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Symbols

Here, we provide a list of common symbols used in this work, along with their
respective meanings. Please note that some basic mathematical concepts
are not explained in Chapter 1, as they are considered prerequisites for
understanding this (or any) mathematical work. Therefore, some page
numbers refer only to the first occurrences of the symbols used.

Number sets

N set of natural numbers 2

R set of real numbers 1

C set of complex numbers 1

CRe>ω set of all λ ∈ C with Re > ω, for a ω ∈ R 3

K either R or C 1

| · | absolute value 1

Banach spaces and operator related symbols

∥ · ∥X norm on a Banach space X 1

IX identity operator on IX : X → X, x 7→ x 1

X ′ dual space of a Banach space X 1

(X,Y ) dual pair for Banach spaces X and Y 1

⟨·, ·⟩Y,X dual pairing of a dual pair (X,Y ) 1

⟨·, ·⟩X inner product on a Hilbert space X 2

L(X,Z) set of all bounded operators T : X → Z 4

L(X) L(X,X) 4

vii
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dom(A) domain of the (not necessarily bounded) operator
A : dom(A) ⊆ X → X

4

ran (A) range of the operator A : dom(A) ⊆ X → X 6

ker (A) kernel of the operator A : dom(A) ⊆ X → X 6

ρ(A) resolvent set of the operator A : dom(A) ⊆ X → X 4

(µI −A)−1 resolvent of A : dom(A) ⊆ X → X at µ ∈ ρ(A) 4

A∗ dual or adjoint of the operator
A : dom(A) ⊆ X → X

4

(E,A) an operator pair, where E ∈ L(X,Z) and
A : dom(A) ⊆ X → Z is closed and densely defined

4

ρ(E,A) {µ ∈ C | (µE −A) boundedly invertible};
generalised resolvent set of (E,A)

4

(µE −A)−1 resolvent of (E,A) at µ ∈ ρ(E,A) 4

Rr(µ) (µE −A)−1E for µ ∈ ρ(E,A) 5

Rl(µ) E(µE −A)−1 for µ ∈ ρ(E,A) 5

(Sr(t))t≥0 right-integrated semigroup generated by (E,A) 73

(Sl(t))t≥0 left-integrated semigroup generated by (E,A) 73

Z−1 extrapolation space of Z associated with (E,A) 98

A−1 bounded extension A−1 : X → Z−1 of the operator
A : dom(A) ⊆ X → Z

98

p
(E,A)
nil nilpotency index of (E,A) 15

p
(E,A)
res resolvent index of (E,A) 15

p
(E,A)
c,res complex resolvent index of (E,A) 15

p
(E,A)
chain chain index of (E,A) 15

p
(E,A)
rad radiality index of (E,A) 15

p
(E,A)
c,rad complex radiality index of (E,A) 15

p
(E,A)
dif differentiation index of (E,A) 15

p
(E,A)
pert perturbation index of (E,A) 15

C(E,A−1) set of consistent initial values of extrapolated DAE 104

Function spaces

C(I;X) set of continuous functions f : I → X 2
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∥f∥C(I;X) supx∈I ∥f(x)∥X 2

Cp(I;X) set of p-times continuously differentiable functions
f : I → X

2

C∞(I;X) set of infinitely differentiable functions f : I → X 2

supp support of a function f : I → X,
i.e. suppf := {x ∈ I | f(x) ̸= 0}

3

C∞
c (I;X) set of infinitely differentiable functions f : I → X

with compact support
3

Lp(I;X) Lebesque-Bochner space; set of p-integrable
X-valued functions f : I → X with 1 ≤ p ≤ ∞

3

∥f∥Lp(I;X) (
∫
I
∥f(x)∥pX dx)

1
p for 1 ≤ p < ∞ 3

∥f∥L∞(I;X) ess supx∈I ∥f(x)∥X 3

L1
loc(I;X) set of measurable functions f : I → X, which are

integrable on all compact subsets
3

Hk(I;X) k-th Sobolev space; set of all k-times weakly
differentiable functions f : I → X with derivatives in
L2(I;X)

3

∥f∥Hk(I;X)

(∑k
l=0 ∥f (l)∥2L2(I;X)

) 1
2

3

Hk
0 ([0,∞);X) f ∈ Hk([0,∞);X) with f(0) = . . . = f (k−1)(0) = 0 3

H2(CRe>0;X) Hardy space; set of holomorphic functions f : I → X

which are bounded with respect to ∥ · ∥H2(CRe>0;X)

3

∥f̂∥H2(CRe>0;X)
1

2πi sups>0 ∥f̂(s+ i·)∥L2(R;X) 3
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Introduction

Differential-algebraic equations (in short, DAEs) are often unavoidable when
modeling physical systems. They naturally arise in constrained mechanical
systems, electrical circuits, and control problems, among others. Since most
partial differential equations are subject to additional algebraic conditions,
DAEs are frequently encountered in the world of PDEs. Well-known ex-
amples include the incompressible Navier–Stokes equations or Maxwell’s
equations, just to name a few. The former describe the dynamics of viscous,
incompressible fluids and, under the incompressibility assumption, impose
the algebraic constraint that the divergence of the velocity field vanishes
identically. This condition implies local volume preservation of fluid elements;
i.e., the fluid volume remains constant over time and is neither compressible
nor expandable. The latter, Maxwell’s equations, combine Ampère’s law
(with Maxwell’s correction) and Faraday’s law of induction to describe the
behaviour and interaction of electric and magnetic fields generated by electric
charges and currents. In addition, they are usually paired with algebraic
divergence constraints: The divergence of the magnetic flux density is zero,
which implies that magnetic field lines always form closed loops, and the
current density is divergence-free (under steady-state or suitable quasi-static
assumptions), representing an uninterrupted, continuous flow of electric
current.

Although finite dimensional DAEs and infinite dimensional classical
systems have already been studied and rigorously analysed, the connection
between these two research areas remains largely underdeveloped. In many
aspects, the systematic study of their interrelation is still at an early stage
of research. For instance, in finite dimensions, consider a DAE of the form

d

dt
Ex(t) = Ax(t), t ≥ 0,

where E,A ∈ Cn×n. Under minimal regularity assumptions on the pair

xi
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(E,A), namely that the generalised resolvent set

ρ(E,A) := {λ ∈ C | λE −A is boundedly invertible}

is non-empty, it is possible to decompose the system into a differential part
and an algebraic part. This representation, also known as the Weierstraß
decomposition or Weierstraß form [KM06; Wei68; Kro91], generally does not
exist under the same regularity conditions in infinite dimensions, as will be
demonstrated later in Chapter 2. Consequently, in the infinite dimensional
setting, the algebraic constraints interact directly with the differential dy-
namics, necessitating that both components be treated simultaneously in
the analysis of solutions to the system. To provide the necessary analyti-
cal framework for addressing these problems, one introduces the following
pseudo-resolvent operators

Rr(λ) := (λE −A)−1E and Rl(λ) := E(λE −A)−1, λ ∈ ρ(E,A),

which are referred to as the right- and left-resolvent, respectively, of the
matrix pair (E,A). These pseudo-resolvents arise in numerous contexts
within the theory of differential-algebraic equations (DAEs), including the
underlying spatial decomposition in Weierstraß form, the analysis of solutions
[EJM24], and their characterisation [GR25].

Furthermore, for partial differential equations in infinite dimensions of
the form

d

dt
x(t) = Ãx(t), t ≥ 0,

for a (not necessarily bounded) linear operator Ã on a Banach space, the
theory of strongly continuous C0 semigroups is often indispensable for well-
posedness and further analysis [EN00]. By imposing algebraic constraints
on such systems, one typically arrives at a DAE of the form

d

dt
Ex(t) = Ax(t), t ≥ 0,

where E : X → Z is a bounded linear operator and A : dom(A) ⊆ X → Z is
closed and densely defined for Banach spaces X and Z. Since the operator
E is ’firmly embedded’ in the dynamics, i.e., E is typically non-invertible,
the system cannot be characterised by a resolvent in the classical sense
as an operator defined on the entire underlying spaces, but rather by the
generalised resolvent of (E,A) given by

(λE −A)−1, for λ ∈ ρ(E,A).
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Consequently, one generally obtains solutions only in the distributional sense,
and additional regularity assumptions on the inhomogeneities are required.

The complexity of a DAE is usually described by the so-called index,
which serves as a measure of the difficulty involved in analysing, solving, or
transforming the systems. It is often mistakenly assumed that this refers to
a single index term. While this may be true for finite dimensional DAEs,
it is necessary to distinguish among a variety of different index terms in
infinite dimensional DAEs [EJMRT24]. In this work alone, we introduce and
compare seven distinct index concepts, namely the nilpotency index [KM06;
Meh15], the resolvent index [GK69; Tro20], the chain index [Won74; BT12;
Ber82], the radiality index [SF03; JM22], the differentiation index [Cam95;
Gea71; GP83], and the perturbation index [Gea71; Gea88]. Although some of
these concepts are well established and broadly recognised within the DAE
community, such as the differentiation index and resolvent index, others
remain comparatively obscure or not yet standardised, such as the radiality
index. For the latter class, it does not always make sense to consider them
in finite dimensions, as the analytical and computational effort required to
determine them is excessively large compared to their potential benefit.

One index we will be paying more attention to is the resolvent index. In
its complex variant, it serves as a growth barrier for the resolvent in the right
half-plane. To be more precise, the complex resolvent index is the smallest
number p, for which there exist C > 0 and ω ∈ R such that CRe>ω ⊆ ρ(E,A)

and ∥∥(λE −A)−1
∥∥ ≤ C|λ|p−1, for all λ ∈ CRe>ω. (1)

This term is particularly interesting to us as it offers a solution concept for
the underlying DAE [EJM24; Rei06] and is quite similar to the existence
condition of integrated semigroups for the abstract Cauchy problem. More
precisely, under the assumption that X = Z and E = I holds, we consider
a closed and densely defined linear operator A. If the resolvent of A grows
at most polynomially as in (1), then A generates a (p+ 1)-times integrated
semigroup on the entire space X; see [ABHN11; Are87; Neu88]. Conse-
quently, the next logical step is the generalisation of integrated semigroups
for the setting of differential-algebraic equations. The main difference be-
tween integrated semigroups associated with DAEs and classical integrated
semigroups lies in the fact that, for each left- and right-resolvent of the pair
(E,A), one can construct a corresponding integrated semigroup (Sl(t))t≥0

and (Sr(t))t≥0. Consequently, each pseudo-resolvent admits a representation
of the following form

Ri(λ)x = λp

∫ ∞

0

e−λtSi(t)x dt,
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for all x ∈ ranRi(λ)p, λ ∈ CRe>ω and i ∈ {r, l}. So far, the generalisation
of integrated semigroups for DAEs has been analysed in [MF01; Mel96],
where the well-posedness of DAEs with a complex resolvent index of 1 was
studied. Building upon these results, we further extend this framework and
derive necessary and sufficient conditions for the existence of solutions to
the inhomogeneous DAE

d

dt
Ex(t) = Ax(t) + f(t), t ≥ 0, (2)

for inhomogeneities f : [0,∞) → Z. In this context, we restrict our attention
to cases where the inhomogeneity maps either into the ranges or the kernels
of the pseudo-resolvents associated with the pair (E,A). Subsequently, we
show that every DAE (E,A), which generates integrated semigroups, also
induces a C0-semigroup on a suitable subspace, provided that kerE and
Rr(µ)p are disjoint. This result is a generalisation of [Neu88, Thm. 5.2].

Since inhomogeneities do not always map into the image and kernel
spaces of the left- or right-resolvent of (E,A), the integrated semigroups
for DAEs unfortunately reach their limits. However, to establish a solution
concept for arbitrary inhomogeneities, one can switch to extrapolated DAEs.
More specifically, for the abstract Cauchy problem, one can continuously
extend a closed and densely defined operator A to the entire space, provided
that its resolvent set is not empty. This is done by continuously extending
the space by taking its closure with respect to the norm ∥(λI −A)−1z∥ for
z ∈ ran (A) [TW09; EN00]. In this work, we show that a similar approach
can be applied to the DAE case by taking the closure of Z with respect to
the norm

∥z∥Z−1
:=
∥∥(λE −A)−1z

∥∥ , for z ∈ Z,

which will be denoted by Z−1. Hence, for a closed and densely defined linear
operator A : dom(A) ⊆ X → Z and a bounded linear operator E : X → Z,
we can continuously extend A to a bounded operator A−1 ∈ L(X,Z−1).
Consequently, the following extrapolated DAE is obtained

d

dt
Ex(t) = A−1x(t) + f(t), t ≥ 0,

Ex(0) = Ex0,

for an initial value x0 ∈ X and inhomogeneity f : [0,∞) → Z−1. As stated in
[Rei06, Thm. 2.4-2.7], for any sufficiently smooth inhomogeneity, a solution
to this DAE exists, provided that f and all its derivatives vanish at the
initial time t = 0. To relax this constraint, it is necessary to incorporate the
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initial value into the inhomogeneity and to consider the augmented DAE

d

dt

[
E 0

](x(t)
f(t)

)
=
[
A−1 IZ−1

](x(t)
f(t)

)
t ≥ 0,(

Ex(0)

f(0)

)
=

(
Ex0

f(0)

)
.

Assuming the existence of the complex resolvent index and introducing
augmented Wong sequences, analogous to those in the finite dimensional
setting [BIT22; Tre13], one can formulate necessary and sufficient conditions
on the inhomogeneity that ensure the existence of solutions. This lays the
foundation for reformulating DAEs with input and output as operator nodes.
More specifically, we consider systems of the following form

d

dt
Ex(t) = Ax(t) +Bu(t),

y(t) = Cx(t) +Du(t),
(3)

where E and A are defined as before, and B : U → Z, C : X → Y , and
D : U → Y , with U and Y being Banach spaces. Such systems naturally
occur in various applications, including electrical networks, constrained
mechanical systems, and coupled multi-physical models, among others. Even
though the finite dimensional theoretical framework is well-established and
covers regularity, consistency and input-output behaviour [BR13; Tre13;
BRT17], the infinite dimensional case is still in its early stages. For the
non-algebraic case, i.e., for X = Z and E = IX , one approach to address
these problems is to use operator nodes or system nodes [Sta05]. To formulate
systems of the form (3) as an operator node, one combines the right-hand
side line by line, resulting in the following system

d

dt

(
x(t)

y(t)

)
=

[
A&B

C&D

](
x(t)

u(t)

)
.

To comply with most physical examples, one assumes that S =
[
A&B
C&D

]
dom(S) = dom(A&B) = dom(C&D),

and that the main operator Ax := A&B
(x
0

)
with

dom(A) :=
{
x ∈ X |

(x
0

)
∈ dom(S)

}
is densely defined with a non-empty resolvent set. To allow observation and
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control of the system, one additionally assumes that for all u ∈ U , there
exists an x ∈ X with

(x
u

)
∈ dom(S). Here, S is referred to as an operator

node. In this work, we generalise this concept to the differential-algebraic
framework and consider[ d

dtE 0

0 IX

](
x(t)

y(t)

)
=

[
A&B

C&D

](
x(t)

u(t)

)
.

Assuming that ρ(E,A) is not empty, one can extend the operator A&B

to a bounded linear operator
[
A−1 B

]
: X × U → Z−1. Together with

the theoretical approach used to solve the extrapolated DAE, this provides
a comprehensive solution framework that aligns with the one used in the
non-algebraic case [Sta05].

This, in turn, provides the basis for the formulation of port-Hamiltonian
DAEs. Due to their structure-preserving properties, port-Hamiltonian sys-
tems serve as useful tools in modelling and analysis of energy-dissipating
physical systems. Here, we call a DAE of the form (2) a port-Hamiltonian
differential algebraic equation if X = Z is a Hilbert space, E is non-negative,
i.e., ⟨Ex, x⟩ ≥ 0 for all x ∈ X, and A is dissipative, i.e., Re ⟨Ax, x⟩ ≤ 0 for
all x ∈ dom(A). One important advantage is that, under minimal, natural
regularity assumptions, port-Hamiltonian DAEs always possess a complex
resolvent index that does not exceed 3. Consequently, the port-Hamiltonian
formulation of a DAE guarantees the well-posedness of the underlying dy-
namical system and allows the application of integrated semigroups, as well
as the extension to extrapolated DAEs. The next logical step is therefore to
formulate a pH-DAE as an operator node. This is similar to what was done
in [PRS25] for the non-algebraic case.

The core of this thesis has been published in the form of the articles
[EJMRT24], [EJM24], [EJR25a] and [EJR25b]. The thesis is organised as
follows: In Chapter 1, basic notation and preliminary results on (pseudo-
)resolvents, as well as the solvability and equivalence of DAEs, are introduced.
In Chapter 2, several distinct index concepts are compared, and their relations
are visualised with a diagram. By focussing on the complex resolvent index, a
solution representation for the homogeneous DAE is provided and integrated
semigroups for DAEs are introduced in Chapter 3. Furthermore, necessary
and sufficient conditions for the existence of solutions of the inhomogeneous
DAE are formulated, depending on the location of the inhomogeneities. In
Chapter 4, the extrapolation space Z−1 is introduced, and the solvability of
the extrapolated DAE is studied using the augmented Wong sequence. The
results derived in this context are subsequently used in Chapter 5 to extend
the framework of differential-algebraic equations with inputs and outputs
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to the more general settings of operator nodes and system nodes. Finally,
in Chapter 6, the framework of port-Hamiltonian DAEs is introduced and,
building upon the developments of the preceding chapters, it is generalised
to the setting of port-Hamiltonian differential-algebraic system nodes.
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Chapter 1

Preliminaries

In this chapter, we recall some basic concepts of pseudo-resolvents, solutions
of differential-algebraic equations (short DAEs), and the Laplace transform,
which will be necessary for the subsequent sections of this work.

1.1 Basic notation

We start by introducing the notation and basic terminology that will be
used throughout this work.

1.1.1 Banach spaces and dual pairs

Let X be a Banach space over K ∈ {R,C} with norm ∥ · ∥X and identity
operator IX . By

X ′ := {x′ : X → K | x′ is anti-linear and continuous }

we denote the (anti-)dual space of X. Let ⟨·, ·⟩Y,X : Y × X → K be a
continuous sesquilinear form defined on two Banach spaces X and Y . If the
mapping Y → X ′, y 7→ ⟨y, ·⟩Y,X , is an isometric isomorphism, we call (X,Y )

a dual pair and ⟨·, ·⟩Y,X its dual pairing . Define

⟨x, y⟩X,Y := ⟨y, x⟩Y,X , x ∈ X, y ∈ Y.

Then we have
|⟨x, y⟩X,Y | = |⟨y, x⟩Y,X | ≤ ∥x∥X ∥y∥Y

1



2 1.1. Basic notation

and

∥x∥X = sup
y∈Y

∥y∥Y =1

|⟨x, y⟩X,Y | and ∥y∥Y = sup
x∈X

∥x∥X=1

|⟨y, x⟩Y,X |.

Clearly, (X,X ′) forms a dual pair with ⟨x′, x⟩X′,X := x′(x).
Let X be a Hilbert space equipped with the inner product ⟨·, ·⟩X . Unless

specified otherwise, we conventionally identify Hilbert spaces with their
duals. Then (X,X) is a dual pair with ⟨x, y⟩X,X = ⟨x, x⟩X . We call a dense
subset X ⊆ Y continuously embedded into another Hilbert space Y if the
canonical identity X → Y , x 7→ x, is continuous. In this case, we refer to
the completion of Y with respect to the norm

∥y∥∗ = sup
x∈X

∥x∥X=1

|⟨y, x⟩Y |, y ∈ Y,

as the dual of X with pivot space Y , denoted by X∗. Subsequently, we
call ∥ · ∥∗ the dual norm of ∥ · ∥X with respect to X. Furthermore, X∗ is
isomorphic to X ′, and the inclusions

X ⊆ Y ⊆ X∗

are dense and continuous embeddings.
If it is clear from the context, we may omit the subscript when denoting

norms, identity operators, dual pairings, and inner products.

1.1.2 Function spaces

Let I ⊆ R be an interval. We denote the set of continuous functions that take
values in a space X by C(I;X) and endow it with the standard supremum
norm, which is defined as

∥f∥C(I;X) := sup
x∈I

∥f(x)∥X .

Furthermore, we denote the subset of functions that are p-times continuously
differentiable in the interior of I by Cp(I;X) ⊆ C(I;X), where p ∈ N. We
introduce the space of infinitely differentiable functions

C∞(I;X) :=
⋂
m∈N

Cm(I;X),
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and the space of compactly supported and infinitely differentiable functions

C∞
c (I;X) := {f ∈ C∞(I;X) | supp f compact},

where suppf := {x ∈ I | f(x) ̸= 0} denotes the support of the function f . In
this context, we denote the derivative by dk

dtk
f or f (k), for k ∈ {1, . . . , p} and

f ∈ Cp(I;X).
By Lp(I;X), for 1 ≤ p ≤ ∞, we denote the Lebesgue-Bochner space that

consists of (equivalent classes of) X-valued functions that are measurable
and p-integrable. In this context, all integrals are understood in the Bochner
sense, see [DU77]; i.e., ∥f∥Lp(I;X) is finite, where the norm is defined as

∥f∥Lp(I;X) :=


(∫

I

∥f(x)∥pX dx

) 1
p

, p ∈ [1,∞),

ess sup
x∈I

∥f(x)∥X , p = ∞.

In addition, we define L1
loc(I;X) as the collection of all (equivalence classes

of) measurable functions that are integrable over compact subsets; that is,
functions f : I → X that are measurable and satisfy ∥f∥L1(K;X) < ∞ for
every compact subset K ⊆ I. Now, let I ⊆ R be open. By Hk(I;X) ⊆
L2(I;X), k ∈ N, we denote the Sobolev space of k-times weakly differentiable
functions whose derivatives belong to L2(I;X), and we equip it with

∥f∥Hk(I;X) :=

(
k∑

l=0

∥∥∥f (l)
∥∥∥2
L2(I;X)

) 1
2

,

where f (l) denotes the l-th weak derivative of f . Clearly, every differentiable
function is also weakly differentiable. In this case, the weak derivatives
coincides with the normal derivatives. If the interval I ⊆ R is not open, we
simplify the notation by defining Hk(I;X) := Hk(I̊;X), where I̊ denotes
the interior of I in R. Furthermore, we define the space

Hk
0,l([0,∞);X) :=

{
f ∈ Hk((0,∞);X) | f(0) = . . . = f (k−1)(0) = 0

}
.

For an ω ∈ R, we set CRe>ω := {λ ∈ C | Reλ > ω}. By H2(CRe>0;X)

we denote the Hardy space, which consists of all holomorphic functions
f̂ : CRe>0 → X that are bounded with respect to ∥ · ∥H2(CRe>0;X), where

∥f̂∥H2(CRe>0;X) :=
1

2πi
sup
s>0

∥f̂(s+ i·)∥L2(R;X).
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Let ω ≥ 0. Then we call a function f : CRe>ω → C positive real if CRe>ω is
invariant under f .

1.1.3 Linear operators

Let X and Z be Banach spaces. By L(X,Z), we denote the space of bounded
linear operators from X to Z, where we abbreviate L(X) := L(X,X). We
denote the domain of a (not necessarily bounded) linear operator A that
maps X into Z by dom(A). We call A densely defined if dom(A) is dense in
X, and closed if the graph of A is closed; i.e.,

{(x,Ax) ∈ X × Z | x ∈ dom(A)} ⊆ X × Z

is a closed subspace.
Let (X1, X2) and (Z1, Z2) be dual pairs, and let A : dom(A) ⊆ X1 → Z1

be densely defined. Then A∗ : dom(A∗) ⊆ Z2 → X2 denotes the dual/adjoint
operator of A with respect to the dual pairs (X1, X2) and (Z1, Z2) given by

dom(A∗) := {z2 ∈ Z2 | ∃x2 ∈ X2∀x1 ∈ dom(A) : ⟨x2, x1⟩ = ⟨z2, Ax1⟩} ,

and A∗z2 = x2 is derived from the definition of dom(A∗). Since A is densely
defined, A∗ is well-defined. Unless specified otherwise, we consider A∗ with
respect to the canonical dual pairs (X,X ′) and (Z,Z ′) when X and Z are
Banach spaces, and (X,X) and (Z,Z) when X and Z are Hilbert spaces,
respectively.

Let A : dom(A) ⊆ X → Z be a closed and densely defined operator. For
X = Z we define the resolvent set of A by

ρ(A) := {λ ∈ C | (λIX −A) is boundedly invertible}

and refer to
(λIX −A)−1 : X → X

as the resolvent of A at λ ∈ ρ(A). Let E : X → Z be bounded. Then we
define the generalised resolvent set ρ(E,A) by

ρ(E,A) := {λ ∈ C | (λE −A) is boundedly invertible}.

In this context,
(λE −A)−1 : Z → X

is referred to as the (generalised) resolvent of (E,A) at λ ∈ ρ(E,A). We
call (E,A) regular if ρ(E,A) is not empty. Additionally, for λ ∈ ρ(E,A) we
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define the operators

Rr(λ) := (λE −A)−1E and Rl(λ) := E(λE −A)−1

known as the right- and left-resolvent of (E,A) at λ.
Let X now be a Hilbert space. We call an operator E ∈ L(X) positive

or non-negative, denoted by E ≥ 0, if the following holds

⟨Ex, x⟩X ≥ 0, x ∈ X.

We call a closed and densely defined operator A : dom(A) ⊆ X → X dissi-
pative if the following holds true

Re ⟨Ax, x⟩X ≤ 0, x ∈ dom(A).

We call an operator N ∈ L(X) nilpotent if there exists a p ∈ N0 such
that Np = 0. In this context, the smallest number p ∈ N0 such that Np = 0

is called the degree of nilpotency of N . This definition might slightly differ
from other references, as some refer to the largest integer l ∈ N such that
N l ̸= 0 as the degree of nilpotency; see, e.g., [SF03].

1.2 Resolvents and pseudo-resolvents

Pseudo-resolvents extend the classical concept of resolvents, which are of
great importance in functional analysis. For example, they are essential in
spectral theory when solving differential or integral equations, in semigroup
theory, or when dealing with unbounded operators.

In the following, we gather various properties of pseudo-resolvents, par-
ticularly those for the generalised resolvent, as well as for the left- and
right-resolvents of (E,A). We start with the formal definition of a pseudo-
resolvent.

Definition 1.2.1 (Pseudo-resolvents).
Let Ω ⊆ C be open. A function R : Ω → L(X) is called a pseudo-resolvent if
for all λ, µ ∈ Ω

R(λ)−R(µ) = (µ− λ)R(λ)R(µ) (1.1)

holds.

The equation (1.1) is also known as the resolvent identity or Hilbert
resolvent identity .

An essential property of pseudo-resolvents is that their ranges and kernels
are independent of the choice of µ ∈ Ω, which will be discussed next.
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Lemma 1.2.2.
Let R : Ω → L(X) be a pseudo-resolvent, λ, µ ∈ Ω, and i, l ∈ N0. Then the
following assertions hold.
a) R(λ)R(µ) = R(µ)R(λ) and ranR(λ) = ranR(µ), kerR(λ) = kerR(µ).

b) ranR(λ)i+l ⊆ ranR(λ)i and kerR(λ)i ⊆ kerR(λ)i+l.

Proof. This follows immediately from (1.1). ❑

In what follows, we show that the left- and right-resolvents of (E,A) are,
in fact, pseudo-resolvents. To ensure that the underlying assumptions are
consistently upheld throughout this work, we impose the following properties
on the spaces and operators.

Assumption 1.
(i) X and Z are complex Banach spaces.

(ii) E : X → Z is bounded.

(iii) A : dom(A) ⊆ X → Z is closed and densely defined.

(iv) ρ(E,A) is not empty.

When required, we will make slight adjustments to this assumption at
the beginning of each chapter.

Lemma 1.2.3.
Let (E,A) satisfy Assumption 1.
a) For λ, µ ∈ ρ(E,A) one has

(λE −A)−1 − (µE −A)−1 = (µ− λ)(µE −A)−1E(λE −A)−1.

In particular, Rr(·) and Rl(·) are pseudo-resolvents.

b) For all λ ∈ ρ(E,A) one has

E(λE −A)−1A = A(λE −A)−1E, for all x ∈ dom(A).

c) The mappings

(·E −A)−1 : ρ(E,A) → L(Z,X), λ 7→ (λE −A)−1,

Rr = (·E −A)−1E : ρ(E,A) → L(X), λ 7→ (λE −A)−1E,

Rl = E(·E −A)−1 : ρ(E,A) → L(Z), λ 7→ E(λE −A)−1,
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are analytic. Moreover, for λ ∈ ρ(E,A), one has

d
dλ (λE −A)−1E = −(λE −A)−1E(λE −A)−1,

d
dλRr(λ) = −Rr(λ)

2,
d
dλRl(λ) = −Rl(λ)

2.

Proof. a) Let λ, µ ∈ ρ(E,A). Since

λ(λE −A)−1E = (λE −A)−1A+ Idom(A), (1.2)

λE(λE −A)−1 = A(λE −A)−1 + IZ , (1.3)

we obtain

(µE −A)(λE −A)−1 = µE(λE −A)−1 −A(λE −A)−1

= IZ + (µ− λ)E(λE −A)−1

or equivalently

(λE −A)−1 − (µE −A)−1 = (µ− λ)(µE −A)−1E(λE −A)−1. (1.4)

Thus, by multiplying by E from the left or right, Rr(·) and Rl(·) satisfy
the resolvent identity. Let µ ∈ ρ(E,A) be arbitrary and λ ∈ C with
|µ− λ| < 1

∥Rr(µ)∥ . Then the operator (IX − (µ− λ)Rr(µ)) is invertible
by the Neumann series. Hence, Rr(λ) = (λE −A)−1E is well-defined
with

Rr(λ) = Rr(µ) (IX − (µ− λ)Rr(µ))
−1

,

which is equivalent to the resolvent identity. Thus,{
λ ∈ C | |λ− µ| < 1

∥Rr(µ)∥

}
⊆ ρ(E,A)

holds, showing that ρ(E,A) is open.

b) This follows by applying E from the left in (1.2) and from the right in
(1.3).

c) By Part a), ρ(E,A) is open. Using (1.4) and the boundedness of
(·E − A)−1, the mapping ρ(E,A) → L(Z,X), λ 7→ (λE − A)−1 is
analytic. Since E is bounded, the same applies for λ 7→ E(λE −A)−1

and λ 7→ (λE −A)−1E.
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Let λ, µ ∈ ρ(E,A). By Part a), we have

(µE −A)−1 − (λE −A)−1

µ− λ
= −(λE −A)−1E(µE −A)−1.

Letting µ → λ, we obtain d
dλ (λE −A)−1 = −(λE −A)−1E(λE −A)−1.

Applying E from the left and right, the assertion follows. ❑

Lemma 1.2.4.
If (E,A) satisfies Assumption 1, then

(λE −A)−1 =

k∑
l=0

(µ− λ)l
(
(µE −A)−1E

)l
(µE −A)−1

+ (µ− λ)k+1(λE −A)−1E
(
(µE −A)−1E

)k
(µE −A)−1

holds for all λ, µ ∈ ρ(E,A) and for all k ∈ N0.

Proof. This follows directly from rearranging (1.4) for (λE − A)−1 and
reinserting it into (1.4) k ∈ N0 times. ❑

Subsequently, we present an important result regarding pseudo-resolvents
that grow at most polynomially along a sequence (λn)n ⊆ Ω ∩ (0,∞) where
λn → ∞ as n → ∞.

Proposition 1.2.5. [GR25, Prop. 5.1]
Let R be a pseudo-resolvent. If there are p ∈ N, M > 0, and a sequence
(λn) ⊆ Ω ∩ (0,∞) with λn → ∞ as n → ∞, such that for all n ∈ N

∥R(λn)∥ ≤ Mλp−1
n

holds, then for all l ∈ N and µ ∈ Ω, we have

kerR(µ)p+1 = kerR(µ)p+l, and ranR(µ)p+1 = ranR(µ)p+l.

1.3 Solution theory of DAEs

Let (E,A) satisfy Assumption 1. In the following, we define solutions for
DAEs of the form

d

dt
Ex(t) = Ax(t) + f(t), t ∈ I,

Ex(0) = Ex0,
(1.5)
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for both finite and infinite time intervals. Here, we refer to x0 ∈ X as the
initial value and f : I → Z as the inhomogeneity for an interval I ⊆ R.

For simplicity and in view of our later considerations, we restrict ourselves
to intervals I = [0,∞) or I = [0, T ] for a fixed T > 0 and will only specify
this in subsequent results if necessary.

Definition 1.3.1 (Solutions of DAEs).
Let (E,A) satisfy Assumption 1, x0 ∈ X, and f : I → Z.

i) We call a function x : I → X a classical solution of (1.5) if x ∈ C(I;X),
Ex ∈ C1(I;Z), f ∈ C(I;Z), x(t) ∈ dom(A) for all t ∈ I, and x solves
(1.5).

ii) We call a function x : I → X a mild solution of (1.5) if x ∈ L1(I;X),
Ex ∈ C(I;Z), f ∈ L1

loc(I;Z),
∫ t

0
x(r) dr ∈ dom(A) for all t ∈ I, and

Ex(t)− Ex0 = A

∫ t

0

x(r) dr+

∫ t

0

f(r) dr, t ∈ I.

In what follows, we recall a lemma stating that every classical solution is
also a mild solution, analogous to the non-algebraic case.

Lemma 1.3.2. [GR25, Thm. 2.1]
Let (E,A) satisfy Assumption 1, x0 ∈ X, x : I → X, and f : I → Z. If x is
a classical solution of (1.5), then x is a mild solution of (1.5).

Subsequently, we introduce conditions that characterise classical solutions
of the homogeneous variant of (1.5).

Lemma 1.3.3.
Let (E,A) satisfy Assumption 1, x : I → X, x0 ∈ X and f = 0.
a) If x is a classical solution of (1.5), then for all φ ∈ C∞

c (I̊;R) one has∫ ∞

0

φ(r)Ax(r) dr = −
∫ ∞

0

(
d

dr
φ(r)

)
Ex(r) dr . (1.6)

b) Conversely, if x maps continuously into dom(A), fulfils (1.6) for all
φ ∈ C∞

c (I̊;R), and Ex is continuously differentiable, then x is a classical
solution of (E,A).

Proof. This is a direct consequence of the integration by parts formula. ❑

The next result compares the solutions of (1.5) with those of the DAEs
constructed using the left- and right-resolvents of (E,A).
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Lemma 1.3.4. [GR25, Lem. 8.1]
Let (E,A) satisfy Assumption 1, λ ∈ ρ(E,A), x0 ∈ X, x : I → X and
f : I → Z.
a) The function x is a classical/mild solution of (1.5) if and only if x is a

classical/mild solution of

d

dt
Rr(λ)x(t) = (λE −A)−1Ax(t) + (λE −A)−1f(t), t ∈ I,

Rr(λ)x(0) = Rr(λ)x0,

if and only if w = e−λ·x is a classical/mild solution of

d

dt
Rr(λ)w(t) = w(t) + (λE −A)−1e−λtf(t), t ∈ I,

Rr(λ)w(0) = Rr(λ)x0.

b) Let x map continuously into dom(A). Then (λE−A)x is a classical/mild
solution of

d

dt
Rl(λ)x(t) = A(λE −A)−1x(t) + f(t), t ∈ I,

Rl(λ)x(0) = Rl(λ)(λE −A)x0,

if and only if w = (λE −A)e−λ·x is a classical/mild solution of

d

dt
Rl(λ)w(t) = w(t) + e−λtf(t), t ∈ I,

Rl(λ)w(0) = Rl(λ)(λE −A)x0.

In this case x is a classical/mild solution of (1.5) with initial value x0.
The converse only holds for classical solutions.

The converse of Lemma 1.3.4 b) holds only for classical solutions, as x

does not necessarily map into dom(A), and thus w = (λE −A)e−λ·x is not
always well-defined. This can be circumvented by using extrapolated DAEs,
as demonstrated in Chapter 4.2.

In this discourse, we concentrate on two results that characterise the
space wherein the mild solutions take values and provide a criterion for the
existence of solutions for the inhomogeneous DAE.

Proposition 1.3.5. [Tro20, Prop. 4.1]
Let (E,A) satisfy Assumption 1, and let x0 ∈ X, f = 0, and x : I → X be a
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mild solution of (1.5). Then one has

x(t) ∈
⋂

k∈N0

ranRr(λ)k, for all t ∈ I.

Proposition 1.3.6. [Rei06, Thm. 2.4-2.7]
Let (E,A) satisfy Assumption 1. Let C > 0, ω ∈ R and k ∈ N0 such that
CRe>ω ⊆ ρ(E,A) and

∥(λE −A)−1∥ ≤ C|λ|k−1, for all λ ∈ CRe>ω. (1.7)

a) For all f ∈ Hk
0,l([0,∞);Z) there exists a unique mild solution x : [0,∞) →

X of (1.5) with x(0) = 0.

b) For all f ∈ Hk+1
0,l ([0,∞);Z) there exists a unique classical solution

x : [0,∞) → X of (1.5) with x(0) = 0.

The number k in the growth condition (1.7), which is also referred to as
the complex resolvent index , is discussed further in Chapter 2.3.

1.4 Equivalence of DAEs

In this section, we introduce the concept of equivalent DAEs. This construct
serves as the foundation for the Weierstraß forms introduced in Chapter 2.1.
As we define the notion of equivalent DAEs for pairs of operators (E1, A1),
(E2, A2) that may not necessarily be defined on the same Banach spaces, we
implicitly assume that the underlying Banach spaces carry the same indices
and will therefore not always be specified explicitly, as they will be clear
from the context.

Definition 1.4.1 (Equivalence of DAEs).
Let (Ei, Ai) satisfy Assumption 1, i ∈ {1, 2}. Then (E1, A1) and (E2, A2)

are equivalent , denoted by (E1, A1) ∼ (E2, A2), if there exist bounded
isomorphisms P : X1 → X2 and Q : Z1 → Z2 such that

E1 = Q−1E2P and A1 = Q−1A2P,

holds.

Remark 1.4.2.
The equivalence of operator pairs is, in fact, an equivalence relation. This
follows from the fact that the concatenation of two bounded isomorphisms
is again a bounded isomorphism.
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Next, we demonstrate that the resolvent sets of equivalent DAEs coincide
and that there exists a one-to-one correspondence between their solutions.

Lemma 1.4.3.
Let (Ei, Ai) satisfy Assumption 1, i ∈ {1, 2}. If (E1, A1) ∼ (E2, A2), then
ρ(E1, A1) = ρ(E2, A2).

Proof. Since (E1, A1) ∼ (E2, A2), there are two isomorphisms, P : X1 → X2

and Q : Z1 → Z2, with E1 = Q−1E2P and A1 = Q−1A2P . Then we have

λE1 −A1 = Q−1(λE2 −A2)P.

Since the right-hand side is invertible for λ ∈ ρ(E2, A2), the same is true for
the left-hand side. This implies

(λE1 −A1)
−1 = P−1(λE2 −A2)

−1Q,

from which ρ(E2, A2) ⊆ ρ(E1, A1) follows. The other subset relation follows
by swapping the roles of (E1, A1) and (E2, A2). ❑

Lemma 1.4.4.
Let (Ei, Ai) satisfy Assumption 1, i ∈ {1, 2}, and (E1, A1) ∼ (E2, A2); i.e.,
E1 = Q−1E2P and A1 = Q−1A2P for two isomorphisms P : X1 → X2

and Q : Z1 → Z2. Let x0 ∈ X1, y0 := Px0 and f : I → Z1. The function
x : I → X1 is a classical or mild solution of

d

dt
E1x(t) = A1x(t) + f(t), t ∈ I,

E1x(0) = E1x0,

if and only if y = Px : I → X2 is a classical or mild solution of

d

dt
E2y(t) = A2y(t) +Qf(t), t ∈ I,

E2y(0) = E2y0

Proof. This follows directly from the boundedness of the operators. ❑

1.5 Vector-valued Laplace transform and com-
plex analysis

In this section, we introduce the vector-valued Laplace transform and restate
some results from complex analysis. In the following X and Z are complex
Banach spaces.
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Definition 1.5.1 (Laplace transform).
The Laplace transform is the operator L : L2([0,∞);X) → H2(CRe>0;X)

given by

(Lf)(s) :=
∫ ∞

0

e−stf(t) dt, s ∈ CRe>0.

If convenient, we denote the Laplace transform of a function f ∈
L2([0,∞);X) by f̂ . Next, we recall several important properties of the
Laplace transform.

Lemma 1.5.2. [ABHN11, Ch. I.2]
For all f, g ∈ L2([0,∞);X) and a ∈ K the following assertions hold true.
a) One has L(af + g)(s) = a(Lf)(s) + (Lg)(s).

b) For n ∈ N and f ∈ Hn([0,∞);X) one has

(Lf (n))(s) = sn(Lf)(s)−
n∑

k=1

sn−kf (k−1)(0).

c) One has (Lf∗g)(s) = (Lf)(s)(Lg)(s), where f∗g denotes the convolution
of f and g, given by

(f ∗ g)(t) :=
∫ t

0

f(r)g(t− r) dr, t ≥ 0.

Next, we will recall some useful results from complex analysis. Note that
the following lemma is formulated only for positive real functions f defined
on the open half-plane CRe≥0. However, we directly formulated it for CRe≥ω

for some ω ≥ 0, as it is possible to extend the result by shifting the function
back and forth.

Lemma 1.5.3. [Gol62, Thm. 3]
Let ω > 0. For every positive real function f : CRe≥ω → C one has

|f(z)| ≤ |f(z0)|
|f(z)|2 + |f(z0)|2 + 3|f(z)| |f(z0)|

Re f(z) Re f(z0)

for all z, z0 ∈ CRe≥ω.

Next, we cite Jordan’s Lemma, named after the French mathematician
Camille Jordan. Note that in the literature, this Lemma is often formulated
for semi-circles in the upper half-plane, rather than in the right half-plane.

Lemma 1.5.4. [BC09, Ch. 7.4]
Let f : C → C be continuous and let Br0 denote the open circle with radius
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r0 > 0. Let r > r0 and let

γr :=
{
z = reiφ | φ ∈

[
−π

2
,
π

2

]}
denote the right-faced semicircle with radius r. If
a) f(z) is analytic for all z ∈ CRe>0\Br0 and

b) for all r > r0 and all z ∈ γr, there is a positive constant Mr such that

|f(z)| ≤ Mr and lim
r→∞

Mr = 0,

then
lim
r→∞

∫
γr

f(z)eiaz dz = 0, for all a > 0.

Another very important tool that we will introduce next is Cauchy’s
residue theorem.

Theorem 1.5.5. [BC09, Ch. 6.3]
Let γ be a positively oriented simple closed contour, and let f : C → C
be analytic inside and on γ, except for a finite number of singular points
z1, . . . , zn. Then ∫

γ

f(z) dz = 2πi

n∑
k=1

Res(f, zk),

where Res(f, zk) represents the residue of f at the singular point zk for
k ∈ {1, . . . , n}.

Finally, we state a result concerning the derivative of the convolution of
strongly continuous operators and functions.

Proposition 1.5.6. [ABHN11, Prop. 1.3.6]
Let X and Z be Banach spaces. Let T : [0,∞) → L(X,Z) be strongly
continuous and bounded, g ∈ L1

loc([0,∞);X), f(t) = x+
∫ t

0
g(s) ds for t ≥ 0,

and x ∈ X. Then T ∗ f is continuously differentiable on [0,∞) with

(T ∗ f)′(t) = (T ∗ g)(t) + T (t)x, for all t ∈ [0,∞).



Chapter 2

Index concepts for DAEs

The index of a differential algebraic equation can be characterised through
various methodologies, each arising from distinct applications. These appli-
cations cover many areas of physics, including, but not limited to, electrody-
namics, mechanics, and thermodynamics. They reflect multiple physical laws,
such as Kirchhoff’s laws for electrical circuits and the constraint conditions
for coupling in multi-body systems, which consequently influence the index.
As a result, the index often describes the complexity of the DAE and serves
as a measure of the difficulty involved in analysing, solving, or transforming
the system into an equivalent form. Even though the origin of the index in
this context derives from DAEs of the form

d

dt
Ex(t) = Ax(t), t ≥ 0,

the index terms introduced in this chapter are mostly of an operator-
theoretical nature. In order to examine different index terms and their
relationships under the same conditions, we will always impose Assumption
1 on the operator pair (E,A).

As we examine the index for several equivalent operator pairs that
may not necessarily be defined on the same Banach spaces, we state that
(Ei, Ai) satisfies Assumption 1 for i ∈ {1, 2} without specifically defining
the underlying spaces, as they will be clear from the context. After a brief
introduction to the Weierstraß form of DAEs, we subsequently focus on the
nilpotency index , resolvent index , chain index , radiality index , differentiation
index , and perturbation index , and denote them as follows

p
(E,A)
nil , p(E,A)

res , p
(E,A)
chain , p

(E,A)
rad , p

(E,A)
dif and p

(E,A)
pert

15
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to make it easier to distinguish between the individual indices. Additionally,
when the context makes it clear, we omit the ’(E,A)’ from the exponent
and write pnil, pres, pchain, prad, pdif , and ppert instead.

Unless explicitly stated otherwise, all results in this chapter have been
published in [EJMRT24].

Index diagram

Throughout this chapter, we will illustrate the connections among the
individual index terms using a diagram. We will gradually expand the
diagram as new terms are added. Since we are comparing the existence of
individual indices with each other and, in cases where both exist, determining
which is the larger index, we aim for a clear visualisation that takes both
points into account and presents them clearly. Therefore, we will explain
how to interpret the diagrams and provide brief illustrative examples to
demonstrate the possible outcomes.

Let index A and index B be two arbitrary index terms. We will start
with the simplest case, specifically assuming that both index terms exist. In
this case, we connect both index terms with a line. In order to illustrate that
index A is equal to, smaller than, larger than, or plus a constant larger than
index B, we will write =, ≤, ≥, or +k ≥ (for a k ∈ N) on the line connecting
both indices. For example, to indicate that both index A and index B exist,
and that index A ≥ index B, we obtain the following diagram.

Index BIndex A

Figure 2.1: Both index terms exist with index A ≥ index B.

If one of the index terms is smaller, larger, or a constant larger than the
other index term, it is important to interpret the diagram correctly. In this
case, as shown in Figure 2.1, the ≥ symbol is orientated such that index A is
greater than or equal to index B. This is particularly relevant when, due to
space constraints, individual index terms are displayed one above the other
and, thus, the connecting lines are vertical. In these cases, the symbols are
rotated accordingly to maintain the relationship between the two indices.
For example, to indicate that both index A and index B exist and that A
+1 ≥ index B holds, we arrive at the next diagram.
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Index B

Index A

Figure 2.2: Both index terms exist with index A +1 ≥ index B.

Next, we consider the scenario where the existence of one index term implies
the existence of the other. We represent this case with an arrow instead of
a solid line connecting both index terms. For instance, to show that the
existence of index A also implies the existence of index B with index A ≤
index B, we use the following diagram.

Index BIndex A

Figure 2.3: Index A exists. Then index B exists with index A ≤ index B.

Lastly, we consider the case in which one index exists, and under an additional
assumption, the existence of the other index follows. This is indicated by
a blue arrow, with the assumption above and the relation below it. To
illustrate this, we assume that index B exists and that, under property P,
the existence of index A is implied, with index A being equal to index B.
This yields the following diagram.

P Index BIndex A

Figure 2.4: Index B exists and property P holds. Then index A exists with
index A = index B.

2.1 Weierstraß form

The Weierstraß form, also known as quasi-Weierstraß form [BIT12], Weier-
straß canonical form [KM06], or, in the non-regular case, the Kronecker
form [BT12], emerges from linear algebra and can be regarded as the Jordan
canonical form for operator pairs. It dates back to Karl Weierstraß, who
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first introduced it for a pair of matrices (E,A) in 1868 [Wei68]. In the
1890s, Leopold Kronecker extended this concept to non-regular matrix pairs
[Kro91]. While dealing with a DAE, it is typically used to split the system
into an algebraic part and a differential part, which helps analyse and solve
the system and provides information about various index terms, as we will
see in the next few chapters.

We start by defining the Weierstraß form for the infinite dimensional case
in a manner that aligns with the established definition in finite dimensions.
Further studies on the existence of a Weierstraß form or the regularity of
(E,A) can be found in [GR25; JM22; MMW22; MMW25; ZM24; SF03].

Definition 2.1.1 (Weierstraß form).
Let (E,A) satisfy Assumption 1. Then (E,A) has a Weierstraß form if there
exists a Banach space Y = Y1 × Y2 such that

(E,A) ∼
([

IY1
0

0 N

]
,

[
Ã 0

0 IY2

])
, (2.1)

where N : Y2 → Y2 is a bounded nilpotent operator, Ã : dom(Ã) ⊆ Y1 → Y1

is a linear operator, and IYi
indicates the identity on the associated subspace

Yi for i ∈ {1, 2}.

Remark 2.1.2.
(i) Clearly, if (E1, A1) has a Weierstraß form and (E1, A1) ∼ (E2, A2),

then (E2, A2) also possesses the same Weierstraß form.

(ii) Assume that (E,A) has a Weierstraß form as in (2.1). Then Ã is
closed and densely defined. This is a consequence of A being closed
and densely defined, together with the isomorphisms used to transform
(E,A).

(iii) If (E,A) has a Weierstraß form, then the spaces decompose as follows

X = Xran,p ⊕Xker,p, Z = Zran,p ⊕ Zker,p, (2.2)

where

Xran,p := ran ((µE −A)−1E)
p
, Zran,p := ran (E(µE −A)−1)

p
,

Xker,p := ker
(
(µE −A)−1E

)p
, Zker,p := ker

(
E(µE −A)−1

)p
,

and p denotes the degree of nilpotency of N . To be more pre-
cise, assume that (E,A) is already in Weierstraß form; i.e., we have
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(E,A) =
([

IY1
0

0 N

]
,
[
Ã 0
0 IY2

])
. Using the nilpotency of N , we obtain

((µE −A)−1E)p = (E(µE −A)−1)p =

[
((µIY1

− Ã)−1)p 0

0 0

]
.

Since Ã is densely defined, the same applies to Ãp, and therefore,
(2.2) follows directly. The case (E,A) ∼

([
IY1

0
0 N

]
,
[
Ã 0
0 IY2

])
follows

similarly using the isomorphisms. The reverse implication does not
hold in general, as it is possible for the spaces to decompose even when
the operators lack a diagonal structure, as seen in the Weierstraß
form. It is more likely that the operators admit a triangular block
structure, as seen in [GR25].

(iv) We define

Xran :=
⋂
i∈N0

Xran,i, Xker :=
⋃
i∈N0

Xker,i,

Zran :=
⋂
i∈N0

Zran,i, Zker :=
⋃
i∈N0

Zker,i.

By Lemma 1.2.2 and 1.2.3, the spaces Xran,i and Zran,i become smaller,
while Xker,i and Zker,i become larger as i ∈ N0 increases. Hence, if
Xran,i, Zran,i, Xker,i, and Zker,i stagnate at one point, Xran, Zran,
Xker, and Zker merely denote the smallest and largest of these spaces.
In particular, this applies to (E,A) having a Weierstraß form, as seen
in (iii).

It is worth mentioning that in finite dimensions, the Weierstraß form
always exists as long as (E,A) is regular.

Proposition 2.1.3. [KM06, Lem. 2.7 & 2.10]
Let n ∈ N, E,A ∈ Cn×n, and (E,A) be regular. Then (E,A) has a Weier-
straß form. Moreover, the dimensions of the spaces Y1 and Y2, as well as
the degree of nilpotency of N in (2.1), are uniquely determined.

Note that (E,A) being regular is not sufficient to obtain a Weierstraß
form in infinite dimensions, as will be demonstrated in the following example.

Example 2.1.4 (No Weierstraß form).
Consider the partial differential equation

∂

∂t
x1(ξ, t) = − ∂

∂ξ
x1(ξ, t), ξ ∈ (0, 1), t ≥ 0,

0 = − ∂

∂ξ
x2(ξ, t), ξ ∈ (1, 2), t ≥ 0,
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x1(0, t) = 0, t ≥ 0,

x1(1, t) = x2(1, t), t ≥ 0.

To examine the corresponding DAE, we define the operators E : X → Z and
A : dom(A) ⊆ X → Z as follows

E =


I 0

0 0

0 0

0 0

, A =


− ∂

∂ξ 0

0 − ∂
∂ξ

−δ0 0

−δ1 δ1

,
with

dom(A) = H1(0, 1)×H1(1, 2)

and
X = L2(0, 1)× L2(1, 2), Z = L2(0, 1)× L2(1, 2)× C2.

For an arbitrary λ ∈ CRe≥0 and (f g µ1 µ2)
⊤ ∈ Z, we compute the resolvent

(λE −A)−1


f

g

µ1

µ2

 =

 µ1e
−λ· +

∫ ·

0

e−λ(·−r)f(r) dr

−µ2 + µ1e
−λ +

∫ 1

0

e−λ(1−r)f(r) dr+

∫ ·

1

g(r) dr

.

We show that for all i ∈ N, the space Z does not decompose into Zran,i⊕Zker,i.
Therefore, we compute the multiples of the left-resolvent as follows

(E(λE −A)−1)i


f

g

µ1

µ2

 =


∫ ·

0

(
. . .

(∫ r2

0

(
µ1e

−λ· +

∫ r1

0

e−λ(·−r0)f(r0) dr0

)
dr1

)
. . .

)
dri−1

0

0

0

,

for (f g µ1 µ2)
⊤ ∈ Z. To compute the kernel of (E(λE −A)−1)i, we assume∫ ·

0

(
. . .

(∫ r2

0

(
µ1e

−λ· +

∫ r1

0

e−λ(·−r0)f(r0) dr0

)
dr1

)
. . .

)
dri−1 = 0.
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Taking the (i− 1)-th derivative of this expression, we obtain

µ1e
−λ· +

∫ ·

0

e−λ(·−r)f(r) dr = 0.

Inserting t = 0, we deduce µ1 = 0 and
∫ ·
0
e−λ(·−r)f(r) dr = 0. Defining

f(ξ) = 0 for all ξ ≥ 1, we obtain f ∈ L2(0,∞) and e−λ· ∗ f = 0 in L2(0,∞).
Applying the Laplace transform L to this equation yields

0 = L(e−λ· ∗ f)(s) = L(e−λ·)(s) · L(f)(s), for s ∈ CRe>0.

Since L(e−λ·)(s) ̸= 0 holds for a suitable λ ∈ CRe≥0 and for all s ∈ CRe>0,
we deduce L(f) = 0. As the Laplace transform is unique, it follows that
f = 0. Hence, we have

Zker,i = {0} × L2(0, 1)× {0} × C, for all i ∈ N.

By Lemma 1.2.2, the ranges and kernels of the left- and right-resolvent of
(E,A) are independent of the choice of λ ∈ ρ(E,A). Therefore, to simplify
things, we assume λ = 0 ∈ ρ(E,A). As

H1
0 (0, 1)=

{
x ∈ L2(0, 1) | ∃x1 ∈ L2(0, 1) : x =

∫ ·

0

x1(r) dr, x(0) = x(1) = 0

}
holds, we observe H1

0 (0, 1) × {0}3 ⊆ ranE(λE − A)−1. Since H1
0 (0, 1) is

dense in L2(0, 1), we conclude

L2(0, 1)× {0} × {0} × {0} ⊆ ranE(λE −A)−1. (2.3)

By its structure, it becomes clear that all multiples of E(λE − A)−1 map
exclusively into L2(0, 1)× {0}3. Together with (2.3), we conclude

Zran,i = L2(0, 1)× {0} × {0} × {0}, for all i ∈ N.

In summary, the space Z does not decompose into Zran,i ⊕ Zker,i for any
i ∈ N. Hence, (E,A) cannot have a Weierstraß form, as observed in Remark
2.1.2 (iii).

2.2 Nilpotency index

The nilpotency index, also known as the Weierstraß index , is arguably the
most well-known index concept among those introduced in this chapter. As
implied by its alternative name, the most important aspect of the definition



22 2.2. Nilpotency index

is the existence of the Weierstraß form. It can be interpreted as the algebraic
depth of the eigenvalue ’∞’ and measures – loosely speaking – the complexity
of the algebraic constraints.

For the sake of simplicity, we exclude the case in which X and Z are
0-dimensional. Further studies on the nilpotency index can be found in
[KM06; Meh15].

Definition 2.2.1 (Nilpotency index).
Let (E,A) satisfy Assumption 1, and assume that (E,A) has a Weierstraß
form as in (2.1). Then the nilpotency index of (E,A), denoted by p

(E,A)
nil , is

the degree of nilpotency of N in (2.1) if N is present and 0 if N is absent.

If N in (2.1) is absent, we have (E,A) ∼ (IY1 , Ã), and the corresponding
system reduces to the abstract Cauchy problem. According to this definition,
the nilpotency index is always a natural number, including 0. It is possible
to extend this to ∞ by allowing quasi-nilpotent operators N in (2.1); i.e.,
allowing linear operators N with σ(N) = {0}. An example of such a
quasi-nilpotent operator is given by

N : ℓ2 → ℓ2, (x1, x2, x3, . . .) 7→
(
0,

x1

2
,
x2

22
,
x3

23
, . . .

)
where ℓ2 denotes the space of square-summable sequences.

Proposition 2.2.2.
Let (E,A) satisfy Assumption 1 and assume that (E,A) has a nilpotency
index pnil. Then the nilpotency index is the smallest number k ∈ N0 at which
(Xker,l)l∈N stagnates; i.e., it is the smallest number for which the following
holds

Xker,k = Xker,k+l, for all l ∈ N0.

In particular, the nilpotency index is well-defined.

Proof. Assume that (E,A) admits a Weierstraß decomposition as in (2.1),
and let P : X → Y1 ⊕ Y2 and Q : Z → Y1 ⊕ Y2 be bounded isomorphisms
such that

E = Q−1

[
IY1 0

0 N

]
P, and A = Q−1

[
Ã 0

0 IY2

]
P.

Then, for all k ∈ N and λ ∈ ρ(E,A), we have the following equality

((λE −A)−1E)k = P−1

[
(λIY1

− Ã)−k 0

0 (λN − IY2
)−kNk

]
P,
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as N commutes with (λN − IY2)
−1. Using the nilpotency index, it is easy to

verify that the kernel of ((λE −A)−1E)k begins to stagnate at k = pnil. ❑

This demonstrates that the nilpotency index is unique for equivalent
operator pairs, which will be discussed next.

Proposition 2.2.3.
The nilpotency index is uniquely defined, provided it exists. More precisely,
let (Ei, Ai) satisfy Assumption 1 for i ∈ {1, 2}, and (E1, A1) ∼ (E2, A2).
Then one has p

(E1,A1)
nil = p

(E2,A2)
nil .

Proof. This follows directly from Proposition 2.2.2 and the equivalence

(E1, A1) ∼
([

IY1
0

0 N

]
,

[
Ã 0

0 IY2

])
∼ (E2, A2). ❑

2.3 Resolvent index

The resolvent index is one of the index terms that can be more easily
transferred to infinite dimensions. It is analytical in nature and was used as
early as the late 1960s by Israel Gohberg and Mark G. Krein to rigorously
develop the concept of regularity of operator pencils and the order of poles
of their resolvents, see [GK69]. Unlike the nilpotency index, it does not
depend on a Weierstraß form. The only difficulty, as the name suggests, lies
in the computation of the resolvent and its growth rate. Further information
regarding the resolvent index, its variations, and its use in solving DAEs can
be found in [GR25; GHR21; Tro20; RT05; KM06; TW18], among others.

Definition 2.3.1 (Resolvent index).
Let (E,A) satisfy Assumption 1. The resolvent index of (E,A) is the smallest
integer p

(E,A)
res ∈ N0 such that C > 0 and ω ∈ R exist with (ω,∞) ⊆ ρ(E,A)

and ∥∥(λE −A)−1
∥∥ ≤ C|λ|p

(E,A)
res −1, for λ ∈ (ω,∞). (2.4)

The complex resolvent index of (E,A) is the smallest integer p
(E,A)
c,res ∈ N0

such that C > 0 and ω ∈ R exist, with CRe>ω ⊆ ρ(E,A) and (2.4) holding
for all λ ∈ CRe>ω.

Remark 2.3.2.
(i) It is possible to weaken the resolvent index by having the resolvent

estimate (2.4) solely for a sequence in (ω,∞). Studies related to this
weakened index can be found in [GR25, Ch. 5 & 6].
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(ii) Clearly, we have p
(E,A)
res ≤ p

(E,A)
c,res . Later, we will see that this estimate

can, in fact, be sharp. Before we demonstrate this, we will take a
closer look at the uniqueness of the (complex) resolvent index for
equivalent operator pairs.

(iii) By Proposition 1.2.3 and 1.2.5, the spaces Xran,p, Xker,p, Zran,p, and
Zker,p stagnate at p = pres. In this case, we have

Xran = ran ((µE −A)−1E)pres , Xker = ker ((µE −A)−1E)pres ,

Zran = ran (E(µE −A)−1)pres , Zker = ker (E(µE −A)−1)pres .

(iv) There are index concepts that resemble the resolvent index but are
either slightly stronger or weaker. Such concepts have been studied
intensively in [GR25], among others, and are given by

∥R(λ)x∥ ≤ MD

λ− ωD
∥x∥, (Dk)

for all λ ∈ (ωD,∞), x ∈ ranR(λ)k−1, or

∥R(λn)∥ ≤ MGλ
k−2
n , (Gk)

for a (λn)n ⊆ (ωG,∞) with λn
n→∞−→ ∞, where R(λ) denotes either

the left- or right-resolvent of (E,A), and MD,MG, ωD, ωG > 0 are
given accordingly. Clearly, if (E,A) has a resolvent index, then
it also fulfils the (Gk) condition for a k ∈ N0. Furthermore, by
[GR25], (Dk) implies the existence of a resolvent index. Both of these
conditions were used to study the underlying inhomogeneous DAE
d
dtEx = Ax+ f . Further information on this matter can be found in
Section 3.4.

Proposition 2.3.3.
The resolvent index and the complex resolvent index are, given that either of
them exists, uniquely defined. More specifically, let (Ei, Ai) satisfy Assump-
tion 1 for i ∈ {1, 2}, and let (E1, A1) ∼ (E2, A2). Then p

(E1,A1)
res = p

(E2,A2)
res

and p
(E1,A1)
c,res = p

(E2,A2)
c,res hold true.

Proof. Since (E1, A1) and (E2, A2) are equivalent, there are two isomor-
phisms, P : X1 → X2 and Q : Z1 → Z2, with E1 = Q−1E2P and A1 =

Q−1A2P . By Lemma 1.4.3, we have ρ(E1, A1) = ρ(E2, A2) and

P (λE1 −A1)
−1Q−1 = (λE2 −A2)

−1.
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Now, if we assume that (E1, A1) has a resolvent index, we obtain∥∥(λE2 −A2)
−1
∥∥ ≤ C|λ|p

(E1,A1)
res −1 · ∥P∥ ·

∥∥Q−1
∥∥ ,

for all λ ∈ (ω,∞) ⊆ ρ(E1, A1), for an ω ∈ R and C > 0. Thus, (E2, A2)

has a resolvent index as well with p
(E2,A2)
res ≤ p

(E1,A1)
res . The other estimate

is obtained by swapping (E1, A1) and (E2, A2) and repeating the same
arguments. The statement regarding the complex resolvent index follows in
a similar manner. ❑

We start with a simple example derived from the theory of zero control-
lability.

Example 2.3.4. (pres = 2,pnil = 2)
Let A0 : dom(A0) ⊆ Y → Y be the generator of a C0-semigroup, where Y is
a Hilbert space. For b ∈ Y and c ∈ dom(A∗

0) with ⟨b, c⟩Y ̸= 0, we define the
operators

B : C → Y, u 7→ bu,

C : Y → C, y 7→ ⟨y, c⟩Y .

This results in the following DAE

d

dt

[
IY 0

0 0

]
︸ ︷︷ ︸

=:E

x(t) =

[
A0 B

C 0

]
︸ ︷︷ ︸

=:A

x(t), t ≥ 0,

on X = Y × C. Such systems are typically found in the study of zero
dynamics with state-space realisation (A0, B,C), although here the system
is directly written as a DAE. For notational convenience, we define

G(µ) :=
〈
(µIY −A0)

−1b, c
〉
Y
, for µ ∈ ρ(A0).

To determine the resolvent index, we calculate the resolvent of (E,A) as
follows

(µE −A)−1 =[
(µIY −A0)

−1 − (µIY −A0)
−1BG(µ)−1C(µIY −A0)

−1 (µIY −A0)
−1BG(µ)−1

G(µ)−1C(µY −A0)
−1 −G(µ)−1

]
.

Note that ⟨b, c⟩Y ̸= 0 implies G(µ) ̸= 0 for all µ ∈ ρ(A0). Hence, ρ(A0) is
contained in ρ(E,A). Since µG(µ) converges to ⟨b, c⟩Y for µ → ∞ large
enough, we obtain G(µ)−1 ≤ Mµ, for a constant M . As A0 is the generator
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of a C0-semigroup, (µIY −A0)
−1 decreases with rate 1

µ . Since B and C are
bounded, (µE −A)−1 grows at most linearly for large µ, and hence pres = 2.

Further, it is possible to rewrite (E,A) into a Weierstraß form and show
that pnil = 2. In order to do that, we will focus on a particular choice of A0

for the remainder of this example: Let Y = L2(0, 1) and A0x = ∂2

∂ξ2x with

dom(A0) =
{
x ∈ H2(0, 1) | ∂

∂ξx(0) =
∂
∂ξx(1) = 0

}
.

Define the following projection

Qby := y − ⟨y, c⟩Y
⟨b, c⟩Y

b

onto Y1 := kerC with kerQb = span b =: Y2. Then the space Y splits up
into Y = Y1 ⊕ Y2. For a more concise notation, we define

C̃ :=
1

⟨b, c⟩Y
C, B̃ :=

1

⟨b, c⟩Y
B and K := C̃A0.

Note that

Ky = C̃A0y =
1

⟨b, c⟩Y
⟨A0y, c⟩Y =

1

⟨b, c⟩Y
⟨y,A∗

0c⟩Y

holds for all y ∈ Y and, therefore, K is a bounded operator on Y . Define
the isomorphisms

V :=

[
IY1 IY2 0

−K 0 IC

]
: Y1 × Y2 × C → Y × C,

U :=

Qb −QbA0B̃

0 B̃

C̃ −KB̃

 : Y × C → Y1 × Y2 × C,

with inverses

V −1 :=

 Qb 0

IY −Qb 0

KQb IC

, U−1 :=

[
IY1

A0 B

0 C 0

]
.

Note that A0y is in Y1 if y ∈ Y1. Furthermore, we have C̃B = IC, and

B̃C =

{
0, on Y1,

IY2
, on Y2.
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Then it is possible to transform (E,A) as follows

Ẽ := U

[
IY 0

0 0

]
V =

Qb Qb 0

0 0 0

C̃ C̃ 0

 =

IY1
0 0

0 0 0

0 C̃ 0

,
Ã := U

[
A0 B

C 0

]
V

=

Qb(A0 −BK −A0B̃C) Qb(A0 −A0B̃C) QbB

B̃C B̃C 0

C̃A0 − C̃BK −KB̃C C̃A0 −KB̃C C̃B


=

QbA0 0 0

0 IY2
0

0 0 IC

.
Hence, (E,A) is equivalent to a Weierstraß form with

(E,A) ∼
([

IY1 0

0 N

]
,

[
QbA0 0

0 IY2×C

])
,

where N =
[
0 0
C̃ 0

]
is nilpotent with N2 = 0. That means pnil = 2.

In the following two examples, we analyse the relationship between the
resolvent index and the nilpotency index, showing that, in general, the
existence of one of these two indices does not imply the existence of the
other.

Example 2.3.5. (∃pnil ̸ ∃pres)
Let Y1 = L2(R) and define the complex Airy operator Ã = −∂2

x + ix on Y1

with
dom(Ã) =

{
u ∈ H2(R) | xu ∈ Y1

}
.

By [AS25] and [Hel13, Ch. 14.3], the spectrum of Ã is empty and the resolvent
of Ã grows super-exponentially along the real axis at +∞; i.e., one has∥∥∥(λIY1

− Ã)−1
∥∥∥ =

√
π

2

1

λ
1
4

e
4
3λ

3
2 (1 + o(1)),

for large λ > 0. Here o stands for the little-o notation, see [CLRS01, p. 47].
Now, if there is a nilpotent operator N : Y2 → Y2 on a Banach space Y2 with
nilpotency degree p, then the pair

(E,A) :=

([
IY1 0

0 N

]
,

[
Ã 0

0 IY2

])
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is in Weierstraß form with pnil = p. But since the resolvent of Ã grows
exponentially, the resolvent index does not exist.

Example 2.3.6. (∃pres, ̸ ∃pnil)
We recall the Example 2.1.4, in which we already observed that this system
does not possess a Weierstraß form and, therefore, it does not have a
nilpotency index. Then, for (f g µ1 µ2)

⊤ ∈ Z and λ ∈ CRe≥0 ⊆ ρ(E,A), we
compute

(λE −A)−1


f

g

µ1

µ2

 =

 µ1e
−λ· +

∫ ·

0

e−λ(·−r)f(r) dr

−µ2 + µ1e
−λ +

∫ 1

0

e−λ(1−r)f(r) dr+

∫ ·

1

g(r) dr

,

which gives pres = 2.

If both index terms exist, it is possible to show a connection between
these, as will be discussed next.

Theorem 2.3.7.
Let (E,A) satisfy Assumption 1 and have a Weierstraß form (E,A) ∼([

IY1
0

0 N

]
,
[
Ã 0
0 IY2

])
with a nilpotency index.

a) The pair (IY1
, Ã) has a resolvent index if and only if (E,A) has a

resolvent index. In this case, p(E,A)
res = max

{
p
(λIY1

,Ã)
res , p

(E,A)
nil

}
holds.

b) The pair (IY1
, Ã) has a complex resolvent index if and only if (E,A) has a

complex resolvent index. In this case, p(E,A)
c,res = max

{
p
(λIY1

,Ã)
c,res , p

(E,A)
nil

}
holds.

Proof. a) By Proposition 2.2.3 and 2.3.3, it is sufficient to assume that
(E,A) is already in Weierstraß form (E,A) =

([
IY1

0
0 N

]
,
[
Ã 0
0 IY2

])
. As-

sume that (E,A) has a resolvent index. Thus, there are C > 0 and
ω ∈ R with (ω,∞) ⊆ ρ(E,A) and∥∥∥[(λIY1

−Ã)−1 0

0 (λN−IY2
)−1

]∥∥∥ =
∥∥(λE −A)−1

∥∥ ≤ C|λ|p
(E,A)
res −1, (2.5)

for all λ ∈ (ω,∞). Let λ > ω be arbitrary. Then we have

∥(λN − IY2
)−1∥ ≤ C|λ|p

(E,A)
res −1

and
∥(λIY1 − Ã)−1∥ ≤ C|λ|p

(E,A)
res −1.
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From the latter we obtain p
(λIY1

,Ã)
res ≤ p

(E,A)
res . Without loss of generality,

we assume that ω > 0. Since N is nilpotent with degree p := p
(E,A)
nil , we

have

(λN − IY2)
−1 = −

p−1∑
i=0

(λN)i (2.6)

and, in particular,

|λ|p−1

∥∥∥∥IY2

1

λp−1
+N

1

λp−2
+ . . .+Np−1

∥∥∥∥ =
∥∥(λN − IY2

)−1
∥∥

≤ C|λ|p
(E,A)
res −1.

Since this holds for all λ > ω and
∥∥IY2

1
λp−1 +N 1

λp−2 + . . .+Np−1
∥∥ is

bounded for large λ > ω, we deduce p = p
(E,A)
nil ≤ p

(E,A)
res .

Conversely, assume that (E,A) has a nilpotency index and (IY1
, Ã)−1

has a resolvent index. Thus, there are C > 0 and ω ∈ R such that
(ω,∞) ⊆ ρ(Ã). Just as before, we assume ω > 0. By (2.6), the resolvent
(λN − IY2)

−1 exists for all λ ∈ (ω,∞) and grows with rate |λ|p
(E,A)
nil −1.

Hence, (ω,∞) is a subset of ρ(E,A). Combining the growth rates of
(λN − IY2

)−1 and (λIY1
− Ã)−1, we conclude

p(E,A)
res ≤ max

{
p
(λIY1

,Ã)
res , p

(E,A)
nil

}
.

Together with the first part, the assertion follows.

b) This follows analogously to the first part. ❑

For the next result, we consider a non-negative and self-adjoint operator
E and a dissipative operator A. For this, we assume that X = Z is a Hilbert
space, in contrast to the rest of this chapter. These conditions are met by
abstract dissipative Hamiltonian DAEs, among others; see Chapter 6.

Theorem 2.3.8.
Let (E,A) satisfy Assumption 1, with X = Z being a complex Hilbert space.
Let E be non-negative and self-adjoint, and let A be dissipative. If there
exists an ω > 0 such that (ω,∞) ⊆ ρ(E,A) holds, then one has pres ≤ 2. If
additionally CRe>ω ⊆ ρ(E,A) holds, then one has pc,res ≤ 3.

Proof. For z ∈ X\{0} and λ ∈ ρ(E,A) ∩ CRe>ω, define x = (λE − A)−1z.
Using the dissipativity of A and the non-negativity of E, we deduce

Re
〈
(λE −A)−1z, z

〉
= Re ⟨x, (λE −A)x⟩ = ⟨x,Ex⟩Reλ−Re ⟨x,Ax⟩ ≥ 0
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for all λ ∈ ρ(E,A) ∩ CRe>ω. Thus, for every z ∈ X, the function

fz : λ 7→
〈
(λE −A)−1z, z

〉
+ ∥z∥2

is positive real on ρ(E,A) ∩ CRe>ω. Let µ > ω be arbitrary. By Lemma
1.5.3, we obtain

|fz(λ)| ≤ |fz(µ)|
|λ|2 + |µ|2 + 3|λµ|

µReλ
≤ Cµ

|λ|2

Reλ
,

for all λ ∈ ρ(E,A) ∩ CRe>µ and for a constant Cµ > 0 depending on µ.
Together with the Riesz representation theorem, we derive

∥∥(λE −A)−1
∥∥ = sup

x,z∈X
∥x∥=∥z∥=1

∣∣〈(λE −A)−1z, x
〉∣∣ ≤ Kµ

|λ|2

Reλ
,

for all λ ∈ ρ(E,A) ∩ CRe>µ and for a constant Kµ > 0 depending on µ.
Thus, the complex resolvent index is at most 3. If λ is real, then it holds
that |λ|2

Reλ = λ, and the resolvent index is at most 2. ❑

In the following example, we illustrate that the resolvent index can differ
from the complex resolvent index.

Example 2.3.9. (pres = 2,pc,res = 3)
We define the infinite block diagonal operators Ã = diag(A0, A1, A2, . . .) and
Ẽ = diag(E0, E1, E2, . . .) via

A0 =

[
0 −1

1 0

]
, E0 =

[
1 0

0 0

]
,

Ak =

[
0

√
k4 + 1

−
√
k4 + 1 −2

]
, Ek =

[
1 0

0 1

]
,

for k ∈ N. Further, we define

B̃ =

B0

B1

...

,
with

B0 =

[
0

1

]
, Bk =

[
0

k
5
4

]
, for all k ∈ N.
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We consider the space

D =

{(
x1

x2

)
∈ ℓ2 × C | Ãx1 + B̃x2 ∈ ℓ2

}
,

with the norm∥∥∥∥(x1

x2

)∥∥∥∥2
D
= ∥x1∥2ℓ2 + |x2|2 +

∥∥∥Ãx1 + B̃x2

∥∥∥2
ℓ2
.

This is, in fact, a Hilbert space. Let ( x1
x2

) ∈ D and denote x1 = (x1,k)k∈N0

with x1,k ∈ C2 for k ∈ N0. Then for z = (zk)k∈N0
:= Ãx1 + B̃x2 ∈ ℓ2 we

have
x1,k = Ã−1zk − Ã−1B̃x2, for all k ∈ N0.

Let λ ∈ CRe≥0 be arbitrary. Then the resolvent of Ak is given by

(λIC2 −Ak)
−1 =

1

λ2 + 2λ+ k4 + 1

[
λ+ 2

√
k4 + 1

−
√
k4 + 1 λ

]
, for all k ∈ N.

(2.7)
Thus, there exists a constant cλ > 0 that depends on λ (and on the norm
on C2×2) such that for all k ∈ N the estimate∥∥(λIC2 −Ak)

−1
∥∥ ≤ cλ

k2
(2.8)

holds. This implies

k2

c0

∥∥e⊤2 x1,k

∥∥
ℓ2

≤ ∥zk∥ℓ2 ≤
∥∥∥∥(x1

x2

)∥∥∥∥
D
, for all k ∈ N,

where we used e⊤2 A
−1
k Bk = 0, with e2 ∈ R2 representing the second canonical

unit vector. Since it holds that B0 = e2 and Bk = k
5
4 e2, the adjoint

C̃ := B̃⊤ =
[
B⊤

0 B⊤
1 B⊤

2 · · ·
]

defines a bounded linear operator of the form D → C, ( x1
x2

) 7→ C̃x1. Now,
consider

E :=

Ẽ 0 0

0 0 0

0 0 0

 and A :=

 Ã B̃ 0

−C̃ 0 1

0 −1 0


on

X = ℓ2 × R× R.
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Since Ẽ is bounded, self-adjoint, and non-negative, the same holds for E as
well. By the completeness of D and the boundedness of C̃, A is closed with

dom(A) = D × C.

Moreover, by the structure of the Ak for k ∈ N, and since C̃ is the formal
adjoint of B̃, A is dissipative.

Next, we compute the resolvent index of (E,A). By the invertibility of
(λẼ − Ã) for all λ ∈ C, we obtain from (2.8) that λẼ − Ã has a bounded
inverse for all λ ∈ CRe≥0, with

(λẼ − Ã)−1 = diag
(
(λE0 −A0)

−1, (λIC2 −A1)
−1, (λIC2 −A2)

−1, . . .
)
.

Moreover, estimate (2.8) implies that for all λ ∈ CRe≥0 the operators

(λẼ − Ã)−1B̃ : C → ℓ2 and C̃(λẼ − Ã)−1 : ℓ2 → C

are in fact bounded operators. Since

Ã(λẼ − Ã)−1B̃ + B̃ = λẼ − (λẼ − Ã)(λẼ − Ã)−1B̃ + B̃

= λẼ(λẼ − Ã)−1B̃

maps into ℓ2, it follows that[
(λẼ − Ã)−1B̃

1

]
∈ D,

and thus, C̃(λẼ − Ã)−1B̃ ∈ C. Together with the bounded operators
(λẼ − Ã)−1 : ℓ2 → ℓ2, (λẼ − Ã)−1B̃ : C → ℓ2, and C̃(λẼ − Ã)−1 : ℓ2 → C,
we obtain a bounded operator of the form

H : X → X, λ 7→

 (λẼ − Ã)−1 0 (λẼ − Ã)−1B̃

0 0 1

C̃(λẼ − Ã)−1 −1 C̃(λẼ − Ã)−1B̃

.
Calculating H(λ)(λE − A)x = x and (λE − A)H(λ)z = z for x ∈ X and
z ∈ dom(A), we obtain H(λ) = (λE −A)−1.

To compute the resolvent growth of (E,A), we observe

C̃(λẼ − Ã)−1B̃ = C0(λE0 −A0)
−1B0 +

∞∑
k=1

Ck(λEk −Ak)
−1Bk.
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Using (2.7) and the fact that C0(λE0 −A0)
−1B0 equals λ, we have

Ck(λEk −Ak)
−1Bk =

k
5
2λ

λ2 + 2λ+ k4 + 1

and thus also

C̃(λẼ − Ã)−1B̃ = λ+

∞∑
k=1

k
5
2λ

λ2 + 2λ+ k4 + 1
.

Hence, the resolvent H(λ) = (λE −A)−1 grows at least linearly along the
real axis. Together with Theorem 2.3.8, we obtain pres = 2.

Now, let σ > 0 and λn := σ + in2 for n ∈ N. Then we have

Re C̃(λẼ − Ã)−1B̃ = σ +

∞∑
k=1

k
5
2 (σ((1 + σ)2 + k4) + (2 + σ)n4)

((1 + σ)2 + (k4 − n4))2 + 4(1 + σ)2n4

≥ σ +
n5(σ((1 + σ)2 + n4) + (2 + σ)n4)

(1 + σ)4 + 4(1 + σ)4n4

≥ 2n
5
2n4

(1 + σ)4(1 + 4n4)
=

2n
5
2

5(1 + σ)4
5n4

1 + 4n4

≥ 2n
5
2

5(1 + σ)4
, for all n ∈ N.

Choosing c := 5
2 (σ

2 + 1)
5
8 (1 + σ)4, we obtain |λn|

5
4 ≤ c 2n

5
2

5(1+σ)4 for every
n ∈ N. Thus, we have∣∣∣C̃(λẼ − Ã)−1B̃

∣∣∣ ≥ Re C̃(λẼ − Ã)−1B̃ ≥ 1

c
|λn|

5
4 , for all n ∈ N.

Hence, the growth of C̃(λẼ − Ã)−1B̃ and, consequently, that of (λE −A)−1

is at least quadratic. Using Theorem 2.3.8, we obtain pc,res = 3.

If we visually represent the results from this section, we obtain the
following diagram.

Resolvent IndexComplex 
Resolvent Index

Nilpotency Index
 

Figure 2.5: Relation of resolvent and nilpotency indices.
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2.4 Chain index

Before we define the chain index , we will give a brief introduction to Wong
sequences, as these concepts are closely related. Wong sequences were first
introduced in 1974 by Kai-Tak Wong and express how the ranges and kernels
of the operator pencil (λE − A) interleave with one another, see [Won74].
In other words, they characterise the structure of such operator pencils and,
in particular, are used to determine algorithmically whether and at which
integers the aforementioned ranges and kernels stagnate.

Further studies on the chain index, Wong sequences, and their appli-
cations in solving differential-algebraic equations can be found in [BIT12;
Ber82; Kat95; OD85; Tre00; Cam80; SF03].

Definition 2.4.1 (Wong sequence).
Let (E,A) satisfy Assumption 1. The Wong sequences (Vi)i∈N and (Wi)i∈N
of (E,A) are defined as follows

V0 := X, Vi := {xi ∈ dom(A) | ∃xi−1 ∈ Vi−1 : Axi = Exi−1} ,
W0 := {0}, Wi := {xi ∈ X | ∃xi−1 ∈ Wi−1 ∩ dom(A) : Exi = Axi−1} ,

for i ∈ N.

Let vp ∈ Vp and wp ∈ Wp for a p ∈ N. Then there are vp−1 ∈ Vp−1,
wp−1 ∈ Wp−1 with Avp = Evp−1 and Ewp = Awp−1. Inductively, we obtain

Evj−1 = Avj and Ewj = Awj−1, for all j ∈ {1, . . . , p},

where vj ∈ Vj , wj ∈ Wj , j ∈ {0, . . . , p}. In this context, the elements (vi)i
and (wi)i are referred to as chains of (E,A). This leads us to introduce the
chain index.

Definition 2.4.2 (Chain index).
Let (E,A) satisfy Assumption 1. For p ∈ N, we call

(x1, . . . , xp) ∈ dom(A)p−1 ×X

a chain of (E,A) of length p if x1 ∈ kerE\{0}, x1, . . . , xp−1 /∈ kerA, and

Exk+1 = Axk, for k ∈ {1, . . . , p− 1}.

Then the chain index of (E,A), denoted by p
(E,A)
chain ∈ N0, is the supremum

over all chain lengths of (E,A) if (E,A) has at least one chain and 0

otherwise.
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By restricting p
(E,A)
chain to N0, we exclude the case in which the chain index

can be infinite. Similar to the nilpotency index, this can be achieved if
E = N is quasi-nilpotent.

Remark 2.4.3.
(i) It is easy to see that the Wong sequences are nested within each other

in the following way

Vi ⊇ Vi+1 and Wi ⊆ Wi+1, for all i ∈ N0.

(ii) One can show by induction that for all i ∈ N0 and for all λ ∈ ρ(E,A)

Vi = ran ((λE −A)−1E)i and Wi = ker ((λE −A)−1E)i

hold. To be more precise, we have

V0 = X = ran ((λE −A)−1E)0.

Assume that Vi−1 = ran ((λE − A)−1E)i−1 holds and let xi ∈ Vi.
Then there exists an xi−1 ∈ Vi−1 with

Axi = Exi−1.

For λ ∈ ρ(E,A), this is equivalent to

xi = (λE −A)−1E(λxi − xi−1).

Since Vi ⊆ Vi−1, we have λxi − xi−1 ∈ Vi−1 = ran ((λE −A)−1E)i−1

and, consequently, xi ∈ ran ((λE −A)−1E)i. Hence, we conclude

Vi ⊆ ran ((λE −A)−1E)i.

Now let xi ∈ ran ((λE −A)−1E)i. Thus, there is an x ∈ X with

xi = ((λE −A)−1E)iz = (λE −A)−1E(((λE −A)−1E)i−1z),

or equivalently

Axi = E(λxi − ((λE −A)−1E)i−1z).

By Lemma 1.2.2 and Lemma 1.2.3, it holds that ran ((λE−A)−1E)i ⊆
ran ((λE −A)−1E)i−1. Hence, we have

λxi − ((λE −A)−1E)i−1z ∈ ran ((λE −A)−1E)i−1 = Vi−1.
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According to the definition of the Wong sequence, we have xi ∈ Vi,
and therefore

Vi = ran ((λE −A)−1E)i.

For the second statement, we have

W0 = {0} = ker IX = ker ((λE −A)−1E)0.

Assume that Wi−1 = ker ((λE − A)−1E)i−1 holds, and let xi ∈ Wi.
Then there exists an xi−1 ∈ Wi−1 ∩ dom(A) with

Exi = Axi−1,

or equivalently,

(λE −A)−1Exi = λ(λE −A)−1Exi−1 − xi−1,

for λ ∈ ρ(E,A). Inserting this into ((λE −A)−1E)i−1 and using

xi−1 ∈ Wi−1 = ker ((λE −A)−1E)i−1,

we obtain ((λE −A)−1E)ixi = 0; i.e., xi ∈ ker ((λE −A)−1E)i.

Now let xi ∈ ker ((λE −A)−1E)i. Then we have

z := −(λE −A)−1Exi ∈ ker ((λE −A)−1E)i−1 = Wi−1.

Since Az = E(xi + λz) holds, it follows that λz + xi ∈ Wi. Moreover,
as λz ∈ Wi−1 ⊆ Wi, we obtain (xi + λz)− λz = xi ∈ Wi.

(iii) By part (ii), the sequence ker ((µE −A)−1E)p = Xker,p stagnates at
the chain index p. Define (Ê, Â) := (E(λE −A)−1, A(λE −A)−1) for
a λ ∈ ρ(E,A). Then, for every chain (z1, . . . , zq) of (Ê, Â), we obtain
a chain ((λE −A)−1z1, . . . , (λE −A)−1zq) of (E,A). Hence, it holds

that p
(Ê,Â)
chain ≤ p

(E,A)
chain . Furthermore, by Lemma 1.2.3, we have

(µÊ − Â)−1Ê = E(µE −A)−1, for all µ ∈ ρ(E,A).

Thus, ker (λ(Ê − Â)−1Ê)p = ker (E(λE −A)−1)p = Zker,p also stag-
nates at the chain index; i.e., we have

Xker = ker ((µE −A)−1E)pchain , Zker = ker (E(µE −A)−1)pchain .
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Lemma 2.4.4.
Let (E,A) satisfy Assumption 1. Then (E,A) has a chain index p

(E,A)
chain if

and only if there exists a p ∈ N0 with

Wp = Wp+l, for all l ∈ N0.

In this case, p = p
(E,A)
chain holds.

Proof. This follows directly from Remark 2.4.3 (ii). ❑

Proposition 2.4.5.
The chain index, given that it exists, is uniquely defined. To be more specific,
let (Ei, Ai) satisfy Assumption 1 for i ∈ {1, 2}, and let (E1, A1) ∼ (E2, A2).
Then one has p

(E1,A1)
chain = p

(E2,A2)
chain .

Proof. Since (E1, A1) ∼ (E2, A2), there exist two isomorphisms P : X1 → X2

and Q : Z1 → Z2, with E1 = Q−1E2P and A1 = Q−1A2P .
First, assume that p

(E1,A1)
chain = 0; i.e., E1 is injective. As Q−1 and P are

isomorphisms, E2 is also injective, leading to p
(E2,A2)
chain being 0. Now, assume

that p
(E1,A1)
chain ∈ N. Thus, there exists a chain (x1, . . . , xp

(E1,A1)

chain

) such that

E1x1 = 0, E1x2 = A1x2, . . . , E1xp
(E1,A1)

chain

= A1xp
(E1,A1)

chain −1

holds. Since E1 = Q−1E2P , A1 = Q−1A2P , and Q is an isomorphism, we
have

E2Px1 = 0, E2Px2 = A2Px2, . . . , E2Px
p
(E1,A1)

chain

= A2Px
p
(E1,A1)

chain −1
.

Since P is also an isomorphism, Px1 is in kerE2\{0}. Based on the same
arguments, Pxk /∈ kerA2 holds for all k ∈ {1, . . . ,p(E1,A1)

chain − 1}. Hence,
(Px1, . . . , Px

p
(E1,A1)

chain

) is a chain of (E2, A2) with a length of p(E1,A1)
chain . This

means that p
(E2,A2)
chain is bounded from below by p

(E1,A1)
chain . Similarly, by swap-

ping the operators (E1, A1) and (E2, A2) and repeating the same arguments,
p
(E1,A1)
chain is bounded from below by p

(E2,A2)
chain . ❑

Before we analyse the connection between the chain index and the other
index terms introduced so far, we need the following auxiliary lemma.

Lemma 2.4.6. [SF03, Lem. 2.1.3]
Let (E,A) satisfy Assumption 1. Let λ ∈ ρ(E,A) be arbitrary and (x1, . . . , xq)

be a chain of (E,A). Then one has

−(λE −A)−1Exq = xq−1 + λxq−2 + . . .+ λq−2x1.
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Note that this was shown in [SF03] under stronger assumptions. However,
since the proofs are analogous to those in [SF03], we omit them here.

Theorem 2.4.7.
Let (E,A) satisfy Assumption 1.
a) If (E,A) has a nilpotency index, then it also has a chain index with

pchain = pnil.

b) If (E,A) has a resolvent index, then it also has a chain index with
pchain ≤ pres + 1.

Note that if both the resolvent index and the nilpotency index exist, then
one has pchain ≤ pres by Theorem 2.3.7 and Theorem 2.4.7 a). However,
if (E,A) has a resolvent index without a Weierstraß form, then it is only
possible to prove the existence of the chain index with a slightly larger bound,
as stated in Theorem 2.4.7 b).

Proof. a) By Proposition 2.2.3 and 2.4.5, it is sufficient to assume (E,A)

to be in Weierstraß form (E,A) =
([

IY1
0

0 N

]
,
[
Ã 0
0 IY2

])
. Let

(x1, . . . , xq) :=

((
x1,1

x1,2

)
,

(
x2,1

x2,2

)
, . . . ,

(
xq,1

xq,2

))
be an arbitrary chain of (E,A) of length q. Then xk,1 = 0 holds for all
k ∈ {1, . . . , q}. In this case, we obtain

Ex1 = 0, Ex2 = Ax1, . . . , Exq = Axq−1.

Furthermore, Nxk,2 = xk−1,2 holds, for all k ∈ {2, . . . , q}, and thus also

x1,2 = Nx2,2 = . . . = Nq−1xq,2.

Since x1 is in kerE\{0}, we deduce x1,2 ≠ 0. Then q is bounded by pnil,
or else 0 = Nq−1xq,2 = x1,2, which is a contradiction. As a consequence,
we have pchain ≤ pnil.

In order to show the equality of both index terms, we need to show that
there exists a chain of length pnil. This follows directly by choosing

(x1, . . . , xpnil
) :=

((
0

Npnil−1x

)
, . . . ,

(
0

N1x

)
,

(
0

x

))
,

for an arbitrary x /∈ kerNpnil−1.
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b) Let (ω,∞) ⊆ ρ(E,A) and let (x1, . . . , xq) be a chain of (E,A) of length
q > pres + 1. By Lemma 2.4.6, we have

−(λE −A)−1Exq = xq−1 + λxq−2 + . . .+ λq−2x1, for all λ ∈ (ω,∞).

By rearranging this equation and using the resolvent index, we obtain

∥x1∥ ≤ C
λpres−1

λq−2
∥E∥ ∥xq∥+

1

λq−2
∥xq−1∥+ . . .+

1

λ
∥x2∥, (2.9)

for λ > max{ω, 0} and for a C > 0. Letting λ go to infinity, the right
side of (2.9) converges to 0. Thus, it holds that x1 = 0, which is a
contradiction to (x1, . . . , xq) being a chain of (E,A). Hence, all the
chains of (E,A) are at most of length pres + 1. ❑

With Theorem 2.4.7, we are able to extend Figure 2.5 as follows.

Resolvent Index Chain IndexComplex 
Resolvent Index

Nilpotency Index
 

Figure 2.6: Relation of chain, resolvent and nilpotency indices.

2.5 Radiality index

In this section, we present an index term that is not widely recognized,
specifically, the radiality index. This term was originally known as weak
(E, p)-radiality , see [SF03], and provides useful properties in infinite dimen-
sions, as it implies the existence of most of the other indices and provides
an upper bound for all of them. As we will see later, this is the only index
that, with a few minor additional assumptions, implies the existence of a
Weierstraß form along with a nilpotency index.

Definition 2.5.1 (Radiality index).
Let (E,A) satisfy Assumption 1. The radiality index of (E,A) is the smallest
integer p

(E,A)
rad ∈ N0 for which C > 0 and ω ∈ R exist with (ω,∞) ⊆ ρ(E,A)
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and

∥∥∥(λ1E −A)−1E · . . . · (λ
p
(E,A)
rad +1

E −A)−1E
∥∥∥ ≤ C

p
(E,A)
rad +1∏
k=1

1

|λk − ω|
,

∥∥∥E(λ1E −A)−1 · . . . · E(λ
p
(E,A)
rad +1

E −A)−1
∥∥∥ ≤ C

p
(E,A)
rad +1∏
k=1

1

|λk − ω|
,

(2.10)

for all λ1, . . . , λp
(E,A)
rad +1

∈ (ω,∞).

The complex radiality index of (E,A) is the smallest integer p
(E,A)
c,rad ∈ N0

such that C > 0 and ω ∈ R exist with CRe>ω ⊆ ρ(E,A) and (2.10) holding
for all λ1, . . . , λp

(E,A)
c,rad +1

∈ CRe>ω.

To gain a better understanding of this definition, one might consider
prad = 0, X = Z, and E = IX . Then (2.10) translates into the well-known
Hille-Yosida type estimate. This suggests that the radiality index implies
that A generates an analytic semigroup. Thus, the radiality index is closely
related to the well-posedness of the associated DAE, see [SF03, Ch. 2.6].

Proposition 2.5.2.
The radiality index and the complex radiality index are uniquely defined,
provided they exist. To be more precise, let (Ei, Ai) satisfy Assumption 1 for
i ∈ {1, 2}, and let (E1, A1) ∼ (E2, A2). Then one has p

(E1,A1)
rad = p

(E2,A2)
rad

and p
(E1,A1)
c,rad = p

(E2,A2)
c,rad .

Proof. Since (E1, A1) ∼ (E2, A2), there are two isomorphisms P : X1 → X2

and Q : Z1 → Z2, with E1 = Q−1E2P and A1 = Q−1A2P . By Lemma 1.4.3,
we have ρ(E1, A1) = ρ(E2, A2) and

P (λE1 −A1)
−1E1P

−1 = (λE2 −A2)
−1E2,

QE1(λE1 −A1)
−1Q−1 = E2(λE2 −A2)

−1.

Assume that (E1, A1) has a radiality index of p := p
(E1,A1)
rad . Then we have∥∥∥∥∥

p+1∏
k=1

(λkE2 −A2)
−1E2

∥∥∥∥∥ ≤ ∥P∥

∥∥∥∥∥
p+1∏
k=1

(λkE1 −A1)
−1E1

∥∥∥∥∥∥∥P−1
∥∥

≤ C

p+1∏
k=1

1

|λk − ω|
,∥∥∥∥∥

p+1∏
k=1

E2(λkE2 −A2)
−1

∥∥∥∥∥ ≤ ∥Q∥

∥∥∥∥∥
p+1∏
k=1

E1(λkE1 −A1)
−1

∥∥∥∥∥∥∥Q−1
∥∥
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≤ C

p+1∏
k=1

1

|λk − ω|
,

for all λ1, . . . , λp+1 ∈ (ω,∞), for an ω ∈ R and C > 0. Thus, (E2, A2) also
possesses a radiality index with p

(E2,A2)
rad ≤ p

(E1,A1)
rad . The other estimate

is obtained by swapping (E1, A1) and (E2, A2) and following the same
arguments. The statement regarding the complex radiality index follows in
an analogous manner. ❑

To gain a better understanding of the radiality index, we start with a
simple example from the theory of zero controllability.

Example 2.5.3. (prad = 1)
Recall Example 2.3.4 and, for the sake of simplicity, assume b = c = 1,
where 1 denotes the constant 1-function. With these choices, we obtain

(µIY −A0)
−1Bu =

1

µ
ub =

1

µ
Bu, u ∈ C, (2.11a)

C(µIY −A0)
−1y =

1

µ
⟨y, c⟩Y =

1

µ
Cy, y ∈ Y, (2.11b)

G(µ)u = C(µIY −A0)
−1Bu =

1

µ
u, u ∈ C (2.11c)

and

(µE −A)−1 =

[
(µIY −A0)

−1 − 1
µBC B

C G(µ)−1

]
,

for µ ∈ ρ(E,A). To compute the radiality index, we calculate the left- and
right-resolvents of (E,A) as follows

(µE −A)−1E =

[
(µIY −A0)

−1 − 1
µBC 0

C 0

]
,

E(µE −A)−1 =

[
(µIY −A0)

−1 − 1
µBC B

0 0

]
.

As the lower left entry in (µE−A)−1E and the upper right entry in E(µE−
A)−1 are independent of µ, the radiality index cannot be 0. Using (2.11) we
obtain

(µ1E −A)−1E(µ2E −A)−1E =

[
(µ1IY −A0)

−1(µ2IY −A0)
−1 − 1

µ1µ2
BC 0

0 0

]
,

E(µ1E −A)−1E(µ1E −A)−1 =

[
(µ1IY −A0)

−1(µ2IY −A0)
−1 − 1

µ1µ2
BC 0

0 0

]
,
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as C(µIY − A0)
−1 = 1

µC = 1
µCBC and (µIY − A0)

−1B = 1
µB = 1

µBCB.
Since A0 generates a C0-semigroup and B, C are bounded operators, there
exists a constant C > 0 such that∥∥∥∥(µ1IY −A0)

−1(µ2IY −A0)
−1 − 1

µ1µ2
BC

∥∥∥∥ ≤ C
1

µ1

1

µ2
,

for all µ1, µ2 ∈ (0,∞). Hence, we obtain prad = 1.

Next, we compare the radiality index with the previously introduced
index terms.

Theorem 2.5.4.
Let (E,A) satisfy Assumption 1.
a) If (E,A) has a radiality index, then it also has a resolvent index with

pres ≤ prad + 1.

b) If (E,A) has a complex radiality index, then it also has a complex
resolvent index with pc,res ≤ pc,rad + 1.

c) If (E,A) has a radiality index, then it also has a chain index with
pchain ≤ prad + 1.

d) Let (E,A) have a Weierstraß form (E,A) ∼
([

IY1
0

0 N

]
,
[
Ã 0
0 IY2

])
with a

nilpotency index.

(i) The pair (E,A) has a radiality index if and only if (IY1
, Ã) has

a radiality index. In this case, one has p
(IY1

,Ã)

rad ≤ p
(E,A)
rad and

p
(E,A)
nil ≤ p

(E,A)
rad + 1.

(ii) The pair (E,A) has a complex radiality index if and only if
(IY1 , Ã) has a complex radiality index. In this case, one has

p
(IY1

,Ã)

c,rad ≤ p
(E,A)
c,rad and p

(E,A)
nil ≤ p

(E,A)
rad + 1.

Proof. a) If (E,A) has a radiality index, then there exists a C > 0 and an
ω > 0, such that (ω,∞) ⊆ ρ(E,A). Let λ, µ ∈ ρ(E,A) be arbitrary. By
(2.10) and Lemma 1.2.4, we have∥∥(λE −A)−1

∥∥
≤

prad∑
l=0

|µ− λ|l
∥∥((µE −A)−1E)l(µE −A)−1

∥∥
+ |µ− λ|prad+1

∥∥(λE −A)−1E((µE −A)−1E)prad
∥∥ ∥∥(µE −A)−1

∥∥
≤

prad∑
l=0

|µ− λ|lCl +
|µ− λ|prad+1

|λ− ω|
C̃,
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with constants Cl :=
∥∥((µE −A)−1E)l(µE −A)−1

∥∥, l ∈ {0, . . . ,prad}
and C̃ := C0C. This means that (·E−A)−1 grows at most polynomially
with rate prad along (ω,∞), which results in pres ≤ prad + 1.

b) This is shown analogously to the previous part.

c) This was proven in [SF03, Lem. 2.2.2].

d) We will only prove Part (i), as (ii) follows analogously. Using Proposition
2.2.3 and Proposition 2.5.2, we assume that (E,A) is given in a Weier-
straß form; i.e., we have (E,A) =

([
IY1

0
0 N

]
,
[
Ã 0
0 IY2

])
. Let λ ∈ ρ(E,A)

be arbitrary. Then λ is in ρ(IY1 , Ã). Conversely, if λ is in ρ(IY1 , Ã),
then we have

(λN − IY2
)−1 = −

pnil−1∑
l=0

(λN)l,

and thus, we conclude

ρ(E,A) = ρ(IY1
, Ã) = ρ(Ã). (2.12)

In particular, for λ ∈ ρ(E,A) we obtain

(λE −A)−1E = E(λE −A)−1 =
[
(λIY1

−Ã)−1 0

0 (λN−IY2
)−1N

]
. (2.13)

Now, assume that the radiality index p
(E,A)
rad exists. Thus, there are

C > 0 and ω ∈ R such that for all λ ∈ (ω,∞)∥∥∥((λN − IY2
)−1N)p

(E,A)
rad +1

∥∥∥ ≤
∥∥∥((λE −A)−1E)p

(E,A)
rad +1

∥∥∥
≤ C

(λ− ω)p
(E,A)
rad +1

(2.14)

holds. Without loss of generality, let ω be positive and assume that
prad + 1 < pnil holds. Since we have (λN − IY2

)−1 = −
∑pnil−1

l=0 (λN)l

and N is nilpotent with degree pnil, we derive

(λN − IY2
)−1N = − 1

λ

pnil−1∑
l=1

(λN)l. (2.15)

This is a polynomial of degree 1 ≤ deg ≤ pnil − 1. As N is nilpotent,

((λN − IY2
)−1N)p

(E,A)
rad +1 =

1

λp
(E,A)
rad +1

(
−

pnil−1∑
l=1

(λN)l

)p
(E,A)
rad +1
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is a polynomial of degree 1 ≤ deg ≤ pnil − 1 as well. Therefore, we
obtain

λp
(E,A)
rad +1∥((λN − IY2

)−1N)p
(E,A)
rad +1∥, for λ → ∞.

However, using (2.14), we deduce

λp
(E,A)
rad +1

∥∥∥((λN − IY2
)−1N)p

(E,A)
rad +1

∥∥∥ ≤ C
λp

(E,A)
rad +1

(λ− ω)p
(E,A)
rad +1

.

This is a contradiction as the right-hand side is bounded for λ → ∞.
That means we have pnil ≤ p

(E,A)
rad + 1 and thus,

p
(E,A)
rad∏
l=0

(λlE−A)−1E =

p
(E,A)
rad∏
l=0

E(λlE−A)−1 =


p
(E,A)
rad∏
l=0

(λlIY1
− Ã)−1 0

0 0

,
for all λ0, . . . , λp

(E,A)
rad

∈ ρ(E,A). Hence, we conclude

∥∥∥∥∥∥
p
(E,A)
rad∏
l=0

E(λlE −A)−1

∥∥∥∥∥∥ =

∥∥∥∥∥∥
p
(E,A)
rad∏
l=0

(λlIY1 − Ã)−1

∥∥∥∥∥∥ . (2.16)

Thus, (IY1
, Ã) has a radiality index with p

(IY1
,Ã)

rad ≤ p
(E,A)
rad .

Conversely, if we assume that (IY1
, Ã) has a radiality index p

(IY1
,Ã)

rad ,

there exists a k ∈ N with p := k · p(IY1
,Ã)

rad ≥ pnil. Hence,

p∏
l=0

(λlE −A)−1E =

p∏
l=0

E(λlE −A)−1 =

 p∏
l=0

(λlIY1
− Ã)−1

0

0 0

 (2.17)

for λ0, . . . , λp ∈ ρ(E,A). Clearly, if (IY1 , Ã) has radiality index p
(IY1

,Ã)

rad ,
then it also has a radiality index p, and by (2.17), (E,A) has a radiality
index as well with p

(E,A)
rad ≤ p. ❑

Clearly, one always has prad ≤ pc,rad. To see that this estimate can
indeed be sharp, we will recall Example 2.3.9 and apply Theorem 2.5.4.

Example 2.5.5. (prad = 1,pc,rad = 2)
Recall Example 2.3.9, where we already showed that pres = 2 and pc,res = 3.
Let λ ∈ (0,∞) be arbitrary. To compute the radiality index of (E,A), we
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have to calculate the growth of

(λE −A)−1E =

 (λẼ − Ã)−1 0 0

0 0 0

C̃(λẼ − Ã)−1 0 0


and

E(λE −A)−1 =

(λẼ − Ã)−1 0 (λẼ − Ã)−1B̃

0 0 0

0 0 0

.
In order to do this, we have to determine the growth rate of

(λẼ − Ã)−1 = diag (M0(λ),M1(λ),M2(λ), . . .)

with

M0(λ) =

[
0 −1

1 λ

]
,

Mk(λ) =
1

λ(λ+ 2) + k4 + 1

[
λ+ 2

√
k4 + 1

−
√
k4 + 1 λ

]
,

for k ∈ N. Clearly, M0(λ) is growing linearly and Mk(λ) is decreasing with
rate 1

λ . Hence, due to the structure of Ẽ, the operators Ẽ(λẼ − Ã)−1 and
(λẼ − Ã)−1Ẽ are bounded with∥∥∥(λẼ − Ã)−1Ẽ(µẼ − Ã)−1Ẽ

∥∥∥ =
∥∥∥Ẽ(λẼ − Ã)−1Ẽ(µẼ − Ã)−1

∥∥∥ ≤ C

λµ
,

for all λ, µ ∈ (0,∞) and for a given constant C > 0. Moreover, by simple
calculations it is easy to see that B⊤

k Mk(λ) and Mk(λ)Bk are still decreasing
with rate 1

λ . Thus, we obtain

∥∥C(λE −A)−1E(µE −A)−1E
∥∥ ≤ C

λµ
,∥∥E(λE −A)−1E(µE −A)−1B

∥∥ ≤ C

λµ
,

for all λ, µ ∈ (0,∞). Moreover, we have

(λE −A)−1E(µE −A)−1E =

 (λẼ − Ã)−1Ẽ(µẼ − Ã)−1Ẽ 0 0

0 0 0

−C̃(λẼ − Ã)−1Ẽ(µẼ − Ã)−1Ẽ 0 0

,
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and

E(λE −A)−1E(µE −A)−1 =Ẽ(λẼ − Ã)−1Ẽ(µẼ − Ã)−1 0 Ẽ(λẼ − Ã)−1Ẽ(µẼ − Ã)−1B̃

0 0 0

0 0 0

.
Hence, (E,A) has a radiality index equal to 1. By Theorem 2.5.4 b), the
complex radiality index is bounded from below by pc,res − 1. Since the
complex resolvent index is 3, we deduce pc,rad = 2.

The following example shows that the converse of Theorem 2.5.4 a) does
not hold in general.

Example 2.5.6. (∃pres, ̸ ∃prad)
Let X = Z = L2(0,∞)× R and define

(E,A) :=

([
IL2 0

0 0

]
,

[
∂
∂ξ 0

δ0 1

])
,

with dom(A) := H1(0,∞) × R and δ0 being the evaluation operator at 0.
Let λ > 0 and

(
f
g

)
∈ X be arbitrary. Calculating the resolvent we obtain

(λE −A)−1

(
f

g

)
=


∫ ∞

·
eλ(·−s)f(r) dr

−g −
∫ ∞

0

eλ(0−s)f(r) dr

, for all λ ∈ (0,∞),

and deduce pres = 1.
Now, let p ∈ N0 be arbitrary. Then we have

((λE −A)−1E)p+1

(
f

g

)
=

∫ ∞

·

(∫ ∞

rp+1

(
. . .

(∫ ∞

r2

eλ(·−r1)f(r1) dr1

)
. . .

)
drp

)
drp+1∫ ∞

0

(∫ ∞

rp+1

(
. . .

(∫ ∞

r2

eλ(0−r1)f(r1) dr1

)
. . .

)
drp

)
drp+1

.

Define f(ξ) = ξe−λξ. Then ∥f∥L2 = 1

2λ
3
2

holds and we obtain

∥∥∥((λE −A)−1E
)p+1

∥∥∥ ≥

∥∥∥∥∥ ((λE −A)−1E
)p+1

(
2λ

3
2 f

0

)∥∥∥∥∥
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≥ 2λ
3
2

∣∣∣∣∣
∫ ∞

0

(∫ ∞

rp+1

(
. . .

(∫ ∞

r2

e−2λr1r1 dr1

)
. . .

)
drp

)
drp+1

∣∣∣∣∣
=

p+ 1

2p+1

1

λp+2− 3
2

, for all λ ∈ (0,∞).

Since this holds for all p ∈ N0, the pair (E,A) has no radiality index, as
(2.10) is never satisfied.

Using Theorem 2.5.4, we further expand Figure 2.6 as follows.

 reflexive, ran  closed

Resolvent Index Chain IndexComplex 
Resolvent Index

Radiality IndexComplex 
Radiality Index

Nilpotency Index
 

Figure 2.7: Relation of radiality, chain, resolvent and nilpotency indices.

2.6 Weierstraß form generation

In this section, we characterise the conditions under which a Weierstraß form
can be obtained for (E,A) and, if the latter already exists, when (E,A) has
a radiality index. This result generalises the Weierstraß form obtained in
[JM22, Thm. 3] for a higher radiality index. All the results presented in this
section were published in [EJM24].

Before stating the main theorem of this section, we need to recall the
following two auxiliary lemmas. Note that while the first lemma is formulated
here under weaker assumptions than in the original source, its proof is
analogous to the one in [SF03] and is thus omitted."

Lemma 2.6.1. [SF03, Lem. 2.2.3 & 2.2.4]
Let (E,A) satisfy Assumption 1. Let (E,A) have a chain index pchain and
let µ ∈ ρ(E,A) be arbitrary. Then one has

ran ((µE −A)−1E)pchain ∩ ker ((µE −A)−1E)pchain = {0},
ran (E(µE −A)−1)pchain ∩ ker (E(µE −A)−1)pchain = {0}.
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Moreover, the operator

Eker := E|Xker
: Xker → Zker

is bounded and

Aker := A|dom(A)∩Xker
: dom(Aker) ⊆ Xker → Zker

is invertible. In this case, the inverse operator A−1
ker : Zker → Xker is bounded,

and both EkerA
−1
ker and A−1

kerEker are nilpotent with degree ≤ pchain.

Lemma 2.6.2. [SF03, Lem. 2.2.7 & Thm. 2.5.1]
Let (E,A) satisfy Assumption 1. If (E,A) has a radiality index prad, then
one has

lim
µ→∞

(
µ(µE −A)−1E

)prad+1
x = x, for all x ∈ Xran,

lim
µ→∞

(
µE(µE −A)−1

)prad+1
z = z, for all z ∈ Zran.

Furthermore, if X and Z are reflexive, then the spaces X and Z decompose
as follows

X = Xran ⊕Xker and Z = Zran ⊕ Zker. (2.18)

We now possess all the necessary components to state and prove the
main theorem of this section.

Theorem 2.6.3.
Let (E,A) satisfy Assumption 1. If X and Z are reflexive Banach spaces,
ranE is closed and (E,A) has a radiality index, then it also has a Weierstraß
form with a nilpotency index. In particular, one has pnil ≤ prad + 1.

Proof. By Theorem 2.5.4 c), (E,A) has a chain index with pchain ≤ prad +1.
By Lemma 2.6.1, Eker : Xker → Zker is bounded, Aker : dom(Aker) ⊆ Xker →
Zker is boundedly invertible and EkerA

−1
ker and A−1

kerEker are nilpotent with
degree not exceeding pchain. Furthermore, by Lemma 2.6.2, the spaces
decompose as

X = Xran ⊕Xker, Z = Zran ⊕ Zker.

With Eran and Aran, we denote the restriction of E and A to Xran and
dom(Aran) := dom(A) ∩Xran, respectively. By Lemma 2.6.2, there are two
projections, namely

P : X → X, x 7→ lim
µ→∞

(
µ(µE −A)−1E

)prad+1
x,
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onto Xran with kerP = Xker, ranP = Xran and Px = x for all x ∈ Xran and

R : Z → Z, z 7→ lim
µ→∞

(
µ(µE −A)−1E

)prad+1
z,

onto Zran with kerR = Zker, ranR = Zran and Rz = z for all z ∈ Zran.
Since A is closed and (µE −A)−1Ex maps into dom(A) for all µ ∈ ρ(E,A),
we have Px ∈ dom(A) for x ∈ dom(A). Thus, we have

APx = A lim
µ→∞

(
µ(µE −A)−1E

)prad+1
x

= lim
µ→∞

A
(
µ(µE −A)−1E

)prad+1
x (2.19)

= lim
µ→∞

(
µE(µE −A)−1E

)prad+1
Ax = RAx.

Moreover, since E is bounded, we derive

EPx = E lim
µ→∞

(
µ(µE −A)−1E

)prad+1
x

= lim
µ→∞

E
(
µ(µE −A)−1E

)prad+1
x (2.20)

= lim
µ→∞

(
µE(µE −A)−1E

)prad+1
Ex = REx.

Note that we used Lemma 1.2.3 in the third equation. Using the projections,
we have x ∈ Xran and z ∈ Zran if and only if Px = x and Rz = z, respectively.
Thus, by (2.20), we conclude

Ex = EPx = REx ∈ Zran, for all x ∈ Xran,

and since E is bounded, Eran : Xran → Zran is a well-defined and bounded
operator. Analogously, using (2.19), we obtain

Ax = APx = RAx ∈ Zran, for all x ∈ dom(Aran),

and hence, Aran : dom(Aran) ⊆ Xran → Zran is well-defined.
Next, we show that Eran is boundedly invertible and that Aran and Aker

are closed and densely defined. Let x ∈ Xran be arbitrary. Since A is densely
defined, there exists a sequence (xn)n∈N in dom(A) converging to x for
n → ∞. As P is continuous, we have Pxn → Px = x for n → ∞. Since, P
maps (xn)n∈N continuously to dom(Aran), we conclude dom(Aran) = Xran.
Analogously, by using I − P instead of P , we obtain dom(Aker) = Xker.
Therefore, Aran and Aker are densely defined. Since A is closed, Aran and
Aker map to Zran and Zker, respectively, the operators Aran and Aker are
closed as well.
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What remains to be shown is that Eran is boundedly invertible. Since
E is bounded, together with the fact that kerEran ⊆ kerE ⊆ Xker and
X = Xran ⊕Xker hold, it follows that Eker is injective. By Theorem 2.5.4 a)
and Remark 2.3.2 (iii), we obtain

Xran = ran ((µE −A)−1E)prad+2,

Zran = ran (E(µE −A)−1)prad+2.

Let y ∈ ran (E(µE − A)−1)prad+3 be arbitrary. Then there exists a z ∈ Z

with

y = (E(µE −A)−1)prad+3z = E((µE −A)−1E)prad+2(µE −A)−1z

and thus,

ran (E(µE −A)−1)prad+3 ⊆ E(ran (µE −A)−1E)prad+2) ⊆ E(Xran).

Since ranE is closed, the same applies for

E(Xran) = ranEran = Zran ∩ ranE.

Thus, the closure of ran (E(µE − A)−1)prad+3 is still a subset of E(Xran).
By Proposition 1.2.5, we have

ran (E(µE −A)−1)prad+2 = ran (E(µE −A)−1)prad+3

and thus, Eran is surjective. Together with the Closed Graph Theorem, Eran

becomes boundedly invertible.
We define the bounded operators

P̃ =

[
P

IX − P

]
∈ L(X,Xran ×Xker),

R̃ =

[
R

IZ −R

]
∈ L(Z,Zran × Zker).

Clearly, P̃ and R̃ are invertible with inverses

P̃−1 =
[
IXran IXker

]
∈ L(Xran ×Xker, X),

R̃−1 =
[
IZran IZker

]
∈ L(Zran × Zker, Z).
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Hence, we obtain the following equivalence

(E,A) ∼ (R̃EP̃−1, R̃AP̃−1) ∼
([

Eran 0

0 Eker

]
,

[
Aran 0

0 Aker

])
∼
([

IZran
0

0 EkerA
−1
ker

]
,

[
AranE

−1
ran 0

0 IZker

])
.

By Theorem 2.5.4 d), we deduce pnil ≤ prad + 1. ❑

Remark 2.6.4.
In the proof of Theorem 2.6.3, we proved that (E,A) has a Weierstraß form
in Z, as long as X and Z are reflexive and ranE is closed. Equivalently,
under the same assumptions, it is possible to construct a Weierstraß form in
X as follows

(E,A) ∼ (R̃EP̃−1, R̃AP̃−1) ∼
([

Eran 0

0 Eker

]
,

[
Aran 0

0 Aker

])
∼
([

IXran
0

0 A−1
kerEker

]
,

[
E−1

ranAran 0

0 IXker

])
.

Next, we analyse the conditions under which a pair (E,A) in Weierstraß
form has a radiality index. For that purpose, we introduce the notion of
(E, p)-radiality; see [SF03, Ch. 2] and [JM22].

Definition 2.6.5 (p-radial).
Let (E,A) satisfy Assumption 1 and let p ∈ N0. Then (E,A) is p-radial if p is
the smallest integer p such that C > 0 and ω ∈ R exist with (ω,∞) ⊆ ρ(E,A)

and

∥∥∥((λ1E −A)−1E · . . . · (λp+1E −A)−1E
)n∥∥∥ ≤ C

p+1∏
k=1

1

|λk − ω|n
,

∥∥∥(E(λ1E −A)−1 · . . . · E(λp+1E −A)−1
)n∥∥∥ ≤ C

p+1∏
k=1

1

|λk − ω|n
,

for all λ1, . . . , λp+1 ∈ (ω,∞) and for all n ∈ N.

Clearly, every (E,A) that is p-radial also has a radiality index prad ≤ p.

Proposition 2.6.6.
Let (Ei, Ai) satisfy Assumption 1 for i ∈ {1, 2}, and let (E1, A1) ∼ (E2, A2).
Then (E1, A1) is p-radial if and only if (E2, A2) is p-radial.

Proof. Since (E1, A1) ∼ (E2, A2), there are two isomorphisms P : X1 → X2

and Q : Z1 → Z2 with E1 = Q−1E2P and A1 = Q−1A2P . By Lemma 1.4.3,
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we have ρ(E1, A1) = ρ(E2, A2) and

P (λE1 −A1)
−1E1P

−1 = (λE2 −A2)
−1E2,

QE1(λE1 −A1)
−1Q−1 = E2(λE2 −A2)

−1.

Assume that (E1, A1) is p-radial. Then we have∥∥∥∥∥
(

p+1∏
k=1

(λkE2 −A2)
−1E2

)n∥∥∥∥∥ ≤ ∥P∥

∥∥∥∥∥
(

p+1∏
k=1

(λkE1 −A1)
−1E1

)n∥∥∥∥∥ ∥P−1∥

≤ C

p+1∏
k=1

1

|λk − ω|n
,

and∥∥∥∥∥
(

p+1∏
k=1

E2(λkE2 −A2)
−1

)n∥∥∥∥∥ ≤ ∥Q∥

∥∥∥∥∥
(

p+1∏
k=1

E1(λkE1 −A1)
−1

)n∥∥∥∥∥ ∥Q−1∥

≤ C

p+1∏
k=1

1

|λk − ω|n
,

for all λ1, . . . , λp+1 ∈ (ω,∞), for all n ∈ N, for some ω ∈ R and C > 0.
Hence, (E2, A2) is p-radial. The opposite direction follows by swapping
(E1, A1) and (E2, A2) and repeating the same steps. ❑

Theorem 2.6.7.
Let (E,A) satisfy Assumption 1 and have a Weierstraß form (E,A) ∼([

IY1
0

0 N

]
,
[
Ã 0
0 IY2

])
. If Ã generates a C0-semigroup and (E,A) has a nilpo-

tency index, then (E,A) is (pnil − 1)-radial.

Proof. Similar to the proof of Theorem 2.5.4 d), we directly assume (E,A) =([
IY1

0
0 N

]
,
[
Ã 0
0 IY2

])
with ρ(E,A) = ρ(IY1

, Ã) = ρ(Ã) and obtain∥∥∥∥∥
pnil∏
l=1

(λlE −A)−1E

∥∥∥∥∥ =

∥∥∥∥∥
pnil∏
l=1

E(λlE −A)−1

∥∥∥∥∥ =

∥∥∥∥∥
pnil∏
l=1

(λlIY1
− Ã)−1

∥∥∥∥∥
for all λ1, . . . , λpnil

∈ ρ(E,A). Now, assume that Ã generates a C0-semigroup.
Using the Theorem of Hille-Yosida, there are ω ∈ R and C > 0 such that
(ω,∞) ⊆ ρ(IY1

, Ã) = ρ(Ã) and∥∥∥((λIY1
− Ã)−1

)n∥∥∥ ≤ C

(λ− ω)n
,
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for all λ ∈ (ω,∞) and n ∈ N. Then we have∥∥∥∥∥
(

pnil∏
l=1

(λlE −A)−1E

)n∥∥∥∥∥ =

∥∥∥∥∥
(

pnil∏
l=1

E(λlE −A)−1

)n∥∥∥∥∥
≤ Cpnil

pnil∏
l=1

1

(λl − ω)n
,

for all λ1, . . . , λpnil
∈ (ω,∞). Thus, (E,A) is (pnil − 1)-radial. ❑

Example 2.6.8. (1-radial)
We recall Example 2.5.3. There we have shown that

(E,A) ∼ (Ẽ, Ã) :=

([
IY1

0

0 N

]
,

[
QbA0 0

0 IY2×C

])
holds with pnil = 2 and prad = 1. Since A0 is the generator of a C0-semigroup,
we have

QbA0y = A0y −
⟨A0y, c⟩Y
⟨b, c⟩Y

b = A0y −BKy, for y ∈ Y1.

As BK is bounded, QbA0 also generates a C0-semigroup, and by Theorem
2.6.7, (E,A) is 1-radial.

We may now incorporate the concept of p-radiality into our diagram.

 reflexive, ran  closed

Resolvent Index Chain IndexComplex 
Resolvent Index

Radiality IndexComplex 
Radiality Index

Nilpotency Index
 

-Radiality

Figure 2.8: Relation of p-radiality, radiality, chain, resolvent and nilpotency
indices.
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2.7 Differentiation index

The differentiation index is one of the few index terms that can be formulated
in a purely operator-theoretical manner, even though its origin stems from
the solution theory of DAEs, where it makes little sense without considering
the underlying differential equation. This is because the differentiation index
is expressed by the number of formal derivatives required to transform the
DAE into an ordinary differential equation, as indicated in [KM06; Cam95;
LMT13]. This method dates back to Charles W. Gear and was first utilised
in the early 1970s [Gea88; Gea71; GP83].

Here, we present a generalisation of this concept to the infinite dimen-
sional case. As the operators E ∈ L(X,Z) and A : dom(A) ⊆ X → Z do not
depend on time, the k-th formal derivative of the DAE d

dtEx(t) = Ax(t) is

d

dt
E

dk

dtk
x(t) = A

dk

dtk
x(t), t ≥ 0.

From this, we derive


A −E

A −E
. . . . . .

A −E


︸ ︷︷ ︸

=:Mk



x(t)
d
dtx(t)

...
dk

dtk
x(t)

dk+1

dtk+1x(t)

 = 0, t ≥ 0.

Here, Mk is a linear operator of the form Mk : dom(A)k+1 ×X → Zk+1.

Definition 2.7.1 (Differentiation index).
Let (E,A) satisfy Assumption 1. The differentiation index of (E,A) is the
smallest number p

(E,A)
dif ∈ N0 such that there exists a Banach space X̃ that

is densely embedded into X and a generator S : dom(S) ⊆ X̃ → X̃ of a
C0-semigroup on X̃ for which the following implication is satisfied

x0
x1

...
x
p
(E,A)
dif

+1

 ∈ kerM
p
(E,A)
dif

=⇒ x0 ∈ dom(S) with x1 = Sx0. (2.21)

In this context, we refer to

d

dt
x(t) = Sx(t), t ≥ 0 (2.22)

as the abstract completion ODE of (E,A).



2. INDEX CONCEPTS FOR DAES 55

Similar to the index terms introduced earlier, we prove that the index is
unique up to equivalent pairs.

Proposition 2.7.2.
The differentiation index is, given that it exists, uniquely defined. To be
more precise, let (Ei, Ai) satisfy Assumption 1 for i ∈ {1, 2} and (E1, A1) ∼
(E2, A2). Then one has p

(E1,A1)
dif = p

(E2,A2)
dif .

Proof. Since (E1, A1) ∼ (E2, A2), there are two isomorphisms P : X1 → X2

and Q : Z1 → Z2, with E1 = Q−1E2P and A1 = Q−1A2P . We define the
operators

Mi,k :=

Ai −Ei

. . . . . .
Ai −Ei

 : dom(Ai)
k+1 ×X → Zk+1,

for i ∈ {1, 2} and k ∈ N. Let (E1, A1) have a differentiation index p =

p
(E1,A1)
dif . As P is an isomorphism,

kerM1,p

P . . .
P

 = kerM2,p

holds. Since (E1, A1) has a differentiation index, there exists a Banach space
X̃1, which is densely embedded in X1 and a generator of a C0 semigroup S1

that fulfils (2.21). As P is an isomorphism, X̃2 := PX̃1 is a Banach space
that is densely embedded in X2 and S2 := PS1P

−1 generates a C0-semigroup
on X̃2, see [EN00, Sec. I.5.a)]. Let x0

...
xp+1

 ∈ kerM1,p

be arbitrary. By implication (2.21), the element x0 is in dom(S1) with x1 =

S1x0, which is equivalent to Px0 ∈ dom(S2) and Px1 = PS1P
−1x0 = S2x0.

Denote yi := Pxi for i ∈ {0, . . . , p+ 1}. Then we havey1
...
yp

 ∈ kerM2,p =⇒ Px0 ∈ dom(S2) with y1 = S2y0.

Hence, (E2, A2) has a differentiation index with p
(E2,A2)
dif ≤ p

(E1,A1)
dif . The
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other estimate is obtained by swapping (E1, A1) and (E2, A2) and repeating
the same steps as before. ❑

Theorem 2.7.3.
Let (E,A) satisfy Assumption 1.
a) If (E,A) has a differentiation index, then it also has a chain index with

p
(E,A)
chain ≤ p

(E,A)
dif .

b) If (E,A) ∼
([

IY1
0

0 N

]
,
[
Ã 0
0 IY2

])
has a nilpotency index and Ã generates a

C0-semigroup, then it has a differentiation index with p
(E,A)
nil = p

(E,A)
dif .

Proof. a) Assume that the differentiation index pdif exists and thus, a
C0-semigroup S : dom(S) ⊆ X̃ → X̃ which fulfils (2.21). Further, let
(x1, . . . , xp) be a chain of (E,A) of length p > pdif . Then we have

Mpdif


0

x1

...
xpdif+1

 = 0.

By (2.21), we have x1 = S0 = 0. But then x1 ∈ kerA, which contradicts
(x1, . . . , xp) being a chain. Hence, all chains are at most of length pdif ;
i.e., we obtain pchain ≤ pchain.

b) By Proposition 2.2.3 and 2.7.2, we directly assume that (E,A) is in
Weierstraß form; i.e., we assume (E,A) =

([
IY1

0
0 N

]
,
[
Ã 0
0 IY2

])
and write

y = ( y1
y2 ) ∈ Y1 × Y2 for all y ∈ Y . Let p ∈ N0 be arbitrary and assume

that pnil > p holds. Then x0

...
xp+1

 =


( x1,0
x2,0

)
...( x1,p+1

x2,p+1

)
 ∈ kerMp

holds if and only if x0,1 is in dom(Ãp+1) and

Ãix1,0 = x1,i, x2,0 = Nx2,1, . . . , x2,p = Nx2,p+1 (2.23)

holds, for all i ∈ {0, . . . , p+1}. This in turn is satisfied for the elements

x0 =

(
0

0

)
, x1 =

(
0

Npnil−1y

)
, . . . , xp+1 =

(
0

Npnil−(p+1)y

)
,
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for some y ∈ Y2 with y /∈ kerNpnil−1. Since we have x0 = 0 and x1 ̸= 0,
an operator S with the properties as described in (2.21) cannot exist.
In other words, if (E,A) has a differentiation index, then it has to be
larger or equal to pnil. Therefore, let p = pnil. By (2.23), we have

x1 =

(
x1,1

x2,1

)
=

(
Ãx1,0

Npx2,p+1

)
=

(
Ãx1,0

0

)
.

Consequently, we choose X̃ := IY1
and

S :=

[
Ã 0

0 0

]
: dom(S) ⊆ Y → Y with dom(S) = dom(Ã)× Y2.

This is the generator of the strongly continuous semigroup

(T (t))t≥0 =

([
T̃ (t) 0

0 IY2

])
t≥0

,

where (T̃ (t))t≥0 is the C0-semigroup generated by Ã. This shows that
p = pdif . ❑

Theorem 2.7.4.
Let (E,A) satisfy Assumption 1. If (E,A) has a differentiation index, then
every classical solution of d

dtEx = Ax fulfils the abstract completion ODE
(2.22).

Proof. Assume that x is a classical solution of d
dtEx = Ax. Lemma 1.3.3

implies that for all φ ∈ C∞
c ((0,∞),R), we have∫ ∞

0

φ(r)Ax(r) dr = −
∫ ∞

0

(
d

dt
φ(t)

)
Ex(r) dr .

Now, testing with (−1)k dk

dtk
φ(t) for k ∈ {0, . . . , pdif +1}, we deduce that the

vectors

xk := (−1)k
∫ ∞

0

(
dk

drk
φ(r)

)
x(r) dr, for k ∈ {0, . . . , pdif + 1},

satisfy

Mpdif

 x0
x1

...
xpdif+1

 = 0.
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By implication (2.21), we have x1 = Sx0, and thus∫ ∞

0

φ(r)Sx(r) dr = −
∫ ∞

0

(
d

dr
φ(r)

)
Ex(r) dr .

Using Lemma 1.3.3 once more, we see that x solves the abstract completion
ODE (2.22). ❑

Example 2.7.5. (∃pdif )

Let X = L2(0, 1)× C2 and Z = L2(0, 1)× C3. We consider the system

d

dt


IL2(0,1) 0 0

0 0 0

0 0 0

0 IC 0


x1(t, ξ)

x2(t)

x3(t)

 =


− ∂

∂ξ 0 0

−δ0 0 0

−δ1 IC 0

0 0 IC


x1(t, ξ)

x2(t)

x3(t)

, t ≥ 0,

with dom(A) = H1(0, 1)×C2. Define z1 = (0 1 0)
⊤ and z2 = (0 0 1)

⊤. Then,
we observe (

0

z1

)
∈ kerM0 and

 0

z1
z2

 ∈ kerM1.

Hence, there cannot exist any operator S which fulfils (2.21) with S0 = z1.
Hence, the differentiation index has to be at least 2 if it exists. Consider
( x0 x1 x2 x3 )

⊤ ∈ kerM2 with

xk :=

(
xk,1

xk,2

)
∈ X, for k ∈ {1, . . . , 4}.

Then we derive

xk+1,1 = − ∂

∂ξ
xk,1, xk,1(0) = 0, xk,1(1) = xk,2, xk+1,2 = xk,3 (2.24)

for k ∈ {0, 1, 2}, which implies

x0,1 ∈ H3
0,l(0, 1) :=

{
x ∈ H3(0, 1) | x(0) = x′(0) = x′′(0) = 0

}
and

x1,1 ∈ H2
0,l(0, 1) :=

{
x ∈ H2(0, 1) | x(0) = x′(0) = 0

}
.

Using (2.24), we define the operator

S : dom(S) ⊆ H2
0,l(0, 1)× C2 → H2

0,l(0, 1)× C2,
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S

x0,1

x0,2

x0,3

 :=

x1,1

x1,2

x1,3

 =

− ∂
∂ξx0,1(ξ)

x0,3
∂2

∂ξ2x0,1(1)


with dom(S) = H3

0,l(0, 1) × C2. Then S is in fact the generator of the
following C0-semigroup

T (t)

x0,1

x0,2

x0,3

 =


x0,1(· − t)1[t,∞)

x0,2 + x0,3t+

∫ t

0

∫ r

0

(
∂2

∂s2
x0,1(1− s)

)
1[0,1](s) dsdr

x0,3 +

∫ t

0

(
∂2

∂r2
x0,1(1− r)

)
1[0,1](r) dr

.

Thus, we have pdif = 2. Further, it is easy to see that for elements

x0 =

x0,1

x0,2

x0,3

 ∈ dom(S)

the function x(t) := T (t)x0 is a classical solution of d
dtEx = Ax.

With Theorem 2.7.3, we can extend our diagram even further.

 reflexive, ran  closed

Resolvent Index Chain IndexComplex 
Resolvent Index

Radiality IndexComplex 
Radiality Index

Nilpotency Index
 

-Radiality

Differentiation
Index

Figure 2.9: Relation of differentiation, p-radiality, radiality, chain, resolvent
and nilpotency indices.
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2.8 Perturbation index

The origin of the perturbation index, similar to that of the differentiation
index, stems from the solution theory of DAEs. However, in this case, it is
not even possible to define the perturbation index without considering the
underlying differential equation, as it measures the sensitivity of solutions
with respect to perturbations of the DAE

d

dt
Ex(t) = Ax(t), t ∈ [0, T ], (2.25)

for a fixed time T > 0. Therefore, this plays a significant role in applications
such as the discretization and control of DAEs. This index, similar to the
differentiation index, dates back to Charles W. Gear in the 1970s [Gea71;
Gea88] and was later formalised in [CG95; Rei90; KM06], among others.

Note that the following definition differs from that of infinite dimensional
systems provided in [CM99], as we measure the influence of perturbations
only with respect to time, rather than space.

Definition 2.8.1 (Perturbation index).
Let (E,A) satisfy Assumption 1. The perturbation index perturbation index
of (E,A) is the smallest number p

(E,A)
pert ∈ N0 such that for all T > 0,

δ ∈ Cp([0, T ];Z), and classical solutions x of

d

dt
Ex(t) = Ax(t) + δ(t), t ∈ [0, T ],

there exists a constant C > 0 satisfying

max
t∈[0,T ]

∥x(t)∥ ≤ C

∥x(0)∥+
p
(E,A)
pert −1∑
i=0

max
t∈[0,T ]

∥∥∥∥ di

dti
δ(t)

∥∥∥∥
 , if p(E,A)

pert > 0,

(2.26a)

max
t∈[0,T ]

∥x(t)∥ ≤ C

(
∥x(0)∥+

∫ T

0

∥δ(r)∥dr

)
, if p(E,A)

pert = 0.

(2.26b)

First, we prove that the perturbation index remains the same for equiva-
lent pairs.

Proposition 2.8.2.
The perturbation index is, given that it exists, uniquely defined. To be more
precise, let (Ei, Ai) satisfy Assumption 1 for i ∈ {1, 2} and (E1, A1) ∼
(E2, A2). Then one has p

(E1,A1)
pert = p

(E2,A2)
pert .
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Proof. Since (E1, A1) and (E2, A2) are equivalent, there are bounded isomor-
phisms P : X1 → X2, Q : Z1 → Z2 with E1 = Q−1E2P and A1 = Q−1A2P .
By Lemma 1.4.4, every classical solution of

d

dt
E1x(t) = A1x(t) + δ(t), t ∈ [0, T ],

yields a classical solution y = Px of

d

dt
E2y(t) = A2y(t) +Qδ(t), t ∈ [0, T ].

If (E2, A2) has a perturbation index, then every solution Px can be estimated
as in (2.26). Since P and Q are bounded, the same holds for x, from which
p
(E1,A1)
pert ≤ p

(E2,A2)
pert follows. The other estimate follows by switching (E1, A1)

and (E2, A2). ❑

Theorem 2.8.3.
Let (E,A) satisfy Assumption 1 and have a Weierstraß form (E,A) ∼([

IY1
0

0 N

]
,
[
Ã 0
0 IY2

])
.

a) If (E,A) has a perturbation index and a nilpotency index, then one has
pnil ≤ ppert.

b) If (E,A) has a nilpotency index and Ã generates a C0-semigroup, then
(E,A) also has a perturbation index with pnil = ppert.

Proof. By Proposition 2.2.3 and 2.8.2, we directly assume that (E,A) is in
Weierstraß form; i.e., we assume that (E,A) =

([
IY1

0
0 N

]
,
[
Ã 0
0 IY2

])
holds.

a) To ease the notation, we set p := pnil. First, let ppert = 0. If p = 0,
nothing has to be shown. Hence, we assume p ≥ 1. Let y ∈ Y2 with
Np−1y ̸= 0 be arbitrary. Let σ > 0 and define

δ2,σ(t) = e−
(t−T/2)2

σ2 Np−1y.

Without loss of generality, we assume that ∥y∥ = 1 holds. Then, for
δ1 = 0, δ2 = δ2,σ and initial value

x0 =

(
0

−δ2,σ(0)

)
,

the solution of the perturbed DAE

d

dt

[
IY1

0

0 N

](
x1(t)

x2(t)

)
=

[
Ã 0

0 IY2

](
x1(t)

x2(t)

)
+

(
δ1(t)

δ2(t)

)
(2.27)
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is given by

xσ(t) =

 0

−
p−1∑
k=0

Nk dk

dtk
δ2,σ(t)

 =

(
0

−δ2,σ(t)

)
.

Note, that we used the boundedness of N and Nδ2,σ(t) = 0 to obtain

Nk dk

dtk
δ2,σ(t) = Nk−1 dk

dtk
Nδ2,σ(t) = 0, for k ∈ {1, . . . , p− 1}.

Choosing σ > 0 accordingly, one can get the term ∥xσ(0)∥+
∫ T

0
∥xσ(r)∥ dr

to be arbitrary small. Note that

max
t∈[0,T ]

∥xσ(t)∥ =

∥∥∥∥xσ

(
T

2

)∥∥∥∥ = 1

holds for all solutions of (2.27) independent of σ. Hence, for all C > 0

we can find a σ > 0 such that

max
t∈[0,T ]

∥xσ(t)∥ ≥ C

(
∥xσ(0)∥+

∫ T

0

∥xσ(r)∥dr

)

holds. This contradicts (2.26b), and thus, we deduce p = 0 ≤ ppert.

Now, let ppert > 0. Again, if p = 0, nothing has to be shown. Therefore,
let p ≥ 1. Seeking a contradiction, we assume ppert < p. Let y ∈ Y2

with Np−1y ≠ 0 and φ ∈ C∞([0, T ];R) such that φ(t) = 0 in a small
enough neighbourhood of 0 and φ(T2 ) = 1. Define the functions

δ2,n(t) := φ(t)
Re (ieint)

np−1
y, for t ∈ [0, T ], n ∈ N.

Then, for δ1 = 0 and initial value

x0 = x0,n =

 0

−
p−1∑
k=0

Nk dk

dtk
δ2,n(0)

 = 0,

the solution of (2.27) with δ2 = δ2,n is given by

xn(t) =

 0

−
p−1∑
k=0

Nk dk

dtk
δ2,n(t)

.
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For n > π
T and k ∈ {0, 1, . . . , p− 1}, we compute

dk

dtk
δ2,n(t) =

k∑
j=0

(
k

j

)(
dk−j

dtk−j
φ(t)

)
Re (ik+1eint)

np−1−j
y.

As φ is defined on the compact interval [0, T ], φ and its derivatives are
bounded and, thus,

lim
n→∞

max
t∈[0,T ]

∥∥∥∥ dk

dtk
δ2,n(t)

∥∥∥∥ = 0,

for k ∈ {0, 1, . . . , p− 1}. In particular, we obtain

lim
n→∞

∥xn(0)∥ = 0.

Since φ(T2 ) = 1 holds, we have

lim
n→∞

∥∥∥∥φ(T

2

)
Re
(
iein

T
2

)
np−1y

∥∥∥∥ = 1.

Consequently, we obtain

lim inf
n→∞

max
t∈[0,T ]

∥xn(t)∥ > 0

and

lim
n→∞

∥xn(0)∥+
p−2∑
k=0

max
t∈[0,T ]

∥∥∥∥ dk

dtk
δ2,n(t)

∥∥∥∥ = 0.

This contradicts (2.26a), and thus, we derive p = pnil ≤ ppert.

b) We only show ppert ≤ pnil, as the rest follows from Part a). Let
δ =

(
δ1
δ2

)
∈ Cppert([0, T ];Z) and x = ( x1

x2
) be a solution of (2.27). Let

(S(t))t≥0 be the C0-semigroup generated by Ã. Then x1 is given by

x1(t) = S(t)x1(0) +

∫ t

0

S(t− r)δ1(r) dr, t ∈ [0, T ].

Since S is bounded on [0, T ], we have

max
t∈[0,T ]

∥x1(t)∥ ≤ C1

(
∥x1(0)∥+ T max

t∈[0,T ]
∥δ1(t)∥

)
, (2.28)
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for
C1 := max{1, T} · sup

t∈[0,T ]

∥S(t)∥.

If pnil = 0 holds, we obtain x = x1 and (E,A) has a perturbation index
with ppert = 0, as (2.26b) holds. Therefore, assume that pnil > 0 holds.
In this case, x2 is given by

x2(t) =

pnil−1∑
k=0

Nk dk

dtk
δ2(t), t ∈ [0, T ].

As N is bounded, there is a constant

C2 := max
k∈{0,...,pnil−1}

∥Nk∥ < ∞

and we have

max
t∈[0,T ]

∥x2(t)∥ ≤ C2

(
pnil−1∑
k=0

max
t∈[0,T ]

∥∥∥∥ dk

dtk
δ2(t)

∥∥∥∥
)
. (2.29)

Combining (2.28) and (2.29) yields (2.26a). As T and δ were arbitrary,
(E,A) has a perturbation index with ppert ≤ pnil. ❑

This allows us to finalise our diagram as follows.

 reflexive, ran  closed

Resolvent Index Chain IndexComplex 
Resolvent Index

Radiality IndexComplex 
Radiality Index

Nilpotency Index
 

-Radiality

Differentiation
Index

Perturbation Index

Figure 2.10: Diagram covering all index terms.
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2.9 Notes to Chapter 2

In this chapter, we compared seven index notions: the nilpotency index, the
(complex) resolvent index, the chain index, the (complex) radiality index,
the differentiation index, and the perturbation index. In Theorem 2.6.3, we
provided a condition under which the radiality index yields the existence of
a Weierstraß form. Clearly, the (complex) radiality index is not the most
practical index, as it presents a significant challenge in computation and
appears only rarely in practical examples.

From Figure 2.10, it becomes clear that all index terms are equivalent as
long as (E,A) has a nilpotency index and Ã generates a C0-semigroup. In
this case, Figure 2.10 can be simplified as follows.

Complex 
Radiality Index

Complex 
Resolvent Index

Resolvent Index

Radiality Index -Radiality

Chain Index Differentiation
Index

Perturbation Index

Nilpotency Index
 

Figure 2.11: Index diagram with Ã ∼ C0 semigroup.

Further open questions regarding the research on the index notions of
DAEs relate to the yet unexamined relationships between the differentiation
index, perturbation index, and the remaining index terms. In addition, the
connection between the indices that have not yet been mentioned, such as
the strangeness index, the tractability index, the geometric index, and the
structural index [Meh15], remains open. Then, the next logical step would
be to extend this research to non-linear DAEs.

In Chapter 3, we show that (E,A) generates integrated semigroups,
under the existence of the complex resolvent index. Moreover, under some
additional assumptions, we investigate the generation of a strongly continuous
C0-semigroup on a closed subspace. One could consider investigating the
relationship between integrated semigroups, the C0-semigroup on the closed
subspace, and the index concepts that depend on the underlying DAE,
namely, the differentiation index and the perturbation index.

In Chapter 6, we examine a special class of DAEs, namely port-Hamiltonian
DAEs, also known as abstract dissipative Hamiltonian DAEs. They have
the special property that if the resolvent index exists, it is bounded by 2,
and if the complex resolvent index exists, it is bounded by 3. It remains
undetermined whether further properties can be derived for the other index
terms in this class of DAEs.
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Chapter 3

Integrated semigroups

The solutions of the standard abstract Cauchy problem can be represented by
a strongly continuous semigroup, provided that the operator A generates one.
If this condition is not met, but the resolvent of A is polynomially bounded
on the right half-plane, the solutions can be characterised by an integrated
semigroup, which provides representation formulas for the resolvent of A, as
discussed in [Neu89; ANS92; Are87; TM87]. To be more precise, as long as
the resolvent of A grows polynomially, it is possible to show that for every
initial value in dom(Ak) = ran ((λIX −A)−1)k, for a λ ∈ ρ(A) and k ∈ N0,
where k ∈ N depends on the growth rate of the resolvent, there exists a
classical solution of the abstract Cauchy problem d

dtx(t) = Ax(t), as shown
in [Kre71; Bea72]. This means that (IX , A) has a complex resolvent index
k − 1, and that A is the generator of an integrated semigroup; i.e., for all
λ ∈ ρ(A) ∩ CRe>ω and for all x ∈ X

(λIX −A)−1x = λp

∫ ∞

0

e−λtS(t)xdt

holds, for a sufficiently large ω > 0, where (S(t))t≥0 is a family of bounded
operators on X [Neu88; ABHN11].

We now proceed to examine the DAE case: So far, the generation of
integrated semigroups for DAEs has been analysed in [MF01; Mel96], where
the authors studied the well-posedness of such systems only for (E,A) having
a complex resolvent index of 1. We now build upon that work and extend it
by considering DAEs with inhomogeneities, which is significant for future
research and applications, such as DAEs with inputs and outputs. We use
integrated semigroups to establish necessary and sufficient conditions for
the existence of solutions of DAEs with inhomogeneities. This allows us to

67
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express the associated solution using a representation similar to a variation
of constants formula. Furthermore, we prove that integrated semigroups
imply the existence of a C0-semigroup on a closed subspace, as is the case
in the abstract Cauchy problem.

Throughout this chapter, we make the following assumptions on the
spaces and operators.

Assumption 2.
(i) X and Z are complex Banach spaces.

(ii) E : X → Z is bounded.

(iii) A : dom(A) ⊆ X → Z is closed and densely defined.

(iv) (E,A) has complex resolvent index pc,res.

For µ ∈ ρ(E,A), we recall the notation

Rl(µ) := E(µE −A)−1,

Rr(µ) := (µE −A)−1E,

for the left- and right-resolvents, which was introduced in Chapter 1.2.
Furthermore, for (E,A) satisfying Assumption 2, we obtain

Xran = ranRr(µ)p, Xker = kerRr(µ)
p,

Zran = ranRl(µ)p, Zker = kerRl(µ)
p,

for µ ∈ ρ(E,A) and p ≥ pc,res, which follows by Proposition 1.2.5 and
Remark 2.3.2 (iii).

This chapter is organised as follows: In Section 3.1, we demonstrate
the existence of solutions for the homogeneous DAE, assuming that the
complex resolvent index exists. In Section 3.2, we introduce the concept of
integrated semigroups and prove various properties of these structures. These
are needed in Section 3.3, where we investigate the existence of solutions
for the inhomogeneous DAEs. We differentiate depending on where the
inhomogeneity maps and specify necessary and sufficient conditions that not
only provide a solution but also characterise it using integrated semigroups.
We conclude our study of integrated semigroups by proving the existence of
a C0-semigroup on a subspace in Section 3.4.

The relationships and structures that arise in this context are illustrated
in the following diagram.
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Section 3.1

Section 3.2

Section 3.4

 has compl. resolvent index 

Existence of solutions for 

Section 3.3.2

Existence of integrated semigroups
 and 

 sol. of 

-semigroup on a subspace

 solves ,   
 s.t.  &

Section 3.3.2 Section 3.3.2

For  define

Section 3.3.1

Figure 3.1: Overview of Chapter 3.

All the presented results have been published in [EJR25b] and [EJM24].

3.1 Existence of solutions for the homogeneous
DAE

The solvability of infinite dimensional DAEs has already been intensively
studied; see, for example, [GR25; JM22; ZM24; Rei08; RT05; TT96; TT01;
Tro20; TW18]. In [TT96], the splitting of X into kerE and ranE∗ and the
restriction of the DAE to the factorised space X/kerE are studied. In [JM22;
SF03] the splitting of the space is examined, considering that the radiality
index exists, and in [TT01] the growth of the pseudo-resolvents (·E−A)−1E

and E(·E − A)−1 is analysed. In [GR25], a more general observation of
the pseudo-resolvent growth is provided, along with a useful dissipativity
condition for solving the DAE. In [Tro20] and [TW18], a super-set of the



70 3.1. Existence of solutions for the homogeneous DAE

solution space is determined using Wong sequences and the resolvent index.
In [RT05], a sufficient condition in terms of Hille-Yosida type resolvent
estimates is offered, and in [ZM24], the solvability is discussed under the
assumption that E is non-negative and A is dissipative.

Let (E,A) satisfy Assumption 2. Then we consider the following DAE

d
dtEx(t) = Ax(t), t ∈ [0,∞),

Ex(0) = Ex0,
(3.1)

where x0 ∈ X. Before we introduce the integrated semigroups and show that
they always exist under Assumption 2, we first prove that it is always possible
to find a unique classical/mild solution of (3.1) for all Ex0 = Rr(λ)

pz0 ∈
E(ranRr(λ)

p), which is exponentially bounded by z0. The following theorem
is a generalisation of the solution theory for the abstract Cauchy problem
d
dtx(t) = Ax(t), x(0) = x0 and extends the proofs of [Paz83, Ch. 4, Thm. 1.2]
and [Kre71, p. 34] to the DAE case with the help of pseudo-resolvents.

Theorem 3.1.1.
Let (E,A) satisfy Assumption 2 and let ω > 0 such that CRe>ω ⊆ ρ(E,A).
Let µ, ω0 ∈ CRe>ω, p := pc,res + 1 and let z0 ∈ X be arbitrary.
a) For x0 = Rr(µ)

p+1z0 there exists a unique classical solution x of (3.1).

b) For x0 = Rr(µ)
pz0 there exists a unique mild solution x of (3.1).

In both cases, the solution is given by

x(t) = − 1

2πi

∫ ω0+i∞

ω0−i∞
eλt

Rr(λ)z0
(λ− µ)p+1

dλ, t ≥ 0,

with
∥x(t)∥ ≤ C0e

ω0t∥z0∥, for all t ≥ 0,

for some C0 > 0.

Proof. a) Existence: By Assumption 2, the complex resolvent index exists.
Thus, there exist ω0 ∈ R and C > 0 such that CRe>ω0

⊆ ρ(E,A) and

∥Rr(λ)∥ ≤ C |λ|p−2 ∥E∥, for all λ ∈ CRe≥ω0 . (3.2)

Then we have ∥∥∥∥ Rr(λ)

(λ− µ)p+1

∥∥∥∥ ≤ C̃
|λ|p−2

|λ− µ|p+1
,

for a C̃ > 0 and for all λ ∈ CRe>ω0
with λ ̸= µ. Let x0 = Rr(µ)

p+1z0.
Then the integral of e·t R(·)z0

(·−µ)p+1 along the imaginary axis at Reλ = ω0
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exists and the function

x(t) = − 1

2πi

∫ ω0+i∞

ω0−i∞
eλt

Rr(λ)z0
(λ− µ)p+1

dλ, t ≥ 0, (3.3)

is continuously differentiable. As E is bounded, the function Ex becomes
continuously differentiable as well with

d

dt
Ex(t) = − 1

2πi

∫ ω0+i∞

ω0−i∞
λeλt

ERr(λ)z0
(λ− µ)p+1

dλ

= −A
1

2πi

∫ ω0+i∞

ω0−i∞
eλt

ARr(λ)z0
(λ− µ)p+1

dλ

− 1

2πi

∫ ω0+i∞

ω0−i∞
eλt

Ez0
(λ− µ)p+1

dλ︸ ︷︷ ︸
=0

= −A
1

2πi

∫ ω0+i∞

ω0−i∞
eλt

Rr(λ)z0
(λ− µ)p+1

dλ = Ax(t).

Here, we used that Ez0
(λ−µ)p+1 converges uniformly to 0 for λ → ∞

and Lemma 1.5.4 to show that the second integral vanishes in (3.4).
Furthermore, we have

x(0) = − 1

2πi

∫ ω0+i∞

ω0−i∞

Rr(λ)z0
(λ− µ)p+1

dλ .

Using Lemma 1.5.4 once more, together with Theorem 1.5.5 and Lemma
1.2.3, we derive

x(0) = − 1

p!
lim
λ→µ

dp

dλp
Rr(λ)z0 = (−1)p+1Rr(µ)

p+1z0 = x0.

Thus, x is a classical solution of (3.1). Clearly, in this case we have

∥x(t)∥ ≤ 1

2πi

∫ ω0+i∞

ω0−i∞
eω0t

∥Rr(λ)∥
|λ− µ|p+1

∥z0∥ dλ ≤ C0e
ω0t∥z0∥,

for all t ≥ 0 and a C0 > 0.

Uniqueness: We assume that x is a solution of (3.1) with x(0) = 0 and
prove that x(t) = 0 holds for all t ≥ 0. We start by computing

d

dt
Rr(λ)x(t) = Rr(λ)

d

dt
x(t) = (λE −A)−1Ax(t) = λRr(λ)x(t)− x(t),
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for λ ∈ ρ(E,A), which holds as Rr(λ) is bounded. This equation is
solved by

Rr(λ)x(t) = eλtx(0)−
∫ t

0

eλ(t−r)x(r) dr = −
∫ t

0

eλ(t−r)x(r) dr . (3.4)

Let σ > 0 be arbitrary. By (3.2), we have

lim
Reλ→∞

e−σλ∥Rr(λ)∥ = 0. (3.5)

By (3.4), (3.5), and the fact that x is bounded on [0, t] for a fixed t ≥ 0,
we conclude

lim
Reλ→∞

e−σReλ

∥∥∥∥∫ t

t−σ

eλ(t−r)x(r) dr

∥∥∥∥ = 0

and

lim
Reλ→∞

∥∥∥∥ ∫ t−σ

0

eλ(t−σ−r)x(r) dr

∥∥∥∥ ≤ lim
Reλ→∞

e−σReλ

∥∥∥∥∫ t

0

eλ(t−r)x(r) dr

∥∥∥∥
+ e−σReλ

∥∥∥∥∫ t

t−σ

eλ(t−r)x(r) dr

∥∥∥∥ = 0.

Thus, we have

lim
Reλ→∞

∫ t−σ

0

eλ(t−σ−r)x(r) dr = 0,

and by [Paz83, Ch. 4, Lem. 1.1], x(r) = 0 holds for all r ∈ [0, t − σ].
Since σ and t were arbitrary, we deduce x(r) = 0 for all r ≥ 0.

b) For x0 ∈ ranRr(µ)
p and z0 ∈ X with x0 = Rr(µ)

pz0 we define x as in
(3.3). Then x is continuous and for t ≥ 0 we compute

Ex(t)− Ex(0) = − 1

2πi

∫ ω0+i∞

ω0−i∞
(eλt − 1)

ER(λ)z0
(λ− µ)p

dλ

=

∫ t

0

(
− 1

2πi

∫ ω0+i∞

ω0−i∞
λeλr

ER(λ)z0
(λ− µ)p

dλ

)
dr

=

∫ t

0

(
− 1

2πi

∫ ω0+i∞

ω0−i∞
eλr

AR(λ)z0
(λ− µ)p

dλ

− 1

2πi

∫ ω0+i∞

ω0−i∞
eλr

Ez0
(λ− µ)p

dλ︸ ︷︷ ︸
=0

)
dr
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=

∫ t

0

Ax(r) dr = A

∫ t

0

x(r) dr .

Note that we used eλt − 1 =
∫ t

0
λeλr dr at the second equation. Hence,

x is a mild solution of (3.1). The uniqueness is shown analogously to
the first part. ❑

In contrast to the standard Cauchy problem, the initial values of (3.1)
are not dense in the entire space X. In general, under Assumption 2, it is not
possible to divide the space into ranRr(λ)p ⊕ kerRr(λ)

p, as demonstrated
in Example 2.1.4. However, this is not an issue, as the solutions of (3.1)
always lie in ranRr(λ)p; see Proposition 1.3.5.

3.2 Generation and properties

We begin by introducing the notion of integrated semigroups associated with
the operator pair (E,A) and show that, under Assumption 2, such integrated
semigroups always exist. In contrast to the abstract Cauchy problem, one
obtains not just a single integrated semigroup, but one for both the left- and
right-resolvent of (E,A).

Definition 3.2.1 (Integrated semigroup).
Let (E,A) satisfy Assumption 2 and let p ∈ N. We call a family of operators
(Sr(t))t≥0 on Xran the p-times right-integrated semigroup of (E,A) if

∥Sr(t)∥ ≤ Cre
ωrt, for all t ≥ 0,

for some ωr ∈ R, Cr > 0 with CRe>ωr
⊆ ρ(E,A) and

Rr(µ)x0 = µp

∫ ∞

0

e−µtSr(t)x0 dt, for all x0 ∈ Xran, µ ∈ CRe>ωr
. (3.6)

Similarly, we call a family of operators (Sl(t))t≥0 on Zran the p-times left-
integrated semigroup of (E,A) if

∥Sl(t)∥ ≤ Ceωlt, for all t ≥ 0,

for some ωl ∈ R, C > 0 with CRe>ωl
⊆ ρ(E,A) and

Rl(µ)z0 = µp

∫ ∞

0

e−µtSl(t)z0 dt, for all z0 ∈ Zran, µ ∈ CRe>ωl
.

We refer to (Sr(t))t≥0 and (Sl(t))t≥0 as the p-times integrated semigroups of
(E,A), while (E,A) is identified as the generator of (Sr(t))t≥0 and (Sl(t))t≥0.
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Theorem 3.2.2.
Let (E,A) satisfy Assumption 2 and define p := pc,res + 1. Then (E,A)

generates a p-times right-integrated semigroup (Sr(t))t≥0 on Xran.

Proof. Let x0 ∈ ranRr(µ)
p be arbitrary. Then there exists z0 ∈ X such that

x0 = Rr(µ)
pz0. By Theorem 3.1.1, there exists a mild solution x of (3.1)

with
∥x(t)∥ ≤ C0e

ω0t∥z0∥, for all t ≥ 0,

for some suitable C0 > 0 and ω0 ∈ R. Using µRr(µ) − (µE − A)−1A =

Idom(A), we obtain

x1(t) :=

∫ t

0

x(t0) dt0 =
(
µRr(µ)− (µE −A)−1A

) ∫ t

0

x(t0) dt0

= µ

∫ t

0

Rr(µ)x(t0) dt0 −Rr(µ)x(t) +Rr(µ)x(0)

for all t ≥ 0. By Lemma 1.3.4, the function Rr(µ)x is a mild solution of
(3.1) with initial value Rr(µ)x0. Thus, for some ω1 ∈ R and C1 > 0, we have

∥x1(t)∥ ≤ C1e
ω1t∥Rr(µ)z0∥, for all t ≥ 0.

Inductively, we define

xk(t) :=

∫ t

0

(t− τ)k−1

(k − 1)!
x(τ) dτ

=

∫ t

0

(∫ tp−1

0

. . .

(∫ t1

0

x(t0) dt0

)
. . . dtp−2

)
dtp−1,

and obtain

∥xk(t)∥ ≤ Cke
ωkt
∥∥Rr(µ)

kz0
∥∥ ≤ Cke

ωkt∥x0∥, for all t ≥ 0,

for some ωk ∈ R, Ck > 0, and for k ∈ {1, . . . , p}. Thus, for every t ≥ 0, the
mapping

Sr(t) : ranRr(µ)
p → Xran, x0 7→ xp(t)

is bounded as follows

∥Sr(t)x0∥ ≤ Cpe
ωpt ∥Rr(µ)

pz0∥ = eωrt∥x0∥, (3.7)

for an appropriate ωr ∈ R. By Proposition 1.3.5, every mild solution maps
into Xran. Therefore, Sr(t) is well-defined. Since ranRr(µ)

p is dense in Xran,
we extend Sr(t) to Xran continuously and denote it again by Sr(t).
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As x is a mild solution of (3.1), we have x1(t) ∈ dom(A) and

Ax1(t) = Ex(t)− Ex0.

Hence, x1 and Ax1 are both integrable. Since A is closed, x2(t) ∈ dom(A)

holds for t ≥ 0 with

Ax2(t) = A

∫ t

0

x1(τ) dτ =

∫ t

0

Ax1(τ) dτ .

By integrating Ax1 = Ex − Ex0 and using again the closedness of A, we
obtain x3(t) ∈ dom(A) for t ≥ 0 with

Ax3(t) =

∫ t

0

Ax2(τ) dτ .

Inductively, we obtain Sr(t)x0 ∈ dom(A) for t ≥ 0, and through integration
by parts, we have

ASr(t)x0 =

∫ t

0

(t− τ)p−2

(p− 2)!
A

∫ τ

0

x(σ) dσ︸ ︷︷ ︸
=Ex(τ)−Ex0

dτ

= E

∫ t

0

(t− τ)p−2

(p− 2)!
x(τ) dτ︸ ︷︷ ︸

= d
dtSr(t)x0

− tp−1

(p− 1)!
Ex0

= E

(
d

dt
Sr(t)x0 −

tp−1

(p− 1)!
x0

)
.

Since A is closed, we obtain λp
∫ T

0
e−λtSr(t)x0 dt ∈ dom(A) for T ≥ 0, and

A
(
λp

∫ T

0

e−λtSr(t)x0 dt
)
= λp

∫ T

0

e−λtASr(t)x0 dt

= λp

∫ T

0

e−λtE

(
d

dt
Sr(t)x0 −

tp−1

(p− 1)!
x0

)
dt

= λpe−λTESr(T )x0 + λEλp

∫ T

0

e−λtSr(t)x0 dt

− λp

∫ T

0

e−λt tp−1

(p− 1)!
Ex0 dt

T→∞→ 0 + λER̃(λ)x0 + Ex0,
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where we defined

R̃(λ)x0 := λp

∫ ∞

0

e−λtSr(t)x0 dt, for x0 ∈ Xran,

which is well defined and bounded by (3.7). Here, we have used the fact that
Sr(0)x0 = 0 holds and applied integration by parts. Using the closedness of
A once more, we obtain R̃(λ)x0 ∈ dom(A) and AR̃(λ)x0 = λER̃(λ)x0−Ex0.
This is equivalent to Rr(λ)x0 = R̃(λ)x0 for all x0 ∈ ranRr(µ)

p. Using the
closedness of A a last time, we can extend this to all x ∈ Xran and obtain

Rr(λ)x = R̃(λ)x = λp

∫ ∞

0

e−λtSr(t)x dt, for all x ∈ Xran. ❑

Remark 3.2.3.
a) It holds that Sr(0) = 0, as Sr(0) is already 0 on ranRr(µ)

p.

b) Following the argumentation in the above proof, we obtain Sr(t)x0 ∈
dom(A) for all x0 ∈ ranRr(µ)

p.

c) If ranRr(µ)p ∩ kerRr(µ)
p = {0} holds, then Rr(µ) is a resolvent for an

operator A0 on ranRr(µ)
p and we can directly make use of the theory

of integrated semigroups as seen in [Neu88; ABHN11].

The next step is to prove that the left-resolvent also has a representation
analogous to that of the right-resolvent in (3.6).

Corollary 3.2.4.
Let (E,A) satisfy Assumption 2 and define p := pc,res + 1. Then (E,A)

generates a p-times left-integrated semigroup (Sl(t))t≥0 on Zran.

Proof. Let µ ∈ ρ(E,A) be arbitrary, and consider

(Ẽ, Ã) := (E(µE −A)−1, A(µE −A)−1).

Then, for all λ ∈ ρ(E,A), we have that

(λẼ − Ã)−1 = (µE −A)(λE −A)−1,

and therefore

Ẽ(λẼ − Ã)−1 = E(λE −A)−1 = (λẼ − Ã)−1Ẽ.

Since (E,A) has a complex resolvent index pc,res, the same holds true
for (Ẽ, Ã), and in particular, we have ran (λẼ − Ã)−1Ẽ)p = Zran. Using
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Theorem 3.2.2, there exists a family (Sl(t))t≥0 with ∥Sl(t)∥ ≤ C̃eωlt, for an
ωl ∈ R and C̃ > 0 with CRe>ωl

⊆ ρ(E,A) and

Rl(λ)z = (λẼ − Ã)−1Ẽz = λp

∫ ∞

0

e−λtSl(t)z dt,

for all z ∈ Zran, λ ∈ CRe>ωl
. ❑

Remark 3.2.5.
In the case when X = Z and E = IX hold, the theory of integrated semi-
groups for DAEs introduced here aligns with that from [Are87; ABHN11;
Neu88]. To be more precise, the left- and right-integrated semigroups gener-
ated by (IX , A) coincide. Additionally, as A is densely defined, dom(Apc,res) =

ran ((µIX −A)−1)pc,res = ranRr(µ)
pc,res is dense in X. Thus, the integrated

semigroup is defined on the entire space.

In what follows, we denote ω as the maximum value of ωr and ωl derived
from the proofs of Theorem 3.2.2 and Corollary 3.2.4.

Lemma 3.2.6.
Let (E,A) satisfy Assumption 2, define p = pc,res + 1, and let (Sr(t))t≥0

and (Sl(t))t≥0 be the p-times integrated semigroups generated by (E,A). For
every x0 ∈ Xran and z0 ∈ Zran, the mappings t 7→ Sr(t)x0 and t 7→ Sl(t)z0
are continuous.

Proof. This is a direct consequence of the fact that the integrated semigroup
is exponentially bounded and that for elements in the dense subset x0 ∈
ranRr(µ)

p, the map t 7→ Sr(t)x0 coincides with the p-fold integral of the
mild solution of (3.1) with initial value x0, as can be observed in the proof
of Theorem 3.2.2. By a similar substitution of the operators, as was done
in the proof of Corollary 3.2.4, the same applies for t 7→ Sl(t)z0 with
z0 ∈ ranRl(µ)

p. ❑

Lemma 3.2.7.
Let (E,A) satisfy Assumption 2, define p := pc,res + 1 and let (Sl(t))t≥0 and
(Sr(t))t≥0 be the p-times integrated semigroups of (E,A).

a) For all µ ∈ ρ(E,A) ∩ CRe>ω and t ≥ 0, one has

Rr(µ)Sr(t)x0 = Sr(t)Rr(µ)x0, for all x0 ∈ Xran,

Rl(µ)Sl(t)z0 = Sl(t)Rl(µ)z0, for all z0 ∈ Zran.

b) For all t ≥ 0, one has

ESr(t)x0 = Sl(t)Ex0, for all x0 ∈ Xran,
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ASr(t)z0 = Sl(t)Az0, for all z0 ∈ ranRr(µ)
p.

c) (Sr(t))t≥0 maps all elements from x0 ∈ ranRr(µ)
p to the solution of

the p-times integrated differential-algebraic equation; i.e. one has

d

dt
ESr(t)x0 = ASr(t)x0 +

tp−1

(p− 1)!
Ex0, t ≥ 0 (3.8)

d) For all t ≥ 0 and x ∈ Xran, one has
∫ t

0
Sr(τ)x dτ ∈ dom(A) and, in

particular,

A

∫ t

0

Sr(τ)x dτ = ESr(t)x− tp

p!
Ex.

e) One has

A(µE−A)−1

∫ t

0

Sl(τ)z dτ = Rl(µ)Sl(t)z−
tp

p!
Rl(µ)z, for all z ∈ Zran.

f) For all t, s ≥ 0, one has

Sr(t)Sr(s) =

∫ t

0

1

(p− 1)!

(
(t− τ)p−1Sr(τ + s)− (t+ s− τ)p−1Sr(τ)

)
dτ

=

∫ t

0

(t− τ)p−1

(p− 1)!
(Sr(τ + s)− Sr(τ)) dτ

−
p−1∑
k=1

sk

k!

∫ t

0

(t− τ)p−1−k

(p− 1− k)!
Sr(τ) dτ ,

Sl(t)Sl(s) =

∫ t

0

1

(p− 1)!

(
(t− τ)p−1Sl(τ + s)− (t+ s− τ)p−1Sl(τ)

)
dτ

=

∫ t

0

(t− τ)p−1

(p− 1)!
(Sl(τ + s)− Sl(τ)) dτ

−
p−1∑
k=1

sk

k!

∫ t

0

(t− τ)p−1−k

(p− 1− k)!
Sl(τ) dτ

on Xran and Zran, respectively. Moreover, one has

Sr(t)Sr(s)x0 = Sr(s)Sr(t)x0, for all x0 ∈ Xran,

Sl(t)Sl(s)z0 = Sl(s)Sl(t)z0, for all z0 ∈ Zran.

Proof. a) Let µ, λ ∈ CRe>ω ⊆ ρ(E,A) be arbitrary and let x0 ∈ Xran. By
Lemma 1.2.2, the pseudo-resolvents Rr(µ) and Rr(λ) commute. Hence,
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we have

µp

∫ ∞

0

e−µtRr(λ)S(t)x0 dt = Rr(λ)Rr(µ)x0

= Rr(µ)Rr(λ)x0

= µp

∫ ∞

0

e−µtS(t)Rr(λ)x0 dt .

Then the uniqueness of the Laplace transform implies the assertion.
Analogously, we obtain Rl(µ)Sl(t) = Sl(t)Rl(µ) on Zran for all t ≥ 0.

b) Let x0 ∈ Xran be arbitrary. As E is bounded, ranRr(µ)
p is dense in

Xran and ERr(µ) = Rl(µ)E holds, we obtain Ex0 ∈ Zran. Furthermore,
we have

µp

∫ ∞

0

e−µtESr(t)x0 dt = ERr(µ)x0

= Rl(µ)Ex0

= µp

∫ ∞

0

e−µtSl(t)Ex0 dt .

Then the uniqueness of the Laplace transform implies

ESr(t)x0 = Sl(t)Ex0, for all t ≥ 0.

The second assertion follows analogously.

c) This follows by exactly the same argumentation as in the proof of
Theorem 3.2.2.

d) Let λ, µ ∈ CRe>ω ⊆ ρ(E,A) be arbitrary and let x0 ∈ ranRr(λ)
p. Since

(µE −A)−1 is bounded, (3.8) is equivalent to

d

dt
Rr(µ)Sr(t)x0 = (µE −A)−1ASr(t)x0 +

tp−1

(p− 1)!
Rr(µ)x0

= µRr(µ)Sr(t)x0 − Sr(t)x0 +
tp−1

(p− 1)!
Rr(µ)x0,

where we have used that (µE−A)−1A = µRr(µ)−Idom(A) holds. Using
the fact that Sr(0) = 0 holds, an integration gives us∫ t

0

Sr(τ)x0 dτ = −Rr(µ)Sr(t)x0 + µRr(µ)

∫ t

0

Sr(τ)x0 dτ

+
tp

p!
Rr(µ)x0,

(3.9)
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for all t ≥ 0, and especially∫ t

0

Sr(τ)x0 dτ ∈ dom(A).

Since Rr(µ) is bounded and (Sr(t))t≥0 is exponentially bounded, (3.9)
extends to all x ∈ Xran. Note that the right-hand side of (3.9) maps
into dom(A). Multiplying both sides with (µE − A) and rearranging
the equation a last time, the assumption follows.

e) This follows analogously to the proof of Part d) for

(Ẽ, Ã) := (E(λE −A)−1, A(λE −A)−1)

with λ ∈ CRe>ω ⊆ ρ(E,A).

f) The proof for (Sr(t))t≥0 proceeds analogously to [Neu88, Prop. 5.1] for
(Sr(t))t≥0. To show the same for (Sl(t))t≥0, we define (Ẽ, Ã) as done
in Part e) and repeat the previous steps.

The commutativity of the integrated semigroups can be verified directly
by straightforward calculations. ❑

Remark 3.2.8.
For X = Z and E = IX , the equation (3.8) is referred to as the p-times
integrated Cauchy problem; see [Neu88; ABHN11] for further information.

3.3 Solution representation

We now switch to the more general case and consider DAEs with inhomo-
geneities; i.e.,

d

dt
Ex(t) = Ax(t) + f(t), t ≥ 0,

Ex(0) = Ex0,
(3.10)

where X, Z, E, and A are defined as in Assumption 2, along with x0 ∈ X

and f : [0,∞) → Z.
Before analysing the solutions for arbitrary functions f , we first distin-

guish between two scenarios. Specifically, we examine the cases where f(t)

resides either in Zran or in Zker. Subsequently, solutions of (3.10) can be
constructed and characterised as long as the space Z decomposes into

Z = Zran ⊕ Zker.
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3.3.1 Inhomogeneity in Zker

Let (E,A) have a complex resolvent index. By Theorem 2.4.7 b), (E,A) has
a chain index that is bounded by pc,res + 1. By Lemma 2.6.1, we have that

Eker := E|Xker
: Xker → Zker

is bounded and

Aker := A|dom(A)∩Xker
: dom(Aker) ⊆ Xker → Zker

is invertible with a bounded inverse. Moreover, the operators EkerA
−1
ker and

A−1
kerEker are nilpotent, with a degree not exceeding pchain. Hence, as long

as (E,A) has a complex resolvent index, we possess all the necessary tools
to present solutions incorporating inhomogeneities in Zker. This is done
similarly to the finite dimensional case, as noted in [KM06, Ch. 2].

Theorem 3.3.1.
Let (E,A) satisfy Assumption 2 and define p := pc,res + 1. Then, for all
f ∈ Cp([0,∞);Zker), there exists a classical solution of (3.10) of the form

x(t) = −
p∑

i=0

A−1
ker(EkerA

−1
ker)

if (i)(t), t ≥ 0,

with initial value x0 = −
∑p

i=0 A
−1
ker(EkerA

−1
ker)

if (i)(0).

Proof. By applying E to the solution x(t), we obtain

Ex(t) = −
p∑

i=0

(
EkerA

−1
ker

)i+1
f (i)(t) = −

p−1∑
i=0

(
EkerA

−1
ker

)i+1
f (i)(t),

for all t ≥ 0. Note that the nilpotency of EkerA
−1
ker was used in the second

equation. Since f is p-times differentiable, Ex becomes differentiable as well.
Then we have

d

dt
Ex(t) = −

p−1∑
i=0

(
EkerA

−1
ker

)i+1
f (i+1)(t)

= −
p∑

i=1

(
EkerA

−1
ker

)i
f (i)(t)

= −Aker

(
p∑

i=1

A−1
ker

(
EkerA

−1
ker

)i
f (i)(t)

)
± f(t)

= Ax(t) + f(t), t ≥ 0. ❑
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3.3.2 Inhomogeneity in Zran

In order to address the inhomogeneities in Zran, we will generalise the
solution theory of the inhomogeneous abstract Cauchy problem d

dtx(t) =

Ax(t) + f(t), x(0) = x0, and extend the proofs of [ABHN11, Chapter 2.3] to
the inhomogeneous DAE case using Lemma 3.2.7. These results provide us
with the necessary and sufficient conditions regarding the inhomogeneities
for the existence of solutions. We start by proving that the solutions of
(3.10) do not leave Xran.

Lemma 3.3.2.
Let (E,A) satisfy Assumption 2 and define p := pc,res + 1. Let f ∈
L1([0,∞);Zran) and x : [0,∞) → X be a continuous mild solution of (3.10).
Then one has x(t) ∈ Xran for all t ≥ 0.

Proof. For simplicity, we assume that λ = 0 ∈ ρ(E,A) holds; i.e., A has a
bounded inverse. Let x be a continuous mild solution of (3.10). Then we
have

Ex(t+ h)− Ex(t) = A

∫ t+h

t

x(τ) dτ +

∫ t+h

t

f(τ) dτ ,

or equivalently

A−1E (x(t+ h)− x(t))−A−1

∫ t+h

t

f(τ) dτ =

∫ t+h

t

x(τ) dτ , (3.11)

for all t, h ≥ 0. Observe that for all k ∈ N0 we have

A−1(Zran) ⊆ Xran ⊆ ranRr(λ)k. (3.12)

Thus, A−1
∫ t+h

t
f(τ) dτ is in Xran. Altogether, the left-hand side of (3.11)

maps to ranRr(λ). By dividing both sides by h and letting h converge
to 0, we deduce x(t) ∈ ranRr(λ). Repeating this iteratively, we obtain
x(t) ∈ ranRr(λ)k for k ∈ N. Thus, we have

x(t) ∈
⋂

k∈N0

ranRr(λ)k, for all t ≥ 0.

By Proposition 1.2.5, the sequence ranRr(λ)k stagnates at k = p, which
leads to x(t) ∈ Xran for all t ≥ 0. ❑

Now let (E,A) satisfy Assumption 2, define p = pc,res + 1 and let
(Sr(t))t≥0 and (Sl(t))t≥0 be the p-times integrated semigroups generated
by (E,A). Let f ∈ L1([0,∞);Zran). Then, for x0 ∈ Xran, we define the
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function

v(t) := Sl(t)Ex0 +

∫ t

0

Sl(τ)f(t− τ) dτ ,

= ESr(t)x0 +

∫ t

0

Sl(τ)f(t− τ) dτ , t ∈ [0,∞).

(3.13)

Subsequently, we can formulate the following necessary condition for the
existence of solutions.

Theorem 3.3.3.
Let (E,A) satisfy Assumption 2, define p = pc,res + 1 and let (Sr(t))t≥0

and (Sl(t))t≥0 be the p-times integrated semigroups generated by (E,A). Let
f ∈ L1([0,∞);Zran), x0 ∈ ranRr(µ)

p and v be as in equation (3.13).
a) If x : [0,∞) → X is a continuous mild solution of (3.10), then one

obtains v ∈ Cp([0,∞);Zran) and Ex = dp

dtp v.

b) If x : [0,∞) → X is a classical solution of (3.10), then one obtains
v ∈ Cp+1([0,∞);Zran) and d

dtEx = dp+1

dtp+1 v.

Proof. a) Let t ≥ 0 be arbitrary and let τ ∈ [0, t). Define

w(τ) := ESr(t− τ)

∫ τ

0

x(σ) dσ .

By Lemma 3.3.2, this is indeed well defined, as x is a continuous
mild solution that maps to Xran for all t ≥ 0. In addition, we have∫ τ

0
x(σ) dσ ∈ dom(A), for all τ ≥ 0. Hence, by Lemma 3.2.7 b) and c),

we have

d

dτ
w(τ) = −ASr(t− τ)

∫ τ

0

x(σ) dσ− (t− τ)p−1

(p− 1)!
E

∫ τ

0

x(σ) dσ

+ ESr(t− τ)x(τ)

= Sl(t− τ)

(
Ex(τ)−A

∫ τ

0

x(σ) dσ

)
− (t− τ)p−1

(p− 1)!
E

∫ τ

0

x(σ) dσ

= Sl(t− τ)

(∫ τ

0

f(σ) dσ+Ex(0)

)
− (t− τ)p−1

(p− 1)!
E

∫ τ

0

x(σ) dσ,
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for all τ ≥ 0. Since
∫ t

0
d
dτw(τ) dτ = w(t)− w(0) = 0 holds, we obtain∫ t

0

Sl(t− τ)

(∫ τ

0

f(σ) dσ+Ex(0)

)
dτ =

∫ t

0

(t− τ)p−1

(p− 1)!
E

∫ τ

0

x(σ) dσ dτ,

for all t ≥ 0. Thus, by taking the (p+ 1)-th derivative, we obtain

Ex(t) =
dp+1

dtp+1

(∫ t

0

(t− τ)p−1

(p− 1)!
E

∫ τ

0

x(σ) dσ dτ

)
=

dp+1

dtp+1

(∫ t

0

Sl(t− τ)

(∫ τ

0

f(σ) dσ+Ex(0)

)
dτ

)
=

dp+1

dtp+1

(∫ t

0

Sl(τ)

(∫ t−τ

0

f(σ) dσ+Ex(0)

)
dτ

)
=

dp

dtp

(∫ t

0

Sl(τ)f(t− τ) dτ +Sl(t)Ex(0)

)
=

dp

dtp
v(t), t ≥ 0.

Note that we used Proposition 1.5.6 in the last equation.

b) If x is a classical solution, then Ex is continuously differentiable. By
Lemma 1.3.2, every classical solution is also a mild solution. Together
with Part a), we obtain d

dtEx(t) = dp+1

dtp+1 v(t) and, in particular, v ∈
Cp+1([0,∞);Zran). ❑

Before we continue, we need to make a slight adjustment to the function
v defined in (3.13). In the following, we assume that the inhomogeneity
maps into the range of E. Thus, we assume f̃ ∈ L1([0,∞);Xran) and denote
f := Ef̃ . Then we define

ṽ(t) := Sr(t)x0 +

∫ t

0

Sr(τ)f̃(t− τ) dτ , t ≥ 0. (3.14)

By Lemma 3.2.7 b), it holds that ESr(t) = Sl(t)E and thus v(t) = Eṽ(t).

Theorem 3.3.4.
Let (E,A) satisfy Assumption 2, define p := pc,res + 1 and let (Sr(t))t≥0

and (Sl(t))t≥0 be the p-times integrated semigroups generated by (E,A). Let
f̃ ∈ L1([0,∞);Xran), f = Ef̃ , x0 ∈ ranRr(µ)

p, and ṽ be defined as in
(3.14).

a) If ṽ ∈ Cp([0,∞);Xran), then x = dp

dtp ṽ is a mild solution of (3.10).

b) If ṽ ∈ Cp+1([0,∞);Xran), then x = dp

dtp ṽ is a classical solution of
(3.10).
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Proof. a) We start by integrating ṽ and using Fubini’s Theorem∫ t

0

ṽ(τ) dτ =

∫ t

0

Sr(τ)x0 dτ +

∫ t

0

∫ τ

0

Sr(σ)f̃(τ − σ) dσ dτ

=

∫ t

0

Sr(τ)x0 dτ +

∫ t

0

∫ t−σ

0

Sr(τ)f̃(σ) dτ dσ, for all t ≥ 0.

Applying A from the left and using Lemma 3.2.7 d), we deduce

A

∫ t

0

ṽ(τ) dτ = ESr(t)x0 −
tp

p!
Ex0

+

∫ t

0

ESr(t− τ)f̃(τ)− (t− τ)p

p!
Ef̃(τ)︸ ︷︷ ︸
=f(τ)

dτ

= Eṽ(t)− tp

p!
Ex0 −

∫ t

0

(t− τ)p

p!
f(τ) dτ , (3.15)

for all t ≥ 0. Since A is closed and Eṽ = v is p-times continuously
differentiable with ṽ(0) = 0, we deduce

A
dk

dtk
ṽ(t) =

dk+1

dtk+1
Eṽ(t)− tp−(k+1)

(p− (k + 1))!
Ex0

−
∫ t

0

(t− σ)p−(k+1)

(p− (k + 1))!
f(σ) dσ, (3.16)

for all t ≥ 0 and k ∈ {0, . . . , p− 1}. Hence, for k = p− 1 we have

A
dp−1

dtp−1
ṽ(t) =

dp

dtp
Eṽ(t)− Ex0 −

∫ t

0

f(σ) dσ .

Thus, x(t) := dp

dtp ṽ(t) is a mild solution of (3.10).

b) If ṽ, and thus also Eṽ = v, is p+ 1-times continuously differentiable,
we derive

A
dp

dtp
ṽ(t) =

dp+1

dtp+1
Eṽ(t)− f(t), for all t ≥ 0.

Together with (3.15) and (3.16), we conclude

Eṽ(0) = . . . =
dp−1

dtp−1
Eṽ(p−1)(0) = 0

and
dp

dtp
Eṽ(0) = Ex0.
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Thus, x(t) = dp

dtp ṽ(t) is a classical solution of (3.10). ❑

The condition f = Ef̃ may initially seem somewhat restrictive. However,
if we additionally assume that ranE is closed, we have Zran = ranRl(µ)p ⊆
ranE, since ranRl(µ)

p ⊆ ranE always holds true. Consequently, every
f ∈ L1([0,∞);Zran) lies within the range of E.

In what follows, we specify a condition that ensures the existence of a
function f̃ with f = Ef̃ .

Proposition 3.3.5.
Let (E,A) satisfy Assumption 2 and define p := pc,res + 1. If

Xran ∩ kerRr(µ)
p = {0}

holds and E(Xran) is closed, then E : Xran → Zran is boundedly invertible.

Proof. Since we have E(ranRr(µ)
p) ⊆ ranRl(µ)

p, it is clear that E(Xran) ⊆
Zran holds. Let z ∈ ranRl(µ)

p+1 be arbitrary. Then there exists some y ∈ Z

with
z = Rl(µ)

p+1y = ERr(µ)
p(µE −A)−1y.

Hence, we obtain

ranRl(µ)
p+1 ⊆ E(ranRr(µ)

p) ⊆ E(Xran).

Taking the closure yields Zran ⊆ E(Xran) = E(Xran), and thus E : Xran →
Zran is surjective. Since we assumed Xran ∩ kerRr(µ)

p = {0} and kerE ⊆
kerRr(µ)

p, the operator E : Xran → Zran is injective. Then the statement
follows from the open mapping theorem. ❑

Remark 3.3.6.
We have now seen that solutions of (3.10) can be analysed if the space Z

decomposes into Z = Zran ⊕Zker. Unfortunately, this is not always the case,
as observed in Example 2.1.4. This obstacle can be circumvented under
specific conditions in Hilbert spaces. To be more precise, (3.10) can be
transformed into a DAE with inhomogeneities in Zran, as long as the spaces
ranRr(µ)k and ranRl(µ)k stagnate for some k ∈ N0, as noted in [GR25,
Sec. 5]. By Proposition 1.2.5, this is guaranteed when the complex resolvent
index exists.

To construct such a decomposition, we recall the spaces Xran,k =

ranRr(µ)k, Zran,k = ranRl(µ)k for k ∈ N0, introduced in Section 2.1.
As X and Z are Hilbert spaces, we have

X = Xran,1 ⊕ ker (Rr(µ))
∗ =: Xran,1 ⊕WX,1,
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Z = Zran,1 ⊕ ker (Rl(µ))
∗ =: Zran,1 ⊕WZ,1,

and we decompose the spaces Xran,k and Zran,k by

Xran,k = Xran,k+1 ⊕WX,k+1,

Zran,k = Zran,k+1 ⊕WZ,k+1,

for k ∈ {1, . . . , p−2}, until the spaces Xran,k and Zran,k stagnate at k = pc,res.
Here, WX,k+1 and WZ,k+1 denote the orthogonal complement of Xran,k+1

and Zran,k+1 with respect to Xran,k and Zran,k, respectively. Thus, we obtain

X = Xran ⊕WX,p−1 ⊕WX,p−2 ⊕ . . .⊕WX,1,

Z = Zran ⊕WZ,p−1 ⊕WZ,p−2 ⊕ . . .⊕WZ,1.
(3.17)

Hence, we have

Rr(µ) =



Rr(µ)|Xran
Rr(µ)|WX,p−1

PXran
Rr(µ)|WX,p−2

· · · PXran
Rr(µ)|WX,1

0 0 PWX,p−1
Rr(µ)|WX,p−2

· · · PWX,p−1
Rr(µ)|WX,1

. . . . . . . . .
...

. . . . . . PWX,2
Rr(µ)|WX,1

0 0


and

Rl(µ) =



Rl(µ)|Zran
Rl(µ)|WZ,p−1

PZran
Rl(µ)|WZ,p−2

· · · PZran
Rl(µ)|WZ,1

0 0 PWZ,p−1
Rl(µ)|WZ,p−2

· · · PWZ,p−1
Rl(µ)|WZ,1

. . . . . . . . .
...

. . . . . . PWZ,2
Rl(µ)|WZ,1

0 0


,

where PY denotes the projection onto a space Y . Using Lemma 1.3.4, it is
enough to observer the following DAE

d

dt
Ri(µ)

 wp(t)
wp−1(t)

...
w1(t)

 =

 wp(t)
wp−1(t)

...
w1(t)

+


f̃p(t)

f̃p−1(t)

...
f̃1(t)

, t ≥ 0,

Ri(µ)w(0) = Ri(µ)w0,

(3.18)

where w0 and f̃ have been adjusted accordingly, for i ∈ {r, l}. By utilising the
upper-triangular structure of Ri(µ) and assuming that the f̃l are sufficiently
smooth, we can solve this DAE iteratively, starting with the last row. Then
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(3.18) transforms into

d

dt
Ri(µ)|ranRi(µ)p

wp(t) = wp(t) + g(t), t ≥ 0,

where

g = f̃p +
d

dt

p∑
j=1

P
ranRi(µ)p

Ri(µ)|Wj
wj .

In this case, g maps into ranRi(µ)p.

3.4 Generation of C0-semigroups on a subspace

In [GR25], it was demonstrated that the DAE (3.10) can also be investigated
using pseudo-resolvents. To be more precise, instead of studying the DAE
(3.10) directly, it is possible to study the altered DAE

d

dt
R(λ)w(t) = w(t) + f̃(t), t ≥ 0,

where R(λ) denotes either the left- or right-resolvent of (E,A) at a λ ∈
ρ(E,A). Under an index concept slightly stronger than the complex resolvent
index, it is possible to show that R(λ) is the resolvent of an operator on the
closed subset ranR(λ)k (which equals Xran or Zran, depending on whether
R(λ) coincides with Rr(λ) or Rl(λ)). Specifically, there exists an operator

AR : dom(AR) ⊆ ranR(λ)k → ranR(λ)k,

such that
R(λ)|

ranR(λ)k
= (λI −AR)

−1,

if (E,A) fulfils the (Dk) condition from Remark 2.3.2 (iv). Furthermore, in
[GR25, Sec. 8], it was shown that AR contributes directly to solving (3.10)
if AR generates a C0-semigroup in ranR(λ)k. Moreover, if MD = 1 in (Dk),
then this semigroup extends to a degenerate semigroup on the entire space.

In this section, we tackle the same task under weaker assumptions
and show that AR always generates a strongly continuous semigroup on
a subspace by only assuming that (E,A) satisfying Assumption 2, has a
complex resolvent index, and Xran ∩ kerE = {0}; analogous to [Neu88] for
the abstract Cauchy problem. Note that all of this is implied by the (Dk)
condition. We start by presenting an auxiliary lemma.

Lemma 3.4.1.
Let (E,A) satisfy Assumption 2, p := pc,res +1, x ∈ Xran, and let (Sr(t))t≥0



3. INTEGRATED SEMIGROUPS 89

and (Sl(t))t≥0 be the p-times integrated semigroups generated by (E,A).
Assume that Xran ∩ kerE = {0} holds. If Sr(t)x = 0 holds for all t ≥ 0,
then x = 0.

Proof. By Lemma 3.2.7 d), we obtain

0 = A

∫ t

0

Sr(τ)x dτ −ESr(t)x = − tp

p!
Ex, for all t ≥ 0, (3.19)

and especially Ex = 0. Since we have Xran ∩ kerE = {0}, the assertion
follows. ❑

The next result is a generalisation of [Neu88, Thm. 5.2]. The main
difficulty lies in the fact that here Rr(µ) is only a pseudo-resolvent, which
cannot be expressed as a resolvent on a subspace without further assumptions.
To simplify the notation, we denote the k-th integral of t 7→ Sr(t)x for
x ∈ Xran by S

[k]
r (t)x :=

∫ t

0
(t−v)k−1

(k−1)! Sr(v) dv for k ∈ N. This exists due to
Lemma 3.2.6. Furthermore, we define for m ∈ N0 the space

Cm := {x ∈ Xran | t 7→ Sr(t)x ∈ Cm([0,∞);Xran)} . (3.20)

We write S
(p)
r (t)x to denote the p-th derivative of t 7→ Sr(t)x for x ∈ Cp.

Theorem 3.4.2.
Let (E,A) satisfy Assumption 2, define p := p

(E,A)
res + 1, and let (Sl(t))t≥0

and (Sr(t))t≥0 be the p-times integrated semigroups of (E,A), with ∥Sr(t)∥ ≤
Ceωt and ∥Sl(t)∥ ≤ Ceωt.
(a) One has C2p ⊆ ranRr(µ)

p ⊆ Cp.

(b) F := C2p
∥·∥F ⊆ Cp is a Hilbert space, where

∥x0∥F := sup
t≥0

∥∥∥e−ωtS(p)
r (t)x0

∥∥∥
defines a norm on ranRr(µ)

p.

(c) (S
(p)
r (t))t≥0 is a strongly continuous semigroup on F .

Proof. Let m ∈ N0 and x0 ∈ Cm be arbitrary. By Lemma 3.2.7 f), we have

Sr(t)Sr(s)x0 =

∫ t

0

(t− v)p−1

(p− 1)!
Sr(v + s)x0 dv−

p−1∑
j=0

sj

j!
S[p−1−j]
r (t)x0, (3.21)

for all t, s ≥ 0. Thus, we have Sr(s)x0 ∈ Cm+1 and consequently Sr(s)Cm ⊆
Cm+1 for s ≥ 0. Let k ∈ N0 with k ≤ p− 1 and let m ≥ p. Using (3.21) and
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the continuity of Sr(t) from Xran to Xran, we show inductively

Sr(t)S
(k)
r (s)x0 =

∫ t

0

(t− v)p−1−k

(p− 1− k)!
Sr(τ + s)x0 dτ

−
k−1∑
j=0

tp−1−j

(p− 1− j)!
S(k−1−j)
r (s)x0

−
p−1∑
j=k

sj−k

(j − k)!
S[p−1−j]
r (t)x0, for all t, s ≥ 0.

(3.22)

Thus, S(k)
r (s)Cm is a subset of Cm+1, and Sr(t)S

(k)
r (0) = 0 holds for all

1 ≤ k ≤ p− 1. Since we have Xran ∩ kerE = {0}, we can use Lemma 3.4.1
to obtain S

(k)
r (0) = 0 on Ck for all 0 ≤ k ≤ p− 1. Differentiating (3.22) with

respect to s once more, we derive

Sr(t)S
(p)
r (s)x0 = Sr(t+ s)x0 −

p−1∑
j=0

tj

j!
S(j)
r (s)x0, for all t, s ≥ 0, (3.23)

and thus, S(p)
r (s)Cm is contained in Cm for all p ≤ m and s ≥ 0. Rewriting

(3.23), we obtain

Sr(t)
(
S(p)
r (0)− ICp

)
= 0, for all t ≥ 0,

and dp

dspSr(0) = ICp on Cp, by Lemma 3.4.1. Note that ICp denotes the
identity on Cp. Taking the p-th derivative with respect to t from (3.23), we
obtain

S(p)
r (t)S(p)

r (s) = S(p)
r (t+ s), for all t, s ≥ 0

on Cm, for all m ≥ p. Thus, (Sr(t))t≥0 is a strongly continuous semigroup
on Cm for all m ≥ p. Now, let x0 ∈ Cm and m ≥ p + 1. Differentiating
(3.23) along s, we obtain

Sr(t)S
(p+1)
r (s)x0 = S(1)

r (t+ s)x0 −
p−1∑
j=0

tj

j!
S(j+1)
r (s)x0, for all t, s ≥ 0.

Thus, S(p+1)
r (s)Cm ⊆ Cm−1 holds for all m ≥ p+ 1, and one has

Sr(t)S
(p+1)
r (0)x0 = S(1)

r (t)x0 −
tp−1

(p− 1)!
x0, for all t ≥ 0,
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as S
(p)
r (0) = ICp . Hence, by integration by parts, we derive

Rr(µ)S
(p+1)
r (0)x0 = µp

∫ ∞

0

e−µtSr(t)S
(p+1)
r (0)x0 dt

= µp

∫ ∞

0

e−µtS(1)
r (t)x0 −

tp−1

(p− 1)!
x0 dt = µRr(µ)x0 − x0.

Consequently, we have

Rr(µ)
(
µICm

− S(p+1)
r (0)

)
= ICm

on Cm and Cm ⊆ Rr(µ)Cm−1 holds for all m ≥ p+ 1. Since Sr(t)Cm is a
subset of Cm+1 and Rr(µ) = µp

∫∞
0

e−µtSr(t) dt holds, we have Rr(µ)Cm ⊆
Cm+1 for all m ≥ 0. Combining these two, we obtain

Rr(µ)Cm−1 = Cm, (3.24)

for all m ≥ p+ 1 and

C2p = Rr(µ)C2p−1 = . . . = Rr(µ)
pCp ⊆ ranRr(µ)

p|Xran

holds. By Theorem 3.1.1, for all x0 ∈ ranRr(µ)
p, there exists a z0 ∈ X with

x0 = Rr(µ)
pz0 and a mild solution x(·) with∥∥∥S(p)

r (t)x0

∥∥∥ = ∥x(t)∥ ≤ Ceωt∥z0∥, for all t ≥ 0, (3.25)

and in particular, ranRr(µ)
p ⊆ Cp holds, which shows the first assertion.

Note that we used the fact that Sr(·)x0 is the p-th integral of the mild
solution x(·).

To address the second assertion, we define the norm on ranRr(µ)
p as

follows
∥x0∥F := sup

t≥0

∥∥∥e−ωtS(p)
r (t)x0

∥∥∥
and denote the closure of C2p with respect to ∥ · ∥ by F . By invoking
S
(p)
r (0)x0 = x0, we have

∥x∥ ≤ ∥x∥F . (3.26)

Let (xn)n ⊆ C2p be a sequence converging to an x ∈ F with respect to
∥ · ∥F . By (3.26), the sequence also converges to x in Xran, and since Sr(t)

is bounded, Sr(t)xn converges to Sr(t)x. Since xn ∈ C2p, the functions
t 7→ Sr(t)xn are at least p-times continuously differentiable. Using the
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semigroup property of (S(p)
r (t))t≥0 on C2p, we have∥∥∥S(p)

r (s)xn

∥∥∥
F
= sup

t≥0

∥∥∥e−ωtS(p)
r (t+ s)xn

∥∥∥ ≤ eωs ∥xn∥F , (3.27)

for all s ≥ 0.Together with (3.26), we obtain∥∥∥S(p)
r (s)xn − S(p)

r (s)xm

∥∥∥ ≤ eωs ∥xn − xm∥F , for all s ≥ 0, (3.28)

and since S
(k)
r (0)xn = 0 holds for all 1 ≤ k ≤ p− 1 and n ∈ N, the function

t 7→ Sr(t)x is p-times continuously differentiable. Thus, x is in Cp, and F is
a subset of Cp.

Now, let x ∈ F ⊆ Cp be arbitrary. Then S
(p)
r (t)x is well-defined. Let

(xn)n ⊆ C2p be a sequence that converges to x with respect to ∥ · ∥F . By
(3.28) and (3.26), (S(p)

r (t)xn)n is a Cauchy sequence in F and Xran. Thus,
S
(p)
r (t)xn converges to some g ∈ F in ∥ · ∥F and S

(p)
r (t)x in Xran. Moreover,

we obtain S
(p)
r (t)x = g ∈ F , and consequently, S

(p)
r (t) : F → F is well-

defined for all t ≥ 0. Since (S
(p)
r (t))t≥0 is a semigroup on Cp, it is evidently

also a semigroup on F , since F is the closure of C2p.
What remains to be shown is that (S

(p)
r (t))t≥0 is strongly continuous.

Let x ∈ C2p be arbitrary. Since C2p is a subset of ranRr(µ)
p|Cp

, there exists
a z ∈ Cp with x = Rr(µ)

pz. Similar to Lemma 3.2.7 a), we can show that
S
(p)
r (t)Rr(µ)

pz = Rr(µ)
pS

(p)
r (t)z holds for all t ≥ 0. Then (3.25) leads to

∥Rr(µ)
pz∥F = sup

t≥0

∥∥∥e−ωtS(p)
r (t)Rr(µ)

pz
∥∥∥ ≤ C∥z∥,

and thus, using the fact that (S
(p)
r (t))t≥0 is a strongly continuous semigroup

on Cp, we obtain∥∥∥S(p)
r (t)x− x

∥∥∥
F
=
∥∥∥S(p)

r (t)Rr(µ)
pz −Rr(µ)

pz
∥∥∥
F

=
∥∥∥Rr(µ)

p
(
S(p)
r (t)z − z

)∥∥∥
F

≤
∥∥∥S(p)

r (t)z − z
∥∥∥
F

→ 0, t → 0.

Since C2p is dense in F , it follows from (3.27) that ∥S(p)
r (t)x−x∥F converges

to 0 for all x ∈ F for t → 0. Thus, (S(p)
r (t))t≥0 is strongly continuous on

F . ❑
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3.5 Notes to Chapter 3

In this chapter, we proved the existence of integrated semigroups (Sr(t))t≥0

and (Sl(t))t≥0 for the left- and right-pseudo-resolvents of (E,A), under the
assumption that (E,A) has a complex resolvent index. Afterwards, we
established necessary and sufficient conditions on the inhomogeneities for the
existence of solutions to the inhomogeneous DAE. This was accomplished by
examining the cases in which the inhomogeneities reside either in Zran or in
Zker. It is still uncertain whether one can extend the integrated semigroups
from Xran and Zran to the entire space X and Z. If this were possible, the
previous distinction between cases would no longer be needed and would
allow for a wider range of inhomogeneities.

Afterwards, we proved that if Xker ∩ kerE = {0} holds, (E,A) generates
a strongly continuous semigroup on a closed subspace. This result is of
particular interest for the class of port-Hamiltonian DAEs introduced in
Chapter 6.

To be more precise, let X = Z, let E be non-negative, and let A be
maximal dissipative, and assume that (E,A) satisfies Assumption 2 with
p := pc,res + 1.

Define (Ẽ, Ã) := (E(µE−A)−1, A(µE−A)−1). Since the left- and right-
resolvent of (Ẽ, Ã) coincide with the left-resolvent of (E,A), the left- and
right-integrated semigroups of (Ẽ, Ã), denoted by (S̃l(t))t≥0 and (S̃r(t))t≥0,
coincide with the left-integrated semigroup (Sl(t))t≥0 of (E,A). Hence, we
write

(S̃(t))t≥0 := (S̃r(t))t≥0 = (S̃l(t))t≥0 = (Sl(t))t≥0.

Moreover, the spaces Xran and Zran associated with (Ẽ, Ã) both agree with
Zran associated with (E,A). By [GR25, Prop. 7.1 & Thm. 5.1], we have

Zran ∩ kerRl(µ)
p = {0}, (3.29)

and in particular, Zran ∩ ker Ẽ = {0} holds. Thus, one can apply Theorem
3.4.2 to (Ẽ, Ã) to obtain a strongly continuous semigroup on a subspace.
Moreover, by (3.29), the operator

AR : dom(AR) ⊆ Zran → Zran

with dom(AR) = E(µE −A)−1(Zran) and

AR(E(µE −A)−1x) = µE(µE −A)−1x− x

is well-defined. Then the operator AR is precisely the generator of (S(p)(t))t≥0
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and coincides with
S(p+1)(0) : Cp+1 ⊆ F → F

on Cp+1. Thus, Theorem 3.4.2 highlights the role of AR in cases where it
fails to generate a strongly continuous semigroup on Zran.



Chapter 4

Extrapolation spaces

In this chapter, the concept of extrapolation spaces is generalised. As
discussed in [TW09; EN00; Sta05], it is always possible to continuously
extend a closed and densely defined operator to the whole space, provided
that the resolvent set of A is not empty. This result is now generalised to an
operator pair (E,A), where E : X → Z is bounded and A : dom(A) ⊆ X → Z

is closed and densely defined. The primary challenge arises from the fact
that A operates between two distinct spaces, X and Z. As a result, no chain
of the form X1 ⊆ X ⊆ X−1 can be constructed, as would typically be the
case. Instead, we obtain a diagram of the form:

X1 X

Z Z−1

A
A
−
1

Figure 4.1: Extrapolated spaces.

To achieve this, we will focus on operators defined on Hilbert spaces
rather than Banach spaces, as we did previously. Therefore, our assumptions
require minor adjustments.

Assumption 3.
(i) X and Z are complex Hilbert spaces.

(ii) E : X → Z is bounded.

(iii) A : dom(A) ⊆ X → Z is closed and densely defined.
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(iv) ρ(E,A) is not empty.

This chapter is organised as follows: In Section 4.1, we construct the
extrapolation space Z−1 with respect to (µE−A)−1 (for a µ ∈ ρ(E,A)) and
show that A extends uniquely to a bounded operator on L(X,Z−1). This
enables us to analyse the extrapolated DAE presented in Section 4.2. In this
section, we examine the homogeneous case d

dtEx(t) = A−1x(t) and show
the existence of the complex resolvent index, assuming that it already exists
for (E,A). Then we consider the inhomogeneous DAE in Section 4.3, where
we utilise chains and augmented Wong sequences to specify necessary and
sufficient conditions on the inhomogeneity for the existence of solutions.

The relationships and structures that emerge in this context are illustrated
in the following diagram.

Section 4.1

Section 4.3

 has 
 has   

The extrapolation space  & 

Augmented DAE
, 

Solvability of

 solution 

Section 4.2

Section 4.2 Section 4.3

Augmented Wong Sequences  
for 

 has ,  s.t.
   solution

Section 4.3Section 4.3 Section 4.3

Figure 4.2: Chapter 4 overview.

The results presented in this chapter have been published in [EJR25a].
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4.1 The extrapolation space Z−1

Let (E,A) satisfy Assumption 3 and let µ ∈ ρ(E,A). Define X1 := dom(A)

with the norm

∥x∥X1
:= ∥(µE −A)x∥Z , for x ∈ X1.

Furthermore, we define Zd
1 := dom(A∗) with the norm

∥z∥Zd
1
:= ∥(µE∗ −A∗)z∥X , for z ∈ dom(A∗).

In the following, we show that X1 and Zd
1 are Banach spaces whose norms

are independent of µ, as they are equivalent to the graph norm of A and the
graph norm of A∗, respectively.

It should be noted that the idea behind the following proofs originates
from the non-generalised setting, in which the resolvent of A is systematically
replaced by (λE − A)−1 at the relevant points, and the properties of the
bounded operators are rigorously exploited.

Proposition 4.1.1.
Let (E,A) satisfy Assumption 3 and let µ ∈ ρ(E,A) be arbitrary. Then
X1 is a Hilbert space and ∥ · ∥X1 is equivalent to the graph norm of A on
X. The embedding X1 ⊆ X is continuous and for every T ∈ L(X) with
T (dom(A)) ⊆ dom(A), we have T ∈ L(X1).

Proof. We show that ∥ · ∥X1
is an equivalent norm to the graph norm of A;

i.e., equivalent to the norm ∥ · ∥A = ∥ · ∥X + ∥A · ∥Z . As E and (µE −A)−1

are bounded, we obtain

∥x∥X1
≤ |µ| ∥E∥L(X,Z) ∥x∥X + ∥Ax∥Z
≤ (|µ| ∥E∥L(X,Z) + 1)∥x∥A,

and

∥x∥A ≤ ∥x∥X + ∥(µE −A)x∥Z + ∥Ex∥Z
≤
∥∥(µE −A)−1

∥∥
L(Z,X)

∥x∥X1 + ∥x∥X1 +
∥∥E(µE −A)−1

∥∥
L(Z)

∥x∥X1 ,

for all x ∈ X1. Hence, ∥ · ∥X1
and ∥ · ∥A are equivalent norms for all µ ∈

ρ(E,A). Additionally, by ∥x∥X ≤ ∥x∥A, the identity IX1
maps continuously

from X1 to X; i.e., X1 is a continuous embedding in X. Then, for every
operator T ∈ L(X), with T (dom(A)) ⊆ dom(A), the restriction to X1 is
continuous. Using the Closed Graph Theorem, the assertion follows. ❑
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Applying Proposition 4.1.1 to the adjoint of A, we obtain the following.

Corollary 4.1.2.
Let (E,A) satisfy Assumption 3 and let µ ∈ ρ(E,A) be arbitrary. Then
Zd
1 is a Hilbert space and ∥ · ∥Zd

1
is equivalent to the graph norm of A∗ on

dom(A∗). The embedding Zd
1 ⊆ Z is continuous, and for every T ∈ L(Z)

with T (dom(A∗)) ⊆ dom(A∗), we have T ∈ L(Zd
1 ).

This brings us to introduce the extrapolation space Z−1.

Definition 4.1.3 (Extrapolation space Z−1).
Let (E,A) satisfy Assumption 3 and let µ ∈ ρ(E,A). We define the extrap-
olation space Z−1 as the completion of Z with respect to the norm

∥z∥Z−1
:=
∥∥(µE −A)−1z

∥∥
X
, for z ∈ Z.

Again, we will show that Z−1 is a Hilbert space and that it is independent
of the choice of µ, as ∥ · ∥Z−1

is the dual norm of ∥ · ∥Zd
1

with pivot space Z.

Proposition 4.1.4.
Let (E,A) satisfy Assumption 3, and let λ ∈ ρ(E,A) be arbitrary. Then,
the norm ∥ · ∥Z−1

, and therefore the space Z−1 itself, is independent of the
particular choice of µ. Furthermore, Z−1 is dual to Zd

1 , and for T ∈ L(Z)

with T ∗(dom(A∗)) ⊆ dom(A∗), there exists a unique bounded extension
T̃ ∈ L(Z−1).

Proof. For z ∈ Z, we have

∥z∥−1 = sup
x∈X

∥x∥X≤1

∣∣〈(µE −A)−1z, x
〉
X

∣∣
= sup

x∈X
∥x∥X≤1

∣∣〈z, (λE∗ −A∗)−1x
〉
Z

∣∣
= sup

y∈Zd
1

∥y∥Z≤1

|⟨z, y⟩Z |.

Thus, ∥ · ∥Z−1
is the dual norm of ∥ · ∥Zd

1
with respect to the pivot space Z.

Since ∥ · ∥Zd
1

does not depend on the choice of µ, the same is true for ∥ · ∥Z−1

and thus, for Z−1. Then the rest follows by [TW09, Prop. 2.9.3]. ❑

Proposition 4.1.5.
Let (E,A) satisfy Assumption 3 and let µ ∈ ρ(E,A) be arbitrary. Then
E is a bounded operator from X to Z−1 and A has a unique extension
A−1 ∈ L(X,Z−1). Furthermore, one has µ ∈ ρ(E,A−1) and (µE−A−1)

−1 ∈
L(Z−1, X).
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Proof. Clearly, we have E ∈ L(X,Z−1). Since A is closed, the operator
A : X1 → Z is bounded and (µE −A) : X1 → Z is boundedly invertible for
all µ ∈ ρ(E,A). By Proposition 4.1.4, the adjoint A∗ : Zd

1 → X is bounded
as well and Z−1 is dual to Zd

1 with pivot space Z. Let A−1 ∈ L(X,Z−1)

denote the dual of A∗. Then for x ∈ dom(A) and z ∈ dom(A∗), we have

⟨A−1x, z⟩Z−1,Zd
1
= ⟨x,A∗z⟩X,X = ⟨Ax, z⟩Z,Z .

Thus, we deduce A−1x = Ax for all x ∈ dom(A), and since dom(A) is dense
in X, A−1 is the unique extension of A. Define R(µ) = (µE −A)−1. Since
∥R(µ)z∥ = ∥z∥Z−1 holds for all z ∈ Z, the resolvent R(µ) has a unique
bounded extension R̃(µ) ∈ L(Z−1, X). Moreover, we have

R̃(µ)(µE −A−1)x = x, for all x ∈ dom(A),

and

(µE −A−1)R̃(µ)z = z, for all z ∈ Z.

Since dom(A) is dense in X and Z is dense in Z−1, it follows that (µE −
A−1)

−1 = R̃(µ). ❑

Corollary 4.1.6.
Let (E,A) satisfy Assumption 3 and let µ ∈ ρ(E,A) be arbitrary. Assume
there exist an invertible operator T ∈ L(Z,X).
a) The space XT

1 := (dom(TA), ∥ · ∥XT
1
) with the norm

∥x∥XT
1
:= ∥T (µE −A)x∥X , for x ∈ dom(A),

is a Hilbert space. Further, ∥ · ∥XT
1

is equivalent to ∥ · ∥X1
.

b) The space ZT
1 := (dom(AT ), ∥ · ∥ZT

1
) with the norm

∥z∥ZT
1
:= ∥(µE −A)Tx∥Z , for x ∈ dom(AT ),

is a Hilbert space. Further, ∥ · ∥ZT
1

is equivalent to the graph norm of
AT .

c) Define XT
−1 as the completion of X with respect to the norm

∥x∥XT
−1

:=
∥∥(µE −A)−1T−1x

∥∥
X
, for x ∈ X.

Then TA : dom(TA) ⊆ X → Z extends uniquely to a bounded operator
(TA)−1 ∈ L(X,XT

−1). Furthermore, we have µ ∈ ρ(TE, (TA)−1) and
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(µTE − (TA)−1)
−1 ∈ L(XT

−1, X).

d) Define ZT
−1 as the completion of Z with respect to the norm

∥z∥ZT
−1

:=
∥∥T−1(µE −A)−1z

∥∥
Z
, for z ∈ Z.

Then all norms ∥ · ∥ZT
−1

are equivalent to ∥ · ∥Z−1
, independent of the

choice of µ. Furthermore, T extends uniquely to a bounded operator
T−1 ∈ L(ZT

−1, X
T
−1) such that

(TA)−1 = T−1A−1. (4.1)

Proof. Part a) and b) follow from Proposition 4.1.1 and the boundedness
of the operators E, T and T−1. Part c) follows from Proposition 4.1.5. It
remains to show Part d). The equivalence of the norms follows from the
boundedness of T and T−1. Now, let z ∈ ZT

−1. Then we have

∥Tz∥XT
−1

= ∥z∥Z−1
≤ ∥T∥L(Z,X) · ∥z∥ZT

−1
.

Thus, T : Z ⊆ ZT
−1 → XT

−1 is continuous and since Z is dense in ZT
−1, we can

extend T uniquely to ZT
−1. Moreover, (4.1) holds for x ∈ dom(TA). Since

dom(TA) is dense in X and T−1 and A−1 are continuous on X, (4.1) holds
for all x ∈ X. The remainder of Part d) follows from Lemma 4.1.5. ❑

In Corollary 4.1.6, we observed that X1 = XT
1 and Z−1 = ZT

−1 holds.
Therefore, to simplify the notation, we omit the T in the spaces introduced in
Corollary 4.1.6 and write X1, Z1, X−1, and Z−1 instead. However, we retain
the notation for the norms to ensure that they can easily be distinguished
from one another.

Remark 4.1.7.
With Corollary 4.1.6, it is possible to overcome the difficulty of E and A acting
between two different spaces, provided that the spaces are homeomorphic
to each other. Now, it is possible to iteratively construct Xk, X−k, Zk and
Z−k via

∥x∥Xk
:=
∥∥∥(T (µE −A)x)

k
x
∥∥∥
X
, for x ∈ dom((TA)k),

∥x∥Zk
:=
∥∥∥((µE −A)Tx)

k
x
∥∥∥
Z
, for x ∈ dom((AT )k),

∥x∥X−k
:=
∥∥∥((µE −A)−1T−1x

)k
x
∥∥∥
X
, for x ∈ X,

∥x∥Z−k
:=
∥∥∥(T−1(µE −A)−1z

)k
x
∥∥∥
Z
, for z ∈ Z,
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for k ∈ N. This allows us to construct the following extrapolation tower.

· · · X2 X1 X0 X−1 X−2 · · ·

· · · Z2 Z1 Z0 Z−1 Z−2 · · ·

A
1

A
0

A
−1

A
−2T1 T0 T−1

(TA)1 (TA)0 (TA)−1 (TA)−2

(AT )1 (AT )0 (AT )−1 (AT )−2

Figure 4.3: Extrapolation tower.

Here, we defined X0 := X, Z0 := Z, An : Xn+1 → Zn, x 7→ Ax and
(TA)n : Xn+1 → Xn, x 7→ TAx for n ≥ 0 and A−m : X−(m−1) → Z−m and
(TA)−m : X−(m−1) → X−m are the unique continuous extensions of A−(m−1)

and T−(m−1) for m ∈ Z.

4.2 Solvability of extrapolated DAEs

In this and the following section, we examine solutions for the extrapolated
DAE

d

dt
Ex(t) = A−1x(t) + f(t), t ≥ 0,

Ex(0) = Ex0,
(4.2)

with initial value x0 ∈ X and an inhomogeneity f : [0,∞) → Z−1, where
(E,A) satisfies Assumption 3. We divide the study of (4.2) into two parts.
First, we consider the homogeneous version of (4.2), in which we show
that all (mild) solutions map to the same space as the solutions of the
non-extrapolated DAE. Afterwards, in Section 4.3, we examine the set of all
consistent initial values x0 depending on the inhomogeneity f for which a
solution exists.

We start by showing that if (E,A) has a complex resolvent index, the
same holds for the extrapolated operator pair (E,A−1). Because of this,
one can obtain solutions for (4.2) with f = 0 by Theorem 3.1.1. In the
following, we will refrain from using the notations Rr(µ) = (µE − A)−1E

and Rl(µ) = E(µE −A)−1. We do this to avoid confusion when using both
the resolvent of (E,A) and that of (E,A−1).

Theorem 4.2.1.
Let (E,A) satisfy Assumption 3. If (E,A) has a complex resolvent index
p
(E,A)
res , then (E,A−1) has a complex resolvent index as well, which is bounded

by p
(E,A)
res + 1.
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Proof. Since (E,A) has a complex index, there exist C > 0 and ω ∈ R with∥∥(λE −A)−1
∥∥ ≤ C|λ|pc,res , for all λ ∈ CRe>ω. (4.3)

Let µ ∈ ρ(E,A) be arbitrary. By Lemma 1.2.3, we have

(λE−A−1)
−1 = (µE−A−1)

−1+(λ−µ)(λE−A−1)
−1E(µE−A−1)

−1 (4.4)

for all λ ∈ CRe>ω. Let z ∈ Z−1. Using (4.3), we obtain∥∥(λE −A−1)
−1z

∥∥
X

≤
∥∥(µE −A−1)

−1z
∥∥
X

+ |λ− µ|
∥∥(λE −A)−1E

∥∥
L(X)

∥∥(µE −A−1)
−1z

∥∥
X

≤ ∥z∥Z−1 + C|λ|p
(E,A)
res −1|λ− µ|∥z∥Z−1 ,

for all λ ∈ CRe>ω. Note that we used (λE − A−1)
−1E = (λE − A)−1E in

the first estimate. This holds as E maps into Z, and the resolvent of (E,A)

and (E,A−1) coincides on Z. Choosing ω ∈ R accordingly, it is clear that
the resolvent of (E,A−1) grows at most polynomially with degree p

(E,A)
res on

CRe>ω as an operator from Z−1 to X, from which the assertion follows. ❑

We subsequently examine the solutions of the extrapolated DAE and
highlight their advantages.

Lemma 4.2.2.
Let (E,A) satisfy Assumption 3, f = 0 and x : [0,∞) → X be a mild solution
of (4.2). Then one has

x(t) ∈
⋂

k∈N0

ran ((µE −A)−1E)k, for all t ≥ 0.

Furthermore, if (E,A) has a complex resolvent index, then every mild solution

of (4.2) maps into ranRr(µ)p
(E,A)
c,res .

Proof. By Proposition 4.1.5, the resolvent (µE − A−1)
−1 coincides with

(µE −A)−1 on Z. Since ranE is a subset of Z, we have

(µE −A−1)
−1E = (µE −A)−1E, for all µ ∈ ρ(E,A).

Using Proposition 1.3.5, the first assertion follows. Let (E,A) have a complex
resolvent index. Then ran ((µE −A−1)−1E)k = ran ((µE −A)−1E)k stag-
nates at the complex resolvent index of (E,A). Thus, the second assertion
follows from Proposition 1.2.5. ❑
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Remark 4.2.3.
Even though all (mild) solutions of (4.2) with f = 0 map into the same
space as those from d

dtEx = Ax, they are not automatically (mild) solutions
of d

dtEx = Ax. This follows from the fact that either
∫ t

0
x(s) ds or x(t) does

not always map into dom(A) for all t ≥ 0.

Now, we present the benefits of considering the extrapolated DAE (4.2),
specifically the one-to-one correspondence of mild solutions of (4.2) to mild
solutions of

d

dt
Rl(µ)z(t) = z(t) + f(t), t ≥ 0,

Rl(µ)w(0) = Rl(µE −A)x0.
(4.5)

The equivalence of these two solutions for the non-extrapolated DAE case
has already been addressed in Lemma 1.3.4 and [GR25, Thm. 2.1]. The
issue that arises is that not every mild solution of the equation d

dtEx = Ax

aligns with a mild solution w = (µE − A)eµ·x of (4.5), as the function x

does not necessarily maps into the domain of A, implying that w may not
be well-defined. This is where the extrapolated DAE comes into play. To be
more precise, let the pair (E,A) satisfy Assumption 3, and let x : [0,∞) → X

represent a mild solution of equation (4.2). Define z := (µE −A−1)x. Then
z is well-defined since

x(t) ∈
⋂

k∈N0

ran ((µE −A)−1E)k ⊆ X = dom(A−1)

holds, by Lemma 4.2.2. Hence, we obtain

E(µE −A−1)
−1z(t)− E(µE −A−1)

−1z(0)

= Ex(t)− Ex(0)

= A−1

∫ t

0

x(s) ds

= A−1(µE −A−1)
−1

∫ t

0

(µE −A−1)x(s) ds

= (µE(µE −A−1)
−1 − I)

∫ t

0

z(s) ds,

for all t ≥ 0. Thus, z is a mild solution of d
dtE(µE−A−1)

−1z(t) = (µE(µE−
A−1)

−1−I)z(t) with Ẽ(µE−A−1)
−1w(0) = w0 = Ex0. According to Lemma

1.3.4, this is equivalent to w = (µE −A−1)
−1e−µ·x being a mild solution of

d
dtE(µE −A−1)

−1w(t) = w(t) with E(µE −A−1)
−1w(0) = w0 = Ex0.
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4.3 Inhomogeneous extrapolated DAEs

Consider a pair (E,A) that fulfils Assumption 3 and possesses a complex
resolvent index. According to Theorem 4.2.1, the pair (E,A−1) has a
complex resolvent index that does not exceed p

(E,A)
c,res + 1. As stated in

Proposition 1.3.6, for any inhomogeneity f that is sufficiently smooth, there
exists a (mild) solution x to the equation (4.2), with initial value x(0) = 0,
as long as the inhomogeneity and its derivatives vanish at the initial time;
i.e., f(0) = f ′(0) = . . . = 0. In this section, our goal is to further relax
these conditions to obtain solutions for a wider range of inhomogeneities.
Therefore, we will examine a slightly modified DAE.

d

dt
Ex(t) = A−1x(t) + f(t), t ≥ 0,

Ex(0) = x0, f(0) = f0,
(4.6)

with inhomogeneity f : [0,∞) → Z−1 and initial values x0 ∈ X, f0 ∈
Z−1. This means we have extended (4.2) with an initial condition at the
inhomogeneity. This allows us to express the system as an augmented DAE
as follows

d

dt

[
E 0

](x(t)
f(t)

)
=
[
A−1 IZ−1

](x(t)
f(t)

)
, t ≥ 0,(

Ex(0)

f(0)

)
=

(
Ex0

f0

)
.

(4.7)

To simplify the assumptions of Proposition 1.3.6, we focus on the smooth-
ness of the inhomogeneity. This requires us to analyse how the initial
conditions x0 and f0 are affected. To achieve this, we define a set of initial
values that are linked with the inhomogeneities, ensuring that (4.7) has a
solution.

Definition 4.3.1 (Consistent initial values).
Let (E,A) satisfy Assumption 3. Then we define the set of consistent initial
values of (E,A−1) as

C(E,A−1) :=

{(
x0

f

)
∈ X × L1([0,∞);Z−1) | ∃ class. sol. x of (4.6)

}
.

Clearly, for an inhomogeneity f with f(0) = f0, a function x : [0,∞) → X

is a (mild) solution of (4.6) if and only if ( x
f ) : [0,∞) → X ×Z−1 is a (mild)
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solution of (4.7). Thus, we can reformulate C(E,A−1) as follows

C(E,A−1) =

{(
x0

f

)
∈ X × L1([0,∞);Z−1) | ∃x s.t.

(
x

f

)
class. sol. of (4.7)

}
.

Since the set of consistent initial values is quite general, we introduce
the augmented Wong sequence to further classify them. This allows us to
establish necessary conditions for the initial values in connection with the
inhomogeneities, which guarantees the existence of solutions (4.7).

Definition 4.3.2 (Augmented Wong sequence).
Let (E,A) satisfy Assumption 3. Then the sequence

V0 := X × Z−1,

Vi+1 :=

{(
x

z

)
∈ X × Z−1 |

[
A−1 IZ−1

](x
z

)
∈
[
E 0

]
(Vi)

}
,

for i ∈ N0, is called the augmented Wong sequence of (E,A−1).

The difference between the Wong sequence derived from the pair (E,A)

and the augmented Wong sequence lies in the fact that the augmented DAE
does not have to be regular; i.e., the resolvent set ρ([E 0], [A−1 IZ−1 ]) can be
empty. Therefore, it is not possible to describe the augmented Wong sequence
using the left- and right-resolvent of (E,A−1), as was done in Remark 2.4.3
(ii). Further details on augmented Wong sequences, particularly in finite
dimensions, can be found in [BIT22; Lew86; BT14; Fra90; Tre13].

Lemma 4.3.3.
Let (E,A) satisfy Assumption 1. Then one has

Vi+1 ⊆ Vi, for all i ∈ N0.

Proof. Clearly, we have V1 ⊆ V0. Since V2 is the preimage of
[
E 0

]
under[

A−1 IZ−1

]
, we obtain[
A−1 IZ−1

]
(V2) ⊆

[
E 0

]
(V1) ⊆

[
E 0

]
(V0).

Looking at the preimage of this subset relation, we obtain V2 ⊆ V1. Thus,
the assertion follows by inductively repeating the same arguments. ❑

Next, we will show that the set of consistent initial values is contained
within the intersection of all Vi, which is also known as the augmented Wong
limit . To achieve this, we make use of already known results from both the
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finite dimensional inhomogeneous case, see [BIT22; Lew86; BT14; Fra90;
Tre13], as well as the infinite dimensional homogeneous case, see [Tro20].

Theorem 4.3.4.
Let (E,A) satisfy Assumption 3. Furthermore, let

( x0

f

)
∈ C(E,A−1) and

x : [0,∞) → X, such that ( x
f ) : [0,∞) → X × Z−1 is a classical solution of

(4.7). Then one has (
x(t)

f(t)

)
∈
⋂
i∈N0

Vi, for all t ≥ 0.

Proof. Let ( x
f ) be a classical solution of (4.7). By Lemma 1.3.2, ( x

f ) is a
mild solution that satisfies

[
E 0

](x(t+ h)− x(t)

f(t+ h)− f(t)

)
=
[
A−1 IZ−1

] ∫ t+h

t

(
x(s)

f(s)

)
ds,

for all t ≥ 0, and h ≥ 0. Since we have
(

x(t+h)−x(t)
f(t+h)−f(t)

)
∈ X × Z−1 = V0, the

integral
∫ t+h

t

(
x(s)
f(s)

)
ds is in V1. Taking the limit h → 0 yields

(
x(t)
f(t)

)
∈ V1.

Repeating the same argument implies
(

x(t)
f(t)

)
∈ Vi for all i ∈ N0. ❑

We aim to provide a sufficient condition for the initial value x0 and
the inhomogeneity f to ensure that

( x0

f

)
∈ C(E,A−1). This requires the

additional assumption that (E,A) possesses a complex resolvent index.

Theorem 4.3.5.
Let (E,A) satisfy Assumption 3. Let (E,A) have a complex resolvent,
p ≥ p

(E,A−1)
c,res + 1 and f ∈ Hp([0,∞);Z−1). If there are x0, x1, . . . , xp ∈ X

with
Exj+1 = A−1xj + f (j)(0), for j ∈ {0, . . . , p− 1}, (4.8)

then
( x0

f

)
∈ C(E,A−1).

Proof. Let s ∈ ρ(E,A) = ρ(E,A−1) be with Re s > ω. By adding −sExj

to both sides of (4.8) and rearranging the terms, we obtain

Exj+1 + (sE −A−1)xj − f (j)(0) = sExj ,

or, equivalently,

1

s
(sE−A−1)

−1Exj+1 +
1

s
xj − (sE−A−1)

−1 1

s
f (j)(0) = (sE−A−1)

−1Exj ,

for j ∈ {0, . . . , p − 1}. Successively substituting these equations into one
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another, we obtain

(sE −A−1)
−1Ex0 =

1

sp
(sE −A−1)

−1Exp

+

p−1∑
j=0

1

sj+1
xj − (sE −A−1)

−1

p−1∑
j=0

1

sj+1
f (j)(0).

(4.9)

Define

x̂(s) = (sE −A−1)
−1
(
Ex0 + f̂(s)

)
, for s ∈ CRe≥ω,

where f̂ denotes the Laplace transform of f . We will show that x̂ is the
Laplace transform of a classical solution x of (4.7). We achieve this by
rewriting x̂ using (4.9) in the following manner

x̂(s) =
1

sp
(sE −A−1)

−1Exp +

p−1∑
j=0

1

sj+1
xj

− (sE −A−1)
−1

p−1∑
j=0

1

sj+1
Buj + (sE −A−1)

−1f̂(s).

Then we define

x̂1(s) :=
1

sp
(sE −A−1)

−1Exp +

p−1∑
j=0

1

sj+1
xj ,

x̂2(s) := (sE −A−1)
−1

f̂(s)−
p−1∑
j=0

1

sj+1
f (j)(0)


and show that each x̂i is the Laplace transform of a classical solution of a
DAE.

Let ŵ(s) :=
∑p−1

j=0
1

sj+1 f
(j)(0) represent the Laplace transform of w(t) =∑p−1

j=0
tj

j! f
(j)(0). Then v̂(s) := f̂(s) − ŵ(s) is the Laplace transform of

v(t) := f(t) − w(t), which satisfies v(j)(0) = 0 for all j ∈ {0, . . . , p − 1}.
Hence, we have v ∈ Hp

0,l([0,∞);Z−1), and by Proposition 1.3.6, x2 is a
classical solution of (4.7) with x2(0) = 0 and v(0) = 0.

To show that x1 is a classical solution, it is necessary to show that
x̂1(s) decays at a minimum rate of 1

s , ensuring x1 does not contain any
distributions. This is true since (sE −A−1)

−1 grows at most polynomially
with a rate of p−2. Moreover, computing sEx̂1(s)−A−1x̂1(s) = Ex0+ ŵ(s)
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reveals that x1 is a classical solution of

d

dt
Ex(t) = A−1x(t) + w(t), t ≥ 0,

Ex(0) = Ex0, w(0) = u0.

In summary, x = x1 + x2 is a classical solution of (4.7), and, hence, we
obtain

( x0

f

)
∈ C(E,A−1). ❑

4.4 Notes to Chapter 4

In this chapter, we extended the notion of extrapolation spaces to the DAE
case. Furthermore, we proved that if (E,A) has a complex resolvent index,
then the same holds for (E,A−1) with p

(E,A−1)
c,res ≤ p

(E,A)
c,res + 1. This allowed

the analysis of solutions of the extrapolated DAE (4.2). In detail, we showed
where the homogeneous solutions reside and characterised the set of consistent
initial values for the inhomogeneous DAE. Introducing the augmented Wong
sequences in infinite dimensions, we are able to specify conditions on the
inhomogeneity paired with the initial value, which made it possible to obtain
solutions for a broader class of inhomogeneities, thereby extending the result
of Proposition 1.3.6. These results will be used in Chapter 5 to decompose
the operator A&B into

[
A−1 B

]
, define the transfer function, and obtain

generalised trajectories for the E-system node case.
The only limitation associated with the expansion of extrapolation spaces

is that, in general, only Z can be extended, not the state space X. Hence, it is
not possible to extend the integrated semigroup or C0-semigroup introduced
in Chapter 3.2 and Chapter 3.4. Therefore, the extension of X remains open
for future research.



Chapter 5

Operator nodes and system
nodes

The systems described by

d

dt
Ex(t) = Ax(t) +Bu(t),

y(t) = Cx(t) +Du(t),
(5.1)

where E,A ∈ Rn×n, B ∈ Rn×m, C ∈ Rp×n and D ∈ Rp×m, represent a core
category of systems in finite dimensional control theory [MS06]. In the case
where E is singular, the system decomposes into a set of differential equations
and a set of algebraic equations, each of which can be analysed independently.
Such systems naturally occur in various applications, including electrical
networks, constrained mechanical systems and coupled multi-physical models,
among others, as referenced in [RS10; Mül97]. The theoretical framework
concerning finite dimensional differential algebraic systems is well-established
and covers various important aspects, such as regularity, consistency and
input-output behaviour. For further reference, see for instance, [BR13; Tre13;
BRT17].

In infinite dimensions, the situation changes significantly. Even in the non-
algebraic scenario, where X = Z and E = IX , the necessity for unbounded
operators and extrapolation spaces arises for accurate modelling. This
requirement introduces complexities in the investigation of the previously
mentioned areas. Operator nodes, or system nodes, are frequently used to
address these issues. These concepts are primarily linked to mathematician
Olof J. Staffans, who played a key role in their development and popularising
them. The origins of operator and system nodes can be traced to the work
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of Mikhail S. Livšic, Mikhail S. Brodskǐı and Yu. L. Shmul’yan. In this
context, M. S. Livšic generalised the Cauchy problem by means of so-called
operator colligations [LY79], while Yu. L. Shmul’yan provided the necessary
operator-theoretical foundations for 2 × 2 block operator matrices

[A B
C D

]
[Shm76; Shm59] and, together with V. M. Brodskǐı, refined and developed
the theory of ‘nodes’ [Bro71]. This theory was subsequently generalised by
Staffans to include the operator nodes and system nodes known today [Sta05;
AS22]. To rewrite (5.1) as a system associated with an operator node in the
case E = IX , the operators on the right-hand side are combined line by line,
resulting in the following system( d

dtx(t)

y(t)

)
=

[
A&B

C&D

](
x(t)

u(t)

)
, (5.2)

where the block operator S :=
[
A&B
C&D

]
possesses certain structural properties.

Typically, S might be unbounded on a subspace that is not necessarily
the Cartesian product of state and input spaces. However, to ensure the
natural and direct modelling of various systems based on a range of examples,
it is further assumed that S and A&B are closed operators, the domain

dom(S) = dom(A&B) = dom(C&D)

is densely defined, and the main operator

Ax := A&B

(
x

0

)
with dom(A) :=

{
x ∈ X |

(
x

0

)
∈ dom(S)

}
is densely defined with a non-empty resolvent set. To ensure basic functional-
ity of the system, i.e., allowing the system to handle any input, one addition-
ally assumes that for all u ∈ U , there exists an x ∈ X with ( x

u ) ∈ dom(S).
If A additionally generates a strongly continuous semigroup on X, then S is
called a system node.

In this chapter, we address the question of how operator nodes and
system nodes can be extended in general to differential algebraic systems
in infinite dimensions. A notable aspect here is that even most DAEs of
the simplified form d

dtEx(t) = Ax(t) typically do not act on a single space,
instead, E and A operate between two different spaces, X and Z. Another
difficulty arises from the presence of algebraic constraints in the system
imposed by the operator E. Hence, (5.2) extends to the following form[ d

dtE 0

0 IY

](
x(t)

y(t)

)
=

[
A&B

C&D

](
x(t)

u(t)

)
. (5.3)
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The main difference between (5.3) and the standard system node (5.2) is that
it is no longer assumed that A generates a strongly continuous semigroup,
but rather that (E,A) has a complex resolvent index.

5.1 Definition and properties

In this section, we introduce concept of differential algebraic operator nodes
or E-operator nodes and present some basic properties that allow for effective
work with them. Subsequently, we will introduce the concepts of a control
and observation operator, as well as the transfer function. This leads us to
define classical and generalised trajectories, enabling the implementation of a
solution theory for E-operator nodes. We conclude our studies by specifying
the conditions on the initial value and input that ensure the existence of
generalised trajectories for E-system nodes. The results presented here have
been published in [EJR25a].

Let X, Y , Z and U be complex Hilbert spaces. We denote the canonical
projection from Z × Y onto Z and Y by PZ and PY , respectively. Let

S : dom(S) ⊆ X × U → Z × Y

be a linear operator. We call

A : dom(A) ⊆ X → Z, Ax := PZS

(
x

0

)
with

dom(A) :=

{
x ∈ X |

(
x

0

)
∈ dom(S)

}
the main operator of S. We set

A&B := PZS : dom(S) ⊆ X × U → Z,

C&D := PY S : dom(S) ⊆ X × U → Y

such that S can be written as

S =

[
A&B

C&D

]
.

For Z = X, this aligns with the aforementioned concept of an operator node,
which is used to investigate the properties of the system

(
d
dtx(t)

y(t)

)
= S

(
x(t)
u(t)

)
and, in particular, its solutions [PRS25; Sta05].

Our aim is to extend this theory to include systems that do not solely
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operate on a single space; i.e., systems whose main operator A maps from X

to Z. This generalisation, along with other benefits, enables us to describe
and analyse differential-algebraic systems, which often involves coupling
multiple spaces while satisfying algebraic constraints among them.

Therefore, we also define a bounded linear operator E : X → Z and
associate the aforementioned operator S with the system[ d

dtE 0

0 IY

](
x(t)

y(t)

)
=

[
A&B

C&D

](
x(t)

u(t)

)
. (5.4)

We can then extends the concept of operator nodes as follows.

Definition 5.1.1 (E-operator node).
An E-operator node on (X,U,Z, Y ) is a linear operator S : dom(S) ⊆ X ×
U → Z × Y together with a linear operator E : X → Z with the following
properties

i) S is closed, E is bounded,

ii) A&B is closed with dom(A&B) = dom(S),

iii) ρ(E,A) is not empty and dom(A) is dense in X,

iv) for all u ∈ U there exists an x ∈ X such that ( x
u ) ∈ dom(A&B).

If, additionally, (E,A) has a complex resolvent index, then S is called an
E-system node.

Remark 5.1.2.
Let S be an E-operator node on (X,U,Z, Y ). Since A&B is closed, the
main operator A is closed as well. As A is densely defined and ρ(E,A) is
not empty, we can define the spaces X1 and Z−1 as discussed in Chapter 4
and extend A to a bounded operator A−1 ∈ L(X,Z−1).

We start by proving the following properties of E-operator nodes, which
are analogous to those of [Sta05, Ch. 4.7].

Lemma 5.1.3.
Let S be an E-operator node.
a) There exists a unique operator B ∈ L(U,Z−1), such that[

A−1 B
]
: X × U → Z−1

is an extension of A&B and

dom(S) =

{(
x

u

)
∈ X × U | A−1x+Bu ∈ Z

}
. (5.5)



5. OPERATOR NODES AND SYSTEM NODES 113

b) The operator C&D is continuous from dom(S) with the graph norm
to Y and the operator C : X1 → Y , defined by Cx := C&D( x0 ), is
continuous from X1 to Y .

c) For all u ∈ U there exists an x ∈ X such that ( x
u ) ∈ dom(A&B) and

A&B( x
u ) ∈ ranE.

d) For every λ ∈ ρ(E,A) the operator

Fλ :=

[
I −(λE −A−1)

−1B

0 I

]
: X × U → X × U

is boundedly invertible and maps dom(S) one-to-one onto X1 × U .

Proof. a) Let u ∈ U be arbitrary. By Definition 5.1.1 iv), there exists an
x ∈ X such that ( x

u ) ∈ dom(S). Define

Bu := A&B

(
x

u

)
−A−1x.

Since A&B and A−1 are both linear, Bu is independent of the choice
of x and is therefore a well-defined operator B : U → Z−1.

Furthermore, since A&B( x
u ) = A−1x+Bu ∈ Z holds for all ( x

u ) ∈
dom(S), we have

dom(S) ⊆
{(

x

u

)
∈ X × U | A−1x+Bu ∈ Z

}
.

Hence,
[
A−1 B

]
: X×U → Z is an extension of A&B. For the reverse

subset inclusion, let ( x
u ) ∈ X×U be arbitrary with A−1x+Bu ∈ Z. By

Definition 5.1.1 iv), there again exists an x̃ ∈ X such that ( x̃
u ) ∈ dom(S)

and
A&B( x̃

u ) = A−1x̃+Bu ∈ Z

holds. This implies A−1(x−x̃) ∈ Z,
(
x−x̃
0

)
∈ dom(S) and, consequently,

( x
u ) ∈ dom(S).

It remains to be shown that B is bounded, which is done by proving
that B is closed and applying the Closed Graph Theorem. Let (un)n
be a sequence in U converging to an u with Bun converging to a z

in Z−1. Let λ ∈ ρ(E,A) ⊆ ρ(E,A−1) be arbitrary and define xn :=

(λE −A−1)
−1Bun for n ∈ N. Then we have

A−1xn +Bun = λE(λE −A−1)
−1Bun ∈ Z,
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and therefore ( xn
un

) is in dom(S). Since A&B is closed, ( xn
un

) converges to(
(λE−A−1)

−1z
u

)
and A&B( xn

un
) = A−1xn +Bun converges to λE(λE −

A−1)
−1z in Z. It follows that

A&B

(
(λE −A−1)

−1z

u

)
= λE(λE −A−1)

−1z,

which implies

Bu = A&B
(
(λE−A−1)

−1z
u

)
−A−1(λE −A−1)

−1z = z.

b) By [PRS25, Lem. 3], we have C&D ∈ L(dom(S), Y ). As C is the
restriction of C&D to the closed subspace X1 × {0}, it follows that
C ∈ L(X1, Y ).

c) Let u ∈ U . By Definition 5.1.1 iv), there exists an x ∈ X such that
( x
u ) ∈ dom(S). Set x̃ = (λE −A−1)

−1Bu. Then we have

A−1x̃+Bu = λE(λE −A−1)
−1x̃ ∈ ranE ⊆ Z.

By Part a), we conclude ( x̃
u ) ∈ dom(S) and A&B( x̃

u ) = λE(λE −
A−1)

−1x̃ ∈ ranE.

d) Clearly, Fλ is invertible with inverse

F−1
λ :=

[
I (λE −A−1)

−1B

0 I

]
.

Both Fλ and F−1
λ are bounded, as (λE − A−1)

−1B ∈ L(U,X). Let
( x
u ) ∈ dom(S) be arbitrary. By Part a), we obtain A−1x+Bu ∈ Z and

x− (λE −A−1)
−1Bu = (λE −A−1)

−1
(
(λE −A−1)

−1x−Bu
)

= (λE −A−1)
−1 (λEx− (A−1x+Bu)) ∈ X1.

Thus, we deduce Fλ(
x
u ) ∈ X1 × U . Conversely, let ( x

u ) ∈ X1 × U be
arbitrary. Then we have

A−1

(
x+ (λE −A−1)

−1Bu
)
+Bu=Ax+A−1(λE −A−1)

−1Bu+Bu

=Ax+λE(λE −A−1)
−1Bu ∈ Z.

Hence, we get F−1
λ ( x

u ) =
(
x+(λE−A−1)

−1Bu
u

)
∈ dom(S). ❑

Based on Definition 5.1.1, we shall define the following technical terms.
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Definition 5.1.4 (Control operator/observation operator/transfer function).
Let S be an E-operator node.

i) The operator B defined in Lemma 5.1.3 a) is called the control operator
of S.

ii) The operator C defined in Lemma 5.1.3 b) is called the observation
operator of S.

iii) The transfer function of an E-operator node S is the operator-valued
function

G(λ) := C&D

[
(λE −A−1)

−1B

I

]
, for λ ∈ ρ(E,A). (5.6)

Remark 5.1.5.
By Lemma 5.1.3 d), the inverse of the operator Fλ maps {0} × U onto
dom(S). Thus, for all λ ∈ ρ(E,A), the transfer function G(λ) : U → Y is
well-defined.

Lemma 5.1.6.
Let S be an E-operator node.
a) The transfer function of S is analytic on ρ(E,A) and for all λ, µ ∈

ρ(E,A) one has

G(µ)−G(λ) = C
[
(µE −A−1)

−1 − (λE −A−1)
−1
]
B

= (λ− µ)C (µE −A−1)
−1E(λE −A−1)

−1B.
(5.7)

b) For all λ ∈ ρ(E,A) and all ( x
u ) ∈ dom(S) one has

C&D( x
u ) = C

[
x− (λE −A−1)

−1Bu
]
+G(λ)u.

Proof. a) By Lemma 1.2.3, the map λ 7→ (λE −A−1)
−1 is analytic, which

implies that G is analytic as well. The equation (5.7) follows directly
from the pseudo-resolvent identity [SF03, Rem. 2.1.3].

b) For all λ ∈ ρ(E,A) and ( x
u ) ∈ dom(S), we have

C&D

(
x

u

)
−G(λ)u = C&D

(
x− (λE −A−1)

−1Bu

u

)
= C

[
x− (λE −A−1)

−1Bu
]
. ❑

With Lemma 5.1.3 and 5.1.6, it is possible to construct the dual of an
E-operator node, as it has been done in [MSW06, Prop. 2.4] for operator
nodes.
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Lemma 5.1.7.
Let S be an E-operator node. The adjoint of S is given by

S∗ =

[[
A&B

]d[
C&D

]d
]
: dom(S∗) ⊆ Z × Y → X × U,

with

dom(S∗) :=

{(
z

y

)
∈ Z × Y | A∗

−1z + C∗y ∈ X

}
, (5.8)

[
A&B

]d
:=
[
A∗

−1 C∗] and for all λ ∈ ρ(E∗, A∗),
(
z y

)⊤ ∈ dom(S∗)

[
C&D

]d(z
y

)
:= B∗ (z − (λE −A−1)

−∗C∗y
)
+G(λ)∗y.

Moreover, S∗ is an E∗-operator node with main operator A∗
−1. If, addition-

ally, S is an E-system node, then S∗ is an E∗ system node.

Proof. Let λ ∈ ρ(E∗, A∗
−1). By Lemma 5.1.3 d), F−1

λ is bounded on X × U

with F−1
λ (X1×U) = dom(S). Thus, SF−1

λ is well-defined on X1×U and we
have (SF−1

λ )∗ = F−∗
λ S∗. Let ( x

u ) ∈ X1×U . By Lemma 5.1.3, we calculate

SF−1
λ

(
x

u

)
=

[
A&B

C&D

][
I (λE −A−1)

−1B

0 I

](
x

u

)
=

(
A−1x+A−1(λE −A−1)

−1Bu+Bu

Cx+G(λ)u

)
=

(
A−1x+ λE(λE −A−1)

−1Bu

Cx+G(λ)u

)
.

Thus, we have

(SF−1
λ )∗ =

[
A∗

−1 C∗

λ̄B∗(λE −A−1)
−∗E∗ G(λ)∗

]
with

dom(S∗) =

{(
z

y

)
∈ Z × Y | A∗

−1z + C∗y ∈ X

}
.

Hence, for all ( z
y ) ∈ dom(S∗), we obtain

S∗
(
z

y

)
= F ∗

λ (SF
−1
λ )

(
z

y

)



5. OPERATOR NODES AND SYSTEM NODES 117

=

[
I 0

−B∗(λE −A−1)
−1 I

](
A∗

−1z + C∗y

λ̄B∗(λE −A−1)
−∗E∗z +G(λ)∗y

)
=

(
A∗

−1z + C∗y

B∗(z − (λE −A−1)
−∗C∗y) +G(λ)∗y

)

=

[[
A&B

]d[
C&D

]d
](

z

y

)
.

It remains to be shown that S∗ is an E∗-operator node. As the first three
properties follow directly, we only need to show that for all y ∈ Y , there
exists a z ∈ Z such that ( z

y ) ∈ dom(
[
A&B

]d
) = dom(S∗) holds. This

follows directly from choosing

z := (λ̄E∗ −A∗
−1)

−1C∗y

for an arbitrary y ∈ Y , which is, in fact, well-defined since C is a bounded
operator from X1 to Y , and therefore Y ⊆ dom(C∗). Then we have

A∗
−1z + C∗y = A∗

−1(λ̄E
∗ −A∗

−1)
−1C∗y + C∗y

= λ̄E∗(λ̄E∗ −A∗
−1)

−1C∗ ∈ X,

as E∗ maps into X. Thus, ( z
y ) ∈ dom(

[
A&B

]d
) holds. The statement that

S∗ is an E∗-system node, under the assumption that S is an E-system node,
follows immediately, as the norm of a bounded operator coincides with the
norm of its adjoint. ❑

In what follows, we define the classical trajectories of E-system nodes over
an infinite time horizon. Note that this concept can be defined analogously
for a finite time horizon [0, T ] for T > 0, as it was done for system nodes in
[PRS25; Sta05].

Definition 5.1.8 (Classical/generalised trajectories).
Let S be an E-system node. A classical trajectory for (5.4) is

(x, u,Ex, y) ∈ C([0,∞);X)× C([0,∞);U)× C1([0,∞);Z)× C([0,∞);Y ),

which satisfies (5.4) for all t ∈ [0,∞). A generalised trajectory for (5.4) is

(x, u,Ex, y) ∈ C([0,∞);X)× L2([0,∞);U)× C([0,∞);Z)× L2([0,∞);Y ),

which is a limit of classical trajectories for (5.4) on [0,∞) within the topology

C([0,∞);X)× L2([0,∞);U)× C([0,∞);Z)× L2([0,∞);Y ).
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Remark 5.1.9.
a) As the third component Ex in the trajectories is determined by x,

we often write (x, u, y) instead of (x, u,Ex, y) to denote classical and
generalised trajectories.

b) If S =
[
A&B
C&D

]
is an E-operator node on (X,U,Z, Y ), then A&B can be

regarded as an E-operator node on (X,U,Z, {0}). Consequently, the
system (5.4) reduces to

d

dt
Ex(t) = A&B

(
x(t)

u(t)

)
. (5.9)

In the following, we present a condition for the existence of classical
trajectories.

Theorem 5.1.10.
Let S be an E-system node on (X,U,Z, Y ), p = p

(E,A−1)
res + 2, x0 ∈ X,

u ∈ Hp([0,∞);U) and x1, . . . , xp ∈ X with

Exj+1 = A−1xj +Bu(j)(0), for j ∈ {0, . . . , p− 1}.

Then there exists a classical trajectory (x, u, y) for (5.4) with Ex(0) = Ex0.

Proof. By Theorem 4.3.5, we have
( x0

f

)
∈ C(E,A−1). That means there exists

a classical solution x : [0,∞) → X of

d

dt
Ex(t) = A−1x(t) +Bu(t), t ≥ 0,

Ex(0) = Ex0.

Note that the solution x constructed in the proof of Theorem 4.3.5 is at
least twice continuously differentiable, since p = p

(E,A−1)
res + 2. As E is

bounded, t 7→ d
dtEx = E d

dtx is continuous in Z. Hence, we have d
dtEx(t) =

A−1x(t) + Bu(t) ∈ Z for all t ≥ 0. Applying Lemma 5.1.3 a), we deduce(
x(t)
u(t)

)
∈ dom(S) = dom(A&B). Consequently, x is also a classical solution

of

d

dt
Ex(t) = A&B

(
x(t)

u(t)

)
, t ≥ 0,

Ex(0) = Ex0, u(0) = u0.

Define y(t) = C&D
(

x(t)
u(t)

)
. By Lemma 5.1.3 b) the triple (x, u, y) is a

classical trajectory of (5.4). ❑
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5.2 Notes on Chapter 5

In this chapter, we extended the notion of operator nodes and system nodes
to allow for differential-algebraic systems. More precisely, we refined the
formal definitions of ordinary operator nodes and system nodes so that
additional algebraic constraints are imposed on the systems dynamics during
the construction of the underlying system. Instead of requiring the main
operator to have a non-empty resolvent set, we demand ρ(E,A) to be non-
empty. This allows the operator A&B to be split into

[
A−1 B

]
, as shown

in Chapter 4. Moreover, this allows us to define the observation operator,
control operator, and transfer function. Finally, using the results from
Chapter 4.3, we imposed conditions on the input and the initial condition,
which ensured the existence of generalised trajectories.
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Chapter 6

Infinite dimensional
port-Hamiltonian DAEs

Port-Hamiltonian systems constitute a comprehensive framework for the
modelling and analysis of energy-dissipating physical systems. This includes
applications in electrical circuits, mechanical systems, fluid dynamics, ther-
mal systems or robotics, among others. In recent years, there has been
considerable development in the formulation and study of port-Hamiltonian
differential-algebraic equations, also known as abstract dissipative Hamilto-
nian differential-algebraic equations, see [ZM24; MMW18; GHR21; HZ19;
BMHL24; SM18]. The following finite dimensional formulation serves as the
foundation for the subsequent modelling of pH-DAEs in this work

d

dt
Ex(t) = (J −R)Qx(t) + (B − P )u(t),

y(t) = (B∗ + P ∗)Qx(t) + (S −N)u(t),
(6.1)

see [BMXZ18; MM19], where J ∈ Cn×n and N ∈ Cm×m are skew-adjoint
and E∗Q ∈ Cn×n and W :=

[
R P
P∗ S

]
∈ C(n+m)×(n+m) are self-adjoint positive

semidefinite for E,Q,R ∈ Cn×n, B,P ∈ Cn×m, and S ∈ Cm×m. In this
case, the energy of (6.1), also known as the Hamiltonian, is given by

H(x) =
1

2
⟨Ex,Qx⟩Cn .

Furthermore, all solutions x : [0,∞) → X of (6.1) satisfy the dissipation
inequality ; that is, for all times t > 0 and inputs u ∈ L2([0, t];Cm), we obtain

H(x(t))−H(x(0)) ≤ Re

∫ t

0

⟨u(s), y(s)⟩Cm ds,

121
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where H(x(t)) represents the energy stored at time t and Re ⟨u(s), y(s)⟩Cm

denotes the external power supplied to the system [MS23]. This is shown
using the skew-adjointness of J and N , as well as the positive-semidefiniteness
of E∗Q and W . Note that we will not elaborate further on (6.1), as we focus
solely on infinite dimensional systems in the course of this work.

This chapter is structured as follows. Starting in section 6.1, we introduce
infinite dimensional port-Hamiltonian DAEs of the form d

dtEx = AQx. We
prove that the Hamiltonian decays along all classical solutions; i.e., one has
d
dt ⟨Ex(t), Qx(t)⟩ ≤ 0. Subsequently, we focus on the existence of solutions
in Section 6.2, showing that even under minimal regularity conditions, a
port-Hamiltonian DAE always possesses both a real and a complex resolvent
index, and that these indices cannot exceed 2 and 3, respectively. After
establishing existence conditions of a Weierstraß form and investigating their
solvability, we turn our attention to the port-Hamiltonian E-operator nodes
and port-Hamiltonian E-system nodes in Section 6.3. There, after providing
a brief overview on quasi-Gelfand triples and dissipation nodes, we introduce
port-Hamiltonian E-operator nodes and prove the dissipation inequality ,
among others. Then we conclude this chapter with an educational example.
The structures that emerge in this context are illustrated in the following
diagram.

Section 6.1

Section 6.3

port-Hamiltonian DAEs: 
with  ,     closed,     invertible,     dissipativ  

 solution of port-Hamiltonian DAE

Section 6.3

Section 6.2

 has   and 

Section 6.2

 i)    has rad. index
 

 ii)  or 
-semigroup

Quasi-Gelfand triples &
Dissipation nodes

port-Hamiltonian  -operator nodes/ -system nodes

port-Hamiltonian  -operator node,   invertible,  closed
 port-Hamiltonian -system node

-operator nodes/
-system nodes

 generalised trajectory

Figure 6.1: Overview of Chapter 6.

6.1 Port-Hamiltonian DAEs

Throughout this and the following sections we assume that X and Z are
complex Hilbert spaces. We start with a simplified version of (6.1), as it
was done in [ZM24].

The results in this section have been published in [EJM24].
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Definition 6.1.1 (Port-Hamiltonian DAE).
Let E,Q ∈ L(X,Z) and A : dom(A) ⊆ Z → Z be closed and densely defined.
We call (E,AQ) or its corresponding DAE

d

dt
Ex(t) = AQx(t), t ≥ 0, (6.2)

a port-Hamiltonian differential algebraic equation if A is dissipative, ranE
is closed, Q is invertible and

E∗Q ≥ 0. (6.3)

In this context, we refer to

H(x) := ⟨Ex,Qx⟩X , for x ∈ X

as the Hamiltonian of (E,AQ).

Remark 6.1.2.
a) (E,AQ) is a port-Hamiltonian DAE if and only if (EQ−1, A) is a port-

Hamiltonian DAE. In fact, let (E,AQ) be a port-Hamiltonian DAE.
Since ranE is closed, ranEQ−1 is also closed. Using (6.3), we derive
EQ−1 = Q−∗QEQ−1 = Q−∗E∗ with Q−∗ = (Q−1)∗ = (Q∗)−1. Since
EQ∗ is non-negative, we have

⟨Q−∗E∗z, z⟩Z = ⟨Q−∗E∗QQ−1z, z⟩Z = ⟨E∗Q(Q−1z), (Q−1z)⟩X ,

for all z ∈ Z. Hence, (EQ−1, A) is a port-Hamiltonian DAE as well.
The reverse direction follows by repeating the same steps for Ẽ = EQ−1,
Q̃ = Q−1 and Ã = A.

b) By Part a), (EQ−1, A) is a port-Hamiltonian DAE and one can decom-
pose the space Z as

Z = ranEQ−1 ⊕ kerEQ−1 =: Z1 ⊕ Z2.

Thus, the DAE associated with (EQ−1, A) is equivalent to

d

dt

[
E1 0

0 0

](
z1(t)

z2(t)

)
=

[
A1

A2

](
z1(t)

z2(t)

)
, t ≥ 0,

where E1 := EQ−1|ranEQ−1 and Ai : Z → Zi for i ∈ {1, 2}. This system
corresponds to the formulation of port-Hamiltonian DAEs as defined in
[ZM24, Assump. 9].
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Next, we want to show that the Hamiltonian satisfies a dissipation
inequality for all of its classical solutions; i.e., it decays along its classical
solutions. To achieve this, we require the following auxiliary lemma.

Lemma 6.1.3.
Let B ∈ L(Z) be a non-negative and self-adjoint operator on Z and assume
that ranB is closed. Then there exists a C > 0 and T ∈ L(Z) with T ≥ cIZ
and

BTB = B.

Furthermore, ⟨·, ·⟩T := ⟨T ·, ·⟩Z induces a norm on Z, which is equivalent to
∥ · ∥Z .

Proof. Since ranB is closed and B is self-adjoint, Z decomposes orthogonally
into Z = ranB ⊕ kerB. Let PranB and PkerB be the projections of Z onto
ranB and kerB. Define B̃ : ranB → ranB with B̃(z) = Bz. This is a
bounded, positive self-adjoint operator on the Hilbert space ranB, which
is bijective (note that ker B̃ = kerB ∩ ranB = {0}). Hence, since B̃−1 is
bounded, B̃ is strictly positive with〈

B̃z1, z1
〉
≥ c∥z1∥2, for all z1 ∈ ranB,

for some c > 0.
Let ιranB : ranB → Z be an embedding and define

T : ιranBB̃
−1ι∗ranB + PkerB .

This operator satisfies BTB = B and is bounded. Let z = z1 + z2 ∈
ranB ⊕ kerB = Z be arbitrary. Then we have

⟨Tz, z⟩ =
〈
B̃z1 + z2, z1 + z2

〉
=
〈
B̃z1, z1

〉
+ ⟨z2, z2⟩ ≥ c∥z1∥2 + ∥z2∥2.

Thus, T is strictly positive. The self-adjointness of T follows from that of B,
completing the proof. ❑

Corollary 6.1.4.
Let E,Q ∈ L(X,Z), where E has a closed range, Q is invertible and (6.3)
holds. Then there exists a c > 0 and T ∈ L(Z) with T ≥ cIZ and

E∗TE = E∗Q = Q∗E. (6.4)

Furthermore, ⟨·, ·⟩T := ⟨T ·, ·⟩ induces a norm on Z that is equivalent to
∥ · ∥Z .
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Proof. This follows from Remark 6.1.2 a), Lemma 6.1.3 with B = EQ−1,
and the fact that Q is invertible. ❑

Theorem 6.1.5 (Dissipation inequality).
Let (E,AQ) be a port-Hamiltonian DAE. Then, for all classical solutions
x : [0,∞) → X, one has

d

dt
⟨Ex(t), Qx(t)⟩Z ≤ 0, for all t ≥ 0.

Proof. By Corollary (6.1.4), there exists a T ≥ cIZ such that (6.4) holds.
Let x : R≥0 → X be a classical solution of (6.2). Then

d

dt
⟨Ex(t), Qx(t)⟩Z =

d

dt
⟨x(t), E∗Qx(t)⟩Z

= 2Re

〈
Ex(t),

d

dt
TEx(t)

〉
Z

= 2Re

〈
Qx(t),

d

dt
Ex(t)

〉
Z

= 2Re ⟨Qx(t), AQx(t)⟩Z ≤ 0, for all t ≥ 0,

where we used E∗Q = E∗TE and the continuity of E, Q and T in the second
and third equations. Note that we used

⟨Ex(t), TEx(t)⟩Z = ⟨x(t), E∗TEx(t)⟩X = ⟨x(t), Q∗Ex(t)⟩X
= ⟨Qx(t), Ex(t)⟩Z

for all t ≥ 0, in the third equality. ❑

Remark 6.1.6.
Let (E,AQ) be a port-Hamiltonian DAE. If

Re ⟨Ex,AQx⟩Z ≤ 0, x ∈ dom(AQ)

Re ⟨E∗z, (AQ)∗z⟩X ≤ 0, z ∈ dom((AQ)∗)

then has a Weierstraß form (E,AQ) ∼
([

IY1
0

0 N

]
,
[
Ã 0
0 IY2

])
with Ã generating

a contraction semigroup; see [JM22, Thm. 3]. Hence, if the set containing
all trajectories of the solutions is closed, one can show that (E,AQ) has a
Weierstraß form on this subset. In fact, from the proof of Theorem 6.1.5, it
becomes clear that the Hamiltonian is dissipating along all classical solutions
x of (6.2); i.e., one has

Re ⟨Ex(t), AQx(t)⟩Z ≤ 0, for all t ≥ 0.
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Since ranE is closed, ranE∗ is closed as well. As Q−1 is invertible, there
exists a bounded operator S ∈ L(X) with S ≥ c̃IX , for a c̃ > 0, with

ESE∗ = EQ−1 = Q−∗E∗

and ⟨·, ·⟩S−1 = ⟨S−1·, ·⟩X induces a norm on X that is equivalent to ∥ · ∥X .
By straightforward reformulations, we obtain

dom((AQ)∗S−1,T) = {z ∈ Z |∃x∗ ∈ X∀x ∈ dom(AQ):⟨z,AQx⟩T = ⟨x∗, x⟩S−1},

where (AQ)∗S−1,T denotes the adjoint of AQ : dom(AQ) ⊆ XS−1 → ZT .
Considering the adjoint system of (6.2)

d

dt
E∗z(t) = Q∗A∗z(t), t ≥ 0

and choosing z(t) = T z̃(t), this system is equivalent to

d

dt
(E)∗S−1,T z̃(t) = (AQ)∗S−1,T z̃(t), t ≥ 0. (6.5)

Assuming that A∗ is dissipative, one has

Re

〈
(E)∗S−1,T z(t), (AQ)∗S−1,T z(T )

〉
S−1

= Re ⟨E∗Tz(t), SQ∗A∗Tz(T )⟩X

= Re

〈
E∗Tz(t),

d

dt
SE∗Tz(T )

〉
X

= Re

〈
Tz(t),

d

dt
ESE∗Tz(T )

〉
X

= Re

〈
Q−1Tz(t), S−1 d

dt
SE∗Tz(T )

〉
X

= Re
〈
Q−1Tz(t), S−1SQ∗A∗Tz(T )

〉
X

= Re ⟨Tz(t), A∗Tz(T )⟩X ≤ 0,

for all t ≥ 0. Thus, if the sets containing all trajectories

U := {x0 ∈ X | ∃x classical solution of (6.2) ∃t ≥ 0: x(t) = x0},
V := {z0 ∈ Z | ∃z classical solution of (6.5) ∃t ≥ 0: z(t) = z0}

are both closed sets, one can apply [JM22, Thm. 3] to (E|U , (AQ)|U ) on the
spaces (X, ∥ · ∥S−1) and (Z, ∥ · ∥T ).
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Example 6.1.7 (Piezoelectric beam).
We consider a piezoelectric beam on an interval [a, b] that is fixed at one
end and free at the other. In this context, ρ > 0 will denote material
density, µ ≥ 0 the magnetic permeability, α1 > 0 the elastic stiffness, β > 0

the impermittivity and γ > 0 the piezoelectric coefficients. This system is
modelled by the following partial differential equation

ρ
∂2v(ξ, t)

∂t2
= α

∂2v(ξ, t)

∂ξ2
− γβ

∂2p(ξ, t)

∂ξ2
,

µ
∂2p(ξ, t)

∂t2
= β

∂2p(ξ, t)

∂ξ2
− γβ

∂2v(ξ, t)

∂ξ2
,

where v(ξ, t) is the longitudinal displacement, p(ξ, t) is the electric charge
for ξ ∈ [a, b[ and t > 0. Defining

α := α1 + γ2β,

the boundary conditions are given by

v(a, t) = 0,

p(a, t) = 0,

β
∂p(b, t)

∂ξ
− γβ

∂v(b, t)

∂ξ
= 0,

α
∂v(b, t)

∂ξ
− γβ

∂p(b, t)

∂ξ
= 0,

for t ≥ 0. The model was shown to be a well-posed port-Hamiltonian system
associated with a contraction semigroup, as documented in [MÖ14], yet
numerous alternatives exist for selecting the state variables. In this study,
we adopt an alternative selection for the state variables

x(ξ, t) :=


x1(ξ, t)

x2(ξ, t)

x3(ξ, t)

x4(ξ, t)

 =


∂v(ξ,t)

∂ξ√
ρ∂v(ξ,t)

∂t
∂p(ξ,t)

∂ξ√
µ∂p(ξ,t)

∂t

.

Defining

Q :=


α 0 −γβ 0

0 I 0 0

−γβ 0 β 0

0 0 0 I

, E :=


√
ρ 0 0 0

0
√
ρ 0 0

0 0
√
µ 0

0 0 0
√
µ


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and

P1 :=


0 I 0 0

I 0 0 0

0 0 0 I

0 0 I 0

,
the DAE can be expressed as

d

dt
Ex(ξ, t) = AQx(ξ, t), t ≥ 0,

where A = P1
∂
∂ξ . Choosing X = (L2([a, b)))4 = Z and dom(A) such that

the states possess a weak derivative and vanish at the boundaries, A becomes
dissipative. Furthermore, E∗Q is clearly self-adjoint and ranE is closed.
Hence, (E,AQ) is a port-Hamiltonian DAE.

In general, the parameter µ is typically negligible and it is often taken to
be zero. This assumption results in the system aligning with the quasi-static
piezoelectric beam model. If µ = 0 the operator E has a non-trivial kernel
and the fourth state variable becomes identically zero. In this case, the
system reduces to

d

dt


√
ρ 0 0 0

0
√
ρ 0 0

0 0 0 0

0 0 0 0




∂v(ξ,t)
∂ξ√

ρ∂v(ξ,t)
∂t

p(ξ,t)
∂ξ

0

 = P1
∂

∂ξ
Q


v(ξ,t)
∂ξ√

ρ∂v(ξ,t)
∂t

p(ξ,t)
∂ξ

0

, t ≥ 0,

where the port-Hamiltonian structure is preserved.

Example 6.1.8 (Vibrations in a viscoelastic nanorod).
Let us examine the longitudinal vibrations of a viscoelastic nanorod. Denote
by l the nanorod’s length, N(x, t) the axial stress resultant force and w(x, t)

the displacement in the longitudinal x direction. Furthermore, let C be
the elastic modulus, D the cross-sectional area, µ a parameter indicative of
nonlocal effects, ρ the mass density and τd the viscous damping coefficient.
Additionally, let a2 and b2 represent the stiffness and damping coefficients,
respectively, of the light viscoelastic layer. This discussion considers the
framework from [KCMA15]. Consider

∂N(x, t)

∂x
= a2w(x, t) + b2

∂w(x, t)

∂t
+ ρD

∂2w(x, t)

∂t2
,

N(x, t)− µ
∂2N(x, t)

∂x2
= CD

(
∂w(x, t)

∂x
+ τd

∂2w(x, t)

∂x∂t

)
,
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with boundary conditions

∂w

∂t
(0, t) =

∂w

∂t
(l, t) = 0.

In [HZ19], the associated port-Hamiltonian system is presented through

d

dt
Ez(x, t) = AQz(x, t) (6.7)

with

E :=


1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 0

, Q :=


a2 0 0 0 0

0 1
ρD 0 0 0

0 0 1
µρD 0 0

0 0 0 CD + µa2 0

0 0 0 0 1

,

A :=


0 1 0 0 0

−1 −b2 0 0 ∂
∂x

0 0 −CDτd − µb2 −1 1

0 0 1 0 0

0 ∂
∂x −1 0 0


and state

z(x, t) =


w(x, t)

ρD ∂w(x,t)
∂t

µρD ∂2w(x,t)
∂x∂t

∂w(x,t)
∂x

N(x, t)

.

Here, E and Q are bounded linear operators defined on X = L2((0, l);R5)

and A : dom(A) ⊆ X → X with

dom(A) :=

{(
z1
...
z5

)
∈ X | z2, z5 ∈ H1(0, l), z2(0) = z2(l) = 0

}
.

In the study conducted in [HZ19], the existence of solutions was analysed
by transforming the system into a homogeneous port-Hamiltonian system
and using the framework detailed in [JZ12, Ch. 7]. Here, we propose an
alternative methodology by exploiting the dissipativity properties of the
DAE, as seen in Remark 6.1.6.

Given that the various physical constants within Q are positive, it be-
comes straightforward that E∗Q is both non-negative and self-adjoint. Fur-
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thermore, we have

⟨Az, z⟩X =

∫ l

0

z2(x)
∂z5(x)

∂x
+z5(x)

∂z2(x)

∂x
−b2z22(x)− (CDτd + µb2)z23(x)dx

=−b2 ∥z2∥2X − (CDτd + µb2) ∥z3∥2X ≤ 0,

for z = (z1 z2 z3 z4 z5)
⊤ ∈ dom(A); i.e., A is dissipative. Thus, (E,AQ)

aligns with our definition of a port-Hamiltonian DAE.
Now, as in [HZ19, p. 452], we impose the boundary conditions directly

on the space and show that (6.7) has a radiality index of 0. Define

Xt :=

{(
z1
...
z5

)
∈ X | z2, z5 ∈ H1(0, l), z2(0) = z2(l) = 0, µ

∂z2(x)

∂x
= z3(x)

}
,

with the inner product ⟨·, ·⟩X̃t
:= ⟨Q·, ·⟩Xt

. Since Q is coercive, it induces
a norm equivalent to ∥ · ∥X . Moreover, Xt is closed; see [HZ19, Lem. 4.1].
Define X̃ := (X, ⟨·, ·⟩X̃t

). Then we have

Re ⟨AQz,Ez⟩X̃t
≤ Re

∫ l

0

1

ρD

(
z2(x)

∂z5(x)

∂x
+ z5(x)

∂z2(x)

∂x

)
dx = 0

holds for all z = (z1 z2 z3 z4 z5)
⊤ ∈ dom(AQ). Furthermore, we have (AQ)∗ =

A∗Q in Xt. Through similar calculations, we derive Re ⟨A∗Qz,Ez⟩Xt
≤ 0

for all z ∈ dom((AQ)∗). By [JM22, Thm. 3], (E,AQ) is 0-radial and
has a Weierstraß form on Xt = Xt,ran ⊕Xt,ker with Eker(AQ)−1

ker = 0 and
(AQ)−1

kerEker = 0. In particular, (AQ)ranE
−1
ran generates a contraction semi-

group on Xt,ran.

Note that in Example 6.1.8, the operator T from Corollary 6.1.4 is already
given by Q, since E∗QE = E∗Q = Q∗E.

6.2 Solvability and a Weierstraß form

In this section, we analyse the existence of the complex resolvent index for
port-Hamiltonian DAEs. This allows the generation of integrated semigroups,
as detailed in Chapter 3, and is instrumental in deriving solutions for the
inhomogeneous extrapolated DAE. Furthermore, we investigate the existence
of solutions in the case that (E,AQ) has a radiality index. Using Theorem
2.6.3, we already know that (E,AQ) has a Weierstraß form; i.e., the system
decomposes into a differential and an algebraic part. We then examine when
the DAE has solutions for the entire differential component. If not cited
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otherwise, all the results in this section are based on [EJM24].
We begin with a lemma concerning the regularity of port-Hamiltonian

DAEs, which has been previously established in [ZM24].

Lemma 6.2.1. [ZM24, Thm. 13]
Let (E,AQ) be a port-Hamiltonian DAE. Then the following equivalence
holds.
a) There exists an element λ ∈ CRe>0 with λ ∈ ρ(E,AQ).

b) For every element λ ∈ CRe>0 one has λ ∈ ρ(E,AQ).

Together with Theorem 2.3.8, this implies that the (complex) resolvent
index of a port-Hamiltonian DAE always exists, provided there is at least
one element with a positive real part in the generalised resolvent set.

Corollary 6.2.2.
Let (E,AQ) be a port-Hamiltonian DAE and let ρ(E,AQ) ∩ CRe>0 be not
empty. Then (E,AQ) has a resolvent index that is bounded by 2, as well as
a complex resolvent index that is bounded by 3.

Proof. This is a direct consequence of Theorem 2.3.8, Remark 6.1.2 a) and
Lemma 6.2.1. ❑

Additionally, if the port-Hamiltonian DAE possesses a radiality index, it
can be transformed into a Weierstraß form by applying Theorem 2.6.3.

Corollary 6.2.3.
Let (E,AQ) be a port-Hamiltonian DAE with a radiality index. Then,
(E,AQ) admits a Weierstraß form, as stated in Theorem 2.6.3 with X =

Xran ⊕Xker, Z = Zran ⊕ Zker, and

(E,AQ) ∼
([

IZran 0

0 Eker(AQ)−1
ker

]
,

[
(AQ)ranE

−1
ran 0

0 IZker

])
∼
([

IXran
0

0 (AQ)−1
kerEker

]
,

[
E−1

ran(AQ)ran 0

0 IXker

])
.

(6.8)

Proof. This is a direct consequence of Theorem 2.6.3, as ranE is closed. ❑

The main problem with the Weierstraß form (6.8) is that it is no longer
necessarily a port-Hamiltonian DAE. Consequently, we must ask under
which assumptions the operators (AQ)ranE

−1
ran and E−1

ran(AQ)ran generate a
C0-semigroup. A potential criterion for this is the strong (E, p)-radiality of
AQ, as demonstrated in [SF03, Thm. 2.6.1]. In the following, we proceed to
examine the same question under weaker assumptions.
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Theorem 6.2.4.
Let (E,AQ) be a port-Hamiltonian DAE with an existing radiality index.
Then (AQ)ranE

−1
ran and E−1

ran(AQ)ran generate (at least) (p
(E,AQ)
c,res + 2)-times

integrated semigroups. Then the following assertions hold.
a) If Q∗(Zran) = Xran holds, then E−1

ran(AQ)ran generates a C0-semigroup
on Xran.

b) If Q(Xran) = Zran holds, then (AQ)ranE
−1
ran generates a C0-semigroup

on Zran.

Proof. By Theorem 2.5.4 b) and d), E−1
ran(AQ)ran and (AQ)ranE

−1
ran have both

a complex resolvent index, which is bounded by p
(E,AQ)
c,res . By Theorem 3.2.2

and Corollary 3.2.4, these operators generate at least (p
(E,AQ)
c,res + 2)-times

integrated semigroups.
a) Assume that Q∗(Zran) = Q∗(Eran(Xran)) = Xran holds. Thus, the

operator Q∗E : Xran → Xran is non-negative and self-adjoint. In fact,
since Q∗E is self-adjoint, the mappings Q∗E ± iIXran are surjective.
Hence, for every z ∈ Xran, there are elements x± = x±,ran + x±,ker in
Xran ⊕Xker = X with

(Q∗E ± iIX)x± = z.

Together with Q∗E(Xran) = Xran one has

PQ∗Ex± = PQ∗Ex1
± + PQ∗Ex2

±

= Q∗EPx1
± = Q∗EPx±

and

z = Pz

= PQ∗Ex± ± iPx±

= Q∗EPx± ± iPx± = (Q∗E ± iIXran)x±.

Thus, the operators Q∗E ± iIXran
: Xran → Xran are surjective and

consequently, as a closed operator, (Q∗E)ran := (Q∗E)|Xran
is self-

adjoint. Furthermore, since Q∗ and Eran are invertible and (Q∗E)ran
is self-adjoint, (Q∗E)ran becomes invertible and ((Q∗E)ran)

−1 becomes
self-adjoint as well. Hence, applying Lemma 6.1.3 at B = ((Q∗E)ran)

−1,
there exists a c > 0 such that T = ((Q∗E)ran) ≥ cIXran

holds and
⟨·, ·⟩X̃ran

:= ⟨(Q∗E)ran·, ·⟩X induces a norm equivalent to ∥ · ∥X on Xran.
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Define X̃ran := (Xran, ⟨·, ·⟩X̃ran
). Since A is dissipative, one derives

Re ⟨E−1
ran(AQ)ranx, x⟩X̃ran

= Re ⟨AQx,Qx⟩X ≤ 0,

for x ∈ dom(E−1
ran(AQ)ran), which means that E−1

ran(AQ)ran is dissipative
in X̃ran. Given that X = Xran⊕Xker, Eran being bijective and (λEran−
(AQ)ran) being surjective, E−1

ran(λEran − (AQ)ran) becomes surjective as
well with

(λIXran
− E−1

ran(AQ)ran) = E−1
ran(λEran − (AQ)ran).

By the Theorem of Lumer-Phillips [ABHN11, Thm. 3.4.5], the operator
E−1

ran(AQ)ran generates a contraction semigroup on X̃ran. In this case,
E−1

ran(AQ)ran also generates a C0-semigroup on Xran.

b) Assume that Q(Xran) = Q(E−1
ran(Zran)) = Zran holds. As seen in Part a),

it is possible to show, that QE−1
ran is non-negative, self-adjoint and has

a non-negative and self-adjoint inverse, such that QE−1
ran ≥ cIZran

holds
for a c > 0. Define ⟨·, ·⟩Z̃ran

:= ⟨QE−1
ran·, ·⟩Z and Z̃ran := (Zran, ⟨·, ·⟩Z̃ran

).
Thus, we have

Re ⟨(AQ)ranE
−1
ranz, z⟩Z̃ran

= Re ⟨AQE−1
ranz,QE−1

ranz⟩Z ≤ 0,

for z ∈ dom((AQ)ranE
−1
ran), since A is dissipative and QE−1

ran is self-
adjoint on Zran. The rest of this proof follows analogue to the previous
part. ❑

The scenario in which (E,AQ) possesses a radiality index is more common
than one might expect. This is demonstrated in Example 2.3.9, under the
conditions where X = Z, Q = IX , E is non-negative and A is dissipative.

6.3 Port-Hamiltonian E-system nodes

The most general formulation of port-Hamiltonian differential algebraic
systems of the form (6.2) typically uses Dirac structures and Lagrangian sub-
manifolds. These formulations involve vector spaces that are self-orthogonal
with respect to certain inner products. This enables the representation of
pH-DAEs, as these geometric structures preserve properties such as the
interconnection of multiple systems and their energy-dissipating properties,
see [SJ14; MS23; SS14; SM02; SM18].

The main disadvantage of such geometric approaches, at present, is
that they do not adequately address the existence and characterisation of
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solutions. This is where the previously introduced E-nodes become relevant,
see Chapter 5.

In what follows, we briefly recall the definitions of Gelfand triples and
dissipation nodes, which were intensively studied in [Skr21] and [PRS25].
Thereby, we adapt the cited definitions and results to the E-operator node
notation from Chapter 5. These concepts are then used to introduce port-
Hamiltonian E-system node. These results have been published in [EJR25a].

Quasi Gelfand triples

Let X, Z and U be complex valued Hilbert spaces and let X∗, Z∗ and U∗

be their (anti-)duals.

Definition 6.3.1 (Sesquilinear forms - properties).
Let h : dom(h)×dom(h) → C be a sesquilinear form on X. We call h densely
defined if dom(h) is dense in X, positive if h(x, x) > 0 for all x ∈ dom(h)\{0}
and closed if dom(h) is complete with respect to the norm

∥x∥dom(h) :=
(
∥x∥2X + h(x, x)

) 1
2 .

The following result is an implication of Kato’s second representation
theorem [Kat95, Ch. 6.2.6]. Therefore, we will omit the proof.

Lemma 6.3.2.
Let h be a densely defined, positive and closed sesquilinear form on X. Then
there exists a unique positive self-adjoint operator H : dom(H) ⊆ X → X

such that dom(H
1
2 ) = dom(h) and

h(x, y) =
〈
H

1
2x,H

1
2 y
〉
X
, for all x, y ∈ dom(h). (6.9)

This leads us to the formal definition of quasi Gelfand triples.

Definition 6.3.3 (Quasi Gelfand triple).
Let h be a closed, densely defined and positive sesquilinear form. Let Xh be
the completion of dom(h) with respect to the norm

∥x∥h := h(x, x)
1
2 .

Furthermore, let Xh− denote the completion of {x′ ∈ X | ∥x′∥h− < ∞},
where

∥x′∥h− := sup
x∈dom(h)\{0}

|⟨x′, x⟩X |
∥x∥h

.

Then (Xh−, X,Xh) is called the quasi Gelfand triple associated with h.
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In [Skr21, Cor. 4.8], it is shown that Xh− is isometrically isomorphic to
X∗

h. Thus, we canonically identify X∗
h = Xh− from this point onwards and

refer to quasi Gelfand triples of the form (X∗
h, X,Xh).

Lemma 6.3.4. [PRS25, Prop. 17]
Let h be a positive, densely defined and closed sesquilinear form on X and let
H be the uniquely determined positive self-adjoint operator associated with h

from Lemma 6.3.2. Then H has a unique bounded extension H̃ : Xh → X∗
h,

which coincides with the Riesz isomorphism of Xh, denoted by RXh
.

Dissipation nodes

In this section, we provide a brief introduction to the concept of dissipation
nodes. By defining them through E-operator nodes, we will also categorise
them according to the existing literature on dissipation nodes.

We start by recalling the definition of dissipative operators on X∗
h ×U →

Xh × U∗.

Definition 6.3.5 (Dissipative).
We call an operator M : dom(M) ⊆ X∗

h × U → Xh × U∗ dissipative if its
graph is dissipative; i.e., one has

Re

〈(
x′

u

)
,M

(
x′

u

)〉
X∗

h×U,Xh×U∗

≤ 0, for all
(
x′

u

)
∈ dom(M).

Furthermore, M is called maximal dissipative if it is dissipative and its graph
is not a proper subset of a dissipative subspace of (X∗

h × U)× (Xh × U∗).

This brings us to the definition of dissipation nodes, as follows.

Definition 6.3.6 (Dissipation node).
Let (Xh−, X,Xh) be a quasi Gelfand triple. Let M =

[
F&G
K&L

]
be a R−1

Xh
-

operator node on (X∗
h, U,Xh, U

∗). Then M is called dissipation node if M
is dissipative and ρ(R−1

Xh
, F ) ∩ CRe>0 is not empty.

Remark 6.3.7.
Note that we require in the definition of a dissipation node that ρ(R−1

Xh
, F )∩

CRe>0 is not empty, instead of λR−1
Xh

− F having a dense range for some
λ ∈ CRe>0, as is common in other literature. However, it can be shown that
in this latter case, all elements in CRe>0 are already contained in ρ(R−1

Xh
, F ),

see [PRS25, Prop. 13]. Hence, these two definitions are equivalent.
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Port-Hamiltonian E-system nodes

In the following, we consider quasi Gelfand triples generated by sesquilinear
forms hX on X and hZ on Z. For notational simplicity, we omit the index
in the sesquilinear forms and denote the quasi Gelfand triples as (X∗

h, X,Xh)

and (Z∗
h, Z, Zh).

Definition 6.3.8 (Port-Hamiltonian E-system node).
Let (X∗

h, X,Xh), (Z∗
h, Z, Zh) be quasi Gelfand triples associated with hX ,

hZ . Let E,Q ∈ L(Xh, Zh) and M =
[
F&G
K&L

]
: dom(M) ⊆ Z∗

h ×U → Zh×U∗

be a dissipation node on (Z∗
h, U, Zh, U

∗). Then,

S =

[
IZh

0

0 −IU∗

]
M

[
RZh

Q 0

0 IU

]
=

[
IZh

0

0 −IU∗

][
F&G

K&L

][
RZh

Q 0

0 IU

]
is a port-Hamiltonian E-operator node on (Xh, U, Zh, U

∗), if for all x ∈ Xh

hZ(Qx,Ex) ≥ 0

holds and ρ(E,FH̃Q)∩CRe>0 is not empty. If S is additionally an E-system
node, then we call S a port-Hamiltonian E-system node on (Xh, U, Zh, U

∗).

The associated system for a port-Hamiltonian E-operator node reads as[ d
dtE 0

0 IU∗

](
x(t)

y(t)

)
=

[
IZh

0

0 −IU∗

][
F&G

(K&L)

][
RZh

Q 0

0 IU

](
x(t)

u(t)

)
, t ≥ 0.

(6.10)
This brings us to define the Hamiltonian for a port-Hamiltonian E-

operator node.

Definition 6.3.9 (Hamiltonian).
Let S =

[
IZh

0
0 −IU∗

]
M
[
RZh

Q 0
0 IU

]
be a port-Hamiltonian E-operator node on

(Xh, U, Zh, U
∗). Then the operator

H : Xh → R,

x 7→ 1

2
hZ(Qx,Ex) =

1

2

〈
H̃Qx,Ex

〉
Z∗

h,Zh

=
1

2
⟨RZh

Qx,Ex⟩Z∗
h,Zh

is called the Hamiltonian of S.

Similar to what we did in Remark 6.1.2, we can show that every port-
Hamiltonian E-operator node reduces to a system on a single Gelfand triple,
provided that Q is invertible.
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Proposition 6.3.10.
Let S =

[
IZh

0
0 −IU∗

]
M
[
RZh

Q 0
0 IU

]
be a port-Hamiltonian E-operator node on

(Xh, U, Zh, U
∗). If Q is invertible, then

S̃ =

[
IZh

0

0 −IU∗

][
F&G

K&L

][
RZh

0

0 IU

]
becomes a port-Hamiltonian EQ−1-operator node on (Zh, U, Zh, U

∗). Fur-
thermore, S is a port-Hamiltonian E-system node if and only if S̃ is a
port-Hamiltonian EQ−1-system node.

Proof. The first assumption follows from

hZ(Qx,Ex) = hZ(z, EQ−1z) ≥ 0,

for arbitrary x ∈ Xh with Qx = z ∈ Zh, combined with the fact that
ρ(E,FQ) = ρ(EQ−1, F ) holds. Furthermore, the identity (λE − FQ)−1 =

Q(λE−F )−1 holds for all λ ∈ ρ(E,FQ). Thus, (E,FQ) possesses a complex
resolvent index if and only if (EQ−1, F ) has a complex resolvent index. This
implies the second assumption. ❑

Next, we collect certain properties of port-Hamiltonian E-operator nodes.

Theorem 6.3.11.
Let S =

[
IZh

0
0 −IU∗

]
M
[
RZh

Q 0
0 IU

]
be a port-Hamiltonian E-operator node on

(Xh, U, Zh, U
∗).

a) If Q is invertible and ranE is closed, then one has CRe>0 ⊆ ρ(E,FQ).
In this case S becomes a port-Hamiltonian E-system node, where the
resolvent index of (E,FQ) is at most two and the complex resolvent
index of (E,FQ) is at most 3.

b) All generalised trajectories (x, u, y) (and thus also classical trajectories)
satisfy the dissipation inequality

H(x(t))−H(x(0)) ≤ Re

∫ t

0

⟨y(τ), u(τ)⟩U∗,U dτ , for all t ≥ 0.

Proof. a) As seen in the proof of Proposition 6.3.10, EQ−1 is non-negative,
as hZ(Qx,Ex) = hZ(z, EQ−1z) ≥ 0. Since the range of E is closed,
the same holds for EQ−1 and thus, we can decompose the space Zh

as Zh = ranEQ−1 ⊕ kerEQ−1. By [PRS25, Prop. 13], F is maximal
dissipative. Hence, the pair (EQ−1, F ) describes a port-Hamiltonian
DAE defined as in Definition 6.1.1. By Corollary 6.2.2 (EQ−1, F )
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has a resolvent index, which is at most two and a complex resolvent
index, which is at most 3. Consequently, the assumption follows from
Proposition 6.3.10.

b) Assume that (x, u, y) is a classical trajectory in the sense of Definition
5.1.8. Using the product rule and the dissipativity of M =

[
F&G
K&L

]
we

deduce

d

dt
H(x(t)) = Re

〈
H̃Qx(t), d

dtEx(t)
〉
X∗

h,Xh

= Re

〈
H̃Qx(t), F&G

(
H̃Qx(t)

u(t)

)〉
Z∗

h,Zh

= Re

〈(
H̃Qx(t)

u(t)

)
,

[
F&G

K&L

](
H̃Qx(t)

u(t)

)〉
Z∗

h×U,Zh×U∗

+Re

〈
u(t),−K&L

(
H̃Qx(t)

u(t)

)〉
U,U∗

≤ Re ⟨u(t), y(t)⟩U,U∗ , for all t ≥ 0.

By integration the above inequality the dissipation inequality follows.
Analogously, the case of generalised solutions can be showed by taking
limits. ❑

In the vast majority of cases, DAEs arise from ordinary or partial differ-
ential equations modified by additional constraints, typically in the form of
algebraic conditions. Consequently, most port-Hamiltonian system nodes
can be reformulated as port-Hamiltonian E-system nodes. In this context,
for a Gelfand triple (Xh−, X,Xh) = (Zh−, Z, Zh) with hX , an operator

S :=

[
IXh

0

0 −IU∗

]
M

[
RXh

0

0 IU

]

is called a port-Hamiltonian system node if M =
[
F&G
K&L

]
: dom(M) ⊆ X∗

h ×
U → Xh ×U∗ is a dissipation node; i.e., the intersection ρ(R−1

Xh
, F )∩CRe>0

is not empty, see [PRS25]. This is consistent with the definition of an
IXh

-operator node and demonstrates that the definition of a port-Hamilton
E-operator node aligns with the conventional definition.

Lemma 6.3.12.
Let (Xh−, X,Xh) be a quasi Gelfand triple associated with hX , E ∈ L(Xh, Xh)

and S =
[
IXh

0
0 −IU∗

]
M
[
RXh

0
0 IU

]
be a system node. If ρ(E,FH̃) ∩ CRe>0 ̸= ∅
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and
hX(x,Ex) ≥ 0

holds for all x ∈ Xh, then S is a port-Hamiltonian E-system node.

Proof. This follows directly from the definition of a port-Hamiltonian E-
system node. ❑

In concluding this chapter, we examine a case study of a port-Hamiltonian
E-system node, which may initially appear quite mathematical at first glance.
Nevertheless, by subtly altering the algebraic condition, we will see that a
large number of examples with different properties can be derived.

Example 6.3.13.
Let ε1, ε2, r ∈ L∞(0, 1) be non-negative and consider

d

dt

[
ε1(ζ) 0

0 ε2(ζ)

](
x1(ζ, t)

x2(ζ, t)

)
=

[
0 ∂

∂ζ
∂
∂ζ −r(ζ)

](
x1(ζ, t)

x2(ζ, t)

)
, (6.11)

for all t ≥ 0 and ζ ∈ [0, 1]. We will demonstrate that this system fits into the
framework of port-Hamiltonian E-system nodes. In addition, depending on
the choice of additional conditions on ε1, ε2 and r, we will demonstrate how
the characteristics of the system change significantly. To be more precise,
by appropriately selecting these parameters, we can generate (almost) all
possible indices of port-Hamiltonian E-system nodes. As we have already
observed in Theorem 6.3.11 a), these can be at most 2 in the real case and 3

in the complex case. Let X = Z = L2(0, 1)× L2(0, 1) and define

E :=

[
ε1(·) 0

0 ε2(·)

]
, A :=

[
0 ∂

∂ζ
∂
∂ζ −r(·)

]

with

dom(A) :=
{
(x1, x2) ∈ H1(0, 1)×H1(0, 1) | x1(0) = x2(1) = 0

}
.

We choose the standard inner product in L2(0, 1)× L2(0, 1) as the sesquilin-
ear form hX . Thus, the Hamiltonian is given through H(x) = 1

2 ⟨x,Ex⟩Xh
=

∥Ex∥2Xh
and one has dom(hx) = Xh = X∗

h = L2(0, 1) × L2(0, 1). Further-
more, the Riesz isomorphism is represented by the identity operator.

For simplicity, we construct an E-operator node on (X, {0}, X, {0}), as
seen in Remark 5.1.9 b), with main operator A&0 and set

M :=

[
A&0

0

]
.
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We will show that this choice results in a port-Hamiltonian E-system node
as defined in Definition 6.3.8, but without an input or output-operator. It
is, of course, possible to extend the system to include such operators by
adjusting M , provided that the main operator is preserved and M remains
dissipative. Note that such systems may still have an input, which can either
be given by the algebraic constraints in E or may appear in dom(A).

We start by proving that A is invertible on its domain and that M is
dissipative. Let y = ( y1

y2 ) ∈ Xh and consider A( x1
x2

) = ( y1
y2 ) for x = ( x1

x2
).

Simple calculations uniquely determine x as follows

x1(ζ) =

∫ ζ

0

y2(s) ds+

∫ ζ

0

r(s)

(∫ 1

s

y1(v) dv

)
ds,

x2(ζ) = −
∫ 1

ζ

y1(s) ds,

(6.12)

for ζ ∈ [0, 1]. Hence, A is invertible and, by the Closed Graph Theorem, its
inverse is bounded. Furthermore, we have

Re ⟨x,Ax⟩ = Re

∫ 1

0

x′
2(s)x1(s) + x′

1(s)x2(s)− r(s) |x(s)|2 ds

= Re [x2(s)x1(s)]
1
0 +Re

∫ 1

0

x1(s)x2(s)

− x2(s)x1(s) ds−Re

∫ 1

0

r(s) |x2(s)|2 ds,

for all x ∈ dom(A). Due to the domain conditions x1(0) = x2(1) = 0, the
first term (the boundary term) vanishes. The integrand of the second term
x1x2 −x2x1 is purely imaginary, so its real part is zero. The remaining term
is non-positive, as r is non-negative. Hence, we have Re ⟨x,Ax⟩ ≤ 0, which
indicates that A, and thus also M , is dissipative.

Next, we prove that CRe>0 is contained in ρ(E,A). To do so, we only
need to show that CRe>0 ∩ ρ(E,A) is not empty, as the full inclusion then
follows from [ZM24, Thm. 13]. Let λ > 0 be arbitrary small. Since A is
invertible, we rewrite the operator pencil of (E,A) as follows

(λE −A) = −A(I − λA−1E).

Hence, (λE−A) is invertible if and only if (I−λA−1E) is invertible. Choosing
λ > 0 small enough such that ∥λA−1E∥ < 1 holds, the Neumann series
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guarantees that (I − λA−1E) is invertible with

(I − λA−1E)−1 =

∞∑
k=0

(λA−1E)k.

Thus, (λE − A) is invertible for small λ > 0, which implies that CRe>0 ∩
ρ(E,A) is not empty. By Lemma 6.3.12, the operator

S =
[
IXh

0
0 −IU∗

]
M
[
RXh

0
0 IU

]
is a port-Hamiltonian E-system node. Now, assuming that one or both
functions ε1 and ε2 either vanish or are strictly positive, we can reduce the
system to a DAE with an index of 0, 1, or 2.

Index 0. Assume that ε1 and ε2 are strictly positive; i.e., there exists
a c > 0 such that ε1(ζ) ≥ c and ε2(ζ) ≥ c hold for all ζ ∈ [0, 1]. In this
case, (6.11) becomes the wave equation. Whether one wants to consider the
damped wave equation or not, i.e., whether r is considered or not, does not
affect the index of the system, as we will see later. Let x = ( x1

x2
) ∈ dom(A),

λ ∈ CRe>0. Then we obtain

Re ⟨(λE −A)x, x⟩ = Re

∫ 1

0

λε1(ζ)|x1(ζ)|2 + (λε2(ζ) + r(ζ)) |x2(ζ)|2 dζ

− Re

∫ 1

0

x′
2(ζ)x1(ζ) + x′

1(ζ)x2(ζ) dζ

≥ Re (λ) c ∥x∥2Xh
.

Note that the second integral vanishes, as x1(0) = x2(1) = 0 and Rex1x2 −
x2x1 = 0. Substituting (λE−A)x = z into the resulting inequality, applying
the Cauchy-Schwarz inequality to Re ⟨z, (λE − A)−1z⟩ and dividing by
Re (λ)c and s, we obtain

∥∥(λE −A)−1z
∥∥ ≤ 1

Re (λ)c
∥z∥Xh

, for all λ ∈ CRe>0, z ∈ Xh.

Hence, it is clear that (E,A) has a real resolvent index of 0 and a complex
resolvent index of 1. Note that the complex resolvent index cannot be 0,
otherwise the operator A would be the generator of an analytic semigroup,
which contradicts (6.11) being the wave equation.

Index 1. Assume that ε1 and r are strictly positive; i.e., there exists
a c > 0 such that ε1(ζ) ≥ c and r(ζ) ≥ c holds for all ζ ∈ [0, 1]. If ε2 = 0,
then (6.11) coincides with the diffusion equation. In this case, the system
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(6.11) can be rewritten as

d

dt
x1(ζ, t) =

∂

∂ζ
x2(ζ, t) =

∂

∂ζ

(
1

r(ζ)

(
∂

∂ζ
x1(ζ, t)

))
, (6.13)

for all t ≥ 0 and ζ ∈ [0, 1]. To determine the index of (E,A), we proceed
analogously to the index 0 case and obtain

Re ⟨(λE −A)x, x⟩ ≥ c ∥x∥2Xh

for all x = ( x1
x2

) ∈ dom(A), λ ∈ CRe>1. Hence, we have

∥∥(λE −A)−1z
∥∥ ≤ 1

c
∥z∥, for all λ ∈ CRe>1, z ∈ Xh.

Thus, the real and complex resolvent indices of (E,A) are at most 1. Choosing
y :=

(
0
r

∥r∥L∞

)
∈ X and solving (λE − A)x = y, we obtain x =

(
0
1

∥r∥L∞

)
.

Hence, x is independent of the choice of λ and ∥(λE − A)−1y∥ provides a
λ-independent lower bound for ∥(λE−A)−1∥. This implies that the resolvent
is bounded both from above and below independently of λ, which results in
both the real and complex resolvent indices being 1. One might expect a
lower index, since the operator in the right-hand side of (6.13) generates an
analytic semigroup. However, this is not the case, as one must distinguish
between the underlying spaces in (6.11) and (6.13).

We obtain the same index if we set ε1 = ε2 = 0. In this case, (6.11) can
be rewritten as the following elliptic partial differential equation

0 =
∂

∂ζ

(
1

r(ζ)

(
∂

∂ζ
x1(ζ, t)

))
, t ≥ 0, ζ ∈ [0, 1].

Since E vanishes, (λE −A)−1 coincides with A−1, which is given by (6.12).
As the resolvent is independent of λ, the index can be directly determined.

Index 2. Now, assume that ε2 is strictly positive and ε1 = 0. Then
(6.11) reduces to

0 =
∂

∂ζ
x2(ζ, t),

d

dt
ε2(ζ)x2(ζ, t) =

∂

∂ζ
x1(ζ, t)− r(ζ)x2(ζ, t).

To compute the index, we consider

(λE −A)

(
x1(ζ)

x2(ζ)

)
=

 − ∂

∂ζ
x2(ζ)

λε2(ζ)x2(ζ)−
∂

∂ζ
x1(ζ) + r(ζ)x2(ζ)

 =

(
y1(ζ)

y2(ζ)

)
,
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for ( x1
x2

) ∈ dom(A) and ( y1
y2 ) ∈ X. This is solved by

(
x1(ζ)

x2(ζ)

)
=


∫ ζ

0

(λε2(s) + r(s))

(∫ 1

s

y1(k) dk

)
ds−

∫ ζ

0

y2(s) ds∫ 1

ζ

y1(s) ds

.

From this expression, it is clear that the solution x depends linearly on λ.
This implies linear resolvent growth and, consequently, both the real and
complex resolvent indices are 2.

6.4 Notes on Chapter 6

In Chapter 6, we introduced port-Hamiltonian DAEs (E,AQ) in infinite
dimensions. In particular, we proved that the Hamiltonian decays along
all classical solutions, and that every port-Hamiltonian DAE possesses a
complex resolvent index that is bounded above by 3, under the assumption
that the resolvent set ρ(E,AQ) contains at least one element in the open
right half-plane. Building upon the results from Chapter 2, we investigated
the solvability of DAEs with existing radiality index.

Combining the E-system nodes introduced in Chapter 5 with quasi
Gelfand triples [Skr21] and dissipation nodes [Sta05; PRS25], we established
the concept of port-Hamiltonian E-system nodes. After proving the dissi-
pation inequality for port-Hamiltonian E-system nodes, we demonstrated
that ordinary port-Hamiltonian system nodes, which include additional al-
gebraic constraints in the form of a bounded operator E, can be rewritten
as a port-Hamiltonian E-system node if the underlying DAE contains an
element from the right-half plane in the resolvent index and if E is non-
negative. This demonstrates how algebraic conditions can be imposed on
ordinary port-Hamiltonian systems, extending them to a port-Hamiltonian
differential-algebraic system.

These results were then used to reformulate an example of a port-
Hamiltonian DAE into a port-Hamiltonian E-system node, wherein the
index was varied by making minor modifications to the algebraic condi-
tions. The example thus serves as a prime example for a variety of different
port-Hamiltonian DAEs. This serves as a basis for further research on
port-Hamiltonian systems.
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