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Here, we provide a list of common symbols used in this work, along with their
respective meanings. Please note that some basic mathematical concepts
are not explained in Chapter 1, as they are considered prerequisites for
understanding this (or any) mathematical work. Therefore, some page
numbers refer only to the first occurrences of the symbols used.

Number sets

N set of natural numbers 2
R set of real numbers 1
C set of complex numbers 1
Cre>w set of all A € C with Re > w, foraw € R 3
K either R or C 1
[ absolute value 1
Banach spaces and operator related symbols
Il 1lx norm on a Banach space X 1
Ix identity operatoron Ix: X — X,z — x 1
X/ dual space of a Banach space X 1
(X,Y) dual pair for Banach spaces X and Y 1
(,)v.x dual pairing of a dual pair (X,Y) 1
(,)x inner product on a Hilbert space X 2
L(X,2) set of all bounded operators T: X — Z 4
L(X) L(X, X) 4
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Introduction

Differential-algebraic equations (in short, DAEs) are often unavoidable when
modeling physical systems. They naturally arise in constrained mechanical
systems, electrical circuits, and control problems, among others. Since most
partial differential equations are subject to additional algebraic conditions,
DAEs are frequently encountered in the world of PDEs. Well-known ex-
amples include the incompressible Navier—Stokes equations or Maxwell’s
equations, just to name a few. The former describe the dynamics of viscous,
incompressible fluids and, under the incompressibility assumption, impose
the algebraic constraint that the divergence of the velocity field vanishes
identically. This condition implies local volume preservation of fluid elements;
i.e., the fluid volume remains constant over time and is neither compressible
nor expandable. The latter, Maxwell’s equations, combine Ampére’s law
(with Maxwell’s correction) and Faraday’s law of induction to describe the
behaviour and interaction of electric and magnetic fields generated by electric
charges and currents. In addition, they are usually paired with algebraic
divergence constraints: The divergence of the magnetic flux density is zero,
which implies that magnetic field lines always form closed loops, and the
current density is divergence-free (under steady-state or suitable quasi-static
assumptions), representing an uninterrupted, continuous flow of electric
current.

Although finite dimensional DAEs and infinite dimensional classical
systems have already been studied and rigorously analysed, the connection
between these two research areas remains largely underdeveloped. In many
aspects, the systematic study of their interrelation is still at an early stage
of research. For instance, in finite dimensions, consider a DAE of the form

d

aEI(t) = Ax(t), t>0,

where F, A € C"*". Under minimal regularity assumptions on the pair

xi
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(E, A), namely that the generalised resolvent set
p(E,A) = {)\ € C | AE — A is boundedly invertible}

is non-empty, it is possible to decompose the system into a differential part
and an algebraic part. This representation, also known as the Weierstraf
decomposition or Weierstraf form [KMO06; Wei68; Kro91], generally does not
exist under the same regularity conditions in infinite dimensions, as will be
demonstrated later in Chapter 2. Consequently, in the infinite dimensional
setting, the algebraic constraints interact directly with the differential dy-
namics, necessitating that both components be treated simultaneously in
the analysis of solutions to the system. To provide the necessary analyti-
cal framework for addressing these problems, one introduces the following
pseudo-resolvent operators

R.(\):=(\E—-A)'E and R/(\):=EME—-A)"', Xcp(E, A),

which are referred to as the right- and left-resolvent, respectively, of the
matrix pair (F, A). These pseudo-resolvents arise in numerous contexts
within the theory of differential-algebraic equations (DAESs), including the
underlying spatial decomposition in Weierstraft form, the analysis of solutions
[EJM24], and their characterisation [GR25].

Furthermore, for partial differential equations in infinite dimensions of
the form

d ~
_ = >
dtm(t) Az(t), t>0,

for a (not necessarily bounded) linear operator A on a Banach space, the
theory of strongly continuous Cj semigroups is often indispensable for well-
posedness and further analysis [EN00]. By imposing algebraic constraints
on such systems, one typically arrives at a DAE of the form

d

— = >
th:L‘(t) Az(t), t>0

7

where E: X — Z is a bounded linear operator and A: dom(A) C X — Z is
closed and densely defined for Banach spaces X and Z. Since the operator
F is firmly embedded’ in the dynamics, i.e., F is typically non-invertible,
the system cannot be characterised by a resolvent in the classical sense
as an operator defined on the entire underlying spaces, but rather by the
generalised resolvent of (E, A) given by

(AE — A)~!, for A€ p(E, A).
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Consequently, one generally obtains solutions only in the distributional sense,
and additional regularity assumptions on the inhomogeneities are required.
The complezity of a DAE is usually described by the so-called inder,
which serves as a measure of the difficulty involved in analysing, solving, or
transforming the systems. It is often mistakenly assumed that this refers to
a single index term. While this may be true for finite dimensional DAEs,
it is necessary to distinguish among a variety of different index terms in
infinite dimensional DAEs [EJMRT24]. In this work alone, we introduce and
compare seven distinct index concepts, namely the nilpotency index [KMOG;
Meh15], the resolvent index [GK69; Tro20], the chain index [Won74; BT12;
Ber82|, the radiality index [SF03; JM22|, the differentiation index [Cam95;
GeaTl; GP83|, and the perturbation index [Gea7l; Gea88|. Although some of
these concepts are well established and broadly recognised within the DAE
community, such as the differentiation indexr and resolvent indez, others
remain comparatively obscure or not yet standardised, such as the radiality
index. For the latter class, it does not always make sense to consider them
in finite dimensions, as the analytical and computational effort required to
determine them is excessively large compared to their potential benefit.
One index we will be paying more attention to is the resolvent index. In
its complex variant, it serves as a growth barrier for the resolvent in the right
half-plane. To be more precise, the complex resolvent index is the smallest
number p, for which there exist C' > 0 and w € R such that Cres., C p(E, A)
and
H()\E - A)*lH < CAPTY, for all A € Crese. (1)

This term is particularly interesting to us as it offers a solution concept for
the underlying DAE [EJM24; Rei06] and is quite similar to the existence
condition of integrated semigroups for the abstract Cauchy problem. More
precisely, under the assumption that X = Z and F = I holds, we consider
a closed and densely defined linear operator A. If the resolvent of A grows
at most polynomially as in (1), then A generates a (p + 1)-times integrated
semigroup on the entire space X; see [ABHN11; Are87; Neu88]. Conse-
quently, the next logical step is the generalisation of integrated semigroups
for the setting of differential-algebraic equations. The main difference be-
tween integrated semigroups associated with DAEs and classical integrated
semigroups lies in the fact that, for each left- and right-resolvent of the pair
(E, A), one can construct a corresponding integrated semigroup (S;(t))¢>0
and (S, (f))¢>0. Consequently, each pseudo-resolvent admits a representation
of the following form

Ri(\)x = )\p/ e MS;(t)x dt,
0
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for all 2 € ran R;(\)P, A € Cres and i € {r,1}. So far, the generalisation
of integrated semigroups for DAEs has been analysed in [MFO01; Mel96],
where the well-posedness of DAEs with a complex resolvent index of 1 was
studied. Building upon these results, we further extend this framework and
derive necessary and sufficient conditions for the existence of solutions to
the inhomogeneous DAE
d

&Ex(t) = Ax(t) + f(t), t>0, (2)
for inhomogeneities f: [0,00) — Z. In this context, we restrict our attention
to cases where the inhomogeneity maps either into the ranges or the kernels
of the pseudo-resolvents associated with the pair (F, A). Subsequently, we
show that every DAE (E, A), which generates integrated semigroups, also
induces a Cp-semigroup on a suitable subspace, provided that ker £ and
R, (u)P are disjoint. This result is a generalisation of [Neu88, Thm. 5.2].

Since inhomogeneities do not always map into the image and kernel
spaces of the left- or right-resolvent of (E, A), the integrated semigroups
for DAEs unfortunately reach their limits. However, to establish a solution
concept for arbitrary inhomogeneities, one can switch to extrapolated DAEs.
More specifically, for the abstract Cauchy problem, one can continuously
extend a closed and densely defined operator A to the entire space, provided
that its resolvent set is not empty. This is done by continuously extending

the space by taking its closure with respect to the norm [[(AI — A)~'z|| for
z € ran (A) [TW09; EN00]. In this work, we show that a similar approach
can be applied to the DAE case by taking the closure of Z with respect to
the norm

lzl|z_, = H()\E - A)_lz| , forze Z,

which will be denoted by Z_;. Hence, for a closed and densely defined linear
operator A: dom(A4) C X — Z and a bounded linear operator E: X — Z,
we can continuously extend A to a bounded operator A_; € L(X,Z_4).
Consequently, the following extrapolated DAE is obtained
d
SBa(t) = Aya(t) + f(1), 20,
Ex(0) = Exo,

for an initial value ¢y € X and inhomogeneity f: [0,00) — Z_;. As stated in
[Rei06, Thm. 2.4-2.7], for any sufficiently smooth inhomogeneity, a solution
to this DAE exists, provided that f and all its derivatives vanish at the
initial time ¢ = 0. To relax this constraint, it is necessary to incorporate the
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initial value into the inhomogeneity and to consider the augmented DAE
d x(t) x(t)
—|E 0 =141 I t>0
il 0(5i) =1 20 (7)) o2
(Ex(O)) B <Ex0)
£(0) f(0))°
Assuming the existence of the complex resolvent index and introducing
augmented Wong sequences, analogous to those in the finite dimensional
setting [BIT22; Trel3], one can formulate necessary and sufficient conditions
on the inhomogeneity that ensure the existence of solutions. This lays the
foundation for reformulating DAEs with input and output as operator nodes.
More specifically, we consider systems of the following form

iE;zc(t) = Ax(t) + Bu(t),

dt (3)
y(t) = Ca(t) + Du(t),

where E and A are defined as before, and B: U — Z, C: X — Y, and
D:U — Y, with U and Y being Banach spaces. Such systems naturally
occur in various applications, including electrical networks, constrained
mechanical systems, and coupled multi-physical models, among others. Even
though the finite dimensional theoretical framework is well-established and
covers regularity, consistency and input-output behaviour [BR13; Trel3;
BRT17|, the infinite dimensional case is still in its early stages. For the
non-algebraic case, i.e., for X = Z and E = Ix, one approach to address
these problems is to use operator nodes or system nodes [Sta05]. To formulate
systems of the form (3) as an operator node, one combines the right-hand
side line by line, resulting in the following system

d (z(t)\ _ [A&B] (z(t)
dt\y(t)) |C&D|\u(t))"
. . A&B
To comply with most physical examples, one assumes that S = [C& D}
dom(S) = dom(A&B) = dom(C&D),
and that the main operator Ax = A&B (95) with

dom(A) = {z € X | (¢) € dom(5)}

is densely defined with a non-empty resolvent set. To allow observation and
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control of the system, one additionally assumes that for all u € U, there
exists an € X with (i) € dom(S). Here, S is referred to as an operator
node. In this work, we generalise this concept to the differential-algebraic
framework and consider

[(;itE 0 ] (x(t)) B {A&B] (x(t))

0 Ix|\y(t)) |C&D|\u(t))’

Assuming that p(E, A) is not empty, one can extend the operator A&B
to a bounded linear operator [A_1 B] : X xU — Z_,. Together with
the theoretical approach used to solve the extrapolated DAE, this provides
a comprehensive solution framework that aligns with the one used in the
non-algebraic case [Sta05|.

This, in turn, provides the basis for the formulation of port-Hamiltonian
DAEs. Due to their structure-preserving properties, port-Hamiltonian sys-
tems serve as useful tools in modelling and analysis of energy-dissipating
physical systems. Here, we call a DAE of the form (2) a port-Hamiltonian
differential algebraic equation if X = Z is a Hilbert space, E is non-negative,
ie, (Ex,x) >0 for all x € X, and A is dissipative, i.e., Re (Az,z) <0 for
all z € dom(A). One important advantage is that, under minimal, natural
regularity assumptions, port-Hamiltonian DAEs always possess a complex
resolvent index that does not exceed 3. Consequently, the port-Hamiltonian
formulation of a DAE guarantees the well-posedness of the underlying dy-
namical system and allows the application of integrated semigroups, as well
as the extension to extrapolated DAEs. The next logical step is therefore to
formulate a pH-DAE as an operator node. This is similar to what was done
in [PRS25] for the non-algebraic case.

The core of this thesis has been published in the form of the articles
[EJMRT24|, [EJM24], [EJR25a] and [EJR25b|. The thesis is organised as
follows: In Chapter 1, basic notation and preliminary results on (pseudo-
Jresolvents, as well as the solvability and equivalence of DAEs, are introduced.
In Chapter 2, several distinct index concepts are compared, and their relations
are visualised with a diagram. By focussing on the complex resolvent index, a
solution representation for the homogeneous DAE is provided and integrated
semigroups for DAEs are introduced in Chapter 3. Furthermore, necessary
and sufficient conditions for the existence of solutions of the inhomogeneous
DAE are formulated, depending on the location of the inhomogeneities. In
Chapter 4, the extrapolation space Z_1 is introduced, and the solvability of
the extrapolated DAE is studied using the augmented Wong sequence. The
results derived in this context are subsequently used in Chapter 5 to extend
the framework of differential-algebraic equations with inputs and outputs
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to the more general settings of operator nodes and system nodes. Finally,
in Chapter 6, the framework of port-Hamiltonian DAEs is introduced and,
building upon the developments of the preceding chapters, it is generalised
to the setting of port-Hamiltonian differential-algebraic system nodes.
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Chapter 1
Preliminaries

In this chapter, we recall some basic concepts of pseudo-resolvents, solutions
of differential-algebraic equations (short DAFEs), and the Laplace transform,
which will be necessary for the subsequent sections of this work.

1.1 Basic notation

We start by introducing the notation and basic terminology that will be
used throughout this work.

1.1.1 Banach spaces and dual pairs
Let X be a Banach space over K € {R,C} with norm | - ||x and identity
operator Ix. By

X' :={2': X - K| 2’ is anti-linear and continuous }

we denote the (anti-)dual space of X. Let (-,-)yx: Y x X — K be a
continuous sesquilinear form defined on two Banach spaces X and Y. If the
mapping Y — X', y — (y, )y, x, is an isometric isomorphism, we call (X,Y")
a dual pair and (-,-)y,x its dual pairing. Define

<$ay>X,Y = <9737>Y,Xa HARS Xay eY.

Then we have
Kz, y)xv| = [y, 2)v x| < llz|x ylly
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and
lzllx = sup [{z,y)xy| and |ylly = sup [y, z)yx]|
yeyY rzeX
llylly=1 |zl x =1

Clearly, (X, X’) forms a dual pair with (2, z)x/ x == 2'(x).

Let X be a Hilbert space equipped with the inner product (-, )x. Unless
specified otherwise, we conventionally identify Hilbert spaces with their
duals. Then (X, X) is a dual pair with (z,y)x x = (x,x)x. We call a dense
subset X CY continuously embedded into another Hilbert space Y if the
canonical identity X — Y, z — x, is continuous. In this case, we refer to
the completion of Y with respect to the norm

||y||* = Sup |<y7x>Y‘7 y€Y7
reX
lzllx=1
as the dual of X with pivot space Y, denoted by X*. Subsequently, we
call || - ||« the dual norm of || - ||x with respect to X. Furthermore, X* is
isomorphic to X’, and the inclusions

XCcycxr

are dense and continuous embeddings.
If it is clear from the context, we may omit the subscript when denoting
norms, identity operators, dual pairings, and inner products.

1.1.2 Function spaces

Let I C R be an interval. We denote the set of continuous functions that take
values in a space X by C(I; X) and endow it with the standard supremum
norm, which is defined as

flleqr:x) = sup |l (@)llx.

Furthermore, we denote the subset of functions that are p-times continuously
differentiable in the interior of I by CP(I; X) C C(I; X), where p € N. We
introduce the space of infinitely differentiable functions

Co(I;X) = () C™(I; X),

meN
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and the space of compactly supported and infinitely differentiable functions

CX(; X)) ={f e C™®;X) |supp f compact},

where suppf = {x € I'| f(z) # 0} denotes the support of the function f. In
this context, we denote the derivative by %f or f*) for k€ {1,...,p} and
fecr; X).

By LP(I; X), for 1 < p < oo, we denote the Lebesgue-Bochner space that
consists of (equivalent classes of) X-valued functions that are measurable
and p-integrable. In this context, all integrals are understood in the Bochner
sense, see [DUT7]; i.e., || fl|Lr(s;x) is finite, where the norm is defined as

var)’, pell o),
I flleerx) = (/I"f(x)”X 33) p € [1,00)

esssup || f(z)]|x, p=oo0.
xzel

In addition, we define L{ (I; X) as the collection of all (equivalence classes
of) measurable functions that are integrable over compact subsets; that is,
functions f: I — X that are measurable and satisfy || f||11(x,x) < oo for
every compact subset K C I. Now, let I C R be open. By H*(I; X) C
L?(I; X), k € N, we denote the Sobolev space of k-times weakly differentiable

functions whose derivatives belong to L%(I; X), and we equip it with

1
9 2
r2(;x) )

where f() denotes the I-th weak derivative of f. Clearly, every differentiable
function is also weakly differentiable. In this case, the weak derivatives
coincides with the normal derivatives. If the interval I C R is not open, we
simplify the notation by defining H*(I; X) := H*(I; X), where I denotes
the interior of I in R. Furthermore, we define the space

k
11y = (2 17|
=0

HE([0,00): X) i= { f € H*((0,00); X) | (0) = ... = f*"D(0) = 0}.

For an w € R, we set Cresy = {\ € C | ReX > w}. By Ha(Creso0; X)
we denote the Hardy space, which consists of all holomorphic functions
[+ Creso — X that are bounded with respect to || - |24, (Cqoso:x), Where

. 1 . )
Hf||H2(<CRe>o;X) = o §1>110) |f(s+ 1‘)||L2(]R;X)~



4 1.1. Basic notation

Let w > 0. Then we call a function f: Cres., — C positive real if Cres, is
invariant under f.

1.1.3 Linear operators

Let X and Z be Banach spaces. By L(X, Z), we denote the space of bounded
linear operators from X to Z, where we abbreviate L(X) := L(X, X). We
denote the domain of a (not necessarily bounded) linear operator A that
maps X into Z by dom(A). We call A densely defined if dom(A) is dense in
X, and closed if the graph of A is closed; i.e.,

{(z,Az) e X x Z |z € dom(A)} C X x Z

is a closed subspace.

Let (X1, X2) and (Z7, Z2) be dual pairs, and let A: dom(A) C X1 — Z;
be densely defined. Then A*: dom(A*) C Zy — X5 denotes the dual/adjoint
operator of A with respect to the dual pairs (X1, Xs) and (Z1, Z2) given by

dOm(A*) = {22 € Zy | dzoy € X5V € dom(A) : <.732,$1> = <2’2,A1‘1>},

and A*zo = x5 is derived from the definition of dom(A*). Since A is densely
defined, A* is well-defined. Unless specified otherwise, we consider A* with
respect to the canonical dual pairs (X, X’) and (Z,Z’) when X and Z are
Banach spaces, and (X, X) and (Z,Z) when X and Z are Hilbert spaces,
respectively.

Let A: dom(A) C X — Z be a closed and densely defined operator. For
X = Z we define the resolvent set of A by

p(A) ={A e C| (Mx — A) is boundedly invertible}

and refer to
Mx—-A)"1 X=X

as the resolvent of A at A\ € p(A). Let E: X — Z be bounded. Then we
define the generalised resolvent set p(E, A) by

p(E,A) :={\ e C| (AE — A) is boundedly invertible}.

In this context,
ANE-A)1Z X

is referred to as the (generalised) resolvent of (E,A) at A\ € p(E, A). We
call (E, A) regular if p(E, A) is not empty. Additionally, for A € p(E, A) we
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define the operators
R.(\):=(AE—-A)'E and R/(\):=EM\E—-A)"!

known as the right- and left-resolvent of (E, A) at A.
Let X now be a Hilbert space. We call an operator E € L(X) positive
or non-negative, denoted by E > 0, if the following holds
(Bx,x)x >0, zelX.

We call a closed and densely defined operator A: dom(A) C X — X dissi-
pative if the following holds true

Re(Az,z)x <0, x € dom(A).

We call an operator N € L(X) nilpotent if there exists a p € Ny such
that NP = 0. In this context, the smallest number p € Ny such that NP =0
is called the degree of nilpotency of N. This definition might slightly differ
from other references, as some refer to the largest integer [ € N such that
N' £ 0 as the degree of nilpotency; see, e.g., [SF03].

1.2 Resolvents and pseudo-resolvents

Pseudo-resolvents extend the classical concept of resolvents, which are of
great importance in functional analysis. For example, they are essential in
spectral theory when solving differential or integral equations, in semigroup
theory, or when dealing with unbounded operators.

In the following, we gather various properties of pseudo-resolvents, par-
ticularly those for the generalised resolvent, as well as for the left- and
right-resolvents of (E, A). We start with the formal definition of a pseudo-
resolvent.

Definition 1.2.1 (Pseudo-resolvents).
Let 2 C C be open. A function R: Q@ — L(X) is called a pseudo-resolvent if
for all A\, u € Q

R(A) = R(p) = (1 — M) R(A) R(p) (1.1)
holds.

The equation (1.1) is also known as the resolvent identity or Hilbert
resolvent identity.

An essential property of pseudo-resolvents is that their ranges and kernels
are independent of the choice of € 2, which will be discussed next.
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Lemma 1.2.2.
Let R: Q — L(X) be a pseudo-resolvent, A\, € 2, and i,l € Ng. Then the
following assertions hold.

a) R(A)R(p) = R(u)R(N\) and ran R(\) = ran R(u), ker R(\) = ker R(p).
b) ran R(\)'! C ran R(\)? and ker R()\)* C ker R()\)*+.
Proof. This follows immediately from (1.1). a

In what follows, we show that the left- and right-resolvents of (E, A) are,
in fact, pseudo-resolvents. To ensure that the underlying assumptions are
consistently upheld throughout this work, we impose the following properties
on the spaces and operators.

Assumption 1.
(i) X and Z are complex Banach spaces.
(ii) E: X — Z is bounded.
(iii) A: dom(A) C X — Z is closed and densely defined.
(iv) p(E,A) is not empty.

When required, we will make slight adjustments to this assumption at
the beginning of each chapter.

Lemma 1.2.3.
Let (E, A) satisfy Assumption 1.
a) For A\, € p(E,A) one has

(\E — A)~! — (uE — 4)™' = (3 — \)(uE — A)\EO\E — 4)~!
In particular, R,(-) and Ri(-) are pseudo-resolvents.
b) For all A € p(E, A) one has

E\E - A 'A=AW\E - A)"'E,  for all v € dom(A).

¢) The mappings
(E—A)"':p(B,A) = L(Z,X), A= (\E-A"!

R, =(E—A)T'E: p(E,A) - L(X), A=~ (AE— A)7'E,
Ry =E(-E—A) ' p(E,A) = L(2), A E(AE — A)™1,
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are analytic. Moreover, for A\ € p(E, A), one has
d -1 _ -1 -1
DAE—-A)TE=—-(\E—-A)  E(AE—-A)"",

%Rr()‘) = _RT(A)Qa
LR\ = —Ri(N)>.

Proof. a) Let A\, u € p(E,A). Since

AAE — A)T'E = (AE — A) 7 A+ Liom(a), (1.2)
AMEAE —A) L= ADNE — A7t + 1, (1.3)

we obtain

(WE — A)YANE — A ' = uEOAE — At — AOE — A)!
=Iz+(u—NEWNE - A)™*

or equivalently
AE - A —(uE—A) = (u—N(uE - AT'E\E - A~ (1.4)

Thus, by multiplying by E from the left or right, R,.(-) and R;(-) satisfy
the resolvent identity. Let u € p(E, A) be arbitrary and A € C with
lw— Al < m. Then the operator (Ix — (4 — A)R,(1)) is invertible
by the Neumann series. Hence, R,.(\) = (A\E — A)~'E is well-defined
with

Ry(A) = Re (1) (Ix — (= N Ry ()"

which is equivalent to the resolvent identity. Thus,

b
R ()l

holds, showing that p(F, A) is open.

{recim-u< beoea

b) This follows by applying E from the left in (1.2) and from the right in
(1.3).

¢) By Part a), p(E,A) is open. Using (1.4) and the boundedness of
(-E — A)~1, the mapping p(E,A) — L(Z,X), A\ = (AE — A)~! is
analytic. Since E is bounded, the same applies for A\ — E(AE — A)~!
and A — (AE — A)7'E.
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Let A\, € p(E, A). By Part a), we have

E—-A)1-(\E-A)!
w—A
Letting 11 — A, we obtain L (AE—A)~! = —(AE— A)"'E(A\E — A)~..
Applying E from the left and right, the assertion follows. d
Lemma 1.2.4.

If (E, A) satisfies Assumption 1, then

k
AE — A) 71 =" (1= N (uE — A)LE) (uE — A)~
=0

+ (= N E — A)7E (uE — A)7'E)* (uE — A)7
holds for all A\, € p(E, A) and for all k € Ny.

Proof. This follows directly from rearranging (1.4) for (A\E — A)~! and
reinserting it into (1.4) k € Ny times. a

Subsequently, we present an important result regarding pseudo-resolvents
that grow at most polynomially along a sequence (A,), € 2N (0, 00) where
Ap — 00 as n — o0.

Proposition 1.2.5. [GR25, Prop. 5.1]
Let R be a pseudo-resolvent. If there are p € N, M > 0, and a sequence
(An) €QN(0,00) with A\, = 00 as n — oo, such that for alln € N

IR < MY

holds, then for alll € N and p € 2, we have

ker R(1)P™! = ker R(u)P™,  and ran R(u)PT1 = ran R(u)P+i.

1.3 Solution theory of DAEs

Let (E, A) satisfy Assumption 1. In the following, we define solutions for
DAEs of the form
d
&Ex(t) = Azx(t) + f(t), tel,
Ex(0) = Exy,

(1.5)
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for both finite and infinite time intervals. Here, we refer to xg € X as the
initial value and f: I — Z as the inhomogeneity for an interval I C R.

For simplicity and in view of our later considerations, we restrict ourselves
to intervals I = [0,00) or I = [0, 7] for a fixed T' > 0 and will only specify
this in subsequent results if necessary.

Definition 1.3.1 (Solutions of DAEs).
Let (E, A) satisfy Assumption 1, g € X, and f: [ — Z.
i) We call a function z: I — X a classical solution of (1.5) if x € C(I; X),
Ex e CYI;Z), f € C(I; Z), z(t) € dom(A) for all t € I, and = solves
(1.5).

ii) We call a function : I — X a mild solution of (1.5) if z € L'(I; X),
Ex e C(I;2), fe L (I;Z), fot x(r)dr € dom(A) for all t € I, and

loc
¢ ¢
Ex(t) — Exg = A/o x(r) err/O f(rydr, tel.

In what follows, we recall a lemma stating that every classical solution is
also a mild solution, analogous to the non-algebraic case.

Lemma 1.3.2. [GR25, Thm. 2.1]
Let (E, A) satisfy Assumption 1, o € X, x: I - X, and f: I — Z. If x is
a classical solution of (1.5), then = is a mild solution of (1.5).

Subsequently, we introduce conditions that characterise classical solutions
of the homogeneous variant of (1.5).

Lemma 1.3.3.
Let (E, A) satisfy Assumption 1, z: I — X, zg € X and f = 0.
a) If z is a classical solution of (1.5), then for all ¢ € C°(I;R) one has

/000 p(r)Az(r)dr = —/OOO ((jﬂ@(r)) Ex(r)dr. (1.6)

b) Conversely, if x maps continuously into dom(A), fulfils (1.6) for all
p € CX(I;R), and Ex is continuously differentiable, then x is a classical

solution of (E, A).
Proof. This is a direct consequence of the integration by parts formula. Q

The next result compares the solutions of (1.5) with those of the DAEs
constructed using the left- and right-resolvents of (E, A).
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Lemma 1.3.4. [GR25, Lem. 8.1]
Let (E, A) satisfy Assumption 1, X € p(E,A), ©o € X, z: I — X and
fI—=Z.
a) The function x is a classical/mild solution of (1.5) if and only if x is a
classical/mild solution of

%RT(A)x(t) = (AE — A) "' Ax(t) + (AE — A7V (t), tel,

R,(\)z(0) = R, (\)zo,

if and only if w = e ™ is a classical/mild solution of

%RT()\)w(t) =w(t)+ (A\E— At Mf(t), tel,

R (Nw(0) = Ry (Mo.

b) Let x map continuously into dom(A). Then (A\E—A)x is a classical /mild
solution of

%Rl()\)x(t) = ANE — A)~'a(t) + f(t), tel,

Ri(N)x(0) = Ri(A\)(AE — Ao,

if and only if w = (AE — A)e >z is a classical/mild solution of

d

R Vw(t) =w(t) + e M), tel,

Ri(Mw(0) = R(\)(AE — A)a.

In this case x is a classical/mild solution of (1.5) with initial value xq.
The converse only holds for classical solutions.

The converse of Lemma 1.3.4 b) holds only for classical solutions, as =
does not necessarily map into dom(A), and thus w = (AE — A)e~ 'z is not
always well-defined. This can be circumvented by using extrapolated DAEs,
as demonstrated in Chapter 4.2.

In this discourse, we concentrate on two results that characterise the
space wherein the mild solutions take values and provide a criterion for the
existence of solutions for the inhomogeneous DAE.

Proposition 1.3.5. [Tro20, Prop. 4.1]
Let (E, A) satisfy Assumption 1, and let xg € X, f =0, andx: I — X be a
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mild solution of (1.5). Then one has

x(t) € ﬂ ran R.(\)*,  forallt € 1.
keNy

Proposition 1.3.6. [Rei06, Thm. 2.4-2.7]
Let (E, A) satisfy Assumption 1. Let C > 0, w € R and k € Ny such that
CRre>w C p(E, A) and

|AE — A)~Y < CIAFY,  for all A\ € Crese. (1.7)

a) Forall f € H(’)“’l([O, 00); Z) there exists a unique mild solution x: [0, 00) —
X of (1.5) with x(0) = 0.

b) For all f € ngl([o,oo);Z) there exists a unique classical solution
x:[0,00) = X of (1.5) with 2(0) = 0.

The number & in the growth condition (1.7), which is also referred to as
the complex resolvent index, is discussed further in Chapter 2.3.

1.4 Equivalence of DAEs

In this section, we introduce the concept of equivalent DAEs. This construct
serves as the foundation for the Weierstraff forms introduced in Chapter 2.1.
As we define the notion of equivalent DAEs for pairs of operators (Ey, A;),
(E2, As) that may not necessarily be defined on the same Banach spaces, we
implicitly assume that the underlying Banach spaces carry the same indices
and will therefore not always be specified explicitly, as they will be clear
from the context.

Definition 1.4.1 (Equivalence of DAEs).

Let (E;, A;) satisfy Assumption 1, ¢ € {1,2}. Then (E;, A1) and (Es, As)
are equivalent, denoted by (Ey, A1) ~ (Ea,As), if there exist bounded
isomorphisms P: X; — X5 and Q): Z; — Z5 such that

FE1=Q 'E,P and A, =Q 'A,P,
holds.

Remark 1.4.2.

The equivalence of operator pairs is, in fact, an equivalence relation. This
follows from the fact that the concatenation of two bounded isomorphisms
is again a bounded isomorphism.
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Next, we demonstrate that the resolvent sets of equivalent DAEs coincide
and that there exists a one-to-one correspondence between their solutions.

Lemma 1.4.3.

Let (E;, A;) satisfy Assumption 1, i € {1,2}. If (Eq1, A1) ~ (Eq, A), then
p(E1, A1) = p(E2, As).

Proof. Since (E71, A1) ~ (E2, As), there are two isomorphisms, P: X; — X5
and Q: Z, — Zy, with By = Q" 'EoP and A; = Q' A, P. Then we have

AE] — Ap = Q7Y (\Ey — Ay)P.

Since the right-hand side is invertible for A € p(Fs, As), the same is true for
the left-hand side. This implies

(AE; — A)) "' =P Y(\Ey — A))7Q,

from which p(FEs, As) C p(FE4, Ay) follows. The other subset relation follows
by swapping the roles of (F1, A1) and (Fa, As). a

Lemma 1.4.4.
Let (E;, A;) satisfy Assumption 1, i € {1,2}, and (E1, A1) ~ (B2, A2); i.e.,
Ei = Q7'EyP and Ay = Q YAsP for two isomorphisms P: X1 — Xo
and Q: Z1y — Zs. Let xg € X1, yo = Pxg and f: I — Z,. The function
z: I — X1 is a classical or mild solution of
d

&Elx(t) = A1$(t) + f(t), te I,

Ell‘(O) = El.’L‘o,

if and only if y = Px: I — X5 is a classical or mild solution of

%Ezy(t) = Aoy(t) + QF(1), tel,

E»y(0) = Eayo

Proof. This follows directly from the boundedness of the operators. d

1.5 Vector-valued Laplace transform and com-
plex analysis

In this section, we introduce the vector-valued Laplace transform and restate
some results from complex analysis. In the following X and Z are complex
Banach spaces.
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Definition 1.5.1 (Laplace transform).
The Laplace transform is the operator £: L?([0,00); X) — H2(Creso; X)
given by

(o= | Yot f(t)dt, s € Croso.

0

If convenient, we denote the Laplace transform of a function f €
L?(]0,00); X) by f. Next, we recall several important properties of the
Laplace transform.

Lemma 1.5.2. [ABHN11, Ch. 1.2/
For all f,g € L?([0,00); X) and a € K the following assertions hold true.

a) One has L(af + g)(s) = a(Lf)(s) + (Lg)(s)-
b) Forn € N and f € H"([0,00); X) one has

(L) (s) = s"(LF)(s) = D> s"FfFD(0).
k=1

¢) One has (Lfxg)(s) = (Lf)(s)(Lg)(s), where fxg denotes the convolution
of f and g, given by

(f*g)(t) = / f)glt = r)dr, >0,

Next, we will recall some useful results from complex analysis. Note that
the following lemma is formulated only for positive real functions f defined
on the open half-plane Crc>o. However, we directly formulated it for Cre>.
for some w > 0, as it is possible to extend the result by shifting the function
back and forth.

Lemma 1.5.3. [Gol62, Thm. 3]
Let w > 0. For every positive real function f: Cre>, — C one has

| |F(2)? + 1f(20) > + 3£ (2)] | f (20)]
Re f(2) Re f(z0)

|f(2)] < 1f(20)

for all z, zg € Cre>w-

Next, we cite Jordan’s Lemma, named after the French mathematician
Camille Jordan. Note that in the literature, this Lemma is often formulated
for semi-circles in the upper half-plane, rather than in the right half-plane.

Lemma 1.5.4. [BC09, Ch. 7.4]
Let f: C — C be continuous and let By, denote the open circle with radius
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ro > 0. Let r > rg and let
; T
= e rolac 53]
. {z re'? | ¢ 53
denote the right-faced semicircle with radius r. If

a) f(z) is analytic for all z € Creso\Br, and

b) for allr > rg and all z € ~,., there is a positive constant M, such that

If(2)| < M, and lim M, =0,

rT—00

then

700

lim / f(2)e**dz =0, foralla>0.
Another very important tool that we will introduce next is Cauchy’s
residue theorem.

Theorem 1.5.5. [BC09, Ch. 6.3]

Let v be a positively oriented simple closed contour, and let f: C — C
be analytic inside and on vy, except for a finite number of singular points
Z1y...,2n. Then

/f(z) dz = QWiiRes(f, 2k),
v k=1

where Res(f, z,) represents the residue of f at the singular point zy for
ke{l,...,n}.

Finally, we state a result concerning the derivative of the convolution of
strongly continuous operators and functions.

Proposition 1.5.6. [ABHN11, Prop. 1.5.6]
Let X and Z be Banach spaces. Let T: [0,00) — L(X,Z) be strongly
continuous and bounded, g € L} _([0,00); X), f(t) =z + fot g(s)ds fort >0,

and x € X. Then T * f is continuously differentiable on [0, 00) with

(Tx* f)(t) = (Txg)(t)+T(t)x, forallte]|0,o00).



Chapter 2
Index concepts for DAEs

The index of a differential algebraic equation can be characterised through
various methodologies, each arising from distinct applications. These appli-
cations cover many areas of physics, including, but not limited to, electrody-
namics, mechanics, and thermodynamics. They reflect multiple physical laws,
such as Kirchhoff’s laws for electrical circuits and the constraint conditions
for coupling in multi-body systems, which consequently influence the index.
As a result, the index often describes the complexity of the DAE and serves
as a measure of the difficulty involved in analysing, solving, or transforming
the system into an equivalent form. Even though the origin of the index in
this context derives from DAEs of the form

d
—FEx(t) = Ax(t), t>0,
dt
the index terms introduced in this chapter are mostly of an operator-
theoretical nature. In order to examine different index terms and their
relationships under the same conditions, we will always impose Assumption
1 on the operator pair (E, A).

As we examine the index for several equivalent operator pairs that
may not necessarily be defined on the same Banach spaces, we state that
(E;, A;) satisfies Assumption 1 for ¢ € {1,2} without specifically defining
the underlying spaces, as they will be clear from the context. After a brief
introduction to the Weierstraff form of DAEs, we subsequently focus on the
nilpotency index, resolvent index, chain index, radiality index, differentiation
index, and perturbation indezr, and denote them as follows

E,A A E,A E,A E,A E,A
pr(lil )a pl("eEs )7 pihain)7 pl(Fad )7 pglif ) and p;ert )
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to make it easier to distinguish between the individual indices. Additionally,
when the context makes it clear, we omit the '(E, A)’ from the exponent
and write Pnil, Pres, Pchain, Prad, Pdif; and Ppers instead.

Unless explicitly stated otherwise, all results in this chapter have been
published in [EJMRT24].

Index diagram

Throughout this chapter, we will illustrate the connections among the
individual index terms using a diagram. We will gradually expand the
diagram as new terms are added. Since we are comparing the existence of
individual indices with each other and, in cases where both exist, determining
which is the larger index, we aim for a clear visualisation that takes both
points into account and presents them clearly. Therefore, we will explain
how to interpret the diagrams and provide brief illustrative examples to
demonstrate the possible outcomes.

Let index A and index B be two arbitrary index terms. We will start
with the simplest case, specifically assuming that both index terms exist. In
this case, we connect both index terms with a line. In order to illustrate that
index A is equal to, smaller than, larger than, or plus a constant larger than
index B, we will write =, <, >, or +k > (for a k € N) on the line connecting
both indices. For example, to indicate that both index A and index B exist,
and that index A > index B, we obtain the following diagram.

Y

Index A Index B

Figure 2.1: Both index terms exist with index A > index B.

If one of the index terms is smaller, larger, or a constant larger than the
other index term, it is important to interpret the diagram correctly. In this
case, as shown in Figure 2.1, the > symbol is orientated such that index A is
greater than or equal to index B. This is particularly relevant when, due to
space constraints, individual index terms are displayed one above the other
and, thus, the connecting lines are vertical. In these cases, the symbols are
rotated accordingly to maintain the relationship between the two indices.
For example, to indicate that both index A and index B exist and that A
+1 > index B holds, we arrive at the next diagram.
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Index A

+
—
A%

Index B

Figure 2.2: Both index terms exist with index A +1 > index B.

Next, we consider the scenario where the existence of one index term implies
the existence of the other. We represent this case with an arrow instead of
a solid line connecting both index terms. For instance, to show that the
existence of index A also implies the existence of index B with index A <
index B, we use the following diagram.

IN

Y

Index A Index B

Figure 2.3: Index A exists. Then index B exists with index A < index B.

Lastly, we consider the case in which one index exists, and under an additional
assumption, the existence of the other index follows. This is indicated by
a blue arrow, with the assumption above and the relation below it. To
illustrate this, we assume that index B exists and that, under property P,
the existence of index A is implied, with index A being equal to index B.
This yields the following diagram.

Index A < E Index B

Figure 2.4: Index B exists and property P holds. Then index A exists with
index A = index B.

2.1 Weierstrafs form

The Weierstraf$ form, also known as quasi- Weierstraf§ form [BIT12], Weier-
strafy canonical form [KMOG6|, or, in the non-regular case, the Kronecker
form [BT12], emerges from linear algebra and can be regarded as the Jordan
canonical form for operator pairs. It dates back to Karl Weierstrafl, who
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first introduced it for a pair of matrices (F, A) in 1868 [Wei68]. In the
1890s, Leopold Kronecker extended this concept to non-regular matrix pairs
[Kro91]. While dealing with a DAE, it is typically used to split the system
into an algebraic part and a differential part, which helps analyse and solve
the system and provides information about various index terms, as we will
see in the next few chapters.

We start by defining the Weierstraft form for the infinite dimensional case
in a manner that aligns with the established definition in finite dimensions.
Further studies on the existence of a Weierstrafs form or the regularity of
(E, A) can be found in [GR25; IM22; MMW22; MMW25; ZM24; SF03].

Definition 2.1.1 (Weierstrafs form).
Let (E, A) satisfy Assumption 1. Then (E, A) has a Weierstraf form if there
exists a Banach space Y = Y7 x Y5 such that

(E,A)N([Igl J?,H‘g ISD (2.1)

where N: Y5 — Y5 is a bounded nilpotent operator, A: dom([l) CYy) —» Y,
is a linear operator, and Iy, indicates the identity on the associated subspace
Y; for i € {1,2}.

Remark 2.1.2.

(i) Clearly, if (E1, A1) has a Weierstrals form and (E4, A1) ~ (Ea, Ag),
then (Fs, As) also possesses the same Weierstraf form.

(ii) Assume that (E, A) has a Weierstraf form as in (2.1). Then A is
closed and densely defined. This is a consequence of A being closed

and densely defined, together with the isomorphisms used to transform
(E,A).

(iii) If (F, A) has a Weierstraf form, then the spaces decompose as follows
X = Xran,p 2] Xker,pa Z = Zran7p > Zker,pv (22)

where

Xran,p = ran ((ME - A)—lE)P, Zyan,p = ran (E(/’LE - A)—l)l)’
Xier,p = ker ((uE — A)_IE)p , Zxerp =ker (E(uE — A)_l)p,

and p denotes the degree of nilpotency of N. To be more pre-
cise, assume that (E, A) is already in Weierstraft form; i.e., we have
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(B,A) = ([161 J(\)f:|, [’é 122]). Using the nilpotency of N, we obtain
_ A1y
(LE — A B = (E(uE — A)~1)P = {((MIYl OA) ) 8].

Since A is densely defined, the same applies to AP, and therefore,

(2.2) follows directly. The case (E,A) ~ ([1‘61 ](\)[], [‘3 182:|) follows
similarly using the isomorphisms. The reverse implication does not
hold in general, as it is possible for the spaces to decompose even when
the operators lack a diagonal structure, as seen in the Weierstrafl
form. It is more likely that the operators admit a triangular block
structure, as seen in [GR25].

We define
Xran = ﬂ Xran,ia Xkcr = U Xkcr,ia
1€Ng 1€Ng
Zran = m Zran,ia Lyer = U Zker,i~
1€Ng 1€Np

By Lemma 1.2.2 and 1.2.3, the spaces X;an,; and Z;ap ; become smaller,
while Xyer; and Zyer,; become larger as ¢ € Ny increases. Hence, if
Xran,is Zran,is Xker,i, and Zier,; stagnate at one point, Xian, Zran,
Xyker, and Zye, merely denote the smallest and largest of these spaces.
In particular, this applies to (E, A) having a Weierstraf form, as seen
in (iii).

It is worth mentioning that in finite dimensions, the Weierstraf form

always exists as long as (F, A) is regular.

Proposition 2.1.3. [KMO06, Lem. 2.7 & 2.10]

LetneN, E;A e C"™", and (E, A) be reqular. Then (E, A) has a Weier-
straf form. Moreover, the dimensions of the spaces Y1 and Ys, as well as
the degree of nilpotency of N in (2.1), are uniquely determined.

Note that (E, A) being regular is not sufficient to obtain a Weierstraf
form in infinite dimensions, as will be demonstrated in the following example.

Example 2.1.4 (No Weierstraf form).
Consider the partial differential equation

0 0
axl(&t):_aigxl(&t% 56(071>7 t >0,
0:—8%952(5,75), €e(1,2),t>0,
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z1(0,t) =0, t >0,
xl(lvt):zZ(lat)v t>0.

To examine the corresponding DAE, we define the operators F: X — Z and
A: dom(A) C X — Z as follows

I 0 —5 0
0 0 o -2
0 of’ -5 0 |
00 -0 01
with
dom(A) = H'(0,1) x H'(1,2)
and

X =L%*0,1) x L*(1,2), Z=L*0,1)x L*(1,2) x C%

For an arbitrary A € Cre>o and (f g i uz)T € Z, we compute the resolvent

/ pre N+ [ e AT f(r) dr
WE-A) 9| = /o .

i\ et me 4 [y ar [ g ar

He2 0 1

We show that for all 7 € N, the space Z does not decompose into Zyan s ® Zker,i-
Therefore, we compute the multiples of the left-resolvent as follows

f
il 9
(E0E -4 | 7| =
H2
. b A b —AC=70) £(ro) dr r ri
A((A (ule +/0 e f(o)d0>d1>...>dz_1
0 b
0
0

for (f 9 m u2)" € Z. To compute the kernel of (E(AE — A)~1)i, we assume

[ (e [T sman ) an ) Yancs <o
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Taking the (i — 1)-th derivative of this expression, we obtain

pe N + / e_’\('_T)f(r) dr =0.
0

Inserting ¢ = 0, we deduce y; = 0 and [, e A=) f(r)dr = 0. Defining

f(€) =0 for all £ > 1, we obtain f € L?(0,00) and e™* % f = 0 in L?(0, c0).

Applying the Laplace transform £ to this equation yields

0=2L(e™™ x f)(s) = Le™™)(s) - L(f)(s), for s € Creso.

Since L(e™*")(s) # 0 holds for a suitable A\ € Cre>o and for all s € Creso,
we deduce L(f) = 0. As the Laplace transform is unique, it follows that
f = 0. Hence, we have

Zyeri = {0} x L?(0,1) x {0} x C, for all i € N.

By Lemma 1.2.2, the ranges and kernels of the left- and right-resolvent of
(E, A) are independent of the choice of A € p(E, A). Therefore, to simplify
things, we assume A =0 € p(E, A). As

H;(0,1) :{aj € L?(0,1) | 3z1 € L*(0,1): :/0. z1(r)dr,z(0) = z(1) = O}

holds, we observe HJ(0,1) x {0} C ran E(AE — A)~!. Since Hi(0,1) is
dense in L?(0, 1), we conclude

L*(0,1) x {0} x {0} x {0} Cran E(A\E — A)~1L. (2.3)

By its structure, it becomes clear that all multiples of E(AE — A)~! map
exclusively into L2(0,1) x {0}3. Together with (2.3), we conclude

Zrani = L*(0,1) x {0} x {0} x {0}, for alli € N.

In summary, the space Z does not decompose into Zyan ; ® Zier,i for any
i € N. Hence, (F, A) cannot have a Weierstraf form, as observed in Remark
2.1.2 (iii).

2.2 Nilpotency index

The nilpotency index, also known as the Weierstraf§ index, is arguably the
most well-known index concept among those introduced in this chapter. As
implied by its alternative name, the most important aspect of the definition
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is the existence of the Weierstraf form. It can be interpreted as the algebraic
depth of the eigenvalue oo’ and measures — loosely speaking — the complexity
of the algebraic constraints.

For the sake of simplicity, we exclude the case in which X and Z are
0-dimensional. Further studies on the nilpotency index can be found in
[KMO06; Meh15].

Definition 2.2.1 (Nilpotency index).
Let (E, A) satisfy Assumption 1, and assume that (E, A) has a Weierstraf
form as in (2.1). Then the nilpotency index of (E, A), denoted by pr(lﬁ’A)

the degree of nilpotency of N in (2.1) if N is present and 0 if N is absent.

, is

If N in (2.1) is absent, we have (E, A) ~ (Iy,, A), and the corresponding
system reduces to the abstract Cauchy problem. According to this definition,
the nilpotency index is always a natural number, including 0. It is possible
to extend this to co by allowing quasi-nilpotent operators N in (2.1); i.e.,
allowing linear operators N with o(N) = {0}. An example of such a
quasi-nilpotent operator is given by

NZ£2—>£2, (1’171'2,$3,...)’—) (0 ke R )

’ ?a 2727 2737 s
where ¢2 denotes the space of square-summable sequences.

Proposition 2.2.2.
Let (E, A) satisfy Assumption 1 and assume that (E, A) has a nilpotency
index ppit- Then the nilpotency index is the smallest number k € Ng at which
(Xxer1)ien stagnates; i.e., it is the smallest number for which the following
holds

Xierk = Xker,kt1, for all 1 € Ny.

In particular, the nilpotency index is well-defined.

Proof. Assume that (E, A) admits a Weierstrafi decomposition as in (2.1),
andlet P: X - Y1 @Y and Q: Z — Y, & Y5 be bounded isomorphisms
such that

I
E:Q—l[y1 0

A 0
_ -1
0 N]P’ and A=0Q [ }P.

0 Iy,
Then, for all k € N and X € p(E, A), we have the following equality

(ME — A)LE)k = p1 {(AIY1 — Ak 0 }R

0 (AN — Iy,)~kN*
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as N commutes with (AN — Iy,)~!. Using the nilpotency index, it is easy to
verify that the kernel of (AE — A)~'E)* begins to stagnate at k = p,;. O

This demonstrates that the nilpotency index is unique for equivalent
operator pairs, which will be discussed next.

Proposition 2.2.3.
The nilpotency index is uniquely defined, provided it exists. More precisely,
let (E;, A;) satisfy Assumption 1 for i € {1,2}, and (E1, A1) ~ (Ea, As).

Then one has pflﬁl’Al) = EI%’AQ).

Proof. This follows directly from Proposition 2.2.2 and the equivalence
Iy, 0] [JA o0
s L) s

2.3 Resolvent index

The resolvent index is one of the index terms that can be more easily
transferred to infinite dimensions. It is analytical in nature and was used as
early as the late 1960s by Israel Gohberg and Mark G. Krein to rigorously
develop the concept of regularity of operator pencils and the order of poles
of their resolvents, see [GK69]. Unlike the nilpotency index, it does not
depend on a Weierstraft form. The only difficulty, as the name suggests, lies
in the computation of the resolvent and its growth rate. Further information
regarding the resolvent index, its variations, and its use in solving DAEs can
be found in [GR25; GHR21; Tro20; RT05; KM06; TW18|, among others.

Definition 2.3.1 (Resolvent index).

Let (E, A) satisfy Assumption 1. The resolvent index of (E, A) is the smallest
integer pgfs’A) € Ny such that C' > 0 and w € R exist with (w,00) C p(E, A)
and

E,A
pl -1

|AE = A)7 < CA

for A € (w, 00). (2.4)

The complex resolvent index of (E, A) is the smallest integer pgﬁé‘f) € Ny

such that C' > 0 and w € R exist, with Cres,, C p(E, A) and (2.4) holding
for all A € Cresow-

Remark 2.3.2.

(i) It is possible to weaken the resolvent index by having the resolvent
estimate (2.4) solely for a sequence in (w, 00). Studies related to this
weakened index can be found in [GR25, Ch. 5 & 6].
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(ii) Clearly, we have pgfs’A) < pé,b;g;‘). Later, we will see that this estimate

can, in fact, be sharp. Before we demonstrate this, we will take a
closer look at the uniqueness of the (complex) resolvent index for
equivalent operator pairs.

(i) By Proposition 1.2.3 and 1.2.5, the spaces Xyanp, Xker,ps Zran,p, and
Zyer,p stagnate at p = pres. In this case, we have

Xian = ran ((UE — A)"1E)Pres, X, = ker (uE — A) "1 E)Pres,
Zran = 1an (E(pE — A)=1)Pres Zyp = ker (E(puE — A)~1)Pres,

(iv) There are index concepts that resemble the resolvent index but are
either slightly stronger or weaker. Such concepts have been studied
intensively in [GR25], among others, and are given by

M
1RO < 722, (D)
for all A € (wp,00), € ran R(A)*~1, or
IR < MeAy™2, (Gr)

n—roo

for a (An)n € (wg,00) with A, — oo, where R(\) denotes either
the left- or right-resolvent of (E, A), and Mp, Mg,wp,wg > 0 are
given accordingly. Clearly, if (E, A) has a resolvent index, then
it also fulfils the (Gx) condition for a k& € Np. Furthermore, by
[GR25], (Dy,) implies the existence of a resolvent index. Both of these
conditions were used to study the underlying inhomogeneous DAE
%Ew = Az + f. Further information on this matter can be found in
Section 3.4.

Proposition 2.3.3.
The resolvent index and the complex resolvent index are, given that either of
them exists, uniquely defined. More specifically, let (E;, A;) satisfy Assump-

tion 1 fori € {1,2}, and let (Ey, A1) ~ (E2, As). Then plEnAY _ [(F2.42)
and pg,b;ééAl) = pg,b;ééAQ) hold true.

Proof. Since (E1, A1) and (FEs, As) are equivalent, there are two isomor-
phisms, P: X; — X5 and Q: Z; — Z,, with B} = Q7 'E>,P and A; =
Q 1A5P. By Lemma 1.4.3, we have p(E;, A1) = p(E2, Ay) and

POAE, — A)7'Q7 ! = (\Ey — Ay) ™.
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Now, if we assume that (E7, A1) has a resolvent index, we obtain

K

for all A € (w,00) C p(E1, A1), for an w € R and C > 0. Thus, (Es, A2)

has a resolvent index as well with pﬁfs“”““’) < pl(reEsl’Al). The other estimate

Eq1,A
pgesl 1)1

|(AE; — A9)~t|| < C|A Pl [l

is obtained by swapping (E;, A1) and (Es, A3) and repeating the same
arguments. The statement regarding the complex resolvent index follows in
a similar manner. a

We start with a simple example derived from the theory of zero control-
lability.

Example 2.3.4. (Pyes = 2, Ppi1 = 2)

Let Ap : dom(Ag) CY — Y be the generator of a Cyp-semigroup, where Y is
a Hilbert space. For b € Y and ¢ € dom(Ag) with (b, ¢)y # 0, we define the
operators

B:C—Y, uw bu,
C:Y—=C, y—(y,0)y.

This results in the following DAE

(f(llt[jg 8]”3“):{12? ?]x@), £20,

——— ———
=F =A

on X =Y x C. Such systems are typically found in the study of zero
dynamics with state-space realisation (Ag, B, C), although here the system
is directly written as a DAE. For notational convenience, we define

G(p) = ((uly = Ao)~'b,c)y . for € p(Ag).

To determine the resolvent index, we calculate the resolvent of (E, A) as
follows

(nE — A)~ =

(nly — Ao)~" = (ply — Ag) "' BG () 'C(uly — Ao)™"  (uly — Ag) "' BG(n)~!
Glp) Oy — Ap)~" ~G)™

Note that (b,c)y # 0 implies G(u) # 0 for all u € p(Ap). Hence, p(Ap) is
contained in p(E, A). Since uG(u) converges to (b,c)y for p — oo large
enough, we obtain G(u)~!t < My, for a constant M. As Ag is the generator
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of a Cy-semigroup, (uly — Ag)~! decreases with rate % Since B and C' are
bounded, (uE — A)~! grows at most linearly for large p, and hence pyes = 2.
Further, it is possible to rewrite (E, A) into a Weierstraff form and show
that pni = 2. In order to do that, we will focus on a particular choice of Ag
for the remainder of this example: Let Y = L?(0,1) and Agz = g—;x with

dom(Ag) = {w € H(0,1) | Za(0) = Za(1) = o}.

Define the following projection

<ya C>Y b

Qby =Y - <b7 C>Y

onto Y7 := ker C' with ker Q, = spanb =: Y5. Then the space Y splits up
into Y =Y; ®Y5. For a more concise notation, we define

- 1 - 1 -
C = C, B:=-——B and K :=CA.
(b, c)y (b, c)y 0
Note that
~ 1
Ky=CApy = A = Ap
y C Oy <b, C>Y< 0y7C>Y <b7 C>Y <y7 OC>Y

holds for all y € Y and, therefore, K is a bounded operator on Y. Define
the isomorphisms

[y Iy, 0]
V'[—K 0 LC:|.Y1X}/2X(C*>YXC,
Qb —QbNAOB
U=10 B Y xC =Y xYy xC,
C -KB
with inverses
Qs 0
T Ay B
Vi=|L-Q, 0], Ul::[gl CO 0].
KQ, Ic

Note that Agy is in Y] if y € Y;. Furthermore, we have CB = Ic, and

EC: O, on Yl,
Iy,, onYs.
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Then it is possible to transform (E, A) as follows

" T 0 Qb Qb 0 IY1 0 0
E::U[g O]V: 0 0 ol=|0 0 of,
c C o 0 C 0
-~ [Ay B
o
[Qu(Ao — BK — AgBC)  Qu(Ag — AgBC)  Q,B
= BC BC 0
| CAy—CBK -KBC  CAy-KBC CB
[(QvAo 0 0
= 0 Iy, 0
0 0 Ic

Hence, (E, A) is equivalent to a Weierstraft form with

e~ ([ % )

where N = [g 8] is nilpotent with N2 = 0. That means pn; = 2.

In the following two examples, we analyse the relationship between the
resolvent index and the nilpotency index, showing that, in general, the
existence of one of these two indices does not imply the existence of the
other.

Example 2.3.5. (3p,s APres)
Let Y7 = L?(R) and define the complex Airy operator A= —02 +izx on Yy
with

dom(A) = {u € H*R) | zu € Y1 }.

By [AS25] and [Hell3, Ch. 14.3], the spectrum of A is empty and the resolvent
of A grows super-exponentially along the real axis at +oo; i.e., one has

3
|ory, - )7 = ,/—ie%“ (14 o(1)),
4

for large A\ > 0. Here o stands for the little-o notation, see [CLRSO01, p. 47].
Now, if there is a nilpotent operator NV: Y5 — Y5 on a Banach space Y5 with
nilpotency degree p, then the pair

= ([ JOvH? )
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is in WeierstraR form with pny = p. But since the resolvent of A grows
exponentially, the resolvent index does not exist.

Example 2.3.6. (Ip,css APnil)

We recall the Example 2.1.4, in which we already observed that this system
does not possess a Weierstrafs form and, therefore, it does not have a
nilpotency index. Then, for (f ¢ m uz)T € Z and X € Cre>o C p(E, A), we
compute

/ e +/ efA('fr)f(r) dr

PR I /o . 7
i\ e tme 4 [y ar [ g ar
M2 0 1

which gives ppes = 2.

If both index terms exist, it is possible to show a connection between
these, as will be discussed next.

Theorem 2.3.7.
Let (E,A) satisfy Assumption 1 and have a Weierstraf§ form (E,A) ~

([1161 1%}’ {é 182]) with a nilpotency indez.

a) The pair (Iy,, A) has a resolvent index if and only if (E,A) has a
resolvent index. In this case, pgfs’A) = max {pié\fyl ),pgﬁ A)} holds.

b) The pair (Iy,, A) has a complex resolvent index if and only if (E,A) has a

complex resolvent index. In this case, pgé?) = max {pg Ie‘sfl ),pgﬁ A)}

holds.

Proof. a) By Proposition 2.2.3 and 2.3.3, it is sufficient to assume that
(E, A) is already in Weierstraff form (F, A) = ([IB’I ]%}7 [’3 ISQD‘ As-
sume that (E, A) has a resolvent index. Thus, there are C' > 0 and
w € R with (w,00) C p(E, A) and

(E,A) _ 1

[ = l0E- 47 <onrE e

0 (AN— 1y2) 1}

for all A € (w,00). Let A > w be arbitrary. Then we have

pi -1

IAN = Iy,) 7 < CIA

and
pEA 1

(A, — A7 < ClA
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(Alyy ,A) <

From the latter we obtain pres pﬁfs’A). Without loss of generality,

we assume that w > 0. Since N is nilpotent with degree p := pflﬁ’A)7 we
have

p—1

(AN —Iy,) "' ==Y _(ANY’ (2.6)

i=0

and, in particular,
_ 1 _ _
AP e g + N+ + NPT = OV = 1) ™|
< CpprEt L

Since this holds for all A > w and HIyzﬁ +Ng=+...+ Np_lH is
bounded for large A > w, we deduce p = pflﬁ’A) < pgfs’A)~

Conversely, assume that (E, A) has a nilpotency index and (Iy,, A)
has a resolvent index. Thus, there are C' > 0 and w € R such that

-1

(w,00) C p(A). Just as before, we assume w > 0. By (2.6), the resolvent
(AN — Iy,) ! exists for all A € (w,00) and grows with rate |\ pan =1,
Hence, (w,00) is a subset of p(E, A). Combining the growth rates of
(AN — Iy,)~ ' and (Aly, — A)~', we conclude

Ay, ,A A
pEfS’A) S max {pﬁcs " ) p(E )} .

» Pnil
Together with the first part, the assertion follows.
b) This follows analogously to the first part. d

For the next result, we consider a non-negative and self-adjoint operator
FE and a dissipative operator A. For this, we assume that X = Z is a Hilbert
space, in contrast to the rest of this chapter. These conditions are met by
abstract dissipative Hamiltonian DAFEs, among others; see Chapter 6.

Theorem 2.3.8.

Let (E, A) satisfy Assumption 1, with X = Z being a complex Hilbert space.
Let E be non-negative and self-adjoint, and let A be dissipative. If there
exists an w > 0 such that (w,00) C p(E, A) holds, then one has pres < 2. If
additionally Cresw C p(E, A) holds, then one has peres < 3.

Proof. For z € X\{0} and X € p(E, A) N CResy, define x = (AE — A) 71z
Using the dissipativity of A and the non-negativity of E, we deduce

Re ((AE — A)"'z,z) = Re (z, (AE — A)z) = (z, Ex) Re A — Re (z, Az) >0
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for all A € p(E, A) N Cresw- Thus, for every z € X, the function
foi A s (VB = A)712,2) + 2]

is positive real on p(E, A) N Cresy. Let g > w be arbitrary. By Lemma
1.5.3, we obtain

2 2 2
AP+ pl® + 3wl (A

£ < IR < G

for all A € p(E, A) N Cre>, and for a constant C,, > 0 depending on pu.
Together with the Riesz representation theorem, we derive

- - A
|AE—A)7! = Sup [((AE — A)~'2,z) SK“Re‘A’
lzll=llzll=1

for all A\ € p(E, A) N Cres, and for a constant K,, > 0 depending on .
Thus, the complex resolvent index is at most 3. If A is real, then it holds
that

2
g‘cl)\ = A, and the resolvent index is at most 2. a

In the following example, we illustrate that the resolvent index can differ
from the complex resolvent index.

Example 2.3.9. (Pres = 2;Pc,res = 3)
We define the infinite block diagonal operators A= diag(Ap, A1, Aa,...) and
E= diag(EO, El, EQ, .. ) via

0 -1 1 0
A0:|:1 O:|7 E0:|:O 0:|7
L[ 0o vl b1 0
S levERT 2 | ©=lo 1)’

for k € N. Further, we define

with
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We consider the space
1 2 T > 2
D_{<x > e/l XC‘A$1+B{E2€£ },
2
with the norm
I 2
= llzallfe + ool + | Ay + Bas | -

This is, in fact, a Hilbert space. Let (55 ) € D and denote 1 = (21.1)ken,
with z1 ; € C? for k € Ng. Then for z = (24)ken, = Agcl + Bxg € % we
have

Tk = ;1*121C - gflézg, for all £ € Ng.

Let A € Crexo be arbitrary. Then the resolvent of Ay is given by

2 vVEL4+1
= 1 At R+ , forall ke N.
NN+ k1 [—VET+1 A
(2.7)
Thus, there exists a constant ¢y > 0 that depends on A (and on the norm

on C?*2) such that for all k& € N the estimate

(M2 — Ap) ™!

s — 47 < 5 28

holds. This implies

k’2
2 el < teele < | (2)

where we used e, A !B;, =0, with e; € R? representmg the second canonical
unit vector. Since it holds that By = e; and By = k462, the adjoint

, forall k e N,
D

C=B"=[B] Bl Bj -]

defines a bounded linear operator of the form D — C, (21) — Czy. Now,
consider

E 0 0 A B 0
E=10 0 0 and A= |-C 0 1
0 0 O 0 -1 0

on
X=FxRxR.
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Since FE is bounded, self-adjoint, and non-negative, the same holds for E as
well. By the completeness of D and the boundedness of C', A is closed with

dom(A) =D x C.

Moreover, by the structure of the Ay for k£ € N, and since C is the formal
adjoint of E, A is dissipative.

Next, we compute the resolvent index of (E, A). By the invertibility of
(AE — A) for all A € C, we obtain from (2.8) that AE — A has a bounded
inverse for all A € Cre>o, with

(AE — A)~! = diag (\Eo — Ag) ™Y, (Mez — A1) 7Y, (M2 — A2) 74,
Moreover, estimate (2.8) implies that for all A € Cre>o the operators
(AE—A)"'B:C— ¢ and CAE—-A)":?=C
are in fact bounded operators. Since
AMNE - A)"'B4+B=\E— (\E—A)(AE—A)"'B+B
— AE(AE—A)"'B
maps into £2, it follows that

OF—A)B

D
1 €5

and thus, C(AE — A)"'B € C. Together with the bounded operators
AE—-A)" L2 =02 AE—-A)"'B:C— 2 and CAE — A)~1: (2 - C,
we obtain a bounded operator of the form

(AE—A)"' 0 (\E-A)"'B
H:X—>X, A 0 0 1 .
CAE—-A)"' -1 C(\E—-A)"'B

Calculating H(A\)(AE — A)z = 2 and (A\E — A)H(\)z = z for z € X and
z € dom(A), we obtain H(\) = (A\E — A)~L.
To compute the resolvent growth of (E, A), we observe

C(AE — A)™'B = Co(AEo — Ao) "By + > _ Ci(AEx — Ay,) ' By.
k=1
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Using (2.7) and the fact that Co(AEy — Ag) "1 By equals A, we have

k3
PP Ry S|

Cr(\Ey — Ap) 'By =

and thus also

k3
FANFEY T

COAE—-A)T'B=X+) v
k=1

Hence, the resolvent H()\) = (AE — A)~! grows at least linearly along the
real axis. Together with Theorem 2.3.8, we obtain pes = 2.
Now, let o > 0 and \,, := o +in? for n € N. Then we have

k3(o((140)* + k) + 2+ o)n?)
(1+0)2 + (k* —n%))? + 4(1 + 0)2n?
sy oy (4 0)? +nh) + (24 o)nt)

- (14+0)*+4(1 + o)*n*
S 2n3nt _ ons 5nt
“(1+0)4(1+4n1)  5(1+0)41+4nt

ons
=51+ 0)t

ReC(AE—A)'B=0+>_
k=1

for all n € N.

Choosing ¢ = 3(0® + 1)3(1 + 0)*, we obtain [\,|% < ¢ (

5
Ta)“ for every
n € N. Thus, we have

~ o~ w1 ~ o~ =~ 1
C(AE — A)"'B| >ReC(AE — A)"'B > =|A,|%, forallneN.
c
Hence, the growth of C(AE — A)~!B and, consequently, that of (AE — A)~1
is at least quadratic. Using Theorem 2.3.8, we obtain pc res = 3.

If we visually represent the results from this section, we obtain the
following diagram.

Complex N Nilpotency Index
Resolvent I I i
Resolvent Index »| Resolvent Index < A~Co | (B,A)~ ([u Vs ,)

\Y

Figure 2.5: Relation of resolvent and nilpotency indices.
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2.4 Chain index

Before we define the chain index, we will give a brief introduction to Wong
sequences, as these concepts are closely related. Wong sequences were first
introduced in 1974 by Kai-Tak Wong and express how the ranges and kernels
of the operator pencil (AF — A) interleave with one another, see [Won74].
In other words, they characterise the structure of such operator pencils and,
in particular, are used to determine algorithmically whether and at which
integers the aforementioned ranges and kernels stagnate.

Further studies on the chain index, Wong sequences, and their appli-
cations in solving differential-algebraic equations can be found in [BIT12;
Ber82; Kat95; OD85; Tre00; Cam80; SF03].

Definition 2.4.1 (Wong sequence).
Let (E, A) satisfy Assumption 1. The Wong sequences (V;)ien and (W, )ien
of (E, A) are defined as follows

VO = X, V; = {LL‘Z c dOHl(A) | dz,_1 € Vi1 ALL‘Z = E:z:i_l},

Wy = {0}, W; = {JJZ eX | dr;_1 € W1 N dOm(A) :Ex,; = Al‘i_l},

for i € N.

Let v, € V, and w, € W, for a p € N. Then there are v,_1 € V,_1,
wp—1 € Wp_1 with Av, = Fv,_; and Ew, = Aw,_;. Inductively, we obtain

Evj_1 = Av; and Ewj; = Awj_,, forallje{l,...,p},

where v; € V;, w; € Wy, j € {0,...,p}. In this context, the elements (v;);
and (w;); are referred to as chains of (E, A). This leads us to introduce the
chain index.

Definition 2.4.2 (Chain index).
Let (E, A) satisfy Assumption 1. For p € N, we call

(z1,...,2p) € dom(A)P~! x X
a chain of (E,A) of length p if 1 € ker E\{0}, z1,...,2p—1 ¢ ker A, and
Exgy1 = Az, forke{l,...,p—1}.
Then the chain indezx of (E, A), denoted by Pf:faﬁ) € Ny, is the supremum

over all chain lengths of (E,A) if (E, A) has at least one chain and 0
otherwise.
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By restricting p

(E,A)

chain 10 No, we exclude the case in which the chain index

can be infinite. Similar to the nilpotency index, this can be achieved if

FE = N is quasi-nilpotent.
Remark 2.4.3.

(i)

(i)

It is easy to see that the Wong sequences are nested within each other
in the following way

V; O Vi—f—l and W,; C Wi+1; for all i € Ng.

One can show by induction that for all ¢ € Ny and for all A € p(E, A)
Vi =ran ((A\E — A)"'E)" and W, = ker (A\E — A)"'E)’
hold. To be more precise, we have
Vo =X =ran((\E — A)'E)°.

Assume that V;_; = ran ((A\E — A)"!E)*~! holds and let z; € V.
Then there exists an z;_1 € V;_1 with

A.’Ei = ELL'Z',l.
For A\ € p(E, A), this is equivalent to
Tr; = ()\E — A)_lE()\IZ — .’I,‘ifl).

Since V; C V;_1, we have Az; — 2;_1 € V;_1 =ran (A\E — A)"1E)~1
and, consequently, z; € ran ((AE — A)~'E)’. Hence, we conclude

V; Cran (\E — A)"'E)".
Now let z; € ran (AE — A)~'E)%. Thus, there is an x € X with
v = (VB = 4 B)'z = A — )7 BB ~ 4) B '2),
or equivalently
Az; = E(Az; — (AE — A)_lE)i_lz),

By Lemma 1.2.2 and Lemma 1.2.3, it holds that ran (AE—A) "1 E)* C
ran (A\E — A)~'E)"~1. Hence, we have

Mg — (AE — A)T'E) "z eran (AE — A)T'E) L = V.
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(iii)

According to the definition of the Wong sequence, we have z; € V;,
and therefore
Vi =ran (\E — A)"'E)".

For the second statement, we have
Wo = {0} = ker Ix = ker (AE — A)"'E)°.

Assume that W;_1 = ker (AE — A)71E)*~! holds, and let z; € W;.
Then there exists an x;—; € W;_1 Ndom(A) with

FEx; = Ax;_1,
or equivalently,
(AE — A 'Ex; = N\E — A) " 'Ex;_y —x;_1,
for A € p(E, A). Inserting this into (AE — A)~!E)*~! and using
ri_1 € Wi =ker (M\E — A)T'E)

we obtain ((AE — A)7'E)iz; = 0; i.e., x; € ker (AE — A)71E)".
Now let z; € ker (AE — A)"'E)". Then we have

~(AE - A)'Ex; € ker (AE - A)T'E) " =W,_,.
Since Az = E(x; + Az) holds, it follows that Az + x; € W;. Moreover,
as Az € W;_1 CW,, we obtain (z; + \z) — Az =z; € W;.

By part (ii), the sequence ker ((ﬂE A)T'E)P = Xyor,p stagnates at
the chain index p. Define (E, A) := (E(AE — A)~!, AONE — A)~1) for
a X € p(E,A). Then, for every chain (z,...,2,) of (E, A), we obtain

a chain (AE — A)"'er,..., (AE — A)"'zy) of (E, A). Hence, it holds

that pgf&fl) < p£h m). Furthermore, by Lemma 1.2.3, we have

(WE — A)7'E = E(uE — A)™", for all u € p(E, A).

Thus, ker (A\(E — A) " E)? = ker (E(AE — A)™1)P = Zyr, also stag-
nates at the chain index; i.e., we have

Xier = ker (W — A) E)Pn, Zygy = ker (E(uE — A)~1)pevsn,
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Lemma 2.4.4.
Let (E, A) satisfy Assumption 1. Then (E, A) has a chain index pgfa’i?]) if
and only if there exists a p € Ng with

Wy =Wy, foralll € Ny.

In this case, p = pifz;;i) holds.

Proof. This follows directly from Remark 2.4.3 (ii). a

Proposition 2.4.5.

The chain index, given that it exists, is uniquely defined. To be more specific,
let (E;, A;) satisfy Assumption 1 for i € {1,2}, and let (E1, A1) ~ (Fa, As).
Then one has pgf;i’f R Ef:i’fz)

Proof. Since (E1, A1) ~ (E2, A3), there exist two isomorphisms P: X7 — X»
and QZ Z1 — 4o, with E; = QilEQP and A; = QilAQP.

First, assume that pgﬁi’fl) =0; i.e., Fy is injective. As Q! and P are

. . . e . Ez,A .
isomorphisms, F» is also injective, leading to pghazi’n 2) being 0. Now, assume
(E1,A1) . .
that pg .. " € N. Thus, there exists a chain (x,... ,xthE;i;IA”) such that
Evx1 =0, Eizg = A1, ..., E1x myap) = A1 my,40)

chain chain

holds. Since E; = Q 'E;P, A; = Q7' AyP, and @ is an isomorphism, we
have

EQP.Il = O, E2P$2 = A2P$27 cee EQPQS (B1,A1) = AQP.Z‘ (El‘Al)_l.

chain chain

Since P is also an isomorphism, Pz is in ker E5\{0}. Based on the same
arguments, Pxy ¢ ker As holds for all k € {1,... ,pgf;i’fl) — 1}. Hence,
(Pxy,..., P:r:pu;l,Al)) is a chain of (Fs, A3) with a length of p(El’Al). This

chain
(E1,A1)
chain

chain
(B2,A2)

means that pg =

is bounded from below by p

ping the operators (E1, A1) and (Es, As) and repeating the same arguments,
(E1,A1 E3,Az) Q
chain hain

. Similarly, by swap-

) is bounded from below by p,

Before we analyse the connection between the chain index and the other
index terms introduced so far, we need the following auxiliary lemma.

Lemma 2.4.6. [SF03, Lem. 2.1.3]
Let (E, A) satisfy Assumption 1. Let X € p(E, A) be arbitrary and (z1, ..., %4)
be a chain of (E,A). Then one has

—(\E — A)*lExq =Zgo1+ATg_o+ ...+ A2,
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Note that this was shown in [SF03] under stronger assumptions. However,
since the proofs are analogous to those in [SF03], we omit them here.

Theorem 2.4.7.
Let (E, A) satisfy Assumption 1.
a) If (E,A) has a nilpotency index, then it also has a chain index with
Pchain = Pnil-
b) If (E,A) has a resolvent index, then it also has a chain index with
Pchain < Pres + 1.

Note that if both the resolvent index and the nilpotency index exist, then
one has Pehain < Pres by Theorem 2.3.7 and Theorem 2.4.7 a). However,

if (E, A) has a resolvent index without a Weierstraf form, then it is only
possible to prove the existence of the chain index with a slightly larger bound,
as stated in Theorem 2.4.7 b).

Proof. a) By Proposition 2.2.3 and 2.4.5, it is sufficient to assume (E, A)
to be in Weierstraf form (E, A) = ([Igl ]%}, [‘3 182}). Let

L T1,1 Z21 Lq,1
(a:l,...,xq).— s sy
x1,2 x2.2 Lq,2

be an arbitrary chain of (E, A) of length ¢. Then x;; = 0 holds for all
ke {1,...,q}. In this case, we obtain

Ex1 =0, Exg = Az, ..., Bxg = Axq_;.
Furthermore, Ny o = x;_1,2 holds, for all k € {2,..., ¢}, and thus also
x1,2 = N$272 =...= Nqilﬂfqg.

Since z7 is in ker E\{0}, we deduce x1 2 # 0. Then ¢ is bounded by ppi,
or else 0 = N97 'z, 5 = z1 o, which is a contradiction. As a consequence,
we have Pchain < Pnil-

In order to show the equality of both index terms, we need to show that
there exists a chain of length py;. This follows directly by choosing

vt = (ol () (7).

for an arbitrary x ¢ ker NPoii—1,
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b) Let (w,00) C p(E, A) and let (x1,...,x4) be a chain of (E, A) of length
q > Pres + 1. By Lemma 2.4.6, we have

~(AE—-A)'Er, =241+ vgo+...+ X122, forall X € (w,o0).

By rearranging this equation and using the resolvent index, we obtain

AP 1
foeal < CA B gl + gl 4 Ll (29)

for A > max{w, 0} and for a C > 0. Letting A go to infinity, the right
side of (2.9) converges to 0. Thus, it holds that x; = 0, which is a
contradiction to (z1,...,z,) being a chain of (E,A). Hence, all the
chains of (F, A) are at most of length pres + 1. a

With Theorem 2.4.7, we are able to extend Figure 2.5 as follows.

Complex
Resolvent Index

Nilpotency Index
EA~ (3 )

v
+
N
v

1

\ 4

Chain Index <

Resolvent Index

e—

\ 4

Figure 2.6: Relation of chain, resolvent and nilpotency indices.

2.5 Radiality index

In this section, we present an index term that is not widely recognized,
specifically, the radiality index. This term was originally known as weak
(E, p)-radiality, see [SF03], and provides useful properties in infinite dimen-
sions, as it implies the existence of most of the other indices and provides
an upper bound for all of them. As we will see later, this is the only index
that, with a few minor additional assumptions, implies the existence of a
Weierstraf form along with a nilpotency index.

Definition 2.5.1 (Radiality index).
Let (E, A) satisfy Assumption 1. The radiality index of (E, A) is the smallest
integer pifd’A) € Ny for which C' > 0 and w € R exist with (w,00) C p(E, A)
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and
Prad 1
_AE -1p| <
[ouE -4 Oy, B A E| <0 H P — o] —w|
(2.10)
pifdA)"‘l
_ <
HE(AlE A7 By B A) H C H Ev— _w|
for all Ay,..., A p(EA g € (w,0).
The complex radiality index of (E, A) is the smallest integer pg r;d) € Ny
such that C' > 0 and w € R exist with Cres,, C p(E, A) and (2. 10) holding
for all Aq,..., A p(EA) g € CRe>w
c rad

To gain a better understanding of this definition, one might consider
Prad =0, X = Z, and E = Ix. Then (2.10) translates into the well-known
Hille-Yosida type estimate. This suggests that the radiality index implies
that A generates an analytic semigroup. Thus, the radiality index is closely
related to the well-posedness of the associated DAE, see [SF03, Ch. 2.6].

Proposition 2.5.2.
The radiality index and the complex radiality index are uniquely defined,
provided they exist. To be more precise, let (E;, A;) satisfy Assumption 1 for

i € {1,2}, and let (Fy, A1) ~ (E2, As). Then one has piaE(j’Al) pfj’AZ’)
(E1,A1) _ _(E2,A2)
c,rad :

Proof. Since (E1, A1) ~ (Ea, As), there are two isomorphisms P: X7 — X»
and Q: Z; — Zy, with By = Q7 'EyP and A; = Q7' A4,P. By Lemma 1.4.3,
we have p(E1, A1) = p(Fa, A2) and

PAEy — A1) 'E1 P! = (ABy — As) "B,
QEI(AE) — A))7'Q7! = Ey(AEy — Ag) ™!

Assume that (F1, A1) has a radiality index of p == p(fl’Al) Then we have

T

p+1 p+1
[TOwE2 = A2) B | < |PI (| T] (AkEr — A)) ' Eq || || P
k=1 k=1
p+1 1
=cll—5
p+1 pt1
[ BBz — Ao) | < QI [T BrOwEr — A1)~ |
k=1 k=1
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p+1

1
<ol ——,
=ellm=
for all A1,..., Apt1 € (w,0), for an w € R and C > 0. Thus, (Es, As) also
possesses a radiality index with pgfj A2) < pEf&’Al). The other estimate

is obtained by swapping (F1,A;) and (Es, A3) and following the same
arguments. The statement regarding the complex radiality index follows in
an analogous manner. a

To gain a better understanding of the radiality index, we start with a
simple example from the theory of zero controllability.

Example 2.5.3. (pyoq = 1)
Recall Example 2.3.4 and, for the sake of simplicity, assume b = ¢ = 1,
where 1 denotes the constant 1-function. With these choices, we obtain

(uIy — Ag) ' Bu = lub = lBu, ueC, (2.11a)
[ [
1 1

C(JU’IY - A(])_ly = ;<y7 C>Y = ;Cyv ye Y, (21]‘b)

G(p)yu = C(uly — Ag) ' Bu = %u, ueC (2.11¢)

and
(uly — Ag)™' = BC B
c G(u)~!

)

(WE—A) = [

for p € p(E, A). To compute the radiality index, we calculate the left- and
right-resolvents of (E, A) as follows

_ (uly —Ag)~' = +LBC 0
E—A)'E= "
(1 ) c ol
_ (/J,Iy—Ao)_l —-1iBC B
E(pE - A~ = # :
(1 ) 0 0

As the lower left entry in (uE — A)~'E and the upper right entry in E(uE —
A)~! are independent of , the radiality index cannot be 0. Using (2.11) we
obtain

(uly — Ao) ™ (ualy — Ao)™' — 2-BC 0

0 0

(1ly — Ag)~H(paly — Ag) ™' — ,“l,QBC 0}

(mE—A) T E(uE — A)T'E = [

E(mE—-A)'E(mE—A)~! = [ 0 0
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as C(uly — Ag)~! = iC = %CBC and (puly — Ag)™'B = iB = %BCB.
Since Ag generates a Cp-semigroup and B, C' are bounded operators, there
exists a constant C' > 0 such that

1
H1p2

11
BcH <ot
M1 2

H(ley — Ag) Mpaly — Ag) 7! —

for all p1, pa € (0,00). Hence, we obtain pyaq = 1.

Next, we compare the radiality index with the previously introduced
index terms.

Theorem 2.5.4.
Let (E, A) satisfy Assumption 1.
a) If (E, A) has a radiality indez, then it also has a resolvent index with
Pres < Prad + 1.

b) If (E,A) has a complex radiality index, then it also has a complex
resolvent index with Peres < Perad + 1.

c) If (E,A) has a radiality index, then it also has a chain index with
Pchain < Prad + 1.

d) Let (E,A) have a Weierstrafy form (E,A) ~ <[161 JQ,}, [é‘ ISQD with a

nilpotency index.

(i) The pair (E, A) has a radiality indez if and only if (Iy,, A) has
(1 YNA) < p(E LA)

< Prad ~ and

a radiality index. In this case, one has p,,

pia ™ <pGY + 1.

(ii) The pair (E,A) has a complex radiality index if and only if
(Iyl,A) has a complex radiality index. In this case, one has
pii <ol and Y <pY 41,
Proof. a) If (E, A) has a radiality index, then there exists a C' > 0 and an
w > 0, such that (w,00) C p(E, A). Let A\, u € p(E, A) be arbitrary. By
(2.10) and Lemma 1.2.4, we have

I =)~
Prad

< =AM (B = AT E) (pE - A)7H|
=0

+ | = APt |(AE — A) T E((uE — A) T E)Pred

Prad |/,L )\
<Zm NG+ ===,

[ — A7

Prada+1 _
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with constants C; == ||((uE — A)7'E)'(uE — A)7||, 1 € {0,.. ., Praa}
and C = CyC. This means that (-E — A)~! grows at most polynomially
with rate praq along (w,00), which results in pres < praa + 1.

b) This is shown analogously to the previous part.
c¢) This was proven in [SF03, Lem. 2.2.2].

d) We will only prove Part (i), as (ii) follows analogously. Using Proposition
2.2.3 and Proposition 2.5.2, we assume that (E, A) is given in a Weier-

straf form; i.e., we have (E, A) = ([1’61 ](\),}, [‘é I?,J). Let A € p(E, A)

be arbitrary. Then X is in p(Iy,, A). Conversely, if A is in p(Iy,, A),
then we have

Pnil—1
AN —=1Iy,) "t == > (AN),
1=0
and thus, we conclude
p(E, A) = p(Iy,, A) = p(A). (2.12)

In particular, for A € p(F, A) we obtain

Y 0

0 (AN—Iy,)"'N|" (2.13)

(\E—-A)'E=EW\E-A)"" = [Wvl

Now, assume that the radiality index pgf&A)

C > 0 and w € R such that for all A € (w, o)

exists. Thus, there are

[N = 1)t < [ (A8 — )y
c (2.14)

S TT—ma

(A — w)Prad ~F1

holds. Without loss of generality, let w be positive and assume that
Prad + 1 < pnil holds. Since we have (AN — Iy,) ™! = — Zf;gfl()\N)l
and N is nilpotent with degree pnj, we derive

1 Pnil—1

(AN — Iy,) !N = Y (AN)L. (2.15)
=1

This is a polynomial of degree 1 < deg < pni1 — 1. As N is nilpotent,

(B,A) 1 P! i1
(O — L) N = (‘ > “N)l)

APrad =1
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is a polynomial of degree 1 < deg < pnii — 1 as well. Therefore, we
obtain

APrad | (AN = Iy) EN)Pra L for A - oo

However, using (2.14), we deduce

(B,4) (B,4) APl 1
W (g < o AT
()\ — w) rad +1
This is a contradiction as the right-hand side is bounded for A — co.
That means we have py; < pffd’A) + 1 and thus,
(B,4)
(E,A) (B,A) Prad
rad rad Iv—1
[T ne-27'E= [ BEuE-4)7" = II v, =47 0 ’
1=0
1=0 1=0 0 0
for all A\g,..., A p(B4) € p(E, A). Hence, we conclude
I‘dd
Plad Plad
I EME-27Y = ] Mudv, = A7 (2.16)
1=0 1=0

Thus, (Iy,, A) has a radiality index with p( v1:4) < p(EdA).
( Y, 7A)

rad ?

Conversely, if we assume that (IYUA) has a radiality index p
(

ra

there exists a k € Nwith p:=Fk-p_, A > pnil- Hence,
» P

[[nE-2)"E= ﬁE(/\lE e | [ [V Rt

=0 =0 =0 0 0

for Ao, ..., \p € p(E, A). Clearly, if (Iyl,fl) has radiality index pggl’A),
then it also has a radiality index p, and by (2.17), (E, A) has a radiality
index as well with p(E A) <p. d

Clearly, one always has prad < DPcrad- To see that this estimate can

indeed be sharp, we will recall Example 2.3.9 and apply Theorem 2.5.4.

Example 2.5.5. (Praq = 1;P¢ raa = 2)
Recall Example 2.3.9, where we already showed that p,es = 2 and pe res = 3.
Let A € (0,00) be arbitrary. To compute the radiality index of (E, A), we
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have to calculate the growth of

[AE—A)"t 0 0
(AE—-A)'E = 0 0 0
CAE—-A)~ 0 0
and
(AE—A)"' 0 (AE-A)
EO\E - A~ = 0 0 0
0 0 0

In order to do this, we have to determine the growth rate of
(AE — A)~! = diag (Mo (\), My (X), Ma(N),...)

with

B 1 A2 VEL+1
T2 HEA | VR T A

for k E N. Clearly, Mo() is growing linearly and My () is decreasmg with
rate +. Hence, due to the structure of E, the operators E(AE — A)~! and
(\E — A) 1E are bounded with

H(AE ~ A)'E(uE - ﬁ)*EH - HE()\E — A)'E(uE — E)*H <+

u
for all A\, u € (0,00) and for a given constant C > 0. Moreover, by simple
calculations it is easy to see that B, My, (\) and My, (\) By, are still decreasing
with rate % Thus, we obtain

C
-1 -1
|CAE = A)T'E(uE — A)7'E|| < W
C
|E(AE — A)'E(WE — A)7'B|| < N

for all A, u € (0,00). Moreover, we have

(AE — A)'E(uE — A)~1 00
A\E - A)'E(uE - A)'E = 0 0 0
—C(A\E—A)'E(uE—A)"'E 0 0

9
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and

E\E - A 'E(uE - A~ =

E\E — A)'E(uE— A~ 0 EW\E—A)~'E(uE — A)~'B
0 0 0
0 0 0

Hence, (E, A) has a radiality index equal to 1. By Theorem 2.5.4 b), the
complex radiality index is bounded from below by p¢res — 1. Since the
complex resolvent index is 3, we deduce pcraq = 2.

The following example shows that the converse of Theorem 2.5.4 a) does
not hold in general.

Example 2.5.6. (Elpres3 /Eprad)
Let X = Z = L*(0,00) x R and define

I2 0] [& 0O
E A = o8
-5 18 )
with dom(A4) := H'(0,00) x R and Jp being the evaluation operator at 0.
Let A > 0 and (5) € X be arbitrary. Calculating the resolvent we obtain

i | e
()\E—A)‘1< ) = T oo , for all A € (0,00),
g —g —/ eA(O_S)f(T) dr
0

and deduce pres = 1.
Now, let p € Ny be arbitrary. Then we have

(AE — A)~'E)Pt! (;) =

I ( [ ([ omnan) ) )
/0oo </r:1 ( N (/7:0 e/\(o_rl)f(h)dﬁ) > drp) drp41

Define f(¢) = ¢e=*¢. Then ||f||z: = —5 holds and we obtain

3
2)2

—1\P+1 2)\%f
o ()

s -]
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/ / ( .. (/ e 2y drl) .. > dry | drps1
0 Tp+1 T2

_pt+1 1
T 9ptl AP+2-357

> 2)\2

for all A € (0, 00).
Since this holds for all p € Ny, the pair (F, A) has no radiality index, as
(2.10) is never satisfied.

Using Theorem 2.5.4, we further expand Figure 2.6 as follows.

X, Z reflexive, ran E closed

( +1>

+1>

v

Complex
Radiality Index

\ 4

Radiality Index

+ + +

il i il

v \% %

Y Y
Complex N +1> . = Nilpotency Index
Resolvent Index » Resolvent Index > Chain Index < (B, 4) ~ ([Q :H; ﬂ)
I L ) J
A~ Gy

Figure 2.7: Relation of radiality, chain, resolvent and nilpotency indices.

2.6 Weierstrafi form generation

In this section, we characterise the conditions under which a Weierstrafs form
can be obtained for (E, A) and, if the latter already exists, when (F, A) has
a radiality index. This result generalises the Weierstraft form obtained in
[JM22, Thm. 3| for a higher radiality index. All the results presented in this
section were published in [EJM24].

Before stating the main theorem of this section, we need to recall the
following two auxiliary lemmas. Note that while the first lemma is formulated
here under weaker assumptions than in the original source, its proof is
analogous to the one in [SF03| and is thus omitted."

Lemma 2.6.1. [SF03, Lem. 2.2.3 & 2.2.4]
Let (E, A) satisfy Assumption 1. Let (E, A) have a chain index Penain and
let p € p(E, A) be arbitrary. Then one has

vam (I — A)~ E)Pon 1 ker (4 — A)~ Eypevan = {0},
ran (E(pE — A)~!)Pain N ker (E(uE — A)™1)Pebain = [0},
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Moreover, the operator
Exer = E|x,.,: Xker = Zker
is bounded and
Arer = Aldom(A)nXe, © d0M(Aker) € Xier = Zier

1s tnvertible. In this case, the inverse operator Al:elr: Zier — Xker 18 bounded,
and both EkerAI;Ir and AL Ever are nilpotent with degree < Pchain -

ker

Lemma 2.6.2. [SF03, Lem. 2.2.7 & Thm. 2.5.1]
Let (E, A) satisfy Assumption 1. If (E, A) has a radiality index praq, then
one has

lim (M(ME — A)_lE)prad+1 x=uz, forallxée X,

p—>00

lim (,uE(uE — A)*l)p”d+1 z=2z, forallz€ Z,.

H—> 00
Furthermore, if X and Z are reflexive, then the spaces X and Z decompose
as follows

X = Xean ® Xper  and  Z = Zyan @ Zier. (2.18)

We now possess all the necessary components to state and prove the
main theorem of this section.

Theorem 2.6.3.

Let (E, A) satisfy Assumption 1. If X and Z are reflexive Banach spaces,
ran E is closed and (E, A) has a radiality indez, then it also has a Weierstrafs
form with a nilpotency index. In particular, one has pnil < Prad + 1.

Proof. By Theorem 2.5.4 ¢), (E, A) has a chain index with pehain < Praa + 1.
By Lemma 2.6.1, Fxer: Xker — Zker is bounded, Aye,: dom(Aker) € Xyer —
Zyer is boundedly invertible and EkerAgclr and AI;IrEker are nilpotent with
degree not exceeding pchain- Furthermore, by Lemma 2.6.2, the spaces
decompose as

X = Xran S Xkera Z = Zran S Zker-

With E.., and A..., we denote the restriction of £ and A to X,;an and
dom(Ayayn) == dom(A) N Xyan, respectively. By Lemma 2.6.2, there are two
projections, namely

P: X - X, zw lim (u(pk - A)_lE)pr“d+l z,

pH—00
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onto Xyan with ker P = Xy, ran P = X4y and Pz = z for all € X,,, and

R:Z—Z, zw+— lim (M(ME_A)—lE)pradH .

J1—00

onto Zyan with ker R = Zyer, rtan R = Z.,, and Rz = z for all z € Z,an.
Since A is closed and (uE — A)~!Ex maps into dom(A) for all u € p(E, A),
we have Pz € dom(A) for € dom(A). Thus, we have

APz = A lim (p(pE — A)_IE)pmJrl x
H—>00

— lim A (u(uE — A)'E)™ Ty (2.19)
H—>00

— lim (uE(uE — A)"'E)™™ " Az = RAu.
H—>00

Moreover, since F is bounded, we derive

EPz =E lim (u(pnE — A)_IE’)Dderl T
11— 00

— lim E (u(pE— A)'E)P T (2.20)
H—>00

— lim (uE(uE — A)"'E)"™ " Ez = REw.
H—>00

Note that we used Lemma 1.2.3 in the third equation. Using the projections,
we have x € X, and z € Z,,, if and only if Pz = x and Rz = z, respectively.
Thus, by (2.20), we conclude

FEx=FPx = REx € Z,,,, forall x € X,

and since F is bounded, F,an: Xian — Zran is a well-defined and bounded
operator. Analogously, using (2.19), we obtain

Az = APz = RAx € Z,,,, for all xz € dom(Aan),

and hence, A,an: dom(Aran) C Xpan — Zran is well-defined.

Next, we show that E,,, is boundedly invertible and that A,., and Aye,
are closed and densely defined. Let z € X,,, be arbitrary. Since A is densely
defined, there exists a sequence (z,)nen in dom(A) converging to = for
n — co. As P is continuous, we have Pz, — Pz = x for n — oo. Since, P
maps (Zn)nen continuously to dom(A,,y), we conclude dom(Aan) = Xyan.
Analogously, by using I — P instead of P, we obtain dom(Ake;) = Xier-
Therefore, A;a, and Aye, are densely defined. Since A is closed, A;a, and
Aker map to Zpan and Zye,, respectively, the operators A,,, and Ay, are
closed as well.
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What remains to be shown is that E,,, is boundedly invertible. Since
FE is bounded, together with the fact that ker F,,, C ker E C Xy and
X = Xian ® Xyer hold, it follows that Fy, is injective. By Theorem 2.5.4 a)
and Remark 2.3.2 (iii), we obtain

Xran = ran ((,UE — A)*lE)Prad+27
Zyan = 1an (B(uE — A)=1)Praa+2,

Let y € ran (E(uE — A)~1)Pd*3 be arbitrary. Then there exists a z € Z
with

Y= (BB — APtz = B((uE — A E)Prea (b — A)~'z
and thus,
ran (E(pE — A)~1Padt3 C B(ran (uE — A) " E)Pa2) C B(X,.,).
Since ran F is closed, the same applies for
E(Xian) =ran Eyay = Zpan Nran E.

Thus, the closure of ran (E(uE — A)~1)Pradat3 ig still a subset of F(Xyap)-
By Proposition 1.2.5, we have

ran (E(pE — A)=1)Praat2 = ran (E(uFE — A)~1)praat3

and thus, F,,, is surjective. Together with the Closed Graph Theorem, E,,
becomes boundedly invertible.
We define the bounded operators

P = :| S L(X; Xran X Xker)7

[IX - P

R
R= [Iz " R] € L(Z, Zyan % Zier)-

Clearly, P and R are invertible with inverses

P = e T € L(Xum % Xiars X),
Eil [IZmn IZker] S L(Zran X Zkera Z)
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Hence, we obtain the following equivalence

(E,A) ~ (REP™',RAP™") ~ <[Eran 0 ] {Am 0 D

0 Eker 0 Aker
IZran 0 AranEra}l 0
0 EkerAker ’ 0 Ichr .
By Theorem 2.5.4 d), we deduce ppii < Prad + 1. Q

Remark 2.6.4.

In the proof of Theorem 2.6.3, we proved that (F, A) has a Weierstra$ form
in Z, as long as X and Z are reflexive and ran F is closed. Equivalently,
under the same assumptions, it is possible to construct a Weierstraf form in
X as follows

S Ean 0] [Amn 0
1 -1 ran ran
(E,A) ~ (REP™',RAP™") ({ 0 Ek}[ 0 AkerD

Ix ran 0 I‘a%l Aran 0
0 AkerEker 0 IXkcr .

Next, we analyse the conditions under which a pair (E, A) in Weierstraf
form has a radiality index. For that purpose, we introduce the notion of
(E, p)-radiality; see [SF03, Ch. 2] and [JM22].

Definition 2.6.5 (p-radial).

Let (E, A) satisfy Assumption 1 and let p € Ng. Then (F, A) is p-radial if p is
the smallest integer p such that C' > 0 and w € R exist with (w, 00) C p(E, A)
and

+1
L 1

H((AlE A (A E— A)LE)"

p+1
H(E(AlE—A)*ln B\ E— A)”

for all A,..., A\pt1 € (w,00) and for all n € N.
Clearly, every (E, A) that is p-radial also has a radiality index praq < p.

Proposition 2.6.6.
Let (E;, A;) satisfy Assumption 1 for i € {1,2}, and let (E1, A1) ~ (Ea, As).
Then (E1, A1) is p-radial if and only if (E2, As) is p-radial.

Proof. Since (Eq, A1) ~ (B9, A3), there are two isomorphisms P: X7 — X5
and Q: Z; — Z, with E; = Q7 'E,P and A; = Q 'A4,P. By Lemma 1.4.3,
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we have p(E1, A1) = p(F2, A2) and

P(AE, — A) 'E P = (A\Ey — Ap) By,
QE,(\Ey — A))7'Q7 ! = Ey(\Ey — Ap) L

Assume that (Eq, A1) is p-radial. Then we have

ptl " p+1 n
| <H()\kE2 - A2)1E2> <P (H(/\kEl - A1)1E1> [P
k=1 k=1
p+1 1
<Cl| v~
1};[1 Ak — w|”
and
p+1 n p+1 n
H (H Esy(ArE2 — A2)1> <[] <H Ey(AEr — A1)1> Q|
k=1 k=1
p+1 1
<C
U=
for all Ay,...,A\pt1 € (w,00), for all n € N, for some w € R and C > 0.
Hence, (E3, Ay) is p-radial. The opposite direction follows by swapping
(F1, A1) and (E2, Ag) and repeating the same steps. a

Theorem 2.6.7.
Let (E,A) satisfy Assumption 1 and have a Weierstraf$ form (E,A) ~

([1‘61 1(\)[], [é 122})' If A generates a Co-semigroup and (E, A) has a nilpo-
tency index, then (E, A) is (pna — 1)-radial.

Proof. Similar to the proof of Theorem 2.5.4 d), we directly assume (F, A) =
([1‘0’1 ]%}, [‘3 I%D with p(E, A) = p(Iy,, A) = p(A) and obtain

Pnil Pnil Pnil
[TE - A7 E| = |[[[ENE - A7 = |[][Ndv, — D)7
=1 =1 =1

for all A1,..., Ap,, € p(E, A). Now, assume that A generates a Cy-semigroup.
Using the Theorem of Hille-Yosida, there are w € R and C' > 0 such that

(Wﬂ 00) C p(IYI’A) = p(A) and

n

C

[(Om = a7) ] = =5

<
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for all A € (w,00) and n € N. Then we have

(T oe] [Tz
=1

< CPen H 7()\1 )

for all A1,..., Ap,, € (w,00). Thus, (E,A) is (pnin — 1)-radial. Qa

Example 2.6.8. (1-radial)
We recall Example 2.5.3. There we have shown that

(B,A) ~ (B, A) = (ﬁ? ]?f} [QboAO Iyzoch

holds with puj = 2 and pyaq = 1. Since Ay is the generator of a Cy-semigroup,
we have

<A0y7 C>Y

Aoy = Agy —
QvAoy oY (b,c)Y

b= Ayy — BKy, foryeY.

As BK is bounded, QA also generates a Cp-semigroup, and by Theorem
2.6.7, (E, A) is 1-radial.

We may now incorporate the concept of p-radiality into our diagram.

L A~y
p-Radiality < N
1>
v X, Z reflexive, ran E closed
( 41>
Y +1 >
Compls > L —
Radi:;?tr})/ ‘:i dex » Radiality Index
+ + +
- L -
\% \% \%
A\ 4 \ 4
Complex > +1> . = Nilpotency Index
Resolvent Ind »  Chain Ind < i
Resolvent Index | Sesolvent index e i ndex N (0z2Y) N([f. f'v]‘[ﬁ ?D

TL - J

Figure 2.8: Relation of p-radiality, radiality, chain, resolvent and nilpotency
indices.
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2.7 Differentiation index

The differentiation index is one of the few index terms that can be formulated
in a purely operator-theoretical manner, even though its origin stems from
the solution theory of DAEs, where it makes little sense without considering
the underlying differential equation. This is because the differentiation index
is expressed by the number of formal derivatives required to transform the
DAE into an ordinary differential equation, as indicated in [KM06; Cam95;
LMT13|. This method dates back to Charles W. Gear and was first utilised
in the early 1970s [Gea88; Gea7l; GP83].

Here, we present a generalisation of this concept to the infinite dimen-
sional case. As the operators F € L(X,Z) and A: dom(A) C X — Z do not
depend on time, the k-th formal derivative of the DAE L Ex(t) = Ax(t) is

d  d* dk

—F— =A— > 0.
dt dtkz(t) dth(t), 20

From this, we derive

A —-F
1k fro ()
: -0, t>0.
dar
a -l | gErt
dtk+lx()

::Mk-

Here, Mj, is a linear operator of the form M}, : dom(A)F+ x X — Zk+1,

Definition 2.7.1 (Differentiation index).

Let (£, A) satisfy Assumption 1. The differentiation index of (E, A) is the
smallest number péEf A e Np such that there exists a Banach space X that
is densely embedded into X and a generator S: dom(S) C X = X ofa
Co-semigroup on X for which the following implication is satisfied

Zo
ZT1

cker M za) = € dom(S) with z1 = Szg. (2.21)
ngiEf o, Paig

In this context, we refer to

%x(t) _ Sx(t), >0 (2.22)

as the abstract completion ODE of (E, A).



2. INDEX CONCEPTS FOR DAES 55

Similar to the index terms introduced earlier, we prove that the index is
unique up to equivalent pairs.

Proposition 2.7.2.

The differentiation index is, given that it exists, uniquely defined. To be
more precise, let (E;, A;) satisfy Assumption 1 for i € {1,2} and (E1, A1) ~
(E2, As). Then one has pfiﬁl’Al) = p(EQ’AQ),

dif

Proof. Since (E1, A1) ~ (Ea, As), there are two isomorphisms P: X; — X»
and Q: Z; — Zs, with E| = Q_lEQP and A; = Q_lAQP. We define the
operators

M, = s dom(A)F T x X — ZFHL

for i € {1,2} and k € N. Let (F1, A1) have a differentiation index p =

(El,Al) . te i
Paif . As P is an isomorphism,

P
ker M = ker M,
P

holds. Since (FE1, A1) has a differentiation index, there exists a Banach space
X 1, which is densely embedded in X; and a generator of a Cy semigroup S
that fulfils (2.21). As P is an isomorphism, X, == PX is a Banach space
that is densely embedded in X5 and Sy := PS; P! generates a Cy-semigroup
on Xs, see [ENOO, Sec. 1.5.a)]. Let

g
€ ker Ml,])
Tp+1
be arbitrary. By implication (2.21), the element zg is in dom(S;) with z; =

S1o, which is equivalent to Pz € dom(S3) and Pxy = PSP~ txg = Saap.
Denote y; = Pz; for i € {0,...,p+ 1}. Then we have

h
€ ker Mg,p — Pz € dOm(Sg) with Y1 = Sgyo.

Yp

Hence, (E9, A2) has a differentiation index with p((ffz’AZ) < p((ffl’Al). The
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other estimate is obtained by swapping (E7, A1) and (Eq, A3) and repeating
the same steps as before. a

Theorem 2.7.3.
Let (E, A) satisfy Assumption 1.
a) If (E, A) has a differentiation index, then it also has a chain index with
(E,4) (E,A4)
Pehain = Paif
b) If (E,A) ~ ([1‘61 ][\),], [‘é [82}) has a nilpotency index and A generates a
Cy-semigroup, then it has a differentiation index with piﬁ’A) = pgff’A).

Proof. a) Assume that the diffeEentiaEion index pgjr exists and thus, a
Co-semigroup S: dom(S) € X — X which fulfils (2.21). Further, let
(x1,...,xp) be a chain of (E, A) of length p > pqir. Then we have

0
gl
MPdif =0.
Lpair+1

By (2.21), we have 1 = S0 = 0. But then z; € ker A, which contradicts
(21,...,%p) being a chain. Hence, all chains are at most of length pair;
i~e~7 we obtain Pchain < Pchain-

b) By Proposition 2.2.3 and 2.7.2, we directly assume that (F, A) is in

Weierstraf form; i.e., we assume (E, A) = ([Igl ](\),}7 {‘é I%D and write

y=()eYr xYsforally €Y. Let p € Ny be arbitrary and assume
that ppj > p holds. Then

T (73)
= E c ker Mp
Tp+1 (gZﬁ )

holds if and only if z¢ ; is in dom(AP*!) and
Ai.’ELO = 1‘171‘, .’)32’() = N.’L‘Q’17 ey .’)324, = N$2’p+1 (2.23)

holds, for all i € {0,...,p+1}. This in turn is satisfied for the elements

0 0 0
o = 0 ) Ty = anil_ly ) ] xp-‘,—l = anil_(p""l)y ’
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for some y € Ys with y ¢ ker NP=i1=1, Since we have 2o = 0 and z; # 0,
an operator S with the properties as described in (2.21) cannot exist.
In other words, if (E, A) has a differentiation index, then it has to be
larger or equal to ppjy. Therefore, let p = puy. By (2.23), we have

o i1\ /le170 _ /11‘170
1= x21 o Np$27p+1 0 )
Consequently, we choose X = Iy, and

S = [61 8} : dom(S) CY — Y with dom(S) = dom(A) x Ys.

This is the generator of the strongly continuous semigroup

(T()iz0 = (F(()t) ISZDM’

where (T'(t))+>0 is the Cp-semigroup generated by A. This shows that
D = Padif- a

Theorem 2.7.4.
Let (E, A) satisfy Assumption 1. If (E, A) has a differentiation indez, then

every classical solution of %Ew = Ax fulfils the abstract completion ODE
(2.22).

Proof. Assume that x is a classical solution of %Em = Az. Lemma 1.3.3
implies that for all ¢ € C°((0,00),R), we have

/OOO o(r) Az(r) dr = — /OOO (jt@(t)) Ex(r)dr.

Now, testing with (fl)k%ga(t) for k € {0,...,pair + 1}, we deduce that the
vectors

0o dk
Tp = (fl)k/o <drkgp(r)) z(r)dr, for k€ {0,...,pair + 1},

satisfy
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By implication (2.21), we have z7 = Sz, and thus

/OOO o(r)Sz(r) dr = — /OOO (i(p(r)) Ex(r)dr.

Using Lemma 1.3.3 once more, we see that = solves the abstract completion
ODE (2.22). a

Example 2.7.5. (3pg;r)
Let X = L?(0,1) x C? and Z = L?(0,1) x C®. We consider the system

I 0 0 -9 0 0
a0 0 o (e |IE o] [mt8)
il t = t t>0
al o 0 0 ?8 —& Ig 0 ?8 b =
0 Ic 0 3 0 0 Ic 3

with dom(A) = H(0,1) x C2. Define z; = (010)" and z, = (001) ", Then,
we observe

0
0
(z ) € ker My and | z1 | € ker M;.
1
22

Hence, there cannot exist any operator S which fulfils (2.21) with S0 = z;.
Hence, the differentiation index has to be at least 2 if it exists. Consider
(o z1 z2 w3 )T € ker My with

Ty = <xk’1> € X, forke{l,... 4}.
Lk,2

Then we derive

0
Thi11 = —7:Th1, TE1(0) =0, xp1(l) =2r2, Trt1,2 =2Tk3 (2.24)

23
for k € {0,1,2}, which implies
zo,1 € Hy,(0,1) == {z € H*(0,1) | 2(0) = 2/(0) = 2" (0) = 0}

and
x1,1 € H§ (0,1) = {z € H*(0,1) | #(0) = 2/(0) = 0} .

Using (2.24), we define the operator

S: dom(S) C H,(0,1) x C* — Hg ,(0,1) x C?,
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o
Zo,1 T1,1 "ggIOJ(g)
S To2 | = | T12 | = Z0,3
2
Z0,3 713 (9%2950,1(1)

with dom(S) = H;(0,1) x C®. Then S is in fact the generator of the
following Cp-semigroup

-TOI _t]l[too)

To,1
T(t) | 202 | = ”"“”03”// (82”“"“ )> o
0,3 x03+/ (8 2x01(1—7”)) Ljo,1y(r) dr
0

Thus, we have pgir = 2. Further, it is easy to see that for elements

Xo,1
zo = | 0,2 | € dom(S)
20,3

the function z(t) := T'(t)zo is a classical solution of & Ex = Az.

With Theorem 2.7.3, we can extend our diagram even further.

. A~ 0y
p-Radiality
+1>

A
J

X, Z reflexive, ran E closed

v
( 1> )
Y +1>
N >
Radcizllrilt[}’/l?; dex —» Radiality Index h
)
t L x
\% \% i\
Y \ 4 Y Y
Complex > +1> . = Nilpotency Index
Resolvent Ind. »  Chain Ind < i
Resolvent Index | Resolventindex 4 am incex 1< & A~ [
A A
IN

Differentiation A~y

Index

N A~ G J

Figure 2.9: Relation of differentiation, p-radiality, radiality, chain, resolvent
and nilpotency indices.
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2.8 Perturbation index

The origin of the perturbation index, similar to that of the differentiation
index, stems from the solution theory of DAEs. However, in this case, it is
not even possible to define the perturbation index without considering the
underlying differential equation, as it measures the sensitivity of solutions
with respect to perturbations of the DAE
d

&E:r( )= Az(t), te]0,T], (2.25)
for a fixed time T > 0. Therefore, this plays a significant role in applications
such as the discretization and control of DAEs. This index, similar to the
differentiation index, dates back to Charles W. Gear in the 1970s [Gea71;
Gea88| and was later formalised in [CG95; Rei90; KMO06|, among others.

Note that the following definition differs from that of infinite dimensional
systems provided in [CM99], as we measure the influence of perturbations
only with respect to time, rather than space.

Definition 2.8.1 (Perturbation index).
Let (E, A) satisfy Assumption 1. The perturbation index perturbation index
of (E,A) is the smallest number péflif) € Ny such that for all T > 0,

d € C?(]0,T7; Z), and classical solutions x of

d
3 Balt) = Ax(t) + 8(t), te(0,T),

there exists a constant C' > 0 satisfying

. (E,A)
s [lo(0)] < € { 12(0)] + g s | o] | irpE >0
(2.26a)

’ (B,A)
<C 0 1) d if w0 =0.

e (0] <€ (o) + [ Jo)lar ) i piL
(2.26b)

First, we prove that the perturbation index remains the same for equiva-
lent pairs.

Proposition 2.8.2.
The perturbation index is, given that it exists, uniquely defined. To be more
precise, let (E;, A;) satisfy Assumption 1 for i € {1,2} and (Eq, A1) ~

(Eo, As). Then one has pé’fﬁt’Al) = I(fft’AQ)
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Proof. Since (Eq, A1) and (E2, Ag) are equivalent, there are bounded isomor-
phisms P: X; — Xo, QZ 71 — Zo with By = Q_lEQP and A4; = Q_lAQP.
By Lemma 1.4.4, every classical solution of

d

G Bt = Awz(t) +6(0), ¢ e[0,T],

yields a classical solution y = Px of

d
3 P2(t) = A2y(t) + Q6(t), t€[0,T].
If (E5, As) has a perturbation index, then every solution Px can be estimated

as in (2.26). Since P and @ are bounded, the same holds for x, from which

p](frlt’Al) < pgfft’A2) follows. The other estimate follows by switching (E7, A1)
and (EQ7 Az) 4

Theorem 2.8.3.
Let (E,A) satisfy Assumption 1 and have a Weierstraf§ form (E,A) ~

([ 5] [5.)
0" N[+ |0 Iny | -
a) If (E, A) has a perturbation index and a nilpotency index, then one has
Pnil < Ppert -

b) If (E,A) has a nilpotency index and A generates a Cy-semigroup, then
(E,A) also has a perturbation index with pnii = DPpert-

Proof. By Proposition 2.2.3 and 2.8.2, we directly assume that (E, A) is in
Weierstraf form; i.e., we assume that (E, A) = ([I’O’l J(\),}, [‘3 IgzD holds.

a) To ease the notation, we set p := ppny. First, let ppers = 0. If p =0,
nothing has to be shown. Hence, we assume p > 1. Let y € Y5 with
NP~1y £ 0 be arbitrary. Let o > 0 and define

_(=Ty2)?
2

52,0(t) =e 7 Np_1y~

Without loss of generality, we assume that |ly|| = 1 holds. Then, for
01 =0, 02 = 62, and initial value

o (—6;0(0))’

the solution of the perturbed DAE

s MC -1 Al Gl e



62

2.8. Perturbation index

is given by

p—1 o = 0
ol =1 - ZNkj*;céz,a(f) B (_527"(”).

Note, that we used the boundedness of N and Nd2 () = 0 to obtain

dk dk
k k—1 _

NF g (t) = NF1 2o NGo o () = 0, for ke {1,...,p— 1},
Choosing o > 0 accordingly, one can get the term ||z, (0) H—}—fOT |lzo(r)] dr
to be arbitrary small. Note that

T _,
o (5 )| =

holds for all solutions of (2.27) independent of o. Hence, for all C' > 0
we can find a o > 0 such that

max, 2o ()|l =

te[0,T]

max |z, (t)]| > C (II%(O)II +/0 IIwa(T)IIdT>

holds. This contradicts (2.26b), and thus, we deduce p = 0 < ppers.

Now, let ppert > 0. Again, if p = 0, nothing has to be shown. Therefore,
let p > 1. Seeking a contradiction, we assume ppert < p. Let y € Y5
with NP~ly #£ 0 and ¢ € C>([0,T];R) such that ¢(t) = 0 in a small
enough neighbourhood of 0 and ¢(%) = 1. Define the functions

Re (ie'™?)

d2.n(t) = go(t)Wy, fort € [0,7], n € N.

Then, for 6; = 0 and initial value

0
p—1 k
= = d =
To = To,n Z e e San 0,

the solution of (2.27) with d2 = da,,, is given by

0

dk:
k=
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Forn > % and k € {0,1,...,p — 1}, we compute

o3 (8) (3 0) 2

J=0

As ¢ is defined on the compact interval [0, 7], ¢ and its derivatives are
bounded and, thus,

lim max
n—o0 t€[0,T)

dk

—0d2.p =0,
ek ? ()H
for k€ {0,1,...,p — 1}. In particular, we obtain

lim ||«,(0)| = 0.

n— o0

Since ¢(Z) = 1 holds, we have

T )
lim Hcp () Re (ie‘"%) nPly
n—o00 2

Consequently, we obtain

lim inf , 0
im in e, [zn (t)]| >

and

P 2 dk
This contradicts (2.26a), and thus, we derive p = puit < Ppers-

b) We only show ppert < pnil, as the rest follows from Part a). Let
§=(9) € CPrere([0,T); Z) and = (1) be a solution of (2.27). Let
(S(t))i>0 be the Cp-semigroup generated by A. Then z; is given by

x1(t) = S(t)z1(0) +/O St —r)dy(r)dr, te€][0,T].

Since S is bounded on [0, 7], we have

max |[lz1(¢)| < C1 (lel(o)ll + T max |51(t)||>, (2.28)
t€[0,T)

te[0,T]
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for

Cy =max{1,T}- sup ||S(t)
te[0,T)

If ppi = 0 holds, we obtain « = z1 and (F, A) has a perturbation index
with ppers = 0, as (2.26b) holds. Therefore, assume that pyi > 0 holds.
In this case, z2 is given by

Pnil—1
1 . dk

As N is bounded, there is a constant

Cy = |N*|| < oo

= ma.
k€{07~--7pui1—1}
and we have

£52(t)H> . (2.29)

Pnil—1
1) < C
max |[lz2(?)[] < C2 ( kz_;o e,

te(0,T)

Combining (2.28) and (2.29) yields (2.26a). As T and ¢ were arbitrary,
(E, A) has a perturbation index with ppert < Pnil- Q

This allows us to finalise our diagram as follows.

p-Radiality A~Go ~

+1>

X, Z reflexive, ran E closed

%
[ |
Y

+1>
>
Ra;‘;‘i"t‘;‘:‘ o = > Radiality Index
—
o ps o
% \% [\
\ 4 A\ 4 \ 4 <
> 41> — Nilpotency Index —
(Clmpii »| Resolvent Index »  ChainIndex |« 1o i) A~ ¢,  Perturbation Index
Resolvent Index (E,4) N([ﬂ o [o :]) E—
A B
IA

Differentiation A~Cy )

Index

>

A~ Gy Y,

Figure 2.10: Diagram covering all index terms.
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2.9 Notes to Chapter 2

In this chapter, we compared seven index notions: the nilpotency index, the
(complex) resolvent index, the chain index, the (complex) radiality index,
the differentiation index, and the perturbation index. In Theorem 2.6.3, we
provided a condition under which the radiality index yields the existence of
a Weierstrafs form. Clearly, the (complex) radiality index is not the most
practical index, as it presents a significant challenge in computation and
appears only rarely in practical examples.

From Figure 2.10, it becomes clear that all index terms are equivalent as
long as (E, A) has a nilpotency index and A generates a Cy-semigroup. In
this case, Figure 2.10 can be simplified as follows.

Complex > | - = - - Nilpotency Index
Radiality Index > Radiality Index pRaciaiiy @ 4) ~( 5[
I | H |
S8 o —> Resolvent Index Chain Index Diiceriiongy - | Perturbation Index
Resolvent Index Index

Figure 2.11: Index diagram with A ~ C semigroup.

Further open questions regarding the research on the index notions of
DAE: relate to the yet unexamined relationships between the differentiation
index, perturbation index, and the remaining index terms. In addition, the
connection between the indices that have not yet been mentioned, such as
the strangeness index, the tractability index, the geometric index, and the
structural index [Meh15], remains open. Then, the next logical step would
be to extend this research to non-linear DAEs.

In Chapter 3, we show that (E,A) generates integrated semigroups,
under the existence of the complex resolvent index. Moreover, under some
additional assumptions, we investigate the generation of a strongly continuous
Cy-semigroup on a closed subspace. One could consider investigating the
relationship between integrated semigroups, the Cip-semigroup on the closed
subspace, and the index concepts that depend on the underlying DAE,
namely, the differentiation index and the perturbation index.

In Chapter 6, we examine a special class of DAEs, namely port-Hamiltonian
DAFs, also known as abstract dissipative Hamiltonian DAFEs. They have
the special property that if the resolvent index exists, it is bounded by 2,
and if the complex resolvent index exists, it is bounded by 3. It remains
undetermined whether further properties can be derived for the other index
terms in this class of DAEs.
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Chapter 3

Integrated semigroups

The solutions of the standard abstract Cauchy problem can be represented by
a strongly continuous semigroup, provided that the operator A generates one.
If this condition is not met, but the resolvent of A is polynomially bounded
on the right half-plane, the solutions can be characterised by an integrated
semigroup, which provides representation formulas for the resolvent of A, as
discussed in [Neu89; ANS92; Are87; TM87]. To be more precise, as long as
the resolvent of A grows polynomially, it is possible to show that for every
initial value in dom(A*) = ran (AMx — A)~1)*, for a A\ € p(A) and k € Ny,
where k € N depends on the growth rate of the resolvent, there exists a
classical solution of the abstract Cauchy problem %x(t) = Ax(t), as shown
in [Kre71; Bea72|. This means that (Ix, A) has a complex resolvent index
k — 1, and that A is the generator of an integrated semigroup; i.e., for all
A € p(A) N Cresy and for all z € X

o0
M x —A) e = )\1’/ e MS(t)xdt
0
holds, for a sufficiently large w > 0, where (S(t)):>0 is a family of bounded
operators on X [Neu88; ABHN11].

We now proceed to examine the DAE case: So far, the generation of
integrated semigroups for DAEs has been analysed in [MF01; Mel96], where
the authors studied the well-posedness of such systems only for (E, A) having
a complex resolvent index of 1. We now build upon that work and extend it
by considering DAEs with inhomogeneities, which is significant for future
research and applications, such as DAEs with inputs and outputs. We use
integrated semigroups to establish necessary and sufficient conditions for
the existence of solutions of DAEs with inhomogeneities. This allows us to

67



68

express the associated solution using a representation similar to a variation
of constants formula. Furthermore, we prove that integrated semigroups
imply the existence of a Cy-semigroup on a closed subspace, as is the case
in the abstract Cauchy problem.

Throughout this chapter, we make the following assumptions on the
spaces and operators.

Assumption 2.

(i) X and Z are complex Banach spaces.

(ii) E: X — Z is bounded.

i)
(iii) A: dom(A) C X — Z is closed and densely defined.
(iv) (E,A) has complex resolvent index Peres-

For pu € p(E, A), we recall the notation

Ri(p) == E(nE — A)~
Rp(p) = (uE — A)”

for the left- and right-resolvents, which was introduced in Chapter 1.2.
Furthermore, for (E, A) satisfying Assumption 2, we obtain

Xran = W) Xier = ker R, (M)p?
Zyan = ran Ry (u)?, Zxer = ker Ry (p)?,

for 4 € p(E,A) and p > pcres, which follows by Proposition 1.2.5 and
Remark 2.3.2 (iii).

This chapter is organised as follows: In Section 3.1, we demonstrate
the existence of solutions for the homogeneous DAE, assuming that the
complex resolvent index exists. In Section 3.2, we introduce the concept of
integrated semigroups and prove various properties of these structures. These
are needed in Section 3.3, where we investigate the existence of solutions
for the inhomogeneous DAEs. We differentiate depending on where the
inhomogeneity maps and specify necessary and sufficient conditions that not
only provide a solution but also characterise it using integrated semigroups.
We conclude our study of integrated semigroups by proving the existence of
a Cy-semigroup on a subspace in Section 3.4.

The relationships and structures that arise in this context are illustrated
in the following diagram.
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(B, A) has compl. resolvent index p = peyres + 1

Section 3.1 Section 3.3.1
Existence of solutions for f € CP([0,0); Zier)
s Ba(t) = Az(t), Ez(0) = zo = Jzsol. of & Ex(t) = Ax(t) + f(t)
Section 3.2

Existence of integrated semigroups
(8r(t))e=0 and (Si(t))ez0

Section 3.3.2 Section 3.4
For f:[0,00) — Zyan define Xian Nker E = {0}
t o
W(t) = ES,(t)zo +/ Si(r)f(t — r)dr = C-semigroup on a subspace
0
Section 3.3.2 Section 3.3.2
x solves f=Efvecr
LEa(t) = Ao(t)+ f(t) | |= Jx st Ex=0® &
= Ez = @ L Bx(t) = A(t) + f(t)

Figure 3.1: Overview of Chapter 3.

All the presented results have been published in [EJR25b| and [EJM24].

3.1 Existence of solutions for the homogeneous
DAE

The solvability of infinite dimensional DAEs has already been intensively
studied; see, for example, [GR25; JM22; ZM24; Rei08; RT05; TT96; TT01;
Tro20; TW18|. In [TT96], the splitting of X into ker E and ran E* and the
restriction of the DAE to the factorised space X /ker E are studied. In [JM22;
SF03] the splitting of the space is examined, considering that the radiality
index exists, and in [TT01] the growth of the pseudo-resolvents (-E — A)~'E
and E(-E — A)~! is analysed. In [GR25], a more general observation of
the pseudo-resolvent growth is provided, along with a useful dissipativity
condition for solving the DAE. In [Tro20] and [TW18], a super-set of the
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solution space is determined using Wong sequences and the resolvent index.
In [RTO05], a sufficient condition in terms of Hille-Yosida type resolvent
estimates is offered, and in [ZM24], the solvability is discussed under the
assumption that E is non-negative and A is dissipative.

Let (E, A) satisfy Assumption 2. Then we consider the following DAE

4 Ex(t) = Az(t), t€0,00),

Ex(0) = Ex, 3.1)

where zg € X. Before we introduce the integrated semigroups and show that
they always exist under Assumption 2, we first prove that it is always possible
to find a unique classical/mild solution of (3.1) for all Exg = R,.(A\)P2 €
E(ran R,.(A\)P), which is exponentially bounded by zg. The following theorem
is a generalisation of the solution theory for the abstract Cauchy problem
L2(t) = Az(t), z(0) = 2o and extends the proofs of [Paz83, Ch. 4, Thm. 1.2]
and [Kre71, p. 34] to the DAE case with the help of pseudo-resolvents.

Theorem 3.1.1.
Let (E, A) satisfy Assumption 2 and let w > 0 such that Cresy, C p(E, A).
Let p,wo € Cresw; P = Deres + 1 and let zo € X be arbitrary.

a) For g = R.(u)PT 2y there exists a unique classical solution x of (3.1).

b) For xo = R, (1)Pz there exists a unique mild solution x of (3.1).
In both cases, the solution is given by
Lo feore RNz

£ =—— ARy >
o= "5 o 120

wo—ioco

with
z(t)]| < Coe***||z0]l, for all t >0,

for some Cy > 0.

Proof. a) Fuistence: By Assumption 2, the complex resolvent index exists.
Thus, there exist wyp € R and C' > 0 such that Cres., € p(E, A) and

[R-N)|| < CIANP2|E|, for all A € CRe>up- (3.2)
Then we have
R.()\) [A]P—2
A= p)pt [ = 7 A=t

fora C > 0 and for all X € CRe>w, With X # p. Let zg = R, (u)P T 2.

Then the integral of e (,Ijggioﬂ along the imaginary axis at Re A = wy
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exists and the function

1[0t R (A\)z

wo—ioco

is continuously differentiable. As F is bounded, the function Fx becomes
continuously differentiable as well with

dA

2mi

d 1 [wotice ER.(\)z
—E _— At A0
olt) = /w =

dt
1 wo+ico A
= A / o AR V70 g
2T Jug—ico (A= p)P

_1 /WOHOO ot Ezg

o (O — pyptt

=0
Lo Re(Mzo

=5 e SO g P A0

0—ioco

wo—ioco

Here, we used that #)‘;H converges uniformly to 0 for A — oo
and Lemma 1.5.4 to show that the second integral vanishes in (3.4).
Furthermore, we have

1 wo—+ico
z(0) = _7_/ LA)ZO d.
2mi wo—ioco (>‘ - :LL)erl

Using Lemma 1.5.4 once more, together with Theorem 1.5.5 and Lemma
1.2.3, we derive
1 dr

= _—— lim — — (—1)pt1 P+l —
I‘(O) p[ )\I_I;IL d\r RT()\)ZO ( ) RT(/’(‘) 20 To

Thus, z is a classical solution of (3.1). Clearly, in this case we have

L RO .
o0 < 5 [ e Rl A < Coe .

0—ico

forallt > 0and a Cy > 0.

Uniqueness: We assume that z is a solution of (3.1) with z(0) = 0 and
prove that z(¢) = 0 holds for all ¢ > 0. We start by computing

A et) = B ()L

Za(t) = (\B = A)7 Ax(t) = AR, (Na(t) — o(t),
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for A € p(E, A), which holds as R,()) is bounded. This equation is
solved by

R, (N)z(t) = eMa(0) — /0 A g (r) dr = —/0 Ay (r)dr . (3.4)

Let o > 0 be arbitrary. By (3.2), we have

lim e "R, (V)| = 0. (3.5)

Rel—o0

By (3.4), (3.5), and the fact that z is bounded on [0, ¢] for a fixed ¢ > 0,

we conclude

t
lim e / Mg () dr|| =0
Rel—o0 —o
and
t—o t
lim H/ e’\(t_"_T)x(T)dr < lim e 7ReA /eA(t_T)x(r)dr
ReA—o0 0 ReA—o00 0
t
+ e"oReA / e)‘(t_")x(r)dr =0.
t—o
Thus, we have
t—o
lim M= g (r) dr = 0,
ReA—o0 J

and by [Paz83, Ch. 4, Lem. 1.1], z(r) = 0 holds for all r € [0,t — o].
Since o and t were arbitrary, we deduce z(r) = 0 for all » > 0.

b) For zg € ran R, ()P and 2y € X with g = R, (14)Pzp we define z as in

(3.3). Then x is continuous and for ¢t > 0 we compute

1 [eotieo ER(N)zo
E.’L‘(t) — E.’L‘(O) = _% oo (eAt — 1)()\(‘3)p dA

t wo+ico

_ / _i/ Ao EENz0 ) g,
0 2mi wo—ioco (>\ - M)p

— /t 5 /WOHOO A ARRNz0 4

0 27i wo—ioco ()‘ - /’L)p

1 wo+ioco E
S A0 | dr
27 wp—ioco ()‘ - M)p
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:/OtAx(r)dr:A/Otx(r)dr.

Note that we used eM — 1 = f(f e dr at the second equation. Hence,
z is a mild solution of (3.1). The uniqueness is shown analogously to
the first part. d

In contrast to the standard Cauchy problem, the initial values of (3.1)
are not dense in the entire space X. In general, under Assumption 2, it is not
possible to divide the space into ran R,.(A\)? @ ker R,.(\)?, as demonstrated
in Example 2.1.4. However, this is not an issue, as the solutions of (3.1)
always lie in ran R,.(\)P; see Proposition 1.3.5.

3.2 Generation and properties

We begin by introducing the notion of integrated semigroups associated with
the operator pair (E, A) and show that, under Assumption 2, such integrated
semigroups always exist. In contrast to the abstract Cauchy problem, one
obtains not just a single integrated semigroup, but one for both the left- and
right-resolvent of (E, A).

Definition 3.2.1 (Integrated semigroup).
Let (E, A) satisfy Assumption 2 and let p € N. We call a family of operators
(Sr(t))i>0 on Xyay the p-times right-integrated semigroup of (E, A) if

1S, (t)|| < Cre“ . for all t >0,

for some w, € R, C, > 0 with Cres,,, € p(F, A) and
R.(w)zo = ,up/ e S, (t)xgdt, for all zg € Xian, it € CRe>w,. (3.6)
0

Similarly, we call a family of operators (S;(t))¢>0 on Zyan the p-times left-
integrated semigroup of (E, A) if

[Si(8)]| < Cett, for all t >0,
for some w; € R, C' > 0 with Cresy, C p(E, A) and

Ri(p)zo = ,up/ e M8 (t)zdt, for all 29 € Zean, pt € Cre>w; -
0

We refer to (S,(t))i>0 and (Si(t))i>0 as the p-times integrated semigroups of
(E, A), while (E, A) is identified as the generator of (S, (t))i>0 and (Si(t))¢>o-
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Theorem 3.2.2.
Let (E,A) satisfy Assumption 2 and define p = Pcres + 1. Then (E,A)
generates a p-times right-integrated semigroup (Sy(t))i>0 on Xran.

Proof. Let xg € ran R,.(u)? be arbitrary. Then there exists zg € X such that
2o = R,.(1)P2zp. By Theorem 3.1.1, there exists a mild solution x of (3.1)
with

llz(t)|| < Coe*t||z0]|, for all t >0,

for some suitable Cp > 0 and wp € R. Using puR,(u) — (uE — A)~1A =
Iom(a), we obtain

1 (t) = /0 2(to) dto = (4R, () — (E — A)~1A) /0 2(to) dte
= s / R, (u)e(ty) dto — Ry (u)(t) + Ry ()2(0)

for all t > 0. By Lemma 1.3.4, the function R,(x)z is a mild solution of
(3.1) with initial value R,(p)xg. Thus, for some w; € R and C; > 0, we have

21 ()] < Cre || Ro(1)zo]l, for all £ > 0.

Inductively, we define

tp_ )l
x(t) ::/0 (t(k)l)!x(T)dT

_ /Ot (/Ot (/Ot z(to)dto) ...dtp_2> dty 1,

|lzr(t)]] < Cre*r! HRT(u)kon < Cre“rt||zgl|, for all t >0,

and obtain

for some wi, € R, C > 0, and for k € {1,...,p}. Thus, for every ¢t > 0, the
mapping
Sp(t): ran Ry ()P = Xyan, X0 — 2p(t)

is bounded as follows
1S, (H)zoll < Cpe® | R ()P 20l = e“*[|zo], (3.7)

for an appropriate w, € R. By Proposition 1.3.5, every mild solution maps
into X;ay. Therefore, S,.(t) is well-defined. Since ran R, (u)? is dense in Xy,
we extend S, (t) to Xyan continuously and denote it again by S, (t).
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As z is a mild solution of (3.1), we have z1(t) € dom(A) and
Az (t) = Ex(t) — Exo.

Hence, 1 and Az are both integrable. Since A is closed, x2(t) € dom(A)
holds for ¢ > 0 with

Azs(t) :A/Otxl(f)df - /OtAxl(T)dT.

By integrating Az; = Ex — Fx( and using again the closedness of A, we
obtain x3(t) € dom(A) for ¢t > 0 with

A (t) = /0 ' Aa(r) dr

Inductively, we obtain S,.(t)xg € dom(A) for ¢ > 0, and through integration
by parts, we have

AS, (t)zo = /t (-7

o (»—2)!

A/ z(o)dodr
0
=FEz(t)—Exo

= ti(tiﬂpizxr 7'—7151)71 T
_E/o (»—2)! (r)d po1i "

:%Sr(t)wo

_E ((isr(t)xo - (ptp_i)!xo) .

Since A is closed, we obtain AP fOT e MS,.(t)zo dt € dom(A) for T > 0, and

T T
A()\p/ e MG, (t)xo dt) = )\p/ e MAS,(t)zo dt
0 0

>\P T — At d tp*l d
= \/O € E <dtST(t)x0 - (p—l)‘xo) t

T
= Ne M ES, (T)xo + AEN / e MG, (t)xo dt
0

T -1

tp

—\P / e M Fzdt
0 (P - 1)!

T20° 0 4 AER(N)xo + Exo,
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where we defined

R(N)xg = )\p/ e MS,.(t)xgdt, for 29 € Xyan,
0

which is well defined and bounded by (3.7). Here, we have used the fact that
Sr(0)xg = 0 holds and applied integration by parts. Using the closedness of
A once more, we obtain R(\)zo € dom(A) and AR(N)zo = AER(\)zo — Exo.
This is equivalent to R,.(\)zo = R(\)xzo for all 2o € ran R,.(u)?. Using the
closedness of A a last time, we can extend this to all z € X, and obtain

R.(\)z = RNz =\ / e MS, . (t)xdt, forall z € Xpap. Q
0
Remark 3.2.3.

a) It holds that S,.(0) = 0, as S,.(0) is already 0 on ran R,.(u)P.

b) Following the argumentation in the above proof, we obtain S, (t)zy €
dom(A) for all zg € ran R, (11)P.

¢) If ran R, (p)? Nker R, (11)? = {0} holds, then R,(u) is a resolvent for an
operator Ap on ran R, ()P and we can directly make use of the theory
of integrated semigroups as seen in [Neu88; ABHN11].

The next step is to prove that the left-resolvent also has a representation
analogous to that of the right-resolvent in (3.6).

Corollary 3.2.4.
Let (E,A) satisfy Assumption 2 and define p = pcyes + 1. Then (E, A)
generates a p-times left-integrated semigroup (Si(t))i>0 01 Zyan.

Proof. Let p € p(E, A) be arbitrary, and consider
(B, A) = (B(uE — A)™, A(uE — A)™).
Then, for all A € p(E, A), we have that
(\E = A)™' = (uE — A)(\E — A)7",
and therefore
EONE— A '=EM\E—-A) ' =(0\E—A)'E.

Since (E,A) has a complex resolvent index peres, the same holds true
for (E,A), and in particular, we have ran (AE — A)~1E)P = Z,.,. Using
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Theorem 3.2.2, there exists a family (S;(¢)):>0 with ||Si(t)] < Ce“t, for an
w; € R and C > 0 with Creso, C p(E, A) and

Ri(\)z=(\E—A)"'Ez= Ap/ e MG (t)z dt,
0

for all z € Zan, A € Cresw,- a

Remark 3.2.5.

In the case when X = Z and E = Ix hold, the theory of integrated semi-
groups for DAEs introduced here aligns with that from [Are87; ABHN11;
Neu88]. To be more precise, the left- and right-integrated semigroups gener-
ated by (Ix, A) coincide. Additionally, as A is densely defined, dom(APere=) =
ran ((ulx — A)~1)Peres = ran R,.(u)Peres is dense in X. Thus, the integrated
semigroup is defined on the entire space.

In what follows, we denote w as the maximum value of w, and w; derived
from the proofs of Theorem 3.2.2 and Corollary 3.2.4.

Lemma 3.2.6.
Let (E, A) satisfy Assumption 2, define p = peres + 1, and let (Sy(t))i>0
and (Si(t))i>0 be the p-times integrated semigroups generated by (E, A). For
every xg € Xyan and 2o € Zyan, the mappings t — S,.(t)xo and t — S)(t)zo
are continuous.

Proof. This is a direct consequence of the fact that the integrated semigroup
is exponentially bounded and that for elements in the dense subset xy €
ran R, (1), the map ¢t — S,.(¢)xo coincides with the p-fold integral of the
mild solution of (3.1) with initial value z, as can be observed in the proof
of Theorem 3.2.2. By a similar substitution of the operators, as was done
in the proof of Corollary 3.2.4, the same applies for ¢t — S;(t)zg with
zo € ran Ry(p)P. a

Lemma 3.2.7.
Let (E, A) satisfy Assumption 2, define p := peres +1 and let (S;(t))i>0 and
(Sr(t))i>0 be the p-times integrated semigroups of (E, A).

a) For all p € p(E, A) N Cresy, and t > 0, one has

R.(u)S,(t)xo = S, (t) R, (1)xo, for all zg € Xyan,
Rl(u)sl(t)zo - Sl(t)Rl(ﬂ)ZOa fO?” all zo € Zran.

b) For allt >0, one has

ES,(t)xg = Si(t)Exo, for all xg € Xian,
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AS,(t)z0 = Si(t)Azo, for all zy € ran R, (p)?.

c) (Sr(t))i>0 maps all elements from xo € ran R, (u)? to the solution of
the p-times integrated differential-algebraic equation; i.e. one has

d P!

—F =A —F > .

a Sr(t).%‘o Sr(ﬁ)xo + (p — 1)' Tg, t2>0 (3 8)
d) For allt > 0 and © € X,an, one has fo T)xdr € dom(A) and, in

particular,
A/ Sp(T)xdr = ES,(t)r — — Ex.
0 p:

e) One has

t p
A(uE—A)_l/ Si(T)zdr = Rl(u)Sl(t)z—%Rl(,u)z, for all z € Zyay.
O .

f) For allt,s >0, one has

Sy (t)S(s) = /0 ﬁ (t—1)P 'S (r+5s)— (t+s—T)P 'S (1)) dr

:/0 m(ST(T-i-S)—S’T(T))dT

1(1?*1)!
—;fj/ot s,
/Ot o (t=1)P ' Sy(r+5)— (t+s—T1)P7 S (7)) dr
/O Si(t+s) = Si(r))dr

p—1 i e e
Zk'/ p—l— Sl(T)dT
on Xyan and Z.n, respectively. Moreover, one has

Sr-(t)Sr(8)xg = Sy(8)S,(t)xo, for all xg € Xian,
S1(t)S1(8)z0 = Si(8)Si(t) 20, for all zg € Zpayn.

Proof. a) Let pu, A € Cresw C p(E, A) be arbitrary and let 29 € X;an. By
Lemma 1.2.2, the pseudo-resolvents R, (u) and R, (\) commute. Hence,
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we have

pr / R, ()8 ()0 dt = Ry(N) Re ()20
0
= R ()R- (N)zo

= up/ e PSR, (N)wo dt .
0
Then the uniqueness of the Laplace transform implies the assertion.
Analogously, we obtain R;(u)S;(t) = Si(t)Ri(1) on Zyay for all ¢ > 0.
Let g € X,an be arbitrary. As E is bounded, ran R,.(u)P is dense in
Xyan and ER. (1) = R;(p)E holds, we obtain Exg € Zyay. Furthermore,
we have
pp/ e M ES,(t)xodt = ER,.(p)wo
0
= Ry(p) Exo

= up/ e S (t)Exgdt.
0
Then the uniqueness of the Laplace transform implies
ES,(t)xg = Si(t)Exg, forallt > 0.

The second assertion follows analogously.

This follows by exactly the same argumentation as in the proof of
Theorem 3.2.2.

Let A, 4t € Cresw C p(E, A) be arbitrary and let 29 € ran R,-(\)?. Since
(uE — A)~! is bounded, (3.8) is equivalent to
d Pt

ERr(M)Sr(t)xo = (uE — A)"'AS, (H)xo + MRT(u)xO

Pt
= uR (1) S (t)wo — Sr(t)xo + ,Rr(ﬂ)fﬂo,

(r—1)

where we have used that (uE — A) "' A = puR, (1) — Iqom(a) holds. Using
the fact that S,.(0) = 0 holds, an integration gives us

/ S,(r)zo dr = — Ry (1)S, ()0 + R (1) / 8, (r)zo dr
0 0

tP
+ HRT (/1,)1'07

(3.9)
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for all ¢ > 0, and especially

¢
/ Sy(T)xo dT € dom(A).
0

Since R, (u) is bounded and (S, (t));>0 is exponentially bounded, (3.9)
extends to all z € X,,,. Note that the right-hand side of (3.9) maps
into dom(A). Multiplying both sides with (uE — A) and rearranging
the equation a last time, the assumption follows.

e) This follows analogously to the proof of Part d) for
(E,A) = (E(\E — A" AOE — A)™Y)
with A € Creso C p(E, A).

t) The proof for (S, (t))+>0 proceeds analogously to [Neu88, Prop. 5.1] for
(Sr(t))e>0. To show the same for (S;(t))¢>0, we define (E, A) as done
in Part e) and repeat the previous steps.

The commutativity of the integrated semigroups can be verified directly
by straightforward calculations. a

Remark 3.2.8.
For X = Z and F = Ix, the equation (3.8) is referred to as the p-times
integrated Cauchy problem; see [Neu88; ABHN11]| for further information.

3.3 Solution representation

We now switch to the more general case and consider DAEs with inhomo-
geneities; i.e.,
S Br(r) = Ax() + (1), 120
dt B LT (3.10)
Ex(0) = Ex,

where X, Z, E, and A are defined as in Assumption 2, along with 2o € X
and f: [0,00) = Z.

Before analysing the solutions for arbitrary functions f, we first distin-
guish between two scenarios. Specifically, we examine the cases where f(t)
resides either in Z,,, or in Zy,. Subsequently, solutions of (3.10) can be
constructed and characterised as long as the space Z decomposes into

Z = Zran 2 Zker~
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3.3.1 Inhomogeneity in 7,

Let (E, A) have a complex resolvent index. By Theorem 2.4.7 b), (E, A) has
a chain index that is bounded by p¢res + 1. By Lemma 2.6.1, we have that

Ekcr = E|Xker: Xkcr — chr
is bounded and
Akcr = A‘dom(A)ﬂXker: dom(Akcr) g Xkcr — chr

is invertible with a bounded inverse. Moreover, the operators Eyer Ar L and

ker
A;;Eker are nilpotent, with a degree not exceeding pchain- Hence, as long
as (F, A) has a complex resolvent index, we possess all the necessary tools
to present solutions incorporating inhomogeneities in Zye,. This is done

similarly to the finite dimensional case, as noted in [KMO06, Ch. 2].

Theorem 3.3.1.
Let (E, A) satisfy Assumption 2 and define p = pcyes + 1. Then, for all
f € CP([0,00); Zyer), there exists a classical solution of (3.10) of the form

P
2(t) = = ) A (B Ai) O (1), £20,
i=0
with initial value o = — Y b_o At (Brer Ak ) £(0).

Proof. By applying E to the solution z(t), we obtain

|
—

P . P .
Bx(t) = =Y (Fuardih) " fO(1) = =Y (BieeArh)™ £ (8),

=0 %

Il
o

for all t > 0. Note that the nilpotency of EkerAkcr was used in the second
equation. Since f is p-times differentiable, Fx becomes differentiable as well.

Then we have

d p-1 _1\0+1 i
) == 3 (Buodil) 1000
p i )
= - Z (EkerA;ei) f(l) (t)

- Aker <Z Aker Eker ker) f( )( )) + f(t)

=1

= Ax(t) + f(t), t>0. Q
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3.3.2 Inhomogeneity in Z,,,

In order to address the inhomogeneities in Z,,,, we will generalise the
solution theory of the inhomogeneous abstract Cauchy problem %x(t) =
Az(t) + f(t), (0) = xo, and extend the proofs of [ABHN11, Chapter 2.3| to
the inhomogeneous DAE case using Lemma 3.2.7. These results provide us
with the necessary and sufficient conditions regarding the inhomogeneities
for the existence of solutions. We start by proving that the solutions of

(3.10) do not leave Xi,,.

Lemma 3.3.2.

Let (E,A) satisfy Assumption 2 and define p = pcres + 1. Let f €
LY([0,00); Zyan) and x: [0,00) — X be a continuous mild solution of (3.10).
Then one has x(t) € Xyan for all t > 0.

Proof. For simplicity, we assume that A =0 € p(E, A) holds; i.e., A has a
bounded inverse. Let & be a continuous mild solution of (3.10). Then we
have

t+h t+h
Ex(t+ h) — Ex(t) = A/t x(r)dr +/t f(r)dr,

or equivalently

t+h t+h
AVE (ot + h) — 2(t)) — A—l/ F(7)dr = / 2(F)dr,  (3.11)
t t
for all t,h > 0. Observe that for all k¥ € Ny we have
AN Zan) € Xpan C ran R.(\)F. (3.12)

Thus, A~} tt+h f(r)dr is in X,an. Altogether, the left-hand side of (3.11)
maps to ran R,.(\). By dividing both sides by h and letting h converge
to 0, we deduce z(t) € ran R,.(\). Repeating this iteratively, we obtain

z(t) € ran R, (\)* for k € N. Thus, we have

z(t) € ﬂ ran R.(\)%, for all ¢ > 0.
keNg

By Proposition 1.2.5, the sequence ran R,.(\)* stagnates at k = p, which
leads to z(t) € Xyan for all t > 0. a

Now let (E,A) satisfy Assumption 2, define p = pcres + 1 and let
(Sr())i>0 and (Si(t))t>0 be the p-times integrated semigroups generated
by (E,A). Let f € L*([0,00); Zran). Then, for 29 € Xyan, we define the
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function

() E{E()-i-/ Sl t—T (313)

.T0+/Sl fit=m7)dr, te]0,00).

Subsequently, we can formulate the following necessary condition for the
existence of solutions.

Theorem 3.3.3.
Let (E, A) satisfy Assumption 2, define p = pcres + 1 and let (Sy(t))i>0
and (Si(t))i>0 be the p-times integrated semigroups generated by (E, A). Let
f € LY[0,00); Zyan), To € ran R,.(u)P and v be as in equation (3.13).

a) If z: [0,00) = X is a continuous mild solution of (3.10), then one

obtains v € CP([0,00); Zyan) and Ex = S5v.

W

b) If z: [0,00) — X is a classical solution of (3.10), then one obtains
v € CPL([0,00); Zran) and %Ex = ;;:rlv

Proof. a) Let t > 0 be arbitrary and let 7 € [0,t). Define

w(r) = ES.(t—7) /OT z(o)do.

By Lemma 3.3.2, this is indeed well defined, as x is a continuous
mild solution that maps to X,., for all £ > 0. In addition, we have
Jy #(0)do € dom(A), for all 7 > 0. Hence, by Lemma 3.2.7 b) and c),

we have

d - - Tx 0 U_M T(E o)do
Tw(r) = —AS,(t )/0 (0)do === E/o ‘
+ ES,(t — 7)x(T)

_ St —1) (Ex(T) - A/T 2(0) da)
t;;T)ple/

—Sit—7) (/ (o) do +Ea:(0)>
thp 1E/
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for all 7 > 0. Since fot Lw(r)dr = w(t) — w(0) = 0 holds, we obtain

/Ot Sl(t—T)( OTf(a) da—l—Em(O)) dT:/O — 1 E/ o)dods

for all t > 0. Thus, by taking the (p + 1)-th derivative, we obtain

Ea:(t):j;i(/ (t=7)" E/ dadr)
d;:l (/ St — ) (/ (o) do +Ex(0 )) dT)
;;:1 ( / Si(7) ( /0 (o) do +Ex(0 )) dT)

T (/ Si(r)f(t—7)dr +S5 () E (0)) = %v(t), t>0.

Note that we used Proposition 1.5.6 in the last equation.

b) If z is a classical solution, then Fz is continuously differentiable. By
Lemma 1.3.2, every classical solution is also a mild solution. Together
with Part a), we obtain & Fxz(t) = %v(t) and, in particular, v €
CP*L([0,00); Zran)- a

Before we continue, we need to make a slight adjustment to the function
v defined in (3.13). In the following, we assume that the inhomogeneity
maps into the range of E. Thus, we assume f € L'([0,00); X;an) and denote
f = Ef. Then we define

(t) = x0+/5 ft=7)dr, t>0. (3.14)

By Lemma 3.2.7 b), it holds that ES,.(t) = S;(t)E and thus v(t) = Eo(t).

Theorem 3.3.4.
Let (E, A) satisfy Assumption 2, define p = pcres + 1 and let (S;(t))i>0
and (Si(t))e>o0 be the p-times integrated semigroups generated by (E, A). Let
f e LY([0,00); Xean), f = Ef, ©o € ran R.(p)?, and v be defined as in
(3.14).

a) If v € CP([0,00); Xyan), then x = %ﬁ is a mild solution of (3.10).

b) If o € CPYL([0,00); Xyan), then x = ;tpv is a classical solution of
(3.10).
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Proof. a) We start by integrating ¢ and using Fubini’s Theorem
t ~
/ o(r)dr = S( )ZEodT+/ Sp(o)f(r —o)dodr
0 0

to’
/S ondT-l-// o)drdo, for all ¢t > 0.

Applying A from the left and using Lemma 3.2.7 d), we deduce

P

t
A / 8(r) dr = ES, ()0 — = Exg
0 p:

¢ s (t—71)P -
+ [ B8 - it - T Bl ar

——
—1(r)
t
— Bi(t) — gEa:O - /0 (t p!T)p f(r)ydr,  (3.15)

for all ¢ > 0. Since A is closed and Ev = v is p-times continuously
differentiable with 9(0) = 0, we deduce

dk B dk+1 ~ tp*(kJrl)
Agrt(t) = g Bo(t) — mmo
Lt — o)p= (kD)
_/o TS A (3.16)

forallt >0 and k € {0,...,p — 1}. Hence, for k = p — 1 we have

dar—t | dr
va(t) @EU Efﬂo —/ f

Thus, x(t) == dtpﬁ(t) is a mild solution of (3.10).

b) If ¥, and thus also E¥ = v, is p + 1-times continuously differentiable,
we derive
dr _ dptt

A@v(t) v ——FEo(t) — f(t), forallt>0.

Together with (3.15) and (3.16), we conclude

and
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Thus, z(t) = %6(15) is a classical solution of (3.10). a

The condition f = E f may initially seem somewhat restrictive. However,
if we additionally assume that ran F is closed, we have Z,,, = ran R;(u)? C
ran F, since ran R;(u)P? C ran E always holds true. Consequently, every
f € LY([0,00); Zran) lies within the range of E.

In what follows, we specify a condition that ensures the existence of a
function f with f = Ef.

Proposition 3.3.5.
Let (E, A) satisfy Assumption 2 and define p = peres + 1. If

Xyan Nker R, (1)? = {0}

holds and E(X;an) is closed, then E: Xyan — Zyan 18 boundedly invertible.

Proof. Since we have E(ran R,-()?) C ran Ry(u)?, it is clear that E(Xyan) C
Zyan holds. Let z € ran Ry(u)P™! be arbitrary. Then there exists some y € Z
with

2= Ri(p)"*'y = ER(n)P(LE — A)'y.

Hence, we obtain

ran Ry (p)P™ C E(ran R, (p)?) € E(Xyan)-

Taking the closure yields Z,.n € E(Xpan) = E(Xian), and thus E: X, —
Zran is surjective. Since we assumed Xy, Nker R, (u)? = {0} and ker £ C
ker R,.(u)?, the operator E: X,a, — Zyan is injective. Then the statement

follows from the open mapping theorem. d

Remark 3.3.6.

We have now seen that solutions of (3.10) can be analysed if the space Z
decomposes into Z = Z,a, D Zker- Unfortunately, this is not always the case,
as observed in Example 2.1.4. This obstacle can be circumvented under
specific conditions in Hilbert spaces. To be more precise, (3.10) can be
transformed into a DAE with inhomogeneities in Z,,,, as long as the spaces
ran R, (u)F and ran R;(u)* stagnate for some k € Ny, as noted in [GR25,
Sec. 5]. By Proposition 1.2.5, this is guaranteed when the complex resolvent
index exists.

To construct such a decomposition, we recall the spaces Xianir =
ran R, (u)F, Zyanr = ranRy(p)* for k € Ny, introduced in Section 2.1.
As X and Z are Hilbert spaces, we have

X = Xran,l @ ker (RT(,U/))* = Xran,l @ WX,17



3. INTEGRATED SEMIGROUPS 87

Z = Zran,l @ ker (Rl(/i))* = Zran,1 2] WZ,l,
and we decompose the spaces Xian 1 and Zian i by

Xran,k = Xran,k+1 53] WX,k+17

Zran,k = Zran,k+1 S WZ,k-‘rla

for k € {1,...,p—2}, until the spaces Xyan k and Zyan , stagnate at & = pe res-
Here, Wx 41 and Wz ;1 denote the orthogonal complement of X,an 41
and Zyan x+1 With respect to Xyan 1 and Zyan i, respectively. Thus, we obtain

X=X @Wxp 1 ®@Wxp2®...0Wx,

(3.17)
L =LanOWzp 1 ®OWzp 2®...0 Wz1.
Hence, we have
(R X Be(Wlwx,n P Be(Wlws, . PxpnRe(i)lwy,
0 0 PWX,p*lRT(u)|WX.p72 e PWX,pfer (/L)‘WX.I
Re() = | | | '
PVVXQRT(iu)lWX.l
L 0 0
and
[Ri()| 2o Ri(Wlwzy Pz, RiWlws, . -  ProRi(wlw,,
0 0 PWZ,p—lRl (u)‘WZ¢p72 o PWZ,[J—IRZ (M)‘WZJ
Ry(p) = ' ' '
PWZ,ZRl(M)‘WZ,l
I 0 0

where Py denotes the projection onto a space Y. Using Lemma 1.3.4, it is
enough to observer the following DAE

wp(t) wp (t) ~fp(t)
d wp—1(t) wp—1(t) fo—1(t)
—Ri(p) : = + :

t>0
dt

: : S L (3.18)
w1 (t) w1 (t) A

Ri(p)w(0) = Ri(p)wo,

where wg and f have been adjusted accordingly, for ¢ € {r,[}. By utilising the
upper-triangular structure of R;(u) and assuming that the f; are sufficiently
smooth, we can solve this DAE iteratively, starting with the last row. Then
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(3.18) transforms into

d
T W mr g we(t) = wp(t) +9(8), ¢ 20,

where

In this case, g maps into ran R;(u)P.

3.4 Generation of Cy-semigroups on a subspace

In [GR25], it was demonstrated that the DAE (3.10) can also be investigated
using pseudo-resolvents. To be more precise, instead of studying the DAE
(3.10) directly, it is possible to study the altered DAE
d ~

aRO‘)w(t) = w(t) + f(t)v t=>0,

where R(A) denotes either the left- or right-resolvent of (E, A) at a A €
p(E, A). Under an index concept slightly stronger than the complex resolvent
index, it is possible to show that R()) is the resolvent of an operator on the
closed subset ran R(\)* (which equals X,., Or Z,a,, depending on whether
R(\) coincides with R,.(\) or R;())). Specifically, there exists an operator

Apg: dom(Ag) C ran R(\)¥ — ran R(\)¥,

such that
R(N)|

if (E, A) fulfils the (Dy) condition from Remark 2.3.2 (iv). Furthermore, in
[GR25, Sec. 8], it was shown that Ar contributes directly to solving (3.10)
if Ag generates a Cp-semigroup in ran R(\)¥. Moreover, if Mp =1 in (Dy),
then this semigroup extends to a degenerate semigroup on the entire space.

ranR(\)k = ()\I - AR)ilv

In this section, we tackle the same task under weaker assumptions
and show that Agr always generates a strongly continuous semigroup on
a subspace by only assuming that (F, A) satisfying Assumption 2, has a
complex resolvent index, and X,,, Nker E = {0}; analogous to [Neu88] for
the abstract Cauchy problem. Note that all of this is implied by the (Dy)
condition. We start by presenting an auxiliary lemma.

Lemma 3.4.1.
Let (E, A) satisfy Assumption 2, p := Peres + 1, © € Xyan, and let (Sy(t))i>0
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and (S1(t))i>0 be the p-times integrated semigroups generated by (E,A).
Assume that X,an Nker E = {0} holds. If S-(t)x = 0 holds for all t > 0,
then x = 0.

Proof. By Lemma 3.2.7 d), we obtain

t P
0= A/ Sr(T)zdr —ES,(t)r = —— FEx, forallt >0, (3.19)
0 p:

and especially Fxz = 0. Since we have X,,, Nker E = {0}, the assertion
follows. a

The next result is a generalisation of [Neu88, Thm. 5.2]. The main
difficulty lies in the fact that here R, (u) is only a pseudo-resolvent, which
cannot be expressed as a resolvent on a subspace without further assumptions.
To simplify the notation, we denote the k-th integral of ¢ — S,.(t)z for
z € Xpan by SH (t)x = fg %Sr(v) dv for k € N. This exists due to
Lemma 3.2.6. Furthermore, we define for m € Ny the space

Com={x € Xyan | t— S, (t)x € C™(]0,00); Xran)} - (3.20)

We write S (t)x to denote the p-th derivative of t — S,.(t)x for z € C),.

Theorem 3.4.2.
Let (E, A) satisfy Assumption 2, define p = pﬁfs’A) +1, and let (S;(t))i>0
and (Sy(t))i>0 be the p-times integrated semigroups of (E, A), with ||S,(t)]] <
Ce“" and ||S,(t)]| < Ce*t.

(a) One has Cyp C ran R, ()P C C).

(b) F = C’igpu'HF C C, is a Hilbert space, where
lzo||F := sup He*“tSﬁp) (t)xOH
>0
defines a norm on ran R,.(u)P.

(c) (Sﬁp)(t))tzo is a strongly continuous semigroup on F.

Proof. Let m € Ny and xg € Cy,, be arbitrary. By Lemma 3.2.7 ), we have

bt — )t kY
Sr(t)ST(s)xoz/O ((p_)l)!sr(ws)xodv;%ﬂs? =311z, (3.21)

for all ¢, s > 0. Thus, we have S,.(s)zg € Cp,+1 and consequently S,.(s)Cy, C
Cpy1 for s > 0. Let k € Ng with £ < p—1 and let m > p. Using (3.21) and
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the continuity of S, (t) from X,an to X;an, we show inductively

Sp ()5 (s)ag = / t w&«(f +5)zodr

(p—1-k)
—1
tp=1=d 4
Glk—1-3)
Z e OL 5.22)
7=0
bl ik A
- - SIP=1=3l(t)zg, for all t,s > 0.
= (7 —k)!

Thus, Sﬁk)(s)Cm is a subset of C,,11, and Sr(t)Sﬁk)(O) = 0 holds for all
1<k <p-—1. Since we have X,,, Nker E = {0}, we can use Lemma 3.4.1
to obtain Sﬁk)(O) =0on Cy, for all 0 < k < p— 1. Differentiating (3.22) with
respect to s once more, we derive

Ly
S, (t)SP) (8) g = Sp(t + 8)o — Z S(J (s)xg, forallt,s>0, (3.23)

Jj= 0

and thus, Sﬁp)(s)Cm is contained in C), for all p < m and s > 0. Rewriting
(3.23), we obtain

S, (t) (5§p>(o> - ch) =0, forallt>0,

and (fspS (0) = I¢, on Cp, by Lemma 3.4.1. Note that I, denotes the
identity on C,. Taking the p-th derivative with respect to ¢ from (3.23), we
obtain

SP (1)SP)(s) = SP)(t +s), forallt,s>0

on Cy,, for all m > p. Thus, (S,(t))i>0 is a strongly continuous semigroup
on C,, for all m > p. Now, let g € C,, and m > p + 1. Differentiating
(3.23) along s, we obtain

p—1
S, (£)SPHY (s)xg = S (t + s)a0 —
j=0

]'SJH)() o, forallt,s>0.

Thus, ST (s)C,, € Cpu_y holds for all m > p+ 1, and one has

tp—1

-

S (H)SPHY(0)zg = SWU (t)xo — for all t > 0,
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as Sﬁp)(O) = I¢,. Hence, by integration by parts, we derive

Ry (1) SPH(0)wo = P / e S, ()5 (0)o dt
0

p—1

= ,up/ e M S (H)xg — )'xo dt = pR,(n)xo — To.
0 .

(p—1
Consequently, we have
Ro() (ulc,, = ST0(0)) = Ie,,

on Cy, and C,,, C R, (u)Cyp—1 holds for all m > p + 1. Since S,.(t)Cy, is a
subset of Cp,11 and R,.(u) = pP fooo e HtS,.(t) dt holds, we have R,.(1)C,, C
Cint1 for all m > 0. Combining these two, we obtain

R.(u)Cre1 = Cy, (3.24)
for all m > p+ 1 and

Cop = Ro(1)Capr = .. = Ry(p)"C,  ram Ry (1)?

Xran

holds. By Theorem 3.1.1, for all zy € ran R,.(u)?P, there exists a zg € X with
2o = Ry (t)P2z0 and a mild solution z(-) with

Hsﬁm(t)xou = |lz(t)]| < Ce*t||zo|l, for all t >0, (3.25)

and in particular, ran R, (u)? C C, holds, which shows the first assertion.
Note that we used the fact that S,.(-)zo is the p-th integral of the mild
solution z(-).

To address the second assertion, we define the norm on ran R,.(u)? as
follows

|zo|| 7 == sup He*mSﬁp)(t)xOH
>0

and denote the closure of Cy, with respect to || - || by F. By invoking
Sﬁp)(O)xo = x9, we have
]| < [l e (3.26)

Let (z,,)n C C3, be a sequence converging to an z € F with respect to
|| - l7- By (3.26), the sequence also converges to x in Xyay, and since S, (t)
is bounded, S,(t)z, converges to S,(t)z. Since z, € Csp, the functions
t — S,(t)x, are at least p-times continuously differentiable. Using the
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semigroup property of (Sﬁp ) (t))t>0 on Cayp, we have

‘ SP)(s)z,|| =sup Hef‘*’tSﬁp) (t+s)zn|| < e o] g, (3.27)
F t>0
for all s > 0.Together with (3.26), we obtain
HSﬁp)(s)xn - Sﬁp)(s)xm" < e |ay —xpm||p, forall s>0, (3.28)

and since Sy(-k) (0)z, =0 holds for all 1 <k <p—1 and n € N, the function
t — S, (t)x is p-times continuously differentiable. Thus, z is in C)p, and F' is
a subset of C,.

Now, let x € F' C C}, be arbitrary. Then s )(t)x is well-defined. Let
(zn)n C Cap be a sequence that converges to x with respect to || - |r. By
(3.28) and (3.26), (Sﬁp) (t)xn)n is a Cauchy sequence in F' and X,ay. Thus,
sw (t)x,, converges to some g € F in || - ||F and SP) (t)z in Xyan. Moreover,
we obtain Sﬁp)(t)x = g € F, and consequently, siP) (t): F — F is well-
defined for all ¢ > 0. Since (S,gp ) (t))e>0 is a semigroup on Cp, it is evidently
also a semigroup on F, since F' is the closure of Cy,.

What remains to be shown is that (Sﬁp )(t))tZO is strongly continuous.
Let 2 € Oy, be arbitrary. Since Cy,, is a subset of ran R,.(1)P|c, , there exists
a z € Cp with © = R, (u)Pz. Similar to Lemma 3.2.7 a), we can show that

SP OR,(1)Pz = Ry (1)PSP (t)z holds for all + > 0. Then (3.25) leads to

B2 ()21l = sup [le= SO (0 R (u)72]| < €.

and thus, using the fact that (Sﬁp )(t))tzo is a strongly continuous semigroup
on C,, we obtain

SO W —af =S¥ O R ()7 ~ B

= R (s@ 1)z - 2) |

<Jseros—],

F

F

—0, t—0.

Since Cs), is dense in F, it follows from (3.27) that ||S,(«p) (t)x —x||F converges

to 0 for all z € F for ¢ — 0. Thus, (Sﬁp) (t))¢>0 is strongly continuous on
F. Q
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3.5 Notes to Chapter 3

In this chapter, we proved the existence of integrated semigroups (S, (t)):>0
and (5;(t))e>o for the left- and right-pseudo-resolvents of (E, A), under the
assumption that (F, A) has a complex resolvent index. Afterwards, we
established necessary and sufficient conditions on the inhomogeneities for the
existence of solutions to the inhomogeneous DAE. This was accomplished by
examining the cases in which the inhomogeneities reside either in Z,,, or in
Zyer- It is still uncertain whether one can extend the integrated semigroups
from X,., and Z.., to the entire space X and Z. If this were possible, the
previous distinction between cases would no longer be needed and would
allow for a wider range of inhomogeneities.

Afterwards, we proved that if Xy Nker ' = {0} holds, (E, A) generates
a strongly continuous semigroup on a closed subspace. This result is of
particular interest for the class of port-Hamiltonian DAEs introduced in
Chapter 6.

To be more precise, let X = Z, let E be non-negative, and let A be
maximal dissipative, and assume that (F, A) satisfies Assumption 2 with
P = Pc,res +~1-~

Define (E, A) :== (E(uE — A)~1, A(uE — A)~1). Since the left- and right-
resolvent of (E, A) coincide with the left-resolvent of (E, A), the left- and
right-integrated semigroups of (E, A), denoted by (S (t))t>0 and (gr(t))tzo,
coincide with the left-integrated semigroup (S;(t))+>0 of (E, A). Hence, we
write

(S(1))iz0 = (S(t))ez0 = (Si())ez0 = (Si(t))s2o0.

Moreover, the spaces X,., and Z,,, associated with (E, E) both agree with
Zran associated with (E, A). By [GR25, Prop. 7.1 & Thm. 5.1], we have

Zran Nker Ry ()P = {0}, (3.29)

and in particular, Zy., Nker E = {0} holds. Thus, one can apply Theorem
3.4.2 to (E, A) to obtain a strongly continuous semigroup on a subspace.
Moreover, by (3.29), the operator

AR: dom(AR) C Zran = Zran
with dOHl(AR) = E(LLE - A)il(Zran) and
Ap(E(uE — A)~'z) = pE(uE — A) 'z —x

is well-defined. Then the operator Ag is precisely the generator of (S®)(t));>o
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and coincides with
SP(0): Cpyy CF - F

on Cpy1. Thus, Theorem 3.4.2 highlights the role of Ar in cases where it
fails to generate a strongly continuous semigroup on Z.,.



Chapter 4

Extrapolation spaces

In this chapter, the concept of extrapolation spaces is generalised. As
discussed in [TW09; ENO0O; Sta05], it is always possible to continuously
extend a closed and densely defined operator to the whole space, provided
that the resolvent set of A is not empty. This result is now generalised to an
operator pair (E, A), where E: X — Z isbounded and A: dom(4) C X — Z
is closed and densely defined. The primary challenge arises from the fact
that A operates between two distinct spaces, X and Z. As a result, no chain
of the form X; C X C X_; can be constructed, as would typically be the
case. Instead, we obtain a diagram of the form:

X ——X

x‘
X‘ ~;
Z——— 7

Figure 4.1: Extrapolated spaces.

To achieve this, we will focus on operators defined on Hilbert spaces
rather than Banach spaces, as we did previously. Therefore, our assumptions
require minor adjustments.

Assumption 3.
(i) X and Z are complex Hilbert spaces.

(il) E: X — Z is bounded.

(i) A: dom(A) C X — Z is closed and densely defined.

95
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(iv) p(E,A) is not empty.

This chapter is organised as follows: In Section 4.1, we construct the
extrapolation space Z_; with respect to (uE — A)~! (for a u € p(E, A)) and
show that A extends uniquely to a bounded operator on L(X,Z_1). This
enables us to analyse the extrapolated DAE presented in Section 4.2. In this
section, we examine the homogeneous case %Ez(t) = A_jx(t) and show
the existence of the complex resolvent index, assuming that it already exists
for (E, A). Then we consider the inhomogeneous DAE in Section 4.3, where
we utilise chains and augmented Wong sequences to specify necessary and
sufficient conditions on the inhomogeneity for the existence of solutions.

The relationships and structures that emerge in this context are illustrated
in the following diagram.

p(B, A) # 0

Section 4All

The extrapolation space Z_1 & 3A_1 € L(X,Z_1) : A 1|dom(a) = 4

Section 4.2 Section 4.3
Solvability of Augmented DAE
z(t) z(t) Ez(0) Ez,
d _ € - -
wBz(t) = Az(t) #& 0 (5) =141 (50) (50) = (o)
Section 4.2 Section 4.3
(B,A4)
(E, A) has p¢res Augmented Wong Sequences V;
E A
= (B, A_1) has pees <pld) +1 for (B 0],[A-1 1))
Section 4.3 Section 4.3 Section 4.3
(B,4) has p = pl5d), Jaq, ...,z S:L. . _ .
) ,U p‘lz . ( ) solution é( (t))e N; Vi
Bxj=A z;+ f9(0), 0<j<p= 3<f> solution f f®)

Figure 4.2: Chapter 4 overview.

The results presented in this chapter have been published in [EJR25a].
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4.1 The extrapolation space Z_;

Let (E, A) satisfy Assumption 3 and let u € p(E, A). Define X; := dom(A)
with the norm

||‘THX1 = ||(/UE - A)zHZ, for x € Xl.
Furthermore, we define Z{ := dom(A*) with the norm
||Z||Zf = ||(nE* — A")z||x, for z € dom(A").

In the following, we show that X; and Z{ are Banach spaces whose norms
are independent of p, as they are equivalent to the graph norm of A and the
graph norm of A*, respectively.

It should be noted that the idea behind the following proofs originates
from the non-generalised setting, in which the resolvent of A is systematically
replaced by (AE — A)~! at the relevant points, and the properties of the
bounded operators are rigorously exploited.

Proposition 4.1.1.

Let (E, A) satisfy Assumption 3 and let p € p(E, A) be arbitrary. Then
X1 is a Hilbert space and || - ||x, is equivalent to the graph norm of A on
X. The embedding X1 C X is continuous and for every T € L(X) with
T(dom(A)) C dom(A), we have T € L(X1).

Proof. We show that || - ||x, is an equivalent norm to the graph norm of A;
i.e., equivalent to the norm || - ||a = | - ||x + |A-]z- As E and (uE — A)~*
are bounded, we obtain

zllx, < lulIElLx,2) lz]lx + [|Az]|z
< (Il 1B Lix,2) + Dl 4,

and

lella < llallx + (B — A)allz + || Bz 2
<N E = 7 Izl + lellx, + |EGE A7, lzlx,.

for all x € X;. Hence, || - ||x, and || - |4 are equivalent norms for all u €
p(E, A). Additionally, by [|z|x < ||lz[|a, the identity Ix, maps continuously
from X7 to X; i.e., X7 is a continuous embedding in X. Then, for every
operator T € L(X), with T(dom(A)) C dom(A), the restriction to X is
continuous. Using the Closed Graph Theorem, the assertion follows. a
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Applying Proposition 4.1.1 to the adjoint of A, we obtain the following.

Corollary 4.1.2.

Let (E, A) satisfy Assumption 8 and let p € p(E, A) be arbitrary. Then
Z{ is a Hilbert space and || - ”Zii is equivalent to the graph norm of A* on
dom(A*). The embedding Z§ C Z is continuous, and for every T € L(Z)
with T(dom(A*)) C dom(A*), we have T € L(Z{).

This brings us to introduce the extrapolation space Z_;.

Definition 4.1.3 (Extrapolation space Z_1).
Let (E, A) satisfy Assumption 3 and let u € p(E, A). We define the extrap-
olation space Z_1 as the completion of Z with respect to the norm

lzllz_, = H(uE — A)fleX, for z € Z.

Again, we will show that Z_; is a Hilbert space and that it is independent
of the choice of 1, as || - || z_, is the dual norm of || - || za with pivot space Z.

Proposition 4.1.4.

Let (E, A) satisfy Assumption 3, and let X € p(E, A) be arbitrary. Then,
the norm || - ||z_,, and therefore the space Z_1 itself, is independent of the
particular choice of p. Furthermore, Z_1 is dual to Z¢, and for T € L(Z)
with T*(dom(A*)) C dom(A*), there exists a unique bounded extension
T € L(Z_,).

Proof. For z € Z, we have

l#ll-1 = sup |((WE — A) 'z, |

EAS
lzllx <1
= sup [(z,(A\E* — A*)_1x>Z’
z€X
llzllx <1
= sup [(z,9)z].
yezy
lyllz<1
Thus, || - [|z_, is the dual norm of [| - || za with respect to the pivot space Z.
Since || - || za does not depend on the choice of y, the same is true for || -[[z_,
and thus, for Z_;. Then the rest follows by [TW09, Prop. 2.9.3]. Q

Proposition 4.1.5.

Let (E, A) satisfy Assumption 8 and let p € p(E, A) be arbitrary. Then
E is a bounded operator from X to Z_1 and A has a unique extension
A_q € L(X,Z_1). Furthermore, one has u € p(E,A_1) and (uE—A_1)"' €
L(Z_1,X).



4. EXTRAPOLATION SPACES 99

Proof. Clearly, we have £ € L(X,Z_1). Since A is closed, the operator
A: Xy — Z is bounded and (uF — A): X; — Z is boundedly invertible for
all u € p(E, A). By Proposition 4.1.4, the adjoint A*: Z¢ — X is bounded
as well and Z_; is dual to Z{ with pivot space Z. Let A_; € L(X,Z_,)
denote the dual of A*. Then for 2 € dom(A) and z € dom(A*), we have

(Ac1z,2) 7| za = (2, A2)x,x = (A7, 2) 2,7

Thus, we deduce A_x = Az for all z € dom(A), and since dom(A) is dense
in X, A_; is the unique extension of A. Define R(u) = (uFE — A)~'. Since
IR(1)z]| = ||z]lz_, holds for all z € Z, the resolvent R(u) has a unique
bounded extension R(u) € L(Z_1, X). Moreover, we have

R(p)(uE — A_y)x ==, forall z € dom(A),

and

(WE —A_1)R(p)z =2, forallze Z.

Since dom(A) is dense in X and Z is dense in Z_4, it follows that (uE —
A_1)7! = R(p). a

Corollary 4.1.6.
Let (E, A) satisfy Assumption 3 and let i € p(E, A) be arbitrary. Assume
there exist an invertible operator T € L(Z,X).

a) The space X{ = (dom(TA),| - | x7) with the norm
|zl xz = T(nE — A)z|x, for x € dom(A),

is a Hilbert space. Further, || - | xr is equivalent to || - || x, .

b) The space Z1 = (dom(AT),|| - |zr) with the norm
2l 7 = l(1F — AYTall 7, for = € dom(AT),

is a Hilbert space. Further, || - | zz is equivalent to the graph norm of
AT.

¢) Define XT| as the completion of X with respect to the norm
|zl x, = | (nE — A)_IT_ICEHX , forxeX.

Then TA: dom(TA) C X — Z extends uniquely to a bounded operator
(TA)_y € L(X,XT)). Furthermore, we have p € p(TE,(TA)_1) and
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(WTE —(TA)—1)"" € L(XT}, X).
d) Define Z*, as the completion of Z with respect to the norm
2l zz, = HT_l(,uE - A)_lz’HZ, for z € Z.

Then all norms || - |2z~ are equivalent to || - ||z_,, independent of the
choice of . Furthermore, T extends uniquely to a bounded operator
T 1€ L(ZT,, XT)) such that

(TA)_ =T 1A_;. (4.1)

Proof. Part a) and b) follow from Proposition 4.1.1 and the boundedness
of the operators E, T and T~!. Part c) follows from Proposition 4.1.5. It
remains to show Part d). The equivalence of the norms follows from the
boundedness of 7' and T~!. Now, let z € ZT|. Then we have

1Tzl xr, = llzllz0 < N TlLizx) - 2] 27,

Thus, T: Z C ZT, — X7, is continuous and since Z is dense in ZZ,, we can
extend T uniquely to Z,. Moreover, (4.1) holds for 2 € dom(T A). Since
dom(T'A) is dense in X and T, and A_; are continuous on X, (4.1) holds
for all € X. The remainder of Part d) follows from Lemma 4.1.5. a

In Corollary 4.1.6, we observed that X; = X{ and Z_; = ZT, holds.
Therefore, to simplify the notation, we omit the 7" in the spaces introduced in
Corollary 4.1.6 and write X7, Z1, X_1, and Z_; instead. However, we retain
the notation for the norms to ensure that they can easily be distinguished
from one another.

Remark 4.1.7.

With Corollary 4.1.6, it is possible to overcome the difficulty of F and A acting
between two different spaces, provided that the spaces are homeomorphic
to each other. Now, it is possible to iteratively construct X, X _, Z; and
Z_j, via

|2l x,. = |(T(uE — A)ac)]c :EHX , for 2 € dom((TA)"),
lallz, = ||((uB — A)T2)* | . for € dom((AT)"),
lzllx_, = ((ME—A)_lT_lx)kaX, for z € X,
Izl z_, = |[(T""(nE — A)*lz)kaZ, for z € Z,
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for kK € N. This allows us to construct the following extrapolation tower.

P N 1% N ) (7
I X WTX WTO X IT_X\Q) I
7y Z Zy Z4 Z—2 —
(AT)1 (AT)o (AT)—4 (AT)_5

Figure 4.3: Extrapolation tower.

Here, we defined Xy = X, Zy = Z, Ap: Xpy1 — Zn, * — Az and
(TA)p: Xng1 = Xp, 2= TAv forn>0and A0 X_(5,1) = Z_4, and
(TA)_pm: X_(m—1) = X_p, are the unique continuous extensions of A_,,_1)
and T_(,,,_1) for m € Z.

4.2 Solvability of extrapolated DAEs

In this and the following section, we examine solutions for the extrapolated
DAE

d
G et = A + f(1), t20, (4.2)

Ex(0) = Exo,

with initial value g € X and an inhomogeneity f: [0,00) — Z_;, where
(E, A) satisfies Assumption 3. We divide the study of (4.2) into two parts.
First, we consider the homogeneous version of (4.2), in which we show
that all (mild) solutions map to the same space as the solutions of the
non-extrapolated DAE. Afterwards, in Section 4.3, we examine the set of all
consistent initial values xy depending on the inhomogeneity f for which a
solution exists.

We start by showing that if (E, A) has a complex resolvent index, the
same holds for the extrapolated operator pair (E, A_;). Because of this,
one can obtain solutions for (4.2) with f = 0 by Theorem 3.1.1. In the
following, we will refrain from using the notations R,(u) = (uE — A)™'E
and R;(u) = E(uE — A)~1. We do this to avoid confusion when using both
the resolvent of (E, A) and that of (F, A_1).

Theorem 4.2.1.

Let (E, A) satisfy Assumption 3. If (E, A) has a complex resolvent index
pgfs’A), then (E, A_1) has a complez resolvent index as well, which is bounded
by plea™ + 1.
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Proof. Since (F, A) has a complex index, there exist C' > 0 and w € R with

[(AE—A)7H| <CA

Peres = for all A € Cresew- (4.3)
Let u € p(E, A) be arbitrary. By Lemma 1.2.3, we have
AE-A_ )" = (uE-A ) H+A-p)AE-A_) T E(E-A_1)7" (44)
for all A € Cresy,- Let z € Z_;. Using (4.3), we obtain
OB = A0 sl < 0B - A1)
+A—pl[[(AE - A)_1E||L(X) [(nE — Afl)_leX

(B,A) _
< lzllzy + CIAP=""" A = plll2] 2,

for all A € Cresw. Note that we used (\E — A_1)"'E = (AE - A)"1E in
the first estimate. This holds as E maps into Z, and the resolvent of (E, A)
and (F, A_1) coincides on Z. Choosing w € R accordingly, it is clear that
the resolvent of (E, A_1) grows at most polynomially with degree prfs’A)
CRre>w as an operator from Z_; to X, from which the assertion follows. U

on

We subsequently examine the solutions of the extrapolated DAE and
highlight their advantages.

Lemma 4.2.2.
Let (E, A) satisfy Assumption 3, f =0 and x: [0,00) = X be a mild solution
of (4.2). Then one has

x(t) € ﬂ ran (uE — A)~1E)k,  for allt > 0.
keNg

Furthermore, if (E, A) has a complex resolvent index, then every mild solution

of (4.2) maps into ran R, (M)Pgéﬁ),

Proof. By Proposition 4.1.5, the resolvent (uE — A_1)~! coincides with
(uE — A)~! on Z. Since ran F is a subset of Z, we have

(WE —A_)'E=(uE - A)'E, forall ucp(E,A).

Using Proposition 1.3.5, the first assertion follows. Let (E, A) have a complex
resolvent index. Then ran ((uE — A_1)~'E)* = ran ((uE — A)~1E)F stag-
nates at the complex resolvent index of (E, A). Thus, the second assertion

follows from Proposition 1.2.5. d
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Remark 4.2.3.
Even though all (mild) solutions of (4.2) with f = 0 map into the same
space as those from %Em = Az, they are not automatically (mild) solutions
of & Ex = Az. This follows from the fact that either fot x(s)ds or z(t) does
not always map into dom(A) for all ¢ > 0.

Now, we present the benefits of considering the extrapolated DAE (4.2),
specifically the one-to-one correspondence of mild solutions of (4.2) to mild
solutions of

d

TR0 =20+ @), t=0,

Ri(p)w(0) = Ri(uE — A)zo.

(4.5)

The equivalence of these two solutions for the non-extrapolated DAE case
has already been addressed in Lemma 1.3.4 and [GR25, Thm. 2.1]. The
issue that arises is that not every mild solution of the equation %Ew = Ax
aligns with a mild solution w = (uE — A)et x of (4.5), as the function x
does not necessarily maps into the domain of A, implying that w may not
be well-defined. This is where the extrapolated DAE comes into play. To be
more precise, let the pair (E, A) satisfy Assumption 3, and let z: [0,00) = X
represent a mild solution of equation (4.2). Define z := (uE — A_1)x. Then
z is well-defined since

x(t) € ﬂ ran ((uE — A)~1E)k C X = dom(A_1)
keNy

holds, by Lemma 4.2.2. Hence, we obtain

B(uE — A_1) 7 '2(t) — BE(uE — A_1)"'2(0)
= Exz(t) — Ez(0)

t
= A_l/ xz(s)ds
0
t
=A (uE—-A_ )t / (uE — A_1)x(s)ds
0
t
— BB = A" =) [ 2(s)ds,
0
for all t > 0. Thus, z is a mild solution of & E(uE—A_1)~'2(t) = (uE(uE—
A_1) " =I)z(t) with E(uE—A_1) 'w(0) = wy = Exg. According to Lemma

1.3.4, this is equivalent to w = (uE — A_1) " 'e "'z being a mild solution of
LEWE — A1) w(t) = w(t) with E(uE — A_1) " w(0) = wo = Exo.
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4.3 Inhomogeneous extrapolated DAEs

Cousider a pair (E, A) that fulfils Assumption 3 and possesses a complex
resolvent index. According to Theorem 4.2.1, the pair (F,A_;) has a
complex resolvent index that does not exceed pﬁﬁéé) + 1. As stated in
Proposition 1.3.6, for any inhomogeneity f that is sufficiently smooth, there
exists a (mild) solution z to the equation (4.2), with initial value x(0) = 0,
as long as the inhomogeneity and its derivatives vanish at the initial time;
ie., f(0) = f/(0) = ... = 0. In this section, our goal is to further relax
these conditions to obtain solutions for a wider range of inhomogeneities.

Therefore, we will examine a slightly modified DAE.

d
S Ba(t) = Aa(t) + f(), >0,

Ex(0) = xo, f(0) = fo,

(4.6)

with inhomogeneity f: [0,00) — Z_; and initial values zg € X, fy €
Z_;. This means we have extended (4.2) with an initial condition at the
inhomogeneity. This allows us to express the system as an augmented DAE

B o(50)- 0 (). o
()-C2)

To simplify the assumptions of Proposition 1.3.6, we focus on the smooth-

as follows

(4.7)

ness of the inhomogeneity. This requires us to analyse how the initial
conditions xg and fy are affected. To achieve this, we define a set of initial
values that are linked with the inhomogeneities, ensuring that (4.7) has a
solution.

Definition 4.3.1 (Consistent initial values).
Let (E, A) satisfy Assumption 3. Then we define the set of consistent initial
values of (E,A_1) as

Cpa_,) = {(?) € X x L*([0,00); Z_1) | 3 class. sol. x of (4.6)}.

Clearly, for an inhomogeneity f with f(0) = fo, a function z: [0,00) — X
is a (mild) solution of (4.6) if and only if (7): [0,00) — X X Z_; is a (mild)
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solution of (4.7). Thus, we can reformulate Cg 4_,) as follows

T

Cra_ )= {(ffo) € X x L'([0,00); Z_1) | 3z s.t. (f> class. sol. of (4.7)}.

Since the set of consistent initial values is quite general, we introduce
the augmented Wong sequence to further classify them. This allows us to
establish necessary conditions for the initial values in connection with the
inhomogeneities, which guarantees the existence of solutions (4.7).

Definition 4.3.2 (Augmented Wong sequence).
Let (E, A) satisfy Assumption 3. Then the sequence

Vo =X X Z_l,

Vist e {(j) €XxZy|[As 1] (j) c[E 0 (m},

for i € Ny, is called the augmented Wong sequence of (E, A_q).

The difference between the Wong sequence derived from the pair (E, A)
and the augmented Wong sequence lies in the fact that the augmented DAE
does not have to be regular; i.e., the resolvent set p([E 0], [A-1 Iz_,]) can be
empty. Therefore, it is not possible to describe the augmented Wong sequence
using the left- and right-resolvent of (E, A_1), as was done in Remark 2.4.3
(ii). Further details on augmented Wong sequences, particularly in finite
dimensions, can be found in [BIT22; Lew86; BT14; Fra90; Trel3].

Lemma 4.3.3.
Let (E, A) satisfy Assumption 1. Then one has

V¢+1 - Vi, for all i € NO.

Proof. Clearly, we have V; C V). Since Vs is the preimage of [E 0] under
[A_1 Iz_,], we obtain

AL I, ] C[E o) C[E 0](V).

Looking at the preimage of this subset relation, we obtain V5 C V. Thus,
the assertion follows by inductively repeating the same arguments. a

Next, we will show that the set of consistent initial values is contained
within the intersection of all V;, which is also known as the augmented Wong
limit. To achieve this, we make use of already known results from both the
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finite dimensional inhomogeneous case, see [BIT22; Lew86; BT14; Fra90;
Trel3], as well as the infinite dimensional homogeneous case, see [Tro20].

Theorem 4.3.4.

Let (E, A) satisfy Assumption 3. Furthermore, let (a;co) € Cp,a_,) and
z: [0,00) = X, such that (}):[0,00) = X X Z_y is a classical solution of
(4.7). Then one has

(1) _
(f(t)) © iQO Vi, forallt=0.

Proof. Let (7) be a classical solution of (4.7). By Lemma 1.3.2, (7) is a
mild solution that satisfies

[yt ) R A () LY

for all ¢ > 0, and h > 0. Since we have (?EEIZ;:;EE;) € X x Z_1 =1V, the

integral ftH_h(;E‘:;) ds is in V;. Taking the limit h — 0 yields (;8) eV

Repeating the same argument implies (;8) €V, for all i € Ny. d

We aim to provide a sufficient condition for the initial value xy and
the inhomogeneity f to ensure that (xf) € C(p,a_,)- This requires the
additional assumption that (F, A) possesses a complex resolvent index.

Theorem 4.3.5.
Let (E,A) satisfy Assumption 3. Let (E,A) have a complex resolvent,
p > pg,b;éf’l) +1 and f € HP([0,00); Z_1). If there are g, x1,...,xp € X
with

Erji1=A_1x; + F900), forjefo,....,p—1}, (4.8)

then (?) S C(E,A_l)-

Proof. Let s € p(E,A) = p(E,A_1) be with Res > w. By adding —sFEz;
to both sides of (4.8) and rearranging the terms, we obtain

Eijrl + (SE - A,l)x]— - f(j) (0) = SECL']‘,
or, equivalently,

1 1 1 ..
(sE—A_) 'Exj, + a0 = (sE- A_1)71;f<ﬂ>(0) = (sE—A_,) 'Exj,

S

for j € {0,...,p — 1}. Successively substituting these equations into one
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another, we obtain

1
(sE—A_1) 'Exy = —(sE —A_ ) 'Eg,

p=l _ (4.9)
+Z S~ (5B = An)” Zsjﬂf(”(o).
=0

Define

#(s) = (sE — A1) (Bro+ J(5)), for s € Crese,

where fdenotes the Laplace transform of f. We will show that Z is the
Laplace transform of a classical solution = of (4.7). We achieve this by
rewriting T using (4.9) in the following manner

S . S
Qj(s) = S—Z)(SE — A_l) lExp + ZO SJ'TJ:J
j=
p—1 1
— (sE — At Z ) Bu; + (sE — A_1)_1f(s).
j=0

Then we define

1 Pl
Ti(s) = (B — Ay)” "Br, + Y S
j=0
A p-l oy
Ba(s) = (sE— A1) [ F(s) =) s £9(0)
j=0

and show that each Z; is the Laplace transform of a classical solution of a
DAE.
Let w(s) == Z 0 e f (4)(0) represent the Laplace transform of w(t) =

P é? F@(0). Then 9(s) = f(s) — @(s) is the Laplace transform of
v(t) = f(t) — w(t), which satisfies v()(0) = 0 for all j € {0,...,p — 1}.
Hence, we have v € Hg,l([O,oo);Z_l), and by Proposition 1.3.6, x5 is a
classical solution of (4.7) with z2(0) = 0 and v(0) = 0.
To show that x; is a classical solution, it is necessary to show that
Z1(s) decays at a minimum rate of %, ensuring x; does not contain any
distributions. This is true since (s£ — A_;)~! grows at most polynomially

with a rate of p— 2. Moreover, computing sEZ1(s) — A_1Z1(s) = Fxg+w(s)
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reveals that z; is a classical solution of

%Ez(t) =A_jz(t) +w(t), t>0,

Ex(0) = Exg, w(0) = up.

In summary, z = 21 + x2 is a classical solution of (4.7), and, hence, we
obtain (zfo) S C(E,A,l)- a

4.4 Notes to Chapter 4

In this chapter, we extended the notion of extrapolation spaces to the DAE
case. Furthermore, we proved that if (F, A) has a complex resolvent index,
then the same holds for (E, A_1) with pggé’:’l) < p.(;{i;éf) + 1. This allowed
the analysis of solutions of the extrapolated DAE (4.2). In detail, we showed
where the homogeneous solutions reside and characterised the set of consistent
initial values for the inhomogeneous DAE. Introducing the augmented Wong
sequences in infinite dimensions, we are able to specify conditions on the
inhomogeneity paired with the initial value, which made it possible to obtain
solutions for a broader class of inhomogeneities, thereby extending the result
of Proposition 1.3.6. These results will be used in Chapter 5 to decompose
the operator A& B into [A_l B], define the transfer function, and obtain
generalised trajectories for the E-system node case.

The only limitation associated with the expansion of extrapolation spaces
is that, in general, only Z can be extended, not the state space X. Hence, it is
not possible to extend the integrated semigroup or Cy-semigroup introduced
in Chapter 3.2 and Chapter 3.4. Therefore, the extension of X remains open
for future research.



Chapter 5

Operator nodes and system
nodes

The systems described by

gEa:(t) = Ax(t) + Bu(t),

dt (5.1)

y(t) = Cx(t) + Du(t),
where ;A € R"™*" B € R"™*™ (C € RP*™ and D € RP*™_ represent a core
category of systems in finite dimensional control theory [MS06]. In the case
where F is singular, the system decomposes into a set of differential equations
and a set of algebraic equations, each of which can be analysed independently.
Such systems naturally occur in various applications, including electrical
networks, constrained mechanical systems and coupled multi-physical models,
among others, as referenced in [RS10; Miil97]. The theoretical framework
concerning finite dimensional differential algebraic systems is well-established
and covers various important aspects, such as regularity, consistency and
input-output behaviour. For further reference, see for instance, [BR13; Trel3;
BRT17].

In infinite dimensions, the situation changes significantly. Even in the non-
algebraic scenario, where X = Z and E = Ix, the necessity for unbounded
operators and extrapolation spaces arises for accurate modelling. This
requirement introduces complexities in the investigation of the previously
mentioned areas. Operator nodes, or system nodes, are frequently used to
address these issues. These concepts are primarily linked to mathematician
Olof J. Staffans, who played a key role in their development and popularising
them. The origins of operator and system nodes can be traced to the work
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of Mikhail S. Liv8ic, Mikhail S. Brodskii and Yu. L. Shmul’yan. In this
context, M. S. Liv8ic generalised the Cauchy problem by means of so-called
operator colligations [LY79], while Yu. L. Shmul’yan provided the necessary
operator-theoretical foundations for 2 x 2 block operator matrices [é f%]
[Shm76; Shmb59] and, together with V. M. Brodskii, refined and developed
the theory of ‘nodes’ [Bro71]. This theory was subsequently generalised by
Staffans to include the operator nodes and system nodes known today [Sta05;
AS22]. To rewrite (5.1) as a system associated with an operator node in the
case E = Ix, the operators on the right-hand side are combined line by line,
resulting in the following system

La(t) _ [A&B x(t) (5.2)

y(t) C&D | \u(t))’ ’
where the block operator S := [éﬁjﬁ] possesses certain structural properties.
Typically, S might be unbounded on a subspace that is not necessarily
the Cartesian product of state and input spaces. However, to ensure the

natural and direct modelling of various systems based on a range of examples,
it is further assumed that S and A& B are closed operators, the domain

dom(S) = dom(A&B) = dom(C&D)
is densely defined, and the main operator

T

Az = A&B <O> with dom(A) = {x >d (g) € dom(S)}

is densely defined with a non-empty resolvent set. To ensure basic functional-
ity of the system, i.e., allowing the system to handle any input, one addition-
ally assumes that for all v € U, there exists an z € X with () € dom(S5).
If A additionally generates a strongly continuous semigroup on X, then S is
called a system node.

In this chapter, we address the question of how operator nodes and
system nodes can be extended in general to differential algebraic systems
in infinite dimensions. A notable aspect here is that even most DAEs of
the simplified form %Em(t) = Ax(t) typically do not act on a single space,
instead, E and A operate between two different spaces, X and Z. Another
difficulty arises from the presence of algebraic constraints in the system
imposed by the operator E. Hence, (5.2) extends to the following form

el -l e
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The main difference between (5.3) and the standard system node (5.2) is that
it is no longer assumed that A generates a strongly continuous semigroup,
but rather that (F, A) has a complex resolvent index.

5.1 Definition and properties

In this section, we introduce concept of differential algebraic operator nodes
or E-operator nodes and present some basic properties that allow for effective
work with them. Subsequently, we will introduce the concepts of a control
and observation operator, as well as the transfer function. This leads us to
define classical and generalised trajectories, enabling the implementation of a
solution theory for E-operator nodes. We conclude our studies by specifying
the conditions on the initial value and input that ensure the existence of
generalised trajectories for F-system nodes. The results presented here have
been published in [EJR25a)].

Let X, Y, Z and U be complex Hilbert spaces. We denote the canonical
projection from Z x Y onto Z and Y by Pz and Py, respectively. Let

S:dom(S)C X xU—=ZxY
be a linear operator. We call
A:dom(A)C X = Z, Ax = PZSG)
with
dom(A) = {x €X| (CS) € dom(S)}
the main operator of S. We set

A&B = PzS: dom(S) C X xU — Z,
C&D :=PyS:dom(S) C X xU =Y

such that S can be written as

A&B
5= [C&D} '

For Z = X, this aligns with the aforementioned concept of an operator node,
which is used to investigate the properties of the system ( di;?t()t) ) =5 ( 28 )
and, in particular, its solutions [PRS25; Sta05].

Our aim is to extend this theory to include systems that do not solely
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operate on a single space; i.e., systems whose main operator A maps from X
to Z. This generalisation, along with other benefits, enables us to describe
and analyse differential-algebraic systems, which often involves coupling
multiple spaces while satisfying algebraic constraints among them.

Therefore, we also define a bounded linear operator £: X — Z and
associate the aforementioned operator S with the system

G- e

We can then extends the concept of operator nodes as follows.

Definition 5.1.1 (E-operator node).
An E-operator node on (X,U, Z,Y) is a linear operator S: dom(S) C X x
U — Z XY together with a linear operator E: X — Z with the following
properties

i) S is closed, E is bounded,

i) A&B is closed with dom(A&B) = dom(S),
iii) p(E, A) is not empty and dom(A) is dense in X,

iv) for all u € U there exists an x € X such that (7 ) € dom(A&B).

If, additionally, (F, A) has a complex resolvent index, then S is called an
E-system node.

Remark 5.1.2.

Let S be an E-operator node on (X,U,Z,Y). Since A&B is closed, the
main operator A is closed as well. As A is densely defined and p(FE, A) is
not empty, we can define the spaces X; and Z_; as discussed in Chapter 4
and extend A to a bounded operator A_; € L(X,Z_;).

We start by proving the following properties of E-operator nodes, which
are analogous to those of [Sta05, Ch. 4.7].

Lemma 5.1.3.
Let S be an E-operator node.

a) There exists a unique operator B € L(U,Z_4), such that
[A_l B}:XXU—)Z_l

is an extension of A&B and

dom(S) = {(i) €EXxU|A 1o+ Buc Z} . (5.5)
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b) The operator C&D is continuous from dom(S) with the graph norm
to Y and the operator C: X1 — Y, defined by Cx = C&D(}), is
continuous from Xq to Y.

¢) For all w € U there exists an x € X such that () € dom(A&B) and
A&B(?) eranE.

d) For every \ € p(E, A) the operator

I —(AE—A_,)"'B

B=1, I

:|:X><U—>X><U

is boundedly invertible and maps dom(S) one-to-one onto X1 x U.

Proof. a) Let u € U be arbitrary. By Definition 5.1.1 iv), there exists an
x € X such that () € dom(S). Define

Bu := A&B <z) —A_jx.

Since A& B and A_; are both linear, Bu is independent of the choice
of x and is therefore a well-defined operator B: U — Z_;.

Furthermore, since A&B(5) = A_1xz+ Bu € Z holds for all (§) €
dom(S), we have

dom(S)Q{(i) eXxU|A1x+BuEZ}.

Hence, [A,l B] : X xU — Z is an extension of A& B. For the reverse
subset inclusion, let (%) € X x U be arbitrary with A_j2+ Bu € Z. By
Definition 5.1.1 iv), there again exists an Z € X such that (£) € dom(S5)

and
A&B(i) =A 2+ BueZz

holds. This implies A_;(x—2) € Z, (zai) € dom(S) and, consequently,
(%) € dom(9).

It remains to be shown that B is bounded, which is done by proving
that B is closed and applying the Closed Graph Theorem. Let (uy,),
be a sequence in U converging to an u with Bu, converging to a z
in Z_1. Let A € p(E,A) C p(E,A_1) be arbitrary and define z,, :=
(AE — A_1)"'Bu, for n € N. Then we have

A 1z, + Bu, = \E(\E — A_;)"'Bu, € Z,
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and therefore (3" ) is in dom(S). Since A& B is closed, (3" ) converges to
(AE=A-0)7"2) and A&B(3") = A_1&n + Bu, converges to AE(AE —
A_1)7'zin Z. Tt follows that

=AE(\E — A_)" 'z,

ALB <(AE - ‘3‘1)_12>

which implies
Bu = A&B( (/\E*Aufl)_lz) —A_1(\E - A_1)71Z = z.
By [PRS25, Lem. 3|, we have C&D € L(dom(S),Y). As C is the

restriction of C&D to the closed subspace Xy x {0}, it follows that
CeL(X,,Y).

Let u € U. By Definition 5.1.1 iv), there exists an = € X such that
(Z) € dom(S). Set # = (AE — A_1)~'Bu. Then we have

A i+ Bu=MEW\E - A_)) ‘i cranE C Z.

By Part a), we conclude (%) € dom(S) and A&B(%) = AE(\E —
A_1)7'F €eran E.

Clearly, F is invertible with inverse

Both Fy and Fy ' are bounded, as (\E — A_1)"'B € L(U, X). Let
(&) € dom(S) be arbitrary. By Part a), we obtain A_jz + Bu € Z and

t—(AE—A_1)'Bu=(AE—A_;)"" (AE— A_1) 'z — Bu)
=(\E —A_)"'(\Ex — (A_,x + Bu)) € X;.

Thus, we deduce Fy(%) € Xy x U. Conversely, let (i) € X1 x U be
arbitrary. Then we have

Ay (z+(AE—A_,)"'Bu)+Bu=Az+A_1(AE — A_;) ' Bu+Bu
= Az +AE(AE —A_1)"'Bu € Z.

Hence, we get Fy, '(#) = (s+(AE=4-)"'Bu) € dom(S). a

Based on Definition 5.1.1, we shall define the following technical terms.
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Definition 5.1.4 (Control operator/observation operator /transfer function).
Let S be an F-operator node.

i) The operator B defined in Lemma 5.1.3 a) is called the control operator
of S.

ii) The operator C' defined in Lemma 5.1.3 b) is called the observation
operator of S.

iii) The transfer function of an E-operator node S is the operator-valued
function

()\E — A,l)_lB

G(\) = C’&D[ /

], for A € p(E, A). (5.6)

Remark 5.1.5.

By Lemma 5.1.3 d), the inverse of the operator F maps {0} x U onto
dom(S). Thus, for all A € p(E, A), the transfer function G(A): U = Y is
well-defined.

Lemma 5.1.6.
Let S be an E-operator node.

a) The transfer function of S is analytic on p(E,A) and for all \,u €
p(E, A) one has

G(i) — G\ = C[(nE— A1)  —(A\E— A_1)"']B

(5.7)
=A—p)C(uE—-A_1) 'ENE-A_1)"'B.

b) For all A € p(E, A) and all (§) € dom(S) one has
C&D(y) = C’[x —(\E — A—1)7lBu] + GN)u.

Proof. a) By Lemma 1.2.3, the map A — (AE — A_;)~! is analytic, which
implies that G is analytic as well. The equation (5.7) follows directly
from the pseudo-resolvent identity [SF03, Rem. 2.1.3].

b) For all A € p(E, A) and (%) € dom(S), we have

C&D (;Z) _ G(\u=C&D (a: — (\E — A_1)1Bu>

=Clz—(AE—A_)"'Bu. Q

With Lemma 5.1.3 and 5.1.6, it is possible to construct the dual of an
E-operator node, as it has been done in [MSWO06, Prop. 2.4] for operator
nodes.
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Lemma 5.1.7.
Let S be an E-operator node. The adjoint of S is given by

d
S* = [[éii%d :dom(S*) CZxY — X x U,
with
dom(S™) := {(;) €ZxY|AL z+C"y € X} , (5.8)

[A&B)" = [A%, C*] and for all A € p(E*, A%), (= y)' € dom(5*)

z

[c&D]" (y

) =B (z— (AE - A_1)7*C*y) + G(\)*y.
Moreover, S* is an E*-operator node with main operator A* ;. If, addition-
ally, S is an E-system node, then S* is an E* system node.

Proof. Let A € p(E*, A*;). By Lemma 5.1.3 d), F}, ! is bounded on X x U
with Fy '(X; x U) = dom(S). Thus, SF; " is well-defined on X; x U and we
have (SFy')* = F *S*. Let (£) € X; x U. By Lemma 5.1.3, we calculate

o ()-4ls 2=

- A,11'+A,1()\E—A,1)71BU+BU
N Cx+G(Nu

. A_1$+)\E(>\E7A_1)7lBU
= Cz + G(\u

Thus, we have

—1\* A*_l C*
()" = {)\B*()\E—Aﬁ_*E* G(A)*}

with
dom(S™*) = {(Z) EZxYAilz—FC*yEX}.

Hence, for all () € dom(S*), we obtain

5(2) = mesm ()
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B 1 0 Af 2+ Cy

T |=B*AE—A_)7' I|\AB*(A\E—A_)*E*z +G(\)*y
B A* 2+ C*y

S\ B*(z—-(AE—-A_1)7*C*y) + G(\)*y

aeo] 6

[c&D]”
It remains to be shown that S* is an E*-operator node. As the first three
properties follow directly, we only need to show that for all y € Y, there
exists a z € Z such that () € dom([A&B]d) = dom(S*) holds. This
follows directly from choosing

2= (AE* — A* )" 'C*y

for an arbitrary y € Y, which is, in fact, well-defined since C' is a bounded
operator from X; to Y, and therefore Y C dom(C*). Then we have

A* 24+ Cry = A" |(AE* — A% ) 7ICry + Cy
= \E*(AE* — A*))"'C* € X,

as E* maps into X. Thus, (5 ) € dom( [A&B]d) holds. The statement that
S* is an E*-system node, under the assumption that S is an E-system node,
follows immediately, as the norm of a bounded operator coincides with the
norm of its adjoint. d

In what follows, we define the classical trajectories of E-system nodes over
an infinite time horizon. Note that this concept can be defined analogously
for a finite time horizon [0,T] for T > 0, as it was done for system nodes in
[PRS25; Sta05].

Definition 5.1.8 (Classical/generalised trajectories).
Let S be an E-system node. A classical trajectory for (5.4) is

(z,u, Ex,y) € C([0,00); X) x C([0,00); U) x C*([0,00); Z) x C([0,00);Y),
which satisfies (5.4) for all t € [0,00). A generalised trajectory for (5.4) is

(z,u, Ex,y) € C([0,00); X) x L*([0,00); U) x C([0,00); Z) x L*([0,00);Y),
which is a limit of classical trajectories for (5.4) on [0, c0) within the topology

C([0,00); X) x L*([0,00); U) x C([0,00); Z) x L*([0,00);Y).
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Remark 5.1.9.

a) As the third component Ez in the trajectories is determined by =z,
we often write (z,u,y) instead of (z,u, Fx,y) to denote classical and
generalised trajectories.

b) If S = {éféjg] is an E-operator node on (X,U, Z,Y), then A&B can be
regarded as an E-operator node on (X, U, Z,{0}). Consequently, the
system (5.4) reduces to

d z(t)
EEaz(t) = A&B (u(t)) (5.9)

In the following, we present a condition for the existence of classical
trajectories.

Theorem 5.1.10.
Let S be an E-system node on (X,U,Z,Y), p = pgfs’A’l) +2, 29 € X,
u € HP([0,00);U) and z1,...,x, € X with

Exji1=A_1z; + Bu(0), forje{0,...,p—1}.

Then there exists a classical trajectory (x,u,y) for (5.4) with Ex(0) = Exg.

Proof. By Theorem 4.3.5, we have (Ifo ) € C(g,a_,)- That means there exists
a classical solution z: [0,00) — X of

d
aEm(t) = A_jz(t) + Bu(t), t>0,

Ex(0) = Exo.
Note that the solution x constructed in the proof of Theorem 4.3.5 is at
least twice continuously differentiable, since p = pﬁfs’A’l) + 2. As E is
bounded, ¢ — %Ez = E%x is continuous in Z. Hence, we have %Em(t) =
A_12(t) + Bu(t) € Z for all t > 0. Applying Lemma 5.1.3 a), we deduce
(28) € dom(S) = dom(A&B). Consequently, x is also a classical solution
of

%Em(t) _ ALB (2(’53) t>0,

Ez(0) = Exg, u(0) = up.

Define y(t) = C&D(zgg) By Lemma 5.1.3 b) the triple (x,u,y) is a
classical trajectory of (5.4). a
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5.2 Notes on Chapter 5

In this chapter, we extended the notion of operator nodes and system nodes
to allow for differential-algebraic systems. More precisely, we refined the
formal definitions of ordinary operator nodes and system nodes so that
additional algebraic constraints are imposed on the systems dynamics during
the construction of the underlying system. Instead of requiring the main
operator to have a non-empty resolvent set, we demand p(E, A) to be non-
empty. This allows the operator A& B to be split into [A,l B], as shown
in Chapter 4. Moreover, this allows us to define the observation operator,
control operator, and transfer function. Finally, using the results from
Chapter 4.3, we imposed conditions on the input and the initial condition,
which ensured the existence of generalised trajectories.
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Chapter 6

Infinite dimensional
port-Hamiltonian DAEs

Port-Hamiltonian systems constitute a comprehensive framework for the
modelling and analysis of energy-dissipating physical systems. This includes
applications in electrical circuits, mechanical systems, fluid dynamics, ther-
mal systems or robotics, among others. In recent years, there has been
considerable development in the formulation and study of port-Hamiltonian
differential-algebraic equations, also known as abstract dissipative Hamilto-
nian differential-algebraic equations, see [ZM24; MMW18; GHR21; HZ19;
BMHL24; SM18|. The following finite dimensional formulation serves as the
foundation for the subsequent modelling of pH-DAESs in this work
S Ba(t) = (J — R)Qa(t) + (B~ Pulo),

dt (6.1)
y(t) = (B* + P*)Qx(t) + (S — N)u(?),

see [BMXZ18; MM19], where J € C"*" and N € C"™*™ are skew-adjoint
and E*Q € C"*™ and W = [15* 1;} e Crtm)x(ntm) gre self-adjoint positive
semidefinite for £,Q, R € C**"™ B, P € C"*™ and S € C™*™. In this
case, the energy of (6.1), also known as the Hamiltonian, is given by

H(r) = 3 (Br, Qulcn.

Furthermore, all solutions z: [0,00) — X of (6.1) satisfy the dissipation
inequality; that is, for all times ¢ > 0 and inputs u € L?([0,t]; C™), we obtain

H(x(t)) — H(x(0)) < Re / (u(s), y(s)) o ds,

121
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where H(z(t)) represents the energy stored at time ¢ and Re (u(s),y(s))cm
denotes the external power supplied to the system [MS23]. This is shown
using the skew-adjointness of J and IV, as well as the positive-semidefiniteness
of E*@ and W. Note that we will not elaborate further on (6.1), as we focus
solely on infinite dimensional systems in the course of this work.

This chapter is structured as follows. Starting in section 6.1, we introduce
infinite dimensional port-Hamiltonian DAEs of the form %Ew = AQx. We
prove that the Hamiltonian decays along all classical solutions; i.e., one has
S (Bx(t),Qu(t)) < 0. Subsequently, we focus on the existence of solutions
in Section 6.2, showing that even under minimal regularity conditions, a
port-Hamiltonian DAE always possesses both a real and a complex resolvent
index, and that these indices cannot exceed 2 and 3, respectively. After
establishing existence conditions of a Weierstrafs form and investigating their
solvability, we turn our attention to the port-Hamiltonian F-operator nodes
and port-Hamiltonian E-system nodes in Section 6.3. There, after providing
a brief overview on quasi-Gelfand triples and dissipation nodes, we introduce
port-Hamziltonian E-operator nodes and prove the dissipation inequality,
among others. Then we conclude this chapter with an educational example.
The structures that emerge in this context are illustrated in the following

diagram.
port-Hamiltonian DAEs: %Ez(t) = AQx(t) Quasi-Gelfand triples & E-operator nodes/
with E*Q >0, ranEclosed, Q invertible, A dissipativ Dissipation nodes E-system nodes
Section 6.3 i
Section 6.1 z solution of port-Hamiltonian DAE o
i p port-Hamiltonian E-operator nodes/E-system nodes
= g (Bx(t), Qz(t)) < 0
Section 6.2 p(E, AQ) N Cre=o # 0 Section 6.3 | port-Hamiltonian E-operalf)r no.de, Q invertible, ran E closed
= (B, AQ) has pres < 2and peges < 3 = S port-Hamiltonian E-system node
i) (E, AQ) has rad. index (@, u,y) generalised trajectory
Section 6.2 ~([F 9,140 t
ez = EAQ)~ ([ A][F 1) = Ha(0) - H(=(0) <Re [ W) ulrar, 130

i) Q(Xran) = Zran of @*(Zran) = Xran
= A ~ Cy-semigroup

Figure 6.1: Overview of Chapter 6.

6.1 Port-Hamiltonian DAEs

Throughout this and the following sections we assume that X and Z are
complex Hilbert spaces. We start with a simplified version of (6.1), as it
was done in [ZM24].

The results in this section have been published in [EJM24].
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Definition 6.1.1 (Port-Hamiltonian DAE).
Let E,Q € L(X,Z) and A: dom(A) C Z — Z be closed and densely defined.
We call (E, AQ) or its corresponding DAE

d
S Ea(t) = AQa(t), =0, (6-2)

a port-Hamiltonian differential algebraic equation if A is dissipative, ran E
is closed, @ is invertible and

E*Q>0. (6-3)
In this context, we refer to
H(z) = (Fz,Qx)x, forzeX
as the Hamiltonian of (E, AQ).

Remark 6.1.2.
a) (E, AQ) is a port-Hamiltonian DAE if and only if (EQ ™!, A) is a port-
Hamiltonian DAE. In fact, let (E, AQ) be a port-Hamiltonian DAE.
Since ran E is closed, ran EQ~! is also closed. Using (6.3), we derive

BEQ™'=QQEQ ' = Q"E" with Q" = (Q~")* = (Q*)~". Since

EQ* is non-negative, we have

(Q " E*z,2)7 = (Q"E*"QQ'2,2) 7z = (E*Q(Q™'2), (Q'2))x,

for all z € Z. Hence, (EQ~!, A) is a port-Hamiltonian DAE as well.
The reverse direction follows by repeating the same steps for £ = EQ !,

éfol and A = A.

b) By Part a), (EQ!, A) is a port-Hamiltonian DAE and one can decom-
pose the space Z as

Z=ranEQ '@ ker EQ ' = Z, & Z,.

Thus, the DAE associated with (EQ~!, A) is equivalent to

d E1 0 z1 (t) Al Z1 (t)
=T = ’ t Z 07
dt 0 0 Zg(t) A2 zZ9 (t)
where Ey = EQ ™ !|,anpg—1 and A;: Z — Z; for i € {1,2}. This system

corresponds to the formulation of port-Hamiltonian DAEs as defined in
[ZM24, Assump. 9].
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Next, we want to show that the Hamiltonian satisfies a dissipation
inequality for all of its classical solutions; i.e., it decays along its classical
solutions. To achieve this, we require the following auxiliary lemma.

Lemma 6.1.3.
Let B € L(Z) be a non-negative and self-adjoint operator on Z and assume
that ran B is closed. Then there exists a C > 0 and T € L(Z) with T > cly
and

BTB = B.

Furthermore, (-,-)p == (T, )z induces a norm on Z, which is equivalent to

-z

Proof. Since ran B is closed and B is self-adjoint, Z decomposes orthogonally
into Z =ran B @ ker B. Let P.anp and Pyerp be the projections of Z onto
ran B and ker B. Define B: ran B — ran B with B(z) = Bz. This is a
bounded, positive self-adjoint operator on the Hilbert space ran B, which
is bijective (note that ker B = ker BNran B = {0}). Hence, since B~ is
bounded, B is strictly positive with

<le,zl> > c||zl\|2, for all z; € ran B,

for some ¢ > 0.
Let tyanp: ran B — Z be an embedding and define

. R—1, x
T: LranBB L + PkerB'

ranB

This operator satisfies BT'B = B and is bounded. Let z = 21 + 29 €
ran B @ ker B = Z be arbitrary. Then we have

(Tz,z) = <Bz1 + 29,21 + 22> = <le,z1> + (29, 22) > cl|z1 | + |22

Thus, T is strictly positive. The self-adjointness of 1" follows from that of B,
completing the proof. d

Corollary 6.1.4.
Let E,Q € L(X,Z), where E has a closed range, Q is invertible and (6.3)
holds. Then there exists a ¢ > 0 and T € L(Z) with T > cIz and

E*TE = E*Q = Q*E. (6.4)

Furthermore, (-, Yy = (T-,-) induces a norm on Z that is equivalent to
- llz-
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Proof. This follows from Remark 6.1.2 a), Lemma 6.1.3 with B = EQ ™!,
and the fact that @ is invertible. d

Theorem 6.1.5 (Dissipation inequality).
Let (E, AQ) be a port-Hamiltonian DAE. Then, for all classical solutions
x: [0,00) = X, one has

%(Eﬂf(t%@ﬂ?(t»z <0, forallt>D0.

Proof. By Corollary (6.1.4), there exists a T' > c¢Iz such that (6.4) holds.
Let z: R>p — X be a classical solution of (6.2). Then

d
< (Ea(t), Qu(t)

[
X
—
G

&

*
O
=
=
=
N

= 2Re (Qz(t), AQx(t)), <0, forallt>0,

where we used E*(Q) = E*TFE and the continuity of F, Q and T in the second
and third equations. Note that we used

(Ex(t), TEx(t))z = (x(t), E*TExz(t))x = (x(t), Q" Ex(t)) x
=(Qx(t), Bx(t))z

for all £ > 0, in the third equality. d

Remark 6.1.6.
Let (E, AQ) be a port-Hamiltonian DAE. If

Re(Ex, AQz)z <0, z € dom(AQ)
Re(E*z,(AQ)*z)x <0, z¢€ dom((AQ)")

then has a Weierstrals form (E, AQ) ~ ({161 1%}7 {‘3 ISQD with A generating
a contraction semigroup; see [JM22, Thm. 3]. Hence, if the set containing
all trajectories of the solutions is closed, one can show that (E, AQ) has a
Weierstraft form on this subset. In fact, from the proof of Theorem 6.1.5, it
becomes clear that the Hamiltonian is dissipating along all classical solutions
x of (6.2); i.e., one has

Re (Ex(t), AQx(t))z <0, forallt>0.
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Since ran E is closed, ran E* is closed as well. As Q™! is invertible, there
exists a bounded operator S € L(X) with § > élx, for a ¢ > 0, with

ESE*=EQ '=Q *E*

and (-,-)g-1 = (S71. ) x induces a norm on X that is equivalent to || - || x
By straightforward reformulations, we obtain

dom((AQ)s-1 1) ={z € Z|3z" € XVz € dom(AQ): (2, AQz)r = (2", ¥) 51},

where (AQ)g-. ; denotes the adjoint of AQ: dom(AQ) C Xs-1 — Zr.
Considering the adjoint system of (6.2)

d * s * g%

and choosing z(t) = TZ(t), this system is equivalent to

B 02(0) = (AQ)3 1 £7(0), 120 (6.5)

Assuming that A* is dissipative, one has

Re<<E>§1,Tz<t>7<AQ>zI,Tz<T>>
S—1
= Re (E"Tz(t), SQ*A*Tz(T))

= Re <E Tz(t SE*Tz(T)>
b's

ETz G ESET(T )>X

1T2(t) §SE*TZ(T)>

= Re
=Re (Q7'T2(t),S ' SQ*A*T(T))
= Re (Tz(t) A*Tz( Nx <0,

X

X
€

for all £ > 0. Thus, if the sets containing all trajectories

U = {xo € X | 3z classical solution of (6.2) 3t > 0: z(t) = o},
V :={z0 € Z | 3z classical solution of (6.5) 3t > 0: z(t) = 20}

are both closed sets, one can apply [JM22, Thm. 3] to (F|y, (AQ)|y) on the
spaces (X, | - [|s-+) and (Z, ]| - [|7)-
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Example 6.1.7 (Piezoelectric beam).

We consider a piezoelectric beam on an interval [a, b] that is fixed at one
end and free at the other. In this context, p > 0 will denote material
density, ;1 > 0 the magnetic permeability, oy > 0 the elastic stiffness, 8 > 0
the impermittivity and v > 0 the piezoelectric coefficients. This system is
modelled by the following partial differential equation

?v(Et) () ?p(&,t)
oz o Pae
I?p(&,t)  ,0%p(E,t) d*v(& 1)
o2 - ﬁ 852 - 75 352 )

where v(€,t) is the longitudinal displacement, p(&,t) is the electric charge
for £ € [a,b] and ¢t > 0. Defining

o= + 2B,

the boundary conditions are given by

v(a,t) =0,
pla,t) =0,

Op(b,t) du(b,t)
a@vg;, t Vﬁapgz t) ~0,

for ¢ > 0. The model was shown to be a well-posed port-Hamiltonian system
associated with a contraction semigroup, as documented in [MO14], yet
numerous alternatives exist for selecting the state variables. In this study,
we adopt an alternative selection for the state variables

xl(&ﬂ %gt)

ST bl I R

’ $3(€,t) %

nien) g

Defining

a 0 —p 0 ve O 0 0
Q= 0O I 0 0 B 0 o O 0
T l=ys 0 B 0| o0 0 vp O
0o 0 0 I 0 0 0 Vi
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and

P1::

O O N O
S O O~
~ o O O
O N O O

the DAE can be expressed as

d
P& = AQu(S, 1), =0,

where A = Pla%' Choosing X = (L?([a,b)))* = Z and dom(A) such that
the states possess a weak derivative and vanish at the boundaries, A becomes
dissipative. Furthermore, E*Q is clearly self-adjoint and ran E is closed.
Hence, (E, AQ) is a port-Hamiltonian DAE.

In general, the parameter p is typically negligible and it is often taken to
be zero. This assumption results in the system aligning with the quasi-static
piezoelectric beam model. If ;1 = 0 the operator E has a non-trivial kernel
and the fourth state variable becomes identically zero. In this case, the
system reduces to

9v(&,t) v(&,t)

vh 0 00 ot &
da|{o p 00 Bultit) d oD
|0 0 00 peD) :Plang well | t>0,
0 0 00 0 0

where the port-Hamiltonian structure is preserved.

Example 6.1.8 (Vibrations in a viscoelastic nanorod).
Let us examine the longitudinal vibrations of a viscoelastic nanorod. Denote
by I the nanorod’s length, N(z,t) the axial stress resultant force and w(z, t)
the displacement in the longitudinal = direction. Furthermore, let C' be
the elastic modulus, D the cross-sectional area, p a parameter indicative of
nonlocal effects, p the mass density and 7, the viscous damping coefficient.
Additionally, let a? and b? represent the stiffness and damping coefficients,
respectively, of the light viscoelastic layer. This discussion considers the
framework from [KCMA15|. Consider

ON(z,1) ow(x,t)

0?w(w,t)
L T = Lo L DA CAL))
or e v+ pD—ga—,

Nty - ZN@H _op <5w(x,t) . (92w(x,t)> |

D22 oz T 5ot
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with boundary conditions

ow ow
5(07 t) -

(L) = 0.

In [HZ19], the associated port-Hamiltonian system is presented through

d
aEz(:c,t) = AQz(z,t) (6.7)
with
1 0000 a2 0 0 0 0
01 000 0 -5 O 0 0
E=10 010 0/, Q=1{0 0 5 0 0l,
00010 0 0 0 CD+pa®> 0
00000 0 0 0 0 1
0 1 0 0 0
-1 —b? 0 0o £
A=1]10 0 —CDrg—pb> -1 1
0 0 1 0 0
0o 2 ~1 0 0
and state
w(zx,t)
pDZ5t
2(x,t) = | ppD Lt
Ow(z,t)
ox
N(z,t)

Here, E and @ are bounded linear operators defined on X = L?((0,1); R%)
and A: dom(A) C X — X with

dom(A) := { <ZI) € X | 29,25 € HY(0,1), 22(0) = z(1) = 0}.

25

In the study conducted in [HZ19], the existence of solutions was analysed
by transforming the system into a homogeneous port-Hamiltonian system
and using the framework detailed in [JZ12, Ch. 7]. Here, we propose an
alternative methodology by exploiting the dissipativity properties of the
DAE, as seen in Remark 6.1.6.

Given that the various physical constants within ) are positive, it be-
comes straightforward that £*@Q is both non-negative and self-adjoint. Fur-
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thermore, we have

1
(Az,2)x = /0 29 (x)ai;iiz) + %(az)a%g(cx) —b?23(x) — (CD7y + pb*) 23 (z)dw

=% 22|k — (CD7a+ pb?) |23 % <0,

for z = (21 22 23 2 25>T € dom(A); i.e., A is dissipative. Thus, (E, AQ)
aligns with our definition of a port-Hamiltonian DAE.

Now, as in [HZ19, p. 452], we impose the boundary conditions directly
on the space and show that (6.7) has a radiality index of 0. Define

X, = {( ) € X | 29,25 € H'(0,1), 22(0) = 2o(1) = 0, Mazgf) = z;;(m)} ,

Z5

with the inner product (-,-)z, = (Q-,")x,. Since @ is coercive, it induces
a norm equivalent to || - || x. Moreover, X; is closed; see [HZ19, Lem. 4.1].
Define X := (X, (-,-) z,). Then we have

!

Re (AQz, Ez) 5, < Re /0 p% <22(x)32;;§f) + 25(50)62(;?) dz =0
holds for all z = (21 22 23 21 25) | € dom(AQ). Furthermore, we have (AQ)* =
A*@ in X;. Through similar calculations, we derive Re (A*Qz, Ez)x, <0
for all z € dom((AQ)*). By [JM22, Thm. 3], (F, AQ) is O-radial and
has a Weierstrafs form on X; = X jan @ Xt ker with Eker(AQ)l?elr =0 and
(AQ)1l Exer = 0. In particular, (AQ)anFrh generates a contraction semi-
group on X ran-

Note that in Example 6.1.8, the operator T" from Corollary 6.1.4 is already
given by @, since E*QF = E*Q = Q*E.

6.2 Solvability and a Weierstrals form

In this section, we analyse the existence of the complex resolvent index for
port-Hamiltonian DAEs. This allows the generation of integrated semigroups,
as detailed in Chapter 3, and is instrumental in deriving solutions for the
inhomogeneous extrapolated DAE. Furthermore, we investigate the existence
of solutions in the case that (E, AQ) has a radiality index. Using Theorem
2.6.3, we already know that (E, AQ) has a Weierstrals form; i.e., the system
decomposes into a differential and an algebraic part. We then examine when
the DAE has solutions for the entire differential component. If not cited
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otherwise, all the results in this section are based on [EJM24].
We begin with a lemma concerning the regularity of port-Hamiltonian
DAEs, which has been previously established in [ZM24].

Lemma 6.2.1. [ZM24, Thm. 13]
Let (E, AQ) be a port-Hamiltonian DAE. Then the following equivalence
holds.

a) There exists an element A € Creso with A € p(E, AQ).
b) For every element A\ € Creso one has A € p(E, AQ).

Together with Theorem 2.3.8, this implies that the (complex) resolvent
index of a port-Hamiltonian DAE always exists, provided there is at least
one element with a positive real part in the generalised resolvent set.

Corollary 6.2.2.

Let (E, AQ) be a port-Hamiltonian DAE and let p(E, AQ) N Creso be not
empty. Then (E, AQ) has a resolvent index that is bounded by 2, as well as
a complex resolvent index that is bounded by 3.

Proof. This is a direct consequence of Theorem 2.3.8, Remark 6.1.2 a) and
Lemma 6.2.1. d

Additionally, if the port-Hamiltonian DAE possesses a radiality index, it
can be transformed into a Weierstrafs form by applying Theorem 2.6.3.

Corollary 6.2.3.

Let (E,AQ) be a port-Hamiltonian DAE with a radiality index. Then,
(E,AQ) admits a Weierstraf form, as stated in Theorem 2.6.3 with X =
Xean © Xyer, Z = Zran ® Zyer, and

IZran 0 (AQ)ranEr_ail 0 } )
A ~
(E7 Q) < [ 0 Eker(AQ)kelr] ’ |: 0 Ichr (6.8)

Ix,.. 0 E L (AQ)wan O
([ vopnd 0 )

Proof. This is a direct consequence of Theorem 2.6.3, as ran F is closed. U

The main problem with the Weierstrafl form (6.8) is that it is no longer
necessarily a port-Hamiltonian DAE. Consequently, we must ask under
which assumptions the operators (AQ)anErpl and E_L (AQ)ran generate a
Co-semigroup. A potential criterion for this is the strong (E, p)-radiality of
AQ), as demonstrated in [SF03, Thm. 2.6.1]. In the following, we proceed to

examine the same question under weaker assumptions.
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Theorem 6.2.4.
Let (E, AQ) be a port-Hamiltonian DAE with an ezisting radiality indez.

Then (AQ)ranErL and E L (AQ)an generate (at least) (pgé?Q) + 2)-times

ran ran
integrated semigroups. Then the following assertions hold.

a) If Q*(Zran) = Xran holds, then E_L(AQ)an generates a Co-semigroup

ran
on Xran-

b) If Q(Xyan) = Zran holds, then (AQ)ranE,,L generates a Co-semigroup
0N Lran-

Proof. By Theorem 2.5.4b) and d), E,1 (AQ)an and (AQ),anF,, L have both
a complex resolvent index, which is bounded by pEﬁéﬁQ). By Theorem 3.2.2
and Corollary 3.2.4, these operators generate at least (p.g,b;éf@ + 2)-times
integrated semigroups.

a) Assume that Q*(Zian) = Q*(Eran(Xran)) = Xian holds. Thus, the
operator Q*FE: X;an — Xian is non-negative and self-adjoint. In fact,
since Q*E is self-adjoint, the mappings Q*FE + ilx,
Hence, for every z € X,an, there are elements x4 = T4 ran + T4 ker il
Xran @ Xier = X with

are surjective.

(Q*E + ifx)xi = Z.
Together with Q*E(Xyan) = Xyan one has

PQ*Exy = PQ*Exl + PQ*Ex2
= Q*EPrl = Q*"EPuxy

and

z =Pz
= Q*EPry +iPzy = (Q*F +ilx,,, )7+

Thus, the operators Q*F + ilx,  : Xan — Xian are surjective and

consequently, as a closed operator, (Q*E);an = (Q*E)
adjoint. Furthermore, since Q* and E.,, are invertible and (Q*F);an
is self-adjoint, (Q*E) an becomes invertible and ((Q* E).an) ! becomes
self-adjoint as well. Hence, applying Lemma 6.1.3 at B = ((Q*E)yan) !,
there exists a ¢ > 0 such that T = ((Q*E)ran) > clx,,, holds and

()%, = ((Q"E)ran+, -) x induces a norm equivalent to || - | x on Xyan.

X,.. 1s self-
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Define X, = (Xran, () ;(m). Since A is dissipative, one derives

R < ran(AQ)Tanx x>X - Re <AQZ‘7Q$>X S 07

for € dom(E,L (AQ)yan), which means that E,L (AQ)ay is dissipative
in Xran Given that X = Xyan ® Xker, Eran being bijective and (AEyan —
(AQ)yan) being surjective, EL (AE,an — (AQ)ran) becomes surjective as
well with

()‘Ian @i(AQ)ran) = EI:)}I()\ ran (AQ)ran)

By the Theorem of Lumer-Phillips [ABHN11, Thm. 3.4.5], the operator
ran(AQ)ran generates a contraction semigroup on Xran In this case,
EL(AQ);an also generates a Cp-semigroup on Xyap.

b) Assume that Q(X,an) = Q(ErL(Zran)) = Zran holds. As seen in Part a),
it is possible to show, that QE_,. is non-negative, self-adjoint and has
a non-negative and self- adJomt 1nverse such that QE_L > ¢l holds

for a ¢ > 0. Define (-, >~ = = (QE,L, ")z and Zvan = (Zran, (-, '>Z,.a,,)'
Thus, we have

Re ((AQ)ran Bt 2, z)z =Re (AQE_ L2, QE;lz2) 7 <0,

for 2 € dom((AQ)ranEL), since A is dissipative and QE,,L is self-
adjoint on Z,,,. The rest of this proof follows analogue to the previous
part. a

The scenario in which (E, AQ) possesses a radiality index is more common
than one might expect. This is demonstrated in Example 2.3.9, under the
conditions where X = Z, Q = Ix, E is non-negative and A is dissipative.

6.3 Port-Hamiltonian E-system nodes

The most general formulation of port-Hamiltonian differential algebraic
systems of the form (6.2) typically uses Dirac structures and Lagrangian sub-
manifolds. These formulations involve vector spaces that are self-orthogonal
with respect to certain inner products. This enables the representation of
pH-DAESs, as these geometric structures preserve properties such as the
interconnection of multiple systems and their energy-dissipating properties,
see [SJ14; MS23; SS14; SM02; SM18].

The main disadvantage of such geometric approaches, at present, is
that they do not adequately address the existence and characterisation of
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solutions. This is where the previously introduced E-nodes become relevant,
see Chapter 5.

In what follows, we briefly recall the definitions of Gelfand triples and
dissipation nodes, which were intensively studied in [Skr21] and [PRS25].
Thereby, we adapt the cited definitions and results to the E-operator node
notation from Chapter 5. These concepts are then used to introduce port-
Hamiltonian E-system node. These results have been published in [EJR25a].

Quasi Gelfand triples

Let X, Z and U be complex valued Hilbert spaces and let X*, Z* and U*
be their (anti-)duals.

Definition 6.3.1 (Sesquilinear forms - properties).

Let h: dom(h) x dom(h) — C be a sesquilinear form on X. We call h densely
defined if dom(h) is dense in X, positive if h(z,x) > 0 for all z € dom(h)\{0}
and closed if dom(h) is complete with respect to the norm

1
Iz llaomn) = (lz% + h(z,2))*.

The following result is an implication of Kato’s second representation
theorem [Kat95, Ch. 6.2.6]. Therefore, we will omit the proof.

Lemma 6.3.2.

Let h be a densely defined, positive and closed sesquilinear form on X. Then
there exists a unique positive self-adjoint operator H: dom(H) C X — X
such that dom(H?) = dom(h) and

h(z,y) = <H%x, H%y>X ,  for all x,y € dom(h). (6.9)

This leads us to the formal definition of quasi Gelfand triples.

Definition 6.3.3 (Quasi Gelfand triple).
Let h be a closed, densely defined and positive sesquilinear form. Let X} be
the completion of dom(h) with respect to the norm

|2|ln = h(z,z)%.

Furthermore, let Xj_ denote the completion of {2’ € X | ||2'||n— < oo},
where @2 x|
', x
[ sup usiobsl
z€dom(h)\{0} Hx”h

Then (X;,—, X, X}) is called the quasi Gelfand triple associated with h.
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In [Skr21, Cor. 4.8], it is shown that X},_ is isometrically isomorphic to
Xj. Thus, we canonically identify X = X)_ from this point onwards and
refer to quasi Gelfand triples of the form (X, X, X).

Lemma 6.3.4. [PRS25, Prop. 17]

Let h be a positive, densely defined and closed sesquilinear form on X and let
H be the uniquely determined positive self-adjoint operator associated with h
from Lemma 6.3.2. Then H has a unique bounded extension H: X, — X5,
which coincides with the Riesz isomorphism of X}, denoted by Rx, .

Dissipation nodes

In this section, we provide a brief introduction to the concept of dissipation
nodes. By defining them through E-operator nodes, we will also categorise
them according to the existing literature on dissipation nodes.

We start by recalling the definition of dissipative operators on X; x U —
Xp x U*.

Definition 6.3.5 (Dissipative).
We call an operator M: dom(M) C X} x U — X, x U* dissipative if its
graph is dissipative; i.e., one has

! / !
Re <($)M<x>> <0, forall (x) e dom(M).
u u X7 XU,X) xU* u

Furthermore, M is called maximal dissipative if it is dissipative and its graph
is not a proper subset of a dissipative subspace of (X} x U) x (X, x U*).

This brings us to the definition of dissipation nodes, as follows.

Definition 6.3.6 (Dissipation node).

Let (Xp—,X,Xp) be a quasi Gelfand triple. Let M = [I}Q‘E{E} be a R)_(}ll—
operator node on (X, U, X}, U*). Then M is called dissipation node if M
is dissipative and p(R}i,F ) N CRreso is not empty.

Remark 6.3.7.

Note that we require in the definition of a dissipation node that p(R;(i’, Fyn
CRres0 is not empty, instead of )\R;{i — F having a dense range for some
A € Cres0, as is common in other literature. However, it can be shown that
in this latter case, all elements in Cre~( are already contained in p(’R}}l ,F),
see [PRS25, Prop. 13]. Hence, these two definitions are equivalent.
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Port-Hamiltonian E-system nodes

In the following, we consider quasi Gelfand triples generated by sesquilinear
forms hx on X and hz on Z. For notational simplicity, we omit the index
in the sesquilinear forms and denote the quasi Gelfand triples as (X}, X, X},)
and (Z}, Z, Zy,).

Definition 6.3.8 (Port-Hamiltonian E-system node).
Let (X}, X, Xn), (Z},Z,Z),) be quasi Gelfand triples associated with hx,

hz. Let E,Q € L(Xn, Zy) and M = [ﬁ}%ﬂ s dom(M) C Zf x U — Zy, x U*
be a dissipation node on (Z;,U, Zp,,U*). Then,

g [IZ,L 0 ] M{thQ 0} _ [Izh 0 HF&G} {RZ,LQ 0]

0 —Iy- 0 Iyl |0 —Ip||K&L|| 0 Iy

is a port-Hamiltonian E-operator node on (X, U, Z,,U*), if for all z € X,
hz(Qz,Ezx) >0

holds and p(E, FHQ)NCgreso is not empty. If S is additionally an E-system
node, then we call S a port-Hamiltonian E-system node on (X}, U, Zy,U*).

The associated system for a port-Hamiltonian F-operator node reads as

SE 0] /(=) _ [z, 0 F&G 1 [Rz,Q 07 [z(t) L5 0
0 Iy-|\y(t) 0 —Iy-||(K&L) 0 Iy | \u(t))” ~ =7

(6.10)
This brings us to define the Hamiltonian for a port-Hamiltonian FE-

operator node.

Definition 6.3.9 (Hamiltonian).

Let S = [I(Zfb _ IOU*]M [RZ&Q I%} be a port-Hamiltonian E-operator node on

(X1, U, Z,,U*). Then the operator

,H:Xh%R,

1 ~ 1
T~ ihz(Qx,Ex) = <HQ$,E$>Z* =3 (thny,E@Z;’Zh

h'%h

N | =

is called the Hamiltonian of S.

Similar to what we did in Remark 6.1.2, we can show that every port-
Hamiltonian F-operator node reduces to a system on a single Gelfand triple,
provided that @ is invertible.
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Proposition 6.3.10.
Let S = [Igh _IOU*} M [RZdLQ I?]} be a port-Hamiltonian E-operator node on

(Xn,U, Zp,U*). If Q is invertible, then

5_[lz. 0 ][F&G][Rz, O
o Iy ||K&L|| 0 Iy

becomes a port-Hamiltonian EQ~!-operator node on (Zy,U, Zy,U*). Fur-
thermore, S is a port-Hamiltonian E-system node if and only if S is a
port-Hamiltonian EQ™'-system node.

Proof. The first assumption follows from
hz(Qx, Ex) = hz(z, EQ'2) >0,

for arbitrary = € X with Qx = z € Z;, combined with the fact that
p(E,FQ) = p(EQ~', F) holds. Furthermore, the identity (\E — FQ)~! =
QAE—F)~! holds for all A € p(E, FQ). Thus, (E, FQ) possesses a complex
resolvent index if and only if (EQ ™!, F) has a complex resolvent index. This
implies the second assumption. d

Next, we collect certain properties of port-Hamiltonian F-operator nodes.

Theorem 6.3.11.
Let S = [Igh _IOU*}M[RZ&Q I?]] be a port-Hamiltonian E-operator node on
(Xn, U, Zp, U*).
a) If Q is invertible and ran E is closed, then one has Creso C p(E, FQ).
In this case S becomes a port-Hamiltonian E-system node, where the
resolvent index of (E, FQ) is at most two and the complex resolvent

index of (E,FQ) is at most 3.

b) All generalised trajectories (x,u,y) (and thus also classical trajectories)
satisfy the dissipation inequality

H(x(t)) — H(z(0)) < Re /0 (y(r),u(r))y+ v dr, forallt>0.

Proof. a) As seen in the proof of Proposition 6.3.10, EQ~! is non-negative,
as hz(Qz,Ex) = hz(z, EQ~'2) > 0. Since the range of E is closed,
the same holds for EQ~! and thus, we can decompose the space Z
as Zp = ran EQ~! @ ker EQ~!. By [PRS25, Prop. 13|, F is maximal
dissipative. Hence, the pair (EQ~!, F) describes a port-Hamiltonian
DAE defined as in Definition 6.1.1. By Corollary 6.2.2 (EQ~ !, F)
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has a resolvent index, which is at most two and a complex resolvent
index, which is at most 3. Consequently, the assumption follows from
Proposition 6.3.10.

b) Assume that (z,u,y) is a classical trajectory in the sense of Definition

5.1.8. Using the product rule and the dissipativity of M = [?ﬁf} we

deduce

Qu(t), Ba(t))

{
~ Re <HQ (®). F&G<m<x( ))>
(

t) ,
= Re ( zg(ft> [f{ifi]( Y?(x >>z;xU,Zh,xU*
+Re <u(> K‘“( (x)(t))>w

<Re (u(t),y(t))y y-, forallt>0.

~

By integration the above inequality the dissipation inequality follows.
Analogously, the case of generalised solutions can be showed by taking
limits. d

In the vast majority of cases, DAEs arise from ordinary or partial differ-
ential equations modified by additional constraints, typically in the form of
algebraic conditions. Consequently, most port-Hamiltonian system nodes
can be reformulated as port-Hamiltonian E-system nodes. In this context,
for a Gelfand triple (X,—, X, Xp,) = (Zn—, Z, Zy,) with hx, an operator

[Ix, 0 Ry, O
5= { 0 —IU*]M[ 0 IU}

is called a port-Hamiltonian system node if M = [ﬁ%ﬂ s dom(M) C X x
U — X, x U* is a dissipation node; i.e., the intersection p(R;(’ll,F) N CRre>0
is not empty, see [PRS25|. This is consistent with the definition of an
Ix, -operator node and demonstrates that the definition of a port-Hamilton
FE-operator node aligns with the conventional definition.

Lemma 6.3.12.
Let (X, X, X}) be a quasi Gelfand triple associated with hx , E € L(Xp, Xp)

and S = [IX’L 0 }M[Rxh } be a system node. If p(E, FH)NCRreso # 0

— Iy~



6. INFINITE DIMENSIONAL PORT-HAMILTONIAN DAES 139

and
hx(x,Ex) >0

holds for all x € Xy, then S is a port-Hamiltonian E-system node.

Proof. This follows directly from the definition of a port-Hamiltonian F-
system node. a

In concluding this chapter, we examine a case study of a port-Hamiltonian
E-system node, which may initially appear quite mathematical at first glance.
Nevertheless, by subtly altering the algebraic condition, we will see that a
large number of examples with different properties can be derived.

Example 6.3.13.
Let €1,e9,7 € L%°(0,1) be non-negative and consider

d [al(o 0 } <x1(c,t>> _|0 & (m(@tt)) (6.11)

dt| 0 e(Qf\w2(¢t)) | F (O] \z2(¢1)) '
for all t > 0 and ¢ € [0, 1]. We will demonstrate that this system fits into the
framework of port-Hamiltonian E-system nodes. In addition, depending on
the choice of additional conditions on €1, €5 and r, we will demonstrate how
the characteristics of the system change significantly. To be more precise,
by appropriately selecting these parameters, we can generate (almost) all
possible indices of port-Hamiltonian E-system nodes. As we have already

observed in Theorem 6.3.11 a), these can be at most 2 in the real case and 3
in the complex case. Let X = Z = L?(0,1) x L?(0,1) and define

_|ea) 0 _|0 %
E._[ ! 52(.)}, A=y _é;c(_)]

with
dom(A) = {(a:l,:vg) € HY(0,1) x H*(0,1) | 21(0) = 22(1) = 0}.

We choose the standard inner product in L?(0,1) x L?(0,1) as the sesquilin-
ear form hy. Thus, the Hamiltonian is given through H(z) = 1(z, Ex)x, =
|Ex||%, and one has dom(h,) = X, = Xj; = L?(0,1) x L*(0,1). Further-
more, the Riesz isomorphism is represented by the identity operator.

For simplicity, we construct an E-operator node on (X, {0}, X, {0}), as
seen in Remark 5.1.9 b), with main operator A&0 and set

Ve [A&O].

0
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We will show that this choice results in a port-Hamiltonian E-system node
as defined in Definition 6.3.8, but without an input or output-operator. It
is, of course, possible to extend the system to include such operators by
adjusting M, provided that the main operator is preserved and M remains
dissipative. Note that such systems may still have an input, which can either
be given by the algebraic constraints in E or may appear in dom(A).

We start by proving that A is invertible on its domain and that M is
dissipative. Let y = (}}) € X}, and consider A(5L) = (¥3) for z = (31).
Simple calculations uniquely determine x as follows

:m@>=1fm@nw+%fmw([ﬂnwnw)@,

. (6.12)
mm=—Awaa

for ¢ € [0,1]. Hence, A is invertible and, by the Closed Graph Theorem, its
inverse is bounded. Furthermore, we have

Re (z, Az) = Re /0 xh(8)ZT1(s) + 2 (8)Tz(s) — r(s) |x(s)[* ds
1
= Re [T} + Re [ aa(s)7as)
— 22(8)Z1(s) ds —Re /0 r(s) |z2(s)|* ds,

for all z € dom(A). Due to the domain conditions z1(0) = z2(1) = 0, the
first term (the boundary term) vanishes. The integrand of the second term
T1T3 — T2 is purely imaginary, so its real part is zero. The remaining term
is non-positive, as r is non-negative. Hence, we have Re (x, Az) < 0, which
indicates that A, and thus also M, is dissipative.

Next, we prove that Creso is contained in p(E, A). To do so, we only
need to show that Creso N p(F, A) is not empty, as the full inclusion then
follows from [ZM24, Thm. 13]. Let A > 0 be arbitrary small. Since A is
invertible, we rewrite the operator pencil of (E, A) as follows

(AE — A) = —A(I - \AT'E).

Hence, (AE—A) is invertible if and only if (I—-AA~!E) is invertible. Choosing
A > 0 small enough such that [[MA~LE| < 1 holds, the Neumann series
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guarantees that (I — AA~!E) is invertible with

(I—XAT'E)"1 = i(AA‘lE)’“.
k=0

Thus, (AE — A) is invertible for small A > 0, which implies that Cresg N
p(E, A) is not empty. By Lemma 6.3.12, the operator
5= [ . 2]

is a port-Hamiltonian F-system node. Now, assuming that one or both
functions €1 and &5 either vanish or are strictly positive, we can reduce the
system to a DAE with an index of 0, 1, or 2.

Index 0. Assume that €7 and 5 are strictly positive; i.e., there exists
a ¢ > 0 such that €1(¢) > ¢ and €2(¢) > ¢ hold for all ¢ € [0,1]. In this
case, (6.11) becomes the wave equation. Whether one wants to consider the
damped wave equation or not, i.e., whether r is considered or not, does not
affect the index of the system, as we will see later. Let x = (1) € dom(A),
A € Cre>o- Then we obtain

Re (AE — A)z,z) = Re /O Ae1(Q)|z1 (O + (Ae2(Q) +(€)) 2 (¢)* d¢

" Re / 2y OFT(C) + 2, (OF3(0) d¢
0
> Re (M) 2%, -

Note that the second integral vanishes, as x1(0) = 22(1) = 0 and Rez173 —
x9T7 = 0. Substituting (A\E — A)x = z into the resulting inequality, applying
the Cauchy-Schwarz inequality to Re(z,(AE — A)~1z) and dividing by
Re (A)c and s, we obtain

H(/\E—A)_le < for au/\E(CRe>0, z € Xp.

1
WHZ x>
Hence, it is clear that (E, A) has a real resolvent index of 0 and a complex
resolvent index of 1. Note that the complex resolvent index cannot be 0,
otherwise the operator A would be the generator of an analytic semigroup,
which contradicts (6.11) being the wave equation.

Index 1. Assume that e; and r are strictly positive; i.e., there exists
a ¢ > 0 such that €1(¢) > ¢ and r(¢) > ¢ holds for all { € [0,1]. If e5 =0,
then (6.11) coincides with the diffusion equation. In this case, the system
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(6.11) can be rewritten as

%m(c,t) a2t = i( (10 (68( (¢, t))) (6.13)

for all ¢ > 0 and ¢ € [0,1]. To determine the index of (E, A), we proceed
analogously to the index 0 case and obtain

Re((\E — A)z,z) > c|lz|l%,

for all x = (71 ) € dom(A), A € Cre>1. Hence, we have
H(/\E A)” zH < f||z|| for all A € Cgres>1, 2 € Xp,.

Thus, the real and complex resolvent indices of (F, A) are at most 1. Choosing
= (%) € X and solving (A\E — A)x = y, we obtain z = (%)
Hence,  is independent of the choice of A and |[(AE — A)~'y|| provides a
M-independent lower bound for ||[(AE—A)~!||. This implies that the resolvent
is bounded both from above and below independently of A, which results in
both the real and complex resolvent indices being 1. One might expect a
lower index, since the operator in the right-hand side of (6.13) generates an
analytic semigroup. However, this is not the case, as one must distinguish
between the underlying spaces in (6.11) and (6.13).

We obtain the same index if we set &7 = €5 = 0. In this case, (6.11) can
be rewritten as the following elliptic partial differential equation

Since E vanishes, (A\E — A)~! coincides with A~!, which is given by (6.12).
As the resolvent is independent of A, the index can be directly determined.

Index 2. Now, assume that €9 is strictly positive and e; = 0. Then
(6.11) reduces to

0
0= aich(Ca )7

4 Oea(C,t) =

dt 21(C,t) = r(Qza(C,t).

0

aC

To compute the index, we consider
0

m@»_ ~c ™) _<m©)

z2(C) y2(0))’

Aea(Q)z2(C) — 8*C$1(C) +7(Q)z2(¢)

()\EA)<
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for (51) € dom(A) and (¥2) € X. This is solved by

(m(()) : /Oc (Aea(s) +r(s)) ( /1 (k) dk) e /Oc o
/C y1(s)ds

From this expression, it is clear that the solution x depends linearly on A.
This implies linear resolvent growth and, consequently, both the real and
complex resolvent indices are 2.

6.4 Notes on Chapter 6

In Chapter 6, we introduced port-Hamiltonian DAEs (E, AQ) in infinite
dimensions. In particular, we proved that the Hamiltonian decays along
all classical solutions, and that every port-Hamiltonian DAE possesses a
complex resolvent index that is bounded above by 3, under the assumption
that the resolvent set p(E, AQ) contains at least one element in the open
right half-plane. Building upon the results from Chapter 2, we investigated
the solvability of DAEs with existing radiality index.

Combining the E-system nodes introduced in Chapter 5 with quasi
Gelfand triples [Skr21] and dissipation nodes [Sta05; PRS25], we established
the concept of port-Hamiltonian E-system nodes. After proving the dissi-
pation inequality for port-Hamiltonian E-system nodes, we demonstrated
that ordinary port-Hamiltonian system nodes, which include additional al-
gebraic constraints in the form of a bounded operator E, can be rewritten
as a port-Hamiltonian E-system node if the underlying DAE contains an
element from the right-half plane in the resolvent index and if E is non-
negative. This demonstrates how algebraic conditions can be imposed on
ordinary port-Hamiltonian systems, extending them to a port-Hamiltonian
differential-algebraic system.

These results were then used to reformulate an example of a port-
Hamiltonian DAE into a port-Hamiltonian E-system node, wherein the
index was varied by making minor modifications to the algebraic condi-
tions. The example thus serves as a prime example for a variety of different
port-Hamiltonian DAEs. This serves as a basis for further research on
port-Hamiltonian systems.
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