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Abstract

This thesis develops a precision strategy for potential-based scale setting in Ny =
2 4 1 lattice QCD and a complementary study of Teper-link smearing for glueball
spectroscopy. Using optimised Wilson-loop measurements on CLS ensembles, it
determines the potential scales with controlled statistical and systematic uncertainties,
obtaining r9 = 0.4729(57)(48) fm, r = 0.3127(24)(32) fm, and ro/r = 1.532(12).
The results are consistent with current lattice averages and indicate that g is the more
robust reference scale compared to r1. The Teper-link analysis yields only qualitative
evidence for improved operator overlap.

The primary goal of this work is a first-principles, high-precision determination of the
Sommer parameter from the static quark—antiquark potential, together with a transpar-
ent account of how operator construction, excited-state suppression, force interpolation,
and continuum extrapolation enter the final calculation. The calculation is based on
the CLS Ny = 2+ 1 ensembles, generated with HMC/RHMC using the tree-level
improved Liischer—Weisz gauge action and non-perturbatively O(a)-improved Wilson
fermions, mostly with open temporal boundaries, at five lattice spacings between 0.039
and 0.085 fm, large volumes satisfying m,L 2 4, and pion masses ranging from about
420 MeV to the physical point. Static energies are extracted from HYP-smeared Wilson
loops by a variational GEVP analysis, fit-based effective-mass determination, tree-level
improved distances, and a controlled treatment of open-boundary effects. Statistical
uncertainties are propagated with the I-method including autocorrelations, while
systematic effects are assessed through alternative chiral and continuum fit ansétze,
lattice-spacing and pion-mass cuts, and AIC-weighted model averaging. Working
with the static force removes the additive self-energy renormalisation of V(r) and
permits controlled determinations of ry and r1. Beyond scale setting, the analysis

yields TQA% = 0.820(28) and shows through the curvature observable ¢(r) that the
potential interpolates smoothly between perturbative short-distance behaviour and
confinement-like intermediate-distance behaviour. The secondary part of the thesis
implements Teper blocking for glueball operators and finds a signal mainly for the
AfJ“ ground state; although Teper-blocked operators can modestly improve early-time
behaviour in combined bases, the evidence remains exploratory, and a statistically

larger study is required for definitive spectral conclusions.
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Chapter 1

Introduction

Quantum Chromodynamics (QCD) is the theory of the strong interaction that describes
hadrons as bound states of quarks and gluons. Its ultraviolet behaviour is governed by
asymptotic freedom [1, 2], which makes perturbation theory quantitatively successful at
short distances, while its infrared regime is characterised by confinement (the absence
of isolated quarks), mass generation, and the emergence of hadrons as the physically
observable states. These long-distance phenomena are intrinsically nonperturbative
and therefore require methods that go beyond weak-coupling expansions. In particular,
any first-principles determination of hadron masses, matrix elements, or reference
scales must ultimately confront the strongly coupled regime in which the QCD running
coupling is no longer small. This is the point at which lattice QCD enters. Wilson’s
lattice formulation [3] replaces continuous Euclidean space-time by a discrete grid.
Gauge fields are represented by link variables living on the lattice links, while quark
degrees of freedom are discretised as lattice fermion fields. The construction preserves
exact local gauge invariance at non-zero lattice spacing and turns the QCD path
integral into a problem amenable to numerical evaluation. The pioneering Monte Carlo
studies [4] of lattice gauge theory showed that this formulation is not only conceptually
clean, but also practically powerful: it provides a first-principles framework in which
non-perturbative observables can be computed without model assumptions.

A lattice calculation, however, does not begin by producing answers in MeV or fm.
It first produces dimensionless quantities, such as am, where «a is the lattice spacing
and m a physical mass. Determining a in physical units is therefore not an optional
extra: it is the step that turns simulation data into phenomenology. It is also what
allows one to compare ensembles generated at different bare couplings, to perform
continuum extrapolations, and to state final results in a form that can be confronted
with experiment or with other lattice calculations. For that reason, scale setting is one
of the central technical and conceptual tasks in lattice QCD. There is no unique way to
set the scale. One may use hadron masses or decay constants, whose values are known
experimentally and therefore tie the lattice spacing directly to physical observables.
Alternatively, flow-based quantities such as ¢y [5] and wq [6] are widely used because
they can be computed with high precision. In this thesis, however, the main focus
is on scales derived from the static quark—antiquark potential [7], the energy of a
fixed heavy quark pair separated by a distance r. This is a particularly appealing
choice because the static potential is itself one of the most fundamental observables in
non-perturbative gauge theory. Defined at all distance scales, it smoothly connects the
short-distance regime governed by asymptotic freedom with the long-distance confining
regime. A scale derived from this quantity is therefore not merely a conversion factor,
it remains closely tied to the underlying physics.
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1.1 Potential scales from the static force

The static potential V' (r) is extracted on the lattice from Wilson loops [3], i.e. gauge-
invariant closed paths of link variables in space-time. Historically, it played an
important role in establishing confinement on the lattice, while also providing a non-
perturbative observable that can be compared with perturbative expectations at short
distances, where the coupling becomes weak. At the same time, the potential comes
with an additive self-energy contribution on the lattice, which is ultraviolet divergent
and depends on the regularisation. This makes it natural to look not at V (r) itself,
but at its derivatives. The static force, F'(r) = d‘;—y), is free of that additive ambiguity
and is therefore a renormalised quantity for defining reference scales. In full QCD
this is especially attractive, because the string tension, i.e. the coefficient governing
the asymptotic linear rise of the static potential, is no longer an ideal scale-setting
observable once string breaking, where a quark—antiquark pair is created from the
vacuum, enters at large distances.

A seminal step was taken by Rainer Sommer, who proposed an intermediate-distance
reference scale 7o [7] through the condition 73F(rg) = 1.65. By defining the scale
through the force rather than through the potential itself, one avoids the additive self-
energy problem; by choosing an intermediate distance, one stays away from both the
very short-distance region, where lattice artefacts are more delicate, and the very long-
distance region, where the signal deteriorates and string-breaking physics complicates
the interpretation in full QCD. In phenomenological potential models, the condition
corresponds roughly to rg = 0.5 fm, which makes the scale intuitively hadronic as well
as numerically convenient. Later work demonstrated the practical usefulness of this
construction. Precision quenched studies [8] showed that ro/a can be determined with
high precision and that it behaves smoothly enough to support controlled continuum
extrapolations. A shorter-distance companion scale, riF(r1) = 1.0 [9], was later
introduced and has been used in a number of dynamical-fermion studies. Because r;
is defined at a somewhat shorter distance than rg, it is often statistically easier to
determine and can be advantageous on finer lattices or in analyses where the extraction
of the static potential from large Wilson loops is computationally demanding due to
the exponentially degrading signal-to-noise ratio. Together, rg and r; provide a pair
of closely related reference scales that are both rooted in the same physical observable,
but probe slightly different distance regimes.

What makes these potential scales especially interesting is that they do more than set
the lattice spacing. The same framework also gives access to the shape of the static
force, to the interpolation between perturbative and the long-distance behaviour of
the static potential, and to potential-based couplings defined from derivatives of V().
Even though these potential scales are not directly experimentally accessible, their
physical values were historically inferred phenomenologically through heavy-quark
potential models constrained by the charmonium and bottomonium spectra.

1.2 Glueballs and Teper blocking

A separate line of investigation pursued in this thesis is glueball spectroscopy, which is
largely independent of the potential-scale analysis. Glueballs are hypothetical hadronic
states composed predominantly of gluons, the carriers of the strong force, without
valence quarks [10-12]. Their existence is a natural consequence of QCD because, unlike
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photons in QED, gluons themselves carry colour charge and therefore interact with one
another. QCD thus allows not only quark-based hadrons, but also bound states built
mainly from gluonic degrees of freedom. This possibility was already recognised in
the 1970s [10], and lattice calculations in pure gauge theory [13] later mapped out the
low-lying glueball spectrum with increasing precision. In particular, the scalar channel
emerged early as the most prominent and one of the most phenomenologically relevant
candidates. Glueballs are theoretically fascinating precisely because they are such a
clean manifestation of non-Abelian gauge dynamics, but they are also particularly
challenging. Experimentally, there is still no universally accepted, model-independent
glueball identification. In full QCD the problem becomes even harder, because purely
gluonic states are expected to mix with flavour-singlet mesons and multi-hadron states,
while lattice calculations suffer from a severe signal-to-noise problem [13-16]. For that
reason, the quenched spectrum is better established than the unquenched one, and
unquenched glueball spectroscopy remains more exploratory.

It is in this context that Teper blocking [17] becomes interesting. Conceptually, this
is closely related to gauge-link smearing techniques such as APE smearing [18], which
improve the overlap of gauge-invariant operators with low-lying states by suppressing
ultraviolet fluctuations. Teper’s idea was to recursively construct spatially extended
gauge-covariant operators, so that the resulting operators retain the correct symmetry
properties while probing the infrared length scales relevant for the low-lying glueball
states. In practical terms, this means replacing thin links by iteratively blocked
combinations of straight paths and staples, thereby constructing operators with
improved overlap onto the states one wants to see. Historically, this was a major
step because it made reliable glueball calculations significantly more efficient. Later
high-precision glueball studies used increasingly rich bases of extended operators
and variational techniques, but the underlying logic remained the same: improved
operators are crucial for obtaining cleaner spectral signals. In this thesis, this idea is
revisited within the framework developed previously by our research group [19-23], by
incorporating Teper blocking into the existing smearing procedure and assessing its
impact on the resulting glueball signals.

1.3 Structure of the thesis

The thesis is organised as follows. Chapter 2 reviews the theoretical foundations
of lattice gauge theory relevant for this work, including the formulation of static
sources and the definition of the static quark—antiquark potential. Chapter 3 describes
the computational setup and the ensemble properties used in the analysis. The
determination of the static potential from Wilson loops is developed in Chapter 4,
while Chapter 5 presents the scale-setting analysis and the continuum extrapolation
leading to the final results for the potential scales. Selected physical implications are
discussed in Chapter 6. Chapter 7 contains a separate, exploratory study of Teper
blocking in glueball spectroscopy. Finally, Chapter 8 summarises the results and
provides an outlook.
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Chapter 2

Theory

Most of the theoretical ingredients assembled in this part are standard and widely
accepted within the lattice QCD community; to avoid unnecessary clutter, explicit
citations for basic definitions and well-known identities are generally omitted, and
we instead take Refs. [24-26] as the primary reference sources for conventions and
foundational results.

2.1 Lattice gauge fields: from continuum QCD to the
Wilson action

Quantum Chromodynamics (QCD) is the established theory of the strong interaction
and has enjoyed striking quantitative success in regimes where a weak-coupling
expansion is justified. In particular, asymptotic freedom [27] implies that at sufficiently
high momentum transfer the running coupling becomes small, and perturbation theory
provides a controlled description of short-distance processes. At the same time,
many of the defining phenomena of the strong interaction such as confinement, the
emergence of a hadron spectrum, and the generation of nontrivial long-distance
scales, are intrinsically non-perturbative. In these regimes, a first-principles treatment
requires a formulation beyond ordinary perturbative expansions. The lattice approach
provides such a formulation by introducing a non-perturbative ultraviolet regulator that
preserves locality and (crucially) exact local gauge invariance at finite cutoff [3]. The
key conceptual step is to represent gauge fields by group-valued parallel transporters
on the links of a hypercubic spacetime lattice. Gauge-invariant observables are then
naturally built from products of link variables around closed loops, and the simplest
local gauge action is constructed from elementary plaquettes, i.e. the smallest square
Wilson loops on the lattice. This section summarises these starting principles and
fixes notation for the gauge sector.

2.1.1 Continuum gauge theory in Euclidean space

Before introducing the lattice formulation, we briefly summarise the continuum
formulation of QCD in Euclidean space and fix notation. This provides the reference
framework from which the lattice discretisation is constructed and clarifies how
continuum quantities are represented on the lattice. We consider QCD with gauge
group SU(N.) and ultimately set N, = 3. Let 7% (a = 1,...,N2 —1) denote
generators of the Lie algebra in the fundamental representation, normalised by

1

Tr(T°T") = 500 T =i (2.1)
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where f%¢ are the structure constants. The gluon field is written as
Ap(z) = Aj(z) T, (22)

using Einstein’s summation notation, and the covariant derivative acting on a quark
field in the fundamental representation is

Dy = 0p+ig Au(), (2.3)
with gauge coupling g. The corresponding field-strength tensor is defined by

g

Fuy(z) = g [Dys Dy] = 04 Ay — 0 Ay + ig [Ay, A, (2.4)

so that in components,

Ff, = 0,A% — 0,A% — gf* AL AS, (2.5)

We work in four-dimensional Euclidean space with metric d,,, and repeated indices
are summed using d,,,. The Euclidean Yang-Mills action is

1 a a
Sy[A] = Z/d‘*gc F (x) F (). (2.6)
Under a local gauge transformation Q(x) € SU(N.), the gauge field transforms as
i
Au(z) = Q) Au(2) Qf (x) — p (0,0(x)) QF (2), (2.7)

and F,(z) = Q(z)F, (2)Qf(z), so that Sy[A] is gauge invariant.

2.1.2 Spacetime discretisation

We now proceed to discretise spacetime and introduce the lattice formulation of the
gauge field. We introduce a hypercubic lattice with spacing a. Lattice sites are
labelled by z, and unit vectors in the coordinate directions are denoted by i with
w € {0,1,2,3}. A nearest-neighbour site in direction p is written as = + afi. In
finite-volume simulations one typically considers a lattice of extent L3 x T' (in physical
units) corresponding to (L/a)? x (T/a) lattice points. Boundary conditions and
details of the simulation setup will be specified in chapter 3. The defining step of
lattice gauge theory is to replace the continuum gauge field by group-valued link
variables. A link variable U, (x) € SU(N.) is associated with the oriented link from x
to 4+ afi and is interpreted as the parallel transporter along that link. In the formal
continuum limit, this relation is captured by

Uu(z) = exp(iag A“(m)), (2.8)

which serves as motivation rather than a definition at finite a.

Local gauge transformations are represented by group elements Q(z) € SU(N,) living
on lattice sites. The link variables transform as

Uu(x) = Q(z) Uy (z) QF (z + afp). (2.9)
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This transformation law is the lattice analogue of continuum gauge covariance, and
it has the crucial feature that gauge invariance can be implemented exactly at any
finite lattice spacing through suitable contractions of link variables into closed loops.
The smallest nontrivial closed loop on the hypercubic lattice is the plaquette. The
plaquette in the uv plane at site = is defined as

U (2) = Uu(2) Uy (2 + aft) Ul (z + ad) Uf (). (2.10)

Under gauge transformations, U, (z) — Q(2)U,, (2)Qf(z), and therefore Tr U, (z)
is gauge invariant. More generally, given a closed contour C on the lattice, the
associated Wilson loop is defined as the ordered product of link variables along C,

) =1[vu, (2.11)
LeC

where the product follows the orientation of the contour and U, denotes the link
matrix on each oriented segment. Gauge-invariant loop observables are obtained by
taking the trace, e.g.

W(C) = ]\lrcReTrU(O). (2.12)

Rectangular Wilson loops will play a central role later when defining and extracting
the static quark—antiquark potential. A key consistency requirement is that the lattice
formulation reproduces the continuum gauge action as a — 0. In the continuum
limit, the plaquette is the lattice object associated with the gauge-field strength.
For sufficiently smooth gauge fields, the ordered product of link variables around
an elementary square measures how much a colour vector is rotated when parallel
transported around that loop, and this reproduces the local field-strength tensor in
the continuum theory. Although larger Wilson loops can also be used to construct
gauge actions with the correct continuum limit, the plaquette is the most local gauge-
invariant loop observable and therefore provides the simplest basis for the Wilson
gauge action.

2.1.3 The Wilson gauge action

The simplest local, gauge-invariant action for the link variables is the Wilson plaquette
action,

1 2N,
w U] Zﬁzx:l;/(l—NcReTrUW(m)> , ﬁzg—%, (2.13)

where gg is the bare lattice gauge coupling. § is chosen as an input parameter and
thereby fixes the lattice spacing a, which is determined a posteriori from a scale-setting
observable. Gauge invariance of Sy follows immediately from the gauge-covariant
transformation of the plaquette and the cyclicity of the trace. The action is local
because each term involves only links around a single plaquette. In the continuum
limit @ — 0, the Wilson action approaches the Euclidean Yang-Mills action (2.6) (up
to an additive constant and corrections that vanish with powers of a). The precise
relation is obtained by expanding the plaquette for smooth fields, and it fixes the
identification between /3 and the bare coupling as written in Eq. (2.13). With the
Wilson action, the Euclidean partition function of the pure gauge theory is defined as
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a finite-dimensional group integral,
Z = /HdUM(x) e~ Swlll, (2.14)
T,p

where dU,(z) is the Haar measure on SU(N,) for each link. Expectation values of
gauge-field observables O[U] are

(0) = ;/gdUM(:ﬂ) oU] e SwlVl, (2.15)

In full QCD, the fermionic degrees of freedom are discretised separately and lead,
after Grassmann integration, to an additional factor given by the determinant of the
lattice Dirac operator.

2.2 Lattice fermions and the fermion determinant

To define lattice QCD, the gauge-field measure introduced in the previous section must
be supplemented by a discretisation of the quark fields. In the Euclidean functional
integral, quarks are represented by Grassmann-valued fields. Upon discretisation,
these fermionic degrees of freedom are placed on the lattice sites, while gauge invari-
ance is maintained by coupling them to the link variables that implement parallel
transport between neighbouring sites. This section introduces the basic lattice fermion
formulation used throughout this thesis, emphasising the origin of the fermion doubling
problem and the Wilson discretisation that resolves it.

2.2.1 Fermion fields on the lattice and gauge-covariant differences

For each quark flavour f = 1,..., Ny, we introduce Grassmann fields 9¢(z) and
Y(x) defined on lattice sites z. The fields carry colour indices in the fundamental
representation of SU(N,) and Dirac spinor indices. Gauge covariance at finite lattice
spacing is ensured by transporting fermion fields between neighbouring sites with the
link variables U, (z). A convenient starting point is the gauge-covariant forward and
backward difference operators,

Vab(a) = ¢ (Unle) vl +ap) — 0(@)), (2.16)
Vi(a) = o (4() - Ute — ap) (o~ o)), (2.17)

which transform covariantly under local gauge transformations.

In the continuum, the Euclidean Dirac operator is given by
D =~,D, +m, (2.18)

where D, denotes the gauge-covariant derivative. Replacing the continuum derivatives
by symmetric covariant finite differences leads to the naive lattice Dirac operator

3
Dnaive - % Z o m (Vu + V;) + mo, (219)
n=0
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where my is a bare mass parameter. Although Dy ,ive reproduces the continuum Dirac
operator in the formal limit a — 0, it suffers from the fermion doubling problem: in the
free-field case, the lattice dispersion relation contains additional poles corresponding to
extra light fermionic modes. In four dimensions this yields 24 species in the continuum
limit. This is a generic feature of local, translationally invariant discretisations with
exact chiral symmetry at finite lattice spacing.

2.2.2 Wilson fermions

A standard resolution of the doubling problem is provided by Wilson fermions, which
add an O(a) term (the Wilson term) that lifts the doublers’ masses to the cutoff scale
while leaving the desired continuum limit unchanged. The Wilson-Dirac operator can
be written in the compact form

Dy = 23: [W (Vu + V;) —ar VZV,J + mo, (2.20)
pn=0

N |

where 7 is the Wilson parameter (most commonly 7 = 1). The corresponding lattice
fermion action for a single flavour is

Sp[h,,U] = a* " d(x) Dw ¢ (). (2.21)

In an explicit nearest-neighbour form, Eq. (2.21) may be written as

Sp = a‘*zﬂ; () (mo + tr) (x)

3
- 50 2 (B@)r =) Ula)be + i) + @)+ U o~ ap)u(a  an)

(2.22)

It is often convenient to trade the bare mass parameter for the hopping parameter x

via
1

- —4 2.2
2(amg + 4r)’ i (2.23)

KR = amg =

1
o
in terms of which the action takes a standard hopping form. The Wilson term removes
the doublers but explicitly breaks chiral symmetry at finite lattice spacing. One
important consequence is an additive mass renormalisation: the critical value of the
bare mass (or k) at which the renormalised quark mass vanishes is shifted from its
naive value and must be determined non-perturbatively. In addition, Wilson fermions
generically exhibit discretisation effects linear in the lattice spacing a, motivating the
improvement programme discussed in Section 2.3.
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2.2.3 Integrating out fermions: determinant and propagators

The lattice QCD partition function with Ny flavours can be written formally as

Ny Ny
Z:/[HdUM(x)} Lglpz;fmf} exp —sg[U]—;a‘l;@(m)mwm(@ ,

(2.24)
where Sy[U] denotes the chosen gauge action and Dy[U] the chosen lattice Dirac
operator for flavour f (e.g. Dy with flavour-dependent mass parameter). Since the
fermion fields enter quadratically, the Grassmann integrals can be carried out exactly,
yielding

Ny
7 = /[HdUH(x)} exp{—S,[U]} [] det D;[U]. (2.25)
T, f=1

Fermionic correlation functions are obtained by inserting fermionic operators before
integrating out the Grassmann variables; Wick contraction then expresses them in
terms of the inverse Dirac operator D¢[U]~! (the quark propagator) evaluated in the
background gauge field. For Wilson fermions one has the vs-hermiticity property

DIT/V = v5Dw s, (2.26)

which implies that eigenvalues occur in complex-conjugate pairs and is useful when
discussing positivity properties of fermion determinants for certain flavour combina-
tions. The precise conditions under which the fermion determinant is real and positive
depend on the number of flavours and the quark mass parameters. Since these issues
are primarily relevant for simulation algorithms and do not affect the formal structure
of the path integral used here, we do not discuss them further.

2.3 Discretisation effects and Symanzik improvement

A lattice formulation defines QCD with an explicit ultraviolet cutoff set by the lattice
spacing a. Physical predictions are recovered by taking the continuum limit a — 0
at fixed renormalised parameters. At finite a, expectation values of suitably defined
observables differ from their continuum values by discretisation effects. A convenient
organising principle for these effects is provided by the Symanzik effective theory
viewpoint [28, 29]. For local lattice actions with the correct symmetries and a well-
defined continuum limit, lattice artefacts can be described by an effective continuum
action containing the target continuum action plus a series of higher-dimensional
operators suppressed by powers of a,

Slat ~ Si+aSs+a*Sg+---. (2.27)

Here S represents the dimension-four continuum QCD action, including all operators
compatible with the continuum symmetries. More generally, S; denotes a linear
combination of gauge-invariant operators of canonical dimension d allowed by the
lattice symmetries. In this language, improvement consists in adjusting the lattice
action (and, where required, composite operators) such that the coefficients of the
leading correction terms vanish, thereby shifting discretisation errors to higher order
in a. The Symanzik framework therefore provides the theoretical basis for continuum
extrapolations and for the construction of improved lattice actions.
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2.3.1 Of(a)-improved Wilson fermions

For Wilson fermions, leading discretisation effects in on-shell quantities are generically
of O(a), reflecting the presence of dimension-five operators in the Symanzik effective
theory due to explicit chiral symmetry breaking. The standard O(a) improvement of
the Wilson fermion action is obtained by adding a single dimension-five operator (the
“clover” term) to the lattice action [30],

Slmp SWllson+a CSWZQP 4 Oy Flat( )1/)<1:)7 (228)

where o, = 5[V, W), Fl2 () is a lattice discretisation of the field strength built from
an average of plaquettes in the pv plane (the “clover” construction), and cgw is an
improvement coefficient. When cgw is tuned appropriately and composite operators
are improved consistently, the leading cutoff effects of on-shell observables are removed,
so that discretisation errors start at O(a?) (up to possible logarithmic factors). The
precise tuning strategy and the values used in the numerical simulations are specified

in Chapter 3.

2.3.2 Improved gauge actions: the Liischer—Weisz class

The Wilson plaquette action in Equation (2.13) provides the simplest gauge-invariant
discretisation of the Yang-Mills action, but it exhibits O(a?) discretisation effects
already at the classical level. Gauge-action improvement aims to reduce these effects
by adding further local loop terms such that the leading contributions in the Symanzik
expansion cancel. A widely used class of improved gauge actions is obtained by taking
linear combinations of the plaquette and larger Wilson loops (most commonly planar
1 x 2 rectangles, and depending on the chosen scheme possibly additional six-link
loops) [31],

Sl =8>3 {co (1 — —ReTrUle( )) +c (1 — ]iReTrUﬁVXQ(x)) _|_} 7

T pu<v
(2.29)
with coefficients constrained such that the correct continuum limit is recovered (e.g.
¢+ 8¢y + --- = 1 for common normalisations). The tree-level Symanzik-improved

(Liischer—Weisz-type) gauge action corresponds to a particular choice of coefficients
that cancels the leading O(a?) terms in the classical continuum expansion. The precise
definition (including coefficient conventions and any boundary counterterms required
by the boundary conditions) is given later, where the simulation setup is specified.

2.4 Euclidean correlators and spectral representation

A central advantage of the Euclidean formulation is that energies can be extracted
from the large-time behaviour of correlation functions. On the lattice, this statement
can be formulated cleanly using the transfer matrix: under standard assumptions
(locality and reflection positivity) there exists a positive transfer matrix 7 whose
eigenvalues are related to the energy spectrum of the theory. In practice, one exploits
the resulting spectral representation to isolate ground-state energies from exponential
falloff at large Euclidean time separations.
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2.4.1 Two-point functions and ground-state projection

Let O(x) be a gauge-invariant (or gauge-covariant with appropriate contractions)
interpolating operator with the quantum numbers of interest. A standard object is
the zero-momentum projected two-point function

Co(t) = a*Y_(O(t,x) 01(0,0)),  t=na, neZs. (2.30)

Here (---) denotes the path-integral expectation value with the lattice action and
measure defined previously. In a transfer-matrix formulation, one may write Co (t)
as a matrix element of 7" between appropriate states. This leads to the spectral
decomposition

Co(t) =Y _[0[Ok)[Pe B, t>0, (2.31)

k>0

where |0) is the vacuum and Fj, are energy eigenvalues in the channel of O. For large
Euclidean times, excited-state contributions are exponentially suppressed and

Co(t) —— 1{0]0]0%) |2 e~ P2, (2.32)

where Ej is the lowest energy in that channel and |0*) denotes the corresponding
lowest-lying state (not the vacuum unless O has vacuum quantum numbers). On a
lattice with temporal extent 7" and (anti-)periodic boundary conditions, backward
propagation around the temporal boundary can contribute, and the asymptotic form,

Co(t) ~ A (el £ e~ BlT=1), (2.33)

with the sign depending on the operator content and boundary conditions, which can
be written in terms of a hyperbolic cosine for the case of periodic boundary conditions.
In regimes where t < T the second term is negligible, and the simple exponential
form is recovered. A useful diagnostic is the effective mass/energy, defined by

ameg(t) = ln(C’@C’((z(i)a)> , (2.34)

which approaches aFy as t — oo if a single exponential dominates. The same logic
extends to correlation matrices of multiple operators, where a variational treatment
improves ground-state isolation; such methods are part of the numerical analysis and
will be described where they are used.

2.5 Static sources and the static quark—antiquark poten-
tial

The potential between a static quark and antiquark separated by a distance r is
among the most fundamental gauge-invariant quantities that can be computed non-
perturbatively in QCD. It provides a single observable that probes both the short-
distance regime governed by asymptotic freedom and the long-distance regime associ-
ated with confinement physics. Historically, Wilson-loop computations established a
concrete, non-perturbative characterisation of confinement in terms of the formation
of a flux tube between static colour sources and the resulting rise of the static energy
with distance. From a practical standpoint, the static potential and, in particular,
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its derivatives are also useful because they lead to clean reference scales such as the
potential scales. These are defined directly from the force and do not depend on
fixing an additive normalisation of V(). This is advantageous because V(r) contains
an ultraviolet self-energy contribution associated with the static sources, which is
regulator dependent and divergent as the cutoff is removed. In the following, we
summarise how static sources are represented on the lattice and how rectangular
Wilson loops define the static energy levels and the potential. We then discuss the
additive renormalisation affecting V'(r), which motivates the introduction of force- and
curvature-based observables and potential-derived couplings and phenomenological
descriptions of the static interaction. The observable-specific procedure of tree-level
improvement via improved distances is introduced at the end of this section, where it
naturally accompanies the definitions of lattice derivative estimators of V(r).

2.5.1 Static sources and temporal Wilson lines

The static limit corresponds to infinitely heavy colour sources whose spatial positions
are fixed and whose propagation is purely along Euclidean time. On the lattice, the
propagation of a static source at fixed spatial position x from time 0 to time ¢ is
represented by a straight temporal gauge transporter (a temporal Wilson line),

t—a
Uo(x;0 = t) = [] Uo(x,7), t=na, né€”Zso, (2.35)
7=0

where the product is ordered in increasing FEuclidean time. Gauge-invariant operators
describing a static QQ pair separated by a spatial displacement r are constructed
by combining temporal Wilson lines with spatial transporters that connect the two
sources at fixed time slices. Different choices of spatial transporters affect overlap
factors onto energy eigenstates but not the energy spectrum itself.

2.5.2 Rectangular Wilson loops and the definition of V' (r)

We start with the closed-loop observables that were defined earlier for a general
contour C' by Equation (2.12) and specialise to the rectangular contour C(r,t) of
spatial extent r and Euclidean time extent ¢, and introduce the standard shorthand

W(r,t) = W(C(r,t)), r=I|r|, t=na. (2.36)

Geometrically, W (r,t) consists of two temporal Wilson lines at separation r connected
by spatial transporters at the initial and final times.

In a transfer-matrix formulation, W (r,t) admits a spectral decomposition [25] anal-
ogous to Equation (2.31) in the sector containing a static quark—antiquark pair at
separation 7,

W(rt) =" lea(r)? e 0, (2.37)

n>0

where the energies E,(r) are the static energy levels and the coefficients ¢, () depend
on the chosen operator definition (e.g. choice of spatial transporter and smearing)
that quantify how strongly the chosen operators couple to the corresponding energy
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eigenstates. The static potential is defined as the ground-state energy,

V)= Eo(r), V)= Jim W (r,0). (2.38)

2.5.3 Short-distance regime and potential-derived couplings

At sufficiently short distances, the static potential is well described by perturbation
theory and calculations to two and three loop order have been completed [32-34] [35,
36] both in pure gauge theory and in full QCD. One can define renormalised couplings
directly from V' (r) and its derivatives. A coupling defined from the potential itself [37]
(often referred to as a V-scheme coupling) is

1

av(n) =~ 5 rV(r)

2.
= , (2:39)

p=r=t

where Cr = (N2 —1)/(2N.) is the quadratic Casimir invariant associated with quarks
in the fundamental representation of SU(NN.). Couplings can also be defined from the
force F(r) =V'(r) [7] and from the second derivative V" (r) [38],

1
age(p) = Cr r? Vi(r) ) (2.40)
p=r=1
ac(p) = L V" (r) (2.41)
2Cp J—

The shape of V(r) (or equivalently the behaviour of these couplings) at short distances
is governed by the corresponding [-functions; in practice, this provides a bridge
between non-perturbative lattice determinations at small » and the perturbative
running described by continuum renormalisation group methods.

2.5.4 Long-distance behaviour, string picture, and phenomenological
potentials

In the absence of dynamical fermions, confinement manifests itself in the asymptotic
linear rise of the static potential,

V(r)~or+---, (2.42)

where o is the string tension. A widely used parametrisation of the long-distance
potential in this setting is motivated by effective string descriptions, which predict a
universal 1/r correction [39, 40],

s

_ y 2 _
V(T)—UT+,LL—|—T—|—O(1/T ), ~ 51

(d—2), (2.43)
in d spacetime dimensions, where u is a regularisation-dependent constant. In full
QCD, the string picture is only approximate because the flux tube can break due to
light-quark pair production once the separation is large enough. At such separations the
static energy smoothly transitions from a string-like potential to a regime dominated
by static—-light hadronic states, and a precise definition of the string tension becomes
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ambiguous. This is one reason why force-based reference scales (defined at intermediate
distances) are used in full QCD.

Phenomenological potential models assume a functional form for V'(r) to describe heavy
quarkonium spectra. Two frequently discussed examples are the Cornell potential [41],

0.52 r
Ve rn = - y 2.44
Comnen (1) r + (2.34 GeV1)2 (244)
and the Richardson potential [42],
8 f(Ar)
_ _ _ A 2.4
VRlchardson(T) 33— 2Nf A (A’f’ Ar > ) ( 5)
4 [ sin(qt) { 1 1}
t) = — d ——. 2.46
s =2 [ = (2.46)

In lattice QCD, the static potential V(r) can be computed non-perturbatively from
first principles, allowing direct comparison with phenomenological potential models,
which will be discussed further in Section 6.2.

2.5.5 Additive renormalisation, force, and potential scales

When computed on a lattice with spacing a, the static potential contains an additive,
linearly divergent self-energy contribution associated with the static sources. This
may be expressed schematically as [43, 44]

1
V(T; a) - %ub(r) + Eself(a); Eself(a) ~ 57 (247>

where Vi1, (7) denotes a subtracted potential (defined up to a finite constant by a
renormalisation condition) and the precise form of Fgef(a) depends on the chosen
discretisation of the static action and short-distance regularisation details.

As a consequence, derivatives of the potential are often preferable for defining physical
quantities. The static force is
av(r)
F(r)= ,
(r) dr
and one defines potential reference scales (also known as Sommer scales) r; through
the dimensionless condition [7, 9]

(2.48)

r2F(r;) =c¢;, co=165 ¢ =1. (2.49)

These reference distances are defined at intermediate separations where the lattice
determination is precise and where the observable is insensitive to the additive
ambiguity in V(r). This makes them particularly suitable for precise determinations
from the static potential. In addition, these scales are straightforward to extract
numerically and have been widely used in the literature, which allows for direct
comparison between different lattice calculations.

In addition to the force, it is useful to consider the curvature of the potential, defined
as

1 5dF(r)
c(r)==r .
(r) 2 dr
This quantity provides additional information on the shape of the static potential

(2.50)
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beyond the force itself. In particular, it is sensitive to the variation of the force with
distance and therefore probes deviations from simple parametrisations of the potential.
At large distances, the behaviour of ¢(r) can be related to expectations from effective
string descriptions of confinement, while at shorter distances it reflects the transition
to the perturbative regime. As such, ¢(r) serves as a useful diagnostic for comparing
lattice results with continuum expectations and for assessing the behaviour of the
potential across different distance scales.

2.5.6 Tree-level improvement and improved distances for derivatives
of V(r)

Derivatives of the static potential are central to the calculation of the potential scales
and curvature-based observables. In numerical work these derivatives are obtained
from finite differences of V(r) at discrete separations. At finite lattice spacing,
such finite-difference estimators inherit sizeable discretisation effects from the lattice
geometry, in particular from the fact that the lattice Coulomb potential differs from
the continuum Coulomb form at short distances. A way to reduce these geometric
artefacts is tree-level improvement: one defines an improved distance 7, 8, 45] such
that, at leading order in perturbation theory, the lattice estimator reproduces the
corresponding continuum expression exactly (or to a higher order) when expressed in
terms of this improved distance. At leading order in the gauge coupling, the static
potential in the continuum is Coulombic,

chont("") =—-Cp——, (251)

with go the bare coupling and Cr = (N2 —1)/(2N,) the fundamental Casimir, giving
Cp = 4/3 for gauge group SU(3). On a spatial lattice, the corresponding tree-level
potential is expressed in terms of the lattice Coulomb Green’s function. In infinite
volume one may write

V(r) =~ Crg3 G(r), (2.52)

where G(r) is the Green’s function of the (spatial) lattice Laplacian. A convenient
momentum-space representation is

T Bk eik~(r/a) . ) k.
G(r) = /7r e k= 4Zsm2 (;) . (2.53)

Here k; = ap; denotes the dimensionless lattice momentum, so that the integration
region is the Brillouin zone
kj € [—m, 7).

A commonly used estimator for the static force evaluates a finite difference at the
midpoint between two separations,

F(r + ;) _ Virta)=Vir) (2.54)

a

where r denotes the magnitude of the separation at which the potential is measured
(e.g. = na for on-axis separations). The definition (2.54) is insensitive to additive
constants in V. In the continuum Coulomb case (2.51), the corresponding leading-order
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force is
Fcont(r) =Cp— —. (2.55)

Tree-level improvement amounts to defining, for each lattice midpoint r» 4+ a/2, an
improved distance ry such that the tree-level lattice estimator (2.54), evaluated with the
tree-level lattice potential (2.52), matches the continuum form (2.55) when expressed
at ry [46]:

VI‘CO T"‘a - Vrco T 2 1
Fireo(rr) = = : 3 el?) - CF%)T r2’ (2.56)
I

Using Eqgs. (2.52) and (2.56), this can be written equivalently as

G(r)—G(r+a) 1
a CAnr? (2:57)

where G(r) denotes G(r) for the chosen displacement vector of length r (e.g. on-axis).
Equation (2.57) shows that the improved distance r; is independent of the bare
coupling go, so that once expressed in terms of the lattice Green’s function G, its
determination is purely geometric (up to the choice of gauge/static discretisation) and
can therefore be tabulated once and used for all ensembles with the same action and
smearing.

A similar improved distance can be found for the curvature combination Equa-
tion (2.50), which is invariant under an additive shift of V(r) and is dimensionless in
natural units. For the continuum Coulomb potential (2.51) one finds

N 9%
Ccont(r) = - CFE (2.58)

On the lattice, ¢(r) may be approximated by a symmetric second difference, where an
improved lattice definition is given by [40]

1 —a)—2
o(r) = 57 Virta)+ VC(LZ a) = 2V(r) (2.59)
Using Equations (2.58) and (2.59) together with Equation (2.52), this becomes a

purely geometric condition,

G(r+a)+G(r—a)—2G(r)

1
TZ27T

2.60
73 a ( )

again with G(r) evaluated for the chosen displacement vector(s). With 7(r) determined
once and for all (typically by numerical evaluation of the integral (2.53)), one then
represents the curvature estimator as a function of 7,

=\ — 1 ~3 /!

o(F) = 57 V' (r), (2.61)
which removes the leading tree-level discretisation effects of the derivative operator in
a manner consistent with the continuum Coulomb limit. This is the form relevant for
defining potential-based short-distance couplings from curvature observables in later
sections.

The expressions above correspond to the tree-level lattice Coulomb potential associated
with the standard Wilson gauge action and unsmeared nearest-neighbour lattice
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Laplacian. In the case of our improved action in combination with smeared links one
can then write the explicit force at tree level [38, 46, 47] using

1 [ 4k 3 cos(ziki/a) X fsm(k
0w (27)% 4 (23 sin?(k;/2) — der 5y sint (k;/2))
in combination with Equations (2.56) and (2.57) to get
492 [~ d°k cos(rki/a) —cos((r —a)ki/a)] X fsm(k
a Jox (2m)% 4 (ijl sin®(k;/2) — 4c1 Y sin (kj/Q))
with Cr = 4/3 and ¢; in the case of the Symanzik tree-level improved action
corresponding to ¢; = —1/12, so that one finds [46]
2 9(%
TIFtree(TI) = CFE (264)

The smearing factor, coming from the HYP smearing to be introduced in Section 2.7.2,

1S
2

3
o ~
fom (k) = {1 — El ST k2Qjo(k)| (2.65)
=1
with k; = 2sin(k;/2) and
a9 A A A A 903 A~
Qyo(k) = 1 +as(1+a3) - (1 +203) (k2 + k3 + k3 - k2) + o I1 #2. (260)

where « corresponds to the smearing parameters discussed further in Section 4.3.
Similarly, Equation (2.62) is used in Equation (2.60) for 7.

The values of r; and 7, which now have been defined through tree-level matching con-
ditions involving the lattice Coulomb Green’s function, are found through computing
the required momentum integral numerically by replacing it with discrete momentum
sums on a finite spatial torus of extent L, and then extrapolating to the infinite-volume
limit L/a — oco. Denoting the finite-volume approximation by G(L/a), we evaluate
G(L/a) for L/a = {128,256,512} and perform an extrapolation using

G(L/a) = G(c0) +ca(a/L)? 4 c3(a/L)5,

as motivated in Appendix A of [38]. To estimate the systematic uncertainty from the
extrapolation, we repeat the analysis with extended ansétze that include higher-order
corrections, e.g. (a/L)"” and (a/L)°. The infinite-volume value G(oc) is then inserted
into the defining relation for the improved distances. The resulting values up to
r/a = 20 can be found in Table 2.1.
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r/a rr/a 7/a
3 2.702 3.247
4 3.568 4.053
5 4.541 5.030
6 5.523 6.015
7 6.510 7.001
8 7.504 7.992
9 8.499 8.987
10 9.497 9.984
11 10.496 10.983
12 11.495 11.982
13 12.495 12.982
14 13.494 13.983
15 14.494 14.983
16 15.494 15.984
17 16.495 16.984
18 17.495 17.985
19 18.495 18.985
20 19.495 19.986

TABLE 2.1: Tabulated tree-level improved distances for HYP2 using

the Liischer-Weifl gauge action: r7/a for the force estimator F(r) and

7/a for the curvature estimator ¢(r). The uncertainties are below the
level of the displayed precision.

2.6 Gradient flow and reference scales

A recurring task in lattice QCD is the conversion of dimensionful quantities measured
in lattice units into physical units, as well as the construction of dimensionless ratios
that allow for controlled comparisons across ensembles and lattice spacings. Besides
hadronic observables and quantities derived from the static potential, an important
and widely used class of reference scales is provided by the Wilson/gradient flow [5, 48].
The gradient flow defines a continuous smoothing of the gauge field over a fictitious
flow time ¢, which introduces a physical smearing radius v/8¢. Observables constructed
from the flowed gauge field at positive flow time are ultraviolet finite after the usual
renormalisation of QCD, and typically exhibit very favourable statistical properties.
As a result, flow-based reference scales can be determined with high precision and are
commonly used to compare lattice ensembles and to form dimensionless combinations
of observables. In the continuum, the gradient flow [5, 48] is defined through the
evolution of a gauge field B, (t,z) with flow time ¢ > 0, with initial condition

B,(0,z) = Au(x), (2.67)
and governed by the flow equation
0Bu(t,x) = D,G,,(t, ), (2.68)

where D,, and the flowed field-strength tensor G, are constructed from B, (¢, z). At
flow time ¢ = 0, one recovers the ordinary gauge field A, (z), so that G, (0, z) reduces
to the continuum field-strength tensor Fj,, introduced in Equation (2.4). For ¢ > 0,
the flow suppresses ultraviolet fluctuations and smooths the gauge field over a radius



20 Chapter 2. Theory

V/8t, as follows from the Gaussian diffusion kernel of the flow equation at leading
order. A standard observable is the action density at flow time ¢,

B(t) = 1G5, (6,)Cl (1,), (2.69)

whose expectation value defines the reference scale tg via the implicit condition [5]

2(EW)_ =, (2.70)
t=to
with a conventional choice ¢ = 0.3. The scale tg corresponds to an intermediate
smoothing range, where discretisation effects are moderate and the observable can
be determined with high precision. In the present work, gradient-flow scales are not
determined independently on the ensembles under consideration. Instead, values of
to are taken from existing determinations associated with the ensemble set. Their
role is therefore auxiliary. Specifically, tg is used only as a reference scale to form
dimensionless ratios, such as ro/+/tg, and to provide a consistency check of the
scale-setting procedure based on the static quark—antiquark potential. The primary
scale-setting strategy of this thesis is entirely based on the determination of the
potential scale rg, and flow-based quantities enter the analysis as external inputs.

2.6.1 The A-parameter

The strong coupling is a fundamental parameter of QCD, and its value at a given energy
scale can be obtained from the renormalisation-group equation once the dimensionful
A-parameter of the chosen scheme is known. The A-parameter sets the intrinsic
scale of QCD and determines the running of the coupling across energy scales. In
lattice QCD, a direct determination of A requires connecting low-energy observables
to the high-energy regime where perturbation theory is applicable. This is typically
achieved through nonperturbative studies of the running coupling in finite-volume
renormalisation schemes, such as those developed by the ALPHA Collaboration [49,
50]. These methods allow for a controlled determination of the dimensionless product
Lyag/\, where Ly,q is a reference scale defined at hadronic energies. Since lattice
simulations are performed in lattice units, results are often expressed in terms of
dimensionless combinations involving reference scales. Common choices include rgA
or \/tg/A, which allow for a direct comparison between different determinations. The
conversion to physical units can then be performed once a reference observable is
fixed.

In the present work, the A-parameter is not determined independently. Instead,
external results for Ly,q/A are combined with the potential-based determination of
the potential scale rg. This allows one to express A in units of rg, providing a direct
connection between the scale-setting analysis of the static potential and the running
of the strong coupling. This construction will be used in Chapter 6.

2.7 Smearing

Many lattice operators relevant to hadron spectroscopy and static-source observables
are constructed from gauge links and are therefore sensitive to ultraviolet fluctuations of
the gauge field. These short-range fluctuations can increase statistical noise and reduce
overlap onto the low-lying states whose long-distance behaviour is of primary interest.
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FIGURE 2.1: Schematic illustration of APE smearing for a spatial link

Ui(z) (red). The smeared link is constructed as a weighted average of

the original link and the staple contributions in the transverse directions

j # i. The blue and green paths indicate the staples associated with

the two independent transverse directions, each including forward and
backward contributions.

Link smearing addresses this by replacing each link with a gauge-covariant local
average built from the link and its neighbouring staples, as illustrated schematically
in Figure 2.1, followed by a projection back to SU(3) [18]. Beyond noise reduction,
varying the smearing prescription and its parameters naturally generates multiple
operators within the same symmetry channel, which is advantageous in variational
analyses such as the GEVP. These transformations are applied at the level of operators
(and, for static lines, the static discretisation) and do not modify the underlying gauge-
field ensemble. In the following we collect the smearing transformations used in this
thesis, including APE-type spatial smearing [18], HYP smearing for static links [51],
and Teper-style fuzzing/blocking [17]. A broad class of smearing prescriptions can
be written in a common form: an unsmeared link U,(xz) € SU(3) is replaced by a
locally averaged matrix constructed from U, (z) and a set of neighbouring transporters
(“staples”) that share the same endpoints as U, (z). Gauge covariance is ensured by
building the constructed matrix from products of links along paths from x to = + af,
and by subsequently projecting the result back to SU(3) (which we will denote by

Projsys){})-

2.7.1 3D APE smearing

APE smearing is a gauge-covariant smoothing procedure for spatial gauge links,
designed to reduce ultraviolet fluctuations and improve the overlap of operators with
physical states. Let S, (Z,t) denote a gauge-covariant sum of staples contributing
to the link in direction u. For example, for nearest-neighbour smearing based on
plaquette staples one defines

S (Z,t) = U, (2, 1) U (2 + D, t) U (Z +
+UNE —0,t) Uu(F— 0,8) Uy (T — D+ o, t). (2.71)

In this work only 3D APE smearing will be used, so in practice the smearing is applied
only to spatial directions p =i € {1,2,3}. A generic one-step smeared link is then
formed as a linear combination of an unsmeared link and the staples. Denoting by

7 ,Sn)(:f, t) the link after n smearing steps, one APE update is defined by
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3

(TD(Z,1) = Projgy(a) | UM (Z,t) + anpe Y ST, 1) | - (2.72)

=1

Z#u
A schematic illustration of the construction is shown in Figure 2.1. Since the weighted
average is not in general unitary, the smeared link is obtained by projection back into
SU(3). aapg is a real smearing parameter, typically chosen in the range 0 < aapg <
2/3 for the reasons discussed in [52]. By varying (aapg,n) one obtains families
of gauge-covariant smeared links that suppress ultraviolet fluctuations and improve
overlaps of extended operators. This projection and APE smearing is performed

using qcdlib library, written by Dr. Tomasz Korzec, that employs the projection
corresponding to the prescription described in [16].

2.7.2 HYP smearing (static links)

Hypercubic (HYP) smearing (also referred to as hypercubic blocking) is a gauge-
covariant link-smearing transformation in which a thin link U,(z) € SU(3) is replaced
by a locally averaged “fat” link V,,(z) € SU(3) constructed from staples confined
to the hypercubes adjacent to the original link as illustrated in Figure 2.2. The
elementary HYP smearing transformation is restricted to links within the adjacent
hypercube, making each iteration ultralocal, while efficiently suppressing short-distance
fluctuations [51]. Repeated HYP steps can then be applied to achieve stronger
smoothing while retaining good locality properties. The construction proceeds in three
nested APE-like steps with intermediate projections back to SU(3). To simplify the
notation, sums of the form 3., run over all directions orthogonal to u, including
both orientations. Following the standard definition, one introduces “decorated” links
Vo (z) and V,,.,,(z), where the semicolon indicates directions that are excluded from
the staple construction at that level. The innermost level reads

_ . o A N
Viwp(x) = Projsy (s {(1 —a3) Uu(z) + 73 Z Uy(2) Up(z + af) U;'(x +af)
EnFuv,p

(2.73)

Using these links, the second level is

=~ . 03] - - R N
Vi (2) = Projsy (3 [(1 —az) Uy(z) + 1 Z Vowu(@) Vispw (2 + ap) VJ;WW +afi)|.
+pFu,v

(2.74)

Finally, the HYP-smeared link is obtained as

. a - o\ .
Viu(x) = Projgy s [(1 — ) Up(z) + — > Vil@) Vi (z + ad) ij(x +ap)

6 TrvFp

(2.75)

Equations (2.73)—(2.75) define a single HYP smearing step U — V'; the transformation
may be iterated to generate operator families with different overlap properties. The
explicit projection prescription is not unique. The implementation used in this thesis
follows Ref. [43]. In the static limit, HYP smearing is most commonly applied to
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FIGURE 2.2: Schematic illustration of the nested structure of HYP
smearing. a) The fat link (red) is constructed from staple contributions
(blue) within the attached hypercubes. b) The links entering these
staples are themselves built from restricted staples (green) confined to
lower-dimensional hypercubes. Redrawn from [51].

the temporal links entering the static Wilson line: one replaces Uy(x) by V() in
the definition of the straight temporal transporter. This yields an alternative (still
local) lattice discretisation of the static action, while preserving gauge invariance of
the resulting Wilson-loop observables.

2.7.3 Teper fuzzing/blocking (spatial links)

Teper-style fuzzing/blocking introduced in [17] constructs spatially extended gauge-
covariant transporters by iterating a local “straight + staples” rule on each fixed
timeslice. Similarly as in APE/HYP smearing, the resulting blocked variables need
not be elements of SU(3); gauge covariance is sufficient because only closed traces
enter the operators of interest [17]. It has, however, been shown in [53] that it is
advantageous to project a smeared link back into SU(3) to reduce noise and avoid
overflow. The key idea is to iteratively build composite spatial links (or paths) that
incorporate contributions from an exponentially large number of elementary paths,
thereby generating operators with increasing spatial extent while maintaining gauge
covariance. Schematic illustration of a single Link is seen in Figure 2.3. Starting
from the original spatial link variables one defines blocked links UZ-(N) (x) recursively.
At each blocking level N, the new link in direction ¢ is constructed as a sum of the
straight path and spatial staples built from links at level N — 1 as

UM (@) =UN V(@) U (2 4 v )
+3 U V@) U @iy U @+ ivad),  (276)
j#i

where the sum runs over spatial directions only and is illustrated in Figure 2.3. Here
Iy denotes the effective length of the blocked link, which grows exponentially with
the blocking level,

Iy =2V a. (2.77)

Thus, each iteration doubles the physical extent of the link, allowing one to match the
operator size to the physical size of the state under investigation. An important feature
of this construction is that the number of underlying elementary paths contributing to
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FIGURE 2.3: Schematic illustration of one blocking step in the Teper

construction. A blocked transporter of level n is built from the straight

product of two level-(n — 1) transporters in direction p and from staple-
shaped contributions involving transverse directions v # p.

UZ»(N) () grows extremely rapidly with N, leading to a dense sampling of paths within a
given spatial volume. As emphasized in [17], this effectively generates wave functionals
with the appropriate physical size, claiming an improvement of the projection onto
the lowest-lying states. Gauge-invariant operators are then constructed from these

blocked links in the usual way, e.g. through closed Wilson loops built from UZ-(N) (z).
Importantly, only spatial links are blocked, while temporal links remain unchanged.
This preserves the transfer matrix interpretation discussed in Sec. 2.4 and ensures
that the spectral decomposition of correlation functions remains valid. We then apply
a projection step back onto SU(3) after each iteration to control the growth of the link
variables and maintain numerical stability. Farly applications of extended fuzzy-link
operators in glueball spectroscopy demonstrated their usefulness for improving overlap

with low-lying glueball states and reducing statistical noise [16].



Chapter 3

Computational methodology and
ensemble properties

The determination of a reference scale in lattice QCD requires gauge ensembles with
controlled discretisation effects, large physical volumes, and quark masses close to
the physical point. In this thesis, the collaborative effort of the Coordinated Lattice
Simulations (CLS) Ny = 2 + 1 gauge ensembles [54, 55] form the numerical basis for
the non-perturbative determination of the potential scale 1. The CLS ensembles are
designed to enable reliable continuum and chiral extrapolations, which is essential
for the scale-setting strategy adopted in this work, based on long-distance quantities
derived from the static quark—antiquark potential. The CLS effort aims at the
generation of high-quality gauge ensembles, characterised by fine lattice spacings,
large physical volumes, and pion masses approaching the physical point. At the same
time, a uniform simulation strategy is maintained, using a consistent choice of lattice
action and parameters across ensembles, which facilitates controlled continuum and
chiral extrapolations. In the present generation, CLS employs Ny = 2 + 1 flavours
of dynamical quarks, with degenerate light quarks and a separately tuned strange
quark. A central design feature is the use of open boundary conditions in the temporal
direction, which allows simulations at fine lattice spacings by avoiding topological
freezing.

3.1 Lattice action and improvement

This section summarises the lattice discretisation used for the generation of the CLS
ensembles. The choice of gauge and fermion actions is guided by the need to control
cutoff effects in long-distance observables, which are central to the scale-setting analysis
presented in this thesis.

3.1.1 Gauge action

The gluonic degrees of freedom are described by the tree-level improved Liischer—Weisz
gauge action [31] introduced in Equation (2.29),

S,|U] = % (c()ZTr{l ~U(p)}t+ay Tr{l- U(r)}) ) (3.1)

where U(p) and U(r) denote the plaquette and rectangular Wilson loops, respectively
and B = 6/gZ, containing the bare gauge coupling gg. The coefficients are constrained
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by the normalisation condition [46, 56]
co+8c1 =1, (32)

and for the tree-level Symanzik action used are ¢g = 5/3 and ¢y = —1/12. This
action reduces O(a?) cutoff effects compared to the Wilson plaquette action, which is
advantageous for scale setting based on long-distance observables.

3.1.2 Fermion action and O(a) improvement

The fermionic sector is formulated using O(a)-improved Wilson fermions. For each
flavour f, the Dirac operator reads

ia

where D\(Z(\),) is the unimproved Wilson-Dirac operator [3] and cgw denotes the
Sheikholeslami-~Wohlert coefficient [30], determined non-perturbatively, o, = %[7#, Wl
is the antisymmetric spin tensor, and F},, is a lattice discretisation of the contin-
uum gauge field-strength tensor introduced in Section 2.1.1. The fermion action for
Ny = 2+ 1 flavours is given by

Sp=a'>" > &(@)Dw(mos)vs(z), (3.4)

T f:u7d7s
with degenerate up and down quark masses,
mow = Mo,d = Mo,¢- (35)

The strange quark mass mg s is tuned as a function of the light quark mass, corre-
sponding to a trajectory of constant physics. Together, these discretisation choices
define the lattice theory underlying the CLS ensembles and provide the basis for the
tuning strategy

3.2 Simulation parameters and tuning strategy

The corresponding bare parameters are tuned within a hadronic renormalisation scheme
designed to enable controlled matching across lattice spacings. The tuning strategy is
designed to minimise systematic uncertainties associated with renormalisation and
to enable a controlled matching of ensembles at different lattice spacings. Since CLS
has generated data using Ny = 2 + 1 flavours, electromagnetic and isospin breaking
effects as well as contributions from heavier quarks are not taken into account in the
calculations

3.2.1 Hadronic renormalisation scheme

Matching dimensionless combinations of low-energy hadronic observables allows the
bare parameters of the theory to be fixed within a hadronic renormalisation scheme.
This approach avoids the use of intermediate renormalisation constants and enables
tuning quantities to be determined directly from lattice measurements. Residual
chiral extrapolations may still be required to reach the physical point. In practice,
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pseudoscalar meson masses, the isosymmetric pion and kaon, are combined with
the Wilson flow scale tg, introduced in Section 2.6, to define dimensionless mass
parameters,

¢o = Stom?Z, ¢4 = 8to (m%( + %m3r> ) (3.6)

which, at leading order in chiral perturbation theory, are proportional to the sum of
the light-quark masses and to the trace of the quark mass matrix, respectively [57,
58]. The Ref. [54], which this chapter mainly uses to discuss the CLS setup, used
V8tp = 0.4144(59)(37) by the BMW collaboration using Ny = 2+ 1 flavours [6]
together with the QCD values of the pion and kaon masses in the isosymmetric limit
without electromagnetic contributions taken from Ref. [59] being m, = 134.8(3)MeV
and myx = 494.2(4)MeV to estimate ¢ and ¢4. Since then Chiral extrapolation has
been performed with an increased set of ensembles by Ref. [60], which found the flow

scale to be
VRS = 0.1443(7)(13) fm, (3.7)

and values of ¢9 and ¢4 to be

GBS = 0.0779(7),  ¢5™° = 1.098(10). (3.8)

3.2.2 Chiral trajectories and tuning

In simulations with O(a)-improved Wilson fermions, the relation between the bare
gauge coupling and the lattice spacing is affected by mass-dependent cutoff effects. In
particular, within the Symanzik improvement framework, the improved bare coupling
receives corrections proportional to the sum of the sea quark masses. As a consequence,
variations of the quark masses at fixed bare coupling generally induce changes in the
lattice spacing at O(amg) [54, 61]. To control these effects CLS adopts the choice of
chiral trajectories in the space of bare quark masses, that keep the sum over the bare
quark masses fixed,

Tr My = 2mg ¢ + mo,s = const, (3.9)

where my ¢ denotes the degenerate up and down quark mass and myg s the strange quark
mass. Up to cutoff effects of O(a?), this condition implies that the lattice spacing
remains constant along a given trajectory. This property is particularly advantageous
for scale-setting studies, since it helps disentangle quark-mass dependence from lattice-
spacing effects when comparing dimensionless observables along a trajectory. In
practice, ensembles at different values of the bare coupling are matched at a point
close to the flavour-symmetric line,

moe = Mo,s, (3.10)

where the tuning of the quark masses is numerically stable, in the sense that simulations
remain well behaved and statistical fluctuations are under control. Starting from this
matching point, trajectories towards the physical quark mass point are defined by
varying the light and strange quark masses while maintaining a constant trace condition.
Nonetheless, small mistunings of the quark masses are unavoidable in practice. As a
result, the ensembles at the flavour-symmetric point do not all correspond to exactly
identical values of ¢9, and the chiral trajectories do not maintain strictly values of ¢4.
In earlier studies, such mistunings were corrected by explicitly computing quark-mass
derivatives of the observables and using these to shift the results accordingly [62].
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In the present work, however, the focus lies on purely gluonic observables and on
dimensionless ratios constructed from them. For these quantities, the dependence on
the quark masses is sufficiently weak that the effects of the residual mistunings can
be neglected at the level of statistical precision achieved. This behaviour has already
been observed in Ref. [62], where the required corrections to the gluonic reference scale
to were found to be negligible. Consistent with this, we observe that potential-based
scales exhibit a similarly mild quark-mass dependence on the ensembles for which
quark-mass derivatives have been computed. The resulting shifts are small compared
to the corresponding statistical uncertainties. For this reason, we do not apply explicit
corrections based on quark-mass derivatives, which tend to be noisy in practice.
Instead, residual mistunings are accounted for by including terms proportional to
deviations from the target value of ¢4 from Eq. (3.8) in selected fit ansétze.

3.3 Algorithmic treatment of the quark determinant

The ensembles employed in this work are generated using a Hybrid Monte Carlo [63]
(HMC) algorithm with different numerical treatments for the light and strange quark
sectors. These choices are motivated by numerical efficiency and stability considerations
discussed in detail in [54]. The two degenerate light quarks are simulated using an
even—odd preconditioned [64] HMC algorithm combined with a factorisation of the
fermion determinant [65-67]. In addition, a small twisted-mass regulator is introduced
in the light-quark sector during the simulation to suppress near-zero modes of the Dirac
operator [68]. The strange quark is treated separately using a Rational Hybrid Monte
Carlo (RHMC) algorithm [69]. The simulated gauge field ensemble differs slightly
from the target distribution. Expectation values of observables are therefore corrected
by the inclusion of appropriate reweighting factors. These account for the effects of
twisted-mass reweighting [68, 70], residual errors of the rational approximation, and
the occurrence of a negative strange-quark determinant [71].

3.4 Boundary conditions and their impact on scale ob-
servables

In lattice QCD, periodic boundary conditions are used in essentially all older works
and are still most commonly used, as they preserve Euclidean translational invariance
and minimise boundary artefacts, allowing finite-volume simulations to more closely
approximate infinite-volume QCD. But open boundary conditions are now standard
in specific regimes. In studies [72, 73] it has been shown that periodic boundary
conditions with a — 0 lead to severe autocorrelations and topological freezing as the
action barrier between topological sectors grows and HMC transitions between sectors
become exponentially suppressed. The ergodicity of the Markov-chain Monte Carlo
(MCMC) simulation, which means that for infinite Monte Carlo time any configuration
with nonzero Boltzmann weight can be reached, is no longer given, since the Markov
chain effectively cannot transition between topological sectors if topological freezing
is occurring [67]. Thereby long-range correlations could be invisible in the Monte
Carlo history and the generated gauge configurations may not constitute a statistically
representative sample of the target QCD ensemble. To mitigate topological freezing
at small lattice spacings, open boundary conditions are imposed in the temporal
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direction [72]. Gauge fields satisfy

For(z) =0, (3.11)

20=0,T

where F,,(z) denotes the gauge-field tensor, defined in Equation (2.4), while in the
fermion fields Dirichlet-type boundary conditions are imposed with

Pio(e)| =0, Poyg(z) =0, (3.12)
zo=0 ro=T
with the projectors defined as
P =1(1+). (3.13)
The continuum topological charge is defined as
1
Q= /d41: q(z), q(z) = 39,2 Chvpo tr[Fp (x) Fpo ()] . (3.14)

With periodic boundary conditions, gauge configurations are separated into topological
sectors labelled by an integer-valued topological charge ). For open temporal boundary
conditions, however, the topological charge is no longer quantized, since topology can
continuously flow through the temporal boundaries. This removes the topology barriers
responsible for topological freezing at fine lattice spacings. Open boundaries break
exact translational invariance in the temporal direction, which has implications for
observables constructed from Wilson loops. In the determination of the static potential,
temporal separations are therefore chosen sufficiently far from the boundaries such
that boundary effects are exponentially suppressed. Most CLS ensembles employed in
this work, given in Table 3.1, were generated with open temporal boundary conditions
to mitigate topological freezing at fine lattice spacings, while only a smaller subset
uses periodic boundaries. The treatment of open-boundary effects on the ensembles
will be discussed further in Section 4.5.

3.5 Ensemble characteristics

The CLS ensembles used in this work consist of Ny = 2+ 1 gauge configurations gener-
ated with O(a)-improved Wilson fermions and primarily open boundary conditions in
the temporal direction. They span five lattice spacings in the range a ~ 0.039-0.085 fm,
allowing for controlled continuum extrapolations. In lattice QCD, both ultraviolet
(UV) and infrared (IR) cutoff effects must be controlled. The lattice spacing a in-
troduces a UV cutoff of order pymax ~ 7/a, limiting the resolution of short-distance
physics and leading to discretisation effects. Conversely, the finite spatial extent L
acts as an IR cutoff, with the smallest non-zero momentum given by pmin ~ 27/ L,
which governs finite-volume effects. Ideally, one would like to realise the hierarchy

27 T
f < AQCD << E,
corresponding to large volumes and fine lattice spacings. In practice, this is constrained
by computational cost, which grows rapidly with the number of lattice points, (L/a)*.
As a result, cutoff effects cannot be eliminated completely, but are instead controlled
and quantified. A commonly used criterion [74] to suppress finite-volume effects in
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hadronic observables is that the spatial volume satisfies
myL 2 4. (3.15)

The pion masses range from approximately 420 MeV down to the physical pion mass,
following the chiral trajectories described in Section 3.2.2. This coverage in lattice
spacing, volume, and quark mass allows for controlled interpolations to the physical
point and provides a solid basis for the scale setting analysis presented in the following
chapters. An overview of the CLS ensembles employed in this work is given in Table 3.1
and visualized in Figure 3.1 in respect to the pion mass, lattice spacing and m,L
relationship

3.6 Autocorrelations and error analysis

Monte Carlo simulations of lattice QCD generate ensembles of gauge field config-
urations through a Markov process, implying that successive measurements can
have a certain amount of correlation, which is known as autocorrelation. A reliable
determination of statistical uncertainties therefore requires a careful treatment of
autocorrelations, in particular for simulations at fine lattice spacings, where critical
slowing down is expected to become increasingly severe [75]. Critical slowing down
refers to the rapid growth of autocorrelation times as the lattice spacing is reduced,
making successive configurations increasingly correlated. In this work we use the
I'-method [76] for the error analysis of the data of auto-correlated Monte-Carlo time
series, to take autocorrelations into account. It allows for a controlled determination
of statistical errors for both primary observables and derived quantities. Compared to
binning/blocking techniques, it provides more robust error estimates and a clearer
separation of statistical and systematic effects associated with finite Monte Carlo
statistics

3.6.1 Autocorrelation functions and integrated autocorrelation times

One cannot assume that generated data are uncorrelated and to calculate the auto-
correlation is the best way to check that. Given a sequence of measurements {O;}
of an observable O obtained along a Markov chain, the autocorrelation function is
defined as

To(t) = ((0i = (0))(Oiys = (0))), (3.16)

where ¢ denotes the separation in Monte Carlo time. Here (-) denotes the path integral
averages. For most lattice observables, the autocorrelation function exhibits an initial
rapid decay at small ¢, dominated by fast modes of the Markov process, followed by
a slower exponential tail at large ¢ governed by the slowest modes. The associated
integrated autocorrelation time,

—

+ i o(t) (3.17)

Tint(o) = o 0(0)7

N | =
—

quantifies the effective number of Monte Carlo updates over which measurements re-
main correlated. It is commonly stated, that independent measurements are separated
by ~ 27ih. Autocorrelations increase the variance of the estimator for the expectation
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value of O according to

var(0) = MN(O)rO(o), (3.18)

where N is the total number of measurements. The quantity 27, (O) thus measures
the reduction in the effective number of statistically independent measurements due
to autocorrelations. For the topological charge with periodic boundary conditions at
small lattice spacing, as mentioned in 3.4, the autocorrelation might become extremely
large or unmeasurable, as the sum defining the autocorrelation might not converge
reliably. This would break down the error estimation and the ensembles may no longer
be representative.

3.6.2 The I'method for error estimation

In practice, the autocorrelation function must be estimated from a finite Monte Carlo
history and summed only up to a finite window size W [76, 77]. In the I'-method, the
integrated autocorrelation time is therefore estimated as

w
Tt (O, W) = %%— Z Tg((t) (3.19)

T'o(0)

An automatic windowing procedure is employed by Ref. [76] such that the combined
statistical uncertainty and the systematic truncation error of the sum are minimised.
To take slowly decaying modes of the auto-correlation functions into accounts, a
tail is added onto the autocorrelation time, as proposed in Ref. [75]. The I'-method
generalises straightforwardly to derived observables, such as fit parameters or ratios,
by projecting the autocorrelation functions of the primary observables onto the derived
quantities. It is described further in [78-80] how the derived observables are treated
by having mean values and the corresponding projected fluctuations stored in suitable
data structures to allow for a straightforward linear propagation of uncertainties while
fully accounting for correlations and autocorrelations. The only practical limitation
observed with this approach arises in rare cases from its memory requirements. In
order to retain sufficient information for a reliable treatment of autocorrelations in
the error propagation, the method stores a large amount of data associated with
the derived observables. For data sets comprising on the order of several tens of
thousands of configurations, and in particular for analyses involving large correlation
matrices, this can lead to substantial memory consumption, which may become a
limiting factor on standard desktop machines. All statistical errors presented in this
thesis are obtained using the I'-method, and autocorrelations are taken into account
consistently throughout the analysis.



32 Chapter 3. Computational methodology and ensemble properties

450 T T T 6.6
Ousne 0P @z B0 @0y
400 1 6.1
350 Onzos @590 Otz ]
@ Js01 156
57300 | .
§ @ N200 @ H105 151 ~
& @ J303 g
g 250 .
mp4so Oc1o1 146
200 @ D200 ]
@ E300
150 | W D452 ] 4.1
M E250 = Periodic
e Open
100 : : . 3.6
0.02 0.04 0.06 0.08 0.1
a[fm]

FIGURE 3.1: The CLS Ny = 2 + 1 ensembles from Table 3.1 visualized

on a lattice spacing and pion mass plane with the colours corresponding

to the spatial volume with open or closed boundaries corresponding to
the form of the marker
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Chapter 4

The static quark—antiquark
potential

The static quark—antiquark potential is a fundamental non-perturbative observable of
Quantum Chromodynamics. It characterises the interaction energy of a static colour
source-anti-source pair as a function of their spatial separation and plays a central
role in the study of confinement. Beyond its physical significance, this potential
provides a practical foundation for defining reference scales, such as the potential scale
ro [7], which is a central focus of this thesis. In this chapter, we describe how the
static potential is computed on the CLS N; = 2 + 1 gauge ensembles introduced in
Chapter 3. The discussion proceeds from the definition of the potential and its lattice
representation to the practical aspects of its measurement and extraction. Particular
attention is paid to the challenges associated with Wilson-loop measurements in
full QCD and to the strategies employed to overcome them. These considerations
motivate the use of operator improvement techniques, most notably hypercubic (HYP)
smearing [51], which are essential for obtaining a reliable signal for the static potential
on dynamical ensembles. The chapter is organised as follows. First, the static
potential and its relation to Wilson loops are introduced. The specific difficulties
encountered in measuring Wilson loops in the presence of dynamical fermions are
then discussed, providing the motivation for the smearing and variational techniques
described subsequently. Finally, the static potential is extracted from the Wilson-loop
data and used to determine the potential scales.

4.1 Static potential from Wilson loops

In lattice QCD, the static quark—antiquark potential, introduced in Section 2.5, is
extracted from rectangular Wilson loops. For a spatial separation r and Euclidean
time extent T, the corresponding observable is defined as

W(r,T):<TrP 11 Uu(x)>, (4.1)

(z,p)€C(r,T)

where C(r,T) denotes a rectangular contour of spatial extent r and temporal extent
T. In the transfer-matrix formalism, the Wilson loop admits a spectral decomposition
analogous to Equation (2.37),

W(r,T) = Z e (r)|? e V(T (4.2)

n
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where V,,(r) are the energy levels of the static quark—antiquark system and ¢, (r)
quantify the overlap of the chosen operators with the corresponding eigenstates. In
the limit of large Euclidean time, and provided thermal contributions from the finite
temporal extent of the lattice are negligible, excited-state contributions are expo-
nentially suppressed, and the ground-state potential V (r) = Vj(r) can be extracted.
The extraction of the static potential from Wilson loops thus requires both sufficient
suppression of excited-state contributions and adequate statistical precision at large
temporal separations.

4.2 Challenges of Wilson-loop measurements in full QCD

On the lattice, the static quark—antiquark potential is typically extracted from the
large-time behaviour of rectangular Wilson loops, although alternative definitions,
such as those based on Polyakov loop correlators, can also be considered. In practice,
the direct measurement of Wilson loops poses significant challenges, especially in
simulations with dynamical fermions. A generic difficulty arises from the exponential
degradation of the signal-to-noise ratio with increasing temporal extent and spatial
separation of the loop [82]. While the expectation value of a Wilson loop decays
exponentially with its area, the variance is dominated by ultraviolet fluctuations,
leading to rapidly increasing statistical uncertainties at large distances. This problem
is already present in pure gauge theory and becomes more difficult to handle in full
QCD. In pure gauge simulations, this issue can be mitigated using the multi-hit
(or one-link) method [83] and, more efficiently, multilevel noise-reduction techniques
[84], which exploit the locality of the gauge action to factorise contributions from
different regions of the lattice. However, once dynamical fermions are included, the
fermion determinant induces non-local couplings between gauge fields across time slices,
preventing a straightforward application of such methods [38]. As a consequence,
alternative strategies are required for Wilson-loop measurements in full QCD. A
second, closely related challenge is the contamination from excited states of the static
quark—antiquark system. At finite temporal extent, Wilson loops receive contributions
from a tower of energy eigenstates, and isolating the ground-state potential requires
either very large Euclidean times or operators with sufficiently good overlap onto
the ground state. In practice, the former is limited by the rapidly deteriorating
signal-to-noise ratio, making operator optimisation indispensable.

4.3 HYP smearing

The challenges outlined in the previous section motivate the use of operator improve-
ment techniques that reduce statistical noise and suppress excited-state contamination
in Wilson-loop measurements. In this work, this is achieved through the use of
hypercubic (HYP) smearing of gauge links, defined in Section 2.7.2 which follows the
approach introduced in Ref. [51] and developed further for observables with static
quarks in dynamical lattice QCD in Refs. [43, 85]. HYP smearing has been shown
to significantly reduce the noise of Wilson loops both in pure gauge theory and in
simulations with dynamical fermions. In pure gauge theory, it was demonstrated in
Ref. [86] that Wilson loops constructed from HYP-smeared links achieve a precision
comparable to that obtained with the multi-hit method. For dynamical fermions,
Ref. [38] showed that the resulting static potential agrees with the continuum potential
up to discretisation effects of O(a?) after renormalisation.
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HYP smearing is a gauge-covariant procedure that replaces the original link variables
by locally averaged links constructed from staples contained within a hypercube
attached to the link. The smearing is performed in a sequence of steps with fixed
parameters that control the relative weights of the staple contributions, followed by
a projection back onto the SU(3) group. By construction, HYP smearing preserves
gauge invariance while efficiently reducing short-distance fluctuations of the gauge
field. In practice, first all gauge links entering the static quark propagators are HYP2
smeared, using the parameter set ag = 1.0, and aig = 0.5 [43]. This choice corresponds
to a particular discretisation of the static quark action within lattice heavy quark
effective theory and may be viewed as a modification of the original Eichten—Hill
formulation [87]. In addition, the spatial transporters entering the Wilson loops
are subjected to [ iterations of three-dimensional HYP smearing, using parameters
a1 = 0.75, a2 = 0.6, and a3 = 0.3. Varying the number of smearing iterations allows
the construction of a basis of creation and annihilation operators with different overlaps
onto the energy eigenstates of the static quark—antiquark system, which forms the
starting point for a variational analysis. After each smearing step, the resulting gauge
links are projected back onto the SU(3) group. The projection used is described in
Ref. [43], employing Eq. (2.24) and four iterations of Eq. (2.25) therein.

The smeared Wilson loop can be written as

3 3
wR) (g, 7, T) = % > Rem
p=1

((W(l)(x,x +ri) w©) (x +ri,z+ri+T0) x W(k”(x +T0, 2+ rj+T0) W<O)T(m, z+T0)w)
(w) 7

(4.3)

where W(l)(x, y) stands for a smeared straight Wilson line from z to y and w is the
overall reweighting factor, as described in section 3.3. The Wilson loops are measured
according to the procedure outlined in Ref. [38], with the implementation provided by
the wloop package [88]. The smearing levels were initially chosen following the scaling

prescription of Ref. [38],
l To 2
~—|—] . 44
m~ g5 () (14)

The values listed in Table 4.1 follow this prescription approximately for the coarser
lattice spacings, corresponding to the choices | =~ 3,5. For the finer ensembles,
however, the increase of the smearing levels was moderated and the values were
chosen empirically. Tests performed on ensemble E300, discussed in Chapter A,
indicate that the inclusion of substantially larger smearing levels does not lead to a
significant improvement of the operator basis, while increasing the numerical cost of
the Wilson-loop analysis.

4.4 Variational analysis and extraction of energy levels

At fixed spatial separation r, Wilson loops constructed with different levels of spatial
smearing define a matrix of correlation functions. Assuming that the Euclidean time
coordinates xg and xy + 1" are sufficiently far from the temporal lattice boundaries,
each element of this correlation matrix admits a spectral decomposition similar as
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I} id Twax/ @ Tmax/a smearing Nmeas
H101 24 16 8, 14 2016
- H102-0 24 16 8, 14 997
g H102-1 24 16 8, 14 1008
H105 24 16 g8, 14 1970
C101 24 16 8, 14 2000
B450 24 16 11, 18 1612
© S400 24 16 11, 18 2873
o D450 24 16 11, 18 500
D452 24 16 11, 18 999
N202 24 16 15, 25 1902
- N203 24 16 15, 25 1543
3 N200 24 16 15, 25 1712
D200 24 16 15, 25 2001
E250 24 16 15, 25 950
N300-0 28 20 20, 30 507
< N300-1 28 20 20, 30 1479
> J303 28 20 20, 30 1073
E300 28 20 20, 30, 45, 60 1137
e J500 32 24 25, 35 1444
> J501 32 24 25, 35 3559

TABLE 4.1: The dimensions of the lattices of the CLS ensembles

that were used for the scale setting analysis. The number of spatial

smearing steps and measurements are listed here. On E300 a possible
undersmearing was analysed (see Chapter A).

Equation (4.2),

o0

W 0,1, T) = 30 6 () e 0T, (45)

n
n=0
where [ and k label the smearing levels of the spatial transporters, V,,(r) denote
the energy levels of the static quark—antiquark system, and the overlap coefficients

*
satisfy cg k) (cq(q,k’l)) . At short to intermediate separations, the lowest-lying energy

level Vy(r) = V(r) corresponds to the static potential. The nature of higher energy
levels depends on the distance r. The first excited level V;(r) may correspond to an
excitation of the static potential, to a static potential accompanied by hadronic states
with vacuum quantum numbers (such as two-pion states), or to a pair of static-light
mesons. As a result, the nature of the excited spectrum can change as a function of
the quark—antiquark separation.

In the limit of infinite statistics, the correlation matrix W(*) (zg, 7, T) is Hermitian. In
practical Monte Carlo simulations, finite-statistics fluctuations lead to small violations
of this Hermiticity, and the matrix is therefore explicitly symmetrised before being
analysed. The energy levels are then extracted using the generalised eigenvalue problem
(GEVP) applied to the correlation matrix [8, 89-92]. This variational procedure
allows the construction of optimised operators with enhanced overlap onto individual
energy eigenstates, in particular the ground state corresponding to the static potential.

In practice, Wilson loops are averaged over the temporal source position xg, excluding
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regions close to the temporal boundaries as will be discussed in Section 4.5. The
resulting symmetrized Wilson loops at different smearing levels form the correlation
matrix entering the generalised eigenvalue problem,

C(r,T)0, = \(T,To)C(r, To) Uy, with T > Tp. (4.6)

The energies can be found by

E.(T,To) = n(M(T,T0) / M(T + a, Tp)), (4.7)
where n = 0 corresponds to the ground state and larger n to the excited states.

The use of a variational basis is crucial in view of the severe signal-to-noise problem
associated with Wilson loops. Since standard multilevel variance-reduction techniques
are not directly applicable in full QCD (see Section 4.2), operator optimisation and
HYP smearing play a central role in isolating the ground-state potential. Combined
with HYP smearing, the GEVP analysis provides a robust framework for determining
the static force and potential scales on the CLS ensembles.

4.5 Treatment of open temporal boundaries

A subset of the CLS ensembles employed in this work uses open boundary conditions
in the temporal direction. These boundary conditions are introduced to prevent
topological freezing at fine lattice spacings, but they explicitly break time-translation
invariance near the temporal boundaries. As a result, correlation functions measured
close to the boundaries can receive additional contributions that are absent in the bulk
of the lattice and must be excluded from the analysis. For Wilson loops, which are
characterised by a temporal extent T" and a starting Euclidean time xg, this implies
a potential dependence on zq in the presence of open boundaries. To illustrate this
effect, Fig. 4.1 shows representative Wilson loops W (zg,r,T) as a function of x
for two ensembles, J501 and H101, corresponding to coarse and fine lattice spacings,
respectively. The spatial separation r is chosen to lie in the region relevant for the
determination of the potential scale, and the temporal extent T is taken from the
plateau region of the effective potential.

As shown in Fig. 4.1, Wilson loops exhibit pronounced distortions near the temporal
boundaries, while a broad plateau is observed in the central bulk region of the lattice.
The vertical dashed lines indicate the cut parameter N.,¢, which defines the minimal
distance from the temporal boundaries required for a Wilson loop to be included in
the analysis. Only Wilson loops satisfying

To > Neut and To + T< T‘lat — Neut (48)

are retained. Within this window, the residual dependence on zg is consistent with
statistical fluctuations. The choice of N, represents a compromise between suppress-
ing boundary effects and maintaining sufficient statistical precision. To assess the
sensitivity of the final results to this choice, the potential scale r¢/a was determined
for a range of N¢yt values. The resulting dependence is shown in Fig. 4.2 for the same
two ensembles. While individual Wilson loops show sizable boundary distortions,
the extracted values of rg/a are remarkably stable once N¢yt exceeds a moderate
threshold. This stability indicates that residual boundary effects largely cancel in the
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FIGURE 4.1: Wilson loop W (zg, R, T) with R around the ry range

and T in the plateau area for Ensembles J501(left) and H101(right),

being in the two end spectrums of our lattice spacings, as a function

of xg. The cut of the timeslices for the left plot being Ny = 33 and
Necut = 15 for the right zoomed to the area of interest.

variational analysis and subsequent extraction of the static potential.

Based on this study, a conservative value of Ny is chosen for each lattice spacing
scaled with %, corresponding to a fixed physical distance from the temporal boundaries.
The selected values are indicated by the red data points in Fig. 4.2. With this choice,
boundary effects are safely suppressed while retaining a sufficiently large number
of measurements. The remaining dependence on Ny is well below the statistical
uncertainty and is therefore neglected in the final error budget. This procedure ensures
a consistent and controlled treatment of open temporal boundary effects across all
ensembles used in this work.
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FIGURE 4.2: The dependence of 19 on Nyt for Ensembles J501(left)
and H101(right), with the red datapoints showing the final N¢y; used
of the lattice spacings.
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4.6 Extraction of effective masses

Having defined the variational procedure and the treatment of temporal boundary
effects, we now turn to the extraction of effective masses from the generalised eigen-
values obtained from the GEVP. A central challenge in this step is the identification
of a reliable plateau region in Euclidean time, where contributions from excited states
are sufficiently suppressed while statistical uncertainties remain under control.

Figure 4.3 shows an effective mass, with different T used in the GEVP of Equation (4.6).
Larger values of Tj lead to a faster suppression of excited-state contributions, at the
cost of reducing the available temporal fitting range. We chose to keep the value
Th = 5a constant for all ensembles and distances r. One could argue that this value
should be set for one ensemble and scaled inversely proportional to the lattice spacing.
As it is a discrete value, some ensembles would anyway share the same value and the
effect of increasing by a single step is negligible. As will be discussed in Section 4.6.2
the earlier points, still affected by the excited states, will also be used for an exponential
fit, so that not too many points at early times should be cut to keep the fit stable.

4.6.1 Initial plateau-based determination via weighted averages

As an initial approach, effective masses were analysed using weighted average over
a manually selected plateau region. As a choice for the plateau range, choosing the
'right" end point is typically not crucial, as the signal-to-noise problem arises not too
far into the plateau. The high uncertainty in these datapoints make no difference to the
end result choosing one over the other. On the other hand, the choice of the starting
point Thin is crucial, as the earliest points have the smallest statistical uncertainties
but are most affected by excited-state contamination. Including or excluding these
points can therefore lead to a noticeable shift in the extracted value and its associated
uncertainty. For each distance r, the effective mass was inspected visually and a
lower bound Ty, was chosen such that the data appeared compatible with a constant
within uncertainties. While this is widely used and allows for a detailed case-by-case
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assessment, it relies on subjective judgement in the choice of Ty, and does not easily
scale to a large number of observables.

To reduce subjectivity in the choice of T i, its dependence of the extracted effective
mass was studied by constructing T, and Tiax plots. Figure 4.4 shows such a figure
for J501 at » = 13a, where the left shows a T,;, plot and the right a Tj,... As
a reference one can inspect Figure 4.3 how the effective mass looks like. It should
come to no surprise to see that given a fixed T,,;, the right bound makes close to no
difference compared to choosing the left bound. These plots provide a useful diagnostic
tool and allow the identification of regions where the result is stable under variations of
Tiin. However, it was found that no simple universal criterion, for example requiring
stability within a fixed fraction of the statistical uncertainty, proved sufficiently reliable
across all ensembles and distances.
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FIGURE 4.4: T,,n-plot with maximum upper limit on the left and
Tinaz-plot with T'min = 14 on the right.

While this approach yields sensible results on a case-by-case basis, it requires continued
manual inspection and does not scale efficiently to the analysis of a large number of
effective masses. One might observe apparent stability in the T;,;, plot, only to find
out that the point clearly shows excited state contamination. For the present study,
involving multiple distances on approximately twenty ensembles, a more systematic
procedure was required.

One possibility that was discussed! was, that since the starting point of the plateau
was comparatively similar between ensembles across the same lattice spacing, Tin
could be determined for effective masses with a reasonable clear plateau range and
applied to the other ensembles. Even though this would work in most cases, since it
would deliver unsatisfactory results in other cases, this approach was discarded, as
one possibly could neglect some unknown lattice artifacts.

4.6.2 Fit-based extraction of effective masses

Motivated by the limitations of explicit plateau identification, a fit-based approach
was adopted as the default method for extracting effective masses. This procedure
follows the strategy we have deployed in Sec. 4.3 of Ref. [93] and allows for a more
uniform and reproducible treatment across ensembles and distances.

IScale setting: Precision lattice QCD for particle and nuclear physics workshop, 03.-07. March
2025, Trento
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Instead of selecting a plateau region explicitly, effective masses are analysed by
performing fits over temporal ranges in the form of

Eo(T, Ty, r) = Eg 4+ Be 27T, (4.9)

In this framework, residual excited-state contributions are accounted for implicitly
through the choice of fit range, and the extracted ground-state energy is less sensitive
to individual time slices. In cases where a clear plateau could be identified, the fit-based
approach yields results that are fully compatible with those obtained from weighted
plateau averages. Its main advantage lies in the ability to incorporate data at earlier
Euclidean times, in practice including all time separations starting from the reference
time Ty. This allows for a precise determination of the ground-state energy even in
situations where the onset of a plateau occurs only at very large temporal separations
or is only weakly resolved within the available statistical precision. Theoretically, this
approach is particularly well suited for large-scale analyses, as it reduces the need
for manual intervention while retaining full control over systematic effects. Stability
checks with respect to the fit range are used to validate the extracted energies, and
the resulting uncertainties are found to be mainly statistical.

While the fit ansatz in Equation (4.9) provides a flexible and physically motivated
description of the effective masses, it was found that a direct three-parameter fit
could not be stabilised reliably for all distances and ensembles. In particular, for
some effective masses the available statistical precision and temporal extent were
insufficient to constrain the excited-state contribution parameter A simultaneously
with the ground-state energy Ey. As a result, unconstrained fits occasionally led to
unstable behaviour or failed to describe the data consistently across all ensembles.
To address this issue, a two-step fitting strategy was adopted. In a first step, those
ensembles and distances for which the three-parameter fit was well behaved were used
to determine the excited-state gap A as a function of the spatial separation r, the
light-quark mass, and the lattice spacing. For each lattice spacing, a global fit was
performed to establish a smooth model for the A values. This approach effectively
reduces the dimensionality of the subsequent fits while retaining sensitivity to the
relevant physical dependencies. The global fit ansatz is motivated by the expectation
that the energy of the first effective excited state, Fy 4+ A, varies only mildly with
the quark—antiquark separation in the region relevant for scale setting. Under this
assumption, the gap A is expected to follow the same qualitative distance dependence
as the static potential itself. Accordingly, the fit model for A is chosen in the form

t A
ﬁ — 40 @ + by to (m2 — (mE™®)?), (4.10)

where the parameters AO, 30, 4o, and by are dimensionless parameters determined
separately for each lattice spacing. The values for /%y for each ensemble have been
calculated previously by Ref. [60]. This functional form captures the dominant
distance dependence while allowing for a mild quark mass dependence through the
pion mass. It should be emphasised that the gap A should be interpreted as an
effective parameter that absorbs contributions from the lowest excited states relevant
at a given separation r. Depending on the distance, these contributions may arise
from different types of excited states, including string excitations or, in the presence of
dynamical quarks, multi-hadron states with the appropriate quantum numbers. The
adopted parametrisation is therefore not intended to resolve the detailed structure of
the excited spectrum, but to provide a stable and economical description of its net

Vio A = Ag — &g
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effect on the ground-state extraction.

Once the parameters of this model are fixed, the corresponding value of A(r) can be
read off for all ensembles and distances, including those for which the original three-
parameter fit was unstable. In a second step, the effective masses are then refitted
using Equation (4.9) with A fixed to the model value, resulting in a well-conditioned
two-parameter fit for £y and the amplitude B. This procedure significantly improves
the numerical stability of the fits while preserving consistency with the unconstrained
results in cases where both approaches can be applied.

5

5 T

) — J500
45 —E250 45F — J501
N200
4 —N202 4
—N203
35 35
3 3
§ 25 § 25
4 2 4 2

0 3
(r/ V) (r/ V)

FIGURE 4.5: Excited-state gap A as a function of r//ty for selected

CLS lattice spacings. Solid lines show the global fit of Equation (4.10)

performed separately for each lattice spacing. Short-distance points

affected by discretisation effects are excluded from the fit but shown
for reference.

The quality of the global description of the A values is illustrated in Figure 4.5, where
the fitted curve is compared to the individual data points. The first 3 points at very
short distances, which are affected by large discretisation effects, are excluded from
the fit but are shown for illustration. In the range relevant for the determination of
the potential scale, r; < r < rg, the model provides a good description of the data.
The quality of the global fits for the excited-state gap A is summarised in Table 4.2.
At the coarser lattice spacings, a larger fraction of data points had to be excluded to
ensure fit stability, leading to fewer degrees of freedom despite the larger number of
ensembles. The resulting systematic uncertainty associated with fixing A is found to
be subdominant compared to the statistical errors and is therefore neglected in the
final error budget.

B |34 346 355 3.7 385

x? 10.2  19.7  30.7  56.1 8.2

d.o.f. 20 23 56 50 34

TABLE 4.2: Values of x2 and corresponding numbers of degrees of
freedom obtained from the global fits of the excited-state gap A at each
lattice spacing.

While the method mentioned above is the tool used for the final determination of the
potential of the ensembles, other methods have been analysed. For one it has been
considered performing the Fit model Equation (4.10) on the whole data-set instead
of for each lattice spacing. In Figure 4.6 the result of it can be seen, where the fits
correspond to the whole data, but only the data points of the symmetric points are
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FIGURE 4.6: Representation of the A model if performing Equa-

tion (4.10) on the whole data-set instead of on each lattice spacing.

Only ensembles at the symmetric masses are shown as not to clutter

the figure. Empty dots represent data with unstable results not taken
into account in the analysis.

shown, instead of all 20 ensembles. The statistical distribution is % = %. This
method could have been used just as well, but we chose to have the determination be
contained for each lattice spacing separately. Another approach was to extend the
singular exponential fit Equation (4.9) with a second exponential either as having 2
new free parameters or by constraining the second exponential to depend on the pion
mass. In this method we saw that there were cases where the two exponentials were
highly correlated and no new information was gathered and that this method proved
to be significantly more unstable compared to the singular exponential fit, so that it
required extensive parameter tuning or the exclusion of a large fraction of data points
in the A model analysis.

Representative examples of the resulting effective masses together with the corre-
sponding fit functions are shown in Figure 4.7. The figure illustrates the stability of
the extracted ground-state energies across different lattice spacings, quark masses,
and quark—antiquark separations, as well as the ability of the fit-based approach to
reliably describe the data even in cases where a clear plateau is not apparent at early
Euclidean times.

Before going to the static force the GEVP and corresponding equation to find the
energy values in Equations (4.6) and (4.7) can be used to find an estimate of excited
states by evaluating the equation for n > 0. Given a small basis of operators, since
the generalised eigenvalue problem is solved for a 2x2 correlator matrix constructed
from two Wilson-loop operators with different smearing levels, the amount of states is
limited. The second eigenvalue provides an estimate of the lowest excited state that
has non-negligible overlap with the chosen operator basis. This state is not guaranteed
to coincide with the first physical excitation of the static quark—antiquark system, as
additional states within the same quantum number channel with smaller overlap may
not be resolved by the chosen operator basis. In the static quark—antiquark system
this state is commonly interpreted as the lowest flux-tube-like excitation accessible
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FIGURE 4.7: Representative effective mass plots together with the fit
results obtained using the fit-based extraction procedure described in
Section 4.6.2. The first row shows results at approximately r =~ rg for
the symmetric-point ensembles H101, B450, and J500 with decreasing
lattice spacing. The second row illustrates the quark-mass dependence
at fixed lattice spacing, showing ensembles N202, N200, and E250 with
pion masses decreasing from the symmetric point towards the physical
value. The last row displays results for the finest lattice J501 at
my ~ 340 MeV for several quark—antiquark separations ranging from
r1/2 up to rg. Solid curves represent the fit ansatz of Eq. (4.10), while
the horizontal bands indicate the extracted ground-state energies and
their statistical uncertainties.
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FIGURE 4.8: Static quark—antiquark potential aV (r) as a function of
the separation 7/rg. The ground-state potential (blue) and the next
state (orange) are extracted from the two lowest eigenvalues of a 2x2
GEVP constructed from Wilson-loop operators with different smearing
levels. The second eigenvalue provides an estimate of the lowest excited
state accessible within the chosen operator basis. The dashed line
indicates the approximate non-interacting two-meson threshold Vjy +
2my, which is relevant for the onset of string breaking in full QCD.

within the chosen Wilson-loop operator basis [94]. Extracting the eigenvalues for n = 1
and estimating the plateaus, which were shorter and in general harder to establish
than for the ground state, the values can be seen in Figure 4.8 for ensemble D200. The
plotted region remains below the expected string-breaking region, which according to
string breaking distance of the static light lies at 7} = 1.21fm [95], which corresponds
to % = 2.56. Therefore, no clear level crossing associated with string breaking is
expected in this range. The shaded area corresponds to energies above Vi + 2my,
where m, from D200 is taken from [54]. This is included only as a qualitative reference
scale for the onset of light multi-hadron excitations and should not be interpreted as

the asymptotic string-breaking energy itself.

4.7 Interpolation of the static force

The potential scales ry and r; are defined through the static force, introduced in
Equation (2.48), as

r2F(r) = 1.65, r2F(r)

r=rg

= 1.0, (4.11)

r=ry

where F(r) is obtained from the discrete static potential using improved distances,
defined in Section 2.5.6. Since the force is only known at a finite set of separations,
a local interpolation is required to determine the values of rq/a and ry/a, where
both two-point and three-point interpolation strategies are considered. The two-point
interpolation uses the two neighbouring force values that enclose the target point,
while the three-point interpolations include an additional point either at smaller or
larger distances. These different choices allow one to assess the sensitivity of the result
to the interpolation procedure.
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The simplest approach uses the two force values that enclose the target point rg and
corresponds to a linear interpolation of 72 F(r),

F(rp)r? = fir? + fo, (2-point interpolation). (4.12)
The two variants of a three-point interpolation are defined as,
F(r))r?= firi+ fo+ far?, (3-point interpolation). (4.13)

Here, fo, fl, and fg denote the interpolation coefficients. The inclusion of the additional
term allows for a mild curvature in the force and provides a useful consistency check
of the interpolation procedure.

An example of the interpolation procedure on a fine lattice is shown in Figure 4.9,
where the ensemble J500 is displayed. In this case, the different interpolation strategies
lead to nearly identical results within uncertainties, and the determination of both rg
and rp is stable. This behaviour reflects the fact that, on fine lattices, the relevant
distance region is sufficiently far from both short-distance lattice artefacts and large-
distance statistical fluctuations, indicating that systematic effects associated with the
choice of interpolation ansatz are subdominant. The purple interpolation corresponds
to the three-point ansatz of Equation (4.13), using the two points that enclose the
target value together with an additional point at larger distance.
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FIGURE 4.9: Local interpolations of the static force r#F(ry) around the

potential scales. The red line shows the two-point interpolation, while

the yellow and purple lines correspond to three-point interpolations

using an additional point at smaller or larger distance, respectively.

The purple interpolation, including its uncertainty band, is used to

determine 7o /a. Insets show a zoom of the region around the extraction
point.

To further illustrate the behaviour of the force across ensembles, the quantity 77 F(r;)
is shown in Figure 4.10 for both the finest ensemble J500 and the coarsest ensemble
C101. While on the fine lattice the scales ry and r; are located in a smooth region
of the force, the situation changes on the coarse lattice. In particular, r; lies closer
to the short-distance region where discretisation effects become significant, whereas
ro remains in a region where the force exhibits a smoother behaviour. At the largest
distances for the coarsest lattice, a deviation from the smooth behaviour of the force
is visible. This can be attributed to the increasing statistical uncertainties at large
separations and may also receive contributions from finite-volume effects, although no
dedicated study is performed here to disentangle these contributions.
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FIGURE 4.10: The static force 77F(r) as a function of the improved
distance r7/a for two representative ensembles. The left panel shows
the finest lattice J500, while the right panel corresponds to the coarsest
lattice C101. The potential scales r9 and r; are indicated by the
intersections with the horizontal reference lines. While both scales are
well separated from the short-distance region on the fine lattice, one
observes that r; approaches the region affected by lattice artefacts on
the coarse lattice, indicating an increased sensitivity to discretisation
effects at small distances.

This difference between the finest and coarsest lattice is reflected in the interpolation
procedure, as shown explicitly in Figure 4.11 for the coarse ensemble C101. While
the determination of rg remains stable across the different interpolation strategies, a
noticeable spread is observed in the determination of 1. In particular, interpolation
methods that include points at the smallest distances are affected by lattice artefacts.
Restricting the interpolation to points at larger distances results in a more stable
determination. These observations indicate that the extraction of r is more sensitive
to discretisation effects on coarse lattices, whereas ry remains comparatively robust.
This behaviour is consistent with the definition of the two scales, since r; probes
shorter distances where lattice artefacts are more pronounced. As a consequence,
particular care must be taken when including coarse lattice ensembles in analyses
based on r1, and in the subsequent continuum extrapolation the coarsest lattice will
be excluded, which will be brought up again in that chapter.

The final values of r¢/a and r1/a are obtained using the three-point interpolation that
avoids the smallest-distance points and thus minimises the impact of discretisation
effects. The differences between the various interpolation strategies are found to be
small compared to the statistical uncertainties for ry, and moderate but controlled for
r1, and are therefore not included as a separate systematic uncertainty. The moderate
differences between the interpolation strategies decrease significantly towards finer
lattice spacings, consistent with the expected reduction of discretisation effects.
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FIGURE 4.11: Comparison of different local interpolation strategies
for 72F(ry) around the determination of 7o (left) and 71 (right) for
the coarse ensemble C101. The red line corresponds to the two-point
interpolation, while the yellow and purple lines represent three-point
interpolations using an additional point at smaller or larger distance,
respectively. A noticeable spread between the interpolation methods
is observed in the determination of 71, reflecting the increased sensi-
tivity to short-distance lattice artefacts. In particular, interpolations
that include the smallest-distance point are affected by discretisation
effects, whereas using points at larger distances leads to a more stable
determination.

4.8 Summary of scale determinations

Applying the procedures described in this chapter, the potential scale r¢/a and the
auxiliary scale r1/a have been determined for all CLS ensembles considered in this
work. The resulting values, together with the ratio ro/71, are summarised in Table 4.3.
These quantities are obtained independently for each ensemble and constitute the
final lattice-scale outputs of the static-potential analysis. At this stage, the results are
not yet extrapolated to the continuum limit or matched to physical units; rather, they
provide a consistent and well-controlled set of inputs for the subsequent scale-setting
analysis across lattice spacings and quark masses.
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I} id ro/a ri/a ro/T1
H101  5.81(7) 3.842(13) 1.511(19)
2 H102  5.87(8) 3.886(14) 1.511(20)
%= HI05 5.89(8) 3.860(11) 1.526(21)
C101  5.94(4) 3.874(8)  1.534(10)
B450  6.57(8)  4.299(19) 1.527(20)
= S400 6.71(7)  4.331(17) 1.549(15)
o« D450  6.62(3) 4.327(9) 1.530(9)
D452  6.69(3) 4.340(8) 1.542(8)
N202  7.72(6)  5.066(19) 1.525(14)
- N203  7.77(5) 5.036(14) 1.543(10)
o“;. N200  7.78(6) 5.025(13) 1.549(12)
D200  7.69(3) 5.041(9) 1.526(6)
E250  7.79(2) 5.054(5) 1.541(5)
- N300 9.77(11) 6.413(31) 1.525(20)
Cl;. J303 9.84(5)  6.432(13) 1.530(8)
E300 9.84(11) 6.529(24) 1.506(18)
e J500  12.43(9) 8.163(28) 1.523(12)
% J501  12.61(15) 8.226(32) 1.533(19)

TABLE 4.3: Values of the potential scales ro/a and 1 /a, and their ratio
ro/r1, determined on all CLS ensembles used in this work. The quoted
uncertainties are statistical only and originate from the extraction of
the static potential and the interpolation of the static force. These
results form the basis for the scale-setting and continuum extrapolation
discussed in the following chapter. For ensemble E300, the pencil-of-

function method described in Chapter A is used.
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Chapter 5

Scale setting and continuum
extrapolation

The determination of a reference scale in physical units is a central prerequisite for
connecting lattice QCD calculations to phenomenology. In the previous chapter,
the static quark-antiquark potential was determined on a set of CLS Ny = 2+ 1
gauge ensembles, and the potential scales r;/a were extracted for each ensemble with
controlled statistical uncertainties and subdominant systematic effects. The primary
objective of this chapter is to determine the potential scales r¢ and 71 in physical units,
starting from the ensemble-level determinations of ;/a and combining them with an
external input of the Wilson-flow scale v/fg. The analysis proceeds through continuum
and chiral extrapolations of suitable dimensionless combinations, an assessment of
cutoff effects and residual mass dependence, and finally a matching to the physical
point. A substantial part of the analysis presented in this chapter is based on the
methodology we have developed in [93], of which this thesis work forms an integral
part. Here, the discussion is adapted to the structure of the thesis and expanded
where necessary to clarify methodological choices and their theoretical motivation.

5.1 Strategy of the scale-setting analysis

The starting point for the scale-setting analysis is the set of ensemble-specific determi-
nations of the potential scales r; /a obtained from the static force on the CLS ensembles
in Chapter 4. These bare scales are defined in terms of the tree-level improved static
force at the improved distances introduced earlier and have been extracted with a
careful control of excited-state contamination, open-boundary effects and interpolation
systematics. Taken by themselves, the ratios r;/a determine the lattice spacing in
lattice units, but not the overall physical scale. To fix the absolute scale, in line with
the CLS scale-setting programme based on the gradient-flow scale [62], we express the
potential scales in units of \/fy and analyse the dimensionless ratios

ro/a 1o ri/a T o

Vio/a®2 Vi Vio/a?2  Vio r’

evaluated on each ensemble using the corresponding determinations of r;/a and to/a?.
The latter are not computed in the present work but are taken from the CLS scale-
setting programme, in which the gradient-flow scale t( is measured on the fly on the
gauge ensembles and analysed as described in [60]. In these combinations, the explicit
dependence on the lattice spacing cancels, and the remaining dependence on the
bare parameters can be parametrised in terms of dimensionless quark-mass variables,

(5.1)
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such as the combinations ¢ and ¢4 defined in Equation (3.6), together with cut-off
effects that vanish in the continuum limit. Since the flow scale is known with high
relative precision, the dominant uncertainties in these ratios are inherited from the
potential-scale determination rather than from ¢y. The ratios are constructed at the
level of ensemble averages, and their statistical uncertainties are obtained using the
I-method introduced in Section 3.6.2. This framework treats all primary and derived
observables from a given ensemble as a correlated set, such that autocorrelations
in Monte Carlo time and cross-correlations between r;/a and ty/a? are propagated
consistently to the final errors of 7;/+/typ and ro/r,. To disentangle lattice-spacing
artefacts from physical mass dependence, it is useful to identify, for each 3, a reference
point at (or close to) the SU(3)-symmetric line, where the light and strange quark
masses are degenerate and ¢4 is near its target value. At this point, which will be
denoted by the subscript “sym”, one can define symmetric-point reference scales 75",
™, and tJ™ that serve as natural normalisations for the leading cut-off terms in
the global fits, in the sense that they allow the discretisation effects to be expressed
in terms of dimensionless ratios with a common reference scale at each value of 3.

The analysis proceeds in three steps:

1. Ensemble-level observables: For each ensemble, the quantities rq/a, 1 /a,
to/a® and their ratios are collected, with statistical correlations propagated
using the error-analysis framework already employed for the static potential.
This includes the correlations induced by common Monte Carlo histories and
reweighting factors.

2. Continuum and chiral fits: The ensemble-level ratios rq/+/tg, r1/+/to and
ro/m are fitted as functions of the pion mass (or of ¢ and ¢4) and the lattice
spacing, using ansitze motivated by Symanzik effective theory and chiral expan-
sion. The leading cutoff effects are assumed to be of order a?, consistent with the
O(a)-improved fermion action and improved gauge action, while the quark-mass
dependence is parametrised by simple low-order polynomials. Several fit variants
are considered to estimate systematic effects.

3. Matching to the physical point: Once continuum-limit values at the physical
mass point have been obtained for the above ratios, the absolute scale is set using
an external determination of tghys in femtometres. In this way, the physical
values of rg, r1 and their ratio are obtained without introducing additional
dependence on phenomenological potential models.

A key aspect throughout is the separation of different sources of uncertainty. Statistical
errors and the effects of autocorrelations are treated consistently using the same
methodology as in the preceding chapters. Systematic uncertainties associated with
the continuum and chiral extrapolations are estimated by varying the fit ansétze,
applying cuts in lattice spacing and pion mass, and, where appropriate, averaging
over fit variants using an information-theoretic criterion. The uncertainty associated
with the external input for \/tlo)hyS is propagated separately, so that the final error
budget on r¢ and r; in physical units can be decomposed into a “simulation part” and
a “scale-input part”.
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5.2 Chiral behaviour at fixed lattice spacing

The starting point of the analysis is the set of values r9/a and r1/a obtained for each
CLS ensemble in Chapter 4 and tabulated in Table 4.3. For each fixed bare coupling,
corresponding to a fixed lattice spacing, these data can be plotted as a function of the
pion mass (or, equivalently, of the dimensionless parameter ¢o o tgm?2 introduced in
Equation (3.6)).
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FIGURE 5.1: 79/a and r1/a for all ensembles as a function of (rgm;)?
left and (r1m,)? right. A global fit eq. (5.2) is performed on the data.

Empirically, both r¢/a and r1/a exhibit a very mild quark-mass dependence along
the CLS chiral trajectories at fixed lattice spacing, as illustrated in Figure 5.1. For
each 3, the data are well described by a linear ansatz in (rgm. )2,

i 2\ 2 .

g(ﬂ,mﬂ) = Ai|g + B; (romx)~, ie€{0,1}, (5.2)
with slopes B; that are small compared to the statistical precision of the inter-
cepts A;(B). The chiral-limit values rX/a = A;(3) and physical-pion-mass values
r;(mP™$) /a are collected in Table 5.1.

B ry/a ro(mPhYs) /a r/a r1(mPhYs) /q
34  5.941(35)  5.934(35)  3.883(8)  3.880(8)
346 6.676(26)  6.670(26)  4.341(6)  4.338(6)
355 T.773(21)  7.766(21)  5.055(5)  5.052(5)
3.7 9.860(46)  9.854(46)  6.462(12)  6.460(12)
3.85 12.540(38) 12.533(88) 8.214(23)  8.211(23)

TABLE 5.1: Chiral-limit r/a and physical-point ri(mﬁhys) /a values
of the potential scales at fixed lattice spacing.

As discussed in Section 3.2.2; explicit mistuning corrections based on quark-mass
derivatives are not applied in the present analysis, since their effect on the potential
scales is negligible compared to the statistical uncertainties. As a representative
example, on ensemble D450 a correction of ¢4 by 0.51% leads to a relative shift in
ro of only 0.46%0, which is negligible compared to the statistical error. Residual
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mistuning effects are instead absorbed through the alternative fit ansitze discussed in
the following section.

5.3 Global fits and continuum extrapolation in dimen-
sionless ratios

The central observables for continuum-chiral analysis are the ratios of Equation (5.1),
which eliminate the explicit a dependence.

The combined continuum and chiral extrapolation is performed by fitting all available
ensembles simultaneously using simple ansétze inspired by Symanzik effective theory
at leading order and the observed weak quark-mass dependence. The central fit form
Jabelled “Fit 17 with the superscript (1) in the following, for ro/+/to reads

2
@)=+ o) (m )+ oma)? (5.3)
with fit parameters ci, co, c3 determined from a correlated least-squares analysis over
all ensembles. Here the term proportional to (a/re’™)? represents the leading O(a?)
cutoff effects expected for an O(a)-improved Wilson action with tree-level improved
gauge sector, while the term proportional to m2 parameterises the residual physical
mass dependence. An analogous ansatz is used for 71 /+/fo, and a linear form in m?2 is
also adopted for the ratio rg/r1, which is particularly insensitive to cutoff effects.

The qualitative features of the combined continuum and chiral analysis are illustrated
in Figures 5.2 and 5.3 using the baseline fit ansatz (Fit 1). In Figure 5.2, the ratios
ro/+/to and r1/+/ty are shown as functions of the light-quark mass proxy (mm,T)2 for
all lattice spacings. At fixed inverse bare coupling [, the data are well described by
the corresponding fit curves and exhibit only a weak dependence on the quark mass,
consistent with the expected behaviour of long-distance gluonic observables, for which
the dominant scale is set by Aqcp, so that variations in the light-quark masses affect
them only weakly via sea-quark contributions. At fixed quark mass, the dominant
variation of the data are governed by the lattice spacing. This behaviour is made
explicit in Figure 5.3, where the same fit functions are evaluated at the symmetric
mass point and displayed as functions of a?. Within uncertainties, the data follow
an approximately linear behaviour in a2, as expected for leading O(a?) cutoff effects
of the O(a)-improved Wilson action with a tree-level improved gauge sector. The
behaviour of the ratio rg/rq is illustrated in Fig. 5.4. As expected for a dimensionless
ratio of two gluonic reference scales, the data exhibit only a very weak dependence
on the quark mass and no visible sensitivity to the lattice spacing within the current
statistical precision. The ensemble data are well described by a simple linear ansatz
in the mass variable (rom,)?, and the resulting continuum-limit value is consistent
across all lattice spacings. This insensitivity to both quark-mass and cutoff effects
motivates the use of a minimal fit form for rg/r; in the combined continuum and
chiral analysis. Fit 1, which defines the baseline global fit, is shown here to visualize
the mass and lattice-spacing dependence of the data. In all cases, fits including the
coarsest lattice spacing, shown by the blue data points in the figures, are used only for
diagnostic purposes and are excluded from the final averages as discretisation effects
are expected to be largest there and cannot be reliably disentangled from higher-order
cutoff contributions within the present precision, as mentioned in Section 4.7, where
the determination of r; by the force interpolation was rougher for coarse ensembles.
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The final results are obtained from a systematic analysis based on multiple fit ansétze
and data cuts, as discussed in a following section.
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FIGURE 5.2: Ratios ro/+/to (left) and r1/+/to (right) shown as func-
tions of (r;my)? for all lattice spacings. Data at fixed inverse bare
coupling 8 are shown with common colours, while the corresponding
coloured lines represent the global fit functions evaluated at the re-
spective lattice spacings. The grey band indicates the continuum limit
obtained from Fit 1, cf. Equation (5.3), after setting the lattice-spacing
dependent terms to zero. The horizontal axis (rimﬁ)2 serves as a proxy
for the light-quark mass and is equivalent, up to an overall rescaling,
to a linear dependence on m72T along the CLS chiral trajectories.
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FIGURE 5.3: Same fits results as in Figure 5.2, evaluated at the sym-

metric mass point, shown as functions of a? to illustrate the continuum

extrapolation. The data points correspond to the values of ro/+/ty

(left) and r1/+/%o (right) at the symmetric point for each lattice spacing,

while the bands represent the fit functions of Fit 1, cf. Equation (5.3).

The extrapolation to the continuum-limit a®> — 0 at the physical mass
is shown by the black line.

To assess systematic effects associated with the fit form, several variants are considered.
A first extension (“Fit 2”) supplements the leading a? term by an additional mass-
dependent artefact of the form m?2a?, allowing for mild violations of a simple separation

between quark-mass dependence and cutoff effects

2
SR C O C Y (2) 24,2 2 2
\/% €1 + Cy (r(s)ym> + C3 (TO m7r) + Cy moa-. (54)
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FIGURE 5.4: Ratio rg/r1 as a function of the light-quark mass proxy

(romy)? for all ensembles, together with a global fit of the form Equa-

tion (5.3). Data at fixed inverse bare coupling § are shown with

common colours. The grey band indicates the continuum-limit result.

The weak mass dependence and absence of visible cutoff effects support
the use of a simple linear ansatz.

A second class of fits (“Fit 3”7 and “Fit 4”) introduces explicit dependence on the
mistuning parameter ¢4 — @™, thereby absorbing residual quark-mass mismatches
into the fit rather than neglecting them. In these variants, the leading cutoff term
is parameterised either in units of 75" or of 4/t5™", which provides an additional

cross-check on the robustness of the continuum limit. Concretely, Fit 3 and Fit 4 are
defined as

2
T a S
T (Bmi,00) = )+ (Tgym) + e oo+ 7 (64— ™), (55)
2
G e) =l + | )+ bt (0i- o). 60)
0

The role of the different fit ansidtze and data cuts, and their impact on the final
continuum-limit results, is quantified systematically in the following section.

5.4 Systematic variations and model selection

The continuum and chiral extrapolations described in the previous section rely on a
number of assumptions concerning the functional form of cutoff effects, the parame-
terisation of the quark-mass dependence, and the range of lattice spacings included in
the fits. While the baseline ansatz Fit 1 in Equation (5.3) provides a compact and
well-motivated description of the data and is sufficient to illustrate their qualitative be-
haviour, it is not used in isolation to define the final results. In this section, systematic
uncertainties associated with the extrapolation procedure are quantified by considering
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a set of alternative fit ansitze in Equations (5.4) to (5.6) and data selections. These
variations are designed to probe the sensitivity of the continuum-limit results to
assumptions about leading scaling behaviour, possible subleading cutoff effects, and
the treatment of residual quark-mass mistunings. A central element is the use of
explicit cuts in the lattice spacing and pion mass. In particular, the coarsest lattice
spacing is excluded from the final determination of the scale, as discretisation effects
are expected to be largest there and cannot be reliably disentangled from higher-order
cutoff contributions within the present precision. Fits including this lattice spacing
are nevertheless performed for diagnostic purposes, in order to assess the stability
of the extrapolation and to visualise trends in the data. The different fit strategies
considered in the following are grouped into three broad classes. First, extensions of
the baseline ansatz are introduced to allow for corrections to leading O(a?) scaling
violations. Second, alternative parameterisations of the quark-mass dependence are
employed to account explicitly for residual mistunings in the light and strange quark
masses. Finally, variations in the parametrisation of the cutoff terms are explored as a
cross-check of the robustness of the continuum limit. The impact of these systematic
variations on the extrapolated continuum values is assessed by comparing the resulting
fit outcomes and their associated uncertainties. The procedure used to combine the
results of different fits into a final estimate, including the assignment of systematic
errors, is described at the end of this section.

5.4.1 Corrections to leading scaling violations

The continuum extrapolations discussed so far are based on the assumption that
lattice artefacts are dominated by pure O(a?) effects. For the action used in this
work, Symanzik effective theory [96] predicts additional subleading O(a?) artifacts,
which we neglect. More importantly, the leading scaling violations themselves are
not expected to be of a strictly polynomial O(a?) form, but to receive logarithmic
modifications of the type

O(a?m(anr)T), (5.7)

where the exponents I' are related to anomalous dimensions of the dimension—six
operators entering the Symanzik action [97-99]. For our particular action, perturbation
theory yields representative values such as I' € {-=0.11111, 0.24731, 0.51852, ...}, and
further logarithmic corrections depending on the specific observable are expected.

A global fit that explicitly includes all such terms is impractical. To assess the potential
impact of logarithmic corrections in a controlled way, we therefore revisit Fit 1 from
Equation (5.3) and replace its leading a? term by a modified ansatz of the form

(i)' = G ()]

where T' is varied within a reasonable range motivated by the perturbative values.
For each choice of T' we repeat the global fits for ro/\/to, r1/+/to and ro/r1, and
we do so for the same sets of lattice-spacing cuts as in the standard analysis. The
resulting continuum values are summarised in Figure 5.5. For rg and 7, a subset of
the corresponding fits is also shown explicitly in Figure 5.6, where the data have been
shifted to the chiral limit by subtracting the mass dependence from the fit function.

As can be seen from Figure 5.5, the spread of continuum-limit values induced by
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varying I' is comparable to, or smaller than, the spread obtained by omitting the
coarsest one or two lattice spacings at fixed I' = 0. The detailed fits displayed in

ro[fm] r1[fm] ro/r1

FiGURE 5.5: Impact of logarithmic corrections on the continuum

values of ro (left), 1 (centre) and ro/r1 (right). Each horizontal band

shows the result of a global fit in which the leading lattice artefact

term is modified as (a/rg™)?2 = (a/r™)? [ln(r[s)ym/a)]r for a given

exponent I'. Different colours correspond to different cuts in the coarsest

lattice spacings. The value of T used in each fit is printed next to the
corresponding error bar.

1.56

Figure 5.6 confirm that the different logarithmic variants provide equally acceptable
descriptions of the data. We therefore conclude that, at the level of precision targeted
in this work, the dominant uncertainty associated with lattice artefacts is already

captured by the variation of lattice-spacing cuts in the pure a? fits. For our final
extrapolations we thus retain the simpler O(a?) description (corresponding to I' = 0)

as our default ansatz.
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FIGURE 5.6: Examples of continuum extrapolations of ro/+v/tg

(left) and 71/+/%9 (right) at the symmetric mass point for several

choices of the logarithmic exponent [ in the leading artefact term

(a/rg™)2 In(ry"™/ a)]r. To combine all data in each panel, the ensem-

bles have been extrapolated to the physical mass point. The coloured

bands correspond to the same values of I as in Fig. 5.5, with the lowest
band representing I' = —0.111 and the highest I' = 0.583.

5.4.2 Combination of fit results and uncertainty estimate

To further assess systematic uncertainties associated with the continuum and chiral
extrapolation, several cuts on the data are applied in addition to the variations of the
fit ansatze discussed in the previous sections. In particular, one or two of the coarsest
lattice spacings are excluded, and ensembles with pion masses far from the physical
point are removed. The latter cut eliminates all data at the symmetric mass point
and therefore probes the sensitivity of the extrapolation to the mass range included in
the fits. For each fit ansatz and data selection, the extrapolated values of rg, r1, and
the ratio rg/ry at the physical point are determined, together with their statistical
uncertainties and the corresponding x?/d.o.f. values, which provide a measure of the
fit quality and will later be used in Equation (5.10) to calculate the weights of a given
fit/cut-combination. The results of all fit methods and cuts are collected in Table 5.2.
Overall, the extrapolated values obtained from the different fits and cuts are found to
be mutually consistent within uncertainties. The primary effect of the data cuts is a
modest increase in the statistical errors, reflecting the reduced number of data points
included in the fits. The largest spread among the fit results is observed for 1 when
discarding the two coarsest lattice spacings. In this case, the slightly outlying E300
receives a comparatively larger statistical weight, leading to a small shift of the central
value. This behaviour is consistent with the relative precision of the individual data
points and does not indicate a systematic instability of the continuum extrapolation.

In an initial stage of the analysis, the possibility of correcting residual mistunings
by computing quark-mass derivatives of the observables with respect to ¢4 was also
considered, as mentioned in the end of Section 5.2. However, since Fits 3 and 4, which
explicitly parameterise such mistunings, yield results consistent with those obtained
without explicit corrections, and since the corresponding derivatives are rather noisy
for purely gluonic observables, no derivative-based corrections are applied in the final
analysis.

The final values of the observables are obtained by combining the results of the
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Fit # Cut Method ro[fm)] x? /d.o.f. 71 [fm)] x? /d.o.f. ro/r1 x2 /d.o.f.
No cuts 0.4758(57)  12.6/15  0.3100(32)  30.4/15  1.5344(95)  13.6/15
. mg.<400MeV  0.4750(57)  10.5/10  0.3100(32)  27.5/10  1.5325(94)  12.0/10
= B>3.4 0.4724(61) 9.7/11  0.3104(33)  27.0/11  1.5224(127)  10.0/11
B B>3.46 0.4728(73) 7.2/7  0.3130(35)  18.4/7  1.5142(199) 7.6/7
mx < 400MeV- 4716(62) 8.1/7  0.3104(33)  25.0/7  15198(123)  8.5/7
& B>3.4
No cuts 0.4763(57)  11.1/14  0.3099(32)  30.1/14  1.5341(93)  13.1/14
o mx <400MeV  0.4778(59) 4.2/9  0.3102(33)  23.6/9 1.5396(95) 8.1/9
£ B>3.4 0.4730(62) 8.6/10  0.3104(33)  26.3/10  1.5222(125)  9.8/10
= 8>3.46 0.4731(73) 6.5/6  0.3127(35)  18.2/6  1.5124(186) 7.2/6
mx < A00MeV- ) 4745(64) 2.3/6  0.3107(33)  21.0/6  1.5272(126) 5.5/6
& >34
No cuts 0.4762(63)  12.4/14  0.3099(33)  30.7/14  1.5350(105)  13.4/14
w Mg <400MeV  0.4755(68) 10.4/9  0.3099(33)  27.7/9  1.5351(149)  11.5/9
= B>3.4 0.4724(78) 9.8/10  0.3104(35)  27.2/10  1.5225(152)  10.0/10
B B>3.46 0.4724(175) 7.2/6  0.3144(49)  16.4/6  1.5114(295) 7.5/6
m“&<ﬂ4>0glfev 0.4716(86) 8.1/6  0.3103(36)  25.0/6  1.5213(230)  8.5/6
No cuts 0.4769(61)  12.3/14  0.3106(33)  30.0/14  1.5351(109)  13.0/14
< ma <400MeV  0.4762(66) 10.3/9  0.3106(33)  27.1/9  1.5350(141)  11.4/14
£ B>3.4 0.4733(73)  9.66/10  0.3108(35)  26.8/10  1.5231(160)  10.0/14
= >3.46 0.4729(166) 7.1/6  0.3145(48)  16.4/6  1.5121(334)  8.1/14
m”&<ﬁ4>0g1fev 0.4726(82) 8.0/6  0.3107(36)  24.6/6  1.5220(216)  8.3/14

TABLE 5.2: Results of the continuum and physical-point extrapolations

for the potential scales rg, r1, and their ratio rg/r1 obtained from the

different fit ansétze and data cuts considered in the systematic analysis.

For each fit and cut, the table lists the extrapolated value and the

corresponding x2/d.o.f.. These results form the basis of the AIC-
weighted averages shown in Figures 5.7 and 5.8.

accepted fits using an information-theoretic weighting procedure based on the Akaike
Information Criterion (AIC) [100-103]. The AIC-weighted average of an observable
(O) is defined as

(0) =3 W€ (O),, (5.9)
AIC

where the sum runs over all fits included in the final analysis. The AIC weight w;,
for a given fit and data cut labelled by n is given by

1
wAC = Nexp {—2 (xi + 2NPa* 2N,§ut)} , (5.10)

where NP denotes the number of fit parameters, N the number of excluded data
points, and N is a normalisation factor chosen such that 3", wA1C = 1. The AIC-
weighted averages for rg and ry at the physical point are illustrated in Figure 5.7.
The corresponding analysis is repeated for the ratio rg/r1, for which the effect of the
cuts is found to be more pronounced than for the individual scales, reflecting the
higher sensitivity of this ratio to the details of the extrapolation. The outcome of
this procedure for the ratio ro/r1 is shown in Figure 5.8. Each point represents the
continuum and physical-point value obtained from a single fit ansatz and data cut,
while the corresponding AIC weights quantify their relative contribution to the final
average. Fits including the coarsest lattice spacing are displayed for comparison but
are not included in the AIC average. Although the spread of individual fit results
is somewhat larger for ro/r; than for the individual scales 79/+/tg and r1/+/tg, all
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accepted fits are mutually consistent, and the final AIC-weighted result is stable within
the quoted uncertainties.

———————— | o: all data

—a— 0 my <400
Fit 1 ———— o >34
I A: 3 >3.46
—_—h————— *my <400 & 3 >34
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—_—
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Fit 4 —_————
-
_—
AIC average ————@———
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FIGURE 5.7: Summary of the physical-point determinations of rg
(top) and 71 (bottom) obtained from the different fit ansétze and data
cuts listed in Table 5.2. Each marker corresponds to the continuum-
extrapolated value from a single fit, while the horizontal bars indicate
the associated statistical uncertainties. The bars on the right show the
corresponding AIC weights defined in Equation (5.10). Fits including
the coarsest lattice spacing are shown as open symbols and are excluded
from the final AIC average. The green marker indicates the final AIC-
weighted result.



5.5. Final potential scale results and comparison with previous determinations

63

———| o: all data
—a— | O m,; <400
Fit 1 —y— o >34
—Ah———— A: 3>3.46
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_
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AIC average ——
1.45 1.5 1.55 160 0.1 0.2 0.3 0.4
ro/T1 Weights

FI1GURE 5.8: Continuum and physical-point values of ro/r1 obtained

from the different fit ansétze and data cuts listed in Table 5.2. The bars

on the right show the corresponding AIC weights, cf. Equation (5.10).

Open symbols denote fits including the coarsest lattice spacing, which

are excluded from the final AIC average. The green marker indicates
the final result.

5.5 Final potential scale results and comparison with

previous determinations
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FIGURE 5.9: Comparison of the present results for ro (left), 71 (middle),
and the ratio ro/r1 (right) with previous determinations. Results
obtained in Ny = 2+ 1 QCD are shown together with the FLAG
averages [74], while circular markers indicate determinations in Ny =

241+ 1 QCD. The results from this work are consistent with earlier
determinations within uncertainties. [104-118]

1.65

The final outcome of the analysis presented in this chapter is the determination of
the potential scales rg and 71 from the static quark—antiquark potential, as well as
their ratio, at the physical mass point of Ny = 2+ 1 QCD. The values quoted below
are obtained from the AIC-weighted averages described in Section 5.4.2 and include
both statistical and systematic uncertainties associated with the continuum and chiral

extrapolations.
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Using the reference value of v/ty = 0.1443(7)(13)fm [60], the resulting scales are

ro = 0.4729(57)(48) fn, (5.11)
= 0.3127(24)(32) fm, (5.12)

and for their ratio .
70 = 1.532(12). (5.13)

1

For rg and r1, the first uncertainty originates from the determination of the correspond-
ing dimensionless ratios 7;/+/tp in the continuum limit, while the second uncertainty
reflects the error of the input scale /g in physical units. These two contributions
should be combined in quadrature. The autocorrelation tail from the error analysis
introduced in Section 3.6 increased the final error by 15%. For completeness, the
corresponding continuum-limit values of the dimensionless ratios are

o -
(&) -
== 2.167(16). (5.15)

The results for rg, r1, and ro/ry are compared with previous determinations in
Figure 5.9. Shown are results obtained in Ny = 2+ 1 QCD, together with the FLAG
averages, as well as selected determinations in Ny =2+ 1+ 1 QCD [104-119]. The
latter are indicated by circular markers. Previous studies [120, 121] have shown
that the effect of a dynamical charm quark on low-energy scales is typically at the
per-mille level, and agreement between Ny = 2+ 1 and Ny = 2+ 1+ 1 results is
therefore expected at the present level of precision. Overall, the values obtained
in this work are consistent with earlier determinations within uncertainties. At
the same time, the spread among the published central values, particularly for rg
and rq, is somewhat larger than expected from the quoted errors alone, indicating
that residual systematic effects may not be fully captured uniformly across different
analyses. The comparatively conservative uncertainty estimates obtained in the
present work reflect the explicit treatment of continuum-extrapolation, fit-model, and
autocorrelation systematics. Beyond the agreement with previous determinations, it
is worth emphasizing that these results are obtained from a large set of modern CLS
Ny = 2+ 1 ensembles covering several lattice spacings, including very fine lattices
with open temporal boundary conditions and quark masses close to the physical
point. This broad parameter coverage enables controlled simultaneous continuum and
chiral extrapolations. Combined with the systematic treatment of excited-state effects,
autocorrelations, and fit model uncertainties through the AIC averaging procedure,
the present analysis provides a precise and robust determination of the potential scales
ro and r1. These results therefore constitute an important benchmark calculation of
the potential scales.
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Chapter 6

Phenomenological applications
and implications

6.1 The A-parameter in units of ry for Ny =2+1 QCD

The strong coupling constant a; represents a fundamental parameter in quantum chro-
modynamics (QCD), and its precise determination is essential for accurate predictions
across a wide range of phenomena. The value of a; at any renormalisation scale can
be obtained by solving its renormalisation-group equation, provided the dimensionful
A-parameter, introduced in Section 2.6.1, in the MS scheme is known. Lattice QCD
has achieved remarkable success in computing the most precise values of Ay by
incorporating inputs from low-energy experiments, such as pseudoscalar meson masses
and decay rates [122, 123]. To circumvent complications associated with absolute
scale setting, lattice collaborations frequently report dimensionless ratios, such as
ro\jrs, \/%AM—S, or woAgg, enabling direct comparisons across studies. In recent
developments, gradient-flow-based scales have largely supplanted rg, as exemplified by
the ALPHA collaboration’s computation [124]. The analysis of [124] was performed
using two distinct definitions of Ly,q, both specified implicitly through fixed reference
values of the gradient-flow coupling géF(L}:ald). The corresponding conditions read

Fp(Liy) = 1131 = Ly AL = 1.729(57), (6.1)
T (Lio) = 1020 = Lyag2ALL = 1593(53), (6.2)

which will be used in our calculation for roAgm. The corresponding finite-lattice
determinations of Ly,q;/a are provided in Table V of the supplementary material of
[124].

While one could derive T’oA% by multiplying the original J%A% with our ro/+/tg
ratio, entailing two separate continuum extrapolations, our use of the identical lattice
action and improved bare couplings at matching ensembles permits direct extrapolation
of (ro/a)/(Lnada/a) using our 79/a results on Table 4.3. This approach eliminates
reliance on the flow scale t( entirely. The resulting continuum extrapolations, displayed
in fig. 6.1, exhibit excellent behaviour, yielding

LTO =04755(39) = roAlL = 0.822(28), (6.3)
had,1
0 —05149(41) = roALL = 0.820(28) (6.4)

Lyaa 2
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FIGURE 6.1: Continuum extrapolation of the ratio rg/a to Ly,q/a

as a function of (a/rg)? for the two definitions of the hadronic scale

Lyaq,1 and Ly,g2; data points correspond to different bare couplings
5, and the grey bands indicate the continuum extrapolation.

These results align closely with the FLAG average [74] T()A% = 0.808(29), incorpo-
rating computations from Refs. [124-130]. We adopt Equation (6.4) as our final result,

given its consistency and self-contained error assessment.

6.2 Shape analysis of the static potential

Following the discussion in Sections 2.5.3 to 2.5.6, the curvature observable is now
evaluated using the nonperturbative lattice determinations of the static potential.
Beyond the determination of reference scales such as the potential scales, the static
potential itself provides important information about the non-perturbative dynamics
of QCD. In particular, the functional form of V (r) reflects the interplay between short-
distance perturbative behaviour and long-distance confinement physics. Although the
primary focus of this thesis is the determination of reference scales, the same analysis
also yields direct information on the underlying static quark—antiquark interaction.
As discussed in Section 2.5, the static potential is defined from the large Euclidean
time behaviour of rectangular Wilson loops,

1
V(r) = —tllglo : In W (r,t), (6.5)
and contains an additive ultraviolet self-energy contribution associated with the static
sources. While this additive constant does not affect physical observables derived
from derivatives of the potential, it must be taken into account when comparing the
potential itself with phenomenological models. In practice it is therefore convenient
to study quantities that depend on the shape of the potential rather than its overall
normalisation. Omne such observable is the dimensionless curvature combination
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introduced in Equation (2.50),

e(r) = %7“3V”(7“), (6.6)

which is particularly sensitive to how the force changes with distance. Unlike the
potential scales ro and 71, which probe the potential at isolated reference points, ¢(r)
provides information over a continuous range of separations. Since it is invariant under
additive shifts of V(r), it directly probes the functional form of the potential. As
already introduced in Equation (2.58), at short distance perturbation theory predicts
Coulombic behaviour
Cryg?
4’
where ¢g denotes the strong coupling at a scale of order 1/r. At larger separations the
departure from this Coulombic limit reflects the diminishing influence of the short-
distance 1/r term and the emergence of the approximately linear confining component
of the potential. The observable ¢(r) therefore provides a useful diagnostic of the
crossover between asymptotic freedom and confinement. To reduce discretisation
effects arising from finite differences of the potential, we evaluate c¢(r) using the
tree-level improved definition introduced in Section 2.5.6,

c(r) = —

(6.7)

1 sV(r+a)+V(r—a)—2V(r)
c(F) = 57 " , (6.8)
where the improved distance 7 is defined through the lattice Coulomb Green’s function
such that the tree level in perturbation theory Equation (6.7) holds. This procedure
removes the leading tree-level lattice artefacts associated with the discrete derivative
operator and significantly improves the scaling behaviour at finite lattice spacing.
The resulting curvature observable provides a direct measure of the shape of the
static potential and can be compared to expectations from phenomenological potential

models. In particular, the Cornell potential
K
Vcornell (1) = —tor (6.9)

captures the combination of Coulombic short-distance behaviour and linear confinement
at large separations in the Cornell model ¢ = —k. A more sophisticated description is
given by the Richardson potential, which incorporates the perturbative running of the
coupling at short distances while retaining confining behaviour at larger r.

The resulting values of ¢(7) for all CLS ensembles are collected in Table 6.1. Figure 6.2
shows the curvature observable ¢(7) for the ensembles E250 and J500 as a function
of the dimensionless separation 7#/rg. The data points are obtained from the lattice
potential using the improved curvature definition described above. For comparison,
the curves correspond to the predictions of the Cornell and Richardson potentials, as
well as the perturbative expectation at short distances. At the smallest accessible
separations the lattice results approach the perturbative prediction for the finest
lattice, hinting that the short-distance behaviour of the static potential is well de-
scribed by perturbation theory. As the separation increases, clear deviations from the
perturbative curve emerge and the data enter the intermediate-distance regime where
non-perturbative confinement effects become relevant. In this region the curvature
observable shows a non-trivial dependence on r, rather than the constant behaviour
implied by the Cornell form ¢(r) = —k. The observed trend is therefore more naturally
described by the Richardson potential, whose scale-dependent curvature reflects the
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running of the coupling while retaining confining behaviour at larger distances. In
particular, the smooth interpolation between the perturbative short-distance regime
and the non-perturbative confining regime demonstrates that the lattice calculation
reproduces the expected physical shape of the potential across the relevant range of
scales.

Figure 6.3 on the left compares the curvature observable obtained from the CLS
ensemble at Ny = 2+ 1 with earlier lattice determinations for Ny = 0 [40] and
Ny =2 [38]. The comparison shown in the left panel indicates a visible dependence
of the curvature observable on the number of dynamical quark flavours. In particular,
the quenched (N = 0) results differ systematically from the dynamical simulations.
By contrast, the right panel shows that for ensembles with similar lattice spacing but
different pion masses, the dependence on the light-quark mass is comparatively mild
within the present uncertainties.
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FIGURE 6.2: Shape of the static quark—antiquark potential expressed
through the curvature observable ¢(7) defined in Eq. (6.6). The lattice
data are shown for the ensembles E250 (left) and J501 (right) as a
function of the improved separation 7/rg. The dashed line indicates
the perturbative prediction, while the solid curves correspond to the
Cornell and Richardson phenomenological potentials. The comparison
illustrates the transition from perturbative Coulomb behaviour at short
distances to the non-perturbative confining regime at larger separations.
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FIGURE 6.3: Comparison of the curvature observable ¢(7) as a function
of the improved separation 7/rg with earlier lattice determinations
(left) and between different m, (right). The blue points correspond to
the CLS ensembles E250 and the red points on the right N202 obtained
in the present work. The additional data sets shown on the left panel
for Ny = 0 and Ny = 2 are taken from Refs. [40] and [38], respectively.



Chapter 6. Phenomenological applications and implications

70

SLIOM SI} Ul
PaI9PISUOD Sa[quUIasue mﬁ._”O o} MO.W @\& mQOwuﬁHmQQm 99113)%e] @@>OMQEM o} je poajenjess An&w 9[(RAISSO 9dMNJeAIND 9} wO m@ﬁﬁﬁ\/ 'T°9 CUSSAAN

(LL2)S6°0- 68681
(909)819°0- a86'LT
(909)L89°0-  (887)9FS 0~ 78691
(28£)607°0-  (£0%)€8G°0- 78691
(gLz)e8e0-  (€82)¥SL°0- €867 T
(881)9z9°0-  (061)08¢°0- (228)286°0- £86°¢T
FeDF09°0-  (GPDTIC0-  (€72)F160-  (978)66L°0-  (995)0¥S 0~ 786°CT
(68)869°0-  (96)z¥9°0-  (£6)019°0-  (991)0¥9°0-  (E¥€)Z0F 0- (802)¥06'0-  (06€)¥92 0~ (198)6¥8°0- | ¢86°11T
(82)6L8°0-  (29)9.8°0-  (18)0924°0-  (00T)21L°0-  (802)999°0-  (TS9)L19°0- (£21)699°0- (902)998°0-  (96€)¥9.°0-  (98€)evL0-  (969)8GL°0- | £€86°0T
(Le)L¥v0-  (0P)8er0-  (69)099°0-  (T19)¥FS0-  (FF1)SL8°0-  (092)2£5°0-  (89)¥gL0-  (GF1)e19°0-  (832)SST'0-  (£€2)795°0-  (PFE)ELS0- | 866
(sg)oLy0-  (02)osy0-  (92)LFs0-  (££)9250-  (28)0sv0-  (€81)1€9°0-  (19)299°0-  (62)992°0-  (2€1)02s'0-  (221)689°0-  (69T)IF8°0- | L86'S
(91)627°0-  (T1)8s¥0-  (81)905°0-  (€2)81¢°0-  (29)ehs0-  (28)e9v0-  (92)89°0-  (FF)919°0-  (99)189°0-  (12)695°0-  (€8)¥09°0- | T66'L
(9)sev0- (9)9¢v°0- (8)9L¥°0- (zr)oero-  (62)167°0-  (1F)esv0-  (21)9L8'0-  (P2)9veo-  (1£)£95°0-  (£€)265°0-  (99)S85°0- | T00°L
(7)S0¥°0- ()T1¥°0- (F)e9r0- (9)¥¥¥ 0 F)Lvv0-  (co)vero- (97150 (T1)90g°0-  (ST)1€8°0-  (L1)€88°0-  (61)€87°0- | ST0°9
(z)esg0- (1)18¢°0- (2)61%°0- (z)91¥ 0~ (L)zevo- (01)¥e¥ 0- ()e9v 0- ()¥9%°0- (9)9g¥°0- (9)£9%°0- (6)6L7°0- 0£0°g
(v)108¢€°0- (1)6ve 0" (T)18¢°0- (1)6L€°0 (2)8Le0- (F)8Le0- (1)L1%°0- (D¥1¥°0- (@)91%°0- (@)¥1¥°0- (£)01¥°0- £50°F
(@)z607°0-  (2)06070-  (2)¥1sk'0-  (£)STSH0- (Dosy 0~ (1)ogt 0~ (£)0z0g'0-  (¥)8105°0- (1)705°0- (1)z05°0- (1)£05°0- 1Te
10SC 005 00£d £ogr 1-00EN 0-00EN 092d 00zd 002N £0ZN Z0TN D/4

(g61)1£9°0-  (822)T¥9°0- (¥09)¥6€°0- L86'8

(L6)194°0-  (0€1)8¥s'0-  (zze)seh0-  (€82)ze10-  (602)9e8°0-  (I¥)12T-  (I89)L€9°0- T66°2

(€9)2g90-  (¥9)662°0-  (€01)I8F'0- (€21)¥95°0-  (26)7€9°0-  (641)864°0-  (I¥2)L8F'0-  ($€92)¥L96°0-  (P12)LLS9°0- | T0O'Z

(ve)L650-  (g€2)rec0-  (LF)LT190-  (29)065°0-  (¥£)L29°0- (2)69°0- (16)79°0-  (TLTT)87LL0-  (66L)€7€9°0- | STO9

(6)T0S°0- (T1)eog0-  (6DTITS0-  (FR)P6¥0- (PIIFS0-  (82)€8g0- (PSP 0-  (08€)6L67°0-  (¥82)L667°0- | 0£0°S

(e)6er0- (e)1%¥°0- (9)s¥v 0~ (8)vero- (¥)esv0- (8)187°0- (omeryo-  (F21)e9%°0-  (06)62HF0- | €50°F

(D)org 0~ (1)6£5°0- (z)8gs0- (z)8g5°0- (2)895°0- (2)795°0- (7)79¢°0- (6£)71L5°0~ (L2)er9so- | L¥TE

zera 0sva 00%S 0574 101D S0TH 1-20TH 0-20TH T0TH D/




Part HI

The Return of Teper-link
Smearing

71



A Py
A8
:?) 72 wf
~

Yo hoied

Chapter 7

Teper-link smearing: theory and
implementation

We now return to smearing techniques in the context of glueball spectroscopy, where
the construction of gauge-invariant operators with good overlap onto physical gluonic
states is essential for obtaining reliable signals. In previous work of our research
group (see [19]), such operators were constructed from spatial loop shapes built from
APE-smeared gauge links. The purpose of the present chapter is to investigate whether
the signal construction can be improved by combining APE-smearing with Teper-links.
The blocking procedure introduced by Teper [17], and explained in Section 2.7.3,
generates extended composite transporters by iteratively combining neighbouring
gauge links and staple-shaped paths. The resulting operators represent superpositions
of many gauge paths and therefore possess a larger spatial extent than those obtained
from local link-smearing alone. Such extended structures may provide a better overlap
with the wavefunctions of low-lying gluonic states. In this study we therefore extend
the existing APE-based operator [19, 21-23] construction by incorporating Teper
blocking and examine its impact on the resulting glueball correlation functions. In
particular, we compare operators constructed from APE-smeared links with operators
obtained from Teper-blocked links as well as combinations of both procedures.

7.1 Glueball operators and lattice symmetry representa-
tions

In lattice QCD, the extraction of hadronic states such as glueballs relies on the construc-
tion of operators with well-defined transformation properties under the symmetries
of the theory. In the continuum, states are classified according to the irreducible
representations of the rotation group SO(3), labelled by the total angular momentum
J. However, the discretisation of space-time onto a hypercubic lattice explicitly breaks
the continuous rotational symmetry down to the finite symmetry group of the cube, the
octahedral group O (or Oy, when parity is included). As a result, continuum quantum
numbers such as J are no longer good labels at finite lattice spacing. To systematically
construct operators that overlap with physical states, one instead classifies them
according to the irreducible representations (irreps) of the cubic group. This ensures
that correlation functions project onto definite symmetry channels, allowing for a
clean separation of states in numerical simulations. In particular, glueball operators,
typically built from spatial loop shapes, are organized into these irreps to probe the
gluonic spectrum|[26, 131].
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The cubic group O has five irreducible representations [132-134], conventionally
denoted
A17 AQ? Eu T17 T27 (71)

with dimensions
dim(Al,Ag) - 1, dlm(E) - 2, dim(Tl,Tz) = 3. (72)

These dimensions correspond to the number of independent components transforming
among themselves under the symmetry operations of the cube. Each representation
can be further labeled by its transformation properties under parity (P) and, for
gluonic operators, charge conjugation (C'), leading to the full classification

I = RPC ¢ {Af, AT B+, T, TF)0%, (7.3)

At finite lattice spacing, the continuous rotational symmetry is reduced to the cubic
group, such that each lattice irrep RFC receives contributions from several continuum
spin states JPC, which can only be disentangled in the continuum limit. That is, the
mapping from continuum angular momentum J to lattice irreps is not one-to-one. For
example, the A; irrep contains states with J = 0,4, ..., while T} contains J = 1,3, ...,
and both E and T5 receive contributions from J = 2 states. Therefore, a state observed
in a given lattice irrep cannot be uniquely assigned a continuum spin at finite lattice
spacing. Instead, continuum quantum numbers are recovered by studying degeneracy
patterns across irreps as the lattice spacing is reduced and rotational symmetry is
restored. In practice, operators transforming in a given irrep I' are constructed by
projecting gauge-invariant building blocks onto the desired representation. This is
achieved by averaging over all symmetry-related orientations with appropriate group-
theoretical weights. The resulting operators transform irreducibly under the cubic
group O and provide a basis for variational analyses of correlation functions, enabling
the extraction of the glueball spectrum. In this work we focus on the irreps A{ ™,
A1_+, E*F and Ty *, which contain the lowest-lying scalar, pseudoscalar, and tensor
glueball channels. These sectors are expected to yield the most robust signals and
allow a direct study of the lightest states of phenomenological interest.

7.1.1 Projection onto irreducible representations

Having established that lattice operators must transform according to irreducible
representations of the cubic group, the next step is to explicitly construct such
operators from gauge-invariant building blocks. A first essential step is the projection
to zero spatial momentum in Section 2.4.1 by summing over all spatial positions,
which ensures that the operator creates states with definite (vanishing) momentum.
Once projected to zero momentum, the cubic group can act on the loop shapes by
spatial rotations. A loop of fixed shape s generates a set of up to 24 orientations,
obtained by applying all proper cubic rotations (the elements of the octahedral group
O) to the spatial path,

Wiz, t), 1=0,...,23, (7.4)

corresponding to the elements of the octahedral group. These loops form a basis for a
reducible representation of the cubic group. A list of the different rotations can be
found in Section B.1. In the same appendix in Section B.2 a list over all loop shapes
can be found, where the first 22 shapes of length up to 8 are found from [131] and the
remaining with lengths up to 12 from [22]. Operators are then obtained by projecting
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onto a given Irrep R. Following the construction in [22], one defines

3 23
W RRS) (1) = % SN Sk Tr[WS(l)(fjt)}’ (7.5)
Z 1=0

where clR;k are projection coefficients determined by the representation R, and k =
0,...,dim(R) — 1 labels the rows of the irrep. Further on, we will consider a single
copy of each irrep and suppress the index k. The coefficients clR are obtained from
the standard group-theoretical projector onto irrep R of the cubic group, constructed
by summing over all rotations with weights given by the representation matrices
[131, 135, 136]. Acting with this projector on the basis of rotated loop orientations
yields the linear combinations in Equation (7.5). Operators with definite parity and
charge conjugation are constructed by combining each loop with its parity-transformed
counterpart and taking the real or imaginary part of the trace, yielding operators
labeled by I' = RPC. This construction ensures that the resulting operators transform
irreducibly under the lattice symmetry group and provide a suitable basis for extracting
glueball states in a given symmetry channel.

7.1.2 Construction of glueball operators

For each shape, one obtains operators transforming according to a given lattice irrep R
by combining the rotated loops with the appropriate projection coefficients. Denoting
by Ws(l)(a_c',t) a loop and by I/Vs(l})D (Z,t) its parity image, one constructs operators
with definite parity P = + as s’ymmetric or antisymmetric combinations. Charge
conjugation is imposed by taking the real (C'= +) or imaginary (C' = —) part of the
trace. This follows because charge conjugation maps each link variable to its complex
conjugate, so that the Wilson-loop trace is conjugated and its real (imaginary) part is

even (odd) under C. This leads to operators of the form [22, 131]

3 23
OF*" (1) = % 3 Z o Re T [W (7, 1) £ W h(7,1)], (7.6)
OF (1) = L3 Z Zc I T [W (7, 1) £ W(7,1)] (7.7)

It should be emphasised that a given loop shape does not contribute to all irreducible
representations RFC. For a fixed shape, the set of loops generated by the action
of the cubic group defines a representation of the cubic group, whose dimension is
determined by the geometry of the underlying path. The irreducible content of this
representation can be obtained through a character decomposition, as discussed in [131]
(see eq. (3.13)). In particular, the multiplicity of a given irrep in this decomposition
may vanish, implying that the corresponding projected operator is identically zero.
This reflects the fact that the symmetry properties of a loop shape restrict the set
of quantum numbers it can carry. This is particularly relevant for channels such as
A1_+, where only few loop shapes of length 8 contribute. For example, the plaquette
does not contain a T or A7 " component and therefore cannot be used to construct
operators transforming in that channel. A complete operator basis for a given channel
requires combining multiple loop shapes. To avoid constructing identically vanishing
operators, one must first determine which irreducible representations are contained in
the decomposition associated with each loop shape, and restrict the operator basis
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accordingly. In practice, this information can be tabulated for a given set of loop
geometries, providing a systematic guide for selecting operators with non-zero overlap
in the desired symmetry channels. One can review table 3.1 and 3.2 in [131] to see
which of the first 22 shapes of loops up to length 8 can access which channels. The
supplementary 13 shapes from [22] that we’re using in Section B.2 can access all the 4
channels we’re interested in.

In order to improve the overlap of these operators with the low-lying glueball states,
the gauge links entering the loop shapes are typically smeared. Different levels of
smearing and different loop shapes are then combined into a basis of operators,

oL(t), a=1,...,Ng, (7.8)

where the index « labels both the loop shape and the smearing level. The effectiveness
of these operators can depend strongly on the smoothing procedures applied to the
gauge links. From this operator basis, we construct the corresponding correlation
matrix

Cas(t) = (04(t) O5(0)), (7.9)
which generalises the two-point functions introduced in Section 2.4. The energies E,,
associated with the quantum numbers I' are extracted as described in Section 4.4 using
the GEVP method. Similar to the static potential, the signal-to-noise ratio of purely
gluonic operators deteriorates rapidly with Euclidean time, making the optimisation of
the operator basis and the use of smearing techniques essential for a reliable extraction
of the low-lying states [13].

Pruning of the operator basis

While the generalised eigenvalue problem provides a powerful framework for extracting
energy levels from a basis of interpolating operators, its practical performance depends
sensitively on the choice and size of the operator basis. In practice, the construction of
operators from many loop geometries and multiple smearing levels leads to very large
operator bases. While a large basis in principle increases the chance of overlapping with
states of different spatial structures, strong correlations and near linear dependencies
between operators often arise [137]. In the presence of strong correlations within the
operator basis, the resulting correlation matrix can become nearly rank-deficient, where
small statistical fluctuations may lead to large variations in the eigenvectors, rendering
the GEVP ill-conditioned. This typically manifests itself in unstable eigenvalues
and unreliable effective masses. The solution of the GEVP requires the reference
correlation matrix to be well conditioned and positive definite. Operators that are not
enough independent can produce very small eigenvalues, so that statistical fluctuations
may strongly amplify numerical noise and, in extreme cases, spoil the stability of the
problem. Another practical issue that can arise for closely spaced energy levels is
flipping, i.e. an unstable assignment of eigenvalues at large Euclidean times [92, 138],
which is particularly relevant in scenarios with avoided level crossings [139, 140].

To perform the variational analysis in a more stable subspace, a pruning (basis
reduction) procedure is therefore applied. One selects a time slice t; at which the
states of interest are assumed to dominate the correlation matrix, and determines
the N, singular vectors u; of CT (ts) corresponding to the largest singular values [141,
142]. Using these vectors, a projected (pruned) correlation matrix is defined as

Ch(t) = w/C*(t)u;,  i,j=1,...,N,, (7.10)
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where typically Ng < Nr is chosen in order to remove noise-dominated directions. The
projected correlation matrix can equivalently be written as the correlation matrix of a
new, reduced operator basis[19, 143],

~ —TI
Cht) = (I Q;(0)), (7.11)
where the pruned operators are defined as linear combinations

Nr

Q) = 3 (i) OLt). (7.12)

a=1

Due to the orthogonality of the singular vectors, the coefficients of these operators are
orthogonal, and the removal of modes associated with small singular values improves
the conditioning of the matrix CN'r(t), thereby stabilizing the subsequent GEVP
analysis. The pruned GEVP is then solved analogously to the unpruned formulation;
in practical implementations, the reduction to an ordinary eigenvalue problem is often
achieved via a Cholesky decomposition [144], for which CT (o) should be Hermitian
and positive definite up to statistical fluctuations. In rare cases different time-reversal
symmetries may appear in off-diagonal matrix elements, which can change the usual
cosh behaviour of the generalised eigenvalues [145].

7.2 Ensembles and simulation details

Following the analysis in [19] this work is primarily performed on the ensemble Em1,
which is an Ny = 2 lattice generated with clover-improved Wilson fermions and
the Wilson plaquette gauge action. This ensemble serves as a controlled setting for
spectroscopy studies, with a charm quark mass tuned to approximately half its physical
value, allowing for a detailed investigation of operator construction and optimisation
without the additional complications of a fully physical setup. It consists of 5 replica
comprising of nearly 30,000 configurations with periodic boundary conditions in the
spatial directions and anti-periodic boundary conditions for the fermion fields in time.
The bare parameters of the ensemble are given by 8 = 6/ gg = 5.3 and hopping
parameter x = 0.13270, and a lattice size of 48 x 243. These parameters yield a lattice
spacing of a ~ 0.0658 fm[146, 147], placing the ensemble at a moderately coarse lattice
resolution. The absence of light quarks simplifies the spectrum by preventing decays
into states with light hadrons and restricting possible mixing with gluonic operators
to the iso-scalar charmonium sector. Furthermore, the relatively large number of
configurations allows for high-statistics measurements of gluonic observables, which is
essential in view of the significant signal-to-noise challenges associated with glueball
correlators.

For comparison, we also consider the Ny = 3 + 1 ensemble A1 generated with a non-
perturbatively O(a)-improved Wilson fermion action, Liischer-Weisz gauge action, and
open boundary conditions in the temporal direction [148]. The ensemble has a lattice
size of 96 x 323 at a bare coupling 8 = 3.24, with hopping parameters x; = 0.13440733
for the degenerate light quarks and x. = 0.12784 for the charm quark with the pion
mass at m,; = 420MeV. This corresponds to a lattice spacing of a =~ 0.0536 fm and
a spatial extent of L ~ 3.65 fm [149]. In contrast to the Em1 ensemble, A1 includes
dynamical light quarks and a charm quark close to its physical value, providing a
more realistic setup for QCD. The larger physical volume and finer lattice spacing
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allow for a qualitative assessment of finite-volume and discretisation effects in the
glueball spectrum.

Ensemble N; TxL3 3 af[fm] L [fm] Neons
Eml 2 48x24® 53 0.0658 1.58 29765
Al 3+1 96 x32% 3.24 0.0536 3.65 2503

TABLE 7.1: Parameters of the ensembles used in this work. For
the A1 ensemble, every second configuration of a single replica (5006
configurations) is analysed, resulting in 2503 measurements.

7.3 Operator-basis and smearing optimisation

Before proceeding to the variational analysis, it is necessary to assess the impact of
smearing and operator choice on the quality of the glueball correlators. In particular,
Teper blocking constructs extended links of increasing spatial extent, such that
successive blocking steps rapidly lead to very large operators. This can result in
oversmearing, where different loop shapes become effectively degenerate and their
overlap with specific symmetry channels is reduced. Given the large number of
possible combinations arising from multiple levels of APE smearing and Teper blocking,
together with the full set of 35 loop shapes, the resulting operator basis can quickly
become prohibitively large. Since the computation of all corresponding correlators is
computationally demanding, it is therefore advantageous to perform an exploratory
study on a single replica of the ensemble. This allows us to identify the most effective
smearing parameters and operator geometries, and to restrict the operator basis to a
manageable subset for the subsequent analysis.

7.3.1 Smearing setup and analysis method

In order to study the overlap of the constructed operators with the low-lying glueball
states, we investigate different combinations of APE smearing and Teper blocking.
For APE smearing, introduced in Section 2.7.1, three levels are considered Napp =
5,10, 20, while for Teper blocking, introduced in Section 2.7.3, three iterations are
applied. For both methods an alpha value of 0.5 was applied. Combining these
procedures results in a total of 15 distinct smearing setups. For each smearing
combination, the full set of 35 loop shapes is evaluated and projected onto the
irreducible representations of Ay, E, and T5. This allows for a systematic study of
the dependence of the correlators on both the operator geometry and the smearing
procedure. At this stage, we restrict ourselves to the analysis of individual correlation
functions without applying the variational method. Effective masses are constructed
from the corresponding two-point functions in order to assess the quality of the signal
and the overlap with the ground state. This approach allows for a direct comparison
of different loop shapes and smearing combinations before constructing an optimised
operator basis for the subsequent variational analysis. This is performed on a single
replica of 7115 gauge configurations.
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7.3.2 Effective mass comparison across smearing levels and loop
shapes

We first consider the ATJF channel, which exhibits the cleanest signal, and study the
dependence of the effective masses on both the smearing procedure and the choice of
loop shape. Figure 7.1 shows the effective masses obtained from the plaquette operator
for different smearing prescriptions. Points with the same time separation T'/a have
been displaced to ensure readability. This is the case for all following effective mass
plots. Already at this level, indications of oversmearing become visible. In particular,
the data corresponding to three iterations of Teper blocking (T3), shown in purple,
exhibit increased fluctuations and reduced plateau stability when combined with APE
smearing. This suggests that the operator becomes too extended to maintain a strong
overlap with the low-lying states. To further investigate this behaviour, Figure 7.2
shows the effective masses for all loop shapes at fixed smearing levels. For moderate
smearing (T2, top panel), a large number of shapes yield consistent and stable signals.
In contrast, for stronger Teper blocking (T3, middle panel), the quality of the signal
deteriorates significantly: many operators exhibit large statistical uncertainties or
fail to produce a meaningful plateau altogether, while only a small subset retains a
usable signal. A different effect is observed for APE smearing (APE20, bottom panel),
where the effective masses from different shapes become largely degenerate within
uncertainties. This indicates that the smearing procedure washes out the geometric
differences between loop shapes, reducing the diversity of the operator basis. This is
also the case, but less so, for fewer APE iterations.

Taken together, these observations point towards the onset of oversmearing at the level
of three Teper iterations, particularly when combined with additional APE smearing.
This can be understood geometrically: each Teper iteration effectively doubles the
spatial extent of the links, such that after three iterations the operators probe distances
of order eight lattice spacings. For loop shapes larger than the plaquette, this implies
that the operators extend over a substantial fraction of the lattice volume, which
can lead to a loss of sensitivity to the underlying structure of the states. Based
on these results, it is therefore advantageous to restrict the smearing levels used in
the subsequent analysis to just 2 iterations of Teper blocking in order to retain a
well-conditioned and sufficiently diverse operator basis.
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FIGURE 7.1: Effective masses in the AT"’ channel for the plaquette
operator using different smearing combinations. Results are shown for
pure Teper blocking (T1-T3), pure APE smearing (APE5-APE20),
and combinations thereof. While moderate smearing levels lead to
consistent plateaus, the strongest smearing (in particular T3 combined
with APE smearing) exhibits increased fluctuations and indications of
degraded signal quality, suggestive of oversmearing effects.
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FIGURE 7.2: Effective masses in the AiH' channel for all 35 loop shapes
under different smearing prescriptions: top: two iterations of Teper
blocking (T2); middle: three iterations of Teper blocking (T3); bottom:
APE smearing with 20 iterations (APE20). While moderate smearing
(T2) yields consistent signals across many shapes, stronger smearing
(T3) leads to a loss of signal for a large fraction of operators. In contrast,
APE20 results in a high degree of degeneracy among shapes, indicating
reduced sensitivity to operator geometry.
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Following the investigation of different smearing prescriptions, we proceed to further
restrict the basis by selecting suitable loop shapes. If one were to consider only shapes
that have overlap with all irreducible representations of interest, a significant fraction
of the operator basis could already be discarded. However, for the ensemble Em1
the A" channel is the only one exhibiting a clearly identifiable signal [19], and all
loop shapes can in principle access this channel. It is therefore natural to retain the
plaquette as the simplest operator in the basis. To further guide the selection of shapes,
Figure 7.3 shows the effective masses in the 7, " channel for all loop geometries using
two representative smearing prescriptions. The behaviour observed in this channel is
consistent with the findings of [131], where it was shown that not all loop shapes have
non-vanishing overlap with a given irreducible representation.

By analysing Figure 7.3 together with the corresponding results in the other irreps,
a subset of loop shapes is selected for the subsequent analysis. The final selection
of loop shapes is guided by a balance between maximising the overlap with the low-
lying states and maintaining a well-conditioned operator basis. In particular, the
chosen shapes are those that consistently exhibit a clear signal across the irreps of
interest, show early onset of plateaus in the effective masses indicating good ground-
state overlap, and possess moderate statistical uncertainties. At the same time, care
is taken to avoid redundancies within the operator basis. Many loop geometries
become effectively equivalent after smearing, leading to highly correlated signals and
little additional information content. The selected subset therefore excludes shapes
that are strongly degenerate with others, ensuring that each operator contributes
complementary information to the variational basis. Geometrically, the retained shapes
probe a variety of spatial structures and operator extents, ensuring sensitivity to
different components of the glueball states. In practice, the selection is not constrained
to short-distance operators, and several extended loop geometries are retained where
they provide a stable signal and non-redundant information. This is particularly
relevant in view of the oversmearing effects observed previously, where excessively
extended operators were found to lose discriminating power between different shapes.
Overall, the resulting set of eight loop shapes provides a compact yet sufficiently
diverse operator basis, which is well-suited for a stable and efficient variational analysis
of the glueball spectrum. A visualization of the selected shapes is shown in Figure B.1.
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FIGURE 7.3: Effective masses in the T; T channel for all 35 loop shapes

under different smearing prescriptions. Top: APE smearing with 20

iterations (APE20). Bottom: two iterations of Teper blocking (T2).

Each point corresponds to a different loop geometry projected onto the
T2+ T irrep.

7.4 Glueball spectrum from Teper-smeared operators on
Em1l

In this section, we present the results for the glueball spectrum obtained from the
variational analysis using Teper-smeared operators. Building on the optimisation
study of the previous section, the smearing procedures have been applied to the
remaining replicas using the reduced operator basis. The analysis is performed using
correlation matrices constructed from the selected set of 8 loop shapes (depicted on
Figure B.1) and smearing levels (where we have thrown out the third Teper iteration
due to oversmearing). Following the pruning procedure introduced in Equation (7.12),
the operator basis is typically reduced to a 3 x 3 block, ensuring a well-conditioned
correlation matrix while retaining the relevant physical information. An examination
of several values of pruning was performed where it showed no large effect between
the different values. This will become a more prominent when inspecting A1. The
energy levels are extracted from the generalised eigenvalue problem, and we focus
on the corresponding effective masses, as discussed in Section 4.4. After exploratory
studies, the reference time is chosen as ¢ty = 0, similar to [21]. Increasing ¢y was
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found not to provide a significant improvement, while using tg = 0 allows access to
earlier Euclidean times. This is particularly useful for investigating the suppression of
excited-state contributions and for comparing the behaviour of different operators at
small temporal separations.

For each irreducible representation, the analysis is performed separately for different
smearing prescriptions. In a first step, pruning and the subsequent GEVP are applied
to operator bases constructed from a single smearing level, including all loop shapes
accessible to the given irrep. This allows for a direct comparison of the impact of
the different smearing procedures on the extracted effective masses. In the upcoming
sections, the notation T'1 and T2 denotes one and two iterations of Teper blocking,
respectively, while AP E+# refers to the number of APE smearing iterations applied. In
addition to the single-smearing analysis, we also extend the operator bases combining
multiple smearing levels. In the figures, these are labelled as APEs, T1s, and T2s,
corresponding to operator bases that include all shapes at fixed Teper levels (0,
1, and 2) combined with the 3 different APE smearings. Selected combinations of
smearing procedures are investigated in order to construct compact operator bases with
complementary properties. The combination labelled “Combination” consists of the
operators obtained from the smearing levels T1, APE5-T1, APFE10, and APFE20-T2.
For the AiH channel, where the plaquette is included in the operator basis, the
enlarged basis involving all shapes and smearing combinations can become particularly
large. Since each smearing combination contains 8 shapes, the largest GEVP basis
are a combination of 32 operators. Here there is an even higher importance of the
pruning procedure in order to obtain a manageable and well-conditioned correlation
matrix. For this higher operator basis we investigated several quantities of pruning to
ensure that we retain enough information to have a good overlap, while keeping the
problem size low to reduce noise. This approach enables a systematic assessment of
how the smearing procedures influence both the overlap with the ground state and
the stability of the variational analysis.

7.4.1 AT channel

We begin by examining the effective masses obtained from the GEVP for the different
smearing prescriptions, shown in Figure 7.4. At first glance, the results exhibit a high
degree of consistency across the various operator bases. In particular, no significant
improvement in the statistical uncertainties is observed when comparing different
smearing setups. Furthermore, for the single-smearing cases, no noticeably earlier
onset of a plateau can be identified. A closer inspection of the early-time region,
however, reveals more subtle differences. In particular, the four combined smearing
setups, i.e. operator bases constructed from multiple smearing prescriptions, show
a tendency to reach the plateau slightly earlier than the single-smearing cases. At
the same time, stronger smearing levels appear to yield a more efficient suppression
of excited-state contributions, in line with expectations, as smearing improves the
overlap of the operators with the ground state [90]. In particular, at ¢/a = 0 the
strongest suppression of excited-state contributions is observed for setups including
Teper blocking. To quantify these observations, we consider the Ty, dependence of
the extracted masses, shown in Figure 7.5. The combined smearing setups exhibit a
consistent behaviour, with plateaus that can be identified already at t/a =~ 2, compared
to t/a = 3 for the single-smearing cases. No significant difference is observed between
combinations including or excluding Teper blocking at this stage, but it is worth noting
that the pure Teper smearing cases (T1 and T2), as well as the T2 setup at t/a = 2,
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show slightly stronger excited-state suppression compared to the other configurations.
Overall, however, the differences between the various smearing prescriptions remain

modest.

The extracted plateau values are summarized in Table 7.2. For the combined smearing
setups, plateau values are taken starting from ¢/a = 2, while for the remaining cases

the fit range begins at t/a = 3.
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T1 T2 APES APE5-T1  APE5-T2 APE10 APE10-T1 APE10-T2

ameg 0.670+19 0.668+17 0.679+18 0.681+17 0.687+18 0.682+18 0.685+17 0.687+18

APE20 APE20-T1 APE20-T2 T1s T2s APEs Comb.
ameg 0.685+18 0.688+19 0.690+20 0.677+9 0.682+8 0.674+9 0.674+£8

TABLE 7.2: Plateau values of the effective mass for different smearing
combinations. Errors are given in units of 1073, First 12 are in the
range of T/a=3-6 and the last 4 in the range of T /a=2-6

First excited state in the A" channel

We now turn to the first excited state in the A7 channel. The corresponding effective
masses obtained from the GEVP are shown in Figure 7.6. In contrast to the ground-
state analysis, more pronounced differences between the smearing prescriptions become
visible. In particular, the single-smearing setups without Teper blocking (i.e. the
pure APE smearings) exhibit a noticeably poorer performance. These cases show
larger statistical uncertainties and indications of stronger excited-state contamination
at early Euclidean times compared to the other smearing prescriptions. A possible
explanation for this behaviour is an increased degeneracy within the operator basis
when only a single smearing level is used. In this case, the operators probe very similar
structures, reducing the effectiveness of the variational method in isolating excited
states. This interpretation is supported by the observation that combining different
APE smearings improves the signal, bringing it closer to the performance of the other
setups, although still with somewhat larger uncertainties than the combined smearing
case. While there are indications that some of the smearing combinations may reach
a plateau at earlier times, the available data does not provide a sufficient number of
points to reliably identify or fit a plateau region for the excited state. This is further
illustrated in Figure 7.7, where the Tiy;, dependence of the extracted masses is shown
for the selected smearing combinations. The results exhibit sizeable fluctuations and
do not allow for a stable determination of the excited-state mass within the current
statistics. Overall, the extraction of the first excited state in the A" channel remains
challenging, and no definitive plateau can be established from the present data.
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7.4.2 A;T, ETT and Ty " channels

We now turn to the remaining channels A] ", ETF and T; ", for which the effective
masses are shown in Figures 7.8 to 7.10. In contrast to the A] " channel, the signal
quality in these channels is significantly reduced. While a consistent behaviour at
early Euclidean times can still be observed, the signal rapidly deteriorates as t/a
increases, and statistical uncertainties become dominant. As a consequence, only
a limited number of time slices provide usable data for the analysis. Within this
restricted range, no clear and stable plateaus can be identified for any of the smearing
prescriptions. Although the different operator bases yield broadly consistent results
at early times, the available statistics are insufficient to reliably extract mass values
or to distinguish between the performance of the various smearing setups. Overall,
the extraction of the glueball spectrum in these channels remains inconclusive with
the present dataset. This highlights the significantly larger signal-to-noise problem in
other channels compared to the A] " ground state.



7.4. Glueball

spectrum from Teper-smeared operators on Em1

25

0.5

2.4

22

0.8

0.6

25

amgff

0.5

AA
.
° *
Conn"s® ok X } 1
Iy 3 } } } (
: R e
T 11 7 APE20 %
H 1 T § APE20-T1
% APE5S § APE20-T2
& APE5TI % Tis 1
& APE5-T2 § T2s
[| # APE10 I APEs 1 ]
¥ APE10-T1 { Combination|
& APEI10-T2
IR T T T W T T S S 1 U T T T [ S S S 1 1
0 0.5 1 1.5 2 25
T/a
FIGURE 7.8: Effective masses in the A1—+ channel
T T T T T T T B
L& ]
° ]
L A ]
l.“ * ** % 4
° * Y A ]
eE # ]
L o Bgaadi i % %ﬁ {t h
% H ﬁ * L ]
% 11 § APE20 % h
I T2 § APE20-T1 1
é APE5 § APE20-T2 ]
[l ¢ APE5-T1 % Tis 7
§ APE5-T2 % T2s 1
H & APEL0 ¥ APEs 4 ]
# APE10-T1 } Combination| ]
t| # APE10-T2 1
IS S S S T S T R T YT SRR TR SN AN ST T T TR (Y TN S S S N1
0 0.5 1 15 2 25
T/a
FIcURE 7.9: Effective masses in the ETT channel
T T T T T T T T T
_“ -
L o * .
u-_'.o**“
i, H’ %
- Jy H 4
.. By by } ﬁ#} {% ? 1r:
- } x|
|
T Tl 7 APE20
I T2 § APE20-T1
3 APE5 § APE20-T2
[| ¢ APE5-T1 § Tis ]
§ APE5-T2 § T2s
i APEI0 I APEs
¥ APE10-T1 { Combination|
[| # APE10-T2 7]
T T T T PR [ T TN S SN N TN TR SO S NS 1 PR
0 0.5 1 1.5 2 25 3 3.5
T/a

FIGURE 7.10: Effective masses in the T; T channel



88 Chapter 7. Teper-link smearing: theory and implementation

7.5 Results for ensemble A1l

We now turn to the analysis of ensemble Al. In contrast to the previous study
on Em1, the present analysis is restricted to a single replica. Although additional
replicas are available, the computational cost associated with the smearing procedures
motivates an initial study based on a representative subset of the data. Consequently,
the statistical precision is reduced, and the following discussion is kept primarily
qualitative. We begin with the pruning procedure. For the single-smearing bases
consisting of the selected eight loop shapes, a reduction to three operators is found
to be stable. The main challenge arises for the enlarged combined bases containing
24 or 32 operators, which therefore form the focus of the following discussion. Since
the Euclidean correlation matrix is Hermitian and positive definite (up to statistical
fluctuations), its singular-value decomposition provides a useful tool for identifying the
dominant operator directions. This motivates pruning based on the leading singular
vectors. Table 7.3 lists the first 16 singular values of the 24 x 24 operator basis
corresponding to the APE-only combination (APEs). While a pronounced hierarchy
of singular values would favour an aggressive truncation, the observed decrease is
comparatively gradual. This behaviour may indicate a stronger mixing of operator
directions and is consistent with the denser low-lying spectrum expected for the
Ny = 341 ensemble A1 [23, 149)].

index Singular value
19.986(89)
3.235(13)
0.3911(14)
0.3377(13)
0.03621(14)
0.005804(22)
0.003043(12)
0.0023803(91)
0.0012076(46)
0.0005318(20)
(
(

—_ =
P2 ©ow-o ok who -~

0.0004201(16)
0.0002775(12)
13 0.0002698(10)
14 0.00013049(63)
15 0.00004691(32)
16 0.00003235(24)

—
[\

TABLE 7.3: Singular values for the "APEs’ 24by24 operator basis.

The choice of pruning level is therefore particularly relevant. If too few modes are
retained, physically relevant information may be lost; if too many are kept, the
operator basis remains highly correlated and the resulting GEVP can become noisy or
numerically unstable. Figure 7.11 compares different pruning levels between Ny = 5
and Ny = 12 for the four combined smearing setups. In addition, we tested an
alternative two-step procedure in which each single-smearing basis is first reduced
from eight to three operators before combining the resulting pruned operators into
the enlarged basis. This setup is labelled pr3x in the figure. At first glance, pruning
to Ny = b appears too aggressive for some combinations, in particular for T1ls, where
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the resulting effective masses are shifted upward relative to the corresponding single-
smearing inputs shown in Figure 7.12. Likewise, the two-step pr3x procedure exhibits
signs of instability, with the APEs combination already deteriorating at T'/a = 2.
Based on these observations, the subsequent analysis is performed using Ny = 7 for
the APEs basis and Ns; = 12 for the remaining three combined smearing setups.
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FIGURE 7.11: Effective masses in the Afr channel for the 4 cases of
combined smearings with different amounts of pruning.

The effective masses for the different irreducible representations are shown in Fig-
ures 7.12 to 7.15. Overall, the behaviour is similar across channels: while a consistent
signal can be observed at early Euclidean times, the signal-to-noise ratio deteriorates
rapidly, limiting the range in which meaningful comparisons can be made.

For the ground state in the A] " channel (Figure 7.12), the combined smearing basis
exhibits slightly smaller statistical uncertainties compared to the purely APE-smeared
operators. While Teper blocking, in particular the T2 setup, shows indications
of stronger suppression of excited-state contributions at early times, this does not
translate into a clearly earlier onset of a plateau. A similar trend can be observed
for the first excited state in the A7 channel (Figure 7.13), where the T2 smearing
appears to yield a more stable behaviour compared to the other setups. However, the
statistical fluctuations remain large, and no reliable plateau region can be identified. It
is shown in [21] that you need charmonium-like operators to resolve the state properly.
For the ETT and T, " channels (Figures 7.14 and 7.15), the differences between the
smearing prescriptions are again modest. The combined smearing basis tends to show
slightly reduced uncertainties, and there are weak indications of a faster approach to
a plateau compared to the single-smearing cases. Nevertheless, the limited statistics
prevent a conclusive assessment of these effects.

In summary, while some qualitative trends are consistent with the observations made
for the Em1 ensemble, Teper blocking seems to produce a slighty improved behaviour
for combined smearing bases and indications of stronger excited-state suppression at
A1, but the reduced statistical precision of the dataset does not allow for a definitive
comparison. Further analysis with increased statistics would be required to confirm
these tendencies.
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7.6 Final glueball spectrum results

In this section, we summarise the results of the variational analysis using the optimised
operator basis and the combined smearing setup identified in the previous sections.
The final results for the different irreducible representations are shown in Figures 7.16
and 7.17 for the ensembles Em1 and A1, respectively.

For the ensemble Em1 (Figure 7.16), a stable signal is observed in the A" channel,
where a plateau can be identified over a limited range in Euclidean time. The
corresponding ground-state result is consistent with the behaviour observed throughout
the optimisation analysis and with the most recent glueball study using the same
ensemble [21]. Moreover, the extracted A] ' ground-state signal lies below the
estimated two-pion threshold shown in the figure. This suggests that the state is
unlikely to be dominated by the lowest two-hadron contribution and is consistent with
an interpretation as a predominantly glueball-like scalar state. For the first excited
state in the same channel, as well as for the ET and T2+ T channels, the statistical
uncertainties increase rapidly, and the accessible plateau regions are significantly
reduced. As a result, no precise determination of these states can be achieved within
the present setup.

Turning to the ensemble A1 (Figure 7.17), the analysis is performed on a restricted
subset of configurations, and the results are therefore interpreted with appropriate
caution. In contrast to the Em1 ensemble, the signal extends to slightly larger Euclidean
times before the onset of noise, allowing for a marginally broader window in which
effective masses can be inspected. While the statistical uncertainties remain sizeable,
qualitative features similar to those observed in Em1 are present. In particular, there
are mild indications that the inclusion of Teper-blocked operators leads to an improved
suppression of excited-state contributions at early times. This behaviour is most
visible when comparing the different smearing setups within the combined basis. From
a physical perspective, the interpretation of the low-lying states on A1l is considerably
more involved than for Em1. Owing to the lighter dynamical quark content and the
denser low-energy spectrum, scalar mesons, multi-hadron states, and glueball-like
excitations are expected to mix strongly [23, 149]. Consequently, states extracted
from the present purely gluonic operator basis cannot be unambiguously identified,
but rather indicate the overlap of the Teper-improved operators with the low-lying
scalar sector.

However, given the limited statistical precision, these observations remain tentative. A
more definitive assessment of the impact of Teper blocking would require an analysis
based on a larger set of configurations and an enlarged variational basis including
additional interpolating operators. An extended analysis of this kind would constitute
a natural continuation of the present work.



7.6. Final glueball spectrum results

93

25

0.5

— T

T Alt+ F T2+

4 Al-+  } Al++ l-excite
E4++ ——-2m,

0 1 2 3
T/a

FIGURE 7.16: Effective masses on ensemble Em1 for the different irre-
ducible representations obtained from the GEVP using the combined
smearing basis consisting of T'1, APE5-T1, APE10, and APE20-T2.
Shown are the ground-state results for the AF™, T, ™ and E** chan-
nels, as well as the first excited state in the A;H' channel.

0.6

0.4

0.2

' ' ' ' ' ' T AL+ I ALt Lowcited
A } E++ —--2m, E
N T2++ ——-Quenched Glueball]
L & ]
L ]
a A _
s .
C 2 ]
777777777777777777777777 S

1 1 L 1 Ll 1 1 1 1

0 1 2 3 4 5 6 7 8

FIGURE 7.17: Effective masses on ensemble A1l for the different irre-
ducible representations obtained from the GEVP using the combined
smearing basis consisting of T'1, APE5-T1, APE10, and APE20-T2.
Shown are the ground-state results for the AF", T, ™ and E** chan-
nels, as well as the first excited state in the Af+ channel.



94

Part L

Conclusions and the Road Ahead



Chapter 8

Conclusions and outlook

This thesis pursued two largely independent lines of investigation. Chapters 5 and 6
focused on precision scale setting from the static quark—antiquark potential in Ny =
2+ 1 lattice QCD, culminating in a controlled determination of the potential scales r;.
Chapter 7, in contrast, investigated Teper-style spatial link blocking as a technical
ingredient for glueball spectroscopy. In the following, these two parts are summarised
and assessed separately, before outlining concrete directions for future work.

8.1 Potential-based scale setting in Ny =2+ 1 QCD

A central outcome of Chapters 5 and 6 is a high-precision determination of potential-
derived reference scales. Starting from Wilson-loop measurements and a variational
extraction of the ground-state static energy, the static force was computed using
tree-level improved distance definitions, and the resulting ensemble-level values were
combined in global continuum and chiral analyses. At the physical point, the final
values for the potential scales are

ro = 0.4729(57) (48) fm, (8.1)
r1 = 0.3127(24)(32)fm,

10 = 1.532(12). (8.3)
1

The first uncertainty in 7o and r; combines the statistical and systematic uncertainties
of the lattice determination, while the second reflects the uncertainty of the reference
scale \/tg used to convert the results to physical units. The quoted uncertainties reflect
a careful separation of statistical and systematic contributions, and the results are
compatible with the corresponding Ny = 2 + 1 averages reported by FLAG [74] and
with other recent determinations within uncertainties. At the same time, the spread
among published central values for rg and r; appears somewhat larger than would
be expected from the quoted uncertainties alone. A simple consistency test based
on the available determinations yields p-values of approximately 4 x 1073 for 7 and
1 x 1074 for 71, indicating that the observed spread is unlikely to arise solely from
statistical fluctuations. This may point to residual systematic effects that are treated
differently across analyses. By contrast, the determinations of the ratio ro/71 exhibit
substantially better consistency, with a corresponding p-value of approximately 0.11.
In the present work, particular emphasis is placed on a conservative treatment of
continuum-extrapolation, fit-model, and autocorrelation systematics.

A lesson emerging from the analysis is that the shorter-distance scale 71 is inherently
more delicate. In particular, plateau identification and stability were observed to
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become more challenging for potentials around r ~ r; on a small subset of ensembles,
with the coarse lattices and E300 case providing a concrete example of a more
problematic extraction. While the final continuum averages remain stable under
the systematic variations considered, these observations motivate a conservative
recommendation for future scale-setting work that uses potential-derived reference
scales as primary inputs: when choosing between rg and r as a reference scale for
cross-ensemble comparisons or as an intermediate scale, one should preferentially use
19, unless a dedicated, statistics- and systematics-driven study demonstrates that r;
can be controlled to the same robustness level in the specific setup at hand.

8.2 Additional physical results and their interpretation

Chapter 6 presented two applications which, while not the primary goal of this thesis,
illustrate the physics reach enabled by a precise potential determination.

First, the Nt = 2 4+ 1 A-parameter in the MS scheme was expressed in units of r.
Because the calculations involved the same lattice action and matched bare couplings,
the analysis could be formulated in terms of a direct continuum extrapolation of
ro/ Lnhad, eliminating the need to propagate an additional flow-scale determination
through a second extrapolation step. The final result,

roALL = 0.820(28), (8.4)
agrees well with the corresponding FLAG [74] average. The dimensionless combination
ro/Ajzg has historically played an important role in relating low-energy hadronic scales
to the perturbative QCD scale and remains a useful benchmark quantity. In the
context of this thesis, the result should primarily be viewed as a non-trivial cross-check:
it confirms that the extracted potential scale rg is consistent with an independently
determined infrared scale and its perturbative matching to the MS scheme. The
agreement with dedicated determinations therefore provides additional support for
the reliability of the scale-setting analysis presented in this work. Determinations of
ro/\jjg are available for several values of Ny, making the quantity a useful point of
comparison across theories with different flavour content.

Second, the shape of the static potential was probed through the curvature observ-
able c(r) = 1r3V"(r), which is insensitive to the additive self-energy of the static
sources and thus directly tests the functional form of V(r). Within the accessible
distance range (below the onset of string breaking in full QCD), the observed be-
haviour interpolates smoothly between a perturbative-like short-distance regime and
a confinement-dominated intermediate regime. The measured curvature is clearly not
constant over the accessible range of separations, indicating departures from a Cornell
form and favouring descriptions based on a running effective coupling.

8.3 Teper-link smearing and glueball spectroscopy: sta-
tus and limitations

Chapter 7 developed and tested a Teper-link blocking implementation for spatial
links and studied its use in glueball operator construction as an extension of previous
studies [19, 21-23, 149]. The analysis builds a basis of operators transforming in
the irreducible representations of the cubic group, applying smearing/blocking to
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improve overlaps onto low-lying states, and extracts energies through a variational
analysis of a correlator matrix. The numerical results obtained in this chapter should
be interpreted as exploratory. For the ensemble Em1, where the scalar glueball is
the ground state, a stable signal is observed most clearly for the ground state in the
AT channel, while statistical uncertainties increase rapidly for higher lying channels.
For ensemble A1, where the glueball can decay into light hadrons, the analysis was
intentionally restricted to a reduced dataset (a single replica), which substantially
limits statistical precision. Within this limitation, there are qualitative indications
that Teper-blocked operators can contribute to a modest suppression of excited-state
contamination at early Euclidean times inside combined operator bases. However, the
effect is not established at a level that would justify claiming a clear overall advantage
over more conventional choices, and the present results should therefore be seen as
motivation for a deeper study rather than as a definitive conclusion.

8.4 Outlook

A natural extension of the present scale-setting analysis could be to repeat it on
modern Ny = 2+ 1+ 1 ensembles. While such a study would provide an important
validation of the decoupling of the charm quark for low-energy reference scales, existing
theoretical expectations and previous investigations suggest that charm-sea effects on
ro and r1 are very small. Consequently, significant shifts of the continuum-limit values
are not expected at the current level of precision. A complementary direction would be
a combined chiral and continuum extrapolation of the static potential itself. While the
present work focused on the extraction of the potential scales, the underlying potential
contains substantially more information on the dynamics of confinement. Extending
the analysis of the force and curvature observables to the continuum limit would allow
a quantitative study of the potential shape over a wide range of distances and provide
more stringent tests of phenomenological descriptions of the static interaction.

For Chapter 7, the most immediate outlook is statistical: a substantially enlarged
dataset for ensemble Al (including additional replicas) is the key prerequisite for
turning the qualitative trends into quantitative statements. With more statistics,
one can pursue a systematic optimisation programme for Teper blocking parameters
and combined bases, and compare against established glueball spectroscopy results
obtained with more conventional operator constructions. At that stage it would also
become meaningful to assess, channel by channel, whether Teper-style blocking offers
practical benefits (e.g. earlier plateaus, improved overlap, reduced operator-basis size
after pruning) relative to more standard operator constructions, or whether its role is
best understood as complementary. Beyond improvements in statistics and operator
construction, a natural next step would be to incorporate light-hadron operators into
the variational basis (see [20, 23]). This would enable the study of glueball-meson
mixing and ultimately allow the Teper-blocked operators to be assessed within a more
complete spectroscopic analysis.
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Appendix A

Behaviour of the E300 ensemble

Among the CLS ensembles analysed in this work some ensemble occasionally exhibits
difficulties in the extraction of reliable plateaus for the static potential and in these
cases most commonly around the physical distance r ~ r;. Especially the ensemble
E300 was troublesome, as it was close to the physical mass point at the second finest
lattice one could consider it an important ensemble. Similar behaviour has been noted
our earlier studies in [93] and is therefore documented here for completeness. The
discussion below summarises the observations relevant for the analysis presented in
this thesis. The primary difficulty appears when determining effective energies from
Wilson loops at intermediate distances. For very small temporal separations T" and
distances r, the determination of the potential from the effective energies becomes
unstable even before the signal-to-noise problem takes over. In particular, when r
approaches r1 on ensembles with fine lattice spacing, a noticeable dip in the effective
mass can appear before the plateau region is reached. This behaviour could suggest
that excited-state contamination is enhanced in this regime.

A common strategy to suppress excited-state contributions is to increase the amount of
link smearing used to construct the operator basis entering the generalised eigenvalue
problem (GEVP). In the standard setup used throughout this work, a basis of HYP-
smeared operators with smearing levels between roughly 20 and 30 is employed, see
section 4.3. These values were originally chosen as a compromise between suppressing
ultraviolet fluctuations and maintaining a stable operator basis. To investigate whether
the observed behaviour on the E300 ensemble could be related to an insufficiently
rich operator basis, we performed a dedicated study in which the smearing basis was
extended significantly. In addition to the standard smearing levels, operators with
substantially larger HYP smearing were included, reaching smearing levels of 45 and
60. The motivation behind this extension was to enhance the overlap with the ground
state and further suppress excited-state contamination in the Wilson-loop correlation
matrix. The resulting analysis is illustrated in Fig. A.1. The left panel shows the
effective masses obtained when the extended smearing basis is used in the GEVP
analysis. As expected, increasing the smearing leads to slightly smoother correlators
at early temporal separations. However, the overall structure of the effective mass
remains essentially unchanged. More importantly, the right panel demonstrates that
the inclusion of the additional smearing levels has no visible impact on the final GEVP
solution. Within statistical precision, the extracted effective masses are consistent
with those obtained from the original smearing basis.

Taken together, these results suggest that the behaviour of the E300 ensemble is
not primarily driven by the choice of operator basis or smearing parameters. The
persistence of the effect under substantial variations of the smearing procedure points
instead to an ensemble-specific feature.
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FIGURE A.1l: Investigation of the effect of extended HYP smearing on
the E300 ensemble. The smearing basis used in the GEVP analysis was
enlarged from the standard range (20-30 smearing steps) to include
significantly larger smearing levels up to 60. While the increased
smearing slightly improves the behaviour of the correlators at small
temporal separations (left panel), the resulting GEVP solution remains
unchanged within statistical uncertainties (right panel). This indicates
that the observed irregularities in the effective masses are not caused
by an insufficient smearing basis.

Since enlarging the smearing basis does not resolve the irregular behaviour observed for
the E300 ensemble, we also investigated alternative analysis methods for the extraction
of the effective energies. In particular, we applied the pencil-of-function method [92,
150-153], which provides an alternative approach for extracting exponential com-
ponents from correlation functions. The basic idea of the method is to enlarge the
correlation matrix used in the analysis by incorporating shifted versions of the original
data. In practice, starting from the original correlation matrix

wkD (7, T),

one constructs an extended matrix in which each element is replaced by a block
containing correlations at neighbouring temporal separations,
WD (r,T) WED (T +7)
wED (. T) — ’ ’ .
(r.T) WED (r T +7) WED (r, T 4 27)

In this way, an original N x N correlation matrix is promoted to a 2N x 2N matrix,
thereby increasing the available information used to separate different exponential
contributions. For the present analysis, the original 4 x 4 correlation matrix was
extended to an 8 x 8 matrix following this procedure. The shift parameter 7 was
chosen to correspond to two lattice units in Euclidean time, 7 = 2a. After constructing
the enlarged matrix, the analysis proceeds in analogy to the standard GEVP procedure,
and effective energies can be extracted from the resulting eigenvalues. To improve
the stability of the analysis, the extended matrix was subsequently pruned [142], as
described in Equation (7.12). In practice this means that only a subset of the temporal
range was retained in order to avoid regions dominated by noise or boundary effects.
In the case of the E300 ensemble, the matrix was pruned down to a 6 X 6 matrix,
which was found to provide a stable solution.

The resulting effective masses obtained from the pencil-of-function method are shown
in Fig. A.2. For comparison, the standard GEVP results are also displayed. One
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FIGURE A.2: Comparison of effective masses obtained from the stan-
dard GEVP analysis and from the pencil-of-function method on the
E300 ensemble. The enlarged correlation matrix used in the pencil-
of-function approach reduces the dip observed in the effective mass
around r ~ 71 and leads to a more stable plateau behaviour.

observes that the alternative analysis leads to a noticeable modification of the effective
masses in the region where the original dip was observed.

In particular, the pencil-of-function analysis produces a smoother behaviour of the
effective mass as a function of T'/a, and the pronounced dip seen in the standard
analysis is significantly reduced. This leads to a more identifiable plateau region,
especially when guided by the expected onset of plateaus observed in other ensembles
at similar lattice spacing. However, the quantitative results obtained from the two
methods are not fully consistent. The values of ry extracted from the standard
analysis exhibit smaller statistical uncertainties but lead to central values that differ
from those obtained using the pencil-of-function method. In contrast, the results
from the pencil-of-function analysis have larger uncertainties, which encompass the
corresponding values from the standard method. This asymmetry is even more
pronounced for 71, where the discrepancy between the central values becomes more
significant. These observations indicate that the difference between the two methods
is not purely statistical, but reflects a genuine systematic effect related to the stability
of the plateau extraction. To quantify the potential systematic effect, the Fit+sys
procedure was introduced. Here, the difference between the Fit and Pencil results
is added in quadrature as an additional uncertainty to the Fit result. This leads to
a substantial increase in the total error, amounting to an increase of approximately
240% for rg and 245% for r1. While this approach yields results that are consistent
with both methods, it effectively inflates the uncertainty to a level that significantly
reduces the constraining power of the observable.

After extracting the effective masses using both the standard fit method and the
pencil-of-function method, we propagated the corresponding results through the full
continuum and chiral extrapolation procedure. In addition to these two baseline
approaches, the Fit+sys variations and removing E300 altogether was considered in
order to assess the systematic impact of the E300 ensemble:

o Fit: Standard analysis using the original GEVP results.

¢ Pencil: Analysis based on the pencil-of-function method.



Appendix A. Behaviour of the E300 ensemble 101
36 2.32 T }' T
. . 5 ¥ =34 Fit+added error]
¥ p=34 * Fit+added error| y
3 f=346 % Pencil-Method 23f| ¥ #=346 4 Pencil-Method |4
355 5 p=355 i Fit-Method f=355 % i Fit-Metho
=37 228 W p=37
35 # p=385 ] : + p=385 % %
: ]
} 1 2.26} ]
sasp—t—p—— | by ,Q_,L/i/f
o b 2 2.24F p
< 34f i I I?
2 h* 4 1 <222}
3.35F T { ] f
S A A S EE T Y _
B S — py B
3.3f | ] 218l i 1
1 4
3.25¢ 2.16 /
3.2 . . . . : 2.14 L L 1 L s
0 0.2 0.4 0.6 0.8 1 1.2 0 0.1 0.2 0.3 0.4 0.5
(romy)? (r]m,,)2
16 : .
¥ p=34 % Fit+added error
$ f=346 % Pencil-Method
p=355 ¥ Fit-Method
=37
# p=3.85
1.55F + g
I — 1
3 Y Tt
= 11 -
@ 1
15F _
1.45 . . . . :
0 0.2 0.4 0.6 0.8 1 12
(romn)2

FIGURE A.3: Continuum and chiral extrapolations of rg, r1, and rqg/7r1

using different treatments of the E300 ensemble. The three methods

(Fit, Pencil, and Fit+Err) are shown simultaneously, with a small

horizontal offset applied for visual clarity. While the overall behaviour

is consistent across methods, the spread in the extrapolated values

reflects the systematic uncertainty associated with the extraction of
the effective masses on the E300 ensemble.

o Fit4sys: Standard fit result augmented by an additional systematic uncertainty,
defined by the difference between the Fit and Pencil central values.

e« No E300: Analysis excluding the E300 ensemble entirely.

The impact of these different treatments on the continuum and chiral extrapolation is
illustrated in Fig. A.3. The three panels show the extrapolations for rg, r1, and the
ratio rg/r1, respectively. For clarity, the data points corresponding to the different
methods are slightly shifted along the horizontal axis, although they correspond to
the same underlying values of the dimensionless mass variable.

The resulting continuum and chiral extrapolated values for rg, r1, and their ratio using
the Fitl ansatz defined in eq. (5.3) are summarised in Table A.1. One could argue
that the Fit+Err approach provides the most conservative estimate, as it explicitly
accounts for the discrepancy between the two methods. In particular, for r; it leads
to a significantly improved x?/d.o.f compared to the standard Fit result, and even
slightly better than the Pencil method. However, this procedure effectively introduces
an artificial uncertainty that is only associated with a single ensemble. Instead of
inflating the error in an ad hoc manner, we choose to address the underlying issue
directly. As discussed in the previous sections, the pencil-of-function method provides
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Method ro x2/d.o.f r1 x2/d.o.f ro/T1 x2/d.o.f

Fit 0.4754(57)  11/11  0.3116(33)  37/11  1.5216(126)  8.7/11
Fit+sys 0.4733(61)  10/11  0.3100(33)  19/11  1.5252(155) 8.2/11
Pencil  0.4724(61) 9.7/11  0.3104(33)  27/11  1.5224(127)  10/11
No E300 0.4726(62) 9.7/10  0.3096(33)  15/10  1.5268(166)  8/10

~— — —— ——

TABLE A.1: Comparison of continuum and chiral extrapolation re-
sults obtained using different treatments of the E300 ensemble. All
results are based on the Fitl ansatz defined in eq. (5.3). The Fit
method corresponds to the standard analysis, while Pencil uses the
pencil-of-function method. Fit+Err includes an additional systematic
uncertainty based on the difference between the two methods. The
"No E300" row shows the result when the ensemble is excluded entirely.
The differences between Fit and Pencil are most pronounced for rq,
indicating a systematic effect associated with the plateau extraction.

a more stable plateau behaviour for the E300 ensemble, consistent with expectations
from other ensembles at similar lattice spacing. For this reason, the Pencil method
is adopted as the preferred treatment for the E300 ensemble in the final analysis.
While this choice leads to slightly larger statistical uncertainties, it is based on a
more reliable extraction of the ground-state signal and avoids introducing additional
systematic errors by hand.
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Appendix B

Cubic lattice symmetries and
loop shapes

B.1 The cubic group

The symmetry group of the cube can be described through its action on the three
orthonormal basis vectors x, ¢, and z. Each element of the group maps these vectors
into permutations of themselves, possibly accompanied by sign changes. In this way,
every group element can be specified by its action on the ordered triple (z,y, 2).

The 24 elements of the cubic group are listed below in terms of these transformations.
The ordering of the elements is not unique; the convention adopted here follows that
used in Ref. [19]. A code written by J. A. Urrea-Nifio and modified by Andreas Risch
was used to apply the transformations to the shapes in C++.

g0 (z,y,2) = (z,y,2) g12: (z,y,2) = (—z,y,—2)
g1 (z,y,2) = (—x,—2,—y) g13: (z,y,2) = (—2,—x,—y)
g2 (z,y,2) = (2,2,9) g1a: (z,y,2) = (—2,—x,y)
g3 (x,y,2) = (=2,—y,—x) 915+ (2,9, 2) = (2,—y, 7)
g1 (z,y,2) = (y,2,2) g16 - (z,y,2) = (y,—z,—x)
g5 (z,y,2) = (—y,—x,—2) g7 (x,y,2) = (—y,z, 2)
g6 (z,y,2) = (x,—y,—2) gis: (z,y,2) = (—z,—y, z)
g7 (z,y,2) = (—x,2,y) g19 : (2,y,2) = (x,—2,y)
g8 (z,9,2) = (—2,2,—y) 920 : (z,9,2) = (2, —z,—y)
g9 : (z,y,2) = (2,y,—x) go1: (z,y,2) = (—2,y,x)
g10: (z,9,2) = (—y,—2z,) g22: (z,y,2) = (—y,2,—x)
g1 (z,y,2) = (y,—z, 2) go3 : (z,y,2) = (y,z,—2)

B.2 Loop shapes

The loop paths used in this work are specified as ordered sequences of steps along the
spatial lattice directions. Each step corresponds to a displacement along one of the
Cartesian axes x, y, or z, while a minus sign indicates the opposite orientation along
the corresponding axis. In this way, a loop shape can be represented by an ordered
tuple of directed steps on the cubic lattice [131].
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Starting from a set of representative loop shapes, the complete set of symmetry-related
loops can be generated by applying the transformations of the octahedral group O.
Acting with the group elements g; on the spatial directions maps a given loop into
all of its symmetry equivalents under the cubic lattice rotations. The loop operators
used in this work are thus constructed from the original loop shapes together with
their images under the octahedral transformations. The set of loop shapes employed
is listed below, where the first 22 shapes of lengths 4, 6, and 8, and some of their
names! have been taken from [131, 137] and the remaining wss_34 of lengths 10 and
12 from [22]. Figure B.1 shows the 8 shapes that have been chosen from the bigger
sample to represent our set of operators used in the glueball study of Teper links.

Most names stem from internal conversations with J. A. Urrea-Niiio
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w1

w2

w3

Wyq

ws -

We

wr

wg

Wy

w10

w12

w13

W14

W15

W16

w1y

w18

: plaquette

(IL’, Yy, —, _y>

: double plaquette

(.%', xz, Yy, —x, -, _y)

: bent plaquette

(.’E, Yy, —x, 2, 7Y, _Z)

: twisted plaquette

($7 Y, z, =%, —Y, _Z)
2 x 2 plaquette

(2, 2, &, &, —2, —2, —x, —)

1

: sofa
(?/, Yy, =T, 2z, 7Y, 7Y, —%, 1")
(Z7 zZ, Y, =2, Y, —2, 7Y, _y)
: hand

(_y7 Y,z —X,Y,x,Y, _Z)

: one-legged chair

(97 —Z, =%, 2, 2, 7Y, —%, ZL’)

: triple plaquette

(y7 Y Y 2 =Y, =Y, =Y, _Z)

: once-bent triple plaquette

(3/, Yy, =, 2, T, Y, 7Y, _Z)

: double-bent triple plaquette

(y7 -, 2, T, Y, T, —Z, —$)

: claw

(Z, -, Y,r, —z, —T, Y, .Z')

1 2 X 2 twisted plaquette

(317 Y, z, =%, =Y, 7Y, —%, .’L')

: double-winded plaquette

(y7 2, =Y, =2, Y, 2, —Y, _Z)

: twisted 2 x 1 plaquette

<y7 Y —z2, 7Y, 2 Y, 72)

: first planar fish

(y) Y, =z, 7Y, %, =z Y, _Z)

: first solid fish

(y7 2, 2, =X, —2, X, 7Y, _Z)

w19

woQ -

w21

w22

w23

w24

W25

W26

wat

w28

w29

w30

w31

w32

w33

W34

w35

: second planar fish

(y7 —Z, Y, 2, —Y, 2, Y, _Z)
second solid fish

(y7 Z, =X, 2, X, —2, 7Y, _Z)

: bent twisted plaquette

(Z/, 2, =%, =2, T, 2, Y, _Z)

: twisted plaquette with a flap

(y7 Y, z, =Y, =T, =Y, —%, ZL‘)

: twisted dumbbell

<y7 —Z2, 7Y,z =z —T, 2, T, =%, *Z)

: stairs

(‘T) Yy, —xr, =Y, 2, Y, —r, Y, T, _Z)

: first flag

(x7 Yy, -, Y, =z, 2, =T, —2, T, _Z)

: first flag with reversed upper part

(.’IJ, Yy, -, 7Y, =z, =T, 2, T, —Z, _Z)

: second flag

(l’, Yy, =%, =Y, 2, Y, 2, Y, —%, _Z)

: third flag

($7 Yy, =%, =Y, 2, T, 2, =T, —%, _Z)

: fourth flag

<.’E, Yy, =, Y, 2 Y, 2 Y, =%, _Z)

: hole

(:1:7 Z, 2, Y, =T, —2, =T, ~Y, T, _Z)

: flag with a wall

(.%', Yy, 2z, %, 2, =T,

: bus-stop
(l’, v, Y9 2 =Y —x,Y —z, Y, =T, —Y, $)
. sSwan
(x7 Yy, =%, =Y, =4, Y, T, =Y, —2, 7Y, %, y)
: twice-folded cross
<IE, 2,2, Y, =2, Y, =%, =Y, =T, =Y, T, 72)
: displaced flag
(Z7 zZ, 7Y, =2, Y, =24, Y, T, 7Y, =T, _y)

—Z, =2, =, 2, Y, _Z)
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Fi1cURE B.1: Selected Wilson-loop shapes used in the operator basis.
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