t/v,0) R, u,0) = K(t/u,0). (8.98)

1

Integral equation (8.98]) can be solved in the same manner as before, using the Mellin trans-
form of the kernel K ((, )

sinh 7 ((2V -1k — %)

K(k, o) = , (8.99)
sinh 7 (k‘ + %)
The only point worth noticing is that the Riemann-Hilbert factorization
1— K(k,a) = S(k, )" S(—k,2 — o),
L1+ 1 -v)ik—$)T (4 +ivk) (8.100)

S(k,a) = elok,

@

T (1+ik—g)v2r(1—v) ="
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Chapter 8. Asymptotic analysis of non-linear integral equations

naturally leads us to assume that
0<a<2. (8.101)

Thus, the function K (k,a) is symmetric under the change of variables (k, o) — (—k,2 — ).
Similarly to (8.32)), the resolvent R(t,u,«) admits the representation

R(t,u,a) = K (t/u, )
+00 +00

aLdm g 4 A
+/ /27T St (L 0)S(m, 2 — )R (1, 0)K (m, 2 ~ a)

—00 —O0

i (8.102)
I+m—i0

Now we turn to the higher order terms. In the variables ¢ and u the equation (7.10]) for
the resolvent R4(t,u) reads

el€ co e i€ oo
B dv R(t,v,a)Rgq(v, u) dv R(t,v,a)Rgq(v, u)
Ru(t,u) — R(t,u, ) = — 1/ e - 1/ LILLOTET (3.103)
Here the function F'(t, k) is given by (8.11]). Inspired by formula (8.102)), we set
Rg = (t/u a)+
) . (8.104)
/ tl u™S(1,)S(m, 2 — @)K (I,a) K (m,2 — a)O(l,m; k, o)
where
O(,m;k,a) Z@ (l,m;a)k™ ", Oo(l,m;a) = — ' (8.105)

l+m’

Repeating the analysis of we arrive at the linear recursion relation for the coef-
ficients O, (1, m; «):

2 X1 T eI
O(l,m; k,a) — Op(l,m; o) =~ fgno/dx{res l+l’S(l’2_a)]

(8.106)

7m/z . n 1
< ves [ (' @)@ i, )| Flan)” (—57 ) }

m Oz 1+ e2mz’
dd

where {...},qq denotes an odd part in z. The coefficients of the series (8.105]) can be calculated
by writing down the Taylor expansion of the integrand (8.106) and applying

1 B s C(m —n 4+ 1)

Carrying out the iterations requires that a sufficient number of terms in the expansion of
F(x, k) with respect to k~! have been obtained, which can be done using (8.45). For a few
leading terms in the expansion for ©(l,m;k,«) one can get

—i 1

O(l,m;k,a) = l+m+24(f/£)2

<4WHWﬂ—;+&Q+OM4% (8.108)
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where A, is given by ((7.119).

The function w® ({, £; k, K, @) can be written with the help of the integral representation

(8.93) and ansatz (8.104)):
1 o0 %) ) )
W) (¢, & Ry Ry Q) o / dl [ dmS(l,a)S(m,2 —a)O(l +1i0,m; Kk, @)
™
—o0  —oo (8.109)

§ <e6+7ri1/ 2 ) il <e6+mu ¢2 > im |
K2 c(v) K2 (V)

In (8.109) we have returned to the variables ¢? and ¢2. The function S(k, ) reads
k)= I'(—ik + £)I(3} +ivk) |
D(—i(1 = v)k + §)V2r(1 — v)(1=e)/2

The asymptotic expansion at ¢,§ — oo can be obtained by picking the residues of (8.109)
coming from the functions S(/,a) and S(m,2 — «a):

(8.110)

i 1
)¢, & ) =~ ———Dar—1(2)D2s—1(2 — @)
w Sy Ry Ry, () = 2r—1\&) V251 «
7»;17”“—1 (8.111)

_2r—1 2s—1
X (v v Qor12s-1(k, @),

where

, (8.112)

and

1
QQT—1,2S—1(K/7 CM) =-0 (

(2r—1) i(2s—1) r+s—1[\V2fkv prze
5y gy e V 7 . (8.113)

The counterpart of the factorization (8.51)) is the following vanishing property, which we also
formulate as a conjecture.

Conjecture. The coefficients ©, (I, m; k, ) satisfy the vanishing property

i(2r —1) i(2s—1) B
O, < 50 T 2y ,f-@,oz) =0 (8.114)

formn >r+s.

The property (8.114) ensures that the coefficients Q9,1 25—1(k, ) are polynomials in
A1, a and c. For instance,

a(,0) = £ha(k) — %, (8.115)
Q1 3(k, ) = %Ig(n) - ?Rogh(n) + 14@%4 + 18;6]5%4 ot 36%‘;%4% (8.115b)
Q31(k, ) = %13(/4) - %h(/ﬂ) + 14331‘%4 + 185;(_)15%4 a— 36%24%, (8.115¢)
where
1—a)(2-
dy = ¢ (i‘)f - vy (8.116)
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8.3.1 Alternative form for the function ©(l, m; s, a).

The general case involving particle-hole excitations was considered in [38]. A remarkable
result of this work is the fact that for k = &’ the contribution of particle-hole excitations
can be taken into account by modifying the function ©(l,m;k,«) only, while keeping the
formulae (8.111)), (8.112)), (8.113) the same.

Like in the case of the function ¥(l, ), the representation for ©(l, m; k, a), given in [3§],
does not depend on the particle-hole contribution in an apparent way. In [39], an alternative
representation for the function (1, m; k, a) was developed. It shows that in order to take
the particle-hole excitations into account, it is enough to modify the function ¥(I, x) only.
We proceed to explain the construction of [39].

We consider the rescaled versions of (8.100) and (8.105))

!
0,(s,s';p, ) 1@( 5 2 a),

o \ 22
h
Sy(h,a) = S <2V1,O[>
and introduce the Taylor series at v = % + € with respect to € for the function O(s, s'; p, @)
> .
O,(s,8;p,a) = Zm(s, s'ip, )€ (8.117)
i=0
and for the function S(h, a)
0 .
Sy(h,a) =14 oi(h,a)e. (8.118)
i=0

Note that unlike (8.61), the zeroth term in the expansion of S(h,«) with respect to € is not
just 1 but rather

1+ og(h,a) =

r(1+4-4)r(3+4)
r(3+4-9)r(1+4%
Now we are ready to make another proposition.
Proposition 2. The function ©,(s,s';p,a) is given by the formula

Sy(h,2 —a)S, (A, «)

0 = resres O,(h, s ;p,a)x
h h s+h (8.119)
(0] exp {,?S (S (") = 1), (", )@ ()] } G(—h —I',p, ®)|0)
where G(s,p, ®_) is a functional of fields ®_:
N ~ S h
G(s,p,®_) = n;o o Tes...1es ®_(hy)...®_(hy,) (1 +s Z h]>n+1 8.120)

x(o(n—i—l—i—s—Zhj,p).
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The proof of is similar to the proof of so we only make some
comments. The formula (8.119)) can be brought to a form similar to (8.66) by replacing the

function (o(1 4+ s — " hj, p) in the expression for G(s,p, P_) with (r(1+s— 3 hj,p):
1 Sy(h,2 —a)S, (A, «)

e

®V(57 S/;pa Oé) -

(0] exp {rfg/s [(Sy(h”) _ 1)\I’V(h”,p)<1>+(h”)} } Gr(—h — I, p,&)|0),

with
00 p_n
Gr(s,p, @) = nz:(] Tl oS 1eS S_(h1)...2_(hy) (1 +s5- hj)n+1 X

CR(n—|—1+s—Zhj,p>.

In this way the proof of is even more straightforward since one does not have
to obtain the singular term as it was done for the function ¥, (s, p).

The formula can be used to compute the function ©,(s, s’; p, a) by performing the
normal ordering for the fields ®(h). As an example, for I*) = {mg}, I=) = {m;} we get

1
@V 7/; 5 =
(s,s;p, ) P
1
— (1 —12 —Nar?+2 11y _9 '
+48p2(1—y)( (mo—i-ml))((oz Jav® +2v(s+s + 1) (s+ s + ))
2 2 (8.121)
mg—m
0 1

- 128p%(1 - v)? (=8v'a(a = 2)? —1202(v — 1)ala = 2)(s + 5’ +2)

—16(1/—1)2(3+s’+1)(s+s’+2))—|—...

More terms of this expansion can be found in [3§].

8.4 Identification of the fermionic basis operators and the Virasoro
algebra generators

One of the points of interest is to establish the explicit relation between the fermionic basis
operators and the Virasoro algebra generators. Let us explain how the results of

and can be used to achieve this goal.

In |Chapter 7| we argued that in the scaling limit the generalized partition function ([7.79))
describes three-point correlation functions of the CFT. This statement was formulated in

section 7.3.3] More precisely, we postulate the following relation to be valid:

AN (L0 ONAY) _ oy ges fpasio
(A [0 O)AL) noxioo {500} (8.122)

The right-hand side of contains the lattice model data and was calculated in
for k = /. The left-hand side of contains the CFT data, which can be calculated
using the OPE (|A.30)).

Calculating both sides of and equating the powers of K, we can express the
fermionic basis operators in terms of the Virasoro algebra generators. Let us factor out
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the multipliers Day,—1 () and Day—1(2 — ):

” CFT) % « CFT) *
Bom—1 = Dom—1() (2m—1) ) Yam—1 = Dom—1(2 — a)Wém—1) . (8.123)

We then have the following dictionary

(CFT)= (OFT)» _y (8.124a)
§ . 2(=16+c— 3d, 1

(F1)+ (CFT) = _ X ﬂ; 7@ ), L (8.124b)

gCFT) *'Y{S,CFT)* _ (—16(0 _ QS)Ai + 6A4(c(c —4dy — 25) 4 52d,, + 196)

— 32+ 12(c — 28)da + 214c — 2800) / (150(Aa +2) )16 (8.124c)

2Aa(c—3da—10)+c+21 1 +113
15(Ag + 2) I
(CFT)_ (CFT)* _ 113 6+ 3¢+ 4A,(c — 19)1 {
3 73 52T 30(Ag +2) —al2

8.124d
N (—6544 + 498¢ — 5¢2) Ay, + 2(1076 — 157 + 5¢2) A2 + 16(—28 + ¢) A3 ( )

@] _g.
300A0(Ag + 2) 6

The relations for 85;_;83;_; can be obtained from those for 85, ,35;_; by replacing d,, with
—dg.

At the next levels, it is not enough to consider the three-point functions of the primary
fields only. Expressing the right-hand side of as a linear combination of the Virasoro
algebra generators with some coefficients and equating the powers of x, one obtains an un-
derdetermined system of linear equations for the aforementioned coefficients. That can be
avoided by considering particle-hole excitations with the help of . This brings us to
the following result:

A(c—3dy —4) +4(c+ 8)
21(A + 4)

+ (+32(c — 28)A% — 12(c(c — 4de — 31) + 32 + 5T4) A
+ (2¢(—43¢ + 156d,, + 298) — 24(44dg + 221))A
= 2(c? + 60(c — 28)dy + 1540¢ — 17264) ) / (105(A + 4)(A + 11) )11

B(CFT)* (CFT)x _ 1

1 Y7 = 71152 +4 1412,

+ ( — 43¢ + (40c — 1000)A3 + A2(—11¢? + 6¢(8d, + 33) — 264d,, — 77)

+ A(=21¢2 + ¢(72dy — 1102) + 3384d,, + 18535) (8.125a)
+ e(60d, + 924) — 20(84d, + 817) ) /(315(A + 4)(A + 11) )12,

— (+A%(192¢? - 96¢(da + 81) + 288(11d,, + 235))

+ A%(—40¢3 + 4c (45d, + 439) — 8¢(597d,, + 3571) + 52308d,, + 23300)
+ A(—40¢ + 180¢?(dy, — 29) + 84¢(188dy, + 1815) — 4(60429d,, + 337055))
—45¢3 + (1637 — 60d,) — 4¢(765d,, 4 34294)

+560(237d, + 3631) ) /(735(A + 4)(A +11) )L,
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B§CFT)*7§)CFT)* _ llf n 4A(30 —3(do +16)) + 4c + 26

7 63(4 + A)
+4(A%(24¢% — 6e(6dn + 127) + 648d, + 6750)

+ A(188¢? + ¢(—282d, — 3379) + 3216d,, + 10310)
+ 68¢? + (7571 — 102d,,) + 1416d,,

— 86380) /(945(A + 4)(A + 11) )1 615

1412,

+ (A3(1206 —3000) + A%(79¢? — 2¢(48d, + 751) + 3048d,, — 6965) (8.125b)
+ A(ITTE + ¢(72dy + T014) — 9(344d,, + 22595)) + 524¢% + ¢(204d,, — 8542)
— 2832d, + 165500 ) / (2835(A + 4)(A + 11)) 12,

+ 2(A3(9602 — 144c¢(dg + 27) +48(99d, + 775)) + A% (140¢® — 10¢*(21d,, + 629)

+ ¢(6660d,, + 95320) — 10(2301d,, + 48805)) + A(140c% 4 ¢*(19482 — 210d,,)
— 12¢(1354d,, + 61823) + 74(5421d,, + 89885)) + 420¢® + c*(—630d,, — 9013)

+ ¢(23982d,, + 711929) — 8(40467d,, + 1306175))/(6615(A +4)(A+ 11))1_8
Finally, the fourth order combination can be expressed as

! 12
+ (3¢ =54+ 2(c — 22)A) /(18(A + 4) ) 1412,

BgCFT)*B:gCFT)*fyéCFT)* (CFT)« 1 1

- (4302 — 1426¢ + 11664 + 2(15¢% — 302¢ — 1069)A + 2(c* 4 86¢ — 2667) A

+16(c — 25)A%) /(216(A + 4)(A + 11) )12, + (21562 — 8T14c + 74952 (8.125¢)
+ (125¢* — 3856¢ + 13208)A + 2(5¢* — T3¢ — 1816) A%+
16(c — 28)A%) /(180(A + 4) (A + 11) )16l 5 — (=256 + 1755¢% — 39410¢ + 326592

— 4(30¢% — 1393¢ + 9520)A + 8(11c + 289) A% + 192A%) /(72(A + 4)(A + 11) L.
So far, it was not possible to generalize the Wiener—Hopf factorization method, used

in this chapter, in order to consider the case k # k/. The case k # k' requires different
techniques, developed in the next chapter.
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9 Fermionic basis in free fermion con-
formal field theory

In this chapter, we consider the master function approach, developed in [46]. We consider the
free fermion point ¥ = 1/2 and solve the defining equation for the master function. Using the
established relation between the master function and the function w((,&; K, k', a), we
calculate the latter for the case k # £’. Our calculations involve the ODE/IM correspondence,
whose relation to the fermionic basis construction is not fully understood so far. One of the
goals of this chapter is to explore this connection.

In we introduce the master function following [46]. We then consider the
scaling limit of the Baxter T'Q-relation at the free fermion point and give a short note on
the ODE/IM correspondence. In we use the solutions of the corresponding
free fermion ODE and construct the master function explicitly. In we use the
relation between the master function and the function w((,&; k, k', &) and perform its
asymptotic expansion. This allows us to calculate the mode expansion . This chapter
is supplemented with in which the correlation functions of the fermionic basis
operators are given up to level 6.

The presentation of this chapter follows [40].

9.1 The master function approach

9.1.1 Master function approach

We introduce the function <A13(§ ,&; K, k', @) as a solution of the equation

<AC&)(C7 6; K, /{,a Oé) + ¢(C/£v Oé)
p(G; k) (14 a(C, k)

where ), are the Bethe roots, A¢ is the finite difference operator defined in (4.15)), and
p(¢; k, k') is the ratio of eigenvalues of the Ty (¢, k) operator:

res
(=An

+§(Ca€;/{7’{/aa)> =0, (91)

A /
plGir) = 3. (9.2)
The function
O((, &k, K @) = (G, &k, K, 0) + AT (C/€, ) (9.3)

is called master function.
We formulate the main result of [46] as a theorem
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Theorem 9.1. The function w((, &; k, K/, ) and the resolvent R((, €; K, k', &) can be represented
as

1
R(gug;’@ Hl7a) = _%ACA§@(<7€7’€> ﬁ/’a)7 (948’)
(G E R 0) = HCHEB(C &), (9.4b)

where H is the operator defined by its action on a function f(() as:

1 1
H = ————f(g7'0) = p(¢ 1) F Q). :
O = e 00+ T FT O —pGRIFQO. (05)
Proof. The proof of (9.4a]) is given in Appendix A of [46], and the proof of (9.4b)) is given in
Appendix B of [46]. O

The results of are valid in general, in particular, in the case of a finite number
n of sites in the Matsubara direction or in the scaling limit. The latter case was considered
in [40] at the free fermion point corresponding to the special value v = 1/2. We devote the
rest of the chapter to the results of this paper.

9.1.2 Baxter TQ-relation at the free fermion point

It was assumed in |[Chapter 7| and |[Chapter 8 that the parameter v lies in the interval 1/2 <
v < 1. In this section, we show how some of the results of the previous chapters are modified
at the free fermion point.

Let us consider a lattice with a finite even number of sites n in the Matsubara direction.
The Baxter T'Q-relation for the eigenvalues A((, k,s) and Q((, k,s) of the transfer matrix
Tni(A, K, s) and the Q-operator Qi (A, &, §) is given by

A(C, 5, )Q(C, Ky 5) = d(O)Q(4C, K, 8) + a(O)Q(g ¢, K, 8),
Q(C’ K, S) = C_K_‘—SA(C’ K,y S)'

The functions A((, k,s) and A((, k, s) depend polynomially on the spectral parameter ¢ in
each spin sector s, 0 < s < 7, and in the homogeneous case

a(¢) = (L—q¢*)"  d(¢)=(1—q '™ (9.7)

The conformal limit in the Matsubara direction was discussed in and amounts
to taking the limit ((7.90) while simultaneously rescaling the spectral parameter ¢ — (a@”,

) |
A (4]

That results in the scaling limit of the functions A((, k, s) and Q((, k, s) according to (7.92)),
(7.98). In the limit ((7.90)), the functions a(¢) and d(¢) read

(9.6)

t\)—'

a=aC, ( (9.8)

2rRC :
ofca) = (1= qac = (1-ZHEE ) — e,
n—o00,a—0,
na=2nR
(9.9)
2rRC' \™ ~
d(c&y) _ (1 . q—l&c2)n _ <1 _ (]_1 U C2> el7r2<2 .
n n—o00,a—0,
na=2nR
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9.1. The master function approach

Thus, the T'Q-relation takes the form

ABI (¢ R)QE(C k) = ™ QI (gC, k) + ™S QB (71, k). (9.10)

For the spin s = 0 sector, the auxiliary function a((, k), defined in (7.1]), in the scaling
limit ((7.90)) at the free fermion point takes a simple form

al*9(¢, k) = e ImRHATCE (9.11)
The Bethe ansatz equations ([7.2)) can be solved easily in this case:

at(( k) = -1 = 72 = 1 "; r +n, n=0,%1,£2,... (9.12)

As discussed in the dominant eigenvalue of the Matsubara transfer matrix is
characterized by positive Bethe roots (9.12). For the spin-zero sector, the twist parameter
lies in the range —1 < x < 1, which leads to the following result for the functions A®%((, k)
and A®9) (¢, k)

(sc) _ - N WCZ _ P(lTH)

A (C? K‘) - nl;];) (1 n -+ 1—51{) - F(—T['C2 + 1 /@)’ (913&)
2

D(m(? + HE)D (2 + 455)

ACI(¢, k) = (9.13b)
which agrees with the result obtained by the authors of [22] for the particular value 0 of their
non-universal renormalization constant C.

For the rest of this chapter, we will be working with the functions in the scaling limit
(7.90). Thus, in order to abbreviate notations, we will omit the superscript (sc), unless it is
needed for clarity.

9.1.3 A short note on the ODE/IM correspondence

In recent years, a link between certain ordinary differential equations in the complex domain
and integrable models has been established (for an overview, see [45]). This duality is called
the ODE/IM correspondence and can be used, for example, to re-derive the results and
(9.13) from [Section 9.1.2| In what follows, however, we will not use all of the tools provided
by the method of the ODE/IM correspondence. In fact, we only need one specific result from
the ODE side: the eigenfunctions of the corresponding Hamiltonian.

The free fermion point corresponds to the following differential equation:

2
Habn(2) = (-iz L2y (,.;2 _ i) ;) b(2) = Bntbn(2), (9.14)

which is nothing but the radial part of the three-dimensional harmonic oscillator with angular
momentum [ = x + 3. The eigenfunctions of (9.14) can be written as

1 z

n(2) = e T LIO(22), (9.15)

where Lgf)(zQ) are generalized Laguerre polynomials. The spectrum E,, of (9.14) is also well
known:

1
En:4<n—|— ;”) (9.16)
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Chapter 9. Fermionic basis in free fermion conformal field theory

The values FE,, are proportional to the Bethe roots (9.12), which is one of the results of the
ODE/IM correspondence. Note that the eigenfunctions (9.15) are not normalised. Let us
introduce the functions

Nl

n! K —2 1 (K
Yi(2) = QWPJ taem T L0 (22). (9.17)

Then, due to the orthogonality of generalized Laguerre polynomials,

/ Ul (2)¥n(2)dz = . (9.18)
0

9.2 The master function at the free fermion point

In this section, we solve equation at the free fermion point. By construction [46], the

function EIVD(C ,& K, k', a) has poles at the Bethe roots. Therefore, equation can be solved
with the help of the following ansatz:

B, ) = (70 Y fn

S e (mr )

where the coefficients R,,, depend on the spectral parameter &, as well as «, x and «’. Inserting

the ansatz (9.19) into (9.1) and using (9.13) and (7.66)), we obtain the equation for the

coefficients R,,:

(9.19)

1s1n ﬂ

R, + (%)

n

> 1
Z m+n+/<c+1 /Tn

m=0

M,, (9.20)

where

1 D1+ )T (14 )

= , 9.21a
Pn F'n+rk+1)I'(n+1) ( )
1 1
M, = —— . (9.21D)
2i 71—&'2 _ (n + 1“!‘?’%)
Let us factorise the multiplier 1/p,,. Setting
~ T 1
R, = (n + ) g, (9.22)
I(n+ 5% +1)
we rewrite the equation (9.20) as
N in(Ze) . T(n+ KR +1 1 T 1) ~
R, ¢ 925 > my 5 +1) ( )Rm (9.23)
™ = Th+r+l) m+n+r+l T(m+1)

C T(n+ 555 +1)
- T(n+r+1)

n-.

To solve this equation, we introduce the functions R(z) and M(z) as the following sums
involving the solutions v, (z) of the ODE ({9.14]):

=S Rtom(z), M) =3 L
m=0 m=0

(m+ 5 + 1)
F'm+k+1)

Moo (2). (9.24)
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9.2. The master function at the free fermion point

With this definition, we can rewrite (9.23)) in an integral form

R(z) + “115:2&) / Gz, w)R(w)dw = M (=), (9.25)
0
where
Gewy= 32 TOEHT Y L TS RD ) (0as)

I'n+r+1) m+n+rk+1 T(m+1)

m,n=0
The sum ((9.26) can be computed. We summarize the calculation in the following lemma.
Lemma 9.1. The kernel G(z,w) defined by (9.26)) evaluates to

efé(z2+w2)

e (9.27)

G(z,w) = (Z)_KJ Glzw), Gz w)=2(zw)?

w

Proof. Using the definitions (9.19) and (9.17) of ¢, (2) and ] (z), we can write G(z,w)
explicitly as

G(z,w) = 2(zw)”+% e+

y i T(n+ 555 +1) L () L (w?) T(m + 555 + 1) (9:28)
'n+k+1) m4n+r+1 Tim+r+1)

m,n=0

We can rewrite this sum via an integral involving confluent hypergeometric functions M (a, b; z).
They are related to the Laguerre polynomials as follows:

M <a, b 1) — (- nz:% mw—l)(yw, (9.29)

From this we can easily derive the following identity for |u| < 1:

o

F(U+1) —o—1 ( U > F(U+1+m) ()
= (1—u) M Lk+1,- =3 "L :
AEESVE i g Tt 1ltm) m (@), (9:30)

Using (9.30)), we rewrite the sum in the expression ((9.28]) for the function é(z, w) as

%) T Ktk 1 1 T K—K' 1
> L@ R e st
0 F'n+k+1) m+n+r+1 Fm+k+1)
’ ’ 1
L1+ 5501+ 552) k+ K U
— d k(1 — 7%72M ( 1 1. — ) (931)
T2(k+ 1) / vl —u) g ThEThTIT
0
ot
xM(H AR P P L )
2 1—u
Changing the integration variable to v = 1=, we continue

(1 + BEEOD(1 + 82
(9.31) = ( 3 I z)
I?(k+1)

(9.32)

/

o0
, —
></dvv"€M<K;—;/<C +1,/<;+1,—mv)M<ﬁ 2H +1,/<;—|—1,—vy).
0
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Chapter 9. Fermionic basis in free fermion conformal field theory

Now we can use one of Kummer’s transformations for confluent hypergeometric functions in
order to change the sign of their arguments:

M(a,b,z) =e*M(b—a,b,—z).

Then,
T(1+ 55T (1 + 54
(.32) = ( 2 I 2)
I(k+1)
7 Kk — K K+ K
x/dve_(x+y)”v“M( 5 ,/{—i—l,xv)M( 5 ,m+1,yv>
0
T s
I'?(k+1)
oo , / (9.33)
x/dve_xiy”v”M(H_QH,K+1,U)M<K—;H,K+1,yv)
0
DO+ SO0+ 55y (2N () g\ (e R
= 1 (2 1+2) ,F AR P |
T(k+ 1) v (y) <+w> 21( 2 2 ””’)

¢
y r+y

By setting # = 2% and y = w? and multiplying this result by the prefactor coming from

(19.28), we obtain the statement of O

We introduce the function

(MBS

= (vy)~

> X T'(m+o+1) 1
LI (22), 9.34
m+k+1) 72 — (m + %) (27 (9:34)

M=

u(z, (R, 0) = 2t

_2 I'(
e 2 I

m=0
which is related to the function M (z):

K+ K

) = —2iM (). (9-35)

u(z) é.; H?

Then we can rewrite the sum in the ansatz (9.19)) as an integral of u(z,&;k, o)

P KEDY R e a0
m=0 WCQ - (m + %) m=0 7TC2 - (m + TH) F(m + 1)
° (9.36)
i / ~
= 2/dzu(z,§;n,ﬁTﬁ)R(z).
0
At the same time, it follows from (9.25]) that
~ T sinTe N\ 71 )~
R == [aw <1 + 20 G) (2, w)er M (w). (9.37)
T
0
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9.2. The master function at the free fermion point

Combining (9.36]) and (9.37]), we obtain the following result:
B(C, & m, 1) =107
7T KN in e\ N, (9.38
X /dz/dwu(z,(;li, r K)z_"” (l—l— Gl G> (z,w)u(w,f;n,,{+ﬁ>w“. ( )
T
0 0

2 2
To get the explicit form of the master function, we have to find the inverse of the integral
operator in ((9.38)). We present the calculation in the following proposition.
Proposition 3. The solution of the equation (9.1)) at the free fermion point can be written as

1+ &k
2

1+ K)F(—wg n

B¢, €k, 0) = (T (n¢? + )

i F(C kK, k) F(E ks vy K (9.39)
X /dma(kf) 1+k—r' . Tth—r _ ; Ttrtrn - [ET e
) [ +ik) D (5 ik)D (A 4 k) D (A ik)

where the function F((, k; k, k') is given by

F(C kik, k")
+ico+0 / 12
B ds T(=s)0(=s + )T (=s + “55)0(s +ik + H)T(s —ik +3)  (9.40)
. 27 I(—s— (2 + HTK) )
and

_dk k sinh 7k cosh 7k

dma (k) = cosh mk + sin %

(9.41)

Proof. First, we need to compute the inverse of the integral operator in (9.37). The operator
G(z,w) with the kernel given by (9.27) is diagonalizable. Indeed, its eigenfunctions f(z, k)
are

/dw Gz, w) f(w, k) = Fo k),
0

T
cosh(7k)

Flzok) = 272 Ky (f) ,

(9.42)

where Kji(z) is a modified Bessel function of the second kind. The functions f(z,k) are
orthogonal for different values of k:

72 6(k — k')

—_ 4
4 ksinh(rwk)’ (9.43)

[z 101w =
0

which means that the operator G(z,w) itself admits the following spectral decomposition:

Glz,w) = % / dk tanh(nk) (=, k) £ (w, k). (9.44)
0
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Chapter 9. Fermionic basis in free fermion conformal field theory

After that the inverse can be written as

i T —1 o0 .
sin 7% 4 ksinh rkcoshnk 1 1 1
1 2a :—/dk K (=22 Ky (=w?). 9.45
( + ™ ) (z,w) 2 cosh 7k + sin 75* (zw)% k<2z ) k(2w ) (9.45)

The function u(z, {; k, o) introduced in (9.34) admits the following integral representation
forO<0<1and7rC2—1J2r—”<—a

"3 e . (9.46)

’U‘(Zv Ca R, U) ==z

2 Y O O —ng?+ )

20 (—m(2 + 15 — SF(5+/<;+1)sm7r(s+a)

where the contour v goes from —ico — 0 — ¢ to +ico — 0 — o. Using the Mellin transform of
the Bessel function, we write

+ico—0
flz k) =m"32e 7 2 k_lM / th —|— ik + t)D(—t)T(=2ik — t)2%,  (9.47)

—ico—0

which allows us to calculate the following integral present in (9.38)):

- — K 7 )21k 22 cosh(mk)
/dzz (2, (s Ry 2 —)f(z, k) —O/dzz e ST (n(® 4 1+H,)
ico—0
T(s — mc2 + 1+n +
/dsz —9)Ts—m¢" + 57) dt 2tr( + ik + )T(—t)T(—2ik — 1)
s—i—/i—|—1)51n7r(s—|—"i “)

—ico—0
+ioco—0

h ]{? _ 2 1+k
s o ]
8m3/2 (—7(2 + s+n+1)s1n7r( =)

T+ S ik T (—)T(—2ik — 1)

B icosh(mk) /ds T (—s)0(s — m¢2 + 145)
ATV 20 (—m(? 4 ) I(s+r+ 1)sinm(s + 55%)

—ico—0

(2+1k+t) (

T(A + k)DL — k)DL + s + ik + 555)T(E + 5 — ik + 551
L(1+ s+ 555)

irl/2
= e 1+H,) (9.48)

X/ds T(—s)[(s — 7¢2 4+ 25) T + s +ik + 55T + 5 — ik + 555
S

I'(s+ K+ 1)sinm( ’“‘_2”,) I(1+4s+ 555 S
171_1/2
AD(—m¢2 + )
+ico—0 T Kk—r' T 2 1+’ (1 (L ik
o / ds (=s+555)(s —7¢* + H5)I(5 + s +ik)I(5 + s — ik)
I, I(s + 55 4+ 1)T(s + 1) sin(rs)
—ido—
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9.2. The master function at the free fermion point

i

4r1/2T (—m¢2 4 1K)

ico—0 / ’
) +/ 1 DEST (s 4 55T (s — w4 ST (5 4 s 4+ k)T (3 + 5 — ik)

The integral over w in (9.38)) can be calculated the same way. Therefore, we obtain the
following result:

. ] Ca€27o¢
@ » Gy Ry ,7 = - 7 7
(¢, &R,k a) 147r3F(—7r(2 P e
oo (9.49)
X /dm&(k)F+(C7 ka R, _H,)FJr(fa ka R, ’%/)7
0
where
F—l—(Cv ka K, H/)
+IOO—0 !/ —HI : 3
_ / dsF(—s)F(—s + 5D (s — w(2 + 1T)r/(s + 14k (s + 5 — ik) (9.50)
AN L(s+1+55%)

The formula (9.49) can be brought to a form that is explicitly a <+ 2 — @ symmetric. To
do so we apply the first Barnes lemma to the function Fy (¢, k; k,’). Since

D(s+ 3 +ik)(s+ 4 —ik) 1
T(s+1+557) Tk + D (—ik 4 R
Hoo . . , (9.51)
w , , K—K
x / ST (w + ik + )N w — ik + )P~ + T (—w + ),
then
ico—0 ico—0 ’ ’
, " i dw I'(—s)[(—s + 555)0(s — n¢? + 55)
F+(<7 kik, k ) = / ds 27 INE L+r—r \T(_; 1+k—~K'

—ico—0 —ico—0 ™ (lk + 2 ) (_lk + 2 ) (952)

1 1 — K

x I'(w + ik + i)F(w —ik+ i)F(—w +s)I'(—w + t 5 " )

The integral with respect to s can be calculated also with the help of the first Barnes lemma:
+ico—0

SN (-s+ L )0 (s — m? + 2 S+ 5)
o (9.53)
T(—w)T(—w + S50 (—x¢? + 550 (—m¢? + 1)

[(—w— 72 + 145)

/

Therefore, the final answer reads

[(—m¢? + ST (—n¢? + 15)

F ,k; ) ! — ! /
+(C k Fd) F(ik + 1+m2—f-c )F(—ik+ 1+f-62—n )
+ioco—0 / / . . (954)
" / dwF(—w)F(—w—l— EEEND (—w 4 555D (w + ik + $)T(w — ik + 3)
o= ) |
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Let us denote the integral in the last line of (9.54)) as a new function F((, k; k, K):

+ico+0 ’ /
[(—s)(—s+ 5550 (—s + 555 )0(s + ik + )(s — ik + 3
R B L
2 1 F(—S—T['C +T)
Then ((9.49) can be rewritten as
~ i 1 1
B(C, &K, @) = ~CE T (—n¢? + — ) (-me? + )
i (G ks k5, ) E (& k5 5, 1) (9.56)
% / dm“(k)r(ilﬂ—ﬁ’ + 1) D (A= ) DAk )DLl )’
0 2 2 2 2
which completes the proof of O
From (9.39)), it is clear that
(¢ &1 @) = B(C, &5, 2 — ). (9.57)

9.3 Correlation functions in the fermionic basis

In this section, we calculate the function w((, &; K, k', @) appearing in the JMS theorem (7.73)).
As discussed in |[Chapter 7| the function w(SC)(C ,&; K, K/, a) has the following asymptotics for
¢2, 62 - oo

2j—1

7w (K, K ). (9.58)

WO (€5, ) 2 \f 0O (G 1)) 5y ) S ¢ E

ij=1

The coefficients w; j(k, k', @) determine the correlation functions (83;_173;_19|y(0)) of the
fermionic basis operators , and are calculated below. To this end, we use
the relation between the master function and w((,&;k, k', «). In the scaling limit,
the operator H¢ simplifies. Indeed, according to , for (? — oo, the auxiliary function
a5 (¢, k) rapidly decays in the upper half-plane and rapidly grows in the lower half-plane.
That is true at the free fermion point as well [22]. Consequently, the second term in
does not contribute unless f({) grows exponentially. Since this is not the case for the function

(9-39), in the scaling limit, the relation (9.4b) for w®9) (¢, &; k, k', a) becomes
wE)(C & kv K ) = d; 0¢ ©(C &5 kK, @), (9.59)

where 55 is the difference operator defined as

6 F(Q) = f(a€) = p(G; 5, K1) F(Q)- (9.60)

The relation is of central importance for us. Using the explicit form of the
function ®((,&; k, k', ) and calculating the asymptotics of the left-hand side of we can
compute the coefficients wj ;(k, k', &) at the free fermion point.

Before that, however, we have to discuss some subtleties involved in taking the scaling
limit. In it was discussed that the smallest Bethe root behaves as A\? ~ c(v)x?",
where ¢(v) is given by . This prompted us to perform a change of variables in
order to consider the asymptotic expansion of the integral equation for the function
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9.3.  Correlation functions in the fermionic basis

w(¢, &k, K, a). This, however, was done for the case k = £’. In order to consider the scaling
limit for two different twist parameters k, k" — oo, we introduce

K+ K Kk — K

g _ = . . 1
K+ 9 K 2 (9 6 )
Then, the scaling implies that we keep the variables
2m(> 2mE?
po o, 22 (9.62)
K4 K4

fixed.
We formulate the main result of this chapter in the form of the following proposition:

Proposition 4. The coefficients w; j(k, k', a) of the asymptotic expansion (9.58)) at the free
fermion point are given by

wi (K, K @) = @ (kg i, a) + wg?j)(mr, K_,q), (9.63)

where k4 and k_ are defined in (9.61)). Two terms W; j(k4,k—,a) and wl(g)(mr,ﬁ,,a) are
the following sums:

N i cot (%)
o0
— . o
X Z (dm+1+ o) Ky, (—z + k1 — 55k n_> Snyi—ky (K4, K=, @) (9.64)
k17k27m:0

— . o
X K, <—1 —J+tke+ 33+ KJ) Som—1,j—ks (g, 6,2 — @)

and

P e 1—m Jj+m

m=0 (9.65)
- %Kf"’m, kK (i »s_>>.

t (T2 s
W (ki 0) = iw(Z(—DmK-‘” (ki )KL (g i)

Above, the coefficients Sy, n(k+, k-, ) are given by

(6
Sm,n("@—i-u K—, a) = ( (1 - a)—n—Zm—l

n—2m—1)!

><<1+0‘) <1—|—2m+a—|—/§> (1+2m+0‘+m+) :
2 n—1 2 n—2m—1 2 n—2m—1

where (), denotes the Pochhammer symbol (falling factorial), and K;(s; k4, k), K-(O)(H+, K_)

7
are the coefficients in the asymptotic expansion of the following combinations of the gamma

functions:

(9.66)

P10 y)  [F( S )T g)
Plost g =G0 ) \ND G+ =52 =)D+ =524 5) g
(-?)si (I;)lz(s;ﬁ+,n_)
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and

D3+ e 5)r (3 = - )
Both INQ(S; Ki,K—) and KZ-(O)(K+, K_) are zero for negative indices i.
Proof. We start with the relation ([9.59):
WO, &5k, K @) = 67 8 D¢, &5k, Ky @) + 0 67 AT (C/E @) (9.69)

We calculate the asymptotic expansion of each term separately. Since we are interested in
the coefficients w; ; of the expansion (9.58)), our aim is to calculate the asymptotic expansion
of

v w”(ﬁ K a)

> e

i,j=1
_ 1 . ! _ p(C; K, k') . ! 9.70
N T Gt M R P R B
p(& K, k)

ey PG G ) + VPG ) (€ KRG, &5 1,/ ).

In variables ¢, u defined by (9.62)), the expression for the function &)(t, u; K, K, ) reads

&)(tuvﬁm/a)—m‘t(;ulgf<l ”+t+w>r(1 "v+u+'€++ﬁ—>
Pt IS B _27.(_ 2

2 2 2 2 2 2
) 7 _— Pt ks n ) F(u ke, i) O
/ TG+ Ry H1RDQE 4 Ky — RT3 + re + 10D+ Ko — 1K)
where now the function F(t,k;k, k') is
+ioco—0
I'(—s)I(— [(—s+r_)[(s+ik+ 3)(s — ik + §
F(t,k;k, k') = Qd—s (=s)P(=s + k)T Sj_'%n)t(s—:l’jﬂ (s —1i +2). (9.72)
—ico—0 m F(_s—i_ﬁ_%—i_%)
Let us introduce the function K (t; 85 k4, k) as the following series:
(- ) @y
p(t; K ~ (83K, k)
o = () S () R
P(—s+g - =G+ ) =0 A (9.73)
t S
—(-"3") Retssinion)
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9.3.  Correlation functions in the fermionic basis

Then, plugging (9.71]) into and using (9.73]), we derive the following relation:

1 .
7m5t 9, @(t,u)

7 drma (k) thu
_O e P ke 4D 1y — )T + ko + 0D+ — ik)

[N]1)

+ico—0
1 1
X / dsiT(=s1)I'(—s1 + k4)T(—s1 + k-)T(s1 + ik + i)F(sl —ik+ 5)
—ico—0
ico—0
+ ‘ 1 ‘ 1 (9.74)
X / dsol'(—s2)T'(—s2 + k4 )T'(—s2 + k- )T'(s2 + ik + 5)1_‘(82 — ik + 5)
—ico—0
Kit\®! (kw2 ~ ~
“\ o 5 {—K(—t; 815 Ky i ) K (—u; 893 Kip, i)

— (=1)2e’? K(—t;s1:h4, i) K (u; 895 k4, ki)
(=) e 2 Kt 513 g, i) K (—us 525 44, i)
+ (1)K (b 505 g, 1) K (05595 4,5 |-
We compute the integrals in (9.74) using the residue theorem. Picking the right residues, we
make sure that ¢ and u enter the final expression in the desired power, thus obtaining the
coefficient w; ;. Let us explain how we do this. Since ¢, u > 1, the integration contour in the

integrals with respect to s; and s should be closed to the left. In the left half-plane, there
are two families of residues

1

3172:—§—ik—n, n=0,1,2,..., (9.75a)
1

5172:—§+ik—n, n=0,1,2,... (9.75Db)

In order to calculate the integral with respect to k, we notice that the integrand is an even
function of k, and the integration can be, therefore, performed over the entire real axis.
Without loss of generality, we can assume that ¢ > u, so that the integration contour can
be closed in the upper half-plane. The case of ¢ < w can be obtained from the symmetry
property w(t, u; o) = w(u,t;2— ). In the upper half-plane, there are the following poles with
respect to k:

i i

k25+5+21m, m:0,1,2,, (976&)
2
k:—%+§+2im, m=0,1,2,.... (9.76b)

Writing the integrals in as the sums over the above mentioned residues, we can
derive . Let us, however, give some comments here. The expansion of the
function w((,&; k, k', @) goes in odd powers of (2, ¢2. In our case, only two sums out of 8
contribute to this expansion (indeed, one can make sure that the other 6 sums vanish due to
simple trigonometric identities). This simplifies the calculations. The equation with
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Chapter 9. Fermionic basis in free fermion conformal field theory

this in mind becomes

©74) =
i (4m + 1+ ) sin 7
=0, (—2m—-§+r)PCm+14+§+r)0(2m—-S+r)I2m+1+5 +K)
k1,k2=0
x g (14 (=141 ™) D(—1 = 4m — g — )T (1 +2m+ny + O‘)
27’[‘271,1! 2
><I‘<1—|—2m—|—n1+3+/{+)F<1—|—2m+n1—l—g+/@> (9.77)

1 .
X — (1 + (=1)n2the e_”ra) I'l1+4m —ng + a)l' (—Qm +ng — a)
77,2! 2

xP(—Qm—i—nz—g+m+)F(1+2m+n2+g+m_>

X Kp, (-1 —2m —np — %;/{+,/{,)f(/k2(2m —ng + %;mr,fi,).

In the above sum, the only contribution to w;; comes from ki = —1 —2m —n; +1 > 0,
ko =1+42m —no + j > 0. After some simple algebra, one can derive (9.64)).
Finally, we have to calculate the asymptotic expression of the second term in :

wo(Cs &5k, 1, @) = 078 AN (C/€,a). (9.78)

Until now, we did not need an explicit form of the inverse of the difference operator Agl.
The most convenient form for our computations is given in [57] by

icothm (k: + %)
4 sinh 7k ’

+oo
AP, a) = pov. / dk¢F (9.79)

where the principal value is taken at the pole k = 0. Performing the same calculations as

above, it is easy to derive that the asymptotic expansion of (9.78)) is given by (9.65]). O

Let us make some closing remarks. First, the sums (9.64) and (9.65)) are finite, since
they truncate for sufficiently large m. Second, the function Sy, n(k+,k—, @) can be written
in many alternative equivalent forms, for example, via gamma functions. The form ,
however, is the most convenient for computing w; ; on a computer. As an example, we list

the modes w; j up to level 6 in

9.4 Relation between the fermionic basis operators and Virasoro al-
gebra generators

In (8.124) we presented the relation between the fermionic basis operators and the Virasoro

algebra generators modulo integrals of motion. In this section, we incorporate the integrals

of motion in the free fermion case. Let us explain how we do it on the second level. Taking
the Virasoro part from (8.124f), we write

wii (K, @) = (B17110) (0)) = D1 (@) Di(2 = ) (12 +yi1 (@)i}) a(0)),  (9.80)
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9.5.  Reflection relations

where the coefficient yi’i(a) has to be determined. The left-hand side of is known
from On the right-hand side, we can compute the expectation value of the
Virasoro generator 1_ and the first integral of motion i? using and . Equating
the powers of ky and k_, we arrive at the following expression for the unknown coefficient:

Y1 (a) = 05(042_2) (9.81)
Similarly, at level 4 we have
015 = (B1736a(0)) = 3 D1 () Ds(2 ~ )
< <(12_2 + ( 2y ?)d) L+ b3 (@)inis + gl ()il s (9.82)

where d, is given by (8.116). Using (A.30)), we calculate the expectation values of even
Virasoro descendants on the right-hand side of (9.82)) and obtain the following result for the
coefficients y; 3(a):

7 B 16 (a® 4+ 7a? — 17a — 6)
1) =30 6@ —a)a—alar)’ (9.-832)

120 4(a + 18)
37 () CEDICENICED) (9.83b)
4 (a? —4a +6)

1,1,1,1(a) .
Yis “ 3(a—6)(a—4)(a-2a

(9.83¢)

The coefficients y3 1 in front of the integrals of motion in the expansion of the fermionic basis
generators 857 via the Virasoro generators can be obtained from the above coefficients y; 3,
replacing a by 2 —

16 (o — 13a% 4 23 + 4)

1) =5 fia 2afa + D(a 1)’ (9.84a)
ysa(a) = o 4?84:3?()04 it (9.84D)
s () = 3 1(o®+2) (9.84c)

a—2)a(a+2)(a+4)

In order to proceed with higher levels, the particle-hole excitations have to be considered
as well. The result of is applicable to the ground state only. Incorporating the

particle-hole excitations remains an open problem.

9.5 Reflection relations

In [47], a more general case % < v < 1 was also considered. In that work, the authors
managed to incorporate the action of local integrals of motion into the fermionic basis up to

level 4 using reflection relations. Below, we give a short overview of |47].
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Chapter 9. Fermionic basis in free fermion conformal field theory

Consider the Heisenberg algebra consisting of the generators ay, k € Z\{0}, satisfying
the commutation relations

lag, a] = 2k 1, (9.85)
as well as the zero-mode 7y, which is canonical:
Ty = iaa%. (9.86)
The primary field is identified with the highest weight vector |a; 0) of the Heisenberg algebra:
mola; 0) = —iala;0), axla; 0) =0,k > 0. (9.87)
It is easy to check that the combinations
1, = % > ajan—j+ (i(n - 1)% + 770) an,  Yn#0, (9.88a)
J#0,n
1
ly = 1 ]gl a—ja; + mo(mo + iQ), (9.88b)

satisfy the Virasoro algebra commutation relations with central charge ¢ = 1 + 6Q?:

3 _
Lo, 1] = (m — 1)Ly + c%ém,,n (9.89)
and the highest weight vector |a;0) satisfies
lo|a; 0) = Ala; 0), A =a(Q —a). (9.90)

The main technical point of [47] was to consider two reflections
o1 a— —a, o2 —2— . (9.91)

The Heisenberg descendants of the primary field are invariant under o7 and the Virasoro
descendants are invariant under o9, while the integrals of motion are invariant under both.
The goal is to find a basis, also invariant under both reflections.

This problem was solved in [43]. Let us show how it works at the level 2. Using ,

(19.88b|), it is easy to derive that

1
Difa)Di(2 - o) (Lo = T2 jas0)

(9.92)

1 1 1-—
= Di(a,v)D1(2 — a, I/)ZQQ (a + 1/) <a - V) la; 0)
The right-hand side of the above identity is invariant under o;. The first term of the left-
hand side is invariant under o9, but the second one is not. This can be corrected by adding
z()i?|a; 0) in such a way that it does not spoil the oj-invariance of the right-hand side. This
can be achieved if the coefficient z(«) satisfies the following set of equationsﬂ :

z(a) = z(—a), (9.93a)
21 — o)

z(2—a) —z(a) = Di(a,v)D1(2 — a l/)m.

(9.93b)

!We take the definition of Dan—1(a,v) from [15]. This definition differs from that used in [47] by a factor
of i; as a result, the Lh.s. of (9.93b]) appears with the opposite sign compared to [47].
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9.5.  Reflection relations

The solution of this set of equations for 3 < v < 1 is given by (3.6) of [47] in an integral form.
At the free fermion point, its 1ntegrat10n contour crosses a pole of the integrand. Taking the
principal value of the integral, we obtain the following result for the functions A; ; and By ;
of [47]:

1 i cot ()
A =27 94
1,1 (a, 2) o2 (9.94a)
Bi. (;) —o. (9.94b)

This means that the overall coefficient in front of i? is

o+l 1 iovcot (%) B 2 (9.95)
« Di(a,v)D1(2 —a,v) 272 ala—2)’ '

which is exactly yl 1(a).

At this point, it is important to note that the solutions of (| , are defined
up to an arbitrary even function of a that is periodic with perlod 2. In [47] the minimality
assumptions were made which state that, first, there are no singularities in the strip 0 <
Re(a) < 2 and, second, there is no growth for Im(a) — +o00. These assumptions were made
based on a numerical study of the function w(SC)(C ,&; K, k', a). The fact that the result at the
free fermion point is in agreement with the more general result supports these assumptions.

At the level 4, the construction of [47] becomes cumbersome rather quickly. However, it
simplifies greatly at the free fermion point, and the integrals involved in the calculation of
the coefficients in front of the integrals of motion can be computed explicitly. We mention
here some typos made in the Appendix of [47]: some of the coefficients X3 and X3; are
given with the wrong overall sign. Namely, one has to perform the following change:

X171|1’1—>—X1’1‘l’17 (9.96a)
X11’1’1’1—> XLl,Ll (9.96b)
X§,1,1,1_> Xl,l,l,l (9.96¢)

Taking this into account and setting v = % in (4.5 — 4.8) of [47], one can once again calculate
all the integrals taking the principal value for poles on the integration contour. After some
algebra, one can obtain , .

We close this chapter with some remarks. In we considered the case Kk = &’
using the Wiener—Hopf factorization technique and related the fermionic basis generators to
combinations of Virasoro generators in . Let us denote such combinations as V; j(«).
For example,

V171(Oz) = 1_2, (997&)

2c—-32 2
Vig(a) =12, + ( ¢ 9 + 3da> 14 (9.97b)

If we want to calculate the expectation value of the same even Virasoro generators, but this
time with different left and right states, it is enough to replace x? by /ﬁ + k2 in the final
result:

(6[Vij()]s") = (KlVij(@)|k)]x2p2 w2 (9.98)
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Chapter 9. Fermionic basis in free fermion conformal field theory

We have not proved this relation in general; it has been verified for all fermionic basis oper-
ators up to level 8.

The most natural question is to extend the result , obtained in this chapter, beyond
the free fermion point. The master function was calculated with the help of the
ODE/IM correspondence. It would be interesting to understand whether the solutions of the
corresponding ODE can be used in order to obtain the master function outside of the free
fermion point v > 1/2 as well. Perhaps, it is not reasonable to expect to obtain a closed form
like , but since the asymptotics of the solutions of the relevant ODEs are known in the
literature, they can make it possible to compute the asymptotic expansion of .
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10 Summary and outlook

The computation of correlation functions in conformal field theories that arise as scaling limits
of solvable lattice models is a central problem of quantum integrability. In this work we study
the XXZ model and obtain, in its conformal limit, explicit closed-form expressions for the
correlation functions of fermionic basis descendants. At the free-fermion point we include
the complete action of the integrals of motion, which had previously not been available.
The central object is the generalized partition function Z*, which assigns to a quasi-local
operator its vacuum expectation value. Building on the Jimbo—Miwa—Smirnov theorem, the
asymptotic analysis of non-linear integral equations, and the master-function approach, we
evaluate it in the conformal limit.

Besides contributing to the research surrounding the conformal limit of lattice models,
this work presents a self-contained and thorough exposition of the fermionic basis approach.
As presentation follows [35,37.57,58], with additional explanations for readers familiar with
quantum integrable systems but not with every detail of the original papers, we unify notation
and correct minor typographical inconsistencies in the literature, so that the main formulae
form a consistent and easily applicable reference.

First, we set up the required representation-theoretic background. We recall the universal
R-matrix and its images in auxiliary spaces, and introduce the L-operators used to build
monodromy and twisted transfer matrices. On a finite segment [k,[] of the spin chain we
then define the fermionic basis as operator-valued functions of a spectral parameter ¢ and
a twist «, acting on local operators X[ ;. The construction proceeds via twisted transfer
matrices and a pole decomposition of the operator k[k,l](Ca Q).

The operators are extended from finite intervals to the infinite chain by left and right
reduction relations. Quasi-local operators ¢2*5(*—1) X [k,] are organized in graded spaces W s
according to tail and spin. We show that reduction preserves quasi-locality: annihilation
operators act by simple restriction, while creation operators enlarge the support only by
a finite amount. We then derive commutation relations using the intertwining properties
of different representations of the universal R-matrix in the auxiliary space. The bosonic
operator t*((, «) commutes with all fermionic operators ; annihilation operators anti-
commute among themselves ; mixed relations involve the function 1 (¢/§, ) (5.3). The
anti-commutation relations among fermionic creation operators (5.4 are inferred indirectly
from the Jimbo—-Miwa—Smirnov (JMS) theorem.

In the Matsubara direction we introduce the twisted transfer matrix Ty (¢, <) and the
QM (¢, k)-operator which satisfy the Baxter T'Q-relation. This allows us to express Z* in
terms of eigenvectors of the twisted transfer matrix. For the bosonic operator t*({, o) we
obtain ([6.19)). For the fermionic creation operators b*(¢,«) and ¢*({, ) we obtain the JMS
relations and , which reduce their correlation functions to those of annihila-
tion operators via p((; k, ) and w((, &; K, ). The proof relies on deformed Abelian integrals
and yields a determinant formula for Z*.
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Chapter 10. Summary and outlook

The conformal limit of the six-vertex model is studied by means of non-linear integral
equations. We discuss screening operators on the lattice in order to treat correlation functions
of operators with non-zero spin and introduce a new parameter «’. After defining the scaling
limit in the Space and Matsubara directions, we argue that it yields a CFT description.
The first main result of this work is the representation for U(s,p) and (8.119) for
O(s, s';p, ). These functions are related to the aforementioned function w((, &k, ) at kK =
x’. With new representations it is now possible to compute three-point correlation functions
of fermionic basis descendants of primary fields. The main advantage of our formulae is their
explicit dependence on particle-hole excitations, which allows the identification of fermionic
basis operators with Virasoro generators in the scaling limit, modulo integrals of motion.

Finally, we apply the master-function approach of [46] at the free-fermion point v = 1/2.
The master function ®((,&; k, k', a) is related to w((, &; K, k', ) and, at v = 1/2, is obtained
in closed form from the ODE/IM correspondence (9.39)). This yields the principal result of
the thesis: at the free-fermion point, the three-point correlation functions of fermionic basis
descendants of primary fields are given explicitly by . To our knowledge, this is the
first complete evaluation of these functions. In particular, it overcomes the central limitation
of the asymptotic method of which determines the correlators only modulo the
integrals of motion, by incorporating their action in full.

Several natural extensions of the programme outlined above remain open. A number of
questions concern the construction of the fermionic basis itself.

1. The creation operators b’[“w](C, a) and c{k,l](g, «) are defined in and (3.58). The
operator ka;, I (¢, ) is related to the Baxter-type operator D¢ in , yet a conceptual
derivation of these definitions from representation-theoretic principles is still lacking.
Identifying such a derivation is an important goal for future work.

2. No general annihilation counterpart of the bosonic creation operator t*(¢, ) is known.
It has been constructed only for one- and two-site spin chains [56]. Extending this
construction to chains of arbitrary length is a natural open problem.

3. The anti-commutation relations between fermionic creation operators ([5.4) were not
proved algebraically in but can be inferred from [Theorem 6.2} A direct
proof along the lines of remains to be found.

4. The construction of the fermionic basis is rooted in the representation theory of the
quantum affine algebra U, (sAIQ). The most ambitious problem is to generalize this con-
struction to the case of Uq(g[n), n > 3. Partial progress in this direction has been made
in [6263], but a complete analogue of the present construction is not yet available.

These problems appear to be interconnected. A clearer understanding of how the fermionic
basis arises from the representation theory of U, (glz), for instance, at the level of the algebra
generators, would likely clarify each of them.

Additionally, several open questions remain concerning the applications of the fermionic
basis.

5. At the free-fermion point v = 1/2 considered in the master function was ob-
tained in closed form. The extension to generic v € (1/2,1) remains an open problem.
In the present work we have observed the relation between the fermionic basis construc-
tion and the ODE/IM correspondence. Using the solutions of the related Schrodinger

operator in the complex plane (9.15), we have solved the defining equation (9.1) for
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the master function (9.39). However, this is only a small part of the ODE/IM ma-
chinery. It would be interesting to understand more systematically how the fermionic
basis is related to the ODE/IM correspondence away from the free-fermion point. Such
an understanding would make the analytic theory of the associated ODEs available
for the study of correlation functions and should, in particular, render the ODE/IM
correspondence applicable to other physically relevant regimes.

. The fermionic basis provides a general framework for models with Uq(sA[Q) symmetry
and can be applied to other models in this class. A particularly interesting example
is the Lieb—Liniger model, or equivalently the one-dimensional Bose gas with pairwise
d-interaction,

L
1= [ [0,91)0,9() + Wi ()W (1) V() B(y)] dy.
0

This model can be realized as a scaling limit of the six-vertex model [64] and as a
non-relativistic limit of the sinh-Gordon model [65]. The latter connection is especially
promising because a fermionic basis for the sinh-Gordon model has already been con-
structed [43]. These two limiting procedures may serve as starting points for a fermionic
basis description of the Lieb—Liniger model. Unlike in the scaling limit toward CFT we
do not have a Virasoro algebra on the side of the field theory. It remains to be seen
whether the fermionic basis can be used to effectively describe the space of states of
the Lieb—Liniger model.
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A Brief overview of CFT

In this appendix, we recall some basic properties of two-dimensional CFTs that are relevant
to our work. For a wider review, see [66], [67].

A two-dimensional (2d) QFT will be called a conformal field theory if it has a symmetry
group with Lie algebra containing the Virasoro algebra Vir.. It is an infinite-dimensional Lie
algebra with generators L,, n € Z, and ¢, subject to the relations

(L, L] = (1 — 1) Lo + 132(7& — )0nsmo,  |Ln,c] =0,¥n € Z. (A1)

A 2d QFT has Virasoro symmetry if its Hilbert space H is a unitary representation of the
product Vir, xVir, with generators denoted by L,, L,, n € Z, and its Hamiltonian H is
given in terms of the operators

H = Lo+ Lo + const. (A.2)

In other words, the Hilbert space H decomposes into a direct sum of irreducible representa-
tions of Vir. x Vire.

For the spectrum of the Hamiltonian to be bounded from below, these representations
have to contain vectors of lowest energy. Such vectors are usually called highest weight
representations since they are defined by the property

LolA) = A|A),  LnJA)=0, V¥n>O0. (A.3)

The eigenvalue A of the operator Ly on the state |A) is called the conformal dimension of
|A). We will further assume that the Hilbert space H contains a distinguished vector |0) of
lowest energy called vacuum which satisfies

Lil0) =0,  k=0,+1. (A.4)

It follows from the commutation relations ({A.1)) that the action of L,, shifts conformal
dimensions by —n:

LoLa|A) = (A —n)Ly ). (A.5)

The state |A) is called a primary state. The representation VA spanned by the vectors of the
form

k
{1_1 Lo \A>} (A.6)

0<n1<...<ng

is called the Verma module. The vectors of the form (A.6) are called the descendant states.
It follows from (A.5) that the descendant state [[¥_; L_,,|A) has the conformal dimension
A + Zf:l n;.
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A descendant state that is also a primary state is called a singular vector (or, equivalently,
a null vector). Such states can be labelled by a pair of positive integers (n,m). Their
conformal dimensions are given by the Kac formula

24 2 2
V1—c++25—-¢
a+ = .
* V24

For ¢ < 1, the conformal dimensions A, ,,) are real. Let us discuss the consequences of the
conformal invariance for QFT. We start with the CFT on a plane (or rather, a Riemann
sphere). Let (2°,2!) be the coordinates of the plane. It is customary and more convenient
to instead use the coordinate z = 2 4 iz! alongside its complex conjugate z = 2° 1

-1 _ 2
A(n,m) = 07 + (OH_R + am) ) (A'7a)

(A.7b)

— iz
Let ¢(z, %) be a field of the CFT under consideration. A basic feature of CFTs is the state-
operator correspondence: there exists an isomorphism between H and the space of fields,
which may be formulated in terms of fields ¢(z, Z) on the complex plane rather conveniently
as

i gy (2 2)[0) = [h) € H (A3)
In the vector |h) can be a primary or a descendant state. In the former case, the field
D) (z,%) is called a primary field, and in the latter it is called a descendant field. We keep the
symbol A to refer to primary fields. The field corresponding to a singular vector of dimension
Ap,m)y Will be denoted ¢, (2, 2)-

It is clear from that the identity operator corresponds to the vacuum state |0). Its
special descendants

+o0o —+o00
T(z) = ¢r_p0)(2:2) = D 27" Lo, T(2) =9 ,0(22) = > =z "L, (A9)

represent the only non-vanishing components of the energy-momentum tensor. The operator
product expansion (OPE) of T'(z) with an arbitrary field ¢ (z, Z) can be written as

—+00

T(w)ppy(2,2) = Y (w—2)""br_, (2 2), (A.10)

n=—oo

which is a simple consequence of the state-operator correspondence. Thus, the action of the
Virasoro algebra generators on the fields can be realized as the contour integral

dw

(Lnd) (2:2) = § 5 (w = 2) " T (W) (2,2), (A1)

where the integration contour goes around the point z.

It can be shown that L_; is the generator of the translations of the complex plane, which
is the reason why we defined the vacuum vector |0) by the properties . Thus, the action
of L_1 is realized on all the fields in a particularly simple way:

(L16my) (2.2) = Bo0p) (2, 2). (A.12)
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If ¢|ay(2, Z) is a primary field, then using (A.10)), (A.12) and writing regular terms as O(1),
we find the following OPE:

A
S0y (5:7) + 0.0 (57 +O(1). (A13)

T(w)p|ay(2,2) = (w—2)

Similarly, we can derive the OPE of the energy-momentum tensor with itself, using (A.9) and
AD):

c/2 - 2T(z)2 n 0. T(z)

T(w)T(z) = +0(1). (A.14)

(w—z) (w—z) w—z

The main feature of CFT is that the physical properties of descendant fields (i.e., their
correlation functions) may be derived from those of the “ancestor” primary fields. Indeed,
consider the correlator

(Lontiny) (290X),  n>1, (A.15)

where ¢|a)(2,7) is a primary field with conformal dimension A and

X = ¢jay(21,21) - .- djay) (28, ZN) is a product of N primary fields @|a,)(2i, Z;) with confor-
mal dimensions A;. This correlator can be calculated by using , in which the integration
contour encircles the point z only, excluding the positions z; of the other fields. The residue
theorem may be applied by reversing the contour and summing the contributions from the

poles at z;, with the help of the OPE (A.13]) of T'(w) with primary fields:

((E-ndiay) (:2)X) = %W — 2) T (w) gy (2, 2) X)
N .
= — S;UI (w—z)~" Zl {w i o £<¢|A>(z, 2)X) + (wA;i)2<¢A> (2, z)X)}
{z:} V=

:£7n<¢‘A>(Z,§)X>, n>1,
(A.16)

where £_,, is the differential operator

c_nzfj{(”_lmi S a}. (A.17)

Hl(Gz—2)"  (z—2)"! .

We have thus reduced the evaluation of a correlator containing a descendant field to that of
a correlator of primary fields. Of course, there are descendant fields obtained by the action
of multiple Virasoro generators. It can be shown without difficulty that

(Lo L)) (220X ) = Loy o Loy (D) (2,2)X ). (A.18)

In what follows we will be interested in the CFT on a cylinder of circumference 27 R. Let
z° be a coordinate along the longitudinal axis and 2! be a coordinate along the circumference
of the cylinder and set x = 2° + iz!. Then the points x and z + 27iR are identified. We
will call x the local coordinate. The cylinder can be mapped to the Riemann sphere by the
coordinate transformation

N
I
)
T8

(A.19)
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The point 2° = —oco on the boundary of the cylinder maps to the point z = oo on the
Riemann sphere and the point 2 = co maps to the point z = 0. We will call z the global
coordinate.

We can relate the results obtained for the CFT on a plane to the CFT on a cylinder. For
example, let

T(z) = +z‘>:° "2, (A.20)

n=—oo

be the energy-momentum tensor in the coordinate x. In writing this formula, we slightly
abuse the notation by using the same letter T" to denote the energy-momentum tensor on a
plane and on a cylinder. We will differentiate these two cases by using the coordinates w and
z for the CFT on a plane and the coordinates x and y for the CFT on a cylinder. The modes
In, n € Z, are the Virasoro algebra generators. Their action on the fields ¢y (z,T) can be
given as the contour integral

(1ondmy) @) = § Ly =) Ty (2, 7). (A21)

x
Quite generally, under any coordinate transformation z — 2’ = z(x) the energy-momentum

tensor T'(z) is related to T'(z) via the transformation rule

T(z) = (EZ) - {T(m) -2 x}] , (A.22)

where {z;x} denotes the Schwarzian derivative

L dBxfd? 3 [ dPx/dz? ?
{zia} = de/dz 2( dx/dz ) ’ (4.23)

Thus, T'(z) can be written as

1 = ne C
T(x):ﬁ > Lyer ~51 ] (A.24)

Let ¢a)(y,7) be a primary field with conformal dimension A:

(loqu)) (Y, 7) = Adja) (Y, 7), (ln¢\A>) (y,9) =0 (n>0) (A.25)
and consider the expectation values of the form
(T(zk) ... T(x1)d)a) (Y D)) Ay A (A.26)

where the suffix indicates the presence of two other primary fields inserted at the boundaries
of the cylinder x = 4o00. In other words, at z = 0 there is a field corresponding to the highest
weight vector |Ay) satisfying L,|Ay) = 6,044+ ]A4) for n > 0, and at z = oo there is a field
corresponding to the highest weight co-vector satisfying (A_|l,, = 6, 0A_(A_| for n < 0.
In view of , we impose the following boundary conditions for the energy-momentum
tensor inside the expectation values :

c

lim T(x) = % (Ai - ) . (A.27)
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In order to write the OPEs (A.13|) and (A.14]) in the coordinate z, it is useful to introduce
the function

1 BQn T 2n—1
- coth - A2
X(w) = 5 cot (23) ZB (2n)! <R) ’ (A.28)
where By, are the Bernoulli numbers. The OPEs then read
_ o1a) (Y, Y) o1n) (Y, 7)
T(@) by (49,7) = —— =X (@ = y) + %X(a« y) + O(1), (A.292)

T@T() = 13" =) — 20 (@ =)+ 2T =y 0. (A.290)

OPEs (A.29) allow us to express the expectation value (A.26]) via the expectation values of
the primary fields recursively:

(T(zk) .- T(x1)da) (Y T)) Ay, A

k
- _% X:XW@1 — (T (k) - - 7Aﬂ(flfj) o T(z2)diay (v, ¥)) Ay A
j=2
k
+ {]z:; _%X (x1 — ;) + % (x(z1 — z;) — x(z1 —y)) axj) - %x’(wl —y) (A.30)

2R2 24 R?
x (T(xg) ... T(x2) 1y (¥, 7)) A A,

where f(x]) indicates the absence of the energy-momentum tensor. From (|A.30|) one can
extract, for example,

(A = Ao — ) + (A +A) - }

S0 c B, A .
ttsy o Dana _ [2 (30 =8 5) g e (A1)
(D10) (¥, 9)) Ay A (AJ(rn__Al;!)]i”—l (n is odd).

In general, the normalized three-point function of any particular descendant

Any oo L pay (0, 7)) Ay A
(D1ay (Y, 7)) Ay A

is a polynomial in A, A, and A_. Obviously, in writing and we have assumed
that ()a)(¥,7))a,,a_ is non-trivial. Actually, in the theory with ¢ < 1, for a given generic
value of A, there is a discrete but infinite set of Ay, A_ such that the expectation value
(1ay (Y, 7)) A, A is non-trivial.

If CFT is perturbed by some local field, the conformal invariance of such QFT is, generally
speaking, violated. In [24], the local integrals of motion that survive the ¢(1,3)-perturbation
of CFT were constructed E| They are commutative operators acting on the ﬁelds as

(A.32)

(i2n-10p) ) (z,T) j{Q ()b (@, 7), for n > 1. (A.33)

f ¢ < 1, the conformal dimension A(1,3) < 1, meaning that ¢ 3 is a relevant field.
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Appendiz A. Brief overview of CFT

The densities ho,(y) are certain descendants of the identity operator, one if which is the
energy-momentum tensor:

ho(y) = (12id) (y) = T(y),  ha(y) = (1-27) (y). (A.34)

The integrals of motion (A.33)) can be written in terms of the local Virasoro generators. For
the examples given in (A.34]) we have

(119p)) (2, T) = (1-1dppy) (2, 7), (A.35)
(isdypy) (2, T) =2 (In—al_n_10p)(z, 7). (A.36)
n=0

The three point function of the form ([A.26) for a descendant (iz,—1¢|a))(y,7) of a primary
field is reducible to that of ¢|a)(y,7):

((on1018) W D)8y = (Booy = Toy) (S8 0,788 (A.37)

where I3 | denote the vacuum eigenvalues of the local integrals of motion on the Verma
module with conformal dimension A,. Note that in the special case A}y = A_, the three
point function vanishes on the image of the local integrals. The entire Verma module Vp is
spanned by the elements

(i2k1—1 codgg, 1l Lqu) P14y (0,0), (A.38)

in accordance with the state-operator correspondence (|A.8)).
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B Proof of Lemma 6.5

In this appendix, we prove In order to do so, we formulate a set of propositions
from which the statement of follows as a corollary.
Recall the definition (3.36) of the operator ky, ;(¢, a), from which it follows that

£11,m) (¢ @) (X[l,m])
=A ((k[l,m](C7 ) = Sp1m) (€, @) = €1, (4C, @) = €1y (a7 7C, Oé)) (X[l,m])) :

This function has the forrn (% x (rational function of ¢2), and hence the g-primitive on the
right-hand side of (B.1)) is defined uniquely. Fix a solution f (C , ) of the equation

At (G ) (X[Lm}) = K1, (¢, @) (X[Lm}) , (B.2)

which now has poles at (? = ¢*", n € Z. Define further

(B.1)

1 1 _
gg,[l,m]((ﬂ) (X[l,m]) = (2f[01,m}(QC,04) + §fﬁ,m](q 1C704)

(B.3)
= T j1,m) (¢, @)f] 1m](C, )+uc,[1,m](C,Oé)> (X[Lm}) :
Lemma B.1. Define
Iy (G5 @) (X[l,m])
_ 0 (B.4)
= (Gt )t (T (1) Teme (G )82 (G ) (X1 ) § @RalG)
Then the identity (6.93) follows from
d 2
T a(6) (X ) #(6) =0 (B.5)
I'm

Proof. In (3.59) we defined the Baxter operator D: and used it to define the operator
by m](C ,a). We can similarly define the operator b([)l’j‘m}(g,a) by replacing ff; (¢, @) in

B.57) with £f; (. ):

b0 (G a) (PO Xy ) = D (¢SO L(¢0) (Xim)) - (B.6)
Consequently,
(bl (G 0) = biy (¢ ) (D50 )
= O D¢ (£] (¢, @) = f1m) (¢ @) ) (X)) (B.7)

5O DA {(ep,m) (a6, @) + epam (a7C @) + e (6 @) (Xm) }-
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Appendiz B. Proof of|Lemma 6.5

Now consider the term in (6.93]) containing ¢(&, «). Due to [Theorem 6.1} for any quasi-
local operator X (¢) depending on ¢

7°{D¢ (X(Q)} = 2" {D¢ (X(O))}- (B.8)

That means we can replace in (6.93)) all EC by D¢. On the other hand, as mentioned in
Chapter 3| the operator €[ ,,,((, @) is not independent of cpy ,,,) (¢, ). More specifically, the
following relation holds:

1 [de?

é[l,m] (Ca Oé) (X[Lm]> = 52 ¢(C/§, O‘)trl,m] (57 a)c[l,m] (5’ Oé) (X[Lm]) (Bg)

27r1

Equivalently, can be written as

d 2
res [(é[lm](g, @) + by 1) (€ [, m) (€5 @) ) (X(1m) é] — 0. (B.10)

To see that, we use (3.49al), (3.23a)) and to write

. ch dCZ
&g e (@) (Xom) Tr = 0 Kum©0) (Kom) T

= tar {Ui_Pa,mTa,[l,m—l] (é-ma a)U[l,m}} .

We can move o, to the right either commuting it with the permutation operator or using
the cyclicity property of the trace. Thus we get

BID = 5t {PanTafim-1)(6m:0) [0 Ut |

N |

(B.12)
= — thgsj (tﬁ’m](g Q)C[Lm] (C, a)) (X 1 m])

which is exactly (B.10) for j = m. All other residues can be obtained with the help of the
R-matrix symmetry.

Using , we calculate

(C[l m) (46, @) + €1y (g1C, )+é[1,m}(€304)) <X[1,m])
1 B.13
—zfi (Dew(¢/€,)) €1, m) (€ @) (Xirm)) - (B13)
r
Substituting into , we obtain
(b?l*m](C7 a) - b?Lm](Cv a)) (q2(a+1)S(O)X[1,m})
(B.14)

=q2a5(0)2;17{d£§2 (DDA U(C/9)) eiam(€:) (Xpum)
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Substituting (B.14)) into the generalized partition function Z*, we obtain

2
ZK{<b>[k17m](C,C¥) 21 d;; (DCDEA 1w(C/§7 )) [l,m](faa)> (X[Lm])}

2

(& + allpmm(C a) (X[l,m])
K 0,% o
=7 {bﬂ (€:0) (Xim) } B Am(L k) (s +alk)

Thus, if (B.5)) holds, the statement of follows from it due to (B.15]). This obser-

vation proves the lemma. O

In order to show (B.5]), we reduce it to a difference equation for gg [,m] O1 & finite interval.

We will show that for all m = 1,...,n the identity (B.5|) reduces to the same equation for
a quantity in the Space direction. Thus, we can ignore the Matsubara direction. Namely,
introduce the operator

Ac,[l,m](C7 a) (X[Lm}uc) = Tc,[Lm](C)angeC (X[Lm}l_lce (T_[l m}(C))) ) (Blﬁ)
where the anti-involution 6, was defined in (4.16)).

Lemma B.2. The identity (B.5|) follows from the equation

g m (G, ) (X[l,m]> e1,m] (€ @) (gc L@, @) (X[l,m]>) : (B.17)

Proof. By symmetry it suffices to consider the case m = n. First, we compute the integral

(B.5) using the residue theorem. From (6.28)) and the fact that the contour TI'y, encircles
¢%? =712 and (% = ¢~ 272, we obtain that the identity (B.5) is equivalent to

1 1
——1 n X1m ——Inm ! n Xim)) = B.1
gy i pa (7 o) (X, ])er(q*lm) (@ i @) (X(1)) = 0 (B.18)
or
(g™ 7) It v (7 @) (X(1m)) + () I g (@7 70, @) (X1 ) = 0. (B.19)

Let us compute I[ ;) v (Tn, a) (X [1,m}). In order to simplify calculations, we introduce
the following short-hand notation

82101 (6 0) (X)) = Yiimjie(C @) (B.20)

Then under the trace in (B.4]) we first move Tcm(mn, k) to the left using the Yang-Baxter
relation and the cyclicity property of the trace:

[I,Errz],c {T[l,m},M(L K‘)TC,M(THa ’{)Yv[l,m]LIc(Tna Oé)}

= i Erl;] . {Tc,[l,m} (TH)TC,M (Tnu K)T[l,m],M(:l? K’)ch[}_’m] (Tn)Yv[l,m}uc(Tnv a)} (B21)

= i E‘rlz.] . {TC,M (Tnv H)T[l,mLM(l: K;)ch[i,m] (Tn)Yv[l,m]uc(Tn7 a)Tc,[l,m] (TD)}
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Appendiz B. Proof of|Lemma 6.5

It follows from ([2.23a)) and (6.3)) that

Len(1) = 0Py, (B.22)

where n = ¢'/?(q — ¢~ ). Note that
TC,M(Tna ’{) = UPC,HTC,[LM—I] (Tn7 K’) (Tnv K’) = nTn,[l,n—l} (Tnv K’) (Tn? K)PC,nv (B23a)
nTn,[l,n—l} (Tn, KJ) (Tnv K) = TM(TID K+ O‘>q_aaé' (B'23b)

Moreover, it follows from ([6.13b|) that d(m,) = 0. Hence,
Tni (T, &+ @) Qg (Tns K + @) = a(T0) Qg (¢ s 5 + ). (B.24)
Plugging (B.21)) into (B.4) and using (B.23)) and (B.24)), we calculate

I11 ) M (o, @) (X[1,m])
=Qm(( k+a)
X tr {TC,M(Tna '%)T[l,m],M(L /{)chﬁ,m] (Tn)yv[l,m}LIc(Tna CV)Tc,[l,m] (Tn)} QK/[(C? K‘)

[1,m],c
= Qiﬁ((a K+ a)
X tr {TM(TH, K+ Oé)q_ag'szc,nT[l,m],M(lv K)chﬁ,m] (Tn)Yv[l,m]uc(Tnv a)Tc,[l,m] (Tn)

[1,m],c
x Qn(¢, K)
= a(7n)Qn (¢ T, K + @)
X tr {PC,IIT[l,mLM(lv H)q—owg T;ﬁgm} (Tn)Yv[l,m]l_lc(Tn? a)Tc,[l,m] (Tﬂ)} QK/[(C? H)'

[1,m],c

(B.25)
J

In the last line of (B.25) we reorder the product of L-operators in T}y, m(1, %) using the
fact that

T[l,m],M(la ’{) = T[l,m},n(Trrl)T[l,m},[l,n—l] (17 KJ) = /’L(TD)T;[ILm] (Tn)ﬂl,m],[l,n—l} (17 ’{)7 (B26)

where 1(my,) is some function whose explicit form will not be needed in the future calculations.
Therefore

B.25)

= a(Tn)QK/[(q_lTna K+ a)u(mm) tr {Pc,nTni[le} (Ta, ’%)T[l,m],[l,n—l} (1, K)q_aag

[1,m],c
X T g () Yitmje (T @) T f1m) () QR2(C, ) (B.27)
= a(Tn)QR/I(q_lTna K+ a):u(Tn) i %‘] . {T[l,m],[l,n—l](17 K)Pc,nq_aog
X ch[im} (Tn)Yv[l,m]Uc(Tn7 a)}Qf\L/I (<7 KJ)‘
We compute [ [17m],M(q_lTn, a) (X [1,m]) similarly, using the relations

TC»M(q_lTnv ’Li) = _2nq_1pcjnTc,[1,n—l] (q_lTl‘h H) = 2PcTnTM(q_17_n7 K): (B28a>
TM(qflTn, f@)Q+M(q717n, K) = d(qilTn)Q'FM(Tn, K). (B.28b)
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The final result is

I (g s @) (X[Lm})

= p(m)d(q ') Qpp (g™ Ty 5 + @) (B.29)
X [1,17:“2],0 {T[l,m},[l,nfl] (17 /i)Pc,nec (Yr[l,m}uc(qilTny a)ac (ch[im] (Tn)>> } QJF(TH, ﬁ)‘
Plugging (B.27)) and (B.29) into (B.19), we obtain the statement of the lemma. O

In the rest of this appendix, we will show that the identity (B.17) is satisfied. From the
definition (B.16) of the operator A, [, (¢, a), it follows that

Aq[l,m](Ca a) (ch[l,m]) = Tc,[l,m](Ca a) (X[Lm]) 96(1‘6), (B.30a)
A 1m)(C )T 1m (g ¢ ) (X[l,m]> = (X[l,m]) : (B.30b)

Using the definition (B.3) of g° [1m] (¢, ) and the identities (B.30]), we write down the first
three terms on the right-hand side of as

1 1 _
Acin(€0) (58 (G 0) + 18 (a7, )

— Tem(a ¢, a)fﬁm}(ql@a)) (X[Lm})

1 1 (B.31)

— (Teitam €0 (58 (€0 + (076000 = £ (076000 ) (Xia )

1
— (Teguan(€0) (8,00(€ ) = (a7 0)) = 8 (a7 C) ) (Xiam)
Then
<1f0 Lo -1 0
> H1m] (q¢; @) + §f[1,m} (@ ¢ ) = Tej1,m (€ Oé)fp,m}((,a)) (X[l,m]>
1 1
— A nm (G ) (2f[01,m}(47 @) + ifﬁ,m]@_%a @)

(B.32)

Tt 07000 ) (Xiom)
1 1 .
= (Qku,m](C,Oé) - §TC,[1,m](Caa)k[1,m](q QOé)) (X[Lm}) :
The term in (B.17)) containing u, 1 (¢, @) can be computed with the help of the identity
gc(Ya,c,A) = _Ya,c,Aa (B.33)
which follows from (4.59¢|). Namely,

Ac,[l,m] (Ca O‘)uc,[Lm} (q_1<7 Oé) (X[l,m])

- e B (B.34)
=—at’1;‘ {Tc,[l,m](caO‘>T?—a7A},[1,m](q ¢, @) (g7t ¢) > Siml (q 25””"]X[1,m]) Ya,c,A}-
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Appendiz B. Proof of|Lemma 6.5

Using (B.32)) and (B.34]), we write the identity (B.17) as

1
a—SH m —251 m
t11‘4 {T?—a,A},[l,m} (C7 a)C [1,m] (q [1, ]X[l,m}) (2 (o + Ya,c,A) }

= C}Q{TC,[Lm](Ca a)T?—a,A},[l,m] (¢ ¢ a) (g ¢) ™ Sm (q_zs[l’m] X[l,m}) (B.35)
L
X 50'(1 + YCL,C,A .
It can be shown that
1
iaa +Y,cn = 7';'02' F (Pa T O'+) F, 4. (B.36)

Additionally, we have the following identity:

[1m (C? ) lm](q Cv ) P_ (B37)

Then the right-hand side of (B.35)) can be written as

g{ﬂrc,u,mmc,a)ﬂr{:ﬂ},[l,mﬁq-lc,a)(q*c)a-gw (g7 2500 X1 1))
X (;cr; +Ya,c,A>}
- ‘EX{TC’[Lm} (G )Ty Ay g (471G @) (g1 500m (q‘” [l’m]X[Lm})
x (rfof =2k} (P o )FmA)}
= %{TC,[LM} (¢, O‘)TX,[l,m} (¢, @)cha_g[l’m] (q_QS[l’m]X[Lm])}
268 { Ty (€ )P 107G T 76 ) (a7 0) 0
X (q’ZS“*m] X[1,m]) Pa,Jaai}
(B.38)
_E]f{FCAT{cA} 1) (G @) F o (o5 (q_%“’m]X[Lm])}
2 i { P o T ™ G )G (g0 X
- at,ix{P e Fo T oy 1 (6 @) 7501 (g 20m X [17’"])}
T 0 G0 O (g2 ) ot
= &{Pa,cFa,Aa:T;A},u,m} (¢ )¢ Stmt (g~ 2Sim x u,m])}

N tr{ TY, a3, f1m (€ @G0 (qQS“’"”X[W)}Uc+

= tr {(Pa,chFa,A - TJO'ZF) T?Q,A},[l,m](g’ )¢St (9725[1’7”] X[l,m]) }

a,
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In order to proceed, we simplify the combination in the bracket on the right-hand side of
(B.38):

- _ -+
Pa7cajFa,A — 71,00 =F. AP, ca -7, 0,

= FC,A(TL;"TC"r +71, 7, + 0+0 —o, 0, )J;|r = CA(T+0' + O'+T_) — a_aj'
=(1—apol)(rfotr +ofr7)—1 0 =1fol +oir7 —apgofol — 70 (B.39)

1
=olof +otr —azotol = 5% + Yaen.

Plugging (B.39)) into (B.38]), we obtain the left-hand side of (B.35]). That proves the statement
of [Lemma 6.5|form =1,...,n.

It remains to show the matrix element of (B.4) between (k + a| and |k) vanishes for
m = (. First, note that the functions

Tem(C,K),9(0), " Q™ (¢ ki + @), "R (¢, k), a(C), d(¢) (B.40)

are all regular at (? = 0. Consider the contribution of U (1,m) (¢, @) to (B.4) coming from

(B.3]). It follows from (4.59b)) that

u [1,m) (¢, @) (X[Lm]) = —*0 ckpm) (¢ a) ( lm]) + 0 1 (¢, @) ( [, m]) : (B.41)
where

110 (€ 0) (X)) = 11,07 = @A T,y g (G )50t (720 Xy ) |
= Acaprm(C @) (X(im) (B.42)
— ta{aAUJrT 1,m) (¢, )T [1,m](<aa)§~a7S[1’m] (q725[1’m]X[1,m]>}'

a,

Since the spin of X[ ;) equals —1, that is S, (X[Lm}) = —X[1,m], then, according to
it (6:0) (X)) = O, ¢* =0 (B.43a)
) (G @) (X)) = OGP, 0. (B.43b)

That, together with (B.40), means that the contribution of u, [y ,, (¢, @) to (B.4) is zero, since
the corresponding integrand is regular at (2 = 0.

Consider now the first three terms in (B.3):

1 1 -
(2fﬁ,m]<q<, @) + 5 (a71¢.0) = T m (G )] 1y (G, a>) (Xpm)
(B.44)

1
— (00026, @) = Tegrm (€ R 1y (60) = K1) (€50 ) (Xii )
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Appendiz B. Proof of|Lemma 6.5

Due to [Theorem 6.1, T, 1 (¢, ) (X[Lm]) inside the functional Z* can be replaced with
p(C; &, ). Thus,

twtal tr {Tim (R Ten(C )
1
(£ (06 @) = Tt (6 R (€)= it (6)) (X J 1o
= (n+al tr {Tiw MG K) (B.45)
1
x (fﬁ,m] (46, @) = p(G; £ ) 1) (€1 0) = Sk m (G, a)) (Xiwm) 1)
_ 1
= (st al ir (T (1A R) (64 £}y (G 0) = e n) (G a>) (X)) 1)

The last term in (B.45)) does not contribute due to the arguments above. For the first term,
we use the fact that fﬁ’m}(c, a) = Aglk[l’m](g, a) and apply (6.31al):

d 2
S AR (5 87 Ky (€,0) @ (6.8 + @)@ (G, 1)(0)
v e (B.46)
= § Tk (6 @)a(OQ (¢ +a)Q (¢ k)#(¢) =0,

o

which finishes the proof of the lemma.
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C Correlation function of the fermionic basis operators at the free-
fermion point

In this appendix, we present the mode expansion of the function w(¢) (¢, & K, K, @) at the free
fermion point according to (9.63).

icot (Z2)
wi = Woﬁ—l) ((—2 +a)a (4 —2a + a2) —12(=2 + a)ar?® — 12(-2 + a)ar? — 48/@2,%;1)
icot (73') 2 3 4
= - —4 —2 336 — 160a + 14802 — 440® + 5
w13 737280(a—1)(a_3)7r4<( 6+ a)(—4+a)(=2+ a)a ( a+1480° — 440’ + 50)
—120(—6+ a)(—4 + o) (-2 + a)« (12 —2a+ ag) K2 +720(—6 4+ o) (=4 + a)(=2 + a)art
—120(=6+ a)(—4 4+ a)(—2 + o)« (12 —2a+ a2) K2+ T720(=6 + @) (=4 + a) (=2 + a)art
+ 960 (—48 — 148ar + 12602 — 2403 + a4) K2 K2 —1920(2 + @)(—12 + ba)rt k2
—1920(2 + ) (=12 + 5a)r? k. + 3840 (6 — da + a?) kL k1)
_ icot (73') 2 3 4
w81 = e Ty ((=2+@)a(2+ a)(4 + a) (336 — 64a + 40 + 40® + 5a?)
—120(-2+ a)a(2 + a)(4 + «) (12 —2a + 042> K2 4+ 720(—2 + @)a(2 4+ a)(4 + o)kt
—120(=2 + @)a(2 + a)(d +a) (12 = 20 + a?) k3 +T720(=2 + a)a(2 + a)(4 + a)x}
+960 (~16 — 100a + 602 + 160° + o) 12 k% — 1920(—4 + 0)(2 + 5a)rl k2
—1920(—4 + @)(2 + ba)r? i} + 3840 (2 + a?) kit )
fcot (%) ((~10 4 @)(=8+ a)(=6 + a)(—4 + a) (~2 + a)
= — a)(—8+a)(—6+a)(—4+ a)(—2+ o)
¥L5 = 5945425920(cr — 1)(a — 3)(a — 5)7®

x (89280 — 384960 + 43808a” — 21000a° + 5648a" — 714" + 350°)
—252(=10 + @)(~=8 + )(=6 + a)(~4 + a) (~2 + a)or (1680 — 384 + 2600 — 44a® + 5a’) k2
+15120(=10 + )(=8 + a)(=6 + a) (=4 + a)(—2 + a)a (20 — 2a + 0?) kL
— 60480(—10 + @) (—8 + a)(—6 + ) (=4 4 a) (=2 + a)ar®
— 252(=10 + @)(=8 + )(=6 + a)(—4 + a)(~2 + a)a (1680 — 3840 + 2600% — 440” + 5a') K2

+ 1008(—645120 — 4753664 + 55386240 — 23713920° + 6073600
—116000a” + 14968a° — 1016a" + 250°)K2 k7,
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Appendiz C. Correlation function of the fermionic basis operators at the free-fermion point

— 20160 (—46080 — 96128ar + 112896a* — 360880 + 45960 — 234a° + 3a6) kL K3

— 16128(2 + a) (8640 — 49520 + 4420 + 450° ) k% %
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